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Abstract

In this report we apply results from the theory of large deviations to Markov
modulated fluid models. The purpose is to find asymptotic expressions for the
overflow probabilities. With these expressions it will be possible to derive scaling
properties for these probabilities.

The Markov modulated fluid model may be viewed as describing the time be-
haviour of the buffer in a switch of a high speed communication network, where
typically the overflow probabilities have to be very small (~ 10~°). In order to es-
timate such small probabilities from simulations, we need to do variance reduction
to speed up the simulations (quick simulations). This will be discussed only briefly
in this report. In [Courcoubetis] the scaling properties are used to get variance
reduction.

1 Model

We shall consider Markov modulated fluid models: Let {X;} be a (continuous-time)
Markov chain on a finite state space E = {1,2,...,d} with matrix of transition rates
@ = {qij : i,j € E} and steady-state distribution = (i.e. #Q = 0). Consider a fluid

system with input rate r(X,) and output rate c. The system has a finite buffer size B
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whose contents at time ¢ is indicated by J;. The input rate function r and the output

rate c are deterministic. We assume Y ;cg mir(2) < c.

Following the process {J;} in time we recognize cycles being parts that start in 0 and
end in 0 (in between J, is positive). Especially we shall concentrate on cycles that reach
the buffersize B. We like to find an asymptotic behaviour for the expected time and/or
probability of the occurences of that event. Also we would like to know how the buffersize
B is reached, i.e. what is the (empirical) distribution of the chain during the time the

buffer contents goes up from 0 to B.

The model described until now is a so called 1-source model, since generation of fluid is
triggered by the behaviour of one source (one Markov chain) only. So an N-source model
will have inputs from N (independent) Markov chains. These N Markov chains may
be modeled by one macroscopic Markov chain, but we prefer to follow the microscopic

approach, i.e. how do the chains individually behave in order that the buffer reaches B.

Markov modulated fluid models are studied e.g. in [Mitra] (analytical derivation of
expressions for the overflow probability) and [Weiss] (large deviations by letting the
number of sources become large). Here we shall concentrate on the use of large deviations
by letting the buffer size B large. The results follow by applying methods which were
developed earlier in e.g. [Cottrel], [Parekh].

In section 2 we follow the i.i.d. approach to get results for the sample mean. In section 3
we follow the empirical distribution approach which leads to expressions for the overflow
probability in section 4. Section 5 describes multiple identical input sources, section 6

two different sources. Section 7 contains numerical and simulation results.



2 Large deviations: level 1

Let Z, be the n-th return time to state 1 of the chain {X,}. The interval Z,;, — Z, is
partitioned in M, sojourn times 71, ..., TaM,: 00 [Zn+Ta1+: + *+ k-1 Zn+Tn1+: - -+Tnk)
the chain is in state Xnx (k = 1,2,..., My; Xp = 1). During that time interval the input
generates an amount of fluid equal to r(X,;) per second while the output pulls out ¢ per

second. Finally, define

€nk = Tnk(r(Xnk) - C)
M,
b = z gnk

k=1
¢ represents the virtual net amount of fluid between two consecutive returns to state 1

(virtual because no boundaries are represented). The cumulative process

is also called a free process.

The following observations are clear (¢; = ¥;4; ¢i;):

o £np ~ Exp(;(;?"_—c) if X =t and r(2) > c.

o —fuk ~ Exp(c—_q;?-zrj) if Xpp =1 and r(2) <c.

o {Zp4y1— Z,} areii.d. with mean pz.

o {¢,} are i.i.d. with mean p¢ = EY M rpr(Xok) — cpz.

) % = E‘-eEﬂgT(i) —c<0.

o M’,-(s) = E(es{"’c | Xk = 2) = % — (rgz.) —c)s

(s<m§‘_—cifr(i)>c,ors>;(;f-"_—cifr(i)<c).

L4 %‘jr&l = %‘jn + %‘6:&1-



Now apply large deviations to the "slow Markov chain” { %f,.} (see [Ventsel}, [Cottrel],
[Parekh]): define the process {JB} by

1
B
for t = § and by linear interpolation in between. Let T > 0 and ¢ : [0,T] — [0,1]
absolute continuous with ¢(0) = 0 and ¢[T] = 1. Also let

JP =z

M(s) = Ee*
he(u) = sup(su — log Me(s))

Then for large B

P(JB ~ 4(1),t € 0,T))
_ K(B)e-BIF he(# )t

~ Here K(B) is the error which satisfies

log K(B) = o(B), B — oo (1)

Hence, making the approximation of the original proces {J;} by the free process {J,}
and applying the large deviations to all possible T and ¢ as above, we get (see the same

references)

