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ABSTRACT It is shown that it is possible to design a proportional-plus-integral stabilizing compensa-
tor for a class of feedback systems with exponentially stable infinite dimensional plants. This simple
compensator also enables the feedback system to track asymptotically polynomial inputs and to suppress
asymptotically polynomial disturbances.

I. INTRODUCTION

Exponential stability and asymptotic tracking are among the most fundamental requirement in
control system design. Not surprisingly, over the years these requirements have réceived a considerable
amount of attention in the literature (see, e.g. [Bal2, Bha.l, Ben.l, Che2, Des.l, Gib.1, Mor.1]).
Nevertheless, the existence of simple, fiinite dimensional stabilizing compensators which ensure asymp-
totic tracking of polynomial inputs, for feedback systems with infinite dimensional plants is still a
largely unresolved question. ‘

We will consider a class of systems which are described by a linear differential equation in a Hil-
bert space. Before proceeding further, we will define exponential stability for these systems in terms of
the properties of a semigroup function and we will establish the relation between exponential stability
of these systems and the spectrum of the semigroup generator. With these preliminaries out of the way,
we will proceed to exhibit the existence of proportional-plus-integral (P-I) stabilizing compensators for
a class of feedback systems with infinite dimensional plants. As is well known [Des.1], P-I compensa-
tors result in feedback systems which. track asymptotically polynomial inputs and suppress asymptoti-
cally polynomial disturbances.
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Air Force Office of Scientific Research grant AFOSR-83-0361, the Office of Naval Research under grant N00014-83-K-0602, the
State of California MICRO Program, and the General Electric Co.



2. PRELIMINARY RESULTS

Consider the multi-input multi-output feedback system S(P,K), with infinite dimensional plant,
shown in Fig. 1. We assume that the plant has »; inputs and n, outputs, and .is described by a

differential equation in a Hilbert space E:
JE,, = A,xp + Bpez, y2 = Cpxp + Dpez, 2.1

where x,€E, e;cRR", y,eR™. The operators B,:R* - E , C,:E » R™ and D,:R" - R™ are
assumed to be bounded, while A, may be an unbounded operator from E to E, with its domain dense in
E.

For any >0, we define a swability region Dyc €, in the complex plane, by
D, 4 (se CIRe(s) <-a}. Let U, = {se € |Re(s) = —ar} denote the complement of D_y in C, let
dU_q = {se € | Re(s) = —u} denote its boundary, and let U, = {se € | Re(s) > —a}. Next, let o(Ap)
be the spectrum of A, and let p(A,) be the resolvent set of A, which is defined to be the complement of
o(4,) in €. We will denote the domain and the range of A, by D(A,) and R(A,), respectively. The

notation used in this paper follows the notation in [BaL1] and [Kat.1].
Assumption 2.1: (i) A, is a closed operator which generates an analytic semigroup. (ii) There
existsanao>OsuéhmatthespecuumofA,isasubsetofD.qo. n

Assumption 2.2: The transfer function of the plant is given by Gy(s) = Cy(sl - A,,)"B,, + D, where I

is the the identity operator in E. We assume that limy , G,(s) — D,
el oy |

We assume that we are required to design a minimal, finite dimensional, proportional-plus-integral
compensator, described by a differential equation of the form:

X; = Ax. + B.ey N1 =Cox;.+Deey , 22)
where x.eR™, e,€R™, y,eR" and A,, B,, C, and D, are matrices of appropriate dimension, with all
the eigenvalues of A, equal to zero, for integral action. Since 6(A.) = (0}, the compensator transfer
function is G.(s) = C(s/ — A,)™B, + D, = Y7o Fj /s, where each F; e R™™ and m depends on A,. To

ensure well-posedness of the closed loop system, we assume that det(/, + D.Dp) # 0.



We define the Hilbert space H by H = E x IR™ and its inner product by

c (4

( [;P] ’ [zp] )H = (xvaP )B + (xcrzc )R"‘ . (2.3)

Since e) = uy — y; and e; = y; + u,, we obtain the following state equations for the closed loop system

)4 -
] -4 '

where

(4,-BD Uy +D,DYC, Bl +DD,Y'C. e
4= | -BU+DDYIC, ABA+DDYDLC| @6

o3

19,0,(1,. +D,,z)c);l B, +DDy)
B = ° (2.6b)
B({I,+D,Dy" -B(l,+D,D)'D,|"

' ~I,#D,D.)'C, —{,+D,D)'D,C,

- | b
€ = loa,+pyic, aqspDyC, | @9

» ( I,+D,D.)" ~—{,+D,D)"'D
b (5 ,,D)-l (I ,,D)_1 p . P
DI, +D,D (In¥D.DyY

.

