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ABSTRACT

In this technical report we present an alternative proof of the main result
proven in [2]. The proof presented here is more complex and technical than that
in [2], but is direct and self-contained, in contradiction to the one in [2], which is
indirect and relies heavily on results from the stability theory of tandem queueing
networks.

The problem is the following. Consider an ordered set of processes, each
consisting of K € Z, tasks, to be processed in the specified order by a system of
K processors in tandem. Each process, immediately after having its i-th
(1 < i <K) task served by the i -th processor, is queued up in a first-come-first-
served basis for processing of its (i + 1)-st task by the (i + 1)-st processor, until
all its tasks have been served. Define the makespan (execution time) to be the
time to serve all the processes in the set.

Given that the processes form a stationary and ergodic sequence, as far as
the processing times of the tasks are concemned, the asymptotic makespan is first
explicitly computed, as the number of processes tends to infinity. This is done by
directly computing the asymptotics of a known analytic formula for this mak-
espan.

1. Introduction.

The purpose of this technical report is to present a direct and self-contained proof of the
main result in [2], in contradiction to the proof of the same result in [2], which is indirect and
relies heavily on results from the stability theory of tandem queueing networks. The proof given
here is technically more complex than that in [2). However, it is based on a completely different
method, which requires some new interesting techniques with wider potential applications, mak-
ing it worth documenting as a technical report.

Consider an infinite random sequence of multi-tasked processes of the form
A={o;=(c},0f, - 6/, jeZ} and a set of KeZ, processors, indexed by
i€(0,1,2, -+ K}. Let o] be the processing time of the i -th task in the j-th process. In each
process, the i -th task has to be served by the i -th processor.

T Research supported in part by Pacific Bell and MICRO.
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For m,neZ,m<n, define A, ,={e;=@},0} - cf), jeim+im+2, .-
n—1,n}}. The processes in A, , are served in the order specified by the index j. Each pro-
cess, immediately after having its i-th (1 < i < K — 1) task processed by the i -th processor, is
queued up on a first-come-first-served basis for servicing of its (i + 1)-st task by the (i + 1)-st
processor, until all its tasks have been processed. Therefore, each processor is specialized in
serving just the corresponding task in each process.

Define the makespan (execution time) T (A,, ,)€ R, to be the time to process all the processes in
the set4,, ,.

It is assumed that the random sequence A, defined on some probability space (2, F, P), is
stationary and ergodic under the transformation ©6,A= {0, = (crjl..;, sz_,,
D

- 6f)), jeZ)}, le Z. Recall that stationarity means that 6,A = A, for any /e Z, the symbol

= indicating equality of the finite dimensional distributions of the two random sequences. Also,
ergodicity means that every 6-invariant set of realizations of A has probability O or 1. A 6-
invariant set of realizations of A is any measurable set U of realizations of A, such that Ae U if
and only if 6;Ae U, for all le Z. Since A is 6-stati_onary, define E[6'1=E [o}], forevery jeZ,
ie(1,2, -+ K}. Itis also assumed that max{E[c'],ie (1,2, -+ K}} <.

TA, »)
Given the above setup, we are interested in computing the quantities lim [——( 2"~ ] and

n—o N-—mMm
. T(Am,a)
lim [————
m-=-0 N —mMm )
goes to infinity, provided that the multi-tasked processes form a stationary and ergodic sequence.

], that is, the asymptotic behavior of the makespan, as the number of processes

For motivation and practical impact of this problem sce the paper [2].

