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A Variable Metric Technique for the Solution of
Affinely Parametrized Nondifferentiable Optimal Design Problems!?

E. Polak® and E. J. Wiest4

Abstract. The composite functions which appear in various optimal feedback system design prob-
lems, as well as in open loop optimal control problems, can lead to severely ill-conditioned
minimax problems. This ill-conditioning can cause first-order minimax algorithms to converge
very slowly. We propose a variable metric technique which substantially mitigates this ill-
conditioning. The technique does not require the evaluation of second derivatives and can be
used to speed the convergence of any first-order minimax algorithm which produces estimates of
the optimal multipliers. Numerical experiments are presented which show that the variable metric
technique increases the speed of two algorithms.
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1. Introduction

The term variable metric method is commonly used to describe a number of algorithms, such as
those discussed in Refs. 1 and 2, which emulate the behavior of the Newton method. The term can be
applied to any optimization algorithm which uses a sequence of linear transformations of the variables
to convert the original optimization problem into a sequence of equivalent problems, to each of which it
applies one iteration of a "standard” method and uses a transformed result as a starting point for the
iteration on the next problem. Variable metric methods are effective when there is a linear transforma-
tion which transforms an optimization problem into a better conditioned form. Since the desired
transformation is not known a priori, an approximating sequence of transformations is constructed as the
computation progresses.

In the past, variable metric techniques were used as a means of improving the conditioning of an
optimization problem with respect with respect to a particular algorithm. For example, the Armijo-
Newton method (Ref. 3) can be viewed as a combination of a sequence of transformations with the

Armijo gradient method. Consider the problem

min fix), (1a)

xe R*
where £R" — R is strictly convex and twice Lipschitz continuously differentiable. Given an estimate

x; of the solution %, at iteration i, the Armijo-Newton method uses the transformation x = F(x)™y to .

construct the equivalent problem

min AFGY™y), (1b)

ye R
to which it applies one iteration of the Armijo gradient method. Thus, (i) it computes the search direc-
tion' d; = -V, AF(x)™y), in the new coordinates, (ii) then it transforms this search direction back to
the original space by the formula k; = F(x)™d; = —-F(x)™'Vf(x), and (iii) computes the step size, which
is unity near the solution, using a suitably transformed Armijo step size rule (see Ref. 3) completing the

construction of x;,;. As is well known, the result is a quadratically converging algorithm. Similarly, it

! It is interesting to observe that the Newton search direction #; is the solution of the problem

min {Vfx), R
ke ll"(ﬂxt) h)'.' m'%(x‘,




Theorem 2.1: (Refs. 13 and 9) I is a solution to (3), then there exists a i € X, such that

VG = TFVfi® =0, (5a)
JER

TG - max i@ = 0. (5b)

jep jep [

Now suppose that the functions f/(-) are strictly convex. Then it follows from (5a) and the con-
vexity of I(,ji) that, if % is a solution to (3), then it must also be a minimizer of the function
¢ﬁ(-) 8 4(,f1). Now, as we have seen in the Section 1, the conditioning of the problem min, _ .. ¢ﬁ(x)
can be improved by a linear domain transforrﬁation based on the Hessian of ¢(-). Our method ori-

ginated in the conjecture that this transformation would also improve the conditioning of problem (3).
Han used this matrix as the basis for a variable metric method for problem (3) in Ref. 10.

We now return to problem (2). The Lagrangian for problem (2) is given by

I(x.1) = ¥, ¢ , We /(Ax). Hence its Hessian with respect to x is given by
Lex.p) = jz WATG (A4 , ©
ep

where G/(*) denotes the second derivative matrix of 2/(). In many engineering optimization problems,
such as those mentioned in the introduction, the functions g /() do not contribute to the ill-conditioning
of the matrix L%,{i), at a solution. Furthermore, their Hessians may be very difficult to compute.
Hence we propose to replace the Hessian matrices Gj(A,-x.-) in (6) by /; x I; identity matrices. Thus, for

any p € %, let

R & 3 wAla. )

jiep
We will show that a sequential transformation method based on the matrix R(j) can compensate for the
ill-conditioning introduced by the matrices A;.

To ensure that a sequential domain transformation method does not destroy the convergence pro-
perties of the algorithm which it uses, there must be both an upper bound and a strictly positive lower

