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Abstract

The problem of time-domain simulation of uniform lossy transmission lines within
nonlinear circuits is addressed in this dissertation. The existing convolution method is
improved upon by identifying a formulation in which analytic expressions exist for the
impulse responses of a simple lossy line. These expressions are convolved (using accurate
numerical formulae) with the port variables of the lossy line for simulation. Experimental
results demonstrate significant advantage in accuracy and speed over the lumped RLC
method for real circuits involving a few cycles.

Convolution is inherently slow for simulations with many time points because of
its quadratic complexity. Previous attempts to address this problem have concentrated
on approximating responses by expansions. A new linear time technique (the state-based
method) that derives from an analytic solution of the Telegrapher Equations is presented.
Convolution over all previous time is replaced by a space integral, over a maximum interval
of the length of the line. Samples of the voltages and currents within the line, from which the
space integral is computed, can be dynamically changed dynamically during the simulation.
The number of such samples can be much smaller than the number of lumps required in the
- lumped RLC method because their locations can be changed to track waveforms, leading to
the automatic exploitation of circuit latency. Experimental results demonstrate significant
advantage over other techniques.

Extension of the state-based method to lossy lines with high frequency nonideali-
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ties, such as skin effect, is also described.
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Chapter 1

Introduction

During the past two decades, automated design tools have been used increasingly
for the analysis and design of VLSI circuits [25]. Design tools have developed in two broad
categories - verification tools and syndissertation tools. Verification tools are used to check
whether a given circuit or design performs correctly according to specification. Syndisser-
tation tools, on the other hand, are used to produce a circuit or design given a performance
specification. Verification tools save the time and expense of physical circuit fabrication and
often provide designers with insight into the operation of circuits. Syndissertation tools are
used for creating reliable, efficient designs and reducing design time.

For analog circuits, the most widely accepted method of verification is circuit sim-
ulation. While existing circuit simulation tools [37, 17, 10] have proven adequate for the de-
sign of most IC-based systems, faster devices and new packaging technologies have emerged
that require new and more sophisticated models and techniques. A new packaging technol-
ogy called the multi-chip module (MCM) has been developed over the last decade and has
recently become popular because of the advantages it offers over conventional packaging!.
In a MCM, bare (i.e., without individual packaging) ICs are mechanically attached to a ce-
ramic or semiconductor substrate, with thin metallic lines called interconnect running over
the substrate to provide electrical connectivity between chips. However, the verification of
MCMs is a challenge since existing simulators cannot model the interconnect, which must

be represented as a collection of lossy transmission lines, adequately. Lossy transmission

1Two electrical advantages of MCMs are reduced parasitics due to shorter interconnect lengths and the
absence of individual packaging, and smaller delays due to physical proximity. Among the packaging/system
level advantages are increased packing density and simpler, more modular overall system design, with at-
tendant reliability benefits. An excellent analysis of MCM benefits is presented in [14].



CHAPTER 1. INTRODUCTION 2

lines exhibit complex analog phenomena such as reflection?, dispersion®, crosstalk* and skin
effect®, making it necessary for analog simulation to be used for the verification of digital
MCM interconnections. Simulating lossy transmission lines efficiently is a difficult problem,
particularly when strong nonlinearities (e.g., in digital logic) are present in the circuit.

Interconnect structures are the “wires” on an IC, module or PWBS, ideally meant
to be parasitic-free elements that provide electrical connection. Before the advent of the
MCM (or hybrid), there were two levels of packaging structures in general use up to the
PWB level: the IC or single-chip module (Level 1, to use the terminology of [14]), and the
PWB (Level 2). The interconnect associated with Level 1 structures are typically thin (small
cross-sectional area) and short (line-delays much smaller than the wavelength). The small
cross-sectional area results in high series resistance, but the small length makes the use of
RC models adequate. On the other hand, PWB or Level 2 interconnect are typically wide
and long. Thus their resistance is small and so lumped capacitors, or lossless transmission
lines (where inductance cannot be neglected) are adequate models. The emergence of MCM
(often called Level 1.5) interconnect, which are both thin? and long, has made it necessary
to use lossy transmission lines as models for such interconnect.

Many different models have been proposed for lossy transmission lines, the simplest
being the uniformly distributed, constant R,L,C,G line (the “simple lossy line”). Other
models handle more sophisticated effects by allowing R,L,C and G to vary with frequency
(“frequency varying models”). The most important frequency varying models are those that
deal with skin-effect [53, 57, 2, 36, 54], a phenomenon due to which fast-varying currents
tend to concentrate towards the surface of a conductor. Qualitatively speaking, this reduces
the effective cross-sectional area of a conductor thereby increasing its series resistance.
Many studies have been conducted about the relevance of skin-effect to interconnect in the
different levels of packaging structures [56, 21, 26, 42, 16]; that by Deutsch et. al. [11]
is particularly informative. These studies have demonstrated that it is “sufficient to use

frequency-independent series loss® in modelling rise-time dispersion and coupled noise for

%A phenomenon in which waves travelling through a line are reflected back to the source

A phenomenon caused by series resistance that smoothens waveshapes and increases rise and fall times

*Spurious signals caused by capacitive and inductive coupling among interconnect in close proximity with
each other

®A phenomenon due to which fast-varying currents tend to concentrate towards the surface of a conductor

®Printed Wiring Board, also known as PCB

"For example, a typical case (copper interconnect, 4um high by 8pm wide) has series resistance of about
5Q/cm [16)].

%i.e., the simple lossy line
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a large group of interconnection types”, and that “this simplification will probably remain
valid for many years to come” (excerpts from [11]). Other effects that have frequency varying
models (such as dielectric dispersion and the slow wave effect ) are usually of relatively little
importance.

The transient simulation of lossy transmission lines is more difficult than that of
lossless lines, for which satisfactory techniques exist [34, 33, 39, 43, 35]. The difficulty arises
because time-domain equations for lossy lines lack the computational simplicity of those
for lossless lines. Lossless lines have the property that at any given time, the influence of
past activity can be captured entirely from the values of the port variables (the currents
and voltages at the two ends) at a single previous instant of time. In contrast, lossy lines
require information about either the entire history of their port variables up to the present
time (c.f. the convolution formulation), or the values of the voltages and currents within
the line (leading to the state-based method, described in this dissertation).

Equations describing lossy lines in the frequency domain are however easily ob-
tained. This fact has been used for transient simulation within entirely linear circuits (16, 7].
All time-domain inputs to the circuit are converted numerically to the frequency domain
(typically by means of the FFT), the circuit is analysed at several frequency points, and
frequency-domain information from the solved circuit is reconverted back to the time do-
main. Apart from being inapplicable to circuits with nonlinear elements, this technique
relies on numerical transforms of waveforms which can be inaccurate at the sharp transi-
tions typical in high-speed digital circuits. Direct use of frequency-domain equations is also
made by the waveform relaxation (WR) approach by Chang [3, 4, 5] and Wang et al [50].
This technique is applicable to lossy lines embedded in arbitrary nonlinear circuits. The
WR methodology [30, 55] of holding all waveforms but one fixed at assumed values makes
it possible to convert waveforms between the time and frequency domains; when a lossy
line’s equations are encountered, all computation is performed in the frequency domain,
whereas the equations of other devices in the circuit are handled in the time domain. As
in the previous method, the reliance of this technique on numerical transformation makes
it susceptible to inaccuracies near sharp transitions.

Several techniques are based on representing the lossy line by a combination of
circuit elements that are easier to simulate. In the lumped-RLC method [9], the oldest
and best-known such technique, the lossy line is modelled as segments connected in series

with each segment consisting of lumped R, L, C and G elements. Conceptual simplicity
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combined with the convenience of being able to use existing simulators without modification
have made this the most popular simulation technique in use today. Unfortunately, In high-
speed simulations, many segments may be needed for accurate representation of the line; an
inadequate number of segments may lead to spurious responses (Fig. 1.1). These responses
are reminiscent of Gibbs’ phenomenon [28, page 498] because the error near sharp edges
reduces slowly with increase in the number of segments used. Using a large number of
segments increases the size of the simulator circuit matrix, often to the extent that lossy
line elements dominate the circuit computation time; in addition, a widely-separated time-
constant problem is introduced because the time-constant of each segment needs to be
much smaller than circuit rise times and the line’s delay for accuracy. These factors can
lead to large computation times for simulation. A variant of the lumped-RLC method that
requires fewer segments for a prescribed accuracy is the pseudo-lumped method [22, 23], in
which each segment is represented by a lossless line and lumped R and G elements. The
delay of the transmission line in each segment is still constrained to be much smaller than
circuit rise times, and high computation times are encountered in cases where time-steps
are limited to values smaller than this delay. A third method [4] in this category relies
on a more sophisticated choice of lumps in order to use fewer segments. The irrational
transfer-functions of the lossy line are approximated by rational functions with a finite
number of poles and zeros, i.e., a reduced-order model is obtained. A lumped network
may be used to describe the reduced-order model. A related approach [31] uses Padé
approximants to match the moments of the irrational transfer-functions up to some degree.
The moments are calculated at infinite frequency, leading to better characterization of
high frequency behaviour. The approximating rational function is equivalent to a lumped
network (although the state variables are simulated without explicit representation as a
lumped network in [31]). Yet another technique in this category is a variation proposed
by Semlyen et al [46] in which approximations are made to time-domain responses instead
of to the frequency-domain transfer-functions. The responses are approximated by the sum
of a finite number of exponentials of different time-constants.

Another broad approach to lossy line simulation is based on using time-domain
equations that capture the overall behaviour of the line, in the sense that the only circuit
unknowns in the formulation are the port variables. Such techniques increase the size of
the simulator matrix by only two equations independent of the parameters of the lossy

line. Liu et al [32] were apparently first to use convolution to simulate similar devices, i.e.



CHAPTER 1. INTRODUCTION

Voltage

5.00
4.00
3.00
2.00

.

i
?
/
i
]
7
, H
H
H
i
H
?

