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Abstract

In this paper, we compare several feedback configurations which
have appeared in the Titerature (e.g. unity-feedback, model-reference,
etc.). We first consider the linear time-invariant multi-input multi-
output case. For each configuration, we specify the stability conditions,
the set of all achievable I/0 maps and the set of all achievable
disturbance-to-output maps, and study the effect of various subsystem
perturbations on the system performance. In terms of these considera-
tions, we demonstrate that one of the configurations considered is better
than all the others. The results are thén extended to the nonlinear

multi-input multi-output case.
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I. Introduction

The control system designer must meet various design specifications
and to achieve them he has many design configurations to choose from.
The standard unity-feedback linear system is the subject of most
control textbooks [D'Az. 1, Dor. 1, etc.]. Horowitz discusses briefly
a number of different configurations and, in particular the "two-degree
of freedom" designs [Hor. 1]. We note also the two-input one-output
controller proposed by Astrom [Ast. 1] and developed by Pernebo [Per. 1]
and by Desoer and Gustafson [Des. 1] as well as the controller structures
used in the model reference adaptive control systems [Lan. 1, Sas. 1].

In this paper, we compare, in a systematic way, several design
configurations which have been proposed in the literature. We study
first the linear multi-input multi-output case; some of the results are
then extended to the nonlinear case.

We adopt the following notations throughout this paper. Let
R (€) denote the field of real (complex, resp.) numbers. Let
lR(s)(lRp(s),]Rp’O(s)) denote the set of all rational functions

(proper rational functions, strictly proper rational functions, resp.)

in s with real coefficients. Let ﬂip(s)mx"(nlp,o(s)mxn,cmx") denote the

set of mxn matrices with elements in ﬂip(s)(ﬁlp’o(s), €, resp.). For

PER(s)™", 1et P[P] (Z[P]) denote the Tist of all poles (all zeros,

resp.) of P. For A € €™M, let G[A] denote the maximal singular value of A.
For the given linear time-invariant multi-input multi-output plant

P(s), any linear output feedback design can be represented as the system

]Z(P,K) shown in Fig. 1, where the compensator K has two inputs Uy and

Yos and one output Y- Since K is Tinear, it is uniquely specified by

the transfer function from up to y, and the transfer function from y, to

2 denoted respectively by Ky]u] and Ky1y2. More precisely, with
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1 .
=K d F:=- s s
T yiu; and F Ky]y2 the system I(P,K) and the system shown in
Fig. 2 have the same system I/0 map Hyu :(u],uz,dO)P*-(y],yz). From

Fig. 2, H y can be obtained by inspection:

y

-FP(1+FP) "1 | -F(1+PF)"
H S | comcccmccccveccarcccccna Aubeieieiit ( ]'])
p(1+Fp) Tn ! p(1+FR)T 1 (14PF)

The matrix Hyu in (1.1) shows that only two submatrices of H y can be

independently specified by a suitable choice of w and F. Thirefore,
however complicated the structure of the linear compensator K may be,
there are only two closed-loop maps that can be independently specified.
In most design problems, the two most important maps are Hyzu] and
Hyzdo :Hyzu] is the map from input Uy to output Yo and Hy2d0 is the map
from output-disturbance do to output Yp- They specify respectively the
servo-performance and regulator-performance: of the feedback system
T3(P.K).

In general, the compensator K is implemented as interconnections of
several subsystems. Different interconnections of\such subsystems result

in different feedback configurations. Following Horowitz, [Hor. 1]

we say that a feedback configuration is a two-degree of freedom design

iff an appropriate choice of the compensation subsystems (i.e. any
subsystems that are not the given plant) will change the input-output map
H without affecting the disturbance-to-output map Hy d.> or vice versa.

Yot 2%
A feedback configuration is said to be a- single-degree of freedom design

iff it is not a two-degree of freedom design. A transfer function
H(s) € R (s)™" is said to be exp. stable iff a) H(s) is proper and b)

all its poles have negative real part. A linear time-invariant feedback
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configuration is said to be exp. stab]e] iff the system I/0 map from any
exogenous input to any subsystem input and to any subsystem output is
exp. stable.
Throughout Section I-Section IV, we assume that
(A.1) A1l subsystems which make up the feedback configuration under
study are represented by transfer functions P(s), C(s), -~ etc.
with elements in Htp(s); furthermore none of- these subsystems have
unstable hidden modes;

noxni
(A.2) Py(s), P(s) € R o(s) O 15 Cls), Cqls)s Cyls), Cpls), Qls)

noxni
Qg(s) and Qy(s) € IRp(s) .

We say that the map H is an achievable I/0 map (disturbance-to-

output map, resp.) of the linear feedback configuration2 ]Z(P,K) iff by
some appropriate choice of the compensation subsystems satisfying (A.1),
(i) H = H, (H q. = Hs resp.); (ii) 1Z(P,K) is exp. stable.

Yo Y2%

For each feedback configuration studied in this paper, we obtain
stability conditions, the set of all achievable I/0 maps and the set
of all achievable disturbance-to-output maps; we compute the effects

of various subsystem perturbations on the I/0 map H Based on these

Youq®
considerations, we demonstrate that the configuratioﬁ ;b (in Section II1)
is the best among the configurations considered.

The paper is orgaﬁized as follows: Section II reviews the properties
of the unity-feedback configuration ]S(P,C); the various two-degree
of freedom design configurations are studied in Section III and

Section IV. Section V extends the results of Section III to-the nonlinear

case. Section VI is a brief summary of the paper.



II. Single-degree of freedom design: the unity feedback system ]S(P,C)

The unity feedback system ]S(P,C) shown in Fig. 3 has been studied
extensively in the control literature [Far. 1, Kai. 1, Oga.ll, Cal. 2,
Des. 2, Doy. 1, Vid. 1, Chen. 1]. In this section, we review some of the
properties associated with “this configuration for the linear time-
invariant lumped multi-input multi-output case. Equation (2.1) below

shows that IS(P,C) is a single-degree of freedom design.

II.1. The system I/0 map

Let P and C satisfy (A.2). For 1S(P,C), the system I/0 map

Hyu :(u],uz,do)*—>(y1,y2) is given by

c(1+pc)™! | -cp(1+cp)”! -C(I+Pci"
Hyy = | ====--m-==mqemmmmme o d el (2.1)
| ]
Pc(1+pc)“ :P(1+cp)”‘ : (I+PC)'1

Assumption (A.2) guarantees that all the inverses are well-defined

matrices with elements in H%é(s).

11.2. Stability conditions of !S(P,C)

It is easy to check (using the summing node equations) that ]S(P,C)
is exp. stable iff Hyu is exp. stable. Hence, by inspection of (2.1)
and the identity I-M(I+M)"! = (I+M)], we have that

1S(P,C) is exp. stable « c(1+pC)™), (1+CP)1, (1+PC)™) and P(1+CP)™)
are exp. stable (2.3)
Note that any one of the four maps in (2.3) can be unstable, while the

other three are exp. stable [Des. 2]. It is well-known [Des. 2] that
if P is exp. stable, then



1S(P,C) is exp. stable @’C(I+PC)'] is exp. stable (2.4)

For the discussions to follow, it i§ convenient to note that [Des. 3]

a)3 Q := C(1+PC)"! e ¢ = q(1-PQ)”" (2.5)

b) Q is proper (strictly proper) if and only if C is proper

(2.5a)
(strictly proper, resp.); and
¢)  with Q := c(1+pC)7T,
; i
Q : -QP + -Q
T (PSPRES. SRR S (2.1a)

The importance of Eq. (2.1a) is that all the I/0 properties of ]S(P,C)

are specified by P and Q, without requiring any inverse.

