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Feedback Stabilization:
Nonlinear Solutions to Inherently Nonlinear Problems

by
Andrew Richard Teel

Abstract

Control strategies are developed for nonlinear systems that fail to satisfy differen-
tial geometric conditions for input-to-state linearizability under state feedback and change
of coordinates.

The central part of this work is motivated primarily by a popular “ball and beam”
laboratory experiment. For this example, the differential geometric conditions for input-to-
state linearizability are not satisfied. Strategies have been developed previously to overcome
this limitation in a neighborhood of an equilibrium manifold in order to achieve (approxi-

mate) tracking and local stabilization. However, the domains of attraction for these methods
| are very small. |

Control strategies, are presented for a general class of nonlinear systems, of which
the “ball and beam” is an example, which result in arbitrarily large domains of attraction for
both the small signal tracking problem and the stabilization problem. The main component
of the approach is the use of saturation functions to limit the destabilizing effects that cannot
be removed by geometric linearization techniques. One of the new elements of this work is
the nesting of saturation functions to systematically isolate and diminish these destabilizing
effects.

One can think of linear chain of integrator systems that are subject to “actuator
constraints” as nonlinear systems that cannot be made to appear linear globally. The
methodology of nested saturation functions provides new, simple globally stabilizing control

laws for such systems.

In addition to developing methodologies for systems like the “ball and beam” and
linear systems subject to “actuator constraints”, asymptotically stabilizing control strategies
are developed for a class of nonholonomic control systems. These systems generically do
not satisfy geometric conditions for input-to-state linearization. New, smooth time-varying

and locally stabilizing control laws are developed based on previous work in the literature



on steering nonholonomic systems with sinusoids. Globally stabilizing strategies are then
achieved by again introducing saturation functions.

Finally, results are presented that improve regions of feasibility for a recently
developed nonlinear adaptive control scheme.

These different settings are used to argue for the desirability of tackling inherently
nonlinear control problems with new, inherently nonlinear solutions. The case is made for
continued research to develop powerful, specialized tools to add to the nonlinear control

toolbox.

ri !
S. Shanka/.r/ gastry
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unduly maligned and misunderstood and which I would like to explain:
Your life can be modeled by a differential equation like

& = pz3 (0.1)

where p > 0, because, after all, we all have finite escape time. The unknown constant
u accounts for the fact that some of us escape faster than others. Now, for purposes of

analogy we make the following definitions:
+00 = “good”
—-00 = “bad”
The system was originally designed so that £(0) > 0. But due to a large a priori disturbance

known as original sin, the initial condition has been irrevocably reset so that £(0) < 0. This

is “bad”. Fortunately, there are some as yet unmodeled dynamics. In fact, your life is better

modeled by
g = pzd+ F(2)Q(z) + W(w)@(2)
2 = uy (0.2)
W = ur+z

with 2(0) = 0 and w(0) = 0. F(z) is a monotone nondecreasing bump function with
F(z) = 0for all 2 <0 and F(z) =1 for all z> o for some arbitrarily small & > 0. F is
known .as the “faith” function. The function W is known as the “good deeds” function and
satisfies W(w) = w for all w € R. The function ® satisfies ®(z) = 0. Observe that the =z
and w dynamics are completely controllable. Q,(z) is the “restoring” function and satisfies

Q(z) + pa® > |z|? for all z € R. We then have the following results:

Theorem 0.1 For any.x(()) < 0, 3u; and a Ty, > 0 associated to uy such that z(Ty) =
“good”.

Proof. We appeal to the results of [0]' which state, “for God so loved = that he gave the
‘restoring’ function Q,, that whosoever activates the ‘faith’ function F shall not go to ‘bad’

in finite time, but shall have everlasting life.” The result then follows from the fact that

the ‘faith’ function can be completely activated using the control u,. O

Theorem 0.2 Let Ty be the finite escape time associated with the trajectory of (0.1) starting
at z(0) = zo < 0. If uy is chosen such that 2(t) < 0 for all t < Ty, then the solution of
(0.2) satisfies z(Ty) = “bad”.

1[0] John. The Gospel According to John. In The Bible. ch. 3, v. 16, 1st century A.D.
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Proof. Again we appeal to the results of [0]> which state, “The ‘restoring’ function Q,
is the way, the truth, and the life. = does not go to ‘good’ accept by the action of the
‘restoring’ function and hence by activating the ‘faith’ function.” O

For more information, I refer the reader to the complete work of [0] which is an

excellent monograph on the subject.

Although the above analysis would suggest otherwise, a relationship with God
through Jesus Christ is very personal. It is this relationship that gives me the power to
press on. Finally, I would like to thank my parents for their constant encouragement and

my wife, Laura, who endured the rare lows and help me celebrate the abundant highs.

%[0] John. The Gospel According to John. In The Bible. ch. 14, v. 6, 1st century A.D.
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Chapter 1

Introduction

The intent of this dissertation is to present new, nonlinear solutions to control
nonlinear systems which cannot be adequately controlled using existing methods. Of course,
existing methods have provided a wonderful point of reference from which to work. For
example, much work has been done in nonlinear control theory to determine conditions
under which a nonlinear system can be exactly linearized using a nonlinear state feedback
and coordinate transformation. In other words, the engineer is able to determine when he
is dealing with a linear system that is simply masquerading as a nonlinear system. In this
case, after the appropriate transforming feedback and coordinate change have been applied,
linear control tools can be applied to achieve a desired response.

Further, we do not advocate a departure from the tools of geometric control theory
which have been responsible for the development of many of the existing methods. These
tools will continue to serve the control engineer well as coordinate-free conditions are gen-
erated for transforming nonlinear systems into normal forms that are short of being linear.
The geometric conditions for transforming a system into pure feedback form as found in
[Akhrif and Blankenship, 1988] and [Kanellakopoulos et al., 1991], or the conditions for
transforming a nonlinear system into a special partially linear normal form as found in
[Byrnes and Isidori, 1991] are testimony that this is already taking place. We anticipate
that geometric control theory will continue to work hand in hand with stability theory to
establish useful normal forms and provide stabilizing solutions for systems in these normal
forms.

Our focus has mainly been on stabilization issues although new normal forms

have naturally arisen out of some of our work. Again, the existing literature has been the



inspiration for many of our results.

For example, the work of Hauser and co-workers [Hauser et al., 1992] on the pop-
ular “ball and beam” experiment has been a central motivator. This system is an example
of a system that cannot be exactly linearized, even locally, although its Jacobian linear
approximation is controllable. The most applicable existing method for controlling this
system is to use a feedback and coordinate transformation to make the system look approx-
imately linear. Next, linear control tools are applied and finally, the nonlinear perturbations
are incorporated into the performance analysis. The major limitation of this approach is
that the performance is acceptable only in a small operating region. This limitation mo-
tivated the development of a new stabilizing design technique that involves the judicious
use of saturation functions. The discussion of this approach as it applies to the “ball and
beam” experiment is described in chapter 4. Using this approach we are able to achieve
stabilization for the “ball and beam” on arbitrarily large regions of operation.

An offshoot of this research was to study the global stabilizability of linear sys-
tems subject to input saturation. Here, negative theorems in [Fuller, 1969] and [Sussmann
.and Yang, 1991] provided direction for establishing the power of using nesting saturation
functions in a systematic manner. The negative theorem established that linear solutions
were not sufficient, and in this sense the problem is inherently nonlinear. We discuss the
nested saturation approach in chapter 2 as it applies to stabilization and tracking problems
for linear null-controllable systems.

With the nested saturation technology in hand, we have a natural tool with which
to achieve semi-global stabilization for a class of partially linear nonlinear systems. This
class includes the cautionary examples of [Sussmann and Kokotovic, 1991] and [Byrnes and
Isidori, 1991] which suggest existing high-gain methods are not sufficient. The stabilizing
solution to this problem is discussed in chapter 3. We are encouraged that results of both
chapters 2 and 3 have been further generalized by other authors (see [Yang et al., 1992)
and [Lin and Saberi, 1992b]) after studying our results. We include a statement of these
advances for completeness. '

The intuition developed for the “ball and beam” example is shown in chapter 4 to
be applicable to a canonical example presented in [Kokotovic et al., 1991] as a challenging
control problem. In fact, we develop a stabilizing control strategy for a class of systems
that includes this canonical example. We refer to these systems as higher order feedforward

systems and discuss geometric conditions for obtaining this normal form.



For tracking (rather than stabilization) problems, we use chapter 5 to show that,
in fact, solving the stabilization problem goes a long way in solving the associated tracking
problem. We do this by combining the results of chapter 4 with the recently develqped
nonlinear regulator theory of [Byrnes and Isidori, 1990] to achieve small signal (approximate)
tracking for the “ball and beam” example. The important feature is that we achieve basins
of attraction much larger than for any existing methods.

An investigation of inherently nonlinear stabilization problems must include the
study of nonholonomic control systems. Although these systems are controllable, even the
local stabilization problem is difficult. In fact, the negative result of [Brockett, 1983] es-
tablished that these systems cannot be asymptotically stabilized using smooth static state
feedback. More recently, Coron provided a positive but nonconstructive result demonstrat-
ing that time-varying feedback was sufficient to stabilize these systems [Coron, 1992]. These
results have encouraged the pursuit of explicit time-varying asymptotically stabilizing con-
trol laws for nonholonomic systems. In chapter 6, we develop locally and globally stabilizing
control algorithms for a subclass of nonholonomic systems. We focus on nonholonomic sys-
tems in chained form developed by Murray and Sastry [Murray and Sastry, 1991a] and the
diffeomorphically equivalent power form systems. Many of the results in chapter 6 are taken
from joint work with Murray and Walsh in [Teel et al., 1992].

Finally, in chapter 7, we return to the adaptive control problem we studied in [Teel
et al., 1991]. Recently, Kanellakopoulos and his coworkers have developed a nice solution
for the class of nonlinear systems in pure feedback form. (See [Kanellakopoulos et al., 1991]
and [Krstic et al., 1991] for example.) We combine these ideas with nonlinear error-based
adaptive ideas (found in [Teel et al., 1991] and [Pomet and Praly, 1989] for example) to
produce an algorithm that has a potentially larger domain of feasibility.

Throughout this dissertation we illustrate the complementary roles that differential

geometry and the methods of stability theory play in contributing powerful, specialized tools
to the nonlinear control toolbox.



Chapter 2

Global Control Problems for

Linear Systems with Bounded

Controls

For linear systems subject to “input saturation”, the global stabilization problem
is inherently nonlinear. By this we mean that, for all but the simplest of cases, a linear
feedback will not suffice. In this chapter, we present 2 new, nonlinear solution to the problem
of global stabilizing multiple integrators with bounded controls. The generalization of our
result to all linear null-controllable! systems, developed by Sontag, Sussmann and Yang in
[Sontag and Yang, 1991], [Yang et al., 1992), is also mentioned. We discuss how our solution
can be applied to the tracking problem for a certain class of trajectories. This includes a
discussion of linear regulator theory with “input saturation”. Also, emerging performance

issues are discussed.

2.1 Introduction

The study of linear systems subject to “input saturation” has a rich history. (See,
for example, [Anderson and Moore, 1971].) One of the primary focuses of this research

has been to study the effects of a saturating input when applying a linear control law. For

A linear time-invariant system is said to be (globally) null-controllable (with respect to some constraint
set) if, given any initial condition, there exists a control, which takes values in the constraint set, that steers
the system to the zero state in some finite time.



example, much of the rich literature of the 1950’s and 1960’s on the problem of absolute
stability (see [Aizerman and Gantmacher, 1964, [Narendra and Taylor, 1973], or [Popov,
1973)) was motivated by this problem.

It has been shown that only linear, stabilizable systems having no open-loop eigen-
values with positive real part can be globally asymptotically stabilize using a bounded con-
trol (see theorem 2.1.) Therefore, when this condition does not hold, it is natural to study
domains of attraction for open-loop unstable systems with saturating linear feedbacks. See,
for example, [Kosut, 1983], [Krikelis and Barkas, 1984], [Gutman and Hagander, 1985] and
[Dolphus and Schmitendorf, 1991).

Concerning the global stabilization problem, some authors have ignored the natural
open-loop eigenvalue constraint to propose algorithms that have no hope of converging
([Chen and Wang, 1988]) except in the simplest of cases: open-loop systems that are stable
or have simple jw-axis eigenvalues. This approach has spread to the discrete-time literature
([Chou, 1991]) even though the analogous natural open-loop eigenvalue condition has been
established (see, for example, [Sontag, 1984], [Ma, 1991]).

We propose to study the interesting problems that remain in the global stabiliza-

tion of linear systems subject to “input saturation” motivated by the following two results:

Theorem 2.1 ([Sontag and Sussmann, 1990]) Given the system
- & = Az + Bo(u) (2.1)

where o : R™ — R™ is bounded, globally Lipschitz, and invertible in a neighborhood of the
origin, there exists a globally stabilizing control u = k(z) if and only if (2.1) is asymptotically
null-controllable.

Asymptotic null-controllability is equivalent to the conditions that the pair (A, B) is stabi-
lizable and all the eigenvalues of A are located in the closed left-half complex plane. For a
discussion of this notion, see [Schmitendorf and Barmish, 1980] and [Sontag, 1984].

Theorem 2.2 ([Fuller, 1969],[Sussmann and Yang, 1991]) Suppose the system (2.1)
is a chain of integrators of length n where n > 3. Let 0 : R — R be bounded with sa(s) >0
for s # 0 and with both limits lim,_,+o, ezisting and nonzero. Then there does not ezist a

linear functional h(z) such that the control u = h(z) globally stabilizes (2.1).



The implications of these theorems are straightforward. Given that the linear
system is stabilizable, the problem can be solved if and only if the eigenvalues of the linear
system are in the closed left-half of the complex plane, and, even then, only the simplest
cases can be handled with linear feedback.

In [Sontag and Sussmann, 1990], a complicated induction procedure was outlined
to generate a globally stabilizing control for all linear null-controllable systems. In this
chapter we develop a far more explicit and straightforward construction, specialized to
linear chain of integrator systems. The procedure has recently been extended in [Sontag

and Yang, 1991] to apply to all linear null-controllable systems.

2.2 Global Stabilization

We start with the following definition:

Definition 2.1 Given two positive constants L, M with L < M, a functiono : R — R
is said to be a linear saturation for (L, M) if it is a continuous, nondecreasing function

satisfying
1. o(s)=s when |s| < L
2. |o(s)| £ M for all s € R.

In the subsequent control design, one can choose arbitrarily smooth functions out of this
class. Now consider the linear system consisting of multiple integrators:
£ = g
(2:2)
Ep, = U
We are searching for a bounded control that will globally asymptotically stabilize (2.2). We

now present our main results.

Theorem 2.3 There ezist linear functions h; : R* — R such that, for any set of positive
constants {(L;, M;)} where L; < M; fori=1,...,n and M; < L—‘zﬂ fori=1,...,n—1, and
for any set of functions {o;} that are linear saturations for {(L;, M;)}, the bounded control

U= ‘Un(hn(x) + Un—l(hn-l(x) +---+ al(hl(x))) e )

results in global asymptotic stability for the system (2.2).



Proof. Consider the linear coordinate transformation y = Tz which transforms (2.2) into

y = Ay + Bu where A and B are given by

[0 1 1]
1
A= B:
0 0
1
-0 '0-

The recursive nature involved yields a transformation characterized by

i .
Yn-i = Z ( ; )mn—j

i=0

The inverse of the transformation is characterized by

Zpmi = Zi:(-l)‘u"' ( ; )yn—j

=0

where

A suitable control law is

U= —=0n(Yn + On-1(Yn-1 + -+ o1(y1)) -+ )

which yields the closed loop system

o = et ot Y=Y+ Onc1(Yn1 + -+ 1(31)) - -
2. = Pt o+ Yo —0n(Un + Onc1(Yno1 + -+ 01(1)) - -

'!)n—l = Yn-— an(yn + Un-l(:‘/n—l +---4 al(yl)) . )
?}n = -o'n(yn + on—l(yn—l +--- 4 Ul(yl)) ° ')

(2.3)

)
)

(2.4)

We begin by considering the evolution of the state y,. Consider the Lyapunov function

Va = y2. The derivative of V,, is given by

Va= —2yn[an(?/n + Un—l(yn—l +---4+ Ul(yl)) e )]

From definition 1, condition 1 applied to o, and condition 3 applied to On—1 coupled with
the fact that M,_; < %“, we see that V, < 0 for all Un € @n = {Un:|¥n| < I—gl}. In fact, V,



is negative and bounded away from zero since L, and M,_; are constants. Consequently,
Yn enters @y in finite time and remains in Q,, thereafter. Further, because the right-hand
side of (2.4) is globally Lipschitz, the remaining states y;, ..., yn—; Temain bounded for any
finite time.

Now consider the evolution of the state y,—;. First observe that after y, has

entered @, the argument of o, is bounded as

[9n + Onc1(Yn1 + -+ o1(m1)) )| < %"‘+M—1
< L,

Consequently, after y, enters Qn, o, operates in its linear region from condition 2 of defi-

nition 1. Then the evolution of y,-; is given by

Yn-1 = "a'n—l(yn-l +---+ al(yl)) o ')

Using the same argument as for y, we can show that y,_; enters an analogous set Q,_; in
finite time and remains in Q,—; thereafter. Again, all of the remaining states stay bounded.
This procedure can be continued to show that after some finite time the argument of every
function o; has entered the region where the function is linear. After this finite time, the

closed loop equations have the form

h = -n
o = —yi—1
Un = ~Y1—Ya—-"—7Yn

Clearly, the dynamics, after the prescribed finite time, are exponentially stable. O
The number of saturation functions required can be decreased by stabilizing the
states in pairs rather than one at a time. We employ a slightly more restrictive class of

linear saturation functions.

Definition 2.2 Given two positive constants L, M with L < M a function 0 : R — R is
said to be a simple linear saturation for (L, M) if it is a continuous, nondecreasing function

satisfying
1. o(s) = s when |s| < L

2. s[o(s)—s] >0 when |s|< M



3. lo(s)] = M when |s| > M.

Where before we needed n saturation functions, now we need one function for each pair of
states. If the dimension of the state space is odd, we will need one additional saturation
function for the additional state. Accordingly, define 7 = n/2 if n is even and # = (n+41)/2
if n is odd.

Theorem 2.4 There ezist linear functions h; : R® — R such that for any set of positive
constants {(L;, M;)} where L; < M; fori=1,...,7 and M; < f’T‘%fori =1,...,a—-1, and
for any set of functions {o;} that are simple linear saturations for {(L;, M;)}, the bounded
control

v = —05(ha(z) + oa-1(ha-1(z) + - - - + o1(h1(z))) - - )

results in global asymptotic stability for the system (2.2).

Proof. Consider the same coordinate change as in the proof of the previous theorem.
We will proceed in a similar manner as before, this time showing that the states y,—1,yn
enter within finite time and thereafter remain in a region where the function o5 is linear.
Since the differential equation is globally Lipschitz, the remaining states y,, ..., Yn—2 Temain
bounded. With o operating in its linear region we can iterate to show that y,_3, yn—2 enter
and remain in a region where 05—, is linear. Eventually, this leads to the conclusion that

after some finite time, the closed loop equations have the form

h = -n
Yo = —=p—1
Yn = ~h1—Y2—""—Un

which is an exponentially stable linear system.

Consider the dynamics of yn_1, yn:

U1 = Yn—0i(Yn-1+Yn + oa-1())

(2.5)
Un = —Uﬁ(yn—l + Yn + Uﬁ—l('))

To show that y,_1,yn enters a sufficiently small neighborhood of the origin we- use the

following Lyapunov-like function:

1 1
W(Yn—1,Yn) = 51/2-1 + 3% (2.6)
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This positive definite function is only a Lyapunov-like function because there will be points
in the state space where W > 0. However, we will show that the integral of W is negative
over known closed form solutions of (2.5) in the region where o is saturated. Further, when

it is possible that o; is not saturated, W is strictly decreasing (outside a neighborhood of

the origin.)

Consider the following regions of the state space:

region I: Yn—1+ Un > Mz + Mz
region II: Yn-1+ Yn < =Mz — Mz,
region ITl:  |yn—y + yn| < Mz + Miiy

We begin by showing that any bounded initial condition in region I yields a trajectory that
enters region III in finite time. Observe that in region I (2.5) is given by

Un-1 = Yn— Mz

2.7)
I = —-Mj

Consequently, the closed form solution of the trajectories in region I are given by
Yn-1 (t) = yﬂ-l(to) + yn(to)t - Mﬁ% - M;t
() = yn(te) — Mat

(For purposes of integration, we have set t, = 0. This can be done since (2.7) is time-

invariant.) Now, we have

t2
yn—l(t) + yn(t) = yn—l(to) + '.'In(to) - 2M;t + yn(to)t - Mﬁ?

We assume that

Yn-1 (to) + yn(to) > Mﬁ + A’Iﬁ—l
and we solve for a #; such that
Yn-1(s) + yn(ts) = Mz + Miy

Using the quadratic formula it is straightforward to show that such a t, exists and is finite
and positive. The same argument holds for region II by symmetry.

Now consider an initial condition such that

yn—l(to) + y-n.(to) =Mz + Mz,
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To enter region I, we must have
gn—l(to) > —gn(to)
since the boundary of region I is a line of slope -1. This implies

yn(to) > 2M;
Un-1(te) < =Mz + Mz

Assume we enter region I. We show that we return to region III in finite time ¢; > 0 and

that W(2) — W(2,) < 0. From the discussion above for trajectories in region I and since

Yn—1(to) + Yn(o) = Yn-1(ts) + ya(ts)

it follows that ,
t
Ma— + [2M; — yu(to)]ty = 0

This implies
2
= E(yn(to) - 2M;)
which is positive because y,(¢,) > 2M;. Now consider

W(ts) - W(t) = E(yi—l(tb) +ya(ts) ~ ya_1(te) — 92(%))
First consider
1 2 2
E(yn—l(tb) - y‘n—-l(t"))
Observe that in terms of y,—1(%,)
2
t = E(—?In—l(to) + M-y — Mz)
Evaluating the closed form solution for y,_; at t; yields
yn—l(tb) = _yn-l(to) + 2(M'—l - Mﬁ)
A straightforward calculation then shows that
Ya-1(ts) = ¥2_1(to) = 4yn—1(te)(Ms — Mi_y) + 4(M; — M;_,)*

Since yn-1(t) < —M5 + M;—; and Mz > Mj_,, it follows that VA 1(t) — ¥2_1(t.) < 0.
Now consider

S a) - 42(0))
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Evaluating the closed form solution for y, at t; yields

Yn(ts) = —Yn(to) + 4M;

A straightforward calculation then shows that

yrzx(tb) - yrzz(to) = —8yn(to) M5 + 16M1%

Since yn(to) > 2Mjz, it follows that y2(#) — y2(2,) < 0.
By symmetry, the same analysis holds for trajectories originating on the boundary
of region II and entering region II.

Now consider trajectories in region III. We have

W = yn1ltn — 0a(¥n—1+ ¥n + 05-1(3))]

+Yn[=0a(Yn-1 + ¥n + 0a-1(3))]

= (Un-1+ ¥n)[=05(¥n-1 + ¥n + Fa-1(¥))] + Yn-1¥n

= (Yn-1 + Yn)[¥n-1 + ¥n = 7 (Ya—1 + Yn + 05-1(3))]
—(¥n-1 + 4n)* + Yn-19n

= (Yn-1+ ¥n)[¥n-1 + ¥n — Oa(Un—1 + 9n + 021(y))]
~3(¥n-1+ 9)* - 3931 — 33 |

< |(¥n—1 + 9n) I Macr — 592 — 392 = L1 + 90)?

