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Abstract

This paper presents a new approach to on-line control system tuning, based
on worst case design using semi-infinite optirnization, together with a plant

uncertainty identification scheme which this approach requires.



1. Introduction

Semi-infinite optimization is emerging as a powerful tool in control system
design '[1. 2], making it possible to formulate and solve important classes of new
design problems. In this paper, we show that semi-infinite optimization can be

used in a novel and powerful way for on-line control system tuning.

In the simplest case, the designer is given plant identification information,
either in the form of nommal plant parameter values or in the form of an uncer-
tainly sef containing the plant parameters, as well as a set of design
specifications. The specifications are then transcribed into semi-infinite inequali-
ties involving compensator coeflicients, which form, in turn, the constraints of a
semi-infinite optimal design problem (see, e.g. [1]). The solution of the optimal

design problem is a vector of optimal compensator parameters.

Unfortunately, complex specifications may be inconsistent and hence the
optimal design problem.may have no solution. To overcome this difficulty, in this
paper, we formulate optimal design in terms of a new concept: that of achievable
performance which is expressed in terms of an unconstrained semi-infinite

optimization problem which always has a solution.

A more complex design situation arises when an identifier is used to update
plant parameter information while the closed loop system is in operation,
exploiting the intuitively clear idea that one should be able to improve the
actual control system performance as the plant identi_ﬁcation improves. We show
that, under certain conditions, a sequéntial redesign scheme, based on informa-
tion updates, produces a linear time varyihg control system which is asymptoti-
cally stable. Furthermore, we show that this time varying control system has
better properties when a plant parameter uncertainty set identifier is used,

than when an asymptotic plant parameter identifier is used.



There are various schemes in the literature, see e.g. [3], for the asymptotic
estimation of plant parameters. The notion of parametric uncertainty set
identification is a recent by-product of the use of semi-infinite optimization in
design [2] and has not been explored until now. Consequently, we present in this
paper a scheme for the identification of a decreasing sequence of uncertainty
sets for the parameters of a plant which is incorporated in a closed loop system,
and we show that under certain hypotheses this uncertainty set shrinks to the

.true parameter values as time goes on.

2. Optimal Design via Performance Factors

Without loss of generality, consider the simple SISO sampled-data system in
Fig. 1. S@pose that the continuous plant characterization is given only in the
form of the g-transform transfer function

P'(B.2)= Lﬁ:;ob“,z-*] / Lf:a,,z-h = %E—g:—:—g- . (2.1)

=1

where we have used the notation A& [y &, - 8)7 . BA[b, b2 - 5,]7 and
© A[GT 87]T €R™*!. The compensator to be designed is also specified as a 2-
transform transfer function, to be implemented by means of a digital computer
and a sample and hold:

Cc'(x,z) = Lgod,z"‘] / Lglc,,z"‘ A %%:—z—;—. (2.2)

where x€ R? is a vector of designable coeflicients of the compeﬁsator. e.g. the
coefficients of the numerator. For the purpose of illustration, let us consider
three typical performance requireménts: (i) closéd-loop stability, (ii) rise time,
overshoot and settling time bounds on the step response and, (iii) disturbance
rejection in a specified frequency range. In nominal design , the plant parame-

ter vector © is assumed to be known. In worst case design, the plant parameter



vector is assumed to be known only to the extent that © € 4, a compact uncer-
tainty set in R®*!, Since we wish to deal with. both worst-case and nominal

design, wé include the parameter vector 0 in all our formulas.

First we consider closed loop stability. The characteristic polynomial of the
closed loop system in Fig. 1 is given by x(x, 8,)) A n,(0,\) n(x,A) + d (O
«A) de (X,A) , where A€ €. Let d(\) be a polynomial of the same degree as x,
with all the =zeros of d(A\) contained in the open unit disc
DAf{rec| |A] <1} Let T(x,8,A) & x(x.©,7\)/d(\) . Then, refering to
the modifled Nyquist stability test proposed in [1], we see that if the locus of
T(x, ©,A) traced out for A = exp(jw) , with 0 < w < 27, stays out of a parabolic
region in € containing the origin, then the closed loop system is exponentially
stable, assuming that there are no hidden oscillations. The parabolic region has
a boundary described'by v = b,u-b", , where b%,,b"; >0 and s € C is given by
§ = u+jv . Hence the stability requirement , for the sampled-data system, leads

to the semi-infinite inequality (in normalized form )

5— Um[T(x, 8.51)] - b Re[T(x. 8,j)2 + 1} = O, (2.3)
Vv 0€4 .,V we[0,2n]

where, in the case of the nominal design, one sets 4 = {6}. In the case of worst
case design, A is a compact set. Note that the coeflicients b'; and b"; are nego-

tiable and that they can be used to control the conservatism of the stability

test.

Since we are interested in the stability of the sampled-dala system, not
only viewed as a discrete time system, but also of the sampled-data system
viewed as a continuous time system, we must make sure that there are no hid-
den oscillations. Referring to [9], we see that, assuming that the continuous time
plant is described by a rational transfer function, these can be eliminated by

choosing a sufficiently high sampling rate.
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The step response requirements can be expressed in terms of upper and
lower bounds over an appropiate time range. Thus, if we let y(x, ©, t),t =0,1,...,
denote the closed loop system unit step response from rest, the sampled peak

overshoot requirement leads to a set of inequalities of the form

bo - ’ VQEA. Vt€f0.1."'-t°;. (243)

where A = ial in the cese of nominal design. The sampled rise time require-

ment leads to a set of inequalities of the form

“ﬂx_&'?"t')‘”so’ V OEA, Vi€ it by, uts), (2.4b)

where, again, 4 = 25; in the case of nominal design. The sampled settling time

requirements lead to similar inequalities.

