Copyright © 1987, by the author(s).
All rights reserved.

Permission to make digital or hard copies of all or part of this work for personal or
classroom use is granted without fee provided that copies are not made or distributed
for profit or commercial advantage and that copies bear this notice and the full citation

on the first page. To copy otherwise, to republish, to post on servers or to redistribute to
lists, requires prior specific permission.



FREQUENCY DOMAIN SYNTHESIS OF OPTIMAL INPUTS FOR
ADAPTIVE IDENTIFICATION AND CONTROL

by
Li-Chen Fu and Shankar Sastry

Memorandum No. UCB/ERL M87/3

6 February 1987



FREQUENCY DOMAIN SYNTHESIS OF OPTIMAL INPUTS FOR
ADAPTIVE IDENTIFICATION AND CONTROL

by

Li-Chen Fu and Shankar Sastry

Memorandum No. UCB/ERL M87/3
6 February 1987

ELECTRONICS RESEARCH LABORATORY

College of Engineering
University of California, Berkeley
94720



FREQUENCY DOMAIN SYNTHESIS OF OPTIMAL INPUTS FOR
ADAPTIVE IDENTIFICATION AND CONTROL

by
Li-Chen Fu and Shankar Sastry

Memorandum No. UCB/ERL M87/3
6 February 1987

ELECTRONICS RESEARCH LABORATORY

College of Engineering
University of California, Berkeley
94720



Frequency Domain Synthesis of Optimal Inputs for Adaptive
Identification and Control

Li-Chen Fu and Shankar Sastry

Electronics Research Laboratory
Department of Electrical Engineering & Computer Science
University of California, Berkeley CA 94720

ABSTRACT

In this paper, we precisely formulate the input design problem of choos-
ing proper inputs for use in SISO Adaptive Identification and Model Reference
Adaptive Control algorithms. Characterization of the optimal inputs is given in
the frequency domain and is arrived at through the use of averaging theory.
An expression for what we call the average information matrix is derived and
its properties are studied. To solve the input design problem, we recast the
design problem in the form of an optimization problem which maximizes the
smallest eigenvalue of the average information matrix over power constrained
signals. A convergent numerical algorithm is provided to obtain the global
optimal solution. In the case where the plant has unmodelled dynamics, a care-
ful study of the robustness of both Adaptive Identification and Model Refer-
ence Adaptive Control algorithms is performed using averaging theory. With
these results, we derive a bound on the frequency search range required in the
design algorithm in terms of the desired performance.
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1. Introduction:

Robustness and Rate of Convergence are the two most important factors on the design of
adapfive identification and control. To date, there has been a great deal of analysis of robust-
ness properties of adaptive algorithms ever since Rohrs et al [30) showed the lack of robust-
ness margin in several practical applications. While some modifications of adaptive control
algorithms have been proposed ( Peter & Narendra [29], Kreisselmier & Narendra [20], Sastry
[33], Ioannou & Kokotovic [17] and Ioannou & Tsakalis [18]), it has been argued by some
that the robustness of adaptive algorithm depends primarily on the persistence of excitation of
the controlled system, and, consequently on the choice of the exogenous reference input
applied to the system. In Bodson & Sastry [3], the effects of persistent excitation on robustness
margin is made precise. A connection between the rate of convergence of the adaptive scheme
and the robustness margin is also made. For adaptive identification, Bai & Sastry [2] and Bai
et al [12] showed that the parameter converges to a small neighborhood of the true parameter
of the nominal plant under a condition in the presence of unmodelled dynamics and model
mismatch.

The study of parameter convergence rate of adaptive schemes came in the work by Son-
dhi & Mitra [31] who obtained bounds, dependent on the parameter adaptation gain, of the
convergence rate. Later, Fu et al [9], Bodson et al [4] and Kosut et al [21] used averaging
techniques to obtain estimates of parameter convergence rate for the nominal system. Such
techniques were first introduced by Astrom [1] to explain the instability mechanism in adaptive
control arising from unmodelled dynamics, and are the most useful for the analysis of adaptive
systems in the frequency domain.

In this paper, we focus on the choice of optimal input signal and its effects on parameter
convergence rate in both cases where the plant has and doesn’t have unmodelled dynamics.
Although the same issue has been discussed by Mareels et al [24], the results are limited. In
the stochastic literature, the problem of optimal input design in estimating parameters in linear
dynamical systems has been widely investigated ( a survey by Mehra [26] ). Based on several
different optimality criteria such as D-Optimality and A-Optimality, various design algorithms
are obtained. Since these designs are unavoidably dependent on the unknown parameters of the
system, a Bayesian approach that assumes a prior distribution of the parameters is then used.
In all cases, however, the objective of their design is to achieve a more accurate parameter esti-
mate instead of a better parameter convergence rate. ‘
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The purpose of this paper is both analysis and design. We first analyze the effect of the
frequency spectrum of an input to the rate of parameter convergence. For the design purpose,
we then find the optimal input ( input with the optimal frequency spectmm ) by the process of
optimizing that effect. Of course, during the course of the optimization, we replace the
knowledge of the "true plant” by an estimate. Our contribution is as follows: we propose a
Sequential Design Algorithm to search for the optimal input signal design which is shown to be
the global optimal one. The algorithm is based on the design criterion to maximize the smallest
eigenvalue of the average information matrix ( which will be defined in the sequel ) rather than
its determinant or trace. It tums out to be a more practical criterion in the case when the infor-
mation matrix may be ill-conditioned.

The paper is organized as follows: In section 2, we formulate the input design problem
for both Adaptive Identification and Model Reference Adaptive Control in terms of an optimi-
zation problem. In section 3, some input rules for design on which the solution of the optimi-
zation problem is based are given. In section 4, we propose a numerical design algorithm by
which the optimal input is searched sequentially and we give some simulation examples to
illustrate the results. In section S, we discuss the robustness of both Adaptive Identification and
Model Reference Adaptive Control schemes. Moreover, we give a bound on the frequency
search range based on information about the plant uncertainty and the frequency content of the
input such that a desirable performance is guaranteed.



2. Input Design Problem

The problem of designing optimal inputs for both Adaptive Identifiers and Model Refer-
ence Adaptive Controllers is under investigation. '
(I) Adaptive Identifier:

We consider an unknown plant, described by a SISO proper stable transfer function

50s) = k. 25
PO =k @.1)

where n,(s), dy(s) are coprime monic polynomials, and d,(s) is of known degree n.

The adaptive identifier of this plant has a structure shown in Fig. 2.1. The stable filter
blocks F; and F, generate signals v?(¢) and v®(f), which are respectively smoothed derivatives
of the input r and the output y, of the plant. The output of the identifier y; is obtained through
the adaptive gains c(f), d(f) eR" and c,(eR

yi = VO+dV P47 (22)

and it may be verified that there exists a unique choice of the adaptive gains, denoted c*, d’
and c,,;, such that the transfer function from the input » to the output y; is identical to the plant
transfer function P(s). We define the parameter vector 6 R™!

6" = (" cun) @3)
- and the signal vector we R>**!
wl = (va)T,vo;T 7) 2.4)
so that
yi= 6w 2.5)

The output of the plant is then given by an equation similar to that of the identifier

¥ =0Tw (2.6)
where 6" is the vector of "true" parameters corresponding to £(s). Defining the parameter error

¢=06-0 ' 2.7
the output error e;=y~ y, is then given by

e = ¢'w (2.8)
It can be shown ([19],[23]) that, with the adaptation law

 g=-Tew 29)

where I'e R™* is the adaptation gain matrix, the following propositions are true



@) If r, reL., then }ime,(t)=0.
(i) If, moreover, w is persistently exciting (PE), that is, if there exist constants a;, &, and
8>0 such that
F
oyfs [wwdisayl  for all 520 (2.10)

then the parameter error also tends to zero, i.e.
lim(r) = 0 2.11)

and the convergence is exponential.
In the proposition (ii) above, we quantify the convergence by giving a preliminary
definition.
Definition 2.1:  ( Exponential Stability, Rate of Convergence )

The equilibrium point x=0 of a differential equation is said to be exponentially stable,
with rate of convergence o ( a>0 ), if

Il ) 11 € mll x(tg) Ne” = (2.12)

for all 21520, x(to)e B, ( a closed ball with radius 2>0 ) and some m>1.