bound on the eigenvalues of the domain transformation matrices. However, the minimum positive
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In this paper, we present a sequential linear transformation technique?, which is intended to miti-
gate the ill-conditioning caused by the matrices A, Our technique was inspired by the observation that
when all the functions g/(") in (2) are convex, any solution % to (2) is an unconstrained minimizer of the
carresponding Lagrangian, I(x,{1) 2 3, . , Wg/(4;x), where the {¥ are optimal multipliers. Although the
Hessian of this Lagrangian is usually singular, a restriction to a suitable subspace can be used to recon-
dition the problem min__ .. I(x,{i). Since, in many engineering applications, only the matrices A;
cause ill-conditioning and since second order deri\"atives of the g/() can be very costly to compute, we
replace the Hessians of the g/(-) by identity matrices and use linear transformations to improve the con-
ditioning of approximations to the matrix Y . , f/AJA; The resulting sequential linear transformation
technique can be used in conjunction with any first-order minimax algorithm which produces estimates
of the optimal multipliers. Our variable metric technique is developed in Section 2. In Sections 3 and
4, we present theoretical results which show that our variable metric technique can improve the speed
of convergence of the Pshenichnyi method (Ref. 11). In Section 5, we present numerical experiments
which show that our variable metric technique reconditions problems with respect to both the Pshenich-

nyi method and a new interior point method (Ref. 12).
2. Development of the Variable Metric Technique
We begin by providing a heuristic rationale for our method. Consider the general minimax prob-

lem,

min max f/(x), 6)
xeR"JER

where the functions f/() are twice continuously differentiable. We will denote the standard unit sim-
plexin R*by £, & {pe RP1Y;c,W=1,p020]), and the second derivative matrix of /(") by

Fi("). We can associate with problem (3) the Lagrangian £R” x £, — R, defined by

W) = 3 W) . @

jiep

We recall the following result.

2 Our technique is related to one used implicidy by Han in Ref. 10.
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Theorem 2.1: (Refs. 13 and 9) If% is a solution to (3), then there exists a fl € Z, such that

VJIG.H = TR =0, (5)
l€p

X Y/ - max /@] = 0. (5b)

jep Jep ]

Now suppose that the functions f/(-) are strictly convex. Then it follows from (5a) and the con-
vexity of I(-,{i) that, if X is a solution to (3), then it must also be a minimizer of the function

.0 4 i(-.f}). Now, as we have seen in the Section 1, the conditioning of the problem min__ .. 6,

x
can be improved by a linear domain transformation based on the Hessian of ¢(-). Our method ori-
ginated in the conjecture that this transformation would also improve the conditioning of problem (3).
Han used this matrix as the basis for a variable metric method for problem (3) in Ref. 10.

We now return to problem (2). The Lagrangian for problem (2) is given by

I(x.1) = 3 , We /(Ax). Hence its Hessian with respect to x is given by

Lix.p) = T WAIGARA; ©)

jep
where G/(*) denotes the second derivative matrix of g (). In many engineering optimization problems,
such as those mentioned in the introduction, the functions g /() do not contribute to the ill-conditioning
of the matrix L(x,{i), at a solution. Furthermore, their Hessians may be very difficult to compute.
Hence we propose to replace the Hessian matrices G"(A,«x;) in (6) by ; X I; identity matrices. Thus, for

any i € I, let

R@) & 3 wAla;. )

jeg
We will show that a sequential transformation method based on the matrix R(it) can compensate for the
ill-conditioning introduced by the matrices A;.

To ensure that a sequential domain transformation method does not destroy the convergence pro-
perties of the algorithm which it uses, there must be both an upper bound and a strictly positive lower

bound on the eigenvalues of the domain transformation matrices. However, the minimum positive
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eigenvalue of R(u) may decrease to zero as i; — jl. Hence, we propose to modify R(l;) by augment-
ing the small eigenvalues in its spectral decomposition, as follows. For any pe Z, let
M) 2 () 2 ... 2 A1) be the eigenvalues of R(). Let U, be any real unitary matrix such that
R@W) = Uydiag( M()...., (1) YUL, and let A ) & max{ A ), € }, where £ >0 is a small fixed
number. Then we define

QW) 4 U,diag( L), ..., A0 UL . ®

Proposition 2.1: The matrix-valued function Q(-) is well defined and continuous in |

Proof: We begin by showing that Q(u) is well defined even though the selection of the eigenvector

matrix U, is not unique when R(jt) has multiple eigenvalues. Letting Ao A o, we define
D) 4 (je ! M@ >N =M@ - = Mimgr100) > Mm@ ) ©)

so that { A (1) }; ¢ pgy iS the set of distinct eigenvalues of R(u), with multiplicities m;(u). Next, let u;

denote the j-th column of U, j € p. Then,

Rw= Y l,(u)[ > “}*-1"/1';*-1] (10)
ja D) ke mG)

is a spectral decomposition of R(t). The matrix Y ;¢ m ) u;,,q,.lu,-’;‘,_l represents a projection operator

which projects onto the eigenspace corresponding to A1), and hence it is independent of the selection

of U,. Since
0G) 2 U,diag( X109, L0)IUL = X i,(u)[ ) umuhx]. an
je D@ ke mgy)

we see that it, too, is independent of the selection of U),.

