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Abstract. It is shown that the sequence of function values constructed by the Pshenichnyi lineari-
zation method in solving a minimax problem converges linearly to the minimum. The proof does not
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1. Introduction
We are concerned with the rate of convergence of algorithms for solving the minimax problem,

e ®

where the functions f/:IR* — IR are continuously differentiable and where p denotes the set of integers

(1,...p). We denote the maximum function by y(x) 4 max fix) . Rates of convergence have
ep

been established for several minimax algorithms. Shor has shown that a sequence of iterates { x; }Zo

constructed by a subgradient method on a convex problem converges linearly to a minimizer % (Ref. 1).
In Ref. 2, Kiwiel has proved that sequences generated by a bundle algorithm also converge linearly on

constrained minimax problems. Pevnyi has shown that a sequence of values { W(x) }Zo constructed by
the e-active set method of Dem’yanov converges linearly to a value less than y() + & (Ref. 3). These
methods use only first order information. If every subset of { Vf/®) | f/(®) = y(®) } has maximal rank,

then % is said to be a Haar point. The sequential linear programming ﬁgorithm of Ref. 4 was shown to
converge quadratically to Haar points. Superlinear rates of convergence to minimizers meeting less
stringent requirements have been obtained for algorithms using second order information, see, for exam-
ple, Refs. 5-8. The algorithm in Ref. 7 switches between a first-order trust region method, in which a
linear program is solved to obtain the search direction, and a second-order active set approach, in which
the search direction is obtained from a quasi-Newton iteration on the necessary conditions for optimality
for the minimax problem. Convergence was shown to be superlinear in the quasi-Newton phase, and
was shown to be quadratic in the sequential linear programming phase, if the sequence converges to a
Haar point. |

The minimax problem (1) can be converted into a nonlinear program. An extra variable xo
representing the value of () is chosen as the cost, which is subject to the differentiable constraints,
fi(x) < xo for j € p. A number of minimax algorithms are based on this fact (including those in Refs.
5-9). The obstacle to achieving superlinear convergence by applying standard nonlinear programming
techniques to this formulation of problem (1) is the practical insistence on a decrease in the value of

() at each iteration. This translates into the requirements that the value of the cost of the nonlinear



program decrease at each iteration and that the iterates remain feasible. Standard nonlinear program-
ming techniques (see, for example, Refs. 10 and 11) do not satisfy these requirements, but a recently
developed algorithm does (Ref. 12), by solving a corrected subproblem (Ref. 13) and using a curvilinear

step size (Ref. 14).

In most of the convergence rate theorems cited, the restrictions imposed on the problems and on
the choice of step size are unrealistic. Ref. 4 makes the very strong assumption that the sequence of
iterates converges to a Haar point. Non-degeneracy assumptions are also made in Refs. 5, 7, 8 and 12.
Superlinear convergence of the algorithm in Refs. 5 and 8 require that a step size of one be chosen in
the tail of any sequence constructed. Except in the neighborhood of a Haar point (Ref. 15), a step size
of one does not always reduce y(-). However, in practice and in convergence theorems, step size rules
which guarantee a decrease in y(-) are generally required.! The step size rule used to prove linear con-
vergence of an algorithm in Ref. 1 does not satisfy the assumptions of the convergence theorem proved

for the algorithm.

Of the results cited, only that of Pevnyi (Ref. 3) regarding the Dem’yanov algorithm specifies a
realistic step size rule for which a strong global convergence result obtains and which does not make

overly restrictive assumptions on the problem, such as convergence to a Haar point or strict comple-
mentary slackness. Pevnyi’s result assumes that the Hessians of all of the functions maximal at X are
positive definite.

In this paper, we discuss a variant of the Pshenichnyi linearization method V(Ref. 16) for solving

the minimax problem (1). The method obtains a direction of descent for y(-) by solving an approxima-

tion to (1) in which the functions f/(x + h) are replaced by first-order, quadratic approximations,
Yh1x) & Fix) +(Vfix) . Y+ Yoy, hi? V)]

for fixed y;>0. The search direction is chosen to be the unique solution to the problem

min max ¢/(h|x), where
he Rrj€ Ig)

IThe algorithm in Ref. 7 allows Y(-) to increase during the quasi-Newton phase, but a rather weak convergence result is ob-
tained as a result.
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) & (jeplfimzy®-3) , | (€)
for some & > 0. In Ref. 16, it is assumed that y; = 1 for every j € p, and it is shown that a sequence
{ x; }2o constructed by the algorithm will converge linearly to the solution % of problem (1). In Refs.
15 and 16, it is shown that, if the iterates constructed by the Pshenichnyi algorithm using an Armijo-
type step size rule converge to Haar point, then the convergence is quadratic.