To complete our dscussion, we address the question of disturbance rejec-
tion over a frequency range. The problem is somewhat complicated by the fact
that the disturbance is assumed to be defined for all time, while our z-transform
transfer functions deal only with sampled signals. Let d(t) be the continuous
time output disturbance and let y(x,t) be the corresponding continuous time

closed loop system output. Assuming that the sampling rate is preassigned, we

can write
d(t) = dy(t) +dp(t) (2.52)
y(x.t) =y (x.t) +yr(x.t) (2.5b)

where d,(t) and ,(x.t) are the outputs of zero-order sample and hold circuits,
with input d(¢) and y(t) , respectively. Then, it is easy to show that
Po(x.5)

dy(s)
where y,(x.s) and d,(s) are the Laplace transforms of y;(x.t) and d(s) respec-

= Hyy(x.e™) (2.5¢)

tively and Hys(x.2) is the z-transform transfer funtion from d to y and h is the

sampling period. We note that the sampled-data system has no effect on the
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reminder d.(¢) . The only way to make d.(t) and y,(¢) small is to increase the
sampling rate. Since the spectrum of 4, (¢) is very close to the spectrum of d(t)
when the sampling rate is sufficiently high ( as it ought to be for the feedback
system to be eflective ), when the output disturbance d(t) is specified as having
a Fourier spectrum concentrated in a frequency interval [w; . &z ] . the distur-

bance rejection requirement results in the following normalized inequality :
1 g johy | - 5
b‘(ﬁ)) | H‘w(xo 90 e ) l 1 s o ] V QE[UI ’ 02 ] ] (2.°d)

where Hyu(x, ©,2) is the transfer function from d to y, h is the sampling period

and b4(w) > 0 is a continuous bound function.

The above examples show that design specifications result in normalized

inequalities of one of two possible forms:

%%ﬂ-- 1<0, VOe4,VVveNy, (2.6a)

. 9,
_ eo(x ")..,. 1<0, VOcd, VveN,,

be; (V) (2.6b)

where all functions are continuous and the denominators are strictly positive
over the range of interest. Such a system of inequalities can certainly be incon-
sistent. In the case of inconsistency, the designer may try to change the bound
functions b,;(v) , bg;(v) . A better way, derived from multicriteria optimization

considerations, see e.g. [8], is to use a vector of weights w = [w] wJ]7 > 0 and to
define the achievable performance factor p(A,w) by
Awd  min w ,0,v)/b,;(v)-1] sy,
r(4.w) L. by | wyley( )7 bW -1] =y (2.7)
VW BCA.VVEN, Ve ;

- wpifp2(x, ©,V)/ boj(V) + 1] <y,

v GEA,V VENgj.Vj ng,



XSsx< X))

where w,; , wp; are the components of w; , Wp; J, , J; are index sets and the sets
N 1y » Ny are either intervals or finite sets. The vectors x ¥ denote realizability

bounds on the design parameters. As before, in the case of nominal design,
A=1{8} in(27).

A more sophisticated, but also more complex way of using of weights w; is
to make them v dependent functions. When this is done, weights can be used for

response shaping and more subtle tradeoff than can be done with fixed weights.

Suppose that p(A.w) < 0 . Then all the specification inequalities are
satisfled. When p(4, w) > 0, at least one specification inequality is violated and
the desigxier may wish to increase its weight in (2.7) while decreasing other
weights as a way of getting closer to desired performance. Thus, for a selected
compensator structure, design tradeoffs are performed by repeatedly solving
probleﬁx (2.7) (which always has a solution) ;vith adjusted weights until satisfac-
tion is achieved. If that does not take place, the compensator structure must be

modifled.

3. Identification and Sequential Redesign

We shall now explore the possibility of obtaining improved performance in a
closed loop system, such as the one in Fig.1, by redesigning and updating the
compénsator whenever the identification of the plant transfer function P'(5 .2)
is improved in some sense. Although not required by the theory we are about to
present, in practice such a scheme is likely to work better if the initial plant
parameter estimate, or the initial uncertainty set A(0) is such that the design
vector (y(0),x(0)) which minimizes (2.7) results in an exponentially stable
closed loop system. We assume that a plant identifier is installed which produces

either a sequence of plant parameter estimates {0(¢)] or a monolomcally
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decreasing sequence of plant parameter uncertainty sets {A(t)} such that the
true plant parameter B eA(t) for all t €N,, where N, A {0,1,2,3,....}. The follow-

ing two theorems can be deduced from results on max functions in [7.10].

Theorem 3.1: Let {6(t)] be a sequence of plant parameter estimates such that
9(:)-»6 as t»00 , and let {(y(¢), x(t))] be a sequence of optimal solutions to

(2.7). carresponding to 4 = { 8(t)] and a given weight vector w. Then,

G) p(1e(t)}.w-p({B).was t+co.

(ii) any accumulation point X ., of {x(¢)] , defines an optimal compensator for
the actual system.

We conclude from this theorem that if p({®}, w) < 0 .i.e. desirable perfor-
mance can be achieved, then there exists a t; such that for all t =ty , p({©
(t)}.w) = 0 and, furthermore, by continuity of the functions ¢,; . ¢2;. the per-
formance inequalities (2.5a), (2.5b) are satisfied for A = { 8] , i.e. desirable per-
formance is achieved for all £ = £, . A similar result holds true for the perfor-

mance inequalities considered one at a time.

Theorem 8.2 Let {A(t)] be a sequence of compact uncertainty sets in R?**! |
such that for all t €N, © €A(t) and A(t+1) C A() NexL let §{y(t). x(t))} be a
sequence of optimal solutions to (2.7), corresponding to 4 = A(t) and a given

weight vector w > 0. Then,

(i) p(A(t+1),w)<p(A(t).w) forallt €N and {p(A(t),w)} is bounded;

o
(i) ¥A_= N A(t). and p(A_.w) < 0, then there exists a ¢ such that for all
t=0

t =ty p(At),w) < 0;
(iid) It A_ = {8}, then p(A(t).w)+p(16].w) as t +o0 and any accumulation

point X of { x(¢) } defines an optimal compensator for the actual systern.



Since the sequence {p(A(t),w)} is monotone decreasing, it follows that if
there exists a £g such that p(A(tp).w) < 0, then p(A(t),w) < O must hold for
all ¢ -= to. Thus we see that there is one major difference between nominal and
worst case control system sequential redesign. In the worst case sequential
design, one can determine when the identification is good enough to ensure that
desired performance requirements are satisfied, while in the case of nominal

design such a determination does not appear possible.

