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ABSTRACT

Using a second-order circuit model the complex dynamical behavior of a

" typical Josephson-junction circuit is rigorously analyzed using integral mani-
folds. The key idea is to prove that under certain small-parameter assumptions,
the nonautonomous circuit has a stable integral manifold. Moreover this manifold
is doubly periodic so that steady state behavior of the Josephson junction
circuit reduces to the analysis of its dynamics on a torus. Well-known experi-
mental phenomena, such as the existence of hysteresis in the dc Josephson

circuit and voltage steps in the ac Josephson circuit, are rigorously derived

and explained

Research sponsored by the Air Force of Scientific Research (AFSC) United States
Air Force under Contract No. F49620-79-C-0178. '

+M. Odyniec is on leave from the Institute of Electronics Fundamentals, Technical
University of Warsaw, Poland.

TTL. 0. Chua is with the Department of Electrical Engineering and Computer Sciences
and the Electronics Research Laboratory, University of California, Berkeley,
California 94720.



1. Introduction

Josephson junction devices are used in many applications ranging from super-
sensitive detectors to superfast computers [13]. This remarkable 2-terminal
device is imbued with extremely rich dynamics and displays a wide variety of
exotic nonlinear phenomena. For example when driven with dc current source the
device is found to oscillate at extremely high frequencies (GHz range). If we
plot the average value Vdc of the high-frequency voltage versus the dc current
: Idcsthe vdcv' Idc characteristic is found to be hysteretic (double-valued). If
we connect a sinusoidal current source in parallel with the dc current source and
repeat the experiment, the resulting Vdc - Idc charac¢teristic changes dramatically.
Here discontinuous voltage steps of varying width are observed at rational
number multiplies of some natural frequencyf This puzzling voltage-step phenomenon
had been given various intuitive and physical explanations [13,14]. A rigorous
explanation using a first order circuit model (C = 0 in Fig. 1) is given in [1].
Unfortunately this first-order model is over-idealized because it fails to
include the effect of junction capacitance C which is always present in non-
negligible amounts in the real device.

A more realistic Josephson junction circuit model is shown in Fig. 1 where
the basic Josephson element is a nonlinear inductor described by

i =1 sin(8) | (1.1)

where ¢ denotes the flux 1inkage+, e denotes the electron charge and h denotes

Planck's constant. The equation governing the second-order circuit in Fig. 1

is given by:

d2
at +

Equation (1.2) can be transformed into the dimensionless form:

s1n(4“e)¢ = Idc + IaC sin vt (1.2)

C +

“le

l
R

BX + X +sin x = a + € sinwt (1.3)

+ ,
The quantity &%9-¢ has an important physical interpretation: it represents

the quantum phase difference between the two superconductors which made up the
junction.

ffSeveral autonomous systems (e.g. pendulum with constant torque and viscous
damping, %nchronous motor, rotating disc, etc.) are described by a similar

equation g—f + a %%-+ sin x = b. Indeed, this equation can be transformed into

(1.3) with € = 0 by defining t := t/a, a := b, and B := a'z. (Throughout this
paper, the symbol := denotes a "definition").
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Our objective in this paper is to prove that under certain small-parameter
assumptions, solutions of (1.3) are attracted to a doubly-periodic 2-dimensional
surface. This surface is called an integral manifold because any trajectory
originating from this surface must remain there forever. By identifying
appropriate periodic boundaries, this surface can be represented by a torus.
Consequently the steady state behavior of (1.3) can be derived by studying the
corresponding motion on this torus. This important observation reduces a non-
autonomous second-order differential equation on the plane to an equivalent
nonautonomous first-order differential equation on the torus. Consequently
the same tools as.used in [1] (which is applicable only for first-order
differential equations) can now be used to analyze (1.3).

In order to prove the existence of an integral manifold for (1.3) it is
necessary to analyze the autonomous circuit (e = 0) first. This is summarized
in Section 2 using the analytical method developed by [2]. Unlike the analysis
given [1] which was.obtained numerically via computer aided phase-plane analysis,
the analytical approach here is completely rigorous.

Making use of the result in Section 2, the existence of integral manifold
is proved in Section 3. ' _

Although our proof is similar to Hale's [7,9]* there is a significant
difference: Hale's integral manifold arises from closed curve, ours from the
curve which is periodic on the plane but is unbounded.

In Section 4 the double periodicity of the unbounded surface derived in
Section 3 is used to transform the surface into an equivalent torus. This
allows us to apply well-known results from [5,12] to derive the qualitative
dynamics of (1.3).

2. D.C. Analysis

In this section we assume that the Josephson junction circuit model in
Fig. 1 is driven by a dc current source so that we can set I_. =0 in (1.2),
or e =0 in (1.3). Defining y := x, (1.3) transforms into the following
autonomous state equation:

|x =y | (2.1a)
y = a__s;n_xx (2.1b)

TMain idea of the proof is due to Krylov-Bogoliubov-Mitropolskii (see [7.9]).



2.1 Qualitative Properties

The qualitative properties of (2.1) can be derived by physical reasoning
[10,13,14], computer-aided phase-plane analysis [1,6], or by a more rigorous
analytic approach [2,8].

In this section we summarize and interpret geometrically the qualitative
properties derived in [2,8]. This geometrical interpretation will play a
crucial role in our ac analysis in Sections 3 and 4.

Since the right-hand side of (2.1) is 2m-periodic in x, the phase portrait
will duplicate itself every 2m intervalis. Hence, it suffices to consider only
a vertical strip of width 2m, say {(x,y) : 0 < x<2m, y €R}, instead of the
entire x-y plane. A rigorous analysis of the phase portrait of (2.1) in this
vertical strip can be found in [2,8]. Outline of Andronov's approach and
additional details are given in Appendix A. In particular, it can be shown that
for B := RCQ > O the phase portrait of (2.1) can exhibit only 7 qualitatively
distinct behaviors, as depicted in Figs. 2(a)-(g) depending on the value of
o := Idc/Ic’

“For simplicity, we assume o > 0 in summarizing the following qualitative
properties. The same properties hold, mutatis mutandis, for o < 0.

Case 1. a>1, B> 0 (Fig. 2(a))

System (2.1a) has a unique 21r-pe1r-1'od1'cJr and globally stable trajectory
y = P(x), p(x) > 0, which attracts all other trajectories. There are no
equilibrium points. See Fig. 2(a)

Case 2. O0<oa<1,B8> Bo(a) (Figs. 2(b) and (c))

For any o € (0,1] there is a critical value By = Bo(a) such that for
B > Bo(a), system (2.1) has a unique 2m-periodic asymptotically-stable trajectory
y = p(x), ¢(x) > 0, which attracts all trajectories outside the domain of
~ attraction of equilibrium points.
For a = 1, the equilibrium points are located at (x,y) = (%-+ k2w,0),
k =0, £1, +2,... (Fig. 2(b)). For 0 <a < 1, the equilibrium points located
at (x,y) = (sin«'1 a, 0) are either stable nodes or stable foci. Those located

?Throughout this section, the 2m-periodicity is with respect to x. TrThis implies

that y(t) is also periodic with respect to time (with period T = J a%f)). See
Corollary 4. 0



at (x,y) = (v - sin']a,o) are saddle points (Fig. 2(c)).
Case 3 0<a<1,0c<8<By(a) (Figs. 2(d)-(g))

System (2 1) has no per1od1c solution.” For B < Bo(a) (Figs. 2(f) and (g)),
the trajectories tend, either (for o = 1) toward the unstable points located at
(x,y) = Gf + k2m,0) or (for 0 < a < 1) toward stable equilibria at (x,y)
= (sin'la + 2km,0) (except for a pair of trajectories converging toward each
saddle). For B = Bo(a) (Figs. 2(d) and (e)), the trajectories connecting
unstable points form-a separatrix. Trajectories originating above the separatrix
tend toward it. Trajectories originating below it behave as in the case
B < Byla).

It can be shown that the "critical value" By = Bo(a) is a continuous and
one-to-one function of o over the interval 0 < o < 1 [8]. Since
8 := REC 4ge I depends only on device parameters and is therefore fixed for a
given Josephson Jjunctions it is more natural to refer to the inverse function

0(3) which is defined over the interval By (1) < B < = (Fig. 3(a)). Since
the phase portrait in Fig. 2(f) 1nc1udes the range B < 80(1) when o = 1, let us
extend the domain of o = a(g) over the interval 0 < 8 < « by defining ay(8) = 1
for 0 < B < Bg(1). This extended function is shown in Fig. 3(a) for future
reference.