At this point we need to define various constructions that will be of use later.
First, define the grid G,, ,, m,ne€Z, m <n, as the directed graph G =(V, E) with node set
V={(G,j)ie{l,2, - K}, je{m+1,m+2, --- n—-1,n}} and edge set
E={(G,j)G+1),j)and ((i,j), (i, j+1)ie{l,2, --- K}, je{m+1,m +2, --- n—-1}}.
Then, define a traversing chain c (m, n), m,ne Z,m < n of the grid G,, , to be a subset of V,
such that:
1) (1,m + 1) and (K, n) both belong to ¢ (m, n) c V (are the end-points) and
2)if (i, j)ec(m, n), then either (i + 1, j)or (i, j + 1) (but not both) belongs to c (m, n).
Finally, define C,, , to be the set of all the traversing chains of the grid G, »-

For any m,neZ,m<n, the execution time of the set
Ap.n=(0}, 6} --- o). je{m +1,m +2, -~ n —1,n}} of multi-tasked processes, has been
shown to be

T(Am,»)= max { ¥ of}. )
c€Car (i, j)ec
This is proven by a double induction argument on the indices i, j (see Bellman et al [1], pg. 141).

In this technical report, provided that A is stationary and ergodic, we prove that

T(A T(A
lim [————( ”"")]= lim [-—( m.n)

n—oeo n-—m m-—>—o N —m

l=max{E[c‘),ie(1,2, -+ K}}, )

by directly exploiting relation (1).



2. The Asymptotic Makespan.
In this section we explicitly compute the asymptotic execution time by working on the rela-
tion (1). In order to do that we need to study carefully the asymptotic structure of the set of
traversing chains used ultimately in this relation. Through a series of definitions, observations
and lemmas the result is finally presented in Theorem 1.
First observe that application of Birkoff’s Individual Ergodic Theorem on the function c}
under the measure preserving transformations 6; and 0_;, / € Z, yields
. 1 & i . 1
lim [ Y ojl= lim [

n =00 n—mj=m+l m——c N -

3 oi=E[d'], ie{1,2, - K}, (3
j=m+l

o,
almost surely. Also, by (3), we have lim [—':'—] =0, foreveryie (1,2, -+ K}.
n =0

Now, define /,c(1,2,..K} to be the set of indices, on which the quantity

E[c‘],ie (1,2, --- K} attains its maximum value. That is
max{E[6’l,ie(1,2,.K}} =E[6'], iel, @
and
max{E[6'],ie (1,2, .K}}>E[c'], ie{1,2, -~ K} -1,. S)
Let I ={ir.ia " igyiger, - i}, L =111 (I | denoting the cardinality of the set) and
ig S ig4, foreveryae(l,2, --- L —1}. Observe that the set /_ is never empty.

Define also the sets /o= (ie (1,2, --- K)}:i<iy}, I, ={ie(1,2, --- K} :i, <i <i;y,), for
every ae(l,2, --- L -1}, and [; ={ie (1,2, --- K}:i, <i}. Observe that the previously
defined sets are pairwise disjoint and each one may be empty. Also,

L
L.O(UL)=(1,2 - K). ©)

a=0

In view of (1), for any fixed m,neZ,m <n define a maximal traversing chain
cylm,n)eC, , to be a traversing chain of the grid G, ,, on which the quantity
2, 0j,ceC,, , achieves its maximum value, over all the traversing chains in Cm, . Thatis,

G.j)ec
Y of=mx { ¥ of}=T@Apn,) ©)
Goi)lcatm,n) ~ €€Can (G jlec
Observe that there may be more than one maximal traversing chains.

Reflecting on how a maximal traversing chain is defined above, we construct the following

sets on one specific maximal traversing chain ¢ (m, n). For any fixed i€ {1,2, - -- K}, define
M‘-(m,n)={(z',j):(i,j)ec*(m.n)}, m,neZ,m<n. Observe that the  sets
Mi(m,n),ie{1,2, --- K} are non-empty and are pairwise disjoint. Furthermore, as easily
seen,
I ¢
€ m,n)=M;(m,n), ®)

i=1

foreverym,neZ, m < n, and, by (7), we have

K .
T@ma)=30 ¥ il ©)

i=1(,j)eMim,n)
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Finally, for any fixed ie{1,2, --- K}, define b;(m,n)=inf {jeZ:(i,j)eM;(m,n)} and
b*=sup (jeZ:(,j)eM;(m, n)} m,neZ,m <n. Observe that b;(m,n) < b*(m,n),
b*m,n)=b; (m,n), and M;m,n)=((,j):b;(m,n) < j < b*(m,n)}, for every
ie{l,2, --- K}.