~~.
-~

eyl
0.00 '
—1.00"
—2.00-
—3.00

—4.00—

4.20 440 460 4.80 500 5.20 5.40 —
Time x 10

Figure 1.1: Lumped-RLC method, varying number of segments

antennas, in conjunction with nonlinear loads. Djordjevié et al [12] applied the technique
to simulate lossy lines. That the lossy line is a linear two-port was exploited by expressing
the “outputs” of the two-port as a convolution of the “inputs” with impulse responses (or
Green’s functions) characteristic of the line. In a comparison of techniques for lossy line
simulation [13], the convolution approach was found slow and only slightly more accurate
than the lumped-RLC approach. In the early formulation, the length and nature of the
impulse responses was a limitation: for lossless lines, the impulse responses were infinite in
duration and consisted of periodic sharp spikes; those of lossy lines diminished gradually
while being otherwise similar. Impulse-responses that fall to negligible levels after a short

time result in efficient computation. If the responses remain significant for a period greater

than the total simulation time, convolution from time to = 0 tot = t, is necessary at
every timepoint t,. This operation requires computation proportional to =, resulting in
total computation prc;portional to N2 (quadratic time-complexity) in a simulation with
N time-points. Augmenting the line with a quasi-matched load was attempted in [12] to

shorten the responses. Schutt-Aine et al [44, 45] reformulated the convolution equations
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using a scattering parameter approach that led to “well-behaved” impulse responses®. Even
though these responses decreased monotonically, their effective duration could be greater
than the total simulation time, depending on the values of R, L, G, and C of the line. The
quadratic complexity problem of impulse response based methods remained.

The existing literature about the convolution approach has dealt mainly with equa-
tion formulation for well-behaved impulse responses. Obtaining the impulse responses and
performing the convolution numerically have received less attention. The main advantage
of convolution is that if the impulse responses are known exactly, no approximation needs to
be made to the line’s mechanism, leading to maximal accuracy. In existing work, however,
exact expressions have not been used!?; instead, numerical techniques have been applied to
invert frequency-domain expressions. The FFT!! has been employed in the work mentioned
above. Other techniques for numerical inversion, for example using Padé approximations
(Singhal [47, 48], Vlach [49]), do not appear to have been used to obtain impulse responses,
having been applied to inverting waveforms at circuit nodes instead. Convolution appears
to have been implemented using simple sample-and-sum approximation. The state-based
approach described in this dissertation is very similar mathematically to the convolution
method; in particular, the only circuit unknowns are the port variables.

Multiconductor, or coupled, transmission lines are important because coupling
causes crosstalk, leading to possible false switching in digital circuits. In the lossless case,
multiconductor lines can be decomposed numerically into uncoupled lossless lines and linear
memoryless transformation networks; moreover, the special case of identical, locally-coupled
lines is amenable to analytical decomposition (Romeo[39]). However, general lossy multi-
conductor lines cannot be decomposed into uncoupled simple lossy lines and transformation
networks; the decomposition procedure (Schutt-Aine et al [45]) involves solving a frequency-
dependent eigenvalue problem and results in frequency-varying lines (see next paragraph)
and transformation networks with memory. Gao et al [19] have extended Romeo’s work
to show that identical, locally coupled simple lossy multiconductor lines can also be de-

composed analytically into uncoupled simple lossy lines and linear memoryless terminal

®The “well-behaved” impulse response for a lossless line is a single Dirac delta function at the line delay;
for lossy lines, the impulse responses decrease asymptotically and monotonically to zero.

10 Analytic expressions for output waveforms for some specific circuit configurations (e.g., perfectly termi-
nated, open, infinite line) of lossy lines are known [15, 27, 51, 8); these are not applicable to the general case
of arbitrary nonlinear termination.

11 Fast Fourier Transform.
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networks!2. The state-based method as well as convolution using analytic forms are appli-
cable to this special multiconductor case.

Models more complex than the simple lossy line are needed to account for second-
order phenomena such as skin effect and dielectric dispersion [11, 16]. Such models (“frequency-
varying models”) have electrical parameters R, L, G and C varying with frequency. The
frequency-domain techniques mentioned above are capable of simulating frequency-varying
models; variations of the lumped-RLC method [57] have been proposed that use lumped
networks to approximate the line’s frequency variation. The rational-function and exponen-
tial techniques mentioned previously can also be applied to frequency-varying lines. The
convolution technique is applicable to frequency-varying lines; however, the analytic forms
for impulse responses developed in Chapter 2 of this dissertation are valid only for simple
lossy lines. (Note that the numerical formulae of Chapter 3 are applicable to frequency-
varying lines.) The state-based method has been extended to the frequency varying case.
The techniques in this dissertation, though mainly limited to simple lossy lines, are of prac-
tical utility. Deutsch [8] has shown, for example, that the simple lossy line is an adequate
model for the majority of simulations today and in the near future.

After presenting the formulations of the analytic convolution and state-based tech-
niques in Chapter 2, a new technique for numerical convolution is presented in Chapter 3.
Experimental results obtained by applying the new techniques to test circuits are presented

in Chapter 4, followed by concluding remarks in Chapter 5.

2Unfortunately, part of our work in [40] was a duplication of this result.



Chapter 2

Analytic Convolution and State

Based Formulations

In this chapter, an analytic formulation for uniform lossy transmission lines suit-
able for implementation into time-stepping circuit simulators (e.g. SPICE3 [37]), ADVICE[17],
ASTAP([52]) is developed. The time-domain Telegrapher Equations [44] are augmented with
additive terms. Laplace transforms are taken to obtain ODEs in the s domain without ig-
noring possible non-zero initial conditions. The ODEs are decoupled using a scattering
parameter formulation [44] and integrated to obtain a s-domain solution. Laplace inversion
yields time-domain constitutive relations suitable for implementation using the numerical
methods of Chapter 3.

The time-domain equations thus obtained may be used in three ways. Setting the
augmenting terms to zero leads to two different methods for simulating the Simple Lossy
Line - the Convolution and State Based methods. Both methods yield identical results in the
theoretical limit of perfect numerical implementation; however, the Convolution method is
quadratic time computationally while the State Based method is linear time. An important
difference between these and previous methods (Chapter 1) is that the impulse responses
and other functions needed in these methods need not be determined by numerical inversion
but are available in analytic closed form.

In addition, setting the augmenting terms to suitable non-zero values results in the
incorporation of high frequency nonidealities (see Chapter 1) into the simulation. Using a

heuristic that is most effective for the small cross-sectional dimensions typical of multi-chip
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modules preserves the linear time property of the State Based method for lines with high

frequency nonidealities.

2.1 Analytic Formulation

Let wy(z,t) and wo(z,t) be two arbitrary functions defined on [0, ] x [0, 00). Con-
sider the following (the familiar Telegrapher Equations [45] with “inputs” w; and ws, I
being the length of the transmission line):

ov i .

3 - (de o + Rac z) + w (2.1)
o1 ov

% - (Cdc 5 + G4 ?J) + w2 (2.2)

The above equations hold for z varying between 0 and [. v(z,t) and i(z,t) are the
voltage and current at the point z in the line at time ¢, respectively. It is assumed that the
simulation starts from time 0.

The inputs to the transmission line are the port variables vy (t) = v(0,1), #,() =
i(0,1), va(t) = v(1,t) and i5(t) = —i(l,t). These four port variables specify the boundary
conditions of Equations 2.1 and 2.2.

In addition to the boundary conditions, w; and ws, which represent the external
inputs to the line, the internal state of the transmission line also determines the future
behaviour of the line. This internal state is stored in the energy-storing distributed induc-
tance and capacitance and is specified by the voltages and currents in the line’s interior
at time 0, vo(z) = v(z,0) and ig(z) = i(2,0). vo(z) and ig(z) are the initial conditions
for Equations 2.1 and 2.2. The combination of the Telegrapher Equations, the boundary
and initial conditions and the “inputs” w; and w; specify the future behaviour of the line
uniquely.

Time-domain Laplace transforms are taken of Equations 2.1 and 2.2 to arrive at

ordinary differential equations in z and the Laplace variable s:

% = - (Sde + Rdc) I+ de 20(.’12) + W 1(3:7 3) (2'3)
oI
3z = —(6Cac+Gac) V + Cacvo(z) + Wa(s,5) (2.4)

Here V, I refer to V(z, s) and I(z, s), the Laplace-transformed variables. W;(z, s)

and Wp(z, s) are the Laplace transforms of wy(z,t) and wo(z,1).
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To uncouple the above equations, a basis change is performed from the variables

V and I to new (“scattering parameter”) variables p and g, defined as follows:

V(z,s)+ Z2%(s) I(z, s)

p(z,8) 5 (2.5)
z,8) — Z%(8) I(z,s
(e,0) = HEI=ZEE) (26)

Z%(s) is the frequency-domain characteristic impedance of the line:

de¢s _ |SLdc + Rac
Z%s) = V 5Cac + Gac @7)

Equations 2.5 and 2.6 are rewritten to express V and I in terms of p and ¢. Using
these equations, Equations 2.3 and 2.4 are rewritten in terms of p and g. Two decoupled

linear first-order ODEs in z are obtained by adding and subtracting Equations 2.3 and 2.4:

; dc
@ + /\dc(s)p = Ly 10(3?) +Z (3) Cac ’t)o(x)

0z 2
de
+W1(a:, 8)+ Z2 (8) Wo(z, ) 2.8)
@ dc _ Ly, io(z) - ch(S) Cic vo(a:)
oz A%(s)g = 2
_ mdc
+W1(m,s) Z2 (8) Wa(z, s) (2.9)
A%(s) is the frequency-domain propagation constant of the line:
2%(s) = \/(sCac + Gac)(sLac + Rac) (2.10)

The general solution of any first-order ordinary differential equation of the type

B+ PE)y=ae) (2.11)
is
y = e~ J P (C1 + /Q(z) o Pw)dy dw) (2.12)

Equation 2.12 is then applied to Equations 2.8 and 2.9 to obtain the solutions for
p and ¢:

{4 1 z C. -
p(z,s) = e~ 2" (A + 5/0 VL io(y) + Z%(s) Cac vo(y)] dy

-l% /: XY (W, (9,8) + Z%(s) Wy(y, 3)) dy) (2.13)
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c 1 /= .
q(z,8) = s (B + 3 /0 e " [Lacio(y) — Zd"(s) Cacvo(y)) dy

L [7emx — Z%(s) Wa(y, 8)]dy) (2.14
+3), ¢ W) (s) Wa(y,9)ldy )} (2.14)
The boundary condition at z = 0 is applied to Equation 2.13, and that at z = {

to Equation 2.14, to determine the constants A and B which are substituted for to obtain:

e ,\d"(:c—y)

p(z,9) = e%p(0,8) = [T [Lucio(y) + 2%(s) Cacwov)] dy
0

ze_,\dc(z_y) 4
+ [ W )+ 24 Wiy, o)y (2.19)

i e""\dc(y-z)

ol )™ — gz, 8) = [ S [Lucialy) = 2%(s) Car (o)) dy

T

of e W(3,9)- 2%(5) Wity )y (216)

Now p and g are substituted for in terms of V and I (using Equations 2.5 and 2.7,
and the resulting equations divided by Z"’°(3)1 to obtain:

[V(z, 8)Y%(s) + I(z, s)] — Xz [V(O, s)Y%(s) + I(0, 8)]
B /o e (L4 io(y) Y%(5) + Cac v0(y)] dy
+ [[ e D Wy, 9) V() + Wty o)) dy (217)
[V, s)v%(s) - I(,8)] e=0=2) — [V(2,5) Y¥(s) ~ I(s, 3)|
l
- ./ e 0Ly, io(y) Y(s) — Cacvo(y)) dy
Fooade d |
+ [N Wi(y,6) Yio(5) - Waly,5)) dy (2.18)
de _ 1 . 3Cdc + Gdc
Y%(s) = Z30s) = "8de+ Ry (2.19)
The first integral in z on the RHS of Equations 2.17 and 2.18 is evaluated next?.

