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The treatment of a fuzzy subset as a random subset has been studied by some authors.
This paper contributes a unified framework to this approach. We call those random
subsets of a space 'projectable' if they yield well-defined one point coverage func-
tions and, hence, fuzzy subset membership functions. It is shown that this definition
and related ones lend to the property that all projectable random subsets of a given
space form a g-algebra, called the random c-algebra. A generalization, using measure
theoretic results of Goodman's original construction is presented whereby any fuzzy
subset of a given space is shown to correspond to some projectable random subset.
Some characterizations are obtained for simple, i.e., finite-valued, projectable
random sets and simple fuzzy sets. In addition, it is shown that a bijection exists
between all projectable random intervals and all bivariate ordered (increasing)random
vectors. This implies that the membership functions of the correspondong fuzzy sub-
sets are computable via simple integration involving bivariate distributions.
Finally, some specialization of these results to fuzzy numbers and corresponding

projectable random intervals is presented.
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1. INTRODUCTION

Zhang Nan-lun presents a set of statistical
data in [11] showing that there exists a stabi-
lity in the observation of the frequency of a
movable interval (expressing a fuzzy concept)
that covers a fixed point in the real 1ine R.
His paper supports L. A. Zadeh's theory in some
respects, and his paper also supports treating
a fuzzy subset as a random subset. Many authors,
especially I. R. Goodman, have either already
studied this or have been embroiled in some
other way in the controversy between fuzzy set
and probabilistic approaches to modeling un-
certainties [1,9]. A lot of difficult problems
is still awaiting our solutions.

2. PROJECTABLE RANDOM SUBSETS
Let U be a given base space and B a g-algebra of

subsets of U.
Yu € U, C(u) = filter of Bon U

Clu) o' BeBlueBl.  (2.1)

Also, let = o-algebra generated by
{C(u)|u € U}

B A o({C(u)|u € U}), (2.2)
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]The symbol "A" stands for “means” or “"is equal
by definitionTto".

where o(C) denotes the smallest c-algebra con-
taining the class C.

Definition 1. Let(g,A,P) be a given probability
space. We call (B,B) a projectable measurable
space on U, where § is defined in(2.2), and we
call a mapping

S:Q~B, (2.3)
a projectable random subset of U, if it is
E-measurable, thus inducing t?e probability
space (B,B,v), where v = PoS™', See [4] for

related notions (strong measurability, for
example).

The collection of all projectab}f random subsets
of U is denoted by S(2,A,P;U,8,8), or simply S. -

Sometimes, the range of the mapping S is not
the whole c-algebra 8, but a subset of it. We
can rewrite

S:Q~+L, where LCB (2.4)
CL(u) A {B € Llu€E B} (2.5)
8, 4 a({c (w)ueu)) (2.6)

Lemma 1. The mapping defined in (2.4) is
E-measurable iff it is §L-measurable.

The proof is trivial. R

Definition 2. Suppose that S is a projectable
random subset of U frem a given probability
space(,A,P), let § be the fuzzy subset of U
with membership function given by, forallu€U,



ng(u) 4 P({wlu € S(w)})

Y = P({w]S(w) € Cu)}) (2.7)

v(C(u)) (one point coverage
function of S).

We call § the fuzzy subset projected from S,
see [1] for reTated notions. We write 5' ~ S"
iff §' = §". "~" s an equivalence relation on
S, so that S can be partitioned into different
classes.

n

V - I3
Let (Bt’Bt)te1" be a family of projectable

measurable spaces, where T is an arbitrary index
set. When T is finite, supposing that
T=1{1,2,...,n}, we set

B A t>€< B, = ((Bys...,B )|B; € B;(i=1,....n)}
Y (2.8)
B X B

ter ¢

e

4 o({Dyx...x0, |0,

m

B.(i=1,.m)  (2.9)

When the index set T is infinite, set
A X B, ={(B,), o |¥tE€T, B €8}
BT teT t t'teT g t (2.10)

v ° L v

A X B aolio,x X ¥
AT I jer-g 1Y
€8y, J(FfinitdC TH  (2.11)

Definition 3. We call (BT,‘éT) the product
projectable measurable space of (Bt,B

t)t eET
If B, = B(t€T), and T = {1,2,...,n}, we can
write .
Lemma 2. Consider (st)t eT where ¥t € T,
St € S(Q,A,P;U,Bt,Bt) and set ST P Q- BT’
defined by

w ST(N) é (St(w))teT’ (2-13)

then ST is ET-me35urable.

