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Abstract

We consider the elimination of false paths in combinational circuits. We demonstrate
that static sensitization, the classic condition used to eliminate false paths, can incor-
rectly eliminate some true paths, leading to dangerous underestimates of the delay
of a circuit. We introduce the property of monotone speedup, and argue that any
correct false path procedure must not only accept all true paths but also satisfy this
property. We then introduce the concept of viable paths and show that every true
path is viable and that viability satisfies monotone speedup on symmetric networks.
We show that any network may be transformed into a symmetric network while re-
taining the set of viable paths, and that this therefore gives us a correct false;pa.th
elimination procedure. We demonstate that determining whether a path is viable is
equivalent to computing whether a logic function is satisfiable. We describe briefly
a dynamic programming procedure to compute the longest viable path. We give a
general approximation procedure and show that an algorithm due to Brand and Iyen-
gar [10] is an approximation to the viability procedure. We give the single generic
algorithm that is used by all authors to solve this problem, and demonstrate that it is
parameterized by a boolean function called the sensitization condition. We give two
criteria which we argue that a valid sensitization condition must meet, and introduce
four conditions that have appeared in the recent literature, of which two meet the
criteria and two do not. We then introduce a dynamic programming procedure for
the tightest of these conditions, the viability condition, and discuss the integration of
all four sensitization conditions in the LLLAMA timing environment. We give results
on the IWLS and IscAs benchmark examples and on carry-bypass adders.

We then consider the special properties of precharge-unate circuits. We

demonstrate that the only circuits which are hazard-free are those constructed us-



ing this technology. We then demonstrate that the dynamic sensitization criterion,

a tighter criterion than viability, satisfies the monotone speedup property on such

networks.
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Chapter 1
Introduction

The two classic parameters of integrated circuit design are speed and area.
The cost of an integrated circuit is linearly related to the yield (that is, to the per-
centage of instances of the circuit which function correctly). In turn, yield is inversely
related to the probability of a fatal defect in the material substrate, which is expo-
nentially related to active area of the circuit. Hence, to a first approximation, the
cost of an integrated circuit is a function of the area of the circuit.

Speed and its correct measurement affect both the performance and correct-
ness of an integrated circuit. Performance goes without saying. Correctness follows
from the observation that a circuit takes time to settle at a final value. Consider a
generic integrated circuit: this consists of networks of combinational logic partitioned
by storage elements called latches or registers. Such latches are typically controlled
by a load line. When a load line is high, a latch changes state in response to changes
on its input. During these periods, the latch is said to be open. When the latch is
not responsive to changes on its input, the latch is said to be closed. If the load line
is a clock line (as is typical in conventional designs), the circuit is said to be syn-
chronous. Further, one can see that the effective value of the combinational network
feeding a latch is the last value on the output of the network before the clock line
goes low. Hence, if the correct value of the combinational network is to be computed
in response to some input vector, the controlling clock must be high for long enough

to permit the circuitry to arrive at a final value. This is called a timing constraint
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on or a timing specification of the circuit . A critical question concerning integrated
circuits is whether they meet their timing specifications, and answering this question
- and coercing circuits to meet their specification — is a major focus of research in
computer-aided design.

Measurement of area is trivial at low levels of design, and is easily and
accurately estimated at various higher levels through the use of abstract metrics
which have been observed to correlate well with final layout area !. Speed — or, more
precisely, delay - is far harder to measure. At the mask level, the circuit forms a
network of transistors. Each transistor, when conducting or “on”, acts as a resistor
through which the gate on a succeeding transistor can charge or discharge, and so turn
on and conduct. Analyses of this form yield a system of ordinary linear differential
equations, which in turn may be solved by any number of numerical methods; in
particular, the SPICE family of circuit simulators [62] [68] has enjoyed wide popularity
over the last 15 years in performing this calculation. More recently, relaxation-based
techniques such as RELAX [82] have been introduced to perform this calculation.

Circuit simulation techniques of this form are highly accurate, but have one
drawback. Each signal contributes one differential equation to the system. Since
circuits of 100,000 or so signals are fairly common, the computation task involved
even for the most naive simulation technique (SPICE was originally a backward-Euler
method) is herculean. Much recent work has addressed this liroblem through the
use of specialized hardware or massively parallel computers [23] [79], with some suc-
cess. However, in many CAD environments the use of hardware-intensive solutions is
impractical, and software solutions are still much desired.

The software approach to this problem involves dealing with circuits at a
higher level of abstraction. Conceptually, circuits may be thought of as networks of
discrete components. These components may be arbitrarily large or small, though
the utility of timing analyzers which work on large components is problematic, since
the delay characterization of such components is usually fairly inaccurate. The most

common abstraction is at the level of an atomic boolean function. With each such

for example, logic synthesis tools estimate area by counting the number of literals which appear
in the factored-form description of a circuit



component, or gate, a specific delay is associated. In this abstraction, both the
waveforms and the static values associated with the various predecessors of the gate
are ignored. The circuit is then isomorphic to a weighted, directed, graph, where the
nodes of the graph are the gates of the circuit and the weights on the nodes are the
delays of the gates. The delay of the circuit is simply the longest path in this gra.ph.‘
Finding this longest path is relatively easy; indeed, if the network is acyclic (as it
is in the case of a combinational circuit), the algorithm to find the longest path is
the well-known topological sort procedure [49], which is known to be O(|V| + |E|).
Programs of this sort are called Timing Verifiers or Timing Analyzers.

Timing Analysis is a good idea; and, like other good ideas, it has many
parents. The idea of timing analysis dates as far back as the PERT project at IBM,
and the original idea to use topological sort for the problem of timing analysis of logic
circuits appears to have originated with Kirkpatrick and Clark [47]. Interest was re-
newed with the advent of the VLSI era in the early 1980’s, and research focussed on
two major areas. First, the computation of the delay associated with each discrete
component (the so-called delay model) became a major topic of research; work on de-
lay models was a central focus of the programs CRYSTAL [64] and TV [40]. CRYSTAL
also broke circuits down not by logic gate, as was the common practice among timing
analyzers, but into units called stages. A stage was defined as a path between the
gate of a transistor or an output node and a single source. Second, the restriction
to combinational (acyclic) circuits of boolean gates was thought too restrictive; both
CRYSTAL [64] and TV [40] used event-driven simulators of the sort introduced by
Bryant[19] in MOSSIM. In these programs, the transistors were explicitly modelled
as bidirectional switches. Other innovations of the period included the introduction
of slacks (differences between the time a signal was required and the time it arrived)
by the TIMING ANALYZER [37].

Early timing analyzers were handicapped by poor delay models. Over
the next several years, research continued into both scheduling procedures for non-
combinational (i.e., cyclic) networks and into improved delay models. In 1984, Ouster-
hout [65] contrasted the accuracy of CRYSTAL under a lumped vs slope delay model.

The lumped model (so-called because the capacitance is summed or lumped into a



single large capacitor of value C which is presumed to discharge through a similarly-
lumped resistor of resistance R, yielding a delay of RC) was shown to yield an error
of 25% when compared to a SPICE simulation; using the delay models of Penfield,
Rubinstein and Horowitz [70][67], in which a series of linear equations were ‘derived
for each delay?, led to an estimate within 10% of the benchmark SPICE estimate. The
relative accuracy of the latter model made the use of CRYSTAL and similar programs
attractive for finding the relative ordering of paths in a circuit. Those paths found
to be critical: those which took the longest to complete, or had the smallest slacks,
or both - could subsequently be extracted and simulated in isolation, and the delay
estimate refined. Later programs such as E-T'V [46] took this approach to its logical
conclusion, incorporating the relaxation-based circuit simulator ELOGIC [45] into the
program and using the simulator to derive accurate values for the delays down the
long paths.

Similarly, in 1987 Bauer, et. al, [5] introduced a new timing analyzer called
SUPERCRYSTAL. SUPERCRYSTAL’s two distinguishing features were, first, that the
waveform over any capacitor in the circuit was approximated by a piecewise exponen-
tial waveform, and, second, that the effective resistance across a conducting transistor
was determined by the voltage across the transistor, as opposed to being a single num-
ber given by the mean. In 1988, an improved version of SUPERCRYSTAL, renamed
XPSIM, was announced [4]. XPSIM had been modified to explicitly simulate each
stage using the approximate exponential function method [26] with a multirate time
step. These improvemeﬁts led XPSIM to demonstrate SPICE-level accuracy in a
fraction of SPICE’s runtime, making it suitable for use in timing analysis.

A difficulty with these efforts was that, in general, each timing verifier used
either only a single delay model or a small set of models, which was in general only
useful for one level of abstraction; timing verification was run at various levels of
abstraction, each of which required a different model. In an effort at standardizing
and parameterizing earlier work, Wallace and Sequin introduced an abstract version

of a timing verifier, a program called ATV([77][78]. ATV’s principle attraction was that

2 Actually, the Penfield-Rubinstein model contained a logarithmic term as well as a linear term



a user could verify a design at varying levels of abstraction through the selection of
parameters to Wallace’s single, abstract, model. Further, since many existing models
corresponded to a specific selection of such parameters, in some sense ATV represented
many timing verifiers in one.

' Though the use of accurate delay models has removed one source of sys-
tematic inaccuracy in timing verifiers, another remained. The purpose, after all, in
discovering the delay down the longest path in a circuit is to determine how long a
signal travelling down this path will take to reach the terminus. This information is
irrelevant if no signal will travel down the circuit. This phenomenon is generically
known as the false path problem.

The false path problem fundamentally arises because timing verification is
value-independent; the states of the various wires into a node are ignored, and so
presumed to always propagate the value of the preceding node on any path of interest. -
This is in contrast to simulators, which are value-dependent. Hence, in any mized-
mode simulation, where the critical path is identified by timing verifiers and whose
length is determined to great accuracy by simulators, an essential problem is to find
an input vector which exercises the long path identified by a timing analyzer. This
is a particularly acute problem when one is using a simulator capable of simulating
an entire circuit, such as XPSiM. If no such vector exists, then the path is said to be
false.

We draw on the following observation in the analysis of the false path prob-
lem. Each node in a circuit can only propagate values from one of its inputs to its
output if the other inputs are in a sensitized state; in the picture of a network of tran-
sistors, that the excitation of the transistor corresponding to the input must open a
single conducting path from the output capacitor to ground (power). This forces the
other transistors in the network to either unexcited or excited states; if one associates
a boolean variable with the control on each transistor, it is easy to see that the set
of such states represents a boolean function; this function is a function of the other
inputs to the gate, called the side inputs to the gate. Indeed, if the excitation, or not,
of the relevant transistor forces the output node to discharge or not, one can see that

. the boolean value represented by the output node is entirely determined by the value



of the input control.

At a higher level of abstraction, if one views the circuit as a set of gates, the
relevant states of the side inputs may be deduced from the logic function represented
by the gate. In this sense, the false path problem is not merely a problem encountered
in MOS VLSI designs but in all level-sensitive boolean logics; the scale and complexity
of VLSI design makes the problem especially acute, however. Further, as we shall see
below, the uncertainties of delay in integrated circuit design make the problem rather
more rigid in this technology than in others.

The remainder of this chapter is organized as follows. In 1.1, we will discuss
an abstract picture of a circuit and formulate the circuit timing analysis problem. In
section 1.2, we will introduce some notation of modern logic synthesis which will aid
in the analysis of the false path phenomenon. In section 1.3, we will formally define
the false path problem.- Finally, in section 1.4 we outline the remainder of the thesis.

1.1 Timing Analysis of Circuits

In this section, we formulate the timing analysis problem on circuits as a
path-finding problem on weighted graphs. One can picture a circuit as a graph of
nodes, each of which computes some function. The choice of node is arbitrary, and
represents a trade-off between accuracy and efficiency. A convenient choice is the
representation of a transistor group[4], which is a generalization of a boolean gate. A
transistor group is a maximal collection of transistors and control connections such
that, for every transistor in the group, its control connection lies outside the group.
If there are no pass transistors or transmission gates in the design, this definition
simplifies to that of a boolean gate. It is this definition that we adopt for the purposes
of our discussion here. The edges of the circuit represent the interconnections of
modules; since by construction each terminus of an edge represents the control of
some transistor, and since signal flow is always to the control of a transistor, each
edge in the graph is directed. If we assume that the circuit is combinational, as we

do in this thesis, the circuit is further acyclic.



1.1.1 Delay Models

Once a network of nodes is chosen, delay is conventionally represented by
weights on the nodes (or, equivalently, the edges) of the circuit. The derivation of
these weights is called the delay model of the circuit. Delay models are variously
derived, but basically break down into static and dynamic models. Static models
have the property that the delay across each node is statically determined by the
graph. The delay across a node is not then a property of the waveform emanating
from an input. These are used in HUMMINGBIRD [80], and comprise the simplest
(and, perhaps, the most commonly-used) of CRYSTAL’s delay models. These can be
represented by a graph with numeric weights on the edges.

Dynamic delays, on the other hand, are functions not only of the graph
but also of the input waveforms. In general, timing analyzers using dynamic models
compute for any node not only the delay across a node, or its arrival time, but also a
waveform of the form V' = f(t,I), where V is the volte;,ge across the node, ¢ is time, J
is an input waveform, and where f is a continuous, monotone function. The “delay”
across the node is generally defined as {t|V(t) = T}, for some threshold value T.
Dynamic models vary from very crude (CRYSTAL simply had a table of delays) to
highly sophisticated (SUPERCRYSTAL used explicit simulation).

In general, dynamic models are more accurate than static models. Various
refinements have been made to the basic static model to improve it. First, it was
realized that CMOS gates are composed of dual networks of PMOS and NMOS transis-
tors. Due to differences in electron mobility through the PMOS and NMOS transistors,
and/or differences in the length of series chains through these networks, the effec-
tive resistance through the PMOS and NMOS sides can be unequal; this is reflected in
unequal delays in transitioning the output node from 0 to 1 (the pullup transition)
than in transitioning the output node from 1 to 0 (the pulldown transition). This is
represented in the graph by assigning a pair of weights to each node, one in response
to a rising edge, and one in response to a falling edge. This delay model may be
thought of as an extremely crude waveform model.

Further enhancements to the static model are possible. In general, the



delay response of a gate to one input may be different than that of another; the
transistors corresponding to the inputs may be of different sizes, may be driven by
differently-sized gates, be attached to nets of varying capacitance, or may appear in
different positions in the transistor network that corresponds to the gate. Any of
these factors may affect the delay across a node, and so it is natural to separate the
delay across a node into delays across each input. This can be modelled by attaching
the delays to the incoming edges of a node, not to the node itself3. Alternately, one
can consider adding to each edge in the graph a node called a static delay buffer with
the appropriate weight; in this way the delays across the edges can be modelled by
delays across nodes in an isomorphic graph. ‘ _

For convenience, when the theory and algorithms underlying the false path
problem are developed in the sequel, a static delay model with one delay across each
node is assumed. Nevertheless, the results hold for all static delay models unchanged
through the isomorphisms developed above. We’ll remind the reader of these and
develop this theme more fully later.

1.1.2 Graph Theory Formulation

The static timing analysis problem is therefore to find the longest acyclic
path in a weighted, directed graph. Consider the special case where the graph is
acyclic. The sources of such a graph are called the primary inputs of a circuit. Some
nodes, including all sinks of the graph, are designated as primary ouiputs of the
circuit. We can transform the graph by attaching formal terminal output nodes to
each primary output; such a transformation does not affect the timing properties
of the circuit if the formal terminals have 0 weight, but permit us the convenience
of treating the primary outputs and sinks as identical, so, for the remainder of this
thesis, on such graphs the primary outputs are designated as the sinks. Each node n
not a primary output has some set of successor nodes in the graph; these are called
the fanouts of n, and are designated FO(n). Similarly, each node n not a primary

output has some set of predecessor nodes in the graph; these are called the fanins of n,

3This is TV’s “dynamic” model



and are designated FI(n). The transitive closure of FI is called the transitive fanin
of n, and is denoted TFI(n). The transitive closure of FO is called the trensitive
fanout of n, and is denoted TFO(n). Each node n in the graph has a level, denoted
§(r). 8(n) is defined as follows: '

6 { 0 n is a PI
n)= )
oax 8(p) +1 otherwise

Note that 6(n) > 6(p) Vp € TFI(n) and 6(n) < §(p) Vp € TFO(n). The maximum
level over all nodes in the graph is called the diameter of the graph, and is denoted
D.

If the graph is acyclic and the weights are static, the longest-path problem is
easily solved. The nodes are ordered by level by a very famous linear-time algorithm,
topological sort [71] [49]. The maximum distance of a node n from a primary output
Dy (n) is thus defined:

n is a sink

0
Dy(n) = { .
e Di(p) + w(n) otherwise

and the maximum distance of n from a primary input is defined:

nisa Pl

0
Dg(n) = { .
ax D,(p) + w(n) otherwise

and a longest path is then a sequence of nodes, {fo, ..., fm} such that

Dy(fi) + Da(fi) — w(fi) = K

where:

K= . max Dy(n) -
n is a node in the graph

If the graph contains cycles, then the problem of finding the longest path is
NP-hard [28], and in practice is solved by a technique called switch-level simulation.

Note that if w(f) =1 for each f, we have Dy(f) = §(f) for every f.

Since D, is the relation conventionally referred to as the delay d of a node,
we also write d(f) for D;(f) for a node f. Since the delay of a node is equal to the
length of some path, we also write d({fo, ..., fm}) for the length of a path.
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| Notation Definition
w(n) Weight (delay) of node n
FI(n) fanins of node n
FO(n) fanouts of node n
TFI(n) Transitive closure of FI(n)
TFO(n) Transitive closure of FO(n)

{foy s frm} path of nodes fy to fin

d({foi ooy fm}) Esm=0 w(ft)

&(n) Level of node n in the graph

D Diameter of the graph (maximum level number)
Dy(n) maximum distance of node n from a primary output
Dy(n) maximum distance of node n from a primary input

Table 1.1: Basic Graph Notation

1.2 Logic Notation

In this section, we summarize basic switching theory notation. A summary
appears in table 1.2 at the end of this section.
- The most common method for representing a logic function is as a sum of
terms, f = ¢, + ... + ¢, and is read f = 1 when ¢; = 1 for some ¢. Each term is a
product of literals; a literal is an ordered pair (v, p) where v is a boolean variable and
p € {0,1} is the phase of the variable. The term ¢ = (v1,p1)...(Vm, Pm) = 1 Whenever
v; = p; for every i. The notation (v, p) is thought too clumsy, so by abuse of notation
the common notation for the positive phase (v,1) is simply v, and for the negative
phase (v,0) it is simply 7.
f=zyz+ ¥z

indicates that f = 1 whenever eitherz =y =1 and z=0 or wheny =0 and z=1.
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1.2.1 Cubes

In general, one can derive a geometric picture of the boolean n-space as
an n-dimensional cube as follows. Consider the n-dimensional Cartesian co-ordinate
system. Since each variable can only assume the values 0 and 1, the dimension of the
space represented by the variable z can be restricted by planes at z =0 and z = 1.
Once this has been done in every dimension, the resulting object is an n-dimensional
cube.

It is clear that a point in the Boolean n-space is a vertex of the cube; for
historical reasons, a vertex is also called a minterm. Moreover, any subspace of the
n space is simply another cube, albeit one of smaller dimension. Such a subspace
corresponds to a specification of some variables of the space, and hence to a term.
Terms are therefore generally referred to as cubes[13]. The size of a cube is therefore
inversely proportional to the number of literals of the term; a term with m literals

specifies a cube of size 2"~™,

1.2.2 Cofactors

In much of the sequel we will be discussing the projections of boolean func-
tions on a subspace; this corresponds to a partial evaluation of the function. If one
views a function as a set of points on the n-cube (the set of points where f = 1),
then the cofactor of a function with respect to a literal I, written f;, is simply the
collection of points on the n — 1 dimensional cube represented by the literal I. This
can be either viewed as a function over this n — 1 dimensional space, or (simply by
projecting each point on this space onto its neighbour on the n — 1 dimensional cube
1) as a function over the boolean n—space.

Since the subspace represented by the cube [;l; is the same as that rep-
resented by Iz, it is rivial to see that (fu)i, = (fi,),,» and, more generally, f. is
well-defined for any cube c.

Operationally, it is easy to take a cofactor of an m term function over the
boolean n—space in time O(nm), assuming some order on the variables. Further, the

size of the cofactor of a function in the common function representations (disjunctive
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and conjunctive normal forms, factored forms, and boolean decision diagrams) is
smaller than the size of the original function.
Cofactors derive their importance in logic synthesis due to the following

theorem, which is variously credited to Shannon([73] and to Boole:

Theorem 1.2.1 (Shannon Cofactor Expansion) For any boolean function f, any

variable z,

f=zf-+%fs

1.2.3 A Family of Operators

In this thesis, a pair of linear operators over the set of functions on the
boolean n— space will be extensively used.

One question that arises in the testing of networks and in the false path
problem is the following. Given a function f, and a variable z, what are the assign-
ments to the remaining variables such that the value of f is completely determined
by the value of z, i.e.,, f = z or f = T (i.e.,, f changes phase whenever = changes
phase; in such a case, we say that f is sensitized by z)?

If f =z, from the cofactor expa.nsioh we must have that:

f z=1, f z=0
i.e., the logic function: :
foFs
must be satisfied. Similarly, if f = ¥, we must have that:
f ?Tz

putting the cases together, we have:

gé = f-‘tT?"' f."l.":f:

or, more compactly:

L=f.0f (1.1)
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8L is described in the testing literature [1) [72], and is referred to there as the boolean
difference. From that literature, there is the following classic theorem, due to Sellers,
et. al. [72].

Theorem 1.2.2 A network N is testable for a stuck-at fault on node x through output
fiff
B#0

Further, Sellers and his co-workers proved a variety of properties on the

boolean difference, which we give without proof here:

o =
o - g
Another question arises in considering the false path problem. ‘Consider an
arbitrary function f, an arbitrary variable z. Under which assignments of the other
variables is there an assignment of z s.t. f =17 4
Now, we must have z = 1 or z = 0. If zc is a satisfying assignment of f
(i.e., f(zc) = 1) then, by the Shannon cofactor expansion, we can say that c is a
satisfying assignment of f,. Similarly, if e, is a satisfying assignment of f, then ¢
is a satisfying assignment of fz. Hence, if ¢ is a cube such that either zc or Fc is a
satisfying assignment of f, then c satisfies f; + fz. Hence we define the smoothing

operator, S, f as:

S:f=f+fz (1.2)

and we have;

Theorem 1.2.3 Let ¢ be a minterm of S;f. Then either zc or Fc is a minterm of
. |

4this is also called a satisfying assignment of f
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Proof: The discussion above. =

Intuitively, we are interested in determining whether some function f is sat-
isfiable, but we have no knowledge as to the value of the variable z. If the satisfiability
of the function is dependent upon the value of z, then we clearly will be unable to get
a precise answer to this question. Several questions that may Be answered precisely
arise, which are detailed in appendix B. One is worth detailing here.

Under what assignments of the other variables does there exist a value of =
that gives rise to a satisfying assignment of f? Theorem 1.2.3 demonstrates that the
answer to this question is the set of satisfying assignments of S, f. In fact, if we take
the answer to the question “Does there exists a satisfying assignment of S, f?” as the
answer to the question “Does there exist a satisfying assignment of f7”, then this is
an example of a biased satisfiability test. It is certainly the case that if there is no
satisfying assignment of S, f, then there is no satisfying assignment of f. However, if
z is not an independent variable, as is often the case, then there is a case where there
is a satisfying assignment of S, f but no satisfying assignment of f (consider the case
where f = zy and y implies ¥). It is in this context that we will be using S.f: in the
sequel we will be deriving a function that is satisfiable only if a path is true; since
we want to reject only false paths, we want to bias this test positively, i.e., smooth
out variables whose value is unknown and ask whether such a smoothed function is

satisfiable.

Theorem 1.2.4 Let f,g be any functions, z,y any variables. Then:

(?) S:Suf = 8,5:f

() SAf+9) Sz(f) + Sz(9)
(132) Sf 2 f

(iv)  S:fg) € S:(f)S:(9)

Of these properties, we will be using (z) extensively.
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Proof:
(@) S5 = SAfy+fi)
= (fu+ fa)e+ (fu + fo)z
Joe + foe + foz + fo=
= fotfatfatfm
= ((fe + f2)y + (f2 + f2)3)

= S(f:+ fz)
= §,5:f

(i) So(f+9) = (f+9):+(f+9)=
= fotg:+fe+0:
= S:(f) + S:(9)

(i32) Szf = fa+fa
cfe+Zfe+zfe+Zfe
f+Zfz + zfz

f

(fz + f2)(9= + 92)

fz9: + f29z + fz9: + fz9z
S:(f9) + f295 + fo9=
S:(fg)

v i

(iv) S:(f)S:(9)

o

By induction on (i) we may write, for a set U = {zy,..,2,} of variables

S5, Szyee-Senf = Szyoznf

or, more compactly, as Sy f, and, by induction on () and (iis).

Su(f+9) = Su(f)+Su(g)
Su(fg) S Su(f)Su(g)
Since the smoothing operator is thus implicitly defined for a set U, it is

important to define its behaviour when the set U = @. We choose the obvious
definition:

Se(f)=f
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We have two important, though trivial, lemmas on the smoothing operator:

Lemma 1.2.1 Let V be the set of inputs to a function f, and U C V. For any vector
c of the primary inputs, let ¢, be the assignment of the variables in V — U induced by
c. Then c € Syf iff there ezists some assignment o, of the variables in U such that

cic2 ts a salisfying assignment of f.

Proof: The only if part is trivial, since Syf 2 f. If part. Let ¢ € Syf. Induction
on |U|. If U = 0, then Syf = f, and hence c satisfies f, i.e., the trivial assignment
satisfies f. Suppose the statement holds for [U| < N. If [U| = N, let U = W + {z}.
We can write:

SUf = SzSWf

We can write the left-hand-side as:

(Swhe+ (Swh)e

Since ¢, satisfies Sy f, it must satisfy at least one of (Sw f), and (Sw f)z. If (Swf)-,
by induction, there is some vector c3 satisfying (Sw f):, and hence we set ¢; = zc3
and done. Otherwise, there is some vector c3 satisfying (Sw f)z, and hence we set

¢c; =Zcz,and done. m

Lemma 1.2.2 Let U be any set of variables, and c be any cube where every variable

in U is set to a value by c. Let ¢* = c—VU, i.e., the variables outside U set to a value
by c. Then (Syf)c = (Suf)es-

Proof: If g is independent of any variable z, then g, = gz = g. It follows inductively
that if g is independent of the variables set in a cube c, then g. = g. Since Syf is a
function independent of all the variables in U, it follows that (Syf). =Syf. =
The smoothing operator and the boolean difference are part of a more general
family of such operators, where f, and fz are combined in various ways. For the sake

of completeness we detail them in appendix B.
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Definition

Literal representing the value z =1 (z = 0)

product of literals .

Evaluation of f on the subspace represented by cube ¢

Boolean Difference of f wrt z (f: @ fr)

Sy-—

Table 1.2: Basic Logic Notation

1.3 The General False Path Problem

Timing verifiers are typi-cally quite fast; indeed, for fully-restoring combina-
tional logic the problem is simply that of finding the longest path through a directed
. acyclic graph, which is well known to be O(|V| + |E[). However, these programs
will always identify the longest path as the critical path of the circuit. This path,
however, is not the path of real interest: the path of interest is the longest path down
which a signal can propagate. Paths down which no signal can propagate are called
false paihs, and the problem of identifying them, and so finding the longest true path
through the circuit, is known as the false path problem.

Consider, for example, the circuit in figure 1.1. For z to propagate to a, we
must havey = 1. Fora to propagate to b, we must have z = 1. But for b to propagate
to c, we must havey =2 =0. Hence the path {z,a,b,c,d} appears to be false.

The false path problem has been known for some time. The earliest com-
plete discussion in the literature appears to be due to Hrapcenko [39] 5. Hrapcenko
demonstrated that, for every integer n, there exists a logic function for which the
actual delay of the minimal network is n + 8 but for which the longest path is 2n + 8.

$Hrapcenko’s manuscript was kindly brought to the attention of the author by Prof. N. Pippenger
of the University of British Columbia
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Figure 1.1: A False Path

Hrapcenko further observed that false paths arise naturally in the design of carry-
acceleration adders, and suggested that the longest path through a carry-acceleration
adder will be on the order of 2n nodes, while the delay will grow approximately as
n. This observation correlates well with the experimental evidence of [6], and of this
thesis.

Given the interest in accurate timing verification, considerable importance
has been attached to the solution of the false path problem. Early facilities provided
for this problem were largely user-oriented, either because the problem was felt to be
intrinsically hard or because the authors of the software had an exaggerated respect

for designers’ intuition. These facilities fell into three major classes.
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1.3.1 Explicit Recording of False Paths

Hitchcock’s seminal timing analyzer TA [37] contained a facility, called delay
modifiers, which indicated to TA that, in the opinion of the designer, certain paths
would never be exercised. This approach was widely adopted; as recently as 1988,
newly-reported timing analyzers included such a facility [20]. The difficulty, of course,
is that a very large number of paths might eventually be indicated as false; further,
there was also the unhappy possibility that the designer’s intuition might fail him,
though early writers evidently did not feel obliged to discuss this.

1.3.2 Case Analysis

If designer elimination of false paths was tedious, and involved an exhaustive
enumeration of many separate paths, then perhaps examining the behaviour of the
circuit under assumptions about the input will help. This general technique goes
under the rubric of case analysis.

Ousterhout, in the description of his widely-used switch-level analyzer, CRYSTAL[66]
describes the false path problem and this solution technique perhaps as well as anyone

in the early literature:

The value-independent approach is also responsible for the main problem
in timing verification. When a timing verifier ignores specific values, it
may report critical paths that can never occur under real operating con-
ditions. These false paths tend to camouflage the real problem areas,
and may be so numerous that it is computationally infeasible to process
them all. In practice, all timing verifiers include a few mechanisms that
designers can use to restrict the range of values considered by the pro-
gram, usually by fixing certain nodes at certain values. This process is
called case analysis; it is used to provide enough information to the timing
verifier to eliminate false critical paths.

Case analysis was not a panacea, however:

Case analysis must be used with caution. When the user specifies par-
ticular values, he restricts the timing verifier from considering certain
possibilities; this may cause critical paths to be overlooked [italics mine).
Case analysis generally requires several different runs to be made, with
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different values each rum, in order to make sure that all possible states
have been examined.

Case analysis was used in both CRYSTAL and in TV. The underlying as-
sumption behind such case analysis is not stated explicitly in either Jouppi’s or
Ousterhout’s work, but the discussions of both, taken together with the technological
environments surrounding both projects, make the original motivation clear. Both
CRYSTAL and TV were conceived and implemented in co-operation with groups de-
signing VLSI microprocessors 6. In such processors, which employ two or more non-
overlapping (or underlapped) clock phases, the most glaringly obvious false paths are
those which run through two transparent latches’ which are active on opposite phases.
Hence the original underlying assumption of case analysis was that the signals set to
a value would remain constant during the period under evaluation, and, further, that
the set of nodes whose values are fixed by the assignment of such constant values
would have already been set to their assigned values and remain constant throughout
evaluation. In other words, case analysis was never designed to account for tran-
sient effects during analysis; the false path of figure 1.1, for example, should not be
detectable through case analysis, for none of the signals is constant throughout the
evaluation period. '

Nevertheless, case analysis can detect the false path in figure 1.1, by choosing
z = y = 1; this is an abuse of case analysis, since it violates the underlying assumption
of the analysis; namely, that the signal set to a value remains at that value for the
entire period of analysis. Nevertheless, case analysis has probably been widely abused
in precisely this fashion by designers since the introduction of timing verifiers. The
consequences of this abuse we shall see later.

McWilliams, writing before Ousterhout, included case analysis in the SCALD
timing verifier[61]. His justification for the use of timing analysis makes clear the un-
derlying assumption that the signals specified by case analysis remain fixed during
evaluation of the circuit; however, he permitted signals other than clocks to be spec-

ified for the purpose of case analysis:

Sin Ousterhout’s case, the RISC-II/SOAR/SPUR line of processors; in Jouppi’s, the MIPS line
7A so-called transparent latch is a storage element which acts as a pass-through while it is active
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If the timing of the circuit never depended on the values of signals, but
only on when they were changing or stable, the Timing Verifier would be
relatively simple...The signals which are difficult to treat are those whose
values affect the circuit timing, and which have different values during
different clock cycles. For ezample, a control signal which determines
whether a register is clocked during a given cycle affects whether the output
of the register might change during that cycle.[italics mine]

Such control signals generally remain stable throughout the clock period;
the underlying assumption of case analysis is therefore that the signals set to values

during analysis are presumed not to change throughout the period.

1.3.3 Directionality Tags on Pass Transistors

If one considers a network primarily made up of relay-like pass transistors
(such as, for example, so-called barrel shifters), false paths arise from the fact that pass
transistors, though nominally bidirectional, are in fact often unidirectional. There
are a variety of ways that these can be handled. The CRYSTAL approach relied on
user tagging of directionality. Jouppi’s analyzer attempted to derive the signal flow
direction through a series of rules; his experiments [41] suggest that upwards of 90% of
transistors can be correctly categorized by such derivation. SUPERCRYSTAL attaches
pass transistors to the nearest stage, and explicitly solves each such stage through
the use of a circuit simulator. Cherry, in PEARL adopted both the TV and CRYSTAL
approaches, using rules to automatically detect pass transistors; Cherry’s ruleset was
different from Jouppi’s. Regarding the efficacy of the rule-based approach, Cherry
notes:
One circuit that these rules & are unable to cope with is a barrel shifter
constructed with pass transistors. In general, the only way to determine

signal flow in this type of circuit is to know what select nodes? are mutually
exclusive.