The interval [0,/] is divided into a number of segments between the points zo, z1, . . . » Tnys

where

!Without loss of generality, we assume —L‘!:‘ > %‘-’- in the following. If %‘5 < -g-“, this division by Z9(s)
is not carried out, but the rest of the derivation 1s repeated verbatim. *Fhis cfl?mge is key in obtaining
well-behaved impulse responses.

%It is tempting to apply the inverse Laplace transform at this point to Equations 2.17 and 2.18, transmit-
ting the inversion operator through the spatial integrals. Such a course leads to erroneous results because
the integrands involved are not uniformly continuous.
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with o = 0 and z,, = I. (It is at these sample points that information about the line

state is used in the algorithm.) Let k be the index of the sample point located at z, i.e.,

zr = . Over each interval I; = [z;_1,%;], it is assumed that the initial states vo(z) and

io(z) can be represented by piecewise linear segments vo; and ip;. The first integral on the

RHS of Equations 2.17 and 2.18 is split into a sum of integrals, each over I;; over each I;,

the integrand is simply an exponential which is easily integrated. The evaluation of the

second space integral on the RHS is deferred until later.

[Yo V(z, ) B (s) + I(z, )] - [Yo V(0, 8) HS (=, 8) + 1(0, ) H2(z, )]

= ok Hsyy (T — 2k, 8) — tooHgyy (z — 20, 8)
+Yo [vorHsy (2 — 2k, 8) — vooHs(z — o, )]

— (o) Hoyy(z — 20,8) + (%20421) By (o — 21, 9)
1| 4% [ (BI) Honoo — 20,8) + (B2EL) Honoo - 22,9)]
| S Hew(e- g [ (s + ()
+ z_; +YoHg.(z - z;,5) [_ ("o,j+1—voj) + (voj—vo.j—l)]
= 2] 7 Tj41—T; Tj—Tj-1

+ [ B, ) Y(0) 4 W9y

Yo V(i,s) H.‘:fz(l—z, s)—1I(l,s) H,‘:"(l—:c, 8)] - [Yo V(z, s) HE*(s) — I(z, )]

= ok Hgsyy (2 — ,8) — ton, Hsyy (2, — 7, 8)
=Yo [vor Hs(2k — 2, 3) ~ vou, Hsy(n, — 2, 3)]

— (Bet2oi) Hoary (oh — 2,9) + (2ZR2) By (2, — 3, 9)
1| o[- (SE2) Homon = 2,0)+ (S202) Ho o ~ 2,9)
I N[ Howrlei—oo [ (2820 + (4222
sk | ~YoH s (2 — a,9) [~ (Titiztr) 4 (mizmizs)]

i
+ / 0= [Wi(y, 5) Y(s) - Wa(y, s))dy

where

e—A"‘(s) z

x(s)

e—;\d"(s) z
)\dc( 8)

Hg,y(z,8) = Lg. ch(s)

HS'y(ma 3) = v/ LgcClec

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)
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_,\dc( )z
Hs2yy(2,8) = de V2 Y%(s) = (o) (2:25)
e-X“:(a)z
HS'y(z’ 3) = Lg:Cac W (2'26)

Let hs,y, hsy, hg2,y and hs2., denote the inverse Laplace transforms of Hgs,y,
Hsy, Hg2.;y and Hga., respectively. Expressions for these, as well as h h,yy, hdc, defined
earlier, are derived next. Define

= VIuCa, B= (R°'° G“°), a= (R“° _ Q"-) (2.27)

Ly Cgc Ly. Cqc

and note that

8Cic+Gac _ [(s+B8)—«a

(8) \/3de + Rgc (3 + :6) + o (228)
nyic(:c, 8) = e—z\/m =P zm-—az (229)
B (z,5) = B (2,5) H¥(z, ) (2:30)

e—102/ (s+8)2—a?
HSay(fD, 8) = W (2.31)
Hoy(z,s) = Eom it (2.32)

YT T 6B e '

e—'?o-‘t\/ (s+8)2-a?
Hg. (z,8) = T - (2.33)

—70z+/(84+8)>—a?
Hsayy(z,5) = : (2.34)

{s+8)+ e} {VsT B -2}

From Table 2.1, the relation® I§ = I; [1] and elementary properties of the Laplace
transform, the following expressions are obtained for h§s(t), hd<(z, 1), hj‘fg,(a:,t), hsy(z,1),
hsyy (z,t), hg2,(2,1) and hgey(z,1):

hy(2) = [6(2) + o {Ti(at) - Io(at)}] e~ (2.35)
avyoZ I] a\/ 12 — (7 a:)2
hy(z,t) = |6(t — y02) + u(t — Yoz) ( ° )

—pt 2.36
\/t2 - (70-'13)2 : ( )

31 is the modified Bessel function of k** order



CHAPTER 2. ANALYTIC CONVOLUTION AND STATE BASED FORMULATIONS14

[No.|  F(s) | f(2) |
1 7;~,l_=a;e‘T‘/‘2‘°‘2 1t - T)Ip (a\/tz_—_iﬁ)
2 e~TVo*—o® _ o=oT 1(t - T)Vt%%“fll (am)
3 | == Iy (at)
4 % -1 a[lp (at) + I (at)]
5 Vsta—+s+p ﬁﬁ et _ gt
6 :1; =Vt
7 | e 2/t e — VTerfe (&)
8 ;lge“/’_T (5—(2'- + t) erfc (;%) - %e‘«it—

Table 2.1: Laplace Transform Pairs (Fodor[18])

hyy(z,t) = |6(t — voz) + u(t — Yoz) @ X

th | an/t? — (yoz)?
CEET o] o
= (Yo

hsy(@,1) = u(t = 102) o (/2 = (200 = (2.38)

hsyy(z,t) = u(t — yoz) |e(t—02)

L (a\/ T2 - (‘7015)2)

t
+ayoz / e~o(t-7) dr| e Pt (2.39)
Yoz

V72 = (r00)”
hs2,(z,t) = u(t — yoz) e~ / t Io (az\/t2 - 1'2) dr (2.40)
Yoz
hs2,y(z,t) = u(t — yoz) e Pt /t et-7 ], <a\/1'2 - ('703:)2) dr (2.41)

In the above u(t) and 6(t) represent the unit step and delta functions respectively.
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Equations 2.20 and 2.21 can now be Laplace inverted to yield the time-domain

constitutive relations of the lossy transmission line at any z.

[Yo v(z, ) * h§(2) + i(=, £)] - [Yo v(0,¢) + h:‘;’r(:z:, t)+4(0,t) * hf:"(a:,t)]

= iokhsyy (z — Tk, t) — doohsyy (z — o, 1)

+Yo [vgkhs.,(a: - :vk,t) - 'voohs.,(:c - a:o,t)]

) hszyy(z — 2k, 1)
) hs2.,(z — :ck,t)]

— H) hs2 y(z — 2o, 1) + (ig::-?:—-ll
1|+ [~ () oo - 0, ) + (i
Yo +’°§ [ hsayy(z — j,1) [‘ (%ﬂx%?) + (
& | +Yohgay(z - 25,2) [_ (vo.j-l-l —voj) + (

Tj41=T;5

foj—40,51 )]
Tj=Tj—1
Vo —V0,j—1 )]

Tj=Tj—1

+270{ [ e W 3,) V() + Wiy, )]y (242)
(4]
(Yo u(l,8) % h3G (I — z, 1) — i(1, 1) + h,‘:c(l - &,t)] - [Yo v(z,t) * R (t) — i(z, t)]
= dokhsyy (2 — 2,1) = dom hsyy (Tn, — 2,1)
-Yo [v_OkhS'y(?k - -'D? t) - ”O,th-y(mm -z, t)] .
- _,_1._:;: oy — ) hory(zr — 2,t) + (——'——l—‘;:,_:';:‘_:’) hs2,y (Tn, — z,1)
_1 | Y[ (2B by~ 2,0+ (BEER2) s (o, — 2,1
_ ) {0,541 —i0; $0;—10,j—
oLy [ b5y = 2,1)[- (g225i) + (zesn)] ]
it | b - [ () + (2] ||
{
+£7 { &2 ,6) V() ~ Wil ) dy} (243)
T

In the above equations, * denotes the convolution operator, defined in Chapter 3.

The evaluation of the terms involving W; and W, is deferred until Sections 2.2 and 2.5.

The equations obtained by substituting z = [ in Equation 2.42 and z = 0 in

Equation 2.43 are of special interest:

[Yo va(t) » h§F(2) — ia(2)] ~ [Yova(t) * b9 (1, 1) + ix(2) * h3e(1

= Gomhsyy (0,1) — igohsyy (I,1)
+Yo [”O.nz hs»,(O, t) - voohsq(l, t)]

— (ioa=too

T1—20
1|+ - (B2) hea(h0)+ (295222 ) ko (0,1)]
10 2 [ by (- 34,1) [_ ("o,j+1—"oj f0j—i0,j—1

)+ (

) hS’*"yY(l’t) + (il"ﬂ%(:'::-—l) hsqu(O,t)

)

Tj41-3;

Yo,j+1—vo;

Tj41=T;

=1 | +Yohgz, (I — zj,t) [— (

)+ (

T;—Tj-1

Yoj—v0,5-1

)

)1

Tj—Tj—
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+L71 { /0 eV (W (5, 8) Y¥(5) + W3 )] dy} (2.44)

[Yo 1)2(t) * h (l t) + tz(t) * hdc(l t)] - [Yo 'vl(t) * hdc(t) - Zl(t)]

= igohsyy (0,2) — ion hsyy (1,1)
-Yo ['”00”'5'1(0 1) — o hsy(1,2)]

— (=i ) hoay (0,8) + (RRZ22L) hsay (1,1)
1| Yo [~ (W) hsay(0,8) + (RFT2E) hsa(1,1)]

o +mf[ hszw(zjvt)[ (=) + (’g::jﬁ)])]]

~Yohs2,(z;,t) [ (_uﬂ:.) + (”oz'—vo j=1

Zj41=Fj

Jj=1 Tj—Tj—1

+L { fo e (W (4, 5) Y(5) — Wiy, 9] dy} (2.45)

2.2 Simple Lossy Lines

Setting w; and w; to zero in Equations 2.1 and 2.2 leads to the analytic formulation
for transmission lines with constant, or frequency-independent, R, L, G and C. Such lines
are referred to here as Simple Lossy Lines (SLLs). All terms with W; and W, drop out in

the above equations, in particular in Equations 2.44 and 2.45, reproduced below.