The domain D(4) = D(A,) X R™ c H; the operators B, C and D are easily seen to be bounded.

We will now show that because the operator A, generates an analytic semigroup, the operator A

also generates an analytic semigroup.
Proposition 2.1: The operator A generates an analytic semigroup, 7(-).
Proof: We can decompose the matrix A in (2.6a) as follows:
A=F+Q (2.72)

where, for A.eR arbitrary



4, © B Dn,+DOJIC, By +DDYC,

- —] - . (2.7b)
F=10 Ad, |’ Q =B(I, + DDY'C, ABlla, + DD 'DyCe = Moy,
It is easy to see that F generates the analytic semigroup
T(m O 219
T = , . 7
F( ) 0 el"'l

"

where T() is the semigroup generated by A,. Since Q is a bounded operator, it follows from the per-

turbation theorem [Paz.1, p. 80] that A generates an analytic semigroup. | |
From Proposition 2.1 and [Tri.1], we obtain

Proposition 2.2: The operator A satisfies the spectrum determined growth assumption, i.e.,
sup(Re(o(4Y) = lim IO @8)
-> oo ) .

Next, from Proposition 2.2, we obtain the following result [Tri.1]:
Proposition 2.3: Given any B > sup(Re(c(A))) , there exists an M > 0 such that

7Oy < Me¥, ve20. 29

Let x = [x; x{]*. Then the formula
x(f) = T(xo + 1[T(z - T)Bu(t)dt (2.10)

defines a mild solution of (2.4) [Paz.1]. We can therefore define exponential stability of the feedback

system S(P,K) in terms of the semigroup T(¢) as follows.

Definition 2.1: The feedback system S(P , K) is exponentially stable if and only if there exists o > 0

and M > 0 such that [[T()lly < M-e™, Vv 20.
u

Propositions 2.2 and 2.3 yield the following result.

Proposition 2.4:  The system S(P , K) is exponentially stable if and only if there exists o > 0 such
that sup(Re(o(A))) < —o. |



We conclude this section by observing that it follows from Assumption 2.1 and Proposition 2.4,
that the plant is exponentially stable.

3. EXISTENCE OF A STABILIZING PROPORTIONAL-PLUS-INTEGRATOR COMPENSA-
TOR.

We will establish the existence of a proportional-plus-integral stabilizing compensator in two
steps. First we will show that we can construct a proportional stabilizing compensator. Then we will
show that we can construct an integral, stabilizing compensator. Finally we will combine these two

results.

Definition 3.1: We say that a matrix transfer function G: € » € M s analytic in aregion Uc €
if each of its element is analytic in U. n

Assumption 2.1 is used in the Appendix to show that G,(s) is analytic in U"_ao.
We define the characteristic function ¥(s) of the system S(P,K), by

x(s) = det(sl, — Aoydetlly + GAS)Gy(s)) = 5" detll, + G)G,(s)) = 5™detlll, + Go$)GLs) . (3.1)

To establish the next result, we will need the following Weinstein-Aronszajn formula.

Proposition 3.1 (The W-A Formula [Kat.1]): Let F be a closed operator in the Banach space X, let
Q be an F-degenerate operator in X, let R = R(Q), and let y(s) = det(/g + (Q(F — sI)™)lz) be the associ-
ated W-A determinant, with Iz the identity operator in R and (Q(F — s)) ™)l the restriction of
Q(F - sI)™ to R. If A is a domain of the complex plane consisting of points of p(F) and of isolated

eigenvalues of F with finite multiplicities, then y(s) is meromorphic in A and, for A = F + Q,
v(s;A) = v(s;F) + ¥(s;)), s€A, (3.2a)

where the multiplicity function v(s;¢) of ¢ in (3.2a) is defined by

~k if s is a pole of ¢ of order k

k ifsisézerooftboforderk
v(s;9) = , (3.2b)
0 forotherseA

and the multiplicity function v (s;F) for a closed operator F is defined by



0 if sep(F) :
v (s;F) ={dim(P) if s is an isolated point of 6(F) [, (3.2c)
+ oo in all other cases

where P is the projection associated with an isolated point of 6(F) (see [Kat.1, p.180]). . |
Next, for any .function £ € > C, we define Z(fs)) 4 (se C I fs) = 0) to be its set of zeros.
Theorem 3.1  The system S(P,K) is exponentially stable if and only if there exists an a > 0 such
that Z(x(s)) € D_,.
Proof: (The notation and the definitions used in this proof follow [Kat.1].) We begin by decomposing
the matrix A as in (2.7a), (2.7b) with Re(A.) <-—-0y. Therefore (s/ — F) is invertible for
s€ Uq, © p(A,), and Q is an F-degenerate operator because it is bounded. Consider se U_q, Since
(sI — Fy™! exists and is bounded, we can define V(s) by