However, rate of convergence results for the Pshenichnyi algorithm suffer from some of the
deficits described above. The linear convergence result in Ref. 16 is obtained for step sizes lying below
a threshold which is not generally known a priori. A non-degeneracy assumption is also made. In Sec-
tion 3, we show that the sequence of values { y(x) }2o generated by the Pshenichnyi algorithm con-
verges linearly to the minimum value. Our result is obtained for versions of the algorithm employing
an exact minimizing line search and, in Section 4, an implementable Armijo-type step size rule. These
step size rules can be used in practice, unlike the unknown step size of Pshenichnyi’s result and the
unity step size of other results. In these sections, we make no assumption of non-degeneracy. Finally,
our result requires that the Hessian of the Lagrangian function at X be positive definite only on the sub-

space orthogonal to the span of the gradients of functions maximal at .

In Section 5, we extend these results to the composite minimax problem,

i Ax ,
min_max g (A7) @

in which each continuously differentiable function g/ : RIS R is composed with a different linear

function 4; : R" — R”.

2, The Pshenichnyi Algorithm

We begin by stating a version of the Pshenichnyi algorithm which uses an exact minimizing line

search, and a convergence result.
Algorithm 2.1 : (see Algorithm 5.2 and Corollary 5.1 in Ref.17)

Data: e R >0 ¥jep;i=0.
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Step 1. Compute the search direction,
h(x) 4 arg min max ¢/(h1x). )
heRrjER
Step 2: Compute the minimizing step size, A; = arg {'éi','! y(x; + M(x)) .

Step 3: Set x,; = x; + Ah(x), replace i by i + 1 and go to Step 1. . [ |
When v; = y for all j € p, the search direction finding problem,

6() & min max ¢k |x) - y() . ©)
heR*JGR

can be solved by converting it to dual form as follows. Let the standard unit simplex be denoted by
L, 8 (peRPIW20, ¥ ., =1). We replace the max over j € p by a max over the stan-

dard unit simplex,

6() = min max 3 ¥ ok 1) - y(x) . D

heR* R € % jep
By an extension to von Neumann’s Minimax Theorem (Ref. 17), the max and min in (8) can be inter-

changed,

0(x) = max min Y W 1 x) — y(x)

‘ped heR*jap

]

max min Y W (FiGx) + Vi), h)- yx) ) + Yylhi?,

Fex’lﬁm',eg

T W@ -ye) - —-l TWVfie ®)

ezwez Y jep

by solving the inner minimization problem. Several methods exist for solving this positive semi-definite
quadratic program (see, for example, Refs. 18-22). The solution is not always unique, and we denote
the solution set by
U 84 arg max T W (Fi) - wix) - —l 3 WP . ©)
Re2pjep 2%y jep

As a consequence of the extended von Neumann Minimax Theorem, for any [T € U(),

Y F ) 1x) < ma;:(p pIT ¢’(h(x) I x)

jep jiep

= min max Y W ¢/(h1x)

ﬁGm""a%Iez

4.



=max min Y, W ¢/(hlx)

l"ezphER"jeg

=min Y FoKlx). 10)

helR"jeg

Hence, any multiplier vector [T € U(x) yields the solution,

W) =arg min ¥ Fohin = -+ ¥ Vi) an

heR" jep Yjeg

to the primal problem (8), which is unique since the function max ;¢ , ¢/(- 1 x) is strictly convex. Note
that when p = 1, w(x) = f '(x) and h(x) reduces to the search direction employed by the method of

steepest descent.

The following necessary condition for optimality can be found in Ref. 17.

Theorem 2.1: (Ref. 17) If % € IR" is a solution to problem (1), then there exists a vector of multipliers

il € I, such that
j): vfi@ = 0 , (122)
€p .
ZHr®-ye = 0. (12b)
JE€p

u
If the functions f/(-) are convex, equations (12a, 12b) are a sufficient condition for optimality. We
denote the minimum value for problem (1) and the set of minimizers by \’|} 4 min re gr YO and
G 2 arg min <o g YO , Tespectively. For any X € G, the set of multiplier vectors {i € X, which
satisfy equations (12a, 12b) together with X is exactly UQ).

Theorem 2.2: (Ref.17) Suppose that the functions f%(-) in problem (1) have continuous derivatives. If ¥
is an accumulation point of a sequence { x; Yoo constructed by Algorithm 2.1, then X safisfies the

optimality condition (12a, 12b). .
By analogy with nonlinear programming, we shall say that strict complementary slackness holds

at a solution % if, for every multiplier vector fi satisfying (12a, 12b) with %,



>0 if and only if F/G) = v . a3)

If strict complementary slackness holds at a minimizer %, the multiplier vector fl satisfying (12a, 12b)

with % is unique. For any % € G, we define

J® 8 (jep!TpueU®:wW>0). : (14)

If strict complementary slackness holds at %, J®) = {je pIf/@) =y®) } .