The input design problem for an adaptive identifier is that of selecting an input r from an
allowable class of signals ( to be specified by the designer ) so that the rate of convergence of
the parameter error vector ¢ can be optimized. There are various possible solutions to this
problem. The solution pursued here is based on a frequency domain approach, applying averag-
ing theory to the update law (2.9), that is to replace I' by e/ where € is a small positive
number. It is shown in [9) that the rate of parameter convergence can be assessed easily by
studying the average information matrix R,(0) defined by

~T
RO) = lim [ wlowde 520 2.13)

when w is persistently exciting. The bound on the rate of convergence is close to the smallest
eigenvalue of R,(0) ( a symmetric positive definite matrix ) but differs from it by a class k
function of &, y(e).

The input design problem can therefore be cast in the form of an optimization problem in
which an input r is chosen from a class of signals to maximize the smallest eigenvalue of the
average information matrix R,(0). Such a procedure is very reminiscent of the procedure indi-
cated in [14] [16] [25] for the design of input signals in identification. There, however, the
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objective is to achieve better accuracy of the parameter estimates as opposed to the larger rate
of parameter convergence in our case.

(II) Model Reference Adaptive Controller

Next, we examine the optimal input design problem for Model Reference Adaptive Con-
trol schemes. We consider the output error scheme, developed by Narendra and Valavani [27]
and Narendra, Lin and Valavani [28]. Although not discussed here, the input error scheme,
developed by Bodson and Sastry [S], can be handled similarly.

We consider an SISO plant with transfer function
,(s) n,(s)
=P
ro - O=bag

where n,(s) and d,(s) are monic coprime polynomials of degree m and n respectively and , isa
scalar. The following are assumed to be known about the plant transfer function:

(2.19)

(AD) The degrees of the polynomials d, and n,, namely, n and m, are known.
(A2) The sign of k, is known ( say k>0 ).

(A3) The plant transfer function is assumed to be minimum phase.

The reference model is described by

Inls) O)
o =M=k

where n,(s) and d,(s) are monic coprime polynomials of degree m and n respectively ( i.e. the
same degrees as the corresponding plant polynomials ). The reference model is stable,
minimum phase, and k,>0.

(2.15)

The controller structure for the scheme is shown in Fig 2.2. The dynamical compensator
blocks F, and F, ( reminiscent of those in the adaptive identifier ) are identical single input and
n-1 output systems with transfer function (s/~A)"'b where AeR™P™!, beR™! and A is chosen
so that its eigenvalues are the zeros of n,(s). The parameter ceR™! in the precompensator block
serves to tune the closed loop plant zeros; deR™! and dyeR in the feedback compensator assign
the closed loop plant poles. The parameter c, adjusts the overall gain of the closed loop plant.
Thus, the vector of 2n adjustable parameter denoted © is

_ 67 = (corcT oA
with the signal vector weR** defined by

W = (r Wy, @7



The input to the plant is seen to be

u=0"w - (2.16)
and the state equation of the plant loop is given by

A A, 0 0| |* b,
vl = A O] PO+ [b]e™w 2.17)
v®  |b; 0 Al V@] (O

where (A,.b,,c,) is a minimal realization of the plant. It may be verified that there is a unique
constant vector 8°eR? such that, when 6=6", the transfer function of the plant plus controller
equals that of the model, M(s).

Now if the relative degree of the plant is one ( n-m=1 ), the model transfer function M(s)
can be chosen to be strictly positive real, and it can be shown ([27]) that, with the parameter
update law

§=-Tew=- TG ymWw (2.18)
where ['e R2*2* is a positive definite matrix, the following propositions are true:

@)  If the input reL.., then all signals in the loop, i.e. &, v, v, y, and y,, are bounded and

}i-r:el(t) =0 ~ (2.19)

(ii) If, moreover, w is persistently exciting ( which is similarly defined as in (2.10) ), then
the parameter error ¢=6-6" also tends to zero, i.e.

}i_.lgW) =0 (2.20)

and the convergence is exponential.

The stability proofs of the above propositions heavily rely on the strictly positive realness
(SPR) of the model transfer function. In the event that the relative degree n-m is greater than
one, M(s) can never be chosen to be SPR. Consequently, the following modifications need to
be made.

() A stable linear filter L™(s) is found to make the transfer function L(s)M(s) SPR.

(ii) When the relative degree n-m is greater than two, augmented output error and over-
. parametrization ( i.e. 8,,, is used besides 8e R> ) are used.

It is shown ([6]) that, with a modified update law, propositions (i) and (ii) are still valid ( even

though the (2n+1)th parameter may not converge in the case when n— m23. ).

As a result, the input design problem for this output error control scheme is again that of
selecting an input » from a class of signals so as to optimize the rate of parameter convergence.
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As in the optimal input design for the adaptive identifier, a frequency domain approach through
the application of averaging is adopted as the method to solve the problem. In the following,
we will only discuss the case when the relative degree is one. The case in which the relative
degree is greater than one can be dealt with similarly.

The state equations for the model loop are given by

in| [Aqbdect b bAT| [xa] |
W0 = ' avbeT bdT| ||+ |6 |cr 2.21)

The (3n-2)x(3n-2) matrix in (2.21) is henceforth referred to as A, and the (3n-2) vector in
(2.21) as b, Then subtracting (2.21) from (2.17) with

€' = VTV - (RT3 2.22)
we have that
é = Apetbud’w (2.23)
. and
e = (c1.0.0)e := che 2.24)

Note from (2.21) that cicl(s/~ A, 'b, is equal to the model transfer function M(s) and that

c&=€-"‘- is the ratio of the high frequency gains. Now the update law (2.18) becomes
P .

0=¢=-Twcle (2.25)
To apply averaging, we consider slow adaptation, i.e. I'=¢J resulting in
é = Anetba W10 (2.26)
¢ =— ewche @.27)
Recall that w is not exogenously specified, rather it depends on e, i.e.
w= w,+0e (2.28)
where w,, is an exogenously defined 3n-2 dimensional vector obtained from r and given by
Wi = V5 IV

and Q is the constant 2nx(3n—2) matrix

~o OO

Q
]
oo o
co~Oo
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Using these, eq. (2.26), (2.27) are rewritten as
é = Ape+bpwrt+bne 070 - (2.29)
6 = — ewpcle~ eQecle (2.30)
With the exception of the last terms ( quadratic in e and ¢ ), eq. (2.29), (2.30) are linear time

varying equations describing the linearized adaptive control system, around the equilibrium
point e=0 and ¢=0.

Recall that exponential parameter convergence can be obtained provided that w is per-
sistently exciting. Referring to the definition 2.1, we see this is the case by taking the rate of
parameter convergence as that of tail parameter convergence; in other words, behavior of small

e and ¢ is our domain of interest. Consequently, we apply the averaging to the linearized ver-
sion of (2.29), (2.30), i.e.

é = Apetbwho (2.31)
& =- ewncle (2.32)

The rate of parameter convergence of the linearized adaptive system can be easily
assessed by investigating its averaged system

¢¢v == eanwn,(o)¢¢v (2.33)
where
1 ~T 1 -
Ru o (0) = lim— jw,,(t)-:gM(w,,)(t)dt 520 (2.34)

( Note -clrﬁ(wm)(t) is a vector obtained by filtering w,(i) through a transfer function -EI;M(s) )
0 = 0

It is shown in [9] that the bound on the rate of convergence is close to the smallest real
part of eigenvalues of R, ,, W(O) ( a positive definite non-symmetric matrix ) but differs from it

by a class k function of €, (). The resulting optimization problem is to choose an input r (
subject to certain constraints ) so as to maximize the smallest real part of eigenvalues of the
general ( non-symmetric ) matrix R, ,, w(O). Although this is not well formed, the next lemma

([8]) remedies the situation.
Lemma 2.1:
Given any constant square real matrix A such that
N A=Hz+iH, (2.35)

where H, and H, are Hermitian matrices, then the following are true:
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Aenin(H1) < REMA) € Ay (Hy) ’ (2.36)

Amin(H2) < IMMA) < Ay (H2) 237
where A() stands for an eigenvalue of some matrix in its argument. In the case where A is a
real matrix, H, and iH, are simply symmetric and skew-symmetric matrices respectively.