I1.3. Properties of ]S(P,C)

* Dependence of the I/0 map and the disturbance-to-output map

Equation (2.1a) shows that the choice of Q := C(I+PC)'] determines

simultaneously the I/0 map H = PQ and the disturbance-to-output map

Y41

Ypdy = [-PQ; clearly we have

H H = ] (2.6)

+Hy 4
YUy ¥p0y

* Achievable I/0 and disturbance-to-output maps

Recall that the map H is an achievable I/0 map (disturbance-to-output
n.xn
map) of ]S(P,C) iff for some choice of C € E!p(s) 10 (1) Hy w = H
271
| R
(H = H, resp.); (ii) 'S(P,C) is exp. stable. Let ( )
Y29 }{yzul )fyzdo

denote the set of all achievable 1/0 maps Hy Ul (the set of all
271

achievable disturbance-to-output maps H , resp.). Then clearly,

Yodg
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)%yzu](P) = {PQ|Q := C(I+PC)'], where C is such that ]S(P,C) is exp. stable}
v (2.7a)
}!{yde(P) = {1-PQ|Q := C(I+PC)"", where C is such that 'S(P,C) is exp. stable}
(2.7b)

Let (G (P) be the set of all compensators C that result in ]S(P,C) exp.
stable. Equations (2.7) show that {(P) completely characterizes

(P) and (P).
Xyzul ,‘}?yzdo
If the plant P is exp. stable, then examination of (2.4), (2.5) and

(2.5a) shows that Egs. (2.7) can be more explicitly written as

Wy, (P) = Q10 15 exp. stable) (2.8)
"X(yédo(P) = {I-PQ|Q is exp. stable} (2.8b)

If the plant is not exp. stable, then (2.1a) shows that further

constraints on Q, in addition to exp. stability, are needed to ensure
exp. stability of 1S(P,C). There are two-approaches in the literature
in characterizing the class of all compensators C which result in an

exp. stable 1S(P,C) for a given unstable plant P. The first approach

is the two-step stabilization scheme proposed by Zames [Zam. 1] and
extended by Desoer and Lin [Des. 4]. The second approach uses fractional
representations for the plant and the compensator. Youla, Bongiorno and
Jabr [You. 1] used polynomial factorization to characterize the class

of all stabilizing compensators for a given linear lumped (not necessarily
stable) plant. Using more general factorizations Callier and Desoer
extended the results to the linear distributed case [Cal. 2]. Further
extension into a general algebraic setting was obtained by Desoer, Liu,

Murray and Saeks [Des. 5], and by Vidyasagar, Schneider and Francis



[vid. 1]. For the special case where the unstable plant P contains
only one or a few unstable poles, Desoer and Gustafson [Des. 6] obtained
}{y " (P) by explicitly specifying the additional constraints on Q

271

required for stability.

- Plant perturbation

In practice, the given plant P is usually not known exactly, therefore
the design must be based on a certain nominal value of the plant, say
PO‘ Plant variation also contributes to make P different from PO' By
plant perturbation, we mean the difference between the actual plant P and
the nominal PO’ For ]S(PO,C) with the given nominal plant PO’ the plant

perturbation P0 *-P0-+AP := P entails

0 -] -1
: S - = + +| .
Aﬂyzu] Hyzu] Hy2“1 (I+PC) " APC(I POC) (2.9)

where ngu] is the nominal input-output map. Standard derivation of (2.9)
can be found in [Cru. 1, Cal. 1].
* Remark
Equation (2.6) of the 1S(P,C) configuration constrains the design,
hence a compromise between servo performance and regulation (desensitization)

is necessary. For example, suppose the design objectives are

(i) E[Hy 4. (Jw)] = o[I-PQ(jw)] << 1 for all w € [0,md]; and
2°0

(ii) E[Hy2u1(jw)] = o[PQ(juw)] << 1 for all w € Gno,w), with wy < wy.

It is clear that there are conflicting requirements over the frequency
interval (mo,md) : objective (i) requires that the product PQ be close
to the identity matrix over (wo,wd), while objective (ii) requires that

PQ be close to the zero matrix over (mo,wd).



III. Two-degree of freedom design-group 1: the four configurations

Za, Zb’ Zc, and Zd

In this section, we study the four feedback configurations
Za, zb, Zc, and Zd shown in Fig. 4. It is assumed that CO and Q0 are
= -] 1 = - ’]
related by QO CO(I+P0C0) or equivalently C0 QO(I POQO) . As
shown in Fig. 4, each of these four configurations falls into the scheme
of Fig. 1: K is the two-input, namely uq and Yps one-output, namely ¥1»

compensator. In these four cases, Ky1u1 = (I+C]PO)Q0 and K‘hy2 = -C].

Therefore I, Zys L. and I, have the same system I/0 map Hyu :(u],uz,do)
F*(y1,y2). Equation (3.1) below shows that each of the four configurations

is a two-degree of freedom design: indeed, for P = P

y2d0 = (I+POC])
Z, has a model reference structure: P is the given plant, P0 is the

nominal plant model, Q, is the precompensator, and C] is the "comparator."

0
Note that if the plant is nominal (i.e. P = PO) and if there is no

disturbance (i.e. Ny =dg =u, = 0), then there is no feedback in this

configuration. za has been called conditional feedback in [Hor. 1,

p. 246] for the single-input single-output case.

Z, has also a model reference structure. The important difference
between Z, and Zy is the following: in Zb, the map Hglu] tup P gy is
the result of a closed-loop configuration, whereas in Za, Hg]u] is the
result of an open-loop configuration. The structure of Zb has been used
by Meyer et al. in the design of flight control systems [Mey. 1]. For
the configuration Zb, it is easy to see that H£1u] = QO.

I, consists of the given plant P, the precompensator (I+C]P0)QO,
and the feedback compensator C,. We assume that the compensator
(I+C]P0)Q0 is built as one transfer function. Zames used the structure

of £, in the study of effects of plant uncertainty [Zam. 1, p. 316].
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Zy is obtained from Zc by introducing the transfer function pair 7 and
7V as shown in Fig. 4d. We assume that the precompensator w'](I+C1P0)Q0
and the feedback compensator’n’lc] a) are each built as a single transfer
afunction, and -b) have all ‘their elements in Ezp(s).

When the given plant is nominal i.e., P = PO’ we call the resulting
nominal feedback configuratibn and denote it by Zg, zg, zg, and 23
respectively. We use H;u, H;2u1’ and H;Zdo to denote respectively the
system I/0 map, the input-output map and the disturbance-to-output map

0 0 0 o
of Za’ Zb, ZC, and zd.

ITI.1. The system I/0 map.

