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1. Introduction

A major goal in the design of elastic structures is the reduction
of resonances. Since damping increases with frequency, resonances can
be kept within acceptable 1imits by ensuring that the lowest natural
frequency of the structure being designed 1ies above a certain threshold.
Optimization offers powerfuf tools for coping with this design con-
straint on the natural frequencies as well as with the constraints
imposed by various other performance requirements.

The structural design problems discussed in this paper involve the
design of the cross section of vibrating strings, beams, membranes and
plates. Thus the design parameter is an element of L”and hence infinite
dimensional. The state equations describing the frequency response of
these structures are elliptic boundary value problems, so that the state
space is also infinite dimensional. These boundary value problems have
an infinite number of eigenvalues which form.ia countable subset of R .
The eigenvalues are the squares of the natural frequencies of the
structures. The literature which is relevant to the solution of
eigenvalue constrainedAoﬁtimal design problems is not very large. It was
shown in [0,T1, T2] that strings, beams and plates can have multiple
eigenvalues. Under mild assumptions, distinct eigenvalues are always
Frechet differentiable in the design parameter. However, multiple eigen-
values may or may not be differentiable. The sensitivity properties of
multiple eigenvalues were studied in [H1, H2, H4, S1, C1, C2, C3]. A
calculus for nondifferentiable functions and general optimality conditions
for nondifferentiable optimization can be found in [C4, C5, C6]. Infinite
dimensional optimization problems present special difficulties since

either they may fail to have a solution, or the sequences constructed by
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an algorithm in the process of their solution may fail to have accumulation
points in the space in which the problem is defined. One way out of this
predicament is to recast the problems in terms of minimizing sequences.

A theory dealing with nondifferentiable algorithm construction is given

in [P2, P7].

Optimality conditions for optimization problems with eigenvalue
constraints can be obtained in various ways. In this paper and in [P3],
the optimality conditions are expressed in terms of the Clarke [C4]
generalized gradients. In [M1] Mazur and Mroz show that repeated
eigenvalues lead to nondifferentiable problems and present an elegant
treatment of appropriate optimality criteria. In [C2, H2], we find the
same optimality conditions as 1in the present paper, expressed in a
different form because they were derived by specializing some general
results of Pshenichnyi [P9]. In [J1] we find the solution of a design
problem in which the multiple eigenvalues are differentiable.

Since multiple eigenvalues are nondifferentiable, optimal design

problems involving eigenvalue constraints require nondifferentiable

optimization algorithms for their solution. General purpose nondifferentable

optimization algorithms are extremely cumbersome because they require the
accumulation of bundles of generé]ized gradients [P2] in search direction
computation. This is a process which is too complex and too i1l1-
conditioned numerically to implement in the solution of structural

optimal design problems. Forturnately, in [P7] we find a theory which
enables one to exploit problem structure in designing special purpose
nondifferentiable optimization algorithms and in [C7, P3] we find
algorithms which are consistent with this theory. In conjunction with
the theory in [P7], these finite dimensional algorithms can be used as a

guide in the development of an algorithm for optimization problems with

-3-



constraints on the eigenvalues of an elliptic boundary value problem.

This paper presents a generalization of the algorithm in [P3] and
deals with optimal design problems involving constraints on nondifferentiable
multiple eigenvalues. Although only vibrating strings, beams and plates
are considered explicitely, the results are easily extended to any optimal
design problem with constraints on the eigenvalues of an elliptic

boundary value problem.

2. Formulation of the Design Problem

It has been shown in [H4] that a vibrating string, a vibrating beam,
a vibrating membrane and a vibrating plate, all lead to an eigenvalue

problem of the form
au(y,v) = Abu(y,v) Yyv €y | (2.1)

where u is the design variable, V is an appropriate Sobolev space and a,

b, are bilinear forms on V. A solution (A,y) € R x V - {0} which
satisfies (2.1) is an eigenvalue-eigenvector pair for the system...

It was demonstrated in [H4] that the eigenvalue-eigenvector equations

for the four problems mentioned above, as well as for other structural
design problems have quite similar mathematical structures. Consequently,
without loss of generality, we confine our discussion to the physical

set up of a clamped-clamped vibrating beam of constant width. In the
context of clamped-clamped beam of uniform width, the most general design
variable is u = (p,E,h) where p is the density of the material, E is its
Young's modulus and h(x) is the height of the beam at a distance x from
one end of the beam. We simplify exposition without loss of generality
by assuming that p and E are fixed, so that u = h. Our

formulas simplify further if we scale relevant quantities so that the
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length of the beam is 1 unit and E/p = 12. Once this is done, we get
that

3
ah(y,v):é Jgh yxxvxxd“ (2.2a)

b, (¥,v) A I hyvdu , (2.2b)
Q
where Q = [0,1], the height h € L°(Q), u is the Lesbesgue measure on &,
and the Sobolev space V is taken to be HS(Q). Hence (2.1) becomes

3 =
Jgh Yy VyydH = Afghyvdu . (2.3)

A typical design problem consists of minimizing the weight of the
beam subject to the constraints a) that the height of the beam exceeds
a given minimum height and b) that all the natural frequencies of the beam
exceed a given minimum value. Consequently, we .define the cost function

f:L7°(Q) > R by
f(h) éj hdu . (2.4)
Q

h > 0 given, we specify the constraint on the height of the

beam through the function ¢ : L(Q) + R defined by
¢(h) A h - ess inf h(x) . (2.5)
p=9)

Now it was shown in [H4] that when ¢(h) > 0, (i) the bilinear form
a, is elliptic; (ii) (2.3) has countably many eigenvalues; (iii) all the
eigenvalues are real and positive, and each has finite multiplicity;
(iv) the set of eigenvalues has no accummulation points. We number the
eigenvalues of (2.3) inincreasing order:,'xl(h) 5,x2(h) §.x3(h) T
The Ai(h) are the squares of the natural frequencies of the beam.

Consequently, the restriction on the natural frequencies can be expressed
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by means of the function y :L (Q) + R defined by

w(h) & % - Al(h) , (2.6)

with A > 0 given. Collecting all the pieces, we find that our simplest

design problem has the form
min{f(h)|¢(h) < 0, w(h) < 0} . (2.7)

Since neither ¢(+) nor () are differentiable, we have to turn to
nondifferentiable optimization techniques in constructing an algorithm
for solving (2.7). As we shall see in Section 4, the main source of
difficulty is the constraint y(h) < 0. Since ¢(h) is a supremum of
affine functions, it can be dealt with by means of a simple projection
technique. However, first we must collect the various facts of
nondifferentiable optimization that we need for our algorithm construction

and analysis.