Now sﬁppose the conditions in Theorems 3.1 or 3.2 prevail and that each
time the compensator C(x.z) in Fig. 1 is redesigned, it is updated in the feei-
back system. Note that we can ensure by algorithmic means that the compensa-
tor vectors x(t), t €N, defined as in.'l‘beorem 3.1 or Theorem 3.2, converge to ¥,
a local optimal compensator vector for the actual plant, for the given weight
vector w. The following theorem which assumes a state space realization for the
feedback system in Fig. 1, shows that if the stability inequality (2.7) is satisfied
for this X, then the time varying sampled-data system which resuilts from the
compensator updates is uniformly asymptotically stable ( assuming that there

are no hidden oscillations ).

Theorem 3.3: Consider the linear time varying discrete time system

t(t"'l) = G(t) f(t) £=01,--" (3.1)

where the G(t) are NXN matrices such that G(t) - G as ¢ ~co , where G has all its
eigenvalues into the open unit disc D€ €. Then (3.1) is uniformly asymptoti-
cally stable.

The above theorem can be proved easily by constructing a Lyapunov func-

tion corresponding to the system

gt+1)=Gg(t) £ =01, - (3.2)



and showing that this Lyapunov function is also a Lyapunov function for the sys-
tem (3.1) for ¢ sufficiently large. ‘

4. A Scheme for Plant Parameter bncertainty Identification

In the control literature there exist many schemes for estimaling the
paramsters of a plant from input and disturbance corrupted output measure-
ments {3], but it appears that there are none for obtaining families of uncer-
tainty sets {A(t)] , as stipulated in Section 3. We shall describe a new uncer-
tainty identification scheme and we shall give sufficient conditions on the com-
mand input and compensator updating procedure so that the resulting time
varying control system is asymptotically stable.

The uncertainty identification scheme we are about to present is based on a

simple observation. Consider the simplest plant described by

y(t+1)=byu(t) , teN, (4.1a)
g(t) =y(t)+d(t) , teN, (4.1b)

and suppose that the disturbance is known only to the extent that it is bounded,

ie.
|d(t)] =a . WteN, (4.2)

Now , suppose that we have measured {u(7)} and {z(7)} for T = 0,1,....¢. Then, for

all 7 < ¢ such that u(7—1)#0 we have that b, is given by

-

b, = u(le) (4.3)

but cannot be computed from (4.3) because {y(7)] is not accessible. However,
for all ¢ € N, we can compute an interval A(t) at time ¢ which contains b, as fol-

lows . Note that from (4.3),



b, = E(D=d(n)

u(r=1) ' Vv T€EN, suchthat u(7-1)#0 . (4.4)

Hence, since d(7) €[-a,a] for all Te N, , we have that

z(7)- (n)+
by £ A(E) A (.,Q), [ ey :(’;_1‘; : (4.5)
u(r-1)»0

Note that the interval A(¢) shrinks as t increases. Furthermore, suppose that
for some T,,7Te€N, we have that d(r))=a , d(m)=-a with

u(7¢—1)#0 for i{=1,2. Then, by substituting (4.1b), (4.4) in (4.5) we obtain that

b, € A(t) A (,Q), [b,+%. b1+%((?;%— = {by} (4.6)
u(r-1)n0

Thus, for this smple case , it is possible to construct an identification scheme
which
(i) produces a decreasing sequence of intervals containing the actual plant

parameter , and
(ii) yields the actual parameter b, in finite time if the disturbance sequence
attains both of its bounds in finite time.

We shall now show that this simple idea can also be extended to higher

dimensional difference equations of known order.

Consider the n-th order plant defined in (2.1). Its input-output behavior is

governed by the difference equation

2 d; y(t+n-k) = f: by u(t+n—k), (4.7)

b=0 k=1

where the coefficients @; and E, need to be identified. We shall assume that we
can measure the plant input fu(¢)} and disturbance corrupted output {z(t)} .
where z(t) = y(t)+d(t) for all ¢ €N, and that there exists an a€(0,00) such
that the output disturbance satisfies |d(t)] < aforallt €N, .



For a given plant input {u(¢)] and corresponding output f¥(t)}. let

y)A[y(t+n) - - y(O)] eRr*!, (4.8)
(t)B[z(t+n) - - - 2(¢)]T eRrHY

a&(t) 8 [a(t+n) - - d(t)]T eR*+?

u(t)B[u(t+n=-1) - - »())7 eR" ,

p(t) & [y(t+n=1) - y(t)u(t+n-1) - - u(t)]T eR>.

Although it is common to normalize (4.7) by setting @y = 1 , we will need the

alternative normalization [&], = 1, where fi], = 2 | &1 .
k=0

Definition 4.1: For a given plant input {u(t)} and observed output {z(t)} . we
define the plant uncertainty set F(t) , at time ¢ = n to be the set of all plant
parameters ©=[a” b7]7 , with acR"*), beR" , and Ja], = 1 , such that the
output §y(¢)] of the difference equation

f: a, y(t+n-k) = 2 by u(t+n—k) (4.9)
E=0 k=1

satisfles |y(T)-2(7)] < a for all T< t—n , for all initial conditions
y(r).7=0,1,...,n-1 such that |y(7)-z(7)| € a for T7=0.1, - -n-1, ie.,

using the notation (4.8) and rewriting (4.8) as an inner product,

F(t)& {@=[a” b ]| acR"*!, [a], = 1,beR", (4.10)
and there exists d{7) such that |d(7)| < a,
for 0<Tt<¢t ,h6and

(a,2(1) = d7))-(b,u(7))=0 forOsT=<st-—n|.

We note that, without additional assumptions, it is not possible to identify
the plant at time ¢ with any greater precision than to state that the actual
parameter vector ® € F(t) . Since the description of F(t) is too complex for

efficient algorithmic design, we introduce a computationally more tractable



uncertainty set A(¢) that contains the set F'(t).

Definition 4.2 For £ €N, .t = n let

A(t)A(@=[a" b")" |acR** Ja], = 1,beR" ,and (4.11)
Ka.z(r)-<b.uw()) safor 05 7=t-n]j.