The system I/0 map Hyu :(u],uz,uo)hﬁ-(y],yz) of Zs Ips Zos and L4
is given by (3.1), for the nominal system, and by (3.2) for the case where

P # Pos

-C,P.(I+C,P )" | =Cqy (I4PAC )" )
170 10 R 0“1

o - cmmed e e
Hyu = | - ' . (3.1)
| -1 -1

-

When P # PO’ (see derivation in Appendix)

-

B -1 ! -1 1 -1
(I+C;P)™ " (1+C,Py)Q, ! -C{P(1+C,P) : -C, (1+pC;)
T Y S [
Hoy ] - ] (3.2)
- - ] -
| P(1+€P) T (14C1P0)Qg 1 P(I+C;P) : (1+pC)™ |

III.2. Stability conditions of zg,'zg, zg, and zg

Recall the definition of the exp. stability of a linear feedback
configuration. It can be easily checked (using the summing node equations)

0 . . 0
that I is exp. stable iff the map H” : (uy,uy.dgsnq ) (¥q.¥,.¥g,8;) of



zg is exp. stable. Hence, by (i) Eq. (3.1), (ii) inspection of the

configuration Za in Fig. 4a, and (iii) that the composition of exp.
stable maps is exp. stable, we conclude that

Zg is exp. stable <« PO’ Q> and ]S(PO,C]) are exp. stable (3.3)

Similarly, we have
Zg is exp. stable < ]S(PO’CO) and ]S(PO’Cl) are exp. stable (3.4)

Zg is exp. stable <« (I+C]PO)Q0 and ]S(PO,C]) are exp. stable (3.5)

With the system 'S(P,m,m"'C) defined in Fig. 5,

Zg is exp. stable <« n'](I+C]P0)Q0 and ]S(Po,n,n']c]) are stable
(3.6)
The following fact relates the exp. stability of 22 and the exp.

stability of zg.

1

Fact 3.1: If m and m ' are exp. stable, then

0]

L

is exp. stable <« zg is exp. stable. : (3.7)
Proof: (see Appendix)

Remarks

a) za is the only configuration that requires the nominal plant P0 be
stable, because there is no feedback around the model Po-

b) The stability conditions (3.3)-(3.6) are robust in the following sense:
suppose that in the configuration zg, Zg, zg and zg, we impose
arbitrary but small (jn the graph topo]ogy)4 perturbations on all

5

subsystems,” then [Vid. 1, Chen 2] each of the resulting perturbed

systems I, zb’ Z. and Ly is also exp. stable.
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. 0 0 0 0
III1.3. Properties of I Ips L.s and zd

« Nominal design

The four nominal configurations zg, Zg, Zg, and zg have the same

system I/0 map ng; furthermore Qo specifies the nominal I/0 map

0
. ) .8

C] specifies the nominal disturbance-to-output map

0 _ -1

Any achievable I/0 map (disturbance-to-output map) must have the form
specified by (3.8) for some Qo ((3.9) for some Cyo resp.) where Q>
(C], resp.) satisfies (A.2) and each configuration satisfies the stability

requirements.

» Achievable 1/0 maps

We denote the set of all achievable I/0 maps for zg, zg, 22, and
0 a b c d .
. by s , » and , respectively.
d Hyzul Hypuy }szhﬁ Myz“l
0,
(a) For Zyt

(i) If P0 is not exp. stable, then (3.3) shows:that the configuration

zg is unstable for all Qg and ¢ satisfying (A.2).

(ii) If Po is exp. stable, then

}{;ZUI(PO) = {PgQylQq s exp. stable} (3.11a)

Proof of (ii):

Let '}{:= {PGQOIQO js exp. stable}. It is clear from (3.8) and (3.3)
that every achievable I/0 map of :g is of the form POQ0 for "some éxp.

stable QG‘ Hence, }Y;ZU](PO) - }( To show)’f CW;ZU](PO), we note

-11-



that 1) for any H € 3«, there exists an exp. stable Qo such that

Hszul = OQO = H, 2) from (3.3), given that P0 and’Q0 are- exp. stable,

Z: is exp. stable iff S(PO,C]) is exp. stable, 3) there are many C]

such that S(PO,C]) is exp. stable; for example ¢, =0. 1), 2), and 3)

together show that H € A implies H € Aa (PO), hence A c ){a (PO).
Yolq YoUy

This proves the assertion.

(b) For z2:

b n - XN

Since P0 € IRp 0(s) o™ 1, there exists C; €ER (s) " such that
9

1S(PO,C]) is exp. stable [Bra. 1, You. 1]. By using similar arguments

as those in the proof of (3.11a), it is easily shown that

-1

Ay, o) =) Po|Gp = Col1#Pgly) " where Co ts such that 1(py.Cp)

is exp. stable ’ (3.11b)

(c) For Zg: By Eq. (3.8) and the stability condition (3.5), we see that

c _ . .
)1y2u](P0) = POQ0 QO is such that (I+C]P0)Q0 is exp. stable for

] (3.11¢c)

some C; which yields S(PO,C]) exp. stable
Note that the Qo's in (3.11c) are necessarily exp. stable, because

- Q
ZL1+¢,Py] = PL(1+¢;Py) 11 € £
(d) For Zg with 7 and v-1 exp. stable: Since in this case Zg is exp.
stable iff Eg is exp stable (Fact 3.1), and Zg and Zg have the same
input-output map H , we have

y2”1
) = (Py) (3.11d)
}fy2u1 0 y2u1 0
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» Achjevable disturbance-to-output maps

We denote the set of all achievable disturbance-to-output maps for

0 0 0 0 a c d
I, Ips Ics and Iy by 91 4o’ ?fyz }{ »do° and Df Ypdy’ respectively.

0
0,
(a) For D

(i) If Py is not exp. stable, then no stable design is possible.

(i) If Py is exp. stable, then (3.3) and (3.9) imply that

){y g (PO) {(1+P C] ]IC] is such that ]S(PO,C]) is exp. stable}(3.13a)

Alternatively, if we set Qq := C](I+P0C])°] -- hence ]S(PO,C]) is exp.
stable iff Q] is exp. stable -- then,

}(;Zdo(Po) = {I-PyQ;|Q; is exp. stable}
(b) For zg: The stability condition (3.4) and Eq. (3.9) show that

?fszdo(Po) = (I+POC])'1 C, is such that ]S(PO,C]) is exp. stable; and

]S(PO,CO) is exp. stable for some C0

xn. n.xn

Mo*N; . io
s) , there always exists C0 € ]Rp(s)

Since P0 €R such

p,O(
that ]S(PO,CO) is exp. stable. Therefore, the above expression simplies

to

b i S 1 o .
)fyde(Po) = {(I+PyC;)7"|C; is such that 'S(Py,C;) is-exp. stable} (3.13b)

(c) For 22: The stability condition (3.5) and Eq. (3.9) show that

-

)4-;2d0(P0) = (I+POC1)'] C, is such that 1S(P0’C1) is exp. stable and

such that (I+C.|P0)Q0 is exp. stable for
some Qo

(3.13c)
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-1

(d) For zg with both m and m ° exp. stable: Since in this case, Zg is-

exp. stable iff 22 is exp. stable (Fact 3.1), we have that

d [ . 1 .
){yzdo(Po) = |(I+PoCy) " 7|Cy is such that 'S(Py,C;) is exp. stable
and such that (I1+C;P,)Q, is exp. stable for

some QO
(3.13d)

-}fcd (Py)

Remarks

(i) For the configurations Zg and Zg; we can simultaneously achieve

any Hy U )‘Y; u]( Po)s (}\’b (Po), resp.) and any H°2d0 € }?f,zdo(Po),

b 0 .
(}f d (PO), resp.) i.e., the choices of Hyzu] and Hy2d0 (hence the choices

of Qo and C]) are independent. For the configurations Z° and Zd, the
0 .
choices of HVZ”] and Hyzdo are constrained: indeed, Qo and C1 must be

chosen so that the transfer function [(I+C]P0)Q0] is exp. stable.