3. Nondifferentiable Optimization: A Summary

The first set of results are culled from [C4, C5] and [L1] and
deal with certain properties of locally Lipschitz functions. In what
follows, X will denote a real Banach space and X' its dual, i.e., the
space of real valued bounded linear functionals on X. We shall denote the
action of an x' € X' on an x € X either by (x',x) or by (x,x').
Furthermore, we shall assume that the domain D(f), of any function

f:X > R that we discuss, is an open subset of X.

Definition 3.1: The function f:X >~ R is said to be locally Lipschitz

continuous if for every X € D(f) there exist an open set N € D(f) and

an L € (0,») such that X € N and for all x,x' € N
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[f(x) - f(x')] < Llx-x'l . (3.1)

n

Definition 3.2: Let f:X - R be Tocally Lipschitz continuous. Then,

given any x € D(f), e € X the generalized directional derivative of f(+)

at x in the direction e is defined as

dof(x,e) & 1im flxartsel-flxty) (3.2)
y+0 x
s\0

The generalized directional derivative of a locally Lipschitz continuous

function always exists (see [C4]).

Definition 3.3: Let f:X € R be locally Lipschitz continuous. Then

given any x € D(f), the generalized gradient of f(.) at x is defined as

af (x) A {&€ € X')|(£,e) f_dof(x,e) Ve € X} . (3.3)

Proposition 3.1: Let f:X = R be locally Lipschitz continuous. Then

a) for every x € D(f), 9f(x) is a nonempty, convex, weak* compact
subset of X';

b) for any x € D(f), e € X,
dyf(x,e) = max{(g,e)|g € 3f(x)} 3 (3.4)

c) the point to set map x - 3f(x) is weak* upper semicontinuous
(u.s.c); i.e., if Xs € D(f), i = 1,2,3, are such 5!:&1: X; > X € D(f)
and £; € 3f(x;), 1 = 1,2,3,..., are such that & - £, then § € 3f(X).
| d) if f(¢) is continuously Frechet differentiable on a neighborhood

N of x € D(f), then for all x' €N,

af(x') = {Df,,} (3.15)



where Dfx. denotes the Frechet derivative of f at x'. Conversely, if
3f(x') is a singleton for all x' in a neighborhood N of x € D(f) and if
the map y + af(y) is continuous, in the strong topology, on N, then
f(+) is Frechet differentiable on N and (3.5) holds.

e) If X = R", a finite dimensional Euclidean space, then 3f(x)

= co{lim vf(x+hi)} where {h;} is any sequence such that h; + 0

i
Vf(x+hi) exists for all i € n«*, Tim Vf(x+h1) exists, and co denotes the
joo0
convex hull. H

Theorem 3.1 (Mean Value): Let f:X -+ R be locally Lipschitz continuous.

Then for any x,y € D(f), there exist an s € [0,1] and a £ € af(x+s(y-x))

such that
fly) - f(x) = (&,y-x) . (3.6)
X
Finally, consider the problem
min{f(x)|g3(x) <0, j=1.2,..m}, (3.7)

where f: X+ R, gj :X > R are all locally Lipschitz continuous.

Theorem 3.2: If X is a local minimizer for (3.7), then gj(Q) <0
for j = 1,2,...,m, and there exist tgstyseeanty € [0,1], such that
m

A

t. =1, t.gj(Q) =0 for j =1,2,...,m, and
j J J

0

~ m 1 A
0 € tgpf(x) + t;3°(X) . ~ (3.8)
J:

=

Next, we turn to algorithms for solving problems of the form (3.7).

Our source is [P8]. Obviously, there are all kinds of algorithms for

solving (3.7) when all the functions in (3.7) are continuously Frechet

differentiable. The simplest idea in extending such a differentiable
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optimization algorithm to the nondifferentiable case consists of somehow
replacing the Frechet derivatives, Df(x), Dg’(x), by generalized gradients
af(x), Dg?(x) in these algorithms. Consider the simplest case of (3.7),

viz.

min f(x) (3.9)
XEX

In this case, the above suggestion leads to the replacement of the

steepest descent direction

h(x) A arg min df(x,h)

Ihi<1
(3.10a)
= arg min (h,Df(x))
Ihil<1
by the direction
he(x) A arg min d,f(x,h)
Fers hi<1 0
(3.10b)
arg min max (h,&)
Ihi<1 £€3f(x)
so that the Armijo gradient method [A3] becomes
Xipp = %5 ¥ Sihf(xi)’ i=0,1,2,... (3.11a)
where, for given a,8 € (0,1),
Ky K K k
s, =B ' Aarg max {B |f(x,+8 he(x;)) - f(x;) <-B alhg(x;)1} (3.11b)
i = i f N i 2
kEN
and N A {0,1,2,3,....}.

The Armijo method, as well as others, demonstrably converge to stationary
points, when f(+) is C]. When f(+) is only locally Lipschitz continuous,

its generalized gradient, usually is not even locally uniformly u.s.c.
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and hence extensions such as the one defined by (3.10b) (3.11a,b) cannot
be shown to be convergent in the above sense (for a counter example,
see [P6]). Referring to [P8], we see that a general approach to dealing
with this difficulty consists of replacing (in (3.10b) the generalized
gradient 3f(x) by a family of u.s.c. maps Gsf(x), e > 0, which are
Tocally "uniformly u.s.c. with respect to 3f(x)."
To be quite precise, the sets Gef(x) are required to have the following
properties (see Definition 2.1 in [P§]):
(i) For all x € X, df(x) = Gof(x).
(ii) For all € > 0, x € X, the sets Gef(x) are weak* compact and
convex; for all € > 0, the sets Gsf(x) are bounded on bounded sets in
X; the maps (e,x) - Gef(x) are u.s.c. in (e,x) at (0,x) for all x € X.
(iii) For all x € X, € < €' ='G€f(x) - Ge.f(x).
(iv) For any x € X, € > 0, § > 0, there exists a p > 0 such that
for any x',x" € B(x,S)}é {x"|lIx-x'l < p} and any n' € 3f(x'), there
exists an n" € Gef(x“) such that ln'-n"l < 6.
The introduction of .the sets Gef(x) leads to the (nonunique) definition
of e-generalized directional derivatives of f(+), defined for any (x,e) ’

€ X as follows:

d_f(x,e) A max  (ge). T (3.12)

£€6_f(x)

Since 3f(x) C:Gef(x) for all € > 0, we must have
dof(x,e) 5.d€f(x,e) ¥x,e €X , (3.13)

so that whenever def(x,e) < 0, e is clearly a descent direction for f(s)

at x. Consequently an "e-steepest descent" direction is given by

g =arg min d f(x,e) = arg min max (£,e) 3.14
lell<1 € lel<1 ges_f(x) ( :
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We shall see in the next section how the use of e-generalized
directional derivatives leads to a convergent algorithm. However, before
we proceed to that section, it may be useful to show how appropriate
sets Gef(°) can be constructed for a special class of functions f(-).

