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ABSTRACT
This paper proposes a design methodology for distributed linear

multivariable feedback systems with simple unstable plants (a simple

unstable plant has either first or second order unstable poles). The
methodology developed provides a global parametrization of all realizable
compensators which stabilize a given simple unstable plant. A design
example is given to show that this methodology can be used to generate,
in an appropriate computer aided design environment, controllers which
are optimal with respect to designer-specified criteria. Additionally,
it is shown that the nature of the design methodology gives geometric

insight into the dynamics of the process whereby an unstable plant

is stabilized.



I. Introduction

In design of linear multivariable feedback systems, it is often
desirable to be able to characterize the class of all proper controllers
which stabilize a given plant. Characterizations of this class have
been studied throughout the literature: first by Youla, et al. [You. 1],
and subsequently by many others [Per. 1], [Des. 1], [Sae. 1]. For the
case in which the plant is stable, a particularly simple and convenient
parametrization of this class has been developed [Des. 2], [Zam. 1].

This parametrization has been shown to be very useful in computer-aided-
design: many practical design constraints can be easily imposed using

a design methodology based on this parametrization [Gus. 1]. This paper
will show how this parametrization and thus the design methodology may
be extended to distributed linear multivariable feedback systems with
unstable plants. Although the theory will be developed only for plants
whose unstable poles are first or second order (in the Laurent expansion
around that pole), it can be extended to arbitrary unstable distributed
plants.

We will also show that the results obtained have a geometric flavor;
they can be used to givé insight into the mechanism by which an unstable
plant is stabilized.

Finally, the design methodology is applied to an example plant in
such a way as to yield a closed-loop system with a decoupled I/0 map
which satisfies several inequality constraints, and minimizes a cost
function. The inequality constraints and cost functions represent certain
practical design goals such as avoiding plant saturation, and
desensitizing the closed-loop response to output disturbances and/or
plant perturbations. This example demonstrates that the design

methodology can indeed be extended to unstable plants.
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The paper is organized as follows:

Section II -describes the feedback system and some of its basic
properties.

Section III developes the theory for the case in which the plant
has only first order unstable poles.

Section IV deve]ops the theory for the casé in which the plant has
first and second order unstable po1és.

Section V presents the design example.

Section VI contains the conclusions.

Special notations and definitions

For 6 € R (typically o < 0), . denotes the glgégg right half
plane Re(s) > 0. f € A(o) iff f(t) = fa(t) + 120 fid(t-ti) where
f,: R > R with fa(t) =0 fort<0, t» fa(t) exp(-ot) € Lys
to = 0, ti >0, Vi > 0; ¥i, fi €R and i~ 'l"_i exp(-cti) € 2]. f €A (o)
iff, for some oy <o, fE A(o]). % denotes the Laplace transform of f.

A

A (o) := (f:fe A_(o)}. Xf(c), (X_ o), resp.), denotes the subset of

of
A (o) consisting of those f that are bounded away from zero at infinity

in ¢0+, (f that go‘to zero at infinity in Gcf, resp.).

(o) : [2_(0)][2?(0)]'1, the commutative algebra of fractions g = A/d
where n € X_(c) and d € Xf(o) [Cal. 1], [Cal.3]; for the general treat-
ment see [Jac. 1, Sec. 7.2], [Bou. 1, Chap. II, Sec. 2].

Bo(o) = [A. o()I[AT(0)] ™. A_ := 4.(0), B := B(0). Let A& ™,
then o[A] := the largest singular value of A [Ste. 1]. If S is a set,
then £(S) denotes the set of matriées whose elements are in S.

For H e é(o), H:s e H(s), H' denotes the derivative of H with

respect to s : H'(s) := é% H(s), ¥s € C.



