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USE OF SPECIFIC PRIOR INFORMATION IN THE ADAPTIVE
IDENTIFICATION OF CONTINUOUS TIME SYSTEMS

Jeffrey E. Mason

Department of Mechanical Engineering
University of California, Berkeley, CA. 94720

ABSTRACT

In this paper we modify an adaptive identification scheme
given in [1]. The identification method assumes that real valued
parameters appearing as linear multipliers of known polynomials
are the only unknown components in the partially known transfer
function. Thus, this scheme makes use of specific prior information
about the system to more efliciently identify its partially known
transfer function: We prove that the proposed scheme always
identifies an "equivalent" transfer function provided the input is
rich enough, and we specify conditions on the known polynomials
which determine when and when not the unknown parameters are
uniquely identifiable.

Introduction

In order to implement any of the current controller design methodologies,
e.g. pole-placement, 1LQ, etc., or if one wishes to simply analyze the behavior of a
continuous time dynamical system, one must have an accurate model of the
plant or system to be studied. Such models are usually generated by studying,
analyzing and modelling the physics of the system. Then, once the structure of
the model has been determined, one must fill in the various parameters of the
model with exact physical data (e.g. the spring constants of all springs or the
resistance values of all resistors.) However, depending upon the complexity of
the specific system it may or may not be practical to measure the physical con-
stants of the system. Thus, in the cases where measurement data is not avail-
able, one would like to determine the values of those unknown constants from
the input-output properties of the system in question. Furthermore, frequently
not every parameter of the system is unknown. Consequently, one would, for the
sake of efficiency, want to use all prior knowledge of the system in the
identification process. In [1] a scheme is proposed and studied which takes
advantage of specific prior knowledge about a given partially known system.
Specifically, [1], in part, deals with the identification of linear continuous time
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systems whose transfer function is of the form: (for the 3 unknown case)

H(s ,K)=

No(S ) +k 1 y(S)+kana(s) Hhgna(s)+k kony(s) +e kgns(s)+eoksne(s) +k koksny(s)

do(s)+k,d (S ) +hkodo(s ) +kgd3(s) +k kad (s ) +k 1k gds(S )k 2k 5dg(S ) +E 1k gk 5d1(S)

In H(s.K) the only unknown pieces are the elements of K -- k,kz and k3. All of
the ny(s)'s and d;(s)'s are known polynomials. Thus, although it is not proven,
when K has fewer than 2n+1 elements, n being the order of H(s,X), it is intui-
tively suggestive that it is more efficient to identify only K and not the 2n+1
coeflicients needed when the entire transfer function is assumed to be unknown.
The scheme for identification given in [1] identifies only X and therefore com-
pletely determines H(s,K). In this paper we employ the basic philosophy of [1]
to identify transfer functions of the following form:
_no(s)+kny(s)+...+kynp(s)
H(s K)= do(s)+kyd (s )+...+kpdy(s)
Notice that the H(s,K) we identify does not include elements with “multilinear”
appearance of the k's so it is an easier problem than that tackled in [1]. How-
ever, in [1] it is assumed that when the real value of K is stuck into H{s,X), the
numerator and denominator are coprime. Furthermore, it is assumed that

there exist no constants c,,...,c, such that 2c‘n‘(s)=£:cid¢(s)so. When
i=1 i=1

dealing with the identification of unknown systems, it seems particularly advan-
tageous to make as few arbitrary assumptions about the structure and behavior
of the of the unknown system as possible since the system is exactly that — unk-
nown. Therfore, in this paper we do not impose the just given assumptions but
rather we analyze the behavior of the identification scheme when those assump-
tions are and are not violated. What we prove is that provided the support of the
spectral measure of the input is not concentrated on m<r+1 points where
r:=maxdeg (nyd;—n;d;) i,j=1,...p one will always identify an equivalent
transfer function — a transfer function identical to the real one modulo pole-
zero cancellations and multiplication by 1 in the form of a/a for acR. Further-
more, we give conditions on the known polynomials ng(s).....np (s ).do(s),....dp (S )
which determine if the unknown parameters are not uniquely determined and
we give conditions on the polynomials ng(s),....np (5),do(s).....dp (s) which deter-
mine if the unknown parameters are uniquely determined. Thus, when the unk-
nown parameters are uniquely determined the transfer function identified is the
exact transfer function of the real system and when the unknown parameters
are not uniquely determined the identified transfer function is equivalent to the
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real one. Furthermore, the method of analysis used to prove the above results
differs from that used in [1]. In this paper we employ the ideas of Generalized
Harmonic Analysis developed in [5] to prove the above assertions about parame-
ter convergence. This method of analysis is a very general approach which can
handle almost all types of input signals and is, unlike [1], not restricted to the

case when the input is composed of simple sinusoids.

This paper is split up into seven sections. The first section defines explicitly
the problem under taken and the assumptions made about the system being
identified. The second section defines what is meant by parametric uniqueness
and identifiability. The third section describes the identification process while
the fourth section connects the ideas of input sufficient richness and parameter
convergence. The fifth section talks more about identifiabilty and parametric
uniqueness while the sixth section describes what types of systems the given
identification scheme could be used on and gives examples of the identification
process. The seventh and final section lists some comments about the

identification process presented and gives suggestions for further reasearch.

Statement of the Problem and Assumptions

This paper deals with the identification of all continuous time systems
whose input-output transfer function is of the form:

_no(s)+km(s)+...+k,ny(s) _ 7(s)
(s K)= g (o) T T id(s) = (o) (1)

Where K€RP is defined as K:=[k, - - - k5] and one assumes the following:

Al) The unknown plant is strictly stable — all its poles are located in the open
left half of the complex plane.

A2) no(s)ny(s)....np(s).do(s).dy(s).....dp (s) are known polynomials in s€C
with real coeflicients.

A3) k,kgz...k, are real numbers representing the unknown parameters of the
system.

A4) There exists at least one K, call it K*:=[k; k3 - -- k;]7 ., such that H(s.K")
posseses the same input-output properties as the real system for every
input. K* is in some sense meant to represent the actual values of the unk-
nown parameters and will be referred to as the "physically meaningful”
value of K.
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Note that the structure of H(s,K) is in fact very general. One has simply
required that the n’s and the d's be polynomials in s which means they can be
zero, a constant or any n-th order polynomial. Note also that any transfer func-
tion which is completely unknown, except for the order of its denominator, may
be put in to the same form as eqgn.(1) with the appropriate choices of the n;'s
and the d;'s. Specifically, H(s,K) for a completely unknown plant will be of the
form:

kl+k23 +...+kp+lsp

H(s.K)= kpiatkpiss+...+kgp +1SP714+sP

(2

As mentioned earlier, H(s,K) given in eqn.(1) has a particular structure so
as to separate known and unknown information about the system. The following
two examples illustrate when one might have partial information about a sys-
tem.

