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ABSTRACT

We obtain analytically by an iterative procedure the equilibrium invariant

distribution for a class of strange attractors in highly dissipative systems. The

zeroth order distribution is found by solving the phase-averaged Markov equa

tion. Repeated iterations over the map yield the higher order distributions that

reveal successively finer structures. The analytical results have been compared

quantitatively to numerical results for the Zaslavskii map.
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We have previously developed an iterative procedure to determine analyti

cally the equilibrium invariant distributions on strange attractors in dissipative

systems [l]. The initial distribution for the iteration procedure was chosen to

be the solution of the appropriate phase-averaged Fokker-Planck equation. This

choice gave good results for weakly dissipative systems, but was shown to be

invalid for highly dissipative systems. Here we extend the procedure to highly

dissipative systems, by developing a direct solution of the phase-averaged Mar

kov equation as the initial distribution for subsequent iteration.

The class of dissipative systems we consider is represented by an invertible

perturbed twist map

Vn+1 = tti+**,tei.lfo+i) . (la)

^+1 = xn +^(l/n+l) + eG(a^,yn+1). (lb)

Here F and G are periodic in x with period Zn, and g, = (x,y) are the angle-

action variables of the unperturbed (e=0) Hamiltonian system.

We suppose that for some € a strange attractor exists with a basin of attrac

tion B. We construct by successive approximations the equilibrium invariant dis

tribution f(x,y) for the attractor. This distribution satisfies the conditions

f(x,y) = Tf(x,y) , (2)

yffdxdy =l , (3)
2tt B

where T is the mapping, extended to act on distributions. Although there are

many invariant distributions for an attractor, a particular one (the equilibrium

distribution) is singled out by the fact that the time average over almost any

orbit in B is equal to the ensemble average for this distribution.

The method proceeds from the coarse scaled features of / to the fine

scaled. Previously, we found a phase-averaged invariant distribution J^(y), by

assuming that / (y ,n) evolves with the "time" (iteration number) n as a Markov
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process in y alone,

T(y,n) =f7(y^y,0)P(y-hy,n |Ay) d(Ay) , (4)

where P(y,n |Ay) is the probability density that an initial ensemble of phase

space points at y suffers an increment Ay after a time n.

Making the assumption that

1 « 71 «
cF]max 4L

12

/ <*yj '
(5)

the equilibrium invariant distribution was then determined from a Fokker-

Planck equation in the action alone:

£••" ir{B7) +i£(2?7) (6)

where

_ i *"B(y) = ±-fdx(*y) (?)
2tt

and

1 **

2tt o

are respectively the friction and diffusion coefficients under the random phase

assumption, and Ay = eF(x,y) from (la). When the Fokker-Planck equation is

a good approximation for the Markov process, then the equilibrium solution

obtained from (6) is a good initial approximation for the invariant distribution:

/(0)(x.i/)=7(y) . (9)

To find successively higher order approximations, we iterate (9) by the

map. Letting z ' = (x' ,y') be the pre-image of & = (x,y), the i and i +1

approximations are related by
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fii+1)(x,y)dxdy =f^(x'ty')dx'dy' , (10)

which yields

/(i+1)(&W/(i)(a'(a)) . (id

where

/(T->«) = ddtf.y)
B(x,y) (12)

is the Jacobian of the inverse map

T-1* = £'<*)• (13)

By repeatedly applying (11) we obtain the nth order approximation

/(n)(s)=/(0)(r-ns) ft J(7r«fc) . (14)

The condition (5) for validity of the Fokker-Planck equation (6) is not

satisfied when the Jacobian / of the inverse map much exceeds unity. In previ

ous work [1], we studied several cases where the dissipation was small

J - 1 « 1

and condition (5) was satisfied. These cases all showed good agreement between

analytical and numerical results, thus verifying the validity of the Fokker-Planck

initial choice. We also studied a case where the dissipation was large (J = 10).

We noted that the Fokker-Planck solution did not agree well with numerical cal

culations in this case, and that it would seem better to determine the zeroth

order distribution by direct solution of the Markov process (4). In this letter we

present such a procedure, leading to a more accurate determination of the

equilibrium invariant distribution when the Fokker-Planck theory breaks down.

In the steady state, the Markov equation (4) can be written in the form

f(v) = ff(.T/)P(.y\y,W (is)
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where P(y \y*) is the probability density that an initial ensemble of phase space

points at y' makes a transition to y after one iteration of equations (1).