Comparing Figs. 2 and 3(a) we note that for each fixed 8 = 8, we can read off
the critical value ao(s) such that (2.1) has a 2m-periodic trajectory y = p(x)
if a>a (B), and no such trajectory if a < aO(B) ™ The phase portrait for the
special case a = oy (B) is given by Fig. 2(d) if B = 60(]) Fig. 2(e) if
B > 8y(1), and F1g 2(f) if B < y(1). """

The following properties of the critical function aO(B) are proved in
Appendix A:
Property 1 (See Fig. 3(a)).
o = ao(s) is a continuous function defined for B8 > 0 and satisfying:

+In this case, except for constant solutions corresponding to equilibrium
points, y(t) is not a periodi¢c function of time.

™10 see this fix 8 = & in Fig. 3(a) and observe that for any.a > ag (B) the

corresponding critical value Bo(a) is less than 8. Since B > e (@) corresponds
to Figs. 2(b) and (c) and hence has a 2m-periodic trajectory w(x)

n terms of oy(g) Figs. 2(b)-(g) correspond to:
(b) og(B) <a=1 (c) ay(B) <a<1
(d) a =ag(B) =1, 8 = B (1) (e) a=ag(B) <1 B >8y(1)
(f) a-= ao(B) B < 80(1) (g) 0<acx ao(B) (see Fig. 3a)

1]
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(a) ay(8) =1, for 0 < 8 < 84(1),
(b) for 8> so(l), aO(B) is strictly decreasing,

(c) ;_1)10 ay(8) =0

Property 2.
Let ¢(x) = was(x) denote the 2m-periodic trajectory corresponding to a
specific parameter values o and B.

(a) For any By > By > 0 and any a > aO(BZ), we have :
wael(x) > wasz(x), for any x.

(b) For any By > 0 and any oy > a, > do(so), we have:
¢Q]B(X) > wazs(x), for any Xx.

g,z Geometrical Interpretation

In the t-x-y space, the 2m-periodic trajectory y = y(x) of (2.1) can be
interpreted as a periodic surface

3

SO = {{1,x,y) €ER” : y = ¥(x), TE€R, x ER}

- as shown in Fig. 4(a). The surface So is invariant in the sense that any
trajectory (in t-x-y space) starting from a point (ro,xo,yo) on Sy at T = 1,
remains on So for all © > T (and T < TO). Sg is called an integral manifold
of (2.1)s a concept of fundamental importance in this paper [7,9].
Since both S0 and the right-hand-side of (2.1) are 2w-periodic in x, we can
“chop" SO into parallel strips {(t,Xx,y) € Sg @ 2km < x < 2(k+1)m},
k =0, #1, +2,... and consider all lines x = 2kw, k = 0, #1, #2,... as identical.
If we wrap S0 around so that these lines coincide, we would obtain the
cylinder shown in Fig. 4(b). .
Since (2.1) is autonomous the cross sections of Figs. 4(a) and (b) taken
at times 1 = kT], k =0, t], +2,... for arbitrary T, are all identical.
Consequently, we can jdentify these cross-sections and transform the cylinder
in Fig. 4(b) into the torus in Fig. 4(c).
Hence, the integral manifold S0 of (2.1) can be represented geometrically
by Fig. 4(a), (b) or (c).

1'Recaﬂ that the 2n-periodic solution waB does not exist for a f_dO(B).



It follows from the stability property of y(x) (See Figs. 2(a), (b), and
(c)), that for o > 1, S0 attracts all trajectories outside of
So; for @y <a< 1 trajectories outside of S0 are attracted to either S0 or to
~ stable constant solutions of (2.1). Hence, every nonconstant periodic solution
of (2.1) must lie on the integral manifold So-
Given the periodic (in x) trajectory y = y(x) we can determine the correspond-
ing solution waveform x*(t) := x*(t;ro,xo) by solving the scalar initial value
problem

= v(x), x(1g) = x4 (2.2)

derived from (2.1a). Once x*(t) is found, we can determine y*(t) = w[x*(1)]
by direct substitution. Note that every solution (x*(t), y*(t)) obtained from
(2.2) lies on the integral manifold SO’ and vice-versa. Hence, if we are
interested only in the nonconstant periodic solutions of (2.1), it suffices to
study solutions on the integral manifold SO' The transformation from a
2-dimensional problem (2.1) into a 1-dimensional problem (2.2) is in fact the
main motivation for introducing the integral manifold SO'

Of course y(x) is seldom available in analytic form. However, we will now
demonstrate that many significant qualitative information concerning (2.1) can
be obtained from the qua]1tat1ve properties of w(x)

Progertx 3.
For any initial condition Xg» the solution of (2.2) is of the form
x(x) = & v + p(1) (2.3)

Al
where T := I —T—S-and p(t) is T-periodic.

Proof: This is a simple consequence of the 2m-periodicity and positiveness
of y(x). For details see [12]. 0

Corollary 4.

For any 1n1t1al condition taken on the integral manifold SO’ (2.1) has a
T-periodic solution’ (x(t),y(t)) where x(t) is of the form (2.3) and
y(t) = yx(7)].

Proof: Follows directly from the definition of SO. =4

F(x(1),y(t)) is T-periodic on the cylinder in Fig. 4(b).



Corollary 5

- The period T depends on o and B (o > Ggs B > 0) and decreases when either
o or B increases.

2T
Proof: Follows directly from Properties 1 and 2 and T := J dx .
o V()

Corollary 6

2m
1. For any a > 0, TE—W
Zn
2. Foranyo>1,T<-

Proof: It follows from (2.1) that

dy _ P0x(t)] _ a-sinx-y _

dx x v(x) 0
only on the line y = a - sinx. Since y(x) is differentiable, its global
maximum and mimimum must lie ony = a - sinx. Soa -1 <y(x) <o+ 1 and

2w
2 - dx 2m
wT 2T JO PxY 2T ° ?

Another important property of an "integral manifold" is that its qualitative
properties are often preserved under small perturbations. In the following
Section 3, we will demonstrate this property by showing that if the right hand
side of (2.1) is perturbed slightly, then the resulting equation would still
possess an integral manifold Se which is "near" to SO. Moreover the qualitative
properties of solutions on Se can be derived by analyzing an associated scalar
first-order differential equation.

2.3 Physical Interpretation

We will now relate the preceding qualitative properties and geometrical
interpretations in terms of the physical behavior of the Josephson-junction
circuit model in Fig. 1 when driven by a dc current source.

Recall that since x is proportional to the magnetic flux (i.e. phase
difference) y = x can be interpreted as a “normalized" terminal voltage correspond-
ing to the "normalized" dc input current a := Idc/Ic'

The following physical interpretation then follows directly:

1. So long as the dc input current is smaller than the maximal admissible
supercurrent I (Idc E-Ic or o < 1), there exists a constant (in time)
phase-difference ¢ := sin'](Idc/IC) across the junction. Hence v = 0, i.e.,
the voltage drop is zero and the junction functions as a superconductor.

~—



2. For any choice of the parameter* B :=RCQ = RZCIc 4ge » there exists

a critical input current I, := aolc (See Fig. 3(b)) such that for lic > IO
(i.e. a > ao), the phase-difference across the junction assumes the time-

varying form:ff

o(t) := x(at) = %1‘- at + p(at)
The associated terminal voltage is therefore time-varying and assumes the
formTH
orm  :
2m
v(t) = RIY[F at + p(at)]

where Y(x) is a T-periodic function. .In other words, the period of the terminal
voltage is equal to T/Q (where T is a dimensionless constant given in Property 3).

3. Since Q is a very large number for Josephson junction devices, the
oscillation frequency is extremely high (in the GHz range). Consequently,
only the average voltage:

de ° T 0 T 4me 0 dt T 0 T 2e T

can be measured experimentally. This average or dc voltage is therefore
proportional to the oscillation frequency-%-

4, 1t follows from Coro]]arz 5 that the dc voltage Vd increases with
I and C.(B = RCQ) when RQ = R I h is held constant.

Since a constant Id and B resu]t in a constant T, whereas Q increases
with R, it follows that the dc voltage Vdc will increase with R when
B = R C 4:e I _1is held constant.

5. For 10 < I <1, (i.ec oy <a<1)both constant and oscillatory
steady states coexist. Therefore the Vdc - Idc characteristic will be a

double-valued function in this interval. This observation has been verified

TRecall that for B < BO(]), ag = 1. Compare Fig. 3(b) and the discussion in
case 2.

++Note that time T := Qt and period T are dimensionless while frequency © and
time t are physical quantities.

tHt
__hode(t) _ h dx(et) _ h
V() = fne dt T Fme gy dme X(At) = e Wx(at)] -

RIWIEE at + p(at)]



experimentally [10,13,14] and is reproduced in Fig. 5. Note that for junction
capacitance C sufficiently small (i.e. B < Bo(l)), we have I0 = Iv (aO = 1)

and the Vdc - Idc characteristic becomes a single-valued function. See Figs. 3
and 5.