II. System Description

Throughout, we consider the closed-loop system S(P,C), shown in

Figure 1. We define [Zam. 1]

Q := c(1+PC)”]
Equivalently,
¢ = Q(1-PQ)”"

T Y 1 iven b
hen, we have Hyu : U g Yy given by:

c(1+pc)”!  -cp(1+cp)”] _la  -op
Hyu = | pe(r+pc)!  p(1+cp)”! PQ P(I-QP)

Yy ", .
Also, H, ¢ U » Yy is given by:

[ (1+pC)™'  -p(14cP)”] 1-PQ -P(I-QP)
eu ™ | c(r+pe)”t (mep)t [T @ 1-gp

Note that H

:d,» y, is given by:
yzdo 0 2

-]
= (I+PC)”' = 1 - PQ
Y29

(2.7)

(2.2)

(2.3)

(2.4)

(2.5)

Suppose that P € E(§c$oo)). In this case, (2.1) and (2.3) imply

that [Des. 2, Thm. 1, p. 410]

C € £(8(o,)) = Q € E(B(a,))

(2.6)



Definition 2.1. The closed-loop system S(P,C) is said to be A_(oo)-stable
, € E(A_(0,))

if and only if Hy

I11I. Stabilization of Simple Unstable Plants: First Order Pole(s)

We consider unstable multivariable plants which satisfy the

following assumptions:

. n xn, A ngXn;

(A1) P(s) € Bo(oo) (i.e., P is str. proper and P € B(oo) )
9 T . nXr

(A2) P(s) = E:XT UV + Pa(s), where X] € ¢00+, U, €¢ and

n;xr . . nXn,
Vi€t have rank r; and Pa(s) € A-,o(co) .
Assumption (A2) means that P has one first-order unstable pole with

MacMillan degree r.
The following theorem gives a global parametrization of all
. R n.xn
A_(oo)-stab1e closed-Toop systems S(P,C) with C € B(oo) To -
Theorem 3.1. Let P satisfy (A1) and (A2). Let C := Q(I-PQ)'l. Then
R R n.xn:
S(P,C) is A_(o,)-stable, with C € B(g,) ' °

(i) Qs A_(o,)-stable (i.e., Q € E(A_(,))) (3.3)
(1) Q(r)Uy = O, viaa,) = Oren (3.4)
Either Hyzu](x])u] = U, (3.5)

(191) T
or v]Hezuz(xl) " O, (3.6)

Comments: (a) Note that for some Q's satisfying conditions (i)-(iii),
the corresponding compensator C = Q(I-PQ)'] is also unstable: so, in
such cases, the theorem guarantees stability of S(P,C) with P and C

unstable.



(b) Condition (ii) amounts to guaranteeing that the unstable pole
at s = Ay in P(s) is .cancelled by Q in the expressions PQ and QP.
Similarly, condition (iii) guarantees that the same pole will not appear
in P(I-QP).

(c) The resulting feedback system is X_(oo)-stable, and is
robustly stable: indeed, suppose that C = Q(I-PQ)’1 is either minimally
realized, or realized with only &00_ hidden modes, then, for the nominal

system, the closed-loop characteristic function is bounded away from

zero in € Now, if small perturbations are allowed on P and C, then+

+ .
c”0

the closed-loop characteristic function undergoes only small perturbations,

and consequently, by the usual argument based on Rouché's theorem, the

perturbed characteristic function is bounded away from O in C°°+; hence

the perturbed closed-loop system remains A_(oo)-stab1e.
(d) Let £€R', u := U;E €R(U;), then (3.5) implies that

(A])u~= u, for all such u; i.e., at the frequencylﬁ1, the I/0 map,

Hyzul

Hyzu » has unity gain in those directions in which P(s) has a pole at
1

s=k1.

~ n.
(e) An input uz(s) € A_(oo) T produces an output yz(s) = Hyzuz(s)uz(s)

= P(S)Hezuz(s)uz(s); thus y,(s) has a pole at s = A, € c°o+ with residue

u VTH (A;)u,(Xq{). Hence, condition (3.6) implies that for all such
111 e5U, 1/72Y1

inputs H )uz(s) = P(I-QP)(s)up(s) has no pole at s = Ay: i.e., none

YZUZ(S
of these inputs can excite x], the unstable pole of the plant. Condition

(3.6) can thus be interpreted as: at the frequency A, the closed-loop

?It is crucial to note that it is C -- and not Q -- that is built into
the feedback system. Consequently, the characteristic function of
S(P,C) may be written -- using obvious notation for the coprime
factorizations -- as X = det(Dclnpr+Ncler) [cal. 1].



map H :u,+ e, (from the input u, to e,, the input of the plant)
e, 2 2 2 2
has a transmission zero in the subspace from which it is possible to

excite the unstable pole of the plant.