Thus suppose that f(-) is a composition map of the form
f(x) = ¢(g(x))

with g : X = Y continuously Frechet differentiable , ¢ : Y -+ R Tlocally
Lipschitz continuous and Y a real Banach space. The maps Gef(x) can be

constructed to have the form
G.f(x) A 3p(g(x) + v_(x)) (3.12)

where, for some norm, Hvs(x)ﬂ < ¢ and, in some sense, "maximizes" the
set 3¢(g(x)+v), for lvl < ¢.
The simplest example in R" which is analogous to the problem we

wish to solve in this paper is

max A](x) . (3.13)
x€R "
where A](x):é f(x) is the minimum eigenvalue of a componentwise analytic
mxm real symmetric, positive definite matrix Q(x). In this case,
g(x) = Q(x) € R™" and ¢(Q) = min eigenvalue of Q. Now, for any
x € R", A(x) = U(x)T Q(x) U(x), where U(x)T U(x) = I and A(x)
= diag(A](x),AZ(x)... M(x)), with the eigenvalues arranged according to
increasing magnitude. Let the multiplicity of A](x) be m](x), then
(see [P3])

27(x) = colv € R"|v' = (G(x)z, 2K (x)2)
oxX

i=1,2,...,n, lzll = 1} , (3.14)
-11-



where ﬁ(x) is an mxm](x) matrix consisting of the first u](x) columns

of U(x) and co denotes the convex hull. For this case we define

V_(x) to be the mm matrix U(x)'sA_(x) U(x), with 8A_(x) = diag(sx!(x),
GAZ(X),..., a™(x)} such that IGAi(x)I < €, which maximizes the
multiplicity of the smallest eigenvalue of Q(x) + Ve(x). We note that if
define Es(x) by

T(s(x) A max{k Gml)\k(x) - A](x) < e} (3.15)

Then 6kj(x)=é A](x) - Aj(x) for j = 1,2,...,E€(x) and ij(x)=é 0
otherwise defines such a matrix GAe(x). This yields a formula for
Gef(x) which is identical to (3.14) except that ﬁ(x) now contains the
first Ee(x) columns of U(x). In practice, when £ is small, it may be
difficult to tell whether two eigenvalues which are numerically e apart
are not, in fact, the same eigenvalue. Because of this, in [P3], a

somewhat larger set Gsf(x) is used. It is defined as follows. Let
k_(x) & mintk € m|a¥*T(x) - aK(x) > €3 (3.16)

with Am+](x)=é », Then ke(x) z‘Ee(x) and we define the mxm diagonal
matrix SAe(x) by 6Aj(x) = A](x) - Aj(x) for j = 1,2,...,k€(x) and
ij(x) =0 for j = ke(x) + 1,....m. Again the formula for Gef(x) is
obtained by replacing in (3.14) the mxm' (x) matrix U(x) with the
mxke(x) matrix ﬁe(x) consisting of the first ke(x) columns of U(x).

We shall see that the construction in the next section is entirely

analogous to the one in [P3], i.e., to the one we have just described.

4. The Algorithm

Before we can state the algorithm for solving the problem (2.7),

with the functions defined by (2.4)-(2.6), we need to develop some of
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the properties of the function () in (2.6) on the set
L3(R) A {h € L™() |o(h) < 0} . (4.1)

Let B denote the real Banach space of symmetric, bicontinuous,

bilinear forms on HS(Q), with the norm of a € B defined by
lall A sup{|a(y,v)|{lyl = Uvl = 1} (4.2)

Next, for any h € L:(Q), let m](h) denote the multiplicity of A1(h),
the smallest eigenvalue of (2.3). The following result can be found in

[H4].

Proposition 4.1: a) The maps h -+ aps h -+ bh’ mapping L:(Q) into B, with
ap» bh defineq by (2.2a), (2.2b) respectively, are continuously Fréchet
differentiable.

b) Let the Frechet derivatives of aps bh be denoted by aﬁ, bﬂ respectively.
Then for any g € L™(R), aﬁg, bﬁg are the bilinear forms on B defined by

a;‘g(y,v) = fQ 3hzgyxxvxxdu (4.3)
bra(y,v) = I gyvdu . (4.4)
Q
) 4

The next result is a modification of Theorems 1 and 2 in [H4]; for a

proof see the Appendix.
Proposition 4.2: a) For every k € L:(Q) and every g € L(Q) satisfying

Igl_, < h/4, there exists an s > 0 such that
(i) The function A;(t)=é A](h+tg) is real analytic on [0,s);
(ii) the orthogonal projection Pt’ onto the direct sum of the
eigenspaces of
A](h+tg), Az(h+tg), cees Am](h)(h+tg)

is a well defined analytic function on [0,s).
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b) The function h + k](h), from L:(Q) into R, is uniformly locally
Lipschitz continuous on bounded sets, i.e., for every M > 0 there exist
ap>0and an L < = such that for all h € L:(Q) N B(0,M) and every

h' € B(h,p),

AT (h) - A'(h')| < L Ih-ntl (4.5)

(with B(z,v) A {z' € L7(Q)|lz-2z'l_ < v}). n

-

Next we proceed with the construction of the sets Gew(h), whose
role in search direction computation was somewhat discussed in the
preceding section.

a) For every v € HS(Q) and every h € L() we define g; e () by

& & gy (A V) (4.6)

b) For any k € Ntandhe L:(Q) such that Ak+](h) # Ak(h), we define
the set &%(h) € L}(@) by

§kw(h)=g -EETExlv is an eigenvector of (ah,bh) corresponding

to AN(h), 1 =1,2,...k}, | (4.7)

1

where co denotes the closure of the convex hull in the L' topology.

Remark: When m](h) =1, §]¢(h) is the Fréchet derivative of A](h), as
was shown in [H4]. u

The following result will be proved in the Appendix.

Proposition 4.3: Let h € L:(Q) and k € N be such that Ak(h) # Ak+1(h).

Then there exists a p > 0 such that (i) ékw(w) is well defined for all
h' € B(h,p) N Lf(Q),and (ii) the point to set map h' - ﬁkw(h'), from

B(h,p) FiL:(Q) into the class of subsets of L](Q), is continuous in the
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sense of Berge [ BI]. If S CB(h,p) NL3(R) is compact, then
u &m') is compact in L'(g). n
h'€s
Now, for any h € L:(Q) and ¢ > 0, we define

k(h,e) A mintk € NV U (=}AK T (h) - AK(n) > e} (4.8)

and

6 (h) 4 8(Me)(p) (4.9)

The following assumption is dictated both by theoretical and

computational considerations.

Assumption 4.1: There exists an €g > 0 and a jo € E4+, jo > 0, such

that for all hy € L;(Q) constructed by the algorithm k(hyseg) < §g. =
The following result will be proved in the Appendix.