First, note that each inequality that appears in the definition of A(t) deter-
mines a slab in R**1, Thus A(¢) is the intersection of a polybedron, which is the
intersection of slabs, and the surface defined by the piecewise linear constraint
lal, = 1, see Fig.2 . Next, note that, as ¢ increases, the number of intersecting
slabs that form the polyhedron increases and therefore A(¢) shrinks as ¢t
increases. It is possible that the sets A(t) shrink to the set {9, - 9} in finite
time. To see how this may happen, suppose that @ = [a”,bT]T € A(t) . Then,
from (4.11), for T<it-n , |{a,zT)H-¢b.u(?))| = a. Since
G.y())-®.u"))=0 for all . T we obtain that
-a = {a-3, (7)) - (b-b, u(t))+@. d(7)) = « must hold. Now. suppose that the
same pair (2(7),u(T)) 8(p.qQ occurs for two values 7, and T of
7€§0,1,: - - t-n}, while @,d(1))) = a and (&, d(7z)) = - a . Then the intersec-
tion of the slabs corresponding to T = 7, and T = T, is a hyperplane orthogonal to
[p” | —q"]" which contains ©. It follows that if this phenomenon occurs 2n times
with the normals to the resulting hyperplanes being linearly independent, then
the normalization Ja}, = 1 implies that A(t) is reduced to {8, -9 in finite time.
In Theorem 4.1, we will show that under plausible assumptions on the distur-

bance sequence {d(t)] , the sets A(t) shrink to 16,-9].

Proposition 4.1: For all £ = n, (i) @ € F(t) CA(t); (ii) F(t+1)c F(t) , and (iii)
A(t+;) CA(t).

Proof :



(i) Let ©=[a’b”]” € F(t) . Then, by (4.10), f&l, = 1 and there exists {d(¢)]
such that |d(7)| < afor 0 < T < ¢ and (&, 2(7) ~d(T))=<(b,u()) = 0. It follows
that, forall0O S 7< {-—mn ,

I<a, (1)) =<b, u(n))| = [<a, (7))~ (b, u(r))+(a. d(7)|
| = [Ka. &(7)| = a,

and therefore ©@€A(t). Since we have assumed that output disturbance is

bounded by a and [, = 1, it is clear that 8 € F/(¢).

Definition 4.3: We shall say that a sequence {£(t)] CR® is persistently ezciting (
p-e. ) if there exists a £* and a § > 0 such that forall k €N, ,

:if;e(t) £2) =61 . (4.12)

Note that in the above definition, we do not require an upper bound on the
sum of the rank one matrices £(t) £(£)7 in (4.12) , so that the definition is not

restricted to bounded sequences.

Consider the intersection SNCy( 5) of the polyhedral surface S 4 {0
€eR®™*!| @=[a"b’]7, ja];, = 1} with the half cylinder of radius p, C,,(E) ={0
ER*! | @=uB+w, u20,(w8)=0, jwlz<p]. Clearly, the diameter of
snc,('é) is proportional to p. The following lemma establishes a bound on p
such that for all t = k*+n, , where k® is as in (4.12) , A(t)<c SN(C,(B)UC,(-B

)) and hence on how well A(¢) approximates ©.
Definition 4.4 For all £ €N, let A™(¢) denote the orthogonal projection of A(t) on
the orthogonal complement of the line spanned by 9. ie.

A"(t) & tveR®*! | (v, 6):{8-v,V) = 0 for some B¢ R*"*! ] (4.13)

and let the |-[,—norm radius of A™(t) be defined by



p(t) & sup fivlz | veA(t) ] (4.19)

Lemma 4.1: Suppose that the sequence {gp(t)] defined in (4.8) is p.e., with
t* €N, and 6 > 0 such that for all k €N,

.f’w(t) p(t)T = 61, (4.15)

t=k

Then, forall t = t*+n , (i) A(¢) is bounded, and (ii) p(t) = 2a VI*+1/ 6.
Proof: For all t €N, , let G(¢t) e R¢*+1x(+1)) pe defined by

yi&)T  —ut)T

cie) | . . (4.16a)
y(t+t*)T —u(t+t+)7

y(t+n)

>

l

| .

| H(t) |, (4.16b)
: |
y(t+n+t®) |
where H(t) e R¢*+1*2 consists of the last n columns of G(t), and {y(t)} is the

‘actual plant output corresponding to the input {u(¢)} . Because of the plant
dynamics relationship (4.7) , we have that

G(t)6=0 , WteN, , ' (4.17)
Next, because of (4.12),
H(¢)TH(t) = 61, WwteN, (2.18)

which shows that H(t) is of maximum column rank. Now, suppose that for some
to = t*+n, 8=[a" b7 )7 €Ato) . Then, for all t €N, , t < tg, we obtain from

the definition of A(t,) . that

| <z(t), ad—<u(t).b) | = a , (4.19)



and hence that forallt €N, , ¢t < ¢, ,

[<uft).b)| = a+[<x(t),a)| . (4.20)

Let U(0) e R¢**1™® pe the submatrix of H(0) defined by

u(0)” _
ué . . (4.21)
u(t*)”
Then, by (4.20),
IUbl, < a+mex|{z(t).a)| . (4.22)

Since H(0) has maximum column rank, so does the submatrix U . Hence, since
lal; = 1 by definition of A(tg) , it follows that A(tg) is bounded, and (i) follows by
(iii) of Proposition 4.1.

Next, we proceed to obtain a bound on-p(tp) , the radius of A(tg) . Let
VEA"(ty) be arbitrary , and let 8 =[a” b™ ]J7 €A(¢,) be such that {8-v,v)=0.
By (4.182) and (4.19) we have that

IG(t)e]_ =<2a, WOs<t stz~k*-n . (4.24)

Making use of the relationship between the [-[; and the [-|_ norms, we now

obtain that
!G(t) Qﬂg <2aVi*+l, W 0st < tg—-t*-—mn (425)

Now, for any t €N, , H(¢) has full column rank, and therefore G(t) can have a
null space , ker{G(t)] , of dimension at most 1. But G(¢) ® =0, where O is the
true parameter vector. Hence ker[G(t)] is spanned by ® . Furthermore, from
(4.18) , H(t) has has 2n singular values greater than é§ > 0 . By the Courant-
Fischer characterization of eigenvalues of Hermitian matrices [11], G{t) ( see
(4.18b) ) also has 2n singular values greater than 6 . Let 0; ,1=1,2, - - 2n be

the nonzero singular values of G{t) , with o, 2 62 -+ 2 0,, 26 >0. It
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follows that for all £ € N, there exists a singular value decomposition [11]

U(t) Z(¢) W(£)T = G(t) (4.26a)
where

U(t) € R*™° | Y(¢) € RiZn+x(zn+1) |

are orthogonal matrices,

6,0 . 0 | O]
0 op . l
L] . . 0 .
20= 0 | 0 on I o | e Remtenen, (4.26b)
-— - -— - | -
o . . 0 | o0

and such that V{t) is partitioned as follows: V(t) =[Vi(t)|Vans1] . with
Yene1 = o/ Iaﬂz .