(f) Straightforward calculation shows that if conditions (i)

and (ii) hold, then (3.5), (3.6) and

T, )
V70" (AU, = 1,

are equivalent.

proof:
Since Q is A_(co)-stable, it is analytic at s = A]. Thus, we can

write the Taylor's series for Q(s) at s = At
Q(s) = Q) + (s-37) Q'(A)) +0(s-2y) (3.7)
So,

(PQ)(s) = [(;9;;)u]v{ + P (s)IA0A) + (s-3)Q0)) + 0(s-2)%]  (3.8)

] T ~
(S—-KT)U]V]Q()\]) + Hy2u1 (s)

where H (s) is the sum of the remaining terms. Note that H is
YU Yo'

2_(00)-stab1e, since Pa(s) and Q(s) are X_(co)-stable. Now, by (3.4),
(PQ)(s) = H¥2U1(S)

Thus, PQ is X_(co)-stab1e.
Also,

(QP)(s) = [Q(A]) + (s-21)Q' (1) + o(s-x1)21[<§5%;)u1v1 + P (s)]

(s,-]_l]) Q(A;)U V] + ﬁy]uz(s) (3.10)



where ﬁy]u (s) is the A_(oo)-stable sum of the remaining terms. Now,
2 ——

by (3.4),
(QP)(s) = F‘y1u2(s)

Thus, QP is ; (oo)-stable. Also, He =1 - QP is 2 (0.)-stable.
} 242 -0
Finally, since H (s) is analytic at s = Ays
Yau

[(I-PQ)P](s) = [(I'Hyzu])PJ(s)

[1 - Hyy Oy) + 052 T + Pols)]

" ~
(=) [1-H, (I +H,  (s)
s-A] Yoy 179717 YoUs

where ﬁy u (s) is the K_(co)-stable sum of the remaining terms. Now,
272

y (3.5),

[(1-P0)P1(s) = H, |, (s)

Thus, (3.3) - (3.5) imply S(P,C) is A_(o,)-stable. Also, since Hezuz(s)
is analytic at s = A],

P(1-qP)1(s)

(PHeZUZ)(S)

[( )U v] + P (S)JEH 2 Z(A]) + 0(5')\])]

= (oo A WAL ezuz(*1) + Hyzuz( s)

where H (s) is the A (oo)-stab1e sum of the remaining terms. Now,
- YUz - :
by (3.6),

(P(1-0P)1(s) = H, , (s)

Thus, (3.3), (3.4), and (3.6) imply S(P,C) is A_(oo)-stab1e and it follows
A nxn
from (2.6) and (3.3) that C € B(o, y 7 0 so, for either of the
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n ~ n.xn
conditions (3.5) or (3.6), S(P,C) is A_(oo)-stable with C € B(co) vo,

= By (2.3), S(P,C) € E(A_(0,)) implies that Q, PQ, QP and P(I-QP) are
K_(oo)-stable. So, condition (i) is satisfied immediately.

Proof of Condition (ii): By assumption PQ = is A_(oo)-stable.

Hyzul
By calculation,

(PO)(5) = Ll + Py (5)10(s)

Thus, since P and Q are X (o )-stable, P Q is Z (o )-stable, and hence

( )U V]Q(s) is A (o, )-stable; thus U]V]Q(A1) = g (if not, then

( )U]V]Q(s) has a pole at s = Aps and hence is not A (o )-stable).
And, s1nce rk(U]) = r, N(U ) = {er}’ and this condition reduces to

v{o(xl) =9 (3.20)

rxn OY‘

Similarly, since QP is A (0.)-stable, (-—l—QQ(s)U v is X (0.)-stable,
-*o s-x] 171 -\Yo
and thus, since N(V]) = {8},
QAU =8 o | (3.21)
i
Proof of Condition (iii): .By assumption He H and H w = P(In_-QP)
i