The final inequality follows from definition 2.2, property 2. Consider the level set

1
W=oM;,

On this level set, a circle of radius Mjz—; in the y,_1, ¥ plane, we have
My < |Yn-1 + ¥nl < V2M5,
Consider |yn—1 + yn| = kM;_; where k € [1,/2]. Then

W < —IM2 | - L(kMio1)? 4+ EMZ_,
—(% -k + %k2)M§_l

Since k € [1,4/2], W < 0. Since W is bounded by a quadratic negative definite function
plus a linear perturbation in region III, W < 0 outside of the level set W = %M}‘:_l and
inside region III. Further, if the trajectory leaves region III, it returns in finite time and

at a lower energy level W. Consequently, for any € > 0, the trajectories of y,_;,y, enter
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a circle of radius M;_; + € in finite time and remain in that circle thereafter. If M;_; is

chosen so that
a= V2 Miy +€) + Mis_,

(i.e. Lz > Ms-1(v2+1)), then o; operates in its linear region after some finite time. Once

07 becomes a strictly linear function we have

-3 = Yn-2 = Oi-1(Yn-3 + Yn-2 + a-2(y))
Un-2 = —0i-1(¥n-3+ Yn-2 + 07-2(y))

and the same analysis applies to show that y,_3,yn—2 eventually enters a sufficiently small
neighborhood of the origin. The iterative process continues until it can be shown that, after
some finite time, every saturation funétion is operating in its linear region. After this time,
the dynamics of (2.2) are those of an exponentially stable linear system. O

Remark. The results of theorem 2.2 indicate that it is not possible to further
reduce the number of saturation functions by trying to stabilize three states at a time.

After the above results were establish, Sontag and Yang were able to make the
natural extensions for the general linear setting. For convenience, to prepare for this result,

the following class of functions is defined as in [Sontag and Yang, 1991]:
Definition 2.3 Let F, : R* — R be a class of functions satisfying

1. The zero function f = 0 belongs to F.
2. For any f € Fy, any vector H € R™, and any simple linear saturation o, the function
o(HTz + f(z)) € Fn.
Further, let F,c = {f € Fn : |f] < €}

The following theorem, stated and proved in [Sontag and Yang, 1991}, represents the current

state of the art for globally stabilizing linear systemé with bounded controls:

Theorem 2.5 ([Sontag and Yang, 1991]) Consider the asymptotically null-controllable

system

&= Az + Bu (2.8)

where z € R™ and v € R™. Then, for each ¢ > 0, 3k; € Faer t = 1,...,m, such that with
the feedback

vi=ki(z) i=1,...,m
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the resulting closed-loop system is globally asymptotically stable. Furthermore, the closed-
loop system has the converging-input converging state (CICS ) property: if e(t) € R® is any

(vector-valued) function that satisfies limso, € = 0, then all solutions of
& = Az + Blky(z),...,kn(2)]T + e(2) (2.9)
converge to zero as t — 0.
Remarks.

1. Results for sigmoidal functions more general than simple linear saturations are re-
portedly discussed in [Yang et al., 1992].

2. That there exists a control yielding a closed-loop with the CICS property is significant
because it allows for solving this problem with dynamic output feedback for observable
systems. The state z will converge to the origin as the estimates of the states converge
to the actual states. For more on the CICS property and related topics, see [Sontag,
1989].

2.3 Restricted Tracking

We now discuss how the controls of the previous section can be used to achieve
asymptotic tracking for linear null-controllable systems subject to “input saturation”. We
begin by considering the tracking problem for the chain of integrators system studied in
detail in the previous section. Then we use the general results of [Sontag and Yang, 1991]
to state a solution to the multivariable linear regulator problem when the input is subject
to saturation. In both cases, we restrict the associated feedforward piece of the reference

trajectory to be sufficiently small.

2.3.1 Chain of Integrators
Consider the nonlinear system
T = 2

2.10
En = Ony1(u) 10
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Here 0,41 is a linear saturation for (Lyp4+1, Mp41). The task is to cause y to track a desired

reference trajectory yg given by yg, #d, - . ., yc(l").

Corollary 2.1 If |y§")(t)| L Lpy1 —€ for allt > t, and for some € > 0 then there exist
linear functions h; : R* — R such that for any set of positive constants {(L;, M;)} where
M,<e¢ Li<M;fori=1,...,n and M; < L—‘{i fori=1,...,n—1 and for any set of
functions {o;} that are linear saturations for {(L;, M;)}, the feedback

= g8 — On(ha(8) + Onet(hncr(8) + - + 01(Ra(8)) - )

where Z is defined as %; = z; — yy—l) fori=1,...,n, results in asymptotic tracking for the
system (2.10).

Proof. In terms of #, (2.10) becomes

~ ~

Tl = 22
in o= 35"+ onpi(n)
Observe that, with the specified control law, if we chose M, < ¢, then op44(+) is always

operating in its linear region so the closed loop system becomes

Ty = I2

~

En = —0n(hn(Z) + Onc1(ha1(Z) + - - + 01(h1(E)) - - )

Now if {(L:i, M;)} satisfy M; < L%‘- for i = 1,...,n — 1 and oy(-) satisfies definition 1,
then we have the conditions of the stabilization theorem of section 2.2. Consequently,
asymptotically approaches zero. In turn, this implies that y(t) asymptotically approaches
va(t). O

For a result with fewer saturation functions we assume, for (2.10), that o4 is a

linear saturation for (Lst1, Mit1).

Corollary 2.2 If Iygﬂ) ()| £ Lay1 — € for all t > t, and for some € > 0 then there exist
linear functions h; : R® — R such that for any set of positive constants {(Liy M)} where
Mz <e Li < M fori=1,...,7 and M; < l—ﬁ_%fori = 1,...,7— 1 and for any set of
functions {0:} which are simple linear saturations for {(L;, M;)}, the feedback

=95 — 0a(ha(Z) + oa-1(hac1(2) + -+ + 01 (ha(5)) - - )
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where & is defined by ; = z; — yg-l) fori=1,...,n, results in asymptotic tracking for the
system (2.10).

2.3.2 Multivariable Linear Regulation

The results of this chapter can be easily applied to the tracking problem when it is
cast in the language of linear regulator theory (see [Francis, 1977]). In this framework, we
consider a multivariable linear system with inputs that are subject to saturation together
with an exogenous system that generates disturbances and reference trajectories:

& = Az+ Bo(u)+ Pw
w = Sw (2.11)
e = Cz+Quw
Here, z € R", w € R®, u € R™, and e € RP. The vector e represents the tracking error and
o :R™ — R™ is given by

o([u1y -y um]T) = [01(1)s - + vy O ()T (2.12)

where o; is a simple linear saturation for (L;, M;). The two problems to solve are the .
following;: '

State Feedback Regulator Problem. Find, if possible, a feedback v = a(z, w)
such that

1. the equilibrium z = 0 of
& = Az + Bo(a(z,0))

is globally asymptotically stable and locally exponentially stable.
2. For all (z(0),w(0)) € R* x R?, the solution of the closed-loop system satisfies
lim e(¢) = 0.
t—00
Error Feedback Regulator Problem. Find, if possible, a dynamic error feed-
back u = 8(z), z = n(z, e) where z € R” such that
1. the equilibrium (z,2) = (0,0) of

&

Az + Bo(0(2))
z = n(z,Cz)
is globally asymptotically stable and locally exponentially stable.
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2. For all (z(0), w(0),2(0)) € R® x R* X R? the solution of the closed-loop system satisfies
t]irglo e(t) = 0.

In keeping with the natural eigenvalue requirements of this chapter, we make the

following assumption:
Assumption 2.1 The eigenvalues of A have nonpositive real part.

We now make the following additional assumptions which are standard in linear regulator

theory.

Assumption 2.2 The eigenvalues of S have nonnegative real part.

Assumption 2.3 The pair (A, B) is stabilizable.

e ol [} 7]

We then have the following state feedback regulator solution.

Assumption 2.4 The pair

is detectable.

Theorem 2.6 Suppose assumptions 2.1, 2.2, and 2.3 hold. If there exists matrices Il and

T' which solve the linear matriz equations:

IS All+ BT + P

Co+Q = 0 (2.13)

and for i = 1,...,m, 3¢, T > 0 such that |[T;w(t)| < L; — ¢ for allt > T then the state
feedback regulator problem is solvable.

Proof. By assumption II and T satisfy (2.13). We make an invertible, triangular coordinate
change such that £ = 2 — [lw. We then have

§ = 4e-Tn)
= Az + Bo(u) + Pw - IISw
= A(z - Iw) + B(o(u) — Tw) + Allw + BT'w + Pw — NSw
= Af+ B(o(u) - T'w)

(2.14)
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Now, given the ¢;’s of the theorem we choose
u; = Liw + ki(€)
where ki € Fr ;. If we define &(€) = [k1(£), ..., km(€)]7, then the closed loop is given by

§ = AE+ BK(E)+ Blo(Tw + k(€)) — Tw - K(£)]
= AE + Bk(€) + 4(t)
Now, since there exists T > 0 such that |T;w(t)| < L; — ¢ for all ¢ > T, it follows that
IT;w(t) + k:(&(2))| < L; for all t > T. Then it follows that

(2.15)

oi(Tiw(?) + ki(§(2))) = Tow(2) + ki(€(2)) V¢ > T

From this and the definition of ¢(t) it follows that lim;—.., ¢(¢) = 0. Then, from theorem 2.5,
since the closed loop has the CICS property, lim;_.o, £(¢) = 0. Finally, consider e = Cz+Quw.
From the definition of £ and (2.13),

e=Cé+ Cllw+ Quw = CE&.
Since lim¢—.o, £(t) = 0, it follows that lim¢_. e(t) = 0. O

Theorem 2.7 Suppose assumptions 2.1, 2.2, 2.3, and 2.4 hold. If there exists matrices II
and ' which solve the linear matriz equations (2.13) and fori=1,...,m, 3¢;,T > 0 such
that |T;w(t)| < L; — € for allt > T then the error feedback regulator problem is solvable.

Proof. The detectability assumption allows us to build a linear observer to asymptotically
determine (with exponential convefgence) the states z and w from e (see [Francis, 1977]).
We construct a feedback exactly as is the proof of theorem 2.6, replacing the states z and
w by their estimates. Now since the corresponding clos.ed~loop has the CICS property, the

problem is solved. O

2.4 Performance Issues

The technology of nested saturations to solved the bounded input control problem
for linear systems is new. The first results were intended to demonstrate that such a solution
exists. Little regard was given to describing the flexibilities of such a design or possible ways

to enhance performance. In this section, we do not intend to answer these questions in full.
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However, we wish to point out certain performance issues that we have witnessed in our
brief experience with these control laws. We anticipate that this section will inspire further
research in this area, perhaps leading to the study of optimal stabilizing control laws, given

the saturation characteristic and some suitable cost criterion, out of the family F,. of
bounded feedbacks.

2.4.1 Pole Placement

We begin by focusing on the flexibility of pole placement in the design of nested
saturation control laws. We focus on the chain of integrators system for simplicity. The
issue of pole placement naturally affects the performance of the system in a neighborhood of
the origin after each saturation function has entered its linear region. The control engineer,
in general, would like the assurance of global asymptotic stability without sacrificing the
freedom of arbitrary pole placement. However, as one can easily observe, the standard
design outlined in section 2.2 places all of the closed-loop poles at s = —1. It is worthwhile
to point out that there is nothing special about the value s = —1. Rather, it is an artifact
of our coordinate change. In fact, by constructing our coordinate change y = Tz so that

¥ = Ay + Bu where B is as before and A is given by

(0 X2 A -- An |
0 0 A - A,
Al o
0 - 0 A
-O o

we are able to achieve arbitrary pole placement subject to the constraint that all eigenvalues

have zero imaginary part. The control

U= _an(Anyn + Un-l()‘n—ly'n—l +...+ Ul()\lyl) .. )

achieves such pole placement.
To prepare for arbitrary pole placement, we wish to consider the stabilization of

an integrator chain of length 2n where we make a preliminary coordinate change y = Tz
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to yield § = Ay + Bu where B is as before and A is given by

[ J(0) 100) 108) - 10w
02 J(A2) 1(As) -~ 1(An)

: . . . : (2.16)
02 02 02 J(no1) 1(Mn)
02 02 02 02 J()\n) J

0 s s s 00
J(s):[o ():l l(s)=[3 3} 02=|:0 0] (2.17)

To demonstrate that the control

where

U= —03(An(Yn—1+ ¥n) + On-1(An1(¥n=3 + Yn-a) + - -+ a1 (M1(m1 + 32)) - - )

results in global asymptotic stability and with poles placed arbitrarily (in pairs) on the real

axis, we must show that

?)i.—l = At — 0i(Mi(%i1 + %) + 0i1) (2.18)
% = =0 Xi(Yi-1+ %)+ 0im1)

is such that the tra.jéctories of y;~1, ¥ enter in finite time and remain in a region where o;

is linear, for a sufficiently small M;_; (the bound on the magnitude of oi-1). If we define

%i-1 = Ai¥i-1 and §; = Ay, then (2.18) becomes

!7.;-1 = ANfi— ,:\io'i(gi-.l + ¥i + 0i1) (2.19)
¥ = =Xioi(fiz1 + % + 0im1)

Now the result follows from section 2.2 by scaling time by a factor of ;.

We are now in a position to achieve arbitrary pole placement. Consider the control

U= —an(}‘n(yn—l + yn) + O'n-l()\n—l(yn—-ﬂ + yn—2) +---+ 01()\1(3!1 + y2) - ’U) e ) (220)

where y = Tz is defined (implicitly) above. We have demonstrated that, after some finite
time, the closed-loop dynamics are given by

nho= —Mpntv
Y2 = - —-My2+v

Us = -t —Ay2—Ays+v (2.21)

Yon = =M1 — A2 — A2¥s — Ao¥a — + - = An¥an—1 — Anlon + ¥



21

We will now choose v to achieve arbitrary pole placement. We begin by choosing
v=—0_1(c1% + C2y2 — v') (2.22)

where ¢; and c; are chosen to place the poles of

N I LY B | )

First we show that, in general, the system

5 = =My — bo_
?{1 1N 10-1(c1y1 + cay2) (2.24)
P2 = =AMy — A2 — bao—i(ain + c2y2)

is globally asymptotically stable as long as both eigenvalues of Ay have real part less than
or equal to —A; < 0 and the pair (A, B) defined by

- 0
A = !
A -\ (2.25)
T
5= [b o)
is controllable. To do so we will appeal to the Popov criterion (see [Popov, 1973] or [Naren-
dra and Taylor, 1973]) which gives us that (2.24) is globally asymptotically stable if 3r > 0
such that
P(w) = Re[(1+ jwr)j(jw)] >0 VweR (2.26)

(this is conservative since o_; lies in the sector (0, 1]) where
g(s)=CT(sI - A)'B (2.27)
and
T
C=[e a] (2.28)

It can be shown that the transfer function §(s) is given by

sy bieg+baca biea
g(s) it s+ A - (s+ /\1)2

We now solve for ¢; and ¢; in terms of the coefficients of the Hurwitz polynomial associated

(2.29)

with the desired eigenvalues of Ay given by

p(s) = det(sI — Ag) = s® + dis + dy (2.30)
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This can always be done since the pair (A, B) is controllable. Solving for ¢;, ¢ and substi-
tuting into (2.29) we get
dy — 2 /\% —diA\ + d,

9(s) = — W Gt AP " (2.31)
Now, for Popov’s criterion, we choose r = }. Then
Pw) = & ;f"‘ # M ;.j,’ ‘:;:' da (2.32)
Now, p(s) either has two (possibly distinct) real eigenvalues or a pair of complex eigenvalues.
Consider first that the roots of p(s) are at s = —a; and s = —a, for some a;,a; > 0. In
this case
d = e+
d2 = apx

‘We then have

=2M + a1+ az + (A1 —a1)(M — )
/\1 w2 + A%
and, hence, P(w) > 0if @; > A; and a3 > A;.

Consider now that the roots of p(s) are at s = —a + jwp for some @, 3 > 0. In

P(w) = (2.33)

this case
dl = 2a
d2 = o?+p°
We then have
=2\ +2a (A —B)?
Al w? + A%
and, hence, P(w) > 0if @ > ;. Finally, since we know that (2.24) is globally asymptotically

(2.34)

stable, a converse Lyapunov argument, similar to that used in [Sontag and Yang, 1991]) can
be used to demonstrate that for M_; sufficiently small (where |v'| < M_;) the trajectories
of

n = =My —o-1(c Coya— v
?,.11 1Y an + ey —v) ' (2.35)
2 = —Mn-Mp-coa(anpteyp—v)
enter in finite time and remain in a region where o_, is linear.
At this point we have the system
f12 = Aapia— Bov
¥34 = Aayrz+J(A2)yse — Bov'
- A 1,2 + J(A2)y3,4 — B, (2.36)

Yon-12n = Aayr2 + J(A2)yse + J(An)¥2n—1,2n — Bov'
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where
T T
B, = [ 11 ] Yi-1,i = [ Yi-1 Y ] (2.37)
We now focus on the (1,2, ¥3,4) dynamics. Since the pair (4, B) given by
- A 0 _
A=| B=|% (2.38)
is controllable, there exists a coordinate change transforming (A4, B) into
- A -
A= * | B=|" (2.39)
0 J(A2) B
where the pair (J()2), B) is controllable. Now we choose
v = —0_3(E1fs + E2fs—v") (2.40)
where
C~' = [ 51 52 ]

is chosen to place the poles of J(Az) + BC (to the left of —Az). It is now apparent that this
process can be continued to arbitrarily place the poles of the closed loop system, since the
original A;’s were shown to be arbitrary.

2.4.2 Performance

To highlight the performance issues involved in control systems with bounded

controls, we focus on the 2-dimensional chain of integrators

T = 2

(2.41)
Ty = o(u)
We consider the effects of placing both of the poles of the Jacobian approximation at s = —\.
Following the procedure of the previous section, this is done by choosing
no= An+z
Y2 = 22
This yields the system
h = A o(u
n y2 + o(u) (2.42)

@2‘ = o(u)
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Figure 2.1: Time trajectory for the system (2.41) using the control (2.43) with A = 1 and
(21(0), z2(0)) = (1,0).
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Figure 2.2: Time trajectory for the system (2.41) using the control (2.43) with A = 1 and
(21(0), 22(0)) = (2,0).
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Xt
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Figure 2.3: Time trajectory for the system (2.41) using the control (2.43) with A = 1 and
(21(0), 22(0)) = (5, 0).
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Figure 2.4: Time trajectory for the system (2.41) using the control (2.43) with A = 1 and
(21(0), 22(0)) = (10, 0).
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x(1)
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Figure 2.5: Time trajectory for the system (2.41) using the control (2.43) with A = v/'5 and
(21(0), 22(0)) = (10,0).

I

Time (seo)

Figure 2.6: Time trajectory for the system (2.41) using the control (2.43) with A = v/-2 and
(21(0), 22(0)) = (10,0).
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Figure 2.7: Time trajectory for the system (2.41) using the control (2.43) with A = /.1 and
(21(0), 22(0)) = (10,0).
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Figure 2.8: Time trajectory for the system (2.41) using the control (2.46) with A; = 0.25,
A2 = 1.0 and (2,(0), z2(0)) = (10, 0).
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We then choose the control « = —A(y; + y2). In the original coordinates we have

u=—Xgz; - 2)\z,. (2.43)
If we further define
h = An
o = Ay

then we have the system
§1 = A= do(i1+ fo)

. ¢ (2.44)
§2 = =Ao(§1+§2)

At this point we can scale time, defining 7 = % and denoting fr- by (), we have
h = G2-o(fL+§2) (2.45)

o = —o(f+i)
So we see that we can achieve the convergence of this canonical system on an arbitrary
time scale. One might then be tempted to choose X arbitrarily large to achieve arbitrarily
fast convergence. The reason why this intuition fails, as it must since we are restricted
to bounded controls, is that the transient performance is not uniform with respect to the
initial conditions. This is significant because as A grows, the size of the initial conditions of
§ grows. As alluded to in [Fuller, 1969], the performance of this type of bounded control is
much closer to optimal for small initial conditions then it is for large initial conditions. To
demonstrate this point we show in figure 2.1 - 2.4, simulations of the two dimensional chain
of integrators system (2.41) using the control (2.43) with various size initial conditions. For
purposes of comparison, we chose z,(0) = 0 for each simulation. The value of z1(0) is set
at 1,2,5 and 10, respectively. The saturating function o in (2.41) was chosen to be a simple
linear saturation with L = M = 0.05.'

We demonstrate the effects of tuning A by showing in figures 2.4 — 2.7 the tra-
jectories of the system (2.41) using the input (2.43) and choosing A to be 1,5, v.2 and
Vv, respectively. Again, o is a simple linear saturation with L = M = 0.05. Observe the
improved transient performance as A decreases.

The tradeoff is apparent. From these figures, and the discussion above, we see
that, given some a priori knowledge of the size of initial conditions, we can achieve few
oscillations and slow convergence in the tail by choosing ) small while we can achieve many
oscillations and fast convergence in the tail by choosing A large. (In fact, given a bound on

the initial conditions, picking A small enough insures that the control never saturates.)
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We suggest that we do not have to settle for this tradeoff. The discussion of the

previous section on arbitrary pole placement provides the solution. In fact, if we choose
u = —/\%zl - 2/\2182 - 02(()\% - /\%)3}1 + 2()\2 - /\1).’52) (2.46)

with A2 > A; we can use A; to tune the transient performance and A; to tune the perfor-
mance in the tail. The success of such an approach is determined by comparing figure 2.8
to figure 2.4. Again, the limiting saturation on the control is a simple linear saturation with
L = M = 0.05. The function o3 in (2.46) is a simple linear saturation with L = M = 0.02.

Hence, we have the following design suggestion. If an approximation on the size
of initial conditions is known, the \;’s of the previous section should be chosen to optimize
the transient performance of the system, while the final pole locations should be chosen to

achieve the desired convergence in the tail as in figure 2.8.

2.5 Summary

While the nested saturation solution to the bounded control problem is theoreti-
cally appealing, its success as a practical design tool is yet to be established. Future work
will focus on applying the linear multivariable regulator theory of section 2.3.2 along the
the pole placement and performance ideas of sections 2.4.1 and 2.4.2 to the model of the

F8 aircraft studied in [Kapasouris et al., 1988).
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Chapter 3

Using Saturation in the
Semi-global Stabilization of

Minimum Phase Systems

In this chapter, we use the bounded controls of the previous chapter to generalize
the class of minimum phase nonlinear systems that can be semi-globally stabilized. Previous
results can be found in the pioneering work of Byrnes and Isidori ([Byrnes and Isidori,
1991]) and of Sussmann and Kokotovic ([Sussmann and Kokotovic, 1991]). We prove and
demonstrate the success of our algorithm and compare it to a competing algorithm [Lin and
Saberi, 1992a] that was motivated by our work. We also state a generalization of our work
by Lin and Saberi [Lin and Saberi, 1992b] which combines our approach with the general
results of Sontag and Yang [Sontag and Yang, 1991] of the previous chapter.

3.1 Introduction

This work is an extension of the semi-global stabilizability results of [Byrnes and

Isidori, 1991] and [Sussmann and Kokotovic, 1991] for multi-input minimum phase nonlinear
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systems in the normal form:

7= f(méu)
§ = ¢
: (3.1)
o= U
v = & for i=1,...,m

where the state z = (1,£) € R" and f is smooth with f(0,0,0) = 0. By minimum phase it

is meant that the equilibrium point = 0 of

n= f(ﬂ,o,o)

is globally asymptotically stable.

