Copyright © 1982, by the author(s).
All rights reserved.

Permission to make digital or hard copies of all or part of this work for personal or
classroom use is granted without fee provided that copies are not made or distributed
for profit or commercial advantage and that copies bear this notice and the full citation

on the first page. To copy otherwise, to republish, to post on servers or to redistribute to
lists, requires prior specific permission.



OPTIMAL CAUSAL CODING-DECODING PROBLEMS

by

J. Walrand and P. Varaiya

Memorandum No. UCB/ERL M82/3
1 January 1982

ELECTRONICS RESEARCH LABORATORY

College of Engineering
University of California, Berkeley
94720



OPTIMAL CAUSAL CODING-DECODING PROBLEMS

1 2
J. Walrand and P, Varaiya

Abstract

The symbols produced by a finite Markov source have to be causally
encoded so as to be transmitted through a noisy memoryless channel. The

encoder is assumed to have channel feedback information and the decoder
to be causal.

The feedback information is shown to be useful in general.

Separation results are derived and used to prove that encoding is
useless for a class of symmetric channels.
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1. Introduction

The coding theorem for discretekmemoryless channels and ergodic
sources asserts the possibility of reliable communication under the well
known rate constraints (see [1]). This result is made possible by the
observation that long ergodic sequences are asymtotically typical and
can therefore be coded into sequences having the distribution which
achieves the capacity of the channel.

The need for encoding arbitrarily long sequences introduces undesirable
delays in the comnunicationsystems. It is an important problem to measure
the trade-off between reliability and excessive delays. One approach is
to consider the rate of decrease of the average probability of decoding
error as the length n of the encoded sequences increases. The usual results
state that this error is bounded by exp {-n E} for some constant E
depending on the channel and source parameters. (see e.g. [2] chap. 5, 6).
These bounds are asymptotically tight but of limited value for short
sequences.

In this paper we adopt a different approach for the probiem of reliable
communication with finite delays. Instead of deriving bounds indicating the
improvement obtained by increasing the delays we consider the optimization
of a system with given delays.

In the basic model both the encoding and the decoding have to be
performed causally. This formulation can be motivated by control applications
in which the decoder has to control a system in real time.

Our objectives are to examine the usefulness of the channel feedback
information and the structures of the optimal encoder and decoder.

The structure of real time enccders for a Markov source and a noiseless
channel was discussed by Witsenhausen in [3]. Some properties of the

decoders were analyzed in [4], [5].



The paper is organized as follows. In section 2 the basic model is
introduced. Section 3 discusses two simple examples that will illustrate
some features of those problems. In section 4 the separation results are
established. Those results are applied to a class of symmetric channels in

section 5, where it will be proved that causal encoding is useless for

such channels.



2. Optimal causal coding and decoding

The model under investigation is described below. The situation is
pictured on figure 1.

Definition 2.1

Let {(xn, Ups Ypo zn),n > 1} be a stochastic process tzking values in
a finite product space X x U x Y x Z.
Forn 3 1, let X" = (x],..., xn) and similarly for u" and y".
0
Let also zg = 0=y = Yo
The probability law P of the process is assumed to be such that for
n>1

P{x |x", u", y"}

n+1 Mn(xn+1|xn)’

_ n _n-l
un'cn(xay )'

1

nn n n-
Ply s u's v ') = Qlyplug)s

Zn © hn(zn-l’ yn)’
where Qn’ Mn are given transition matrices and Chs hn are given functions.
The interpretation is that (Xn) is a Matkev soutrce with transition

matrices (Mn), c=1(c.,n31)is a cede and z, is the memory contents

n
of the receiver at time n. This model of memory updating is borrowed from
[3]. (See also [1], §8.)

Alternatively, one can think of the probability law P as being a

functional of the code c for given source (M

n)’ channel (Qn) and receiver

(hn)‘ The dependence of P on ¢ is not indicated explicitly to simplify
the notation.

Definition 2.2

Let N be some fixed integer.
For a given code ¢ and a given sequence of functions d = (dn, n>1),

called a decoding nule, one defines the cost
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N
J(c,d) = EL £n(x

ERACRENCRE

n’
where the real valued functions t],..., £N are fixed and E denotes
expectation with respect to P. The functions dn take values in a finite
set D.