[Yo va(t) * BEE(2) — ia(2)] — [Yo va(t) * h35 (1, 1) + i (2) * hée(1, )]
io’n,hs.,y(ﬂ t) - ioohs.yy(l t)
-I-Yo [’vo mhs.,(O t) - 'Uoohs»,(l t)] . ) (2.46)
- (H) hseyy (1,1) + ('L'f-‘_%:_'_‘{-—’) hs24y(0,1)
1| % [- (=) hey () + (REZ2AL) he,(0,1)]

T1~Zo I—-:c.., -1

S R m N
| J=1 +Yohsz,y(l - zj,1) [_ ("0.{'+1 "”Qj) + (%j.—ﬂo',j-l )] ]

Zj+1—T; Tj—Tj-1

[Yo va(t) * B35 (1,2) + éa(2) # hS° (1, 0)] — [Yo v (2) * §F(2) — i (2)]
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= igohsqy (0,2) — do,nhsyy (1,1)
-Yo ["’90,7'5‘7(0_’7:) - vo,n, hsy(1,2)] . i (2.47)

— (=ise) hayy (0,) + (7522 hsay (1, 1)
1| Yo [ (B2t) hsan(0,0) + (p528=2) heay(1, 1)

o | ot b - (3525) + (228
22 | oo [- (S 4 ()]

Tj41-%; zj—zj1

Equations 2.46 and 2.47 are the constitutive equations of the Simple Lossy Line
with the initial state (vo(z),%0(z)) at time ¢p = 0. The contribution of the initial state
is represented by the terms on the RHS of the equations, whereas all the terms involving
convolution are on the LHS. These equations can be used in two different ways for simu-
lation: one leads to the quadratic time convolution technique while the other leads to the

linear-time state-based technique.

2.3 Analytic Convolution Technique

If the time origin is kept fixed at #o = 0 in Equations 2.46 and 2.47, the imple-
mentation of the equations leads to the analytic convolution method. At any time point #;
in the simulation, each convolution is carried out from the time origin to the current time,
i.e., values of vy, vy, 41 and i3 over the interval [to, ;] need to be used. The initial state
(vo(2), %0(x)) used for the RHS of the equations is always the initial state at the time origin
to = 0. (Usually, this initial state is assumed zero, in which case the RHS of the equations
vanish. If the line is at a non-zero DC initial state, a simple reformulation exploiting the
linearity of the line yields a system with zero initial state.) The use of Equations 2.46 and
2.47 for the convolution formulation is illustrated in 2.1.

Because the interval of the convolution integral increases during the progress of
the simulation, the computation needed for this integral at any time point #; is proportional
to i. For a total of n time points in the simulation, the total computation time for the
convolutions is proportional to the sum of the computation at each t;,0 < j £ n, which
rises as n2, a quadratic relationship between computation time and total simulation length
for this method.
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2. at time ¢2: convolve from t2 3. at time t3: convolve from 3
to t0, using Initial internal to t0, using initial internal
state o> R%S =0. state => =0.

_______./.

I etc.: convolve all the way back
to ¢0, using Initial internal

/ state => R%ls always zero.

~

1. at time t1: convolve from tl1 to t0, using

ta RH:
0. Start stmulation at time t=0, Mm"“: ::roni;t;:zml state for RHS

with zero internal state

Volioge —s

{
& /
/

Figure 2.1: Equations 2.46 and 2.47 by analytic convolution

2.4 State Based Method

The fact that Equations 2.46 and 2.47 are derived from a system of PDEs makes
it possible to solve them in another way: at time ¢; (the first time point after the origin
to = 0), the procedure is identical to the convolution method, with convolution over the
interval [tp,?;], and initial state zero. The new state of the line at time t; is calculated
next, using Equations 2.42 and 2.43 for each z chosen to sample the internal state. At the
next time-point %5, the newly calculated, nonzero internal state at ; is used as vo(z) and
i0(z), instead of the zero internal state at time o, in Equations 2.42, 2.43, 2.44 and 2.45.
In other words, the time-invariance property of the Telegrapher Equations is used, redoing
the derivation with initial time ¢;. Thus the convolution operation at time ¢, starts from
the previous time-point ¢, i.e., the time at which the internal state is used in the above
equations, instead of from ?p as in the convolution method. The internal state at to is then
calculated, and this internal state is used as the initial state at time t3, and so on. This
procedure (illustrated in Fig. 2.2) is the basis of the recursive computation; information

from the port variables’ history, which keeps increasing in size as the simulation progresses,
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is condensed into the state, which is of constant size. The key feature leading to linear
complexity in this technique is that the computation at time t; is independent of i, since
convolution is always performed over only one interval, [t;—;,;].

Equations 2.35 and 2.36 are valid at any location z within the line. During sim-
ulation, the primary computational load is the calculation of the internal line state, i.e.,
evaluation of Equations 2.35 and 2.36 at several different values of z. Note that the eval-
uation of the equations at a particular point = is independent of the current line state at
any other point y, y # z*. This immediately suggests that the main computation of the
algorithm is particularly suited to parallel implementation, with the new state at all internal
points being computed simultaneously. Other methods, such as the lumped-RLC method,

lack this feature as they do not utilise the innate decoupling in the lossy transmission line’s

mechanism.
2. at time t2: convolve from t2 to 3. at time t3: convelve from t3
t1, use internal state at t1 => to t2 only, using Internal
0 Calculate new state at t2 => nonzero RHS.
state at t2. Calculate now state at t3.
,_../
4 /
t etc.: convolve only till the previous
g time-point, use internal state
3 / at previous time-point for RHS|
=
L
~ \
\
0 u e (<] \ .
Time e
1 :I:' tt::lm «tg) ;:;nvolve h'on; tl to t0, use
ernal state for RHS,
0. Start simulation at time t=0,
phavy o dme t=0, c:t!ct:ilnle new nonzerd internal state

Figure 2.2: Equations 2.46 and 2.47 by the state based method

“This is a consequence of the fact that there exists a maximum velocity with which waves propagate
within the line.
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2.5 Frequency Varying Lines

For a frequency-varying transmission line with parameters R(s), L(s) C(s) and
G(s), time-domain partial-differential equations similar to Equations 2.1 and 2.2 are not
easily available. The established technique for incorporating the frequency variation of
the electrical parameters of the line is to introduce them directly into the Laplace-domain
Telegrapher Equations (Equations 2.3 and 2.4 with W; = W, = 0), replacing the constant
quantities Rqc, L4c, G4c and Cy., and ignoring the initial state terms:

%% = —(sL(s)+ R(s)) I (2.48)
o = —(C&+CENV (2.49)

The solution procedure of Section 2.1 is followed, usingEquations 2.48 and 2.49 as

a starting point, to arrive at the following Laplace-domain equations:

[Yo Va(s) Hy (s) — Ia(s)] - [Yo Va(s) Hyy (s) + Ir(s) Hy(s)] = 0 (2.50)
[Yo Va(s) Hoy (s) + Io(s) Ho(8)] — [Yo Vi(s) Hy (s) — I1(s)] = 0 (2.51)

where V;(s), Va(s), I1(s) and I(s) are the Laplace transforms of the voltages and currents
at the two ends of the line, which is of length /, and

Yo= |22, Hy(e)=1), Hy(s)= e (2:52)
()= By() Byfs), Y(9)= /32 0+ ) (2.53)
A(8) = /(sC(s) + G(s))(sL(s) + R(s)), (2.54)
Ry = R(0)1 L4 = L(O) (255)

Cac = C(0), Gg = G(0) (2.56)

Taking inverse Laplace transforms yields the time-domain constitutive equations

for the frequency varying line:
[Yo v2(2) * hy () — i2(2)] — [Yo v1(2) * hyy (2) + i1(2) + ho(2)] = 0 (2.57)

[Yov2(2) * Ry (2) + 62(2) * ho(2)] — [Yova(2) * Ry (2) — ia(2)] = 0 (2.58)
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where v1(2), v2(2), 41(¢), é2(t) are the port variables of the line, and hy(t), h,(t) and by (t)
are the inverse Laplace transforms of Hy(s), H,(s) and H,y(s) respectively. As expected,
Equations 2.57 and 2.58 are similar in form to Equations 2.46 and 2.47, with RHS (initial

state terms) zero.
The above convolution formulation can be used directly to simulate the frequency-
varying line. However, it is convenient to rewrite Equations 2.50 and 2.51 in the following

equivalent form for the purposes of the decomposition mentioned earlier:

[Yo Va(s) HY(s) — Ia(s)] — [Yo Va(s) B (1, 8) + Iy (s) HZ(L, 8)] + Un(s) =0 (2.59)

[Yo Va(s) B3 (1, 8) + Io(s) Hy"(1, )] — [Yo Va(s) Hi(s) = n(s)] + Ua(s) =0 (2.60)

where P
BF(s) = o1 gie(g,5) = e300 (2.61)
Yo vy
C C 3C + G c
Hi (2:8) = BY(s) Hi¥(a, ), Y¥(o) = | [Tt (2.62)
’\dc(s) = \/(scdc + Gdc)(sde + Rdc) (263)

Equations 2.59 and 2.60 represent a linear decomposition of the frequency varying
line into two parts: a Simple Lossy part and a purely nonideal part, given by the terms

U1(s) and Us(s), given as follows:

Us(s) = Yo Va(s) AHy(s) — [Yo Va(s) AH,y(s) + L(s) AH.(s)) (2.64)
Ua(s) = [Yo Va(s) AH,y (s) + I(s) AH,(s)] — Yo Vi(s) AHy(s) (2.65)
where
AHy(s) = Hy(s) - H{*(s), AH,(s)= H,(s)— H¥(,s) (2.66)
AHyy(s) = Hyy(s) - Hig(1,5) (2.67)

Laplace inversion of Equations 2.59 and 2.60 yields the time-domain formulation:

[Yo va(2) * A (2) = i2(t)] — [Yo va(2) % A% (L, 1) + ia(2) # hE(L 1) + wa () =0 (2.68)
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[Youa(t) * b5 (1,2) + ia(2) * hE(1, )] - [Yo ua(2) # hF(E) — i (8)] + wa() =0 (2.69)

where h§f(t), h3°(z,t) and hd5 (z, 1) are the inverse Laplace transforms of H{(s), Hi(z, s)
and H3% (z, s) respectively. uy(t) and u,(t), the inverse transforms of Uy(s) and Us(s), are
given by:

u1(2) = Yo va(t) * Ahy(t) — [Yo v1(t) * Ahyy (1) + i1(2) * Ah,(2)] (2.70)
uz(t) = [Yov2(2) * Dby (2) + é2(2) x Ahy()] — Yo v1(t) * Dby (2) (2.71)
where
Dhy() = hy() = BE(t),  Dho(t) = ho(t) - b1, 1) (2.72)
Dby (t) = hyy (8) — b5 (1,1) (2.73)

Equations 2.68 and 2.69 are equivalent to Equations 2.57 and 2.58. By rewriting
them in the form of Equations 2.68 and 2.69, all terms except 4; and u2 can be computed
recursively, as shown in Section 2.4. Calculating u;(¢) and uz(t) (according to Equations
2.70 and 2.71) requires convolution; if, however, the responses Ahy, Ah, and Ah,y can

be truncated with insignificant loss of accuracy, the convolution can be computed as an
integral with fixed limits.