In the works of [Byrnes and Isidori, 1991] and [Sussmann and Kokotovic, 1991],
the standard semi-global stabilization problem is to find a family of linear feedbacks (of the
states £ only) with tunable gain parameters that allows for local asymptotic stability and
regulation to the origin for any initial condition in some (arbitrarily large) a priori bounded
set. As described in [Sussmann and Kokotovic, 1991, in general such a family of general
feedbacks can fail to exists due to peaking in the linear variables. Loosely.speaking, the
linear variables can get large before they get small, inducing instability in the nonlinear
dynamics. In [Byrnes and Isidori, 1991] the problem is seen as an undesirable reduction
of the domain of asymptotic stability of the nonlinear dynamics as a result of redefining
new outputs to add linear zeros in the left-half plane and by employing high gain output
feedback to the new output.

We will be able to achieve our extension by allowing our family of feedbacks to be
possibly nonlinear, again as a function of £ only. Our primary tool will be the bounded con-
trols of chapter 2 (see also [Teel, 1992a]) to eliminate peaking when possible. As motivating
examples, we consider two very similar examples in [Byrnes and Isidori, 1991] and [Suss-
mann and Kokotovic, 1991] that serve as warnings that simple high gain linear feedbacks

will not always be able to solve the nonlinear semi-global stabilizability problem:

Example 3.1 (Example 8.2 of [Byrnes and Isidori, 1991]) Consider the system (in
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normal form (3.1))

7 = —(1-nk)n
& = & (3.2)
&£ = u

Example 3.2 (Example 1.1 of [Sussmann and Kokotovic, 1991]) Consider the sys-

tem (in normal form (3.1))

1 = —=05(1+ &)
& = & (3.3)
£ = u

Both examples are globally minimum phase. Our philosophy for semi-globally stabilizing
these systems can be summed up in the following heuristic argument that we make more
precise in the sequel. In each case, if the state £, were not a part of the system we would
choose a linear high-gain feedback function of &; alone to drive &2 exponentially to the
origin. The necessary rate of decay would be determined by the initial state of.n. In both
cases, if asymptotic regulation of £, were not crucial, it would actually be sufficient to drive
&2 exponentially to an arbitrarily small neighborhood of the origin. The rate of decay and
size of the neighborhood would be chosen based on the initial state of 7. But this allows
us to reintroduce the state &; since it can be steered to the origin with an arbitrarily small
bounded “control” &;. In summary, for both examples, we will choose to drive &; arbitrarily
fast to an arbitrarily small control that will (slowly) drive &; to zero without destabilizing
the dynamics of 7. The problem with the fully high gain approach of [Byrnes and Isidori,
1991] and [Sussmann and Kokotovic, 1991] is that they drive both &1, & rapidly to the
origin. To drive £, fast requires peaking in £&. The peaking in £, destabilizes the original
zero dynamics. However, in the examples, the rate of convergence of £, is unimportant.
One interpretation of our approach is that we are adding a (slow) asymptotically
stable nonlinear “zero” to the system by reducing the order of the linear subsystem by one.
Most importantly, the addition of this nonlinear zero still allows for asymptotic stability of

the new composite zero dynamics on arbitrarily large compact sets.

3.2 Problem Statement

We make the following definition to clarify the problem at hand:
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Definition 3.1 The system (3.1) is semi-globally stabilizable by state feedback if for any

compact set of initial conditions X there ezists a smooth state feedback

v =o(&,7) (3.4)

such that the equilibrium (0, 0) of the closed-loop system (3.1),(3.4) is locally asymptotically

stable and X is contained in the domain of attraction of (0,0).

We will focus on generating feedbacks that depend only on the linear states £. (ie. u =

a(£).)
We will be able to achieve semi-global stabilization for multi-input systems in the

following special normal form:

7 = f(mE&,, .., Er) ji€{l,...,ri +1}
g = §
(3.5)
én‘ = u
¥yi = f{ for i=1,....m

where fi.-+1 = u;. With respect to the outputs y; the system (3.5) is said to have vector
relative degree {r1,...,Tm}. We define r = r;+...+7,,. We then have £ € R" and € R*".

We make the following standard assumption:

Assumption 3.1 The equilibrium point n = 0 of the dynamics

7= f(n,0,...,0) (3.6)
ie. the zero dynamics of (3.5), are globally asymptotically stable.

The distinguishing feature of the systems in the special normal form of (3.5) is that
no more than one state in each of the m chains of integrators appears in the n dynamics.
Systems of the form (3.5) are more general than those in [Byrnes and Isidori, 1991] in that
the one state is not required to be the first state of the chain associated with ¥;, namely
€. In the terminology of [Sussmann and Kokotovic, 1991], (0,...,0) is not necessarily an

achievable sequence of peaking exponents.
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3.3 Main Results

Our general approach for nonlinear systems in the form (3.5) is to redefine the
nonlinear subsystem to include the dynamics of &i,.. .,{}i_l for i = 1,...,m and redefine
the ith output to be §; = f;'-'.. We also define the nonnegative constants 7; = r; — j; + 1. We

then have the following nonlinear system:

7.] = f(nagla-“,gm)
£ = 4
é;i—l = ?7{
5 . (3.7)
& = &
.ﬁ - u
i =& for i=1,...,m
The vector relative degree with respect to the new outputs §; is given by {71,...,7n}-

Observe that some entries of the vector relative degree may in fact be zero. Define 7 =
fi4 ...+ fm. We now have £ € R” and z € R™*. With respect to the new outputs, it
is straightforward to see that the system is not minimum phase. We are now interested
in some further output redefinition that makes the system (3.7) minimum phase at least
on.sets U = V x R"™™" where V C R*" is any arbitrarily large compact set. This will be
sufficient since we are only interested in semi-global stabilizability.

In preparation for our choice of output redefinition we establish the following result
for the system

Uj = f(ns (Pl(vlat)a-- -a(Pm(vma t))
# =
! 2 (3.8)
g = () for i=1,....m

Proposition 3.1 Assume the system (3.8) satisfies assumption 3.1. Then, given the com-
pact set V. C R"™", there ezists a positive constant vy such that for any set of controls

{vi}2, that globally stabilizes z and is such that || < v and v(0) = 0, and for any
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functions @;(-,t) such that

limioovi(2) =0 = limgeo i(vi,2) = 0
lvi| < v = |pi(vi,t)| < My

for some M > 0, the dynamics of (3.8) are asymptotically stable with basin of attraction

containing V. x R™7,

Proof. The local asymptotic stability is straightforward (see, for example, [Byrnes
and Isidori, 1991, Lemma 4.2].) To determine the basin of attraction note that any state
z € R is driven to the origin by the assumption on v(z). Now consider initial conditions
n € V. We will demonstrate that 3y such that if |v;] < vo then the trajectories of 7 remain
bounded for all ¢ > 0. Regulation to the origin then follows from the main theorem of

[Sontag, 1989] since z — 0 as t — co by assumption, vi(+) is smooth with v;(0) = 0 and
tlino‘lo %(t)=0=> tlggo e(v;,t) =0
To this end consider a smooth positive definite and proper Lyapunov function
W iR - R

such that
dW(n)- f(n,0)< 0 (3.9)

for all nonzero 7. The existence of such a Lyapunov function follows from assumption 3.1.
It then follows that

dW(n)- f(n, ¢(v,2)) < 0 (3.10)

for all ||o(v,?)|| < v(||n||) for some continuous function v that is decreasing on [1,+oc0).
(See [Sontag, 1990, Lemmas 3.1,3.2].) Now let ¢ be the largest value of W on the compact
set V and let [|n|| < R Vn € {n: W(5) < c}. Such an R exists because W is proper. Then
R and the function v together with the constant M determine a bound v, and an additional
constant L < R such that

dW(n)- f(n, ¢(v,2)) < 0 (3.11)

for all L < |7l < R and all ||v|| < vo. Now, by assumption, 7(0) € V and hence W(0) < c.
Finally, since W is decreasing whenever W = c it follows that W(t) < c for all ¢ > 0. This
in turn implies ||7(¢)|| < Rforallt > 0. O
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Remark. It is well known that such bounded controls v; exist since any finite
length chain of integrators can be globally stabilized with an arbitrarily small control.
(see chapter 2, [Schmitendorf and Barmish, 1980}, [Sontag and Sussmann, 1990], or [Teel,
1992a).)

We could now proceed with a standard output definition procedure choosing new

outputs as
¥ = i — vi(2")

In this case, the zero output dynamics would be given by (3.8) with ¢;(v;,t) = v;. The
drawback to this choice is that the procedure to generate the closed loop control involves
repeated differentiation of the necessarily complicated (see [Sussmann and Yang, 1991])
bounded controls v;. Instead we choose a procedure that avoids this repeated differentia-
tion. (This type of procedure has also been used with success in [Teel, 1992b] for certain
stabilization problems when the system is not initially minimum phase.) The outputs
chosen will depend on the feedback gains used and so will be saved for the last step.

We begin by choosing a high-gain feedback law to stabilize the dynamics of £ in
(3.7). We also include the small bounded control v which will be instrumental in stabilizing

the zero dynamics. We choose
ui = —KTie 58 — o = Keinft + Koo, (3.12)

where v;(-) will be specified and K > 0.
Next, we make a linear coordinate change to move v; so that it directly controls

the z* states. To do so, we begin by defining

G = paerdl (3.13)
Then the dynamics for (* are
4 = kG
: (3.14)
o= K(—ciiCi—...— i1t +v)
Recalling that P

= =8=( (3.15)
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we define
Fio1 = Gz + %(Ci,f—lq +ooteiaGio + ¢) (3.16)
It can then be shown that
%z}i_l = (3.17)

Likewise, we define Z,‘; for k =1,...,7; — 2 such that

d i _ 5

7ok = Fen (3.18)
It is straightforward to show that this can be done in a way such that the transformation
between ({?, z*) and (¥, 7) is invertible.

We are now ready to define the appropriate outputs. To do so, we denote by A;

the controllable canonical form matrix associated with the Hurwitz polynomial
s"'l’ + ci,lsi‘-‘-l + cee + c'-ﬂ-,i (3.19)
We also let C; € R1*fi and B; € R™*! be such that

C: = [10-"0]

T (3.20)
Bi = [ 00 ---1 ]
Then we define the ith output to be
7 = Cief4t¢Y(0) (3.21)
Observe that )
@) =& = ¢
= §5i(t) + [ CieKAt=-") K Bvy(r)dr (3.22)
= 5i(t) + wi(vi,t)
Finally, we have the nonlinear system
7-7 = f(ﬂ, Y + (Pi(via t))
=1 =t
s = 5
5 ;
=1 . (3.23)
1 = KG

G = K(—cigCi—...—ciaCi+v)
% = CieKA-'fgi(o) for i=1,...,m
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To check the minimum phase property we must examine the system

7 = f(nei(vi,t))

H = 4

! ? (3.24)
'.2.‘1:&-1 = U

It is easy to show from (3.22) that the functions ¢; satisfy the requirements of proposition
3.1 with the constant M independent of the choice of K. Further, it is important to note
that K can be chosen to drive the outputs #; to zero exponentially with an arbitrarily fast

rate of decay without exhibiting peaking. We then have the following results.

Theorem 3.1 Assume the system (3.5) satisfies assumption 3.1. Then the system (3.5 )
is semi-globally stabilized by the family of feedbacks (3.12). That is, (3.12) locally asymp-
totically stabilizes (3.5) and for any compact set X of the state space (7, &) there ezists a
Kx > 0 and vx > 0 such that, for all K > Kx and all globally asymptotically stabilizing
v(2) such that ||v(2)|| < vx, the basin of attraction for the closed-loop system (3.5),(3.12)

contains X.

Proof. The proof of this theorem follows from the proof of [Byrnes and Isidori,
1991, Theorem 7.2] together with proposition 3.1. Following the proof of Theorem 7.2 in
[Byrnes and Isidori, 1991], we can show that it is possible to choose X in (3.23) large enough
such that the trajectories of 7, z with exponentially decaying inputs converge to trajectories
of the undriven 7, Z dynamics that take initial conditions in some compact set X determined
by X. Then applying proposition 3.1, given X, there exists vy sufficiently small such that
if v is chosen with |[v(2)|| < vo, all trajectories of 7, 2 that originate in the compact set X
are driven to zero. Finally, the states { converge to zero since they are the states of a linear
system driven by bounded inputs that converge to zero. O

It is possible to slightly weaken the compact set restriction since the dynamics of

Z are autonomous and globally asymptotically stable.

Corollary 3.1 Assume the system (3.5) satisfies assumption 8.1. Then the feedbacks (3.12)
locally asymptotically stabilizes the origin of (3.5 ) and, for all initial conditions in the set
Y = X, x R"F x X¢ where X, C R*" is compact and X¢ C R™ is compact, there ezists
Ky > 0 and vy > 0 such that, for all K > Ky and all v(z) such that ||v(2)|| < vy, the
basin of attraction for the closed-loop system (3. 5),(3.12) contains Y.
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3.4 Examples

We return now to examples 3.1 and 3.2. Both examples have essentially the same
structure and are solved by the same family of feedbacks. To describe this class of feedbacks

we define the smooth function o : R — R by

sa(s) > 0 for s#0

() < v (3:25)

The semi-global stabilization problem for examples 3.1 and 3.2 are then solved by
the family of feedbacks

u=—K[+0({+ '11?52)] (3.26)

parametrized by K,v > 0.

We give one further example to demonstrate the methods when j = 7 + 1.

Example 3.3 Consider the single-input system (in normal form (3.1))

o= -n+nu
& = & A (3.27)
5.2 = u

Given n € V where V C R compact, the family of feedbacks is specified by

v=—o(c1é1 + c262) (3.28)

where ¢, and c; are chosen such that the dynamics of &;,£; are globally asymptotically

stable and where v is chosen such that
n>ntv (3.29)

forallpe V.

3.5 Mention of Subsequent Results

An alternative approach to solving the semi-global stabilization problem for sys-
tems in the special normal form of (3.5) has subsequently been proposed in [Lin and Saberi,
1992a). In this work the authors proposed a fully linear solution by implementing very low
gain feedback to replace the bounded controls. The big selling point is that it is a linear
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solution that requires only one tuning parameter. (The time constant of the slow dynamics
is the inverse of the time constant of the fast dynamics.) The most obvious drawback to
this approach is that the convergence rate of the slow dynamics disappears as the size of the
compact set grows. This is contrasted with the nonlinear, bounded control approach where
arbitrary convergence in the tail can be achieved. In fact, we can use the methodology of
chapter 2 to tune the transient performance as well as the convergence in the tail.

On the other hand, in [Lin and Saberi, 1992b] these same authors recognized the
equation (3.7) to be a special case of a cascade of an asymptotically stable nonlinear system
with a right-invertible linear system with invariant zeros in the closed left-half plane. For
(3.7) the zeros are all located at s = 0. They then applied the general bounded control
results of [Sontag and Yang, 1991], which were mentioned in chapter 2, to achieve semi-
global stabilization for all such cascaded systems.

One further way to view all of these developments is to return to the original normal
form [Byrnes and Isidori, 1991] (where the nonlinear dynamics were driven exclusively by
the states at the top of the intergrator chains.) By this we mean that we would now consider
the invariant zeros of the linear system in the cascade to be part of the nonlinear system.
With the results of this chapter and the ideas of [Lin and Saberi, 1992b] we see that the
minimum phase assumption of [Byrnes and Isidori, 1991] can be weakened. In fact, all
that is required of the # dynamics is that they can be asymptotically stabilized with an
arbitrarily small control. Unfortunately, this is a difficult condition to check except for
the cases considered in this chapter and in [Lin and Saberi, 1992b]. Further, under these
circumstances, semi-global stabilization will require explicit knowledge of the normal form

and (bounded) feedback of (some) of the 7 states.
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Chapter 4

Using Saturation to Stabilize a
Class of Single-Input
Non-minimum Phase Nonlinear

Systems

In this chapter, we use the nested saturation technology of cha.ptei' 1 to globally
and semi-globally stabilize nonlinear systems that are not feedback linearizable and not
minimum phase. We solve the global and semi-global stabilization problem for systems

that apparently had no previous solution.

4.1 Introduction

~ We will consider partially linear single-input composite systems of the form

n = f (777 2, U, t)
5 = z
! 2 (4.1)
Zn = u
where 7 € R? and f is smooth with £(0,0,0,%) = 0 for all ¢ > ¢,.
Interest in such systems has been driven by input-output linearization theory
(Isidori, 1989] which allows partial linearization for systems that cannot be full-state lin-
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earized. There have been many recent global stabilization results for such composite systems
( [Byrnes et al., 1991], [Kokotovic and Sussmann, 1989)], [Marino, 1988), [Praly et al., 1991),
[Saberi et al., 1990], [Sastry and Isidori, 1989], [Sontag, 1989], [Sussmann and Kokotovic,
1991]). In general these results either assume that the nonlinear subsystem is zero-input
asymptotically stable or that f depends only on 7 and 2;. In the latter case it is also assumed
that a smooth “input” z; is known which globally stabilizes the nonlinear subsystem.

The approach presented in this chapter aims at globally (semi-globally) stabilizing
a subclass of systems described by (4.1) where the nonlinear subsystem is not zero-input
asymptotically stable and where f can depend on the complete state vector z as well as
the input u. We will rely heavily on the “converging input bounded state” property of
[Sontag, 1989] and incorporate the recent result for stabilizing a (linear) chain of integrators
with bounded controls described in chapter 2 (see also [Teel, 1992a]) to achieve nonlinear
stabilization. Interestingly, our design will provide intuition for determining coordinates and
a feedback that yield a composite system of the form (4.1) where the nonlinear subsystem
is zero-input globally asymptotically stable. More importantly, the approach outlined here
Adépends only on the general properties of the nonlinear terms and not on their explicit form.
- Consequently, our approach is robust in the presence of -a. class of unmodeled noilinear terms
and in the presence of unknown (possibly time-varying) bounded parameters.

The assumptions we impose are not generic, but do allow us to handle systems that
do not satisfy the conditions of existing methods. In this sense, our method presents a spe-
cialized tool intended to complement other existing methods in the nonlinear stabilization
toolbox.

Section 4.2 begins this chapter by describing our algorithm for a special subclass of
systems known as feedforward systems. We defer to an appendix discussion about geometric
conditions for generating this form. In section 4.3 we describe the general class of systems
for which our algorithm is applicable. Section 4.3.1 will define the general concepts used to
expand the result and will review the work of [Sontag, 1989] as it applies to our problem.
In section 4.3.2 we state our main results for global stabilization. The proof is also deferred
to an appendix. Section 4.3.3 contains our main results for semi-global stabilizability.
Finally, in section 4.4 we provide examples for both global and semi-global stabilization. In
the global case, we show that our algorithm provides a solution to a previously unsolved
benchmark problem [Kokotovic et al., 1991]. In the semi-global case, we show that our
algorithm provides a solution to the popular “ball and beam” example [Hauser et al., 1992).
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To our knowledge, the only existing stabilizing solutions to this problem were local in

nature.

4.2 Feedforward Systems

To prepare for our general result, we begin by considering a special class of systems

for which the proof of our result is straightforward. We consider systems of the form:

3.’1 = 22+ f1(32’x33 coeyn, 'll,t)
Za = 23+ fo(zsy...,Tn,u,t
2 . f2( ) n ) (42)

T, = u+ fo(u,t)

where we require the functions f;’s to be continuous and
fi(@it1s- 0y Tnyu,t) = O(z,u)? i=1,...,n

The notation O(z,u)? is used to refer to functions that contain terms which are quadratic
and higher in (z,u). Because of this condition, together with the structure of (4.2), which
is in direct contrast to the feedback systems of [Kanellakopoulos et al., 1991], we call these
systems higher order feedforward systems. These systems, in general, are not feedback
linearizable. For a discussion of geometric conditions for generating this normal form, see
appendix section 4.6.1.

Our nonlinear global stabilizability results rely on a recent linear result for stabi-
lizing a chain of integrators using nested saturation functions with linear arguments [Teel,
1992a). To that end, we repeat definition 2.1:

Definition 4.1 Given two constants § and € satisfying 0 < § < ¢, a function o : R — R is

said to be a linear saturation if it is a continuous, nondecreasing function satisfying
1. o(s) = s when |s| < §
2. lo(s)| < € for all s € R.

The proof of the following theorem will be constructive, yielding a globally stabi-

lizing control law.
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Theorem 4.1 (Feedforward Stabilizability) There ezist linear functions T; : R* — R

fori=1,...,n and a set of linear saturations {o;}"_, such that the control

¢ = =0n(Ta(2) + On-1(Ta-a(2) + -+ + 01(Ta(2))) - )
globally asymptotically stabilizes the origin of (4.2).

Proof. The proof is very much like the proof of theorem 2.3 in chapter 2. We
begin by considering the linear coordinate transformation y = Tz which transforms the

Jacobian linearization of (4.2) into § = Ay + Bu where A and B are given by

0 1 1
. . . - 1
A=~ ) C B=|: (4.3)
0 .-- 0 1
1
L 0 © 0]

The matrix T is upper triangular and hence T-! is upper triangular. The ith row of the
matrix T defines the linear function 7; and y; = T;z. In transformed coordinates the system

. (4.2) is given by

% = Yttt + LTS (4.4)
= yi+1+'°'+yn+U+<Pi(y£+1,---,!lmu,t)

where @;(Yit1,. .., ¥n, %, t) = O(y, u)? and is continuous. The functional dependence of ¢;
follows from the triangular structure of T' and the functional dependence of f

We now show that a set of linear saturations can be chosen such that the control

U= —0,(Yn + On-1(Yn-1+ -+ 0'1(?!1)) e ) (4.5)

globally asymptotically stabilizes the origin of (4.2). We begin by considering the evolution
of the state y, determined by

Un = v+ @n(u,t) (4.6)

Consider the Lyapunov function V,, = y2 where the derivative of V, is given by

-

Va = =24n[on(yn + on-1(-)) — @n(n,1)] (4.7)
Since ¢n = O(u)?, we have, for ¢, sufficiently small,

Iul e => I‘Pn(u’ t)l < Cﬂeizl
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for some positive constant C, which does not depend on ¢,,. We then choose ¢, (and hence
0y ) sufficiently small such that

%" - Cnét >0

and then, given §,, we require that ¢,_; be chosen such that

€n-1 < ‘Zﬂ

With these bounds and using (4.7), we can show that V,, < 0 for all Un € Qn = {¥n:lyn| <
3—2‘*}. In fact, V is negative and bounded away from zero since 6, and €,—; are constants.
Consequently, y, enters @, in finite time and remains in Q,, thereafter. Furthermore, after

Yn has entered Q,, the argument of o, is bounded by
' 365,
4
Consequently, after y, enters @, 0, operates in its linear region. At this point, for 6, (and

Iyn + an—l(')l < +ée1 < 6n

hence |ya|) sufficiently small, the dynamics of y, are of an exponentially stable nonlinear
system perturbed by an input of magnitude bounded by ¢,_;. A converse Lyapunov ar-
gument can then be used to show that, for €,_; sufficiently small, there exists some finite
time 7, such that |y,(t)| < anen—1 and |u(t)| € anén—y for some a, > 0 and for all £ > 7,,.

