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ABSTRACT

The problem of finding a parameter which satisfies a set of specifications in inequality form is
sometimes referred to as the satisfycing problem. We present a family of methods for solving, in a
finite number of iterations, satisfycing problems stated in the form of semi-infinite inequalities. These

methods range from adaptive uniform discretization methods to outer approximation methods.
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1. INTRODUCTION

Both engineering and economic system design problems often involve specifications in terms
envelopes within which dynamic responses must be contained (see, e.g. [Pol2],[Wie.l]). The
mathematical expression for these specifications is likely to be of the form of a system of semi-infinite

inequalities, such as

ylj'l}iai ¥(x.y) S‘bj. ji=12,...1, (1.1a)

where x € R”, the sets Y; 4 [/;,u] are compact intervals, all the functions are locally Lipschitz continu-
ous, and the b; express the desired satisfycing level. The satisfycing problem inequalities are obviously

equivalent to the more compact form
y(x) <0, (1.1b)

where, with 14 { 1,2,...,1 ),

y(x) 4 max may. [ ¢Cx.y) - b; 1. (1.1c)

It is immediately clear from (1.1b) that whenever there exists an % € R" such that y() < 0, then any
conceptual Asemi-inﬁnite minimax descent algorithm, such as the Pironneau-Polak-Pshenichnyi algorithm
((Pir.1], [Pol.2], [Psh.1]) or conceptual outer approximations algorithm, such as the one in [Gon.l,
May.1], are capable of finding a solution to (1.1b) in a finite number of iterations. The reason we insist
that in the context of semi-infinite inequalities these algorithms are only conceptual, is that neither y(x)
nor any of the other quantities which these algorithms require at each iteration can be computed without
discretization of the sets Y;. Thus we see that the main issues are (i) computational efficiency of the
implementation and (ii) the development of special features which will result in finite termination using
finite precision.

In this paper we present a fairly general, implementable master algorithm for solving semi-infinite
inequalities in a finite number of iterations under fairly mi‘ld assumptions. The master algorithm con-
structs approximating inequalities by discretizing the original inequalities and then invokes a descent

method to try to solve these approximating inequalities. The finite termination property results from the



fact that whenever possible, the master algorithm runs the descent method for one iteration over what is
needed to solve the current approximating inequalities, and the use of Lipschitz constants which enable
one to conclude that the original set of inequalities is satisfied from the fact that a discretized set of ine-
qualities is. satisfied. The required Lipschitz constants can be estimated in the course of algorithm exe-
cution. - The discretizations are performed using either an outer approximations form of construction
(see [Gon.1, May.1]), or an adaptive uniform discretization scheme (see [Pol.1, He.1]). Our numerical
results show that even without the inclusion of constraint dropping schemes, such as those described in
[Gon.1], the form of the algorithm based on outer approximations is considerably more efficient than

the one based on adaptive uniform discretization scheme.

2. THE MASTER ALGORITHM

We will consider the following, normalized, semi-infinite satisfycing problems:

- SP : find x* € R" such that y(x*) <0 . .1a)
where

y(x) 4 max ¢(x.3) , | | (2.1b)

¢(x:)') é l}‘g 4"(35')’) » | (2.10)

where 1 4 {1,2,..,1},Y=100,1], and ¢/ : R*xY » IR. We will assume that the functions ¢/(-,)
and their gradients V,4/(-,-), are locally Lipschitz continuous.

The normalized form (2.1a) is obtained from the general form (1.1b) by (a) absorbing the con-
stants &/ into the definition of the functions ¢/(-,-), and (b) by changing the definition of ¢/(-,-) so that
Ghew(x,) = Ohualx. b + y/lu; — 1)), which then requires that y € Y 2 [0,1].