Now, suppose that the sequence {J;}zo < Z, converges to some K € Z, as i —> o . For each ;,

let U; = [ uy,..., Us;] be a unitary matrix of eigenvectors of R(i, so that

om) = X i,(u.-)[ 2 U “ﬁb—u]- (12)
jeuy | ka'm)

The sequences { Q) ) and { U; )20 are bounded, since the eigenvalues are continuous and the
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matrices U; are unitary. Therefore, there exists an infinite subset K € N, and matrices Q0 and

_ 4 )
U= [@,..,%), such that Q) > 0 and U; > U as i > . Because U;UT =1, for all ie NN,

UUT =1 Since [RQL) - Al uy; = 0, for j € n, and since the eigenvalues, A(-), are continuous,
[R(T) — M@@I17; = 0 for j € p. Thus, U is a unitary matrix of eigenvectors for R(T). The matrix Q)

can also be written in the form

Q)= X [ ) YR FRRLTH Y “}ﬂk-u] - (13)
je D@ | ke m@
Taking limits in (13) as i — o, i € KX, yields

0= 3 [ > i}bb-lq:[)ihk-lﬁ};b-l]

je D@ | ke m@

) XJ@[ > %1'7};»-1]=Q¢[)- a4y

je DGY) ke zx_@ ‘

Since the sequence { Q(1) )i is bounded and any accumulation point of this sequence equals Q(1), it

follows that lim ; _, .. Q(1) = Q(Y), and hence Q(") is continuous. u
We now provide an algorithm model which shows how to combine our variable metric technique

with any one-step, first-order minimax algorithm which produces multiplier estimates. To simplify nota-

tion, we rewrite problem (2) as

min__ o, y(), @15)
where
V() & max; . , g H4) . (16)

Now consider any first-order minimax algorithm for solving (15) which generates estimates of the
optimal multipliers at each iteration. We can associate with the algorithm a wy-dependent, set-valued
iteration map M:R"” — R" x 2% such that, if { (x;,1) )%, is a sequence generated by the algorithm on
the problem min_ _ .. W(x), then

(1, M) € My(x) , an

foralli e N.
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For any v € Z,, let §(v) A Qv)™. Then the function W(S(V)y) can be written in the alternative
form (yeS)(y), which leads to the notation My.sy) for the iteration map defined for the problem
transformed by S(v). Hence a variable metric algorithm for solving problem (2), based on the the itera-

tion map My, and the transformation matrix S(v) has the form

Variable Metric Algorithm Model 2.1:

Data: eR, L €Z,i=0.

Step1:  Sety; = SQ)x;,

Step2:  Compute (i1, Miv1) € M yosty 0 »

Step 3: Set x;1 = SQYie -

Step 4: Replace i by i+1 and go to Step 1. [ ]
Note that the multiplier vectors do not require transformation because, for any invertible matrix S,

&.f)) € R x I, satisfies equations (Sa, Sb) with respect to problem (2) if and only if (S7'%,1) satisfies
these equations with respect to problem min ye R® v(Sy).

3. Rate of Convergence of the Pshenichnyi Algorithm

We will now summarize a number of results, established in Refs. 9 and 14, for a version of the
Pshenichnyi minimax algorithm (Ref. 11) which uses an exact minimizing line search. When applied to
problem (2), with y(-) defined in (16), this algorithm has the following form:

Algorithm 3.1 : (see Algorithm 5.2 and Corollary 5.1 in Ref. 9)
Data: xo; ¥>0.

Step 0: Seti=0.

Step 1: Compute the search direction

hi = arg min max g /(Azx) + AIVg (A, i+ VerlhP . (18)

Step 2: Compute a minimizing step size, A; € arg min 5 ¢ g Y(x; + Ah) .

7-



Step 3: Set x;.,; = x; + Ay, replace i by i + 1 and go to Step 1. n

Theorem 3.1: (Ref. 9) If the functions g (") in problem (2) are continuously differentiable, then any
accumulation point ¥ of a sequence {x;}2q constructed by Algorithm 3.1 satisfies the first-order optimal-

ity conditions (5a, 5b). n
To show that the algorithm converges linearly, we need to introduce more restrictive assump-

tions. Let the set of minimizers for problem (2) be denoted by G 4 arg min __ . y(x). By analogy

with nonlinear programming convention, we say that strict complementary slackness holds at % € e if,

for every fie I, such that the pair (x,i) satisfies (Sa, 5b), we have {¥>0 if and only if

847 = y@).

Hypothesis 3.1: Suppose that

(i) the functions g /() are twice continuously differentiable,

(ii) there exist 0 < | S L < o such that, for all j € p,
IR SCh,G@R) RYSLWR, v zhe RV, (19)
(iii) strict complementary slackness holds for all % € G. u

It follows from Hypothesis 3.1 that (i) for any X € G there is a unique optimal multiplier {i € z,

satisfying equations (5a, 5b), (ii) the set of optimal multipliers, associated with the set of optimal solu-

tions, G, is a singleton, {fi), and (iii) the set of indices of functions maximal at %,

7 2 (jeplgiAR) = y®) ), is independent of £ € & (see Ref. 13).
. . s 2o s A AT A T T
Let ji < ... <jp be the indices comprising J, then we define the matrix A7 2 [A,-‘.... .Ajb] . Let
a8 Rank(ﬁ" ) and let Z be an n X a matrix, the columns of which form an orthonormal basis for

Range(ﬁ’). Then we have the following result.