6. It follows directly from Property 2 and the phase protrait discussion,
that the critical current IO is a monotonically-decreasing function of the
Junction capacitance C, as shown in Fig. 3. Detailed proof of this relationship
was given in [8] see also Appendix A. The quantitive relationship has been
derived numerically in [1,8] and experimentally in [10].

3. AC Analysis: Existence of Integral Manifold.

3.1 Introduction

Consider now (1.3) which applies when the Josephson junction circuit
model is driven by a sinusoidal current source with normalized amplitude

€ := Iac/Ic' Defining y := X, we obtain the following non-autonomous state
equations:
X =y (3.1a)
. -si -y + i
y = a-sin x g € Sin wt - (3.1b)

In general we cannot expect the solutions of (3.1) to remain close to those
of the autonomous system (2.1) over the infinite time interval, even for small
e. However, we will show in this section that (3.1) has an integral manifold
provided the parameters B and ¢ 1ie within the shaded region in Fig. 6(a) when
o <1 or Fig. 6(b) when a > 1. Moreover, for ¢ sufficiently small, we will
show that the integral manifold SE of (3.1) is close to the integral manifold
So of the autonomous system (2.1), while for B sufficiently small the integral

manifold SB is close to the surface

{(tXsy) : Yy =a - sin x + € sin wt, x € R, T € R}.

Just as in Section 2 the existence of an integral manifold for (3.1) will allow
us to derive a number of important qualitative properties of (3.1) in Section 4
by studying an associated first order differential equation. This order-
reduction possibility is in fact our main motivation for finding integral
manifolds.

-10-



3.2. Integral manifold S_associated with small .

Recall the integral manifold

Sp := {{T:x,y) € R3:y=y(x), xER, T €R} (3.2)

of the autonomous system (2.1), where y = y(x) is the 2m-periodic (in x)
trajectory depicted in Fig. 2. Since our objective in this section is to show
the existence of an integral manifold Se of (3.1) which is close to So, it

is convenient to introduce a new coordinate system (6,p) defined as follows:
X:= 8-9'(8')p ' (3.3a)
=p(8) +p (3.3b)

To obtain geometrical interpretation of (3.3), note that when p = 0 we

obtain x = 6andy = ¥(6), which is simply a parametric equation describing

= P(x). For (x,y) sufficiently close to y = ¢(x) it can be shown [7] that the
coordinate transformation (3.3) is one-to-one. Hence, to each point
P0 = (xo,yo) near y = p(x), there correspond a unique pair (eo,po).

Let us project any point P, = (xo,yo) near y = y(x) "orthogonally” onto
Ehe trajectory as shown in Fig. 7. Define~90 so that the point of intersection
Py has coordinates §0 = 8gs ¥ ¥ = p(0).

Observe that the vectors [1,w (6 )] and [-y* (6 )s 11 are just the tangent
and orthogonal vectors to the traaectony at the po1nt P = (X ,yo) Observe
next that Yo - _—T—_T'(x - xo). Hence, if we def1ne Py = Yo 0- Yo
we get formulas (3 3):

xo Xo + W'(GO)DO = 60 = ¢'(90)DO
Yo = Yo * pg = W(8y) + oy

i.e. coordinates eo, fo correspond to the point PO' In terms of the new coordinates
© and p (3.1) becomes (see Appendix B):

= () + G(t,0,p,€) (3.4a)
= A(8)p + F(1,8,p,€) o (3.4b)

De

DOe

The following basic theorem shows that for e sufficiently small and for
appropriately chosen initial conditions, (3.4) can be reduced to one scalar
equation.

-11-



Theorem 3.1 [11] .
If (2.1) has an integral manifold S0 as defined in (3.2) then for ¢
sufficiently small, (3.1) has a stable integral manifold

5. = ((tx,y) € RE: x = 6 - ' (8)h(1,0,6), ¥ = ¥(0) + h(r,0,¢),
"9ER, 1€ R} (3.5)

where the function h(e,e,¢) satisfies the following properties:
(a) h(t,8,€) is smooth! and bounded by D_ where 1im D_ = 0.

er0 €
(b) h(t,08,e) is Lipschitzian in 6 with Lipschitz constant A s where
1im A_ = 0.
es0 ©

(¢) h(t.8,e) is 2n-periodic in 6 and -Zwl -periodic in t.

Moreover, for any initial condition on Se, i.e. for any (to,x(to),y(to»'s Se,
the solution of (3.1).has the following form:

x(t) = o(t) + p'(6(t))h(r,0(7),€) . (3.6a)
y(t) = w(e(t)) + h{r,8(1),¢) (3.6b)

where 6(t) is a solution (with initial condition e(ro) = eo) of the scalar
equation:

6 = y(6) + G(t,0,¢) (3.7)

where G(t,8,e) := G({t,9,h(1,6,c),¢) 15*%? -periodic in t, 2w-periodic in 6 and
tends to zero with €.
Remarks: 1. Geometrically speaking Theorem 3.1 asserts that under small
perturbation the surface S0 will not change much. In particular, since
h{t,8,e) -+ 0 (uniformly) as € + 0 it follows that SE tends to S, as € + 0.

2. Since the proof of Theorem 3.1 is very long we will give only main
steps here, with additional details given in Appendix C.

Outline of the proof of Theorem 3.1: '

The basic idea of the proof consists of defining a "family of candidates
for integral manifold" together with appropriate transformation which maps this
family into itself. Let H(t,8,e) be such a "candidate".

TFor our purposes it is enough to require that h(t,6,e) has continuously
differentiable derivatives up to the order 4, with respect to T and 6.



Let eH(r) = eH(t;ro,eo) denote the solution of the scalar equation

é = W(e) + G(T,e,H(T,e,E),E) (3-8)

with initial condition 6(tg) = 8, (i.e. solution of (3.4a) with p(t) replaced
by H(t,8,€)).
Consider next the linear part of (3.4b)

= A"(1))e (3.9)

o
Let Y(T,TO) denote the fundamental solution of (3.9), i.e.,

T
y(t.1y) := exp[f At (t))dt (3.10)
o
For any H(t,8,c) define the transformation T as follows:

0
T[H](To,eo) i= I-m Y(S+T0,TO) . F[S+T0,9H(S+T0;T0,90),

H(S+T0,6H(S+TO;T0,BO,E),E)]dS (3.11)

Assume that all candidates for integral manifold satisfy hypotheses (a), (b)
and (c) and denote the space of all candidates by C(DE,AE). Our next task is
to show that for e sufficiently small the transformation T maps C(De,Ae) into
itself and is a contraction. It then follows that the sequence of successive
iterates H = T'Hn_], n € 1,2,3,...,H0 € C(De,Ae),converges to the unique fixed
point h of T i.e. h = Th. It follows from the definition of T and h that
h(t,0,e) constitutes an integral manifold for (3.4) and that for any 85°Tg and
p(To) = pg = h(ro,eo), (3.4) is equivalent to:

8 = y(8) + G[t,0,h(T,6,€),€] | (3.12a)
p(t) = h(1,6,¢) (3.12b)

It is natural to ask how the transformation T was found. The following
remarks provide some intuitive explanation (in the case when A is constant see
~also p. 235 of [7]). Suppose that (3.4) has an integral manifold Se in the
(t,9,p)-space and suppose p can be expressed as a function of 6; namely

Tintuitive explanation on how the form of T was obtained is given at the end
of the outline. See also [7].

=13~



p = h(t,0,e). If we choose initial condition as To,eo,po = h(ro,eo,e), then
(3.4) is equivalent to:

6 = v(8) + G(t,8,h(1,0,¢),¢) (3.13a)

L h(z,8(1),€) = A(8)h(t,0,€) + F(T,8,h(1,0,€).¢) (3.13b)

for any o0 9o Let Gh(T) = eh(r;ro,eo) denote the solution of (3.13a).
Viewing (3.13b) as a linear equation with a forcing function eF(-,,+,°), we
can write the equation in the integral form:

h(T,eh(T),E) = Y(T,To)h(To,Go,e) + [T y(r,s)F(s,eh,h(s,eh,s),s)ds
o (3.14)7
where y(r,ro) is defined by (3.10). Multiplying both sides of (3.14) by
y(ro,r) we obtain:

T
y(to.r)h(r,eh,e) = h(to,eo,e) + I y(ro,s)F(s,eh,h(s,eh,e),e)ds.
K|
2n
Assuming that Y(TO,T) +~ 0 as T + -, which holds if f A(e)de < 0, we have

y(ro,r)h(r,eh,e) + 0 as T + - because h(T,eh,e) must be bounded. Hence

-0

h(Toseobe) = - J Y(TOsS)F(S99hsh(5:ehsh(5’eh9€)se)ds-
T
0

Changing the dummy variable s too :=s - T, We obtain
0
= h .
h(ro,eo,e) = J-w Y(TO,TO+G)F(T0+O,9 (to+o,to,60),

h(10+0,eh(ro+o;10,60),s)do

which is precisely (3.11). u

Theorem 3.1 asserts that. for e sufficiently small, (3.1) has an integral manifold
consisting of a periodic surface Se which is close to the integral manifold S0

of (2.1) as shown in Fig. 8(a). Cross sections of S0 at any time are identical
and described by y = y(x). For comparison purposes the curve y = o - sin x

(t = 0) for a > 1 is also shown to emphasize that it need not be close to

y = p(x).