(ii) Although Zg and zg have the same achievable I/0 maps and
achievable disturbance-to-output maps, zg offers more flexibility in
implementation: for example, 7 may be used to adjuét the signal. level

at the summing node.

- Plant perturbation

For zg, Zg, Zg, and Zg, the plant perturbation Po+« PptaP :=P
entails
= -HO = (I+ -1 3.17
AHyzu] Hy2u1 Hy2u1 (1 PC]) APQO ( )
(3.17) follows by the same calculation for (2.9).

» Model perturbation (for Zg and zg)

By model perturbation we mean any inaccuracy and variation in the

0 0
model Py (of D and zb).
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(a) For Zg, the I/0 map H; " is sensitive to perturbations in the
271
model PO' Indeed, the perturbation PO « P0+APm in_the model implies
that6 (see Appendix)
a ._ Mm,a 4o - -1
AmHyzu] := ’“Hyzu] Hypuy = PaCy (1+PgCy) ™ 80, Qg (3.18)

~ APmQ0 over Qd

where @, is the frequency band of interest for disturbance rejection.
Note that an arbitrary small but unstable APm will in general cause
system instability.

)
Yot
in the model PO’ compared to Xg. Indeed, the perturbation Pp + P0+APm := P,

(b) For Z°, the I/0 map H is relatively insensitive to perturbations
b

in_the model implies that (see Appendix)

b ._mb o . -1 -1 -1
AmHyzu] " Hyzu.l 'Hyzu.l - [(I"'Poco) -(I+P0C-|) ]APmC0(1+PC0) (3.19)
= [(14PoCo) 1= (14poC) T 1(14aP 00)TaP 0 (3.19a)

Note that if the perturbation is small, more precisely, if

G[APm(jw)] 8[Q0(jw)] << 1 for all ¢ € [0, =), then (3.19a) shows that

. -1 -1
AH 1*““”0%) - (I+PgCy) 18P Qg (3.19b)

» Perturbation in pracompensator

For Zao I and Zys the precompensator. is not under feedback hence the
0

Yol
namely, Q0 in 2y (I+C]P0)Q0 in Lo» and w'l(I+C1PO)QO in Zq-

I/0 map H is sensitive to -perturbations in the precompensator:

-15-



« Conclusions
a) zb is better than I
1) D is more sensitive to changes in the model Py (see (3.18) and
(3.19)).
2) Zy, can accommodate unstable Py's.
b) Zy is better than Zo Ieo aqd 24t

z ZC, and Ed are sensitive to changes in the precompensator. (In Zb,

a ]

the precompensator is realized as a feedback configuration, hence D is

less sensitive, if well designed).

c) L, is better than I and I;:

In Zb, the choices of the I/0 map ngu and the disturbance-to-output map
'l .

H; 4. are independent, whereas in ZC and Ed, the choices are constrained.
270

IV. Two-degree of freedom design-group 2: the configurations Lo and Le

The configuration Zo has the same model reference structure as that
of za except that the output of the comparator C2 in Ze is feedback to
the input of Qo, rather than as in za,:to the plant input. For the single-
input single-output case, ze has been called model feedback by Horowitz

[Hor. 1, p. 246].

The structure of . has been considered by Cruz, et al. [Cru. 1]
among others. Note that for the special case when Cz = I, the configuration
Le reduces to the unity-feedback configuration ]S(P,CO), with
e _ -1
CO = QI POQO) .
We use zg and 22 to denote the nominal feedback configurations, and

H;u to denote the nominal I/0 map.

IV.1. The system 1/0 map

For the nominal system z: (i.e., when P = Po)’ the system I/0 map

HO + (Ug5Up,dgany) P (¥75Y5.¥g-€) is given by

-16-



-
! | )
% 1 Q%P0 %l 1 QP
..... O SO SE—
i | :
] ]
Po% 1 PolT-QgC2P0) | 1-PoQaC | Po9C2Po
1
e Tt enenmne-
I
|
Po% i PoltPo 1 Po%%: Po
|
B — S
1 |
| ' \
PGP v G GoPo

(4.1)

For the nominal system Z? (i.e., when P = PO), the system I/0 map

H?: (”]'“2’d0) P*(y],yz,ei) is given by

“H O

|
% ! “QCPy 1 QS

' |

-------- -:---------- ------T------_------
|

PoQg 1 PplI-QgCaPg) 1 I-PoQqCy

........ R
] ]
] ]

[1-CoPgQq 1 =Co(1-PgQaCa)Pq t =Co(1-PoQ4Cy) |

When P # PO’ Zo and Le have the same system I/0 map

(4.2)

l-l‘yu : (”]’UZ’do) - (y1 ,yz) : indeed, with AP := P-P, (see Appendix),

0 (1+C,4PQ,) ™!

POy (1+CpAPQ) ™! | (1-Pg0yCy) (148PQGC) TP 1 (1-P(QCR) (144P0yC,) !

-17-

(4.3)



IV.2. Stability conditions of zg and 'z?c

It can be checked (using the summing node equations) that

the nominal configuration Z: (zg) is exp. stable

. o o (4.4)
iff the system I/0 map He» (Hz, resp.), is exp. stable.
Hence, by inspection of (4.1), we have that
zg is exp. stable < Po, Q0 and Cz are exp. stable (4.5)

To test the exp. stability of zg, we have to check all the submatrices

in (4.2). However, in the special case where P0 is' exp. stable, QO and

02 are exp. stable implies that Zg is exp stable.

IV.3. Properties of zg and Zg

e Nominal design

For z:‘and Zg, Q0 specifies the nominal I/0 map
o =PQ, ; (4.6)
Youy 0-0

02 and Q0 together specifies the nominal disturbance-to-output map

HO

- = - 0 .

Yah

In the following, we specify the set of all achievable 1/0 maps and the

set of all achievable disturbance-to-output map for zg and zg.