Since, in general, the exact calculation of the global maximum of ¢(x,) over the interval Y is not
a numerically feasible operation, numerical methods for solving the problem SP must involve a scheme
for the discretization of the interval Y. Hence, for any finite discrete set D c Y, we define a problem

SPp, whose solutions approximate those of problem SP, by



SPp : find x*p € R" such that yp(x*p) <0, (2.2a)

where

yp(x) & max 6(x.3).. (2.2b)

The master algorithm for solving the problem SP that we will shortly introduce, calls the
Pironneau-Polak-Pshenichnyi (PPP) minimax algorithm [Pir.1, Pol.2, Psh.1] as a subroutine. The PPP
algorithm computes search directions by evaluating an optimality function. Hence, proceeding as in

[Pol.2], we define the optimality functions 6(x), Op(x), for the problems SP and SPp, respectively, as

follows:
6(x) 4 min  may max ( ¢x.y) + (Vetf(x,3), )+ IR - y(x) }, (2.3a)
0p() 4 min  max max { ¥(x,y) + U 00,y) B+ IR — yip() ). (2.3b)

Note that because the discrete set D is finite, (2.3b) is an ordinary quadratic programming problem

which can be solved finitely using standard quadratic progmmminé subroutines.

Let &,hp:IR* — R be the PPP search direction functions defined by

h(x) & arg min max max { ¢/(x,y) + (Vot/(x,y), A+ BIAE — y(x) } , | 2.3¢)
heR* Y€ Y je | ’
ho() &arg min max max { ¢/(x,y) + (Vudx,y). A+ Wil - wp(x) ) . (2.3d)

helR® Y€D jel

In the case of problem SP, the PPP minimax algorithm is only conceptual ; it uses the search direction
function A(-). In the case of problem SP; the PPP minimax algorithm is implementable; it uses the
search direction function hp(-). In both cases, the PPP algorithm uses an Armmijo type step size rule,

which requires two parameters a, B € (0,1).

The master algorithm, below, uses two sequences of discrete subsets of Y: one sequence,
{ E; }2o, is used in conjunction with the PPP algorithm, while the second sequence, { C; }z , is used
in the stopping criterion. We will consider two alternative schemes for constructing the sequence
{ E; }20. We choose the sequence { C; }&o to be a strictly increasing sequence of sets consisting of

uniformly spaced ¢; = 2 grid points in [0,1], i.e., C; € C;;; and CA (Kc;-1 1k =0,1,..,¢-1 }.



We assume that for x in a sufficiently large subset of R", the Lipschitz constant of the functions ¢,
with respect to y is L < oo . Note that in view of this fact, if yc () + L/(2(c; - 1)) < 0, then y(x) < 0
must also hold.

Assumption 2.1: We assume: (i) The functions ¢/(:,), their gradients V,¢/(-,) and V¢’%,(-,-) are con-

tinuous for j € I; (ii) For any x € R" such that y(x) 2 0, 8(x) < 0. |

Note that Assumption 2.1 (ii) implies (i) that there exists an x* € R” such that y(x*) <0 and
hence, in turn that yg(x*) < O for any discrete subset E c Y, and (ii) that the conceptual PPP algorithm
is guaranteed to find such a point. However, it does not ensure that the implementable PPP algorithm

is able to find such a point when applied to the problem min yg(x). That would require the much
xeR®

stronger assumption that for any discrete subset E c Y, for any x € R” such that yg(x) 2 0, 6g(x) < 0.

This fact is reflected in the problem SPg, abandonment test (2.5b) in the master algorithm below.

The master algorithm below, constructs a problem SPg, and applies the PPP minimax algorithm to
it until it finds a point x;** such that \yg‘(x?“‘) < 0. Then it performs one more iteration to construct a
point x?‘ such that wg‘(x?') < 0. Although this is not transparent from our proofs, because we use con-
tradiction arguments, the finite termination property of the master algorithm below depends on the fact

that there exists a constant & > 0 such that, after a while, \yg‘(x? ) < — & must hold.