Consider the following simple dynamical system:

WA u(t):forcing function
k m ( )
-

c x=0 is the equilibrium position

The dynamic equation governing the above system when m is the mass of
the block, k is the spring constant of a linear spring and c¢ is the damping
coeflicient of a velocity porportional viscous dashpot is:

mz +cz +kz=u(t) (3)
The Laplace-domain transfer function of this system is:

z (s) 1
S — 4
u(s) ms?+cs+k (4)
Hence, if one knows the mass m of the block, one need only identify ¢ and k —
two parameters which could be difficult to measure directly.

From more of a controls point of view consider the following feedback con-
trol system:



u n(s) y

d(s)

(e )
v

Where n(s) and d(s) are both known polynomials in s and k — the feedback
gain — is unknown. The overall transfer function of the above system is:

u(s) ___n(s) 5)
u(s) d(s)+kn(s)

Thus, all that need be found to explicitly determine the transfer function

between y and u is the value of k.

Identifiability and Parametric Uniqueness

At this point however, it is important to point out that there exist two levels
of identification of transfer functions which occur in the form of eqn.(1). One
could in fact be performing the identification for the sole purpose of obtaining
the exact value of one of the k's which may have an important physical meaning,
or, one could in fact be interested in finding any transfer function which
posseses the same input-output properties as the system being identified with
no real concern as to what each specific k might be. More specifically, given the
structure of H(s,K), there may exist situations when H(s,K*)=H(s,K*+C) for
some nonzero C € RP. Thus, H(s,K") and H(s,K’+C) are equivalent but numeri-
cally not the same i.e. there exists more than one value of K which works
namely K° and K°+C. As a simple illustration of the just described situation con-
sider H(s,K) defined below:

k(s +1)+ka(s?+2)+ks(s3+3s)
k (s3+1)+ko(s ) +kg(s?+1)

H(s K)=

Notice that H(s,1,2,3) and H(s,2,4.6) are, from an input-output stand point, the
same transfer function. However, the specific K's which generate them are quite
different. Therefore, given a transfer function in the form of eqn.(1), under
specific circumstances there may be many K's which give the same transfer
function from an input-output stand point. And, since this scheme for
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identification relies solely on input-output measurements, when there exist
many K's which "work", it may be impossible to identify the "physically meaning-
ful” value of K. At this point then, one proposes the following definitions which
specify exactly what is meant by parametric uniqueness. One first however,
recalls assumption (A4) which declares the existence of at least one set of k's,
called X°, which make eqn.(1) equal to the transfer function of the system one is
trying to identify. Note that the existence of X’ is in a sense implicit in the
assumption that eqn.(1) is a legitimate representation of the system being stu-
died. With that, one states the following definitions.

Definitioni: A transfer function of the form given in eqn.(1) is referred to as
Parametrically Unigue if for each K€RP there does not exist some X€RP such
that K#K and H(s,K)=H(s K).

Definition?: A transfer function of the form given in eqn.{1) is referred to as
Parametrically Nonunigue if for some K€RP there exists a K€RP such that
R#K and H(s, K)=H(s .K).

It will be shown that the values of ng(s),...,np(s),do(s),....dp(s) will deter-
mine the parametric uniqueness of H(s,X). Thus, before one can say anything
about an identification process, one must first establish exactly when there exist
many values of K which 'work’ and specify how those quantities are character-
ized.

To start with assume that H(s) is the transfer function of the unknown
linear time invariant plant which one is trying to identify and assume the
appropriate modelling of that plant yields H(s,K) which is of the form of eqn.(1).
In addition, let assumptions A1)-A4) hold. Thus H(s)=H(s,K"). One will therefore
accept any H(s,K) such that H(s)=H(s,K) where H(s,K) could also be written
as H(s,K +C). Hence, it is necessary to characterize the set of all C € R such
that H(s)=H(s.K'+C).

At this point it will be convenient to introduce the following notation.

Let C:=[c,...cp]T€RP and 1C:=[1 ¢, - - ¢, ]T€RP*.
Let 1K:=[1k, - - k;]T€RP* and 1K":=[1k; - - - kJ]TeRPH!
Let Ng=[ngmn, - - n,]TeR[s]P*! and N;:=[n, - - - n, ]TeR[s]P.
Let Dy=[dyd, - - - dy]"eR[s JP*! and D,=[d, - - - d, ]TR[s .

Where R[s}P denotes the set of all p-dimensional vectors whose elements are

composed of polynomials in the variable s€ C.
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The following theorem characterizes the set of K's which "work". One should
be forewarned that this set of K's depends on K° — the physically meaningful
value of K. Thus, it is not a set which can be calculated a priori (K is unknown.)

However, it will prove to be an important characterization.

Theorem1: If XCRP is defined as the set of all C€R? such that ;

H(s)_no(s)+k,‘n,(s)+...+kp’n,(s) =no(s)+(k{+c1)n,(s)+...+(lc,,’+cp)'np(s) ,
- do(s)+kyd (s )+...+kpdp(s) do(s)+(ky+c)dy(s)+...+(kp+cp)dp(s)

Then X=Q:=N(/L(s))ModB where IL(s):=[N; D,][-Dy No]T1K", Ni() denotes
the left null space of ( ) over the reals and B:={CeRP:[1 (K*+C)T][Dy N,]=0}.

8)

Proof; Let X be defined as stated above and assume Ce€X. Eqn.(6) can thus be
written as ;

[ro(s)+k ,’n,(s)-l-...-l-k;'n, (s)Mao(s)+(ky+c,)d (s Y.+ (kpt+cy)dy(s)]
—[do(s)+k,'d,(s)+...+k;dp (s))[nols)+ (ks +c Ina(s)+...+(kg+cp)ny (s)]=0

Which, when expanded, can be written as;
[no(s)+Ic{n,(s)+...+k;n,(s)][c 121(s)+...+cpdy (s)]

=[do(s)+kid (s )+...+kpdy(s)][c n (s ) +... +cpmp (s)]=0.
And thus can be written as;
CT[N, D\J[-Dy NoJT1K°=0 or CTIL(s)=0
In addition, C # B because H(s)# 0/0. Therefore, XCQ.