« Achievable I/0 maps

0.
(a) For ot

(i) If P0 is not exp. stable, then Zg is not exp. stable for any

choice of Q, and C, satisfying (A.2).
(i1) If P, is exp. stable, then (4.5) and (4.6) together show that

-18-



ﬁjzul(po) = {PyQy|Qy is exp. stable} (4.8)

(b) For 22: By the stability condition (4.4) and Eq. (4.6), we have that

f . . R
}{yzul(Po) = {POQOIQ0 is such that J C, which yields Hg exp. stable}
(4.10a)

For the special case where P0 is exp. stable, it can be easily checked

that

ﬂjzul(Po) = {PgQy|Qy is exp. stable} (4.10b)

+ Achievahle disturbance-to-output maps

(a) For Zg: If Py is exp. stable, then (4.5) and (4.7) together show

e =
yzu](PO) = {I-P4QyC,|Qy and C, are exp. stable}

= {I-POQIQ is exp. stable} (4.11)

(b) For 22: By the stability condition. (4.4) and Eq. (4.7), we have that
f 0 .

‘}fyzdo(Po) = {I-POQOCZIQ0 and C, are such that He is exp. stable} (4.12a)

For the special case where P0 is exp. stable, we have that Q0 and C2

are exp. stable implies that 22 is exp. stable, hence,
f
‘x{yzdo(Po) D {1-PQyC,10Qy and C, are exp. stable}.

Therefore,

yg;zdo(Po) > {I-P,Q]Q is exp. stable}. | (4.12b)

However, the stability condition (4.4) and Eq. (4.2) show that 2 is

exp. stable implies that.the product QOC2 is exp. stable, hence
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f . .
-}{yzdo(PO) c {I-POQOC2|00C2 is exp. stable} (4.12¢)
= {I-POQIQ is exp. stable}

We conlcude from (4.12b) and (4.12c) that if Py is exp. stable, then

’)ﬁ;édo(P) = {I-P,QQ is exp. stable} (4.12d)

- Plant perturbation

For zg and zg, the plant perturbation P0 - P0+AP entails

AH X

-1 .
:=H -H = (I-PAQAC,) (I+APQAC,) "APQ (4.13)

N

¥4y

H

(see Appendix for the derivation of (4.13))

+ Model perturbation (for ze) :

0
Y4

For Eg, the I/0 map H is sensitive to perturbations in the model

Po. Indeed, the model perturbation P0 « PO+ Pm implies that AmH;ZU]’ the
corresponding change in ngu , is given by (see Appendix)
1
e = _ -1
Amhyzu] = PqQoCa2Pyg(I-Co4P, Q) (4.14)
= -1

I o[aP_(jw)] olQyCy(Jw)] << 1 for all w € Q4 and if HHyde(jw)H << 1
for all w ¢ Q4 then, from (4.15),
e
AmHyzu] ~ APmQO qver  Q, (4.16)

where Qd is the frequency band of interest for disturbance rejection.
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0

* Perturbation in the compensators QO and C2 in Ze

By inspection of Lo in Fig. 6(a), it is clear.that when the plant

is nominal (P=P0), there is no feedback in Zg i.e., £2 is an open-loop

e
system. If the compensators QO and C2 undergo the perturbations
Q0 + QO+AQ0 and C2 « C2+AC2, then the resulting I/0 map ngu] and the
resulting disturbance-to-output map H; 4. are given by
20

c = ,

yzu] PO(Q0+AQ0) » and

c =

« Conclusion

zb and Zf are better than ze: indeed,

1) 2e requires that P0 be exp. stable;
2) Ze is sensitive to changes in the model Po; and

3) Ze is sensitive to changes in the compensation subsystems QO and Cz.

« Generalization

So far, in studying feedback configurations, we restrict ourselves

to the continuous linear time-invariant lumped systems. However, it

should be noted that in deriving stability conditions and various
properties of each configuration, the only necessary restrictions are

linearity and time-invariance. Hence, all the results developed in the

present section and Section II and III can be -easily generalized to the
discrete linear time-invariant case and to the continuous linear time-

invariant distributed case.

V. Configurations Ly Zps Igo and Zg: the nonlinear case

In Section III, we compare the four configurations Za’ Zb, Zc, and

Ed for the linear.case. We specify the set of all achievable I/0 maps
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and the set of all achievable disturbance-to-output maps, and study the

effects of various subsystem perturbations on the I/0 map Hy U
21
this section, we do the same comparison for this four configurations in

In

the nonlinear context. We shall see that,under suitable assumptions,
most of the results in Section III still hold for the nonlinear case.

We use an input-output description of the nonlinear system. Let
(£,0-1) be a normed space of "time functions": J — U where J C R,
«J =R, (N, resp.) for the continuous-time case (discrete-time case, resp.)),
Z[ is a normed space and {«ll is the chosen norm in £. Let £e be the
corresponding extended space [Wil. 1], [Des. 7], [Vid. 2]. A function
$: R, >R, is said to belong to class K (denoted by ¢ € K) iff ¢ is
continuous and increasing. ¢ is said to belong to class K0 iff 9 €K
and $(0) = 0. A nonlinear causal map H :£:1' ->£:° is said to be. »g-stable

Nn.
iff Jo€Kks.t.wxee ', vred,
EleﬂT < q;([lxﬂ.r) .

H is said to be incrementally J-stable (incer. Ag-stab]e) iff

N n,
(1) H s J-stable, (i1) I $€Kys.t. ¥x, x eg }, vre T,

THx-Hx' I i&(ﬁx-x'ﬂ.r) .

Note that if ¢ : x = vx, vy constant (3 t X ->§x, ? constant), then we have
finite-gain stability, (finite incremental ga‘i;t stability, resp.). It
can be easily checl;ed that the sum and the composition of .8-stab1e maps,
(incr. ,{g-stab]e maps) are ,g-stable, (incre.ﬁ-stable, resp. ).

We make the following assumptions throughout this section:

s Mo o N3 . 1 .
(N.1) PO’ P:.,Ee ->£e and QO"Be ->£e are nonlinear causal maps;

Ny n;
(N.2) C] :.Ce —>£e is linear and causal;
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n. n.
(N.3) !, :.Ce1 *-£e‘ are linear and causal;

(N.4) for each configuration, both the nominal and perturbed system are
well-posed i.e., the relation from the exogenous inputs into each

subsystem variable (i.e., input or output) is a well-defined

nonlinear causal map between the corresponding extended spaces;
(N.5) The nonlinear maps C0 and Q0 are related by
- . -1
Co = Qg(I-PgQy) ™" or equivalently Qg = Co(I+4Co) ™" .

We say that a well-posed feedback configuration is xg-stable iff
the map from the exogenous inputs to any subsystem variable (i.e., input
or output) is 48-stab1e. The map H :£:° ->£:° is said to be an achievable
I/0 map (achievable disturbance-to-output map, resp.) of the nonlinear
feedback configuration Za (Zb, zc, L4 resp.) iff by some appropriate
choice of the compensation sybsystems satisfying (N.1)-(N.5),

(1) H¥2“1

= H, (Hyzdo = H, resp.); (ii) Zys (Eb, Zes Zygs resp.) is 4g-stable.
It is crucial to note that although the formulas belows have the

same form as those in the linear case, they have here a completely

different meaning: for example in the previous sections PC meant the

product of the transfer function P with the transfér function C, in the

nonlinear case PC means the composition of the function P with the

function C: e.g., when we write PCe, we mean P(C(e)) or equivalently

PoC(e).