Now consider the evolution of the state Yn—1. First, since ¢, is continuous and
Yn and u are bounded for all time, y,—, remains bounded for any finite time. After the

finite time 7,,, since o, is now linear, the evolution of y,_; is given by
Yn-1 = Untu+ ‘Pn—l(ym u, t)
= —Un-l(yn—l + 0n—2(')) + Son-—l(ym u, t)

Now the same argument as for y, can be used to show that, for €,—; and €,_; sufficiently

(4.8)

small, there exists some finite time 7,_; such that

Iy'u—l (t)l < Gp-1€p—2
lya()] < n-16n-2
lu(t)] <

for some a,_; > 0 and for all ¢ > 7,,_,. In fact, this procedure can be continued until, after

Un—-1€pn-2

some finite time 71, we are left with the system

N = =n+e1(y2, .. Yn,u,t)

U2 = -y + (P2(y3a ceesYns u7t) (4.9)

In = = —"’-yn'*"Pn(ust)
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Since ¢; = O(y, u)? is higher order, and the Jacobian linearization is exponentially stable,

for € (and hence ||y(r1)||) sufficiently small, we have exponential convergence to the origin.
a

4.3 General Results

4.3.1 .Preliminaries

The results of the previous section can be extended for two reasons. First, con-
cerning the ¢;’s, the important property was that ¢; = O(yi41,. . ., Yn, 2)%. If this property
can be retained while allowing ¢; to depend on other states, the results will still hold.

Consequently, we make the following definition:

Definition 4.2 A function g : R* x R™ — R denoted g(v, w) is said to be higher order in

w uniformly in v if 3 positive constants €,,C such that Ve < €.,

llwl| < €= |g(v,w)| < Ce* Vv eR"

- Secondly, regarding the class of saturation functions we are using, we could use the more
restrictive class of saturations given in definition 2.2 and take advantage of the fact that
outside of some neighborhood of the origin o is constant. For example, this property would
cause the extremal value of 0;_; to serve as a temporary, attractive set point for the state
y; that is held by keeping the states y;41,...,¥, and the input u identically zero. We can
exploit this property to ensure that y;_; remains bounded for finite time while allowing even

more complicated functional dependence in ¢;_;. To prepare for this we repeat definition
2.2:

Definition 4.3 Given two positive constants delta and ¢ satisfying 06 < € a function o :

R — R is said to be a simple linear saturation if it is a continuous, nondecreasing function

satisfying
1. 0(s)=s when |s| < 6
2. s[o(s)—s] >0 when |s| < ¢

3. |o(s)| = € when |s| > e.
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Next recall the “converging input bounded state” results of [Sontag, 1989] extended to allow
for certain time-varying dynamics.

Consider a finite-dimensional composite nonlinear system

0= f(n,z,t) (4.10)

i = g(z,1) (4.11)

where f and g are smooth and f(0,0,¢) = 0 and g(0,t)=0 for all ¢ > t,. Assume the

composite system has the following properties:

Property 4.1 The equilibrium point n = 0 of

n= f(naoat)

is uniformly globally asymptotically stable.

Property 4.2 The equilibrium z = 0 of (4.11) is uniformly globally asymptotically stable
and locally ezponentially stable.

Property 4.3 For each bounded “control” z(-) on [tg,00) with an exponentially decaying
tail (i.e. 31 > to, a > 0 such that ||z(2)]|| < e=*¢=7) for all t > 7) and for each initial state
T, the solution of (4.10) with 1(to) = o ezists for all t > to and is bounded uniformly in
1o,

Under these conditions there is the following result:

Theorem 4.2 ([Sontag, 1989]) If properties 4.1, 4.2 and 4.3 are satisfied then the equi-
librium (0,0) of (4.10),(4.11) is globally asymptotically stable.

4.3.2 Global Results -

We now apply the approach of section 4.2 to single-input non-minimum phase
nonlinear systems of the form
7 = f(fizu,t)
2 = 22
(4.12)

2, = U
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where 7 € R and f is continuous with £(0,0,0,2) = 0 for all ¢ > t,.
The systems of this form that we globally stabilize are specified by two assump-

tions. First we decompose the state vector 7:
1‘] =
T

= f(ﬂ,z, 2,u, t)
= g(TI, z,=z, uat)

where 7 € R* and z € R™. We write

(4.13)

The n dynamics will correspond to the typical, zero-input asymptotically stable nonlinear
subsystem. The z dynamics will correspond to a system very similar to the higher order
feedforward systems of the previous section. It is these dynamics that make the composite

system non-minimum phase. To be more precise, we make the following assumptions:

Assumption 4.1 The dynamics of

0= f(n,z,z,u,1) (4.14)
with z(-),z(-),u(-) considered as “controls” satisfy property 4.1 and property 4.3.
Assumption 4.2 The dynamics of = have the form

z; = gi(m 2, z,u,t) = zip1 + hi(n, 2, 2,u,1) (4.15)
fori=1,...,m (Tmy1 := 21) where
1. h; is higher order in z;,..., 2y, z,u uniformly in n,24,...,%;—1,1.
2. hi(mz1y. .05 2i41,0,...,0,8) = A + h! where

(a) h{ is higher order in z;y, uniformly in n,zy,...,2;,t
(b) z:h? <0 for all g, zq,...,zi41, 1.
3. 3¢, > 0 such that
hi(n’xls'“azi—hxia Oa- --aOat) =0

for all z; satisfying |z;| < e,.
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4. For each finite ¢ > 0, Je;, > 0 such that for all ¢; < ¢, the dynamics of z; sat-
isfy property 4.3 with [coi(2:) + it1],Tit2s.-+rTm, 2,u as “controls” uniformly in

N, &1,...,%;,t. The function o; is a simple saturation with positive constants &;, €;.

Remarks.

1. Feedforward systems are a special class of systems that satisfy this assumption. For

other examples, see section 4.4.

2. The most difficult requirement to check in the above assumption is point 4. Sufficient

conditions to guarantee point 4 is satisfied are either

(a) The dynamics of z; have the “bounded input bounded state” property uniformly
in 7,21,...,2i-1,t OF
(b) h; defined by
hi = hin,z,z,u,t)—
hi(n, 21, ..., 2 —c0y,0,...,0,1)
can be bounded as
Rl < 81(1€1) + &2(1¢])led

where ( = (cOi 4 Tig1,Zit2s+ -2 Tm,y 2, u)T and x;(-) are strictly increasing func-
tions such that «;(0) = 0 and for some &, €, > 0 &;(€) < ke for 0 < € < ¢,.

The latter requirement follows from a simple application of the Bellman-Gronwall

lemma.

Theorem 4.3 If assumptions 4.1 and 4.2 are satisfied, then there ezists a control of the
form
v = Kz—0n(Ta(z,2)+ om-1(Tm-1(z, 2)+
4 o(Ty(2,2))) )
which globally asymptotically stabilizes the origin of (4.12) where o; satisfies definition 4.2,

T; is a linear function and the gains K are the coefficients of a Hurwitz polynomial.

Proof. See appendix section 4.6.2.

Remarks.
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1. T; is the ith row of invertible matrix that transforms the coordinates (z, z) into (y, 2)

where, in the transformed coordinates and subject to the control « = Kz + v, the new

BEEIHEMI

where A and B are given by (4.3), Ax is the canonical Hurwitz matrix associated

dynamics are

with the gains K and B, is in controllable canonical form.

2. An easy consequence of this theorem is that the system (4.12) can be globally stabilized
using a bounded control. This follows by simply redefining the dynamics of z to include

the dynamics of z.

4.3.3 Semi-global Results

For the global results of section 4.3.2 we have ruled out unbounded dependence on
Z1,...,%i-1 in the &; equation. However, if we employ the second bounded control strategy
of chapter 2 which stabilizes two states at a time rather than just one we can slightly weaken
this requirement. In doing so, we replace global stabilizability by semi-global stabilizability.
By semi-global stabilizability we mean that, gfven initial conditions in a compact set X, we
can find a control that renders the origin of (4.12) locally asymptotically stable and with
basin of attraction that contains X. For a precise definition, see definition 3.1.

We replace assumption 4.2 by the following (recursive) assumption:
Assumption 4.3 Let i = m and consider the dynamics of z;:
1. if assumption 4.2 holds then let i = i — 1,
2. otherwise, the dynamics of z;_,,z; have the form

ii—l = xi+hi—l(n,x721 uat)

. (4.16)
& = zip+ hi(n, 2, z,u,1)
where for j =i—1,4
(G) IhJ - h'J(na Tiyeeer Tit1,0,...,0, t)l < (Imi—ll + lzil + l)ll_l'.’ll
where ’-Zj is continuous and higher order in z;,3,...,%m, 2,1 for bounded x4,

uniformly in n,zq,..., ;1.
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(6) i lhici(m 21,y @ig1, 0,00, 0,8)] < (J2i] + 1) Ric]
where h;_, is continuous and higher order in z;4, uniformly inn,z,,...,z;,t.

i. hi(n,T1,...,2i41,0,...,0,t) depends only on ;. and is higher order.
(c) Jeo > 0 such that
hi(n, 1. .., %i-1,0,...,0,8) = 0

for all z;_, satisfying |zi—1| < €.

Leti=1-2.
Theorem 4.4 If assumptions 4.1 and 4.3 are satisfied, then there exists a family of control
laws of the form

v = Kz—o0on(Tn(z,2)+ om-j(Tn-j(z,2)+
o+ o1(Ti(z,2))) -+ )

which semi-globally stabilizes the origin of (4.12) where o; satisfies definition 4.2, T; is a

linear function and the gains K are the coefficients of a Hurwitz polynomial.

Proof. See appendix section 4.6.3.

Remarks.
L. In the control, j = 1 if point 1 of assumption 4.3 holds for i = m. Otherwise j = 2.

2. The family of semi-globally stabilizing control laws is parameterized by the absolute

bounds ¢; on the simple linear saturations o;.

3. Again, the system (4.12) can be semi-globally stabilized with a bounded control by

redefining the dynamics of z to include the dynamics of z as well.

4.4 Examples

4.4.1 Global stabilizability
Example 4.1 Our first example is the system

& = zo+0(t)z3
&y = z3 (4.17)

5:3='u,
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This system can be globally stabilized, using the methods of [Kokotovic and Sussmann,
1989], [Praly et al., 1991], [Sontag, 1989] for example, in the case where the constant
parameter @ is known. In the case where the parameter 8 is fixed but unknown, this system
can be locally stabilized using the adaptive method of [Kanellakopoulos et al., 1991). On
the other hand, our method is able to yield global asymptotic stability in the presence of
an unknown parameter § which can be time-varying as long as a bound on |#(2)| is known.

Accordingly, assume |#(¢)| < K. In the notation of section 4.3.2, we have
hy = O(t)z2
and, hence, assumption 4.2 is satisfied. We choose
*U=—-To—23+7

where v will be specified to stabilize z;. We form the coordinate transformation

hh = T1+2z2+73
Y2 = T2
Ys = 23
and we let v = —0o(y;) where o is a linear saturation for some ¢, 6. This yields the closed
loop dynamics ’
o= —o(n)+6()y3
2 = Y3
U3 = —w2-y—o(y)

We see that the states y;, y3 have a bound proportional to € after some finite time T since o
is bounded by e. Further we see that y; is bounded for all finite time since its derivative is
bounded for all time. Next, we see that we can pick € small enough such that o dominates
6(t)y2 for all t > 7. Hence, eventually o enters and remains in its linear region. Finally, if € is
small enough, all the states are close enough to the origin so that the exponential stability

of the linear approximation dominates the higher order terms and we have exponential
stability.

Example 4.2 This example has been mentioned in recent work as an unsolved problem,
both in the adaptive and known parameter context (see [Kokotovic et al., 1991).)

5:1 = 27+ 0(t)$§

:ig = I3 (4.18)

:i:3=u
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Again we allow # to be time dependent but we will restrict it such that |6(z)] < K. In the

notation of section 4.3.2, we have
hl = B(t)xg

and assumption 4.2 is satisfied. The control is constructed in the same manner as in the
previous example. We choose

U= —~To—23+7

where v will be specified to stabilize z;. We form the coordinate transformation

N = T1+22+23
Y2 = T2
Ys = 3
Then we let v = —o(y1) where ¢ is a linear saturation for some ¢, .

Remarks.

1. With € constant, the above example fails the well-known involutivity condition that
is required for the system to be full-state linearizable. However, it is interesting to

note that with the output

h(z) = 23+ 22 + o (21 + z2)
the system is relative degree one with zero dynamics given by
&1 = 2y 4022 + o(2) + z2))?
T3 = —29-—o0(z) + z3)
In the coordinates y; = z; + =32,y = 7, these dynamics are given by
o= —o(n)+8y+o(n)?
¥2 = -y2-o(yn)
But we have shown that this system is globally asymptotically stable if o is a simple

saturation with sufficiently small 4, €.

2. It should also be noted that this system can be globally stabilized with the bounded

control
u = —0a3(z3 + 02(22 + 3 + 01(21 + 222 + 23)))

with each o; a simple saturation and ¢, §; chosen appropriately.



54

Example 4.3 We add to the complexity of the previous example by adding nonlinear terms
and an extra dimension. This is done to illustrate the kind of nonlinearities that are allowed

by assumption 4.2.

&1 = sin(z;)— 2123 + 7,73 cos(u)

g2 = z3+ 0(t)z3 + sin(21t)zde* + u? (4.19)
T3 = 24

534 = U

In the notation of section 4.3.2, we have

hi = (sin(z3) — ;) — 2122 + 2,23 cos(u)

hy = 6(t)z2 + sin(z,t)zde* + u?
Since [0(t)] < K and |sin(z;t)| < 1, it is obvious that h, is higher order in z,,23,z4,u
uniformly in #,?. Likewise h; is higher order in z;, 23, 3, Z4, % uniformly in ¢.

For point 2 of assumption 4.2,
ha(z1, z2,23,0,0,t) = sin(z1t)z3
h1(z1,22,0,0,0,t) = (sin(zq)— 23) — 2,23
For h,, hg = 0 and A§ is higher order in z3 uniformly in z;,z3,%. For Ay, h’{ = —z;22 and
hence :z:lh‘{ < 0 for all z,,%. Also h{ is higher order in z5 uniformly in z;,t..
For point 3 of assumption 4.2,
ha(21,22,0,0,0,2) = 0
h1(24,0,0,0,0,¢) = 0
And finally, for point 4 of assumption 4.2, both k; and h; satisfy point (b) of the
second remark after assumption 4.2.
We choose

U=—2T3—2T4+7
We form the coordinate transformation

N = 21+222+ 223+ 24

Y2 = T2+ T3+ 24
Y3 = 3
Ya = Z4
Then v = —02(y2 + 01(y1)) where o; is a simple linear saturation for some €;, 0; sufficiently

small.
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Figure 4.1: Ball position and velocity

4.4.2 Semi-global stabilizability: the “ball and beam” example

Finally, we present a physical example to demonstrate the semi-global result.

Example 4.4 (“ball and beam”) The dynamics for the “ball and beam” were derived

in [Hauser et al., 1992]. After a globally invertible nonlinear transformation between torque

and angular acceleration we have
T
E2
T3

Z4

T2
—G'sin(z3) + 2122 (4.20)
T4

u

where z; is the ball position, z; is the ball velocity, z3 is the beam angle, and z4 is the

beam angular velocity. In the notation of section 4.3.3, we have

h1=
hy =

0

G(z3 — sin(z3)) + 7,22

Assumption 4.3.2 is satisfied for hq, ho. We choose

U =—4z3—4x4+ v
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Figure 4.2: Beam angle and angular velocity

We form the coordinate transformation

y o= —Fo1— Swa+ 523+ 24
Y2 = —gaatdesta,
Ys = Z3
Ya = 24
Then v = —o(y1 + y2) where o is a simple linear saturation for some ¢,6. The value of

€, which parametrizes the family of semi-globally stabilizing control laws, will be inversely
proportional to the bound on the set of initial conditions. To demonstrate the capability of
such a control law we present, in figures 4.1 and 4.2, simulation results starting the beam
at a 90° angle and the ball at a position below the pivot of the beam. The function o was
chosen to be C° with § = ¢ = 1.

4.5 Conclusion

We have proposed a globally (semi-globally) stabilizing control approach for a class
of single-input nonlinear systems that is especially useful for systems that cannot be globally
full-state linearized. We employ saturation functions to systematically drive the state to

the origin. In certain instances our control approach can be used to globally (semi-globally)
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stabilize a nonlinear system using a bounded control. An important feature of our approach
is that it is robust to unknown (possibly time-varying) parameters as well as unmodeled

nonlinear perturbations that satisfy certain general properties.

4.6 Appendix

4.6.1 Geometric Conditions for feedforward forms

We will use this section to discuss geometric conditions for transforming a general
single-input, nonlinear system into a feedforward system. Typically, the first thing that
is done when transforming a system into a chain of integrators with perturbations is to
decompose the nonlinear system into a piece that is feedback linearizable and a perturbation
piece. (For example, see references on pure feedback systems; [Kanellakopoulos et al., 1991],
[Akhrif and Blankenship, 1988], and [Marino and Tomei, 1991).) We will proceed along
these lines. (Finding condition that are not decomposition dependent is, as far as we know,
an open problem.)

We will use the following example to show that the required decomposition is not
always the naive decomposition. Also, we will show that the procedure is more delicate

than a transformation to a pure feedback system.

Example 4.5 Consider the system

&1 = z2+z1+ (21 + 22 + 23)2
Iy = 2
2 3 (4.21)
5:3 = T4
j}4 = U

It is easy to check that this system is not feedback linearizable. Can this system be trans-

formed into a feedforward system? We propose the following feedback and coordinate

transformation:
Q1 =
20 = 2o+ 2
2 2T (4.22)
23 = zz3tz242 _
24 = T4+ 23+ 22+ 21+ (21 + 22 + 23)?
and

U= —24—22324+ (4.23)
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In the new coordinates we have
2

21 = 2+ 23

Z = 23423 (4.24)
2:'3 = 24 .

24 = v

Hence, we have successfully transformed the system into feedforward form. We have done

so by first decomposing the original nonlinear system as

zo+ 2

(4.25)
Z4 + (21 + 22 + 23)°

0

0
3 0
0
1

and _
(z1 + 22 + 23)? 0
0 0
Af = Ag =
—(z1 + 22 + 23)? 0

0 0

The second step was to pick an output function that leads to a linearizing transformation

(4.26)

for the unperturbed system (f, g). We chose h(z) = z;. It needs to be pointed out that this
choice is a very delicate one. In fact, any function h(z,) with dh # 0 can be used to exactly
linearized the unperturbed system. In general, however, these output function choices will
not lead to coordinates in which the system is a feedforward system. This problem is not
encountered in transforming to pure feedback systems because of the triangular feedback
structure.

As this discussion indicates, it is not trivial to find a useful decomposition of the
vector fields or the right output function on which to base a coordinate transformation. We
will not address these limitations here. Instead we will assume that a decomposition and
output function have been chosen, and we will give conditions to test whether the system
can be transformed into feedforward form.

Consider a single-input nonlinear system
= F(z,u,t) (4.27)
where z € R". We assume the system has been decomposed as

¢ = f(z) + g(z)u+ Af(z,u,1) (4.28)
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where the vector fields f, g satisfy conditions for exact feedback linearization. Further we

assume that an output function h(z) has been chosen which has relative degree n. We

assume that the linearizing feedback defined by
u = a(z) + Az)v

where

a(a:) = —mL?h(&:)

= —1
A=) = L7 h(z)

is applied to (4.28). This yields the closed-loop system
& = f(2) +§(e)o+ Af(z,v,1)

where

f=f+ga
g=98
Af(z,v,t) = Af(z, a(z) + B(z)v,1)

We now define the following codistributions:
Q= span{dL} h,. .., dL’}"h}
for i = 1;...,n. Further, we define the following distributions
G' = {v e R": (w*,v) = 0,Yu" € Q')
(ie., the annihilator of Qf.) We then have the following result.

Theorem 4.5 If
[Af,X]eG* VX eG

then in the coordinates
z1=h(z), zp=Lsh(z), ..., 2, = L?‘lh(z)
the system (4.28) has the feedforward form of (4.2).

Proof. In coordinates

Qi = span{dzm ooy dzn—"}

(4.29)

(4.30)

(4.31)

(4.32)

(4.33)

(4.34)

(4.35)

(4.36)



Hence, in coordinates

G = span{a% 9 }

1 Ozaica
Therefore, condition (4.34) is equivalent to the condition
: 0 0 0
[Af, (9_z,] € span{-a;, SR¥ }
for i = 1,...,n. This implies that

( fi(z2y. .05 20,0,1) )
fa(zay . ooy 20, 0,)
Af(¢7H(2) = :
. frn=1(2n,v,1)

\  fHet)

a

4.6.2 Proof of theorem 4.3
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(4.37)

(4.38)

(4.39)

The proof is constructive and divides into three major parts. First we develop a

convenient linear coordinate change that will simplify our analysis. Then we develop how

the conditions of assumption 4.2 translate in the new coordinates. Finally, we show how

these conditions allow for a globally stabilizing control law.

Coordinate change

Our first step in developing our coordinate change is to choose the input as z =

K2z + v where the gains K are the coefficients of a Hurwitz polynomial. We then have

= f(ﬂ,fv,Z,u,t)
= g(na z,z, 'U.,t)
z = Az+ Bv
where ) -
0 1 0 0
[0
A= 0 B=
0
0 0 1
| 1 + kn ]

(4.40)

(4.41)
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The additional control v will be bounded and chosen to stabilize the z states. We proceed

to make a linear coordinate change to achieve a convenient form for our approach. We

choose
7 =17
§ = Te+Tz (4.42)
zZ = z

where T} and T; are constructed below. For purposes of compact notation, we employ the

following selection operators:

Si : R™n" LRe

Si(w) = [wiy..., ‘wg.|.n_1]T

P, : R™M™ LR
P(w) = w;
S; is defined for ¢ = 1,...,m and P, is defined for i = 1,...,m + n. Both operate on the
concatenation of z and 2:

W= [zT’ zT]T

We choose §j to have the following recursive construction:

gm = —KSzm('U)) + Pm+n('U))
Im—1 = Um— KSm_1(w)+ Ppyn-1(w)

i = Jo— KS1(w)+ Prja(w)

It is apparent from this construction that T} has the form
B [ 1k o+ e x
0 .o il 0 ot
Ty = ] T = . (4.43)
Do e, : .
| 0 o 0 —ky | |0 e 00 =1/ky |

(T is invertible because k; < 0 for A to be Hurwitz.) In the new coordinates, the dynamics

of (4.40) are given by

7.7 = f—(ﬁ’Tl—l(g - T2§)7 z, uat)
] §(7, 9, 2, u, t) (4.44)
3 = Az + Bv
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It is obvious that the dynamics of 7) satisfy assumption 4.1 with §(-), 2(-), u(-) as “controls”.

For the dynamics of § we have

Y = gi(ﬁa ga 2’ u, t)
§i+1 + e + gm + v + Z;';; Tl.'jhj(ﬁa Tl_l (37 - T22)’ Ea u, t) (4'45)
= gi+1+"'+:‘7m+v+ﬁi(ﬁsga2au$t)

We proceed to determine the relevant properties of A;.

Properties of Perturbation Terms
Define §,+1 = —k;%,. The following properties of A; follow from assumption 4.2:
1. h; is higher order in §;,. .., §im, Z, u uniformly in 4, §y,..., §i—1,t
2. hi(f 15+ oy Bi41, 0, - . ., 0,2) = B¢ + A? where

(a) ﬁ? is higher order in 4, uniformly in 4, #,...,,t

(b) for some €, d > 0 and Ve < €, 37,-71? <0 for all %, %1,...,%i-1 and |§i41] < € and
|g:] > de.

3. for some ¢, > 0, ﬁ.-(f), Uiy oo Pie1,8i,0,...,0,8) = 0 for all §; such that |§;| < €.

4. 3e, > 0 such that for all ¢; < €, the dynamics of §; satisfy property 4.3 with [o:(§m) +
Fi+1]s Jiw2s+ - -y Imy %, u as “controls” uniformly in 7, §y, . . .y Ji»t. The function o; is a

simple linear saturation with positive constants ;, ¢;.