(2.12)

Proof. If T = {1,2,...,n}, for any D, € §1
(i =1,...,n), we have

S (0)x0,x...xD,) = o) n...nsi o) e 4

(2.14)
so that
;B CA - (2.15)
When T is infinite, we have
-1 v -
siho, x X B =53'(0)) € 4, (2.16)

i€T-J
v
where DJ € BJ, and

SJ P Q- BJ,

w Sa(w) = (St(“’))tea' (2.17)
Then we can get
s (E) c A (2.18)

v . "
Let (Bt’Bt)tET be a family of projectable

measurable spaces on U, where T is finite or
denumerable, with
—r ¥ =%
By = B; Bt =B (teT).
We can define two mappings as follows.
L* : BT +B

(8

(2.19)
t)tET = U Bt;

teT
ﬁT : BT +B

(Bt)t et” B (2.20)

n B,.
teT *t

v
Lemma 3. The mappings UT and nT are B-
measurable.

Proof.

-1 _ 4 v
ur (C(u)) = o (Clu) x Br_)) € Bp  (2.2)
a"Hc(w) = LD G E (c, = cu)) (2.22)

Definition 4. The following operations are
defined on S.

tzr S, AUr(Sy)s (2.23
(o $¢)(w) =Ur(Sp(w)) = cor Sy(w)s
rer 40T

Nn s =N = N S
(tET ) (@) =Np(S;lw)) o t(w)(2.24)

where T is finite or denumerable.

From Lemma 2 and Lemma 3, we can see that class
S is closed under the operations U and N.

Complementation is now defined by

(s)(w) A (S(w))©. (2.25)

Obviously, for any fixed element w € Q, the
class

S(w) 4 {S(w)|s € S}

is a o-algebra with respect to the operations
(2.23)-(2.25). The operations discussed are

special cases of compositional set operators 1.

Definition 5. We call S the random o-algebra
related to operations (2.23)-{2.25).

~



3. A MEASURABILITY THEOREM.

If a mapping f : X - Y is a bijection, then
every c-algebra A on X can be carried by f to
become a g-algebra on Y:

f(A) & ({f(x)|x € A}|A € A}. (3.1)
Theorem 1. Let (Q,A,P) be a probability space

and, let (B,%) be a projectable measurable
space on U and (E,E) any measurable space.
Assume that the mapping

t:E=+L
where L C B, is a bijection. If,
T(E) A {{T(e)]e € a}|a € E} 2 {CL(u)Iu € U},

(3.2)
then, for an E-measurable mapping
£E:Q+E,
we have
SAToEgES (3.3)

Proof. T o £ is T(g)-measurable iff € is
E-measurable. From (3.2) we have BL CT(E), so

that S is B -measurable and hence B-measurable
too. Thus, (3.3) is true. o

Theorem 1 is of many uses. For example,
Goodman's theorem 1 in [1] can be easily proved
using this theorem. We shall rewrite it with

a few changes.

We say that a probability space (Q,A,P) is
sufficient for a given mesurable space (X,B) if
for any probability measure m defined on B,
there is a B-measurable mapping £ : Q -+ X such
that m is the induced probability measured by
£, i.e.

m(B) = P("V(8)) VB €8 (3.4)

Theorem 2. Let (Q,A,P) be a probability space
which is sufficient for (12,80), where By is the

Borel field on R. Let (B,§) be a projectable
measurable space on U. Given a fuzzy subset A
of U, it is always projected from some
S € s(2,A,P;U,B,B) provided that My is

(B,Bo)-measurable.