In light of Lemma 2.1, the transformation from input design problem to a problem of
maximizing the smallest eigenvalue of the symmetric part of R, 0 denoted as

Symm[Ro W(O)], by choosing  subject to some constraints is thus established.
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3. Input Design Bases:

The input design problem is formulated in terms of an optimization of the smallest eigen-
value of a positive symmetric matrix ( i.e. R,(0) for the adaptive identifier and S,,,.;,.[R,._., _‘,(0)]
for the Model Reference Adaptive Controller ) over a class of input signals. In this section, we
make the problem more tractable by choosing the class of input signals to be power-
constrained; by which we roughly mean that the average power of a signal i(r)eR, defined as

1 »T
lim — I i2(ndt @3.1)

with limit existing uniformly in s>0, can be no greater than a fixed amount. In the following,
more detailed definitions are introduced to facilitate the later development of the input design
algorithm,

Definition 3.1: ( Stationary, Autocovariance, Power Spectral Measure )

A signal u(’) : R,—R" is said to be stationary if, for each <, the following limit exists uni-
formly in s:

~T
R,(x) = lim % | uGuTodr (32)

in which instance, the limit R (t) is called the autocovariance of u. Also, R,(t) can be written
as the inverse Fourier Transform of a positive power spectral measure S,(d)

RiD) = 5= | &S.dw) (3.3

As indicated by Definition 3.1, the average power of a stationary vector signal u may
thus be expressed in terms of its power spectral measure §,(dw), i.e.

R(0) = % [ S.dw) (G.4)

In general, a stationary signal ‘may have nonzero power spectral measure over continuous
and/or discrete sets in the frequency spectrum. The next definition explores this in more detail.

Definition 3.2: ( Frequency Support )

The frequency support of a scalar stationary signal u with power spectral measure S.(dw)
is defined as

o+
Supp(u)={ ® |0eR , forall e>0, [ S.(dw)>0 } : (3.5)
o€
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Let F () be defined as

Fu(0) = | S.(dw) : (3.6)

then F,(do) is a spectral distribution function which is monotonically increasing and continuous
from the right. If F.(dw) is absolutely continuous, then the frequency support Supp(x) defines a
continuous spectrum, which denotes the smallest closet set outside which the power spectral
measure S, vanishes. On the other hand, if F(dw) is a staircase function with n jumps, then
Supp(x), which is exactly n points in the frequency spectrum, defines the discrete spectrum.

In practice, stationary signals frequently encountered are bandlimited with bandwidth
Q=[-0,,0,], ®,>0. This leads to the following definition.

Definition 3.3: ( Normalized Input Design (NID) Set N(Q) )

A normalized input design is defined by the spectral distribution function F,(w) which
satisfies

l -—
25 Ful) =1 @GN

The normalized input design set N(Q) is then defined to be a set of normalized input designs
' with frequency support only contained in the frequency band Q=[-0,.0,], i.e.

F-wg) =0, o) =1 (3.8

Note that F(w) can be identified with a positive measure, i.e.

z[ S(do) = ! dF(w) (3.9)
which gives a more concise expression of N(Q)
NEQ) ={ F | F : positive measure , 2—11‘ LdF(m) =1 } (3.10)

In the sequel, we will use Np(Q) to denote a subset of N(Q), including all the NID’s with only
discrete spectrum contained in Q.

Definition 3.4: ( Normalized Average Information Matrix (NAIM) )

A matrix G is said to be a normalized average information matrix if there exists a proper
stable column transfer function H(-):C—C™, a scalar function a(-):C—R, and FeN(Q) such that

G=o [ aGeHGRH GordF(w) @.11)
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In the special case where F(w) results from a single frequency sinusoidal input with fre-
quency ,, the corresponding NAIM G will be called the point-input information matrix (PIIM)
and denoted G(w,). Moreover, all NAIM’s resulting from the column transfer function H(s) and
all possible F's in N(Q) form a class of matrices M(Q) called NAIM set, i.e.

M(Q) = {G 1G= -zln- a()H()H (0)dF(w) , FeNQ) } (3.12)

Definition 3.5: ( Minimum Eigenvalue of G € M(Q) )

A function Ag(-):N(Q)—R is defined to be the minimum eigenvalue of a NAIM G resulting
from some NID Fe N(Q).

Remarks:

¢)) The NID set N(Q) is a convex set due to the fact that
(1-a)F, + oF, € N(Q) (3.13)
for all F,,F,eN(Q) and ae[0,1].

@ All NAIM’s are symmetric and at least positive semi-definite, therefore, As(F) are
‘nonnegative for all FeN(Q).

€)) In the stochastic literature, the average information matrix that we used here is often
referred to as Fisher information matrix which is related to the error covariance
matrix. Due to the similarity between the average information matrix and the Fisher
information matrix, in the following, we will state some lemmas with proofs omitted
( they can be obtained as in [16] [25].). '

Lemma 3.1:

The NAIM set M(Q) is the closed convex hull of all PIIM’s corresponding to the same
transfer function H, i.e.

My(Q) = Ca{ G(w) | weQ } (3.14)

Lemma 3.2:

For any F,eN(Q) with corresponding G(F,)e My(Q), there always exists a F,eNp(Q) con-
taining no more than m(m+1)/2+1 distinct frequency elements ( m(m+1)+2 spectral lines ) such
that ’
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GFy) = G(FD (3.15)
( Note that G(F) is denoted to emphasize the dependence of GonF.)
Lemma 3.3:

The optimal normalized input F’ = argmax { Ag(F) | FEN(Q) } exists, and contains no
more than m(m+1)/2 distinct frequency elements ( i.e. one less than that predicted by Lemma
3.2).

Remark:

One can infer from Lemma 3.3 that while designing optimal inputs for maximizing the
smallest eigenvalue of the average information matrix, one can confine the search to sinusoidal
inputs with a finite number of frequencies.
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4. Sequential Design Algorithm and Its Ap;ilication to Adaptive Identifier and Model
Reference Adaptive Controller

In this section, we first derive some basic results on the smallest eigenvalue of G(F),
namely, A;(F), using perturbation theory. The numerical algorithm for input design given later
is based on these results. In the end, we illustrate the results by showing simulation examples.

Theorem 4.1: ( Equivalence Theorem )

Consider some F'eN(Q). Let Ac(F") be the smallest eigenvalue of G(F') and v; , i=1,...” be
the orthonormal eigenvectors associated with it. Then the following three statements are
equivalent.

@) F' = argmax {_&;(F) | FeN(Q) } ' @.1)
(b) forall PeN(Q), with F*= (1-)F+oF°, ac[0,1] 4.2)
d
ﬁ-anw <0 4.3)
©  A(F) 2 G (4.4)
where
Conax = max{ MPTGEP) | FeN(Q)} @4.5)
and
P = [vl' s tvr] (4°6)
Proof of Theorem 4.1:

The way we proceed in the proof is to show (a) (b) are equivalent and then (b) (c) are
equivalent.

(i) First of all, note that from (4.2)

G(F°) = (1-0)GF HaGF) @4.7
and that, by perturbation theory, the smallest eigenvalue satisfies
AG(F°) = (1-a)Ag(F Hag+o(a) @4.8)

when « is small, where g is defined By

g = MP'GF)P) @4.9
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and
P=[v, ] . _ 4.10)

It then follows that (a) implies (b) trivially. To show that (b) implies (a), we use a contradic-
tion.

Suppose (b) is true but that there exists a F+F" such that

A(F) > As(F) @4.11)
Define F* as
F* = (1-0)F +of e [0,1] 4.12)
Then
G(F®) = (1-0)G(F HaG(F) (4.13)
and the smallest eigenvalue satisfies
A6(F®) = (1-0)Ag(F Hag+o(a) (4.14)
when o is small and ¢ is defined by
g = MP'GE)P) 4.15)

where P is defined as in (4.10).

R

Since, by definition, v; , i=1, - - - » are orthonormal vectors, one can easily shox'V that
¢ 2 Ms(F) (4.16)
Further, with eq. (4.14), one can establish the following
2 Bl = 9-Ae(F) @1
which along with (4.11) and (4.16) gives a contradiction. Hence, the implication is valid.
(i)
(c) = (b). By hypothesis and definition of g..:, we have
AcF) 2 o) for all FPe N(Q) 4.18)

where

o(F) = MPTG(F)P) (4.19)
With definition of F® in (4.2), (4.18) then implies that

2 Ao = 5-AF) S0 (4.20)



-16 -

®) => (0. This is more obvious to see since if G..,>Ac(F"), then there exists Fe N(Q) and
F° defined by

F* = (1-0)F+oF ae[0,1] : 4.21)

such that

2 ol lomo = F)AlF) > 0 “.22)

Consequently, (b) and (c) are equivalent.
Q.E.D.