V.1. The system I/0 map

With the assumption that C1 and w are linear, it can be easily
verified that the partial system I/0 maps of the four configurations are
given by the Eqs. (5.1) and (5.2) below; each entry of (5.1) and (5.2) is

-23-



composition of nonlinear causal maps.

By assumption (N.4), all the

inverses in (5.1) and (5.2) are well-defined causal maps. Let for

k =1,2, Fi :(u],uz,do) ol DHEL F]'and F, specify the closed-Toop map..

We denote the partial maps by the same notation as in Section III:

example in terms of partial maps, we have H

ML

= F1(u],0,0) and

for

Hyzdo = FZ(O’O’dZ)' When P = PO, the partial maps relating (u1,u2,d6)

to (y],yz) are given by

Yauy: Yaup!

p-

ol

[I'Po(’

¢)1”!

-

(5.1)

-1
¢, [1-P(-C;)]

(5.2)

In the following all the symbols zg, ){a (P.), ]S(P ,CO), etc. have the
y2u1 0 0

same meaning as in Section III except that they are -associated with the

nonlinear configurations D Zb’ cee

v.2.

etc.

Stability conditions of the nominal nonlinear feedback configurations

o 0 ) (o]
ZaQ Zb, Ze and Ed

Unlike the linear case, each partial map of (5.1) being Af-stab1e

does not imply that the nominal nonlinear feedback configurations are

-24-
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A!-stable. The following stability conditions can be obtained by
(i) that the composition of xl—stable maps are xJ-stab]e, and

(i) inspect‘ion7 of the block diagrams of the nonlinear configurations

in Fig. 4.

(a) Zg is Af-stable ﬂ'Qo, bo and ]S(CI’PO) are Agystable (5.3a)
(b) £ is J-stable = '5(P),Cy) and 's(C;.Py) are S-stable (5.3b)
(c) 20 is 4 -stable » (I+C4Pg)Q, and ]S(C1,P0) are &-staple (5.3¢).

(d) 3 is J-stabte <=»1r“(1+c]PO)QO and 1S(P0,1r,1r']C.l) are J-stable (5.3d)

Fact 5.1. If 7 and w'] are linear and incr. AY-stab]e,then

):3 is J-stable © Eg is .X-stable (5.3e)

Proof: (See Appendix).

V.3. Properties of nonlinear configurations zg, Zg, Zg, and Zg

» Nominal design
As in the linear case, for the nonlinear feedback configurations

Zg, Zg, 22, and zg, QO specifies the nominal I/0 map
0 = .

C] specifies the nominal disturbance-to-output map

H?’2“0

= -1

= [I = Po("c])] (5.5)
"o

Remark: With C; linear, Vx €‘£e ,

[1-Py(=C;)1(x) = x-PoCy(-X) = =(-X) = PoCq(=x) = =(I+PyCy)(=x) .

In the following, we specify the set of all achievable I/0 maps and

the set of all achievable disturbance-to-output maps for each
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configuration. We assume that there exists a linear C1 such that

15(c;.py) is 4-stable, and that there exists a Cj such that 'S(Py.Co)
is 48-stab1e.

« Achievable I/0 maps

o,
(a) For Za.

(i) If Po is not Ag-stable, (5.3a) shows that the configuration
Za is not <g-stab1e.

(ii) 1If P0 is incr. Ag-stable, then [Des. 8]

a - .
yzu](PO) = {PgQylQq is S-stable} (5.6)
0,
(b) For DA
b i} ) R .
A y2u1(P0) = | PoQg|Qq = Co(I+PC,y) ™" where € is such that

1S(PO,CO) is xg-stabIe
(5.7)

o,
(c) For Zc'

c : .
ﬁy2u1(Po) Qg is such that (I+C,Py)Q, is S-stable for

some C] which yields ]S(C1,P0) 4 -stable

[
\

(5.8)
(d) For zg with 7 and w'] linear and incr.AA&-stable:
}&d (Pa) = JP,Q~|Qn-is such that (I+C4PA)Qn is Ag-stab]e for
y2u1 0 0~0{ -0 170770
' some C, which yields ]S(C1,PO) Ag-stable
(5.9)

(o4
%yzu](Po)
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Remark: For Zg and zg, we did not need that C; be Tinear.

» Achievable disturbance-to-output maps

(a) For £2:
a
If Eﬁ,is incr.xg-stable, then

a - e e i 14 .
yzdo(Po) = [I-Po( C])] Cy is linear and is such that

1s(c;.Py) is J -stable (5.10)

0,

(b) For Zy:
}{b (P,) = | [I-PA(-C )]'1 C, is linear and is such that (5.11)

yzd0 0 o* ™M 1
1Mgm@i&JﬁMMe
0,
(¢) For Db

)1;2d0(P0) = [I-PO(-C])]'] C; is such that 1S(C],P0) is f-stable
and that (I+C,P4)Qq is J-stable for

some .
% (5.12)

(d) For Zg with 7 and v"] linear and incr.xs-stable:

d i e 1 g
3{y2do(P0) = [I-PO(-C])] C] is such that S(C1,P0) is <§ stable.
and that (I+C.|P0)Q0 is g-stable

for some Qo
(5.13)

ﬂc

¥pd o

Remarks
(i) From (5.6), (5.7), (5.10), and (5.11), it is clear that for
. . 0 ] .
the configurations Za and Zb’ we can simultaneously achieve any

Hy°2 ] eﬁszu](Po)’ (3& (P )9 resp. ) and any H eﬂa d (P )’
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(zﬂy d (PO), resp.) i.e., the choices of H and H 4. (hence the

Yau Y2%
cho1ces of QO and C]) are independent. For the configurations Z and Zd,

f d
the choices o Hyzul an Hyzdo
be chosen so that the map [(I+C] 0)Qo] ([n'](I+C]P0)Qo], resp.) is

A&-stable

are constrained: indeed, Qo and C] must

(ii) As in the linear case, Zg offers more flexibility in implementation

than Zg does.

* Plant perturbation

For each of the four configurations zg, Zg, Zg, and zg,where C]
is assumed linear, the plant perturbation P0 *-P0+AP := P has the same

h } i ’ = 0
effect on the I/0 map Hyzu] More' precisely, let AHYZ"] Hyzu] Hyau]

, n
Then for any input Uy €£e°,

] .
() = [0 [1+0(P)C; 1" dr- 400 (u) (5.14)

where D(P) is the Frechet derivative of P, (see [Die. 1], [Des. 9]), and
is evaluated at (I+C;P)”'[(1+C;Py)Qg(u;) +aC;aPQy(u;)] with a € [0,11.
See Appendix for derivation of (5.14).

Remark: Equation (5.14) tellsus that if the linear compensator ¢y is
chosen so that along the trajectory, defined in (5.14), where D(P) is
evaluated, all the linear maps D(P)C1 has "large gain," then, for

22, Zg, e ZZ, the output y, (corresponding to the fixed input u]) is very
insensitive to perturbations in the nominal plant P0 (in comparison with

the equivalent open-loop system).