Now, for any ¢ €N, , © can be expressed in terms of the orthonormal basis
that forms the columns of ¥{t) , i.e.

&= W(t)7(t) = [Vilt) | vaner ] [7:2) )

! =+l Yene1 )

for some y{t)€R***! | Since Vi(t)T van+; = 0, we must have that v = V;(t)7,(t) .
Now, from (4.25), (4.26) and (4.27) we obtain that for all t €N, with

t<to—t*—n,

2aVE* +1 = |G(t) Bz = [U(t) B(¢) V(t)TV(¢) () 2 = [2() 7(t) [

25/ g ()2 = 8IVi(t) 7(t) bz = 6 ¥l .

because V;(t) has orthonormal columns. This completes the proof of Lemma 4.1.

>From Lemma 4.1 we see that the persistency of excitation of {¢(t)] implies
that the computation of the plant parameter vector from input - output data has

a finite condition number.



Theorem 4.1: Suppose that (i) the sequence {g(t)}. defined in (4.8). is p.e., (ii)

the disturbance sequence {d(t)] is a sequence of independent random variabies

uniformly distributed on [-a, a]. Then, 4_= N A(t) = {9, -©}{ with proba-
t =0

bility 1.

Proof: Suppose that there exists a ©€4_ such that 8¢ {®,-8]. Then, there
exist w€ R®™*! and 7 € R such that w#0 and
0= WHNVans1 o Vone1 = 87 )8k and {Vens; WH=0 . (4.28)
Furthermore, there exists an ¢ > 0 (without loss of gex:xerality. £ < a ) such that
| [y(t)7 | -u(t)"r]wl = ¢ infinitely often (i.0.) . (4.29)

b
To see this, suppose, by way of contradiction, that for any & > 0O,

| [y(¢)T | —u(t)T]w| < £ only finitely often. Then, lim|[y(t)” | —u(t)"]w| =0

g ~00

and therefore (4.16a) implies that im[G(¢) wjz = 0. But {¢(t)} is p.e. and there-
-~

fore there exist t* €N, and § > 0 such that (4.15) holds. Making use of the
singular value decomposition (4.28), we obtain that

1G(t)wiz = JU(£) Z(¢) W2 )" wh (4.30)
= 12 [Vilt) | vns1 ]7 whe = Z(2) v'(to)r'l I
= 6iv(t) wi,=6]wl, > 0,
end therefore lim | G(t) wl; cannot be 0, so that (4.29) must hold.

Now, by the definition of the sets A(t) and 4__ , it follows that

[[=(6)T |-u(t)T]O] =a. WteN,

Substituting (4.28) in the above we obtain

-18-



—a < [y(t)T |-u(t)T]w+(d(t).8) <sa, VteN,,
which , together with (4.29) can be used to establish that either

(d(t).a) = —a+¢ ' (4.31a)

At),a)s a-¢ (4.31b)

or both must hold for infinitely many t € N, . Without loss of generality, we may
assume that (4.31b) holds for infinitely many £ €N, . We thus obtain that

1-Probf{4, = {0,-8}] < Probid(t).a) < a—¢ io.} . (4.32)
Now, forall t €N, , if sgn(a, )d(t+n—-k) > a=¢ , k = 0,1,..n , then,

(d(t).a)=‘§)oa, d(t +n—k)

=L | lsom(aaitsn—k) > (a=e) $ o | = o

- It follows that, for all ¢t €N, ,

Prob{(d(t),a).< a-t] < 1--Pnob[sgn~(ui)d(t+n-k) > a=-¢,1=0,1,...n] (4.33)

But {d(t)] is a sequence of independent random variables, uniformly distributed

on [ ~-a,a] and therefore for all £ €N,
Prob{(d(t),a) s a—z] < 1—£[Prob{sgn(u,)d(t+n—k) >a-t]  (4.34)
n+l
= 1-[%] 4 pe(0.1)

If (d(t.),a) £ a-¢& Lo., then,there exists a subsequence {d(¢t,)} of {d(t)] such
that for alli €N, , £y -2 > n+land{d(¢;).a) = a—-¢ . But
Prob{(d(t).a) < a~t io.}
< Prob{{d{{;),a) < a-¢ , Wi€N,]



< Prob{{d¢;)).ay<a-t , 1si<sj], WFEN,

= [ Probi<d(t,).a) s a-e} < p' , WjEN, ,
=0

so Prob{({d{t).a) < a—t i.0.} =0, because p€(0,1) , and this completes the
proof.

Since {@(t)] cannot be measured, condition (4.15) cannot be checked. We
therefore need to develop conditions on the exogenous signals {7(t)} and {d(t)]
which ensure that the sequence {p(t)] is p.e. For this purpose, we need the fol-

lowing definitions and useful Lemmas.

Definition 4.5.: A sequence {n(t){CR is p.e. of order n if {n(t)] CR® defined by
n(t) =[n(t+n-1)- - - n(t))", teN, isp.e.

Definition 4.8: A sequence {£(¢t)] CR® has a spectral line at w€[0,27) , if there
exists a vector §(jw) € C-{0{ such that

lim ‘—:ﬁb (t)e 1 =F50) (4.35)

LT te

uniformly ink €N.

Note that a signal {£(¢)] has a spectral line at w €[0, 27) if it has finite non-zero

average energy at the frequency o .
The continuous time version of the following result can be found in [8].

Lemma 4.2 If a sequence {£(t)] CRY has N linearly independent spectral lines
RGvi)...2Gvy)l . at vyef0,2n),1=1,2..,n,then {£(t)] is p.e.

The following result is easy to obtain and therefore the proof will be omitted.
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Lemma 4.3: If fu(t)]CR has N distinct spectral lines iﬁ(iu,.) - 2(fuy)] at
vwe[0,2n),i =1,2,..n, then fu(t)]is p. e. of order N.