P({J:} hits B before returning to 0)

= K(B)e—Binfrinfs I he(¢'(t))dt

= K(B)e_BinfT foT he(‘zl’)dt

_ K(B)e"BinfT The(%) 2)

The second equality above is a consequence of the convexity of hg:

Lemma:
T T 1
inf /0 he(#'(t))dt = T /0 he()dt

4



Proof: According to Jensen’s inequality:
T 1 T 1
/ - < 7 —
he ([ #rger) < [ ne#engar
The lemma follows by noting that

[ ¢yt = 4(7) - 6(0) =1

QED.
So it all falls down to determine in (2)
inf The()
T
Note (see e.g. [Ellis])
° he(u) Z 0.
o he(pe) =0 (and pe < 0).
e h¢(u) is convex.
We may conclude that To := arginfr{The(3)} satisfies
1, 1
Tohe(7:) = W)
Let so = argsup,{sz- — log M¢(s)}. Then
Mg(So) =1
1
1
To = ——
° M;(30)

Remark: We find that the process {JP} hits the boundary 1 for the first time at
t = Tp. This process is a continued time-scaled version of the discrete process {$Jn}: So
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the process {J,} will hit the boundary B for the first time at n ~ BT,. According to

the renewal theorem we have

I
=g
=

I
:B:
I
I

That means that the free process {J;} will hit the boundary B at time ¢ = BTouz.
So this will also be the overflow time in an overflow cycle of the actual process {J;}

(approximately).

Examples:

(a) E = {1,2}: a two state Markov chain.
Me(s) = My(s)My(s) = 1

yields

il q2
r(l)—c + r(2)—c
o = S8 =10

Sg =

Note: pe = ﬂai + ﬂ%)z"—".

(b) E = {1,2,3}: a three state Markov chain with jumps 1 « 2 and 2 & 3. Set

Mij(s) = Mi(s)M;(s)

)

P = q2

o« = (i) —c

s p

Then
pMia(s)

M) = T00 o) Mas(o)(®)
Mi(so) = PMiy(s0) + (1 — p) M35(30)

PMi2(30)
6



where s solves

01020332 - (alag + opasz + a2a3)3 +ast+azt+op—azp=0

(c) E ={1,2,...,d}: a d-state cyclic Markov chain, i.e. jumps i = ¢+ 1 and d — 1.

M(s) = M(s)My(s)--- Ma(s)

80=?

From these examples we may conclude that this approach is not practable for larger state

spaces. See large deviations level 2 for another approach.

3 Large deviations: level 2

Let M(E) be the set of probability measures on E and L, the empirical distribution of
{X:}, defined by

L) = % / ‘14X, =i} ds,

t> 0,7 € E. Note that L, = 7. The level 2 large deviations result says that
.1
tl_l.rg ?log P(L, ~ p) = —H(p),
g € M(E). In this section we shall find the rate function H(u).

We shall use a result of [Varadhan] (see also [Ellis]). It gives the level 2 large deviation
rate function for a discrete time Markov chain {Y,} on E with matrix of transition

probabilities P = {p;; : 1,7 € E}:
. 2jeE PijU;
Hy(p) = —iof 3 pilog ===, (4)
4> ieE Ui

where u = (u,u2,...,uq) and u > 0 is taken coordinatewise.
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We shall follow the line of reasoning as exposed in [Donsker] to get results for the
continuous-time chain from discrete-time versions by time discretisation. Given the con-

tinuous time chain {X,}, we define for € > 0 its e-discretised version {X:} by
{X3} = Xo.
This chain has transition probabilities
Pij = P(Xiye = jI1Xe = 4),

that satisfy

L ?ﬂ

%; = clO p t#£j
- pu_l
gi = lgfg -

Let Lt be the empirical distribution of the e-discretised chain, then

lim -log P(Lt = p) = —H(p),

—bwn

with H¢(u) given in (4) (pi; replaced by p§;). Because
tlirg %log P(L; = p)

.1 c
= lim -log P(Lyq = 1)

t—oo ¢

1
= t]ioo € [t/ ] logP(L[t/n:] ~ ”)

= _;Ht(l")a

we find
N .
H(p) = hm;H ()

2 jeE D5jUj
- -I:ffe:aﬁfimg—r

. S .U,
- Z i hm 10 ZJEE DU
u>0 ¢l0 € U

= 3‘1;%2 Z I‘:‘Iu (5)

i€E jeE
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after checking that lim and inf may be interchanged.