Theorem 3.2: (Ref. 14) Suppose that Hypothesis 3.1 holds with respect to problem (2) and, in addition,
(iv) 1 and L are chosen so that the scaling parameter, v, in Algorithm 3.1 ~.s'ati.v,;)‘ies



o+ VaATA TAT4 .
lo [jezz u’AjA,] <Y< L}neai IZA]AIZ| , (20)

where G*[X] denotes the minimum positive eigenvalue of the symmetric matrix X. If Algorithm 3.1 con-

structs an infinite sequence (x;}=o, then, (a) x; — % as i — o with % € G, and (b) either there exists an

ip € N such that x; = % for all i 2 iy or

lim sup ALl UPP @1)
yix) -y
where
p é 1- _l. G+[zj iﬁA}. Aj] (22)
a L IZ7ATAZy
iy A
|

Following Ref. 6, we refer to the quantity Lim sup (W(xi1) — W)/(y(x) — ) as the convergence
§=> e

ratio of the sequence { y(x;) }=o. The quantity p in (21) bounds the convergence ratio of any sequence
constructed by Algorithm 3.1 in solving any problem in the class defined by (2) and the assumptions
stated.

4. Rate of Convergence of Variable-Metric-Pshenichnyi Algorithm

We will refer to the algorithm obtained by combining our sequential transformation method with
the iteration map of Algorithm 3.1, in the manner stated in Algorithm Model 2.1, as the Variable-
Metric-Pshenichnyi Algorithm, We will now show that the Variable-Metric-Pshenichnyi Algorithm

converges faster on problems of the form (2) than Algorithm 3.1.

For the transformed problem
min _ o W(SV)Y) . (23)
given a point y = S(v)"'x and a v € ¥, the search direction computation (18) has the form

d@y.v) 4 arg min_max g (AS(v)y) + (ASW)Vg IASWYY) .+ YoyldI® . 24)

The result can be transformed back to the original space using the formula

9.



h(x,v) & SV)d(y.v). 25
Equivalently, A(x,|t) can be computed directly using the variable metric defined by S(v), as follows:

h(x,V) = arg hmig‘ max giAx) + ATVgiAR), B - () + %y B, QVIA. (26)
e €

Since the max function in (26) is strictly convex in A, h(x,v) is unique, and hence it also follows that
h(:,) is continuous. ‘

Problem (26) can be solved by converting it to dual form as follows. Let 6(x,v) denote the
minimum value in (26). Then for any x € R" and v € Z,, the search direction problem can be written

in the following equivalent forms:

up>

6(x,v) hmi:. max g/Ax) + WIVgiAx), - y(x) + Y%y h,OV)A

min max 3 W tg’(A;r) + AV, -y 1+ %y h,QWIA), @n

Iuek“ﬂerp,

By an extension of von Neumann’s Minimax Theorem (Ref. 9), the max and min in (27) can be inter-

changed. Hence,

0.v) = max min T 1 [gitAx) + WIVEAR), Y- y(®) 1+ Yoy . OWIR

uez,helt"}eg

= max z u’ [gI(AJx) \"(x)] - —l z uiAjT vg’(A}t)lg(v)-l ’ (?8)
rejep

where the last expression is obtained by solving the inner minimization problem?. Since the solution to

(28) is usually not unique, we denote the solution set by

UG.v) 4 arg max Zu’ (47 - w(] - =1 T WAV gl 2 2yt - (29)
reZyjea % je e

The set-valued function U(-,) has the following properties: (i) it is upper semi-continuous in the sense
of Berge (Ref. 21); (ii) for any minimizer % of (1) and anyve I, UQR,V) is the set of multiplier vec-
tors which, together with %, satisfy equations (5a) and (5b), (iii) wunder Hypothesis 3.1,

U(@.EP) = { {i }, a singleton, (iv) any multiplier vector p € U(x,v) yields the unique solution to the

3 Several methods exist (see, for example, Refs. 15-20) for solving the positive semi-definite quadratic program (28).
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primal problem (26), according to the formula

h(x.v) = - %Q(V)"jz WATVgiA) . (30)
ep

Steps 2 and 3 of the Variable Metric Algorithm 2.1, using the iteration map of Algorithm 3.1, can
also be performed in the original space without affecting the sequence of iterates produced. We there-
fore present it in this form to simplify proofs. .

Algorithm 4.1:

Data: X; Y>0,p,€Z,,>0,i=0.