The proof of the following result is given in the Appendix.

Lemma 4.4: Consider the state equation
e{t +1) = A f(t)+bu(t) , A, eR¥™¥N b RV (4.38)

where the pair (A; , b;) is completely controllable. If the input {u(t)} is p.e. of
arder N, then, the state {£(t)} is p.e.

An examination of the proof of Lemma 4.1 (in the Appendix) reveals that,
for a given input {u(¢)], the smaller the condition number of the controllability
matrix of the system (4.38), the smaller the & in the definition of persistency of
excitation (4.12) will be. Eventually, this observation translates to the conclusion
that the closer are the plant polynomial np, d; to having a common factor, the

harder it will be to identifjr the plant parameter D.

Theorem 4.2: Consider the feedback system in Figure 1. Suppose that

(i) fr(t)}.{d(t)} are bounded and that {r(t)—d(t)] bas 3n+m-—1 spectral
lines;

(ii) C(t,z) A G(z) = :::g; for t;stst, . i€N, where

z) = 14c, 27 - 4+Cpz™ and dp(2)=dyiz7 - 4dpy 2T
Ny L ;

The compensator update times ¢; are defined by the recursion
tg=0, (4.37)

8, +k
tis1 = i +2n+min { k €N, | E [u(l:(-;'st)] [u(t+n)T | u(t)T ] = 7 I
t=l

for some fixed ¥y > 0.
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(iii) The sequences {[c 4. .tms)7} and {[d);. - .dm;]7} are bounded n
R® with {{d,. - - - .@m¢]7 ] bounded away from zero. (Note that when the
compensator is designed by using (2.7), the above bound condilions on the

compensator coefficients can be automatically ensured).

Then, the sequence {p(t)] is p.e.

Proof:
First, note that if we let

a:l a‘n s‘l gn'
—_—_ - —~
Qo Qg Qo Qg
1 0 0
o .. .
A | 0 0 (4.38)
A A o .. o ER>™x2n
0 .. 0 0 .10
b & [0n 1] 0nnyeRe
we have
p(t+1) = A o(t)+b u(t+n) (4.39)

and, since n,(a.z) . dp(ﬁ,z) are coprime (A;,b; ) is a completely controllable
pair [3]. In view of Lernma 4.4, if fu(t)] is p'.e. of order n , then {g(t)] CR® is
p.e.

Intuitively, if one were to fix the compensator in Fig.1 and assume that all
the signals in the loop are bounded, one would see that , because the transfer
function from r ~d to © has only n+m -1 zeros, fu(t)} could not have less than

2n spectral lines. By Lemma 4.3, it would then follow that fu(t)] is p.e. of ordur
en.

We will now present a rigurous argument for the case of the time varying
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compensator. By Lemma 4.2, condition (i) of Theorem 4.2 implies that the
sequence fr(t)-d(t)] is p.e. of order 3n+m-1. Let e(t)8r(¢)-d(t) and
e(t) A [e(t+3n+m-2) - - - e(t)]eR™*™"! te€N, . Then, there exist
t*e€N,,é > 0, such that forall TEN, ,

S e(t)e(e)” = 61 . (4.40)

t=sy .

To show that fu(t) is p.e. of order 2n , it is enough to show that the sequence
{74} . defined by T A tie1—t . €N, , is bounded . Suppose, by way of con-
t.radictio_n. tﬁat. §7¢} is not bounded. Then, for all £ €N, such that {; < ¢t < ¢,
and all iekx 4 HeEN, | tin—t >t*+3n+m —1] we have that the transfer
function from ¢ to u is given by

dy (B.2)m, (%.2)
n (% .2)np(0.2) +de (%.2)d; (0.2)

A Tut zl4rpiz 84 - brpymgz M)
14p 27+ - +Prema z~(n+m)

Hy,(%.2) = (4.41)

and therefore, for t €N, , & <t < 4,)~t*—(3n+m-1) , i € K we have that
+n *m A
'2 Prau(t+m+n-k) ="2 reie(t+m+n—k) 2 v(t) . (4.42)
=0 . k=1

Using (4.42) and the notation

w(t) & [v(t+2n-1)v(t {zn-z) o y(t))T eR® (4.43a)
We) & [u(t+2n-)u(t+2n-2) - - u(t))T €R™ - (4.43b)
Veo(t) & [W(t +to+n+m) | v(t+t*+man—-1)| - - - | W(t +m+n)] e R¥**¢*+1(4.43¢)
Ueo(t) & [t +t*+m+n) | Ut +t* +m+n—-1)| - - - | W(t)] e Renxt=+men+l) (4 43d)
Tyt 24 - Tmen-1i Tn+mi O . 0
5 A 0 74 . 0 € R2nx@nem-1) (4.43¢)
0 . 0 17y T24 - Tmen-14 Tmeni



Pt 1 0

Py P 1

. Pas P1i .. O
Pzt - - 1

Lei 2 |Bneme - ... Py | ERUrmemsnx@or) (4.431)
0 Pnemsg . - - Pag
0 Brnems - -
0
| o . . . 0 Pb*m.i

we obtain that forallt €N, , ¢ < ¢t <t ~t*—(3n+m-1),i €K
vt+n+m) = J e(t) . (4.44)
Veo(t) = Upo(t) Leog

and

Aoin[ 4 37] 61 (4.45)

< ‘g‘h e(D)e(n)TI]

=3

£o4¢ m

= v(r)w(7)”

r=st+men

=V (L) Vo ()T
= Upor(t ) Leoy Upoy (£)T L
£ Amar[ Leog Leos JU () Upo(t)T

Since I is full column rank, Apn[lgs;Lée;] > 0. we have that for all
teN, , {4y <t < t{{,,—t*—(3n+m-1) i€k

+Hoi+m+n . gy 7T
e = U Uete)”  (PmalAL) (4.48)

By Lemnma A1 ( see the Appendix ), there exists a § > O such that for alli e N, .



A [3, 3]
el leg ] - P

Now, let l€N, be such that 86 = 2y . Since we assumed that {7,] is
unbounded, there exists a k such that t,,;—f; > I(t*+m+n+1)+2n . It follows

from (§.48) , that

f4 0 -

Pt e v = wenerr
=‘b

fHtl(to+men+l)

= Y, W)W =18y =2y,

‘=‘k

which contradicts part (ii) of the Theorem's hypothesis . Therefore {t;+;~£;} is a

bounded sequence and {u(t)} is p.e. of order 2n.