T n h h
8" denotes here 6 '(s) = 6 (s;ro,eo).
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In Section 4, we will show that (3.1) has a periodic solution which lies
on Se. This periodic solution however need not be close to the periodic
solution of (2.1) even if SE is close to SO'- Before proceding further let us
note that for o € [0,1) (3.1) possess stable periodic solutions which lie
outside of Se. More exactly we have: ‘

Theorem 3.2 [4,7]

If a € (0,1) and € is sufficiently small then there exist:

(a) a unique (in x € (0,2r] strip) asymptotically stable %f--periodic
solution of (3.1) in a neighborhood of the stable equilibrium point (sin']a,o)
of (2.1). Moreover this solution tends to the stable constant (equilibrium)
solutions as € + 0.

(b) a unique (in x € (0,27] strip) unstable g!----pemod'ic so]ut1on of
(3.1) in a neighborhood of the unstable equ111br1um point (m-sin” a ,0) of
(2.1). Moreover this solution tends to the unstable constant (equilibrium)
solution as € -~ 0.

Proof: In a neighborhood of an equilibrium point, equations (3.1) can
be reduced to p = Ap + F(t,p,e) which is (3.4) with 6 absent and p € K. The
proof then goes along the lines of the one of Theorem 3.1 [7]. H
Remarks:

1. The constant solutions (corresponding to equilibrium points of (2.1))
are one-dimensional integral manifolds consisting of parallel straight lines as
shown in Fig. 8(b). .

2. The periodic solutions in Theorem 3.2 can be interpreted as one
dimensional integral manifolds in the neighborhoods of straight-line manifolds
of (2.1) . See Fig. 8(b).

3. It follows from Theorems 3.1, 3.2 and Fig. 2(c) that for aO(B) <ac<1l
(3.1) has a two dimensional integral manifold SE as depicted in Fig. 8(a) as well
as stable and unstable 1-dimensional integral manifolds as depicted in Fig. 8(b).

3.3 Integral manifold SS associated with small B.

The following theorem shows that for sufficiently small B, the behavior
of (3.1) is similar to that of the "reduced system"

x=Yy (3.15)
0

o-sinx-y-c¢sinowt

obtained by setting 8 = 0 in (3.1).



Theorem 3.3 [3,9]
For 8 sufficiently small (3.1) has a stable integral manifold

S‘3 = {(jr,x,y) ty=a-sinx+esinwt + fltx,e,8), XER, TE€ R}

(3.16)
where the function f(-,-,+,+) satisfies the following properties:

(a) f(t,x,e,B8) is smooth and bounded by DB where 1im DB = 0.
g0
(b) f(t,x,e,8) is Lipschitzian in x with Lipschitz constant AB’ where
1im AB = 0.
g+0
(c) f(t,x,e,8) is 2m-periodic in x and

%} -periodic in T.
Moreover for any initial condition on SB’ the solution of (3.1) can be
obtained from the following equivalent system:

X =a-sinx+esinwt + f(1,X,¢,8) (3.17a)
y = f(t,X,e,8) + @ - sin x + ¢ sin wt (3.17b)
Remarks:

1. The proof of this theorem is very similar to that of Theorem 3.1 and
is outlined in Appendix D.

2. If both € and B are small so that Theorems 3.1, 3.2, 3.3 hold
simultaneously and B < BO(I) (so that ao(B) = 1) then:

a) fora > ao(s) both integral manifolds Se and SB coincide. In this case
y = ¢(x) is close toy = o - sin x.

b) for a < ao(B) P(x) ceases to exist and Theorem 3.1 does not apply.

In this case the stable and unstable periodic solutions alluded to in

Theorem 3.2 must lie on the manifold SB as shown in Fig. 9.

4. AC Analysis: Solutions on the Integral Manifold

4.1 Equation on torus

In this section we will discuss trajectories on manifolds Se and SB'
Due to Theorems 3.1 and 3.3, manifolds exist and are (asymptotically) stable.

Hence, asymptotically-stable solutions on the manifold determine the steady
state behavior of our system.

Now solutions on Se and SB are determined by solving the scalar differential
equations (3.7) and (3.17a), respectively. Once the solution corresponding to

a given initial condition is found, the corresponding trajectory on Ss and S6
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is uniquely specified by (3.6) and (3.17b), respectively. Consequently, it
suffices to study the qualitative behaviors of (3.7) and (3.17a), which we will
henceforth denote by:

b =3 f(r,0) (4.1)
f(e+ Z9) = f(1,0), Flr.0v2m) = F(1,0) (4.2)

where ¢ denotes 6 in (3.7) and x in (3.17a), and f(t,p) denotes the corresponding
expression on the right-hand side of (3.7) and (3.17a).+

Since each point (T0,¢0) uniquely specifies a point on Se and SB via
(3.6) and (3.17b) respectively, we can use (t,4) to set up a coordinate system
on SE and SB' In particular, the locus of all points having identical first
(respectively;second) coordinate defines a constant t (respectively constant $)
curve as depicted in Fig. 10(a). Hence each point on S8 and SB is uniquely
identified as the intersection between a constant-¢ curve and a constant-t
curve.

Now consider the "grid" formed by the constant-¢0 curves ¢ = ¢0 +me. 2w
and constant-r0 curves T = T, +ne. 27, Myn = 0,:1,:25... where ¢0, T is any
initial point. Since f(t,$) is 2m-periodic in ¢ andAZ? -periodic in T we can
identify the constant-¢0 curves and represent SE and SB as a cylinder as shown
in Fig. 10(b). Likewise, we can identify the constant-r0 curves (circular
cross-sections in Fig. 10(b)) and represent Se and SB as a torus as shown in
Fig. 10(c).

Consequently, the qualitative behavior of (4.1) can be analyzed by the same
technique as in [1].

However, unlike in [1] where f(t,$) is explicitly given our f(t,$) here,
though exist in view of Theorems 3.1 and 3.3 is not available except that it
satisfies (4.2). Fortunately most of the results in [1] depends only on this
property and can be easily generalized.

4.2 Rotation Number u

Let ¢(T;¢0) denote any solution of (4.1) with ¢(0;¢0) = ¢g- We define:

1'The following results can be easily generalized to the case when the forcing

function sin wt is replaced by any %; -periodic function. However, the results
are not valid for almost-periodic excitations.
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oy, blTidg)
u ’_Ghm——r— (4.3)

T
as the associated rotation number.T
Theorem 4.1: For any doubly-periodic equation (4.1) the rotation number p
defined by (4.3) exists and is independent of ¢0. Moreover the rotation number
of (3.6) or (3.17a) is, apart from normalization constant, equal to the average
voltage across the Josephson junction.

Proof: The existence and uniqueness of p can be proved as in [5] (see also
[1,12] for a different approach). To prove the average voltage interpretation
consider first (3.6) where ¢ := 6. Since both ¢'(8(t)) and h(t,8(t),c) are
bounded, (3.6a) implies

tim X8 o g &x) o (4.4)
T+ T T T

The same relation holds trivially for (3.17a) where ¢ := x. Now since x(t)
has been identified in Section 1 as the voltage across the Josephson junction,++
the average voltage is:

T
Hm-}f x(r)dr = 1im X8 2Ly (4.5)
T 0 oo T n
Remarks:

1. Existence of average (4.5) is not obvious at all because even a bounded
function may not have an average. For example the function

x(t) = sin(an 1), T € [1,+») (4.6)
shown in Fig. 11 has no average. Indeed, since
T
q(T) := %-I] sin(2n t)dt = %—[sin(zn T) - cos(an T)] + é%— (4.7)
nm

we have for Tn =e ,

*This corresponds to the "turning point" in [1] where w was assumed to be
unity.

T+ -1, .