Examples: (a) E = {1,2}.
. U U
H(p,u) := pq1 (—?h - 1) + p2qa (—uz - 1)

Set v = %. Then minimum of H(,u) is attained for
v = /#1‘11
H2q2

H(p) = mar + p2q2 — 2/ Q14202 (6)
(b) E = {1,2,3} and jumps 1 « 2 and 2 & 3. Now we find

H(p) = paqr + p2q2 + pags — 24/B1q182921 — 24/Baq3i24z3

and we get

4 Overflow probability and action intergral

Consider a cycle in which the fluid model overflows the buffer. Write
t
S = /0 r(X,) ds
for the total input up to time . Then 1S, = ¥iep L:(i)r(¢) and hence

1
P(?S, SIS > P(L; =~ u)

BEM(E):i<pr>=s

= K(t)e tinfu H(k) (7)
where the infimum is over probability measures on F s.t.

< p,r>=Y (i) =s.
ieE

What is the most likely way that the buffer content overflows? The approach to obtain
a large deviation expression is similar to the one described in section 2. Set

1
S = EStB

9



and define paths ¢ by

$:[0,T] — [0,1] is absolute continuous
#(0) =0

d(T)=1

0 < ¢(t) <1else

Notice that these paths generate overflow cycles by the relation
SE=¢(t)+ct,0<t<T & J,= Bé(t/B),0<t< BT
which means that there is a buffer overflow at time BT.

We shall calculate
P(SE2 ~ ¢(t)+ct,0<t < T)

Let A >0, n € {0,1,...,[T/A]} and define processes {S{"*®P}oce<na by

Sn.A,B —
t = “nBA+t — “nBA

{574} on [0, BA] has the same properties as {S;}, e.g. according to (7)

1 "IAB
P(—BSB'A, ~ 3)
1 (Ba

_ K(B)c—BA infeyr>=a7a H(1t) (8)

for large B. Let ¢ a path and set s,(A) = ¢((n + 1)A) — ¢(rA) + cA for n =
0,1,...,[T/A]. Then for large B

P(SB, ~ ¢(nA) + cnA,n=0,1,...)
= P(Si41a — Soa R sa(A),n =0,1,...)
= P(%SE'AA'B % su(A),n = 0,1,...)

Ky BAinf H
[ K(B)e~BAnfcur>=m@)a H(k)

n=0

= K(B)e_BA Yninfeyrs=an(a)a H(p) (9)
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The third equality above needs some justification, since we are dealing with Markov

chains and not with independent increments.
P (% nAB o 5.(A)n = 0, 1)
1 rBa 1 (2BA
P ‘E[) T‘(Xt)dt ~ So(A), E/BA T(Xg)dt ~ Sl(A))

o0 1 [BA 1 r2BA
= / P (_/ T(Xt)dt ~ SQ(A),EIBA T(Xg)dt ~ 81(A),XBA = d.'t)

—00 B Jo
- [p (% / P (X dt & so(A)) P (% /: f“ r(X)dt ~ 51(8)|Xpa = x)

1 rBA
P (XBA = dmIE./O T(Xg)dt ~ So(A))

Now we note that the large deviations result stated in (8) is independent of initial state

distribution, i.e. for large B
1 2BA
P(5 /B _ r(X)dt = y(8)|Xpa = 7)

1
= P(5552" ~51(8)Xo = 2)
K(B)e"BA inf<u.r>=ax (a)/a H(I‘)

Because
/ ( BA $|B /0 7‘( t) So( ))

we can show that the product in (9) results by extending these arguments for n =
0,1,...[T/A].
Now let A | 0 in (9):
P(SE ~ ¢(t) +ct,0<t < T)
= E%P(SEA ~ ¢(nA) + ecnA,n=0,1,...)
= K(B)e B J& inf cpr>=gr(e)4c H(p)dt
with H(p) given in (5). Finally

P({J:} hits B before returning to 0)
11



Q

Y. P(SP~¢(t)+¢t,0<t<T)
T ¢

= K (B)e_B infrinfy J§ infeurs>=p (e H(u)dt

= K(B)e—B infr Tinf ¢y > =1/74c H(p)dt (10)
where we have used the convexity of H(u) to get the last equality:

Lemma:
T
inf inf  H(p)dt=T inf  H(p)

¢ Jo <pr>=¢(t)+c <pr>=1/T+c

Proof: Consider the piecewise linear path ¢ defined by

, £, telo,r]
¢(t) = { F=<, te[nT]

-_T?

for some € € (0,1) and 7 € (0,T). Furthermore let

p = arginf, oo ricH(1)

pd = arginf_, .\ (1-¢)/(T-r)+H(H)

T-1
u®

© _ T .o
7 pY A+ —

T

Then < p®,r >= % + ¢, s0

inf  H(p) < H(u®

<p;r>=1/T+c
= H (1#(1) + T; 7"“(2))

T
Ty L=
TH(# )+

/o T inf H(udt

<pr>=¢ (t)+c

IA

H(u®)

I

Approximating any path ¢ by a piecewise linear one we get the desired result.