Proof. Since Ha is (8,80)-measurab1e,

LA (Axlxe (0,11} c 8, (3.5)

where
A)‘ A{ue UIuA(u) > A} is the x-cut of A.
(3.6)

Clearly, if x] > Az, then A
)\sue [0’]]:
A~y iff A)‘ = Au (3.7)

C A, . For any
M7

“~% {s an equivalence relation on [0,1].
Defining € = [0,1]/~, the elements of E are

either singleton sets or intervals in [0,1].
Thus, E has a linear order < :

e; 28 @) €y, A, €0,
such that Xy < A,. (3.8)

Hence, we can define the interval in E:
[e] :32] =A. {e € Ele] : e iez}.

Set
E A o{ley,e,]leqse, € E}). (3.9)
Set
T:E~L,
e~A, AA (MEe), (3.10)

T 1is a bijection.
Moreover, we have
e, () = [Bag(w)] €€, (3.11)

where X is the class containing A in E.
Therefore (3.2) is satisfied.

Because (Q,A,P) is sufficient for (El,BO),
there is a (B,Bo)-measurabie mapping

gt R+ [0,1] such that its distribution is
uniform in [0,1], i.e. m, = P o gal, m

Lebesgue measure over [0,1]. Set, for each
w €0, £lw) 4 (gy(w)). Clearly, g is

E-measurable. According to theorem 1, we have
v
S At o & €S(2,A,P;U,B,B).
But
P{w|S(w) € C(u)} = P{w|S(w) € C/(u)}
P(£ € [0,u(w)])
P(Eg€ [0.uy(u)])

UA(U)~ B

Does the converse proposition of Theorem 2
hold? We cannot answer this yet. But we
could obtain a partial result here.

Definition 6. A projectable random subset

is called a simple projectable random subset

if its range only contains a finite subclass

of B. The collection of all simple projectable
random subsets is denoted by S*.

Lemma 4. Suppose that (9,A,P) is sufficient
for (HR,BO), then each simple projectable

random subset of R can be projected into a
simple fuzzy set membership function on

(U,B). Conversely, each simple fuzzy set
membership function on (U,B) is projected from
some S* € S*.

Proof. For any S* € S*, there is a partition
of Q : A!\,i €A(i=1,...,n)



md?m)=%(mGAﬂ(%EB)ﬁ=lp“mL
Then, the membership function of 3* is a simple
function on (U,B):

ugalu) = 152 P(Ai)xgi(U)- (3.12)

the converse conclusion is clear from theorem 2.

-3
Definition 7. MWe write S; C S, iff S;(w)
c 52(“) (Yw € ), and we write Sh P(V)S iff
5. () 7 (V)Sw) = U S (W) (N S () (Y€ Q).
n n=1 n=1 "

Lemma 5.
S c S2 '=>u§‘l < u§ (3.13)
Sy 7(W)S g 7 (W)ug (3.14)
The proof is clear. 1

Theorem 3. Suppose that S = S(Q,A,P;U,B,B) is
the smallest closure, containing S*, under the
operations of denumerable union, denumerabie
intersection and complement, then for every

S €3, the projected fuzzy subset S is (B,BO)-
measurable. v

Proof. Clearly, S* is a random algebra, i.e.,
S* is a closed class under the operations of
finite union, finite intersection and comple-
ment. As an analogy to measure theory, because
S is smallest c-algebra containing S*, so is
the closure containing S* under the monotonic
limit operations defined in Definition 7.

Set ¢ : S~ [0,1]U
Sk u§ (3.15)
and Tet M C [0,1]U be the collection of all

(B,Bo)-meaghrable functions which are the

membership functions of fuzzy subsets of U,
i.e.,

Ma {ulu:U=+[0,1] & u is (B,By)-measurable}.
(3.16)

Let M* be the simple functions subclass of M,

i.e.,

M* A {ulu €M & p is a simple function}. (3.17)

The mapping ¢ conserves the operations of mono-
tonic limits so that ¢(S) is the smallest
closure containing M* under monotonic conver-
gence. But M 2 M* and M is a closed class under
monotonic convergence, too, so that ¢(S) C M.

"
4, PROJECTABLE RANDOM INTERVALS
Let Bo be the Borel field on R, and let
(Bo,éo) be the projectable measurable space on
R, i.e.,

By = o({C(x)|x € R & C(x) A (B € By|x € B}}).
(4.1)

Let
§ & {[xys%,][x1s%5 € R & x; < x5}, (4.2)

Definition 8. A projectable random subset

S € S(Q,A,P;U,B,ﬁ) js called a projectable
random interval if it is interval-valued, i.e.,

range(S) € § (4.3)
the class of all of them being denoted by I.