3. Linear Convergence of the Pshenichnyi Algorithm
VWe restate the Pshenichnyi convergence rate theorem in Ref.16. Let Fi() denote the second
derivative matrix of £/().
Theorem 3.1: (Ref. 16) Suppose that
(i) the functions f%(-) are twice continuously differentiable,
(ii) X is a local minimizer of y(-),

(iii) the gradients { Vfi(x) .« s, @€ affinely independent ?
J

6

(iv) strict complementary slackness holds at %,
(v) the second derivative matrix of the Lagrangian at % , 1), Y, j« , V' F/), is positive definite.
Then there exists a neighborhood W of X such that the process
X =X+ 0h(x) , ke N, (15)
converges linearly to %, provided that x, € W and o.> 0 and 8 > 0 are sufficiently small.
If, in addition, the affine hull of { VfiQ) ) je 16 contains R", { x; Y2, converges to X quadratically. -
-
We now prove that the sequence of values, { y(x;) }29, converges linearly to the minimum value
under weaker assumptions than those of Theorem 3.1. In particular, our theorem omits assumptions

(iii) and (iv) of Theorem 3.1 and relaxs the convexity requirement of assumption (v). Its proof draws on

ideas which appear in the proofs of linear convergence of the Pironneau-Polak algorithm for inequality

2The vectors { v } je p are said to be affinely independent if, for any jo € p, the vectors { Vi= Y }ie RV are linearly in-
dependent.



constrained minimization in Refs. 23 and 24. We make the following assumptions, denoting the initial
point of Algorithm 2.1 by x,.

Hypothesis 3.1: Suppose that

(i) the functions f /(") are twice continuously differentiable,

(i) the set S & {xe R*| Y(x) S y(xo) } is bounded, and the necessary conditions (12a, 12b) are
satisfied at a single point, % € S,

(iiii) for some M <o ,allxe R"and all j € p, IF()l, <M . ]

Let B denote the subspace spanned by the vectors { Vf/(X) ) . and let B+ denote the orthogonal
J

b 0]

complement of B.

Hypothesis 3.2: Suppose that (i) there exists m > 0 such that, for all i € UQR),

mih < G, [Z ﬁ’Ff(i)]h) V¥ he B, (16)
jep . .
(ii) m and M are chosen so that m <Y; <M for all j € p. =

The convexity assumption (i) is analogous to the weak convexity assumption used in Ref. 23. The
proof of linear convergence requires several technical lemmas. Let P : R® — R" denote the projection
operator with range equal to B, and let P*-be the projection operator with range equal to B*. For any

y € R"and p € Z,, we define

R W) & mI- [ (1= 9F e, ¥ PG+ (- s an
The function R(- , -) is continuous, and, by Hypothesis 3.2(i), R(0 , f) is negative definite on the sub-

space B* for any fl € U®). We use the notation z; — Z to represent the convergence of a sequence

(z)0cR*'wasetZc R ie -lim; ,.miny,qzlz -y =0.

Lemma 3.1: If Hypotheses 3.1 and 3.2 hold, then there exists K > 0 such that

. Q. Ry oM
lim sup == ey <X (18)
1-UR
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Proof: See the Appendix. u

Lemma 3.2: If Hypotheses 3.1 and 3.2 hold, then

-HWPE-B _,

lim — (19
=E 0y -y
Proof: See the Appendix. u
We now relate the potential decrease in the function y(x) to the decrease predicted by 6(x).
Lemma 3.3: If .Hypolkeses 3.1 and 3.2 hold, then
. 6(x) m
ey V@ - : e ey (20)

Proof: Since 3. , W/(h1x) = o as h — oo, uniformly for x € §, and p lies in the compact set Z,,
an extension of von Neumann’s Minimax Theorem (Ref. 17) permits the interchange of max and min

below,

6(x) &4 min max ¥ Woih lx)-\y(x)‘

heRrEE D, e,

“ezphen"jeg

= max min Y, We/(h | x) — y(x) . 21

For any [T € U(x),

0(x) = mi LY - .
(x) min, jg‘,ﬂ Fo(h 1 x) - yix) )

. 31
Setting s(x) a m[max pe Um X jep u"y,-] , we have s(x) <1 by Hypothesis 3.2(ii). Substituting

h = s()(& - x) in (22) and using the definition of ¢/(- | *) in (2),

6 < ¥ FY(s@x)x -3 12 - yx)

jiep

=3 ﬁ’&’ (&) = y(x) + FR) L G - N+ %oy s(x)? B - xlz]

jep

< s(2) {}: B i) + CE EVFIR) , % - D+ Yoml - 2 - w(x)} : 23)
€p

jep



since s(x)e (0,1) and fix) <y@). Adding and  subtracting the term

«-%, [j 1= 0 3 WFG + (1 - 1)cx - ’i))dz](x -,

jep

6(x) < s} T /) + AT FVF i) , 2 - D+ -2, [J' o1 - 0 3 EFG + (1 - d(x - 'i))dt](x - - yx)
€p

jep jep
+<x-’£,R(x-2.n)(x-’£»} (24)

Using Taylor’s Theorem,

0(x) < s(x Zﬁ’f"(i)—w(x)+(x—3.R(x-3.m(x-'i»}
=
Ss(x){\v(i) -y + & -%,R(x-% .ﬁ)(x-'i))}- (25)

Dividing both sides of (25) by y(x) — ¥,

80 <1+ *-%, Rex-% ME-N 26)
i) - ¥ v - &)
By Lemma 3.1,

C-%, RE-Z. WE-D _p

lim sup max @7
ot PEUR Ix - 1 1P(x - 3)1
and, by Lemma 3.2,
tim sup L=EIPE=DN _ o 28)
=% oy -y
Since the set-valued map U(x) is upper semicontinuous, s(x) is lower semicontinuous and
lim inf s(x) 2 z 29)
Taking the lim sup of (26) as x — X and using (27), (28) and (29) yields (20). [ |



We combine Lemma 3.3 with a relation between the decrease predicted by 6(x) and the actual decrease

obtained at x in the direction A(x) using an exact line search.