Recall that all the above quantities are defined on one specific maximal traversing chain.

The following Lemmas 1,2 and 3 provide the necessary asymptotic results on the structure
of the maximal traversing chain, to be used in the proof of Theorem 1. The lemmas have been
written in a consistent logical order, so that Lemma 1 is used in the proof of Lemma 2. However,
it might be a good idea for the reader to first study Lemma 2 and then come back and study
Lemma 1, since the proof of the second lemma provides the motivation for the first one.

Lemma 1
For the stationary and ergodic sequence A = (a; = o}, c_,-z, 0', , JeZ}, we have
bi(m,n
lim b*(m,n)=co => lim [—L—)] 1, (10
n—oo n = b*(m,n)

almost surely, forevery iel, # D, anyae (1,2, --- L}, and any fixed me Z.

Proof:

Fix some me Z,some ae (1,2, --- L},andsome iel, # D.

We shall first prove that, if lim b*(m,n) =<, iel, #O, then nli_r’nub,;"(m, n)=eo, for
every xe {ig, i, +1, --- i =1,i). T
Indeed, first suppose that hm b*(m n)=-e and hmmf bi* 1 (m,n)=liminf b;(m,n) =93 < .

n — oo

Then, there is an mcreasmg subsequence {"w ueZ} with lim n, =, such that

poe
lim b;*(m, ny) = e and hmb(m ny=38<oo.

B e
Construct now, for each ue Z,, the traversing chain co(m, n,) € Cpy 5, bY
iy b*(m,ny) i K
colm,n=(UMI U U (G, VH U U {&b*m,npH (U Mm,ny).
x=1 A=bi(n,n)+1 K=iy +1 x=i+1
K
Recall also thatc*(m,n")= UM dm,nyis defined to be a maximal traversing chain, for each
x=1
HeZ,.
Then,
X(m,n
m[——(—"l]— [——1—[ Yy ox - > ox Hl= (12)
moe b*(m,ny,) pore bi*(m, ny (M) ecom,n) (K A) € calm, ny)
1 b*m,ny)) b*m.,n)
=lim[———( Y of - X oill+ 13)
R bi*(mv”p) A=bi(m,ny) A=bi(m,n,)
1 { bi(mtéll)—l . iil ( b:(g"b\) M l [ 1 Z !
+ lim [—— oy - ox)}+ lm — Oy (m. n,))-
K b*(m np) A=bg(m,n)+1 X=i +1 A=bdm,n)) b*(m np))c ip +1

The first limit in (14) is zero, because lim b;(m, n,) =0 < e, so the nominator always consists
Lo
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of a finite number of terms and is thus finite. The second limit in (14) is also zero, as easily seen,
by use of (3). Finally, for the limit in (13), we have

1 b*(m,ny) 1 b*(m,n,) i.] lim [ 1 bi‘(%nﬂ)o{']
———— -— — — c —-— —————— -
F‘hj’n"“[b (m,nyas b%: »,l)(c7L o= b i*(m,ny JE Yo b*m,nyY 2=
1 bim,n)-1 . . .
m[—— Y (or-o)l=E[c*]-E[c']>0, (16)

p-w b;*(m, n,*) A=1
since lim b;*(m, ny) =< and hmb(m n,) < =, and by using (3). Thus,

R->oo
X
tim [—(”'—"l] —E[6"]-E[o]>0, an
k- b*(m,ny)
and so there is a finite yy € Z,, such that
| Xmn)= ¥ o - 3  of >0, (18)
(M) ecolm, np) K A)ecu(m,ny)

which contradicts the fact that ¢, (m,n,) is a maximal traversing chain. So, indeed,
lim b;*(m, n) =< implies lim b~(m n)= lim b-":l (m, n)=e. Recursive application of the
n — o0

above arguments yields 1mmedxately that, 1f llm b;*(m,n)=co, then lim b¥(m,n)=-oo, for
n >

every xe {i,, i, +1,..i = 1,i}.
b(m,n)