Define:
Wiz,s) = -2 6(70)2;3(1 S Lo = (2.74)
Wa(z, s) Ua(s) 6(z) —2Ul(s) é(z-1) (2.75)

Substituting these specific choices for W; and W, into the RHS of Equations 2.20
and 2.21 leads to the following:

[Yo V(z, s) HE(s) + I(z, 3)] — [Yo V(0, s) H,‘:ff(x, 8) + I(0, s) H,‘fc(z, s)l + Ui(s)x(z = 1)

= ok Hsyy (T — zk, 8) — igoHsyy (z — 2o, 8)

+Yo [vor Hsy(z — 2, 3) — vooHsy(z — 20, 3)]

T1—To

1 [+Yo [_ (Em-_vm) Hszq(m — Z0,8) + (vok—vo k=1

Tk—Tk=1

- . _ (o, j41—ioj 805 —10,j—1
T Q| Heyr(z-z;,9) [ ( z;+1—zjj) + ( z52)s )]
4 ) Y0,j41=v0; Vo; —¥0,5—1
X i=1 | +YoHs2(2 — 2, 9) [— ( “":'+1—="jl) u ( X )] i

®analytical expressions for these are given in Section 2.1.

- im:io ) Hsayy (2 = 20, 8) + (":)ci:::__ll) Hgo,y(z — 2k, )

) Hg, (z — z4, s)]

(2.76)
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YoV(l,s) H,‘,if/(l—z, 8)—I(1,3) H,‘fc(l—m, 8)] - [Yo V(z,s) HF(s) — I(z,s)] + Ua(8)x(z)

= iOkHS'yY(zk -z, 3) - iO,n,HS'yY(zm -z, 3)
—Yo [vorHsy(zk — 2, 8) — vou, Hsy(2n, = 2,8)]
- (‘_ow) Hsry(zk — 2,8) + ('o_v-m-_l) Hg2y (2, — 2,5)

Tr41 =Tk Tnp—Tnp—1
Yo,k41—Vok Yo,n; —¥0,n; —1
1 ~Yo [_ ( "’k+11--""k ) H327(z" - 2’8) + ( :c:,—z,.,n_, ) ng.,(a:n, -, 3)]

Pl [ erGmaa [ (nm) + (8222)]
~YoHs2,(z; - z,5) [_ (vo.j+1"'”0j) + (uoj—uo,,-_, )]

I=k+1

Tj41-T; T;=Tj-1 (2- )
where: .
1 ifz2=0
x(z) = i (2.78)
0 otherwise
Taking inverse Laplace transforms of the above equations results in:
[Yov(z, t) % h§E(2) + i(z,1)] — [Yo »(0,2) * hj‘:ﬁ:(a:,t) +%(0,t) * hf,"(:c, )]+ v (t)x(z - 1)
= dorhsyy (T — i, t) — igohsyy (2 — 2o, 1)
+Yo [vgkhs.,(:c - z},t) — voohsy(z — 2o, t)] ' ) (2.79)
= (=) hryy (@ — 20,1) + (22202 ) hnry (o - 21,1)
_1 |+ [- () hor(o —0,t) + (L) by (o~ 2)]
ol S hewte-enn - (YRS + (B2)]
3= [Hohsan(e = 2 [- (gt + (9z2a2)] | |
[You(l,t)* h.‘f,‘]’,(l - z,t) — i(l,t) % h3(l — 2,1)] - [Yo v(z, t) * hF(2) — i(z,t)] + ua(t)x(z)
= dokhsyy (Tk — 2,1) — o, hsyy (2n, — 2, 1)
—Yo [vo];hs»y(ifk - 27? t) - 'UO,n,hS'y(zn( -z, t)] . - (2.80)
[~ (BREm) hoyy (ok — 3, 1) + (2BZ08=1) by (2, — 2,2)
_1 | Yo~ () oo - 2r0) + (S22 b (o, — 2,1)]
ol R [ hew(e - ey [ (sh) + (k)]
j=k+1 | ~Yohse,(z; — z,1) [‘ (%ﬂf%f‘) + (%JJ:—Z"-_T!)] |

By substituting z = ! in Equation 2.79 and z = 0 in Equation 2.80 and setting the

initial conditions vo(z) and 4o(z) to zero, the following equations relating the port variables

are obtained:
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[Yo va(t) # hF(t) ~ ia(2)] ~ [Yo va(t) * A5 (1, 1) + i (8) # ASS(L, )]+ wa(2) = O (2.81)
[Yo va(t) * RS (1, £) + ia(2) * hE(1, )] — [Yo va (2) = hE(t) — i2(£)] + ua(t) = 0 (2.82)

Equations 2.81 and 2.82 are identical to the frequency varying line’s equations
(Equations 2.68 and 2.69), but were derived by an alternate route, starting from Equations
2.1 and 2.2 (with possible non-zero initial conditions) through Equations 2.79 and 2.80.
From Section 2.4, they can be solved by using the State Based method, using Equations
2.79 and 2.80 and resetting the initial states at every new time point. The computation of
u; and uz by Equations 2.70 and 2.71 at each time point requires convolution. As shown in
Chapter 4, these convolutions may be truncated in short times in narrow MCM interconnect
applications. This leads to an overall linear time algorithm for frequency varying lossy

lines.
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Chapter 3

Numerical Convolution

In Chapter 2, the state-based and convolution methods were derived. The com-
puter implementation of both methods calls for the numerical computation of the convo-
lution integral over a period of one or more time-steps. In this section, generalisations of
the Backward Euler (BE) and Trapezoidal methods for ODEs suitable for convolution are
formulated.

The convolution integral to be calculated is the following:

y(t) = ./ot z(r) h(t — 7)dr (3.1)

In Equation 3.1, z(7) is the input to the linear system, y(¢) is the output and
h(7) is the impulse response or the kernel of the system. h(7) is assumed to be a constant
well-known causal function of time and may be finite or infinite in duration. At any given
time ¢, z(7) and y(7) are assumed to be known over the half-open interval [0,7)!. Note
that in a circuit context, () and y(r) are usually also related by a relation other than
Equation 3.1; one may be a function or a causal functional of the other.

The object of numerical convolution is to calculate y(-) in Equation 3.1 at some
time ¢, > 0, using values of z(7) at only a discrete number of time-points. Denote these
time-points as 0, ¢, f2, ..., tn, With 0 < ; < ;41,7 € {1,...,n — 1}. Also denote the
values of z(7) and y(7) at these time-points as z; and y; respectively. In a circuit simulator,
Z» and y, would typically be circuit unknowns to be solved for at the time-point t,, using
the numerical formula to be developed in this section and also, information from the rest

of the circuit. z;, y; for 0 < ¢ < n would be known values, previously calculated by the

2(r) and y(r) can be assumed zero for r < 0 without loss of generality; see Appendix A.
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simulator. Note that no restriction discretizing the impulse response h(7) is required in this
formulation.

Knowledge of the values of z(t) at a discrete number of points is not sufficient to
specify y(t) uniquely by Equation 3.1; it is necessary to make assumptions about the overall
nature of z(¢). In deriving linear multistep methods for differential equations [6, 20}, the
assumptions that z(t) is piecewise linear and piecewise constant result in the well-known
trapezoidal and euler methods, respectively. In this chapter, the same assumptions are made

to arrive at new generalisations of these methods, suitable for numerical convolution.

3.1 Generalised Trapezoidal Method

The following assumption is made:

Assumption 3.1.1 In each half-open interval [t;,ti41), 1 = 0,...,7-1, z(2) is a polynomial
of order p, i.e.,

o(t)=ch+cit+cht®+. et t€ftitiy), i=0,...,n-1 (3.2)

where cp, . . ., ¢, are constants for each i.

Note that z(t) need not be continuous at the points t;, i = 0,...,n-1.

It can be shown that the assumption that p = 1 in Equation 3.2 results in
a generalization of the formula commonly known as the Extended Trapezoidal Rule for
integration [1, page 855]. Similarly, for p = 0, a generalization of the Euler methods is
obtained, and for other choices of p, other methods may be derived. For the purposes of
the following, it is assumed that p = 1 in Equation 3.2, or that z(t) is piecewise-linear, of

the following form:

z(t)=ch+cit, te[t,ti), i=0,...,n-1 (3.3)
where: )
ch=z;—cit;, my = ¢ = Z:—E:—f" (3.4)
with:
e22(t;), &= Jim =(2) (3.5)
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implying that:

2(t) =zi+mi(t—1t), t€[titiy), i=0,...,n-1 (3.6)

Equation 3.1 is rewritten for ¢ = t,:

Y(tn) = /o - o(7) h(tn — 7) dr (3.7)

Equation 3.7 is split up into a sum of integrals over the piecewise linear regions
and expressed as:

Y(t) = Z / 2(r) h(ty - ) dr (3.8)
=0
n-1

5> Yt) = 3 / (i +m; (7 = 4)) h(tn — ) dr (3.9)
1=0

by using Equation 3.6, and noting that a finite number of finite point discontinuities do not
affect the value of a definite integral.
Equation 3.9 is evaluated by parts and manipulated algebraically to arrive at the

following:
Yo = But (’t:ti t-n iv:—l)
4 "é o [F(h,tn - tt_l_) ;j‘(h, tn — 1)
_F(hytn — ;) = F(h,t, — t.-+1)]
tiv1 — &
+ ’f (zi — ) [E(h, tn—1;) — F(hytn — t‘tjl—)t_ f‘(h’ th — ti)]
i=1 im

+zg [E(h,tn —0)- F(h,tn - Ot)l F(h,tn — tl)] (3.10)

where:
E(h,t) 2 /0 “h(r)dr (3.11)

F(h,t) 2 /Ot /()Th(r')dr’dr (3.12)
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If %; = z;, as is the case when z(2) is continuous and z; are its samples, Equation
3.10 loses its second Y term. Moreover, if z¢ = 0, the last term in Equation 3.10 also drops
out, and the equation becomes:

Yn = th — tn1
N niz . [F(h,tn - t.;:) - F(h, tn — 1)
=1 +T A
©_ F(hytn —t;) = F(h,t, - ti+1)] (3.13)
tiy1 — &

An operator form A" of Equation 3.13, subject to the following assumption, is
defined.