Lemma 3.4: If Hypotheses 3.1 and 3.2 hold, then

A .
lim sup mi Y+ M) - o _m_MljepY

- o : 30
¥ - ¥ M max 3% c0

pe UG ke

Proof: If there existed a point x € §, distinct from X, such that y(x) = \Tf, then x would meet the neces-
sary conditions (12a, 12b). However, this would contradict Hypothesis 3.1(ii), and thus yQ&) = \?! and

y(x) > \TJ for all x #X. Since 6(x) is zero if and only if the necessary conditions (12a, 12b) are met at

x, 0(x) < 0 for all x #x.
The second derivative bound of Hypothesis 3.1(iii) implies that for each f(-),
Flor2) —FI0) —VFiG), 2 S WM , Vy,ze R". ' @1
Thus, forany A € (0, 1) and x # %,
min Y + Me) - w0 < e + Thia) -y
< max f ix) - W) + U iGx) , RhOY+ YMIRR(OP
< R{max £/() = w@) + V) . e+ VMNP ] 32)
Setting A = min ;¢ , ¥;/ M and using Hypothesis 3.2(ii),

i, G+ M) - wle) < R{max £16) = WG + (T 0) v+ Yoy P | = To) . ag)
Hence, for all x,

Y+ MG) — () x Ml je Y
min 80 2A= # . 34)

Applying inequality (34) and Lemma 3.3 to the right hand side of (30),

-10-



Y(x + M) ~ y(x) Yix+ M) - wx) _8(x)

lim sup min = lim sup min
~ AeR " A
x—tf € q“k)_.ﬁ; x-tf eR e(x) ““3)._;;
xX®ex THx
mi :
< ln’“”olimsup o
2y -y
xHnx
Smi“iez?i -m
M max ¥ p4,
peU@ieer
_-m min,'ezkyj
M max Y pH (35)

peU@ice
The second step holds because 6(x) < 0 and y(x) > \TI Adding 1 to both sides yields the desired result.

| |
Theorem 3.2: If Hypotheses 3.1 and 3.2 hold and Algorithm 2.1 generates a sequence { x; }o, then (a)

x; = %, the unique solution %, and (b) either the sequence terminates in a finite number of steps at % or

8 =) o A 'k

The left hand side of the inequality is known as the convergence ratio of the sequence { W(x)) }Jzo.

Proof: (a) The sequence { x; }2o lies in the compact set S, and hence it converges to the set of its accu-

mulation points. By Theorem 2.2, each accumulation point must satisfy the necessary conditions (12a,
12b). Since, by Hypothesis 3.1(ii), only X € § satisfies (12a, 12b), the sequence converges 0 x.

(b) Follows from (a) and Lemma 3.5. n

4. Linear Convergence Using an Armijo Step-Size Rule

The step size rule used in Algorithm 2.1 calls for the exact minimization of a single variable
function. In practice, we use a step size rule which can be executed in a finite number of steps. A suit-
able replacement for Step 2 in Algorithm 2.1 is the following generalization (Ref. 17) of the Armijo

rule for differentiable functions (Ref. 25),

-11.



Step 2’:  Compute the step size,

A= max (B*1 w(x + Bt — wix) - oB6(x) <0) , 37
with fixed parameters o, B € (0, 1). The convergence result, Theorem 2.2, holds for the algorithm
which substitutes Step 2’ for Step 2 in Algorithm 2.1 (Ref. 17). We show that a rate of convergence
result very similar to Theorem 3.2 holds as well.

Theorem 4.1: If Hypotheses 3.1 and 3.2 hold, and Algorithm 2.1 generates a sequence { x; }Zo using
the step size rule Step 2’, then (a) x; — X, the unique solution %, and (b) either the sequence terminates

in a finite number of steps at % or

i s_A max Y
W(xl-) ‘l’ p.eUG)kﬁl

Proof: (a) Same as the proof of Theorem 3.2(a).

(b) We obtain a bound on the decrease in y(-) obtained at each iteration, assuming that the sequence

does not terminate in a finite number of steps at X. The second derivative bounds again imply relation

(31), and so, forall i € N and £ > 0,
Wi+ Bh) — W) = max s+ Bh) = wG)
< max f(e) + (e, BH)— ) + VMBI
<p* [ max fs) + /e, b= e + AMBF W) (39)
because B* < 1 and fi(x) < y(x). Therefore, if B* < min ;¢ zy;/ M,

W + Bh) — w(x) < B* ﬁna; P + ), by = wix) + %»lh.-l’]

= B*O(x) < af*e(x)<0. (40)
By (37), A; 2 Bmin ¢ zy;/ M and
Vi) - () < op L2 Y (s @1)

Combining inequality (41) with Lemma 3.3 yields the desired result.