Let X be defined as stated above and assume that C€Q. Therefore,
CT[N, Dy)[-Do No}"1K°=0
SO one can write;
[no(s)+kin(s)+...+kgnp(s)][c ,él(s)+...+cpdp(s)]
—do(s)+kid\(s)+...+kpdy(s)][c1ny(s ) +... +cpnp (s)]=0.
Adding zero to the left side in the form of;
[no(s)+k ,'n,(s)+...+k,’n,,(s)][do(s)+k{d,(s)+...+k;dp(s)]
—[no(s)+kin (s)+...+kpnp (s)][do(s ) +k1d (S)+... +hpdp(s)]



yields;

[no(s)+kno(s)+...+kgnp(s)[do(s) +(ky +c1)dy(s ) +...+(kp+ep)dp(s)]
—{do(s)+kidi(s)+...+kpdy (s))[nofs ) +(k 1 +c )n (s ) +...+(kp+cp )np (s)]=0.

So because C £ B the above gives;

no(s)+kn,(s)+...+kyny(s) - no(s)+(k; +c)ny(s)+...+(kp +cp ) (s)
do(s)+kid(s)+...4kpdp(s)  do(s)+(ky+c,)dy(s)+...+(kg+cp)dp(s)

Therefore, @cX. §

Review of the theorem just given specifying the set which describes all K's
which "work" reveals that such a characterization is rather obscure. That is, the
set X (or Q) is not necessarily a linear subspace and that makes both the
definition of and the operation with X rather messy.

In the following claim one shall give necessary conditions for when a
transfer function given in the form of eqn.(1) is parametrically unique.

Claim1: Let H(s,K) be given in the form of eqn.(1). Then, if there exists C€RP
such that C#0 and CT[N, D,]}=0 or if there exists 1C€RP*! such that
1CT[Ng Dy)=0 then H(s,K) is not parametrically unique.

Proof; Given later.

The Identification Process

The above discussion dealt entirely with the structure of the partially
known transfer function and how that structure determined whether or not
there existed unique values of the parameters being identified. Such an aspect is
very important to the success of this identification scheme and will be returned
to later. One now, however, turns to the actual method used to identify the k’s.

Consider a transfer function given in the form of eqn.(1) and multiply it out
to get it into the following form.

Y (s)do(s ) +k1dy(5)+... +kp dp (5)]=0(s)[Mo(s) +kyn 1) +... +kpmp(s)] ()

where y(s) and u(s) are the Laplace transforms of the output and input of the
system respectively. Collecting unknown terms on the right hand side and
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dividing both sides by A(s) — a polynomial whose order is equal to the maximum
order of dg(s),....dp(5) and whose zeros are located in the open left half of the
complex plane -- one gets:

Y (s)do(s)—i(s)no(s) =k w(s)ny(s)=y(s)d,(s) bty 17(8)777(8)-5(8)%(&),\)
Afs) ' A(s) As) N

Note that one has effectively extracted the unknown quantities from the original

transfer function and made them multipliers of known signals — signals which
are simply filtered versions of the input and the output of the system. To tidy
things up a bit let:

180(8 ):= Y (s)dO(sXZ;; (s)‘"-o(s )
o, (s):= u(s )nl(sA)(_s?; (s)di(s)
(11)
iy oy SO0
Thus eqn.(10) becomes;
Wo(s )=k W (s)+...+kp Wy (s) (12)
Taking the Laplace inverse of eqn.(12) yields:
wo(t )=k w(t)+...+kpup(t) (13)

And again recall that wg(t).....u} () are generated from the input and output of
the system only. In eqn.(13) replace k),....kp by kj.....kp and let 9,(¢)....,9p(¢) be
the time varying parameters corresponding to k,'.....k; respectively. Now con-
sider the following signal:

Wolt ):=w, (£ )8, ( ) +... 42, (£ )3, (2) (14)
Subtract eqn.(14) from the modified eqn.(13) to get the error equation;
e (t):=wo(t )—wo(t )= (k] ~B1(£))wy(t)+...+ (kg —8p () )i (2) (15)

which will be used to update the parameters 3,(t).....9,(t ). Let:
@it ):=ky —0y(t)
wa(t ):=ke —0(t )
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Vp(t):=";_"’p(t)

Thus, the ¢'s represent parameter errors, and with the above definition for the
¢'s, eqn{15) becomes;

e(t)=wy(t)oi(t)+...+wp (t)pp(t) (18)

If one lets W(t):=[w,(¢) - - - wy(t)]7, B(t):=[8,(t)... 0% (¢)]7
and &(t):=[p,(£)...¢p(t)]7 then equation (18) becomes;

e(t)=W(t)To(t) (17)

At this point one must establish an algorithm for updating $(¢) (and thus
6(t)) which will make &(t) go to zero as t goes to = . One common update
scheme, the projection algorithm, defines the dynamic behavior of &(¢) as;

$(t)=—ye () W(t) (18)
where >0 is the update gain.

VWith the above defined update scheme one uses a simple Lyapunov argu-
ment to prove the following claim about system error behavior.

Theorem?2: If the input, u(t), to the plant and update system is bounded and has
a bounded derivative and the plant is stable then the error signal, e(t), defined
by eqn.(15) will decay to zero as t goes to = .

Proof: Consider the Lyapunov function V(®)= %@"@ao. Therefore, V($)=$7é. By

egns. (17) and (18) one gets V(&)=—ye?(t)s0. Thus, V(&) is bounded which
means that ¢ is bounded. Furthermore, since the unknown transfer function is
stable and the input is bounded, ¥ is bounded. W and ¢ bounded implies that e is
bounded and e and W bounded implies that $ is bounded. Note that W is com-
posed of flltered versions of the input and output of the unknown system. Thus,
W is just linear combinations of the unknown plant states and the input. There-
fore, W is also composed of linear combinations of the unknown plant states, the
input and the time derivative of the input. Since, the unknown plant is stable
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and the input and its time derivative are bounded, W is bounded. # and &
bounded imply that W and & are uniformly continuous which implies that V(®) is
uniformly continuous. Now note that since V($) is bounded, one gets that
| V(B(¢))| =|_/:V dt + V($(0))| < M <= for all t. Thus, since V is uniformly continu-
ous, V(®) goes to 0 as t goes to = which means that e goes to 0 as t goes to = .8

Therefore, given any bounded input whose .derivative is also bounded one
will always drive e(t) to zero. However, as discussed in [2], e(t) going to zero in
no way implies that the parameter errors go to zero. One needs a condition on
the spectral content of u(t) to guarantee parameter convergence, and it is that
aspect one shall consider next.