V(s) = Q(sI - F)™

~BD I, + DD Cy(sl — A) By, + DD,)'Cs = &)™ (33)
- _Bc(In° + DpDc).ICp(SI -A B (Ac-Bc(]n° + DpDc)—leCc - Mn)(s - xc)-l )

Let B,4 R(B,) x R™ and let Vp(s) denote the restricion of V(s) to By Then
det( + V(s)) & det(IBo + V,,o) is well defined. We will show that det(I,o + V,,o) = %(s) and then apply

the W-A formula.

Let b4 Bpe;, j = 1,2,...,n;, where {ej]}'él is the standard unit basis in R™. Suppose that 7' < n; is
the largest positive interger such that any 7+1 elements of the set [b,};‘l are linearly dependent in the
Hilbert space H. Without loss of generality, we can assume that {bj},il is a basis for R(B,). Under this
basis, the linear operator B, assumes the form B, = (Iz5 EP) where the i—th column of EP is obtained

by expressing by,; in terms of the basis {b)%,. Let B 4 (b;,b,,...,b). Then it is easy to show that

'-B,,D,(I,.o + DpD)'Cy(sI - A)'B By, + DD, Cs~ A
Vals) = | Belln, + DD)'Cy(sl = AY'B  (Ac = Bl + DD D,C. — A )(s — M) G42)
(8,04, +D,D.y'M Byl + DD Cls - A
= | -Bulla, + DDYM (4, — Bl + DDY'D,C. - Ady)s - A1 | (3.4b)




where M 8 [ry,r,,....,r;) € R™" with r; & C,(sT - A)'b;, 1 S i < 7. Because each element in (3.4b) is

in matrix form, it is easy to show that

() = detlp, + Vi (s) = s detll,, + G(5)G(s)) - 3.5)
Let A = U_,, where 0 < < 0 is such that A c U_, © p(4p). Then from the W-A formula

(3.2a), we have that
{seU.q | se0(A))} = {seU_q | s€Z(x(5))) . 3.6)

If the system S(P,K) is exponentially stable, then, from Proposition 2.4, we can find some 0 < & < 0
such that sup(Re(0(4))) < -, i.e., 6(A) c D_,. Therefore, from (3.6) (se U_q | s€ Z(x(s))} is an empty
set, i.e., Z(x(s)) € D_q. On the other hand, if there exists B > 0 such that Z(x(s)) c D_, then, setting
o = min{B,00}, we obtain from (3.6) that sup(Re(c(A4))) < —a, which implies that the system S(P,K)

is exponentially stable. This completes the proof. |
_In the proofs to follow, we will make use of Rouche’s theorem, stated below [Chu.1].

Rouche’s theorem: Let f{*) and g(*) be functions which are analytic inside and on a positively
oriented simple closed contour C in the complex plane. If If{is)l > Ig(s)! at each point s on C, then the

functions f{s) and f{s) + g(s) have the same number of zeros, counting multiplicities, inside C. ]

Theorem 3.2: Consider the feedback system S(P,K) in Fig. 1 and suppose that A, =0, B, =0,
C. = 0 and n=0. Then there exists a matrix D, # 0 such that the closed loop system is exponentially
stable,

Proof: By Theorem 3.1, the system S(P,K) is exponentially stable if and only if there exists an & > 0
such that Z[det(l,, + D,G(s))] € D_q. Suppose that G,(s) = [g(s)] and D, = [dy]. Then

"o
det(l, + D,Gp(s)) = det([A; + Y dugi(s))yj)
k=1

—_— :
=1+ Z‘Zdugu(s) +0(s)d 1+ HG) , ' 3.7

=lk=1

where o(s) represents the second and higher order terms in dj; and g;(s), and A; = 1 when i = j, and

