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Abstract

We consider a linear (not necessarily time-invariant) stable unity-feedback system, where
the plant and the compensator have normalized right-coprime factorizations; we study two cases
of nonlinear plant perturbations (additive and feedback), with four subcases resulting from : 1)
allowing exogenous input to AP or not , 2) allowing the observation of the output of AP or not.
The plant perturbation AP is not required to be stable. Using the factorization approach we
obtain necessary and sufficient conditions for all cases in terms of two pairs of nonlinear pseudo-
state maps. Simple physical considerations explain the form of these necessary and sufficient
conditions. Finally, we obtain the characterization of all perturbations AP for which the per-

turbed system remains stable.
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Introduction

Robust stability of feedback systems under unstructured perturbations of the plant model
has been studied extensively. In the nonlinear case, the small gain theorem [Zam.1, Des.1] gives a
sufficiency condition for robust stability of a stable system under nonlinear stable additive pertur-
bations. Sufficient robust stability conditions were also obtained in [3&.1, Crnu.1, Des.3, Fra.l,
Owe.1, Pos.1, San.1]. In the linear time-invariant case, necessary and sufficient conditions for
robust stability for a certain class of possibly unstable plant perturbations have been obtained in
[Doy.1 and references therein, Che.1]; for a general class of possibly unstable perturbations, the
factorization approach yields necessary and sufficient conditions for robust stability of the feed-
back system under fractional perturbations of the subsystems [Che.2]. Furthermore, necessary
and sufficient conditions for the existence of a controller for plants with additive or multiplicative

uncertainty are given in [Vid.1].

For linear time-invariant stable unity-feedback systems with nonlinear additive plant per-
turbations, necessary and sufficient conditions have been obtained in two cases: i) the additive
perturbation has an independent input, hence unmodelled dyqamjcs which is not coupled to the
nominal plant inputs can be taken into account [Bha.1], ii) the perturbed plant is considered as a
one-input one-output plant [Hua.1] (see also [Hua.2] for the linear time-invariant additive pertur-

bation case).

In this paper we consider a linear (not necessarily time-invariant) stable unity-feedback sys-
tem, where the plant and the compensator have normalized right-cbprime factorizations; we study
two cases of nonlinear plant perturbations (additive and feedback), with four subcases resulting
from : lj allowing exogenous input to AP or not , 2) allowing the observation of the output of
AP or not. The plant perturbation AP is not required to be stable. Using the factorization
approach we obtain necessary and sufficient conditions for all cases in terms of two pairs of non-
linear pseudo-state maps. Simple physical considerations explain the form of these necessary and
sufficient conditions. Finally, we obtain the characterization of all perturbations AP for which

the perturbed system remains stable.
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Notation: (e.g. [Wil.1, Saf.1, Des.1]) Let T € R and let V be a normed vector space. Let
{:={(F | F:T—>V} be the vector space of V-valued functions on T. Forany T € T, the

F() t<sT ,te T
projection map Iy : { — { is defined by II;F(¢) == O 5T, 1eT where O is the

zero element in {. Let A < { be a normed vector space which is closed under the family of
projection maps { Ily }r 1. Forany F € A, let the nom |ITI.yF Il :T— R, be a nonde-
creasing function. The extended space A, is defined by
A, =(Fel 1 VYTeT, I;F e A).
A map F :A, > A, is said to be causal iff for all T € T, I[1; commutes with Il;F;
equivalently, IIp F =IIrFIly.
A feedback system is said to be well-posed iff for all allowed inputs, all of the signals in the

system are (uniquely) determined by causal maps.

In the following we will be considering a number of function spaces closely related to A, .
The superscript { and the superscript o refer to "input” and "output”, respectively. Let Al and
A% be extended function spaces analogous to A, except that their functions take values in the
normed spaces V¢ and V°, respectively; the associated projections Il are redefined accord-
ingly.

