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Abstract

We consider a class of nonlinear continuous-time time-varying plants with a state-space
description which has a uniformly completely controllable linear part. For this class, we obtain by
calculation a right factorization. In the case where the state is available for feedback, we obtain a

normalized right-coprime factorization.
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Introduction

For plants with finite-dimensional linear staie-space description, right and left coprime fac-
torizations have been obtained in two cases: 1) the time-invariant stabilizable and detectable
case in [Net.1, Vid.1,2], 2) the time-varying uniformly completely controllable and uniformly
completely observable case in [Man.1]l. Hammer has proved that a nonlinear time-invariant
discrete-time recursive system with a continuous recursion function has a right coprime factoriza-

tion [Ham.1].

In this paper we consider a class of nonlinear continuous-time time-varying plants with a
state-space description which has a uniformly completely controllable linear part. For this class,
we obtain by calculation a right factorization. Using input-output representation it can be shown
that each of the subsystems of a class of S-stable feedback systems has a right factorization
[Des.1]. In the case where the state is available for feedback, we obtain a normalized right-

coprime factorization.

Notation : In this paper, the o norm for vectors in IR” and the corresponding induced norm

for matrices are denoted by Il < Il . For vector valued functions x : R, = R* , we also write

lx 1l := sup llx(¢)Il, aslight abuse of notation.
te R,

The extended space L2, [00):=(x:R, = R* | YT e R, , sup Ilx()ll <o } is
te(0,T]

the causal extensionof L%, {0,)i={x R, > R" | lixll <=},
A causal map H :L%, [0,0) = L™, [0,0¢) is said to be S-stable iff for all o> 0 there
existsa §>0 suchthat llx!l <o implies that |1Hx 1l <. An S-stable map need not be con-

tinuous. Note that the composition and the sum of S-stable maps are S-stable.

A causal map P :L%, [0,)—>L", [0,0) is said to have a right factorization
(N, , D, 5 L'z, [0,%)) iff there exist causal S-stable maps N, , D, , such that

(i) D, : L'a [0,0) = L", [0,00) is bijective and has a causal inverse,
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and (i) N, : L, [0,0) = L"%, [0,=) , with N,[L'%, [0,0)] =P [L %, [0,29)],
and (jii) P =N, D;! [Vid.3, Ham.1].

WNp Dy ;L' [0,=) is said to be a normalized right-coprime factorization of
P :L"%, [0,00) > L", [0,%) iff

(@) (N, ,D, ; L', [0,0)) is aright factorization of P ,
and (ii) there exist causal S-stable maps U,:L"s, [0,2) > L%, [0,) and
Vp : LG [0,00) = L, [0,%0) such that

Uy Ny +V,Dp=I ,

where I denotes the identity map on L%, [0,0) .

Description of the system : Consider a nonlinear time-varying system whose input-output

map P :L%, [0,¢) = L™, [0,%0) is specified by the following state-space description:

(2 =A@)x +f(t,x)+B @) (12)
P:ub>y <{y=h(t,x,u) (1b)
x©0=0, (10

where x(t)e R” ,u(t)e R* and y(z)e R™,Vr e R..
On the functions A(9), B(?), f(,*) and A(,*,*), we impose these assumptions.
Assumptions

L For the initial condition (1c) and for all inputs u € L', [0,), the differential equation

(1a) has a unique solution. ( Consequently, P : u =y is a function.)

II. The nonlinearity f is bounded on R, X IR" , more precisely there exists m>0 such that

sup lf(,x)Il €£m . ( This assumption implies that f(z,x) does not have a
teR ,xeR’

linear partin x .)
III. For any causal S-stable map H, : L', [0,00) = L%, [0,0), H; : u > x , the causal map

Hy:u >y defined by y()=h(t,Hu)t), u(t)) is an S-stable map, where



h:R,XR*XR* —R™,

IV. The pair (A(-),B(-)) is uniformly completely controllable; equivalently, there exist
A>0, Wrex 2Wnin >0 suchthatforall 1 € R,

Wainl SW(E, t+A) Swoed 2
where W (¢, t+4) is the controllability gramian {Bro.1].
t+A

Wt t+A)= [ o, 1B@BT@OT(t, )d , )
¢

and @(, ) is the state-transition function of x =A (¢t)x .