A code c* is said to be optimat if J(c*, d*) < J(c,d) for some decoding
rule d* and for all (c,d). A decoding rule d0 is optimal for a given code
¢ if J(c,dy) < I(c,d) for all d.
Remark 2.1

Since only finitely many values are involved the expectation is
always well defined. Similarly, only finitely many codes and decoding
rules exist so that the optimal c* and d0 always exist.

The cases of perfect receiver memory (zn = yn) and that of finite
receiver memory (zn = (y(n-m)+1""’yn)) are covered by the model.

The causality restriction is explicit for the code c and is
reflected in the cost structure for the decoding rule d.

One could have generalized the model by considering randomized
codes or decoding rules. However it is clear that they could not achieve

a lower cost. (See e.g. [6], T. 1.6.)



3. Two Examples

The first example shows that causal coding can be useful; the second
one shows the feedback information can help the encoder and that a one-
step optimal strategy may not be optimal.

Coding a single bit

Definition 3.1

Let x, u, y be {0, 1} - random variables with (see figure 2)
P(x=1) = £e[0,1],
P(ylu) = Q(y|u) with Q(1{1) = 3 =1 - Q(0]1), Q(0]0) = o =1 - Q(1]0),

u = c(x), for some code c: {0,1} - {0,1}.

The cost to be minimized is
J(c,d) = P(x # d(u)),
where d: 10,1} -~ {0,1} is the decoding rule.
For this problem it is immediate to verify the following facts.
Facts 3.1

a) For an arbitrarily fixed code c the optimal decoding rule d0 is

given by
d.(j) = arg max P(x=i|y=j), for je{0,1},
0 ie{U,1}
where argmax f(i) denotes an arbitrary i* €S maximizing f: S > R.

ieS
b) As a consequence,

min J(c,d) =1 -2 max P(x=1, y=j)
d je{0,1} ie{0,1}
= 1=z max _ P(x=1)Q(j|c(i)). 3.1)
jef0,1} ie{0,1} | (
It is then easy to compare the costs corresponding to the four possible

codes ¢: {0,1} - {0,1}. One finds the following conclusions.



Proposition 3.1

a) An optimal code c* is given by
u=c*(x) = fx if (£,a,3)eA
{1-x otherwise,
where (£,a,3)eA if
£ >3 and fo- 7] < |3- 7]
or
£ <;——and |- J2-| > |8- Jz"l
b) There exist some (£,a,3)eA for which J(c*, d*) < J(c,d) for all
d, with ¢*(x) = 1-x and c(x) = x.
Therefore, coding can be strictly preferable to sending u = x. The result
of this proposition can be understood as follows. If |o - %1 > |3 - %-(,
then the channel is less noisy when its input is the symbol O than when
it is 1 (see figure 2). Thus one should code in such a way that P(u=0)
> P(u=1).

Two-step coding

Definition 3.2

Let now (see figure 3) X} = Xp = X Ups Uss Yys Y) be {0,1} valued

andsuch that P(x=1) = £e[0,1], y; = c;(x), P(yqluy) = Qly luy).

Uy = 6(x,¥q)s P(Yplugs Uy, X, yq) = Ay, luy),
where Q is as in definition 3.1.
Two cost functions will be considered.

J] (C]’ d]) = P(x # d](y'l))

‘JZ (Clg C29 d2) = P (X # dz(.Y]a .Yz))-
The problem is to find the codes and decoaing rules minimizing those
costs. Define, for codes q and Cos

Jl(c]) = min J](c], d]), Jz(c1,c2) = min J2(°1’ Cys d2).
d d
1 2
As in the previous example one can check the following fact.



Fact 3.2

Jo(Cqys C,) =1 - ¢ max P(X,=1,Y1331sY0=30) . (3.2)
2\ ™1 2 j]’jZ ie{0,1} 2 1 Y12 Y2

This can be used to compare the following codes.

Definition 3.3

The codes c‘, i=1,..., 6 are defined by the values

u; = c}(x]) and u; = c;(x],xz,y]) given by

(U}, u;) = (x~|$ y](1'X2) + (]'y])xz)s
(52 W3) = (xgs ¥y%, + (1-y7) (%)),

(U?, ug) = (x5 %), (U?, ug) = (x75 1-%5),
(u?a ug) = (]'x]a xz)s (U?9 ug) = (]'x]’ ]'xz)-

Substitutions in (3.1), (3.2) then yield the next conclusions.