Sufficient Richness and Parameter Convergence

As with all adaptive identification schemes, parameter convergence in this
scheme will rely on a condition on the spectral content of the input, u(t), to
guarantee that the signal W(t) is persistently exciting. It has been shown in [3]
and [4] that in order for parameter convergence to be assured in identification
schemes similar to that which is defined by egns. (11),(17) and (18), one must be
sure that the signal W(t) is persitently exciting. Then [5] showed that in order
for a signal like W(t) to be persistently exciting, the input must be sufficiently
rich — contain enough spectral lines. How many is enough in this case will be
determined. But first recall that previously it was shown that do to the structure
of H(s,K), there may be many K's which work. Thus, it will be shown that param-
eter convergence in this case will mean that the updated parameters converge
to the set K'+N;(JL(s)) where N;(/L(s)) was defined previously. Whether
Ni(IL(s)) contains no elements or many elements is in fact a separate issue dic-
tated by the structure of H(s,K).

From this point on the definitions and terminology are the same as that
used in [5] except for quantities previously defined in this paper. In particular
one will repeatedly rely on the concepts of autocovariance and the spectral
measure of a time function. Thus, we review the definitions of those terms and
give two lemmas; the first tells how the spectral measure of the input to a stable
system is passed to the output and the second makes the connection between
the ideas of autocovariance and persistent excitation. The definitions and lem-
mas are from [5].
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Definition4; A function u:R,~R" is said to have autocovariance R, (T)€R™" if

lim %-“Z'Tu(t Yu(t +7)7dt = R, (7)

T-sco

with the limit uniform in s.

Definition5; The spectral measure of u:R,-R", S,(v), is simply the Fourier
transform of the autocovariance of u(t). Specifically,

Su(v)= 72 *"ku (r)dr

As pointed out in [5], "if © is scalar valued, then S, is just a positive bounded
measure; 25, ([wg.,]) can then be interpreted as the average energy contained
in % in the frequency band [wg,;]."

Lemma?: Suppose u:R,~»R" has autocovariance R,(7), its spectral measure is
Sy and A is an mxn matrix of bounded measures. Then ¥y =h*u has an autoco-

variance R, and its spectral measure is given by:

S, (dv) = H(Gv)S.(dv)H(Gv)*
In particular,

Ry(0)= [H(GV)Su(@V)HGY)*

where H(jv) is the Fourier transform of h and superscript * denotes complex
conjugate transpose.

Lemma3: Suppose w has autocovariance R, (7). Then there exist positive con-
stants a and § such that for all s=0

s+8

o< fwwTat
[ ]

(Le. w is persistently exciting.) if and only if Ry, (7) is positive definite.

Keeping in mind the above definitions and lemmas, one presents the follow-

ing main theorem determining when parameter convergence results.

Theorem3: Assume that one is attempting to identify a plant whose transfer
function, H(s,K), is of the form given in eqn.{1). Let assumptions A1) - A4) hold,
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and assume the input, 2 (t), has an autocovariance R, (7) and 2(t) is bounded.
Let the method of identification be that as defined by equations (11), (17) and
(18). Also, let 7:=max deg(n;d;-d;n;) i,j=0,1,....p and let XCRP be defined as
the set of all CERP such that;

no(s)+kny(s)+... +kyny(s) _ ng(s)+(k;+c,)n (s)+...+(kp+Cp )np(s)
do(s)+kyd (s)+...+kpdy(s) do(s)+(k1+c,)d (s )+...+(kp+cp)dp (S)

Let B:={CeRP:[1 (K'+C)T][No Dy]=0). Then, if the support of the spectral
measure of u(t) is not concentrated on m<r+1 points, the parameters
[%41(¢)..... 9, (¢)] will converge to the set defined by K*+(XUB) as t goes to = .

Remark: Notice that the above theorem and theorem 1 basically state that the
parameters in this identification scheme will converge to the set
K’ +(XUB)=K’+Ny(IL(s)) — the set which contains the set of all K's which work
in addition to the K's which would predict H(s,K) to be 0/0. Parameter conver-
gence to the set of all K's which work is an acceptable solution because one has
identified an equivalent transfer function and in some cases that is the best one
can do. Parameter convergence to a value of K making H(s,K)=0/0 is, however,
an unacceptable but unavoidable solution. To determine if such solutions exist
one simply checks to see if [Ng Dg] has a left null space over the reals.

Proof; Let X and r be defined as above and assume the support of the spectral
measure of u(f) is not concentrated on n<r+1 points. Recall eqn.(18) which
defines the dynamic behavior of the parameter error — $(t).

$(t)=—ye(t)W(t) (18)
By eqn.(17) the above equation becomes;
b(t)=—yW(t)W(t)T(t) (19)

By theorem 1 in [4] eqn.(19) defines an exponentially stable system if and only if
F(t) is a bounded persistently exciting signal i.e. there exisls positive con-
stants a, ,az and § such that for all s=0;

]
aufs [, " WWT dt <agl

Note that in this case the boundedness of W(t) comes from the fact that the
input is bounded and the unknown system is stable. Thus, az exists. Lemma 3
gives a, if and only if R,,(0) is positive deflnite. Thus, one must show that the
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spectral measure of u(t) filters through to #(t) in such a way that R,(0) is
positive definite.

To calculate R, (0) one first calculates the transfer function between u(s)
and #(s) as given below; A

L(s):=

1 'y
A(s)(do(s)+k d(s)+...+kpdy (s)) [Ny D\][-Do No)T1K* (20)

Therefore, one has that;
W(s)=L(sYa(s)

where hatted quantities are Laplace transforms of the corresponding time
domain signals. Let S,(dv) denote the spectral measure of u over the interval
dv. Then, by lemma 1, ¥ has spectral measure:

Sw(dv)=L{iv)S(dv)L(jv)’

and autocovariance at 7=0:
Ry (0)= [L(jV)Su(dv)L(iv)* (21)