Remark: Let Ty = arginfr{TH(y) :< u,r >=1/T+c}. Then J; will hit the boundary
B at Tg = BT;.

12



Examples:

(a) E = {1,2}. H(u) is given in (6) in section 3. Define the constraint function
G(T,p) =< p,r > —-11; -
and the Lagrangian function
F(T,p, f)= TH(/‘) - fG(T,u), fER

Since p2 = 1 — p,, the dependence on 4 in these functions in through x; only. We find
optimal T and p by solving the set of fixed point equations

gi =0
oF _
Fo =0
G(T,p)=0

That is )

T=zprs>—c

f=TH(p) (11)

1-2m  _ T(g—¢q) = f(r(1) —r(2))
Via(l = ) TVae

Denoting «a for the right hand side of the last equation, we can rewrite to

5 Multi-input

Let {X} : v = 1,2,...,N} be N identical independent Markov chains, each on the
state space E = {1,2,...,d}, with transition rates {g;; : i,j € E} and with stationary
distribution 7. Each chain generates an input rate r(X;) into the fluid model described
before. When there were no buffer boundaries, the contents at time ¢ would be given by

the free process

. N
=3 /o r(X¥)dt — ct

v=1

13



The actual process J; is bounded below by 0 and above by B. A cycle of the process
starts at 0 and ends either at 0 or at B (whichever comes first). During a cycle the two
processes behave statistically the same. We will concentrate on cycles that overflow (i.e.

end at B). Of course we assume the stability criterion < 7,7 >< £.

Let LY be the empirical distribution of chain v and u¥ € M(E) (probability measures

on E). Then according to large deviations
P(L ~ p*) = K(t)e tH(W)
(for large t) with K and H described in section 3. Because of independence we get

N v
P(LY ~p*,v=1,2,...,N) = K(t) He—tH(# )

v=1
= K(t)e™t ol H(w)
Write u = (u',...,u") and
N
Hy(p) =Y H(p")
v=l
The total input upto time ¢ is
N
S=Y / r(X2)dt
v=1"0
N
= tz < L;’,T >
v=1
So
P(%S, ~ s)
= > P(L} = p’,v=1,2,...,N)
ul ,...,u”":(Z:f:;l W r>as
= K(t)e~tintu Hn(p)
where the infimum is over all probability measures u = (#1,...,u") s.t.
N
< Z pr>=xs
v=1

14



Following the same reasoning as is section 4 we come to the conclusion

P({J:} hits B before returning to 0)
= K(B)e~Binfrinf, THy(k) (12)

where the first infimum is over T > 0 and the second over all probability measures
p= (g, u") st
N 1
< Z uw,r>=+c
v=1 T
The following lemma is needed to derive a scaling property for the overflow probability.

Lemma

N N
; 1
inf{} H(p") : p's..., n" € M(E), < 3,7 >= m +¢}

u=lN v=1 1 )
= Z:linf{H(u") (p € M(E), < p¥,r >= ~7 T v (13)
Proof (i) LHS < RHS is clear.
(ii) By the lemma of Fatou we have that
RHS
N 1 c
< inf{)_H(p"): p* € M(E),< p*,r >= NT + v = 1,...,N}. (14)

v=1
Let p = (p,...,p") = arginf LHS(13). Then there are numbers o > 0 for v =
1,2,...,N with ¥~ o” = 1 such that
<plir>= a”(% + ¢).
Define s = (4,...,u") by
1N
p o= NZP" € M(E)
v=1
for all v. Because
1 c

SELT>=RTYN

for all v, p is feasible for the RHS(14). Furthermore, because H is convex,

LS g = B = B L) < 3 L H(p
ﬁ; (v*)=H(p') = (‘;ﬁp)_;ﬁ (")

This inequality gives RHS(14) < LHS(13).
15



Q.E.D.

We notice that the

. 1 c
RHS(13) = Ninf{H(y): p € M(E),< p,r >= TN + w1

Substituting into (12) we get

Pr({J;} hits B before returning to 0)
= I{(B)e_B infT TN inf<”’,.>=rlw+ﬁ H([l)

o~ BinfrTinfe, oy H(k) (15)

by a change of variable.