Proposition 3.2

a) There is some (&,a,3) such that
Jp(c!) < dy(ch), 1= 3,..., 6.
b) There is some (£,a,3) such that

3,(c8) < 9,(c), i =10, 4
5).

2
3;(e3) < 9y(c

The first part of this proposition shows that feedback can be strictly
useful. (For ci, i=3,..., 6 are all the codes which do not use feedback.)
This fact can be contrasted with the well known fact that feedback cannot
increase the capacity of a memoryless channel and is, in that sense, useless
in the classical information theoretic formulation. (e.g. [2], p. 520).

The second part shows that c](x]) = Xp can be optimal for estimating
x on the basis of 2 alone, while c1(x]) = 1-x, is better for estimating
X; on the basis of Y3 and Yoo This shows that one step optimality is not

optimal. In the same line of ideas one can construct examples in which



C.(X,) = x, maximizes max P(x, = d (y,)) but does not maximize max P(x, = d,(y{)).
1M | d | (AR q 2 2Y1
Thus, improving the knoJ]edge about the initial state of a Marko$ chain may
not improve the knowledge about subsequent states, a somewhat a priori
counter-intuitive fact.
The above negative results motivate the next section which attempts

to characterize the usefulness of the available information.



4. Separation results

The model is that of section 2 (figure 1).
Observe that z _, is available to the encoder at time n(n é_]).
Theorem 4.1

There 1s an optimal code c* of the form

C; (xn9 yn-]) = Yn(xn’zn-'l)’ n bd 1. (4-])

Proof: Fix an arbitrary decoding rule d. Then the process v, = (xn, z,_1)s 1 z.l)
is conditionaliy Markov given the un’s, i.e., forn> 1,

n o on, _
P{vn+]|v , U}t = P{Vn+||vn’un}'

This Markov property implies that
N

n-t n.n
J(c,d) E{nE]E[Kn(xn,dn(xn))!z X ,u 1}
N N
Enzlkn(xn’zn-l’un) = E nE]kn(vn,un).
n
Considering the resulting Markovian decision problem of controlling

for some functions k

the transition probabilities of Vi with complete observation to minimize

an additive cost in (v_, un) then yields the result. g

n
This result was given in [3] in the case where the channel is noiseless,
i.e., when the entries of the Qn are in {0,1}.
The case of perfect receiver memory (zn = y")1eads to a sharpening
of that result. It is considered next.

Definition 4.1

Let M(X) denote the set of probability measures on X.
For £ = (g(x), xeX)e M(x) and n > 1 define

&n(a) = arg min I En(x,a)g(x).
aeD xeX

For any xeX and n > 1 let

Lo(x,€) = £ (%, (€)).

10



For every code c define the conditional probability of Xn given yn as
E:(yn)(x) = P{xn=x|y"}, y ey, xeX.
Let also L0 =Ly = 0.
With those definitions one can state the following immediate fact.
Lemma 4.1
Let c be any given code. The optimal decoding rule d for c is
given by
dy(y™) = o (Ep(y™)s 0 2 1.
Theorem 4.2
Assume that z = y", n > 1. Then there is an optimal code c* of

the form

n._n-1, _ * n-1
cx(x",y ) = g (xsEr (v ) n 2 T,
c*
"

for some functions w:, where 5; = £
Proof:

The main idea of the proof is to consider that the receiver chooses
the function Y (-,yn']) (see (4.1)) to be used next by the encoder. The
receiver 1s tnen taced with a control problem with partial observation to
which one can apply the dynamic programming techniques.

We now proceed with a formal proof which will be given as a

succession of Temmas.

For £eM(X), xeX, yeY, n > 1 and w: X > U Tet

Q (¥ wx))z, M 1 {x|x")E(x")
Z5Qn (¥ (X)), Mg (R]x")E(x")

Fo(Esy,w)(x) = (4.2)

where the sums extend over x“eX and XeX, and M0 is the identity matrix.
Observe that by Theorem 4.1 one can restrict attention to codes c of

the form

cn(xn,y"']) = Yn(xn,y"’]), n>1. (4.3)

11



Lemma 4.2
Fix an arbitrary code ¢ of the form (4.1). The rule for updating con-
ditional probabilities is
n - -
N RN L BN ORI R
where Eo(yo)(x): = P(xy = x), x € X.
Proof:
This is a direct consequence of definition 2.1, (4.2) and Bayes' rule. O
For £eM(X) define recursively for n = N+1, N, N-1,..., 1
VN+] (g) = 0