Step 1: Compute the multiplier vector, p; € U(x;, 1)

Step 2: Compute h; = h(x;,11;,) using (30).

Step 3: Compute the minimizing step size, A; = arg min j ¢ g Y(x; + ARy .

Step 4: Set x;,, = x;+ Ay, replace i by i + 1 and go to Step 1. n
We will now establish several properties of Algorithm 4.1.

Theorem 4.1: If the functions g /() in problem (2) are continuously differentiable, then any accumula-

tion point X of a sequence { x; Yoo generated by Algorithm 4.1 satisfies the necessary conditions (5a,

5b).

Proof: This follows from the proof of convergence for Algorithm 3.1 in Ref. 9 and the fact that the
scaling matrices S(j1;,) are uniformly bounded, i.e. - that for all v € Z,,

(max ATA)™ 1h2 < ISW)AP < €™ Thi? . G1)
jep

n
Next we will show, under assumptions of convexity and complementary slackness, that the

sequence of iterates, {x;}ig, constructed by Algorithm 4.1 converges to the solution set G and that the

corresponding sequence of multiplier vectors, {|;)Z; converges to {i, the unique optimal multiplier

3 » . A . 53
associated with the solution set G. We will use the notation z; — Z to represent the convergence of a

sequence { z; JZocR"toaset ZC R" ie. -lim;_, . min , ¢ z Iz; — y1 = 0.

-11-



Theorem 4.2: Suppose that Hypothesis 3.1 holds and that Algorithm 4.1 generates sequences of iterates

{ x; Y=o and of multiplier vectors { W; }=o. Then,

(a) there exists an open set W > G such that ¥ = 0 for every j¢J and all p. € UW,Z,),

(b) there exists % € C such that x; — % as i —> oo,

(c) there exists ig € N such that x; € % + Range(A") for all i 2 iy,

(> fasi— oo,

Proof: (a) Since h(*,) defined in (25) and 6(-,") defined in (27) are uniformly continuous in (x,v) on

compact sets in IR* x Z,, and since both functions are zero on the set G x Z,, (a) follows from the same
argument as Proposition 5.2 in Ref. 14,

(b) Let AT 2 [A],...,A7). Equation (30) and the fact that Range(A”) is invariant under S(v) for all
Vv € Z, imply that the sequence of search directions { k; ) is contained in the range of A”. Therefore,

the sequence of iterates { x; )&, is contained in the set
V 4 (xo+ Range(AD)"{x e R* 1 y(x) S w(x) } . (32)

The set V is compact by the same argument as in the proof of Theorem 5.1 in Ref. 14, and therefore
the set { x; }zo converges to the set of its accumulation points. By Theorem 4.1, these must satisfy the

optimality condition (5a, 5b). Since () is convex, these necessary conditions are sufficient for
optimality, implying that x; — G.

From part (a) of this theorem, A(x,v) € Range(ﬁ") for all xe W and all v e %, Because
X — &, there exists ip € N such that x; € W for all i > i;. Hence, { x; }7- ip © Xig + Range(ﬁ’), and

X; > (Jc,-o + Range(ﬁr ))n&.

We show that this limit set is a singleton. Suppose x;,x; € (x, + Range(ﬁ’) )f'\&. Then, since
() is convex, the entire line segment between x, and Xz, [x1,x5], is contained in this set. Now,
U(x.xs),Z) = { i} and >0 for all j € 7. Hence, g/(Ax) = w(x) = ¥ for all x € [x,,%,] and all

JjE€ ?, by equation (5b). Since the functions g /() are strictly convex, this implies that A(x, — x) =0

-12-



for all j e J. Since x, - x, € Range(A"), this implies that x, — x, € Range(AHNNull(d) = (0, ie. -

that x; = x;. Thus, 6ﬁ(x.—° + Range(AD)) = (% } for some %.

(c) From the proof of (b), x; € x;, + Range(d") = % + Range(AT , for all i > i,

(d) The set-valued map U(:,-) defined in (29) is upper semicontinuous in the sense of Berge (Ref. 21),
uniformly on compact sets in R* x Z,. Sincex; > % € G by (b) and U(&.Z,) = { fi ], this implies that
W - L n

We define the function p : R™ — R by

s 1 OTE e BSAIAS
pE) & 1-7 e 5D (33)

Note that p in equation (22) equals p(/), where [ is the # X n identity matrix.

Theorem 4.3: Suppose that Hypothesis 3.1 holds and, in addition, (iv) | and L are chosen so that the

scaling parameter, v, satisfies

le'[ Y WS@A}'A,:S'@)] <Y< L;_nﬁ: lﬂSOﬁ)TAfA,\S'@Zl . (34a)

jeg
If ( x; Yoo is an infinite sequence generated by Algorithm 4.1, then, either there exists an io € N and

A

% € G such that x; = % for all i 2 iy, or

lim sup Y(x) —

m su — < pS@) . (34b)
P yx) -

Proof: By Theorem 4.1(b), the sequence of iterates has a limit point X € G. Assume that x; # % for all
i € IN. Hypothesis 3.1 and assumption (iv) of this theorem ensure that the assumptions of Theorem 3.2

are met for the transformed problem,

min y(S()y) . (35
ye R

Since the range of ﬁ"' is invariant under S({i), the columns of Z form a basis for the range of S(ﬁ)ﬁ"' .