In other words, the complete solution to this problem is derived directly from

the solution to the problem outlined in figure 1.1. It is this problem - the problem of

8a la TV, but a non-identical ruleset
9j.e., which nodes on the gate terminal of the pass transistors
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finding an automated solution to the false path problem - that is addressed in this
thesis. |

The general conclusion that one can draw from this discussion is that the
' timing analysis of an integra!:ed circuit cannot be made accurately without considering
the functional nature of the signals. Further, as we shall see later, the function
computed by a signal cannot be accurately determined without taking the timing
properties of the circuit into account. The analysis of their interaction is non-trivial,

and must be done carefully and correctly in order to solve the false path problem.

1.4 Outline

The remainder of this thesis is organized as follows. In chapter 2, we outline
the theoretical basis of a correct solution to the false path problem. The basic problem
is that of determining when a path is true, or sensitizable, and is so referred to as
a sensitization criterion. In the course of this analysis, we will demonstrate that a
criterion which fails to take the dynamic nature of the signals in a circuit into account
can lead to a timing analyzer which ignores the true critical paths of a circuit, and
hence violates the basic correctness condition of a timing analyzer. Further, we argue
that, since any delay model necessarily overestimates the delay across a node, that a
timing analyzer must fulfill a robustness condition: namely, it must return an answer
that is correct for every functionally and topologically identical circuit with identical
or possibly lesser delays across individual nodes. We outline a criterion - the viability
criterion — after demonstrating that the two most obvious criteria are either incorrect
or non-robust, and prove that viability is both correct and robust. In chapter 3, we
demonstrate that each program in the literature which purports to solve the false path
problem is a variant on a single, parameterized algorithm, and that the sensitization
criterion is but one of the parameters to this function. We demonstrate that to every
criterion corresponds a logic function, and give the logic function both for one of
the criteria rejected in chapter 2 and for the viability criterion. We then modify
the generic algorithm to correctly compute the viability function. In chapter 4, we

explore system considerations. We fully outline the parameter space: in addition to
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sensitization criterion, the others are the search method, the satisfiability test, and
the function representation (the search method is fully developed in chapter 3). We
give a general theorem of approximation, a weak — and hence correct and robust,
but less tight — version of the viability function, and then demonstrate that two
criteria which have appeared in the literature are approximations to weak viability,
and so to viability. At an orthogonal axis of approximation, we discuss weak forms
of satisfiability. We give experimental results on conjured circuits and on public
benchmarks. In chapter 5, we consider hazard-free boolean functions, and show that
these are isomorphic to the class of precharged-unate functions. In chapter 6 we show
that dynamic sensitization — a sensitization criterion tighter than viability but non-
robust on general circuits — is a correct and robust criterion on these circuits. Hence
timing analysis on such circuits can yield tighter delay estimates than viability.

The appendices are organized as follows. In appendix A, we examine the
complexity of the problem of finding the longest true path by various criteria, and
demonstrate that each such problem is a member of the class of N"P-complete prob-
lems: loosely, the hardest problems whose solution may be verified in polynomial
time. In appendix B, we review the family of operators of which the smoothing op-
erator and the boolean difference are the most prominent members, and in appendix
C we discuss a fast .algorithm for a positively-biased SAT test. In appendix D we

review the properties of precharge-unate logic gates.



Chapter 2

The False Path Problem

2.1 Introduction

In this chapter the false path problem is formally treated as a theoretical
problem in combinational logic circuits. We begin by reviewing briefly the genesis
and practical import of the problem.

Timing analysis and timing optimization of digital circuits is currently recog-
nized as a key area. Optimization requires correct timing behavior, i.e. identification
and accurate estimate of a circuit’s true critical paths. Typically, critical paths are
detected using static timing methods. While these methods are extremely fast, they
often lead to serious overestimates of a circuit’s delay due to false paths. A path is
false if it cannot support the propagation of a switching event. In estimating the
timing behavior of a circuit, we would like to find the slowest true path.

Several papers have appeared recently in which “false” paths are detected.
The classic criterion, most often seen in user-supplied “case analysis” of “incompat-
ible paths” in programs such as Crystal[64] and TV[40], is usually based on static
sensitization. Under this criterion, a path is false if there exists no input condition
such that all gates along the path are sensitized to the value of the previous gate
on the path. This approach has recently been formalized in the SLOCOP timing
environment|[6).

Unfortunately, not every true path is statically sensitizable, so the delay of

24
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the longest statically sensitizable path is not necessarily an upper bound on the delay
of the circuit. In this chapter we demonstrate that the use of static sensitization as a
criterion for the truth or falsity of a path can lead to underestimates of circuit delay,

possibly causing the circuit to behave incorrectly.
-
a b ) g
— \ d

l—)._>'—

Figure 2.1: A Sensitizable “False” Path

Example: We illustrate this with a small example, taken from [10]. Consider the
circuit shown in figure 2.1. Assume that all inputs arrive at ¢ = 0, and that the delay
on all gates is 1. Consider the path {a,d, f, g}, of length 3. For a to propagate to
d we must have b = 1. For f to propagate to g we must have e = 1, which implies
a =b=0. Hence a static analysis would conclude that this path is false. Similarly,
the path {b,d, f, g} requires a = 1 and a = 0, and so a static analysis would conclude
that this path is false. Since these are the only paths of length 3, a static analyzer
concludes that the longest true path through this circuit is of length at most 2.
Nevertheless, one can see that holding ¢ at 0 while toggling both a and b
from 1 to 0 at ¢ = 0 forces the output g to switch from high to low at ¢ = 3. Hence one
of the two paths of length 3 must be sensitizable, in the sense that a switching event

can travel down it; further, if the clock delay is set to the value (2) of the longest
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statically sensitizable path, the circuit will behave incorrectly on this input. ]

Our first task is the derivation of a criterion for sensitization such that the
longest sensitizable path in the circuit is an upper bound for the delay of the circuit.

This task alone, however, is insufficient. Another problem must be dealt
with by any algorithm which attempts to compute critical delay. The delay model
used in timing analysis methods is a worst case model; it is intended to provide an’
upper bound for the delay of all circuits which may be manufactured and operated in
particular environments. A real circuit is not the idealized circuit of timing models;
it is a circuit with the same topology, but with possibly smaller delays at some of the
nodes. Hence the estimate provided by the algorithm must hold for an entire family
of circuits, the “slowest” of which - in the sense of having the slowest components — is
typically the one under analysis. In order to use the slowest circuit it is necessary that
any critical delay algorithm be robust in the following sense: if the delays on some or
all gates in the network are reduced, then the critical delay estimate provided by the
algorithm is not increased. When the algorithm is applied to the worst-case circuit, a
robust criterion thus guarantees that the estimate obtained is valid for any circuit in
the family. Colloquially, we refer to this robustness propert); as the monotone speedup
property.

In this chapter, we develop a theory which correctly classifies true paths
and can be used to provide a correct ﬁpper bound for the critical delay in all circuits
with the same topology and with equal or less delay at each gate. In section 2.2, we
develop our timing model, introduce the concept of event propagation and formally
define sensitizable (or true) and critical paths. In section 2.3, the definition of a viable
path is given and it is shown that every true path is viable. In section 2.4, it is shown
that viability obeys monotone speedup on symmetric networks. In section 2.5, it is
shown that every network may be transformed into a symmetric network, and retain
all of its viable paths, and thus the longest viable path in the transformed circuit
provides the upper bound we seek for the correct timing behaviour. In section 2.6, it
is shown that determining the viability of a path is equivalent to computing a logic

function.
Thus by finding the longest viable path in the symmetric worst-case delay
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circuit, we have the correct upper bound required. Of course, the longest path of a
circuit also satisfies the above two criteria and so is a correct bound. However, we
believe that the longest viable path is a tight bound, although we have not yet been
able to show this. We have used our theory to demonstrate that the bounds given in
[10] are correct; this theory also demonstrates that those bounds are looser than the

bounds developed here. This construction is given in chapter 4.

2.2 Dynamic Timing Analysis

For purposes of clarity, we outline a very simple timing model here. The |
results of this chapter, however, do not depend on the precise characteristics of this
model; we can show that they hold for slope delay models, models with separate rise
and fall delays, and different delays on each pin. |

Definition 2.2.1 A path through a combinational circuit is a sequence of nodes,

{90y +-ss gm}, such that the output of g; is an input of gis1.

Definition 2.2.2 Each node g in a combinational circuit has a weight w(g). The
value of node g at time t is that determined by a static evaluation of the node using

the values on its inputs at t — w(g).

Definition 2.2.3 We define delay as follows:

1. The delay through a path P = {go, ..., gm} is defined as d(P) = |{go, -y gm}| =
Yrmow(gi). This is also called the length of the path.

2. The delay at a gate d(f) = w(f)+maz{d(i)|i € inputs(f)} for all non-primary
inputs f. For all primary inputs z, we define d(z) = 0. The weight of a primary
input i3 0.

8. When delays in more than one network are under consideration, the notation
dn(f) denotes the delay at node f in network N.

The restriction that the delay at the primary inputs is identically 0 is a

notational convenience, and does not restrict the body of applicability of this theory.
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Primary inputs which arrive at ¢t = T > 0 can be modelled by assuming that the
input arrives at ¢ = 0 and that a static delay buffer of weight T is the sole fanout of
the primary input. The buffer’s fanout is the fanout of the primary input. Primary
inputs that arrive ay ¢t = T' < 0 can be ignored by a simple translation of the time
axis. .

We assume that the wires of a circuit act as ideal capacitors; that is, once
assigned a value the wire holds that value until changed by a computation at its
source node. Further, for all negative values of ¢, the wires of the circuit hold the
static values determined by some input vector ¢;. Notationally, we capture this
assumption by speaking of the value of function f at time ¢, f(c1,c2,t), where c; is
the input vector from —co < ¢ < 0, and c¢; is the input vector from 0 < ¢t < 0.
Clearly we have: 4

f(sc2,t) = f(eg) for t > d(f) (2.1)
since after time ¢ = d(f), f has assumed its static (final) value.

As we develop the theory, we will use the concept of the “delay” of a func-
tion which is not explicitly computed in the network; specifically, of various functions
which arise from the boolean difference. These functions do not have a delay within
the model developed above. However, it is convenient to assign them a delay. The

most reasonable choice is to assume that the computation of these functions is in-

stantaneous. Hence:
Definition 2.2.4 Let g be any node not in a network N. Then w(g) = 0.

Hence, for any such node g,
d(g) = d(h
(9) his a.nni]g;ut of g (%)

Definition 2.2.5 An event is the transition of a node from a value of 0 to 1, or

vice-versa.

We envision a sequence of events {eo, ...,em}, €ach e; occurring at node f;,
and each event e; occurring as a direct consequence of event e;_;. We say that event

eo propagates down path {fo, ..., fm}-
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Definition 2.2.6 A path P = {fo,..., fm}, fo a primary input, is sensitizable if
some event g may propagate down this path to the output fm.

Definition 2.2.7 The critical path of a network is its longest sensitizable path.

This permits us to consider the boolean conditions for a path to be sensitiz-
able. Let event e; be the transition of node f; from 0 to 1. Event €i4+1 is the transition
of fiy1 from either 0 to 1 or 1 to 0. In the former case, we have that fiy; tracks f;,
in the latter, fi;; tracks f;. The conditions under which this is possible is a boolean

function, the arguments of which we call side inputs.

Definition 2.2.8 Let P = {fo,..., fm} be a path. The inputs to f; that are not f;_,
are called the side inputs to P at f;. We denote the set of side inputs as S(f;, P).

Now, clearly we must have 3%3_7 = 1 when event e;_; is propagated through

fi. We denote the time of event e;, t(e;), as 7.

Lemma 2.2.1 Let eq propagate down path {fo,..., fm}, fo @ primary input. Then
tle;) = Z;':o w(f;).

Proof: Induction on i. For i = 0, we have ¢g is a change in a primary input and
this clearly occurs at ¢ = 0 = w(fo). Assume for ¢ < j. For j + 1, we have that
ej+1 occurs as a direct consequence of ej, whence t(ej11) = t(e;) + w(fj41), hence
tejn) = THw(f). =

Theorem 2.2.1 A path {fo,..., fm}, fo @ primary input, is sensitizable iff I input
vectors ¢;,¢2 3 Vi 3?-6:(01,02,1'.'_1) =1.

Proof:

=> {fo,..., fm} is sensitizable. By lemma 2.2.1 we have that event e; occurs at 7;
occurring as a result of the event at 7;_; on f;_;. This requires that either f;(c;, ¢z, 7:)
tracks f;_i(a1, €2, Ti-1), in which case we must have that f; fi_, is satisfied (so that fi_,
going high forces f; high), and that 7.?_—1 is satisfied (so that f;_; going low forces
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fi low). Further, the value on f; at 7; is statically determined by the values on its

inputs at 7; — w(f;), i.e., at 7;—;. This is summarized in the expression:

(f-‘f;_,.fiy,._—,)(cn €2, Tim1) =1,

The other case is that fi(¢1, ¢, 7;) tracks fi—1(c1, €2, Ti-1), in which case we must have
that fiz—is satisfied (so that f;_; going low forces f; high), and that fiz._, is satisfied

(so that f;_; going high forces f; low). Further, these conditions must occur 7;_1, as

before. This is summarized in the expression:

(f'}:] ificy )(cl’ €2, Ta'-l) =1

Putting the cases together, we must have a%ﬁ:(cl, ¢2,Ti-1) = 1, as required.
<= There exist input vectors ¢;,¢2 3 ﬁ‘{‘—t(cl,cz, 7i-1) = 1Vi. Therefore, for every ¢,

we must have that either

(figi fig)(ery 020 Tic1) = 1,

in which case fi(e1, ¢z, 7;) = fi-1(c1, €2, Ti-1) and the rising (falling) edge which is e;—,
is the rising (falling) edge as e; at 7;, whence the event eo propagates along the path,

or
(Fg=Fiq e €2, 7im1) = 1,

in which case fi(e1, ¢2, i) = fi—1(c1, €2, Ti=1) and the rising (falling) edge which is e;_;

is the falling (rising) edge as e;, at 7;, whence the event e, propagates along the path.
These are the only two cases, and in either case e propagates, whence {fo, ..., fm} is
sensitizable. m!

The basic distinction between the current theory and the previous attempts
may now be made clear. The previous theory required that 3%11-1-(02) = ﬁé;(cl yC2,00) =
1, a much stronger condition than ﬁﬁ;-(cl,cz,n_;) = 1. Paths for which the former
condition holds are called statically sensitizable. Paths for which the latter condition
holds are called dynamically sensitizable, or (in light of theorem 2.2.1) sensitizable. It

is easy to show that:

8

1In the case where the value of 3%'7 is changing at 7;_1, to be conservative, we choose 75— =1

at ).
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Theorem 2.2.2 Every statically sensitizable path is sensitizable.

Proof: A path is statically sensitizable iff, for all ¢, b%%(c) =1 for some c. Clearly
then 5%5_'-1-(c, ¢,t) =1Vt >0, giving theresult. =

Remark: This proof is obviously trivial in the sense that applying identical
vectors will not generate any event to propagate. However, it is clear that if the
cube ¢ does not specify fo, then one can obtain ¢; and c; by toggling the f, bit.
Remark: Note that the converse to this theorem is false: not all sensitizable paths

are statically sensitizable. Indeed, by appropriate adjustment of the internal delays
it appears that one can make almost any path in any circuit sensitizable (of course,
the timing characteristics of such adjusted circuits vary considerably). Moreover, one
can demonstrate fully-testable circuits whose longest dynamically sensitizable path
is not statically sensitizable; this staternent demonstrates that static vs dynamic
sensitizability can be an issue in the timing verification of non-contrived circuits.
Indeed, in the circuit of figure 2.1, though the connections of both a and b to the
AND gate are non-testable, and d is untestable for stuck-at-zero, the circuit is made

fully testable through the addition of a second output, as shown in figure 2.2.

Algorithms which attempt to discover whether a given path is sensitizable
must determine whether or not input vectors ¢;,c; satisfying theorem 2.2.1 exist.
There is a wide range of freedom permitted these vectors. However, we may say

immediately:

Theorem 2.2.3 Let {fo,..., fm} be a sensitizable path. If d(b%:) < Ti-1, for some
i, then 3%!:_1(62) =1

Proof: Since {fo,..., fm} is sensitizable, 3?‘1‘-_.7(61,62,7’.’__1) = 1. But since 7;_; > .

d(%), we have ﬁ&(cl,cz,r.-_l) = %(Cz) by equation 2.1, whence the result.
n

Corollary 2.2.4 The longest path in a circuit is sensitizable iff it is statically sensi-

tizable.
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Figure 2.2: A Fully Testable Example

Proof: The if part is given by theorem 2.2.2. For the converse, observe that the
premise of theorem 2.2.3 holds for every f; on the longest path =

Recall that every valid criterion must meet the monotone speedup property:
if the delays on some or all gates in the network are reduced, then the critical delay
estimate for the network is not increased. This guarantee cannot be given by the
dynamic sensitization criterion, because the sensitizability of a path is inherently
determined by the precise internal delays of the circuit. Hence, one can speed up a
circuit and thus make a previously-unsensitizable path sensitizable. This path may be
arbitrarily long (though not the longest in the circuit if such is unique); in particular,
it may be longer than the longest-sensitizable path in the slower network.

An example which illustrates this phenomenon is detailed below.
Example: Consider the single-input circuit in figure 2.3. Assume the delay on all
gates are as marked. Note when a is toggled from1to0 at ¢t =0, fromt=2tot =05
thereis a 0 on both u and w,soz =1 fromt=4to ¢ = 5. However, in this case
y = 0 throughout, so out = 0 throughout. Similarly, when a toggles from 0 to 1, from

t=0tot=2thereis a 1 on each input of y, so y = 1 from ¢t = 2 to ¢t = 4. However,
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Figure 2.3: Monotone Speedup Failure

in this case £ = 0 throughout, so out = 0 throughout. This circuit therefore has no
dynamically sensitizable paths and its delay is 0.

If we now speed the circuit up by removing the delay buffer between b and
u, so that u now arrives at ¢ = 1, but all other delays are unchanged, when a is
toggled from 0 to 1 we have a zero on each input to  from ¢ = 1 (when u turns from
1 to 0) to ¢t = 2 (when w turns from 0 to 1). Hencez =1 from ¢t = 3 to t = 4. But
y=1lfromt=2tot=4,s00ut=1fromt =25 tot=6. Hence there is at least
one dynamically sensitizable path in this circuit of length 6; by reducing the delay on
the wire from the inverter to u from 2 to 0, we have increased the critical delay on
this circuit from 0 to 6. A full timing diagram of the situation appears in figure 2.4.
In this diagram, the solid lines represent the behaviour of the “slow” original circuit;
the dotted lines the behaviour in the sped-up, or “fast” circuit. =

This phenomenon - that one can demonstrate circuits where the longest

true path of a circuit increases length as components are sped up - appears to hold in
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Figure 2.4: Timing Diagram of Monotone Speedup Failure

every level-sensitive logic where each wire holds its value until the value is changed.
In fact, given that the exact delay times at the nodes in a circuit are only determined
up to some given tolerance, the sensitizability of a path within a given circuit may
vary between two “identical” but separate realizations. Hence the longest sensitizable

path appears to be an inherently nondeterminate property of logic circuits.

2.3 Viable Paths

Since the longest sensitizable path does not satisfy monotone speedup, we
cannot use this criterion to derive a correct upper bound on our family of circuits.
We attempt to find a condition on circuits weaker than dynamic sensitization but one
that is as strong as possible, certainly tighter than that given by a simple longest-path

procedure. The condition C that we seek must possess two properties:

¢ Every scnsitizable path must satisfy C

o C must satisfy the monotone speedup property; if network N’ is obtained from
N by reducing some or all delays, then the longest path satisfying C in N’ must
be no longer than the longest path satisfying C in N
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One property that satisfies these constraints is simple longest path. However,
this is too weak a condition, and we can do better. A strong property that satisfies
these constraints is viability. Before we formally introduce the concept of viability,
we wish to introduce its motivation.

Fundamentally, a node f; is dynamically sensitized to an input f;—; at 7;—;
but not statically sensitized to f;—; only if the value of the function -a%ﬁ_’r changes
value at 7;_; or later. This can only occur if there are events on some set of inputs
to 3%% at or after 7;_;; these are called late side inputs. Under these conditions,
we may assume that each of these inputs are at any value at 7;_;, and hence (to
be conservative), we assume that they are set to any value which will propagate the"
event. Mathematically, we do this by “smoothing” the function 3%1{_7 over the late
inputs (see 1.2).

Definition 2.3.1 Consider a path P = {fo,..., fm}.- @ is said to be a side path of
P at f; if Q terminates in g, a side input to P at f;. '

Definition 2.3.2 A path P = {fo,..., fm} i3 said to be viable under an input cube
¢ if, at each node f; there ezists a (possibly empty) set of side inputs U = {g1, ..., gn}
to P at f;, such that, for each j,

1. g; is the terminus of a path Q;,
2. d(Q;) 2 Ti-1 and Q; is viable under ¢

3. (Sugdti)(e) =1

Intuitively, at each node we find the conditions which simultaneously permit
a set of side inputs U (a subset of the late side inputs) to undergo eveﬁts later than
Ti-1, and the remaining side—inputs to statically sensitize the node. It is important
to note that this can only occur if there is some assignment to the variables in U
which statically sensitizes the node; the effect of the smoothing operator is to permit
this assignment to be made, independent of conditions elsewhere in the network.
Effectively, the variables in U are made independent variables by the smoothing

operator. Note that the case U = 0 corresponds to static sensitization.



36

The intuition behind smoothing off late side inputs may be grasped by con-
sidering the case where f; is an AND gate, f; = fi—1@1...an. In this case, 3%-‘17 =
aj...a,. If the inputs a; and a; are smoothed off the boolean difference, however, the
resulting expression is

1
G1...Q{-1Ci41:::Q =10 541...Qn

We demonstrate that the criterion of viability under a cube has the two
properties we seek; namely, it is weaker than sensitizability, and it has the monotone
speedup property. We do so by induction on the maximum distance (in nodes, not
node weights) of a node n from the primary inputs, denoted é(n), and called the level
of n. Note for every node m in the transitive fanin of n, we have that §(n) > §(m),
and that the only nodes p for which §(p) = 0 are the primary inputs. Hence inductive
proofs on §(m) are really proofs on the structure of a graph; we will be showing that,
given that a property holds for each node in the transitive fanin of some node,‘then
it holds at that node.

We check our two conditions, first checking that every sensitizable path is

viable.

Theorem 2.3.1 Let P = {fo, ..., fm} be a path. If P is sensitizable with %(cl, C2,Tim1) =
1 V%, then P is viable under o,.

Proof: We prove by induction on §(f). If fm is a primary input then trivial. So
suppose true for all paths terminating in some f,, such that 6(fm) < L. Now, consider
a path terminating in fp, such that §(fm) = L. Let B%I:T(Q) = 0 for some f; i < m.
(if no such 7 exists, then the path is viable under ¢, by (1) of the definition, and done).
Now, since 3%%;(61, €2, Ti-1) = 1, and Waﬁ'{(cl’ ¢2,00) = 0, there were events on inputs
to 5%_&1 at some ¢ > 7;—;. The inputs to 3?{_‘—1 are the side inputs to P at f;. Let U =
{91, ..., gn} be the side inputs where the events occurred. Each event propagated under
¢2 to g; from some primary input hoj, whence Q; = {hoj, h1j, ..., g;} is a sensitizable
path and d(Q;) > 7i—y. Further, §(9;) < 8(fm) = L, and hence by the inductive

assumption @Q; is viable under c,. Finally, the side inputs where no events occurred
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after 7;_, is the set S(f;, P)—U. These are precisely the inputs to Sy 3%1‘_'7, whence we
must have Sua-?ﬁ—;(cg) = Suy?ﬁ-;(cl,cz,oo) = Sua-%l_'?(cl,cg,r.-_l). Since f(c) =1 =
S:f(c) = 1, and since ﬁ%(q,cz,rg_l) = 1, we have that Suﬂa.,l_i?(cl,cz,r;-l) =1,
whence Sy wa:_%(cz) =1and done. m

The converse to this theorem is false; not every viable path is sensitizable.
Clearly the converse cannot hold since viability is robust and dynamic sensitization

is not robust.

2.4 Symmetric Networks and Monotonicity

Viability does not possess the monotone speedup property on general net-
works; however, it does possess this property on networks composed of symmetric
gates. The objective of this section is to prove this. The proof must be approached
inciirectly, for the set of viable paths changes as one changes the internal delays of
the network. Hence the proof of the monotonicity theorem for symmetric networks is
given by a construction: if N’ is obtained from N by reducing some delays, and if P’
is a viable path in N’, then we construct a viable path P in N with dny(P) > dn:(P’).
Thus N always contains a viable path at least as long as the longest viable path in
N’. Having done this, in the sequel we shall show how to apply this result to networks

containing asymmetric gates.

Definition 2.4.1 A function f is said to be symmetric in some set of variables U

if, for every permutation of U, there ezists a phase assignment to the variables in U

such that f is invariant.

Example: f is symmetric in the variables z,y if one of the following holds:

Flooes Yy oo
Flos Ty ¥y oo
fleesz,y,y .
Floos 209, o

= f(ry,2,...)
= f( 7, z .:)
= fl ¥ T .0)
= fleeoy T T, -.0)

A A . A g
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Example: f(z,y) = z + 7 is symmetric in z and Y, since f(7,Z) =7+ F = f(z,y)
N

Lemma 2.4.1 If f is symmetric in a set of variables U then for every V C U where
V|22 aendz,y e V:

Sv-E =Sv_m ¥

Proof: Without loss of generality, assume that each variable is assigned the positive
phase in the phase assignment of the symmetry definition. If |[U| = 2, and since

f("-’zayv ) = f(a Y, xv")a we have fz(y) = fv(z), f?(y) = fﬂ(z)’ Tz(y) = Ty(z)7
F=(y) = F{z), whence we have %(:c) = 8L(y) and so:

Sz% = Sygé ’

which gives us the result. Now Let |U| = L. Consider any V C U. We have:

SU-{!!}%& = SU-{z,y}Sz%
= Su-{z4)Sy3L (from the base case)

= Su-(a8%

Symmetry is important because we can show monotone speedup for networks
composed of symmetric nodes. Further, as is evident from the definition above, most
networks are largely symmetric, and thus this theorem has some practical importance.

For proving monotone speedup, we need a technical lemma concerning the
existence of viable paths when presented with a set of viable partial paths which
conjoin. This is presented in the “viable fork” lemma. Reference to the diagram in

figure 2.5 is helpful when analyzing this situation.

Lemma 2.4.2 (Viable Fork) LetV = {g0,...,9n} be a subset of the inputs to some
node ho. Let each g; be the terminus of a pdth P;, a viable path under c. Let ¢ C
SV‘{F"}%E? for each i. Let Q = {ho, ..., h,} be any path, such that c Cc 8—2,;)’-1‘_—‘- Sor every
j. Then for some i, {P;,Q} is a viable path under c.
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Po
Py
Pn—l
— — — —{gn-1
Py
— — —— g gn

Figure 2.5: “Viable Fork” Lemma

Proof: Since ¢ C Qg-j,i‘i for every %, all that must be shown is the viability under ¢
of one of {P;, ho}. This is trivial if h is statically sensitized for any of the g; by c,
so assume not. For some i, d(P;) is minimal among the P;, and since by assumption
¢ C Sv-g %%, and since for each g;, P; is viable under ¢ with d(P;) > d(P:) we have
that {P;, ho} is viable under ¢ by the definition of viability. =

In the monotone speedup theorem, we will be conjoining various partial
paths which are known to be viable under some cube ¢ onto the common “tail”, in
this lemma given by {ki, ..., kp}, and we will want to show that one of the resulting
paths is viable under ¢, whence at least one path is viable under c.

Note that by lemma 2.4.1, for symmetric ko, any V, ¢ C Sv_g, % for some
g€e€ViffeC Sv_g,.%%?- for each g; € V.

We now turn to the main theorem of this section, which demonstrates that
viability has the monotone speedup property in symmetric networks. We proceed
in this proof as follows: given a path P’ viable under ¢ in a “fast” network N’, we

demonstrate the existence of a slower path P in the “slow” network N viable under
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In the proof, the diagram in figure 2.6 is helpful.

Theorem 2.4.1 Let N’ be any network obtained from a symmetric network N by
reducing some internal delays. For every viable path P’ = {fo, ..., fm} in N, 3 P =
{koy..., fm} @ viable path in N with d(P) > d(P').

—_ — Py — — —
—— P )
—_—— P - —
—— P ___91
ao e —— ak .
N
fiaa fi fm
fo = —"fi-z/
— — / — — c—
_ P::I o _.‘gn-l
—— P - - —
— — P, S [

Figure 2.6: Viable Paths in NV and N’

Proof: Let {fo,..., fm} be a viable path in N’. We proceed by induction on §(f).
The base case is trivial, so assume for §(fn) < L. Consider the case §(fm) = L. If
{fo, -, fm} is statically sensitizable under ¢, then done, since this path is viable in
every network in the family, and so in N. If not, let f; be the last node that is not
statically sensitized to f;—; by c. Since 3%1‘_'7 is not satisfied by ¢, then since { fo, ..., fm}
is viable in N’ by the definition of viability there exists a set U = {go,---,gn}

2By “fast” and “slow” here we mean that N’ has been obtained by reducing some delays in N
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of the side inputs such that for each g; there is a P} viable under ¢ in N’ with
dn(P}) > dni({foy .., fi1}) and with ¢ C Sug%l_"?. Now, since 6(g;) < L, by the
induction hypothesis for each j 3 a Pj, viable under ¢ in N and terminating in g;,
with dy(P;) 2 dni(P}). Further, since {fo,..., fi1} is viable under ¢ in N, and
6(fi-1) < L, by induction there is a path {ay, ..., ax, fi-1}, viable under cin N , with
dn({ao, ..., ax, fi-1}) = dnr({fos -, fi-1}). Since N is symmetric, and ¢ C Sub%ﬁ_'T the
set of inputs U U {fi_,} satisfies the assumptions for the set V' of lemma 2.4.2, with
{hos--s B} = {fiy..., frm}. Therefore one of the {P;, f;, ..., fm}is viable under c in N,

or {ao, ..., @k, fic1, fiy .- fm} is viable under c in N.

dn({@o, -y Gy fiz1y fiyeees fra}) dn({ao, ...y ar, fic1}) + AN({fis oy Fm})
dni({foy ey fic1}) + A ({ Fis oes Fm})

dN'({an eeey fi-l) ft', eeey f"l})

v Iv

and:

dN({Pjs fia ooy fm}) 2 dN'(PJl) + dN({fh ooy fm})
dN'({fos ’ fi-l}) + dN'({fiv ooy fm]')
2> dN'({an seoy fi—l’ fiy ooy fm})

v

So all paths have greater delays in N than the path {fo,..., fm} in N’, and
since one must be viable under ¢ in N, we are done. =

One might wonder at the utility of this theorem, since it is easy to exhibit
asymmetric gates: the gate zy + 2 is clearly symmetric only in z and y. However, we
can transform any network of asymmetric gates into a symmetric network, at some

increase in the number of viable paths. We develop this in the next section.

2.5 Viability Under Network Transformations

It is well-known that any boolean function may be written in sum-of-products
form. Now, we may consider any gate in an arbitrary network to be implemented in

this way: for each term, there is a single and gate realizing the term, and the and
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gates are the inputs to a single or gate which realizes the function. Now, if we assign
the internal and gates to have weight 0, and the or gate realizing node f to have
weight w(f), we will not have changed the timing characteristics of the network in
any way. Our purpose in this section is to show that the set of yiable paths of the
network is not decreased by this transformation. In practice, the and/or transform
is one of a large class of such transforms, which we call mdcroe:cpansion transforms

(since each gate is macroexpanded). Formally, we can write the definition this way:

Definition 2.5.1 Let N be a network of arbitrary gates. A transform T is called a
macroexpansion of N if T(N) has the properties:

1. Each gate in T(N) belongs to precisely one subnetwork T (f).

2. Foreach f; € N, T(f;) is an acyclic digraph consisting of zero or more internal
nodes, each of which has weight 0 and whose fanouts are nodes of T(f;), and
one output node, designated O(f;), whose weight is w(f;) and whose fanouts are
the fanouts of f;.

3. For each f; € N, T(f;) realizes the logic function f;.

Informally, each gate in the network is replaced by a subnetwork implement-
ing it.

The example of the and/or transform is instructive. If 7 is the and/or
transform, and if f = ¢; 4+ ¢; + ... + ¢n, €ach ¢; a cube, then O(f) is an or gate whose
inputs consist of n and gates, T(c1), ..., T(cn). w(T(ci)) =0 Vi, w(O(f)) = w(f).