Proposition 4.4: Suppose that Assumption 4.1 holds. Then for every
h € LJ(R), Ggw(h) = d(h). n

The algorithm which we will shortly present is a semi phase-I-
Phase-II algorithm with projection. It constructs sequences'{hi} which
may violéte the constraint ¢(h) < 0, but they will always satisfy the
constraint ¢(h) < 0. Since ¢(-) is the supremum of affine functions,
it is easily handled by a projection mechanism in the search direction
computation, as we shall shortly see. First, for every h € L:(Q) we

define

FP(h) A {g € L™(2)|Igl_ < 1, (h+g) € LT(2)} . (4.10)
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Note that if h € L:(Q) and (h+g) € L:(SZ), then we must have
(htsg) € L:(Q) for all s € [0,1].

Next, for every h € L:(Q) and € > 0, we define the sets

Uw e(h)zg arg min ( max (g,£)) (4.11a)
’ gerd(n) Ey(h)

and

Uf,e(h) Aarg min max (9,8)) , (4.11b)

geF®(h) g&col#! (h),Gru(h)}
where
G y(h) if yp(h -
G:w(h) s W(h) if y(h) > -€ (4.12)

empty set otherwise

and f'(h) is the Fréchet derivative of f(+) at h. We note that a

9y S Uw,e(h) is a projected phase-I descent direction for y(+) when
¢(h) > 0 and the min max < 0, in (4.11a) and that a 9¢ € UF,e(h) is a
projected phase-II feasible descent direction for f(-) when y(h) < 0
and the min max < 0 in (4.11b). In both cases the projections are
into the set F¢(h). We shall also need the values of the programs in
(4.11a) (4.11b), which we define as follows:

elb €(h) A min max (9,&) (4.13a)
T gt(n) )

eF,e(h) A min max (g,&).

(4.13b)
geF®(h) gecolf (h),6_w(h)}

Next, with y > 1 given, we define the crossover function I :L:(Q) - [0,1]

by

r(h) & exp(-yy(h),) (4.14)
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where y(h), A max{y(h), 0}. The crossover function is used to construct
a search direction which switches from a descent direction for y(-)
when y(h) > 0 to a feasible descent direction for F(+) when y(h) <0,

as follows:
Ue(h):é F(h)Uf,e(h) + (1-P(h))Uw’€(h) (4.15a)

and the corresponding optimality function

ee(h) gmin{r(h)ef’a(h), (I-P(h))e‘p,e(h)} . (4.15b)

As we have mentioned earlier, the function of € > 0 is to produce
a kind of local uniform upper semi-continuity in the sets Gew(h).
However, € must eventually be driven to zero. We do this by making use
of a standard device in feasible directions methods (see [P7]).

Let g4 > 0 and v € (0,1) be given. Llle define the set

E A {0, gy vy, vzeo, v3eo,...} (4.16a)
and the optimality function E:L3(Q) + E by

e(h) A max{e € Elee(h) < -g} - (4.16b)

As we shall shortly see, e(h) = 0 iff §,(h) = 0 and e(+) and 90(.) are
optimality functions in the sense that if h is optimal for our problem,
then e(h) = 0 and eo(ﬁ) = 0, so that e(ﬂ) >0 (eo(ﬁ) < 0)implies
that h cannot be optimal. However, e(+) is a much nicer optimality
function than eo<°) because given a sequence {hi} such that hi +h as

i + o with eo(ﬁ) = 0, it is possible to have eo(hi) < -1 for all i, but
we always have e(hi) +0as i +o We use e(+) in the following two

definitions. For all h € L:(Q),
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U(h) A Ue(h)(h) , (4.17a)
8(h) A ee(h)(h) . ' (4.17b)

In order to ensure that we can, at least, compute feasible points h, we

need the following commonly made hypothesis.

Assumption 4.2: ew 0(h) < 0 for all hi € L:(Q) such that w(hi) >0,

constructed by the algorithm. x

Before starting the algorithm, we summarize the properties of the

functions ee(h), 8(h) and (h). The proofs will be given in the Appendix.

Proposition 4.5:

a) For every € > 0 and h € L(Q) the sets Uw,e(h) and Uf’e(h) are
well defined.

b) For any h € L:(Sz), 0<ec<eg! =e€(h) < ee'(h)'

c) 4For all € > 0, the map 8, :L:(Q) +~ R is u.s.c.

d) For all h € Ly(R), 6(h) = 0 @ e(h) = 0.

e) Ifhe L4(®) is a local minimizer for P then 8(R) = e(ﬁ) = 0.

f) If he L:(Q) is such that e(ﬁ) < 0, then there exists a p > 0 such

that e(h) > ve(h) > 0 for all h € B(A,5) N L5(a). n
We are finally ready to state our algorith.

Algorithm 4.1

Parameters: o € (0,1), B8 € (0,1), gg >0, v E (0,1), vy > 1.
Data: hjy € L:(Q).
Step 0: Set i = 0.
Step 1: Compute 9(h1) and a g; € U(hi). Stop if e(hi) = 0.
K.
Step 2: Compute the largest stepsize s; =B 1, with ki € n4+, such that

if y(h;) > 0 then
-18-



¢(hi+sigi) - W(hi) f_siae(hi) (4.18)
if w(hi) < 0, then

f(hi+sigi) - f(hi) 5-Siae(hi) (4.19)

and

¢(hi+sigi) <

IA
o

(4.19b)

- Step 3: Set hi+] = h;

j + $;95» set i=1+1and go to Step1. =

Remark: The algorithm above is conceptual, since it assumes that we
can compute quantities such as e(hi) and 95 in Step 2. When the design
problem is reduced to a finite dimensional problem e.g., via a finite
element method), a fully implementable version of Algorithm 4.1 does
exist, see [P3]. o

The following results will be proved in the Appendix.

Proposition 4.6: If hi € L:(Q) is such that e(hi) < 0, then (a) Sis
as defined in Step 2 of Algorithm 4.1, satisfies $; > 0, i.e., the

algorithm is well defined, and (b) h; + s;g. € Ly(%). H

Theorem 4.1: If {hif?=0 is a sequence generated by Algorithm 4.1,

then any accummulation point h of {hi}?=0 satisfies 6(h) = 0. n

Since the design parameter space is infinite dimensional, it is not
o)

clear, a priori, that a sequence {hi}1=

0° constructed by Algorithm 4.1,
will have accummulation points, even if this sequence is bounded. In
the case of optimal control, a similar phenomenon has led to the
extension of the design space to that of relaxed controls, in which
accummulation points always exist. In the present case it seems simpler
to use an extension based on the topology of minimizing sequences, as

defined in [P4]. The extended norm for that topology is defined by
-19- ’



ﬂ{hi}:;oﬂ==i?ﬁ Uhiﬂ. We reproduce two definitions from [P4].