This fact and assumption (iv) of this theorem imply that assumption (iv) of Theorem 3.2 holds with

13-



respect to problem (35). This and Hypothesis 3.1 ensure that the assumptions of Theorem 3.2 are
satisfied with respect to problem (35). The following result, slightly stronger than Theorem 3.2, but

valid under the same assumptions, is stated in Theorem 5.1 of Ref, 14:

lim s ;fmgz ~
yo3 w(S@y) -y (36)
yu3

y € Range(Z)

where 5 4 S{)™'% for an arbitrary 2 € G. Using the substitution y = S@)'x and the fact that
h(S@)y.R) = S@d(y.fi), (36) can be rephrased as follows. For any &> 0, there exists a set
V’ © % + Range(Z), which is open in the affine space % + Range(Z), such that

min MEEMED)=F <, gpisy &)
v -y

forall x e V', x #X. Since y() is strongly convex, the min over R in (37) and in Step 3 of Algorithm
4.1 can be replaced by a min over a closed interval C. With this modification, the left hand side of
(37) is continuous in (x,), since h(:,") is continuous. This implies that there exists a neighborhood of

il, D c I, such that

in SELMEWI =Y < (1 4 2mpsqiy , (®)
¢ Vo) - ¢

forall x e V' and p € D. Of course, since § was arbitrary,

lim sup min \V(x + M(x-ll) ) — {l; < p(s(ﬁ)) .

A R (39)
xXwux
x& %+ Range(Z)

By Theorem 4.2(c), x; € % + Range(A") = % + Range(Z) for large i. Then, since x; = %, p; — fi and

Y(x; + Mh) = min y ¢ ¢ W(x; + Ak, (34b) holds. n

The following comparison of the two convergence ratio bounds, p given by (22) and p(S(L))

given by (33), suggests that our variable metric technique results in a faster algorithm than the original
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Pshenichnyi Algorithm 3.1.
Proposition 4.1: If 6*[R(L)] > &, then p(l) 2 p(S()) .

Proof: Consider a spectral decomposition R(fl) = UAUT, where U is unitary,

A 2 diag( M(@)..... A (0) ) and A 2 diag( M,({D).....A,[) ). We have that

,-z:g i ST AT A; S@) = S@)T REY) S (40)
sUA®UT(UAUT)UASUT
=UATAUT,
Since G*[R(D)] >e, we have that, for each je m, either A(f) =A() or A(f) =0. Hence,
Y jep ¥ SEYATAS() = U diag,...,1,0,...,0) U, which implies that
6*(T je o IV SETATASE)] = 1, and

1
max IZ7SG)4TAS@)21 '

a4

Now,

TotTAT - . ZS@TATAS@)Zy)
IZTS@)TATAS(D = yu;a;a o

l.‘i‘,\S(j.’l‘,)Zyl2
yeR® lylz

- max ASOBE )
yere  1ZyP

since the orthonormality of the columns of Z implies that IZyl = Iyl for the Euclidean norm. Making

the substitution z = S(fi)Zy yields

IZS@EYATASEZA =  max Uzt
! 2 @ Range(Z) IS(]J. _12'2

IA,-:'.I2
F—3 max —————
z € Range) IQ(ﬁ)""zlz

.15.



o

Az

= max . 43)
t -1 ngtm Q;Q(ﬁ)z)
Substituting (43) into (41) yields
A _ _I. . (Z. 2)‘ . (44)
pSE) 2 1 L i -—%D—'Ajz'z :Jep,zeRange(Z) .
By inspection, p(S(1)) is never greater than
=1-= i i &m ' i I=kl=1 4
pD) =1 7 min UyP =Jeg.y.zeRange(Z).ly Iz . 5)
||

The difference between p(f) and p(S({L)) can be quite significant, as the following example shows.

Example 3.1:  Suppose that a minimax problem involves two scaling matrices,
10 102 0
[010'2]'[0 10]' (“46)
and that @' = > =% and I = L = 1. The rate constant for the unscaled Algorithm 3.1 is p(J) = 0.995,
whereas, under rescaling, it is p(S({1)) = 0.5. This suggests that [log 107 / log p() ] = 460 iterations

of the Pshenichnyi Algorithm 3.1 would be required to achieve a ten-fold reduction in y(x) — 1?! near

the solution, while only [log 107! / log p(S(f1)) ] = 4 iterations of the Variable-Metric Pshenichnyi
Algorithm 4.1 would be required. |

5. Results of Numerical Experiments

Since rate of convergence results are indicative only of the terminal behavior of an algorithm, we
performed a number of numerical experiments to evaluate the overall behavior of the variable metric
technique. We compare the performance of the Pshenichnyi Algorithm 3.1 with that of the Variable-
Metric-Pshenichnyi Algorithm 4.1 and with Han’s method (Ref. 10), which uses full second order infor-
mation. In addition, we compared the performance of the barrier function minimax algorithm in Ref.