Our purpose is to show for any generic macroexpansion transform 7, and
for every viable path P in N, there is_at least one corresponding viable path T(P)
in T(N), with dn(P) = dr(n)(T(P)). This shows immediately that the critical path
delay returned by the via.l;:le path algorithm on a macroexpanded network is an upper
bound on the true critical path delay. Moreover, since we can certainly macroexpand
any network into a symmetric network, we can apply the monotonicity theorems to
the symmetric network and be assured that the critical delay obtained is not only

upper-bounded in the network N, but also in any faster network N’.
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This theorem is a little difficult, and rests heavily on the relationship between
the boolean difference, static sensitization, and testing, and on the properties of
the smoothing operator. First, note that since the operations of cofactoring and
complementation are independent of the implementation of a function, then so to is

the boolean difference. Hence we have that

%'(i_)')'aof.{.':‘ = 7=
The next piece of this puzzle comes from a technical lemma. We wish to
show that for every gate in the macroexpanded network, if ¢ satisfies Sy Wan%’ then
there is a path viable under ¢ from fp—; to O(fn). Now, recall that for any f, and
any cube ¢* D U, we have:
(Suf)er = feo-v-
Using this identity, we can consider the macroexpanded subnetwork for f,,. Since the
inputs for f,, not in U may be taken as specified by some cube c*, we wish to consider
the network 7(fm)c. Since the function 88—.}'1:_—"?- has a satisfying assignment, a test
exists for both stuck-at-0 and stuck-at-1 on the input lead O(f,,~;) for this network.

Now we must show:

Lemma 2.5.1 A shortest path through any node f in a non-trivial network is viable

under the cube 1, and hence under any cube c.

Proof: Induction on §(f). If f is a primary input, trivial. ‘Assume for all f s.t.
6(f) < L. If §(f) = L, let {{P,h}, f} be a shortest path through f. By induction,
the path {P,h} is viable under 1 and there is a path viable under 1 through each
input of f. Since each such path must be at least as long as {P, k}, each side input
of f is late under every cube, and so under 1. Now, it is trivial that for any non-zero
function g, S fanins(g)9 = 1, and hence when U is equal to the entire set of side inputs
of f we have that Sug-£ =1, thus {P,h, f} is viableunder 1. =

Theorem 2.5.1 Let N be any network, T(N) be the network obtained by any trans-
formation T satisfying definition 2.5.1. Then for every viable path P in N termi-
nating in fm, there is at least one viable path T(P) in T(N) terminating in O(f,),
with d(P) = d(T(P)). :
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Proof: Consider some viable path P = {fj, ..., fm} in N, its viability cube c and its
transformation, {7 (fo),..., 7(fm)}. Induction on §(fm). For 8(fm) = 0, the result is
trivial, since fo is then a primary input. Assume for a path with §(fm) < L. Suppose
a path with 6(fn) = L. Then by assumption there is a path  in 7(N), viable under
¢, of length d({fo, ..., fm-1}) terminating in O(fp-1). All that must be shown is the
existence of an extension v of x of length w(fn), viable under ¢, from O(fn-1) to
O(fm)- Since {fo,..., fm} is viable under c, there is a set of late inputs U under c such
that 803%% is satisfied by c¢. By induction, each of the viable paths to these side
inputs in the original network produces a viable path within the transformed network,
so the same set U of inputs may be chosen to be late in 7(N). The remaining inputs
to 7(fm) have delays smaller than 7;_, in the initial network, and so we must take
their values as their static values under c. These values form a cube, ¢*. This cube
may be taken to propagate through the network 7°(f,») producing T(fm)es, and hence
there is a viable extension of & from O(fm-1) to O(fm) in T(fm) iff there is a viable
path from O(fm-1) to O(fm) in the cofactored network (7 (fm))es. Each path through
the (7(fm))e has its length given by the arrival time of the input at its head. Since
the only inputs to the cofactored network are O(fm-1) and the late side inputs, if
. any path from O(fm-1) to O(fm) exists it is a shortest path. Hence by lemma 2.5.1
if such a path exists it is viable. We know that such a path exists since Su—a%f.&_; is
satisfied by ¢, and so0 fm.. is a non-trivial function of fm-;. Let v be this path. By
construction, v is of length w(fm). By construction, the delay to O(f,,) through «
and the prefix of v is 7yn—1, and {x,v} is viable under cin 7(N). =

The converse to this theorem is false. Consider the circuit in figure 2.7. This
is the and/or transform circuit of f = ab+ eb. Now, suppose the variable b is late,
and the value of e is set to 1. The function of the original gate is now ab + b, which
'simpliﬁ&s to b: the reader can easily verify that Sbgé = €, and so this gate is not
sensitized to a when e = 1. However, in the transformed network, the path {a,z, f}
is viable when e = 1, since the variable y at the or-gate is late.

The fact that the converse is false has an important consequence: we cannot
conclude that monotone speedup holds for arbitrary networks. However, we are guar-

anteed correctness of our algorithms if we transform the network N into a symmetric
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a
D—x
b f
e }
y

Figure 2.7: And/Or Transform of f = ab+ eb

one, since theorem 2.5.1 guarantees that for each viable path in the original network
we will find a viable path of equal length in the transformed network.

In the next chapter, we shall turn to algorithms. The general method is
quite clear; transform the network into the and/or network, and then find the longest
viable path in this network. We first introduce a mathematical tool that permits us
to view viable paths as the satisfying set of a logic function; this in turn permits the

development of a dynamic programming procedure to-compute viable paths.

2.6 The Viability Function

At some very fundamental level, any set condition may be expressed as a
multiple input logic function. We are interested in making explicit the logic function
that underlies viability, because the computation of the viable paths may be made
more efficient through explicit computation of this function, because various prop-
erties may be proved through use of this function, and because we shall develop a
powerful theorem which permits us to quickly establish the correctness of approxi-
mation procedures.

The viability function ¥ p on a path P is easy to define: p(c) = 1 iff P is
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viable under ¢. This hardly gives more insight than the viable path definition. We
prefer to define ¥p in terms of some function 1/){,‘ at each node f;. We develop this
function intuitively, then justify its definition in a theorem at the end of this section.
Intuitively, we expect that the function 3 p will be the product of the viability
conditions at each node f; along the path P, which in turn are captured in the function
ki
P

ve = [ vk

=0
Since time plays an important part in the definition of viable path, it is convenient

to capture it in the definition of the viability function. For any node g, let P, be
the set of paths terminating in g of length at least ¢. Define
¢9.t = Z 'l’Q
QG'P,,:
Letting U be any subset of S(f;, P) we can express the viability condition on the

subset as:
(Su 8};_;) H PO

since this condition must be satisfied for one subset, we may write:

vh = (Svazss) I 4o

UCS(!.,P)
In summary, we define:

Definition 2.6.1 The set of paths which terminate tn g of length > t are denoted
pg'to

Definition 2.6.2 The viability function (also viable set) of @ path P = { fo, ..., fm}
ts defined as:

ve = IT vf (22)
=0
where
vE= Y (Sugdh) I vom (2.3)
Ucs(f:,P) geu
and

Pt =3 g (2.4)

QE€Py,e
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We have immediately:
Theorem 2.6.1 P = {fo,..., fm} is viable under some minterm c iff c satisfies ¥p.

Proof:

==> P = {fo,..., fm} is viable under c. Induction on §(f;). The base case is trivial,

so assume for all paths with 6§(f) < L. Let §(fm) = L. We must show that for each
fi, c€ ¥fi. Now,ifce ﬁf‘_’;, done. Otherwise, since the path is viable under ¢, we

must have that there is a subset U = {g, ..., gx} of S(fi, P), where each g; terminates

a path @; which is viable under ¢ and d(Q;) = 7;-;. Since §(g;) < L, by induction-
then ¢ € ¥q; whence c € ¥9%7-1 for every j. Further, ¢ € Sy ﬁﬁ;, and done.

4= ¢ € ¥p. Induction on §(f). The base case is trivial, so assume for all paths

with 6(fm) < L. Let §(fm) = L. We must show that the definition of viability holds

at each node f; on the path. Now, if ¢ € WaeliT’ done. Otherwise, we must show

that there exists a set of side inputs U meeting the conditions of the definition of
viable path with SUB%&.'T 2 c. Sincec € 1[:{:‘ , then we must have that there is a subset

U = {g,..., g} of the side inputs, and for each g;, ¢ € ¥%7-1, Now, by the definition

of %71, we must have

c€E E ¢ij

Qit€Pyriy _
Since ¢ is a minterm, for each j it must be in g, for some k, and since é(g;) < L,
by induction Qj is viable under c, and' c€E Sua%f:—‘, and so done. ]
Observe that % is a series, with one term for each subset U of the side

inputs. The flaw in using static sensitization is that only one term of this series is
taken (the term for U = 0).



Chapter 3

False Path Detection Algorithms

Once a correct, robust sensitization criterion has been found, there remains
the task of incorporating this criterion in an algorithm which finds the longest path
satisfying this criterion; such a path is often called a longest true path. The develop- .
ment of such an algorithm is the subject of this chapter and the argument that is to
be made is twofold. First, the methods that have appeared in the literature thus far
which claim to solve this problem may be viewed as different parameterizations of a
single algorithm, and, second, that this algorithm can be modified to compute the
viability procedure corresponding to the viability criterion devised in the last chapter.

All of the algorithms that have appeared in the literature to date are of one
broad, generic, parameterized class. A collection of partial paths, each of which is
known to be true, is maintained. At each step of the algorithm, one such partial
path, say P = {fo,..., fm} is removed from the structure. If f,, is an output of the
circuit, then this is a full true path, the fact is recorded and (if this is a so-called
best-first procedure) the procedure terminates. If this is not an output, then some
unexamined fanout of f.,, say g, is selected to extend the path. A boolean function
v(P, g) is computed. If 4(P, g) is satisfied, then P, g is a true path and is inserted into
the structure of true paths. This procedure continues until a termination criterion is
met.

The unity of the algorithms which address this questipn is not generally

recognized; in particular, the identification of the sensitization criterion with a logic

48
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function is not usually made. Procedures based on the D-Algorithm (e.g., [10] [6])
compute this function implicitly. Nevertheless, it is important to recognize that such
a function exists for each algorithm, and indeed, in the case of the papers cited, has
a simple explicit form, which we shall divulge in the sequel.

The parameters to this generic procedure are:

1. The search method, which is expressed in terms of the maintained data structure

of true paths and in the termination conditions;

2. The definition of what constitutes a true path, the so-called sensitization con-

ditions, which expresses itself in the choice of the boolean function 4; and
3. The method used to determine whether the sensitization function is satisfiable.

The choice of these parameters are largely independent. The choice of search method
affects the computational complexity of the procedure, while the choice of sensitiza-
tion condition and satisfiability test affect the tightness and also the correctness of the
procedure: a false-path procedure is tight if it provides a least upper bound on the
delay of the longest true path; a false-path procedure is incorrect if it underestimates

the delay before a circuit output settles to its final value.

3.1 Generic False Path Detection Algorithm

We begin our discussion of the single, generic, procedure by mentioning that
most authors in the field would argue that there are at least two different methods,
depth-first and best-first search[6]. To a large extent whether one considers these dif-
ferent parameterizations of a generic procedure or two different procedures is a matter
of taste; one can, after all, view any algorithm as an appropriate parameterization of
a Universal Turing Machine. We hope to show that the two search procedures can be
viewed as the same basic routine, differing only in termination condition and in the
data structure used to store the partial paths. |

The best-first procedure maintains the partial true paths in a priority queue
ordered by the potential full length, or length of the longest extension, of the partial
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path; this quantity is named the esperance of the partial path[6]. The best-first
procedure terminates when an output is reached, since by construction no longer
true path can exist. The depth-first procedure maintains the partial paths on a LIFO
stack. When a full path is reached, the path is examined to see if it is of gréate; length
than the longest full true path found so far; if it is, then this is recorded. When the
stack is empty, the procedure terminates, and the best path found is returned.

The best-first procedure is slightly more complex than the depth-first pro-
cedure, and must be carefully implemented. If it is, then at most KD paths are
examined by the procedure, where K is the number of long false paths and D the di-
ameter of the graph. The depth-first procedure will in general examine an exponential

number of paths.

3.1.1 Depth-First Search

Depth-first search is a classic graph search algorithm. The central idea is
that the fanouts of every node in the graph are ordered, and the subgraph headed by
each fanout of a node is explored in its entirety before the succeeding fanout in the
order is examined. _

The basic, recursive depth-first procedure is depicted in figure 3.1. The basic
routine in this code is the function find_path_dfs. This function takes one argument,
the current true partial path, and returns the longest true full path céhtaining this
partial path as a prefix. .

The code is fairly self-explanatory. If the partial true path is a full path,
then simply return. Otherwise, if there is a longest true full path containing this
partial path as a prefix, then this path must be obtainable through some output of
the last node of the path, named node in this code. Hence, for each such output,
attempt to extend the current partial path; if such an extension succeeds, then the
answer is to be found by calling the procedure recursively on the obtained successor
partial path; finding the longest path over all fanouts yields the solution.

Of course, any recursive procedure can be phrased as an iterative procedure

by keeping a last-in, first-out (LIFO) stack; the stack maintains the information that
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find longest_true_path() {
maxlength <- 0;
long.path <- 0
foreach primary input p {
path <- find_path dfs(p);
length <- length(path);
if(length > maxlength) {
maxlength <- length;
long_path <- path;
} )
}
}
find_path dfs(path) {
node is the last node on path;
if(output(node)) return path;
else {
maxJlen <- 0;
long.path <- 0;
foreach fanout p of node {
if(y{p, path} #0) {
longl <- find_path dfs({p, path});
lengthl <- length(longl);
if(lengthl > max_len) {
max_len <- lengthi;
long._path <- longi;

Figure 3.1: Recursive Depth-First False Path Detection Algorithm
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otherwise is implicitly maintained by the sequence of outstanding function calls (in
fact, this is precisely the way a machine keeps track of the various function arguments
to a procedure). A push onto this stack is equivalent to a recursive call; a pop to
a return. For the basic depth-first search procedure, this rephrasing is well worth
doing. First, exposing the underlying stack structure inherent in a recursion yields
insight into the unity of this approach with the best-first approach; and, second, this
permits the search to be easily pruned. We give the code for the iterative version of
the depth-first procedure in figure 3.2.

The items which need to be stacked are the explicit argument to find_path. dfs,
namely the current partial path, and some local variables of that routine. In this case,
the only such variable is the fanout next to be explored (the variable p). We represent
this as a counter (path.next_fanout) associated with the partial path.

An improvement is possible to this routine. In general, this procedure will
explore an exponential (in the number of nodes of the graph) number of paths, and
so take a very long time to perform the computation. In practice, the search space
can be pruned. We are only interested in the longest true path, or in a set of such
true paths. If the longest possible extension of a given partial path is shorter than
the longest path already found, then there is no point in exploring any extension
at all of this path, and one might as well terminate the search immediately. This
is easily accomplished. The longest possible extension of a given partial path path
which terminates in node is given by the conjunction of path with the longest path
originating in node. The length of this path is deduced easily in linear time for all the
nodes in the network, and may be stored at each node. The code for this calculation
is given in figure 3.3.

Once the calculation of the longest path from every node is done, pruning

the search space is easy. In figure 3.2, the line

if(y({path, g)Z0)

is replaced by the line

if(((length(path) + best_path from(g)) > max_length) and (y({path,
gN#0))
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find_longest_true_path() {
Initialize stack to primary inputs of the circuit
max.length <= 0;
long path <- 0;
while(path <- top(stack) # @) {
k is the last node on path;
if(k is an output) {
if(length(path) > maxlength) {
max.length <- length(path);
long path <- path;

}

if(path.next_fanout > k.numfanouts) {
pop path from stack;
} else {
g <- k.fanouts[path.next_fanout];
path.next_fanout = path.next_fanout + 1;
if(y({path, gh#0) {
new_path <- {path, g} is true;
push new_path on stack;
new._path.next_fanout <- 0;

}
}

return long.path;

Figure 3.2: Depth-First False Path Detection Algorithm

[\ 4
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longest_path_fromnodes() {
nodes <- array sorted in topological order;
for i <- |nodes| downto 0 {
length <- 0;
foreach fanout p of nodes[i] {
if(length < best_path_from(p))
length <- best_path_from(p);
}
best_path_from(nodes[i]) <- length + weight(nodes[i]);

}

Figure 3.3: Procedure Calculating the Longest Path from Every Node

to obtain the variant of the algorithm with pruning.

Pruning is an effective heuristic technique. Despite this, however, the com-
plexity of depth-first search is still exponential in the number of nodes; there is no
guarantee that the pruning technique will eliminate a substantial fraction of the paths.
It would be better if only the longest true path and the longer false paths are exam-
ined. Since these paths must be examined by any algorithm which purports to solve
this problem, this‘procedﬁre is quite efficient.

3.1.2 Best-First Search

The ineficiency in the depth-first procedure arises from the fact that the
path removed from the stack at each iteration is the last path shoved on the stack;
this makes both the push and pop operations O(1), but gives a deleterious effect on
the performance of the algorithm as a whole. It would be better if the partial path of
maximum potential length were removed from the stack at every iteration. Indeed,

if this were done one might expect a polynomial bound on the complexity of the
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algorithm if there were not an exponential number of long false paths.

This assurance can be given by revising the data structure underlying the
iterative construction. If a priority queue is used instead of a LIFO stack, then this
guarantee can in fact be given.

A priority queue is a data structure with two major properties.

1. At each iteration, the maximum element of the queue (with respect to some

standard order) is at the head of the queue

2. A sequence of n enqueue and degqueue operations takes O(nlogn) time.

Priority queues are typically implemented on top of heaps. A heap is defined as
a full binary tree with the property that every element is greater than each of its
descendants. A full discussion of priority queues and heaps can be found in any good
sophomore or junior algorithms text; we took our implementation from [71].

The priority queue is ordered by the esperance of a minimal eztension of a
partial path.

Definition 3.1.1 An extension of a partial path P = {fo, ..., fa} 8 a partial path Q
such that P is a prefit of Q. A minimal extension of P is an eztension {P, f} where
f is a single node. A full extension of a path P is any eztension of P terminating

in a primary output.

Definition 3.1.2 The esperance of a partial path P denoted E(P), is deﬁned as
the length of the longest full extension Q of P.

Definition 3.1.3 The set of unexplored extensions of a path P with respect to a
priority queue, denoted UE(P), is the set of minimal eztensions Q of P such that no

extensions of Q appear on the queue.

Note that the esperance of a partial path P is greater than or equal to the
esperance of any extension of P.

The operation of the best-first procedure is that, at each iteration, the path
with the longest full extension is popped off the queue and extended through the min-

imal extension with the greatest esperance. Since there is little point in extending a
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partial path through the same minimal extension twice, the list of minimal extensions
through which a given partial path has not been extended is crucial; this is the set
of unexplored minimal extensions. Similarly, the metric of interest for determining
which path should be extended on the next iteration is not its longest full extension,
but rather its longest full extension through an unexplored minimal extension (other
full extensions have already been “covered” by preceding extensions). Hence the pri-
ority queue is ordered by the esperance of a path through an unexplored minimal

extension.

Theorem 3.1.1 For every partial path P, we have:

{ d(P) P terminates in an output

d(P) + hogll-%)f}’) D(ho) otherwise

Proof: If P terminates in an output, then trivial. Otherwise, let @ be the longest
full extension of P. Since every full extension of P is obtained through some minimal
extension {P,ho} of P, and since D(ho) is the length of the longest path from hg to

a primary output, we must have:
E(P) = d(P) + D(ho)

for some fanout hq of P. n

Note that this theorem implicitly requires that the fanouts of a node be
explored in order of decreasing maximum distance from a primary output. Hence
we assume that the fanouts of each node have been sorted in decreasing order by
maximum distance from a primary output.

We show the code for the best-first procedure in figure 3.4.

We now prove that the algorithm of figure 3.4 is correct, i.e., returns the
longest path true by the sensitization criterion 4. The technique used in the proof
of this theorem is the classic loop invariance technique[32]. In some sense, this is
the program correctness version of induction. In this proof technique, a statement is
shown to hold on the N + 1st iteration of the loop if it holds on the Nth, and is also
shown to hold upon entry into the loop.
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find longest_true_path() {
Initialize queue to primary inputs of the circuit
while((path <- pop(queue)) # nil) {
k is last node on path;
if(k is an output) return path;
if(path.next_fanout < k.numfanouts) {
g <- k.fanouts[path.next_fanout];
if(y({path, gh#0) {
new_path <- {path, g} is true;
insert new_path on queue;
new_path.next _fanout <- 0;
}
path.next_fanout = path.next_fanout + 1;
if(path.next _fanout < k.num_fanouts) {
E(path,path.next_fanout) <- d(path) +
best_path_from(k.fanouts[path.next_fanout]);
insert path on queue;

Figure 3.4: Best-First False Path Detection Algorithm

Theorem 3.1.2 Through each loop of the algorithm every true path Q has a prefiz
P on the queue such that E(P) 2> d(Q).

Proof: Loop invariance. As the main loop of the algorithm is entered, this is clearly
true, for the set of esperances of the partial paths consisting of only the inputs is
equal to the lengths of the longest paths from each input, and one of these is clearly
at least as long as the longest true path. Suppose true through N iterations. On
the N + 1st iteration, if the condition is violated then let Q@1 be the true path. Since
the condition held through N iterations, then @, = { Py, ko, ..., o} for some P,, and
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P, was on the queue through the Nth iteration with E(P;) > d(Q). Further, on
the N + 1st iteration either P; is no longer on the queue, or E(P;) < d(Q). The
latter case can only occur if every extension of P, with esperance > d(Q) has been
rejected as false; but the extension {Pj, ho} is true and has esperance > d(Q), and
so this cannot occur. Similarly, if P; has been removed from the queue, then every
extension of P; through one of its fanouts has been processed, and those found to be
true inserted on the queue; this set includes { Py, ho}, and this has esperance > d(Q);
hence we conclude the statement holds through N + 1 iterations =

Corollary 3.1.3 find longest_true_path() finds a longest true path.

Proof: Let @ be a longest true path, @; the longest true path reported by the best-
first procedure. All we must show is that d(Q) = d(Q,). By the theorem, @ has a
prefix P on the queue through each loop with E(P) > d(Q). But since @, was at
the top of the queue on the last iteration, we must have that E(Q,) > E(P) > d(Q),
and, since E(Q;) = d(@1), we have that d(Q,) > d(Q), hence Q; is a longest true
path. ] '

For the efficiency of this algorithm, we note the following. Let Q be the
longest true path reported by algorithm 3.4. If there are K full false paths longer
than @, and if the diameter of the graph is D, then at most X' D partial paths have
esperance greater than Q. (This upper bound is obtained through the observation
that each full path has at most D prefixes, and the only paths with esperances greater
than @ are the false paths and their prefixes). At each loop of the algorithm, one
of these partial path or some prefix of Q was examined and extended or rejected as
false. There are at most D(K +1) such paths, and hence at most D(X + 1) iterations
of the algorithm. For the general algorithm, the cost of each iteration is dominated
by the determination of whether or not a new partial path is true, which we denote
by S?; this cost is therefore

O(KX DS)

The remainder of the cost of the algorithm is dominated by the insertions and dele-

tions from the priority queue. The cost of a single insertion or deletion on a priority

-1As we see in appendix A, this problem is V- ‘P-complete for most definitions of v
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queue containing n elements is well-known to be O(logn). There are at most O(D)

elements on the queue at any time, and hence for O(K D) insertions and deletions we

have a cost of:

O(K Dlog D)

and hence the cost of the algorithm is:
O(KDlogD + KDS)

The depth-first and best-first procedures have been compared [6] [83]. The
former experiments concluded that the depth-first procedure with pruning outper-
formed the best-first procedure by a wide margin; this result is surprising and anoma-
lous, given that a complexity analysis would indicate that the overhead of the best-first
procedure is at most logarithmic, while the overhead of the depth-first procedure is
in general exponential.

The latter set of experiments [83] concluded that the best-first procedure
outperformed the depth-first procedure in the related problem of finding the n longest
paths in a directed acyclic graph. This result one would expect; however, their
experiments also concluded that the margin was very slight, much less than one
would expect.

The variance in the best- vs depth-first procedures reported in [6] offers one
possible explanation. A minor error in the implementation of the best-first procedure
can lead to a large number of paths being searched. If, when a path P is found true,
every one-node extension of P (as opposed to merely the best) is placed on the queue,
then if every node has an average fanout of k, tracing a single path to the output will
result in kD nodes being placed on the queue. Note in the best-first procedure given
above only one extension of P is explored when P is found true, and hence only D

paths are placed on the queue as P is explored.

3.1.3 Generic Procedure

Now, notice that the code in algorithms 3.4 and 3.2 are very similar; the

principal distinction is in the data structure used to represent the set of active partial
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paths. A second difference is in the termination condition used and in the steps the
algorithm performs when it finds a full true path. The distinction between priority
queue and stack has been treated adequately above. The difference in termination
condition and action on finding a full true path is an artifact of the fact that the best-
first procedure is so constructed that first true path found is also a longest true path;
the depth-first procedure offers no such assurance, so the search must be continued,
after recording the fact that a new long path has been found.

Nevertheless, the two procedures are similar enough that one can consider
them a single generic procedure, parameterized by search method. The code is shown
in figure 3.5.

The generic procedure can easily be modified to permit pruning under depth-

first search.

3.2 Variants on the Problem

Two related problems to the basic timing verification problem are also ad-
dressed by timing analyzers: viz., finding every longest true path, and the problem of
finding the true path of minimum slack. It is the purpose of this section to demon-

strate that the generic procedure is capable of solving either of these problems.

3.2.1 Modifying the Generic Procedure to find Every Longest
True Path

In some applications (for example, resynthesis for timing) it is desirable not
only to find the longest true path, but also every true path within some ¢ of the
longest true path; the rationale is that if the longest true path fails to meet timing
specifications, and the circuit must be resynthesized for timing [74], then it is of little
use to modify only the criiical path if another series of paths remain true and equally
long. Another variant on this procedure is to report every true path of length greater
than some threshold, which represents the maximum allowable delay of the circuitry.

These two problems require the same modification to the basic algorithm;
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find longest_truepath() {
Initialize paths to primary inputs of the circuit
if(depth.first_search)
long path <- @; maxlen <- 0;
while(path <- pop(paths)) {
k is last node on path;
if(k is an output) {
if(depth.first_search) {
if (d(path) > maxlen) {
maxlen = d(path);
long path <- path;

}
else return path;
}o
if(path.next_fanout < k.num_fanouts) {
g <- k.fanouts[path.next_fanout];
path.next_fanout = path.next_fanout + 1;
if(path.next_fanout < k.num fanouts) {
E(path) <- d(path) +
best_path_from(k.fanouts[path.next_fanoutl]);
insert path on paths;

}

if(y({path, g}) #0) {
new_path <- {path, g} is true;
insert new_path on paths;
nevw_path.next_fanout <- 0;

}
}
if(depth.first_search) return long.path;
else return 0;

Figure 3.5: Generic False Path Detection Algorithm
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a threshold T is computed, and all paths of length > T are reported; in the case of
the first variant, T' = L — ¢, where L is the length of the longest path and ¢ is the
user-supplied tolerance. In the case of the second variant, T is user-supplied.

The modification to the generic procedure is conceptually fairly simple; the
routine merely maintains a list of paths of length > T, and returns this list once it is
clear that no further paths will be found of length > T; in the case of the best-first
procedure, this occurs when the top path on the queue has esperance < T'; in the case
of the depth-first procedure, this is simply when the stack is empty, though pruning
can be used effectively here, as well.

A little bookkeeping is required when the threshold is set dynamically to
L — e. Again, in the case of the best-first procedure, this is a fairly simple matter;
the threshold is initially set to 0, and when the longest path is found the threshold
is set to L'— ¢. In the case of a depth-first search, the threshold is recalculated every
time a new longest path is found. The code is shown in figure 3.6

One interesting note here is that the time of the best-first procedure to find
all paths of length greater than the threshold is determined simply by the number
of paths, false and true, of length greater than the threshold. This may or may not

be greater than the total number of long false paths in the circuit, if the threshold is
fixed.

3.2.2 Varying Input Times, Output Times, and Slacks

In practice, system requirements often dicté.te that inputs to a circuit arrive
at differing times, or that outputs are required at varying times, or both. Timing
analyzers often take this into account by computing the arrival and required times
for a signal separately (using the analogous formula for required time), and then
compute the slack for each node as the difference between the required and arrival
time; it is easy to show that there is at least one sequence of nodes with the minimum
slack, and this is defined as a critical path of the circuit.

We define the slack of a path P, slack(P) as follows. Let P = {k, for e fmy 0},

input arrival time of i, is #;, output required time of o; is tj. Then the slack of P is



63

find_longest_true_path() {
Initialize paths to primary inputs of the circuit
long.paths <- 0;
if(depth_first_search) maxlen <- 0;
if(search by epsilon) T <- 0;
while(path <- pop(paths)) {
k is last node on path;
if(k is an output)
output_reached(path, T', long paths, €, maxlen);
if(best_first_search and E(path) <T) return longpaths;
if(path.next._fanout < k.num fanouts) {
g <- k.fanouts[path.next_fanout];
path.next_fanout = path.next_fanout + 1;
if(path.next fanout < k.num fanouts) {
E(path) <- d(path) +
best_path_from(k.fanouts[path.next fanout]);
insert path on paths;

}

if(y({path, g}) #0) {
new_path <- {path, g} is true;
new_path.next_fanout <- 0;
insert new_path on paths;

}
}

return long-paths;

Figure 3.6: Procedure Returning All Longest Paths
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output_reached(path, T, longpaths, €, maxlen) {

if(d(path) > T) long.paths <- longpaths U {path};

if(depth first.search and d(path) > maxlen and searchby.epsilon) {
must update the threshold and determine which paths still
are longer than the threshold
T <- d(path) - ¢; new.long.paths <- {path}
foreach path pl on long.paths

if d(p1) > T newlong.paths <- {p1} U newlong.paths;
maxlen <- d(path); long.paths <- new_long.paths;

}
else if(T'=0) {

long.paths <- {path};
T <- d(path) - €;

Figure 3.7: Auxiliary Procedure to Procedure Returning All Longest Paths

defined: m
slack(P) = t; — [tx + 2 w(fi)]-

=0

Intuitively, the slack of P is the difference between the required time of o; and its
arrival time down the path. The critical path of a circuit is the true path of minimum
slack.

It is possible to perform an analogous calculation and eliminate false paths,
but this would require a significant restructuring of the algorithm given above. All
things being equal, it would be better to adapt the existing algorithm by appropriate
manipulation of the graph structure of the circuit.

Fortunately this adaptation is trivial. If inputs arrive at different times, we
might as well consider the time when the earliest input ¢, arrives to be 0 (to avoid

the inconvenience of negative weights). Let each input ¢; arriveat ¢ = ¢;; we can then
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consider i; as an internal node of the circuit, the output of a static delay buffer of
weight ¢; whose input is a new input ¢}, which arrives at ¢ = 0. The resulting circuit
has the property that every path originating in ¢; has a corresponding path in the
original circuit originating in i} of identical delay.

Similarly, if outputs have differing required times, let ¢,,,- be the maximum
required time of all the outputs. To each output o; with required time ¢; attach a
static delay buffer of weight ¢;a: — t;, input oj, output o};. Hence the required time
of o; in the resulting circuit is ¢;. The resulting circuit has the property that every
path in the original circuit terminating in o; with delay d has a corresponding path
in the resulting circuit terminating in o} of delay d + tmar — t;. Ideally, we wish to-
show that this transformation of the circuit graph preserves the set of critical paths

of the circuit; in particular, we wish to show the following:

Theorem 3.2.1 Let P = {ig, fo,..., fm,0;} be any path in the original circuit. Then
P’ = {i}, fo, ..., fm, 0} is the corresponding path in the resulting circuit, and slack(P) =
slack(P'). V

Proof:
slack(P) = tj—[tk'*'g‘:)w(fi)]
= t,,,,,-(t;,.,,,—t,-)—[tk+§w(f.-)]
= tex = [t (S 0(f) + (tmar = 5]
= slack(P')

Now, note that P’ is true iff P is true, and, hence, if P is a critical path then
P’ is a critical path. Further the primary inputs in the resulting network all have
arrival times of 0, and the primary outputs all have required times of ¢,... Hence

the critical path in the transformed circuit is the longest true path, as desired.
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3.3 Dynamic Programming Procedure for Viabil-
ity

The assumption underlying the generic procedure was that the function
was a function only of the path being extended. An examination of the viability
equations (2.2)-(2.4) and the surrounding discussion demonstrates that this assump-
tion is unfulfilled by the viability function. The viability function of a path is not
only a function of the path itself, but also of all adjoining paths at least as long; this
dependence expresses itself in the subfunction ¥#%-1. Correct computation of the
viability function requires that this function be computed for each side input to each
node on the candidate path as that node is encountered. Conceptually, this could be
done by recursively tracing the set of viable paths terminating in each side input as
a node is encountered on the candidate path.

Our first algorithm is designed to find a viable path of length at least L,
terminating in some target node f;, with a prefix on a given stack. Conceptually, it
is based on the iterative version of the depth-first procedure explored earlier in this
chapter. It is shown in figure 3.8.