More exactly v(t) = Qg%il so v(1/Q) = @ QQ%%L&l =Q . (5%9) X = RIcX.

' 5 'lt .Qt/Qt
Hence the average voltage V = lim T J v(t)dt = 11m-€ f v(ﬁ)dr

- tro © /0 tro © 40
.1 .
= RI_ lim = I x(1)dr.
¢t T o
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-nm

-1 res _ 1l -nm_ 1, .\n_e
q(Tn) =3 [sin(nm) - cos(nmw)] + e =-3 (-1)" = — (4.8)
Now choosing n = 2k and n = 2k + 1 respectively, we find:
. 1, 1 <2kn 1
1imq(T,, ) =-5+5e = - = (4.9)
com 2K 272 2
and
. = _ 1 1 ~(2k+1)w _ 1

It follows from (4.9) and (4.10) that the average of the bounded waveform in
Fig. 11 does not exist.

2. It was shown in [1,12] that the norma]ized'average voltage u can also
be defined by a Dedekind cut in the set of rational numbers.

3. If we interpret ¢(t) as a trajectory on the toroidal manifold in
Fig. 10(c), then it follows from (4.4) and (4.5) that u can be interpreted as
the average angular velocity in which the trajéctony rotates along the
¢-direction on the torus. The larger u is the faster the trajectory winds around
the torus (along the ¢-direction). This is the reason why p is called rotation
number.

4.3 Poincaré Map y

Consider a cross-section C at some fixed time Tg On the torus of Fig. 10(c).
For any point g On C, define the function

Y(¢g) := ¢(7y + Z'mﬂ; %) (4.11)

Note that y(¢0) is simply the point where the trajectory starting from (ro,¢0)
returns and intersects C. For example in Fig. 12, P0 maps into P] and P1 maps
into P2° This return map is called the Poincaré map.

Higher iterations of Poincaré map can also be similarly defined as follow:

Y(8g) = YY" (8501 = 6(ry + n - 2L 9p) (4.12)

Example 1. 5 =‘% can be considered.as an equation on the torus, where

(t,9) € [0,-%?] x [0,27]. Since the solution is given by ¢(t) = %~+ ¢0(mod 2m)
(for Tg = 0), the first and second iterations of the Poincaré map are given
respectively by Figs. 13(a) and (b); namely

¥(0g) = (0 + &5 ) = ¢ + 1 (mod 2m) (4.13)
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Y2(0g) = 6(0 + 2L g0y = gy + 2w =9y (mod 2m) (4.14)

Example 2. & = sin ¢ can be considered as an equation on the torus, where

(t.9) € [0 ] x [0,2n]. The solutions for this equation are shown in Fig. 14(a).
Note that there are two constant solutions ¢f = 0 and ¢§ = w. The Poincaré map
constructed from these solution is shown Fig. 15(b). Note that y(¢0) > g for

% € (0,m) because the corresponding solutions in Fig. 15(a) are strictly
increasing. On the other hand, y(¢o) < ¢0,for 99 € (m,2r) because the
corresponding solutions are strictly decreasing. Hence, ¢7 is an unstable

fixed point whereas ¢3 is a stable fixed point of Y(¢0)-

Remarks:

1. Poincaré map y is continuous and strictly increasing (because trajectories
continuously depend on initital conditions and cannot intersect). Hence, Y
preserves the orientation of the cross section C in Fig. 12.

2. A trajectory ¢(r,¢0 ) of (4.1) is closed on the torus if and only if,
there exist integers m and n such that ¢(n = 2 s ¢0) = ¢g t m2m, i.e., Y (¢0)
(mod 2w).

3. The above remarks asserts that a trajectory ¢(T3¢0) of (4.1) is periodic
on the torus, if and only if, there exists some integer n such that the n-th
iteration of Poincaré map has a fixed point.

4. 1t can also be shown that

%

= 1 1im Y (¢0)
e
5. The following statements are easily shown to be equivalent:
a. The rotation number of (4.1) is rational.
b. There exist integer n such that y" has a fixed point.
c. There exists a periodic trajectory on the torus
6. Ify (¢0) has at least one fixed point, and if g3— ¢ Y (¢0) #1 at all

(4.15)

fixed points of v (YO) then all periodic so]ut1ons of (4. ]) are isolated.
Moreover stable and unstable periodic solutions of (4.1) must alternate.

7. Ifus=s %, then the associated periodic trajectory must rotate around
the torus (i.e., in the ¢ direction) p times before closing upon itself as T
increases from 7, to gt 4 %g; In other words, ¢(t+q %g) = ¢(t) + p2r. A
trajectory corresponding to p = 3 and g = 1 is shown on the surface Ss or SB
in Fig. 15(a) and on the associated torus in Fig. 15(b). Note that the
trajectory winds around the torus 3 times before closes upon itself.
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4.4 Structural Stgbility

Consider (4.1) and a "perturbed" system -

¢ = F(T,0) + f,(150) (4.16)

where both f(.,+) and fp(-,-) are smooth, 2w periodic in ¢ and %F--per1od1c in

T. Let u and p_ denote the rotation number of (4.1) and (4.16), respectively.
Definition [12]: The rotation number u of (4.1) is said to be stable iff it
remains constant for all sufficiently small perturbations fp(r,¢) i.e.,

M= for any f (-,.) satisfying suplf (t,9)| < € where £ is "small enough".

T,
Example 3: Cons1der Example 2 again. Since all solutions ¢ # 0 of ¢ sin ¢
tend to ¢ + w, its rotation number is:
= 1im &L - qin T2 g,
o T o0 T

Consider next the perturbed equation
$ = sin ¢ + ef (t59) (4.17)
where suplf (1.¢)] =1 and f (r,¢) is 2wm-periodic in ¢ and Z— -per1od1c in T.

>0
Cons1der the horizontal str1p in the (t,$)-plane bounded by |¢| 5 m. Note

that for suff1c1ently small ¢ (say € < Eo-we have ¢ = - 1 + efp(T,E-ﬂ) < - %

along the upper boundary ¢ = %;u Conversely & =1+ efp(r;-%§)> %-along the

lower boundary ¢ = - %;-. Hence, all trajectories of (4.17) originating from

points T = 0, - i; <¢ <-%; can never leave the strip. Consequently, the

rotation number of (4.17) must satisfy |u_ | = |1im ¢(T)| < lim L 0. Hence
p oo T T 21

we have u_ = 0 = p and the rotation number for ¢ = sin ¢ is stable.

Whether the rotation number of (4.1) is stable or not is specified by the
following result:

Theorem 4.2 [12] .

Equation (4.1) has a stable rotation number if and only if, there exist a
pair of integers p and q such that u = p/q and the function h(¢0) = Yq(¢0) - ¢
changes its sign at the fixed point of yq(¢0)

Remarks:

1. Since u = p/q corresponds to a per1od1c solution with period q g—

it follows that the g-th iterated Poincaré map v (¢0) has a fixed point ¢*



2. A rational rotation number is not necessarily stable since h(¢0) may

not change sign at the fixed point ¢* of yq(¢0) (e.g. ¢ = w has rotation number

%-wh1ch is obviously unstable and h(¢0) =y (¢0) -¢y=0 for all ¢0).

4.5 Steady State Behavior

If we measure the average "dc" voltage Vdc as a function of the dc input
current Idc for the nonautonomous circuit, the resulting Vdc - Idc characteristic
was found to be step-wise constant and discontinuous as shown in Fig. 17,
moreover each step is equal to a constant times a rational number. This strange
characteristic, which differs drastically from that of Fig. 5 for the autonomous
case, can now be rigorously explained with the help of following resuit:

Theorem 4.3 AC Steady State Characterization.

Assuming (3.1) can be reduced to the study of an associated scalar
differential equation (4.1) (i.e. either Theorem 3.1 or 3.3 holds) having a
rotation number u, then: ’

(a) If u = m/n, then the steady state solution of (3.1) satisfies the
following periodicity relationship:

2‘" x(t) + m2w (4.18)

x(t + n —

Zn

y(1) (4.19)

Consequent]y,the Josephson junction voltage 1s periodic with period n 33- .
(b) If u is irrational (and f(t,9) is C ) then any solution of (3 1) on
Se or S, can be written in the form:

y(t + n =

8
(1) = pwt + g](wr,uwr) (4.20)
y(t) = g,(wt,uwr) (4.21)

where both functions 91(wt,umt) and gz(mr,umr) are 2m-periodic in wt and umr.+

Proof:

(a) If p is rational, then it follows from Remark 5 of Section 4.3 that
4.1 has a periodic solution (mod 2m) satisfying ¢(t + n == 2“ = ¢(t) + m2m.