-12-



5. Linear Convergence on Composite Minimax Problems

We consider the composite minimax problem,

min max g /(4% ,
xenniezg(’x) 42)

where g/ : RS Ris continuously differentiable and A; is an /; X n real matrix. We note that if the
matrices A; have a common null space, problem (42) will not have a unique minimum and therefore
will not satisfy Hypothesis 3.1(ii).

Nor will the problem satisfy the convexity requirement of Hypothesis 3.2(i). For problem (42),

fi & ge; and the second derivative of the Lagrangian at a minimizer X has the form,

5 je o ¥ ATGUDA; . @3

where G/(*) denotes the second derivative matrix of g /(). If the A; matrices have a common null space,
the second derivative matrix may be only positive semi-definite on the subspace B*, so that m = 0.
This yields a convergence ratio bound of one, allowing for sublinear convergence. However, we have
observed in computational experiments that linear converéence of the values { y(x;) }Zo to the
minimum value is not lost in this circumstance. We derive a bound on the rate of convergence of
Pshenichnyi’s method which requires that the Lagrangian Hessian be positive definite only on the
orthogonal complement of the common null space. We assume in this sectior: that the Pshenichnyi algo-
rithm employs the exact minimizing line search for determining the step size at each iteration, and that

v; = 7 for each j € p and some y> 0.

Proposition 5.1: Suppose that the functions g7(), are strictly convex and that strict complementary
slackness holds for every % € G. Then, (a) there is a unique fi such that UR) = ({1} for all X e G,
and (b) the setT & JQG) is independent of % for all % € G.

Proof: We show (b) first. Suppose that 1, , B, € UGQ) for some X € G, and that ; # . Let ¢ and jo
be defined by

13-



51 i
A i , (44a)
¢ & min{ u,-l_uélubuébo

jo & arg min( u{ﬁllué i > b ). (44b)

Then p, & by + iz — ) € E, satisfies (123, 12b) with %, and hence , € UG). Necessarily, i > 0,
and hence j, € J&) by (13). However, |.l.{° = 0 by construction, implying that j, ¢ J(®). This contrad-
iction shows that U(X) is a singleton for each X € G.

Suppose that j, € J&) but j;eJ®") for some ¥, ¥’ € G. Then gj‘(Ajl?’) <y@"). Let
%A ®+(1-0%. Then %€ G for all te(0,1], and, by the convexity of gj‘(-),
gj‘(A,-l'i,) <y@®") =y@) for all 1€ (0, 1). It follows from (i) above that UG,) = ( p, ), a singleton,
and from (12b) that u{‘ =0 for all t € (0, 1). Now, by the Maximum Theorem in Ref. 26, U(") is an
upper semicontinuous set-valued map. Since U®) = ( {i’ }, a singleton, U(-) is continuous at %’. Hence
B, — i’ as £ — 1, which implies that i = 0. Since j, € J&), this contradicts (13), and we conclude
that (b) holds.

Now, we prove (a). Suppose that ¥, ¥’ € G. From (b), g AR + 1@ - %)) is constant for
te [0, 1] and all jeJ. Since each g/() is strictly convex, we conclude t.hat AX-%) = 0 for
each je 7. Thereforé, for all j e J, ATVgi(AR) = AlVg AX") and hence any fi satisfying (12a,
12b) with ¥’ satisfies (12a, 12b) with ¥”. This fact and (i) imply (a). n
Proposition 5.2: There exists a neighborhood, W, of G such that, for all xe W, W = 0 for all
ne Uk andjed.

Proof:  (a) Since h(x) is the solution of the primal problem (6), it satisfies the optimality conditions
(12a, 12b) with respect to problem (6). Every u € U(x) satisfies equations (12a, 12b) together with A(x),

and hence the second of those equations yields

> o 19 - veo - 8] = 0. @)

jegp

-14-



By Proposition 5.5 in Ref. 17, k@) = 0 and 6@®) = 0 for every € G. Since both functions are con-
tinuous, (x) — 0 and 6(x) — 0 as x > G. Therefore, ¢/(h(x) | x) — g J(AZ), implying that

¢(h(x) | x) — W(x) - 6(x) < 0 (46)
for every j ¢ 7 in some neighborhood, W, of G. It follows from (45) and (46) that, for all x e W,
W =0forallje 7 forall p e UQ). =

We show below that the Pshenichnyi algorithm converges linearly on some problems of the form

(42) which do not satisfy the assumptions of Theorem 3.2. Letting j; < ... < jj be the indices compris-
ing J, we define AT 4 [A] , .., Al]. First we show that the tail of a sequence { x; }Zo generated by
the Pshenichnyi algorithm is contained in a translation of the range of A, Let @ 2 rank(AT ) and let

Z be an n X a matrix, the columns of which form an orthonormal basis for Range@’). We then show
that the sequence corresponds to that constructed on a restriction of problem (42) to a tranlation of the

rangé of 27,

min Y&+ Zy) . CY))

ye R®

Finally, we show that the restricted problem satisfies the assumptions of Theorem 3.2. We use c*[X] to

denote the minimum positive eigenvalue of any symmetric, positive semi-definite matrix X.