If we assume for the moment that the viable_set computes the function:

>, (Sugds) [T vom

Ucs(#.P) gev

then the correctness of this algorithm is easily established. A partial path is popped
off the stack; if it is complete, then we are done and return. Otherwise, each successor
node is examined to see if it may extend this path fruitfully; if it can, the extended
path is pushed on the stack. Those nodes which cannot possibly extend this path to
the desired length at the target node, and those which are not viable, cannot extend
this path. This process continues until either no paths may be extended (the stack
is empty), or one path is complete. Note that in addition to returning a viable path
of the appropriate length terminating in target.node, this routine also returns the
final stack; this is to permit this routine to be called iteratively by a procedure which
finds all the viable paths of the appropriate length.



67

find_viable_path(stack, network, target.node, length)
{
wvhile((path <- pop(stack)) #0) {
if(last.node(path) = targetmode) return(path, stack);
foreach fanout ¢ of last.node(path) {
if(pathlength(path)+longest_path(c,target.node)<length)
continue;
if (c = targetnode) psi <- 1;
else psi <- viableset(c, last_node(path), network,
path_length(path));
new_psi <- psi * path_psi(path);
if(newpsi #0) {
new.path <- c,path;
pathlength(new_path)<-weight(c)+path length(path);
path_psi(new_path) <- new_psi;
push(new_path, stack);

}
}

return (0,0);

Figure 3.8: Naive Algorithm to Find the Longest Viable Path

It is now time to write the function which computes all the viable paths

of length at least L, and which terminate in node target.node. It is shown in

figure 3.9. Note this procedure consists simply of calling find_viable_path repeat-

edly until the stack is exhausted. The mechanism of passing the stack into and

out of find_viable_path is simply a means of preserving the stack over calls to

find_viable_path.

The correctness of this routine is easy to establish, given the correctness of

w
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find_all viable_paths(node, network, length)

{
list <- [J;
stack <- [];
foreach primary.input p of network {
P <- a new path of node p, length 0, psi <- 1;
push P on stack;
}
/* Initialize path and stack */
(path, stack) <- find.viable_path(stack, network, node, length);
while(path # 0) {
list <- list, path;
(path, stack)<-find_viablepath(stack,network,node,length);

}

return list;

Figure 3.9: Naive Algorithm to Find All the Long Viable Paths

find_viable_path, simply by observing that the correct set of initial paths are the
paths consisting of only the primary inputs. These paths have viability function 1,
and length 0.

With these procedures in hand, viable_set falls out easily from the defi-
nition above, and is shown in figure 3.10. This procedure simply finds all the viable
paths of length 7;_; terminating in each side input k to ¢, and sums up their viability
functions in the field k.psi. The function X7 is thus computed and stored in
k.psi, and the viable set falls out easily by equation 2.3.

The algorithm to find the longest viable path is similarly easy (assuming we
have made the obvious trivial change to find_viable_path so that the target node

may be any one of a set). It is shown in figure 3.11

[\ 4
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viable_set(c, prev.node, network, length)
{
psi <- 0;
foreach input k of ¢, k # prev.node {
k.psi <~ 0;
list <- find all_viable_paths(k, network, length);
foreach path p on list
k.psi = k.psi + path_psi(p);
}

foreach subset U of the side inputs {

new_psi <~ Sum%-e-;
foreach k in U
new.psi <- new.psi * psil[k];
psi <- psi + new._psi;
}

return psi;

Figure 3.10: Viable Set Algorithm

This, however, may cause the same partial path to be traced potentially
many times, each time it is encountered as an abutting path to a shorter candidate
path. A second alternative is to store the viability functions for each traced path,
and only trace side paths recursively when these are known not to have been traced.

A still better alternative would be to avoid the recursive path tracing at all. This can
be done if: '

1. It is known that every longer side path to the candidate path has been traced;

and

2. The function %97 is maintained in a variable attached to g and is known to

be correct, i.e., is known to contain the sum of the viability functions of all such
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find longest_viable_path(network)
{
foreach primary.input p of mnetwork {
P <- a new path with nodelist <- {p}, length <- 0, psi <- 1;
push P on stack;

}

(path, stack) <-
find viable_path(stack, network, primary outputs(network), 0);
while(path #0) {
oldpath <- path;
length <- path_length(path);
(path, stack) <-
find_viable.path(stack, network, primaryoutputs(network), length);

}

return oldpath;

Figure 3.11: Naive Algorithm to Find the Longest Viable Path

longer side paths.

These assurances can be given by a dynamic programming procedure based on the
best-first procedure. Recall that the best-first procedure examines partial paths in
decreasing order of their esperance, which is also their potential full length.

Simply using an ordering on esperance is insufficient to our purposes, how-
ever. If we are examining a node f; and attempting to extend a path P of length
Ti~1, we must ensure that all side viable paths of P at f; of length > 7;_; have been
examined. However, a side path of lengtﬁ precisely 7,1 may well have esperance
equal to E(P). We must break this tie in favour of the path whose last node is of

. lesser level. With this in mind, we can define a successor relation > on partial paths.
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Definition 3.3.1 Let Q = {go, ...y gn}, P = {foy-ees fm}. @ = P iff E(Q) > E(P) or
E(P) = E(Q) and 6(gn) < 6(fm)-

Lemma 3.3.1 Let P = {fo,..., fi} be a partial path. Let Q@ = {go, ..., gn} be a side
path to P at f;. Ifd(Q) = 7i—y then @ > P.

Proof: Let P, Q be as stated in the premise of the lemma, d(Q) > 7i—;. Then
E(P) = 1i-1 + w(f;) + K, where K is the maximum distance from P to a primary
output. But E(Q) > d(Q) + w(f;) + K, whence E(P) < E(Q). Since §(f;) > 8(gn),
Q>P. =m

This result gives us the tool we need to avoid excessive computation of the
viable sets if we replace the stack in find_viable_path with a priority queue of
extensions ordered in descending order under »; thus, at each iteration, we attempt
the extension that is maximal wrt >, and we are guaranteed that we have examined
all partial paths @ such that @ > P. Note that this proceduré is very similar to the
best-first procedure, differing only marginally in the function by which the priority
queue is ordered.

We need variables in which to keep the sums of the viability functions of the
paths traced thus far. At each connection, from a node g to some node f we keep
a field f[g].psi. Each such field is initially 0. As we pop an extension {P, f} off the
queue, ending in node g, we set f[g].psi = f[g].psi + Y p The rationale is that the
path P is certainly true, and since it was on the top of the queue it is certainly longer
than any other path on the queue that may be extended through f. A depiction of
the dynamic programming variables appears in figure 3.12.

One other minor modification is necessary: all unexplored minimal exten-
sions of maximal esperance of a true partial path P must be placed on the priority
queue, not merely any unexplored minimal extension. This must be done to correctly
handle the case of extensions which have equal esperance.

At first glance, it would appear that this procedure is sufficient to ensure
that f;[g].psi is equal to %97t when the best-first procedure attempts to extend
{foy..s fi-1} through f;. In fact, this procedure underestimates ¥%9%-1, Certainly if
Q is a path terminating in g such that d(Q) > 7;-; then the procedure forces f;[g].psi
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flg).psi

Figure 3.12: Viability Algorithm Variables

to contain g, for then {Q, fi} > {fo,..., fi} and hence Q was popped off the queue
and extended through f; before {fo, ..., fi-1} was. However, there remains the case
where d(Q) = 7i—1. In particular, consider the case where a number of paths of equal
length conjoin at f;, each path P; terminating in g;. Before any P; can be extended
through f;, the field fi[g;].psi must be updated for each.g;. But the field for an
arbitrary g; is not updated until the attempt is made to extend P;, i.e., when we
attempt to extend the first P; none of the relevant fields have been updated. The
problem is illustrated in the diagram in figure 3.13. In this figure, go, g1, and g; all
terminate viable paths of length 10, with the viability cubes shown underneath each
path. If P, is picked to extend first, the viability functions kept at g; and g, are both
0, even though g; and g; both terminate viable paths as long as P,.

The solution is to sum the viability functions for the P; into f;[g;].psi when
we attempt to extend any of the P;. The difficulty is in finding the P;. We have the

following,.
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P, =10

ab %
P, =10

‘lbc 91
P,=10

2d 92

Figure 3.13: Underestimation of Viability Function

Lemma 3.3.2 Let Q, P be paths such that d(Q) = d(P), end such that {P, f;} is an
eztension on the queue mazimal under . Then if {Q, f;} is unezplored, it is also on

the queue and mazimal under >.

Proof: Note that E({Q, f:}) = d(Q)+w(f;)+ D(;), and since d(P) = d(Q), we have
E({Q, f:}) = E({P, f:}). Further, since the paths {Q, f:} and {P, f;} have the same
terminal node, the levels of their terminal nodes are equal. Hence {@, fi} # {P, fi}
and {P, f;} ¥ {Q, fi}. Hence if {Q, f;} is on the queue, it is maximal under >, for
{P, f;} is maximal under > by assumption. Since {@Q, f;} is unexplored, then either
it is on the queue or some prefix is. Every prefix Q' of {Q, f;} (excepting {Q, f:}) is
such that Q' > {Q, f;}, and hence Q' > {P, f;}. Hence Q' is not on the queue, for
that would violate the assumption that {P, f;} is maximal under >. =

It is important to show that the converse holds as well.

Lemma 3.3.3 Let Q, P be paths such that {P, f;},{Q, f:} are eztensions on the
queuve mazimal under >. Then {Q, f;}, {P, f;} are both unezplored, and d(Q) = d(P).

[} 4
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Proof: Both P and Q are viable paths such that {P, f;},{Q, f;} are unexplored, by
construction of the queue. Further, since both are maximal under >, we must have

E({Q, f:}) = E({P, f:}), and hence
d(Q) +w(f) + D(£) = d(P) + w(f)) + D(£)

hence d(Q) = d(P) and done. =

P°=10
ab %0
ab
P,=10
d
P,=10
2d 92

Figure 3.14: Correct Calculation of Viability Function

The picture the above two lemmas gives us is of a frontier of paths, maximal
under >, each of whose viability functions must be summed into the relevant dynamic
programming variable before any can be extended. If this is done, then for the
previous example we have the correct calculation shown in figure 3.14.

We now restate, operationally, how the field f[g].psi is maintained for nodes
f and g.

0 initially

flgl-psi + ¥(psg {P, f,g} is popped off the queue and found to be viable
(3.1)

flg)-psi = {

(3 4
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Let Qg be the set of paths {Q, g} such that {Q,g, f;} is an extension on
the queue maximal under . The computation of viableset({P, f;}) is then given
by

viableset({P,fi}) = Y (Suy‘}f:) [!:r (f;[g].psi + Y ¢Q) (3.2)
g€

UCS(#:,P) Q€.

We can now state the main result of this section, which proves the dynamic
programming algorithm, detailed intuitively above and given in detail in figure 3.15,

is correct.
Theorem 3.3.1 viableset(f,) = ¢1f>‘

Proof: Induction on §(f;). For the base case, f; is a primary input, whence 37857 =1
and done. Assume for §(f;) < L. Now, for §(f;) = L the theorem holds if we can
show that:

filglpsi+ 3 vq=yom

QGQ,J;
for the general case. But:

POTt = N g

d(Q)27i-1

where Q is a partial path ending in g. Now, if d(Q) > 7i_1, or if the level of g is
less than that of the last node of P, then Q > P, and hence has been examined
previously by the algorithm. Since §(g) < L, by the induction hypotimesis for each
such path @ 1 was correctly calculated. Further, as each such @ was popped off
the path for extension through f;, g was added into filg)-psi by equation (3.1) and
hence fi[g].psi 2 1q for all such paths Q. There remains the case where Q and P
are incomparable under >. In this case, by lemmas 3.3.2-3.3.3, @ and P are on the
same frontier, and hence the viability function of Q is added into filg)-psi before P
is extended through f;. Hence

filgl-psi+ 2 pom-

For equality, all we must show is that no path Q either
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1. has had its viability function ¥g summed incorrectly into fi[g].psi; or
2. is incorrectly in @, 5,

The first can only occur if the algorithm has examined some path Q before P with
d(Q) < d(P). But then E({P,f;}) > E({Q, f:}), contradiction. The second is
forbidden by lemma 3.3.3, and done. =

The code for the formal procedure is given in figure 3.15 and in figure 3.16.
Much care is taken in this procedure to ensure that the scheduling assumptions of
~ theorem 3.3.1 are met. In particular, when a path is found to be viable, every minimal
extension of maximal esperance of that path is added to the queue; this is used to
enforce the assumption that every unexplored path of maximal esperance terminating
in minimal level (that is, every unexplored path maximal under the relation >) is
present on the queue at all times; this is a requirement for lemmas 3.3.2-3.3.3 to hold.
Similarly, when the last extension of a path of some fixed esperance is found to be
viable, or not, then the set of extensions of that path of the next higher esperance
must be added to the queue.

While this algorithm finds every viable path of maximal length, it does so
at great expense. Recall that the relation > required that we break ties in esperance
in favour of the path whose terminus is of lesser level. This forced the best-first
procedure ordered on esperance into what is almost a breadth- first procedure, and
leaves us open to the possibility that a larger number of paths will be explored than
really need to be. In fact, if there are K, paths longer than the longest true pé.th, and
K, paths as long as the longest true path, this procedure explores O((K; + K,)D)
paths, as opposed to the O(K;D) paths that strictly need to be explored.

What we would like is some way to break ties in favour of the path whose
terminus is of greater level. We can do this if we guarantee that if we reject any viable
path incorrectly, we will subsequently accept one at least as long. This is obtained
as a consequence of the following theorem and corollary: in a symmetric network, if
there are a set of partial paths of equal length conjoined at a single node and if one
may be extended to a full path, then all may. This theorem also shows that we need
not add the sum of the viability functions of thg maximal paths on the queue into



7

find longest_true_path(){
Initialize queue to primary inputs of the circuit
wvhile(queue # nil) {
frontier <- set of paths on queue maximal under »>;
foreach extension (path,g) on fronmtier {
k is the last node of path;
glk] .psi <- gl[k].psi + ¥ (path);

while(((path, g) <- pop(frontier)) # nil) {
% <- viability_function(path, g)
if(p20) {
new_path <- {path, g};
if(g is an output) return new_path;
Y (newpath) <- ¥;
foreach extension np <- {new.path, h} of new_path
if(E(np) = E(new_path))
insert np on queue
}
if every extension ext of path s.t.
E(ext) = E(new_path) has been explored {
extl is next best extension of path
push extl on queue; :
foreach extension ext2 of path with E(extl) = E(ext2)
push ext2 on queue;

Figure 3.15: Dynamic Programming Procedure to Find the Longest Viable Path
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viability function(path, g) {
k is the last node of path;
sense_fn <~ 0;
esp = E({path, g});
foreach subset U of the side fanins of g {
product <- SUgE;
foreach j € U while product #0 {
sum <- gl[j].psi;
product <~ product * sum;

}

sensefn <- sense.fn + product;

}

return ¥ (path) * sense_fn;

Figure 3.16: Viability Function for Dynamic Programming Procedure

the field f[g].psi when computing the viable set for extending a path from g through
f. We now prove this statement. ‘

Theorem 3.3.2 Consider a symmetric network. Let Py, P, be partial paths, viable
under ¢, with d(P,) = d(P,), P, terminates in g,, P, terminates in g;, g; and g, are
fanins to a node h, such that {P,,h} is viable under c. Then {P;,h} is viable under

C.

Proof: Suppose ¢; # g;. Since {'P1, h} viable under c, there is some set U of the
fanins of & such that: .

cC SU% II P9d(P)
gev

since there is a path terminating in g, of length d(P,) (namely P,), ¢ C y92d(R),
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Hence we can choose g, G U, for certainly if g, € U:

cC smsu.% II P9dP)poad(R) = 5 ng}% II YodP)
5y 9€U+{g2}

Since, by symmetry, SU-{Q,}.,.{,I}% = SU% 2 ¢, and since 194P2) D ¢, we have:

cCSu (et JI 9P
geU—-{g2}+{a}

and so {P,, h} is viable under c. Now, if g, = g2, and we have the set U such that
that:

cC 50-%':- I'I ,/,g.d(Px)
gevu

since g; = g and d(P,) = d(Pz), a simple substitution shows that:

) cC SU% H ¢9,d(Pz)
gelU

and hence {P,, h} is viable underc. =

Corollary 3.3.3 In a symmetric network, if { Py, .., P,} are partial paths, viable un-
der c, each terminating in a fanin to some node hy, such that d(P;) = d(P;) for all
i,J, and if one of the P; is a prefiz (through k) to a path Q; = {P;, ho, h1,..., h¢},
viable under c, then each P; is a prefiz through h to a path Q; = {P;j, ho,h1,..., A},
viable under c, such that d(Q;) = d(Q;). '

Proof: Induction on r. If r = 0, immediate from theorem 3.3.2. Assume for r < R.
If r = R, let the P, of theorem 3.3.2 be {P;, ho,...hr-1}, and h of that theorem be
hgr. Result follows immediately. =

.. This gives us the tool we need. We can only incorrectly reject a path if it
is of the form P; in the above the theorem. However, of the set {P;,.., P,}, we will
examine one last, and if we have accepted no other prior to that we shall accept that
one. Note that this will not give us the list of all viable paths of delay equal to the
delay of the longest viable path; that must be accomplished by a close variant of the

original algorithm, detailed below.
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find longest_true_path(){
Initialize queue to primary inputs of the circuit
vhile(((path, g).<- pop(queue)) # nil) {
k is the last node of path;
glkl .psi <- glk].psi + ¥ (path);
% <- viability function(path, g)
if(9 #£0) {
new_path <- {path, g};
if(g is an output) return new.path;
Y (new_path) <- 3;
np <- {new.path, h} is best extension of new_path
insert np on queue

ext <- {path, f} is the next best extension of path
if ext is not nil push ext on queue;.

b
}

Figure 3.17: Improved Dynamic Programming Procedure to Find an LVP

The improved dynamic programming procedure is given in figure 3.17. Note
that this procedure is much closer in form to the best-first procedure demonstrated
above.

The correctness of this procedure is easy to establish.

. Theorem 3.3.4 Let P = {foy.-es fms B0y -y hp} be a viable path under c. Then either
P is reported as viable by the algorithm, or some path Q = {go, ..., Gn, Roy .., Rp}, with
gn F fm and d({fo, .-y fm}) = d({gos .-, gn}) is reported as viable by the algorithm.

Proof: If P = {fo,..., fm; o, .., hp} is rejected by the algorithm, then at some node
the computed viability function of the path as computed is a proper subset of the
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viability function(path, g) {
k is the last node of path;
sensefn <- 0; .
esp = E({path, g}); '
foreach subset U of the side fanins of g {
product <- SU-E
foreach j € U while product #0 {
sum <- g[j].psi;
product <- product * sum;

}

sense_fn <- sense_fn + product;

}

return @I)(path)' * sense._fn;

Figure 3.18: Viability Function for Improved Dynamic Programming Procedure

viability function of the partial path to that node. Let kg be the first such node. The

viability function to that point is

[z SU-"’—"”- H ,l,g.d({fo, .fm})]
geU

Now, by assumption, ¢{:"‘ has been correctly calculated by the procedure, and hence

we must have that
[E SU%Q. H ¢y'd({f00~~:fm})]
TR

is undercomputed. Hence
'lbgt')d({f(h'“nfm}) 2 ho [g‘.] . Ps i

for some set of side inputs g;, and each g; # fn. Hence there exist viable paths,
terminating in one of the g;, of length > d({fo, ..., fm}) that had not been traced
when P was extended. Each path of length > d({fo, ..., fm}) had been traced, and
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hence each such path is of length d({fo,..., fm})- Let @; = {goj, ..., gi} be the set of
such paths. Now, by theorem 3.3.2 one of the paths {Q;, ko, ..., Rp} is the long viable

path reported by the algorithm. This path satisfies the assumptions of the path Q of

the theorem, and so done. =
\

3.4 Dynamic Programming Algorithm Example

We now demonstrate an example of the dynamic programming procedure in
action.

Figure 3.19: Circuit on Algorithm Entry

Consider the circuit of figure 2.3. We analyze this circuit using the algorithm
of figure 3.17 and figure 3.18. For this circuit, we have %f; = g;; =0, %:- = gff =g,

%‘,’- = %5 = a, g% = §§ = 1. Since each gate in this circuit is one or two input, note
that the viability equations reduce to

¢{; —_ g'ﬁ_? + 9T

We represent the variable g[k] . psi at the k input connection of gate g. For example,

in figure 3.19 the variable x[w] .psi is explicitly indicated. The value of each such
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variable is 0 at the entry of the algorithm, as indicated in the figure. For convenience

we have explicitly represented the delay buffers in this example.

CH |
N

Figure 3.20: Circuit After {a,u,x,z} Explored

The algorithm first attempts to extend the path a through u, ORing the
viability function of the partial path {a} (1) into the variable ulal.psi? as the
extension through u succeeds with viability function 1, the algorithm sets x[u] .psi
= 1. The extension thro{lgh z succeeds with viability function @, and z[x] .psi-is set
to @ The extension through z fails, and the circuit now appears as in figure 3.20.

The algorithm now explores the path {a,v,y,2}. Again, {a,v,y} is a viable
path with viability function a. The algorithm now attempts to extend y to z. The
function $f, , ., is g—; + @; hence Y(g0,,:) = a(0 + &) = 0, and the extension fails,
leaving the circuit in figure 3.21.

The algorithm now explores the path {a,w,z,z}. {a,w,z} is a viable path
with viability function 1. The algorithm now attempts to extend z to z. The function
Yoz} 15 2z | a; hence Y{a,w,zz} = 1(0+a) = a, and the extension succeeds, reporting
the longest viable path as {a,w, z, 2}, a path of length 6. The final circuit is as appears
in figure 3.22

%for convenience, ulal.psi and v[al.psi are represented in the same variable
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a
2
D_v

Figure 3.21: Circuit After {a,v,y,z} Explored

0 y

Figure 3.22: Circuit After {a,v,y,z} Explored
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3.5 Modifying the Dynamic Programming Pro-
cedure to find all the Longest Viable Paths

The improved dynamic programming procedure described in the preceding
sections has the flaw that only one of the longest viable paths is reported; if all
the longest viable paths are to be reported, then the original dynamic programming
procedure is preferred. As mentioned above, we often wish a procedure which returns
all the longest paths at or above a given length. This procedure can be easily obtained
by a simple modification of the first dynamic programming procedure, given in figure
3.23.

This procedure returns all viable paths of length > T, for some T. T is
either directly set, or is chosen to be some e less than the length of the longest viable
path; hence choosing ¢ = 0 finds all the longest viable paths.

If search-by-e is selected, the initial threshold is set to 0; this simply ensures
that no path will fail to meet the threshold test. When a viable path is found, if the
threshold is still 0 then this is the first viable path found; the threshold is set to the
length of this path —e.

Whenever a full viable path is found, it is added to long.paths. By con-
struction, this path is viable and is of length > T'. When no more paths of potential
full length > T remain to be explored, the algorithm terminates and long paths is
returned.

By construction it is easy to see that only viable paths of length > T are
returned. To see that all such paths are returned, the similarity of this procedure and
the procedure of figure 3.15, together with theorem 3.3.1 suffice.

The complexity of this algorithm is O(K DS log D), where D is the diameter
of the graph, S is the cost of a SAT call, and K is the number of paths, false and
true, of length > T'. It is easy to see that this is the minimum number of paths which

must be examined by any procedure which purports to solve this problem.
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find longest_true_path(){
Initialize queue to primary inputs of the circuit
long.paths = 0;
if searchby.epsilon T =0;
vhile((((path, g) <- pop(queue) ) # nil) and (E(path, g) 2>2T)) {
k is the last node of path;
glk] .psi <- g[kl.psi + ¥(path);
% <- viability function(path, g)
if(p£0) {
new_path <- {path, g};
if(g is an output) {
if (search.by_epsilon and T = 0)
T = length(new_path) - ¢;
long paths = long.paths | {g};

else {
Y (new.path) <- 9;
foreach extension np <- {new.path, h} of new.path
if(E(np) = E(new.path))
insert np on queue
}
}
if every extension ext of path s.t.
E(ext) = E(new_path) has been explored {
extl is next best extension of path
push extl on queue; ’
foreach extension ext2 of path with E(extl) = E(ext2)
push ext2 on queue;
}
}

return long.paths;

Figure 3.23: Dynamic Programming Procedure to Find All the Long Viable Paths




Chapter 4

System Considerations and

Approximations

The theory and algorithms described to this point capture the nature of the
problem. Nevertheless, the viability procedure is enormously expensive; the inner loop
of the procedure is a general satisfiability problem, and hence is strongly suspected
to be of exponential complexity; further, there appears to be no polynomial upper
bound on the size of the viability function. In general, some applications may prefer
a faster answer and a poorer approximation to the longest viable path, so long as the
assurance is given that such an approximation will not underestimate the length of the
longest viable path. In this section we explore such performance/quality tradeoffs,
and end by giving a polynomial approximation to viability.

4.1 Approximation Theory and Practice

The algorithms developed in the previous chapter removed the unnecessary
inefficiencies in computing the viable set. However, the necessity of computing a
sum over the power set of the inputs at each node remains a potentially expensive
operation. This operation appears unavoidable for exact computation of the viable
sets for the network. However, approximate solutions may be found. Of course, these

approximations must be conservative: each approximation, to be valid, must be shown

87
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to upper bound the delay down the longest (dynamically) sensitizable path, and must
be shown to obey monotone speedup. In this section we explore such approximation
techniques.

In previous chapters, we have noted the duality of network or path conditions
and some boolean functions, to which we should give a name; let us call these path
logic functions. Since every algorithm which attempts to solve the false path problem
explicitly or implicitly associates a logic function I' p with each path P and computes
its satisfying set, it seems that one way to validate (or not) such algorithms is to
consider the properties of its associated family of logic functions. The most clearly
interesting property is whether or not the function is correct in the obvious sense: if
one accepts the critical delay as the longest path P such that I'p is satisfiable, then
no longer path P’ may transmit an event in this or any faster network. We formalize
this in the following definition.

Definition 4.1.1 A family of path logic functions I'p on a boolean network N is
said to be critical path correct iff the longest path P such that T'p is satisfiable is
longer than the longest dynamically sensitizable path in any network N, where N' is

obtained from N by reducing some or none internal delays.

Our familiar properties of dynamic sensitizability and monotone speedup
may be expressed as properties of path logic functions:

Definition 4.1.2 A family of path logic functions I'p on a boolean network N is
said to have the dynamic sensitization property iff I'p is satisfiable for every
dynamically sensitizable path P.

Definition 4.1.3 A family of path logic functions T'p on a boolean network N is said
to have the monotone speedup property iff for each satisfiable T'p: in a sped-up
network N' there is a path P in N such that dy(P) > dni(P') and Tp is satisfiable.

These definitions may seem like old wine in new bottles, inasmuch as these

are merely near-repetitions of our earlier definitions. However, most find old wine
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highly palatable, and occasionally new bottles permit us to see the body more clearly.
We will try to peer through the new clear glass now.

One fact that is immediately apparent is that the two enumerated properties
on a family of path logic functions are not required for critical path correctness. While
it is true that monotone speedup and dynamic sensitization together imply critical
path correctness (as we have seen), the converse is not true. The following theorem

gives us the family of counterexamples.

Theorem 4.1.1 (Approximation Theorem) LetT p be a critical path correct fam-
ily of path logic functions. Every family of path logic functions I'p .s.t. at least one.
of the following holds:

1. f‘; 2 Lp, for every P or
2. for every satisfiable P s.t. Tp is satisfiable there is a P' with d(P) < d(P’) s.t.

Tp is satisfiable
18 also critical path correct.

Proof: The proof is almost a triviality. If ' D I'p for every P, and Q' is the longest
sensitizable path in any of the family of networks (Q' is sensitizable in some N’ ), then
we must have some @ s.t. dn(Q) > dn/(Q’) and Tg is satisfiable. Since Tq 2 Tg, we
have that —I“; is satisfiable, and so I'p is critical path correct. For the second item,
we have Q, N, Q’, N’ and Iq satisfiable as before. Since I'g is satisfiable, there is Q"
s.t. d(Q”) 2 d(Q) and [qn is satisfiable, and since dn(Q") > dn(Q) > dwi(Q") we
have that Ip is critical path correct. =

Examples of functions which are critical path correct but which do not have
one, or both, of the two critical properties abound. For example, the (trivial) family

of functions

[1]

_ ) 1 P is the longest path in the network
P= { 0 otherwise

obviously does not have the dynamic sensitization property, but is critical path cor-
rect. Similarly, it seems likely that there are families of functions which do not obey

monotone speedup but which are critical path correct.
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On the other hand, function families which do not satisfy the two properties
but which are critical path correct seem to be fated to be relatively weak upper
bounds, unless there is some further theory to be discovered here. The only tool one
has for proving such a function family correct is theorem 4.1.1, for which one must
have shown the existence of another correct function family which yields a better
result, and so one can always do better by computing the latter. This theorem has its
uses, however. First, we may analyze and prove correct existing algorithms. Second,
though we have no rigorous proof, this theorem and its associated discussion leads us
to the belief that one can do no better than viability. Third, the viability function is
expensive to compute, since it involves computing a sum over the power set of the side
inputs at every node; indeed, even if the sum-of-products expression for the viability
function at each node involved only two terms, it is easy to see that the function on
some path P could grow as large as 22, where D is the diameter of the graph. This
theorem permits us to consider other, easier-to-compute functions which satisfy the
assumptions of theorem 4.1.1. We turn to the first of these, an analysis of the weak

viability procedure.

4.2 “Weak” Viability
Recall the viability equations (2.2)-(2.4)

Yp = ﬁ?ﬁg

=0

v = T (Sugd) IT v

UCS(£:.P) gevu

P9 = > g

QE€P,,d(Q)>t

The heart of the definition is equation (2.3) -

vE= Y (Sughs) [Ty

UCS(fi.P) g€l
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The power-set sum in this equation is also the heart of the inefficiencies inherent in

the definition. The expression cannot be immediately simplified, for no term of

> (Sugfs) [T v
geU

UCS(iP)

inherently covers any other. Indeed, for V C U, we have:

Svagis C Suggs
but also:
H ¢am-z o) H ,/,g.ﬂ-x

geEV gevu
However, if we weaken the definition of viability slightly:

Definition 4.2.1 The weak viability function of a path P = {fo,

as:

T

ep =[] ¢P

i=0

where
k= X (Sugs) II *™
UCSs(fi.P) 9€U
and
0 3 wo=0
wﬂ.‘. -— QeP,,.

1 otherwise

Paths P such that pp # 0 are said to be weakly viable.
We have immediately:

Theorem 4.2.1 For every path P, op 2 p.

wes fm} 18 defined

(4.1)

(4.2)

(4.3)

Proof: Let P = {fo,..., fm}. Induction on é(fm). If fm is a primary input, trivial.
Suppose @q 2 Pq for paths Q = {go, ..., gn} With §(gn) < N. If §(fm) = N, the result

holds if we can show:
of 2k
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But this is immediate, for we have that:
of = Y (Sugtz) [] oo™
UCS(fm,P) geU
Since by induction we have that:
vq 2 ¥q

for each @ terminating in a fanin of f,,, we must have that:

Y w2 X vq

QEPy,¢ QEP,,t

Hence if 99 ™ -1 % 0 we must have p?™-1 = 1, whence p%™m-t D ¢9™-1 for each g,

and hence we may write:

o2 3 (Sugge) IT v

UCS(fm.P) g€U

and the right-hand side is obviously 1,(){,"‘, whence the result. =
This serves to show that ¢ is a critical-path correct path function on sym-

metric networks, by the approximation theorem. The attractive thing about ¢ is the

following observation:

Theorem 4.2.2 Let P = {fo,..., fm}. LetV be the mazimal set of g s.t. 971 =1.

Then
Sv 5ok =of
Proof: From (4.2):

o= > (Suadf) [

Ucs(£:.p) gevu
Now, we have that

is a term of this series, and since p?7-! =1 for all g € V this is

af;
Sv 8fi-1
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whence
S 8l € of

Further, consider an arbitrary term of (4.2), say:

(Suzghs) I o2

geU

Now, if U C V, this is certainly C Sy Na.zl'{ However, if U D V, then by construction
there is some g € U such that ¢97-1 = 0, by choice of V. Hence we must have that:

(SUEL;%) H PP =0

geU
and so
(Suggs) I[] 77 € Sv g7l
geUu

and hence:

SVﬁET 20k
and therefore:

Sv ?‘;l =}

[

In other words, only a single term of the series (4.2) (the last nonzero term)
need be taken. While this can still lead to an exponential blowup in the size of
the function, it seems far less likely. Further, under some circumstances one can
guarantee that the size of pp will remain bounded (in fact, one can guarantee that

@p will consist of a single cube). We detail these circumstances here.