2

Definition 4.1: A bounded sequence {h,}7_, in L.(@) is said to be

eventually feasible if

Tim p(h;) <0 . (4.20)

)24
o
i=

Definition 4.2: An eventually feasible, bounded sequence {ﬁi} 0 in

L:(Q) is said to be a local minimizing sequence for P if there exists

a 8 > 0 such that for any eventually feasible bounded sequence {hi}:;o

satisfying
Tim Ihy-h.l < o (4.21)
we have
T f(h;) < Tim f(h,) (4.22)
ieK i€k
00 o
for any infinite subset K C n*. m

Definition 4.2 is so constructed that if {ﬁi}?;o is a local
minimizing sequence, then any subsequence {hi}iEK’ KC D1+ is also a
local minimizing sequence. Referring to [P4] we find the following
optimality condition for minimizing sequences.

-

":

Proposition 4.7 [P4]: Suppose that {ﬁi} 0 is a minimizing sequence

for P. Then
TTﬁ'e(ﬁi) = Tim e(ﬁi) = Q. =

As far as Algorithm 4.1 is concerned, the following result holds in

the topology of minimizing sequences,
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i=
Algorithm 4.1. Let K A {i € N™[y(h,) > 0}. Suppose that Tim 0,,0(1;) < 0.
i Vs

Theorem 4.2: Let {hi} 0 be a bounded sequence generated by

Then Tim y(h;) < 0 and either lim f(h.) = -= or Tim (h;) = 0. =

The proof of Theorem 4.2 is bbtained by modifying the proof of
Theorem 4.1, in the manner discussed in [P4]. It will not be presented

in this paper.

5. Conclusion:

The algorithm presented in this paper is conceptual in the sense
that it contains no instructions for approximating the various vectors
and function values that are used in the search direction and step
size computations. Fortunately, this is not a seriour drawback since in
[P3,P2,P7] we find appropriate theoretical results which allow one to

convert a conceptual algorithm into an‘imp1ementab1e one (i.e., into an

algorithm that can be programmed on a digital computer) that retains

the convergence properties of the conceptual algorithm from which it is
derived. The main reason for presenting the algorithm in conceptual form
is that it allowed us to simplify the exposition to a considerable degree
without impairing the reader's ability to convert our results into a

practical algorithm.
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Appendix A: Proofs

We shall now provide the proofs that were omitted in Section 4.

We devote a separate subsection to each proof.

Al. Proof of Proposition 4.2:

We begin with a). We recall from [H4] that A is an eigenvalue of
(ah,bh) if and only if § = %-is a nonzero eigenvalue of ﬁ;]ﬁh, where
Kh’ Bh were defined in (4) of [H4]. We reproduce the definitions and
discuss the properties of Rh and Eh’ since we shall need them in our
analysis. For details see [H3,H4].

Consider the diagram in Fig. 1, which we use to define the map Rh'

In this diagram,

(a) 1 is the inclusion of HS(Q) into LZ(Q).
(b) i' is the inclusion of LZ(Q)' into HS(Q)'.
(¢) L2 and (LZ)l are brought into correspondence by means of the
Riesz representation theorem.

(d) The map A, is defined by

(Asysv) A 2, (y>v) Y¥y,v € Ha(@) . (A1.1)

Since a, is elliptic, A, is an isomorphism onto Hg(Q)'.

(e) The map Rh: HS(Q) > L2 is an unbounded operator-whose domain, D(ﬂh),

is given by
D(A,) & {y € H3(@) Ay € L2(@)') (A1.2)
The map Rh is defined by

<Khy,v>L2,é (A, ¥sv) = a,(y,v) . (A1.3)
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Note that i'ﬁh = Ap» and hence that ﬁ;] = A;]i‘ maps LZ(Q) into

HS(Q), because Ah is an isomorphism and li'l < 1. Clearly, it is a
bounded operator.

(f). Guva h3/2y Vex (A1.4a)

(6, fsv) A <Ghv,f>L2 (A1.4b)

Since Gh is an 1somorph1sm onto its range, and Gh R! (Gh) is an
isomorphism onto H (Q)', where R(Gh) denotes the range of G . We
consider G, as an operator from Hg( Q) onto its range. Thus Gh] and
(G )" -1 are well defined. Furthermore, we note that GhGh Ah‘

Next, suppose that [hl o XM, and let g be an element in the ball
B(h,h/4). As was done in e:uation (45) of [H.3], we define three
operators, C1, C2’ C3, from R(Gh) into R(Gh) (which is a closed subspace

of Lz(n) because G, is an isomorphism onto its range), as follows:

2
(C]Ghy,Ghv)L2 A J3h 9 Yyx Vyx dp , (A1.5a)
(C Ghy, hv) o A J3hg Yex Vyx du , (A1.5b)
(C 36> Ghv)L2 A Jg3yXx Vex du . (A1.5¢c)

It can be easily verified from equations (Al1.5a)-(A1.5¢c) that

ic ﬂ < 3ﬂgﬂ /Hhﬂ < 3/4 , (A1.6a)

lc,l < 3(Igh _/iHl )2 < 3/16 , (A1.6b)
2 - Loo Loo -

e, < (gl _zipd )3 < L (A1.6¢)
30 £ o/ o) <57 - '

Now, for t € [-1,1] we have that
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- _ .3 2
(Ah+tgy’v) - ah+tg(y’v) - Jh yxxvxxd“ * tJ3h g-”'xxyxxd“

+ t2J3hgzyxxvxxdu + t3Jg3yxxvxxdu = (61G,Y>v) + t(G/CG,y,V)
N tz(GaCZGhy,v) + t3(GﬁC3Ghy,v) (A1.7)

From (A1.7) we conclude that

2 3

= Gl'](I+tC1+t c2+t C3)Gh . (A1.8)

Ah+tg
Now, there exists a t > 1 such that for all t € [-t,t],

3,,3,2,1.3_863
7 t + 16 t° + 27 t° < £T (A1.9)

and hence, from (A1.6)-(A1.8),

2. ..3.+-1_ % n 2. .3~ \n
(I+tC]+t Cott c3) = nZO (-1) (tCy+t Cott c3) .
so that
A;ltg = nzo (-1)" G;ltc]+t262+t3c3)"(sg)“ . (A1.10)
c1/2

As 16710 = 1¢a) T < Z=x75 » where C is the constant in the Pincaré
h h 53/2

1

inequality (see [F.1]. Equation (A1.10) implies that the map t - A;+tg’

from R into the Banach space of bounded operators from H%(Q)' into
HS(QL is analytic (i.e., it has an absolutely and uniformly convergent

power series representation), and the radius of convergence at t € R

such that ¢(h+tg) < 0, is t > 1.

It now follows that Aaltg is also analytic in t, with the same
radius of convergence, because R;ltg = A;ltg i'.