Remark:

In the Equivalence Theorem, one should note that finding G, is less complex than
finding Agui= { Ac(F) | FeN(Q) } in the nontrivial case simply because P’"G(F)P is of dimension
rxr and r<m. In fact, the most common and the simplest case is when P consists of single vec-
tor where PTG(F)P becomes a scalar. Thus, by Lemma 3.3, g, can be easily calculated using
a one-line search optimization routine, i.e.

max
Goux = e PTG@P (4.23)

Except in very simple cases, the computation of optimal inputs has to be done numeri-
cally. We propose the following algorithm and prove that it converges to the global optimum.
To start with, we introduce some notation that will be used in the sequel.

Notation:

@  N5(Q) is a subset of Np(Q) with each member containing no more than k sinusoidal
components.

(ii) Pi= vy, - - i) consists of orthonormal eigenvectors of G(F) assdciated with the
smallest eigenvalue Ag(F).

Gi) g, = max { MPTG()P) | FENJ(Q) ) where k=rir+1)2.

Numerical Algorithm:

Data: F°eNj(Q) is a feasible initial design.

Stepl: Seti=0.

Step2:  Compute A(F) and find ¢'nis.

Step3:  If ¢nu<Ac(F), then stop and F is the optimal input design; else go to step 4.
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Step4:  Update the input design F by
' F* = (1-q)F+o,f 0 [0,1] . (4.24)
where FeNji(Q) is such that
Coax = A(PTG(E)P) (4.25)

StepS: i=1i+ 1 and go to step 2.

Remark:

In step 2 of the numerical algorithm, the procedure of finding ¢’,,,, is exactly the same as
finding AG(F"), i.e. to go through step 2 to step 5 with some feasible initial design FeeNi(Q).

Theorem 4.2: ( Convergence Theorem )

In the sequential design algorithm, if the sequence { o; } is chosen such that

@ lme=0  Foi=e o€l (4.26)
L &=l
or
(®) o =argmax { Agl(1-0)F+oF] 1 0e[0,1] ) @.27)
then either the numerical algorithm terminates in finite steps or
A(F) 5 A(F)  asioo (4.28)

where F’ is an optimal input design as defined in (4.1).

Remark: The optimal input design as defined in (4.1) is not unique. The input design
sequence (F) generated in the sequential design algorithm will converge to one of the the
optimal input designs in the sense of (4.28).

Proof of Theorem 4.2:
Let’s assume the algorithm does not stop in finite steps.
(a) Equivalent to showing that (4.28) is true, we show that
T""m-[ag(r#(z))]l‘,,:o S0 asioe (4.29)
where

F = (1-o)F+af’ (4.30)
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Assume the contrary, i.e.

%m'))]lmo =A>0 for all 20 - (4.31)
This implies
tim [ A(F) - 2F) 1= (T &) 88) 4.32)
Lot &=l

where §(A)>0, which contradicts that { Ai(F) } is a bounded sequence.
(b) By the Equivalence theorem, we know that if F is not the optimal input design, then

3 .
55 Rt > 0 @.33)

which yields { Ac(F) } as a monotonically increasing sequence bounded above. Hence, the
sequence converges to a limit, say, A¢(F). We now show that

AP = AG(F)
where F* is assumed to be an optimal input design.
Assume a contradiction, i.e. Ac(F)#A(F"). Again, by Equivalence Theorem, the gradient
a—*fma,;(p“)]l‘,=o =A>0 (4.34)
where F° is defined as
F* = (1-)F+oF (4.35)

for some FeN(Q). This, in turn, implies

‘,lim_[l-o(l"")-lc(F"‘)]=5(A)>0 (4.36)

which contradicts that the sequence converges. In consequence,
lim A(F) = Ae(F) 4.37)
Q.E.D.

Remark:

In effect, by numerically constructing the design F’, we obtain the design F, which can be
made arbitrarily close to F but in general is usually distinct from it ( we can take any large but
finite number of iterations ). Since the design F, may have undesirably large point spectrum, its
approximation is usually considered.- Such an approximation, discussed in [14], yields the
rounded-off design and will be denoted by F,,; subsequently. |
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To apply the sequential design algorithm to the Adaptive Identifier and Model Reference
Adaptive Controller, we initially obtain the spectral representation of R,(0) and Syum(R. ., 0]
" by use of eq. (2.13) and (2.34). It may be verified that, as a result of applying a normalized
input design F(w), the following are true.

Ru(0) = = [n(jan"(o)dF() 4.38)
and
SynnlRa,, O = 5| B i oo 439)

where n(s) stands for the column transfer function from r to w in the Adaptive Identifier and
7(s) stands for the column transfer function from r to w,, in the Model Reference Adaptive
Controller. By definition 3.4, if F is taken to be an NID in N(Q), then it is easy to see that
R,(0) and Synm[R. . ”(0)] are NAIM’s in M,(w) and My(w) respectively. Application of the
numerical algorithm then readily yields the optimal designs for both cases.

To illustrate the preceding results, we show examples in the adaptive identifier and con-
troller respectively, in which instances the plants and the model are the same as in [9]. As for
the purpose of design, we compute the PIIM by using an estimate of the unknown parameters.

 Example 1:  Consider the identification of the plant

P@s) = %32- (4.40)

The filter is chosen to be det(s/-A)=(s+5). The true values of ¢, , d, , ¢, are -1.6, 0.4, and 2.0.
Denote the parameter error as: g

02 = dy—~d) 03 = cxc2 (4.41)

To calculate the PIIM G(w) required in the numerical algorithm, we use an estimate of the
plant transfer function, namely, £(s)

LJ
& =c1—¢

500 J(5+2)
Pl =155

and the corresponding initial guess of the parameters are

d=-12 d&=00 =30 4.42)
Thus, based on this estimate, G(w) becomes
i . 5
75(15+0?) 25
sea? | (@Sv0d? 25+

75(15+0%) 225(9+0%)  15(75+70?)

G(w) = 4.43)
@) Q5+0?)? (25+@?)?  (25+0?)? (
B 15054707
L 25+w (25 +(|)2)2 1 )
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Since the number of unknown parameters is 3, parameter convergence will occur when the
support of F(w) consists of greater than or equal to 3 points. Hence, we choose the initial input
design as -

1 po_ Lyt 1
5 F = 5 80r 5802+ 8a2) (4.44)

and the frequency search range Q=[-10,10). After applying sequential design algorithm, we
obtain F,,; ( rounded-off design )

-21; Fyng = 0.4458(w)+0.192(3(w-2)+8(w+2)}+0.0203 { §(w~3.52)+3(w+3.52) }
+ 0.00702(8(>~3.80)+3(c0+3.80) }+0.00442 [ 5(0—4.29)+d(w+4.29)}

+ 0.0539{3(w—4.43)+5(w+4.43)) + 0.10(3(w-10)+3(w+10)} (4.45)

In Fig. 4.1, we show the spectral distribution of F;,;, while in Fig. 4.2 (a) (b) (¢) and Fig. 4.3
(@) (b) (c), we illustrate the time trajectories of parameter errors ¢,, ¢,, and the output error
=y, for the input designs F° and F;,; respectively.

Example 2:  Consider the adaptive control process of a first order plant

2

PO =D

(4.46)

By adjusting the feedforward gain &, and feedback gam ky, the closed loop transfer function is
made to match the model transfer function

M(s) = —

gy 4.47)

in which case, the true values of k, and k, are 1.5 and -1. Define ¢;=k—k, and ¢,=k,~,. The
PIIM is then computed to be

9 81

) (Gr0P
cw=| ") ¢ 8"1’2) (4.48)

O+ G+’

To guarantee the persistency of excitation, we choose the initial input design F° to be
1 1 1
o F= 2 8(@-1.5) + S8(0+1.5) (4.49)
Application of sequential design algoﬁthm yields the rounded-off optimal input design F,, as

2_11: Fy= %8(&)—2.46) + -%a(mz.:as) (4.50)

’
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Figure 4.4 (a) (b) (c) and Figure 4.5 (a) (b) (c) display the time trajectories of the parameter
errors ¢y, ¢, and the output error e,;=y,—y,, for the input designs F? and F,,, respectively.
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5. Robustness Discussion: Presence of Unmodelled Dynamics '

In section 4, we apply the numerical design algorithm to both Adaptive Identifiers and
Model Reference Adaptive Controllers where the plant has no unmodelled dynamics, in which
case the frequency search range Q may be made as large as possible. In fact, however, the
adaptive identification and the Model Reference Adaptive Control ( MRAC ) are usually under-
taken in the case where the plant is contaminated by unmodelled dynamics. As a consequence,
the choice of the frequency search range Q becomes a relatively important factor for considera-
tion in the context of input design.