In the master algorithm, the index i counts the number of times the approximations to Y (i.e., E)
have been updated, the index j counts the number of iterations performed by the PPP minimax algo-
rithm on the problem SPg, and the index n; counts the number of iterations performed in solving the

problem SPp,‘.
Master Algorithm 2.1 (for problem SP):

Data: x; € R" a sequence of sets { C; )2 < Y, a finite discrete set Eyc Y, o, B € (0,1),and a

sequence { €; }J=o, such that g;> 0, &; = 0 as i — oo,

Step 0: Setx) =x5,i=0andj =0.



Step 1:

Step 2:

Step 3:

Step 4:

Compute ‘VB‘( s » eE‘(xD: and hE‘(x::)°

Compute the step size A} by the Armijo-like rule:

M=max{Btlke N, yg 0+ Bhe(d) - ye(d < apeg(d ) .

Set 5 = + Mg .

Consider three exclusive cases:

(@ If
V() >0and - 60 > ¢,

set j = j+1, and go to Step 1.
® If

Ve () >0and - 00D <e;,

go to Step S.
©) If

e () <0,
go to Step 4.
Stopping criterion: If
we () + Li2(ei - 1).) <0,

set n; = j+1 and stop. Else, go to Step 5.

24)

(2.5a)

(2.5b)

(2.5¢)

26

Step 5: Construct a discrete set E;, satisfying E;cE;,, cY, E; #E;. Set n; = j+1, Q= x:-"',

i =i+l and j = 0, and go to Step 1.

Note that when (2.6) is satisfied, we must have that w(xf* 1) £ 0, and hence we have found a solu-

tion to our problem.

We will consider two schemes for constructing the sequence of discrete sets E;. The first is a

uniform discretization scheme, while the second one is that used in outer approximations algorithms



(see, e.g., [Gon.1]).
Adaptive Uniform Discretization Scheme 2.1:

_ In this scheme we set E; to be a set of 2/ + 1 uniformly spaced points in the interval Y, ie.,

E&(v2¥1k=0,1,.2),i=0,1,2,. 2.7

Outer Approximation Scheme 2.2:

This scheme is recursive: Given i € IN, a finite discrete set E; c Y and x:-" e R" find 2 y; € C; such

that

B0 = Y ), 2.82)
and set

Ei = EU(%) . . (2.85)

Lemma 2.1: Let { z} }2, and { 22 )2 be any two converging sequences in IR” with z} — 2 and 2 — 2

asi—>oo LetQ;cY,i=0,1,.., be any sequence of compact sets contained in Y. Then

o) - ol > 0 asi—e. . 29

Proof: Suppose that (2.9) does not hold. Then there exists a 8 > 0 and an infinite set X < IN such that
Wa(e) - wa(@i28, forallie K. (2.10)

Now, yq(2}) = ¢(z},0}) and Va2 = 6z, @) for some of, of € Q;. Without loss of generality, we

may assume that
oG oh) 2§20 +5. @.11)

Since 2} =%, 22 — %, and Y is a compact set, it follows from the continuity of ¢(-,-), which is uniform

in y, that there exists an iy such that
2.0 2 0@ o) -82 forallie K, i2i,. (2.12)

But (2.11) and (2.12) imply that ®? is not a maximizer of ¢(z?,-) over Q;, which is a contradiction.



Hence (2.9) is true. n

Lemma 2.2: For any discrete set D € Y and any x € R",

() 6p(x) + yp(x) < 6(x) + W(x) , (2.13a)
() Iap()P < —26p(x) . (2.13b)
Proof: (i) The inequality (2.13a) follows directly from (2.3a-b) and the fact that D C Y.