A; = 0 otherwise. Because G,(s) is analytic on UZ,, and because of Assumption 2.2, there exists an



positive o < oy and M > 0 such that lg;(s)l < M, sedU_,. It is clear that we can always choose a
matrix D, # 0, with sufficiently small components, dj, to ensure that H(s)i <1,V s€dU_,. Setting
C=0U,, =1 and g(s)=H(s), we obtain from Rouche’s theorem that

det(I,, + D.Gy(s)) = 1 + H(s) has the same number of zeros in U_q as f{*), which is zero. Therefore

det(I,,: + D.G,(s)) has no zeros on U_g, i.e., Z(I,,‘ + D.G,(s)) © D_q, which completes the proof. [
Assumption 3.1: The matrix G,(0) has maximum rank, i.e., 0 is not a transmission zero of G,(s). W

Theorem 3.3: Suppose that D, = 0 and A, = 0, so that G(s) = %CGB,. Then there exists an n; X n,

maximum-rank matrix F; such that for any B,, C, such that C B, = F;, the closed loop system is

exponentially stable.

Proof Case I: n;=n,, ie, the plant and the compensator transfer matrices are square. Let
n,=n=n, B, =F; eR™" “C. = I, . From Theorem 3.1, we know that the system is exponentially

stable if there exists an o > 0 such that
F; ’
Z(det(sl,.) det(, + G"T» = Z(det(sI,e +Gpfp) ¢ D,. (3.8)

Suppose that G(s) = (8:(9)] and F; = [f;]. Hence

B B N
det(sly +G,Fy) = 5™ + S"7% Sfugus) + S -+ )+ + -+ + detG detF; . (3.9)
=1 kal
Let fis) = 5™ and let g(s) = s 3 Sfugu(s) + 5™ -+ )+ ++- +detG,detF;. Suppose that
=l k=1

ifif <8,¥ ij. Let 0 < a < 0 and suppose that se U_. Then

I8 S "I fuged + ™A ) + - + detGdetF,
talk=1

<15 NMS + SN & -+ 4 N, M
< Nist™ (s7'MS + IsP2M28% + Is03M08% + - - - + Isi " eM<8™), (3.10)

where N; is the number of product terms in the coefficients of Isi**, N = max; N;, and M > 0 is such



that Ig;(s)l < M,¥ sedU_,. Hence, since sl 2 o for any sedU., , if § < 2

M
I-}%)I = -'&(si))l'- < NQSTIMS + IS72M22 + - + L5 MG™)
NM5 _ NM5 _ ONMS
S S o < BB L, G.11)

Setting C = dU_, and applying Rouche’s theorem, we conclude that det(sl, + G,(s)F)) has n, zeros in
U

Now we let C =C. 2 (se Clls + el < &/2} where € > 0. Clearly, there is an gy > 0 such that
if € < &, then C; c U_,. Since by Assumption 3.1 dth,(O) # 0, it follows by continuity that there
exists an &;€(0,&g) such that detG,(-¢) # 0 for all € < ¢,. Finally, there is an €,€(0,€;) such that for all

ec(0,8,), if F; & G;!(-e)e, then Ify] < 0./ 2MN, V jj, is satisfied, and, in addition,

det(s!,.‘ + G,()F) = det((s+e)l,,c + Gy()F; - el,,)

1
= det[(s +e)l, + [G,,(—e) + (s+¢) z[G;,( —€ + (s +¢€))dt G;l(__e)s-al,.]

c

1
= det [(s + e)l,.‘ + e(s +¢) [JG;,( -e + s +¢))dt (;;1 (_e)]

= +E) + (s+€) " el +)0i(s) + (5 + ) eXs +£)20x(s) +
c 4+ s+ (), (B.12)

where the Qy(s) are determined from the expansion of the determinant. It is easy to see that the Q(s)
are analytic on U_, and therefore they are analytic on and inside C. Let W; = max,.c IQ«(s)| and let
W=max; W, Let f)2(+e)™ and g(s) 2 (s + &) (s + £)0i(s) + (s + €)™ €X(s + €)°0s(s)

+ 00 +E%s +€)°Q, oy Then ) = g% /2%, ¥ seC,and,if e < 1/2W,

OIS (3 oWy + (EYTEC W, + o+ €)W,

n+1 n,+2 2n
EC 8‘ (3
SWlEr—+=——+ " +=—
2¢ 2°€ 2°



ec

2": 1-¢ 2": :

(3.13)

Therefore we obtain that Ifs)l >lg(s)] ¥ seC. It now follow from Rouche’s theorem that
det(sl,.‘ + G,(5)F)) = f(s) + g(s) has the same number of zeros, n,, inside C as Jf(s). Therefore we have

shown that Z(dex(s/, + G,(5)F))) < D_¢pp withe > 0.