. Slp” YUy T YalU
are A_(o,)-stable. By calculation

. 1 T
[P(1, -QP)1(s) = (PHy_, )(s) = [(g5)UyVq + Pu(s)IHg , (s)
. . 1 T
Since P(Ini-qp),vnezu2 = I, -0P, and P, are A_(o,)-stable, (s-x])U1V1He2u2(S)
must be A_(o,)-stable. Thus,

T

Ve u, (M) = Oryn (3.22)

1'
where we note that N(U}) = {er}
Also,



[(1, -PQ)PI(s) = [(I PIe) = Ly Hy (s)]uﬁ)u]v{wa(s)]

no oyu

Since (I -PQ)P, PQ, and P, are A (o )-stable, ( )[I y " (s)JU]V]
NS
must be A_(oo)-stab1e. Thus,

T _
[1 - Hyzu](x])Ju]v] =9
and,
u1(9\])u1 = U (3.23)

since N(V]) = {Gr}. 0

Theorem 3.2. Let P satisfy (A1) and (A2). Let C := Q(I;PQ)']. Suppose

that, in addition, P(s) has full normal rank, and has no transmission
~ n.xn

zeros at s = Ap. U.t.c. S(P,C) is A_(o,)-stable with C € B(a,) | © =
(i) Qs X_(oo)-stab1e (3.24)
(i1) for n_ < n; for ny > n,
- T )
Q(k1)U1 - enixr le(xl) N erxno (3.25)
Either Hyzu](A])U] = U] (3.26)
(i11) or VIH = 9 (3.27)

1 ezuz(xl) ~ Yprxn

Proof:
= This direction follows from Theorem 3.1.
< (ng<ny) By Theorem 3.1, to establish that S(P,C) is A_(o,)-stable,
we need only prove VIQ(A]) = Bpyn

Since P(s) has full normal r:nk, it has a right inverse P’R(s),
which is analytic in a neighborhood of Ay» because P(s) has no

transmission zero at s = A]. Furthermore, since PQ = , for any

HY2”1

-10-



n.xn

such right inverse, there exists R(s) € A_(oo) 70 such that
PR =6 and,
nyXng
Q(s) = PR(s)H, . (s) + R(s) (3.29)
Yot
Now, using (A2), we obtain
- -R - 1 To-R -R :
Ino = (PP"")(s) = (ETXT)Ulvlp (s) + (PaP )(s), Vs €L (3.30)
- _ 1 T
Ongxng (PR)(s) = (§:XT)U1V]R(S) + (P R)(s), Vs € ¢ (3.31)

Since Pa(s), P'R(s), and R(s) are analytic at s = Ay, and since

N(U]) = {er}, (3.30) and (3.31) imply

T,-R _ T _
VlP (A]) = erxno and V]R(A]) = erxno (3.32)
By (3.24) and (A2), H = PQ is analytic in €_ ., except possibly at
Va4 %
s = A], where it may at most have a first order pole. Suppose Hy "
271

has such a pole: since the columns of P'R(s) are linearly independent,

and since R(s) is analytic at Ay» then by (3.29), Q would also have a

pole at s = A;. This contradicts (3.24). Hence H is analytic at
1 Yol
s = Ay. Consequently, equation (3.32) in equation (3.29) gives
via(a,) = o (3.33)
1Y rxng ’
' A ~ n,ixno
So, by Theorem 3.1, S(P,C) is A_(oo)-stable, and C € B(oo) .
The proof for n, 2 ny is dual to the above. "

Corollary 3.3. Let'tﬁe assumptions of Theorem 3:2 hold. If, in addition,

P is square (no=n1), then the necessary and sufficient conditions reduce

to (i) and (iii) (note that (ii) is omitted).