At this point one states and proves a necessary claim.
Qaim: Np(JL(s))=N(Ry(0)); Ni(-) denotes the left null space of (:) over the
reals and N(-) denotes the usual null space of (:) over the reals. Recall that
IL(s):=[No Do)J[-Do NolT1K".
Proof: Assume nontrivial CERP is an element of N;(/L(s)). Then IL(s)TC=0 so
L(s)TC=0. From Eqn.(21) it follows that R(0)C=fL(jv)Su(dv)L(jv)*C=0.
Thus, C is an element of N(R,(0)) so N;(IL(s))cN(R(0)).
Assume now that nontrivial CER? is an element of N(R,,(0)). Thus, R, (0)C =0 so
CTR,(0)C=0. -From eqn.(21) it follows that (noting that S,(dv) is scalar
valued) 0= CTR,(0)C = f|L(jv)°C|2S,(dv). Therefore, since v is continuous in
|L(jv)°C|? L(jv)°C must be zero for all v in the support of S,(dv). Recall that
the support of S,{dv) contains 7 +1 or more points. Thus, the numerator polyno-
mial of L(jv)°C, namely /L(jv)*C, must be zero at all of those points. However,
IL(jv)°C is at most an 7** order polynomial. Hence, it must be identically zero.
Thus, JL(s)7C=0so C is an element of N;(/L(s)) and N(R,(0))cN (IL(s)). |}
Note that the above claim merely establishes the fact that if JL(s) has a left
null space, W(¢) will never be persistently exciting, and if it doesn’t, one needs

at least 7+1 points in the support of S,(dv) to guarantee that W(t) is per-
sistently exciting.
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Since IL(s) is composed of n;(s)'s and d;(s)'s and there are no constraints
on those quantities, JL{s) could very well have a left null space. Thus, in general,
one can not guarantee that #(¢) will always be, strictly speaking, persistently
exciting. However, using the Partial Convergece Theorem given in [5] p.9 one can
say something useful (the main point of this proof) about parameter conver-
gence. Therefore, one states the Partial Convergence Theorem of [5] and applies
it to this problem.

Partial Convergence Theorem: Suppose that 2 is bounded. Then
lim R, (0)&(¢)=0
g 20

Thus, in this case, the above theorem says that $(¢), the parameter error, con-
verges to N(R,(0)) which, by the above claim, equals N;(/L(s)). Since
$(t)=K"-8(t), one has that 8(t), the parameters, converge to the space
K°+Np(IL(s)) which, by theorem 1, is the same space as K*+(XUB). Note that
as pointed out in [5], the above Partial Convergence Theorem says that the dis-
tance between O(t) and K'+(XUB) goes to 0 and not that ©(t) goes to some
8(xo)eK’+(XuB). §

Remark; Note that even though [5] deals with an MRAC scheme, the theorems
and analysis borrowed from [5] and used here still apply. There are however,
some differences in the structure of equivalent signals and vectors. In particu-
lar, the form of the transfer function being identified here is more general then
that dealt with in [5] since in this system the quantities
ng(s)....np(s),dg(s).....dp(s) are allowed to be any polynomials whereas
corresponding terms in [5] are much more structured and of the form
sP,sP1, . ,1,sP sP-1,__ 1. Therefore, with that added structure one never needs
to worry about the exsistence of K's such that sP +sl’“k,+...+kp =0 since there
are none. Furthermore, it is the added generality of allowing
ng(s)h....np(s).dg(s).....dp (s) to be any polynomials that in a certain sense elim-
inates the idea of always having only one value of K which works. Under this
identification scheme when there is more than one value of K which works one
has, in a sense, over parameterized the system and that fact is borne oul by Lthe
behavior of the system. That is, the dynamics can only achieve the real number
of degrees of freedom — the number of linearly independent columns achievable
in R, (0) — and that may be less than the number of parameters to be identified.
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Furthermore, recall that parameter convergence to a set rather than a point
arises do to the fact that W(t) is not, strictly speaking, persistently exciting. In
this case the use of a signal whose spectral measure is supported by more than
r+1 points will not increase the degree of persistent excitation of W(t) because
the lack of persistent excitation is a result of the structure of H (s.K).
Specifically, as long as the spectral measure of u(t) is supported at r+1 or more
points, the degree of persistent excitation of W(t) is determined by the existence
of a left null space of IL(s) — a factor which is not affected by the input having
more than r+1 points in the support of its spectral measure. So, what the above
theorem really says is that if one puts in an input whose spectral measure is
supported by r+1 or more points then, after a sufficient amount of time, the sys-
tem will have identified the transfer function but not necessarily the X* value. In
addition, since convergence is defined in some cases as convergence to a partic-
ular set, it may be that the updated parameters 9,(t) - - - 9(¢) never settle on
one value. However, at any time t the values of ¥(t)....,¥p (t) read off and used
as k),...,kp in H(s,K) will in fact give the right transfer function.

So, to summarize things to this point it is evident that sufficient richness of
the input signal is the only criterion for ensuring “parameter convergence”.
And, as one saw, parameter convergence means basically that after a sufficient
amount of time the real plant and the identified transfer function are equivalent.
However, that in no way implies that the resulting identified parameters are the
so called physically meaningful ones or that the parameters even converge at
all. If one wants to identify the physically meaningful values of the parameters
and there are many values for K which work, then more information about the
parameters must be known. For example, to know that a particular physically
meaningful parameter is never zero may allow one to factor that parameter out
reducing the number of unknowns in such a way that they are now unique.
Therefore, at this point, one turns to analyzing exactly when H(s.K) is
parametrically unique.

More on Identifiability and Parametric Uniqueness
Recall the matrix IL(s) (where one has dropped the * from K°);

IL(S):=[N] Dl][-Do NQ]T].K

and recall the fact that the time varying parameters converge to the set
K*+Ng (IL(s)).



-17-

From theorems 1 and 3 it was shown that the set X°+N;(JL(s)) serves the
following two purposes;

1) it defines the set of K's {(modulo those which make H{s,K)=0/0) which
work — determines the uniqueness of X°- and

2) it defines the set to which the time varying identification parameters

converge.

Thus, to determine the uniqueness of K* one askes the question: Does there
exist a CERP and a vector 1X€IRP*! used in IL(s) such that CTIL(s)=0? If the
answer is no then H(s,X) is parametrically unique. Conversely, if the answer is
yes, then H{(s,K) is parametrically nonunique. But, if one could show (by having
" slight knowledge of 1K°) that 1X° was not in the set of 1K's making CT/L(s)=0
then, although 1X* is not unique, it would be the value identified by the
identification scheme — it is identifiable. Thus, the aspects of parametric unique-
ness and identifiability are duly separated.

At this point then one wishes to study the matrix IL(s). And, in particular,
determine for what values of X it has a left null space. As a first analysis of IL(s)
one determines when such a matrix has a left null space for all values of K. As it
turns out, Claim 1 above gives such necessary conditions. Thus, Claim 1 is res-
tated and proven here.

Claim1; Let H(s,K) be given in the form of eqn.(1). Then, if there exists CERP
such that C#0 and CT[N, D,]=0 or if there exists 1C€RP*! such that
1CT[Ng Dyl=0 then H(s,K) is not parametrically unique (i.e. it will be shown
that IL(s) has a non-trivial left null space regardless of the value of 1X”.)