Case II: n, <n. Because of Assumption 3.1, we may assume the determinant of the first n,
columns of G,(0) is not equal to 0. Let n, = n,, B. =1, , C; = F; eR"™, It follows from Theorem
3.1, that the system is exponentially stable if there exists & > 0 such that Z[det(sl,,c + G,()F))] € D_g.

The proof for Case II follows the same arguments as for Case I, except for the way in which we choose

Fp. Let
(£1.4(5) 8149 | B1mans) 81409
821(5) 822,5) | 82 41)(5) 824(9)
| .
|
G 8| . o . (3.14)
' 8n,1(5) 8r,n () | 8n, 1 O) 8n ()
- - - | - - -
| Otn-ncn, ! Kinnyxinen,)

Then by the above assumption, detG,.(0)#0. Let €>0 be such that detG,(-€) #0 and let

F,= G;},(-e)-e € lR"‘“"‘, and let F; eR™™ consist of the first n, columns of F, Then, since

G,(-&)F; = el,, (3.12) becomes

det(sl, + G,()F)

1
= det [(s +e)l, + [G,(-e) + (s+¢) l[c;;,(-s + (s + e))dt]F,—eI,c]

1

= det [(s +e)l, + (s +¢€) [{G}(—e + (s + e))dt]F,] . (3.15)

The rest of the proof follows that for Case I.

10 .



CaseIll: n,>m. Letn.=n;, B,=F;and C, = I, Tt follows from Theorem 3.1 that the system

S(P,K) is exponentially stable if there exists o. > 0 such that
der(sl, ) det(] b fi A
Z(det(sl, ) detd, + G"T» = Z(dey(sl,) detl,, + ?Gp(s))) = Z(de(sl, + FG,(s)) < Do (3.16)

Because of Assumption 3.1, we can assume that the determinant of the first n; rows of G,(0) is not

equal to 0. Let
TR 814(8) |
8208) 0 ga®) |
|
b Onxtn,m
. . 1 *
gn‘.l(s) e gu,.n,(s) ! :
G.H8| _ _ o _ (3.17)
gn‘ + l.l(s) et gn‘- + l,n‘(s) !
!
! l("o—“i)x("a"‘i)
e I
8,1 g als) |

Then by assumption, detG,,(0) # 0. Let & > 0 be such that detG, (-€) # 0, let F, = G;},(-e)-e, and let
F; eR™™ consist of the first n; rows of F,. The rest of the proof proceeds as for Case I. This com-

pletes the proof. u
We are now ready to establish our main result.

Theorem 3.4: Suppose that Assumption 3.1 is satisfied. Then for any integer m 2 1, there exist m+1
n; X n, matrices F;, 0 < j < m, with F,, of maximum rank, such that, if [A.,B,,C.,D.] is a minimal real-

ization of the matrix transfer function z;o F; /s/, then the closed loop system is exponentially stable.

Proof: Casel: n;2n, We will prove this theorem by induction. Since the only requirement on
D, in the proof of Theorem 3.2, is that its components be sufficiently small, it is clear that there exists a
matrix Fo( = D.) with maximum rank such that I+G,(0)F, and G,(0)F, are both invertible. Hence the
Theorem is true for m = 0. Now suppose that m 21 and that we can construct a minimal stabilizing

compensator [A.,B,,C.,D;], with transfer function Y7 F; /s, where F,,; has maximum rank and

11



G,(O)F:,._l is invertible. Now, see Fig.2a, consider this closed loop system as a "new plant” with
transfer function Gy(s) & [Un, + Gyls) T3 Fil 8! Gyls) X' Fi/ §1. Then
Gy0) = [Gp(O)F ] G(O)F ppy = I, for m>1 and G,(0) = (p, + G,OF0)™ G,(O)Fp for m=1. In
either case, Assumption 3.1 is satisfied. According to Theorem 3.3, for this new plant, we can find a

stabilizing compensator K, whose transfer function is of the form Fo! , with Fe R™™ of maximum