In this section, first, we analyze the robustness of both adaptive identification and
MRAC; second, we e;tplicitly derive a bound on the frequency search range based on prior
information about the plant ( and the model ). To start with, consider the following definition:

Definition : ( Crosscovariance, Cross-Power Spectral Measure )

Given two stationary signals u() : R,»R", v() : R,>R, R,(7) is called the crosscovariance
of u and v if

1 ~T
Ro(®) = Jim — [ u(erivds (CRY)

in which case R,(t) can be written as the inverse Fourier Transform of a cross-power spectral
measure S,,,(dw)

Ro® = 5= | €™5.(da) (5.2)

As indicated'by the definition, the avemgé cross-power of two stationary signals u and v
may thus be expressed in terms of its cross-power spectral measure §,,(dw), i.e.

Ro@ = 5= | Sutda) 5:3)

Next, we will study the robustness of the Adaptive Identifier and the Model Reference
Adaptive Controller respectively.

(@) Adaptive Identifier

We consider a finite order plant consisting of the same nominal plant as in section 2
along with'some stable additive unmodelled dynamics, i.e.
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n,(s)
d,(s)

B(s) =k, = P (s)+AP(s) (5.4)

satisfying the following assumptions:
®1) 1P°(jw)l<L; for some known positive constant L; and for all weR.

D2) There exists a known nondecreasing function l{w):R—R, such that I{w)—0 as ©—0
and

AP(o) < I{0) S I for all ®eR (5.5)
D3) The input r(f) is stationary and r(7), /()€ L...
Recall that the signal vector weR*™! is defined to be
wl = 0T V@7 5 (5.6)

which can be reproduced, differing only by stable initial condition terms, by filtering the input
r(r) through a single-input multi-output linear system with transfer function n(s)

’lT(S) = [‘1 . f“‘l ’ f‘(S) - S’:lﬁ@,l
A@) A@B) A@B) A(s)

1
A(s)d,(s)

[ o) i A 3,5) 5.7)

where A(s) = det(s/- A) is a Hurwitz polynominal with 3(A(s))=n , and (A/b) is the controllable
canonical realization of the compensator block as shown in Fig. 2.1.

If the plant does not have unmodelled dynamics, it can be shown ([7]) that w(;) is PE
provided the input r(r) contains 2n+1 spectral lines. In other words, the matrix Z,,, defined by
Zaw 1= (0D G0 [ 1) 58)

is nonsingular whenever w#wj, i#j, ij= 1, 2,...,2n+1. On the other hand, in the case when the
plant has unmodelled dynamics, it is shown in [12] that w() is almost always PE when the
input r(:) contains 2n+1 spectral lines or, equivalently, the matrix Z,,, is nonsingular for
almost all (@;,0,,,,i2n1)7€R?™. Based on this result, we give the following proposition.

Proposition 5.1:

Given the transfer function n(s) as in (5.7), define the matrix Zg C®*> as
2y = (aj) G aGe)ate) .59

For almost all (m,,mz,---,m,)"eR’f, ¥<2n+1, the matrix Z, is of full column rank, i.e. p(Z)=Y.
Equivalently, the set { (@;,0,,0)T €RYI p(Z)<y ) is of zero measure.
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Proof: See Appendix.

In fact, a real stationary signal contains symmetric spectral lines, e.g. jo and -jo when
w+0. Hence, r(r), containing 2n+1 spectral lines, should consist of n sinusoids and a DC signal
which gives a set of frequencies (0,@;,,0a—,—®,). To practicalize the results from [12] and
the previous proposition, we introduce a technical assumption which, we believe, will be true
in general.

Assumption:

(D4) Given !=1,-n, there exists a set of frequencies (0,0, ,&,~;,~,—@) such that no
nonzero §; € R*!

&= [llo»l-ll .---.uz.to.n,-'-n.x]r
will satisfy
i) dyGo) + o) o) =0 i=-l-1,0,1,1 (5.10)
where

) =Moo+ s+ -+ and ) =To+Tys+ -+ T

Remark:

(1) This assumption has been implicity taken for the work of synthesizing transfer functions
using frequency response data, e.g. [32],[34].

(2) When [ = n, the assumption (D4) implies that the matrix Z,,,, defined by
Zowr = [0 A1) G050 (5.11)

is nonsingular. In other words, there exist n sinusoids sin(wy), i = 1,...,n, such that the sig-
nal vector w{r) will be PE if the input is of the form

r(t) = a + 7:‘_, a; sin(wit+b) a;bie R (5.12)
&l

Based on this assumption and the previous results, we give the following proposition
which deals with the case of sinusoidal inputs.
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Proposition 5.2: ( Almost-All Richness of Sinusoidal Input )
Given the transfer function a(s) as in (5.7) satisfying the assumptlon {DA4).. Deﬁne the
matrix Z,€ COmIMaD by
Za = [rOnGin) i) o) o) (5.13)

Then

@) for almost all (©;,0,,,®)T €R’, I2n, the matrix Z,,, is of full row rank, i.e. p(Zy,)=2n+1.
Equivalently, the set { (@,,@5,,0)T €R'| p(Zy,)<2n+1 ) is of zero measure.

(i) for almost all (., 0)" €R!, I<n, the matrix Z,, is of full column rank, ie.
p(Z)=21+1. Equivalently, the set { (@;,02,,0)" €R'| p(Zy,)<21+1 } is of zero measure.

Proof: See Appendix.

Corollary 5.3:

Given the transfer function n(s) as in (5.7), for almost all (,,,@)7eR’, I<n, there exists a
80,e R>™*! such that

P(o) = 6fnGiw) i=-l00~] @ =-0; and o0 (5.14)
and is given by

00 = Zo1 [ L1 Zps T g1 (5.15)

. where g,y is defined to be

g = (PO PG o). FjonPicjo) (5.16)

Proof: See Appendix.

Consequently, a conclusion can be readily drawn from the Corollary 5.3 about the Adap-
tive Identifier that, for almost all inputs ~({) containing ! sinusoids where I<» and a DC signal,
there always exists an 9,e R2™*! such that the error signal e’(1):=y,(f)- 6Jw(f) converges to zero
exponentially in time . Therefore, the parameter update law defined by (2.9) can be rewritten
in a form which helps to analyze the stability, i.e.

0=-T@- YW =-— l‘wwr (6~ 6T (yp— olwyw 6.17D
or
b == Dwwo+Te"w (5.18)

where ¢:=6— 6,. Since the last term on the RHS of (5.18) is an exponentially decaying term, it
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can be shown that the asymptotic behavior of ¢ in (5.18) is no different from the one below
¢ =—Tww'o (5.19)

By such fact we can conclude that ¢"w—0 as t—ec and ,in turn, that y— y,=¢"w+e’—0 as t—see.
In addition, the partial convergence theorem ([6]) implies that

P_I:l. R(0)() =0 (5.20)

where R, (0) is as defined in (2.13).

Remark: In particular, when the input r(¢) contains exactly » sinusoids and a DC signal, then
with almost all » sinusoids, w(¢) is PE and the parameter 8,cR>™*! such that y,—0fw as t—ee is
uniquely defined. Moreover, the parameter (1) then converges to 6, exponentially; in which
case an identified transfer function associated with the parameter 6, ( which will be called
tuned parameter as defined in [12] ) can be obtained. Though the true plant is stable, the
identified plant transfer function could be unstable due to the inappropriate location of the fre-
quencies of the sinusoidal input.