Theorem 5.1: Suppose that
(i) the functions g /(-) are twice continuously differentiable,

(ii) there exist constants 0 < 1 < L such that, for all j € p,

1W<, GONSLWE , Vv h,ze R/, (48a)

(iii) strict complementary slackness holds for all % € G,

(iv) l and L are chosen so that the scaling parameter, ¥, satisfies

Io*[ Y, YATA] < ¥ < Lmax IZTAJAZ1 , (48b)
iee jee

where {1 is the sole member of UG).
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For any % € G, (a)

yE+ M) - o, _ L G*IZ,-G_EL"JA,TA,.]

lim sup min TAT :
N L
fad re R v - § ingt 1IZ'A A (48c)
xe§+Ramdn
xu3

. : R a A
If Algorithm 2.1 constructs a sequence {x;}go in solving problem (42), then, (b) x; = X for some x € G

as i = oo, and (c) either the sequence terminates in a finite number of steps at Xor

. \V(xm) - {‘; 1 l °'+[zi a Zﬁl A}l’ Aj] (48d)
P e L pm AT
ﬂK?b'-‘V kep k
| |

The assumption of strict complementary slackness is necessary only if the matrices A; have different
null spaces. In particular, the linear convergence result holds without this assumption if each A; is the

n X n identity matrix.

Proof of Theorem 5.1: First, we show that x; — G as i —> . Let AT & AT, ..., AT). From (11),
every k; is of the form Y. , Az, with z; € R’. Thus, the sequence { x; }Zp is contained in the
closed and convex set 0 4 { xo+ Range(A) } N (x € R™ | y(x) S y(xp) }. Suppose that Q is

unbounded. Then there exists a nonzero u € Range(X’ , such that, with x, A X0 + tu, Y(x) < y(xg) for

all £20. If A;u # 0 for some jo € p, then the strong convexity of g /), which follows from assump-

tion (ii) of this theorem, implies that lim, _, .. Wy(x) = +oce. This contradicts W(x,) < y(xg), and thus
Au = 0. But u € Range(A")"Null(A) = { 0 } contradicts the assumption that x + 0. Therefore, the set

Q is bounded, and hence compact. Consequently, the sequence { x; }2, must have an accumulation
point, 2. From Corollary 5.1 in Ref, 17, any accumulation point X of a sequence generated by Algo-
rithm 2.1 must satisfy 6@®) = 0, and therefore, by Proposition 3.1, € G. Since Q is compact, it fol-
lowsthatx,-—)aasi—no.

Now we apply Theorem 3.2 to a restricted problem. From Proposition 5.2, there exists a neigh-

borhood W>G such that W=0 for all j¢? and pe UW). From relation (11),
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h(x) = Y ;e p W ATVg /(Ax;) for any p € U(x). For all x € W, then,
h(x) € Range(AT) . (49)

Since x; —» 6’, there exists ip € IN such that x; € W for all i > . Hence, { x; }i'a i © X + Range(ﬁ").

We consider the restricted problem,
min +Zy) ,
i, Wixi, + Z) : (50)

formed by substituting x = x; + Zy into problem (42). By its definition above, Z has orthonormal
columns spanning the range of AT, The search direction d(y) constructed by the Pshenichnyi algorithm
at a point y € IR* with respect to problem (55) satisfies

do) & arg min max g (A (s, + Zy)) + ZAIVE MAfw, + Z) v+ Yefldi®

=arg min max g /(A1x;, + 29)) + AIVg (Aix, + Zy)) , Zdy+ ViflZdl®

deRe jep

= in max ¢/(Zd | x;, + Zy) .
arg min max ¢(Zd | x, + Zy) Y

since ZTZ = I, and ¢/(h 1%) & g/(x) + (Vg i(x).n)+ Y%ylhi2. Now, by Proposition 5.2, if x; + Zy € W,
h(x,, + Zy) € Range(AT). Hence, equation (51) implies that
hxi, + Zy) = Zd(y) . (52)
Also, for y such that x; +Zy € W,
arg min y( x, + 20 + MO)) ) = arg min y(x, + Zy +AZd0) )
= arg min y(x,+ 2y + Mix, + Zy) ) & Mxy+2Zy) . (53)

Suppose the Pshenichnyi algorithm is applied to problem (50) with initial point yo = 0, and generates
sequences of iterates { y; )i o , search directions { d(yo) }¥= o and step sizes { }£=o. Relations (52)
and (53) imply that the search directions satisfy h(x;, + Zyyp = Zd(y,) and that the step sizes satisfy

K = l(x,-o + Zyy . Hence, x; = x; + Zy;_;, for all i 2 io.
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Now we verify that Hypothesis 3.1 is satisfied for the restricted problem (50) and apply Theorem
3.2. The functions g j(A,(xio + Zy)) are twice continuously differentiable in y by assumption (i) of this
theorem. The set @ & (ye R®Iy(y, +Z)Sy(x)) lies in the set Z7(Q-x,), where
Q = (xo + Range(AD) ) N { x € R | y(x) < y(x) }, as defined in the proof of Theorem 5.1(a). The
set 0 is bounded since Q is bounded.