Theorem 4.2.3 Let N be any network such that for eny node f, any input = of f,
%{- is a single cube. Then for each path P through the network, pp is a single cube

Proof: For the proof, we note that:

m Y
op =] ok

=0

[ 4
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where

= T (So) [

ucs(£i,P) gevu
now, from theorem 4.2.2, we know that this last can be written

oF = Svails

Where V be the maximal set of g s.t. 9%t = 1. Further, for any function A, any set
of inputs V, if k is a single-cube function then so is Sy h, hence oF is a single-cube
function for each f;. The product of single-cube functions is a single-cube function,
and so done. m

Weak viability is an attractive alternative to viability when computation
time is at a premium, and can be used in conjunction with other approximation
techniques. For example, the weak-viability function is therefore a single cube for a
network consisting only of NOR, NAND, OR, AND, and NOT gates, or some subset
thereof. One can always transform any network into such a network, through a variety
of macroexpansion transformations, and guarantee correctness through theorem 2.5.1;
one can then use weak viability on the transformed network.

It is interesting to formally define the set of paths P for which pp # 0. We
give these here.

Definition 4.2.2 A path P = {fo,..., fm} i3 said to be weakly viable under an
input cube c if, at each node f; there ezists a (possibly empty) set of side inputs
U={g,..-,gn} to P at f;, such that, for each j,

1. g; is the terminus of a path Q;,
2. d(Q;) 2 1i-1 and Q; is weakly viable
3. (Suzzt-)(e) =1
Notice that the definition of weakly viable paths differs only marginelly from

that of viable paths; the principle difference is that no record is kept of the cube under
which the side path is viable (item 2).

We must formally show the equivalence of the function and the definition.

"
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Theorem 4.2.4 P = {fo, ..., fm} i3 weakly viable under some minterm c iff c satisfies

vp

Proof: = P = {fo, ..., fm} is weakly viable under c. Induction on §(fn). The base
case is trivial, so assume for §(fm) < L. Let 86(fm) = L. We must show that for each
fi,c€ tp{i. Now, if ¢ € D%L'_'T’ done. Otherwise, since the path is weakly viable under
¢, then we must have that there is a subset U = {gy,..., g} of S(fi, P), where each
g; terminates a path Q; with d(Q;) = 7i-, and Q; is weakly viable. By induction,
¥pqQ; # 0. Hence @971 =1 for every j by 4.3. Further, c € Sy 3%1_‘7, and done.
<= c € pp. Induction on §(f). The base case is trivial, so assume for §(fm) < L.
Let 6(fm) = L. We must show that the definition of weak viability holds for each
fi. Now, ifc € Wa}%’ done. Otherwise, we must show that there exists a set of side
inputs U meeting the conditions of the definition of weak viability with Sy 8‘:1 Dec.
Since ¢ € ¥, then we must have that there is a subset U = {g1, ..., gk} of the side
inputs, and for each g;, p9%7-1 = 1. Now, by the definition of @971 we must have
for each j there must be a path Q; terminating in g; weakly viable with d(Q;) > 7;_;.
8(g;) < L, so by induction Q; is weakly viable, and ¢ € Sy 3%,5_'?, and so done. m
The dynamic programming procedure of figures 3.15-3.16 is easily adapted
to compute the weak viability function. For the line: |

glk] .psi <- glk].psi + i (path);
is replaced by |
glkl.psi <- 1;

Further, the improved dynamic programming procedure of figures 3.17-3.18 is adapted
in precisely the same fashion.

4.3 The Brand-Iyengar Procedure

Brand and Iyengar have published a solution to the false path problem[10].

We have not discussed this approach in much detail yet, since we wished to have the
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mathematical tools in place to establish the correctness of their procedure, and to
show that it gives an upper bound on the procedure developed in this paper.

The Brand-Iyengar procedure is much like the later procedure of Benkoski,
et al, save that the paths are traced depth-first from the output, rather than from the
inputs. A further and more important difference is the sensitization criterion. Brand
and Iyengar realized the difficulty with static sensitization, referring to the errors that
a straight static sensitization approach would yield as due to “a sort of circularity”.
Though they did not fully analyze this difficulty, they used a strategy which returns
correct, though suboptimal results.

At each node f, Brand and Iyengar number the inputs to the node; for
purposes of illustration, let us call these z,,...,z¢. If the current path under consid-
eration proceeds from input z;, then inputs z, ...,z -1 are ignored. Effectively, the

Brand-Iyengar sensitizing function at node f may be written:

e 8
fi, - Szl 1oy el Fz%

and for the path P = {fo, ..., fm}:
¢ =114,
i=1
We call paths P for which £p is non-zero Brand-Iyengar paths.
Now, note that the Brand-Iyengar function is not a cover of the weak viabil-

ity function. Nevertheless, we may show that this procedure is correct using theorem
4.1.1. We do this by showing:

Theorem 4.3.1 For each path P = {fo, ..., fm} weakly viable under c in a symmetric
network N, there is a Brand-Iyengar path P' = {go,..., fm} with ép(c) = 1 and
d(P) L d(P').

Proof: Induction on §(fn,). The base case is trivial, so assume for 6(fm) < L.
Consider the case §(fn) = L. Now, consider the set of paths weakly viable under ¢
which terminate in an input to f,, of length at least 7,,—;. These paths terminate in

a set of inputs to fn,, U = {Ro, ..., Rx}. Now, by induction, each such k; terminates
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a Brand-Iyengar path of length > 7Tm—1. One of the k; is fm-1, and one is maximal
under the Brand-Iyengar ordering. (The Brand-Iyengar ordering is any ordering of
the inputs at all). Let 2 be the maximal element of U under the ordering, and V' be
the set of inputs to f,, which precede h in the standard order, including . We claim
that ¢ satisfies ¢f™. Now, if h = f-1, then V 2 U, and

6" fm-l = SV-{fm-l} 37»-&;?

Since V — {fm-1} 2 U — {fm-1}, and since Spf 2 Ssf for any sets R, S such that
R D S and any function f, we have that:

cfm-l - ‘pP

and since c satisfies tp‘f”' c must satisfy {7 = f,{"‘ If fm—1 # h, then we can do a
similar calculation: the set U — {fm-1} € V — {k}, since k is the maximal element
of U under the ordering, and hence every other element of U must precede it in the

ordering. Since f,, is symmetric, we have that

SU—{fmr) 302 = Su-(ny %P

and since V 2 U, we therefore have

SU-{fmr} 302 € Sv_ny P

and since this function is satisfied by ¢, we have that ¢f™ = SV_{;.}%"& is satisfied
by ¢, and so in either case the claim is shown. Once the claim is given, done, since
we have by the inductive assumption a Brand-Iyengar path P” terminating in A s.t
épn(c) = 1, of length > 7,—;. The path P’ = {P”,h} clearly has {pi(c) = 1, and
d(P') > Tme1 + w(fm) > d(P), and done. = |

From this, we may immediately conclude from theorem 4.1.1 that the Brand-
Iyengar procedure is critical-path-correct for all symmetric networks, since it is an
approximation to weak viability, a known critical-path-correct criterion. This is a
somewhat stronger result than Brand and Iyengar proved in their paper (their proof

was only valid for gates whose values could be controlled by a single input); further,
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the Brand-Iyengar proof of correctness relied on an induction whose base case was
_ both non-trivial and not properly established, and so there is some doubt as to the
correctness of their proof. This result firmly establishes the correctness of their pro-
cedure. Further, Brand and Iyengar made no mention of the robustness requirement
for false path elimination, and hence did not prove that their criterion was robust.
This proof demonstrates that. It also, hoWever, guarantees that the critical delay
reported by the Brand-Iyengar procedure will be an upper bound on that returned
by the weak viability procedure.

The bound returned by the Brand-Iyengar procedure is highly dependent on
the variable ordering chosen. Consider the path in the graph that runs through the

last fanin (in the standard order) to each node. The Brand-Iyengar function for this

path {fo, . fu} is i
af;
I Ssts..p 372

=1

Ss(,P)prs =1

for every i, whence the Brand-Iyengar function for this path is 1; i.e., the path is

Now,

always true by the Brand-Iyengar criterion. If the standard order is increasing in
the maximum distance of a node from the primary inputs, then this path will be the
longest in the graph. In other words, for every network, there is a variable order such
that the longest path is true by the Brand-Iyengar criterion. This order is the worst
possible for this criterion.

Better orders may be chosen; in fact, a good order is probably the reverse
of the bad order for this path. This order (decreasing in distance from the primary
inputs) is the one recommended by Brand and Iyengar in their paper; however, they
seemed to view this as an efficiency issue rather than an issue of quality of results.
They used a depth-first search with pruning, and pointed out that if an algorithm had
explored the long paths first and found one true, then the search space is drastically
trimmed. .

In any case, the best order for this function — whatever it may be — will at

best equal the weak viability criterion.
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4.4 The Du-Yen-Ghanta Criteria

Other work on this phenomenon has recently emerged, most notably the
work due to Du, et. al. [24]. These authors considered networks composed of simple
gates, for which each input can assume either a control value (a value which determines
the value of the gate), or a non-control value (broadly, an identity for the gate — e.g.,
0 for OR or NOR, 1 for AND or NAND). Static sensitization can be viewed, on such
networks, as asserting a non-control value on each side input of each gate along the
path.

When tracing a path P = {fo,..., fm}, Du et. al split the side inputs of f;

into two sets:

1. Early-arrive-signals(f;): Those inputs g such that the length of the longest path

terminating in ¢ is < 7;_;; and

2. Late-arrive-signals(f;): Those inputs g such that the length of the shortest path

terminating in g is > 7;_;.

Note that while the intersection of these sets is always empty, their union is not
necessarily equal to the set of side inputs to f;.

These two sets may be thought of as follows: Early-arrive-signals is the set
of signals that have settled to their final value before the event propagates to f;;
late-arrive-signals are those signals which undergo events only after 7;_;.

The Du criterion encompasses two rules:
1. If g € Early-arrive-signals( f;), assert a non-control value on g.
2. If Late-arrive-signals(f;) # 0, assert a control value on fi_,

The rationale behind the first rule is l;y now familiar to most readers. The
side inputs g € Early-arrive-signals(f;) have already settled to their final values at
Ti-1, and hence must satisfy T?.é?; i.e., must have assumed non-controlling values.
Note that this rule is equivalent to taking the static boolean difference and then

smoothing off all the side inputs not in Early-arrive-signals(f;).
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It is the second rule that distinguishes this transformation. Du et al reasoned
that if the path {fo,..., fm} Was a longest true path, then every longer path through
f; must have been rejected as false. If g € Late-arrive-signals(f;), then every path
through g must have been rejected as false. In this case, they reasoned, a controlling
value must have been asserted on the wire f;_,.

Now, notice that every connection in Late-arrive-signals(f;) must be untestable.
For suppose g € Late-arrive-signals(f;) is testable. By definition, if ¢ € Late-arrive-
signals(f;) then no event on g can propagate to the primary outputs, otherwise there
would be a longer sensitizable path running through g (since every path through g is
longer than the current path). Now, if g is testable, then the value of some primary
output is determined by the value of g under ¢; i.e, the value of g has propagated
to the primary output. The value of g is also its last event, and so the last event
on g has propagated to the primary output. This event must have travelled down
some sensitizable path from g, contradiction. Hence g must be untestable. In a fully-

testable network, therefore, only rule (1) need be considered. We call this the weak
Du criterion.

Lemma 4.4.1 Consider the Brand-Iyengar criterion, with the inputs to every gate
ordered in decreasing order by static delay (length of longest path). Every path true
by this criterion is also true by~the weak Du criterion, and hence the delay estimate
produced by this procedure is a lower bound on the delay estimate given by the weak

Du procedure.

Proof: Let P = {fo,..., fm} be a path true by the Brand-Iyengar criterion under this
ordering. We claim that P is true by the weak Du criterion. Induction on 8(fm)-
Trivial for §(f.) = 0. Now suppose the claim holds for 6(fm) < N. I 6(fm) = N,
by induction the statement holds for {f, ..., fm-1}. We must show that it holds for
{fos -y fm}. Let fm-1 be the kth input of n to f, under the ordering. Now, each
input of order < k terminates a path of length > 7,1 by the definition of the order,
" no such input is in Early-a.rrive-signais( fm). Hence under the weak Du criterion each
input in the range 1,...,%k is left unspecified, i.e., smoothed off. Hence the set of

signals left unspecified by the weak Du criterion is a superset of those left unspecified
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by Brand-Iyengar under this order; i.e., the path logic function corresponding to the
weak Du criterion contains the Brand-Iyengar function under this order, giving the
result. =

Note that lemma 4.4.1 tells us that Brand-Iyengar is a lower bound on
the strong Du criterion (that using both rules) only on fully-testable networks. On
networks with redundant connections, the delay estimate given by the strong Du
criterion may be unequal to that given by the weak Du criterion. In any case, it
may be shown that the strong Du criterion is weaker than viability; this is shown
in the following theorem, which demonstrates that, if there is a longest viable path
P = {fo,..., fm}, viable under c such that for node f; Late-arrive-signals(f;) is non-
empty, then ¢ sets fi_; to a controlling value. This suffices to show that the strong
Du criterion is an approximation to the viability criterion, and hence the strong Du

criterion is a correct, robust criterion by the approximation theorem.

Theorem 4.4.1 Let N be a symmetric network. Let P = {fo,..., fm} be a longest
viable path through f;, P viable under c. Let g be a side input to f; such that every
path through g is longer than 7,_y. Then either fi_; is set to value a by c such that

%% Ifi-x =a 0

or there is another viable path under ¢ at least as long as P.

Note that if simple gates are assumed, this simplifies to the statement that
fi-1 is set to a controlling value for f; by c.

Proof: Assumg that
, of.
-al;lf-’-xml $ 0

Then we claim that for each i < k < m we can construct a path P; at least as long
as P, viable under ¢, terminating in fi. Induction on k. For k = 1, let U be the set of
inputs to f; terminating viable paths under ¢ of length > 7;_;. Now, consider the set
of paths viable under c terminating in an input to f; of length > 7;_,, excluding the
path {fo, ..., fi-1}. Note this set is nonempty since the set of shortest paths through

g are all viable under 1, and are of length > 7;_;. Since the set is nonempty, it has an
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element of least length, Py, and P terminates in h. We claim that {P4, f;} is viable
under c¢. Consider the term of the viability series for Py:
Su-mgh I »MAl
h'eU=~{h}
Since P, is chosen to be minimal in the set, every member of U aside from % terminates
a viable path of length > P, i.e. 9" IPl is satisfied by c for every &’ in U — {h}.

Now, all we must show is that

Su-(n g
is satisfied by c. Since f; is symmetric, we have three cases:
1.
Su-myF
is satisfied by c; or
2.

Suspts
is not satisfied by ¢; or

3. fi-1 is set to a value a by ¢ such that
af: —_
Su-m¥, _, =0

Case 1 proves the claim, so we must dispose of (2) and (3). (2) is false, since if it were
true, P would not be viable under ¢, contradiction. For case 3, since Sy f = 0=f = 0,
we have that:

0

%

Ji-1=a
But then, since f; is symmetric:

af:

9 Ifi-1=0 0

Contradiction. We are left with case (1), which proves the claim: {P4, f;} is viable

under c. Hence the statement of the theorem holds for the case k = i; the path
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{Pu, f;} is viable under ¢, is of length > 7; and is not equal to {fo,..., fi}. Assume
inductively that the statement holds for ¥ < K. Consider the case k = K. By
induction, we have a path Px_; terminating in fx_; viable under ¢ at least as long

as {fo,..., fk-1} that is not { fo, ..., fxk-1}. Now, we have two cases:
!
1. fx is statically sensitized to fx_1 by ¢, in which case the claim holds for fg;

2. There are a set of paths Uk at least as long as {fo,..., fk-1} terminating in
some side inputs to fx. Of the set of paths Ux U {{fo, ..., fK-1}} at least one
had a viable extension under ¢ through fx. Hence the set of paths Ux U{Pg_,}
met the assumptions of lemma 2.4.2, and so by the terms of that lemma at least
one of these paths has a viable extension under ¢ through fx. This path is not

{fo,..-» fK} and is of length > 7k, proving the theorem.

This theorem suffices to demonstrate that the strong Du criterion is an
approximation to the viability criterion, since it demonstrates that the use of Du’s
second rule does not affect the viability of the longest viable path. Further, in practice,
only a few connections will be untestable, and the second rule need not apply to all
of those. Hence the second rule will be invoked only rarely. Hence, the strong Du

and weak Du algorithms should only rarely give different bounds.

4.5 More Macroexpansion Transformations

Theorem 2.5.1 is valid for any macroexpansion transformation. We have
only used it for the and/or transform, since it appears that this introduces the fewest
spurious viable paths, and hence yields the lowest bound on the critical delay. How-
ever, it is possible that other transforms, though yielding poorer results, might well
entail much less expensive computation. In particular, consider the two-input nand
transform.

It is well-known that any function can be realized by a network of two-input

nand gates. The two-input nand transform of a node f is any transform of f meeting
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the conditions of definition 2.5.1. This transform is attractive when one considers
that there is at most one side input to a gate on any path P = {fo,..., fm} in a
two-input network, and (if we represent the side input to node f; as g;), then the
only subsets of the set of side inputs to f; are @ and g;. Hence g; is the only possible
input to 3%[17’ and thus Sg‘% = 1. Given this, we can simplify the definition of
the viability function for a path in such a network as:

pp = [[vE
=0
¢;;' - B%;Li?+¢gi'f‘-l
P o= Y g
Q€Py,e

This function is much simpler to compute than the viability function of defi-
nition 2.6.2, since the power-set sum in %} has disappeared. Moreover, the network is
symmetric, and hence its correctness is guaranteed by the theorems previously proved.
The reader is cautioned, however, that an increase in the number of paths may be
expected in such a network, in which case some percentage of the gains realized may
be offset. ‘

This observation suggests that the algorithm presented above may be con-
sidered a family of algorithms, with different performance and result characteristics.

The members of the family may be distinguished by the transform taken.

4.6 Biased Satisfiability Tests

Given that the algorithms enumerated so far all have a satisfiability test
in the inner loop, it is unsurprising that these procedures take a very long time.
Nevertheless, one may hope to use the approximation theorem to yield up a hint
of polynomial-time approximations in this domain as well. Consider any positively-
biased satisfiability test; i.e., a procedure which guarantees to report that a function f
is nonzero when it is not identically zero, but may occasionally report that a function
is nonzero when it is identically zero. Such a procedure may be considered an ezact

satisflability test on a function f 2 f. This consideration yields immediately the
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“conclusion that if v is any critical-path correct path logic function, then a procedure
using v as the sensitization criterion with a positively biased satisfiability test will
also yield a critical path correct family of logic functions.

There are undoubtedly many such biased tests. We detail one here, and
more fully in appendix C. Conceptually, one can think of such a test on a multi-level
network as follows.

The functions we have enumerated above are, in general, functions of not
only the primary inputs but also of the intermediate nodes in the network. From a
theoretical point of view, this is a distinction without a difference; since the interme-
diate nodes themselves realize functions of the primary inputs, the functions we have
been describing above must necessarily be functions of the primary inputs; moreover,
that function may be (conceptually) realized by substituting the function (in terms of
the primary inputs) for each intermediate node. This process is known as collapsing.

‘Mechanically, the way that functions are discovered to be 0 in the collapsing
process is that for each cube of f, there is some z such that both z and T appear in
the cube; i.e., for the cube to be satisfied we must have z = 1 and z = 0. Since this
is clearly not possible, the cube is unsatisfiable. More generally, each such cube of
the function is found to be inconsistent; no primary input vector gives rise to such a
cube.

This gives us a clue as to how to proceed. Consider a procedure that directly
simulates the effect of attaching values to the various wires in the circuit. Such a
simulation will not be entirely complete, in the sense that the effect of the assertions
will not be carried back to the primary inputs. Under such a simulation, a function
is determined to be 0 if for each cube there is some z such that both = and F appear
in the cube; i.e., each cube is ezplicitly inconsistent. Now, it is obvious that every

- cube that is explicitly inconsistent is inconsistent; however, the converse is not the

case. Hence this is a positively-biased satisfiability test.

Such simulations appear to be done by Benkoski et al [6]; he uses a “D-

Algorithm without justification”, which presumably means computing implications.

Brand and Iyengar also compute implications, and refer specifically to the NOR-gate

rules formulated by Trevillyan, Berman, and Joyner|[7]. We have reformulated those
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rules for general gates, and present an efficient algorithm for computing these in
appendix C; this algorithm features a quartic preprocessing phase and a quadratic
main phase. The difference in order is important, for only the quadratic main phase

is called during path tracing.

4.7 Axes of Approximation

The theory developed above leads us to the conclusion that there are sev-
eral dimensions of approximation, more or less orthogonal. Along one axis lies the
sensitization criterion; along a second lies the satisfiability test. Along a third lies
the macroexpansion transform. Because few other procedures use macroexpansions,
we omit them in this picture.

The two major axes of approximation - sensitization criterion and satisfi-
ability test — are depicted in figure 4.1. The z dimension represents sensitization
criterion, and ranges from too restrictive (no paths sensitizable) to too loose (every
path sensitizable). Similarly, the SAT test axis ranges from negative bias (all func-
tions reported unsatisfiable) to positive bias (all functions reported satisfiable). Both
dimensions increase in the direction of safety. The origin of the graph is the exact,
minimum criterion. Note that no known sensitization criterion is at the origin.

| Hence, programs depicted in the upper-right quadrant are known safe; they
will always return an upper bound on the true delay. Programs in the lower-left
quadrant are known unsafe; they will always return a lower bound on the true delay.

Programs in the other quadrants give no guarantees at all.

4.8 The Lllama Timing Environment

The observation of section 2 that the false path detection procedures were
all parameterized variants of the same algorithm led to the development of a program
which serves as an experimental testbed for these procedures. This system, the LL-
LAMA timing environment, has been built on top of the MIS II logic synthesis system
at UC-Berkeley [14, 12], and uses the underlying facilities of MIS for boolean function
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manipulation and for the extraction of delay information at the nodes. Further, the
MIS II command interpreter is used to permit user-level experimentation with the
parameters of LLLAMA.

LLLAMA is parameterized on five distinct axes: search method (best-first
or depth-first), sensitization criteria (static, viability, or Brand-Iyengar), satisfiability
test (test to determine whether the sensitization function is 0), representation of
functions (Bryant’s graph-based representation[18][53] vs sum-of-products form), and
delay model. The selection of the various parameters is made at the beginning of a
timing run by the user through MIS II command-line switches.

To date, we have experimented extensively with function representation and
the various sensitization criteria. We have used two delay models in the calculations,
a unit delay model, under which each gate has unit delay, and a library delay model.
Under the latter, the network has been mapped to a network of standard cells, each
of which has a well-characterized delay. .

Before the main loop of the algorithm is entered, LLLAMA goes through a
pre-processing phase. During this phase, a static delay trace is done to compute the
delays and the esperance of each node, the static sensitization and Brand sensitization
functions for each input of each gate are computed, and the variables g[k] . psi are
set to 0 for each input k to gate g. Further, asymmetric gates are macroexpanded
into subnetworks of symmetric gates, if necessary. The data structure of partial paths

is initialized to the set of primary inputs of the circuit.

4.9 Experimental Results

LLLAMA has been run on two broad classes of circuits: the public benchmark
circuits, and parameterized circuits which are known to contain false paths. For each
circuit, we report the critical delay according to the longest path procedure and the
static, Brand-Iyengar, and viability conditions. We also report whether the circuit was
optimized by the MIS-II standard script (O), and whether the circuit was mapped
to the MSU standard-cell library (M). Mapped circuits have delays reported by the

mapped model; unmapped circuits have delays reported by the unit model.
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Ckt | O/M | Long | Brand | Viable | Static
5xpl | OM [21.80 [ 21.80 | 20.40 | 19.20
5xpl M [19.80 | 19.80 | 18.40 | 18.40
C7552 43.00 | 43.00 | 42.00 | 42.00
Des O [11.00 | 11.00 | 10.00 | 10.00
Des | OM | 68.20 | 68.20 | 66.40 | 64.00
Rot O [10.00 | 10.00| 9.00 | 9.00
Rot | OM [29.60 | 28.60 | 27.20 | 27.20

Table 4.1: Critical Delay of Benchmark Circuits

Bits | Block | O/M | Long | Brand | Viable | Static
8 2 13.00 | 13.00 8.00 8.00
8 2 M |17.80 | 15.40 | 15.40 | 15.40
8 4 11.00 | 11.00 | 10.00 | 10.00
8 4 M | 14.80 | 13.60 | 13.60 | 13.60

16 2 25.00 | 25.00 | 12.00 | 12.00
16 2 M [35.40 | 27.40 | 27.40 | 27.40
16 4 21.00 | 21.00 | 12.00 [ 12.00
16 4 M |29.20 | 20.00 | 20.00 | 20.00
32 4 41.00 | 41.00 | 16.00 | 16.00
32 4 M | 58.00 | 32.00 | 32.00 | 32.00

Table 4.2: Critical Delay of Carry-Bypass Adders

Two sets of public benchmark circuits were run: the IWLS and Iscas bench-
mark suites. Of the IWLS circuits, only the benchmark circuit 5xp1 showed any false
paths under any criterion. The benchmarks DES and ROT were also run. Though
not part of the IWLS benchmark suite, these circuits are available from UC-Berkeley
in BLIF format. Of the ISCAS circuits, C880, C432, C499, and C17 all had no false
paths. C7552 is shown in the table. The remainder not shown failed to complete.

It has long been known that carry-bypass adders exhibit false paths.! A final
set of experiments involved the generation of carry-bypass adders of varying sizes, and
block sizes for the bypass chain. Integers N and M in the first two columns of table
4.2 represents an N-bit adder, with M bits in the bypass chain. BLIF descriptions of
these circuits, and a program to generate the BLIF description from arbitrary N and

M, are available from the author.

1Prof. H. De Man kindly brought this fact to the attention of the author



Chapter 5

Hazard Prevention in

Combinational Circuits

5.1 Introduction

Previous research into timing properties of circuits has led to considering
the problem of hazards or glitches in combmatxonal circuits. One can demonstrate
that in the absence of hazards, a variety of strong properties hold which are not
valid in the general case: in particular, in the next chapter we will show that timing
analysis can obtain tight bounds on the critical path of a circuit, which was shown
to be impossible for a hazardous circuit.

Given these desirable prope.rties,' it is worth considering whether certifiably
hazard-free circuits may be synthesized. It is well-known that the class of precharged
unate circuits (e.g.,, NORA, DOMINO, and DCVS) are hazard-free; indeed, these
circuits can only function if they are hazard-free. The characteristics of these circuits
are reviewed in appendix D. What we wish to discover is whether any fully-r&stonng
circuits are hazard free.

The remainder of this chapter is organized as follows. In section 5.2, hazards
will be defined and a set of assumptions concerning the way that signals change. In
section 5.3 we relate function evaluation with walks on the Boolean n-cube, and show

that every hazard-free circuit is precharged-unate, under our assumptions. In sections

110
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5.4-5.5, we relax two of the initial assumptions and show that the results of section

5.3 hold even if either, or both, of these assumptions are relaxed.

5.2 Hazards

A hazard at a node is a multiple change in its value during an evaluation
period (typically, say, a clock cycle or phase). Statically, we view a logic functions
as an ideal switch, which remains at a value until some input has switched and then
immediately switches to the new, output value. Further, in analyzing hazard-free
circuits, we make the following assumptions about the behaviour of the inputs to the

node:

1. The inputs to a node begin in some initial steady state and change, one at a
time, until they reach some final steady state.

2. Each input to a node may change at most once during the evaluation of a node;
this condition is assured if every node in, and every primary input of, the circuit

is hazard-free
3. Each input to a node may éhange during evaluation.
4. The order in which the inputs change is unpredictable.

5. No combination of the inputs is forbidden as either the initial nor the final

steady state.

These assumptions are strong in the sense that they enhance hazards. All
but the last two are easily justified. The last is not only unjustifiable, it is generally
false. In practicé, only a few states can occur. Indeed, multi-level logic optimization
makes heavy use of such forbidden states, which are vectors covered by the satisfia-
bility don’t-care set[3]. We will be relaxing this assumption later.

The fourth assumption is also a little shaky. In practice, some rough guesses
can be made, though, as we shall see below, due to the statistical nature of delays in

a MOS circuit, precise orders on variable arrival can only be guaranteed at some cost
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Figure 5.1: The Boolean 3 Cube

in circuit speed. However, as will be demonstrated, neither redundancy information
nor information on variable order affect the major results of this paper.
Eichelberger [25] attempted to characterize hazard-free circuits, and detect
hazards. He concluded that function hazards were unremovable, whereas M-hazards
were removable by adding redundancy to a two-level realization of a circuit. Function |
hazards are those inherent in the cube representation of the function, and occur in
every non-trivial Boolean function. M-hazards are those that occur due to differences
in arrival times of wires attached to the same net (so, for example, a variable y may
show a 1 on one lead of the net and a 0 on another lead). .
‘Breuer and Harrison [17] attempted to &esign tests that would not excite
hazards of a circuit. They designed a multivalue calculus to detect necessary and
sufficient conditions for tests to not excite hazards in a circuit. Their results for
hazard-free circuits required that all the gates in the network be unate, and that the

initial input vector on each gate be 0 or I.

5.3 The Boolean n—Space

In general, an n input boolean function can be described as a set of points in

n-space. Since each coordinate of each point in the space is either 0 or 1, it is natural
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to view each point as a vertex of an n-dimensional cube. Each vertex of the cube
represents a unique combination of input values, and hence there is a value of the
function at that point. In the diagrams in this paper, the vertices where the function
is 1 are shaded. The initial values of the inputs form one vertex of the cube; the final
values of the inputs are at the furthest vertex from the initial vertex!. The initial
value of the function is its value at the initial vertex; As the inputs change (assuming
each input undergoes exactly one change), we move to a corresponding vertex on the
cube, terminating finally at the final vertex. Since the inputs change one at a time, we
move a distance one along the cube for each change; since each input changes exactly
once, we make precisely » moves. (If an input does not change, we may consider that
there are only n — 1 variables for the purposes of this discussion).

As we make each move, the value of the function changes to the value of the
visited vertex. A hazard exists iff the value of the function changes more than once.

We formalize these intuitive notions as follows.

Definition 5.3.1 A sequence (or “walk”) of vertices vo,...,v; is said to be valid iff

1. dist(vi,viy1) = 1Vi; and

2. dist(vo,v;) = j.

1We can assume that if any variable does not change, then it is not a dimension of the n-cube;
hence we can assume that all variables change value

"
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Figure 5.3: Valid and Invalid Walks on the N-Cube

If j = n, the sequence is said to be a full walk, and v, is said to be vy’s off-vertex,

denoted Ty

Given the assumptions under which we are working, we can make some
observations about the number of different walks on the n— cube. At distance exactly
'k from vo there are 2@in(kn-¥) ynique vertices. Now, on a walk of length k, k variables
change, and since they can change in any order they give rise to k! distinct sequences.
Hence there are precisely 2min(kn-k)k! sequences of length k, and so

n
2 2min(k.u-k)k!
k=0

valid sequences beginning at some vertex vo. We are particularly interested in the
set of length n sequences. There are 2"n! such sequences, and each such sequence
terminates at the unique vertex vg.

We consider valid walks and their properties. Assumptions 1-5 guarantee
that every evaluation of a function corresponds to some valid sequence. The value
of the function will change at least twice during the walk iff the walk corresponds to
a hazard. We can then characterize walks in terms of the number of times that a

function changes value.

Definition 5.3.2 A valid sequence of vertices {vo,...,vn} is said to be monotone
iff, for every 0 < i < n, f(vi) = f(vo) implies f(v;) = f(vo) Vj < i.

[ 4
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Non-monotone walks and hazards are equivalent. We can immediately say,

when assumptions 1-5 hold:

Theorem 5.3.1 Let v be any vertez on the n-cube, f any function with its inputs
hazard free. f undergoes a hazard during the transition from initial input state v to

final input state T iff there is at least one non-monotone walk fromv toT

Proof: Let f undergo a hazard. Now, the transition from v to ¥ for the inputs
involves some walk on the n-cube, {v,v,..., Vn-1,T}, and f assumes the value f(v)
as the walk transits through v;. Since f undergoes a hazard, there is some least j
such that f(vj1) = f(v), f(v;) # f(vj-1) (the first transition of f), and there is
some least k > j, such that f(v;) = f(vjy1) = ... = fvrey) # f(v&) (the second
transition, inducing the hazard). Such a walk is non-monotone. Conversely, suppose
there exists a non-monotone walk. To each valid walk there corresponds an order on .
the arrival time of the variables, and we have assumed that any variable order may
occur, so choose the variable order that corresponds to the non-monotone walk. This
order induces the non-monotone walk, and so induces a hazard. [ ]

Given this, the set of functions which contain only monotone walks is of
interest.

Definition 5.3.3 A logic function is said to be statically hazard-free iff each valid

sequence on the cube is monotone.

An interesting question that arises is the determination of necessary and
sufficient conditions for a function to be statically hazard-free. Intuitively, we expect
that a necessary condition is that the ways in which it can change value are highly

restricted. We examine the conditions for which walks are monotone.

Lemma 5.3.1 Let u be any arbitrary point on the n-cube. Then for every point v

there is a valid sequence, {v,...,u,...,7}.