A causal map H : A% X AL — A, is said to be S-stable iff there exists a continuous nonde-
creasing function ¢ : IR, — IR, such that

Yy, up) e A° XA, LH g, u)Wl € oy (lugli+lluglh).
An S-stable map need not be continuous. Note that the composition and the sum of S-stable

maps are S-stable.

A well-posed (nonlinear) feedback system is called-S-stable iff, for all allowed inputs, all of
the signals in the feedback system are determined by causal S-stable maps.

A causal (nonlinear) map P :Ai —» A% is said to have a right factorization
(Np , Dp>; Xp) iff there exist causal S-stable maps N, , D, , such that

() D, : X, €Al — Af is bijective and has a causal inverse,
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and (i) N, : X, —» A% , with N,[X,1=P[Al],

and (iii) P =N, D, [Vid.2, Ham.1].

X, is called the factorization space of the right factorization N, , D, ; X,) [Ham.1].
(N, . D, ;X,) is said to be a normalized right-coprime factorization of P : Al — A% iff
i) N, ,D, ;-X,) is aright factorization of P ,

and (i) there exist causal S-stable maps U, :A; =X, and V, :Ai — X, such that

Up,N, +V,D, =Ix ,where Ix, denotes the identity map on X, .

Note that any causal S-stable map P : Al — A% has a normalized right-coprime factoriza-

tion, namely (P, [s; Al).

1. Assumption : Consider the well-posed linear unity-feedback system S(P, C) in Figure 1 :
the plant and the compensator are given by causal linear (not necessarily time-invariant) maps
P:A A% and C:A% — Al which have normalized right-coprime factorizations
Ny, Dy, s Al) and (N, D,; A%), respectively; Nyrs Dppy N, and D, are linear maps (see for

example [Man.1] for the continuous-time linear time-varying case).

Figure 1  The feedback system S (P, C)
2.Lemma : Let Assumption 1 hold. From Figure 1, we obtain the causal S-stable linear map

M, defined by *

. . 0 D, N, 0
M A% XA, =A% XA ,M:[é} H[:ﬂ:[_}v‘; D”};][é] . ¢

Then the system S (P, C) is S-stable if and only if the bijective map M in (1) has a causal S-

*Equation (1) is written using matrix notation: the first equation states that ¥ =D,, (&2 Y+N, [ (52) .



stable inverse.

Proof : By Assumption 1, P and C have normalized right-coprime factorizations. Hence the
well-posed system S(P, C) is S-stabie if and only if the pseudo-state maps H gg : {: 2‘] &

and Hgg:[::z

‘] > &) are S-stable: the sufficiency follows by Figure 1 and the S-stability of
N, , D, N, and D, ; the necessity follows by the fact that the maps C and P have normal-

ized right-coprime factorizations. Writing the summing node equations in Figure 1, we obtain

HY%
(1); hence the system S (P, C) is S-stable if and only if M 1= [ H%] is S-stable.
&

O
Let Assumption 1 hold and let S (P, C) be S-stable. Then the map M defined in (1) has a

causal S-stable inverse M. This inverse map is linear and is given by

0
-1. A0 g A 0 % Al -1. | %1 El _| D —Nul|| 1
M .Ag XA¢ '—)Ac xA¢ ’M .[uz] ngg} —[Nd Dc[ u, ’ (2)

where Ny , Dy » Ny and D, denote the four submaps of M -1, they are causal linear S-stable

maps.
3. Comment : The causal S-stable maps denoted by D,; and D in (2) are bijective with
causal inverses D;7' : A2 = A% and D': Al — Al , respectively ( indeed, using (3b) and (3c)

below, D;' =(I +PC)D,, ,D3'=( +CP)D,, ). From the equation

MM =Iexpn, . (3a)
we have "left factorizations" D,,','INP, and D7'N,4 of P and C , respectively; in fact these are