Assumption 3.1.2 z(?) is continuous, and zo = 02 in Equation 3.10.

Definition 3.1.1 A" : R?*~1 s R is defined as:

.An(g;_) é Tn F(’tz’ tz t— tr;—l)
n n—
n—1 . _ 4.
+ Z i [F(h,tn t,t_l_) - F(h, i, t,)
i=1 1 t=—1
_F(hatn - ti') - F(hvtn - ti-l-l)]
tiy1—t;

where:
A - ~ -
Z=[21y.0 0y 801, B, 0, Ba) " € RPY
Note that A™ is linear, i.e.,
Az +y) = A%(z) + A™(y)
The net result of the above construction is summarised as the following theorem:

Theorem 3.1.1 Let z(t) be a piecewise-linear function of t, with z(0) = 0. Let the break-
points of z(t) be 0,1y,...,t,, where 0,%,,...,t, are an increasing sequence in R, n being a
natural number. Define:

z; = z(t;), t€{l,...,n-1}

& = lim a(t), i€{l,...,n}
t-—vtl.-
z = [wlr“azn-lailv-"’inll

*This can be assumed without loss of generality; see Appendix A.
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Then
tn
A*(z) = / z(T) h(t, — 7)dr
0
where A™ is defined in Definition 3.1.1.

In view of Theorem 3.1.1, A" is a numerical integration formula for Equation 3.1

that is ezact when z(t) is piecewise linear.

3.2 Generalised Euler Methods

Generalisations of the Backward and Forward Euler methods for numerical con-
volution can likewise be derived (the derivation is omitted, being similar to that for the
Trapezoidal method).

Generalised Backward Euler:

tn
/ (1) h(tn = 7) dr % 2 E(hytn — ta_y)
0

+n§ i [E(hytn — tic1) — E(hyta ~ 1)) (3.14)

=1

Generalised Forward Euler:

[:” z(T)h(tn — T)dr = nil z; [E(h,t, — tioy) — E(h,t, — t;)] (3.15)
=1
where: ,
E(h,t)2 /0 h(r) dr (3.16)

3.3 Analytic Expressions for E(-,-) and F(-,-)

One of the advantages of using the above formulae is that analytic expressions for
E(-,-) and F(-,-) have been identified for some of the lossy line’s impulse responses. The
following identities are valid for the special case a = § (refer Equations 2.35 — 2.37), which
holds when either R or G equals zero®:

/0 *hy(u) du = e=PI(Bt) (3.17)

3The G = 0 case is useful in many practical applications.
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/ t / " hy(u)dudw = te=P* {Io(B2) + L(B1)} (3.18)
0 Jo
/ot by (2, 0) du = Lyngee ™Iy (ﬂ 2 — (70:::)2) (3.19)

Unfortunately, analytic expressions have not been found so far for fcf I hqy (z,u) dudw,
Jo hy(z,u)du, and f§ [3* by (z,u)dudw. These are calculated numerically from the im-
pulse responses — details are given in Appendix B.

3.4 Local Truncation Error

In this section, the error in using the numerical formula A™ when z(t) is not
piecewise-linear is estimated. _
Consider z(t) piecewise-smooth? over [t;,%41), i € {0,...,n — 1}, with 2(0) = 0.

Define z;, %; and z as in Theorem 3.1.1. Consider:

& 2 Am(e) - | " 2(r) bt — 7) dr (3.20)

To estimate an upper bound for €,, z(¢) is expanded in a Taylor series with an
integral remainder over each interval [t;,#;4;). An analysis analogous to that for differential

equations [6] is performed, resulting in the following expression:

o = 2 {F(h, tn = tn-1) (tn —tn-1) G(h,t, - tn_l)}

2
n-1 . 4. . 4
+ 30 (o) [ i) ot = i) + Pt - 1)
=1
+G(hytn — 1) = Glh, b — iy )] (3.21)
where t ,
G(h,t) = /0 _[)T ‘/01- k(") dr" dr’ dT, (3.22)

z"(-) refers to the second derivative of z(t), and 7 € [ti_1, %], i € {1,...,n}.

It can be seen in Equation 3.21 tilat each interval [¢;,%;41] contributes to the total
error. When numerical integration is performed in a circuit context, the values of the circuit
variables z(t) and y() in Equation 3.1 are computed forward in time, i.e., starting with z¢

and yo, a value for ¢; is chosen, z; and y, found, ¢, is chosen, z; and y; found, and so on.

4 piecewise-smooth implying that a Taylor-series expansion is possible over each region [ti,ti41), t €
{0,...,n -1}
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As a result, To,...,Zn-1, Y0,---,Yn—1 and 0,...,%,_; are known before computing z,, and
Ya. It is necessary to choose t,, as a first step for computing z, and y,.

Consider Ae,, = €n — €1, the extra error in y(t) between timepoints ¢, and #,_;.
This is zero if ¢, is chosen equal to ¢,_;, and its absolute value will increase from zero when
tn > ta-1. Ac, is therefore the local error at time ¢,. A criterion for choosing t,,, therefore,
woﬁld be to ensure that the absolute value of the local error Ae, is less than some specified

tolerance €mq,. Thus the following condition must be satisfied:
|Aey| = len — €n-1| < €maz (3.23)

where €, is a specified constant. It is assumed that estimates are available for the z"(1})
(using, for instance, a divided-difference scheme [6]).

From the definition of ¢,,

Aen - 22”(1';) {F(h, tn - tn—21) (tn - tn—l) _ G(h, tn _ tn—l)}
= (ti —tiz1)
+ ; z"(7}) [T {F(h,ty — tic1) + F(h,t, — t;)

_F(ha tp—1 — ti—-l) - F(ha th—1 — ti)}
+G(hy tn — 1) = G(hy tn — i)
—G(hytaoy — &) + Gk, tn_y — t,-_l)] (3.24)

I h(7) = 1, then F(t) = %, G(t) = %. If these are substituted into Equation
3.24, it can be shown after algebraic manipulation that the coefficients of z”(7}) inside the
> become identically zero, and the expression reduces to the first term which simplifies to
z"(2) 1“‘—"{;‘—‘)2, the local truncation error estimate for the trapezoidal method.
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Chapter 4

Experimental Results

In this chapter, experimental results obtained by applying these new techniques
to several industrial circuits are presented. In Section 4.1, the analytic convolution and
state-based methods are compared to the lumped RLCG method in simulations of simple
lossy lines. In Section 4.2, examples containing lines with skin effect are simulated by the

convolution and state-based methods.

4.1 Simple Lossy Lines

Waveform and computation speed comparisons of the state-based, analytic con-
volution and the lumped-RLCG methods for four circuits are presented in this section.
Execution times are summarised in Table 4.1.

The first circuit raytheonl is shown in Figure 4.1. It consists of a fast BJT
inverter driver connected to a diode-resistor receiver through a 24 inch lossy transmission
line. The parameters (per inch) of the transmission line are as follows: R = 0.2Q, L =
9.13nH, C = 3.65pF, G = 0. When modelling with lumped RLC segments, each inch of
the line is split up into ten lumped segments; for the R-Lossless case, each line is split up
into five segments. The characteristic impedance of the line is 50.0129 and the delay per
inch is 0.18255ns. The nonlinear elements in the BJT driver comprise 12 transistors and
20 diodes. The nonlinear elements in the passive receiver circuit are 5 diodes.

Waveforms from the simulation of this circuit are shown in Figs. 4.3 (near-end
voltage) and 4.2 (far-end voltage). The input voltage pulse to the inverter in the circuit

had the following specifications: rise time = 1ns, fall time = 1ns, pulse width = 20ns, total
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Circuit Simulation Length Execution Time®
lumped-RLC | Convolution | State-Based
raytheonl | 60 ns 739 s 1943 s 20 s
120 ns 1550 s 62.31s 413 s
180 ns 2237 s 131.32s 60 s
240 ns 3002 s 220s 78s
raytheon2 | 60 ns 336.35 s 37s 28.7 s
120 ns 668.3 s 110 s 52s
180 ns 1027 s 239 s 78.7s
240 ns 1372 s 380 s 99.6 s
1000 ns 5646 s 6301 s 428 s
raytheon3 | 60 ns 885 s 40 s 28 s
120 ns 1791 s 141 s 57s
180 ns 2700 s 529.41 s 95.3 s
mosaic 10 ns 44.44s 09s 2s
20 ns 93.18 s 3.6s 2s
40 ns 181.3 s 129s 3.5s
80 ns 371 s 49.5 s 6s

2CPU times on a DEC 5000/200 running Ultrix 4.1

Table 4.1: Simple Lossy Lines: Comparison of Execution Times

24 inch lossy line
BJT Driver |~ _J—Passive Rcvr

R=0.20hms, L=9.13nH, C=3.65pF
per inch

Figure 4.1: raytheonl circuit
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simulation time: 60ns. It can be seen that the waveforms for all three methods agree well.

Voltago raytheonl

5.00- A A

- N\

Convolution i

/
j /
3.00

N |

1.00 =S

0.00

:
<]
N\
z,\} i

—~y

A\
A\

5 10'9
0.00 10.00 20.00 30.00 40.00 50.00 66.88° =

Figure 4.2: raytheonl receiver-end voltage

For this circuit, the convolution and state-based methods consume about the same
computation for a simulation length of 60ns. As the simulation duration is increased to
240ns, the quadratic complexity of convolution becomes apparent from the disproportionate
rise in execution time. The rise in execution time for the state-based and lumped-RLC
methods is approximately linear. At 240ns, the state-based method is more than twice
as fast as convolution, which in turn is more than a factor of 10 times faster than the
lumped-RLC method. The accuracy of the convolution and state-based methods is seen
to be similar. On account of the large number of segments used, the waveform for the
lumped-RLC method is also accurate.