On the other hand, when the input r(f) contains ! sinusoids and a DC signal where I>n,
then for almost all I sinusoids, w(f) is PE but there may not be a solution 8eR?**! to the follow-
ing set of equations

ﬁ(iml) = GTRO'(D.') i= _It'"too'"v{ ;= -0),- and M (5.21)

Instead, there will be a minimum error ( least square error ) solution 6, corresponding to that
family of equations (5.21) and is given by

60 = (ZunZau1) " Zyngan 5.22)

After some algebra, the expression for 8, in (5.18) becomes

-1
6y = [ z“, n(iO)z)nT(—jm,-)] [ 2'_‘, n(io),.)ls(—jm,-) ] (5.23)
= =l
The 6, so obtained will match the tuned parameter 6 as defined in [12]
6r = Ru(0)" R, .(0)
=1

' @& s o
= | Z nGopnjoy <= | | ZnGooPejo) 2= ai=a (5.24)

where

4i#0 '
‘i={2 i=0 (5.25)
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when the weights of all the spectral lines, fti, i = -,..,0,...,] are taken to be 1. It is also

i

shown in [12) that the parameter €(f) in the parameter update equation

6 = — eww’0 + ey,w (5.26)
is a bounded function of time 20 and
lim 1l 6() - 87 Il < (3] (5.27)
where y(e) is a class k function of &,
Remarks:
(1) To compare 9 defined in (5.24) with 6y, note that
Or = [Zyn W21 Zo Wean (5.28)
where W is a diagonal weighting matrix
a? at
W= ding (3 2. & & (5.29)

‘1"-11 ,‘l"-l

(2) 6 may be considered to be a natural tuned parameter due to two facts: (i) the steady-state
parameter (1) stays close to 6y and is different from it only by y(e) when the parameter
update is slow as in (5.26) (ii) the steady-state plant output y, stays close to the identifier
output y; since that '

Ly =y, 1S 1y, = wT0r 1+ 1l 8~ 6() I lhwil (5.30)

where 07 is the weighted minimum error solution to (5.21).

Next, we derive a bound on the frequency search range Q used in the sequential design
algorithm in terms of the amount of deviation of 6r from the nominal parameter 0° (
corresponding to the nominal plant with the transfer function #°(s) ).

Denote by w" and Y, the signal vector and the output corresponding to the nominal plant
and rewrite (5.26) by

6 = — (W rAW)(W +AW)TBHE(y Ay, ) (W +AW)

=- e(w'w""+AB)6+e(yp.w‘+AC) (5.31)

where AB=w"Aw"+Aww T+AwAwT and AC=y.Aw+Ayw'+Ay,Aw. In analogy to [12], the averaged -

system of (5.31) can be written as

00y = = ERW(0)8y + Ry (0)
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= - &R _+(O}+AR,(0)B+ER,  +(O}+AR, (0) (5.32)
P
where
17 17
R TEUNE I AR = lim —
RA0) = im — t[w w'Tdt AR(0) = lim = {ABdt (5.33)
and
1 f . 17 ”
Ryp.w.(O) = lim— Joyp.w dt AR, ,(0) = lim 1[Acm (5.34)
With the fact that
6" =R (0)'R, (0) (5.35)
P

and, from (5.24) and (5.32), that

6r = [R -(OH+ARL O] [R  +(OHAR, . (0)] (5.36)
P

the following proposition gives the bound on the frequency search range Q in terms of the
bound on 1167 - 6°ll.

Proposition 5.4: ( Bound on Q in adaptive identification )

Given an Adaptive Identifier satisfying assumptions (D1)-(D4). Suppose the input () is
power constrained, containing a DC signal and finite number, say sn, of sinusoids with fre-
quencies lying inside the compact set Q=[-®,®] in the frequency spectrum, i.e.

1 : a
e £ @)= 3 — =F. (537

- ' ]

Let B,<N6’l<B, for some B, B,>0 and ll(jl-A)'bll S K,, weR, for some K,>0. If @ satisfies

0< 03(®@) Br+0(®)
B1 (AR (0)] - oy(@) )

< (5.38)

for a small number n>0 where

o (w) = {21(,9]1 + (1+LDKZ + Kil,:..} I{w)F. (5.39)
op(w) = {\ll + (1+L?)T(7A +K A(l.~.+L‘-)} l{w)F.. | (5.40)

then

oy - 0°I < e (5.41)
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Proof: See Appendix.

Remarks:

(1) Despite that the bound on Q is not explicit, by the nature of the functions &, and oy, ©®
can be obtained numerically.

(2) The derivation of @ and, in tum, Q=[- B;0] in (5.38) requires the knowledge of AR (O)],
which can be replaced by an estimate similar to the one used in the numerical design
algorithm.

(3) Nommally, the optimal input design generated by the numerical design algorithm consists
of more than n sinusoids; in which case the parameter 6(f) won’t converge to 6 but rather
oscillates around it. Hence, the preferable input design should be a two-phase design.
;I'he phase I design is simply the optimal input design itself such that 6(:) converges to the
neighborhood of 6 fast and stays within it. The phase II design is to add one DC signal
and reduce the number of sinusoids in the phase I design to exactly n such that 8(;) settles
down on a new 0, However, the determination of the time when this phase II design
should be initiated and the way that these n sinusoids are to be chosen in the phase II
design requires some experience on the part of the designer.

“Example 1:  Consider the first example in section 4 with the plant being changed into

5.5 _ 2(s+]) 30

P(s) = “53) G0 (5.42)
The corresponding additive unmodelled dynamics is

AB(s) = 2t =5 (5.43)

(s+3) (s+30)

Recall that the nominal parameter is ci=—1.6, dj=04, and ¢;=2.0. Suppose we use the optimal
input design obtained in (4.45) as the phase I design, the tuned parameter 67 can be calculated,
using the definition OFR,(O)"R,P,,(O), to be ¢;=-1.531, d,=0.819, c=1.650, and the tuned plant
transfer function is thus to be

50 - (1.6505+0.593)
Py(s) = (+0.905) (5.44)

Now, we start the phase II design at =20 sec such that the initial design F° in the first example
in section 4 is used instead of the original design F,. Again, the tuned parameter 6 and the
tuned plant transfer function are found to be ¢;=1.443, d,=0.516, c,=1.767 and

s _ (17675+41613)
Pels) = = 2a2) (545)
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Fig. 5.1 (a) (b) (c) show the time trajectories of the parameter errors ¢;, ¢, and the output
error e=y-y, After roughly =40 sec, the adjustable parameter 0 settles down on the tuned
parameter value. In Fig. 5.2 (a) (b) (c), we show the time trajectories for the parameter error
and the output error using only the design F°. Apparently, the adjustable parameter 6 does not
converge to the tuned value even when =160 sec. To illustrate the closeness among the true
plant, the nominal plant, and the tuned plant, we draw the Nyquist plots of the transfer func-
tions of these plants and show them in Fig. 5.3.

(I) Model Reference Adaptive Controller

In the case of MRAC, we consider a finite order plant consisting of the same nominal
plant as in section 2 ( with relative degree one ) and some stable multiplicative unmodelled

dynamics, i.e.
B(s) = k,ﬁ% = FOQ+U) (5.46)
, and the same reference model as in section 2
M(s) = k,,.:"ﬁ; (5.47)

satisfying the following assumptions:

(E1) . IM(jo)sL, for some known positive constant L, and for all weR.

(E2) There exist some known nondecreasing functions I;(0) and l,(w):R—R, such that
l1(0)—>0 as @—0 and

W) € lg(@)  B0)™I < i) (5.48)

for all w=0.

(E3) The reference input () is stationary and r(f)eL..

Remark: Assumption (E2) implies that

lcz(ﬁ))

s . 1
P(w)~'l < = 1@

(5.49)

for all 0<w<w® and some w*>0.

Denote H(9,s) to be the closed loop plant transfer function which is obtained by keeping
the parameter 6(¢) fixed at some 0. Similarly, let n(8,5):R¥*xC—C?" denote the column transfer
function from the reference input r(¢) to the signal vector we(f) defined by

we(0) = (VO Y0 V0D (5.50)
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where v§(1), y,5(r) and v§’(9) are time functions obtained with 6(:) being fixed at 8. Then, refer-
ring to the structure of MRAC in Fig. 2.2, we can express n(0,s) in terms of (A,b), P and H(8,s)
as:

1
_ |5 AP ()HEO.5)| _ 1
n(0.s) = H(®.5) = [v,(s)u(e,s)] G.51)
(sI- A)'bH(8,5)

where Vj(s):C—C?>!. Assuming that H(,s) is stable, we have

Yoo = P(s)(6Twg) (5.52)
and thus
FY(5)H(B,5) = 67n(8,5) = co+0]Vp(s)H(B,5) (5.53)
where
6] = (c".dop.d" (5.54)
The closed loop plant transfer function H(6,s) can thus be represented explicitly by 0 as
H®,s5) = TSGIV}E (5.55)

Now suppose that the reference input r(f) contains y spectral lines jw,, ..., joy such that
... the closed loop plant transfer function matches the model transfer function at these frequencies,
ie.