Proof: Induction on n, the dimensionality of the cube. For n = 0, trivial. Now

suppose true for n < N, and consider the problem on the N-dimensional cube. If

(Y 4
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Figure 5.4: Hazards Arising from a Walk

u # v, u # T 2, then there is an N-1 dimensional face of the N— cube, distance 1
from v, containing both u and 7. Let w be the unique point on this face distance 1
from v. Now, every valid sequence {w, .., T} is a suffix of a valid sequence {v,w,..., 7},
and is confined to the N —1 dimension face containing w, u and 7. Now, by induction
there is at least one valid sequence {w, .., u, ..., 7}, and hence there is a valid sequence
{v,w,..,u,..,7}. =

This lemma leads immediately to strong characterization of the statically
hazard-free functions.

Theorem 5.3.2 Let f be a non-trivial statically hazard-free function on the n-cube

2The problem is trivial fu = vor u = ¥



117

c. Then for each vertez v; of ¢, f(v;) # f(%).

Proof: Suppose f(v;) = f(%;) for some v,-.. Since f is non-trivial there exists some
vertex u such that f(u) # f(vi). By lemma 5.3.1, there is some valid sequence

{viy...,u,..., T3}, and since f(v;) = f(%;), this is non-monotone.  m

Corollary 5.3.3 On the n-cdbe, f = 0 on precisely half of the 2* vertices for all
statically hazard-free f.

Proof: Follows immediately, for there is exactly one ¥ for each vertex v. (]

Corollary 5.3.4 If f is a statically hazard-free function of n > 1 variables, then
each face of the n-cube of dimension n — 1 contains at least one vertez where f=0,

and at least one where f = 1.

‘Proof: Each face of dimension n — 1 contains half the points on the n-cube. If one
such face consists entirely of zeroes (ones), the opposing face must consist entirely of
ones (zeroes). The face containing all ones corresponds to a literal z, and hence the
function f is isomorphic to the one-variable function z. =

The set of functions satisfying the above theorem and corollaries is very
small. Indeed, on the three-cube there are precisely two, one the complement of the
other. One of these is shown in figure 5.5. Note that the walk {z7Z, z7z, Tyz} is
non-monotone. Hence we conclude that no (non-trivial) function on the 3-cube is
statically hazard-free, for this is the only possible statically hazard-free function on
the 3-cube. In fact, this statement applied to the n—cube is true for everyn > 1. We
show this now.

Counsider again the function in figure 5.5. Note, first, that every path be-
ginning at 0 is monotone, and, second, that the function is nondecreasing in each
variable; there is no place on the cube in which changing a variable from 0 to 1
changes the value of the function from 1 to 0. We now prove that every hazard-free
function must be either nonincreasing or nondecreasing in each variable. The proof
follows, but we state the intuition clearly here. If one considers the function as im-

posing a topography on the cube, then if we begin a walk at some vertex v, then v
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Figure 5.5: Only Function on the 3-cube Satisfying Corollaries 5.3.3-5.3.4

must be in a single basin of this topography (if f(v) = 0), or on a single plateau (if
flv)=1).

Definition 5.3.4 A function f is nondecreasing (nonincreasing) in a variable z;
iff changing x; from 0to 1 (1 to 0) does not change f from 1 to 0 (0to 1). If f is either
nonincréasing or nondecreasing in z;, then f is said to be unate in z;. Otherwise f
is said to be binate in z;. If f is nondecreasing (nonincreasing) in every variable,
then f is said to be nondecreasing (nonincreasing). If f is either nondecreasing or

nonincreasing in every variable, then f is said to be unate. Otherwise f is said to be

binate.

Theorem 5.3.5 Let f be any function, and v = (21, ...,z,) be any vertez of the n-
cube such that every valid sequence beginning at v is monotone. Let f(w)=0. Then
ifz; =0 at v, f is nondecreasing in z;, and if z; = 1 at v, then f is nonincreasing
in z;. Similarly, if f(v) = 1, then if z; = 0 at v, f is nonincreasing in zj, and if

z; =1 at v, then f is nondecreasing in z;.

Proof: We prove for the case f(v) = 0; the case f(v) = 1 follows by symmetry.
Let z; = 0 at v. If f is not nondecreasing in z;, then there is some vertex u =

(-»zj = 0,...) such that f(u) =1 and its neighbour vertex u’ = (..,z; = 1,...) such
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that f(u’) = 0. There is a valid walk {v,...,u,u’, ..., 7}, and, since f(v) = f(u') =
0, f(u) = 1, {v,...,u,u’,..., 5} is non-monotone. Similarly, if z; = 1 at v, then if f
is not nonincreasing in z;, then there is some vertex u = (..,z; = 1,...) such that
f(u) =1 and its neighbour vertex u’ = (..,z; = 0,...) such that f(u’) = 0. Thereis a
valid walk {v,...,u,u’,..., 5}, and, since f() = f(u') =0, f(u) =1, {v,...,u,u’,..., 7}

is non-monotone. ]

Corollary 5.3.6 If f is statically hazard-free, then f is nondecreasing or f nonin-

creasing in every variable.

Proof: Immediate, since if f(0) = 0, then by the theorem f is nondecreasing in every
variable, or f(0) =1, in which case f is nonincreasing in every variable. =

It is almost immediate now that there are no non-trivial statically hazard-
free functions of greater than one variable. Consider vertices v and 0, v # 0, f (v) =
f(0), where every walk from either v or § is monotone. Note that f must remain
nondecreasing (nonincreasing) on the cube obtained by rotating v into 0, which in
turn implies that f is independent of at least some dimensions of the n—cube. We
formalize this argument below, showing that v must be indistinguishable from 0.

We begin by demonstrating a sufficient condition for f to be independent of

Z.

Lemma 5.3.2 If f is both nonincreasing and nondecreasing in some variable z, then

f is independent of x

Proof: Changing the value of z from 0 to 1 cannot change the value of the function
either from 1 to 0 or from 0 to 1. Hence changing the value of = cannot change the

value of the function, and done. =

Lemma 5.3.3 Let v be any vertez, f(v) = F(0), s.t. every valid sequence {0, ..., 1} .

and every valid sequence {v,...,5} is monotone. Then f is independent of every

varieble z; in which v differs from 0.

Proof: WLOG, f(0) = f(v) = 0. By the previous theorem, since z; = 0 at § f must
be nondecreasing in z;. However, since z; = 1 at v, f must be nonincreasing in z;.

Hence f is independent of z;. =



120

Lemma 5.3.4 Let v be any vertez, f(v) = f(1), s.t. every valid sequence {I,..., 0}
and every valid sequence {v,...,5} is monotone. Then f is independent of every

variable z; in which v differs from 1.
Proof: Follows exactly the proof of lemma 5.3.3 =

Theorem 5.3.7 Let f be a non-trivial function of n > 1 variables. Then f is not
statically hazard-free.

Proof: Induction on n. If n = 2, follows by case analysis on the functions zy,z &
¥,Z + y (the other 7 true two-variable functions are isomorphic to one of these three
for this purpose). Suppose theorem holds for n < N. If n = N, consider the set of
N-variable functions which are not isomorphic to N — 1 variable functions. If f is a
statically-hazard-free function, then for every vertex v every valid sequence {v, ..., &

is monotone. In particular, every sequence {(1,0,...,0),...,(0,1,..,1)} is monotone.
By lemma 5.3.3, therefore, f is independent of z4, contradicting the assumption that

f was not isomorphic to a function of N — 1 variables. =

Theorem 5.3.8 Let f be a non-trivial function of all of its variables. Then there is
at most one vertez v such that every walk commencing at v is monotone and f(v) = 0,
and at most one vertez v’ such that every walk commencing at v’ is monotone, and

f(v') = 1. Further, if such a vertez v ezists, then v' ezists and v' = 7.

Proof: That at most one such v and one such v’ exist is immediate from lemma
5.3.3, so all that must be shown is that if v exists, v’ exists and v’ = 7. For this,
suppose v exists. By appropriate change of variables we can ensure that v = 0, and
hence that the function is nondécreasing in all its variables. But immediately, then,
we have that f(I) = 1, and that every walk from f(1) is monotone, and of course
I= 61, and so done. ]

The preceding theorems show that if a function is not to have a hazard
under evaluation, then the function must be unate, and, further, (after some rotation
of the cube) the evaluation must begin at the state 0 or I. The practice of setting

each variable to a known state before evaluation is known as precharging.
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Thus precharging and unateness are necessary for hazard avoidance. The
question is, are they sufficient? The following theorem provides this final piece to the

puzzle.
Theorem 5.3.9 If f is nondecreasing, then every sequence {0, ..., 1} is monotone.

Proof: f is nondecreasing. Let P = {0,vy,...,;, ..., 1} be any valid sequence. We
must show it is monotone.

Let v; be the first node such that f(v;) = 1. Then we must show f(v;) =
1Vj > i. We proceed by induction. For v;,;, observe that the only difference between
v; and v;4; is that some variable, say z;, was changed from 0 to 1. This cannot
change f to 0, since f is nondecreasing. Similarly, if f(v;) = 1Vi < j < N, the only
difference between vy and vy_; is that variable z, for some r was changed from 0 to
1 and hence, f(vn) = f(vn-1) =1,and done. = .

In sum, in this section we have shown that the family of hazard-free circuits,
under our initial assumptions, is identical to the family of precharged unate circuits.
In the next two sections, we will explore two of our base assumptions, and show that
relaxing either or both assumptions has no effect on the results, and in the second

case that the assumption cannot be easily relaxed in a VLSI environment.

5.4 The Satisfiability Don’t-Care Set and Restricted
Cubes

The preceding arguments rested on a.ssumption (5): any starting or ending
vertex was permitted. In practice, this is not the case. If the input variables to a node
are themselves functions of the primary input ﬁﬁabl@, then various combinations of
the input variables (typically called faces or cubes) may not be possible static values
of the input vertices, and if so, are not appropriate terminal vertices of a walk. The
collection of such impossible cubes is generally known as the Satisfiability Don’t-Care
(SDC) Set[3]. Now, even for non-precharged logic one can view the set of allowable

starting and terminal vertices to reside in SDC. However, it would be an error to
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consider that all walks across a cube must avoid the SDC set, for the vertices within
these cubes are only forbidden as static values; there is no reason to believe that the
vertices within these cubes may not occur as transient values as the inputs change.
Nevertheless, certain cubes may be forbidden. Given a.ny start vertex v(any
vertex from which all walks are monotone), any cube of the SDC set containing the
terminal vertex 7 will not be entered on any valid walk from v, since such a walk will
not exit the cube of the SDC set and hence will not terminate at a statically valid

vertex. We call these cubes the restricted cubes of vertex v, denoted R(v).

Definition 5.4.1 A cube c is a restricted vertex of v iff c C SDC and T € c. The
set of all restricted vertices of v is denoted R(v).

The essential point about the vertices contained within the Satisfiability
Don’t Care set is that the value of the function may be chosen arbitrarily on these
points, since these values will never be realized statically. The implemented function,
of course, is completely specified; there is a real, concrete value attached to each
point on the n—cube. The concrete value is a matter of concern for those vertices
inside the SDC set but outside R(v), since these will be visited in transit. Within
R(v), however, we can choose values arbitrarily, since these vertices will never be
visited. The strategy we use to prove results in this section is to demonstrate that a
single “good” assignment of function values exists for vertices in R(v), and that by
making that assignment we do not impose any restrictions on the hazard freedom of
the realized function. We then show that the results of the preceding sections hold for
such functions; this in turn shows that redundancy information in the form of the SDC
set does not yield any significant loosening of the precharged, unate requirements of
the previous sections. The “good” assignment simply forces values in the unreachable

parts of the cube (R(v)) to be the value opposite that of the function at v.

Theorem 5.4.1 Let v ¢ SDC and every walk from v terminating outside R(v) be
monotone. If f(u) = f(v) for all u € R(v), then every walk {v,...,5} is monotone.

Proof: Note that every walk {v, ..., w,w’, ..., 5} is composed of a prefix {v, ..., w} lying
outside R(v) and a suffix {w’, ..., 5} lying inside R(v). Since f(w’) = ... = f(7) = F(v),
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f changes value more than once over the walk iff it changes at least twice on the prefix

{v,...,w}. But {v,...,w} is monotone, and done. =

Definition 5.4.2 The function Cj, obtained by setting Cyo(u) = f(u) for all u
outside R(v), and Cj(u) = f(v) for all u € R(v) is called the Completion of f

with respect to v.

We show that Cj, is monotone under evaluation beginning at v iff f is.

Following this, we use the results of the previous section to draw conclusions about

5.

Theorem 5.4.2 Every walk {v, ..., T} is monotone under Cy,, iff every walk {v,...,w}

is monotone under f for each w outside R(v).

Proof: If {v, ..., 7} is monotone under Cy,,, then some w is the last vertex on the walk
outside R(v). {v, ..., w} is monotone under Cy,,, and for each u in the walk {v,...,w},
u is outside R(v) and so Cy,.(u) = f(u), and so {v,...,w} is monotone under f. For
the converse, note that every walk from v terminating in w under f (and so under
Cy,» is monotone, and for each u € R(v) we have Cy,,(u) = Cy,,(v). Hence Cy, meets
the premises of f for the preceding theorem, and hence every walk is monotone under

Cf,,,. n

.Corollary 5.4.3 Every walk {v,...,w} is monotone under f for each w outside R(v)

iff Cy,» s unate in every variable.

Proof: Immediate from theorem 5.3.5 and the fact that Cy,, is a completely specified
function. =

The matter of precharging remains. This follows immediately from lemma
5.3.3.

Theorem 5.4.4 Assume that 0 outside SDC. Let v be any vertez outside SDC,
f(v) = £(0), s.t. every valid sequence {0, ..., 1} and every valid sequence {v,...,T} is
monotone in Cy,,. Then f is independent of every variable z; in which v differs from

-

0.



124

Proof: Given two start vertices v and u, with f(u) = f(v), Cy,, and Cj, have the
unateness properties specified by theorem 5.3.5. These properties may vary, since C fu
and Cy,, need not be identical functions over the set R(v) U R(u). However, let u and
v differ in some z;. Then Cy,, is nondecreasing in z;, and hence f is nondecreasing in
z; over the care set; similarly, Cy,, is nonincreasing in z;, and so f is nonincreasing
in z; over the care set. Hence Cy,, and Cy,, differ in the unateness of z;, and f is
independent of z; over the care set and so is independent of z;. =

Thus the results of this section show that the (unrealistic) assumption that

no input states were forbidden had no effect on the major result of the section 5.3.

5.5 Ordering The Inputs

If assumption (5) (that all input vertices are possible) does not affect the
hazard-free status of the function, weshould examine the assumption that the order in
which the inputs change is arbitrary. Clearly the results of the previous two sections

are heavily dependent upon this assumption. The objectives of this section are

1. to demonstrate that this assumption (4) is reasonable under most circum-

stances;, and

2. to demonstrate that assumption (4) has no effect on the major results of this

paper.

In an abstract timing environment, each function is treated as a node in a
directed acyclic graph. The edges represent the connections between functions; each
edge is given a positive weight, which represents the delay between the time that the
edge source switches value and the time that the value reaches the edge sink.

The value at either the source or the sink at any time is a function both of
the initial state of the edge and of the current partial evaluation of the function at its
source. We have been representing this partial evaluation as a walk along the function
at the source of the edge, and ignoring the mechanism by which the variables to that

function changed value. Of course, these input variables are represented by other
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edges in the graph, and the changes in their value reflect the changes in state of those
edges. These edges in general change value in response to changes in the function at
the edge source. Tracing back these changes in function, or events, we arrive naturally
at the concept of events travelling down paths from the primary inputs. Since each
edge has a weight, the delay down any path is simply the sum of the edge weights. If
the edge weights model delay precisely, then one can time the arrival of an event at
some node. Further, one can adjust the arrival time of an event at a node by adding
nodes (called static delay buffers) to the graph at appropriate points along the path.
The purpose of these nodes is merely to delay the arrival of signals at a point.

In practice, delays, even those generated by static delay buffers, are not
known so precisely. Recall that delays of the various edges are dependent upon
the precise sizes of the capacitors and resistors that make up the physical circuit,
which in turn are heavily dependent upon the precise physical layout of the circuit
in silicon, upon variations in the various doping steps of the fabrication process, and
finally upon thermal and electrical factors in the operating environment. Through
careful measurement of the mask-level design, one can obtain the needed information
concerning the physical layout, but parameters of the fabrication line and operating
environment can only be given probabilistically. As a result the edge weights are
typically given as a range of figures, and the maximum of the range is taken as the
edge weight. Further, the edge weights cannot be taken to scale uniformly throughout
the circuit; it is entirely possible that some instance of the circuit will have some edges
operating at or near their minimum delay values and others operating at or near their
maximum delay values.

Hence when one considers an abstract circuit, one is in fact considering a
family of circuits. The distinguishing characteristic of the circuit under analysis is
that it is the slowest in the family. As a result, a partial order on the inputs of a gate
is invalid unless it can be shown to hold for every member of the family. We examine

the conditions under which this may be shown.

Definition 5.5.1 The circuit obtained by assigning the mazimum value to every edge

is called the slow circuit, and the circuit obtained by assigning the minimum value to
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every edge is called the fast circuit.

A node has settled to its final value only when its last event has propagated
through the node. In chapter 2 we showed that this can in general be bounded above
by the length of the longest viable path terminating at that node. The upper bound
on a node settling is therefore the length of the longest viable path in the network in
the slow circuit. A lower bound on a node settling is the length of the shortest path
in the fast network. Since the condition on imposing the order z switches later than

y is that the upper bound on y is less than the lower bound on z, we have:

Theorem 5.5.1 An input z to a function f can be said to switch earlier than y if the
longest viable path terminating in z in the slow network is shorter than the shortest

path terminating in y in the fast network.
If the delay of each edge in the fast network is taken to be 0, we have:

Theorem 5.5.2 If the minimum edge weight for every edge is 0, then no partial

order ezists on the inputs to any function

For the remainder of this section, we presume that the minimum weight of

the range at each edge is 0. Under these circumstances, one can prove the following

theorem.

Theorem 5.5.3 If two events e, and e;, arrive at node f,, it cannot be determined
which arrived first.

Proof: If e; and e; travel down disjoint paths to f,., either can be made to arrive
before the other by reducing the delays along the relevant path to 0. If the two paths
conjoin, then the event which arrives first at the junction arrives first at f,,, but the
paths have disjoint prefixes and hence by the first case the event which arrives first
at the junction cannot be predicted. If the two paths diverge, and then reconverge at
fm, then the shorter of the two disjoint reconvergent segments carries the first event,
but either of the reconvergent segments can be made shorter by reduction of edge

delay along the chosen piece to 0. These are all the cases, and so done. m
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Even though one can order the inputs on a node if one has nonzero minimum
delays for each edge, it is not clear that this loosens the restrictions on hazards. The
fact that these restrictions still apply is a consequence of the two final theorems.

Now, clearly if a total order doesn’t help us in loosening the precharged/unate
restrictions, then no partial order will. Let us consider the case where z; switches
before z; for j > i. We show in this case that every hazard-free function must be
both unate and have the starting vertex fixed.

Assume a total variable order and consider the case of the three dimensional
cube. Any attempt to construct a hazard-free function on this 3-dimensional cube .
with 2 0 at both 0 and 1 fails, even though only one valid walk from 0 need be
considered, due to the variable order. However, the fact of the variable order puts no
restrictions on either the start or terminal vertices of a walk, merely on the internal
structure of the walk once initial and terminal vertices have been selected. Since
every walk of distance n involves n + 1 points, a distance n walk originating and
terminating on vertices where the function is 0 gives n + 1 points where the function
is 0. From the n + 1 given 0 points on the cube derived from the walk, and from the
fact that one could construct a single walk from any point to any point, we were able
to fill the 3-dimensional cube with zeroes at each vertex. It developed that this is

true of every cube, a fact we prove now.

Theorem 5.5.4 Let f be a haza}d-ﬁee Junction on the N-cube, with a total order on
the arrival of the input variables. Let f = 0 on any two points distance N apart on

this cube. Then f = 0 on the entire cube.

Proof: Without loss of generality, we assume that the variables change in the order
T1y..y Tn; i.€., T; switches before z; iff i < j. We show by induction on n. The case
is trivial for either the 0 or 1 dimensional cube, so suppose this is true for all cubes
of dimension < N. For the case n = N, without loss of generality assume f(0(=
ZT) .y TN)) = f(f(: T1,...,ZN)) = 0. Now, the walk from 0 to I therefore induces a
0 on every point along the walk, and these points include the point u = (1,...,1,0).
0 and u form extrema points of the NV — 1 dimensional cube Z, and so by induction

f = 0 everywhere on this cube. Hence f = 0 at the point u’ = (1,0,....,0). Now,



128

!

e
e

(=]}
\
-

/
w

——

z3 z3

Figure 5.6: Illustration of theorem proof on 4-dimensional cube

v’ and I form extrema points of the N — 1 dimensional cube z,, and hence f = 0
everywhere on this cube. Hence f = 0 at the point w = (1,...,1,0,1), and so 0 and
w form extrema points of the cube Tx_7, and so f = 0 everywhere on this cube, and
in particular at w’ = (0, ...,0,1). Finally, w’ and I form extrema.points of the cube
TN, and so f = 0 everywhere on the cube zy. Now, f = 0 everywhere on TF as well,
so f = 0 everywhere on the entire cube, and done. =

An illustration of the proof on the four-dimensional cube is given in figure
5.6.

With this in hand, we can immediately prove as a corollary the analogue to
theorem 5.3.5

Theorem 5.5.5 Let f be any function and the total order in which the inputs switch
is given. v = (Z1,...,Zn) 8 any vertez of the n-cube such that every valid sequence
beginning in v is monotone. Let f(v) =0. Then if z; =0 at v, f is nondecreasing in
zj, and if z; = 1 at v, then f is nonincreasing in z;. Similarly, if f(v) = 1, then if
z; =0 at v, f is nonincreasing in z;, and if z; = 1 at v, then f is nondecreasing in

Z;.

Proof: We prove for the case f(v) =0, z; = 0 at v only. If f is not nondecreasing
in zj, then there is some point u with f(u) = 1, z; = 0 at u, with a neighbour «/,

zj =1 at v/, f(¢') = 0. But now v,u’ are extrema of a cube, and f = 0 at both
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extrema. Hence f = 0 on the entire cube. But f(u) = 1, and u is a point of this
cube, contradiction. =

Lemma 5.3.3 follows this theorem with exactly the proof with which it follows
theorem 5.3.5, which suffices to prove the point of this section: imposing any order
on the variables does not relax the requirement that the functions be precharged and
unate in order to be hazard-free. .

The final question that naturally arises is whether a denial of both assump-
tions together is sufficient to loosen any of the restrictions imposed in the general
case, given that neither separately is sufficient. We will not repeat the arguments of
the previous section here. However, if we assume both a total order on the inputs
and the existence of forbidden states, we can use the results of this section to argue
that the function must be unate exclusive of the don’t care set, and then use the

completion construction of the previous section to argue that precharging is required.



Chapter 6

Timing Analysis in Hazard-Free
Networks

6.1 Introduction

Chapters 2 and 3 centered around algorithms which found the longest path
down which an event could propagate in a combinational network. Such a path is
called the true critical path, and is of great interest in timing verification.

Due to the uncertainties in the actual delays of the various circuit elements
mentioned in the above chapters, we argued that true critical path procedures must
not only report the longest true path, but must also report a path whose length
is no less than the length of the true critical path in all the faster networks in the
family (since such a faster network will be the network actually fabricated and in use).
This robustness constraint was called the monotone speedup property: one could not
lengthen the critical path of the network by speeding up some of its components.

Recall from chapter 2 that in general networks simply tracing the set of paths
which actually propagate events is not a robust procedure, in the sense of monotone
speedup, since one can construct networks in which reducing the delays of some circuit
elements causes signals to propagate down longer paths than the longest true path in
the original network. Indeed, one can construct networks with no full true paths in

the original network but have arbitrarily long true paths in some faster network. This
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is a particularly unfortunate state of affairs, since it ensures that any correct, robust
criterion for true path tracing will be loose in the sense that it is possible that some
paths down which events cannot propagate will be reported as true. Hence one is.
guaranteed to overestimate the critical delay in a network. Indeed, one can construct
circuits in which the difference between the critical delay that one obtains by tracing
the true paths and the critical delay that one must report is arbitrarily large.

It would be pleasant if there were an identifiable class of circuits for which the
true longest path delay criterion were robust, and as the reader has certainly guessed
by now, hazard-free circuits are such a class. It is the objective of this chapter to
prove this, and to derive an algorithm which returns the length of the true critical
path.

6.2 Dynamic Sensitization is Robust on Precharge-

Unate Networks

We begin this discussion by observing that the results of the previous sec-
tions are assumed, and hence when we speak of hazard-free networks we also mean
precharged, unate circuits, since we now know these cbncepts are equivalent. Hence at
every time ¢ > 0, each node f is either in its initial precharged state, or its evaluation
state; the two, of course, might be the same. If one considers a function evaluation
as a walk along the cube, as above, then a change in value of the function occurs in
response to a change in value of one of its inputs; we call such a change in value an
event, and say that the event has propagated from the input to the output of the
function. It is natural to extend this notion of propagation from input to output to
propagation along a whole sequence of nodes, { fo, ...y fm}, where each f; is an input
to fisa.

Recall from chapter 2 that for a node f; to respond to an event on fiy1, the
other inputs (also called the side inputs) to fi;; must be at the appropriate values
- when the event propagates through f; in order to propagate through fi4;; for example,
if fiy1 is an OR or NOR gate, the side inputs must all hold the value 0 in order for
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the value of f; to determine the value of f;11, and if f;4; is an AND or NAND gate,
the side inputs must all hold the value 1. In general, one can show that these values
form a satisfying set to a logic function, the boolean difference of f;; with respect to-
fi, and is denoted 8&

In chapter 2, it was presumed that a set of inputs (called an input vector
or an input cube ¢ was applied to the primary inputs at ¢ = —o0 and determined
the initial state of the wires in the network. A vector ¢; was then applied at ¢ = 0
and permitted to propagate through the network. Under these circumstances, it was
shown that:

Theorem 6.2.1 A path {fo, ..., fm} is sensitizable by primary input cubes ¢, c; (an
event propagates under ¢y, cp) iff Wa',ﬁ_'?(cl,q,r.-_l) =1

. Now, the cube ¢, was present in that formulation since the cube ¢; deter-
mined the state of the network at ¢ = 0. Now, however, the initial state of the network

is determined by precharging, and so we may dispense with the vector ¢;, rename ¢;

as simply ¢, and write:

_ ’I‘heorem 6.2.2 A path {fo,..., fm} is sensitizable by a pnmary input cubes ¢ iff

af 1(c,‘r._l) =1

Our task is to show that the dynamic sensitization criterion is robust on
hazard-free networks. Such a network may be presumed to consist exclusively of
AND, NAND, OR and NOR gates; more complex gates may be macroexpanded into
subnetworks composed of these, and the set of dynamically sensitizable paths not
decreased by the macroexpansion. Now, note for each such gate the sensitization
conditions are either a 1 on all side inputs (for AND and NAND), or a 0 on all
side inputs (for OR or NOR). Now, we pr&sun;e that every input to one such gate is
precharged to either 0 or 1; indeed, this is a requirement for the gate to be hazard-free.
In general, then, either each input to a gate is precharged to its sensitizing value, or
each input is precharged to its desensitizing value. In the former case, the first input

to change state propagates, since each other input is still at its sensitizing value, and
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in the latter case, the last input to change state propagates, since each other input
must have already changed to its sensitizing value. Informally, then, if we speed the
network up, neither the first nor the last event on an input will be slowed down, and
hence the event that propagates will not be slowed down. We formalize these notions

below.

Lemma 6.2.1 Let N be a hazard-free network. Then for each node f, input cube c,
the set of dynamically sensitizable paths under c through f are all of the same length.

Proof: This is immediate. Each dynamically sensitizable path through f propagates
an event. But there is at most one event at f, and hence each separate dynamically -

sensitized path must propagate its event through f at the same time. =

Definition 6.2.1 We denote the time that an event propagates under c through f as
t(f,c). If we are discussing the time that the event arrives at f in the contezt of a
specific network N, we denote this as tn(f,c).

This leads immediately and naturally into the speedup, or robustness, the-
orem. Suppose we speed network N up into N’ by reducing some internal delays.
What we’d like to prove is that the longest dynamically sensitizable path in N’ is no
longer than the longest such path in N; in other words, tn(f,c) =2 tn(f,c).

Theorem 6.2.3 Let N be any network, N’ be any network obtained from N by re-
ducing delays at some nodes. Then for each f, tai(f,c) < tn(f,c)

Note the proof of this theorem gives us the result we want, for the delay
reported by a dynamic timing analyzer on the original circuit under this sensitization
criterion is the max over all primary outputs Fj and cubes c of the t(Fj, c).

Proof: Induction on the level of £, §(f). For f a primary input, trivial. Assume true
for all nodes of lesser level than f, and so, in particular, assume the result for the
inputs g; of f. Now, for each input g; of f, we have ty:(g;, ¢) < tn(gi, c). Now, since
we have restricted our attention to AND, NAND, OR and NOR gates we may write:

min(?(g;, ¢ ;’s are precharged to the sensitizing value
max(#(gi,c)) otherwise



134

without loss of generality, we presume the first case, and since min(tn/(g;i,c)) <
min(tn(gi, ¢)) and wn:(f) < wn(f) we have that ty:(f,c) < tn(f,c), as required.
The reader can easily verify that the proof for the other case follows. =

6.3 The Dynamic Sensitization Function

We now have the proof, and all that we desire is an algorithm to compute
the longest dynamically sensitizable path in such a network. Fortunately, we can
adopt the dynamic programming procedure developed previously to calculate this.

First we must derive a logic function Ap with the property that:
Ap(c) = 1iff P is sensitized by ¢

In general, we wish to write a series of equations similar to (2.2)-(2.4). The
first equation, the analogue to (2.2), we can write immediately:
dp =M (6.1)
=0 ‘

Recall that P,, denoted the set of paths of length > ¢ terminating in g. It is
also convenient to denote the set of paths of length ezactly t terminating in g; denote
these as Rg.

The equation for A% still must be derived.

‘ We first consider DOMINO networks only; this suffices to encompass NORA
networks as well, since DOMINO and NORA networks are isomorphic through the
translation of appendix D. Note that for DOMINO networks, it suffices to consider
only the set of rising events at a node. Note further that since DOMINO networks
consist only of noninverting gates, a rising edge through a fanin of a node produces
a rising edge at the output of the node (we neglect primary inputs for the moment).

Consider the generic picture of the pulldown network of a precharged-unate
function, presented in figure 6.1. '

In this diagram, ¢ consists of the pulldown network feeding through f;_;
and r consists of the network which does not feed through f;_;. Each path through

a subnetwork corresponds to a cube of the subnetwork.
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¥

Figure 6.1: Generic Precharged-Unate Gate

The boolean difference S%ET may be written, in terms of ¢ and r,

(g+r)or

which simplifies to:

qr

or, in other words, ¢ is conducting and r is nonconducting. This is also the condition

under which a rising edge on f;_; forces a rising edge on f;.

(1.4
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Denote as A{* the condition that thereis a rising edge on f at T > t. Denote
as MJ"* the condition that thereis a rising edge on f at t < T'. Since every sensitizable

path produces a rising edge, we have:

M= 3 2 (6.2)
Q€EPy,
We can then write the expression for A{* in terms of Af*, by noting that there can
be only one event on f for each input combination. The condition on M* is that this
event occurs no earlier than ¢, and hence /\{")\{" is equal to the dynamic sensitization
functions of the paths terminating in f of length precisely #:

ity St
MM = 3 2q
QER,,:

further, /\{" + Mt = f, since f must rise at some time if f = 1. Hence we must have:

M= O+ 3 o) (6.3)
Q€EPy,s

We are now in a position to determine when a rising edge on f;_; forces
a rising edge on f;. Basically, we must have ¢ conducting at 7;_;, r nonconducting
before 7;_;. Now, for ¢ to be conducting, we must have that some path through ¢ is

conducting. We may write

q=C +cz+....-_|-c,,

where each c; is a path through g and a cube in the sum-of-products expression for g.
The identity between these two must be exact, and can always be arranged through
the appropriate choice of sum-of-products expression for g.

The requirement that g be conducting is therefore that some path c; be
conducting, i.e., must be identically 1. Further, since the precharge state of every
variable is nonconducting, we must have that every variable g in ¢;j rise and arrive no

later than 7;_;. This requirement is expressed in the condition gA2™"! i.e.

H gAgvft’—l

g€c;

"w
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Since ¢; = [1gec; 9, the condition for c; to be conducting is:

9iTi-1
] H A7

g€c;

and since the condition for ¢ = ¢; + ... + ¢, to be conducting is that some ¢; be

conducting, we have that the condition for ¢ to be conducting is:

Y o [T Agm  (64)

cj€g  gec;
The equation for r to be nonconducting is somewhat simpler. Every cube
¢ € r must be nonconducting. Hence for some transistor controlled by g in ¢,
the final value of g must be nonconducting (0), or g must be late and so be at its

precharged, nonconducting value. This condition can be expressed:
> (A" +3)
g€cx
and the condition for r to be nonconducting is that this be true for every cube:
II (3 M +3) (6.5)
cxEr gEcy

Putting (6.4) and (6.5) together, we get:

i = (zc,- ) (s +9) - (69

cj€q  g€c;j CxEr gEcy

In sum, we define:

Definition 6.3.1 The dynamic sensitization function (also sensitization set) of a
path P = {fo, ..., fm} in a DOMINO or NORA network is defined as:

Ap =TI (6.7)
=0

where

A= (z o 1T A) (11 (3 28 4 -g->) 65)

cj€q  g€cj ck€r g€ck
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and
AMt= )" ) . (6.9)
Q€Pg,e
and
Az"=f(W+ > Ao) (6.10)
Q€eRg,: A

where, as before, f; = qfi_y +r.