Now Eh is defined similarly to Rh in (A.3), i.e.,

(Ehy,v)Lzzé b, (y,v) . (A1.11)
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It is easily seen that Bh is a bounded operator whose domain is the

whole of Hg(ﬂ) and whose range is in Lz(n). Consequently, from (A.11)
hy h(iy) . . (A1.12)

It follows that the map t - §h+tg is analytic, with radius of convergence
We thus have the following: for all h € L:(Q) and g € B(h,h/4), the
map t » Ah+tg h+tg is analytic on -(t,t), and the radius of convergence
at t s.t. ¢(h+tg) < 0 is T > 1. Therefore (a) is a consequence of the
preceding statement and theorems VII 1.7-1.8 of [K1].
To establish (b), we observe that, with t = 1,

-1 g -1 - -1 51
bt Breg = M Byl < VAL, 008, B + 1B, NIACL AT

/T c
< =gl _+ h =%
= (h2)¥%2 T2 R
I (3lgh /b _ + 3012 /(und )% + gt /uni® )"
n=1 L L L L L L

(A1.13)

The last term in (A1.13) satisfies

< g,2 g,3 \n
glmn%um+3%um+%ug

L L L
gl 3lssg i1l =R R B (A1.14)
=R o 16 ngo 776 " 68

We see from (A1.14) and (A1.13) that there exists a K > 0, such that
for all h € L:(Q) and g € B(h,h/4) such that o(h+g) < 0,

7] -1
sty Bretg = Ao Byl < Kil (A1.15)
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Finally, let 6](h) be the largest eigenvalue of A;] Eh' Then
Gl(h) = ]/A](h), and hence

A (heg) - AT (n)]| = ' o —
6 (h+g) & (h)
< Kigh _ 1. A = Kigl_ Al (hwg) A1(n).
L & (h+g) & (h)
(A1.16)
We now make use of the fact that Ihl _ < M (and hence that lh+gl _ < M+h)
. L L
asfb]]:ws. JQh3y§xd“
A (h) = igf ————-E-—f . (A1.17)
yeud(a) | nyPen
yto %
Let y # 0 be arbitrary. Then
M3J'y2 du
1 XX
A(h) € —— . (A1.18)
ﬁjyzdu
Similarly, )
du
3 J Y xx
A (hvg) < (MH)° 0 - (A1.19)
h y du
Q

Substituting for x](h), x](h+g) into (A1.16), we conclude that A](-)
js locally Lipschitz. This completes the proof of (b) and hence of

Proposition 4.2. o

A2. Proof of‘Proposition 4.3
Let h e L(2) and k € N* be such that AK(h) # AK*T(n).

(i) It follows from the continuity of the functions h - Ai(h) that there
exists a p > 0 such that for all h' € B(h,p) N L:(Q) @kw(Q) is well
defined.
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(i1) For all h' €B(h,p) NLI(R) let

Zk(h')=g {z € HS(Q)IZ is a unit eigenvector of (ah"bh') corresponding
to J(h'), j=1,2,...k} (A2.1)

and let P::. denote the orthogonal projection operator from HS(Q) onto the
subspace of H%(Q) spanned by Zk(h').

Let Gl(h') > Sz(h') > 63(h') > ... be the eigenvalues of the operator
A;']]. Eh' , defined in Section Al. Consider a closed curve T in the
complex plane, which encircles 6](h), 62(h), ...Sk(h) and no other
eigenvalue of A;l] Eh‘ If p is small enough, then for all h' € B(h,p)
N L°°($2), I' encircles Gj(h'), j=1,2,...k, and no other eigenvalue of

A'. Eh' In this case we have from [K.1] that
K 21 [ rqlpg 31
Phl = Zﬂj JF(E A 1 Bhl) dE (A2°2)

Consequently, for every h', h" & B(h,p) N Lm(Q) we have that

k ok 1 N - - ' R
UP Phnﬂ §_ J H(g Ahthu) ﬂ "A Bh" - A 1 Bh.ﬂ "(g A hl) “dg
_<_]— 2(T) Max{IE-ch(h")l'1“c; el, j ek} x

max(|e-69(3) | e er, e AT B, - AV B0, (R2.3)

where JL(I') is the‘ 1engthof the curve I'. Now, it can be seen from (A1.13)-
(A1.19) that the Lipschitz constant K and the convergence radius p in
Proposition 4.2 depend only on lhll » but not on h or h'. Tﬁds, if

L (Q)
p is small enough, then there exists a K > 0 such that

f-] R -1 5 [ "
IR+ By - Bpn BLull < Rin*-h"1,

with K depending on Ihll @ but not on h. Therefore it follows from
L>(q
(A2.3) that P::. is locally Lipschitz continuous in h'.
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Next, consider a sequence {hi}.q such that for all i,

hi €L7(2) NB(h,o) and h! > h. Llet z; € Zf,, i€ N*. Since PK, » pK
i i
and [ Plh<'. z.ill = llzill = 1, there exists an ioeN+ such that for all
j zZ.
i>i, 0P 20 >, and hence T 1< 2. Thus we have that
0 h i 2 k
th.
i
im 0K 2L = tim 1%z, - 2.0 = Tim1PKz, - Pz =0 (A2.4)
jo0 h llPl;zT‘U 0 h™1 1 jo h™i h1! 1 |
. k % k . k
Since P, ﬂPk “ €Z7(h), it follows that Z (h) is upper semi-continuous
h%4
in h. On the other hand, if z € Zk(h) then z = Pﬁ2'= Tim Pﬁ.z
k k joeo T4
Pz Py12
= lin ———— . Since ——1 e 7%(h.), it follows that zX(h)
i IPp, 20, 1Pzl , !
i Hy(®) i Hy(@)

is Tower semi-continuous. Thus it is continuous in the sense of Berge
([B1) The continuity of @kw(h) follows directly.

Next, for all h' € L (@) n B(h,p), z%(h') is a compact set. The
set {gﬁ.!z € Zk(h')} is a continuous image of a compact set, and hence
it is also compact. Finally, ﬁkw(h') is the closure of the convex hull
of a compact set, hence it is also compa;t. The proof of the fact that

U ak(h') is compact,with S a compact set, is straightforward and is

h'es
therefore omitted. This completes the proof of Proposition 4.3.

A3. Proof of Proposition 4.4

We will have to make use of the following set of facts.