6 Two different inputs

In this section we have 2 Markov independently generating inputs but we suppose that the
two Markov chains ({X}} and {X?}) may have different statistical characteristics. We do
assume that they have both the same state space E as before and the same deterministic
input rate function r. Write Q¥ for the matrix of transition rates of chain v and #¥ for

the associated stationary distribution. Assume the stability criterion < 7! + 72,7 >< c.

Let H” be the level 2 large deviation rate function as derived in section 3 and expressed
in (5), associated with the chain X} and set Ha(u', u?) = H'(u!)+ H?(u?) for probability

measures u!, 42 on E. Similar to the result in section 5 we can derive that

P({J;} hits B before returning to 0)
—_ K(B)e-BinfT inf,‘l 2 THQ(/JI, ”2) (16)

where the first infimum is over T > 0 and the second over all probability measures u!, u?

s.t.

1 2 1
<u +”’r>=T+C

16



The scaling property as was derived in the case of similar inputs, is not present here.
Examples:

Consider the two-state Markov chains again: E = {1,2}. Just as in section 4 we can

define the constraint function
G(T,p',p?) =< p! + 2,7 > —% —c
and the Lagrangian function
F(T,p', 4%, f) = THy(s', %) - fG(T, ', %)

where dependence on u is through u¥ only. Setting the deravitives to zero we get the

fixed point equations

) (17)

where
o _ Tlat = ) = f(r(1) = r(2))
TVais

7 Numerical & simulation results

A) For one 2-state Markov generating source we have found that the probability of
overflow in a cycle equals ® = K(B)e~B%, that the time to reach the buffer limit B in
an overflow cycle is Tg while the chain behaves according to the empirical distribution
i. The relation is

1
<u,r>=F1+c

17



Set

a = 10
2 = 30
ry = 400
ro = 4000
c = 1500

State 2 is the bursty state. On the average there are 7.5 bursts per second. State 1 is
a quiet state although some generation of fluid occurs. The average input per second
< w,r >= 1300 (note that m; = 0.75,7; = 0.25), hence the load is 0.866667. When 1
unit of fluid stands for 1 message cell, the peak arrival rate (i.e. during bursts) is 4000 *

53 * 8 = 1.696 Mbits per second.
Applying section 2 we get

s = 2.909091 10~
T, = 5.0 1073
p1 = 0.638889

But section 4 leads to

so = 2.909091 103
T, = 4.490909 1073
p = 0.632591

From simulations (95 % confidence intervals, runs for B = 2000, 2500 and 3000) we obtain

s = 3.236068 103
T, = 3.529654 1073

#1 = 0.612579
18



Here the value of sq is not obtained directly but calculated from simulated values for ®
by setting K(B) = K and then solving for K and so.

Since these simulations require long computing time, because they involve a rare event, it
would be interesting to find a quick simulation. [Cottrel] and [Parekh] describe how to do
that, viz. using an exponential change of measure. Let F¢ be the probability distribution

function of the i.i.d. £,’s introduced in section 2. Construct ii.d. ,’s with distribution

Fi(z) = /_ ; et dFy(t)

i.e. the mean u; equals the optimal slope -1-1.0- (80 and Tp as given in (3) in section 2). The
Laplace transform satisfies

M(s) = Me(s + 50)

An implementation of these £,’s is realized by a Markov fluid model where the 2-state

Markov chain {X,} has transition rates

. c—r(1)
@ = 112—1_52; s
. r(2)—c
@2 = ‘hm

The chain has stationary distribution # for which < #,r >> ¢. The rate functions r
and c are the same. When this chain would follow its stationary distribution, the buffer

would reach level 1 at time
~ 1
5= —m
< f,r>—c

It is not difficult to show that # and T} satisfy the fixed point equations (11) in section
4, i.e. they solve the optimization of (10).

When we actually perform these quick simulations applied to the example given we find
again a time T; to reach level 1 while the chain follows an empirical distribution u:
T, = 3.336556 1072

#1 = 0.607485
19



B) For 2 sources we have the following results. First 2 identical sources as the one given

above, and with r as before, ¢ = 3000 so that the load is again 0.866667. Then according

to section 6

p

2.909091 1073
2.245455 1073
0.632591
0.632591

as expected from the results of section 5. Simulations yield

1.800341 1073
0.614026
0.617043

Secondly, two different sources. Suppose {X}} is a Markov chain as above and {X}?} a

chain (on {1,2} with ¢; = 1,9, = 3. The rate functions r and c are the same as above.

This second chain has on the average only 0.75 bursts per second. From the equations

(17) we find

whereas simulations yield

4.989825 10~*
2.188005 103
0.732589

0.529346

1.496032 1073
0.727979

0.472639
20
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