Establishing that only a single point in  satisfies the necessary conditions for optimality for
problem (50) is slightly involved. Let D denote the minimizing set of the restricted problem (55). If
x,+2Zye G, then ye D, and hence D> ZT(GNQ - x,). Now consider any y’ € R® such that
X, +Zy ¢ G. Since X = G and (% )2, lies in the closed subspace x; + Range(2),
aﬁ[xio + Range@"')] # ¢, and hence, there exists y’ e R® such that X, + Zy’ e G. Then

Y(x;, + Zy) > y(x,, + Zy"), contradicting the assumption that y’ & D. Therefore, D = ZT(GNQ - xi)-

Now consider the set of multipliers which, together with y, satisfy the equations (12a, 12b)

corresponding to the optimality conditions for problem (50),

| 3 o ZAVE A, + ) = 0

A jez
UO) S e B! 5 1 gitatm, + 2) -y, + 20 =0 [ 54

jjep

For any ye D, we have x,+Zye G, and thus 8 (Afxi, + Z9)) < y(x;, + Z3) for all j&J. This

implies that, for any [ € Uy(3), ¥ = O for all j & 7. Therefore,

X WAJVg iAfx;, + Zy)) € Range(A") = Range(Z) . (55)
JEp

Equation (55) and ¥ ;o T ZTA[Vgi(A(x;, + 2) = 0 together  imply  that

Yjen 14 A}rVg j(A,(x,-o + Zy)) = 0. Hence, I, together with x;, + Zy, satisfies the necessary conditions
for the original problem (42). Thus, Uy(y) c Ulx;,+ Zy) for y € 3, and Uy(ﬁ) = ({i ), where {i is the

sole member of U(G).
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Suppose that y, , y, € Q satisfy the optimality conditions corresponding to the for problem (50).

Since q/(x,-o + Zy) is convex in y, these necessary conditions are sufficient for optimality, and, further-
more, the entire line segment between y; and y,, [y, , y,1, lies in D. since Uy, y2) = ({1} and
>0 for all j e T, g/(Ai(x, + Z9)) = Wixi, + Zy) = Y for all y € [y, y2] and all je . Because the
functions g i(-) are strictly convex, this implies that AZy, = AZy, for all j € 7, or y, - y; € Null(A2).
Since Range(Z) = Range(AT) , Null(AZ) = { 0 }, implying that y, = y,. Therefore, the necessary condi-
tions are satisfied at a unique point e 0 and Hypothesis 3.1(ii) holds. Since
X = aﬁ[x,-° + Range(AD)], this proves part (a) of the theorem, x; — X, + 2.

Letting ofX] denote the minimum eigenvalue value of any real symmetric matrix X,

ey

QLZ ¥ % (Ajx, + ) / ayz] = QLZ W ZTATG/Afx;, + Z}))A,z] (56)
ep

ep

2 lng v zTA,TA,-z]

iy o"[z ﬁ"A,-TA,-] , 7

J € p

since the columns of Z span Range(AT) = Null(Ay* and NulY ;  , (VATA) = Null(A). Thus Hypothesis
3.2(i) holds.

Assumption (ii) of Theorem 5.1 ensures that Hypothesis 3.1(iii) holds. Assumption (iv) of

Theorem 3.2 holds with M = Lmax ;¢ , 1ZTAJAZl. Therefore, Theorem 3.2 applies to the restricted
problem (50), yielding (a) y: -9 and x; > Xy + e G. Lemma 3.5 applies as well, and letting

2 é x;°+Z§,

_¢ Vx, + ZO + MdO)) - ¥
lim sup ,{nin W + M(x))‘\ Y~ lim sup mirI}t k] =
xo3 € ye) - § y=3 € Yy, +Zy) - ¥
xe x.-o-lr ange(Z) y ’;

a
XHAX
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1 S HAA (58)

<1- L max 1IZ7AJAZ1
kep
which is part (b). Part (c) of Theorem 5.1 follows directly from parts (a) and (b). |

6. Conclusion

We have shown that a sequence { W(x;) }=o generated by the Pshenichnyi algorithm converges
linearly to the minimum value under weaker conditions than were assumed in Pshenichnyi’s conver-
gence rate analysis. Our result applies to an implementable version of the algorithm, not just to a con-
ceptual version requiriné that the step sizes lie below some unknown threshold. Furthermore, we have
shown that linear convergence is achieved also on a class of composite minimax problems which arise

in optimal design problems.