Making use of Theorem 3.3 and Theorem 4.2 we obtain the following

Corollary 4.1: Suppose that the conditions (ii) in. Theorem 4.1 and (i) , (ii) and
(iii) in Theorem 4.2 are satisfied. Then the feedback system shown in Fig.1 is

uniformly asymptotically stable with probability 1.

Since we propose to redesign the control system compensator by semi-
" infinite optimization 'using a worst case problem formulation, it is clear from the
theorems and discussion in Section 3 that an asymptotically stable, time varying
closed loop system can be obtained even if the uncertainty sets A(t;), used in
redesign, do not converge to the doublet 2—5.53. In addition, by interpreting
the results of Theorems 3.2, 3.3 and i..ernma 4.1 and Theorem 4.2, we see that
this will be the case when the input signal r(t) is rich enough and the distur-

bance is small enough, as stated below.



Theorem 4.3: Suppose p({©].W) < 0 for a particular choice of weights W > 0,
and that the assumptions of Theorem 4.2 are satisfled for G(z) = C(x;,2). with
x; a solution of (2.7) for w= W. Then there exist a t* € N and an a, € (0, )
such that if the bound on the disturbance satisfies a =< a,, then (i)
P(A(t), W) < O for all t = ¢* and (ii) the resulting time varying control system,
which is obtained by updating the compensator at the times ¢; defined in (4.37)
using the solutions & of (2.7). is asymptotically stable.

If we assume, in addition, the conditions of Theorem 4.1, we need no longer

postulate the existence of a bound a,. the folldwing additional result.

Corallary 4.1: Suppose 2(©,%) < 0 for a particular choice of weights % > 0, that
assumption (ii) of Theorem 4.1 is satisfled and that the assumptions of Theorem
4.2 are satisfled for G(z) = C(x,z), with x; a solution of (2.7) for w= W. Then
there exist a ¢* € N such that (i) p(A(t).W) < O for all ¢ > t* and (ii) the
resulting time varying control system, which is obtained by updating the com-
pensator at the times f; defined in (4.37) using the solutions x; of (2.7), is
asymptotically stable with probability 1.

Appendix

Proof of Lemma 4.4

Let x(A) =AY +a,A\¥-14+ ... +ay be the characteristic polynomial of A

and for all t €N, , define £(t) & x(t+N)+a,x(t+N-1)+ - - - +ay x(t). Then,

since x(t +5) = Al x(t) + i: A 7b; u(t +i-1) , we have that

=1

€(t) =A¢Nx(t)+f)5¢”'*bc u(t+i-1) (A1)

=]
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+a AV x(e) v S A (i 4im)

+ay-i A x(t)+ay_yb, u(t)

+aylx(t)
u(t+N-1)
=[b |Ab +ab | - - [AY "B+ -+ +ayb. ] :
u(t)
= RTu(t) (A.2)

where we have used the Cayley-Hamilton Theorem, and the notation

RE[b [Ab |- |A¥ b ] RN

for the controllability matrix and

la a0z ...
01“3...

.01 ...,
=1, . 0 ...

0.00...

ay-y

az
x;
1

]

ERYY and u(t) &

u t+N—13
u(t+N=-2

eR¥

u(t)

Now, since fu(t)] is p.e. of order N, it follows that there exist t* €N, and 6§ > 0

such that

: t=T+t®
Vv TEN,, > u(t)u(t)T =51,

For all 'relN, . let

E(T)Q[¢(7) | &(T+1) - -+ g(r+t*)] RV

XD A[x(7) | x(7+1) - - - x(T+t*+N)] €RNx(t*+N+1)

Then,
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E(t)=X¢t)M (A.4c)
where

y o ... 0

ay-1 ay
ay-1 . .
0
(- 31 . PRSP - § 4
-} (to+N+1)x(to+1)
ME= 1 A .. . Qy-y <R
0 1
0
. . . e . (- 91
0 0 ..0 1 ]

Using, in order (A.4b), (A.4c), (A.4a), (A.2) we obtain that , for all T€N, , we
have ;

rio+N ) .
) x(t)” = X)X (a5)
1
" Ram[ MW7)

1
Aax [ MMT ]

X(7) MMTX(T)T

(1) E(n)T

—1___, y T
T ‘gj(t)t(t)

- sy ¥ L |

» Mmin[TT" ] Auin [RR']
A MM ]

since (A;,b;) is a completely controllable pair and T is obviously of full rank .

>0,

Hence the sequence {x(¢)} is p.e. and this completes the proof of Lemma 4.4.

lemma A.2: Suppose that the assumption ( iii ) of Theorem 4.2 is satisfied.

Then, with J; , L« . 1 €N, as in (4.43e), (4.43f), respectively, we have that



(@) inf Aa[ %3] >0

{€N,

(ii) Sap Amax[Leog Lde;] < o0

Proal:
The second statement is clear. We shall only show (i) . For all i € N, , we have
that

K=Ad
where

r 4 [riglres  Tmeng]T ER™*P

& 8[d(|de; - - dns]0- - - 0] €R™*m

ao 0.0
E', Eo
g . 0
A.é a’. . a‘o € Rin+m)x(nem)
0 & . &
~10 . Gp

But A, is of full rank and g, (A;) > 0. It follows that

Irclz = omn (A)fdi e

and therefore {fr;}o} is bounded away from 0 . Furthermore, since {[d,{>} is
bounded, it follows that § i[>} is bounded . Now, for all i €N, , J; is of full rank
and therefore , foralli €N, , \J & Aain[3¢ 3] > 0. Suppose , by way of contrad-

iction, that there exists a subsequence §AJ},cx of A} suchthat lim A} =0.
. {eon { X

Since {r(} is bounded and bounded away from zero, it follows that there exist an

TER™*" - {0} and a subsequence {r;};¢z . L CK such that lim r, =F. Then,
{eo0 i€l

since J+Anip[4IT ), JER™X™+m+1) i5 continuous, we obtain that Amn[J37] =0

where



?l ?2 . ?nm-l ?n*m 0 . 0
0.7, . . . . .