« Model perturbation

(i) For z , let A™2 be the change in the 1/0 map H° caused by
Y2t Y2

the model perturbation Po *-P0+APm, then Vu1 E.f °
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A2 (uq) = I][I-(I+D(P )C )']]da-AP Qnluq) (5.15)
Youy 1 0 0™ m0'-1

where D(Po) is evaluated at (I+C]P0)'][(I+C]P0)Qo(u])-+aclAPmQO(u])]
with o € [0,1]. See Appendix.
(ii) For Zg, if we assume that both C0 and C1 are 1iqear, then it

n
can be checked that Yu, e.ce°, AmH52u1(u]) = Po(I+C4Pg) ][(C1-Co)

1
-1 -1 . .
-[0(I+D(P)CO) da APmCO(I+POCO) (u])] where P := P +APm, and D(P) is

0
evaluated at

CO(I+PCO)'](u]+aAPmCO(I+P0C0)'](u])) for o € [0,1].

» Perturbation in the precompensators

0
For za, zc and zd, the I/0 map Hyzu]

precompensators, namely Qg in £, (I+C;P,)qy in I and "-](I+C]P0)Qo

is sensitive to changes in the

in Ly since they are outside the feedback locop.

« Conclusions. For nonlinear PO’ P, linear C] and m,
(1) Zb is better than Za in that zb can accommodate unstable plants.
(i1) I, is better than I_, I  and I;: the latter are sensitive to
changes in the precompensator. (In Zb’ the precompensator is realized as
a feedback configuration, hence is less sensitive if well-designed).
(iii) I s better than Z. and 24t In Zys the choices of the I/0 map

o]

H and the disturbance-to-output map Hod are independent, whereas
Yol Y29

in EC and Zd the choices are constrained.

Conclusions

In this paper, we study several feedback configurations which have
appeared in the control literature. We start with the definitions of

two-degree of freedom design and of achievable I/0 and disturbance-to-
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output map. In section II, we show the basic lTimitation of linear unity
feedback configuration ]S(P;C), namely the .dependence of the I/0 and
disturbance-to-output map. We study the four two-degree of freedom
design configurations za, Zb, Z. and zd in section III, in terms of their
achievable I/0 maps and disturbance-to-output maps and their sensitivity
to subsystem perturbations, we demonstrate that zb is better than

T Z¢ and T4 In section IV, the two-degree of freedom design
configurations Ze and Zf are studied and compared to zb. In our discussion,
we have restricted ourselves to the linear time-invariant lumped case,
however the same results hold for the linear time-invariant distributed
and the linear time-invariant discrete-time cases. Finally, we study

L5 Ips I and I, in the nonlinear context, it is seen that some of the

linear properties are also held for the nonlinear case.
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Appendix

Derivation of (3.2):

(i) For Z, and Zy'

(a) Let uy = dg =ny =0, then we obtain successively
¥1 = Qguy - &4 [Pyq - PyQguy]

(I+C,P)yy = (I+C4Pg)Qquy

yp = (14¢;P) 7 (14C,P ) Quy

Y P(I+C]P)'1(I+C]P0)Qou1

From (A.1) and (A.2), we have

_ -1
Hyzu] = P(I+C;P) ™ (14;P()Q,

HY]“]

(I+C]P)'](I+C1P0)Q0.

(b) Let uy = dy =nq =0, then g, =y, = 0. Thus by inspection,

H

-1
Yoy P(I+C]P)

-1

(c) Let Ny = Uy = Uy =0, then g = yy'= 0. Again by inspection

Ju 4
1}

-1
yzdo (I+PC1)

H

-1
-C,(1+PC,)
y1d0 1 1

(A.1)

(A.2)

(ii) For I, and 14, Eq. (3.2) can be easily verified by inspection.
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Proof of Fact 3.1: It can be seen from Fig. 5 that the system ]s(Po,w,n'lcl)

is exp. stable iff the map Hoy :(u],uzdo) -*(e],ez,yz) is exp. stable.

By simple calculation, we have
r "
1 (1+¢,Pg) E-n"c1p0(1+clpo)"s -7 ley (14pyCy) !
------_----__--é-------_-_-_--_-_-{ ..................

Hyy = (I+C]P0)']WE (14¢,Py)”"! ‘E -C (1+04C1) " (A.3)

--_----------.._.:_--..-----_----..--.._: ..................
LP0(1+c]PO)"n | Po(1+C;Py) E (1+04C;) ! )

By assumption, w and w'] are exp. stable, hence (i) (I+C]P0)Q0 is

exp. stable < w'](I+C]P0)Q0 is exp. stable; and from (A.3), (ii) ]S(PO,C])
is exp. stable ¢ ]S(Po,n,n']C]) is exp. stable. Therefore, (3.7)

follows from (i), (ii), (3.5) and (3.6). n

Derivation of (3.18): By computation, we have that the corresponding

perturbed I/0 map mH;ZU] = PO(I+C]P0)'](I+CIP)QO. Therefore,

m,a a 0
H : -
. YUy Yoy Hyzul

= -1
it Po(I+C]P0) (I+C1P)Qo‘.POQO

-1
P0(1+C]P0) (I+C]P0+C1Apm)00"P000

-1
POQO-FPO(I+C1P0) C]APmQO-POQO

= -1
- P0C1(I+P0C]) APmQO

Derivation of (3.19): By computation, we have that the corresponding

b
Yoy

perturbed I/0 map ™ = [PO(I+C]P0)']-+POC](I+P0C])-]P]CO(I+PC0)'].

Therefore,
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Ame - me 0

Yo * Mgy vy
= -1 -1 -1 -1
= [P0(1+C]P0) +P0C](I+P0C1) P]CO(I+PC0) ‘P0C0(I+P0CO)

B} -1 -1 -1 -1 -1

(I+Poc1)']P0co(1+Pco)“ - (I+P0C1)']PCO(I+PC0)'1 + Pc0(1+Pc0)"

-1
'POCO(I+P0C0)

-1 -1 -1 -1
-(I+POC1) APmCo(I-I-PCO) +(I+PC0) APmCO(I+P0C0)
= -(I+P0C])']APmCO(I+PCO)'] + (1+Poc0)'1[(1+P0c0)(1+|>c0)‘]]
-1

] -1 -1 oy -1
= (149 ) aP_Co(14PC) ™! + (14P4Co) " [1-0P €, (1+PCo) ']

of

-1
b APmCO(I+P0C0)

-1 -1 -1 -1 -1
-(I+P0C]) APmCO(I+PCO) -b(I+P0C0) APmCO[I-(I+PC0) APmco](I+P0C0)

-1 -1 -1 -1 -1
-(I+P0C1) APmCO(I+PCO) -+(I+P0C0) APmCO(I+PC0) (E+POCO)(I+POCQ)

I
-1 -1 -1
[(I+P0C0) ‘(I+P0C]) ]APmCO(I+PCO) n

Derivation of (4.3):

(i) For Lot

(a) Let ny =u, =dy =0, and u; # 0, then we obtain successively
ey = up - G (P-Py)Qge
[I+C2(P-PO)QOJe] = Uy
e; = (I1+C,aPQ0) uy
¥y = Qg(1+C,4P00) uy (A.6)
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¥y = PAT+C,4P0) 'y (A.7)
From (A.6) and (A.7), we have

- -1
Hyuy = Qo(1+C28P)