The case of primary inputs should be treated carefully. Primary inputs can
be treated simply as DOMINO nodes, with the case that:

Mt=g Vt>0

and
Ag": g t=0
0 t>0

This captures the behaviour that there is a rising edge on g iff g is true, and that g
arrives at £ = 0 for all g. This implies that the two phases of each primary input are
treated as separate variables for the purpose of analysis.

We have immediately:

Theorem 6.3.1 A path P = {fq, ..., fu} in a precharged/unate network N is dy-
namically sensitized by input cube ¢ iff Ap(c) = 1.

Proof:

<= P dynamically sensitized by ¢. Induction on 6(f,). Trivial if §(fn) = 0. Assume
for 6(fm) < N. Now, if P is dynamically sensitized by ¢, then we have f,, and fn_;
as in figure 6.1, and ¢, r defined as in the figure and subsequent discussion. By
induction, we have that for each g € FI(fn), and for each dynamically sensitizable
path @ terminating in g, Q is dynamically sensitized by ¢ iff ¢ C Aq. Now, since there
is a rising edge on f, in response to a rising edge on f,,—;, we must have that there is
a conducting path through g at 7,,—;. Hence for some cube c; in the sum-of-products
expression for ¢ we must have that ¢; is on at 7,,,—;. In this case, the static value for

each g € c; is 1, and, further, g must have achieved its final value no later than 7,_y:
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i.e., some path @ of length < 7,,—; terminating in g must be dynamically sensitized
by c¢. By induction, therefore, ¢ C A§™, for A3™! is the sum of the dynamic
sensitization functions for such paths. Hence c satisfies
> ¢ [T g™
cj€EQ gEc;
Further, r is nonconducting at 7,1, i.e., r = 0 at 7,,_1. There are two cases. In the
first case, the static value of r is 0. In this case the static value of every cube ¢; € r
is 0, i.e., for each cube c; there is some g € ¢; such that 7 is true, and we have that
Y79
ckEr gEck

is satisfied. Otherwise, for some c;, the static value is 1, i.e. every literal has its
static valueas 1. If evéry g € ci has achieved its final value before 7,,-1, then a rising
edge on f,, has occurred before 7, i.e., we have that ¢ dynamically sensitizes a path
through f,, of length < 7,,. But we know that every path through f,, sensitized by ¢
must be of the same length, and P is a path of length 7., sensitized by ¢ through f,,,
contradiction. Hence for some g € cx, g settles to its final value at or after 7,,_,, i.e.,
there is a path Q of length > 7,,_; terminating in g sensitized by ¢. By induction,
¢ C Ag. Now, Ag C A9™-1_hence ¢ C A1, Hence ¢ C Y gec, A9™™=1 + 7 for each
¢k, and hence is contained in the product. Hence ¢ C Af. By induction, ¢ C M for
every : < m, and so ¢ C Ap. '

=> ¢ C Ap. Induction on §(fm). For 6(fn) = 0, trivial. Assume for &( f,,.) < N.
If 6(fm) = N, we have by induction that {fo, ...y fm—1} is sensitized by c. We must
show that a rising event propagates from fm—1 to fm under c. Write fr, = qfm_1 +7,

as usual. Since ¢ C Af", we have for some ¢; € g, c satisfies the right-hand side of

(6.8), and so must satisfy:
c; H ,\g.fm-t

9€c;
By induction, the final value of each g € ¢; is 1, and g arrives no later than 7,_.
Hence when fn.—; toggles to 1, there is a conducting path through fi.—; and c;. Hence
if there is not a rising edge at f,, in response to a rising edge on f,,—;, there must

be a conducting path through r before 7,,_,. But in this case, for some cube c; in r,
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we must have that each g in ¢; is turned on by ¢ and, further, arrives before ;.
By induction, therefore, we must have that ¢ C g, and, further, that ¢ C AF™
(since the one sensitizable path to g under ¢ was of length < 7j,_;. But then (6.5) is

unsatisfied by ¢, and so too must be (6.8), and hence A} is unsatisfied, contradiction.

T

Figure 6.2: Generic DCVS Gate

Sensitization for DCVS circuits must be handled more carefully. A generic

DCVS circuit can be mathematically analyzed as two DOMINO gates back-to-back,
as in the diagram in figure 6.2. (In practice, the two pulldown networks of the

two gates are often combined, for space reasons). Once again, the only cases that
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need be analyzed are rising edges on the inputs to a gate producing rising edges on
the outputs of a gate. For such networks, equations (6.7) and (6.9)-(6.10) remain

unchanged. Equation (6.8) splits into four equations, corresponding to the cases:
(%) a rising edge on f;_; produces a rising edge on f;;
(ii) a rising edge on f;_; produces a rising edge on f;
(ii) a rising edge on f;—; produces a rising edge on f;; and
(iv) a rising edge on f;—; produces a rising edge on 7.

We analyze case (%) explicitly; the others are exactly analogous. For a rising edge on
fi-1 to produce a rising edge on f;, we must have that at 7;_; there is a conducting
path through ¢ and no conducting path through r;. The other blocks may be ne-
glected, since the presence of a rising édge on f;.; assures us that there will be no
conducting path to ground through f;_; (and hence the possible presence of conduct-
ing paths through s, and s, is irrelevant). Similarly, the presence of a conducting
path through ¢; ensures that there is no conducting path through either g; or r;, since
the mutual presence of such conducting paths through ¢; and either ¢; or r, would
imply simultaneous rising edges on both f; and F;, forbidden. Hence, note that (6.8)
fits this situation exactly, with ¢, substituted for g and r; substituted for r.

M = (Z e [I Az) (CII OB +§)) - (8.11)

CjEQ  g€Ecj xEr1 g€cy
The equation for case (it) is:

A.f-‘ = (Z ¢ H /\9:"‘—1

Ccj€q2  gEc; CcxErz ge€cy

( (O 2™ 4+ y)) (6.12)

The equation for case (i) is:

(1
A = (2 10 AW-*) ( II (3 agm +-g-)) (6.13)
(L g9)

CH g€c; CRErL g€cy

The equation for case (%) is:

(6.14)

M= (Z c; [T ™

cj€22 g€c;

( (3 M™ +3)

€r2 g€cy
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6.4 Algorithms

We now turn to algorithms. Again, the DOMINO case largely suffices, and
only a few remarks need be made to cover the DCVS case.

As in the viability procedure, the basic algorithm is a dynamic programming
procedure adapted from the best-first path tracing algorithm. The difference between
¥§ and A\f requires that here both A" and M be maintained for every node f.

Note that A" is the analogue to ¥/, and hence can be kept up to date in
the same manner that ¥/* was in the initial version of the viability procedure. To
keep A" up to date we need a little extra bookkeeping.

At the connection of node g into node £ , we keep not one but two variables;
flgl . Ao and £[g].)s, and a variable £[g].t. The semantics of the variables are
that £{g] .\, holds the sensitization functions of all paths extending through g to
f of length > f[g].t, while £[g] ./\g' holds the sensitization functions of all paths
extending through g to £ of length = £[g].t. Hence

Mt = flglAa + flglrs

and’
’\g't =f [9]°’\a

If we adapt the procedure of figure 3.15 to this problem, we have the proce-
dure of figure 6.3.

The priority queue in this procedure is ordered by the relation > developed
in definition 3.3.1. The only difference between the two procedures is the name of the
sensitization function (A instead of 1) and some details of the mechanism by which
the dynamic programming information is computed. The order in which paths are
examined is unchanged, and hence the scheduling theorems concerning algorithm 3.15
hold; in particular, lemmas 3.3.1-3.3.3 hold for this procedure. On this basis, we must
derive the mechanism by which the dynamic programming information is updated.

From the scheduling theorems, it is clear that when we are extending a path
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find longest_true_path(){
Initialize queue to primary inputs of the circuit
while(((path, g) <- pop(queue)) # nil) {
k is the last node of path;
update_lambda(g, k, path);
A <- sensitization function(path, g)
ifF(A#0) {
new_path <- {path, g};
if(g is an output) return new.path; .
A(new_path) <=~ );
foreach extension np <- {new_path, h} of new.path
if(E(np) = E(new_path))
insert np on queue
}
if every extension ext of path s.t.
- E(ext) = E(nev_path) has been explored {
extl is next best extension of path
push extl on queue;
foreach extension ext2 of path with E(extl) = E(ext2)
push ext2 on queue;

}

Figure 6.3: Dynamic Programming Procedure to Find the Longest Sensitizable Path

P from f;_, through f;, it must be the case that, for each g € S(f;, P):

filglha+ filglda= X do+ X A
QePl(g'Rfl') erﬁ(gvp'fl')

where Py(g, P, f;) is the set of paths through g and f; that have already been explored
and Py(g, P, f;) is the set of paths through g and f; on the queue and of maximal
esperance, for these are the set of paths which are of length > d(P). Further, from
lemmas 3.3.2 and 3.3.3, we know that the set of paths in Py(g, P, ;) is a superset of
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the paths through g to f; of length = d(P). Hence we must have:

f i [g]'/\a = z ’\Q
Q€Pi(g,P.fi),d(Q)>d(P)
and
- fi[g]"\ﬁ = Z AQ + Z )\Q
QGP;(Q,P,f.‘),d(Q):d(P) QGPz(y.PJi)

Further, those paths in Pi(g, P, f;) of length d(Q) = d(P) must be the paths of
minimal length in Py(g, P, f;), and also must be the last explored. The variable f; [g].t
is used to record this minimal length. As a new path Q is traced through g to f;,
it moves from Py(g, P, f;) to Pi(g, P, f;), and must be a path of minimal length in
Pi(g, P, f;). Hence the length of Q is checked; if it is less than filg)-t, we have a new
lower bound length on P,(g, P, f;), and we set:

filglt = |Q|
- fi[S’]"\G = ft’[glv'\a'*'fi[g]-’\ﬁ
filglds = Xq

otherwise, |Q| = fi[g].t, we set

filglds = filglAs + Aq

The code for update_lambda is given in figure 6.4.

update_lambda suffices to partition the sensitization functions of the paths
Q € Py, P, f.-).‘ There remains the matter of assigning the sensitization functions
of the paths @ € P,(g, P, f;). As in the procedure of figure 6.5, this is done in the
" procedure which computes the sensitization function.

Theorem 6.4.1 sensitization function(P, f;) = z\f;'

Proof: Induction on §(f;). For the base case, f; is a primary input, and A% = 1 for
fi a primary input. Assume for §(f;) < L. Now, for 8(f:) = L the theorem holds if

we can show that:
fi[g]"\a + f;[g],Aﬁ = Agm'-l
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update lambda(f;, g, Q) {
if (d(Q) = filg}-1) -
filgl-As — filgl-As + Aq; ‘
else {
filgl-Aa « filg)Aa + filg)-As
filg]-t — d(Q);
filg)-As — Aq;

Figure 6.4: Procedure Updating Dynamic Programming Information

for the general case, and, further, that:
9filgl-da = AZ™

For the first:

,\gm‘-t — E /\Q
d(Q)2 71

where @ is a partial path ending in g. Now, if d(Q) > 7;_;, or if the level of the last
node of @ is less than that of the last node of P, then {Q, i} = {P, f;} by lemma
3.3.1, and hence has been examined previously by the algorithm. Since 6(g9) < L, by
the induction hypothesis for each such path Q Mg was correctly calculated. Further,
as each such @ was popped off the queue for extension through f;, Ag was added into
filg)-Ag. Now, either it remained in filg]-Ap or was later transferred to fi[g].Aq and
hence fi[g].Aa + fi[g]-Ag 2 Aq for all such paths Q. There remains the case where
Q and P are incomparable under . Now, if Q has been previously examined by
the procedure, then Ag was added into fi[g].As and hence f;[g]-\s + fi[g]-Aa 2 Aq.
If not, by lemma 3.3.2, these are precisely the set of cases where {@, fi} is on the
queue and maximal under the order. These are the paths directly summed into

filg)Aa + filg]-Ap in sensitization function. Hence fi[g].Aa + filg]-As 2 Aq for
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sensitization function(path, g) {
if g is a primary input return 1;
k is the last node of path;
sensefn « 0;
esp «— E({path, g});
foreach path p on queue of esperance esp {
if p ends in j,g
update_lambda(g, j, p);
}
foreach side input j to g {
if g[jl.t > d(path) {
9lil-Aa — gli]-Aa + gli)-As;
g[j]./\p «—0;
gljl.t = d(path);

} g=gqk+r;

foreach cube ¢; € ¢ {
sense « ¢; [l e 9k1]-Aas
sense_fn «— sense.fn + sense;

}

foreach cube c; €r
sensefn « sensefn * Y c.(F+ g[k1].Aa + g[k1]-Ap);
return sense.fn;

Figure 6.5: Sensitization Function for Dynamic Programming Procedure
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each such path Q. For equality, all we must show is that no path Q has had its
sensitization function Aq summed in incorrectly into f;[g].Aa + fi[g]-As. This can only
occur if the algorithm has examined some path @ before P with d(Q) < d(P). But
then E({P, f;}) > E({Q, fi}), contradiction.
To show that:
e =
all we must show is that:

fi[g]"\a = Z ’\Q
{Q.fi}>7i

We already know that:
filglda + filglds = DX° A
d(Q)27i-1

By inspection of the code for the routine update_lambda, it is easy to see that f;[g].As
* is the sum of the functions Mg for those Q of minimal length, and f;[g].\, is the sum
of the functions Ag for those Q of strictly greater than minimal length. Now, either
the minimal length is 7;_; or it is greater than 7;_;. In the former case, the statement

is proved, and in the latter the line

if gljl.t > d(path)
of procedure 6.5 is triggered, and we have that

filglra = filg)-Aa + filg)-Ag
filglds = 0

and hence
9filgl-Aa = A3
and we are done. =m
For DCVS, the same algorithm works; the sensitization functions for f; and
f; must be separately maintained. Note, however, that since a rising edge on f;_;
can produce a rising edge on either f; or f;, each iteration potentially adds two new

paths to the queue, and hence the number of paths potentially grows very large. The
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bound in terms of the number of long false and true paths remains the same, and
- so the nominal complexity of the algorithm for DCVS remains as it is for DOMINO.
However, the fact that a potentially larger number of long paths exists in a DCVS
circuit should indicate that timing verification on such circuits may be in general
~ somewhat more time-consuming. This effect may be somewhat mitigated by the fact
that, in general, a DCVS circuit may require only half as many gates to realize the

same function as a DOMINO circuit. Only experiment can answer these questions

satisfactorily.

6.5 Conclusion

In this chapter, we have demonstrated that every dynamic sensitization is a
robust, correct criterion on precharge-unate circuits and that the dynamic program-
ming algorithm developed in chapter 3 can be modified to éompute the critical paths
of these circuits. These facts are a potential attraction of this design style, and in
particular to the DCVS technology. These facts also mean that circuits designed with
this style are less vulnerable to certain classes of stuck-at-fault, and hence may be
considered, at least in this sense, somewhat more reliable than full static MOS.



Appendix A

Complexity Results

A.1 A Brief Introduction to the Theory of Poly-

nomial Reducibility

The infant science that we today call Computer Science can be fairly said to
have three recurrent, dominant themes: abstraction, consistency (often, incorrectly,
called correctness) and efficiency. It is this last consideration which most strongly
differs Computer Science from most other branches of mathematics. Other branches
of mathematics are concerned with abstraction and consistency, but virtually never
with efficiency.

Efficiency, in turn, has two sides, algorithm design and complexity. Algo-
rithm design (also known as “upper bound theory”) is concerned with finding good
algorithms to solve a problem, and with characterizing the number of operations that
those algorithms perform to solve an instance of a problem; complexity, or “lower
bound theory” is concerned with demonstrating that any algorithm restricted to a
class of operations (e.g., binary comparisons for sorting and searching) must require
some number of those operations to solve an instance of a given problem. Both parts
of the theory quote performance as a function of the problem size; e.g. O(nlogn)
binary comparisons are required to sort n items.

Lower bound theory is far less developed than upper-bound theory. While
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some problems (e.g. sorting n items, searching an ordered set of n items for a given
item) have well-defined lower bounds that are “sharp” (i.e., there is a known algorithm
that performs as well as the lower bound), these are very much the exception rather
than the rule. Further, the mathematical techniques used to prove lower bounds are

still very much in their infancy.

P P Solution

Q —(Q Solution

Figure A.1: Generic Problem Transformation

One technique that has gained much currency over the past 15 years is the
use of reducibility, or of problem transformations. The use of a problem transformation
is shown graphically in figure A.1. Broadly, algorithms are found to transform an
instance of problem P into an instance of problem Q, and the solution of the instance
of problem @ into the solution of the instance of problem P; if a lower bound for
problem P is known, a lower bound for problem @ can then be derived in terms of
the lower bound for problem P and the cost of the transformation, since the use of
the transformation and an algorithm for Q is an algorithm for P.

In the early 1970’s, the use of problem transformation was to formalize
research in a class of proBlems for which neither any good algorithm nor lower bound
was known. The paradigmatic problem for this class was the travelling salesman
problem: given a set of n cities, and, for each pair of cities i, j an integer cost w;;
associated with a transit from city ¢ to city j, and an integer K, is there a tour of the

n cities, in which each city is visited only once, such that the total cost of the tour is
< K?
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The interesting thing about travelling salesman (TS) is that, given a pro-
posed tour, one can easily validate whether or not the proposed tour is in fact a tour
and one can easily determine whether its total cost is < K; in fact, one can do so in
time linear in the number of cities. However, discovering a solution is believed to be
much harder. Currently, the best-known algorithm is still believed to be exponential
in the number of cities.

In the early 1970’s Cook observed [21] that the convolution product, and
sum of polynomials all produced polynomials; hence, referring to the diagram in
figure A.1, if the transformation from P into @ and from @Q’s solution to P’s solution
were polynomial!, then the existence of a polynomial-time algorithm for Q@ would .
imply the existence of a polynomial-time algorithm for P. Conversely, the existencé
of an exponential-time lower bound for P would imply an exponential-time lower
bound for Q. '

Cook then considered the class of problem whose solution could be veri-
fied in polynomial time (e.g., travelling salesman), a class we now call NP. He

.demonstrated that every problem in NP could be polynomially transformed to the
problem of determining whether or not there was a satisfying assignment to a logic
formula in conjunctive normal form; a problem call SAT. Hence SAT was the “hard-
est” problem in NP, in the sense that a polynomial-time solution for SAT would
imply a polynomial-time solution for any problem in AP, and. conversely, that an
exponential-time lower bound for some problem in NP would imply an exponential-
time solution for SAT. Cook further speculated that other problems in AP might
be as hard as SAT, i.e., there might be problems in AP into which SAT could be
polynomially transformed.

In 1972 Karp [43] presented a fairly comprehensive set of such problems.
Since then, a fairly rich set of such problems has been compiled. In 1979, the basic
text on the area [28] presented a list of 320 problems known to be A"P-complete; i.e.
as hard as SAT and polynomially-verifiable.

It is clear that the class of problems which may be solved in polynomial time

!Both in the sense that the transformation from P to Q takes polynomial time and in the sense
that an instance of P of size n produces an instance of Q of size p(n) for polynomial p
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(P) is a subset of the set of problems which may be verified in polynomial time (N P),
i.e., it is clear that P C N'P. It is not known whether this containment is proper,
though it is widely believed to be the case. If the containment is in fact proper, then
all the A"P-complete problems must be super-polynomial in complexity.

N'P-complete problems are not the last word in complexity. There is a large
class of problems known to be intractable - that is, a class of problems for which any
algorithm must take exponential time. A further interesting class are those problems
polynomially reducible to an /P-complete problem but whose verification procedures
are not known to be in P (and, in general, are known not to be in P unless P= N'P).
Procedures polynomially reducible to SAT are called A"P-hard: they are as hard as
any problem in NP. AN'P-hard problems which are also known to be polynomially
verifiable are called A"P-complete.

Proofs of A"P-hardness of a problem are in some sense lower bound results:
they demonstrate that a lower bound on the problem is polynomially related to the
maximum lower bound of the problems in A"P. Similarly, a proof of membership in
NP is an upper bound result: it shows that an upper bound for this problem is
polynomially related to an upper bound on SAT. With this in mind, we proceed to
the complexity results. ' ‘

' In the remainder of this appendix, we will often be using the phrase “poly-
nomial time” or “linear time”. Of course, either phrase is meaningless without a
referent: polynomial means polynomial in what? The size measure we will be using
for instances is the sum, over all the nodes, of the number of literals appearing in the

disjoint normal form of each node.

A.2 Sensitizability of the Longest Path is NP-
hard

We go now to our basic complexity result, which shows that all the prob-
lems associated with path sensitization are A"P-hard; i.e., that this problem is not

significantly easier than any problem in N'P. The specific subproblem that we choose
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to show is N'P-hard is Long Path Sensitization: given a network IV, is the longest
path through N sensitizable? Since this is obviously a special case of the general false
path problems we have been addressing,-and since the fact that a generalization of an
NP-hard problem is another A/P-hard problem, showing this result suffices to show
that all the problems of significance that we are addressing are A/P-hard.

In order to show that the problem Long Path Sensitization is A"P-hard,
we need an AP-hard problem which we can transform into this problem. We choose
the well-known A P-complete problem 3SAT

3SAT is SAT restricted to three literals per clause; i.e., given a formula:

(u11 + v12 + u13)(uz1 + uzz + u23)e..(Um1 + Um2 + Um3) (A.1)

where each u;; is a literal of some boolean variable {z1, ..., zx}, is there an assignment
to the variables {z,...,zx} such that formula A.1 is satisfied, i.e., evaluates to 1?

3SAT was shown to be A'P-complete, and hence also A"P-hard, in [43]; it
is one of the original classic A"P-complete problems.

We now transform 3SAT into Longest Path Sensitization.

Problem A.2.1 [Longest Path Sensitization] Instance: A network N, with a unique
longest path P.
Question: Is the unique longest path P € N sensitizable?

This will suffice to show that all problems in\.r&stigated in this thesis are A"P-hard,

since we will show that this is a special case of each such problem.
Theorem A.2.1 LPS is N'P-hard
Proof: Reduction from 3SAT. Given an instance of 3SAT:

(211 + v12 + ti3) (uz1 + u22 + Uz3)...(Un1 + Unz + Una)

where each u;; is a literal drawn from the set {z,,..., T, Zo, ..., Tk}, We construct the

circuit shown in figure A.2. If the delay on each gate is 1, and the delay on the static
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Figure A.2: LPS Transformation from 3SAT

delay buffer is 2 as marked, then the longest path through this graph is {ao, ..., @41}

Since the longest path is unique, we have that its dynamic sensitization function is:
n+1 8
80?-4
i=1

Further, we have:

%’1'7 = @ig,_, P aig=Ci ®0=C; = (ui + uiz + uiz)

Hence the path is sensitizable iff the instance of 3SAT is satisfiable. Further, the

transformation is obviously polynomial (in fact, lineé.i'). Since this was an arbitrary

" instance of an N'P-hard problem, LPS is NP-hard. =

We now use this basic result to demonstrate that longest statically sen-

sitizable path is NP-complete, as is longest viable path and longest dynamically
sensitizable path.

A.3 Longest Statically Sensitizable Path is NP-

complete

Problem A.3.1 [Longest Statically Sensitizable Path] Instance: A network N, real
K.
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Question: Is there a path P € N, input minterm ¢, P statically sensitized by ¢,
d(P) > K?

Theorem A.3.1 LSSP is N'P-hard.

Proof: Immediate from the fact that LPS is A"P-hard, since a network with a unique
longest path of length K; has a statically sensitizable path of length K iff the longest
path in such a graph is sensitizable. =

Further, LSSP clearly € NP, since, given an input minterm ¢ and a path
P = {fo,..., fm}, one can easily verify in linear time that d(P) > K and that % is
statically satisfied for every i by direct simulation. Hence LSSP is N'P-complete.

A.4 Longest Dynamically Sensitizable Path is NP

complete

Problem A.4.1 [Longest Dynamically Sensitizable Path] Instance: A network N,
real K.

Question: Is there a path P € N, and input minterms ¢;, ¢, P statically sensitized
by ¢; and ¢;, d(P) > K?

Theorem A.4.1 LDSP is N'P-hard.

Proof: Immediate from the fact that LPS is A"P-hard, since a network with a unique
longest path of length K; has a dynamically sensitizable path of length K, iff the
longest path in such a graph is statically sensitizable. =

Further, LDSP clearly € NP, since, given an input minterm ¢ and a path
P = {fo,..., fm}, one can easily verify in linear time that d(P) 2 K and that 3%%
is dynamically satisfied at 7;-, for every ¢ by direct simulation. Hence LDSP is N'P-

complete.
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A.5 Longest Viable Path is N"P-complete

This result is quite surprising. LVP is obviously AP-hard, since LPS is a
special case of LVP. However, few (including the author) would have been prepared to
believe that a polynomial verification procedure existed for LVP. The proof that such
a verification procedure exists is interesting, as well; generally, proofs of this nature
involve the construction of an algorithm, which is then proved correct and polynomial
time. The proof herein, however, merely demonstrates that such a procedure exists,

and does not give details of the construction.

Problem A.5.1 [Longest Viable Path] Instance: A network N, real K.
Question: Is there a path P, minterm c, such that P is viable under c and d(P) > K?

Problem A.5.2 [Longest Viable Path Verification] Instance: A network N, minterm

¢, node g, real K.
Question: Is there a path P = {go, ..., g}, d(P) > K, viable under ¢?

Lemma A.5.1 LVP Verification is € P.

Proof: Induction on 6(g). If §(g) = 0, then trivial, for every path consisting only of
a primary input is viable under any minterm ¢, and is of well-defined length. Assume

for 6(g) < L. If §(g) = L, then there is such a path P = {go, ..., gr, g} iff
1. d({goy--»9r}) = K — w(g) and

2. {go0y---»gr} is viable under c and

3. For each input g; # g, of g, either c sets g; to its sensitizing value or g; termi-

nates a path, viable under ¢, of length at least d({go, ..., g-})

Now, by induction, for each input y; of g, we can determine whether there is a path of
length > K — w(g) viable under ¢ terminating in y;, and we can do so in polynomial
time. There are only a polynomial number of inputs to g, and hence in polynomial
time one can determine the existence of the set V of inputs to g with the property

that, for each y; € V, y; terminates a path of length > K — w(g) viable under c. A
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viable path under ¢ terminating in g of length at least K therefore exists iff, for the
y; € V terminating a path of minimal length, we have that c satisfies Sy, 38%. Now,
by the viable fork lemma, if ¢ satisfies SV-ng;;’; for some y; it does so for each y;,
and hence one can choose the y; to test arbitrarily. This test can certainly be done

in polynomial time. =
Theorem A.5.1 LVP € NP

Proof: Suppose we are given a path P = {fo,..., fm}, minterm ¢. We can easily
verify that d(P) > K, so all we must do is demonstrate that it is polynomial to verify
that ¢ € ¥p. For this, all we must do is show that it is polynomial to verify that °
c € YL for every i, for there are only a polynomial number of such functions. Now,
ifce qb{:‘ , ¢ must satisfy some term of:

> (Sug) IT vom
g€l

UCs{fi,P)

Now, let V' be the unique maximum subset of S(f;, P) such that c € %7~ for each
g € V. By lemma A.5.1 the fact that ¢ € 4971 can be determined in polynomial
time for each g, and hence the determination of V is polynomial by the boundedness

of S(fi, P). It is easy to demonstrate that c satisfies

> (Sugd) IT o

Ucs(fi.P) geU -

iff ¢ satisfies

(Svaphc) I wom=

geEV
and hence iff ¢ satisfies

Svarts
The calculation of SV% is easily made in polynomial time, and, further, the deter-
mination that c¢ satisfies SVS%% is easily made in polynomial time by direct simula-
tion. ]

This theorem, together with the theorems which demonstrate that LVP is
N'P-hard, demonstrates that LVP is A'P-complete.



Appendix B
A Family of Operators

The Boolean difference and the smoothing operator, explored earlier, can be
thought of as two members of a family of operators involving the cofactors. Each of
these operators reduces the dimension of the space by one variable, but the semantics

of the operators vary. The character of this family can be divined by examining the

formulae for the boolean difference:

gé =f:® fz
and of the smoothing operator:
Szf = f z + f':F

The hint here is that for each of the 16 two-variable boolean functions, there should
be a separate cofactor operator. The purpose of this appendix is to enumerate these
operators, describe their function and their interrelationship. This taxonomy is not
particularly useful, but it does serve to beautify science.

The sixteen dyadic boolean functions are as described in table B.1. these
functions correspond to operators as described in table B.2, letting f, stand for z and
Jz stand for y Now, it is relatively clear through an examination of these operators
that these operators are related in a fairly rich way. In particular, consider the duality
relation: an operator O is the dual of an operator O' iff O, f = O, f. Clearly duality

is a symmetric relationship. We can write the duality table in table B.3, omitting
trivial operators:
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TFlz+y|z2y|z>y|z<y|z<y|zDy|z®

1 1 1 0 1 0 1 0

1 0 0 0 1 1 0 1

1 0 1 1 0 0 0 1

0 0 1 0 1 0 1 0

Table B.1: Dyadic Boolean Functions

[ Function Operator Semantic
z fz f evaluated at z =1
Y f= f evaluated at z =0
T A ¥ evaluated at z =1
7 = f evaluated at z =0
0 0 0
1 1 1
zy C.f = fofz f =1 for each value of z
z+y S:f=f+ fz f =1 for some value of z
Ty S:f f =1 for no value of =
z+y C.f f = 0 for some value of =
T2y I.f Set of points where f is monotone increasing in z
zT>y IP.f | Set of points where f is strictly monotone increasing in =
z<y DP.f | Set of points where f is strictly monotone decreasing in z
z<y - D, Set of points where f is monotone decreasing in z
zDy _% Set of points where f is determined by z
z®y oL Set of points where f is independent of

Table B.2: Dyadic Boolean Functions and their Corresponding Operators

Operator | Dual
C.f S:f
I.f D.f
%"P, f DP.f
F)

Table B.3: Duality Table of Operators
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Note that only eight of the 16 operators are mentioned in the duality table.
This follows from the observation that the operators 0, 1, f., fz, fz, fz are trivial,
and that the duality properties of the operators S;f and C. f are adequately captured

elsewhere in the table.



Appendix C

Fast Procedures for Computing
Dataflow Sets

C.1 Introduction

In computing whether paths are true by some sensitization criterion, we
assert values of nodes in a multi-level network and then determine whether some
input vector can justify the assertions that we make. If such a vector exists, we say
that the multi-level function implicitly expressed by these assertions is satisfiable.
In previous appendices, we have seen that in general this is a hard problem.

Now, it is clear that any function which requires both that y and 7 be true
for some variable y cannot be satisfiable; such a function is said to have an explicit
incompatibility. Hence one approach to the satisfiability problem is simply to de-
termine whether a function has an explicit incompatibility, and delare it unsatisfiable
only if it does. Note that this is an inexact procedure: a function may not have an
explicit incompatibility but still be unsatisfiable. Hence this is a biased SAT test: all
satisfiable functions are reported as satisfiable, but some unsatisfiable functions may
be reported as satisfiable. However, referring to the approximation spectrum in 4.1,
it is clear that this is a positively-biased SAT test, which, as we reported there, is
a safe approximation to SAT: using this in a false-path detection algorithm will not
result in a true path being reported as false. This appendix details a fast (O(n?))
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procedure for computing such a safe approximation. It computes the implications of
any assertion.

Dataflow computations for optimizing Boolean logic networks are well known
(15, 7, 76, 35]. Such analysis computes inferences of the form y; = b; = y; = b; for
nodes y;, y; and b;, b; in {0,1}. In the literature, the set F;;(z) is used to represent
the set of nodes yi s.t. yi is set to j when z is set to :.

Now, a polynomial algorithm to compute these sets exactly for general net-
works obviously implies a polynomial solution to the co-A“P-complete problem of
tautology (setting any primary input to either 1 or 0 sets the output z to 1 iff the
network is tautologous, and hence z € F1;(yx) N Foi(yx)Vyk, where yi is a primary
input iff the network is tautologous).

For this reason, the sets F;; are not computed. Berman, Trevillyan and
Joyner [7] have defined, on networks of NOR gates, the interesting subsets C;;(z) C
Fij(z). These are defined by the rules:

y € Cio(z) if 3t € Cu(z) and y is a fanout of ¢ (C.1)
y € Cio(z) if 3Jte Ci(z) and y.is a fanin of ¢ (C.2)
y € Cro(z) if 3t € Cio(z) and y is the only fanin of ¢ not in Cyo(z) (C.3)
y € Cyo(z) if It e Cyy(z) and y € Ciot) (C.4)
 y€Co(z) i 3t€ Cio(z)and y € Colt) (C.5)
y € Cio(z) if z € Cio(y) (C.6)

The subsets are computed by finding the least fixed point of the recurrence
relations given by these rules and the analogous rules for Cu1, Coo, and Cy,;. Initially,
Cu(z) = z, Cooz) = T, and Coy(z) = Cro(z) = 0 for all . ‘

The four rules are generally self-explanatory. The first rule (the fanout rule)
captures the fact that in a network of nor gates, setting t = 1 sets all fanouts of ¢ to
0. The second fanin rule’is derived from the observation that if ¢ is set to 1, then
all of its fanins are set to 0. The third (another fanin) rule captures the fact that if

t = 0, at least one of its inputs must be 1. Rules 4 and 5 transitively close the sets.