-11-



Proof: The proof follows easily from that of Theorem 3.2. n

Remark: Note that the theorems of this section can be easily extended
to the class of plants satisfying the two assumptions (A1) and (A3),

namely,

(M) P(s) €8 () 0

(A3) P(s) = kgl gf%I-Uka + P (s), where, for each 1 <k < p,

N XTy nsxr ~ N Xn;
A € ¢co+; b €€ » V€ C have rank ry; and Pa(s) € A-,o(oo)

For P satisfying (A1) and (A3), S(P,C) will be A_(o,)-stable with
A n.xn .
Ce B(co) "% & The conditions (i)-(iii) of Theorem 3.1 are satisfied
for Ags U and V. for each 1 < k < p.
So, in theory, the results of this section may be used to stabilize

any unstable plant whose instability results from first order to +-poles.
0

IV. Stabilization of Simple Unstable Plants: Second Order Pole(s)

We consider unstable multivariable plants which satisfy the

following assumptions:
~ noXn;
(A1) P(s) € B (o)

2 .
(M) P(s) = (;‘—ﬁ) Riz * ()R + Py(s)s

T noXrs
where A, € ¢°0+; for J = 1,2, Ryj = Ups¥q4, and Uy 5 €0 ’
n.Xr. o5

13 . ' o .
V1j €C each have rank rys and Pa(s) € A—,o(°o) . Assumption
(A4) means that P has one second order unstable pole with MacMillan
R R
degree equal to rk 1n e .
Ri2 O
The following theorem gives a global parametrization of all

n ~ n.xn
A (oo)-stable closed-loop systems S(P,C) with C(s) € B(oo) vo

-12-



Theorem 4.1. Let P satisfy (A1) and (A4). Let C := Q(I-PQ)']

A ~ n.xn
Then, S(P,C) is A_(g,)-stable, with C € B(s) ' ©°

(1) Qis A_(o,)-stable (i.e., Q € E(A_(c,)))

.. T
(ii) Q(Ay)U., =0 and V,,Q(2r,) =6
17712 n;xr, 127V r2xno

(111) QMA{)Ryy = -Q'(A))R;, and Ry3Q(%;) = -RypQ' (Aq)

f' 1 =
Either Hyzul(k])U]2 Uyo

(iv) <

T
or Vi,H (X)) =9
L 12 e,U, 1 roXn;

(o2 -
2 2 2
(v) §

or en Rn eu, (A ) + R12H'

A
\ . ()

€242

Comments: (a) Conditions (ii) and (iii) are used to prove A_(co)-

stability of PQ and QP, and are implied-by the same. Conditions (iv)

and (v) are similarly related to the A_(co)-stability of P(I-QP).

(b) If Ryo s full row (column, reép.) rank, then (4.6) ((4.7),

resp.) becomes

Hy2“1(xl) i Ino

(H (A,) =8
e2u2 1 nyxn,

, resp.)
Also, (4.8) ((4.9), resp.) becomes
ypu, PRIz = 8

(H.  (A{)Ry, = 8 , resp.)
€U, 1712 P

-13-
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(c) Straightforward calculations show that if conditions (i)-(iii)

hold, then (4.6), (4.7) and

- ] "
Riz = RypQ" (A)Ryy + 5 RypQ" (AR,

are equivalent.

(d) Similarly, if conditions (i)-(iii) hold, then (4.8), (4.9) and
= 1 n " l "
Rip = RypQ (A1)Ryq + 3 [R12Q"(A)Ryq +RyQ" (A)Ry ] + 5 RypQ"(A1)Ry,
are equivalent.

Proof:
Since Q(s) is X_(oo)-stable, we can write its Taylor's series

expansion around s = A]:
Q(s) = Q(Ay) + (s-27) Q' () + O(s-Ap)? (4.14)

So,
2
(PQ) (s) = [(-SJT]) Ryp * (;T])Rl] + P (s)1(s)

2

= () RygQ0hg) + (ErIRQ0) + Ry ()] + iy (5)

where Hyzu] is A_(0,)-stable, since P, and Q are A_(o,)-stable. Now,

by (4.4) and (4.5),

(PQ)(s) = Hy , (s)

Thus, PQ is A_(o,)-stable.
Also, ) _
(QP)(s) = o(s)t(g_—‘g) Ryp * (s—.]x—]>Rn + P (s)]

G2 ~
1 1 '
= (_S:X]) Q(A])R]z + (S"_‘—'A])[Q(X])R” +Q (A])R]Z:l + Hy] UZ(S)