1é 0 e R X(3n +m-1) , (A.6)
o .0 ?l ?2 . ?mm-l ﬁam

and is clearly of full row rank, so there exists a neighborhood of 0 that contains
only finitely many Af-s . Hence, there exists a f§,>0 such that
Aain[ % IT] = B,. VW i €N,. This completes the proof of (i).

Appendix
Proof of Lemma 4.4
Let x(A) =A¥ +a,A¥"1+ ... +ay be the characteristic polynomial of A,

and for all £ €N, , define £(t) 4 x(t+N)+a;x(t+N=1)+ - - - +ayx(t). Then,

since x(¢ +j)' = Al x(t) -i-‘t‘Ag'""b, u(t +i~1) , we have that

&e) = &”ﬂﬁl&”“bcu(tﬂ—i) (A1)

+oa  AY1x(t)+ a,'g' AV1p, u(t+i-1)

+ay-; A x(t) +ay- b u(t)

+ayIx(t)
u(t+N-1)
=[b |Ab +ab | - [A¥ b+ - +ay b ] :
u(t)
= RTu(t) ' (A-2)



-~

where we have used the Cayley-Hamilton Theorem, and the notation

RA [b |Ab |- - |A¥'b ] eR¥H
for the controlliability matrix and '
1 a & . .. QN
01 a ... . uEt+N-1}]
0o 1... . u{t+N-2
TA 0. ... ap |SRY¥ and u(t) & . €R¥
. . . . e a‘
o.00... 1

Now, since fu(t)] is p.e. of order N, it follows that there exist t* €N, and § > 0

such that

v TEN,. ‘:f"u(z)u(t)r = 61,

For all TEN, , let

) A [&(r) | €(r+1) - - - Er+te)] ERM
X(7) a [x(7) | (T+1) - - - x(T+t*+N)] g RNx(¢t°+1)

Then,
2t)=Xt)M
where
oy 0
ay-; Qay
ay-3 .
x, .
M é 1 [~ 3
i
0
| 0 0

.0 1

Qy
- Ay

x)

€ R(:'vNﬂ)x(t'ﬂ)

(A.3)

(A.4a)
(A.4b)

(A.4c)

Using, in order (A.4b), (A.4c), (A.4a), (A.2) we obtain that , for all TEN, , we

have :
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':‘é:"xmx(t)f = X(r)X(r)" (A5)
X(r)MMTX(T)T

1
T

2() E()T

1
Anax[ M7 ]

1 "
DT 6"

1

1

= AN RTL};,““ yu(t)T | TR
Amin [ TT" JAein [ RE"]

=T oy 0

since (A;,b.) is a completely controllable pair and T is obviously of full rank .

Hence the sequence {x(¢)} is p.e. and this completes the proof of Lemma 4.4.

Lemma A2 Suppose that the assumption ( iii ) of Theorem 4.2 is satisfied.

Then, with J; , L¢.; , i €N, as in (4.43e), (4.43f), respectively, we have that

@ inf Awal 7] > 0

(ii) e Az [LeeiLdeg] < o0

Proaf:
The second statement is clear. We shall only show (i) . For all i € N, , we have

that

n=Ad

where

A rlres Tmens JTER™™

d, ‘A'[dl.t]dz.t “dps]0- - 0] €eR™



. ces
- -

@, 0 0
a.l EO
. @ .0
A'Q a“ . a'o ER(nfm)x(u*m)_
0 &, .8
o . . x'i‘,.J

But A, is of full rank and omin(A) > 0. It follows that
Ircle = opun (A) 1 b :

and therefore {jr;lz} is bounded away from 0 . Furthermore, since §[&lz] is
bounded, it follows that {jr;f>] is bounded . Now, for all i €N, , J; is of full rank
and therefore , for all i €N, , Af & AL, [3; IT] > 0. Suppose , by way of contrad-

iction, that there exists a subsequence {AJ};ex of {AJ] such that lim A =0.
{-m (X

Since {r; | is bounded and bounded away from zero, it follows that there exist an

FER™*™ - {0} and a subsequence {r;};ez ., LCK suchthat lim r; =T. Then,
teo {EL

gince J+Agn[JI7 ], JE REX(I+m+1) i5 continuous, we obtain that Agn[TIT] =0

where
?l ?z . i"‘mﬂl—l $n+m 0 . 0
‘]é 0 1'1.- . . . . 0 eRanx(Sni—m-l) , (A.S)
0 . O ?1 ?2 . ?mﬂl"l ?Mf'ﬂ

"and is élearly of full row rank, so there exists a neighborhood of 0 that contains

only finitely many AJ-s . Hence, there exists a g;>0 such that
Aa[ 3 3] = B1. Vi €N,. This completes the proof of (i).

5. Conclusion

We have presented two new results. First, we showed that control system
design, in a situation requiring tradeofls, can be very effectively formulated in

terms of achievable performance factors that are evaluated by means of semi-
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infinite optimization algorithms. Second, we developed a new approach to on-line
control system tuning, using performance factors, for sequential worst case
compensator redesign, together with a new plant uncertainty identification

scheme which this approach requires.

In a practical situation, we expect that some measures will be taken to
enhance the efliciency of the method described in this paper. Two such meas-
ures, in particular, are worth mentioning, in case they should not be obvious to
the ré;der. The first is that it may be possible to have an initial tuning period
. during which one can apply to the control system a particularly "rich” input
since the persistence of excitation constant 6, c.f. (4.12) of the plant input u(t)
is proportional to the one of the control system input r(t). Alternatively, the
addit:ion of a small “rich” input to a "poor” command input may be be perrnissi-

ble, over an initial period of control system operation.

Another measure which may speed up the uhcertainty reduction process is
the use of a priori information, such as a knowledge of the location of a pole or

zero of the transfer function (2.1). Thus, if z, is a known pole of the transfer

function P’('é.z). then 23’, z,% = 0 must hold. Since this is a linear relation-
1

ship, it can be added to the definition of the sets A(t) without any effect on tue

conclusions of the resulting theorems. The eflect of adding this relationship,

however, is to reduce considerably the size of A(t).

To conclude, we wish to point out the obvious: when new solution tools
become available, it becomes possible to formulate and solve design problems

that were previously not even considered.
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