The second circuit raytheon2 (Figure 4.4)) consists of a BJT driver driving three
recejver circuits through several branched transmission lines. The parameters of the trans-
mission line are the same as above; the driver and receiver circuits are also the same.

Waveforms from the simulation of this circuit are shown in Figs. 4.5 - 4.8, by
increasing order of increasing distance from the BJT driver.

For raytheon2, the waveforms of the three methods are again very similar. The
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Voliage
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Figure 4.3: raytheonl near-end voltage
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Figure 4.4: raytheon2 circuit
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Volage
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Figure 4.5: raytheon2, voltage at driver
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Figure 4.7: raytheon2, voltage at stub end 23 inches from driver
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state-based method is computationally advantageous over both lumped-RLC and convolu-
tion methods, for simulation lengths over 60ns. At 1000ns, the advantage in speed is more
than a factor of 10 over the other methods. It is to be noted that the quadratic complexity
of convolution makes it slower than the lumped-RLC method for this long simulation.
The third circuit raytheon3, shown in Figure 4.9, consists of a BJT driver con-
nected to a receiver through two 2-inch single-conductor lossy lines and a 20-inch two-wire
multiconductor line. The self-parameters of the coupled line are the same as in the previous
circuits; the mutual capacitance and inductive coupling coefficient are 1.8pF per inch and
0.482, respectively. The sense wire of the multiconductor line is terminated at both ends by
the nominal characteristic impedance of the line, 502. The input pulse specifications are

the same as in the previous circuits.

2" lossy line 2" lossy line

BJT Driver._.:_ 20" two-wire lossy __:_.Passive Revr

multiconductor line

Z=50ochms

I

Figure 4.9: raytheon3 circuit

The near end drive line voltage at the 2-wire coupled line is shown in Figure 4.10
and the near end sense line crosstalk is shown in Figure 4.11. The far end drive line voltage
is shown in Figure 4.12 and the far end crosstalk is shown in Figure 4.13.

It is observed that all three methods again yield very similar results. For a sim-
ulation of 180ns, the state-based method is more than 5 times faster than the convolution
approach and 20 times faster than the lumped-RLC method.

The fourth circuit mosaic, shown in Figure 4.14, consists of a voltage source
connected through a series terminating resistor to one end of a transmission line. The other
end of the transmission line is left open, save for two clamping diodes whose purpose is
to limit the voltage swing to within about -0.7 to 5.7 volts. The interconnect parameters
for this line are: C = 0.468pF, L = 8.792nH, R = 12.45Q per cm, with the length being
16cm. The nominal characteristic impedance of the line is 137Q2, and the delay of the line is
1.024ns. The physical parameters of the line are: thickness=2um, width=11gm, aluminium
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Figure 4.14: mosaic circuit

conductor, SiO; dielectric. The input pulse parameters are: rise and fall times of 100ps,
pulse width 1ns, 0-5V swing. The series resistor R, is 10).

The voltages at the near and far ends of the transmission line are shown in Figs.
4.15 and 4.16. Using the lumped RLC method, which has 64 segments for the line, results
in significant spurious oscillations in the far end waveform. In contrast, the state-based and
convolution methods yield accurate waveforms. The speed advantage of the state-based
method for an 80ns simulation is more than 8 and 60 over the convolution and lumped
RLC methods, respectively.

The interconnect of the mosaic example is also used to illustrate the accuracy
of the state-based and convolution methods compared to the Padé approximation method
[31]. The linear driver in Figure 4.14 is replaced by a simple CMOS inverter and the
receiving end of the interconnect is left open.!. Comparisons between the convolution /state-
based, lumped-RLC and Padé approximation methods are shown for the voltage at the
unterminated end of the line in Figure 4.172. The close match between the lumped-RLC
and the convolution/state-based methods can be seen, whereas the Padé approximation
method’s waveform is seen to have extraneous non-physical features. This is due to the
inaccuracy of the model for significant R (in this case, 12.45Q per cm). The inaccuracies
increase with increase in R: setting R = 50Q per cm results in the waveforms of Figure

4.18. Reducing the value of R for this line to 0.2Q per cm improves the performance of

This circuit is used in the suite of examples for testing SWEC and SPICE3-Padé, programs that imple-
ment the algorithms in [31].

2Comparisons performed using the SWEC implementation of Padé approximation, latest version as of
Nov. 1, 1992. The SPICE3 implementation of Padé approximation was not stable and produced erroneous
results in most examples, hence comparisons against the SPICE3 implementation are not shown.
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Figure 4.19: modified mosaic, R = 0.2Q cm™!, far end voltage (Padé approx. method)

the Padé approximation method, as seen in Figure 4.19. For the R = 12.45Q per cm case,
execution times for the lumped-RLC, convolution/state-based and Padé methods were 98s,
11s and 1.24s, respectively; for the R = 50Q per cm case, the times were 43.7s, 31.2s
and 1.24s, respectively; and for the R = 0.2Q per cm case, they were 286s, 2s and 1.13s,
respectively®. This demonstrates that the techniques of [31], while significantly faster than
the convolution, state-based and lumped-RLC methods, can lead to large inaccuracies for
thin MCM interconnect with high series resistance.

The fifth circuit xerox-sun-lIsi is shown in Figure 4.20. The circuit consists of a
high-speed bus, modelled as an 8-wire coupled transmission line, connecting three chips with
CMOS Gunning Transceiver Logic (GTL) drivers [24]. The chips are clocked at 400Mhz
(2.5ns cycle), with rise and fall times of 0.25ns. The bus is 1 foot long and is terminated
at both ends by 509 resistors, the nominal characteristic impedance of the lines. The
parameters of the coupled line (per inch) are: R = 0.2Q, L = 9.13nH, C = 3.65pF, G = 0,
k (coeff. of inductive coupling) = 0.482 and C,, (coupling capacitance) = 1.8pF. Note

that very thin interconnect, as in the mosaic example, cannot be used in GTL technology,

SDECstation 5000/125 running Ultrix V4.2A.
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Figure 4.20: xerox-sun-Isi coupled line circuit

X113

because the high series R of the line will dominate the parallel termination resistance.

In the simulation, the chip at B (Figure4.20) drives the bus with the other two
chips acting as receivers. Each chip connection has a pad capacitance of 2.5pF. The bus
wires are inactive when at the high voltage level (V;) of 1.2V, and active at the low voltage
level of 0.2V. In order to estimate the worst-case crosstalk, all wires of the bus except the
fourth from one end were switched simultaneously.

Execution times (for 2 5ns simulation) were 24s for the convolution/state-based
waveforms and 178s for a partial simulation using the lumped-RLC method? on a DECsta-
tion 5000/240 with 128MB of memory. The CMOS transistors caused convergence problems
in SPICE3, hence RELTOL was increased to a value of 0.1, but without noticeable degra-
dation of results. The circuit was also simulated using linear drivers approximating the
GTL technology and the default RELTOL of 0.01. For the linear simulation, the execution
times were 17.8ns for the convolution/state-based waveeforms and 121s for the lumped-RLC
method. Figures 4.21, 4.22, 4.23 and 4.24 depict the progress of the waveform on Line 1
at points A, B, C and D of Figure 4.20, respectively. (Note that the circuit is being driven
at B). The delays caused by the transmission line are clearly seen. Figures 4.25, 4.26, 4.27
and 4.28 depict the crosstalk on Line 4. As expected, the crosstalk centers around Vi, the
DC level of the quiescent bus. Figures 4.29, 4.30, 4.31 and 4.32 depict the progress of the
waveform on Line 5, and Figures 4.33, 4.34, 4.35 and 4.36 do the same for Line 7.

It is seen from Figures 4.21 — 4.36 that using linear approximations to GTL tech-

nology leads to significant degradation of results, hence nonlinear models must be used.

*The lumped-RLC simulation did not complete.
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Figure 4.37: modified mosaic: execution time vs simulation length

Figure 4.37 is a plot of execution time vs. simulation length for the three methods.
Both the state-based and lumped-RLC methods grow linearly with time, but the graph for
lumped-RLC method displays a much greater slope than that for the state-based method.
Convolution is seen to have quadratic time complexity, with execution times comparable to
the state-based method for short simulations, but rising disproportionately as the length of
the simulation is increased.

From Table 4.1 and Figure 4.37, it is observed that the state-based method can
speed up simulations by factors of more than 10 and 50 over the convolution and lumped-
RLC methods respectively. Note also that the convolution method can be more than 5-10
times faster than the lumped-RLC method. The state-based and convolution methods are

equally accurate, equivalent or supérior to the lumped-RLC method.

4.2 Lines with Skin Effect

The techniques for frequency varying lines outlined in Section 2.5 were used to

simulate interconnect with skin effect, a high frequency nonideality.
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The physical parameters of the aluminium interconnect (taken from [14]) are:
width = 11pm, thickness = 2um, height above ground plane = 10um, $iO; dielectric, length
of line = 10cm, R4 = 12 ohms/cm, Ly, = 8.79 nH/cm, C4. = 1 pF/cm. Dielectric loss
(parallel conductance G) is assumed to be zero at all frequencies. Skin-effect is accounted
for using two models, one with a sharp transition point between the DC and skin effect

regimes (the abrupt model), and one with a smooth transition region (the smooth model,
[29]).

4.2.1 Abrupt Skin Effect Model

The abrupt model is based on the following equations:

_ ) RVf f2fr
R(f) = { R f<fr (4.1)
de f < fT

C(f) is assumed constant at Cy.; fr, the transition frequency after which skin-
effect becomes significant, is taken to be 1 GHz from [11]; L4, the inductance external to
the wire and less than Lg, is taken to be 4 nH/cm. From these, Ry and Lg are calculated
to be 3.7947 x 10~* and 1.5147 x 10~ respectively. The ideal delay T = I\/T 4, Cy. is 0.9375
ns.