V. B(9) isbounded on R, ; more precisely, there exists & >0 suchthat sup lIB(¢)Il b .

te R,

We now construct a right factorization of P : namely, we construct a causal S-stable bijec-
tivemap D with a causal inverse and a causal S-stable map N suchthat P =ND !,
Proposition1 : Let the nonlinear map P be described by (1a-c) and satisfy Assumptions I-

V. Then P has a right factorization.

Proof : The proof is in two steps: 1) using Assumption I, we obtain a causal bijective map
D:L%, [0) > L%, (0) with a causal inverse D! and a causal map
N :L%, [0,0) = L™, [0,0s) such that P =ND"!; 2) using Assumptions II-V, we show that
both N and D are S-stable maps.

Stepl : Define the causal map D : L, [0,0) = L%, [0,%0) by

X1=(A +BK)t)x +f(t,x)+B(t)vy (4a)
D:V]_Hul 4u1=K(t)x1+v1 (4b)
x1(0)=0, (40)

for some piecewise continuous X :IRR,-> R™" . We claim that D has a causal inverse

D':L%, [0,00) = L%, [0,0) ; indeed D! is given by



rd

X2=A(@Xo+f(t,x)+B @y (53)
Dl:ius vy va=-K(t)xa+u2 (5b)
x2(0)=0. (50

We show that D is bijective by showing that D™D =DD-!=7. Consider

DD™':us b>uy; thus vy=v,==K(t)x,+u; and from equations (4a-c) and (5a-c), we

obtain
[ %1=(A +BK)()x,+f (6, %)+ B ()uz ~ BK)(t)x, (62)
i =A@ +f (8,50 +B(t)uy (6b)
DD Viusbu; 4
u1=K@)Yx1=x2)+us (6¢)
x1(0)=xz(0)=0 . (6d)

For any input u,, using Assumption I it is easy to check that (x;(z) =x2(t),x3(¢)) is the solu-
tion of the system of differential equations (6a-b) under the initial conditions (6d). Hence by
equation' (6c), we get uy=u; and DD '=/ on L%, [0). Similarly, consider

D7D vy > v,;then u;=u,=K(t)x, +v,and by equations (4a-c) and (5a-c) we obtain

(2 =(A +BE)t)x +f (6, x) +B (v, (7a)
Xa=A(t)x+f(t,x)+BK)t)x  +B(t)vy (7o)

D-ID A l—)Vz <
va=K(t)(x,—=x2)+Vv, (7¢)
x1(0)=x2(0)=0 . (7d)

For any input v, (x(¢),x2(t)=x(t)) is the solution of the system of differential equations
(7a-b) under (7d). Hence by equation (7¢), we obtain v;=v,; so DD =I on L%, [0,9).

Hence D is bijective and D! defined by (5a-¢) is the causal inverse of D .
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Now define N : L%, [0,20) = L, [0,5) by equations (8a-c) for the same X (-) in equa-

tions (4a-b).
x3=(A +BK)t)x3+f(t,x3)+B(t)v (82)
N:viby <Sy=h@,x3,K(@)x3+v) (8b)
x30)=0, (8¢c)

From equations (5a-c) and (8a-c), we obtain

[ Z=A@)x,+F (6, x)+B(u (92)
i3=(A +BK)Xt)x3+f (¢, x3) +B (0 — (BK)(t)xs (9b)
NDl:u by A
y=h(t,x3, K@)Yx3=x)+u) (%¢)
x2(0)=x50)=0 . | (9d)

For any input « , by Assumption I, (x3(t) =x2(t),x2(¢)) is the solution of the system of dif-
ferential equations (9a-b) under (9d). Hence, equations (92a-d) is an equivalent description of P
as ND71,

Step 2 : We use a technique due to Cheng [Che.l] to show that there exists a

K : R, - R™™ such that the causal map H, :L’%, [0,0) = L%, [0,) defined by

X =(A +BK)t)x +f(t,x)+B () (10a)
H,:v bx
x(0)=0, (10b)
is S-stable. Let
+A
Wi, t+8) = [ e“Od(, 1B (M)BT (DO (¢, 1)dt . (11)
t