Such an / is difficult to find analytically, but may be obtained by an itera

tive procedure:

T^i(y) = ffj(.i/)P(.y\y,W • ("»

As j becomes large, fj will converge to an / satisfying (15) for almost all f q.

If we choose a simple and reasonably accurate J^q, J\ can be obtained

analytically instead of numerically. Such an /1 may be near enough to / to

serve as the initial choice / ' ' for successively higher order approximations to

the equilibrium invariant distribution, obtained from (14). To apply this pro

cedure, we choose as J"q the distribution that is uniform over the smallest rec

tangular region of the phase space (x,y) that maps into itself.

We apply the above procedure to the Zasiavskii map [2,3]

y = (l-<5)y' + k sin Znx' , (17a)

x = x' +y mod 1 . (17b)

The Jacobian of the inverse map is J = (1—d")""1. We assume / » 1 and choose

7"0(y') uniform in y9 for \y' \ <$. Here y is the smallest positive y' such that

y* exceeds y (x1 ,y') for all x'. From (17a), we obtain

g = k/6 . (IB)

Consequently, we have

T0(.y)"[H(y+k/6)-H(y-k/6)] , (19)

where H is the unit step function.

To obtain P(y \y'), we consider a thin strip in the (x1 ,y') plane 0 <x' ^ 1,

Vo <tf <yo + A» where A « k. From (17a), this strip maps to an arcsinusoidal

strip in the (x' ,y) plane having as borders the two curves
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x'Ay) =^irrl y-(i-<5)y0
k

*2(y) =^siirl y-(l-(5)(y0+A)

The transition probability P(y |y') is proportional to |xj —x2 | « dx'/dy.

We therefore find

f (3/ llO = e y-U-6)r/
k

where

= 0 . HI >1 .

Therefore we have, from (19) and (20).

v+k

/ dy'
2LdL

Tito) = fTM)Pto\j/}*v

*% +£}-#(y-£3 (-A-).*-* *=UdbL

Integrating by parts, we obtain

where

and

Ti(y)«9(.y-f)-g(y+f) .

r

0, X > 1:

1 1flr(x) =^-^-sin^x, 1x1*1
0, x < -1;

^

(20)

(21)

(22)

(23)
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7] = (6-1 -1)* . (24)

Normalizing as in (3), we have

7*W =sV2tj
y(^.y(^±2L) (25)

To verify the validity of this Jl% we choose A: = 1.4 and 6 = 0.9 (/= 10). In

Pig. 1, the analytical distribution J \ in (25) is compared with the numerical

result obtained from 10s iterations of a single initial condition. The agreement

is good, and / \ is a much better estimate of the phase-averaged distribution

than the Fokker-Planck distribution (see Fig. 1),

7w =(^1/8exp(-2(5y3/A:2) . (26)

obtained by solving (6)-(8) in the steady state [l].

In principle, fo,f \tfz forma sequence converging to the solution /

satisfying (15). However, it is difficult to determine /g, Y$t etc. analytically, and

we resort to numerical calculation. We divide the range |y | < 2 into 100 equal

intervals and use (25) in (16) to determine Yz-

The distribution / g qualitatively appears to be very close to / j. However,

to compare two distributions quantitatively, we must introduce a measure of

resemblance between them. We use the mean square hyperbolic deviation 2?2,

introduced in reference 1, as the measure of resemblance between the analyti

cal and numerical distributions. For two distributions / and g, each having N

occupations in a domain that has been partitioned into K cells, we write

E2=jri (V7J-VS7)8. (27)

where fj S 0 and Oy ^ 0 are the number of occupations in cell j. Introducing

the mean occupation number fi = N/ K, we see that E represents the (hyper-

-7-



bolic rms) number of standard deviations VJtl by which/ and g differ. Two dis

tributions closely resemble each other if E2 « 1.

The comparison of an analytical with a numerical distribution is limited by

noise (Poisson fluctuations) in the latter. If an analytical and a numerical distri

bution agree exactly (except that the numerical distribution is corrupted by

noise), then the best agreement we can expect is E2 = E§(/j) > 0. A graph of

Efi(/j) was given in reference 1; here, we need note only that for jj, » 1,

E% = yr\

To verify quantitatively that J\ and 7^3 are not much better than Ji when

compared to the numerically determined distribution, we divide the range

|y| ^2 into K = 100 intervals each having Ay = 0.02. Using N = 105

iterations of the map to determine the numerical distribution, E§ = 0.001.