We shall now prove that, if lim b;*(m,n)=eo,iel, #J, then lim [————]=1, for
n e n-—o b*(m n)

cveryke (i +1,i, +2, --- i -1,i}.
Given that hm b*(m n)=-oo, first recall that lim b¥(m,n)= hm bKH(m n) =, for every

n —oo

b (m,n) <
bX@m,n)

Arguing by contradiction, suppose that there exists a ye {i, +1,i, +2, -+ i —1,i}, such that
. . . bym,n) . bdm,n)
liminf [ ————]=1-g<1, ee(0,1), and lim [————]=1, for every
"o bfm,n) "o b¥(m,n)

ke {i; +1,i; +2, -++ y=2,7—1}. Then, there exists an increasing subsequence {n,, ve Z,}

bym, ny) bom, ny)

with lim n, =eo, such that lim [ ]=1-e<1and lim [————]=1, for every
Voo Voo b (m,n,) voe b¥(m,n,)

Ke {ip +1,ip+2, --- y=2,y-1}.

Kelig,ig+1, -+ i-=1,i). Recallalsothat

Construct now, for each ve Z,, the traversing chain c(m, n,) € Cn, n, by

_ ia b5 (m, ny) { K
cim,ny)=( UM U (G MDHh U U (Kb m, DD U U Mdm,n)).
x=1 A=bgE(m,n)+1 K=i, +1 x=y+1
K
Recall also that ¢ . (m, ny) =\ M (m, n,) is defined to be a maximal traversing chain, for each
x=1

veZ,.
Then,

Ym.ny
m (™ L (% of - 3 ofl= @O

V"’°° b (m,ny) Voo by*(m’”v) (x,A)ec(m,n,) (K A)ecy(m,n,)
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- o — o + 1m 0% i,
V= by*(m,nv) x=i,+1 A=bym,n,) b*( m,ny) K= a1 by (m, n )"

i

G,
Recall that lim [—] =0, foreveryie {1,2, --* K}.

n -0 N
But, for each fixed xe (i, +1,i; +2, --- Y- 1,7}, we have
1 be (m,n,) R
O(x) = lim [— Y (ox-odl= (22)
Voo b (m, ny) Azbym,n,)
b (m,n)) . ‘3 < (m,n,)=1 . K)
(o1 —ox (ox - o)
. b;ck(mt nv) l§l b,((m, nv) \ l§l
= l[m [ { - ) }] (23)
voe b¥(m,n,) bX(m,n,) bX(m,n,) bdm ,n,)
bm,n,)
Taking the limits in (23), using (3), and recalling that lim [—-—]-—1 for every
vo= bE(m,ny)
ke {i, +1,i; +2, -+ y~2,7v-1}, we get O(x) =0, for every
y(m ny)

Ke(i, +1,i; +2, -+ y=-2,y—-1}. But, for x=7, since lim [
ww bi¥(m, ny)

O =¢(E [o"] —-E[6'])>0. Also, the second limit in the expansion (21), is easily seen to be
zero, by using (3). Substituting in (21), we get

[Y(m ny)

]J=1-g<1, we get

1=¢E[c*] - E[c* ]) >0, (24)
Ve b*{ (m,ny)
so there is a finite v g€ Z,, such that
Y(m,ny)= y ox - p or >0, (25)
x. M ec(m,n) (. A)ecy(m,nw)

which contradicts the fact that ¢ ,(m, n,,) is a maximal traversing chain.