-14-



where Hy]uz is A_(oo)-stab1e, since P and Q are A_(oo)-stable. Now,

by (4.4) and (4.5),

(@)(s) = Ry, (5)

Thus, QP is A_(o,)-stable.
Next,
[P(1, -0P)1(s) = (PHg ,, )(s) = L(1, -H, , JPI(s)

So, since H (s) and H (s) are A (0. )-stable, by the above proof,
they are analytic at s = x]. Thus they each have Taylor's series

expansions at s = A], and hence,

[P(L, -@P)](s) = (5 1 Rzt () + (G DRy (g HRgHE  O) Ty

N
= (e l [1 (A)Ry, + (2 L, Hy, O9Ry
2 Yy 1
*Hy b O] + Ry (5)
where Hy2 uy and ﬁyzuz are X_(co)-stable, since Hezuz, Hyzu] and Pa.are

A (0 )-stable. Now, by the uniqueness of the Laurent expansion for

[P(1 n.-QP)](s) about s = 1y,
i

Ry, Hy o (x) =[I_ -H, (A )]R
12 €5U, 1 Ny YaUs 17712

RisH. () #+RioH' (A1) = [I. -H. . (A)IRyq + H'  (A1)R
11 e,u, 1 12 ey, 1 N, Youy 17711 Youy 17712

Note that this implies H =H ' . Thus, it is clear that any of the
Yol YUy
four possible combinations of conditions in (iv) and (v) implies that

[P(1, -P)1(s) = iy , (s)

-15-
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Thus, P(In.-QP) is z_(co)-stable, in any case.
j ~
So, since Q is A_(o ) stable by assumption, and we have proved PQ,
QP and P(I -QP) A (0 )-stable, it follows, by (2.3) and (2.6), that
~ n,Xn
S(P,C) is A (c )-stable, and C € B(c ) i O respectively.
= By (2.3), SP(P,C) A_(oo)-stab1e implies that Q, PQ, QP and

P(I, -QP) are A;(co)-stable. So, condition (i) is satisfied immediately.
i

Proof of Conditions (ii) and (iii): By assumption, PQ = H is A (0.)-

stable. By calculation,

2
(PQ) (s) = [(#) Ryp + (s R+ Po() 6s)

Thus, s1nce P is A (o )-stable, P Q is K (o )-stable, and hence
[( ) Ryp * ( )R]]] Q(s) is A (c )-stable. Using the Taylor's

ser1es expansion for Q(s) at s = ], this condition reduces to

Ry7Q(%) + RypQ (3g) = O, (4.25)
Ry,Q(X,) =8
121 NoXN,y
and, since rk(U12) =Ty, N(U]Z) = {erz}, and thus
VIZQ(A]) =0, .. (4.26)
270

~ 2
Similarly, QP A_(co)-stable implies that Q(s)[(;ﬁ%;& Ryp + (gf&;)R]]]
is A_(co)-stab1e. So, using again the Taylor's series expansion for
Qs) at s = xq,
Q(A)Ryq + Q' (A9)Ryp = O xn, (4.27)
Q(A])Rlz =0

nixni
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and since N(V]Z) = {6r 1

2
W)U1z = &y (4.28)
i72
Proof of Conditions (iv) and (v): By assumption, H , H and
A S2%2 Yo'
P(Ini-QP) = Hy2“2 are A_(o,)-stable. By calculation,

[P(1, -QP)1(s) = (PH )(S) [0——-) Ryp + ( )R]1 +P (S)]Hezuz( s).
i

Since P, and He2u2 =1 - QP are A (c )-stable, [(S X ) Rip * (S X )R]]]Hezuz( s)
must be A_( )-stable. Thus, as with Q above, in (4.25) and (4.26),

Ritke,u, (A1) * R12“é2u2(*1) * On xn, (4.29)
VIZHe () =6 (4.30)
242 raXny .
Also,

[P(Ini-QP)](S) = E(Ino-Hyzu])P](S)

2
= [1, -Hyzu](s)][(gT]) Ryp + <'s‘-]77)Rn +P (s)]