The deviations E2 between jFj, /"2, and /s and the numerically determined dis

tribution are found to be 0.107, 0.103, and 0.104 respectively. Thus Jz and /3

are no improvement over /1, and we can choose / i(y) given by (25) as the ini

tial guess / W(x ,y) in (14).

Figure 2a shows the numerically determined distribution obtained from 105

iterations of the Zasiavskii map (17) for a single initial condition. The (x,y)

plane has been partitioned into 100 X 100 cells, and the number inside each cell

(not readily seen) is a logarithmic measure of the number of occupations.

Figures 2b and 2c show the corresponding analytical results for / W and

/ w obtained from (14). To see that they resemble the numerical distribution

more closely than those obtained from the Fokker-Planck distribution (26) do,

we refer to the results in Table 1. In the region \y\ ^ 2, /^ obtained by using

(25) has E2 = 0.60, which is considerably smaller than E2 = 1.02 obtained by

using the Fokker-Planck result (26). Iterating yet again to obtain / &\ we see

that either (25) or (26) yields E2 = 0.2. However, if we focus on a smaller



region of the attractor, we again see a difference.

Figure 3a is an enlargement of a small region for the numerical calculation

shown in Fig. 2a. Here we have chosen a single initial condition iterated 10

times, for a total of 37326 occupations of the map. In Fig. 3b, jn2' is plotted

using (25) as the initial guess for the same region as the numerical plot in Pig.

3a. We see not only that the structures look similar, but also from Table 1 that

E thus obtained is smaller than that obtained using the Fokker-Planck initial

guess.

Continuing to examine finer structures, we go to higher orders. In Fig. 4a,

the central region in Fig. 3b is expanded, and / ™is plotted. In Fig. 4b, the cen

tral region in Pig. 4a is expanded again and / ^4^ is plotted. Both / ^ and / ^

look similar to f™\ displaying the rescaling properties typically seen for

strange attractors. When comparing the distributions in Figs. 4a and 4b with

Pig. 3a, the corresponding values of E are again smaller than those obtained [l]

using the Fokker-Planck initial guess.

In conclusion, the approximate equilibrium invariant distribution on a

strange attractor for a two-dimensional perturbed twist map can be determined

analytically by iterating a certain phase-averaged distribution over the map.

Previous work [l] for small dissipation showed that this phase-averaged distribu

tion is the stationary solution of the appropriate Fokker-Planck equation for the

map. The theory has been extended here to large dissipation, for which the

phase-averaged distribution is determined directly from the phase-averaged

Markov equation, starting with a uniform distribution on an appropriately

chosen simple region of the map.
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Table 1: Comparison of Theory and Numerical Results for the

Zaslavskii Map with k = 1.4, 6 = 0.9, and K = 10 .

region |y|<2 |y|<-06 |y|£.000775 |y|<.00001

order
f(0) fO) f(2) f(2) f(3) f(4)

occupations N 100,000 37,326

4 o.n 0.35

E2
5.03 0.60 0.20 0.79

•k

0.79 ' *0.86

E2
f(0)=fT TFp 5.31 1.02 0.20 0.92 **0.92 **0.98

'Rescaling |y| <0.000775 to |y| <0.06.

Rescaling |y| £0.00001 to |y| < 0.06.
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FIGURE CAPTIONS

Fig. 1. Comparison of the Markov and Fokker-Planck analytical distributions

with the numerical phase-averaged distributions for the Zaslavskii map

with A: = 1.4,<5 = 0.9, and N = 105.

Fig. 2. Phase space y —x for the Zaslavskii map with k = 1.4 and 5 = 0.9, in

the range —2 ^ y ^ 2. (a) Numerically obtained from one initial condi

tion (x) with 100,000 collisions; (b) Analytically obtained first order

result f^'(x,y) using the Markov initial choice J\\ (c) Analytically

obtained second order result f^2'(x,y) using the Markov choice jFj.

Pig. 3. Phase space y —x for the Zaslavskii map with k = 1.4 and 6 — 0.9, in

the range 0.44^ x ^ 0.56, -.06^ y ^ .06. (a) Numerically obtained

from one initial condition with 1,000,000 collisions, of which 37326

occupations are shown; (b) Analytically obtained second order result

/ ™{x ,y) using the Markov choice JTi.

Pig. 4. Successive magnifications of the analytical result in Fig. 3b showing (a)

third order structure and (b) fourth order structure.
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