If (3.1) has an integral manifold S (small-e case) then ¢ =0 and (3.6)
holds. Since p(6), ¢'(8) and h(t,6(t), e) are 2w-periodic in 6 and g— -periodic

TStatement (a) can be considered as a special case of statement (b). Indeed if
pn is rational, then the two frequencies w and uw are commensurable and hence

both x{t) - pwt and y(t) are periodic.
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in T, it follows that x(t) and y(t) must satisfy (4.18)-(4.19). Similarly,
if (3.1) has an integral manifold SB (small-g case) then ¢ = x and (3.17b)
holds. Again, since f(t,x,e,8) is 2m-periodic in 6 and %; -periodic in T,
(4.18)-(4.19) must hold.

(b) Since f(t,$) is twice continuously differentiable it follows from
Boh1's theorem in [5, page 414] that there existsa continuous function g(t,9)
such that any solution of (4.1) can be written in the form:

(1) = wot + ¢y + g(T,ut + ¢5) (4.22)

where g(t,9) is 2m-periodic in ¢ and %} -periodic in 1, and ¢0 is a constant.
Applying once again (4.22) into (3.6) or (3.17b) we obtain (4.20)-(4.21). =

4.6 Explanation of the Voltage-Step Phenomena

Since the rotation number u of (4.1) is equal to the normalized average
Josephson junction voltage (Theorem 4.1), it follows from Theorem 4.2 that
if the average voltage remains constant (as a function of Idc) for small changes
in Idc then it must be equal to w P (v times some rational number). This
result is consistentf with experiment (Fig. 17). Note that only those rotation
numbers p/q which also satisfy the second condition in Theorem 4.2 will give
rise to constant voltage steps.

For example, the periodic solutions of the autonomous system (2.1) do not
give rise to any horizontal voltage steps (Fig. 5). Indeed we can state the
following two corollaries:

Corollary 4.1:

The rotation number associated with the invariant manifold S0 of the
autonomous system (2.1) is always unstable and hence no non-zero voltage can
appear in Fig. 5.

Proof: Substituting € = 0 in (3.4a) we obtain

8 = (o) (4.23)

where ¥(8) is 2m-periodic in 6 and strictly positive for all 6, and can be
considered as-j? -periodic in T, for any w. Now any solution of (4.23) is of
the form

TRotation number (and an average voltage) is a continuous function of I ..

However, the waveforms corresponding to unstable u or "short steps" of u
cannot be observed experimentally. Hence, the experimental characteristics in
Fig. 17 is discontinuous.
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6(1) = ZT—" T + p(7) (4.24)

2m

dx . . e .
where T := f and p(t) is T-periodic. (Property 3 of Section 2.2). Hence,
, 0 P(x) e

the rotation number of (4.23) is

As

it os (e 25
Similarly, the rotation number “p of the perturbed equation

6 =y(8) +n (4.26)
is given by

T

b 2 (] e (.27
provided y(x) + n > 0. It follows from (4.25) and (4.27) that Mg # 1 and hence
u of (4.23) is unstable. "

Corollary 4.2
The rotation number associated with the invariant manifold SB of the
autonomous system (2.1) with sufficiently small B is either unstable or zero.
Proof: Substituting € = 0 in (3.17a) for the small-g case we obtain

X =a-sinx + F(x,8) (4.28)

where F(x,B) := f(O,x,0,6)+ is 2w-periodic in x and bounded by DB where
DB + 0 with 8 ~ 0.

Now as long as o > 1 + DB so that (4.28) has no equilibrium point, (4.28)
can be analyzed by the same method as (4.23); namely it has a solution of the
form

x(1) = %’]l T+ py (1) (4.29)
21T dx Iy 0 .
where T, := JO a-sin x + F(x,8) and p](r) is T,-periodic. Hence, the

rotation number of (4.33) is unstable.

TFor ¢ = 0 f(t,x,e,8) does not depend on T so f(t,x,0,8) = f(0,x,0,8).
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On the other hand ifa < 1 - DB and (4.28) has an equilibrium point
. . _ 1o x(t) 1 4. X0 _

Xg> 1.€.5 a - sin xy + f(xo,B) =0 then u = m 112 = a-l1m < ° 0.
Note that for @ < 1 and B small enough (4.28) has always equilibrium

point Xg (since DB +~ 0 as B+ 0). Hence, p is equal to zero and does not
change under small changes of o (as long as @ < 1 and 8 remains small). This
confirms zero voltage-step characteristic in Fig. 5. For |Idc| > I0 + "small"
term (what corresponds to a > 1 + DB)’ the rotation number is no longer stable
and no voltage step appears in this r‘egion.'r

+Since B must be small in this analysis, Corollary 4.2 does not predict the
hysteresis phenomenon in Fig, 5.
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APPENDIX

A. OQutline of phase-plane analysis

We shall briefly discuss the Andronov-Vitt-Khaikin [2] proof of the
existence of a periodic (in x) trajectory y = y(x).

Note that trajectories of (2.1) in the (x,y)-plane coincide+ with solutions
of
gx=-a+g;%mz_ (A.1)

The right hand side of (A.1) is 2m-periodic in x so instead of x-y plane it is
enough to consider only a vertical strip of width 2r {(x,y) : Xg <X <Xyt 2
¥ € R} where x, may be arbitrarily chosen (Fig. A1). Let y(x) := y(x;xo,yo)
denote the solution of (A.1) with initial condition y(x ) = Yo Note that

for Yo large enough y(x +27; xo,yo) <Y (since _X.< 0 for large y).

If we show that for "small" positive yoaty(x +2ﬂ,x0,y0) > yoathen continuous
dependence of trajectories on initial conditions yields existence of 90 such
that y(x +2m;3X 0,90) = ;0' So there existsy(x) := y(x;xo,yo) which is 2m-periodic
in x and stab]e

It can be shown [2] moreover, that y(x) is a unique periodic trajectory
of (2.1) (as a consequence of Bendixon's criterion).

- In the case b > 1 it is easy to find small Yo 2 0 for which y(x0+2n) > ¥
(it is enough to take 0 <Y < min(b-sin x) =b - 1). In the case b < 1 we
choose Xg =T - sin']b, j.e., thé left boundary of the vertical strip passes
through the saddle point (or saddle-node for b = 1). Consider the separatrix
originating from the saddle and going upwards.

Let a be fixed,then for b = 0 the separatrix tends to the stable equilibrium
point (Fig. A.2a) and does not reach the line x = Xg + 2m. On the other hand,
for b = 1 (Fig. A.2d), the separatrix does cross the vertical line x = X0 + 21 at a
positive value of y.

TMore exactly, for b :=a, a = B ]/2, T = a' t, (A.1) is equivalent to (2.1)
for y # 0; for y = 0, i.e., on x-axis trajectories of (2.1) are vertical.

For b>0 and a > 0 the periodic trajectory of (A.1) may exist only in the upper
half-plane [2].



Since trajectories depend continuously on parameters the phase portrait
for small b is similar to that when b = 0 (Fig. A.2a). For b < 1, but close
to 1, we get the portrait shown in Fig. A.2c. Moreover, there exist b0 € (0,1)
such that for b = b0 the separatrix joins two saddles (Fig. A.2b).

Obviously b0 is uniquely defined (for %% increases with b for any fixed
a>0,y>0, x) and does continuously depend on a (for the trajectories
depend continuously on parameters).

To stress the dependence of b0 on a we shall write b0 = bo(a). So for
any a >0and b > bo(a) the system (A.1) (and also (2.1)) passes in x-y plane
the unique 2m-periodic trajectory y = y(x).

Proof of Property 2
Consider (A.1) with b = b]

b, - sinx
dy - _ 1
ax - @t (A.2)
and with b = b2
b, - sin x
dy _ _ 2
ax - @ y (A.3)

let b, > by > bo(a) and let yab1(x;x0,y0), wab](x), and yabz(x;xo,yo),

| Yab (x) denote trajectories of (A.2) and (A.3) respectively. Since b] > bo(a)
2
there exist Yo (x). Consider the trajectory Yab (x) of (A.3) starting from
2

* dx
b = b, than for b = by and since yabz(x0+2w;x0,wab1(xo)) > wab](xo), it follows

X = Xge ¥ =V (xo)(Fig. A3). Since for any x,y >0, a >0 VA larger for
1

that wabz(x) must lie above yabz(x) and wabz(x) > wab1(x) for any x. In a

similar way we prove that for fixed b and a; > a,, wa]b(x) < wazb(x) for any x

if only wa]b and wazb exist i.e., if b > bo(a1).

2

Finally the transformation o := b, B = a - yields Property 2.