Co
FGoy- 619p()

Then the parameter 8e R?* satisfies (5.54) if and 6n1y if it satisfies the following

M(jo) = HOjo) = =1,y (5.56)

T 1 = P YoM (i i=1,... .57
0 [T']s(iﬂ):)M(iw:)] P (jo)M(o) =1,...Y (5.57)

or more concisely
o7 va(io) = Pl(jo)M(o)  =le.y (5.58)

( Notice that 7(s) = ve(s) where as) is defined in section 4 ) Grouping the set of equations in

(5.58), we obtain a more compact form
oY, =gy T (5.59)

where

Yy= [Vp(iwx).Vp((iwz)."'.vp(i“’r-l)"’ﬂ(i“’v)] (5.60)
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and
g = [P Go0iGan 5 oM Gon, B GorMiGen) - GopliGay] . (.61

Note that

Fo- ot w0 a0 1 o]
P "o S)an(8) " 1(S)dn(S) " ()" dn(S)” " ()

1
= __n,(s) 76 [np(s)dm(s).d,(s).'".d,(S)s"' 2,»,(s)n,,(s),n,(s),---,np(s)s"'z] (5.62)

which has the similar structure to (5.7). Hence it may be verified ([12]) that Y, is of full row
rank for almost all y>2n spectral lines. In the following, we introduce a similar technical
assumption to the one (D4) so that the case where a reference input consists of sinusoids can
be dealt with.

Assumption:

(E4) There exist a set of frequencies (©;,,@,—,,—®,) such that the matrix Y,, defined by
T = [sption) (o). vy vpt-fon) (5.63)

is nonsingular.
Based on this assumption, we give the followihg proposition.

Proposition 5.5:

Given the transfer function vy(s) as in (5.62) satisfying the assumption (E4). Define the
matrix Y,e C?*? as

Yy:= [Vp(imx),vp((-f(m).‘“.Vﬁ(i(ﬂz).vp(-fmz)] (5.64)

Then for almost all (@,,0,,®)" €R’, 2n, the matrix Y is of full row rank, i.e. p(Ya)=2n.
Equivalently, the set { (@;,0,,,@)T €R'| p(Yz)<2n } is of zero measure.

Proof: cf. [12]

Corollary 5.6: ( Almost Persistency of Excitation )
Consider thg, signal vector wg, as defined in (5.50) with the assumption (E4) being

satisfied. Then we, is PE for almost all reference inputs consisting of ! sinusoids where 2n.
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The proof can be easily obtained by using the transfer function n(6,.s) and proposition
5.5, and hence is omitted here.

Repeat the set of equations (5.59) here
0¥y = gu (5.65)
It is obvious that, when >n, there may not be a 6e R?* that solves (5.65). Instead, the minimum
error ( least square error ) solutions, either unweighted or weighted , can be obtained and are
given respectively by
' 80 = (Y2¥2) Yoz (5.66)

and

80 = (YaWY3) VoW | (5.67)

where W is a weighting matrix similarly defined as in (5.29) and (5.25). This parameter 6, will
be called tuned parameter if the resulting transfer function H(8,.s) is a stable transfer function
" and H(8,.s) will then be called tuned plant transfer function.

" With the tuned plant notion, it is shown in [10] that the MRAC system can be
 transformed into the following

é = (AogHb"Qlerbwld (5.68)
6 =- e(woohr-s-eeoQ)e— ethre— eeg,Wo, (5.69)

with e being defined as the state error between the states in the closed loop plant and the tuned
plant and ¢ as 6— 6,, where

8, = Ypay — Im = H(B05)P)- M(5)(P) (5.70)
is called the tuned error, Ay, is a Hurwitz matrix,
cBhT(s1-Aqy™"b = H(80s)

with 0] = (c3,c°T,43,d°T), and Q is the matrix defined in section 2. In the following, we will dis-
cuss two cases where the reference input consists of n sinusoids and more than n sinusoids.
We will use the corollary 5.6 to assume that wq is PE and leave out the "almost-allness" tem-

porarily.

Case 1: I=n
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By definition, H(8,.s) is a stable transfer function and the frequency response of the tuned
error &g (jo)=0 for i = -n,..,-1,1,..2 where jo, is the the frequency of the ith sinusoid in the
reference input. Hence, the tuned error eg,(1) is an exponentially decaying function, i.e. e ()—0

exponentially as t—e. Moreover, when the averaging assumptions are met, the asymptotic
behavior of the system (5.68) (5.69) is equivalent to the following system

é = (Aogbo"Q)e+owl 0 (5.71)
¢ = ~ e(wy h"+req Q)e— eQehTe (5.72)

which is shown ([10],[4]) to be exponentially stable. Consequently, the parameter error of the
original system (5.68) (5.69), ¢=6-8o, satisfies ¢—0 as 1.

CASE II: bn

The tuned error eq (1) in this case is in general a nonzero bounded signal. To prevent from
the slow-drift instability in the presence of unmodelled dynamics, we further require that the
reference input r(f) be a dominantly rich good signal as defined in the work [10]. Now if
lé,o(i(o,-)ISg,,’ for i = -I,..,-1,1,...,1, and hence leg () < g, it is shown ([13]) that there exist some
class k function of ¢, y(e), and a nondecreasing function &a):R,—R, and 8(a)—0 as a—0 such
that ¢(¢) is a bounded function of =0 and

lim lp()l < S(gs)y(e) (5.73)

provided lie(O)ll, lid(O)M), g5, and € are small enough.

Remark:. In general, the way to choose a stationary input r(¢) with finite number of frequen-
cies such that H(6q,s) ( 6, as defined in (5.67) ) is a tuned plant transfer function and, inciden-
tally, that & (s)! is small enough, is to select frequencies in the midband region of the model

transfer function. Also, it is more possible to have so obtained input be a dominantly rich good
signal as required to prevent from slow-drift instability.

Next, the bound on the difference between the weighted tuned parameter , defined in
(5.67) and the nominal parameter 6° corresponding to the nominal plant, namely, 95— 6°ll, can
be evaluated in terms of the frequency content of the input and the plant uncertainty. This
result is then used to derive a bound on the frequency search range Q required in the numerical
design algorithm.
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Proposition 5.7: ( Bound on Q in MRAC )

Consider a Model Reference Adaptive Controller satisfying assumptions (E1)-(E4). Sup-
pose now the reference input () is power constrained and contains finite number, say s2n, of
sinusoids with frequencies lying in the compact set Q=[-®,®] in the frequency spectrum, i.e.
we have

1 : a
o l dF () = E' = F. ay=0 (5.74)

where g; is similarly defined as in (5.21). If @ satisfies
®<e’ and O0< %@ <
(AR, (0)] - 05(®) )

n (5.75)

for some small n>0 where ou(), as(-) are some positive nondecreasing functions and oy(a),
os(a) =0 as a—0, then '

116y — 6"t < lIe°ll

Proof: See Appendix.

Remark: Similar to the case of adaptive identification, @ can be derived numerically from
(5.75) and thus determines the frequency search range Q which is used in the numerical input
design algorithm.

Example 2: Consider the second example in section 4 with the plant contaminated by a high
frequency unmodelled pole s=-20, i.e.