m,n)
So, there is no ye{i, +1,i, +2, --- i-1,i}, such that hmmf[——y(——]<l and
ne  b¥(m,n) '
bm,n)

m [———]=1, for every xe{i, +1,i, +2, -+ Y-1}. Recursive application of the
n—se b¥(m,n)
above implies that, given that lim b*(m,n)=e, iel,#Q, we have that

n = o0

bdm,n . bim,n) .
[L]= 1, forevery ke (i, +1,i, +2, --- i —1,i},s0 lim [————]=1. This
n—e b¥(m,n) n = b¥m,n)
completes the proof of the lemma.
O
Lemma 2
For the stationary and ergodic sequence A = {o; = [6,,0,, c}(), JjeZ), we have
b*(m,n) B
lim [ P o; 1= lim [ Y o/ 1=0, (26)
n e NN _m(i.j)eM;(m.n) n—e N = m} =b;(m, n)+l

almost surely, forevery iel, #@J,any ae (1,2, --- L}, and any fixed me Z.



Proof:
Fix somemeZ,ae (1,2, --- L}, and iel, # Q. Arguing by contradiction, suppose that

1 f=limsup (—— 5 61=5>0 @
limsup [ o;]=limsup cjl= X
n —oo n _M("J)egi(m'n) J n —»oo n -mjzbi(m'n)

Then, expanding the second expression in (27), we see that there is an increasing subsequence
{ny, pe Z,}, such that lim n, =0 and

H—>oo
b*m,n,) bim,n)-1

o} Yy o
lim [b,-*(m, n,,){ jgl ! _ b;(m,np) «  i=l !

TR np—m b‘.*(m’np) b,'*(m,np)} b‘-(m,np)

Using (3), it is easily seen that the second term of the product in the limit in (28) is positive and
bounded from above independently of peZ,  Thus, (28) guarantees that
. b*(m, n,_,)
limsup [—————

such that lim Ry, =o° and
V=0

11=5. (28)

1=€>0. This irnplieé that there is an increasing subsequence {n,, ve Z,},

*m,n
lim [———————]=¢>0, 29)
n m

thus, lim b*(m, n, ) =co.

V00

Then, by Lemma 1, since iel, # D, ae (1,2, --- L}, we have
b‘-(m,n

lim [———“)

Voo b*m, ny)
so lim b;(m, ny,) = . Using (30) and (3), we get

Voo

I=1, (30

b{‘(”ﬁnp,) ; bi(m,nu) -1 ;
G; Z PoF
J J
tim (=l (),
Voo b*m,ny)  b*m,ny)" bilm,ny)

The above, together with (29), contradict (28). Thus,

1=E[6']-1E[6’] =0. (31)

lim [ Y  of1=0. (32)
R =M iyeMi(m, n) !

Also, arguing in exactly the same way as above, we get

bl'.(mt n )
lim [

Y ckl=0. (33)
R N =M pm,a)+] !

This completes the proof of the lemma.



Lemma 3
For the stationary and ergodic sequence A = {a; = {0}, 6%, - -+ 6f), je Z}, we have
1 b“(m.ﬂ) N
lim [ Y oil=lim| T oi1=0, (34)
A N=M; iyeMi(m,n) n—oe B=M;_ pm,n)+l

almost surely, for every ie/y # <, and any fixed me Z.

Proof:
We shall first prove that hmsup bi¥_1(m,n)<e (Ig# D). Indeed, arguing by contradic-
tion, suppose that hmsup b,’,“_ 1(m,n)=e, Then, there is an increasing subsequence

{ny, heZ,} with lim ny, = e, such that hm b‘,* 1(m,ny)=eco

oo

As will be proven just below (in the second paragraph), this implies that lim b;(m, n,) = oo, for
B

every iely, including i =1, which contradicts the fact that b,(m,n,) =m + 1 <o, for every
LeZ. Thus, limsup b;F_(m,n)<e, and so limsup b;(m,n)<limsup b;*(m, n) < e, for
R — oo n —»oo n =y

every iely# Q. Then, recalling the definition of M;, the result follows immediately.
As mentioned above, we still have to prove that, if lim b;f_,(m,ny) =ce, then
R

lim b;(m,ny)=o0, for every ielo#Q. For this, it is enough to prove that, if
oo

. b,-(m,n) . R . .
hm b,;"_,(m,n)=oo. then lim [————]=1, forevery ie (1,2, --- i;=2,i;—~1}. Recall

n—e b*(m,n)
that bi(m,n) < b*(m,n)=b; . (m,n).
Arguing by contradiction, suppose that, given that lim bi¥_1(m,n)=oo, there exists a