12 with a comesponding variable-metric-barrier-function method which we constructed in accordance

.16-



with the Variable Metric Algorithm Model 2.1. The barrier function method is based on the penalty

function

> — @n

jee ¢~ 8'(Ax)
which is differentiable at all x for which y(x) < a. An iteration of the barrier method involves an
indefinite number of inner cycles, each of which requires the evaluation of all functions and first order
derivatives. The rate of convergence of this algorithm has not been established and hence we can only
evaluate the effect of our sequential transformation technique on it through numerical experiments. The

five algorithms were applied to the two problems below. An Armijo-like step size rule (Ref. 9),
A = max{ B\ | wix; + A8%) — wx) < oA B'6(xi.p) ) . 48)

with o, € (0,1), was substituted for the exact minimizing line search in Algorithms 3.1 and 4.1, since
problem (48) can be solved in a finite number of steps. Quadratic interpolation was used to determine a
trial step size X,-. In all of the experiments, the algorithm parameters were set to o = 0.7, B = 0.9,
v =10, and & = 107 (in the definition of the matrices Q()). Since in engineering applications, gra-
dients and Hessians are frequently computed using finite differences, the evaluation counts in Tables 1
and 2 are tabulated as though the gradients and Hessians of the functions g /(-) were evaluated by finite
differences. The evaluation of a single function g “(z) incurs one function evaluation, and the gradient
Vg /(z) incurs an additional I; evaluations. Thus, the total number of function evaluations required to
obtain the information to compute a search direction for the Pshenichnyi and Variable-Metric-
Pshenichnyi Algorithms is Y} ;e , ( /j+ 1). The evaluation of Hessians for use by the Han algorithm

incurs an additional %(/} + 1) evaluations per function g /().

Problem 5.1: Consider the simple problem min | _ o« max{ g '(4; %) , g %Az x) }, where

' =n+n+0-1%-1, (49a)
gX) =n+yuB+0os+172-1, (49b)

and the matrices A;, A, are given by
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0 10200 0
of A,=0 100|. (49)
0 o o190
An initial point of (1073,0,10,0) was used. The minimum value of O is achieved on the subspace

spanned by the vector (0,0,0,1). Table 1 shows the work required for the five algorithms to achieve

two given levels of accuracy in the value of 1’[} The units of work listed are number of iterations, the
number of function evaluations and the CPU time. Figure 1 plots the function values { y(x;) } versus

the number of function evaluations for the Pshenichnyi and Variable-Metric-Psiienichnyi Algorithms. B

Problem 5.2: (Ref. 22) Consider the problem of designing a controller for the feedback system in Fig-

ure 2 with plant,
1 48s+10  324+7s+4
P = m[ 212 3&‘%]' &

Since the plant is stable, we can parametrize the controller by C(x) = (/ - R(x,5)P(s))"'R(x,5)
where R(x,s) is a 2 x 2 matrix of rational polynomials in the complex variable s, which are bounded

and analytic for Re(s) <0. We chose to shape frequency domain tracking error by solving the problem
. . . 2
m:n ‘Am 1 H,  (jo, R(x,jo)) I , 51)
where Q consists of six frequency points, equally spaced on a logarithmic  scale,

{ 0.010, 0.029, 0.080, 0.240, 0.693,2.0 }, and Flr denotes the Frobenius norm. For this system,
H.,l,,(x.s) =1 = P(s)R(x,s). We used the following first order expansion of R(x,s),

1 x2 1 x5 x6
R(x,s):[i_,’ o m + [ 1 x8 ] (52)

The initial point x, = (0,0,0,0,1,0,0,1) was chosen, and our computations converged to the minimum

value of 0.0255085 at the point

%= [—80.308718709,-4.43371 13582,84.132574000,-31.534025985,
9.2348949849,-0.0051528236,-8.9338039187 , 4.8550280952 ]

The work required for the algorithms to achieve two given levels of accuracy is recorded in Table 2.
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The values of () are plotted versus the number of function evaluations for the Pshenichnyi and
Variable-Metric-Pshenichnyi Algorithms in Figure 3. n

Theorems 3.1 and 4.2 apply under the same assumptions to versions of Algorithms 3.1 and 4.1

employing an Armijo-like step size rule, except that the convergence ratio bounds are given by

1 °'+[ZJ c gf_"ié}."i]