Fact A3.1: Suppose that the design parameter space is one dimensional,
with t being the design parameter, and that the bilinear forms a, and bt
are analytic in t. Let a% and bé denote the derivativesxrfat and bt
(respectively) with respect to t. Let the eigenvalues of (at’bt) be
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numbered in increasing order, A](t) 5,A2(t)_§ A3(t)‘§ .... For the

. 1 1 1 1
function t -+ A (t), oA '(t,) = cof (a! (h,u) = A'(ts) b (h,u))|
0 btoih,us to 0 tO

u is an eigenvector of (a, ,b, ) corresponding to A](t ), and lhll = 1}.
to 0

t 2

0 HO(Q)
Proof: It is known from perturbation theory ([A2]) that the functions
AJ(t), je€ m}(to) (where m](to) is the multiplicity of A‘(to)) are
branches of an analytic equation. It is readily seen that if m](t) =1,

then

d)\c'“(:t) - bt(l,u) (ag(u,u) - A (t) by (u,u),

with u an eigenvector of (at’bt) corresponding to A](t), and

Ihi
2
HE (@)

Proposition 3.1(e). o

= 1. The proof now follows from analytic function theory and

Fact A3.2: Under the conditions of Fact A3.1, dw(to,l) = dow(t0,1), where
dy denotes directional derivative and dow denotes generalized directional

derivative of y.

Proof: This fact follows directly from the fact that the functions
M(t), j 61g](t0) are branches of an analytic equation on some neighborhood

of to. o

Fact A3.3: Let h e L:(Q) and g € L”(Q) be such that gl <

() Then
9]
dy(h,g) = Max{(£,9)|€ € Gy (h)L

el

Proof: Let @(t):é p(h+tg), then dy(h,g) = dy(0,1). From Fact A3.2
we conclude that d&(o,l) = dom(o,l). From Fact A3.1 we have that
- -1 . .
dOW(O,l) = Max{E;ﬁ?:ay (3h29u§x-x1(h)gu2)| u is an eigenvector of (ah,bh)
corresponding to AJ(h), J EJBI(h)}. Therefore dy(h,g)
= Max{(£,9)|& eGotp(h)}, and the proof is complete. : H
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We are now ready to prove Proposition 4.4. It follows from Fact A3.3
and the fact that Gow(h) is weak* compact that £ € (L™(Q))' satisfies
g e Gow(h) if and only if (£,9) < dy(h,g) for all g€ L(Q). Now, if
& € Gy¥(h) then (£,9) f_dow(h,g) for all g € L”(Q), and hence £ € ay(h).
Thus we have shownthat Gow(h) C (h). To show the opposite inclusion,
we need the fact that the point to set map h ~ Gow(h) has the mean value
property with respect to ¢, i.e., that for all g,h € L:(Q) there exists
ate[0,1] and ann € Gyw(h+tg) such that y(g+h) - y(h) = (n,g). We shall
now prove this.

Let ¢¥(t) be defined as in the proof of Fact A3.3. We have from the
mean value theorem of Lebourg ([L.1]) that ¢(g+h) - w(h) = $(1) - $(0) = n,
for some n € 3P(t), and some t € [0,1]. It follows from Fact A3.1 that
-ne COLE;:Z§TG:ET JQ 3(h+t9)2 guix.' A1(h+tg)gu2:du with u an eigenvector
of (ah+tg’bh+tg) corresponding to XJ(h+tg), j € m (h+tg), and HunHZ(Q) = 1}.
This means that n = (g,n) for some n € Gow(h+tg), which completes 0
the proof that the point to set map h + Gow(h) has the mean value property
with respect to y.

Next, we proceed to show that sy(h) C Gow(h). Suppose, for the sake
of contradiction, that some £ € ay(h) satisfies £ ¢ Gow(h). Since G0¢(h)

is weak* compact, there exists a g € L(Q) and an o > 0 such that for all
n € Go‘P(h)

(g,E) > a > (g.n) . (A3.1)

It now follows from Fact A3.3 that

dgv(hsg) > a > dy(h,g) . (A3.2)
_ w(h+hi+sig)' (h+hi)
But dow(h,g) = Tim Y
hi+0 i
siNO

-35-



Now, for all i & N* there exists a t, € [0,1] and an ny € Golf)(h‘l'h +t1slg)
phth,+s.9)- (h+h,)
such that s. = (n.,g). As i + =, a subsequence of
i

{n; }1 =1 converges to some n e Go(h), and we get that (n,g) > a > dy(h,g).

This contradicts the fact that dy(h,g) = Max{(n,g)|n <ZGow(h)}. This
contradicts our assumption that 3y(h) & Gow(h), and the proof of

Proposition 4.4 is complete. |

A.4. Proof of Proposition 4.5

a) We will show that Uw,e(h) is well defined. The proof that
Uf’e(h) is well defined is similar and hence will be omitted.

Gsw(h) is a compact convex subset of L](Q), and F¢(h) is a weakly
closed subset of L°(Q). For all i € IN+,1et £; € Gew(h) and g; € Fu’(h)

be such that

98 ) = M s0: ), (A4.])
(9;.€4) geezz(h) (£,95) |
g < Max  (g,) + (As.2)
S By et T '

let £ €6 y(h), e F?(h) and Tet K be an infinite subset of N* such that
K K

& = £ and 9; > g. For any £ € G_y(h) we have
weakly €

(9.,€) = hm (95.8) < 11$ (9;:€;) = (9,), hence £ €arg max{(g,£)|¢ €G_y(h)}.
Next, for every g €F(h), max (g.,8) > Tim (9,5;) > T ((9;.8;) - 7)
ge6_y(h iex ieK

(!

€
= (g,€). Thus, g € argmin Max (g,£), and hence Uw,e is well
defined.

b) This part follows directly from the facts that ef,e(h) 5,ef,€.(h)
and ew,e(h)-ﬁ ew,e'(h)'
c) This part follows directly from the fact that both ef,e(') and

ew 8(-) are upper semi-continuous.
9
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d) Since e€<h)(h) < -e(h) < 0 by definition, es(h)(h) = 0 implies
that e€(h) = 0.

To establish the converse, suppose that €(h) = 0. We will show that
ef,e(h)(h) = 0; the proof that (1-r'(h)) ew,e(h)(h) is identical, and hence
omitted. Suppose for the sake of contradiction that e(h) = 0 and that
ef,o(h) < 0. Let € > 0 be such that for all € < €, k(h,e) = k(h,0),
and hence co{f'(h),6_¥(h)} = co{f'(h),Ggu(h)}. Then, for all e satisfying
0<e<e, ef,e(h) = ef,o(h) < 0. We see that e(h) =0 > -vef’o(h) >0,
contradicting the definition of €(h). This completes the proof of (d).
(e) This part follows fromthe optimality condition (Theorem 3.2)
and the fact that T'(h) = 1.
(f) Suppose that the statement in (f) is not true. Then there
i21° hi € L+(Q), such that hi +~ h, and

1 {o

a(hi) < ve(h) and e(h) > 0. For all i e Dl+, we have

exists a sequence {hi}

evg(h)(hi) > -ve(h), and as i+ » we get from (c) that
Buern)(h) 2 -ve(h). (A4.3)

-ve(h) > -e(ﬁ)_z ee(ﬁ)(ﬁ)_g eve(ﬁ)(ﬁ)’ which contradicts (A4.3). This

completes the proof of (f) and hence of Proposition 4.5. "

A5. Proof of Proposition 4.6 and Theorem 4.1

Proof of Proposition 4.6: Let h; € L,(2) be such that o(h;) < 0. We
prove the result for the case where w(hi) = 0; the case where w(hi) # 0 is
simpler and the proof is omitted.