Consider point 1. For some ¢, > 0 and any ¢ < ¢, assume that |#;] < € for
J=4,...,mand [|Z]| < ¢, |u| < e. From T;! this implies, for some constant D, [z;| < De
for j =1,...,m. Further ||2]| < e. By assumption 4.2.1 this implies, for some constants C;,
|hj| < C;€%, j = i,...,m. Finally, from (4.45), for some constant |7z,-| < Ce?.

Consider point 2. Decompose fz,—(f), J1y- ey Fit1,0,...,0,2) as h; = 7;;-’ + fz? where

7”? = Thi+ i Ty ki
h? = Tli'hg

where h¢ and h{ are defined by assumption 4.2.2. Consider point 2a above. Assume that
|Ji41] < €and §3 = 0for j = i+ 2,...,mand 2 = 0, u = 0. From Ty this implies
|zit1] < De, zj = 0for j =i+ 2,...,m and z = 0. By assumption 4.2.2a this implies
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|h¢| < Ce?. Further, assumption 4.2.3 implies hj=0for j =i+1,...,m. Hence, for some
constant C, Iﬁ?(ﬁ, G1s-+ s Pit150,...,0,t)| < Ce?. Consider point 2b above. Again assume
|fi41| < €and §j =0for j=i+2,...,mand 2= 0, u = 0. It follows that

BehE (TGt - s Bit1s 0o, 0,8) = (Th @i + T sy y i1 )Tk

From assumption 4.2.2.b it follows that 37,-71? < Ofor |z;| > IT—;‘;;ﬁixg.,.ll and all 7, #1,..., ¥i-1-

Consider point 3. For some ¢, > 0 assume that |f;| < €. Further, assume §; = 0
for j =i+ 1,....mand 2 =0, v = 0. From Tl'1 this implies, for some constant D,
|zi| < De, yj = 0 for j =i+1,...,m and z = 0. By assumption 4.2.3, for ¢, small enough,
h; = 0 for j = i,...,m. Finally, from (4.45), k:(#, 91, - - -, Fie1, 5, 0, . . ., 0,2) = 0.

Consider point 4. Let [0i(%) + Tit1)s Jiv2s - erTms 2,8 converge to zero with
an exponential tail. From T; !, we have [—kl—la(y],-) + 2i41], Zig2s- - -y Tm, 2,u cOnverge
to zero with an exponential tail. Note that, for any bounded z;yi,...,2m,2 and suffi-
ciently large z;, o(%) = o(z;). Since we are trying to establish the boundedness of z;
we can, without loss of generality, assume |z;| is sufficiently large. Then we have that
[—kll-a(:v,') + Zi41) Tig2, . . ., Tm, 2, u converge to zero with an exponential tail. Hence, from

assumption 4.2.4, z; is bounded. Hence, by T}, #; is bounded.

Stability Analysis

Throughout our analysis we will rely on lemmas taken from [Hahn, 1967] which

apply to the finite-dimensional unperturbed differential equation
i = f(z,1) (4.46)

with f satisfying certain smoothness assumptions and such that f(0,t) =0 for t > t,, and

the perturbed differential equation
¢ = f(z,t) +9(z,?) (4.47)

Lemma 4.1 If the equilibrium of (4.46) is ezponentially stable and if g(z,t) satisfies an

estimate g(z,t) = o(||z||) then the equilibrium of ({.47) is also exponentially stable, in fact
with the same exponent.

Lemma 4.2 Let the equilibrium of (4.46) be (locally) ezponentially stable. Then (for suffi-

ciently small ||z||) there ezists a Lyapunov function V(z,t) which satisfies estimates of the
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form
aif|z|* < V(z,?) < ag|z]]?
\ 4 < —aslz|? (4.48)
18YIl < adllz]]

for certain positive constants a,, as, a3, a4.

Lemma 4.3 If the equilibrium of (4.46) is ezponentially stable and if g(z,t) satisfies an
estimate ||g(z,)|| < € for € sufficiently small then for sufficiently small ||2(t,)||, ||z(2)]|
satisfies an estimate of the form ||z(2)|| < ae for allt > T for some T > t, and for some

positive constant a which depends on a,,as, a3, ay.
We now propose the following for the remaining control v:

v = —o'm(gm 4 am—l(gm—l +---4+ 01(.171))) . ) (4-49)

where o; is a simple linear saturation for 6;,¢; and we show that the values §;,¢; can be
chosen to yield global asymptotic stability.

The first thing to observe is that, with all of the saturating limits removed, the
dynamics of (, Z) are of an asymptotically stable linear system perturbed by higher order
terms. Hence, from lemma 4.1, for the system with the saturating limits removed, there
is an open neighborhood U C R™*+* of 0 such that if (§o,%) € U then the equilibrium
(#,2) = (0,0) is exponentially stable. It follows that, if we can show from any initial
condition the states (%, Z) enter and remain in a small neighborhood V C U in which the
functions o; for ¢ = 1,...,m operate in their linear region, lemma 4.1 allows us to conclude
global asymptotic stability and local exponential stability for the dynamics of §,% with
the saturating limits included. Finally, by assumption 4.1 and theorem 4.2, the complete
composite system has (0,0,0) as a G.A.S. equilibrium.

We set out to establish that all of the states (§, ) can be steered to the set V in
finite time by judicious choice of 8, ¢;.

Observe that the dynamics of Z are given by an asymptotically stable linear system
perturbed by a small disturbance (with maximum absolute amplitude of €m). Here the
estimates of lemma 4.2 apply globally. Hence lemma 4.3 applies for any initial condition
#(0). This leads to a bound |2(2)| < aey, for all ¢ > Tinq1 for some Tppyy > t,. Observe

that |u(2)| < axem for all ¢ > Ty, y; where ag depends on a and the feedback gains K. We
define ay, = maz{a,axk, k1a}.
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With this bound on # we define §,,41 = —k1%, and proceed by induction showing

that given ¢;_; sufficiently small, 3¢; sufficiently small such that if

|Fj41(1)] < @& j=1i,...,m
2l < aie
lu@)| < ae
for all ¢ > T;yq, then
|7;( £ @ici€6ier J=1i,...,m
[1Z()|] < @i-1€6-1
lu)] < @im1€i-1

forallt > T; > Tiys.

Assume that ¢; is chosen sufficiently small such that o;y; operates in its linear

region for all ¢t > Tiy1. (0m+1 can be considered a globally linear function.) Consider the

dynamics for ..., Jm, Z after time T;y;:

‘y..i = =0+ Ei(ﬁ» ?71 z, uat)
Uig1 = —Fit1 — 0i + hi(h, 9, 2, u, 1)

Uivz = —Tig2 — Jig1 — 0i + Fs(7, 5, 2, u,2)

.

Z = AZ=B(fm+ -+ fipr + )

(4.50)

We show that, for ¢; sufficiently small ; becomes small and after some finite time

T; > Ti41 remains in a region such that o; is linear. Consider #; such that |9:] > € + €1

and make the coordinate change

i1 = Yiqr +o0;
¥y o= U Jj=142,....,m
z = z

Then the dynamics of §, Jig1,. .., Jm, Z are
:‘:]i = —Um(?ji) + "ii("’ 17, 2’ u, t)
§i+l = "gH-l + hi-l-l(ﬁa ga 2$ U, t)
3.754-2 = —¥iy2 — Yiy1 + hi+2(ﬁs ga z,u, t)

e
il

AZ — B(§m + -+ + Fit1)

(4.51)
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since, when |#;] > € + €1,

o; = 0
om(%i) = oi(%i+0i-1("))
Observe that, for the dynamics of Fiy1,...,¥m, 2, lemma 4.1 applies so that, for ¢; suffi-
ciently small, §i41,...,Jm,Z converge exponentially toward zero. Point 3 above is crucial
for the perturbations 711- for j = i+1,...,m to remain higher order in the Fiy1,...,Jm, 2
coordinates. Note that, since the control is ¥ = KZ — §p, — -+ - — Ji+1, © also converges
exponentially toward zero. We assert that, for small enough ¢;, and with these “controls”
set to zero, the set M = {f; : |§i| < & + €;—1} is attractive. Further, since the dynamics of
¥; satisfy property 2, by theorem 4.2, at some finite time T > Ty, %; will enter M.

Consider the dynamics of §; with the “controls” z, @, .. ., Jis1, % set to zero:

;. = —oi(U il,' ~,~a°~°1~i7- 'aov-'ao’t
Ui 0:(3{:)+ h (1 {/: §ir =0 ) (4.52)
= —oi(%) +hi +k;

With regard to point 2 above we have |f;41| = ¢;. Consider the time derivative of the

Lyapunov function V; = 7? along the trajectories of (4.52):

Vi = 2§i[—0i(§) + e + R
< 2lgi|[~€ + Cie} + Ca€)

(Note that the term ;A < 0 for |§im| > den, from point 2, and is uniformly higher order for
|#im| < de; from point 1.) It follows that we must choose ¢; such that

&—(Cr1+Cr)é <0

to insure that the set M is attractive with the controls %41, ..., §m, Z, u set to zero.

We show now that for €;_; sufficiently small, §; enters and stays in a region where
0i(-) is linear. (Note that o = 0.) Again consider the dynamics of § beginning at the time
when §; enters M:

Y; = —Um(?}i + O'i—l) + ﬁt’(ﬁa ¥, 2, uit) (453)

We take the derivative of the Lyapunov function V; = 2 along the trajectories of (4.53)

and employ point 1 from above:

Vi = 25—0i(i + 0ic1) + 0i(§) — 0i(F) + hi]
< 2/Gl[=loi(#)| + €i-1 + Cé?)
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First note that if ¢; — €;_; — C3¢? > 0 then the set M is invariant. Second, observe that

given §;, €;, if €;_; satisfies
2
5,‘ - C3€,'
2

. 2
then §; will enter the set Q; = {g; : |#| < 6""—(2:“*-} in finite time and remain in Q; thereafter.

€i-1 <

With §; € Q; the argument of o; is bounded by

% + oical < |Gl + |oi-a]
5i+Cze2 | §;—C3e?
< St
< 6

Hence o;(-) enters in finite time and thereafter remains in its linear regjon.

Note that after this finite time the dynamics of (%, ..., §m,Z) are of an asymp-
totically stable linear system perturbed by higher order terms as well as a perturbation of
maximum amplitude ¢;_;. Combining lemma 4.1 and lemma 4.3, if ¢; is sufficiently small
(to start in a small neighborhood of the origin) then we can establish bounds |§;| < ai_;€i—y

for j =1i,...,m and ||Z|| < ai-1€6;—; and |u| < a;_1; forall t > T; > Tiy,. O

4.6.3 Proof of theorem 4.4

The proof is again constructive. We employ the same convenient coordinate change
as the the case of global stabilization. We will develop how the conditions of assumption
4.3 translate in these new coordinates. Most of the work then lies in showing how these

conditions allow for a semi-globally stabilizing class of control laws.

Coordinate change

As in the case for global stabilization we begin by choosing the input as v = Kz +v
where the gains K are the coefficients of a Hurwitz polynomial. In addition, we add the
condition that the gains K are such that Re 0(A) < —1 where A is defined in (4.41). The
coordinate change then proceeds in the same way as in the global case (see section 4.6.2.)

Once again we have

Y = gi(ﬁ, ?77 21 u, t)
Jivr + o+ Im + v+ T Ty hi (7, TG — T22), 2,0, t) (4.54)
= Gigr+ oo+ G + 0 + Ri(H, 5, 2, u, 1)

We proceed to determine the relevant properties of k;.



68

Properties of Perturbation Terms

Define §m41 = —k1%. Next we establish the properties of h; that follow from
assumption 4.3. First observe that if assumption 4.3.1 applies to h; then the four points
established in section 4.6.2 apply. Otherwise we establish the following properties for A;

and A;_; that follow from assumption 4.3.2:

forj=1-1,:
1.
V-ZJ - BJ(ﬁ? gla sy gi-i-l’ 01 ceey 0’ t)l < (Igi-ll + ,gtl + l)lﬁjl
where the function I_zj is bounded for bounded #;41,...,Jm, z,« and higher order in
Yi+25+ -+ Jm» 2, u for bounded §;y; uniformly in 7, #1,..., %, t.
2. (a)

Iﬁi—l(ﬁ, 371, . "gi-l-lio" vy Oat)l S (lytl + l)lﬁi—ll

where h;_; is higher order in #i+1 uniformly in #,...,%;, t and bounded for

bounded 37,-4,1 .

(b) 71,-(77, Y1y -++%i+1,0,...,0,%) depends only on ;4. Further it is higher order in
¥i+1 and is bounded for bounded ;.

3. For some ¢, > 0, I.lj(ﬁ, Y15+ ¥i-1,0,...,0,2) = 0 for |§;—1| < .

Point 1 follows from (4.54) by apply assumptions 4.3.2.a and 4.2.1 to the appropri-
ate terms in the summation that defines ; and then using T} to return to the § coordinates.

Consider point 2a. Assume §jx = 0fork =i+2,...,mand 2 = 0 and u = 0. From
T7! this implies zx = 0 for &k = i + 2,...,m and z = 0. By assumption 4.3.2.b this implies
|hic1} < (2] + l)liz,-_ll where h;_; is higher order in z;4; uniformly in ,z;,...,2;,t and is
bounded for bounded z;4,. Also h; is higher order in Zi41 uniformly in 7,24,...,2;,¢ and
bounded for bounded z;.,. Further, assumptioﬁs 4.3.2.c and 4.2.3 imply hy = 0 for k =
t+1,...,m. Hence, from (4.54) and T3, |7z;_1(1'7, G1y- s Git15 0,00, 0,8)| < (|Ti] + 1)|hioy]
where h;_; is higher order in Hi+1 uniformly in 4, §,...,%,?. Consider point 2b. Since
hy =0fork =i+1,...,m, hi = Ty,;hi. Now h; depends only on z;4, and is higher
order in z;;; and bounded for bounded Zit1. Finally, since ; = 0 for j = i+ 2,...,m, it
follows that §;41 = T1,;2:4;. Hence, 7:.-(1"7, Y1s--+9¥i+1,0,...,0,1) depends only on ;;; and
is higher order in #;4; and bounded for bounded §;4;.
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Consider point 3. For some & > 0, assume that |§;_;| < & for some & > 0.
Further, assume §; = 0 for j = i,...,m and # = 0 and ¢z = 0. From T} this implies
|zi-1] < &/c for some constant ¢ > 0 and y; = 0 for j = i,...,m and z = 0. Define
€0 = C€o. By assumptions 4.3.2.c and 4.2.3 this implies h; = 0 for j =i —1,...,m. Finally,
from (4.54), B;(#, 1, - - - Bie2, ie1,0,...,0,8) = 0 for j = i — 1,4.

Stability Analysis

Again we will rely on lemmas taken from [Hahn, 1967] which are stated in section
4.6.2. In addition will will use the following lemma in our proof.

Lemma 4.4 Consider the n-dimensional nonlinear system

€= f(z’t)

where |fi(z,t)] < ¢(t) + Yi=1aijlz;| for all t > to. Define the constant matriz A by

A;j = ai;. Consider the vectors

(1)
q(t)

lz1(®)l; .-, lxn(t)I]T .
llaa@)l;- - [ga ()17

Then Z(t) is bounded as
t
z(t) < eAlt=t)z(1,) + / eAt=7)g(r)dr
to

We begin by formulating a bounded control v to stabilize 7 using the following
algorithm:

L. let k = m and let v = —o,, Where o,, is a simple linear saturation for €m,0m to be

specified.
2. if assumption 4.3.1 applies to ~x then

(a) let the argument of o} be §i + ok_1(-) where o}, is a simple linear saturation

for €x—1,0k—1 to be specified.
(b) let k=k-1

(c) return to step 2.

3. if assumption 4.3.2 applies to % (and hence Bk_l) then
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(a) let the argument of o) be §ir + Fx—y + ox—2(-) Where o_; is a simple linear

saturation for €y, 6x—o to be specified.
(b) let k=k-2

(c) return to step 2.

We show that, given initial conditions in some bounded set X, the values ¢;, §; can be chosen
to yield asymptotic stability.

The proof proceeds in the same manner as the proof for global stabilizability.
Again we define jm4+1 = —k1%. In addition, we define & to be the largest index such
that assumption 4.3.2 applies to A; rather than assumption 4.3.1. It follows then from
the proof of the global result that, ¢; for j = k,...,m sufficiently small such that o; for
J=k+1,...,m operate in their linear region for all ¢ > Ty, (0m+1 can be considered as
a globally linear function.)

We now show that 3¢ sufficiently small such that for ex_o sufficiently small o}
operates in its linear region for all t > T; > Ti4y. (For k = 2, observe that €;_; = 0.)

First, we know that u, Z and §; for ¢ = k+1,..., m are bounded for all ¢ > 0. Then
since hg_,, by are globally Lipschitz in §x_1, i for bounded u, %, §; fori = k+1,...,m, 3R
which depends on the initial conditions of §(to) for i = k—1,...,m and %(t,) and on ; for
i=k+1,...,msuchthat forj=k -1,k

1% (Tk41)| < R.
Consider the dynamics for §k—1,...,%m, 2 for t > Tiy;:

Yemr = — Ok(Tk-1 + Tk + Ok—2) + hk—-1(7, 7, %, u, t)

?k = _ak(gk—l + gk + O'k-2) + hk(ﬁ, 37, 53 u, t)
esr = —Tke1 — Ok + higr (7 §, 3, 0, 2) (4.55)
2 = AZ—B(@m+ -+ Gkt1 + 0%)

Again from the proof of global stabilizability we know that, for all ¢ > Tv1,

15 < Grpr&rp i=k+1,...,m
IZl < aryrersr
<

|u(?)]

Qkg1€k41-
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Then, since hg_y, b satisfy points 1 and 2 of section 4.6.3, the dynamics of §x_;, § are of

a 2-dimensional nonlinear system satisfying the conditions of lemma 4.4 with

A= [ Ciy 1+Ceky ]
Ceip o

and

B €rp1 + Cé?

€k+1 + Cﬁi_l_l
(since we will choose €; < €x41.) A simple calculation using lemma 4.4 shows that for some

K depending on €41, for j = k — 1,k and V¢ > Tppq
|3i(t)] < REeX(t=Ter) (4.56)

where

a=Celyy + \/C‘%-H(l +Cef i)

For convenience, we choose €, such that o < 0.5.

Now since the linear approximation at the origin of the dynamics of UktlseeosUms 2
has eigenvalues with real part less than or equal to —1, we can conclude from the lemmas
4.1 and 4.3 that

Igi'"l(t)l < akex + ak+1€k+le-(t-Tk+l) i=k,..., m
||§(t)|| < ar€r + aky1€k41 e—(t=Tk41)
lu(t)l S o€ + ak+1€k+le-(t-Tk+l)

for all £ > Tgyqy.
We solve for the time ¢, such that, for all ¢ > ¢,

|Ti+1(2)] < 2arer  i=k,...,m
IZOI < 2akex
[u(®)] < 2akex
We find
Qi€
Ck+1€k41
Further, from (4.56), we determine a bound on §;(2) for T4y <t < ¢, for j = k— 1,k to be

e = Tk+1 —In

- = . Q €,
|95 < RE(Z22Hya = g (4.57)
ar€r
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So then it remains to determine whether ¢, can be chosen sufficiently small such that a

small neighborhood of the origin is attractive for the dynamics

Geer = Gk = Ok(Frm1 + Gk + Or2z) + hi1(2)

. . g (4.58)
Ur = —0k(Fr=1 + Tk + ok=2) + hi(2)

from initial conditions such that
|7i| £ Re,
for 7 = k — 1,k and where ﬁj satisfy the properties of section 4.6.3. To show that this is
possible we begin with the coordinate change
1 = Yk—1+ Gk
2 = Yk
yielding the dynamics

&1 = 22— 20k(z1+ or-2) + fi(2)

(4.59)
g2 = —ox(z1+ 0k-2)+ fo(t)

It can be shown that for j = 1,2

|fj - f](ﬁ? glw . ‘agi-l-lsoa .. ’0)| S (lel + ':Bgl + l)f—} : (4'60)

where f; is higher order in Uk+25+ -+ Ums Z,u uniformly in #,...,Jk41,¢ (since frqq is
bounded.) Further, it can be shown that

LA1(7 15+« o1 k4150, ..+, 0)] < (Jz2] + 1) Def (4.61)

and fa(#, §i1,- - -, Jr+1,0,...,0) depends only on 4; and is higher order.
Observe that if |21(ts)| > €k + €x—2, then for all ¢ > ¢ such that [21(2)| > €r + €x—2

we have

[Fis1(B)] < ek + 2akexe(t—te)

Geaa®] < 2mere ) izkm (462)
HZ@DI < 2akepe=-t)

lu(t)] < 2apere=(t-%)

This follows from point 3 of section 4.6.2. Hence, for ¢ > ¢, and such that |z1(2)| > €k + €x—2,

lfil < (&2 +1)De} + (le] + |23 + 1) Defe=(t-t)
f2 = C+f2
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where C is a constant and

Ifol < (|21l + 22| + 1) DGe=(t—t)
IC| < Dé .

Then from (4.56) and (4.57), we have the bound

|il < |z2|Det + De*~*

= (4.63)
|f2| S Dei"“e"(l_“)(t"tb)

These bounds on the nonlinear terms when |z;| > € + €x—2 will play a crucial part in our
analysis.

The remainder of the proof consists of three points. Consider the set

Q = {(2z1,22) : |21] € & + €x—2}

Point 1 will be to show that if z;(2.) ¢ Q then 3¢, > ¢, which is finite such that z1(t.) € Q
and we establish a worst case value for |z2(%.)|. Point 2 will be to consider the “Lyapunov-
like” function

1 1
W = 5(:1:1 -z3)% + §x§ (4.64)

which we will demonstrate is uniformly decreasing when z,(¢) € Q N U°. Here U is a
neighborhood of the origin depending on €;_; and such that ok(z, + Ok-2) = 1 + Ok—2
for all z; € U. (U® is the complement of U.) Point 3 will be to show that whenever the

trajectory leaves @ it returns to @ and when it does it returns at a lower energy level for
w.

For point 1, define the set

Q- = {(zl,xg) 121 > € + €x—2}

and without loss of generality assume z,(%.) € Q,. We demonstrate that for ¢, sufficiently
small and for
© 26k + DE¥ < z5(t0) < R,

3tq > t such that z,(¢4) = z,(¢.) and further,
|z2(ta)l < z2(t0)
In the set Q. the dynamics of (z1,z3) are given by

& = $2—2€k+f1(t)

N (4.65)
£y = —€+C+f2(t)
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From the bounds on C and fz(t), z is monotonically decreasing for sufficiently small ¢.
We now consider the forms of f;, f, which will maximize |z2(t4)|. We do this by considering
the instantaneous slope of the trajectory in the (21, z,) plane. The instantaneous slope is
given by )
z2 _ —& +C + fo(2)
T 29 — 2€¢ + fl(t)
Since z; is monotonically decreasing, the actual trajectory will be bounded by two curves.