(ii) Referring to Theorem 5.6 in [Pol.2], we see that the application of the von Neumann minimax
theorem to (2.3b) yields the fact that —-0p(x) = A)(x) + Y%lhp(x)I2, where h(x) 2 0. Hence (2.13b) fol-

lows immediately. |

Theorem 2.1: Suppose that the sequence { x} };.,,’-Zo is a sequence constructed by Algorithm 2.1 using

either the Adaptive Uniform Discretization Scheme 2.1 or the Outer Approximation Scheme 2.2. Then

(i) n;is finite for all i.
n a, KA,.
(i) For any converging subsequence { x;’ }; ¢ x, With x;* = X,
. K
Ve = ¥&) . (2.14)

Proof: (i) Suppose that n; is not finite for all i. Then, the tests (2.5b,c) were satisfied only a finite

number of times. Hence there exists iy such that
\I'E,o(x‘;o) >0, - egio(x‘.o) >¢g,, foralj=0,1,.. (2.15)

Making use of (2.4) and (2.15), we obtain that

—e< f; [\vg,o(;.{;n) - wg,o(ﬂ,;)] < f;o axgegio(xl,;) . (2.16)
J =

ji=0
Referring to Lemma 2.2 (ii) and (2.15), we deduce that lhg, (x))I* < 2egi°(xg'o)2/a,b for all j 2 0. Hence,
0

because of (2.16), for any positive integers k > s 2 0,

W-d) S T -AlS THI 0 S T 00 M 004 @.17)
j i=s j=s

ins



Therefore, ( xfo }720 is a Cauchy sequence in R", and hence it follows from Theorem 5.2b and Corollary
5.1 in [Pol.2] (which states that any accumulation point x*, of the sequence { x{-o }0, constructed by the

PPP algorithm, satisfies egio(x*) = () that eg‘o(x{o) — 0 as j — oo, contradicting (2.15).
(ii) We must consider the two discretization schemes separately.

(a) Suppose that the Adaptive Uniform Discretization Scheme 2.1 is used. Then ve®) - y(x) as

i = oo because the sequence of sets E; is dense in Y. Hence (2.14) follows immediately from Lemma

2.1.
(b) Suppose that the Outer Approximation Scheme 2.2 is used. Let K’ be an infinite subset of K such
o
that y; > % € Y, where y; is chosen according to the Outer Approximation Scheme 2.2. Since the
sequence of sets C; is dense in Y, \yc‘(i) — yY(%) as i = . Hence, it follows from Lemma 2.1 and the
x
fact that 0(5’,y) = yc (&), that ¢(x;'.y) - y@). Therefore ¢®.5) = y(&). Now, for i€ K, let
j6) =max{ ¥ € K’1¥'<i ). Since j@)<i and yiy € E, we have that w(x) = yg () 2 00, Y-
. n K A K A

Making use of the continuity of y(-) and ¢(-,"), and the fact that x;" = X and yy — Y as i — o, we

n K n, X
conclude that (i) w(x;) — y@®) as i — = and (i) ¢(x;",y;9) = ¢(.5) = Y() as i — . Hence (2.14)

follows. =

Lemma 2.3: Suppose that a sequence { x} }‘;o;;o, constructed by Algorithm 2.1, is in a bounded set S
and that the Hessian matrices Vjx(-,), j € 1, are continuous. Let M = max _ max IV, (xy)l.
xeS,yeY jel

Then for all i and j = 0,...,n~1,

ve G - wg (0D < Badg (M . (2.18)

Proof: Expanding some of the functions appearing in the test in (2.4) to second order, (with the

indices suppressed to simplify notation) we obtain, for A € [0,1/M],

Ve + Mhg(x)) — We(x) — aAOg(x)



< max max { ¢0x,y) + A (V. (x,y), B+ BASMIAR } — yg(x) — aAOg(x)
ye €

<M1 - o)0g(x) . 2.19
The desired result now follows directly from the fact that in view of (2.19) the actual step size used

satisfies the inequality A = B/M. L

Theorem 2.2: Suppose that Assumption 2.1 holds and that Algorithm 2.1, using either the Adaptive