What is most convenient in our definition of
a projectable measurable space is that we can
transform a projectable random interval into a
bivariate random vector.

Set
R; A {{xy)[xy € R & x < y} (4.4)
Let BS be the Borel field on Rz . Set
2 ; 2 2
[ C .
B/Q{DQD BO&D_IR/} (4.5)
83 is the restriction of Bg to Rz, so it is a

g-algebra too. Let (Q,A,P) be a given proba-
bility space.

Let
. 2 ) .
vailgle:a~ IR/ &£ is (A, /)-measurab'le},

(4.6)

i.e., V is the set of all bivariate random
vectors over the upper triangular real plane.

Set
T B!f - &,
where

ordered pair (x,y) » interval [x,y]. (4.7)
Obviously, t is a bijection.

Lemma 6.
©(83) 2(C5(x)Ix € R}. (4.8)
Proof. For any fixed a € R, we have
l(C5@) = (xy)l(xy) € B & xcazy)
= (-=,a] x [a,+=)
=1, 8, (4.9)

where
1 Af=,x] x [x,+=), for all x in R. (4.10)

[~
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Theorem 4. There is a bijection

g V>1 (4.11)
Proof. For any £ €V, define the mapping
v(g) 1 2+4, (4.12)

where for all w € @, (¥(£))(w) A t(E(w)).
Clearly, the mapping

vv-s? (4.13)
is an injection.

From Theorem 1 (take L = §, E = IR2 » E= 83 and
by Lemma 6)5 we can see that for any § €V,
¥(g) is (A,Bo)-measurab1e, i.e.,

p(g) €1 (4.14)

Hence, mapping ¢ is an injection from V to T and
we can rewrite ¢ in the form:

vV (4.15)
a

We want to prove that y is a bijection. This
conclusion will be provided by Lemma 7.

Lemma 7.
2 .
T(B/) c BO (4.16)
Proof. It is not difficult to prove that

83 = o({(8; x 8,) N IR? |4y585 € 6})

2
a({ay x 8,]87,8, €6 & &) x 8, C IR/}).
(4.17)
For [a1,b]] x [az,bz] glR? s we have

[31 ,b]] X [azabzl = (‘“”b'l] X [aza"'“’) - (“”aa]]
X [32’+°°) - ('m’b'|] X [b2’+°°)

= ((==,b] x [bys4) N (=,2,] x [ay,+))

((-‘”,a]] x [a" she) O ("”saz] x [aza'{"”»

(('”sb‘l] X [b] yo) N ('”:bzl x [b2’+°°»

Uy, ) = Uy ) = Uy, 0y ).
(4.18)

From (4.9) and (4.18) we have
[ay0y] x [agab] = 71 (€5 (by) N Cylay)
- C5(ay) MCglay) - Cilby) N Cylby))
e (),

so that ([a;,09] x [a,,b,]) e'ﬁo. (4.19)

From (4.17), the Lemma can be proved. =

The next_thoerem i}] give us a relationship
between § and W‘]YS .

Theorem 5. Suppose that & = (51,52) €V and
S = y(g), then

ug(x) = P({ulg(w} € 4 1. (4.20)

Suppose that £ has density p(x1,x2), then for
any x € R,

vt) =[] plxgwgdong g
X

+o0 X
= I (J p(x-l ,Xz)dxl)dxzc (402])
X lniad -]

The proof is trivial.
Example 1. Suppose that Nys My are independent

random variables which are both distributed
uniformly in [a,b], and set

£ = (£1,65) = (min(ng,n,),max(ny,n,)(4.22)
Clearly, £ € V and has the density function:

— if a < X99%X, < b
pE Xy9Xp) = ) (4.23)
0 otherwise
According to Theorem 5, we have
2 X {x7,X2)dxydx
woa(x) = [ f X 1-%2)dxqdx;
WE»™ " (ba)? Jew Jx Tazxy xp<b]
315:311%:51 ifa<x<b
o (b-a) (4.24)
0 otherwise
(see figure 1)
AH
1
.
y(€)
0.5hcecee v
0 a 2£E - » X
2
Figure 1

Example 2. If we wish to describe the following
concepts on [a,8]:

{SHORT,MEDIUM, TALL}
we can point two points 51 and 52 such that

SHORT = [a,&,)
MEDIUM = [51,52)
TALL = [£,.8).