Proof; Assume H(s,K) is of the form given in eqn.(1) and choose any 1K€RP
such that 1K7[Ng Dg]#0 to be used in IL(s). (The just given condition is
imposed on 1K since we know such a condition is true of 1K°.) Also, assume
there exists CERP such that C#0 and CT[N, D,]=0. Then, obviously, CT/L(s)=0.
Now assume there exists a 1CERP*! such that and 1CT[Ny Do)=0. Thus, note
that 1CT[Ng Dol[—Do No])T1K=0 and 1KT[Ng Do)[~Do No]T1K=0. Subtracting
these two quantities gives (K—C)TIL(s)=0. Thus, note that 1C#1K so C#K and
IL(s) has a non-trivial left null space.
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So, what the above theorem really says is that in order for H(s,X) to be
parametrically unique, [N D¢] must not have a left null space over the reals. If
it does, one can never identify the unknown quantities in H(s,X) uniquely. How-
ever, by theorem 3 one can always identify an equivalent transfer function for
H(s,K).

Thus far one has given only necessary conditions for parametric uniqueness
and identifiability. In order to study the situation further, one must express
IL(s) in a different form.

By calculation it is easy to check the following.
IL(s)=T(K)P(s)

where I'(K)€RP*?, P(s)eR[s ]'.q:=‘z=:i.
i=

ko k 0
100..0 %2 ks | kyp 0 . 0 ... o0
10..0-k;, 0 | 0 ks k. | Kk .. 0
r(k)=01--00 “k1. . 0 =k2 0. . 0 ... .
R 0 . . 0 —=kp. . . ... 0
..10 . . '—kl 0 . .“kgo oo kp
000.01 0 0.9 =k, 0 0 . 0 —kz...—ky,

and

[ —(do(s ) (s )-dy(s Ing(s))
—(do(s )na(s )—da(s Jno(s))

—(do(s )np(s)—dy, (s)ngls))

dy(s )na(s)—da(s)n,(s)

d,(s)ng(s)—ds(s)n,(s)

d -
dzﬁz%:'.:; -l me)
P (s )3= dg(s )7'-4 S )—d4(s )ng(s )

d -
pis ol g Sy

da(s)np (s)=dy (s Jnsfs)

|8 -1(S)mp (5) =y (s Imp - (s))

Thus, the question still stands: Does there exist a CeERPand a K€RP such
that CTT(X)P(s)=07 In this form the unknown K forms a matrix while C is still a
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vector. Notice then that for CTF(K)P(S) to be identically zero two things must
happen. P(s) must have a left null space over the reals and there must exist a C
and a K such that CTT(K) is an element of that left null space. Furthermore,
examinaton of I'(K) and C reveals that C'T'(K) can only equal a vector whose
first p terms are not all zero. Thus, one has a sufficient condition for both
parametric uniqueness and identifiability namely : H(s,K) is parametrically
unique and therefore K° is identifiable if the only elements in the left null space
of P(s) have zeros in the first p places. Beyond this, characterizing the sets of
K's and C’s which make CTT(K) lie in the left null space of P(s) must be delt with
on a case by case basis.



Examples §
In this section one wishes to illustrate two different types of systems whose

transfer functions are of the form given in eqn.(1) and therefore would be eligi-
ble for the identification scheme presented in this paper.

The first class of systems presented is the general class of interconnected
systems whose innterconnection gains are unknown. An example of such a sys-
tem is given below.

w2
u, + ns) [ YN J’L nz(s) Ye
: {‘\ : & T8 - 22(5)
(c2)
-

In the above system the interconnection gains are unknown and the intercon-
nected blocks are known. The matrix of transfer functions between [, u,)7 and
[¥, ye]T for the above system is:

iru(s)@(s)»«cm(s)n:(s) —cqny(s)na(s)

c ny(s Jng(s) d,(5)na(s)+can (s )ne(s)
dy(s)da(s)+cam (s )da(s)+egna(s)d (s)+(c1ca+cecs)n (s)nea(s)

Notice that as long as none of the ¢'s are zero, the uz,y; or the u,y2 input-
output pair could be used to identify the unknown c¢'s by the method presented
in this paper. (In the identification procedure simply make one of the unknown
parameters equal to ¢ c4+czc3s.) If the u,,; or the u,,y2 input-output pair is
used, only three of the four parameters are identifiable. When one of the c¢'s is
zero, one can still use the presented identification scheme except that care
must be taken in choosing the proper input-output pair for the identification.
From more of a physical point of view, any spring-mass-damper system or
its electrical analog will generate system transfer functions of the form given in
mpmnted in this section were done using Simmnon — An Interactive Simula-

tion Program For Nonlinear Systems, Department of Automatic Control, Lund Institute of
Technology, Lund, Sweden.
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eqn.(1) when there exist unknown system parameters like spring constants,
resistor values etc.. Typically, such systems will produce transfer functions
where the unknown parameters appear in the "multilinear” form. To convert
such problems to ones this identification scheme can handle, one simply defines
a new parameter as the multilinear parameter. As an example, consider the fol-
lowing simple system: .

— T == T
s |
¥ -3
Ty T2

Now assume that mz=2,rp=1.k,=3 and everything else is unknown. Then, making
a foreing function on either mass the input and the postion of either mass the

output produces a matrix of transfer functions for the above system as followes:
2s2+s +3 s+3 ]
s

El] _ s+3  (s+3)+k,+m,s%4r, El]
2] (2s3+B8s%)+k,(25%+s +3)+m (254 +53+3s%)+7,(2sT+s%+3s) |/ 2

Thus, in this case, no multilinear terms appear. Also, one can use any input-
output pair to identify the unknown parameters. To illustrate the identification
process one uses the 2,2 entry of the above matrix of transfer functions to iden-
tify the unknowns m,,r; and k,. Thus, letting k,=k,kz=m, and k3=7, gives:

ne=s+3 d°=233+882

n;=1 d,=25%+s+3

np=s®  dp=2s4+s3+3s?

ng=s dg=2s3+52+3s
Note that neither Ng nor Dy has a left null space so that the necessary condi-
tions for parametric uniqueness are met. Now form the vector P(s).
:édo‘nx’drno) s24+65+9

:oﬂz-gzﬂtog ?Gssz-i-gsz
— n o—
P(s)= ona—CgNg)l _ s +SS +9s

d;ﬂ.z—dg‘nl
d l‘ns—ds‘nl 8
| dans—dsne

Notice that every element in the left null space of P(s) has the first 3 terms

i
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equal to zero. Thus, the sufficient condition for parametric uniqueness is met so
that no matter what m,,r, or k, is, they can be uniquely identified.
Below are simulation results of the successful identification of m,,r; and k,

when the real values of those parameters are 3,2 and 2 respectively.