Suppose, for the sake of contradiction, that S; = 0 for some

g; GU(hi) = Uf(hi), i.e., that for all s = Bk >0 with k € ]N+, either
f(h1+sgi) - f(hi) > o se(hi) (A5.1a)
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or
w(hi+sgi) - w(hi) > a se(hi) (A5.1b)

Suppose that (A5.1b) holds for all i € K, with K an infinite subset of
N*'(the case where (A5.1a) holds infinitely often is similar, and hence
will be omitted). By the mean value theorem of Lebourg ([L1]), for all
i € K there exist a t, € [0,1] and a £E; € mpUH+stsgi) such that

(E'i ’g'i) > Of-e(h-i) (A5.2)

It follows from (A5.2), Proposition 4.5(c) and the fact that Ge(h.)w(hi)
i

is compact, that there exists a £ e aw(hi) such that (é,gi) g_ae(hi).

But 0 > e(hi)-3 ew,e(hi)(hi)-z (E,gi), and hence we get a contradiction.

This completes the proof of Proposition 4.6. n

Proof of Theorem 4.1:

Let {h,i}?:1 be a sequence constructed by Algorithm 3.;, let
h GL:(SZ) and Tet K € N* be an infinite set such that hi > h. Suppose,
for the sake of contradiction, that 6(h) < 0. We shall consider only the
case where w(ﬁ) = 0, since the case where w(ﬂ) # 0 is simpler.

First, it follows from Proposition 4.5(f) that there exists a p > 0
such that for all h e B(H,S) e(h) > ve(ﬁ) > 0. Hence there exists an
i_ e INY such that forallie€ kK, i > io’e(hi) Z_ve(ﬁ).

0

Second, from the definition of e(:), for all i€ K, i > 10, one of

the following two relations must hold, with 95 determined in Step 1:

1

f(hy+87's;9;) - F(h,) > as”'s 0(h,), (A5. 3a)

w(hi+B']sigi) - v(hy) > B-]Sie(hi)' (A5.3b)
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Now, (A5.3a) can not hold for any i because f is linear. To complete the
proof we will show that (A5.3b) leads to a contradiction. By the mean
value theorem of Lebourg, for all i € K there exist a t, € [0,1] and

ann; € alP(hi'l-tisig].) such that
(n'i ’g'i) > Ol.e(h.i), (A5.4)

Now, because of Assumption 4.1, we can assume, without loss of generality,

the existence of a k eIN+, such that for all i € K, i > 1'0,

ay(hs) = Gﬁw(hi) (A5.5)

Now, we know that GRw(hiﬂ:isigi) is well defined for i € K, i large
enough, for otherwise it follows from the continuity of the eigenvalues

that Ak(ﬁ) = \k#] (h), contradicting the fact that

0 < vlo(h) < 2K) - AMT(h) < 1im (X (h)-A* (h))
1

We can thus assume, without loss of generality, that for all i € K, i > to,
B\p(h1.+t1.s1.g1.) C @ktb(hiﬂ].sigi), the latter being well defined. i

Next, by (A5.4) and the continuity of the point to set map h + @kw(h),
we get that ?e% Max{(g,gi)lg € ﬁkw(hi)} 3’!{‘2 ae(hi), and hence that

Zim 6(h;) > o Tim 6(h;) - (A5.6)
ieK iek

But (A5.6) is possible only if Tim e(hi) = 0, which contradict the fact
iek ~
that for all i €K, i > 1‘0, e(hi) < 'e(hi) < =-ve(h) < 0.

This completes the proof of Theorem 4.1. H

-39-






COMPUTER-AIDED DESIGN OF STRUCTURES SUBJECT
TO EIGENVALUE INEQUALITY CONSTRAINTS#.

by

Y. Y. WARDI and E. POLAK
Department of Electrical Engineering
and Computer Sciences,
and Electronics Research Laboratory,
University of California
Berkeley, California, 94720.

ABSTRACT.

A major goal in the design of elastic structures is the
reduction of resonances. Since damping increases with fre-—
quency., Tesonances can be kept withing acceptable limits by
ensuring that the lowest natural frequency of the structure
being designed lies above a certain threshold. Optimization
offers powerful tools for coping with this design constraint
a? the natural frequencies as well as with the constraints

imposed by various other performance requirements.

This paper presents a demonstrably convergent, nondif-
ferentiable optimization algorithm for the design of struc-
tures subject to inequality constraints on the lowest
natural frequency, on the profile of the structure as well
as on other factors.” Although only the design of cross sec—
tions of vibrating strings. beams, membranes and plates is
considered explicitely, the results are easily extended to
any optimal design problem with inequality constraints

involving L_ variables and the eigenvalues of an elliptic



boundary value problem.

The elliptic boundary value problems considered in this
paper have an infinite number of eigenvalues which form a
countable subset of R. Since it is known that strings, beams
and plates can have multiple eigenvalues, we assume that
multiple eigenvalues may exist. Although distinct eigen—
values are wusually Frechet differentiable in the design
parameter, multiple eigenvalues may or may not be differen-
tiable. Thus the design problem considered in this paper
must be treated as an infinite dimensional nondifferentiable

optimization problem.

Infinite dimensional optimization problems present spe-
cial difficulties partly because their analysis is mathemat-—
ically very difficult and partly because boundedness does
not imply compactness. Consequently, either an infinite
dimensional optimization problem may fail to have a solu~-
tion, or the sequences constructed by an algorithm in the
process of its solution may fail to have accumulation points
in the space in which the algorithm is defined. Conse-
quently, to ensure that our convergence results are not
vacuous, we present the convergence theorems for our algo-
rithm in terms of a topology of sequences and we make use of
recent results on the characterization of minimizing

sequences.



General purpaose nondifferentiable optimization algo-
rithms are extremely cumbersome since they require the accu-
mulation of bundles of generalized gradients in the search
direction computation. This is a process which is too com—-
plex and too ill-conditioned numerically to implement in the
solution of structural optimal design problems. Because of
this, it was necessary to attempt the construction of an
algorithm which exploits the structure of the eigenvalue
constraint. Fortunately, a theory has Trecently been
developed which enables one to approach such a task in a
systematic way. Our earlier experience with optimization
algorithms for solving optimization problems with con-
straints on the eigenvalues of a matrix provided guidance in
the wvtilization of this theory. The result is a sophisti-
cated nondifferentiable optimization algorithm for the solu-
tion of optimization problems with inequality constraints
including some on the eigenvalues of an elliptic boundary

value problem.
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