The impulse responses of the pure nonideality Ahy, Ah, and Ah,y contain im-
pulse (delta function) components which are first separated out. Ahy, Ahl and Ahly, the
components without impulses, were calculated by numerical inversion of the Fourier trans-

form, and are shown in Figs. 4.38, 4.39 and 4.40. The following relations can be shown to
hold:

Ahy(t) = My 6(t)+ Ahy(2) (4.3)

Ahy(t) = M, 8(t—-T)+ Ahi(t) (4.4)

Ahy(t) = Myét-T)+ Ahfyy(t) (4.5)

For this example, My = 0.42021, M, = —0.53263, and M,y = —0.51601. In

order to obtain a quantitative estimate of the error caused by truncation, the functions
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Figure 4.38: Abrupt model: Ahi(t)
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Figure 4.40: Abrupt model: Ah/y(2)

Js ARy (1) dr, 5 AR.()dr, and f§ AhLy(T)dr are useful. Plots of these functions for
this example are shown in Figs. 4.41, 4.42 and 4.43; the point after which these functions
achieve a steady value is the effective length of the response. An upper bound estimate
of the relative error caused by truncation at time ¢ = & of (for example) Ahiy (¢) under
appropriate assumptions is easily seen to be given by:

o < LS DBy (r) dr — f Ay () dr

T |fg By (7) dr
That [5° Ahj(7) dr is finite follows from that [§° Aky(r)dr = AHy(0) = 0, a consequence
of the high-frequency nature of the nonideality.

For this example, the effective durations of Ahy, Ahl, and Ahly were 600ps, 3ns
and 3ns respectively, as seen from the plots of their integrals. Convolution was performed
using the numerical formula in Chapter 3.

The circuit was the same as the fourth example of Section 4.1 (Figure 4.14). Rise
times of 10ps and 1ns were used.

Figure 4.44 illustrates the voltage at the load end for the 10ps rise-time case.

Simulation by pure convolution and the state-based/conv. technique of this paper are seen
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Figure 4.43: Abrupt model: f; Ahly(r)dr

to yield identical results. Also shown is the results of simulation without skin-effect and only
DC losses considered. The rise-time degradation caused by skin-effect, and the rounding of
edges, can be seen clearly.

It is seen that the skin effect waveforms have a sharp undershoot at the delay of the
line, a surprising and unexpected phenomenon. This undershoot is non-physical, caused by
a modelling error, namely the abrupt transition in the frequency-domain impedance model
(29, 41]. The smooth model described in the next section eliminates this undershoot.

Figure 4.45 shows the load voltage for a rise-time of 1ns. It is seen that skin-effect
makes virtually no difference to the waveform in this case.

An interesting feature is that it is possible to simulate just the high-frequency non-
ideality without simulating DC losses (Figure 4.46). Though such a situation is physically

impossible, it offers some insight into features of the waveform caused purely by skin-effect.

Table 4.2 and Figure 4.47 show computation time as a function of total simulation
length for the state-based and the pure convolution techniques. The linear and quadratic

complexities of the two methods are apparent from the figure.
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Simulation Length Execution Time®
State-based/conv. | Convolution only

10 ns 6.82 s 4.90 s
20 ns 134s 12.83 s
40 ns 26.72 s 38.26 s
60 ns 40.35 s 75.8 s
80 ns 53.59 s 126 s
100 ns 70.16 s 186.2 s
200 ns 140.78 s 695 s
300 ns 253.8 s 1619.5 s
400 ns 3024 s 2635.1 s
500 ns 383.5s 4110.6 s
600 ns 473.2 s 5839.9 s

2CPU times on a DEC 5000/200 running Ultrix 4.2

Table 4.2: Skin Effect: Comparison of Execution Times

4.2.2 Smooth Skin Effect Model

The smooth model is based on the classical model [38]. The parameters for the
interconnect for this model were the same as for the abrupt, with the exception of Lg.
being 10.27nH per cm. The corner frequency for this model was also 1GHz. The nominal
characteristic impedance Zj for this example is 101.369.

As in the abrupt model, the impulse responses Zg Ahy, Ah, and Zg Ah.y contain
impulse (delta function) components which are first separated out. ZpAhy, Ah/ and
Zo Ah,’yy, the components without impulses, were calculated by numerical inversion of the
Fourier transform, and are shown in Figs. 4.48, 4.49 and 4.50.

For this example, Zo My = 0.05683, M., = 0.5574, and M.,y = 0.55481.

For this example, the effective durations of Zo Ak, Ah/, and Zo AkLy were 1ns,
2.08ns and 2.38ns respectively, as seen from the plots of their integrals.

The circuit was the same as for the abrupt model of the previous section. Rise
times of 10ps, 100ps and 1ns were used.

Figure 4.54 illustrates the voltage at the load end for the 10ps rise-time case. The
rise-time degradation caused by skin-effect, and the rounding of edges, can be seen clearly.
It is seen that the use of the smooth model for skin effect has eliminated the spurious

undershoot that appeared in the abrupt model results of the previous section.
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Figure 4.55 illustrates the voltage at the load end for the 100ps rise-time case.

Rise-time degradation caused by skin effect can be seen in this case too.

Figure 4.56 shows the load voltage for a rise time of 1ns. It is seen that skin-effect

makes virtually no difference to the waveform in this case, as expected.
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Chapter 5

Conclusion

It has been shown that uniform simple lossy lines may be accurately simulated
using techniques based on analytic formulae.

The convolution technique for simulating SLLs has been extended by identifying
analytic expressions for the impulse responses of the lossy line. Numerical convolution
with these impulse responses is performed using a technique obtained by generalizing the
trapezoidal integration method, which has higher-order accuracy than previous convolution
methods and also leads to further closed-form expressions that can be applied directly. This
technique suffers from the disadvantage of quadratic complexity, which leads to dispropor-
tionately high execution times for simulations of many time-points. Despite this, example
simulations demonstrate that the technique can be an order of magnitude faster than the
lumped-RLC method for short simulations, while being superior in accuracy.

A technique for solving the quadratic complexity problem while maintaining ac-
curacy (the state-based method) has been developed. Unlike previous methods for lin-
ear complexity which use a reduced-order approach for linear complexity, the state-based
method relies on utilising the dynamic internal state of the transmission line. The technique
substitutes convolution by a fixed-length space integral, thereby eliminating the quadratic
complexity problem associated with convolution. Analytic formulae are used for the impulse
responses of the line. Analytic formulae are also identified for the kernels of the space inte-
grals. The use of these analytic formulae leads to higher accuracy compared to techniques
using numerical inversion. Essential to the efficiency of the technique is the dynamic sam-
pling of the internal state during simulation, with sample locations varying both in number

and position from time-point to time-point. Dynamic state sampling automatically ensures
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that lines with little internal activity use little computation, resulting in the exploitation
of latency in circuits with several transmission lines. Example simulations confirm the
linear complexity property and demonstrate significant computational advantage over the
convolution and lumped-RLC methods for long simulations.

Skin effect and other high-frequency nonideal phenomena can also be modelled by
this approach. Augmenting the Telegrapher equations with additive terms can be used to
incorporate nonideal phenomena into the state-based formulation if the terms are chosen
appropriately. It is shown that the non-ideal line may be treated as two almost independent
parts, one consisting of a simple lossy line and the other the additional nonideal part. Under
the assumption that the purely nonideal part of the line has short responses that can be
truncated, the overall simulation of the line can be performed in linear time. An example
with thin multi-chip module interconnect demonstrates that skin effect can be simulated
accurately in linear time for some real situations.

A previous result by other authors [19] makes it possible to use the techniques
developed in this work to simulate the special case of identical, locally-coupled multicon-
ductor lines. It is anticipated that the linear time property of the state-based method will
carry over to general multiconductor lines, with the limitation that impulse responses and
space integral kernels must be determined numerically as it is unlikely that closed-form
expressions will be available. Techniques for the efficient and accurate inversion of func-
tions with time-domain discontinuities need to be developed for the state-based simulation
of general multiconductor lines to become practical. The parallel implementation of the
state-based method holds promise for increased speed because of an intrinsic decoupling in

the computation procedure for the internal line state.
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Appendix A

Dealing with an nonzero initial
DC condition

Consider the Telegrapher Equations (Equations 2.1 and 2.2), reproduced here:

ov i .

‘a—z' = - (L 'é; + Rt) (A.l)
91 ov

%% - (C B + G‘D) (A.2)

Assume there exist two sets of solutions (v*(z,t),i%(z,t)) and (v¥(z, ), %z, 1)) to
the above equations. Since the Telegrapher Equations are linear PDEs, any linear combi-
nation of the above solutions (with coefficients not involving z or t) is also a solution of
the Telegrapher Equations. The DC solution (vP€(z),iPC()) of the Telegrapher Equa-
tions is independent of time. Therefore, given any other solution (v(z,1),i(z,t)), the linear
combination (v!(z,1),i!(z,t)), where v!(z,t) = v(z,t) - vPC(z), il(z,t) = i(z,t) - iP%(z),
satisfies the Telegrapher Equations.

Therefore, v and ¢ can be replaced by vt and it in all the equations in Chapter 2.
This has the advantage that if the simulation is assumed to start when the circuit is in a

DC steady-state, then v!(z,0) = it(z,0) = 0, and some computation is saved.
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Appendix B

Numerical computation of E(,-)
and F(,-)

Analytic expressions for E(h.,t), F(h.,t) and E(h,y,t) (refer Chapter 2) have not
been found yet, hence these functions must be computed numerically. While these integrals
may be computed using any standard numerical integration method, it has been found that
using piecewise-linear approximations for h(-) leads to insignificant loss of accuracy in many
cases. The following formulae find application if this assumption holds. k(7) is assumed
known at two points ¢; and i;, and to be linear, i.e.:

h(r) = h(t1) + %Z(—“) (r—1) (B.1)
It is desired to calculate the following:
up) 2 / *h(r)dr (B2)
oft) 2 /:, " w(r)dr (B.3)
w(t) 2 / ' o(r)dr (B.4)
Using Equation B.1 in Equation B.2 leads to:
u(t) = (t — a) h(t) + 2221 "(2‘3 h(t1) {e¢-0)-(@-u)} (B.5)

Using Equation B.5 in Equation B.3 results in an expression for v(-):

o) = h_(;l_) {e-a*-(-ay}+ —"(;?t){:'i(f)‘-) X
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{(t - t1)3 ; (b - t1)3 _ (a _ t])z(t _ b)} (B.ﬁ)

Using Equation B.6 in Equation B.4 yields an expression for w(-):

w(t) - h(2tl) [(t - a)a ; (c— a)3 _ (b— a,)z(t _ c)}

L hlta) - ht) [ﬂ"—:“—‘ﬁ = (b= t1)*(t - )
2(ta-ty) 3
2 2
~(a- == } (8.7)

Using the above formulae, E(h,,t), F(h,,t) and E(h,y,t) may be calculated.
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