(4.66)

The outer curve is produced by flowing along the vector field that minimizes the magnitude
of the negative instantaneous slope (z; increasing) and maximizes the positive instanta-
neous slope (z; decreasing.) The inner curve is produced by flowing along the vector field
that maximizes the magnitude of the negative instantaneous slopes and minimizes positive
instantaneous slopes. It is straightforward to see that, as long as |z3| < R,,, the outer curve

is generated by setting fi(t) = Dez~ and

; " Dei-ae—(t-fb) z2(t) > 2€x — Deaq
2(2) =
—Dei"ae'(t-t") z2(t) < 2¢, — Dez_q

Likewise, the inner curve is generated by setting fi(¢) = —Dei"’ and

falt) = —Dé~%e~(t=t)y  zo(t) > 261 + Deyq
5 (1) =
De=%e~(t=t)  go(t) < € + Deg—y

(The value of C is fixed as a function of €.) The outer curve gives us a least upper bound
on |z2(t4)|]. To compute this bound, we first calculate the time %; on the outer curve such
that z2(t;) = 2¢; — Dei“". The value of z,(t) for ¢, < ¢ < t; along the outer curve is given
by

Dé~®
22(t) = za(te) — (e + C)t - ﬁ[e'(l“’)‘ -1) (4.67)
(We have temporarily reinitialized ¢, = 0 for convenience.) Thus, we have (implicitly)
| 1 Dé™™
.= _ _ —(1=-a)t; _ .
ti= ——gma(t) - 26 - TE—fe 1 (4:68)

The value of z,(2) for ¢, < ¢ < t; along the outer curve is given by

2
z1(t) = @u(te) = $ew — OO + [22(0) - 26 + 35 + D]

(2-a (4.69)
+(1?1—_-_";);[e‘(1‘°‘)‘ - 1]



Thus, we have

2—a
2i(t) = @t + gr=gy(@alte) — 265 + Def™* + %Cfa_))z

2—-a 2—-a
Do e-(1-a)tije _ (If—c_%)—z[l — e~(1=ot]

(4.70)
_2(5,,-0)[ 1-o

We now continue the flow beginning at the point (z1(%), z2(;)). Then for t; < t < t4 the

flow along the outer curve is given by

2—-a
z1(t) = @1t +[oalti) - 2e + D — Bh—e~(-atifs _ L(g, — C)22
__Lf(rl)e—a; e—(l—a)ti [e—(l_a)t - 1] (4'71)
22(t) = 23(t:) — (e — C)t + 25 e~(1-alti[-(1-a)t _ 1]

(We have reinitialized ¢; = 0 for convenience.) We are now interested in determining z(¢,)
where t4 is such that 21(Z4) = 21(%). Since we are interested in a worst case bound for
|z2(t4)| and z; is monotonically decreasing in the region we are considering, it suffices to

determine a least upper bound for ;. We find that

2—-a D 2—-a

- , D€ €
\/[:Bz(te) -2 + D™ + ] _’“ p 12+ 2(ex — C)l+a)2 (4.72)

1
ek—C

Consequently, we can conclude that

ta <t +

z2(ta) > 2 — Dei'“ — (z2(t0) — 2¢x + Dei"" + D—I‘E;—) (4.73)
D&-e :
-\/ e - C) ey

It is readily apparent that ¢; can be chosen sufficiently small so that |za(24)| < |22(t)| since

it was assumed that z(%) is positive. In fact, for later purposes it is important to note
that €x can be chosen sufficiently small so that z2(t4) > —z2(t0) + 3ex.

We continue now with point 1 and, without loss of generality, assume that the
trajectory of (z1,22) begins at the point (21(24), z2(t4)) = (R, —R,). Again note that z,
is monotonically decreasing. In (4.63) we will assume a bound on |z»] to be |z;| < aR,, (a
constant and independent of ;) and hence |fi| < aDei~*. Then, since z; is monotonically
decreasing from — R,,, if we can show that |z2(2,)| < aR., (where z1(2;) = €x + €x—2) then
this is a worst case bound on |z2(t.)|. To maximize |z5(t;)| we again flow along the outer

curve described previously. The flow is given by

2=
z1(t) = 21(ta) + [£2(ta) — 26 + aDet~* — Tt — L(e - C)e2
—(%%,[e-(l-a)* ~1] (4.74)

2—-a
22(t) = 2(ta) — (e — C)t + r—[e=(1-a)t _ 1]
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In this instance, a worst case bound on ¢, is given by

1
te < —5lb+ Vb2 +2(e = C)d] (4.75)
where -
b = R, —2+aDed>— D"
Do @ (4.76)
c = Rck-{-(T_km—Gk—fk—z
Then |z4(t.)| is bounded by
Déete
je2(te)] < Rey + TE—b+ V62 + 2(e - C)e (4.77)
-a
It is straightforward to see that, for ¢ sufficiently small, a worst case bound on |z2(2c)| is
given by »
|z2(2c)| < aRe, (4.78)
for a > 3.

We are now ready to move to point 2. Here we show that we can choose € and
€x—2 sufficiently small, such that for W defined by (4.64), W < 0 for all z € Q. Consider
W along the trajectories of (4.65):

W = (21— 22)[&1 — ] + 2282
= (21— 22)[22 — 20k(21 + 0k—2) + f1(?) + ok(z1 + Oh2) — fo(2)] (4.79)
+2o[—or(21 + ok—2) + fa(2)]
Recall that, in @, we have the bounds (for j = 1,2):

|£il < (lz1] + lz2| + 1) D€}
Hence,
W < —210k(21 + Ok-2) + 123 — 23
+(|z1] + lea])(|21] + |22] + 1) Def)
< —0.52% - 0.52% — 0.5(21 — 22)% + 21(21 — ok(z1 + Ok—-2))
. +(|21] + |2))(l21] + |22l + 1)Dé}
Consider the level set
W= 2(Bea)?

and define U to be the interior of this level set. On this level set, (a circle of radius Be; in

the original yx_;, ¥ coordinates), it can be shown that

Ber—z < |zi| < V2Bex—2
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for i = 1,2. Also notice that for 2, € Q,

|21 — k(21 +;7'k—2)| < €-2
Consequently, we have on this level set
W < —0.5(Ber—2)? — 0.5(kBer—2)* + kBel_, + (2kBei—_2)(2kBe + 1) De?
where k € [1,v/2]. As a function of k¥ we have
W < —[(:56° — 48’ DE})k? — (B + 28Dk + 561,

Then since & € [1,v/2], we can choose § (8 > 2 is sufficient) such that €; can be chosen
sufficiently small such that W < 0 on this level set. Since, for ¢ small enough, W is
bounded by a quadratic negative definite function plus a linear perturbation in Q, W < 0
in @ NU*®. Notice also, for €;_, small enough, o} operates in its linear region for all z € U.
Finally, for point 3, we demonstrate that, for €, small enough, whenever the tra-
jectory leaves Q it returns to Q at a lower energy level of W. We simply need to show that
this is true for |z2| < aR,, where a comes from (4.78). We demonstrate that this follows
from the first part of point 1. We can consider trajectories that enter Q, from @ at some
time ?p without loss of generality. Consequently z;(t) = €x + €x—2. From the first part of
point 1, by incorporating the constant a into the constant D perhaps further decreasing e,
it follows that for each z1(%0) € @, and each aR., > z2(to) > 2ex + Dei"" there exists a #4
such that z,(¢4) = 21(0) and
z2(tq) > —z2(to) + €. (4.80)

Consider
W(ta) = Wi(to) = 3[(a1(22) = 22(80))" + 22(16)"] = H(za(to) — 22(20))" = 2(t0)?]
From (4.80) and the lower bound of z;(#y) we can conclude that
Hea(ta)? - ea(to)]? < 0.
Also from (4.80) the remaining terms are bounded as
[21(22) = 22(2a)]* = [21(t0) = z2(20)]* < [21(%0) + 22(t0) — 3ex]* — [z1(t0) — za(to)]?

< [z2(to — z1(t0) — e + 26x—2] — [22(20) — z1(20)]?
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If en < %ek then this quantity is also less than zero since zo(2g) > 2¢; + Dei“” and
z1(t0) = €k + €x—2. '

The above three points demonstrate that z;,z, eventually enter U where oy, is
linear. So it follows that §x_1, Jix eventually enter a neighborhood of the origin where oy, is
linear. The size of this neighborhood is determined by ex_z. The remainder of the proof
follows by induction using either the global or semi-global result when appropriate. (Point
3 of section 4.6.3 is used to conclude (4.62) in the subsequent step of the induction.) O
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Chapter 5

Beyond Linear Feedback for the

Nonlinear Regulator

In this chapter, we address the tracking problem for nonlinear systems. We demon-
strate that, for small reference signals, solving the stabilization problem goes a long way
toward solving the tracking problem. The method for augmenting the stabilizing control to
achieve tracking comes directly from the nonlinear regulator theory developed by Byrres
and Isidori ([Byrnes and Isidori, 1990]). We use the stabilizing control laws developed in
the previous chapters to achieve small signal tracking with large domains of attraction for
the associated class of systems. In point of fact, the systems of chapter 4 typically do not
have a well-defined relative degree, and hence, the results of [Grizzle et al., 1991] indicate
that exact tracking for an open set of trajectories is not possible. Nevertheless, combining
the regulator theory of [Byrnes and Isidori, 1990] with the control laws of the previous
chapter, we are able to achieve approximate tracking results that compare quite favorably
to the approximate linearization results of [Hauser et al., 1992] when comparing domains

of attraction and ability to achieve arbitrarily small tracking error.

5.1 Introduction

As in [Teel, 1991], we seek to expand the region of attraction of the zero-error
manifold of nonlinear regulator theory developed in [Byrnes and Isidori, 1990]. In [Teel,
1991}, we approached this problem by deforming the manifold so that the initial state of the

system started close to the deformed manifold and then allowed the deformed manifold to
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decay slowly to the zero-error manifold. We then used standard linear feedback to regulate
to this deformed manifold. For some systems this approach yielded dramatic improvements.
Nevertheless, the result was still inherently local. A further drawback to this approach was
that (approximate) knowledge of the initial state of the system was needed. Also, dynamic
states equal to the number of states of the system were added to the compensator.

In this paper, we seek to expand the region of attraction without deforming the
manifold. We propose replacing the standard linear feedback used to regulate to the man-
ifold with nonlinear feedback based on global or semi-globally stabilizing control laws for
unperturbed systems. We show that this approach yields theoretical reasons for an increased
domain of attraction. We demonstrate an application of this approach using the frequently
studied “ball and beam” example presented in [Hauser et al., 1992]. For this example, we

choose the semi-globally stabilizing control law developed in the previous chapter.

5.2 Problem Statement

The task at hand is to achieve (perhaps approximate) tracking for the system

&

f(z) + 9(z)u + p(z)w
y = h(z)

where 2 € R*, u € R™ and w € W C R® is a disturbance. As usual, f and the columns of

(5.1)

g and p are assumed to be smooth vector fields and h(z) is a smooth mapping on R*. We
assume that the desired trajectory and the disturbance are generated by an autonomous,
Poisson stable exosystem

w = s(w)

v = —q(w)

where s is a smooth vector field and g(w) is a smooth mapping defined on W. The Poisson

(5.2)

stability of the exosystem implies that the eigenvalues of the linear approximation of the
exosystem lie on the imaginary axis. For simplicity we assume that f(0) = 0, s(0) = 0,
h(0) = 0 and ¢(0) = 0 so that, for u = 0 the composite system (5.1), (5.2) has an equilibrium
state (z, w) = (0, 0) which yields zero tracking error.

We will focus on finding a state feedback u = a(z, w) that yields (perhaps approx-
imate) tracking.
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5.3 The solution

As is standard in nonlinear regulator theory (see [Byrnes and Isidori, 1990], [Huang
and Rugh, 1990b)]) our starting point will be to assume that we can solve the following
partial differential and algebraic equations (at least approximately) for 7(w) and ¢(w) which

characterize the zero-error manifold and the feedforward that renders the manifold invariant,

respectively:
Ss(w) = f(m(w))+ g(n(w))e(w) + p(r(w))w (53)
h(x(w))+ q(w) = 0
The standard nonlinear regulator solution is then to choose the feedback
u = c(w) + K[z — n(w)) (5.4)

where K is a linear gain matrix that stabilizes the Jacobian linear approximation of (5.1).
This, of course, assumes that the linear approximation of (5.1) is stabilizable. For the
nonlinear regulator problem, the feedback (5.4) solves the tracking problem for sufficiently
small (2(0), w(0)). We will retain the requirement that w(0) is sufficiently small, but we
will allow 2(0) to be large. ’

Consider the system (5.1) disconnected from the exosystem:
& = f(z) +g(a)u (5.5)

Let u = ¢(z), with ©(0) = 0, be a smooth control that renders the equilibrium z = 0
of (5.5) globally asymptotically stable and locally ezponentially stable. We then have the
following result.

Theorem 5.1 3¢, such that for any € < €, if |w(t)| < € for all t > 0, then the control
v = c(w) + ¢(z — w(w)) solves the nonlinear regulator problem with basin of attraction

containing the ball |2(0)| < k(L) for some class-K function k().
Proof. The proof uses the total stability result of Sontag [Sontag, 1990]. Define
F(z,w) := f(z) + 9(z)[e(w) + o(z — 7(w))] + p(z)w (5.6)

Since ¢(0) = 0 and 7(0) = 0, we have that & = F(z,0) is globally asymptotically stable.

Therefore, there exists a smooth, positive definite and proper Lyapunov function

V:R*" >R
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such that
dV(z)- F(z,0)< 0

for all nonzero z. It then follows that
dvV(z)- F(z,w) <0 (5.7)

for all |w| < 6(|z|) for some continuous function 8 : Ry — Ry such that 6(0) = 0 and that is
decreasing on [1,00). (See [Sontag, 1990, Lemmas 3.1,3.2].) Then, for some ¢, sufficiently
small and any € < €,, we can deduce from the function 6(-) two class-K functions x, and
Ko such that

dV(z)- F(z,w) <0 (5.8)

for all z € R" satisfying
1
r1(€) < lef < &(2) (5.9)

Since V is proper we can deduce a class-K function x such that every initial condition
satisfying |2(0)| < #(2) leads to a trajectory that is driven to some small neighborhood of
the origin. If ¢, suﬁ'icienﬂy small then for all € < ¢, we have returned to the local nonlinear
regulator problem. Since, u = ¢(z) is smooth and locally ezponentially stabilizes the origin
of (5.5) the linear approximation of the composite closed loop is in the form for which center
manifold theory applies. Since (0) =0, u = ¢(w)+(z —7(w)), and c(w) and 7(w) satisfy
(5.3) and since ¢ is a locally exponential stabilizer, ¢ = 7(w) is an attractive, invariant
manifold for the closed loop. Finally, also from (5.3), the tracking error approaches zero
asymptotically. O

Remark. Although we will not show it here, the results of the theorem extend
readily to the approximate regulator problem (where the manifold equation (5.3) is solved
up to some arbitrary order), and to the use of semi-globally stabilizing controls (v = ¢(z,p)
where the basin of attraction of the system (5.5) can be made arbitrarily large by choice of
p.)

5.4 Example: the “ball and beam”

We demonstrate the capabilities of this approach on the “ball and beam” exam-
ple which has been studied with regard to approximate tracking in [Hauser et al., 1992,
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[Castillo, 1990], [Huang and Rugh, 1990a] and [Teel, 1991). The dynamics of this system

can be modeled as

£ = 2z

&3 = 2123 - Gsin(z3)

3 = a4 (5.10)
24 = u

y = 0

where z; is ball position, 22 is ball velocity, z3 is the angle of the beam, and z, is the
beam’s angular velocity. (For a derivation of these equations, see [Hauser et al., 1992].)
For simplicity, we have normalized the acceleration due to gravity to be G = 1 in our

simulations. In chapter 4 it was shown that the control law

u =) = —4a3 — 424 — o(y + ¥2) (5.11)

where
N = —4z1- g2+ 5z3+ 24 (5.12)
Y2 = —Fzatdzz+ay

and o(-) satisfies
l. o(s)=sforall |s| < §
2. |o(s)] =6 for all |s| > 6§

for some § > 0 is an example of a semi-globally stabilizing control law for (5.10). The basin
of attraction for z = 0 can be made arbitrarily large by making é arbitrarily small.
The task at hand is to cause the ball position z; to (at least almost) track a

sinusoid generated by the exosystem

tbl = —/\'U)Q
’li)g = A’wl (5.13)
q(w) = -w

As seen in [Castillo, 1990] and [Huang and Rugh, 1990a] approximating the manifold to ei-
ther first or third order yields nice approximate tracking results. A first order approximation
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Figure 5.1: Tracking Results for the “ball and beam”

to the mappings z = 7(w) and u = ¢(w) are given by

m(w) = w

ma(w) = =Awy

t3(w) = FA\’w (5.14)
Ta(w) = —-LX3w,

c(w) = =Ll

For simulation purposes, for the exosystem (5.13), we chose A = &, w;(0) = 15 and
wz(0) = 0. Consequently, the task is for the ball position, z;, to track 15 - cos(35t). We
choose the control

u = c(w) + ¢(z — m(w)) ’ (5.15)

with ¢(w) and (w) specified in (5.14) and ¢ specified in (5.11). To demonstrate regulation
' from a difficult initial condition, we choose the initial angle of the beam to be 90° and the
ball to be a position slightly below the pivot of the beam at z; = —1. We give the ball zero
initial velocity and the beam zero initial angular velocity. The results of the simulation are

demonstrated in figures 5.1, 5.2 and 5.3.
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5.5 Conclusion

We have demonstrated that the use of nonlinear feedback in place of linear feedback
in the nonlinear regulator problem expands the domains of attraction when the nonlinear
feedback is known to be a global or semi-global stabilizer. This was done to show the
usefulness of studying stabilization problems independent of tracking problems. -
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Chapter 6

Nonholonomic Control Systems:
From Steering to Stabilization

with Sinusoids

" In this chapter, we investigate the stabilizability of nonholonomic control systems.
Much of the work in this chapter is joint work with Richard Murray and Greg Walsh (see
[Teel et al., 1992]). After reviewing the general setting and discussing previous results, we
propose a new family of stabilizing control laws for a class of nonholonomic control systems.
We do so by combining previous open loop steering with sinusoids results in the literature
[Murray and Sastry, 1991a] with feedback.

6.1 Introduction

This paper focuses on the problem of point stabilization for a control system of
the form

. m
= Zg.-(a:)u; z € R", (6.1)

i=1
where each g; is a smooth vector field on R™ and the g;’s are linearly independent for all z €
R™. Systems of this form arise in the study of mechanical systems with velocity constraints
and have received renewed attention as an example of strongly nonlinear systems. For such
systems, control methods based on linearization cannot be applied and nonlinear techniques

must be utilized. We are particularly interested in the case where the nonlinear system (6.1)
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is completely controllable, corresponding to a set of maximally nonholonomic constraints
which do not restrict the state of the system to a submanifold of the state space. See [Murray
and Sastry, 1990] for a more detailed derivation and motivation. We refer to a system with
these properties as a nonholonomic control system.

A fundamental problem in the study of nonholonomic control systems is the gen-
eration of open-loop trajectories connecting two states. That is, given an initial state zq
and a final state 21, find an input u(z), ¢ € [0, 1] such that z(0) = z¢ and 2(1) = z;. Such
an input induces a feasible state trajectory which automatically satisfies the constraints on
the system. The condition for the existence of a path between two configurations is given
by Chow’s theorem. We let [f, g] be the Lie bracket between two vector fields,

[f,9] = g% - %y,

and define the involutive closure of a distribution A as the closure of A under Lie bracketing.
Briefly, Chow’s theorem states that if the involutive closure of the distribution associated
with equation (6.1) spans R™ at each configuration, the system can be steered between
any two configurations. Initial work in constructing paths between configurations includes
[Jacobs et al., 1990, Laumond and Siméon, 1989], [Li and Canny, 1990], and [Lafferriere and
Sussmann, 1991, Sussmann and Liu, 1991], as well as [Murray and Sastry,- 1990, Murray
and Sastry, 1991b). In this paper we concentrate on a different problem: stabilization to a
point.

A control law u = k(z,t) stabilizes a point.zg € R™ if 2(t) — zo as t — oo for all
initial conditions of the system. For a nonholonomic control system, the dependence of a
stabilizing control law on time is essential since the system (6.1) does not satisfy Brockett’s
necessary condition for smooth stabilization [Brockett, 1983]. Hence there does not exist a
smooth static state feedback law which stabilizes the system to a point. Recent work by
Coron has shown tha.t_it is possible to stabilize a nonholonomic system using time-varying
feedback [Coron, 1991]. Constructive approaches have been presented by Samson [Samson
and Ait-Abderrahim, 1991] and Pomet [Pomet, 1992]. In this paper we present some new
control laws for a specific class of systems, namely those in so-called chained form [Murray
and Sastry, 1991b]. These control laws are based on earlier work using sinusoids for open-

loop planning and have connections with the recent work in [Sussmann and Liu, 1991].
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Chained systems. We restrict attention to a special class of nonholonomic systems,

called chained systems [Murray and Sastry, 1991b]. A two-input system with a single chain

has the form: )
L = n
& = v
6 = o o
4 = &u
& = &nnr.

This system is controllable using the input vector fields and Lie brackets of the form a,d’;l g2,
where adyg is the iterated Lie bracket [f,[f,...,[f,g]...,]] (k copies of f).

Under some conditions, it is possible to convert a two-input nonholonomic system
into a system with the form of equation (6.2) using feedback transformations. Sufficient
conditions for doing this are presented in [Murray and Sastry, 1991b]. In particular, it can
be shown that under certain regularity conditions all two-input nonholonomic systems in R3
can be put into this form. More complicated examples of nonholonomic systems which are
locally feedback equivalent to a chained form include kinematic models of an automobile
and an automobile towing a trailer.

Chained systems can be steered between two arbitrary configurations using the
following algorithm.

Algorithm 1
1. Steer &; and &; to their desired values.

2. For each x42, k > 1, steer {42 to its final value using v; = asint, v, = bcoskt,
where a and b satisfy

€k42(27m) — &i42(0) = (a/:!) %, 2m.

This algorithm uses n path segments to steer the system. It is also possible to steer the
system using a linear combination of sinusoidal terms at different frequencies by solving a

polynomial equation for the coefficients of the sinusoids.
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Power form. Related to chained form is a second canonical form which we refer to as

“power form”:

il = W

T3 = up

5:3 = 21Uy

. 12 (6.3)
Ty = 5 iUz

Like chained form, the control Lie algebra for this system is spanned by the input vector

k

fields and Lie products of the form adg, go. The power form is related to the chained form

through a global coordinate transformation:

T = &
zy = &
z3 = —f3+&&

6.4
2y = &-&6b+ 3826 (64)

Zn = (-1)% + T (C) ' @Epé G

The advantage of using power form over chained form is that given u; and us,
we can quickly solve for the motion of any of the state variables using only the tra jectory
of z; and the function u;. This canonical form also arises in the work of Grayson and
Grossman in the context of generating systems of vector fields which realize a nilpotent
control Lie algebra of a given order [Grayson and Grossman, 1987]. It is also worthwhile to
note that this form satisfies some of the simplifying assumptions used by Pomet to generate
controllers for more general nonholonomic control systems [Pomet, 1992).

In the sequel, we will restrict our results to those that apply to systems in chained
form or, equivalently, power form. The are several reasons for taking this action. Systems
which are in chained form characterize the fundamental difficulties of nonholonomic systems
in a very simple and useful form. By understanding the geometry of controllers applied to
chained form, we hope to understand the geometry of controllers applied to more general
nonholonomic systems. This point of view has been used very successfully by Sussmann,
who has shown how results applied to a “symbolic” representation of the control system

can be used to understand systems with a compatible control Lie algebra [Lafferriere and
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Sussmann, 1991]. Chained systems can be regarded as a realization of a class of “symbolic”
control systems with a particular Lie algebraic structure.

The goal of this paper is to present a class of control laws with strong geometric
intuition which asymptotically stabilize an arbitrary chained system with two inputs and
a single chain. We are optimistic that the stabilizing controllers presented here can be
extended to the more general case and that by understanding their action on a canonical

system we can understand their extension to systems with a similar Lie algebraic structure.