Proof of Property 1

We have already shown that by = bo(a) is a continuous function of a a € (0,+)
The same reasoning shows that bo(a) is monotonically increasing. Indeed for
given a, and b = bo(a]) the separatrix passes as in the Fig. A.2(b). If we
take a, > 3y it will not reach the vertical line x = Xg + 2w in Fig. A.1{a).
Hence, the crtical value of b for a, is larger then bo(a]), i.e., bo(az) > bo(a]).




The behavior of trajectories yields also inf bo(a) = 0 (since for any b' € (0,1)
. a>0
we can find a' "small" such that for a = a' and b = b' the phase portrait is as in

the Fig. A.2(c), i.e., by(a') < b'), sup by(a) = 1 (for any b" € (0,1) we can
’ a>0
find a" "large" such that for a = a", b = b", the phase portrait is as in the

Fig. A-2a, i.e., bo(a") > b"). Since bo(a) increases monotonically with a
we get

1im b,(a) = inf by(a) = 0, 1lim b,(a) = sup by(a) =1
a+0 0 0 a-o 0 0

Hence, Property 1 is proved.
Remark

Note that since the right hand sides of (A.1) and (2.1) are 2m-periodic, we
can identify in the x-y plane the vertical lines x = Xg + 2km, k = 0,%1,22,...;
and instead of the x-y plane, or the vertical strip, we can consider the cylinder
in Fig. A4. The trajectory y = y(x) which is periodic in x in the plane becomes
periodic also in time when considered on the surface of the cylinder.
Warning. In Section 2 of this paper, we consider another cylindrical surface
S0 of solutions of (2.1) (Fig. 4(b)). This surface S0 (although cylinder)
involves a different concept from the one considered above.
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B. 'New coordinates

Consider
x =y (8.1)
By =a - sin x - y + eq(t)

and introduce new coordinates 6, p

10 -9'(0)o

: y(8) + o

where y(8) is 2m-periodic solution of

y'(8) = - %+ “T'ys(;‘,—?—g (B.3)

We shall show that in new variables the equations (B.1) take the form

X
(B.2)

y

6 = y(8) + pG(8,0) + €P(t,0,p)
b= A(6)p + pPF(8,p) + €Q(t,8,p)

To avoid writing long formulas, let us introduce:

(B.4)

Y(x,y) := %-[a - sin x - y]
- € (B.5)
q(t) := g a(t)

under this notation, (B.1) is reduced to:
X =y
y = Y(x,y) +3(t)

Substituting (B.2) into (B.6), we obtain:
[1-00"(8)18 - y'(6)p = y(8) + p
p'(8) « 8+ 1« p = Y(6-py'(6),p(8)+p) + q(t)

Equations (B.7) are linear with respect to 6 and p and its determinant is
given by:

D(8,0) = 1+ [y’ (8)1% - oy (8).
Hence, for small p, D(6,p) > 0. Solving (B.7) we get:

(B.6)

(B.7)

B-1



Lo+ - Y(0-op'w+p) + ' +31/D(6,0)
([1-09"] - [Y(8-pu',u+p)+d] - v « [v+p]}/D(6,0)

where in the formulas above, we write q, ¥, y', ¢" instead of q(t), w(e),
P'(8), v"(8). Let us develop Y with respect to p:

V(O -op'w+p) =¥ - o[Yay + ¥ # ¥,,] + 0%, [P w0 (B.9)

where

6
(B.8)

o

Y:=Y®uw==%[a-ﬁne-¢]
1

]
Yoy = =— Y(X,y) = - = Cos 8
1 ax x=6 B
y=y
2
Ys11 ° 3 Y(x.y) = %-sin 8
ox X=0
y=y
=9 =.1
Y’z ay Y(x,y) x=e B
y=y _
O(Ok) denote the function f(p,...) such that lim fLQAQLLl is bounded. Applying

0 p
(B.9) to (B.8) we get:

6 = Ww+y' - Y+po[1- H-"]zY’] +y! e Y’Z] "'0(02)}/0(6:9) + ﬁ'(lg;,p)' « q (B.10)
R A A AR R (AL DR A PR T
+ 0(6°)/D(810) + 78y« & (8.11)
Note that ¢(8) is solution of (B.3) so:
w(6)p' (8) = Y(8,p(0))
v'(8) « Y[o,u(8)] = w(e) - [y'(0)1?

and

2 2
'1 ] 2 " ‘] - ] Dw" P (W")
D (8,p) = {1 + [y']" - py"} " = + + + ...
1'% (1) (4183
So equation (B.10) can be reduced to

6 = (8) + pG(6,0) + €P(t,0,p) ' (8.12)



where

P(t,8,p) :=-% c q(t) » — 19w"§9)
T+[y*(6)]" - pp"(8)
9"(0) +1- [y (6)1%Y,,(6,9) +3* (8)Y,,(68,0)
G(6,p) := > + 0(p)
1+[y'(8)]
1+9"(8) +3 v (0)1 cos e - £ - u'(0)
1+[y'(0)1°
Equation (B.11) can be reduced to:
b = A(8)p + p2F(8,p) + €Q(t,8,p) (8.13)
where

Q(t,8,0) := L+ q(t) » —120U"(8)
B 14+ [y' (8)1° - pv"(0)
lpl +‘P" N Y+¢'Y,] -Y

1+[y']°
‘P"Y"'\P'+‘IJ'Y,]+[¢']2Y:2'Y:2 ¢ (]+[w|]2)
1+ [y']°

= '(0) +Y,,(0,0) - 2 y"(e) - Y(esl!))
! 2 1+ (0)1°

A(8) := - 2

1, v'(8) + = 1 _1!'_(_)__[a sino -y(8)]
B. B 14y (9)]

1 a-sin® 2¢"(9)
BV e

F(e3p) = —_!)"_27" ['l)' + w“ I B ""Ys] - Y32]

[a-sin 6-y(6)]

(1+[v']%)
2 . "(o
tn S "Y, [ Y, 0 = . A(e)
+ ;_;];;?FZ DW'9"Yay - ¥"Ya + [9']17Y,41 + 0(p) ;j:fﬁj%g%if
# —L s [yt (0)y"(8) SE2 + L yr(0) + 5 L' (0)1%"(8)
1+[yp'(0)]
+ 0(p)
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Note that

p(6) = L) o s o= sine - y(0)]

and
(Yoq Yo, o' p-y' oY
ll)ll(e) = ] 22
¥

1 1 1
—Y +7Y . Y’ - —Y

_ 1 a-sind -y(0) .
= - os 6 + + [a-sin 6]
ZIONNS 8Lv(8)12

Hence, for small p, the equations (B.6) are equivalent to

8 = y(6) + G(t,0,p,c) (B 14)

o = A(8)p + F(t,8,p,€)

where
G(t,0,0) := pG(8,p) + €P(t,0,p)
F(t,8,0) t= p7F(6,0) + £Q(t,0,0)

are small for small p and small €.
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C. Remarks and references for proof of Theorem 3.1

Consider equations

é s ¢(e) + G(Tseopas)
[ ' (0‘1)
p + A(8)p + F(1,8,p,€)

Step 1 We will outline the proof in 4 steps:

0
Introduce new variable § := [0 $¥%7

dé . = . .
Note that & = Ei%j'and since Y(6) > Q for any 6, 6(8) is 1:1 function. Let 8(6)
denote its' inverse. Hence, equations (C.1) are equivalent to '

e

1 + G(1,8,p,€) (C.2a)
R(8)o + F(1,8,p,€) (C.2b)

)
with

G(1,6,p,c) := m G(T,8(8),ps€)

R(8) := A(8(8)), F(t,8.p,e) = F(1,8(8),p,€)

It follows immediately from Appendix B that for p € [0,v) and v small enough
the functions A(8), G(t,B,p.e), F(T,0,p,€) are:

1) bounded and smooth in all the variables

2) A, G, F are Lipschitzian in @ with Lipschitz constants A, y(v,e), and
n(v,e) respectively where y(v,e) n{v,e) are nondecreasing functions of v,e
and n(v,e) = 0 ‘

3) &, F are Lipschitzian in p with Lipschitz constants M + u(v,e) and
n(v,e) respectively and u{v,e) -~ 0 as v,e -~ 0.