"left-coprime factorizations" since

Dpchr +NpINcr =IA‘: (3b)
DDy + NNy =1 . (3c)
a

Let AP : A - A% (AP : A% — Al ) be any causal nonlinear map such that the feedback

system S ((P, AP )y, C)inFigure 2 (S((P, AP )y, C)in Figure 3 ) is well-posed.
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Figure3  The feedback system S((P, AP )y, C)
We consider four perturbation cases :

i) S((P,AP)p»,C) S, AP)y,, C)): This pergurbed system is obtained from S (P, C)
by replacing P with a nonlinear perturbed version (P, AP ),, which has two inputs (e3, u3)
( (€2, u3)) and two observed outputs (2, ¥3) (F2,73))-
Suppose that 1n case i) we observe only z, ( § 2 ) ; then we obtain
ii) S(P,AP);,C) (§((P yAP)y1, C) ) : the perturbation (P, AP),; has two inputs
(e2.13) ( (32, u4) ) and one observed output z, ()"\2 ).
Suppose that we set #3 = 0 in case i), then we obtain
iii) S((P.AP);5, C) (S((P.AP)2, C)) : the perturbation (P, AP ), has one input e,
(€,) and two observed outputs (y2, ¥3) ((F2,¥3) )
Suppose that in case i), we set ;=0 and observe only z, ( 572 ) ; then we obtain

iv) S(P +AP,C) (S((P,AP);;,C)) : the perturbation P +AP ((P,AP);; ) has one
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input e, ( e 2 ) and one observed output z, (f 2)

Note that for i, j=1,2, the (i+1)-input system S((P,AP);,C) (§((P,AP),-J-, C) )isS-
stable iff the j+1 outputs (ie. j outputs of (P,AP); and y; ( § 1 ) ) are determined by
causal S-stable maps.

4. Theorem : (Necessary and Sufficient Condition for Robustness ) Let Assumption 1
hold. Let the linear system S(P,C) be S-stable. Then for any causal nonlinear map
AP : AL - A% (AP :A% > AL),
i) the well-posed S((P,AP)y,C) (§((P.AP)22, C) ) is S-stable if and only if
AP(I +N,,DyAP)™ (AP(I +N,, Dy AP)™) is S-stable.
i) the well-posed S((P,AP),,C) (S((P,AP)y,C) ) is S-stable if and only if
Dy AP(I +NyDyAPY"' (NuAP(l +N,DyAP) ™ )is S-stable.
" jii) the well-posed S((P,AP)5,C) (S((P,AP), C) ) is S-stable if and only if
AP(I +N,DyAPY'D,, (AP(I +N,DyAP)'N,, )is S-stable.
iv) the well-posed S(P +AP,C) (S((P,AP);,C) ) is S-stable if and only if
DyAP(I +NgDyAPY'D,, (NuyAP( + N, DgAP)™'N,, ) is S-stable.
5. Comment : We offer the following explanation on the forms of the necessary and sufficient
conditions for S((P,AP);,C),i,j=1,2. Similar explanations apply for
S(P.APY;,C),i,j=1,2.

1) The effect of not observing y4 :

Since y, is not observed, instead of considering the system S ((P, AP )y, C) (i.e. the S-
stability of the map (i, 45, ¥3) > (¥1,Y2, ¥3) ), we consider the system S((P,AP)y, C) (i.e.
the S-stability of the map (i, 4o, #3) > (¥1,22) ). Using the "left factorization” of P men-

tioned in Comment 3, we redraw the latter system as in Figure 4.
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Figure 4 The feedback system S ((P, AP )y, C)
Now view Figure 4 as a feedback system Z consisting of the nonlinear, possibly unstable,

subsystem D,;AP closed in a feedback loop by the S-stable subsystem whose input is at ¢ and
output at b ; note that b =—N_,a + D, Nyu1+ D, Dyu,. The resulting closed loop system
is S-stable if and only if (DpAPYI + N, (D, AP ))'1 is S-stable [Des.2].

In conclusion, whenever we fail to.observe y; , the necessary and sufficient condition for
S-stability has D, as an additional left factor.