Using (2), (3)and (11), forall t € R,,

W mind SW(t, t+A) Swoad



hence forall ¢ € R,,
Waax T SWNe, t+A) S ebw iV . (12)
Note that
-%W (£, 148) = e BD(t, 1+A)B (t+A)BT (2 +AYDT (1, £+A)
—B@)BT@)+ W (t, t+A) + A ()W (2, t+4)
+W e, t+A)AT () . (13)
Forall t € R,,let K(-) be defined as
K@) ==-BT@)W, (¢, t+4) . (14)

So K:R,—»R"* ijsboundedon R,. Let V : R, XR* = R, be a Liapunov function can-

didate where
Ve, x) =xT@W e, t+A)x () (15)
Differentiating equatibn (15) along the solution of (10a-b) we obtain for all
(t,x() e R, XxR",
%V(t,x(t)) | qoay =22 T (@)W 71, t4+8)x(2)
~xTOW e, t+A)§;{Wl(t, AW U, 40K () . (16)
For the time derivative of V(-,+) along the solution of (10a) with K () given by (14) we
obtain
Ly, 2N =2TOATEOW e, 148 ()
= 2T ()W "¢, t+8)B ()BT (0 )W "Xz, t+A)x (2)
+2f T(e, x ()W 73z, t+A)x (2) + 2v T ()BT (0 )W | 7X(e, 1 +A)x (2)
=xT(2)e™2W Yz, t+A)D(t, t+A)B (¢ +A)B T (¢ +A)DT (¢, t +A)W ~I(z, £ +A)x (¢)
FxTYW (e, t+A)B ()BT ()W 71, t+A)x (¢)
—xT@W (e, t+Ax (0) = 2 T@AT@OW (e, e +A)x (1) . (17)

Performing the appropriate cancellations and neglecting nonpositive terms in (17), we obtain
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L, 26D S—=TEOW e, 1482 + 27 T(1, 2 @OW N, 48)2C0)
+2vT@OBT ()W e, t+A)x(2) . 18)

By assumptions II, IV, V and (12), (18), we obtain

%V(:,x(r))s-wm-lnx(:)ui
A 1
+2(m +Vmb v 1 de 2wy 21x(e)l5 . (19)

1

A
Let p(llv 1) :=2(m +Nm;b 1v Il )e 2wy 2Wae . From inequality (19) we conclude that

Vie R, , Hx(@laspCllvil) . 0
Since all norms are equivalent in R", by (20), we conclude that for any y>0 there exists
I'>0 such that llvil Sy implies that 1A vl ST. Hence H, defined by (10a-b) is S-
stable.

For the choice of X (*) asin (14), by Assumption V and (12), there exists ¢ > 0 such that
sup HK () St . @1
taR,

Then by Assumption III, (21) and the S-stability of H , the causal map N is S-stable. By (21)
and the S-stability of H, , the causal map D is S-stable. Hence (N, D; L%, [0,) ) is a right
factorization of P .

|
Proposition 2 : Let the map P be described by (la-c) and satisfy Assumptions I, IT, IV, V

and let A(¢,x(¢), #(2)) =x(¢). Then P has a normalized right-coprime factorization.

Proof : By Proposition 1, (V,D; L%, [0,%0) ) given by (4a-c), (8a-c) is a right factorization
of P for K(9) asin (14). We claim that (W, D; L’ [0,)) is a normalized right-coprime
factorization of P when h(r,x,u)=x. Let the causal S-stable maps

U:L%, [0) = L%, [0,0) and V : L%, [0,00) = L%, [0,0) be definedas V =7 and

Uiy v {v(t):-:-K(t)y(t) .
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Then, using (42-c), (8a-c) and A (¢, x,u)=x , we obtain

[ %,=(4 +BK)t)x, +f(t.x) +B(t)v, (223)
xX3=(A +BK)(t)x3+f (t,x3)+B(t)v, (22b)
UN+VD :vib>vy A
va=K()(x1-x3)+v, (22¢)
x1(0)=x30)=0 . (22d)

For any v, under (19d), the solutions of (19a-b) are identical. Hence, by (19¢), vo=v;. So
UN + VD is the identity map and (N,D; L, [0,%¢) ) is a normalized right-coprime factoriza-

tionof P when A(t,x,u)=x.

O
In the time-invariant case, Assumptions I and II can be replaced by " f () is Lipschitz and

does not have a linear part " and the second step in the proof of Proposition 1 can be simplified by

selecting the eigenvalues of (A +BK).
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