2 20

PO = D) 5+20)

(5.76)

Recall that the nominal parameter 6" is: k;=1.5 and k;=-1, and the optimal input design obtained
in the second example in section 4 contains only single frequency. From previous discussions,
the adjustable parameter 6 then converges to the tuned parameter 6, where k~=1.575 and
ky=—1.226, which gives the tuned plant transfer function

63

Po) = {Z215+69.05)

6.7

Fig. 5.4 (a) (b) (c) demonstrate the time trajectories of the parameter error ¢, ¢, and the output
error e=y,—y,, using the initial design F° as in (4.49); whereas Fig. 5.5 (a) (b) (c) show the time
trajectories for the same parameter error and the output error using the optimal input design.
The rate of convergence of the parameter in the case where the optimal input is applied is
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almost twice faster than that in the case where the non-optimal input is used. In Fig. 5.6, we
draw the Nyquist plots for the transfer functions of the model and the tuned plant to show the
closeness between them. ‘
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Conclusion:

In this paper, we propose a frequency-domain input design algorithm and apply it to both
Adaptive Identification and Model Reference Adaptive Control schemes for continuous time
case. It is not hard to show that, by using the formulation of the discrete time case in [11]
[15], the same design algorithm can be applied to the discrete time adaptive system as well.
We feel that the algorithm presented here will become a very useful design tool if a good esti-
mate of the unknown plant can be obtained beforehand.
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Appendix:

Proof of Proposition 5.1:

It can be seen from (5.7) that there exists a nonsingular matrix TeR®™>@*1) and a
transfer function n’(s) such that

e s Tn(s) = —1 e ) || 1
n'(s) := Tn(s) e [d,(s) » Sd5(5) , =y Sdy(s) , np(s) o s’" n,,(s)] @@l
and a matrix Z,” defined by
Zowt = (WG G0, WG032) , Gon) @2
is nonsingular if and only if Z, is nonsingular since Z,’=7Z,. Similarly, we define ,(s) as
ny(s) = = 1 [d,(s) s S (S) 1) o 8 2my(s) ]T (a.3)
A, (s) e ?
where y<2n+1 and
X2 X2
k 2 k= 2 yiseven

Then it follows from the result of [12] that the matrix Zg C™" defined as

Z= [ny'omo VG s (1) s ”1'0“’1)] (@4)
is nonsingular for almost all (@, )" €R?. Furthermore, Z, can be related to Z, by
— -
(o) (o 7
Agan) AGoy)
g™ Gy
i\(i())]) =~ ;\(](07)
=T A (@.5)
oo™ - mGopGey™
AG@)dy(jan) AGopd,Go)
nyGiopGey®” ey ®
| AGond,Goy) AGopd,Go- |
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It then follows that Z, is of full column rank or p(Z)=y for almost all (m,.---,m,)’eR’. In other
words, the set { (@,-.0,)TeRY1 p(Z)<y } is of zero measure.

QED.
Proof of Proposition 5.2:
(1) The proof can be approached by using the similar technique in [12].
(ii) Referring to (a.3), we have ny,,’(s) represented by
’ - 1 [ 1 ]T
e d, .y . N
non (S) R (S)dp (S) p(s) sl dp(s) ’lp(s) SJ- np(s) (3'6)
and the matrix Zy,,e CR+@#) by
Zyy = ["mx(o) » Py (@) 5 Moy (@) &+, gy ") nzm'(-f(l)t)] @7)

By assumption (D4), for given I, there exists a set of frequencies (0,0;,",0;—;,,—®;) such
that the matrix Zy,, is nonsingular. Hence, by the first part of this proposition, we can conclude
that Z,,,, is nonsingular for almost all (w,,~,w)"eR'. Finally, using (a.2) and (a.5), namely,

Ly’ = [n'(O) (@) , ') , o, (o) , n'("fmz)] (a.8)
Zy =T Zy' 9
one can easily conclude the result. This completes the proof.
Q.E.D.
Proof of Corollary 5.3:
Rewriting (5.14), we obtain the following matrix representation
6 [ nOAGoDAt-jon)-ao)ato) |
= (PO B0 Fejon-PorFeio | @10)
or
08 Zow1 = 821 (a11)

By Proposition 5.2, Z,,, is of full column rank for almost all (01,,0)"eR% in which case, it
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can be verified that
80 = Zyn(ZnZow)™ 8um (a.12)
is a solution to the matrix equation (a.11) and, in tumn, the set of equations (5.14).
Q.E.D.
Proof of Proposition 5.4:
Due to (5.35) and (5.36), the bound on the difference 69" can be found to be
I 7 - 6" Il = Il (R +(O}+AR,(0)) (AR, .(O)- AR,(0)6" )l
IR ) I .
ST FCRIIFCL (11 AR, ,,(0) Il + Il AR(0) It 16°1 )
/MR +(0)] .
=11 AR(0) 17 AR _AO)] n AR,P.,(O) I+ 1 AR,O) L lIGIl) (a.13)
Refer to (5.7)
(s/- A) b 0
n(s) = |(si- A);‘bls'(s)]+ [(sl— A);)lels(s)] (a.14)

where the column matrices on the RHS are transfer functions from r(s) to w* and Aw respec-
tively. By assumptions and (5.33), (5.34) we can estimate the following bounds:

AR IS Y [2KA41+(1+L,WA+Kiz,(m,)]1.(co,-)7"2
f J

s

< [2KA\JI-|-(1+L,-7)_1?{+K§I,-.]I,{(T))F.

= alaﬁ) (a' 15)

and

: ¢
Il AR, ,(0) Il S E [\l l+(1+L,WA+KAI,(mj)+KAL,-]I,(co,-)aij
< [«l1+(1+L5K§+1<A(1,-..+L,.)]1,(m)1=.

= 0(®) (a.16)
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As a result, the bound on 116,-6"ll which is defined in (a.13) can thus be simplified as follows.

L @0l + ay®)
Ner-90 Il <
A T e @1

From assumptions
B8 B, (a.18)

for some B,, §,>0 and

01 (@)B+02(®)
Bi( AR +(0)] - oy(®) )

<7 (a.19)

for some small n>0, the result
or—0 U<’ ° (a.20)
directly follows from (a.17). This completes the proof.
Q.E.D.

Proof of Proposition 5.7:

Recall that 7(s), defined in section 4 as the transfer function from the input to the signal
vector w,,, can be reformed into the following

0
= vl | (1= MBI

[ 1,
s) = [v,.(s)M(s)] 0

= vp(s)-Bn(s) @.21)

Referring to (5.51), (5.57), (5.58), we have the nominal parameter 0° satisfy the following fam-
ily of equations

0'Tljw) = P oM (o)
From (a.21), we have
8'Tvp(j) = 67 AWjw) + 0" TAn(j) = P~ (joyM(jo) + 8"7An(jw)
= f"(jm‘-)M(jm.;) + E(jo) i=—5r1],s @22) .

where E(s) is defined as
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E(s) = 0°TAn(s) + P (s)M(s)L(s) (a.23)
Define the vector Ag,.€R* as follows
861, = [EGo G~ EGo) BGo-)) @24)
and let Y5, and AY,, denote the matrices similar to those defined in (5.60) but corresponding to
the transfer functions a(s) and An(s).
Subtracting (5.58) by (a.22), we can express the bound on lI85— 6"l by
I} 8- 0° 1l S 1l (Vo AY )W (Vo tAY,) ) (Yot AYa)WAgy, I

N (Y W)t
T 1-N(Y W) HnAD N

_ UAMTWT)
T 1= AD Il Mo, WY

(I(F2+AY2)WAgo )

(I o+ AY 2 ) WAgs, 11 ) (a.25)

where AD=F, WAY3+AY, WTi+AY, WAY,,. Let WeR™ be a diagonal weighting matrix

& d 4 d
W= dlag (t_] ’:9""7"'9';:) (a°26)

at
where ¢; is defined similarly as in (5.25) and - represents the spectral weight of the frequency

ja;. Then, Y,,W¥;, is simply an autocovariance matrix, i.e.
N UNY
R (O = WY, = 3 [joaw o)) = @27)
s i

In order to relate the bound in (a.25) with the frequency content of the reference input and the
plant uncertainty, we first estimate several bounds as follows.

First of all, note that
Il Gaol— A)'b I S J, forall ® € R (a.28)

Then it is true that the following hold.

® I AGe;) I < VI+LZ(1+2+7515(w)
= oz() (a.29)
() Il (Yot AY2)WAgy, | S 1l Yo, WAg,, Il AY,,WAg,, |l
L22@VA 1,(®) | 1,(@)F.18°i
<
{us(m)Lch@)J;\ R 1@ = @)

= oy (@)16°ll (a.30)
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(iif) Il AD Il S 2o, WAY,JHIAY, WAY, I

Icl(m)Fn

< [2(13('6571-;1:2(55)’1\* Lf@zm]m

= as(®) (a.31)

With these bounds obtained in (a.29)-(a.31), the bound on lI8,— 6°ll in (a.25) can thus be
simplified to the following

1e°ll
16g- 6° 1l 5 — 210 | @32)

AIR,,_(0)] - o5(®)

Consequently, given any small number >0, if @ can be chosen such that

0< %@ <
AIR,,_(0)] - o5(®)

n (a.33)

then the result
16—-0"<sm lie’N (a.34)
directly follows from (a.32). This completes the proof.
Q.E.D.
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