0. — — 3 .‘ ;
\[ —~
-1.5 e: error 1.5 m,;: Final Value = 3
-3, 2. ] T
eo v 46- a' l Qe

2 / S —— 2 r-\\r-——-"

1. k,: Final Value = 2 1. 7y: Final Value = 2

2. 2.

. 49. ) Q. ’ 49,

Fig. 1: Simulation results for the identification of the given spring-mass-
damper system. u(t)=2+2sin(.5t)+2sin(t), all initial conditions were set to 0
and the update gain for all parameters was 1. The values of the input
parameters were m;=3,7,=2 and k;=2.

As illustrated by the above discussion, it is clear that the presented
identification scheme has application. To present further this identification pro-
cedure and to emphasize the ideas of parametric uniqueness and identifiability,

one presents several more simple examples.

Example 1
Consider the following partially known transfer function.

8s +53+k s%+ky(s%+5s +8)
45 +s9+k ;5%+ k(52455 +4)

H(s,K)= (23)
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Then
ng=s3+6s do=s3+4s
n,=s? d,=s?
ny=s?+5s+6 dp=s%+5s5+4

Note that neither [N, D,] nor [Ng D] has a left null space over the reals — both
necessary conditions for parametric uniqueness and identifiability are satisfied.
Now calculate P(s).

P(s)=|~(do(s )na(s)—dz(s )no(s))
dy(s )na(s)—da(s)ny(s)
The only element in the left null space of P(s) is [0 =1 5]. So any element in
the left null space of P(s) is of the form [ 0 —a 5a ], a€R. Does there exist a
KeR? and a C€R? such that CTI(K)=[ 0 —a 5a ]? Well,

~fdofema(e) 2, (S)nO(S))]-[10s2]

=[c, c2 ¢ kz—c2k, ]

r 10 k;
C'I(K)=[e, cz]o 1 -k,

Thus,

does it. Therefore, H(s,K) is not parametrically unique. However, if k,#5 then
k, and kg are identifiable. Plugging k,=5 into H(s,K) gives;

(s+2)(s +3)(s +k3)
(s+4)(s+1)(s+k3)

H(s,5,kg)=

Thus, for k;=5 a pole-zero cancellation results and the value of k2 does not
matter. However, as mentioned, if k;#5 then no pole-zero cancellation results
and k£, and k; are identiflable.

Below are the results of two identification simulations. The first run uses the
scheme presented in this paper to identify H(s,K) given in egn.(23) with
k=5 and kz=unspecified. The second run uses the same identification scheme.
on H(s,K) except that here k,=2 and kp=1.



Results of Run 1
4,.E-6
;
2.
e: error
. {Ilﬂ 2.
vl
0. dl PA o
\f
| -4 .E-€
|
2. 40, ' )
- 1.230004
-
4, a8
4 ~
i F/ @ .299329332 |
2. k,: Final Value =5
1/
4 ?.33399522
1.
o. |f
0. 30. a
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Fig

2: Simulation

for all parameters was 1.
k=5 and ky=unspecified.

results

for the

k2. Final Value = 0
(initial value = 0)

f
v | ',"\' (initial value = 1)
"\

J

ko Final Value = 1

[

. identification of
u(t)=4sin(t)+4sin(2t), all initial conditions were set to 0 and the update gain

' 4 0’ .
eqn.(23).

The values of the input parameters were

Examination of the above results shows that the identification scheme suc-

cessfully identified k,. However, since k; is lost in the pole-zero cancellation, it
can go to any value -- which seems to depend on its initial condition.
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Results of Run 2
1. ]
- 1.2 p
.. LM
- |- \[Wv f
. ®.8 ] kg: Final Value = 1
-1, Y. e: error
0.
0. 40, ’ 0. N 40.
2. |
P
J
1. |
1 k,: Final Value = 2
9. |
Q. ) 4@.

Fig. 3: Simulation results for the identification of eqn.(23).
u(t)=4sin(t)+4sin(2t), all initial conditions were set to 0 and the update gain
for all parameters was 1. The values of the input parameters were
k1=2 and kz=1.

Examination of the above results shows that the scheme was successful in
identifying both parameters as predicted.

Example 2
Consider the partially known transfer function given below.

_ __Btki(s+2)+kasP+kg(s +2)
H(s ,K)= (s3+2s +3)+k ,(s?+s ) +k g(s?+s)

(24)

In this case;

ny=3 do=5+2s +3
n,=s+2 d,=s?+s
'n,z=sz dy=0
ng=s+2 dg=s+s

Thus, [N, D,] has a left null space over the reals making H(s,K) parametrically
nonunique by Claim 1. Note that eqn.(24) can be written as given below. In this
form the nonuniqueness of the parameters is more obvious.
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3+(k l+k3)(8 +2)+k282

Hs K= 1z e 13 (k7o) (574 9)

A simulation was performed to illustrate the above predicted nonuniqueness of
acceptable parameter values. In that simulation k;=2,k3=5 and kg=3. The
results of the simulation are given below.

2.8 2.5
7 T T
Al )
. 1 a,'.j
1.25 1.25
J k,: Final Value = 2.5 | ks Final Value = 2.5
]
8. |, 8. |
o ' ad. ' 0. ' 40, i
4. ,//—_ 1.8
,J.{ ’ €: error
1 R ]
. W =5 1,8
2, | r,J ky: Final Value 2. M J‘uiuw"w"w PP
14
a . -1 .5
o ' 39, ' 0 ' 30.

Fig. 4: Simulation results for the iﬁentiﬁcation of eqn.(24).
u(t)=2sin(.5t)+2sin(1.5t)+2sin(4t), all initial conditions were set to 0 and

the update gain for all parameters was 2. The values of the input parame-
ters were k;=2,k>=5 and k3=3.

Examination of the above simulation results reveals that the parameters
did not converge to their input values. However, the values they did converge to
namely k,=2.5,k2=5 and k3=2.5 do yield an egivalent transfer function when
plugged into H(s,K) given in eqn.(24).

Example 3

Consider yet another partially known transfer function as given below.