Vo-1(8) =wT;2u ng(x){Ln-](x,€)+2yvn(Fn(an’W))Ziqn(yIW(Y))Hn_](iIx)}
(4.4)

and denote the minimizer w in (4.4) by ¢;(-,g) and the corresponding gﬁ by

Lemma 4.3

For any code ¢ of the form (4.3) and any decoding rule d one has

N
n
V(&) <EST T & (x4 (yIY"] =0, N,

m=n
(4.5)
where E€ is the expectation with respect to the law induced by c. (In
N
(4.5) we define L Eﬁ =0.)
m=N+1

Proof:

Assume that (4.5) holds for some n <N + 1 (it trivially does for

n=N+1). We show that it then holds for n-1.

Choosing w(+) =y, (+.y""1) and € = EC_; shows that (4.4) implies
c c c

Vn-'l(gn-'l)‘i Zxgn-l(x){l'n-l(x’gn-1)

¥ ZyVn(En(y"'],y))Ex'Qn(y.Yn(x‘,y"))Mn_](x‘|x)},
where we used (4.4). This is

12



V(B € B4 (0L, (xS ) + LTV, (D) 1y oy =y IP Ly, =y Ix, _y=x3],
i.e.,
c c c c Cyy n-1
Vo (ES ) < TS (X)L q(x.Enq) + ECDV (YT (4.6)
Now, using definition 4.1 we find that for all aeD
o ¢ c
ngn-'l(x) Ln-’l(x’g’n-]) < szn_](xoa)gn_](x)-

In particular,

EeEn-1(X) Lpq (X80 y) < 5x2n-1(X,dn_1(y"’]))€,°,_](x), ie.,

ZEe 1(x) Lo _(06ET 1) < E°L2, 1 (%, _ps d "N

Introducing this inequality in (4.6) gives

Vo (6600 < BT q(x_ps d (")) + v (DY,
Substituting this inequality into the induction hypothesis proves that
(4.3) must indeed hold with n replaced by n-1. 0

Similar calculations with inequalities replaced by equalities shew
that the definition of y* and £* yields the following
Lemma 4.4
N

Vnleg) = BT 2 L (x 851y, n = 0,y N+ 1, (427)
where E* is the expectation with respect to the law induced by the code
1) = e, g5 ("),

We now conclude the proof of Theorem 4.2.

n
cx(x", y

Writing (4.5) and (4.7) for n = 0 gives for an arbitrary code ¢
of the form (4.3) and an arbitrary decoding rule d
N

N ~
Voteg) = B L Ly(xu60)) = EXL T £ (x 0 (80) ),

N
VolE§) < EC[nfltn(sn, a (y")1.

13



But ga = gg, the prior distribution of Xy
Therefore
J(c*, d*) ¢ J(c, d),
where

n n-1, _ n-1
C;(X s Y ) = w:(xns E:_](y ))

and
ax(y") = & (g2 (")),

which completes the proof.

Remark 4.1

If the model of section 2 is modified so that (xn, n3 1) is no longer
Markov but (Bn = (xn, coes xn-m)’ n 3 1) is Markov, then similar results
can be established. In the case where z, = yn, one finds that there is an
optimal code c* of the form

n'])

n =
cx(x", y = yrlxys EX )

where&ﬁ_] is now the conditional law of Bn-] given yn-].

A separation result such as Theorem 4,2 indicates a recursive way of up-
dating the information g; sufficient for the encoder., Indeed, using

Lemma 4.2 shows that

3O I (I O WA O S (Al IR IR
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5. Symmetric Channels

Many channel models used in communication theory possess the symmetry
property defined below. It will be shown that causal encoding is useless
for such channels. Again this situation should be compared with the

classical information theoretic formulation.

Definition 5.1

Let U,Y be two finite sets. A transition matrix Q from U to Y is
said to be of type S if it has the following property:

For every f: U - U there is a transition matrix A from Y to Y such

that

Qy|f(u)) =

" Alyly') Q(y'|u) ,u€U, yeY (5.1)

A memoryless channel will be called symmetric if its transition

matrices Qn are of type S for all n 3 1.