6.2 Local Stabilization

In this section we propose a class of locally stabilizing mputs for (6.3). To motivate

our approach, we consider first the simplest such system:

(i!l = W
T = up (6.5)
3.:3 = 21U

From the discussion of chained systems above, we know that motion in the z3 direction can
be achieved using sinusoidal inputs u; = asint and up = bcost. Integrating the differential
equations over one period, the resulting motion is a closed curve in z; and z2 and a net
motion of —(ab)r in z3. This suggests that the following control law
w = -z —z3sint (6.6)
Uy = —29-—23c08t
might be used to stabilize the system. The intuition is that if z3 is slowly varying then
the average motion (over one period) in the z3 coordinate can be approximated by setting
a = -z}, b = —z3 which would gjive a net motion in z3 of —z3r, i.e., 23 would converge to
zero.
To prove stability in a more rigorous fashion we make use of center manifold theory
and averaging. For the purposes of the proof, we realize the time-varying feedback law by

augmenting the controller with an exosystem

W = we w1(0) =

‘li)g = - ‘wz(ﬂ) = 1,
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and write the control law as
U = -2 — 23w

U2 = -T2 — T3Wa.

The closed loop system (including exosystem) has a local center manifold given by

1 = m(z3, w1, ws)

z2 = (23, w1, w2),
which is approximately given by

m = —3zi(w — w,)

T2 = —las(wr + wo).

The dynamics of the system evaliated on the center manifold are (approximately) given by
. 1
&3 = -Zzg(wl - wy)?.

An averaging-like coordinate change can then be made to show that the complete system
is locally, asymptotically stable to the origin. For z3 small, the higher order nature of z3
plays the role of the small parameter € usually found in averaging results.

We now consider the stabilization of an arbitrary system in power form. We begin

with a local result and extend the controller to provide global convergence in the next
section.

Theorem 6.1 Every pair of inputs

v = —-I- (2?212 $§+2)(Sin(t) — cos(t)) (6.7)
= - DI ez cos(j)

with ¢; > 0 locally asymptotically stabilizes the origin of (6.3).

Remark. The control law given in theorem 6.1 is a generalization of the simple
controller presented earlier. We have added a cosine term to u; to make the proof tractable.
It can be seen that, for the simple example, this extra term adds a term on the manifold of
zero average. Sinusoids at integrally related frequencies are used to generate motion in the
different bracket directions in such a way as to stabilize the system to the origin. We note
that the control law requires neither the use of high-frequency sinusoids, such as those used
by Sussmann and Liu for open loop steering [Sussmann and Liu, 1991] (see also [Tilbury
et al., 1992]), nor does it require the use of a leading € coefficient as typically used when
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applying averaging techniques. Likewise, compared to the work of [Gurvits and Li, 1992),
even though we employ an averaging like analysis, we do not require high-frequency sinusoids
and we do not settle for stabilization to an arbitrarily small set. Furthermore, the weights
¢j can be adjusted to control the rate of convergence in the different coordinate directions

in a straightforward manner.

Proof of theorem 6.1. The proof of theorem 6.1 will require applications of center
manifold theory (see [Carr, 1981]), techniques used in averaging theory (see [Guckenheimer
and Holmes, 1983] or [Hale, 1969]) and a case specific Lyapunov result. Center manifold
theory does not apply directly to (6.3), (6.7) because the time-varying terms in (6.7) are
O(1). Nevertheless, we can demonstrate the following lemma regarding a class of systems
to which (6.3), (6.7) can be transformed. We use the notation of [Carr, 1981] so that
f'(O, 0, w) refers to the partial derivative of f with respect to all variables and evaluated at
(v,2,w) = (0,0, w).

Lemma 6.1 (“Time-varying” Center Manifold) Consider the system

By + 9(y, 2, w)

= Az+ f(y,2,w) (6.8)

w = Sw -

with y € R*, z € R™, w € RP and where the eigenvalues of B have negative real part
and the eigenvalues of A and S have zero real part. The functions f ,g and h are C? with
f(0,0,w) =0, f'(O, 0,w) =0, g(0,0,w) =0, and g'(0,0, w)= 0. Then, given M > 0, there
ezists a center manifold for (6.8), y = h(z,w) for |w| < M, |2| < 6(M), for some § > 0
and dependent on M, where h is C? and h(0,w) = 0, h'(O, w)=0.

Proof. See appendix.

To transform (6.3), (6.7) into a system for which lemma 6.1 applies, we begin by
defining n — 2 linear oscillators which will generate the time-varying terms of (6.7). Let

= Y| = 0. T | = S (6.9)
a5 =3 0] | wyy

We choose w;;(0) = 0, w;(0) = 1 so that wy; = sin(jt) and ws; = cos jt. If we define the

vector

T
w= [ w ... ’wn._2]
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we have
= Sw (6.10)

where S is a block diagonal matrix with the jth block given by S;;. Next, partition the

original state space as

- N -
T2 [ n ]
z=| =] ¥ (6.11)
3 — -
L 7
| O]

so that y € R? and z € R™ with m = n — 2. For the closed loop system we have

h = -y —-wlDT2

J2 = -y—-wlCz (6.12)
z = f(y, 2, w)

w = Sw

where f is C? with £(0,0,w) = 0 and £'(0,0,w) = 0. The matrix C € R2™*m js block
diagonal with the jth block given by the column vector

Cys = [ b ] (6.13)

and D € R?™ is given by
T
D=[1 -1 0 --- 0] (6.14)
We then make a coordinate change in y; to eliminate the linear time-varying dependence

of z in the y, equation. We choose §iz = y; — 2T Ilow where II, solves the matrix equation
I8 = —IM; - CT (6.15)

(The solution to this matrix equation always exists because the spectrum of S is disjoint
from the spectrum of I.) We then have

-~

¥ = Yo — 2Ty — THw
—y2 — 22 CTw = 275w — fT(y, z,w)lw
—y2 + 2w — fT(y, z, w)lw

= =92+ 92(7, z, w)

(6.16)
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where g(0,0,w) = 0 and g;(O, 0, w) = 0. We make the same kind of coordinate change for

y1. We choose §; = y; — 27 zII;w where II, solves the matrix equation
I,S = -1, - DT (6.17)

We then have
Uy = $—2F2lw—22T:Mw
-y — 2T2DTw — 27210, Sw — 22T f(y, 2, w)w
1 + 2Tzl w - 22T f(y, 2, w)w
= -+ a1(§,2,w)

(6.18)

where g1 (0,0, ) =0, g;(0,0,w) = 0 and g; (0,0, w) = 0.
Now, from lemma 6.1 there is a center manifold § = h(z, w),|z| < 8, |w| < M for

= -I§+g(37,z,w)
= f(ga 2, 'tl)) (6.19)
= Sw

Eo Ne @

where ~(0,w) = 0 and h'(O w) = 0. In fact, since g; (0,0, w) = 0, one can use an approx-
imation theorem [Carr, 1981, theorem 3] or calculate to show that hj(0,w) = 0 (where
= [hq, hg] ). Now it is sufficient to analyze the dynamics of the reduced system
z = f(h(z, w), z, w) (6.20)
w = Sw
Further, since 2(0,w) = 0 and the dynamics of w are autonomous with |w(t)| < M for
all ¢ > 0 for some M > 0, it is sufficient to check the stability of z = 0 for the following
“time-varying” nonlinear differential equation:
s = (b + 2T zw)(=he + wTSTNT 2)
: (6.21)
Zm = %T(hl + szl'Il'w)"'(-hg + wTSTII%'z)
First, because A(0,w) = 0, k'(0,w) = 0 and h;(0, w) = 0 we can write the dynamics of z as
2 = (TzLw)TLSw + O(2)*

5 = Y TaLw)(TMSw) + O(2)8 (6.22)

tm = E(2Tew)™(2THSw) + O(z)2(m+1)
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Now we determine expressions for II; and II, to examine the explicit time dependence of
(6.22). From the block structure of § and C it follows that II; also has a block structure

where the jth block satisfies the matrix equation
My;; 855 = —IMg; — Cj-g
It can be shown that
Moy = [ -cdpes —ges |
and, hence,
Moy Sii = | tres —pimcs |

Thus we have

wTsT
sTnfz = ECJ[I 7 sin(jt )— + 72 7 cos(jt))z; (6.23)
Now from (6.17) it can be shown that
L=[010 0]
so that 27 zIl;w-= 2Tz cos(t). We now consider the product
1 .
i—!(szHIw)’(wTSTIIg'z)
given by
l(sz cos(?))’ f:c i[——= sin(jt) - 7 —— cos(jt)]z; (6.24)
] j_1’1+2 J +3 e '
Using the identity

cos(t) cos(kt) = %[cos((k — 1)t) + cos((k + 1)2)]

it can be shown that

£
cos'(t) = Z aix cos([t — 2(k — 1)]t) (6.25)
k=1
where oz > 0 and £ = %+1ifiisevena.ndi'§lifiisodd.
At this point, we would like to apply averaging to the terms in (6.24) to conclude
asymptotic stability. However, since we are not using high frequency sinusoids and we do
not have exponential stability for the averaged system, general averaging results do not

apply. Nevertheless, a very specific averaging result which covers the class of systems we
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have can be asserted. We describe this result in the next two lemmas. The uniformly
higher order characteristic of our equations eliminates the need for a small parameter (or
alternatively, very high frequencies). We are able to find a case specific Lyapunov function
that demonstrates asymptotic stability in the presence of small time-varying disturbances
without requiring exponential stability.

Lemma 6.2 (“Averaging” transformation) Consider the time-varying nonlinear
system
i = f(z,1) (6.26)

where [ is of period T int and is C™ and the ith entry of the vector f satisfies f; = O(z)%+1.
Then there ezists a C" local change of coordinates z = y+¥(y,t) under which (6.26) becomes

7= F)+ fu:1) (6.27)
where f is the time average of f and fi(y,t) = O(y)%*? and of period T in t.
Proof. See appendix.

Lemma 8.3 (Case Specific Lyapunov result) Consider the system

7= fy)+ f(y,1) (6.28)

where y € R™. If
| fe(w, )| < Billy]| 20+ (6.29)

fqr all y in some open neighborhood of the origin and
f(y) = Av(y) (6.30)

where A is a square lower triangular matriz with ai; <0 fori=1,...,n and
¥i(y) = willyll* (6.31)
then the origin of (6.28) is locally asymptotically stable.

Proof. See appendix.
Now we make the coordinate transformation of lemma 6.2 to pull out the lowest

order terms on each line of equation (6.22) with nonzero average. Using (6.24) and (6.25)
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we can show that this transformation yields a system possessing the (triangular) structure
of the system in lemma 6.3. In fact, the a;;’s of lemma 6.3 are given by
a.. — __,L'a.lc.
22 9 ]! 1 + 12 IL~2
Since aj1,¢; > 0, the local asymptotic stability of the origin of (6.3), (6.7) then follows from
lemma 6.3. O

6.3 Global Stabilization

In this section we propose a class of smooth, time-varying, globally stabilizing
inputs for (6.3). Near the origin these control laws will exactly match the locally stabilizing
control laws proposed in section 6.2. We introduce saturation functions in these control

laws to eliminate destabilizing effects that take place away from the origin.

Theorem 6.2 Given any pair of inputs

b = =21 - o(T)of £340)7)(sin(t) - cos(t)) (632)
U = =23 — Lo} ¢jo(Tj42) cos(jt) '

with ¢; > 0 and with 0 : R — R a nondecreasing C° function satisfying
1. o(s) = s when |s| < 6
2. lo(s)|<eforallseR

for some 0 < 6 < ¢, Je, such that if € < €, then the origin of (6.3) is globally asymptotically
stable.

Proof of theorem 6.2. The proof of theorem 6.2 is very much in the spirit of the proof
of theorem 6.1. We begin by defining the same oscillators as in (6.9) and we make the same
partition of the state space as in (6.11). For (6.3), (6.32) we have

h = -y —wlDo(||2|])?
2 = —y2—-wlC3(z)

z = f(y, 2, w)

w = Sw

(6.33)
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a(2) = [ o(z1) -+ o(zm) ]T

The matrices C and D are as defined in (6.13) and (6.14) respectively.
We make the coordinate change

h o= wn-o(l2|])’Mw
J2 = yo—T(2)aw

where II; and II; satisfy (6.17) and (6.15) respectively.

We then have

-
~

1 =

Yo

=1 = 20(||2l)) Fgl=l1 =127 £(y, 2, w)w
—gl + gl(g, 2, w)

~ 7T
=Y - fT(ya 2, w)g—: H2w

-372 + 92(:&]’ 2, ’ID)

(6.34)

We now wish to show that given e sufficiently small, there is a center manifold § = h(z, w),

z € R™, |w| < M for

§ = -Ij +9(3, 2, w)
= f(§,zw) ’ (6.35)
w = Sw A

where h(0, w) =0 and h'(O, w) = 0. To do so, following the proof of [Carr, 1981, theorem
1], we must show that given M > 0 and for € sufficiently small, there exists a continuous
function x(€) with x(0) = 0 such that

|7(# 2, w)| + |9(F, z,w)] < exe)
|f(@2,0) = F(@, 20 < &) (l§- 71+ 12~ 2]+ lw =) (6.36)
903, 2,0) = 9@, 2, 0") < w(e) (17— 71+ 2= 2| +|w~w])

for all z,z' € R™, and all w,w’ € RP with |w|,|w'| < M and all y,y’ € R® with ||, l¥| < e

It can be shown that f satisfies this relationship, since every dependence on z in f is as the

argument of a saturation function bounded by e. Then, since f satisfies these relationships,

it follows from (6.34) that g also satisfies these relationships by noting that o is C® and

hence its partials are bounded and In-:-"| < b for some positive constant b.
Next we show that, for € sufficiently small, the manifold h(z,w) is globally at-
tractive. First, observe that the dynamics of y are of an exponentially stable linear system
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perturbed by bounded disturbances of magnitude proportional to e. Consequently, after
some finite time y is contained in a ball of radius proportional to ¢. Then, by the nature
of the coordinate change from y to §, 4 is also contained in a ball of radius proportional to
€. Now we know that the manifold is locally attractive, so for € sufficiently small the ¢ ball
is contained in the basin of attraction for A(z, w). Hence, the manifold h(z,w) is globally
attractive.

We will eventually establish that the dynamics
i = f(h(z,w) + (§ - h(z,w)), 2, ) (6.37)

have the “converging input bounded state” property of [Sontag, 1989] with e = 7 — h(z,w)

as input. Then, since A(0,w) = 0 it is sufficient to consider the dynamics of
z= f(h(zaw),z’ w) (6.38)

For now, we simply consider the global stability property of (6.38). To do so, we begin by
establishing a bound on A(z,w). We follow the approximation of center manifolds in [Carr,
1981). As in [Carr, 1981], for functions ¢ : R* x R? — R2 which are C! in a neighborhood
“of the origin we define the operator N to be |

(N)(z,0) = GEF8(2,0),0)+ 2 50 4 162, 0) - o((2,0), 5,0)

where g is defined in (6.34). We choose to approximate h(z,w) by the function oz, w)=0.
We then have

(Né)(z,w) = —g(0, 2, w)

It follows from (6.34) and f that (N¢)(z,w) = O(o(]|2]|)3) for all z € R™ and all w € RP
with |w| < M. We can then mimic the proof of [Carr, 1981, theorem 3] to establish that

Ih(z,w) — (2, w)| = [h(z, w)| = O(a(l|2]])*) (6.39)

for all z € R™ and all w € RP with |w| < M.
We are now ready to establish lemmas similar to lemmas 6.1 and 6.2 that apply
to the global stability problem.

Lemma 6.4 (Global “Averaging” transformation) Consider the nonlinear
time-varying system
& = f(z,t) (6.40)
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where f is of period T in t and is C™ and where the ith entry of the vector f satisfies
fi = O(a(||z||)*+1). If the € associated with the saturation function o is sufficiently small,
then there ezists a C™ global change of coordinates x = y + ¥(y,t) under which (6.40)

becomes
g = f(y)+ f(3,1) (6.41)
where f is the time average of f and f is of period T in t with f;(y, t) = O(a(||y|)*+?).
Proof. See appendix.

Lemma 6.5 (Global Case Specific Lyapunov result) Consider the system

9= f(y)+ fy,?) (6.42)
where y € R". If
(9, 2| < Bio(llyl[)2+9) (6.43)
for all y € R® and
f(y) = A%(y) (6.44)

where A is a square lower triangular matriz with a;; < 0 fori=1,...,n and

¥i(y) = o(w)o(lyll)* ' (6.45)
then, for € sufficiently small, the origin of (6.42) is globally asymptotically stable.

Proof. See appendix.

Now using the expression for II; and II; from the proof of theorem 6.1 we can
show that these lemmas apply and thus the reduced dynamics are globally asymptotically
stable. It remains to verify that the z dynamics have the “converging input bounded state”
property of [Sontag, 1989]. Since f is bounded for bounded e, and hence z is bounded for
all finite time, it is sufficient to prove the following result:

Lemma 6.6 (Converging input bounded state) Under the conditions of lemma 6.5,

if the perturbation in the equation
g = f(¥)+ F(v:t) + p(t) (6.46)

satisfies |p(t)| < v, then, for v sufficiently small, y satisfies |y(t)| < G for allt > 0 for some
G>0.
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Proof. See appendix.

Now the main theorem of [Sontag, 1989] provides global asymptotic stability for
the system (6.3), (6.32). O

It is also possible to deduce a locally stabilizing control law for (6.2) without using

the transformation to power form given in (6.4).

Corollary 6.1 Every pair of inputs

v = =& — (E;‘_;f £2,5)(sin(t) — cos(t))

H 5542 . (6.47)
ve = —&2— 135 (—1) ¢jéj42 cos(jt)

with ¢; > 0 locally asymptotically stabilizes the origin of (6.2).

Proof of corollary 6.1. Let the transformation (6.4) that takes us from chain form to
power form be written as & = &(£) = T€ + &(£) where &(¢) is higher order. Let vpqin(-)
denote the controls given by (6.47) and let upoyer(-) denote the controls given by 6.7. Then
we have venain(€) = Upower(T12). For (6.2), (6.47) if we make the transformation z = ®(¢),
we have a power form system (6.3) with controls given by (6.7) plus higher order terms.
Now the proof is exactly equivalent to the proof of theorem 6.1 since the higher order
terms would simply contribute higher order terms on the manifold which were shown to be

unimportant. O

6.4 Example: an automobile

Our example system will be a simple kinematic model of an automobile as shown
in figure 1. This system is controllable using two levels of Lie Brackets. A derivation of
the kinematic equations may be found in [Murray and Sastry, 1990]. A sketch of the car is
found in Figure 6.1

z = cos(f)u,
¥ = sin(@)u,
= U2

0 = —tan(d)u, " (6.48)
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Figure 6.1: Kinematic model of the car

where (z,y) is the position of the car in the plane, ¢ is the angle of the front wheels with
respect to the car (or the steering wheel angle), § is the orientation of the car with respect
to some reference frame, and the constant L is the length of the wheel base. For simplicity,
we choose L = 1.

The following change of coordinates will put the car into power form coordinates,
locally:

ry = T
z3 = sec’(f)tan(q)
z3 = azsec’(f)tan(4) — tan(f)

Ty = y+ %—mz sec®(6) tan(¢) — « tan(h)

with the following input transformation:

U1 1 SEC(G)

uz = —3uvysec(d)sin®(¢)tan(f) + vz cos®(6) cos?(¢)

The control law used for the simulation was:

v, = -z —0° (\/xg - zﬁ) (sin(t) — cos(t))

v2 = —zp — ko(z3)cos(t) — ko(z4) cos(2t)

The gain k& was chosen to be 2, and the € of the saturating function o(+) was chosen to be

€ = 0.5. The initial conditions chosen for these two simulations were (0, +1,0, 0). The plot
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Figure 6.2: Phase plane plot, z versus y, of the two simulations. Note the effects of the

saturation function on the limits of travel in the 2 direction.

demonstrates the effect using a saturation function. At first the error is large enough to
cause the saturation functions to limit the magnitude of the input sinusoids, hence limiting
the z and ¢ travel of of the car. After the error drops sufficiently, the controls are no longer

saturated and the range of travel drops.

6.5 Summary and Discussion

We have presented a control law which globally asymptotically stabilizes a system
in power form. This control law uses sinusoids at integrally related frequencies to achieve
motion in bracketing directions and saturation functions to achieve globally convergence.
Convergence in the coordinate directions can be adjusted by setting the appropriate weights
in the control law. By making use of a feedback transformation to convert a nonholonomic
system into power form, we have applied this control law to a kinematic model of an
automobile.

The primary limitation of the control law presented here is that it can only be
applied to systems which are feedback equivalent to a system in power form. However, there
is strong evidence to suggest that control laws of this form can be extended to more general
nonholonomic systems by using an “extended system” such as that used by Sussmann and

co-workers [Lafferriere and Sussmann, 1991, Sussmann and Liu, 1991]. The generalization
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of the results presented here would be to systems which are controllable through the input
vector fields and Lie products of the form adf1 g2. Controllers for this same basic class of
systems can be found in the recent work of Pomet [Pomet, 1992]. The extension of the

ideas presented here to this more general situation is the subject of current research.