7( m,n)

ye({1,2, --- --- iy—2,iy—=1}, such that liminf [ ]J=1-¢e<1, €€(,1), and
n oo ,Y(m, n)
b(m,n) :
m [————]-1 for every xe{y+1, 'y+2 iy=2,i;—-1}. Then, there exists an
n—=o b¥(im,n)
. b.{(m,n )
increasing subsequence {n,, ve Z,} with lim n, =<0, such that lim [——————] =1-€g<1
V=0 Voo b¥(m,n,)
and lim [—K(——)]—l forevery xe {y+1,y+2, --- i;=2,i;~1}.
voe bE(m,n,)
Construct now, for each ve Z,, the traversing chain ¢ (m, n,) €C,, .. by
bi -1 K
c(m,ny)= (uM.c(m nv))u(u{(lc bm,n)N U U (LMD CUMdm, ).
x=1 =y A=by{m,n,) K=i

Recall also that ¢ ,(m, n,) = UM «(m, n,) is defined to be a maximal traversing chain, for each
x=1

veZ,.
Then,

Z(m,n
2O ) i (L — of - ¥ ofll= (9
Ve b‘y (m,n,) Ve by (m,n,) x. A ec (m,n,) (%, A) €ce(m,n,)
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. . -1

1 h-1 b (mp"v) . 1 i 37

= lim [——— (of -c{)}]+ hm [————— Y, Sprm.ayl (G0
V—>°°[b.;"(m,nv) ’<§'Y{7\-=b<(zm.n.) * b*(m ny) x=y+1 A

o
Recall that lim (—]=0, for every ie(1,2, -+ K)}. But, for each fixed
n—0 N

kef{y,y+1, -+ i;—-2,i; -1}, wehave

l b:‘(monv) .
Yo =lim[———— ¥ (61 —oD]= (38)
i b (m, nv)k:b‘(m ny)
b (m,n,) x) b.‘(m,zn.,)-l( i n))
(o' -o 3 — Oy
lim [b*(m nv){ A.Z * ( by(m,ny) \ A=1 H (39)
3 — )] -

voeo b¥(m,ny) bX(m,n,) bX(m,n,) bdm ,ny)

)
Taking the limits in (39), using (3), and recalling that lim [—‘(-——v-] =1, for every

vow b (m,ny)
ke{y+1,v+2, -+ i;-2,i;-1}, we get ¥Y(x) =0, for every

m,n,

xe{y+1y+2, --- i;-2,i;-1}. But, for k=7, since lim [—i—)]-l—t—xl we get

L by (m,n,)
YY) =¢(E [¢"1-E [6°]) > 0. Also, the second limit in the expansion (37), is easily seen to be
zero, by using (3). Substituting in (), we get
Z(m,
lim [_(___)_
Vo= b¥(m,n,)
so there is a finite v ; € Z,, such that
Zim,ny)= p or - p ox >0, 41)
x,A)ec (m,n) A ecu(m, nw)
which contradicts the fact that ¢ ,(m, n,,) is a maximal traversing chain.