The Pshenichnyi algorithm can be generalized in a straightforward way to solve semi-infinite

composite minimax problems (Ref.17) which arise in control system design,

min max Ax, )
min max max ¢4, y) (59)

where the sets ¥; < R7 are compact, and the functions ¢ : R/xRY - R, je p and V,¢/(, ©) are
continuous. As before, each A; is an /; X n matrix. Under assumptions analogous to those of Theorem

5.1, a linear rate of convergence has been obtained for the semi-infinite case (Refs. 27 and 28).

7. Appendix

Proof of Lemma 3.1: Writing y = Py + P4y for any y € R",

0. RO, W)= Py + Py ,RG , WPy + Py))
=Py, RO, WP+ Py, Ry, )Py + 2PYy))
<Py, RO, WPy +2PY) , (60)

for pu near UQX) and y small by Hypothesis 3.2(i). Using the Schwarz inequality and the. fact that

IPy + 2Pyl < 21y,
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¥, RO, NS IRy , I IPyL 1Py + 2P

< 2Ry , Wi 1Pyl Iyl

<3 max RO, {DIIPII ,
pe UQ

for p near U(X) and y small, since IR(: , -)} is continuous.

Proof of Lemma 3.2: Using Taylor’s Theorem,
Y - y@&) 2 max fix) - y@)
jel®

= max fI®) + VG, x-2y+ w3, [[ 30 - 9P + stx - D)) x — BV v -
je I

Since f/(®) = y(@) for all j € J(%) and by Hypothesis 3.1(iii),
A A [¢1, -
y(&) - y&) 2 max (Vf/3) , x -2+ & -%, [[o(l—s)ﬁ6+s(x—2))ds](x—i))
jel®
2 max (Vfi®) ,x-X)- Mix -3I?.
jel®
Since (Vf/®) , P*(x — 2 = 0 for all j € JQ),

max (Vf/G) , x- D= max (Vi) , Px-+Px-3) .

jed® iel®

= max (Vf/®), P(x-%).
iel®

We wish to show that there exists an 1} > 0 such that

max (Vf/®) , P(x - %) >nIP(x - D).
ie J®

Suppose not. Then, there exists a nonzero @ € B such that max 6 (Vi) ,7)<0.
je Jx

W = 0 for all j ¢ J(X) and for any p € UQ). Therefore,

T fVFIG) . m=C T FVfi®,1Y=0.7)=0 ,
jeI® ie B
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(61)

(62)

63)

(64)

(65)

By (12b),

(66)



by (12a). Since UQ) is convex, there exists a fi € UG) such that {¥ > 0 for all j € JG). Then, equation

(66) implies that there is a convex combination of the nonpositive numbers { {Vf i), Y} e 1B with

nonzero coefficients is zero. This implies that (Vf/®),Z)=0 for all je J®. But then

e BNB* = { 0}, contradicting the assumption that 7 # 0. Hence, let > 0 be such that (65) holds.
Substituting (64) into (65) and (65) into (63) yields

y(x) - &) 2 IP(x - )1 - Mix - 312, 67
for x in some neighborhood of %.

Now we derive another lower bound on y(x) — w(%). For any {i € U(), using Taylor’s Theorem

and the fact that 3’ ;. , ¥ Vf/®) = 0,

y(x) - u((i) 2 Y i@ -vy®

jep

=k-%, [jf,(l-s)zﬁlpian(x-i))ds](x—i»

jep

jep

={PHx-%), [I o1 -9 Y {FG + S(x-ﬁ))ds]P‘(x-Q»
+Px-3%), [f:,(l-s)Zﬁ"Fi(i+s(x—'JD)ds](2P*(x-'i)+P(x-§))). (68)
jep

By Hypothesis 3.1(iii) and Hypothesis 3.2(i),

V(@) - Y@) 2 mlPHx - D - 2MIP(x — D R2PHx - ) + P(x - DI
2 mlPHx - P - 2MIP(x - DI Ix - A , (69)
for x in a neighborhood of %.

Combining (67) with (69) and dividing by IP(x — %)llx - X1 yields

y(x) \I!(i) > max YamiP*(x — )l -oM n___ M x-x , (70)

IP(x - X)Ix - 2 IP(x - D)llx - 3 Ix-%l IP(x - %)
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for x in a neigborhood of % Using the fact that Ikd<IPxl+iPxl, and defining

r(x) = IP(x = D1/ IP*(x -1,

v —m__ _om N M 1
Pe-B-H {'(’02* M w e ()
We use (71) to show that

lim inf \[’(X)—\l'(i)
2% PPx-)x-5%l

=oo , 72

which is equivalent to (19). Given any integer k > 0, there exists a real number r > 0 such that the first

term in the max in (70) is greater than k if r(x) < r. For x such that r(x) > r, the second term term in

the max is greater than 1/lx — X1 — M(1/r + 1). Hence, there exists a neighborhood.. W, of X such that

the max in (70) exceeds k for all x € W,, and, therefore, (19) holds. |
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