6.6 Appendix

6.6.1 Proof of lemma 6.1

The proof of lemma 6.1 mimics the proof of [Carr, 1981, theorem 1, pages 16-19).
Accordingly, let 3 : R* — [0,1] be a C* function with %(s) = 1 when s < 1 and ¥(s) = 0
when s > 2. Then for ¢, M > 0 define F and G by

F(y,z,0) = f(y,29(2), wy(i2h)
Gy, z,w) = gy, 29(L), wyp(1))

We prove that, given M > 0, the system

¥ = By+G(y,2 w)
: = Az+ F(y,z,w) (6.49)
w = Sw ’ A

has a center manifold y = h(z,w), z € R™, w € R? for ¢ sufficiently small. Then since F
and G agree with f and g for all |2| < € and for all |w| < M, this proves the existence
of a local center manifold for (6.8). The existence of the global center manifold for (6.49)
can be demonstrated using the same contraction mapping calculations as in the proof of
[Carr, 1981, theorem 1] since we can show, as was needed in [Carr, 1981], that there is a

continuous function x(€) with x(0) = 0 such that
|F(y, 2, w)| + |G(y, 2, w)|

<
IF(y,2,0) = F(y', 2w < w6 (ly- ¢l +12 = 2 + [w -]
Gy 2,0)~ G, 70| < &) (ly- 'l +]2— 2| +|w =)

€x(e€)

for all 2,z € R™, and all w,w' € RP and all v,y € R® with lyl, |y'] < e Following
[Carr, 1981], these inequalities yield a center manifold y = h(z,w) with h(0,w) = 0 and
B'(0,w)=0. O
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6.6.2 Proof of lemma 6.2

The proof of this lemma follows closely the exposition of [Guckenheimer and
Holmes, 1983, pages 168-169]. We split f(z,?) as

f(z,t) = f(z) + f(z,1)
where f is the mean of f and f is its oscillating part. Now we make the coordinate change
z=y+¥(y,¢) (6.50)

where ¥ will be specified. (We will show ¥ to be strictly higher order so that this is a valid
coordinate change locally.) Differentiating we have

(I + D,¥]§ + %I' =i=fy+ )+ fly+ 9,1 (6.51)
Reorganizing we get
=17+ DY+ 9) + o + 9, - 2] (6.52)
We now choose ¥ such that
. 6\11

= f(u.1)
(Since f has zero mean, ¥ is bounded as a function of time.) This choice produces

g = [+ DY [f(y) + f(y + ¥, 1) - f(y,)] (6.53)
Expanding with respect to ¥ we have

§ = [I-Dy¥ +O0(lIDy¥|*)][f + Dy fT + O(]|¥|[?)]
f(y) + f(y, t)

Now we check the order of f;. The first term we consider is the term

(6.54)

I[f(y+ ¥,8) - f(y, )]
It suffices to check the order of the ith entry of
D,f-¥

Accordingly, the entries of the ith row of D, f are of order 2i. Further, since

6‘1" = ft(yat)
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it follows that ¥; is of order 1+ 2i in y. Hence, the lowest order in w is 3 (i=1) and the
product yields terms of order 2i + 3.
The final terms we need to consider are given by D, ¥N(y, t) where

Ni(y,t) = fi(y) + fily + T,2) - fi(9,2)

By assumption, we know that N;(y,?) is of order 1 + 2i in y. Since ¥; is of order 1 + 2i it
follows that the entries of the ith row of D, ¥ are of order 2i. The lowest order in N (y,1)
is 3 (i = 1) and so the ith entry of D, ¥N(y,t) is of order 2i + 3. O

6.6.3 Proof of lemma 6.3

Consider the Lyapunov function
s 2(n+1-:)
v=y_—% (6.55)
g 2(n+1-1) Y
where the a;'s will be specified later. The derivative of V along the trajectories of (6.28) is
given by

Vo= Thel "M E) + A1)

[Zhs a1 ip(u)] + vyl 20+
where A; is the ith row of the matrix A and v is a constant that depends on o, §; for
i=1,...,n. We claim that the a;’s can be chosen such that

(6.56)

IN

5(5) = 32 et cg(y) < g+ (6.57)
i=1
This will give
V < =(1—7llyl])lly]2+V (6.58)

and hence asymptotic stability of the origin for ||y|| sufficiently small. The proof of this
claim will involve an iterative process of completing squares, bookkeepmg coefficients and

judiciously choosing the a;’s.
We begin by multiplying the ith term (i = 1,...,n) in the summation S(y) by

(||y||)2‘""+"
Iyl

2(u—c)+1 §
S(y) = |ly| P+ Z[a, g ”2(,,_‘4_1) Eau.%] = ||yl (y) (6.59)

=1

for ||y|| # 0. This yields



108

Now we begin to complete squares by first considering the quadratic terms (i.e. those terms
generated by ¢ = n in the summation). Doing so, we have

n—1

n—1 2(n-c)+1 t Yn
Ty <) a'IIH“W Z ai9;] + on 22 (ﬂ) +an ) dnj ( Iy “) (6.60)
=1 j=1

Here @,; are positive constants that depend on any,anj, and n. Now, by the definition of

Ilyl|, we have
va=llyllP -9t —... -9, (6.61)
and choosing
4 .
= — 6.62
O Qnn ( 6 )
we have )
n—1 y?(n—c)+1 i n-1
T(y) < [Z ailly'nz(Tm; Z a;y;] -2+ an Z Gnj (“ “) (6.63)
=1 i=1

with the @,;’s appropriately redefined positive constants.
Now we consider the quartic terms generated by ¢ = » — 1 in the summation.

Again completing squares, and using the fact that
(yn-l) ( Yk ) ( Yk )
llyll /- \llyll Iyl

2(n —i)+1

T(y) £ -2+ [Z?:f —yjﬁ(..—_myz,_l atjy]] + Otn[Z,:} nj ( !; )

we have

. (6.64)
+ap— a"—lzﬂ-l (‘yfﬁ;—"l') + apn-1 21_1 an—l,g (ﬁ!.l")
We now choose an—; sufficiently large so that
4 2 '
an-1,n-1 (?In-l) - (%-1) 1
On— + Qplnn- < 6.65
7 it/ et r) S e (6:65)

In fact, we continue this process of completing squares and choosing ¢; large enough such
that all the terms involving y; are bounded by —L-. This can always be done because of
the triangular structure. Finally we have that

n-1
T(y)< -2+ Z —=<-1 (6.66)
t—l
From this we conclude that
S(y) < —|ly||X+Y) (6.67)

for ||y|] # 0 and our claim is established. O
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6.6.4 Proof of lemma 6.4

The proof of this lemma is a virtual duplication of the proof of lemma 6.2. We
split f as before and make a similar coordinate change

z=y+9(yt) (6.68)

This time we will establish that for € sufficiently small, this is a globally valid coordinate
transformation. In fact, we again pick

o = fw (6.69)

Since fi(y,t) = O(o(||yl[)**!) and o is C? it follows that ¥ = O(o(|[y][)%*!) and D,¥ =
O(o(||yl)*). We can now use the same kind of bookkeeping as in the proof of lemma 6.2
to establish the result.O

6.6.5 Proof of lemma 6.5

The proof of this lemma is a virtual duplication of the proof of lemma 6.3. This
time we start with the Lyapunov function ‘

L Vi . - ‘
V = Za,-/ dz(n_’)"'l(s)ds (6.70)
=1 0

where the a;’s will be specified. The derivative along the trajectories of (6.42) is given by

V. = Thiao®™ () (fiy) + fis,0)]

6.71
< [Eh @041 (2:) Ap(y)] + yo |yl j2rD+ (6.71)

where A; is the ith row of the matrix A and 7 is a constant that depends on a;, fB; for

t=1,...,n. We claim that the a;’s can be chosen such that

S(y) = Y id® ™M () Aip(y) < —a(|[3]])2+D) (6.72)
i=1
This will give
V < —(1 = yo(llyl))o(llyll) 2+ (6.73)

and hence global asymptotic stability of the origin for ¢ sufficiently small. To prove this
claim we now follow the proof of lemma 6.3, everywhere replacing ||y||* by o(||y||)* and
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¥ by o(y:)*. The only difficulty we have is that the equality (6.61) does not carry over.

However, it is sufficient to have the inequality

o(¥a)? 2 o(|l9ll)* - o(31)* - ... = 9(yn-1)? (6.74)

Completely squares and judiciously choosing the a;’s again produces the result. O

6.6.6 Proof of lemma 6.6

The proof of this lemma follows from the proof of lemma 6.5. We use the same
Lyapunov function V' as in (6.70). From lemma 6.5 and from the nature of the partial
derivative of V with respect to y, we have, for ¢ sufficiently small, that the derivative of V

along the trajectories of the perturbed system satisfies

V< ~{1 = 70l ~ 15 Ty (6.73)

Since we are simply trying to establish that y is bounded we can assume without loss of
generality that §2(7+1) < g(||y|[)2(n+D) < e2(ntD), Therefore we see that if

€ .
]T - Y€— 'ymll >0 (6.76)

then V < 0 for |y| sufficiently large. Since V is propér, this implies that |y| is bounded. We
see that, given € such that 1 — ye > 0, (6.76) is satisfied for all v satisfying

§2(n+1)

v < (1-1¢) (6.77)

Y€
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Chapter 7

Recent Adaptive Control
Algorithms

In this chapter, we recast a recently developed adaptive stabilization algorithm
for pure-feedback form nonlinear systems into an error-based algorithm. This enlarges the
subset of pure-feedback form nonlinear systems that can be stabilized globally (with respect
to the state of the system).

7.1 Introduction

Several recent nonlinear adaptive control algorithms have focused on stabilization
and tracking for systems that can be described in pure-feedback form. The development
of these algorithms were initiated in [Kanellakopoulos et al., 1991] and have been refined
in [Krstic et al., 1991]. These schemes fall into the category of direct adaptive control in
that the parameter estimates are driven by the mismatch between the plant states and the
control objective (stabilization or tracking) for these states. These algorithms have not
been cast into an error-based or indirect framework. By indirect adaptive control we mean
that the parameter estimates are driven by the mismatch between the plant states and a
dynamic estimate of the plant states. For recent examples of this approach, see [Campion
and Bastin, 1990], [Pomet and Praly, 1989] and [Teel et al., 1991]. An appealing feature of
the indirect approach is that parameter estimates that begin close to the actual parameter
values remain close to the actual parameter values. This feature can play an important

role in the feasibility of the adaptive control algorithm. For instance, consider the following
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academic example:

% = 2:2-}-027%

Ty = z3 (7.1)
&3 = u
This system is in pure-feedback form. For this system, the feasibility region of [Kanel-
lakopoulos et al., 1991] is expressed as a set F = Bz x By where B, is an open set in R3
and By is an open set in R such that

|1+ 623 >0 Vze B, Vo€ By

We see that one possible feasibility region is given by B, = R® and By = R, so that the
global stabilization problem is possible. However, the direct algorithms of [Kanellakopoulos
et al., 1991] and [Krstic et al., 1991] cannot guarantee that 8 remains in By unless the
initial state 2(0) is sufficiently small. Reformulating the algorithm of [Kanellakopoulos et

al., 1991] as an error-based algorithm will eliminate the restriction on the size of the initial
state.

7.2 The Class of Systems and Feasibility Regions

For simplicity, we will consider single-input systems of the form

&1 = 07T fi(z1,22)
g2 = 07 (21,22, 23)
: (7.2)
Epep = 0Tfn_1(a:1,...,zn)
g = O0T[fa(2)+ gu(a)u]
Here § € RP x {1} is the vector of unknown parameters augmented to allow for terms that
are independent of the unknown parameters 6* € RP. i.e.

(1]

The vector g, € RP+! is smooth and the smooth vectors f; € RP+! are such that fi(0)=0.
Geometric conditions for transforming a general single-input nonlinear system into this

form (locally) generalize easily from the conditions in [Akhrif and Blankenship, 1988] and
[Kanellakopoulos et al., 1991].
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We demonstrate our algorithm by solving the adaptive stabilization problem. (As
in [Kanellakopoulos et al., 1991], the algorithm presented here naturally extends to the
tracking and multi-input problems.) Our algorithm is most powerful when the feasibility
- region is global in the state & but (possibly) not global in the parameter §. Consequently,
following [Kanellakopoulos et al., 1991}, we make the following definition: |

Definition 7.1 A feasibility region for the system (7.2) is any connected set F C RP x {1}
such that

|9TT2£L;| > 0 for i=1,...,n~1

10Tga(z)] > 0
for all z € R™ and for all 6 € F.

Remarks.

1. As noted in [Kanellakopoulos et al., 1991], the sets F are connected sets where the

system is full-state linearizable.

2. It is important to note that feasibility regions are connected. For example, in the
case that p = 1 it may be true that the conditions of definition 1 are satisfied for all
8 # 0 x {1}. However F = (0 x {1}) is not a feasibility region.

We now restrict the augmented parameter vector § € RP x {1} so that our algorithm
remains feasible. To do so, let {S}} be the collection of sets known to contain # and define
Sp = NSj. Further, let {F7} be the collection of feasibility regions such that Sy C F7 and
define F = UF?. (F is connected since § € F.)

Assumption 7.1 If F # RP x {1} then we assume:
1. If p=1 and F is unbounded, then clos(Sp) C F

2. otherwise, Sy C B¢y x{1} C By.¢) X {1} C F where B, ¢y C RP is a ball of radius

r centered at some §' € RP.

Remark. We see that when the entire space RP x {1} is not a feasibility region, we
restrict the possible values of the unknown parameter vector 8. In the case of one unknown
parameter, we do not necessarily restrict # to lie in a bounded set. For example, if F
= R* x {1} then it is sufficient to know that 8 € Ry x {1}. i F = (0, +00) % {1} then it is
sufficient to know that 6 € [¢,4+00) X {1} for some € > 0.
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I p =1 and F is bounded or if p > 1, we restrict # to lie in a bounded set. For
example, if 7 = Ry X R4 x {1}, then we require @ to lie in some ball such that a ball of
twice the radius and centered at the same point is contained in F. The reason for this will

become clear in the stability proof.

7.3 The Stabilization Algorithm

We recast the basic algorithm of [Kanellakopoulos et al., 1991)] into an error-based
algorithm.

Step 0. Define 2; = z,.

Step 1. The previous step gives

z = 07 fi(z1,22) (7.3)

Now define
zo = 07 fi(21,22) (7.4)

where 6, is an estimate of . Substituting (7.4) into (7.3) yields

Ho= z+[0-6]T fi(z1,22)

, . (7.5)
= z3+[0 - 6,]Twi(z1,22,6,)

(We will demonstrate in the stability proof that assumption 1 ensures this algorithm is
feasible and hence the inverse relation between z; and z is well-defined. We write wy as
a function of 2y, z; and 6, for completeness. When implementing this algorithm, it will be
easier to employ this function expressed in the original coordinates z, z2.)

We choose the update law for §; to be driven by the mismatch between the state

z; and a dynamic estimate of this state 3;:

o= —a1(3—21) + 22 (7.6)
b = (n- #)wi(21, 22,01)

where a; > 0.

Step 2. The previous step gives

B = 07867 fy(21,22,25) + 07 S 8107 fy(21, 22)
+(zl - zl)wl (zla 22, ol)fl (221, 32) : (77)
= 673 o BLGT fo(21,%2,23) + 0T 1(21, 22,601) + x1(21, 22, 31, 61)
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Now define
z3 = 9T Oh gr 92 fa(21,22,23) + 03 $1(21, 22, 61) + x1(21, 22, 21, 61) (7.8)
where #; is an (independent) estimate of 4. Substituting (7.8) into (7.7) yields
iy = 23+ [0 = 05)Twa(21, 22, 23, 31, 6, 63) (7.9)

We choose the update law for d; to be driven by the mismatch between the actual state z,

and a dynamic estimate of this state 2,:

52 = —02(2?—32)+Z3 o (710)
02 = (22 - Z)wa(21, 22,23, 21, 01,62)

where ay > 0.

Step i: i=3,...,n-1. The previous step gives

z = 0{5% 0?‘_16'- 0Tft(3:l’ ,:L‘;.|.1)
+4 ¢t(z1a"'azt$zla-“azt—21919'°'$é5-1) (7'11)

+x,'(21,. ey Zis 21y enny Zimy, 01, .,0,'_1)

Now define
iy = 0788 6L 2207 fi(es, ..., mi0) :
+0T 921, oy 2in 21,y e -, Bicas 91? eerbiny) (7.12)
FXi(Z15 0oy Zis 21y 0o ey Zim1,s él, cees ég_l)

where §; is an (independent) estimate of 6. Substituting (7.12) into (7.11) yields
= Zig1 + [o - ét']th'(zl, co oy Zitly 21a eeesZim, éla LERY) ét) (713)

We choose the update law for 6; to be driven by the mismatch between the state z; and a

dynamic estimate of this state 3;:

%4 = —ailfi-z)+an (7.14)
0; = (zi— Z)wi(21,. s Zig1y 21y e e vy Zimry 01y 000 6;)

where o; > 0.
Step n. The previous step gives
o= GT3L...67_ 2=1gTg, (z)u
+0T¢n(zl9 ooy, 217 ceey 271—21 élv ey én—l) (7‘15)

+Xn(zl’ so092n, 219 .. -12';-1’01’ ey o‘n—l)
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We choose the input
v= A0y — xn — k121 — ... = kn2n] (7.16)
where k; are the coefficients of a Hurwitz polynomial and

2 O e O Fn_1
=gl ar Oty (717)

and 6, is an (independent) estimate of §. (We will demonstrate in the stability proof that
assumption 1 ensures the algorithm remains feasible and, hence, A~ is well-defined.)
Substituting (7.16) into (7.15) yields

én = _klzl = eee ™ ann + [0 - éﬂ]Twn(zl, . -,zn, 21, .o .’En_l, él’ seey én) (7018)

We choose the update law for 8, to be driven by the mismatch between the state z, and a

dynamic estimate of this state 2,:

~

Zn = _an(én - Zn) - k]_Zl I knzﬂ, (7 19)
én = (zn - én)wn(zlv vo92n, 217' . -,271-1? ola' . -aén)

where a, > 0.

Step n+1. Consider the set Sy and F of assumption 1. If F = RP x {1}, then
5;(0) can be chosen anywhere in R? x {1}. Otherwise, if p = 1 and F is unbounded then the
projection of F onto R has either a well-defined least upper bound or greatest lower bound,
but not both. Denote whichever is well-defined by 8. Finally, let é,-(O) be that point in the
closure of Sy with the shortest distance to (3,1) € R x {1}. If F is bounded or p > 1 then
consider the ball By, ., associated with Sy as defined in assumption 1. Choose the initial

state of the parameter estimates as

Mm=[i] (7.20)

This, together with 2(0) completely defines 2(0). Now choose the initial state of the state
estimates such that 2(0) = 2(0).

Remarks.

1. It is clear that é;,p+1(0) = 0p41 = 1. Consequently, updating 5;,p+1 is not necessary.
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2. It follows from the algorithm and the above remark that the dimension of the dynamic
adaptive compensator is np + n. The n additional states are due to estimating the
states dynamically to construct an error-based identifier. These additional states are
not found in the algorithm of {Kanellakopoulos et al., 1991].

3. Because of the error-based scheme we are able to place the poles of the certainty

equivalence z dynamics arbitrarily with the Hurwitz polynomial coefficients &;.

4. Let f(z,0) denote the drift vector field and g(z,#) denote the input vector field both
associated with (7.2) and let h(z) = z,. It follows from the algorithm that if

-~

0;=0, 5=2 for i=1,...,n (7.21)
then
% = Lz ph(2)
and

w= (Lg(,,'o)L?z;l,o)h(a:))"l[— fzo(z) = k1h(z) — ... - knL}‘(;l’o)h(z)]

The condition (7.21) is an equilibrium point of the identifier, independent of the value
of z. Consequently, if (7.21) is satisfied at ¢ = 0 then the the control implemented for

t > 0 is an exact linearizing control.

5. As seen in step n+1, the selection of the initial value of 8 is not arbitrary. It is selected

to ensure that the algorithm remains feasible.

7.4 Closed-loop Stability

In this section we prove the following theorem:

Theorem 7.1 (Adaptive Regulation) Under assumption 1, if the algorithm of section
7.3 is applied to the system (7.2), the resulting closed loop system is such that

lim z =0 (1.22)

t~+00

for all z(0) € R™.
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Proof. The algorithm of section 7.3 yields the following closed loop system:

2 = 224 (9 - él)Twl
Znel = Zn+ (9 - én—l)T'wn—l
2n = —k12’1 T eee T ann + (9 - én)Twn
5 = —ei(si—2)+ 2
. (7.23)
Zne1 = —an-1(Zn-1 = Zn-1) + 20
%n -an(én - Zn) - kIZ]_ T ees ™ knzn
b = (a1-5)w
én = (zn - in)wn
é = 0
We make the following linear coordinate change:
[e] [ -10 0][z]
2 0 I : |
= Z (7.24)
¢i 0 0 I -I 0;
| 8 |0 0 0 I {6
The dynamics of (7.23) in the new coordinates become:
é1 = —aiep—dfw
én = =—Qnéy — ¢£wn
1 = ew
¢Zn = €xWy (7.25)
s o= htaete
é‘n—l = Zp4+an_164-1+e,
én = _klﬁl T eee ™ nén + anen - klel T e ™ nen
6 =0
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We denote by Aj the controllable canonical form matrix corresponding to the Hurwitz

polynomial
St kps™ ks + Ky

We then choose P > 0 to satisfy
ATP + PA = -1

To prove stability, we choose the following Lyapunov function candidate:

1 - lr,,
V= ;,L[E(eTe + > 6T )] + 5 Tps + 670
t=1
The derivative of V along the trajectories of (7.25) is given by
n
V=p3 —aie?) - 575 4+ 3T Me

=1

(7.26)

(7.27)

(7.28)

where M is a constant matrix independent of u. It is obvious that du > 0 such that 14 <0

for all e, 2,4, 6. This establishes the stability (i.s.L.) of the closed loop system.

We now focus on the dynamics of the identifier itself to verify that the proposed

algorithm is indeed feasible. The n identifier systems are given by

é = —are; - ¢lwy
Hh = ew
én = =—Qpén— ¢£wn
On = Entny

Consider the Lyapunov function candidate for the ith system of (7.29):
Vi= %(C? + 67 i)
The derivative for V; along the trajectories of the ith system of (7.29) is given by
Vi = —oyef
Since V; < 0 for all e;, ¢; we can conclude that

Vi(t) < Vi(0)

(7.29)

(7.30)

(7.31)

(7.32)
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Since we have chosen #;(0) such that ¢;(0) = 0 we can then conclude that

ll$:(2)II < lle:(0)] (7.33)

We only need to consider the case when F # RP x {1}. If p = 1 and F is unbounded,
we have chosen 6;(0) = (s,1) € clos(Ss) for some s € R. Define E, = (—o0,8] x {1} and
E, = [s,+00) x {1} and let E denote the one set, E; or E,, that is contained in F. (One
and only one will satisfy this condition since F is unbounded but not R x {1}.) We then
have # € Sy C E C F. The choice of é;(O), the definition of F, the fact that § € F and
(7.33) imply 6;(t) € E for all £ > 0. Since E C F it follows that the proposed algorithm
is feasible. For p > 1 or F bounded, we have chosen §;(0) such that ||¢;(0)|| < r. Since
we know that 6 € Sy C B, oy x {1} it follows from (7.33) that bi(t) € Ba, 1y X {1} for all
t > 0. Finally, since B(a, 4y X {1} C F it follows that the proposed algorithm is feasible.

We now demonstrate asymptotic stability of the state z. First, from (7.31) it
follows that

o B
/ o;ef < 0o (7.34)
0

=1
Next, from the stability of the overall system (see (7.28)) it follows that é; is bounded.. With

this we are able to conclude that

Jim e; =0 (7.35)
Then a simple application of the Bellman-Gronwall lemma to the dynamics of # shows that

tllglo 2=0 (7.36)
From (7.35),(7.36) and (7.24) we conclude that

lim z =0 (7.37)

t—c0

Finally, from the algorithm of section 7.3, since f;(0) = 0 and from the definition of a

feasibility region, z is a global diffeomorphism of z without translation. Hence,

lim z = 0 (7.38)

t—o00
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7.5 Conclusion

We have modified the nonlinear adaptive algorithm of [Kanellakopoulos et al.,
1991] to produce an error-based algorithm. This allows global stabilizability for a larger
subset of pure-feedback nonlinear systems. The algorithm was demonstrated on the single-

input stabilization problem but easily extends to the multi-input and tracking problems.
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Chapter 8

Conclusion

In this dissertation, we have investigated the stabilization and tracking problems
for several different classes of systems. We have focused on systems that fail to satisfy
differential geometric conditions for input-to-state linearizability under state feedback and
change of coordinates. We have attempted to emphasize that certain underlying structural
properties can still be exploited to yield systematic stabilizing (and tracking) algorithms. In
doing so, we have added some specialized, but potentially very useful, tools to the nonlinear
control toolbox. Foremost, wé have demonstrated the power of introducing saturation in a
control law to overcome certain nonlinearities or actuator limitations. This notion led to
a solution to the global stabilization and small signal tracking problem for linear systems
subject to actuator constraints. Further, introducing saturation provided new global and
semi-global stabilizing and approximate tracking solutions for nonlinear systems in special
normal forms. This included the discussion of higher order feedforward forms and related
systems like “the ball and beam”.

We hope that the developments of this dissertation will not remain simply of
theoretical interest. There is work ahead to test the usefulness of our algorithms, beyond
systems like the “ball and beam”. It might also be possible to refine our algorithms to
achieve design specifications beyond the qualitative stability or tracking properties. Further,
we are inclined to believe that as we continue to study physical examples, other nonlinear
normal forms, ready to produce new design algorithms, will manifest themselves. The
problems of interest will be to identify useful underlying structures, to generate conditions
for recognizing these structures, to produce systematic control algorithms, and to convince

the control community of their usefulness.
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