0

n 2
Since P and Hyzu] = PQ are A_(o,)-stable, [Ino-Hyz (s)I(g57 >‘]) 12

+ (gf%;)R]]] must be R_(oo)-stable. Thus, as with Q above, in (4.27)
and (4.28),

[In "Hyzu](x])]Rll * H§2u](k1)R12 =6

0 NoXNy

[In "Hy u (Al)]RIZ = % xn

o 21 o™i

Rearranging, and noting N(V]Z) = {erz},
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v
|

n - _yzu](}‘])RH “'zu,(ﬁ)'ﬁz (4.31)

U (27, (4.32)

o

12 ° yzu]

Theorem 4.2. Let P satisfy (A1) and (A4). Let C := Q(I-PQ)']. Suppose

that, in addition, P(s) has full normal rank, and has no transmission
N ~ n_xn.
zeros at s = A S(P,C) is A_(o,)-stable with C € B(s) ° ' =

(1) Qs A_(o)-stable (4.33)
(i1) for n, <n, for nj > n,
= T -
A2y, = enixr V120(%) = 6r'zxnO (4‘34)‘
Q(A])R]] = ‘Ql()‘])R]Z R]]Q(A]) = ‘R]ZQ'()‘]) (4-35)
~
Either Hyzu](,\])u]2 = Uy (4.36)
(iii)< T
L or V12 Hezuz(l]) = erzxni (4.37)
-
<E1ther Rip = 2 (A )R1] (k])R.'2 (4.38)
) (r) (A7)
or ¢ = R,4H A7) + Ry,H! A
" nyXn; 1 e,u, 1 12 e,u, 1 (4.39)
Proof:

= This direction clearly follows from Theorem 4.1,
= (a,<n) By Theorem 4.1, to establish that S(P,C) is A_(o,)-stable,

Since P(s) has full normal rank, it has a right inverse P'R(s),

we need only prove V]ZQ(A]) = erzx"o

which is analytic in a neighborhood of A], because P(s) has no trans-

mission zero at s = Ay;. Furthermore, since PQ = H » for any such
! n;xn Y2t

right inverse, there exists R(s) € A (c ) 7 ©°, such that PR =

and
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a(s) = P'R(s)Hyzul(s) + R(s) (4.40)

Now, using (A4), we obtain

2
I = (PPR)(s) = (_]*T) RypPR(S) + (s =l PR(s) + (PPR)(s), vs e ¢
0

(4.41)
o = (PRI(S) = (<) RR(S) + (LR R(s) + (P R)(s) Vs € ¢
(4.42)
Since Pa(s), P'R(s) and R(s) are analytic at s = Ay and since
N(U;,) = {6, }, (4.41) and (4.42) imply
12 rz
T .-R _ T -
R]]P'R(A]) - -R]Z(P'R)'(A]) and RjR0N) = -Ry,R' (A)) (4.44)

By (4.33) and (A4), H = PQ is analytic in Cc +» except possibly
Yot 0

at s = A] Suppose H (s) had a pole at s = k] since the columns bf

.YZU
R(s) are linearly independent, and since R(s) is analytic at s = A

then by (4.40), Q would have a pole at s Ay. But this contradicts
(4.33). Hence H (s) is analytic at s

Yoy
and (4.40),

Ay. Consequently, by (4.43)

T
V.,Q(2q) =8
124" rzxni

In addition, since Q(s) is R_(oo)=stable, it is analytic at s = Ay» and
hence, by (4.40),

w@)=ur%m2 uw+(r%' RIORZIC

So,
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R0 ) = Ryl 090y 09) + RigPROK |y (09) + RygR' ()

Y2t
- R]Z[(P'R)'(A])]Hyzu](xl) + Ry R (A), by (4.43)

= R LETH Oy, (4) = RROY) L by (4.44)

= -R;;Q0) , by (4.48)

~ ~ n.xn
So, by Theorem 4.1, S(P,C) is A_(o,)-stable and C € B(o,) ' °.