1=€(E[c"]-E[s']) >0, (40)

A ... bf{m,n)
So, there is no vye({l,2, ---i;—2,i;—1}, such that liminf [ ————
noe bk(m,n)

bdm,n)

n-% hb¥(m,n)

1<1 and

]=1, for every xe{y+1,Y+2, --- i;—2,i;—1}. Recursive application of

bi(m,n)

the above implies that, given that llm b,l_ 1(m, n) =00, we have that lim [—] =1, for
n—ox h¥m,n)
every i €{1,2, --- 1—2,11—1}. As easily seen, this forces lim b;(m,n)=oe, for every
n =
i€{1,2, --- iy=2,iy—1}, including i =1, which leads to the contradiction explained in the
first paragraph of this proof. This completes the proof of this lemma.
a
Theorem 1
For the stationary and ergodic sequence A ={¢; =(c}, 6%, -+ 6K), je Z}, we have
T
lim [—(—M] = lim [—(—'"L)]_max{s[o ‘lie(1,2, -+ K}}, (42)
n—=0 N-—m m——o N -
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almost surely.

Proof:
First define the integer quantities dy(m,n)=m +1,d,(m,n)=b;,(m,n), for every
ae{2, --- K},d ,«(m,n)=n,m,neZ,m < n. Then consider the quantity,
L den(m,n)

Mmm=——3{ 3 of) @3)
a=1 j=d.(m,n)
We shall prove that the lim A(m,n)=max{E[c‘],ie[1,2, -++ K}}. Recall that

. . n —» oo
E[c“]=max{E[c'],ie (1,2, --- K}, for every ae{1,2, --- L}. First observe that from ()
we have

L dualm,n) | de(m,n)-1

Am,my=—— 3 (Y oF- z oir} = 44
R=M; 21 j=m
L da(m,n) d.(m n)-1
i+ Z{——-—( Z o '- Y o} @45)
i i
We shall now prove that
d,(m,n) d,(m,n)-1
lim [n ( 2 of'- ¥ oM=0, (46)
L - j j=m

foreverya €{2,3, --- L}.
Indeed, arguing by contradiction, suppose that

d.(m n) dy(m,n)-1
- o 0’;‘)]—8>O @7
] =m j=m

for some fixed @ €{2,3, --- L}. Then, there is an increasing subsequence {n,, peZ,} with
lim n, = e, such that

e
d,(m,n,) i d(mg:..)-l i
x o i
da(m,n,,)-m, j=m j=m

lim [ )]=¢e>0. (48)

TR ny—m \da(m,nu)—m - d;(m,n)—m
Using (3), it is easily seen that the second term of the product in the limit in (48) is bounded from
above and below independently of pe Z,. Thus, ,(48) guaranties that there is an increasing subse-
quence ["w ve Z,} with lim n,, = o, such that

V =0
a,(m,n,)—m
lim [ ) 1=£>0, 49)
V — oo npv—m
thus lim d,(m, np) =00, Then, using (3), we get
n =) oo
da(m,nu) da(m,np)-1
¥ of X o
jom f=m = E[c*"]-E[6"]=0. 50
vll_r)nn[d(m S =m " dmony—m) [6"'] - E[c"] (50)

The above, together with (49), contradict (48). So, (46) is true.
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Using now (3) and (46) in (45), we get

L dsi(m, n)
lim [A(m,n)] = Y, 6;‘}] =max{E[c'],ie{1,2, --- K}. (51)

n —oeo R —o a-lj d(m,n)

But, by using Lemmas 2 and 3, and by reflecting on the construction of the M;’s and the d, s, we
see that the only possibly surviving components (their limit is not zero) in (S1) are the

lim [ Y  ojlforiel, = (i iz - K},s0,
P BTG ) eMim.n)

lun [A(m n)l= hm [— X Y o 11=max{E[6'],ie (1,2, --- K}. (52)
“Miel, G,j)XMm,n)

Again by Lemmas 2 and 3, we have

lim [ (T on=o o
Ao B =Mig(12, - K}-1, G.j)eMim.n)

Combining (52) and (53), we have

. . T4, ,
lim [A(m, n)] =max(E[c'],ie (1,2, K}]-hm[—-—Z( 3 c,}]=nli_£n”[%].

i=1 (i,j)M(m,n)
completing one part of the theorem.

The other part of the theorem is completely analogously proven, by applying the same con-
structions and arguments, which have been used so far, but with m — — and n fixed. This
completes the proof of the theorem.

a
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