2) The effect of setting u; =0:

By linearity and S-stability of S(P,C), the map y; > e, (see Figure 2) is given by
e3=-N Dy y3+ D, (Nyu,+Dujz) . Now consider f‘igure 2 as a feedback system X consist-
ing of the subsystem AP in a closed loop with the S-stable subsytem whose input is y5 and output
is e,. Whenever u3 =0, the inputs to this equivalent system Z are in the range of D, , hence the
necessary and sufficient condition for S-stability has D), as a right factor.
Proof of Theorem 4 : Since S(P, C) is S-stable by assumption, the linear map M~ given by

(2) is causal S-stable. Writing the summing node equations in Figure 2 ( Figure 3 ) in terms of
& ,&p and e; (Ec .’E;, and €3 ), we obtain

¢ — AP, £
] ]
e =u2+u3+Nc,§c . [ 23=u3+Np,Ep . ] (4b)

By linearity of M~! and equation (2) we obtain

5] -[8] [ L 1E]H]

3] o



From (4b) and (5), 5 ( €3 ) is determined by

e3=uz+us+N,E —N,DyAPe;. [ e3=u3+N,E — N, D, APE, ] 6)

Substituting equation (2) in (6) and using the equalities /-N.,N, =D,Dy and

N Dy =D, N,; from the equation MM~ =1 , we obtain

uy

e3=(I+Nc,Dp,AP)'l[Dp,[Nd Dd] 1] us| . (7a)
U3

63=(I+NprDcIAP)—1[Npr[NcI Dcl] .1] uz| - (7b)
us

H gl
Substituting (7a) ( (7b) ) in (5), we obtain the pseudo-state map [ H:] uyl b [éc]
P

gl w J&] |
al tluy| >[4 , Where
[ EJ : M

u3_
& =.§2 | Bw AP(I +N,D AP)“[D [N D] 1] :1 (82)
gp -gg N, -4 pl. pr cd el u: .
] (][ 3]0 memener :
£l = - ( +Np,DyAPY"| N, | Ny D I'|luz| . | @)
&] | 8] -| 2| eeermpaser [ 2] 1]

Now we state the necessary and sufficient conditions for the four cases in terms of the pseudo-
state maps given by (8a) ((8b)).
. i) the well-posed S((P, AP )5, C) (§((P. AP)y, C) ) is S-stable if and only if H, and
H 3 (ﬁ‘g‘ and ﬁgp ) are S-stable. The sufficiency follows from Figure 2 ( Figure 3 ), and
the S-stability of N,,, D,,, N., and D.,. The necessity follows by the fact that C and P
have normalized right-coprime factorizations. Using similar reasoning, we get the follow-
ing:

ii) the well-posed S((P,AP);, C) (§ ((P,AP)y, C) ) is S-stable if and only if H,

A
A

(Hg, ) is S-stable.
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iii) the well-posed S (P, AP)y5, C) (S((P,AP)y, C) ) is S-stable if and only if He, |, 0

A
~

and He | o (A2, 1 pe0 a0d %, 1,0 ) are S-stable.

iv) the well-posed S(P +AP,C) (§((P,AP),,, C) ) is S-stable if and only if He 1,
(7,1 4o is S-stable.
Using equation (8a) ( (8b) ), we consider the four cases just mentioned.

i) Equation (8a) ((8b))shows that Hg and He, (A%, and A, ) are S-stable if and only

if the map F, (ﬁ, ), where

Fi= [ﬁz’] AP(I +NC,DP,AP)"[DP,[ N, Dc,] 1] (9a)
[ F = [ ;)Iif‘] AP(l +N,,D AP )-1[N,,,[ N, Dc,] 1] ] (9b)

is S-stable. Since D,y , Dy , Ny , Ny . N,, and D, are S-stable maps, Fy (F,) is S-stable if
AP(I +N,DuyAPY? (AP({ +N,DyAP)™) is S-stable. Conversely, by (1), (2) and equation
(%) ((9b)),