163

Rule 6 captures the well-known rule of deduction z = 7 is equivalent to y = T
While this approach has demonstrated some power, nevertheless some im-
provements are desirable. First, it is tedious to develop new rules for each sort of
gate, and for combinations of gates. Second, one wishes an explicit algorithm for the
computation of these sets, with some hope that it is efficient.
This appendix develops a fast procedure to compute these sets, and a gen-

eralization to all boolean networks.

C.2 Terminology

Recall from chapter 1 that a product of literals is called a cube. A cube may
also be viewed as a set of literals; the cube zyz is equivalent to the set {z,y,z}. This -
equivalence of sets and cubes permits us to regard the sets C;j(z) as cubes Cii(z).
This permits a new, generalized approach to the derivation of C-sets.

In the derivation, we will be using the cofactor notation a great deal; we
remind the reader here that f, refers to the function f evaluated on t]ie space defined
by the cube c.

C.3 The New Approach

The traditional division of the datafiow implications into four sets is an
artifact of the traditional nor- or nand-gate formulation. In fact, for each z, the sets
of interest are the sets of literal values implied by choosing either z = 1 or z = 0. By
using both phases, one can take the union of Cio(z) and Cyy(z) as the set C; (the set
of values implied by z = 1), and the union of Cog(z) and Cg(z) as the set Cx (the
set of values implied by z = 0).

We define C, (Cs) as the fixed points of the set sequence Ci (Cf), where
C? = {z},C2 = {Z}, and C2*! is obtained from C? by the relations:

yECr if ygpu =1 (C.7)
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yeCy if 3teCy " and top1 = yf some f 7 (C.8)

yeCy if e C and topr =7+ f some f (C.9)
yeCy if 3teC;'andye C7! . (C.10)
yeCpr if TeCp (C.11)

And, of course, the symmetries obtained by substituting ¥, and/or 7 for ¢,
and/or T for z. Relation (C.7) is the usual fanout rule; relations (C.8) and (C.9)
capture the fanin rule; and relation (C.10) is transitive closure. Relation (C.11) is
the contrapositive. Note that these rules simplify to the well-known nor-gate rules

for networks consisting only of nor gates.

Lemma C.3.1 Let y(3) € C,, C. is obtained as a fized point of relations (C.7)-
(C.11). Then y is set to 1 (0) whenever z is set to 1, and the similar observation
holds for Csz. )

Proof: WLOG, we consider y only in the positive phase, and z in the positive phase;
the other three cases follow by symmetry. We prove by induction on n, the level at
which y is added to the set C (that is, y € C? — C2~1. The base case is trivial (z is
clearly set to 1 when z is set to 1), so suppose the statement holds for all z € C572,
Vw. Now, y is added at n, and must be added by one of (C.7)-(C.11). If by (C.7),
then yc» = 1, and since the settings are correct in C? by the inductive assumption,
y is certainly set to 1 when z is set to 1. If by (C.8), then 3t € C27! and tgn1 = yf.
By the inductive assumption £ is set to 1 when z is set to 1, and ton-t = yf, hence
for t = 1 we must have y = 1, whence we must set y to 1. If by (C.9), then 37 € C?-!
s.t. tgn1 =7+ f. For t = 0, as required, we must have § = 0, whence y must be set
to 1. If by (C.10), then we havew = 1 fromz = 1 and y = 1 from w = 1, whence
z =1 implies y = 1. If by (C.11), we have that y = 0 = 2 = 0. Henceif z = 1 we
must havey =1, forif y =0 then z =0, and so done. =

" We now turn to the computation of the sets. The details of this computation

are important for the efficiency of the algorithm.
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C.4 Computations

The preliminary observation that we make before we begin the algorithms
is the duality between cubes and sets. Using this duality, we can store the sets C}
and CZ as cubes, and use the logic operations of cofactoring fo.r node evaluation and
boolean AND to find the union of two sets.

In this and subsequent code, it is important to understand precisely the
difference between a variable and a literal. Strictly speaking, a literal is the instance
of a variable in either of its phase; it may be thought of as a pair (variable, phase),
where phase is in {0,1}. By abuse of notation, a literal is generally represented by-
the appropriate variable in its positive phase; thus is brevity the enemy of precision.

We keep to this convention here. Except where explicitly noted, all argu-
~ ments to the functions developed below are literals, and hence may be in either phase,
though they will always appear, by convention, in positive phase. Further, the sets
C?2, which will be represented by the variables C,, are indexed by literals and not

variables.

C.4.1 Basic Algorithms

The two fundamental procedures are the fanout and fanin evaluation pro-
cedures. The former attempts to discover nodes that are set to a constant under the
cofactoring operation; the latter attempts to discover nodes which have non-trivial
cube factors under the cofactoring operation.

The fanout evaluation procedure returns 0, 1, or 2, according as to whether

y is set to 0, 1, or neither by the cofactoring process. y in this code is a node, not a
literal. -

evaluatenode(y, x)

{

df_cube = C,;
eval_node = cofactor(y, df.cube);

if(evalnode == 1) return 1;
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else if(eval_node == 0) return 0;

else return 2;

|
The fanin procedure returns the common cube dividing the cofactored cube.

The process is relatively straightforward: the literal y is known to be set when the
literal x is set. For the moment, assume that the phase of y is positive. If y is set to a
product of a cube and some function by the cofactoring process (in other words, when
the cubes of the cofactored node have a non-trivial intersection), then the literals of -
cube must be set appropriately to set cube to 1.

Now consider the case where y is in its negative phase. Hence we must have

¥ = 1 under C;, and using the fact that (f;) = ., we can run the described algorithm
on §

evaluate fanin(y, x)

{

if(y is in positive phase) evalmnode = y¢,;
else eval node = Fg_;
fanin_cube = get_common_cube(eval_node);

return common._cube;

C.4.2 Transitivity

The results of the preceding section suffice to ca_pture the fanin and fanout
rules, respectively. There remains the matter of transitive closure. Immediate tran-

sitivity can be guaranteed by rewriting the fanout and fanin rules as follows:

C1oCp if yea=1 (C.12)
Czt'2Cp if 3t€Cl and top = yf some f (C.13)
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(with the usual symmetries). The contrapositive rule is rewritten:
criocy if TeCy (C.14)

Put bluntly, the entire set of literals C? is included in C2+?, rather than
simpl‘y y. The reader can easily verify that this is correct as an immediate consequence
- of the previously-given transitive closure rules. This is accomplished by the following

code:

mergedf _cubes(x, y)

{

if(C; 2 C,) return 0;

else {
C:=CUC;
return 1;

Note that merge df_cubes returns 1 only if CP+! # CP.

Let us quickly consider the matter of the contrapositive. This can be handled
most naturally by merging Cz into Cy whenever C, is merged into C, as implied by
(C.14).

There remains the matter of further transitivity. Certainly C o*1 is transi-
tively closed by the operations given above. However, if £ appears in the positive
phase in C7 for some z, then the transitivity closure rules require that C+2 D C1+1.
Now, if C? = C2*1, this is assured inductively. The difficulty arises if C2+! has
changed. In this case, we must propagate its change to all of the dataflow cubes
where z appears in the positive phase. This is done by maintaining sets of cubes D,
and Dz for each node z, where D, is the set of cubes C, containing z, and Dz the

cubes C, containing 7.

propagate_dataflow(x)

{
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foreach y € D, {
merge df_cubes(y, x);
merge df _cubes(%, V) ;

The maintenance of the sets D, requires a change to merge_df_cubes; for if

z is in CJ and is not in C7, then C2*! must be added to D;.

merge.df_cubes(x, y)
{
if(C, 2 C,) return 0;
else {
C:=C,UCy;
foreach z € C,
D,=D,u {C;}

return 1;

C.4.3 When(C, =0

There remains the matter of the interpretation of zeroing one of the C;. This
occurs iff, for some variable y,y € Ci and 7€ C; hencez =1=y=1and y = 0.
This is impossible, hence if C = 0, then z cannot be set to 1. Since z cannot be set
to 1, then all of the other variable settings which imply £ = 1 are also impossible,
and hence their corresponding cubes must be set to 0. These are the cubes contained

in the transitive closure of D, .

propagate_zero(x)

{

stack = tfo_collect(x);
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while((z = pop.stack(stack)) != nil)
C.=0;

The transitive-fanout collection procedure is a standard graph traversal
through the edges implied by the sets D,,. propagate_zero is called from propagate dataflow
if the propagated cube is ever found to be 0.

C.4.4 Evaluation Algorithms

There remains the question of evaluation. Literals may be added to a C set
either through propagation or evaluation. Propagation has been adequately covered
above. We turn to evaluation. The core of the evaluation strategy is in the following
lemma and definition.

Definition C.4.1 Ifsome variable y is set to 1 (0) by either the routine evaluate node
or the routine evaluate_fanin, under the implications of some dataflow cube C?, we

say that y is implied by C?.

Now, clearly, at each iteration of the evaluation algorithm, we only wish
to examine the variables which may be implied by C2. We isolate these potential
implicants of C? by the following lemma.

Lemma C.4.1 Let y be an implicant of C2, y is not an implicant of C*~!. Then y
is a fanin or a fanout of some literal in C? — C2~1, or a fanin of some literal in CT

which has a fanin in C? — CP-1,

Proof: y is an implicant of C? only if it is set to some value under CP by evaluate._node
or by evaluate_fanin. In the former case, it must be a fanout of some node in C?,
since cofactoring by a cube only may set the values of fanouts of that cube. Further,
if y is not a fanout of some literal in C? — C2! y¢p = Ycn-1, @ contradiction since y
is not an implicant of C2~1. In the latter case, then there is some literal z € C? s.t.

zcp = yf, some f (or Z € C2,zcn =T+ f. Now, since y not an implicant of C2"1,
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either z not in C2~? in which case z € C7 — CI7!, or zgn-1 # 2zcy, in which case at
least one fanin of zin C? - C2?~1. =

With this in hand, we can proceed with the evaluation algorithm. The
previous lemma suggests an event-driven approach. We maintain a stack of records,
each record containing a dataflow cube and a literal newly added to the cube. At each
iteration, one such record is popped off the stack and the potential new implicants of
the dataflow cube are examined. These are, by lemma, the fanouts of the new literal,
the fanins of the new literal, and the other fanins of the fanouts of the new literal.
This is captured by the following code:

while((C., y) = pop.stack(evaluation_stack)) {
if C; =0 continue;
foreach fanout w of y {
i£((v has a literal wi € C:) { (w1 is either w or W)
new.cube = evaluate_fanin(wi, x);
foreach literal z in new.cube
merge.df_cubes(x, z);
merge df cubes(Z,%);
} .
phase = evaluate.node(w, x);
if(phase != 2){
wl is the literal suggested by w and phase;
merge df_cubes(x, wi);
merge df_cubes(¥1,%);

}

nev_cube = evaluate_fanin(y, x);

foreach literal z in new_cube
mergedf_cubes(x, 2);
mergedf_cubes(Z,X);

propagate_dataflow(x);
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merge.df_cubes is modified to add new elements to this stack, as literals
are added to the dataflow cubes. The stack is initially a set of records of the form

(Cx, x) for each node x. The algorithm terminates when the stack is empty.

C.5 Correctness

We now turn to a proof of correctness of the algorithms given above. The cor-
rectness of evaluate.node, evaluate fanin, mergedf_cubes, propagate._dataflow,
and propagatezero is evident, or has been adequately treated above. We now es-

tablish the correctness of the package.
Lemma C.5.1 Let z € C,. Then either C, 2 C; or C; is on the stack.

Proof: We construct a loop invariance argument. Clearly on the Oth iteration the
statement holds. Suppose it holds through k iterations. Now suppose z € C, on the
k + 1st iteration. If the statement of the lemma does not hold through this iteration,
then either C. was popped off the stack, or C; grew and C, did not grow to contain
it, or C; was added to C, and not all of C; was added to C,. In the first case, at
the end of the iteration propagate. dataflow(x) was called. Since C, € D., when
propagatedataflow(x) C, is updated to contain C.. In the second case, when C,
grows so that it no longer is contained Cy, C; is shoved on the stack. In the third case,
there is some C,, z # z such that z € C;, C; € C, was added to C,. But hence, on the

kth iteration, we must have had C, on the stack by the invariance assumption. =
Corollary C.5.1 At the completion of the algorithm, ifz € C,, C, 2 C,.

Theorem C.5.2 Let C; be the fized points of relations (C.7)-(C.11). Then the final
value of C; = C, Vz

Proof: C; D C,;. We construct an inductive argument on n, and show that C; 2 C"
for every n. Since C; = C? for some n, this gives the result. Clearly C, D C%= {z}).
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Assume that C; D C? Vn < N. Let y € CN¥+1. Now, either y € CY, and done, or y
was added by one of relations (C.7)-(C.11). If by (C.7), then ycpy = 1. SinceC; 2 C¥
by assumption, we must have that ye, = 1 for all iterations through the algorithm
after the last element of fanins(y)NCYN (call this z) was added to C,. However, once z
was added to C;, then (z,C.) was pushed on the evaluation stack by merge df cubes.
When it was subsequently popped, all the fanouts of z were examined, including y.
Since y¢, = 1 for that value of C,, C, is merged with C,. Since y € C,, we are done
for this case. The cases of (C.8)-(C.9) are shown by similar arguments. For the case
where y is added by (C.10), let ¢ be the literal in the statement of the relation (C.10).
By assumption ¢ € C; and y € C;. Now, either ¢ is added to C, after y is added to
Ct, in which case y is added to C; when C, is merged into C; in the main loop of the
algorithm, or y is added to C, after t is added to C., in which case C; € D, when y is
- added to Gy, and so y is added to C; when C; is merged into C; in propagate.datafloﬁ.
For the case where y was added by (C.11), then on some iteration ¥ was added to Gy
(by induction, since T € CJY C Cp), and Cy was added to Dy, and (Z,Cy) was pushed
on the stack. When it is popped, propagate_dataflow(¥) will merge Czinto Cy, and
then C, into C;, adding y to C., and done.

C: C C,;. We show this by a loop invariance argument. Clearly C. C C, through 0
iterations of the loop. Suppose that C; C C, through k iterations of the loop; we
must show that C; C C; through the k + 1st iteration. Suppose that y,C; is the pair
popped off the evaluation stack at the k + 1st iteration. Now, if at the end of the
k + 1st iteration there is a z such that C; € C,, we have two cases. Casea,z=1z. In
this case, either evaluate.node or evaluate_fanin returned an incorrect result, or
some cube C, was merged into C; and C, € C,. The correctness of evaluate node and
evaluate_fanin has been established, and C, C C, by the invariance assumption, so
the proof holds if z = z. If z # z, we have two cases. Either C, was changed by the
action of propagate dataflow, ard the item incorrectly added to C, was in C; But
we must have then that C, € D,, i.e., that z € C,. Since C; C C; through the k + 1st
iteration from above, and since C, is correct and contains z through the kth iteration,
we must have that C; C C.. In the second case, z = 7, where y is the literal popped
off the stack with C., and we know from (C.11) and (C.10) that C; 2 C, = C; 2 C5,
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and so done. ! n

C.6 Complexity Analysis

There are two separate analyses: zero propagation and evaluation. Each
literal can have its dataflow cube zeroed at most once, and so the cost of zeroing
the cubes is O(n), where n is the number of cubes in the network, plus the cost
of traversing the transitive fanout of each node in the the dataflow graph, which is
bounded above by the number of edges of this graph. This in turn is the total number
of implications discovered, m, which is bounded above by O(n?) but should in the
usual case be O(n). Hence we argue that this is O(n + m).

If we denote the maximum number of fanins of the nodes in the network as
f1, and the maximum number of fanouts as f;, and the maximum number of cubes as
¢, and the maximum number of implicants in any dataflow cube (the maximum size
of any |C,|) as d;, then we see that evaluate.node(x, y) and evaluate_fanin(y,
x) are both O(cfy +d,). Clearly f,, f2, and d; are all < n, but in general this provides
a very loose bound. Similarly, if we denote thé maximum size of any D, as dj, this is
bounded above by n but is in general small. Dataflow propagation is O(d1d;). Simple
cube merging is O(d;). Since we have a new implication for each iteration through
the loop, we have at most O(m) iterations. There are O( f,) evaluations in each loop,
and one propagation. Hence the total cost, of finding m implications is bounded above
by O((cfifa + f2dy + d2dy)m). Note that each of these quantities should be in general
small, and so we expect the average-case running time to be linear in n, though the
worst-case running time, obtained in the case of a flat network (a network where
every node is a primary input or a primary output), is O(n*). Of course, for such a

network, one would hardly wish for dataﬁow analysis.

1A careful reader will note that this argument is not quite valid, since both C; and C, can
change during the k + 1st iteration in the backward evaluation loop.. However, it is easy to extend
this argument by arguing that one of the C variables must be the first to violate the containment
condition; these break down to the two cases above, and are dispatched in the fashion shown; the

invalid argument given above has been retained, since it is somewhat clearer than the similar, valid
argument.
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C.7 Efficiency

A loose lower bound for the problem is clearly Q(m), which is considerably
less than the O((cfi f2 + fady + d2d,)m) upper bound derived in the previous section.
Both are loose to some degree, but that the © bound is likely to be closer to the
upper than the lower bound. However, further research is required to derive a tighter
lower bound for this problem.

It is easy to see that the algorithms derived here are more efficient than a

naive implementation suggested by the recurrence relations:

while(changing)
changing = 0;
foreach node z
C;=Cs;
foreach y € C,
C.=C.LUC,;
foreach fanout z of y
if 2¢,=1C.=CLUC;;
if z¢, =0C, =CLUCs;
if ye, =2f C, =CLUC;;
if(C. # C;) changing = 1;
foreach node z

C. =

There are potentially O(m) iterations through the outer loop, since one can
have as many as one iteration per implication. There are clearly O(n) iterations of
the second loop. There are O(d,) iterations of the third loop. The union operation
is also O(d,). There are O( f,) fanouts of y, and each evaluation is O(ch + d,). This

implementation is clearly O(mnd, f2(cfi + d1)), or O(n®) in the worst case.
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C.8 Sparse Matrix Implementation

When these algorithms were implemented in Misll, it was found that the
implementa,f.ion'was excessively slow. Given a CPU time limit of one hour on a
Vax 8800, only the circuit C17 of the iscas benchmarks completed, in roughly 10
CPU minutes. Profiling revealed that the vast majority of time was spent in the
low-level cofactor routines, which ideally should be O(¢cf; + fi + d1), but which may
be O(cfidy) in an implementation not designed with this application in mind. As a
result, a sparse matrix implementation was done. In this implementation, an index
is assigned to each literal. The row of the matrix corresponding to = represents
C. and the column corresponding to z represents D,. The cofactoring process is
simulated in a straightforward manner. Though the complexity is left unchanged

by this implementation, the actual running time of the algorithms are substantially
reduced.

C.9 An Improvement

A consistency equation may be considered. If z = z, y = %, it must follow
that £ = 7 and y = F, for if z and y, then z and %, absurd. This gives the equation:

z€Cr if 3zeCr'andzeClt (C.15)

This equation can actually be deduced from (C.10) and (C.11), and as a
result is embedded in the procedure discussed so far. However, there is an interesting
corollary. When C; = 0, then £ =1 is impossible: z is stuck at 0. Hence every node
may imply z = 0. We write:

zeCr if CFl=0 (C.16)

This may be incorporated in the algorithm by modifying propagate_zero
as follows: .
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propagate_zero(x)
{
.stack = tfo_collect(x);
while((z = pop_stack(stack)) != nil) {
C,=0;
foreach literal y # z
C,=C,UCx

Note this does not affect the complexity of the algorithm.

C.10 Results

The algorithms were implemented and tested on the well-known ISCAS
benchmarks. The number of implications discovered is given, as well as the num-
ber of dataflow cubes that went to 0. This latter number is of very great interest, for
the literals corresponding to these cubes cannot occur and hence the corresponding
variable can be set to the opposite value in the circuit (for example, if C, = 0, then
every occurrence of y can be replaced by the constant 0; if Cy = 0, then y can be
replaced by the constant 1. If both C, and Cy = 0, the circuit is trivial. Run times

are given in seconds on a Vax 8650.
Results and Times for the ISCAS Benchmarks

Circuit | Implicants | Zeroed Dataflow Cubes | Seconds
C1355 26400 0 445.1
C17 25 0 0.4
C1908 35951 0 354.9
C2670 47514 3 614.0
C3540
C432 1826 0 18.8
C499 6040 0 56.4
C5315 70750 1 535.2
C6288 16070 17 158.9
' C7552
C880 5071 0 32.9
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C.11 Extensions

C.11.1 Extending Arbitrary Cubes

The relations (C.7)-(C.11) may apply to any sets of asserted literals; the sets
which begin with the initial assertion of a single literal is an interesting seed subcase.
In general, however, we are interested in the behaviour of a circuit in response to a
set C of asserted literals, not merely a single literal, and there is no reason to restrict
C to satisfy the condition C C C; for some z. The problem is this: given some initial
cube C° we wish to find some maximal cube of implications from the set of assertions

contained in C°.

Now, clearly one method is to take the union of the data flow sets implied
by the cube:

C= U C, (C17)
z€Co
with of course the caveat:
C=0if3z€ C%°suchthat C. =0 (C.18)

where C. is, as before, the fixed point of relations (C.7)-(C.11). However, we can
in general do somewhat better if C? € C. for some r. The union relation merely
reflects the dataflow propagation of the C; sets into the new cube. However, other

implications may be derived from analogues to (C.7)-(C.9). From this we derive the
equations:

yEC™ if yomn =1 (C.19)
y€eC" if 3te C™! and tcn-1 = yf some f (C.20)
yeC" if I3¥e€C™!and tcn-1 =+ f some f (C.21)
yeC™ if 3teC™andyeC, (C.22)

which are fairly clearly analogues of equations (C.7)-(C.10). An analogue
to equation (C.11) is not required, since the contrapositive is only closed under the
action of individual literals and hence is closed by the existing sets C..

(L 4
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Theorem C.11.1 Consider any C°. Let C be obtained. as a fized point of relations
(C.19)-(C.22). Then if y(j) € C, y is set to 1(0) when the cube C° is set.

Proof: Attach a node n = C? to the network, where 5 does not fan out. Observe that
the relations (C.19)-(C.22) are identical to those obtained by relations (C.7)-(C.11)
for such a new node, and apply the results of Lemma C.3.1. =

The code to implement this is quite straightforward. One merely adds an
extra row to the sparse matrix developed above, and implements a modified version
of the main loop developed above; this modified version simply removes extraneous

code relating to dataflow propagation of the cube C, whose dataflow implications

clearly do not fan out.

vhile((C, y) = popstack(evaluationstack)) {
if C; =0 return 0;
foreach fanout w of y {
if((w has a literal w1 €C) { (w1 is either w or W)
nev.cube = evaluate_fanin(wi, x);
foreach literal z in new_cube
merge C; into C;
}
phase = evaluate._node(w, x);
if(phase != 2){
wl is the literal suggested by w and phase;

merge Cyq into C;

}

nev.cube = evaluate_fanin(y, C);
foreach literal z in new_cube

merge C; into C;
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C.11.2 The Fanout Care Set and the Test Function

For some applications, (e.g., testing), one not only wishes the circumstances
under which some literal may be set, but also the circumstances under which the
setting of that variable may propagate to the output. This function, known variously

as the fanout care condition or the boolean difference, may be written, for each variable

I

Yok - (c23)

and the implications which this required may be found by assigning the node
n of the previous section to this value and performing the implications in the manner

above.
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Precharged, Unate Circuits

CMOS circuitry comes in two basic flavours: dynamic and static. Static
circuitry, also called restoring logic, is fully complementary. Each gate consists of a
pulldown network of NMOS transistors connecting the gate output to ground, and a
pullup network of PMOS transistors connecting the output to power, or, as it is better
known, Vy4. The pullup network is the dual of the pulldown network; hence exactly
one of the two networks is conducting at any time, and so the output is affirmatively
driven to its logic value. Hence a static gate is responsive to values on its inputs at
all times; in logical terms, the gate may be thought of as a.n ideal logic switch.

Static CMOS gates obviously involve some redundancy at the transistor
level, since either network is sufficient to compute the logic function. In the very
early days of CMOS design (the late 1970’s and early 1980’s), a fairly dubious line
of reasoning held that this wasted area, due to the large separation required between
the p- and n-regions in CMOS technology®.

The immediate idea was to eliminate one of the two transistor networks;
the problem, therefore, was how to drive the logic to the appropriate value when
the missing transistor network was putatively active. In 1982, Krambeck, Lee and
Law [50] proposed to use the capacitive properties of the gate terminal of the MOS

switch and of interconnect to realize its function; i.e., the fact that the wires and gate

Lthis separation is required to avoid an electrical problem known as laichup; this problem is not
germane to the subject of this thesis—for details, see [81]
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terminals of MOS transistors act as storage elements when disconnected from either
power or ground.

Consider the case where the pullup network is eliminated. In this case, the
gate cannot be driven to a logic 1 when required, though it can still be driven to a
logic 0. Krambeck and his co-workers realized that in the case where a static gate
would be driven to 1, the gate missing the pullup network would be disconnected
from either power or ground and so would retain the value left on it. Hence if this
value was 1, the gate would compute its correct value in this case. In the case where
the pulldown network was active, the gate would be set to 0 as usual.

This design leads to the picture of a two-phase design. During the first or
precharging phase, the pulldown network is disabled and the output of the gate is
connected to power, so the storage element inherent in MOS logic is set to logic 1.
During the second or evaluation phase, the network is enabled and the connection to
power disabled. ,

The enabling and disabling of the relevant connections is fairly easy, as is
shown in figure D.1. In this figure, a single PMOS transistor, controlled by ¢, runs .
between power and the output. Similarly, a single NMOS transistor, also controlled
by ¢, runs between ground and the pulldown network.

Now, when ¢ is low, the PMOS transistor is conducting and the NMOS
transistor is not; hence the output is connected to .power and the pulldown network is
disconnected from ground, i.e., is disabled - ¢ is low on the précha.rge phase. When
@ is high, the PMOS transistor is not conducting and the output is isolated from
power, and the pulldown network is connected to ground - i.e., the pulldown network
is enabled.

Note that there is only a finite amount of chérge stored on the output of any
gate; hence, it is critical that the pulldown network only be conducting during the
phase if its final state is conducting; otherwise, during the period it is conducting,
the output can be driven to ground; this is a fatal error if the final value is 1,asitis
if the pulldown network is nonconducting.

This has three iminediate consequences. First, the initial state of the pull-

down network must be non-conducting - all the transistors that may change during
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evaluation must be initially off. Further, no transistor may turn on during evaluation
unless its final value is on; i.e., the gate must be hazard-free to function correctly.
Finally, since all transistors that may change must be precharged to their off state,
and since the primary inputs may not be precharged, the evaluation phase may not
begin until the primary inputs have all reached their stable value. .

The hazard-free property is assured by construction. For the other, note
that NMOS transistors are conducting for logic 1, nonconducting for logic 0. Hence
the inputs to a gate must be precharged to 0. However, the precharge state of this
gate is 1; if the inputs are gates like it, this will not do. '

In Krambeck et. al.’s work, this is handled by attaching a static inverter
to each gate; the gate itself fans out only to the static inverter, which is the real
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output of the gate. The gate is therefore precharged to 0 (since the precharge state
of the inverter is obviously the inverse of that of the gate proper), and the gate
can only undergo 0 — 1 transitions during evaluation. If this is done, this logic is
called DOMINO. Now, since the basic MOS gate is inverting, the basic DOMINO
gate is non-inverting; for the pulldown network will in general realize the complement
of some (small) AND/OR network; the static inverter forces the DOMINO gate to
realize the complement of the pulldown network, i.e. the AND/OR network. Note
that adjustments need be made to the logic to realize an arbitrary function, since
only the primary inputs of the circuit may appear in inverted form. However, it is
easy to transform an arbitrary network into a network consisting of only AND and
OR gates, where the primary inputs appear in both inverted and noninverted form.

We illustrate the basic properties of DOMINO logic with a simple example,
shown in figure D.2. This gate realizes the function ab when ¢ is high. -

It eventually developed that DOMINO logic saved little area, at least when
laid out with an automated synthesis tool [38]. However the same work also showed

_that DOMINO logic switched about 30% faster than static CMOS.

The lack of inverting devices was a difficulty with DOMINO logic, since the
technique used to transform an arbitrary network into a network of only AND and
OR gates could potentially double the gate count, resulting in a circuit unacceptably
large. Another approach, was devised by Goncalves and De Man and detailed in [31]
and [27}. In their circuit style, called NORA, only inverting gates were permitted.
NORA circuits consist of alternating n- and p-type gates. An n-type gate is simply
a DOMINO gate sans the static inverter. A p-type gate is a gate consisting of a
pullup rather than a-pulldown network. The precharge transistor on a p-type gate
is an NMOS transistor; ‘the evaluate transistor is a PMOS transistor. - Since the
PMOS transistor is active when its control is at logic 0, if the precharge and evaluate
transistors on the n-type gate are controlled by ¢, the corresponding transistors on
the p-type gate is controlled by @. Static inverter.s are classed as p-type gates if
they are fed by an n-type gate, and n-type gates if they are fed by a p-type gate.
Hence one may say that the output of a p-type gate is precharged to logic 0, and the
output of an n-type gate is precharged to logic 1. Further, the same rule that input
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transistors must be precharged to their off state applies to NORA logic; the off-state
for p-type gate inputs is logic 1, the off-state for n-type gate inputs is logic 0; this
argument leads to the conclusion that n-type gate outputs can feed only p-type gates,
- and vice-versa. ) o

Note that any NORA circuit can be transformed into an equivalent DOMINO
circuit by adding inverters to the output of each gate and moving the pullup trees in
p-type gates to the pulldown n-type well.

An example of a generic NORA network is shown in figure D.3.

A disadvantage of NORA circuits is that p-type transistors are typically
slower to switch than n-type, due to decreased electron mobility in the p-well. Further,
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the fact that p-type gates can only feed n-type gates and vice-versa makes NORA
circuits very hard to design. -

A final type of precharged circuit was introduced by Heller et al [36). In
this form of logic, called Differential Cascode Voltage Switch or, more simply, DCVS,
the pulldown trees for both a function and its complement are implemented; a DCVS
gate is simply two merged DOMINO gates back-to-back. This form of logic has the
advantage that both complemented and uncomplemented logic is available, without
NORA'’s slow p-type gates and difficulty. However, naive implementations of DCVS
require as many transistors as full static; further, both each signal and its complement
must be routed throughout the network in every DCVS implementation. These two

factors indicate that the resulting circuit must be approximately twice the area of a
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" static implementation; however, the flexibility of the DCVS design style and clever
physical design have combined to offset this penalty[84].

In general, one can do somewhat better than naive implementations of
DCVS. It was realized that DCVS circuits mapped nicely onto Bryant’s graph-based
representations of Boolean functions, called Boolean Decision Diagrams or BDDs. A
BDD is a rooted, binary, directed acyclic graph with two leaves, where each non-leaf
node is labelled with the name of a variable, and each edge is labelled either 1 or 0.
The leaf nodes are labelled 1 and 0.

A BDD is intended to modei the computation of a boolean function, given
assignments of the variables, as a traversal of the graph. At each node, the edge
labelled ¢ is followed when the variable that labels that node is set to i. The value of
the function is the label on the leaf at which the variable terminates.

Consider the edge labelled 1 originating in node labelled z to be a transistor
that is active when z = 1; this clearly corresponds to an NMOS transistor controlled
by z. Similarly, the edge labelled 0 corresponds to an NMOS transistor controlled by
Z. In this case, there is a path from the node labelled 0 to the root iff f evaluates
to 0, and a path from 1 to the root iff f evaluates to 1, i.e., f evaluates to 0. If the
root is then directly connected to ground, it is clear that the function is correctly
implemented (that is, there is a connecting path from ground to the appropriate
node) if the node labelled 1 is replaced by a node labelled f, and the node labelled 0
is replaced by a node labelled f. The derivation of this connection tree is shown in
figure D.4. The full DCVS implementation, with the appropriate precharging logic,
is shown in figure D.5. Note that, as with DOMINO implementations, the DCVS
nodes must all be precharged low.

Note that each form of logic shown here has the property that the resulting
gate can only change from 1 to 0 or from 0 to 1. Such gates are called unate. From
the discussion above, it is clear that this is an inherent property of dymamic logic.

Interestingly, though the DCVS gate is unate is may realize any boolean
function; e.g, the function zz + Zyz is easily realizable by a DCVS gate. The reason
that this is possible is that the literals z and Z are carried on independent wires and

hence are indistinguishable at the gate level from independent variables. The central
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~ attraction of DCVS technology is that it combines the strong timing properties of
DOMINO demonstrated in this thesis and the full power of the static boolean gate.
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