Uniform Discretization Scheme 2.1 or the Outer Approximation Scheme 2.2, constructs a bounded

sequence { xf JZo 7o Then this sequence must be finite, i.e., there exists an o such that yx;.9) <0,

Proof: Suppose that the sequence ( x} ];o,«l‘o is not finite. Since n; is finite for all i, there are two
poséibilit:ies: (i) The test (2.5b) was satisfied an infinite number of times, or (i) the test (2.5¢) was

satisfied an infinite number of times, and, simultaneously, the stopping criterion (2.6) failed to be
satisfied. Now, because the sequence { xi }‘;o;;‘o is bounded, it has a converging infinite sequence,

K
indexed by K N, such that x?‘ — X%, say, as i = oo, and either the test in (2.5b) is satisfied on this

subsequence, i.e.,
Ve ) >0 and — 0 )<, forallic K, , (2.20a)
or the test in (2.5¢) is satisfied and the test (2.6) fails on this subsequence, i.e.,

\yg‘(x:-"'-l) <0 and wc‘(x:-' Y+ LI2(c-1))>0, forallieK. (2.20b)
First, by considering these two cases separately, we will show that

K K '
Ot ) >0, x' % asioe, andy®20. 221

.4

(a) Suppose that (2.20a) holds. Since €; — 0 as i — oo, Og‘(x:‘- l) — 0 as i — 0. Thus, we conclude
. ni-l K R n n‘-I K . . a K A

from Lemma 2.2 (ji) that kg (x; )—>0asi—>o, Hence,x;i—x;' —0asi— o, Sincex;’ > xas

. . B{‘l K A

i — oo by assumption, we conclude that x;' — % as i »> . It follows from Lemma 2.1 and

X
Theorem 2.1 (ii) that wg‘(x?" "y = y@®). Since wg‘(x?" "Y> 0 forall i € N, we must have that y@) = 0.

10



(b) Suppose that (2.20b) holds. Since the sequehce of sets { C; }2 is dense in Y, it follows from the
K

reasoning used in proving (2.14) that wci(xf‘) - y&). Since by (220b), for all ie K,

\vc‘(x:‘) + Li(2(c~1)) > 0 and ¢; — <o, we conclude that y() 2 0. Making use of Lemma 2.3 and the

fact that by (2.20b), for all i € K, yg (" ) < 0, we obtain that
VG < ve ) - ve W) < oBOg( VM, forallie K. @22)
It now follows from Theorem 2.1 that

liminf  OgCo’ )2 My(R)op . 2.23)

ie K i—o
Making use of (2.23) and the fact that (i) Ww(¥) = 0 and (ii) 'eg'(x) < 0 for all x € IR", we conclude that

» K K
Og (") =0 as i — e . Now, from Lemma 22 (i), we conclude that hg (" ) — 0 as i — oo .

K K
n nrl . . n . . .
Hence, x;'—x;” — 0 as i - o, and, since x;' > % as i — oo, this leads to the conclusion that

K
£ % asi — oo, which completes our demonstration that (2.21) must hold.

K ' ‘
Now, since x:-"'- ! —3% as i > oo, It follows from Lemma 2.1 and Theorem 2.1 (ii) that

1 K
ye (") = y&). By Lemma 2.2 (i), we have that for all i € N,

n

O™ < 0G5 + v - we i) . 2.24)

. 4 ) B
Letting i — o in K, and making use of (2.21) and the fact that yix" l) - wgl(x?"- l) — 0, we obtain that
8() 2 0. Hence, it follows from the fact that 6(x) < O for all x € IR", that 8(%) = 0, which, together

with the fact that W(x) = 0 in (2.21), contradicts Assumption 2.1(ii). ]

3. NUMERICAL RESULTS

Algorithm 2.1 was coded in C and was executed on a SUN 3/140 Workstation. In the experi-
ments below, the algorithm parameters were set as follows: & = 09, B = 0.9, ¥ = 1.0, & = 0.1*!, The
sets C; were chosen to consist of 2" + 1 uniformly spaced points in [0,1]. In the Adaptive Uniform