= -1
Hy = PQy(1+C,APQ,)
(b) Let u; = ny = dg = 0, and u, # 0, then

= -rozed = -QOCZ(P(y]+u2)-P0y]) = -roz(Apy1+Pu2).
Hence,

= "(I+Q0C2AP)-]Q0C2Pu2; thus

H

yyup = -(1+QOCZAP)"QOCZP

Since Yy = P(y1+u2),

H P(H +1)

Yol ML

PL-(1+QyCotP) ™ QyC,P+1]

[I-PQOC2(1+APQOC2)']]P
= (I+APQOCZ-PQOCZ)(1+qu0c2)-1p
= (1-PyQyCp) (1+8PQGC,) P

(c) Let uy =up; =ny =0, and dy # 0, then

¥y = Qqlaeq = QoCa(Pyytdg-Poyq) = -QgCp(APY;*dg)

- -1 ,

<
pu—
I

_ -1 _ -1
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Since Yp = Py]+d0

X
]

-1
I +PH = 1 - PQ,C,(I+APQ,C,)
y2d0 y]do 072 02

(I+APQOCZ-PQOCZ)(I+APQOC2)']A

= (1-PyQyC,) (1+4PQGC,) !

(ii) For Zes (4.3) can be easily verified by inspection of Fig. 6(b)

and simple computations. H

Derivation of (4.13): By definition and the system I/0 map (4.3),

. MO - -1 _
By 1= My Hy u = PRUICR8P00) ™ - Pl

= [PQy-PyQy(1+CyaPQy) 1(1+C,P0y) ™!

(I1-P4QpC,) ARG (1+C,APQ)
= (1-PyQyC,) (1+4PQ,C,) 4ROy n

Derivation of (4.14): By simple computations, we have the corresponding

perturbed I/0 map mszu] = POQO(I-CZAPmQO)']. Hence,

Aye . e 0

Youq yz“x"H¥2“1

1
PoQo(1-C28P Q) - Polg

PoQuL(I-CoaP 0p) ™ - 1

= PQqlI - (I - C,aP Q) 1(1-CpaP Q)"

' -1
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Proof of Fact 5.1:

Since 7 and 1)

are incr.48-stab1e, (I+C]P0)Q0 is AX-stab1e iff
n'](I+C]P0)Q0 is.xg-stable. Thus from (5.3c) and (5.3d), to show (5.3e)
we only have to show that 'S(C,Pg) is S-stable 1£f 's(py,m,n7TC) is
xg-stable.

Since w is linear, it can be easily seen,'from Fig. 5, that
1s(py,m,171¢;) is £ -stable implies that I5(c;.py) is J-stable. The
proof is complete-if we show that ]S(C],Po) is & -stable implies that
]S(Po,n,w']cl) is Ag-stable; we prove this next.

Consider the system 1S(P0,w,n']C1) shown- in Fig. 5 with input

(u],uz,do); write the equations determining e, and y,:

ey = ﬂ(u]-w']clyz) *u, , (A.8)

Yy = dy + Poes (A.9)
Let 52 : = n(ul-w'lc]yz) - w(-n']clyz), and | (A.10)
dy = dys | (A.11)

and then rewrite (A.8) and (A.9) as

2 dg + Poes (A.13)

where in (A.12) we have used the linearity of .

Note that (A.12) and (A.13) describe the system 'S(C;,Py) with input
(62+u2,30). Since by assumption ]S(C],PO) isxg-stable, for the system
]S(Po,n,n']c]), the map H :(d0,62+u2) P*(ez,yz) is.é?-stab]e. Since w is
incre./g -stable, it can be easily shown that the map v :(u],uz,do)
F*(d0,52+u2) is AX-stab]e. Therefore, for ]S(Po,n,w']c1), the composite
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map Hy: (u1,u2,d0) **(ez,yz) is /X-stable. Since y; = e, - Uy and
e = n']y], the map (u1,u2,d0) > (e] ,y]) is also 3-stab1e, consequently,
the system ]S(PO’“’"-]Cl) is Ag-stable. "

Derivation of (5.14): By definition of AHy 4. and Eq. (5.2),
21

AHyz"l

P(1+C;P) ™! (1+¢,P4)Qy - Polg

P(1+C,P)"" (14C1Pg)Qq - PO * POy - Pyl

1]

P(14CP) ™ (1+6;Pg)Qg - P(I4C,P) ' (1+C,P)Qy + ARG

n
For u; € £e°, let ny := (I+C;Py)Qy(uq), &ny := C14PQqy(u;) 5 then
Hy 0, () = P(1+C;P) ™ (ny) = P(1+C;P) T (ny+ang) + 4PQG(ug)

Using Taylor's formula, [Die. 1, Theorem 8.14.3],
! -1
() = T DEPCTHEP) ™ Im )y + Q)]

1
= [+ 0(P) (141021 any, e+ 4P un) ]

where in both instances D(P) is evaluated at (I+C]P)'](n]+aAn1). Note that
in the last step we only used the chain rule, the inverse function rule

and the linearity of C] [Die. 1, Theorems 8.2.1, 8.2.3]. Now, since C.l

is linear
1

OD(P)(I+C]D(P))'1C1APQo(u1)da + APQy(up)]

o, (0) = (-
1

[T - D(P)C; (1+D(P)Cy) ™ 1aPQy (uy ) da

Sy

0
1
) fo (1+4D(P)Cy) ™ dous PO (uy ) ;
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Derivation of (5.15): By definition,

ATa m _,0
mHY2“1 Hyzul HY2“1

P0(1+C]P0)‘ (I+C]P)Qo - P

-1 -1
PO(I+C'IPO) (I+C]P)Qo - PO(I-I-C]PO) (I+C.|P0)Q0 .
n, ‘
For u, G‘Be , let ny = (I+C]P0)Qo(u])
Any := CIAPmQO(u]) ,» then
ATy () = Po(1#C1PQ) ™ (my#am;) = Po(1+C;Pg) " (m)
By using Taylor's expansion,
1
a - -1 .
o (o) foo[p0(1+c]po) (ny oty ) 2y do
! -1
- fo D(Py) (14€,D(Py)) "¢, 2P 4 (up)da
where D(PO) is evaludted at (I+C]P0)'](n]+uAn1). Now since Cq is linear,

a _ - -1
() = fo D(Pg)Cy (14D(Py)C;) daP 0y (uy)

| |
- [ t-epp)e) T 1em 4R gg(u) ;
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List of Figure Captions

Fig. 1.
Fig. 2.

Fig. 3.

Fig. 4.

Fig. 5.
Fig. 6.

The system ]X(P,K).

]Z(P,K) with the controller K replaced by the two subsystems

m and F.

Single degree of freedom design: 1S(P,C) which takes (u],uz,do)
into (yl,yz).

Two-degree of freedom designs-group 1: feedback configurations

za, Zb, Zc, and zd. It is assumed that Q0 = CO(I+P0C0)-]

(a) ¢
(b) Zy
(c) =

(4) 1
1

The system 'S(P,m,17'c;)

Two-degree of freedom designs-group 2: feedback configurations
Ze and D

(a) e

(b) 2 -
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