Suppose fhat 51, g, are independent random
variables having density functions Pe {x) and
1

p,. (x) that satisfy
&2

pgl(x) 0 ifx & (a],b1)

DEZ(X) 0 ifx € (az,ba),
here a < 3 < b] <3, < b2 < B; then we have
if a <x 23

-
0
x .
Ja pgl(u)du if ;< x ﬁ'b]
1
1

ygptuntX) = § i by <x 23y

2 .
p, (u)du ifa, <x<b,,

0 if by < x < 8.
L =

(4.25)
(1 ifa<xc<ag

b
"SHORT(X) = < f 1 pg](u)du ifa; <x <by;

X
L0 if by < x < 8.
(4.26)
0 if a<x<ay
<[ '
uTALL(x) = [a sz(u)du if 62 < X _<_ bz;
2
.1 if b2 <Xx<B.
4,27
(see figure 2) ( )
) r\pg(u) ™ Pe, (V)
P o
u oy {1 u
JLMsHoRT & ) Mmeotm [ ¢ MTALL
VA )
t X\ 1Y
] |
0 y) { ; \
a 3, b] a, b2 8
Figure 2

The method for constructing a membership
function like in this example is called the
E;Eee Phase Method. It is given by Qu Yin-Sheng

Note that

MguorT (%) * Mygprum(®) + Bpap (¥) =1
(o < x < 8) (4.28)

5. FUZZY NUMBERS AND THEIR CHARACTERISTIC
CURVES

Let o be a mapping
o : [0,1] + Rf

A b a(d) = (07(1),0,(1))
with 01(A) g.cz(x) (5.1)
Definition 9. We say that the mapping o is a
characteristic curve if % is monotonic
increasing and g, is monotonic decreasing. The

collection of all of ahem is denoted by I.
If 0 €, then ¢ is B/-measurable. Let My be

the Lebesgue measure on R, set P0 = mg o 0-1’

i.e.,

P_(8) = my({rlo(x) € B}) (¥8 € B)), (5.2)

Pc is a probability measure on B% which is
induced by o from My

Definition 10. A mapping o € £ is called the
characteristic curve of a given projectable
random interval § (or of y=1(S) or of the
projected fuzzy subset §) if

P_(1,) = P(SE C(x)) = Py (5) € ,) = ugx).

5.3)

Obviously, if the characteristic curve exists,
it is the characterization of a class of pro-
jectable random intervals having a same pro-
jected fuzzy subset.

When o is a fuzzy subset of R, we call it a
fuzzy number if for any XA € (0,1], its A-cut is
always a closed interval:

o & (x € Ru(x) > A} = [a},at]. (5.4)

We say that « is normal if there exists
xg € R such that ua(xo) =1,

Theorem 6. Suppose that (Q,A,P) is sufficient
for (IR,B.). For any normal fuzzy number a,
there exists one and only one 6 € L such thato
is the characteristic curve of a. Conversely,
for any g € £, there exists one and only one
normal fuzzy number o such that its character-
istic curve is o.

Proof. Given a normal fuzzy number o, set

o s [0,1] » mf

Ao () ,el), (5.5)
where al and ai are defined in (5.4). From

Ay S Ap =0, 20, »



Yo

2
A

mo({xlc(x) € Jx}) = mo({klx € ax})
u,(x) (5.6)

so that o is the characteristic curve of a.

we have a} ? and o, V. Moreover,

P,(4,)

0

Conversely, given 0 € L, set
u,(x) A P(d,) (5.7)
so that u (x) >A =P (1) >

«a(r) e _lx

=0y(1) < x < 0,(d) (5.8)
hence,

0~>\ = [01 ()\)’02()\)]’ (509)
a is a fuzzy number. Moreover, for

Xg = max(o](1),02(1)) (5.10)
we have

Po(.lxo) =1, (5.11)
so that o is a normal fuzzy number. ]
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