Discretization Scheme 2.1, the sets E;, i = 0,1,..., were chosen to consist of 22 + 1 uniformly spaced

11



points in [0,1]. The Outer Approximétions Scheme 2.2 was initialized by setting E, to consist of 5
uniformly spaced points in [0,1]. In our experiments, the Lipschitz constant L was calculated by
averaging the estimates of local Lipschitz constants, L, around the points x/, with respect to the set C;,

where Lf is obtained as follows

Li=max  max 1!¢’(:.{.H(c,—-l)) = PO, (k1) (e~ 1e; - 1) 3.1

pel k=0],.. ¢!

Because there are few semi-infinite satisfycing test problems in the literature, we have constructed
four semi-infinite minimax problems by converting four constrained problems in [Tan.1] into semi- -
infinite satisfycing problems using L., exact penalty functions. Two versions of each problem were
tested, both with the Adaptive Uniform Discretization Scheme 2.1 and with the Outer Approximation
Scheme 2.2. The first version used a large penalty coefficient (PC = 100.0), while in the second version
used a smaller penalty. coefficient (PC = 10.0). Table 3.1 summarizes the performance of the two
discretization schemes on these problems. We evaluate the p&fommw of the two discretization
schemes by comparing the number of function evaluations (denoted as NF), the number of gradient
evaluations (denoted as NG), and thé total number of evaluations (NT = NF + n*NG). It is clear from
our experimental results that with the exception of one case, the Outer Approximation Scheme 2.2 out-

performed the Adaptive Uniform Discretization Scheme 2.1. The test problems were as follows:
TFI1 Problem[Tan.1]:
V@) = (01)* + (x)? + (xa)? + PC max{ ,max (21 + xzexp(xay) + exp(2y) — 2sin(dy) ) , 0}~ 5.5 .
Initial point xp = (1.0,1.0,1.0).
TFI2.1 Problem[Tan.1]:
Y(x) = x; + x/2 + x3/3 + PC max( ’lg?g'(l](tan(y)-xl - Xy — x3y°),0 } — 0.66 .
Initial point xy = (0.0,0.0,0.0).

TFI2.2 Problem(Tan.1]:

Yx) = X1 + Xp/2 + x3/3 + x4/4 + x5/5 + x6/6 +

12



Initial point x = (0.0,0.0,0.0,0.0,0.0,0.0).

TFI3 Problem[Tan.1]:

PC max{ ygu[lg(n(tan(y)—x1—xzy—xgyz—x‘;yz—xsy“—xgs).o}—0.63.

y(x) = exp(x;) + exp(xz) + exp(x3) + PC max( ’gl?gtu (U +y) = x - %y — x2y”) ,0)-445.

Initial point xy = (1.0,0.5,0.0).

Problems Adaptive Uniform Discretization Quter Approximation
NE_ NG NT NF NG NT
TFIl.a 56808 2476 64236 11332 468 12736
TFILb || 10338 648 12282 4494 168 4998
TFI2.1.a || 100884 4394 114066 20546 278 21380
TFI2.1.b 6014 344 7046 4338 " 158 4812
TFI2.2.a 9454 750 13954 11669 346 13745
TF22b | 1890 248 3378 1600 180 2600
TF3.a 2160 168 2664 1376 71 1589
TFI3.b 286 22 352 232 19 289

4. CONCLUSION

Table 3.1 Summary of Numerical Results

We have presented an efficient method for solving semi-infinite inequalities in a finite number of
operations, which can incorporate either outer approximations type discretization or adaptive uniform
discretization. It is most interesting to observe that even without the inclusion of constraint dropping
schemes, such as those described in {Gon.1], the version of our method based on outer approximations

is considerably faster than the version based on an adaptive uniform discretization scheme.
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