_ (s+1)+k (s +1)+kps?
H(s.K)= (s2+1)+k 1(521“’1)""63(38"'118)

(25)

For this transfer function;
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no=s+1 do=s?+1
n=s+1 d,=s%+1
ng=82 d2=0
ng=0  da=sS+1ls

Thus, [Ng Dg] has a left null space over the reals so that again H(s,K) is not

parametrically unique. Rewriting eqn.(25) in the following form illustrates the
parametric nonuniqueness of the parameters.

(1+k,)(s+1)+kos?
(1+k,)(s?+1)+kg(s3+11s)

H(s,K)=

A simulation was also run for this system with k£;=5,k3=1 and k3=7. The results
of that simulation are given below.

a.
a4
0.2
-@ u:E . nl
k,: Final Value = -.5813 2. || v
[}
2.8 | % kg: Final Value = .0698
S -0.25
2 ' 4 ' 0. 30" )
.5
n.a / T
B 9 . 1 ‘.
.1/ %z Final Value = 4884 "lp""'“"
S l e. error
| -9.5
2. .
0. T 43. Q. " 49,

Fig. &5: . Simulation results for the identification of eqn.(25).
u(t)—ZSm( 5t)+2sin(t)+2sin(2t), all initial conditions were set to 0 and the
update gain for all parameters was 1. The values of the input parameters
were k,;=5,k,=1 and kg=7.

Examination of the above results shows that again the parameters do not con-
verge to their input values but do converge to values that, when plugged into
eqn.(25), yield a transfer function which is equivalent to the input transfer func-
tion. (In this case one needs to multiply the identified transfer function by
14.33/14.33 to get exactly the same transfer function as input.)
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Example 4
Finally, consider the following slightly higher order partially known transfer
function.

s +k,s5+kg(s?+2)+k,

= 26
H(s.K) (57524 1) +k 5%+ k(55 4+ 1) +k 4(4.555+29s5+ 14.55) (26)

For this transfer function;

no=s do=57s2+1
n1=s° d1=s°
ny=0 do=5s%+1

ng=s%+2 ds=0
n,=1 d,=4.5s5+29s3+ 14.5s
Thus, neither [Ng Dg] nor [N, D,] has a left null space over the reals so that all

necessary conditions for parametric uniqueness and identifiability are satisfied.
Now check P(s).

—(d(,'n.,—t:l,'n.‘,)ﬂ —EReT—B
—(donz—dzng) 55?':.,.:
—(dong—dsnq) —57s%—11552—2
=(dons—dino)| | 4.5s%+29s%—42.552-1
_| dma—daon, |_ —8s9—g5
P(s)= dng—dsn, |- s8+2s8
d 1n4-d4'n.1 -4.5s ‘0-2958-13. 556
dong—dgng 5S°+é0f4'|1'.82+2
don,—dm S+
_ d:z:_d:n: | l-4.5s"-3855-72.55%-295

From P(s) the coeflicient matrix P, is formed and is given below.

0 0 0 -568 0 -1 O 0 0 0 O
0O 0 0 O 0 5 0 0 0 1 0

0O 0 0 O 0 0 =57 0 -115 0 -2

0O 0 0 0O 45 0 29 0 =—-425 0 -1
p=0 =50 0 0 -1 0 0 0 0 0
¢ 0O 0 1 o0 2 0 O 0 0 0 0
-450-29 0 -135 0 O 0 0 0 0

0 0 0 O 5 0 10 O 1 0 2
0O 0 0 O 0 0 5 0 0 0 1

| 0 0 0 -45 0 -38 0 =725 0 -29 O]

It can easily be shown that P, has no left null space which implies that P(s) has
no left null space over the reals. Thus, H(s.K) is parametrically unique and any
value for K in H(s,K) is uniquely identifiable. On the next page are the simula-
tion results when k;=1,k;=5,kg=4 and k4=2.
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e: error

< |J e
Q.
™ k,: Final Value = 1

kg Final Value = 4

| 0.
z |
2. T 12 9. K 40, ﬁ
€.
(TP 3
3. s
. ]‘Jj : . "’Vﬂ A
4 nJ,f k3 Final Value = 5 2. ™ hI
o. | f° /| k. Final Value = 2
-5 |
0. ’ 47, Q. i 40.
Fig. 6: Simulation results for the identification of eqn.(26).

u(t)=2+2sin(. 5t)+23m(t)+2s1n(1 5t)+2sin(2t)+2sin(4t), all initial conditions
were set to 0 and the update gain for all parameters was 1000. The values of
the input parameters were k;=1,k>=5,k3=4 and k,=2.

Examination of the above simulation results shows that the identifier was
indeed successful in identifying the exact input values for k,,kz,k3 and k4.
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Conclusion

In this paper one has presented a method similar to a scheme given in [1]
which utilizes specific prior knowledge of an unknown continuous time linear
system to deterministically identify the transfer function of that system. It was
shown that an equivalent transfer function (i.e. one which is identical to the unk-
nown one modulo multiplication by 1 in the form of a/a where a€R and possibly
pole-zero cancellations) can always be identified provided the support of the
spectral measure of the input is not concentrated on n<r+1 points where
r:=mazdeg (n;d; —n;d;) i.j =1,...,p. Furthermore, conditions on the structure of
the prior information were given which determine when and when not unique
values of the unknown parameters of the system are identifiable.

The advantages to the given identification scheme lie in the fact that one
does not have to identify every coeflicient in the transfer function just the unk-
nown parameters. Thus, the amount of computation necessary to perform the
identification is in some cases significantly reduced (e.g. in example 4 only 4
parameters were identified as opposed to the necessary 13 when the transfer
function is assumed to be completely unknown). In addition, it is intuitively
argued that because fewer parameters are being identified, the real time con-

vergence rates for those parameters is improved.

Note that in all of our analysis it was assumed that there exist at least one
‘set of parameter values which made the assumed form of the transfer function
used by the identifier equal to the transfer function of the real system. However,
when there exist unmodelled dynamics in the system, it is not true that such a
set of parameter values exist. Therefore, now that one knows the system
behavior for the ideal case, more analysis will have to be done to determine the
behavior of this identification scheme when used to identify a system in the
presence of unmodelled dynamics. One way to perform such a robustness study
would be to make the n;(s)'s and d;(s)'s proper, stable rational functions rather
than polynomials by dividing the numerator and denominator of H(s,K) by A(s)
— a Hurwitz polynomial of sufficient order. Then, well defined norms such as the
sup norm over j could be used to measure uncertainty in each n;{s) or d;(s)
which could then be related back to the total uncertainty about the system.
Thus, once the system uncertainty is expressed in a familiar measure, such as
the previously mentioned sup norm, ezisting robustness results could be
applied.
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