Examples 5.1

The following transition matrices are easily verified to be of type

S. In these examples Qij: = Q(y = jlu=1)

2 |- € € b) (1 - ¢, -¢ € €
1 2 2 1
€ 1-¢ €, 1 - € = & &
) 3y 8y ... @y DN a a, a, a
1 "2 "3 "4 75
a a _q ... 3 fz 3, 3, a; &g

e) Qwith Q(y|u) = IYI'], when |Y| is the cardinality of Y.

It is also clear that, with compatible dimensions, if Q} and 02 are
of type S, then so are AQq + (1 =) Q, and [AQll(l - ) 02] for X € [0,1]

and 0102. If Q is noiseless and one-to-one, then it is of type S.

15



The channel corresponding to examples a) and b) are respectively called
the binary symmetric channel and the binary symmetric erasure channel.

Consider once again the coding problem of Section 2.

Theorem 5.1
Assume that the channel is symmetric, that X = U and z, = yn, nsl.
Then

n n=1, _
c;(x sy )= Xps 13 1

is optimal.

Proof
By Theorem 4.1 one can restrict attention to codes of the form

n-l) -

n n-1
c (x7, y Yo(xs ¥ ) nz 1.

Assume that there is some Np € N such that

n-1, _
Yo(xps ¥ ') = x for n > n,. (5.2)
Define the code ¢ by
~ -1 -
S Y™ =[e M Y™ L n#ng
X , n=n.

Fix an arbitrary decoding rule d. We will show that there exists a de-

coding rule d, possible randomized, such that
J(¢, d) = J(c, d). (5.3)

(U(2, d) is defined in the obvious way for a randomized d.) Since
randomizing the decoder cannot possible reduce the optimal cost, this will
show that one can assume that (5.2) holds with o replaced by "o -1. By

induction, this will prove the theorem, since N = N trivially satisfies (5.2).
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na=1
Letting f(u) = " (u, y 0 ) in (5.1) shows that there exist matrices
0

na=1 n
0

1]
Alyly sy 0 ) such that, for all (xn s Y
0

n n -1

s Y o )) =t , Ano(ynoly';y °) Qno(y’lxno) (5.4)

Q. (y lvno(xno y

"o "o
One then defines the randomized rule d as follows: Let

d (") = d (3", n = 1,000,

where, fory e Y,

n.~1
~N= (yo ’y’ yn0+], LN ) yN)

with probability
no-l

Ano(ylynos y- )
Observe that this rule is causal (the die is chosen and tossed at time g
and its outcome is used only for n 3 no).
We claim that the law of (xN, yN) under ¢ is the same as that of (xN, yN)
under T. This will then imply that the Taw of (x", dy (¥), ...y dy(y")
under ¢ is the same as that of (xN, 3] (y]), cees aN (yN)) under €,
thereby proving (5.3). To establish the claim we notice that (P® indicates

the law under c)

PC(xN, yN)

N
P TGyl (xy y"7)
n=

n.-1
10 (y fe (5" (v, Iy, ( ))
n o Ypl€n{xTsy X Q“o Yo vy (X Y

N
P(x") n
o0 "0 Mo

n=1

Qy (¥ | %)

17



Similarly,
n0-1

¢, N N, _ N n-1
Po(x"s §7) = P(x) T Q. (y le (x» ¥y 7)) x Q"o(y"olxno)

n=1
n (y_Ix)
x 1 Q(y {x ).
m=ny+1 memem

But, by definition of yn s
0

ne-l)

O

—~~

<

3

-
I

= o .
Zyn Qno(,Y'IXnO) Ano(ynoly HIR

[}
O
=
)
<<
=
=
=]
—
>
<
o
~—
N

which concludes the proof,
a
Remark 5.1
In the case of the binary symmetric channel the above argument shows

n-l) = yn(xn, yn']) with Yn(" yn']) one-to-one

that all the codes c (x", y
are equivalent, in the sense that they all achieve the minimum cost. (The
decoders must be chosen accordingly). For other work on comparing experiments

see [7].
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6. Conclusions

Separation results have been obtained for causal coding problems with
channel feedback information. These results were used to show that
causal coding is useless for symmetric channels.

We hope to extend those results to control systems in a subsequent

paper.
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Figure 1: Causal communication system
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Figure 2: Coding a single bit
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Figure 3: Two-step coding
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