The proof for ng 2Ny is dual to the above. u

Corollary 4.3. Let the assumptions of Theorem 4.2 hold. If, in addition,

P is square (n =n; ), then the necessary and sufficient conditions reduce

to (i) and (iii) (note that (ii) is omitted).
Proof. The proof follows easily from that of Theorem 4.2. o

Remark: Note that the theorems of this section can be easily extended
to the class of plants satisfying the two assumptions (A1) and (AS5),
namely,

- n_xn.
(A1) P(s) € B, (o) °

1
(A5) P(s) = E[(— Rz + (xRl + Pols)
- - T
where, for each 1 < k < p, Ak € ¢00+, for j = 1,2, Rka UkakJ for

n_xr n. Xl"kJ

n
o} kJ ] 0
et V€€ each have rank ry,; and P (s) € A-,o(°o)

kJ
For P satisfying (A1) and (A5), S(P,C) will be A_(co)-stable with
XN .
Ce B(o ) " O & The conditions (i)-(v) of Theorem 4.1 are satisfied

for Aps Reqs Reos Upp and V5 for each 1 < k < p.
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V. Design Example

Design Example 5.1. Lumped unstable plant

We consider the following plant:

- 2 -1
45.6) _ (0.9)(45.6
8453.9 - Ai2- 22.6 ﬁ—%-(y—)-a {

P(s) = %5 (5.1)

6 (0.9)(85.6) 797 1 - (0.9)°

* als ' alsS
-1
1 1T
= = (P - An') (5.2)
S2 o] alsS
where as) := 1 + (2/T3.8 x 0.0014) %-+ (13.8)-J§ (5.3)
S

It can be easily shown that P satisfies the assumptions of
Corollary 4.3. Thus, since R]Z is full rank, it is clear, by comment

(b) of Theorem 4.1, that the conditions of Corollary 4.3 are satisfied by:

2 2
(w .-Zg.w .p.)s + w_ P
H,  (s) = diag| —— o1, ol (5.4)
271 .(5 +2C.iwo.i S+w0’i)(s-pi) i=1,2
n.
=: ‘diag [al- (5.5)
i i=1,2

where wyi* &i» Pj are free parameters for i = 1,2 (subject to stability

constraints). Thus the compensator defined by

¢ = q(1-PQ)”!
-1 -1
=P 'H (I-H )
YU YWy
_ .2 T Ty asonr i
=S '(PO--a_(ET AA ) d1ag[m].- (5.7)
i 9=1,2
yields an exponentially stable closed-loop system S and satisfies
~ n.xn
ce B(oo) 1o,

The values of Woi* Gj° and P; for i = 1,2, were chosen by solving

" the following optimization problem
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min max G[Hy d (jw)] over w € [.01, .5] . (5.8)

Z w 270
subject to:
max 5[Q(jw)] < 3.10% over w € [.1,50] (5.9)
w
wy; 22 fori=1,2 (5.10)
p; <=1 fori=1,2 (5.11)
g; 2 0.5 fori=1,2 (5.12)

The solution obtained was:

C1 = ,501 Cz = 7
W51 = 2.22 w02 = 2.2
p] = -7.58 P2 = .1.2

with max o[H d (jw)] = .0772 at this point.
«€[.01,.5]  Y2%

This solution has the interpretation that the maximum desensitization
possible for the given saturation bound has been achieved, where

max G[H (jw)] is the measure of desensitization, and

wel.01,.5]  Y2%

max o[Q(jw)] is the measure of saturation.
wel.1,50]

Similar optimal design problem formulations may be found in the
literature [Doy. 1], [May. 1], [Hor. 1], [Gus. 1]. The solution to
this problem was found using RATTLE/DELIGHT, a software package used for

formulation and solution of optimization problems [Nye 1] .

VI. Conclusions
We have developed a design theory for distributed linear

multivariable feedback systems with simple unstable plants which
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accomplishes the following:

(i) Gives global parametrizations for all compensators C € E(E(co))
which stabilize the closed-loop system S for a given plant P with either
first or second order unstable poles. We have also indicated that such
parametrizations are available for plants with unstable poles of third
or higher order.

(i) Gives geometric insight into the dynamics of the process by
which an unstable plant is stabilized.

(iii) Allows extension of a existing design methodology for stable
plants to the case of unstable plants. The application of this
methodology is especially simple when the plant is only simply unstable,
because when the unstable poles are enly first or second order, the

number of constraints on the design is small.
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