4) G6(t,8,0,e), F(1,8,0,e) are bounded with N(c) where N(i)éZﬁ 0

Step 2
Consider the "unperturbed" system (C.2)
=1 (C.3a)
= A(8)p (C.3b)

Solution of (C.3(a)) is given explicitly by 8(t) = T + ¢, where ¢ is a constant.
Hence, solution of (C.3b) is of the form



T

} R(s+¢)ds
To

p(t) = p(T31pg) = & Po

Since A(s) = A(8(s)) is T-periodic in s we get:

[ Alsr)as = (=t)hg + a(x)
. _

0
where

T
Ay = IO A(s)ds

T
Q(t) := I A(s+¢)ds - (T-TO)AO is T-periodic in t
0
Note that

T
=1 =1 . by definition of _
T [ A(s)ds T IO A(e(s))ds = A(6) in Appendix B

—i|—

I B} _. £ pi(a(s)) + 2 (e(s))w"(e(s))xp(e(s))
1+ [y' (6(s))1°

11 (7 y(e) 1 (2™ g (e)y’ (8)de
—- 6 = -z de -
GCUREESEJNE O] T+ [y (0(s))

v (2m)7°
[v' (0)1°

p(2m)
=-]§-(=}-1ogx)l --}-(1091*')()

¥(0)

Define K := supleQ(T)l, under this notation

T
-1
0

B

le(tstgspg)| = dr- o) Q(T)p | <K e

Step 3
It can be proved [11] that if conditions 1-4 (step 1) and inequality (C.4)

are satisfied, then equations (C.2) possesses a smooth integral manifold
= {(1,8,p) : p = h(1,8,¢)} and for appropriately chosen initial conditions
they are equivalent to:

hd

=1+ G(T,é,ﬁ(T;é,E))
p(t) = h(t,8,¢)

|p0] (C.4)
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Step 4 ]
Since the transformation 6 <+ 6 is one-to-one and smooth (for y(6) isa
smooth function) (C.1) possesses an integral manifold

S, = {(1,9,0) : p = h(1,8,e), TE R, 6 € R}
where |
h(t,8,e) := h(t,6(8),¢).
Hence, for any initial condition on the manifold, (C.1) is equivalent to:

8 = p(8) + G(t,0,h(1,08,¢),¢).



D. Outline of the proof of Theorem 3.3

Introducing new coordinates

X =X
) . (D.1)
z2:=u-oa+sinx-c¢sinuwt
in (3.1a,b) we obtain:
X=y=z+a-sinx+esinor
Bz = B(y - COS X * X €w COS WT) = a - Sin X - y + € sin wr
- B COS X * y - eBw COS WT
Hence
X=2z+a-sinx+esinuwr (D.2a)
. z=- %-z - {cos x[z +a - sin x + € sin wt] + ew cos wt} (D.2b)

Similarly as before we introduce function space C(DB,AB) as "candidates for
manifold". The elements F(t,x,8,e) of C(DB,AB) are smooth, bounded with

DB’ %% -periodic in 1, 27w periodic and AB-Lipschitzian in x where DB + 0,
A, +0as g~ 0.
Let xF(r) = xF(r;ro,xO) denote solution of
X = F(1,X,B,e) + @ - sin x + ¢ sin wt x(1) = Xq (D.3)

Define the mapping T : C(DB’AB) -+ C(DB’AB)

TFlxgstg) i= | & KIs+1gox’ (s +1)uF (s + 1o (5 +5)..,8) 8¢5

where
K(t,x,F,B8) := cos x[a-sin x+¢e sin wt+F] - ew cos wr

Applying similar procedure to that of the proof of theorem 3.1 Baris, and Fodchuk [3]
has shown that for g sufficiently small, i.e., for B satisfying inequalities:

B(2+a + etew) < DB

B(2+a+e)(1+4,) < A,

B(2+a+e) < 1

Equations (3.1) possess an integral manifold S, as defined in (3.16). Moreover

this manifold is smooth and stable.
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Fig. 1.

Fig. 2.

Fig. 3.

Fig. 4.

Fig. 5.

Fig. 6.

List of Figure Captions

A second order Josephson junction circuit model driven by a dc and
ac current source.

Phase protraits of (2.1) for various values of a and B:

(@) a>15 (b)) a=1,8>8,(1); (c) 0<a<1,8>ga);

(d) a=1,8=8,(1); (e) 0<a<1,8=gyla)(f)a=1,8c<8s(1);

(g) 0<a<T1,8<Byla)
(a) The function ao(B) is defined for all 8 > 0. On the a-B plane
the region above o = 1 corresponds to the phase portrait shown in Fig. 2(a),

the region below the a = ao(B) characteristic corresponds to Fig. 2(g),
the region aO(B) < o < 1 corresponds to Fig. 2(c); the regions

a = aO(B) =1; 0= aO(B) <l;anda =1, B > 60(1) correspond to the

portraits 2(f), 2(e), and 2(b) respectively; the pointa =1, B = 80(1)

corresponds to the portrait in Fig. 2(d).

(b) Qualitative relationship between critical current I0 and capacitance C

with other parameters held fixed. Here C0 correponds to 60(1).

Integral manifold S0 of (2.1) represented by:

(a) a periodic surface in (t,X,y)-space,

(b) a cylinder with the lines x = k2w, k = 0,*1,+2,... identified,

(c) a toroid with the lines x = k2w and T = &T, k,2 = 0,£1,%2,...
identified. .

I4c = V4 Characteristic for g "large" and 8 < 84(1). For

IIOI < |Idc| §_|IC| the characteristic is double valued. lvdcl

increases with 'Idcl (i.e. with a) and also with 8 (for o fixed).
Values of parameters e, B for which integral manifold exists

(a) a<1, (b) a>1.

For each point with coordinates (xo,yo) near the curve y = y(x) there
exists a unique pair (eo,po) and vice-versa, having the geometrical
relationship indicated. Note that eo if equal numerically to the
x-coordinate of the intersection point PO’ and fo is just the

vertical distance from P0 to 30.



Fig. 8.

Fig. 9.
Fig.

Fig.

Fig.

Fig.

Fig.
Fig.

Fig.

Fig.

10.

11.

13.

14,
15.

16.

17.

Integral manifolds for (3.1) for small e:

(a) for a > 1 the steady state solution 1lies on a 2-dimensional
surface Se

(b) fora <1 and a < aO(B) a steady state (periodic) solution
exists in a neighborhood of each equilibrium point of (2.1).

For small B and o < aO(BO) only the integral manifold SB exists.

The doubly-periodic surfaces S8 and SB in (a) can be represented as a

cylinder in (b) or as a torus in (c).

A bounded waveform which has no average.

For any point P0 on cross-section C (at TO) Y(PO) = P] denotes the

point where the trajectory from P0 first intersects with C. Hence,

Y(P]) = P2.

(a) Poincaré map for ¢ =-§ . (b) Second iterated Poincaré map for

q):

(a) Trajectories of ¢ = sin ¢. (b) Poincaré map for ¢ = sin ¢.

(a) A periodic trajectory on Se or S, having rotation number u = 3
(p =3, q = 1).

(b) The corresponding trajectory on the torus.

A11 trajectories of (4.17) are trapped within the horizontal strip
3

o] <>

Step-wise discontinuous voltage phenomenon.
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Second-order Josephson junction circuit

- * "/\i=Icsin(——4:e )

|

i .

i ~C ‘éR Xv=q§
|

|

’ (a) o4
(I)(d) (b)

(c) L '
|
Ol |
|
| i
O Boll) B B O Cg
(b)
(a) Fig. 3
$Vic
L. -1,
/
/ O




mi‘z"’
_—
NI 3

-T-sin'a sinta m-sin'a

b l,
(b) a=l, B>Ro(1 (c) O<a<l, B>Bo(a)

) ' 3

TN
fm /—\\/\

2 >
EARENN SRR I
-7T-Sln a sin @ TmT-sin Q
) a=1, B=B(l (e) O<a<l, B=q(a)
'y '
N N
Sy Ny
C % [
3w < 57r X —,’/{/ : \ X
2 r-sinla si'a - —sin'a
(f) a=I, B<Bo(l (g) O<a<l, B<Bola)

Fig.2









y$

—stable

— — unstable

\__/\__stcble

—*
(b) a<l| and a<aypB)

Fig. 8

/ o ———

/,
/

/‘/—_‘—-——_-—F&b'e

Fig. 9 Sg




$o= Po+ 2

To To+&r
(b)
¢o= ¢o+277'
To=To""2w1

(c)

Fig. 10



Fig. 13



v

yY(®)
L
| |
|
-
. |
%7 | |
|
27T o T 2r
w w w

. 15

f o+ 4 o+ A1
Y A

/

Fig. 16



-0 %

Wiyc := lim -+ [Tv(t)dt

Fig. 17

c




(a) (b)
| I I I
:/'/“ l//—Jl
| o | :
Xo Xot2T Xo Xot2T
(c) (d)
Fig. A2

| | | I
\ /: \"r —»X ®
X0-27T XO Xo+27T C—b
Xo= Xo2T

Fig. A4



	Copyright notice 1982
	ERL-82-46