rank. For this compensator, there exists o > 0 such that

z[aettst,, + G|

= Z|dew(sl, + (I, + G(s) mz_‘,l F; ! H)"G,,(s)("f‘: F; ! s")F',.)]
i =0 =0

= Z|detlsl, + (™, + Gy(o) milF:-.\’""“)"Gp(s)(miF;s"""‘)F',,]]
=0 =0

L

= Z|(det[s™ 1, + G(s) miF}s"““‘])“det[s"‘I,,o + Gp(s)i(F';_,F:,, + f,-)f*“]] c D, (3.18)
where F, 80, F, = F; for 0<i<m1 and F,=0. Let
X 8 dey(s™ I, + G(s) SEIF = det(s Jydetl, + Gy(s) Tr5'Fis™) and let
Y 8 det(s™l,, + Gp(s) Try(Fi1Fm + F)s™) = det(s™], )detll + Gy(s) XEo(FisFin + F)5). By

assumption, [A;,B;,C.,D;] is a minimal realization for ¥7! F; /s = (TZGFis™ )™, ). Since
Fpy has maximum rank, it can be shown that Y'7;'Fis™'~ and s™'I, are coprime. From [Che.l,
Chap. 6], it follows that A, is a square matrix of dimension n, = deg(det(s™'I, ))=(m~1)n,. Because
Y™5F;/ § is a stabilizing compensator for the plant G,(s), it follows from Theorem 3.1, that there
exists a B > 0 such that Z(X)eD_g. It now follows from (3.18) that Z(Y) c D_,, where ¥ = min(c, ).
We now set F; = FiyF, + F;, for 0 Si < m. Then F,, = FyFy has maximum rank because F,, ; has
maximum rank and F,, is invertible. Also G,(0)F, = (G,(O)F;,,.I)F:,. is invertible because G,,(O)F;,,_l
and F,, are invertible. Hence we conclude that any minimal realization for the transfer function

Y=, F; 1 & is a stabilizing compensator for the plant P.

CaseIl: »nm;<n, We proceed dgain by induction, as for Case I, except now we reason in terms of

the configuration shown in Fig. 2b. Thus we now set

12



Gy(s) = XF; 18 Gy, + YEFi IS G and Fpe R™™ and we examine the set
Zider(sl,, + FuGy(s)] instead of Z[det(sl,, + G,(s)F,)). The rest of the proof continues as for Case I
and is therefore omitted. This completes the proof. |
4. CONCLUSION

Since it is possible to both stabilize and ensure asymptotic tracking of polynomial inputs and
asymptotic reejection of polynomial disturbances by means of very simple finite dimensional compensa-
tors, it is clear that fairly complex design specifications may be possible to be satisfied by fairly low
ﬁenﬁond compensators. Such compensators are best designed using nonsmooth optimization tech-

niques, as outlined in [Pol.1].

APPENDIX: ANALYTICITY RESULTS

Theorem A.1: The matrix transfer function G,(s) = C,(s/ ~ A,)'B, + D, is a componentwise ana-

lytic function over UZ,,

Proof: First, we will prove that each component of G,(s) = C,(s — A,)'B, + D, is an analytic
function over UZ,,. We denote the (i,j)-th component of G,(s) by G;(s). Then

Gis) = CpilsI — AY'B,; + Dy, | (A1)
where C,;. is the i~th row of C, , B, ; is the j~th column of B, and Dj; is the (ij)-th component of D.
We will prove that G(s) is differentiable by showing that

lim G;,(s + As) —.G,;(S)
As=0 As

=-C (sI-A)2%B . A2
p.i’( ’) P 42

Consider As small enough such that both s and s+As belong to UZa, < p(A,). Then we have

| Coil(s + AN —A)'B,; + Dy)— (Cop(sl - A)'B,; + D)

= + Coulsl - AY?B, | ¢

(s + A - A) - (T -A)!
As

= ICP»"' + (sI-A 2 B‘,’.jl ¢

A — A = (sT - A
<G LEF AN A"z G- 49

+ (sT = A2l 1B,
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<SG I

=GH

(s + A -A)—(I-A)?

—AV2
As + (s = A)™ N 1Bl

G + Ay -A)! [(sI —A)—((s + A - A,)] (o7 - Ap)™!
As

+ (s = A2 1B,

=lCH I = (s + AsM - Ay -.A,,)"' + (s = A2 B,

=IGA I + AN - A [T = 4) + (5 + A9 - Al - 47T - 41,0

= IASHIG (s + As) — AT = AN sT - A 1B, > O as 1Asl = 0. a.3)

Therefore (A.2) is proved and G,(s) is an analytic function on UZ,. [
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Figure 2.b: Feedback compensator structure for the proof of Case II in Theorem 3.4
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