A~
pal aBL ;naleTA}'A,-ZI , (53)
e€p
and
MY e o VSE)TATA
p(s) 4 I-GBTI:CZJ 56 IIS@]. (54)

max IZ7S@Y A4S

Table 3 presents the convergence ratios of the sequences constructed by the algorithms under com-
parison on Problems 5.1 and 5.2, as well as the convergence ratio bounds derived above. Table 3
shows that the variable metric technique reduces both quantities. The reduction in computational effort
corresponding to the decrease in the convergence ratios of the observed sequences is evident from
Tables 1 and 2. The reduction in effort entaiied by even the slight reductions in the convergence ratio

bounds is also large. To show this, we have included in Table 3 the number of iterations which the

algorithm convergence ratio bounds suggest would be required to reduce y(x) — t?: by a factor of 10

near a solution, i.e. - [log 0.1/logp .
If a varisble metric Qy(l) is based on Ry() 2 Y ;e , WATG/(Ajx)A;, rather than R(u) as in Sec-
tion 2, and if o*[Ry({)] > e, the search direction of Algorithm 4.1 coincides with that of Han’s algo-

rithm near G. A result similar to Theorem 4.3 holds for this algorithm with

I
Py = 1—min M—Ijeg,zekange(l) . (55)

z,AJG(ADAR) |

In general, py > 0, suggesting that only linear convergence is achieved despite the use of second order
information. This is born out by the strictly positive convergence ratios observed for versions of the

Han algorithm using an exact minimizing line search. While a sequence {x;} constructed by the Han
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algorithm with a fixed step size of 1 converges superlinearly to a minimizer, some iterations may pro-
duce an increase in y(-). It is likely that a descent algorithm based on Han's search direction will not
be superlinearly convergent without the use of devices analogous to the feasibility enhancing corrections

of some algorithms for nonlinear programming (see, for example, Refs. 23 and 24).
6. Conclusion

We have introduced a variable metric technique which substantially mitigates the ill-conditioning
produced in the composite minimax problem by the A; matrices. The technique does not require the
evaluation of second derivatives and can be used as described in Algorithm Model 2.1 to speed the con-
vergence of any first-order minimax algorithm which produces estimates of the optimal multipliers. We
have analyzed the effect of the technique on the rate of convergence of the Pshenichnyi minimax algo-
rithm. An upper bound on the convergence ratio was obtained for the variable metric version of the
algorithm which can be considerably smaller than for the unscaled version. Numerical experiments ver-
ify the improvement suggested by the decrease in the convergence ratio bounds. The variable metric
technique yielded a dramatic acceleration in convergence. The experiments also confirmed that the
technique can speed convergence of another minimax algorithm. The variable metric technique can be
applied without modification to a version of the Pshenchinyi algorithm for solving minimax problems

involving semi-infinite composite max functions (Ref. 9) of the form max o(x,y) , where Yc R" is a
ye

compact, but infinite set. The convergence rate analysis extends to this case as well.
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Table 1: Numerical Results for Problem 5.1.

v Sy + 102 \V,-S\?HIO"

Algorithm

Iterations Function Time Iterations Function Time

evaluations ___ (sec.) _________evalvations __ (sec.) |

Pshenichnyi 291 5,246 11.6 397 7.154 159
VM-Pshenichnyi 4 80 0.3 6 116 04
Han 3 98 0.2 5 152 03
Barrier 45 6,806 94 48 16,640 221
VM-Barrier 40 2,276 4.8 43 2,812 5.7




Table 2: Numerical results for Problem 5.2.

w;s{ﬁ-i-m'z v S+ 107
Algorithm
Iterations Function Time Iterations Function Time
evaluations (sec.) evaluations sec.
Pshenichnyi 11628 - 976806 23179 11976 100603 23919
VM-Pshenichnyi 4 390 20 6 558 2.8
Han 4 1350 22 6 1902 3.1
Barrier 15 2,314,548 2,788.0 21 10,904,772 13,008.5
VM-Barrier 4 1422 71 11 4962 13.2




Table 3: Convergence ratios and bounds for Problems 5.1 and 5.2,

Problem 5.1 Problem 5.2
Algorithm
Convergence  Convergence  Iterations Convergence  Convergence  Iterations
ratio ratio bound ratio ratio bound
Pshenichnyi 83 999979 109,646 9969 999994 383,763
VM-Pshenichnyi 67 697697 7 0805 937000 36
Han .0840 697697 7 0805 937000 36
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Figure 1: Peformance of the Pshenichnyi Algorithm (dashed) and the Variable-

Metric-Pshenichnyi Algorithm (solid) on Problem 5.1.
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A feedback system.
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Figure 3: Peformance of the Pshenichnyi Algorithm (dashed) and the Variable-
Metric-Pshenichnyi Algorithm (solid) on Problem 5.2.



	Copyright notice1988
	ERL-88-42