0
AP(I +N,DyAP) ! = [ D, NP,] F,[ o]
I

0
AP(I +N, D APy = [ -N,, Dp,] 1?,[ o] ]
I
is S-stable if F (ﬁl ) is S-stable. Hence case i) follows.
if) Equation (8a) ( (8b) ) shows that H, (I?‘g_ ) is S-stable if and only if the map F,
A
( F 2 ) ’
Fy:=DyAP(l +Nc,Dp,AP)"[ DP,[ N, Dd] 1]
[ Fy=N,AP( +NP,DC,AP)"[ N,,[ Ny Dd] 1] ]
is S-stable. F, (F,)is S-stable if D,y AP (I +N,DyAPY" (NyAP(I +N, D APY ™ )is S-
0 -~ 0 A
stable. Conversely, Fp{ 0| (F,| O )is S-stable if F, (F, ) is S-stable. Hence case ii) fol-
I I

lows.
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iii) Equation (82) ( (8b)) shows that He, |,.0 and He |, (B2, 1um0 and A%, lumo)

are S-stable if and only if the map F4 (ﬁg )s

D
Fsy ;=[ NZ‘] AP(I +Nc,Dp,AP)"Dp,|: N, Dc,] (10a)
A -N _
[ F, :=[ D:]AP(I +N,,Dy4AP) lNP,[Nd Dc,] } (10b)

is S-stable. F3 (F'3)is S-stable if AP(I +N,,DAP)Y'D,, (APl +N, D APY'N,, )is S-

N,

pr
D

stable. Conversely, by (1), (2) and equation (10a) ( (10b) ), [Da Np,] F3[
pr

A N A
(| =N, D, |F3| 17| )is S-stable if F;3 ( F3)is S-stable. Hence case iii) follows.
P D,

iv) Equation (8a) ( (8b) ) shows that H E | use0 (ﬁ‘g lus=0 ) is S-stable if and only if the
map Fy (Fy)

F4 :=DPIAP(I +Nchp[AP)-ler [ Ncl DC’]

A
[ F4=NuAP( +NP,DC,AP)"‘NP,[ N, Dc,] ]

is S-stable. Case iv) follows by the fact that [ Ny Dd] is S-stable and has an S-stable right
inverse, namely D |-
pr

a
Solving for AP in the four ( three ) necessary and sufficient conditions in Proposition 4,

we obtain a characterization of the set of all nonlinear perturbations AP for which the perturbed

system remains S-stable (called addmissable perturbations) :

6. Corollary : (Characterization of admissable AP ’s) Let Assumption 1 hold. Let the linear
system S (P, C) be S-stable. Then

i) the well-posed S((P,AP)pn,C) (§((P +AP )y, C) ) is S-stable if and only if
AP =Q(I -N,D, Q)" (AP =Q(I -N, D4Q)™) for some causal S-stable map Q.
i) the well-posed S((P,AP), C) (S((P,AP),,C) ) is S-stable if and only if
AP =D'Q( —N_, Q) (N,AP =Q(I -D,Q)™") for some causal S-stable map Q.
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iii) the well-posed S((P,AP)3,C) (§ (P,AP),, C) ) is S-stable if and only if
AP =Q(I -N40)'D;! (APN, =Q( -D,yQ)™) for some causal S-stable map Q..
iv) the well-posed S(P + AP, C) is S-stable if and only if AP =Dp‘,'lQ(Dp, -N_,0Q)!

for some causal S-stable Q.

Conclusion

From Corollary 6 i)-iii), we conclude that for AP to be an admissable perturbation, AP ,
D, AP and APD,, (AP , N,AP and APN,, ) must have the specific normalized right-

coprime factorizations.

In the case that the plant P has right- and left-coprime factorizations (see [Vid.é] for the
linear time-invariant case, [Man.1] for the continuous-time linear time-varying case ), the set of
all stabilizing compensators C for the nominal plant is given in terms of the plant factorizations
and a free linear stable parameter; hence the factors N; ,N, ,D, and D, of C in Corollary

6 would also depend on this free linear stable parameter.
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