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Abstract

This report will address some issues on rule-based incremental control like: is it possible for a
given class of systems to find a rule-based incremental controller that stabilizes these systems? Is
it possible to find a rule-based incremental controller that tracks any reference trajectory? These
two questions are particularly interesting in robotics: for instance if some method can generate
a trajectory [Luz92b], it is necessary to be able to control the given robot in order to follow that
trajectory.

We did not focus only on these two questions, but they build the core of the first chapter,
and the search for an affirmative answer has given us new insights on the mechanisms of rule-
based incremental control. This has led us to reconsider the current definition of rule-based
incremental control; in [Luz92b], we have discussed the use of artificial intelligence techniques
in order to learn rule-based incremental controllers for a given process, but the learnability has
not been proved yet, although experimental results seem to confirm it. A theoretical frame has
been developed in order to try to confirm or infirm the learnability [MLZ92, Mar92] (Eric Martin
is currently finishing his PhD on the subject [Mar92]) and one of our aims has been to find an
adequate definition of rule-based incremental control, which encompasses the current definition
(we do not want to lose the benefit of the results we have already proved!), and which can be
used in that theoretical frame. The second and the third chapters are the result of that search
for a new definition of rule-based incremental control; they only give a temptative answer and
much work has still to be done.

The general form of rule-based incremental control has been discussed in [Luz91]; other
references and results can be found in [Luz92b). Let us only recall that the control laws considered
have the following form: ur4+; = uk + €, A where ¢ (called the sign) is an integer between —m
and +m, and A (called the increment) is any non null positive real. A rule-based incremental
controller is a finite set of rules: if some test on the state at time k then add €xA to the current
input. Usually, the test in the if-part consists in computing some function of the state and
comparing it with given values, in other words the value of €, is computed by a step-function
applied on an eventually nonlinear function of the state. Actually this definition yields state
rule-based incremental controllers, and by replacing in the rules the word state by output, we
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could define output rule-based incremental controllers, which are used for instance in the learning
program CANDIDE [Luz92b].

We would like to make a few remarks at this point.

The word rule-based should not confuse the reader: we are not dealing here with expert
systems for instance. Of course we are dealing with rules, but that is not the key-point of our
approach; much more important is the fact that the input at time & will not be chosen arbitrarily,
but will be deduced from the previous input by adding (or subtracting, or more generally, by
applying) a given amount of a fixed increment. The rules are only a convenient way in the final
stage of the computation of that amount. This had to be made precise, as the term rule-based
is often used without discernment: without being too sarcastic, we could imagine a rule like “if
the system is controllable, then find a control law”, this would be rule-based control too! The
crucial point when using rules is to define precisely the language used when one writes rules, and
although it seems trivial, it is not always observed. ..

Another remark is: although we are using rules and basically, the action on the input between
two successive time steps could be interpretated as “add some large increment” or “subtract a
small increment”, we are not using fuzzy control either.

The definition of a rule-based incremental controller makes the next remark void, but we
would rather appear as insisting too much than be misunderstood (and misjudged...): the
coefficient ¢ is the result of the comparison of a nonlinear function of the state or the output
with given values; it is not obtained by mere discretization of the output space or the state space.

We have always been guided by one principle: only claim as true that which can be theoret-
ically proved, and use experimental results only as a guide for further proofs, not as a show-off.
We hope this report keeps to this principle.



Chapter 1

Rule-based incremental control:
chaos, stability, tracking

In the first section, we will study a particular rule-based incremental controller when applied in
a feedback loop to a linear system; we will then observe the distribution of the different com-
ponents of the state vector, which seems to point at chaotic behavior. When the state vector
space is 1-dimensional, we will study more precisely the relationship between the evolution of the
state vector, the initial state and the state matrix in order to understand the underlying mecha-
nisms [Luz92a]. The next sections will be dedicated to other rule-based incremental controllers,
used to stabilize first time-invariant linear systems, and then time-varying linear systems. This
will lead ultimately to a rule-based incremental controller used for trajectory tracking for a class
of nonlinear systems.

1.1 Rule-based incremental control leading to chaotic behavior

1.1.1 A state-feedback rule-based incremental controller

Proposition 1 For a controllable linear single input system (Xp41 = AXi + Bui ), a given
desired trajectory (X ,(‘d))ke,q and a sequence of inputs (uﬁd) Jken yielding this trajectory (X ,Ei)l =
AX ,Ed) + Bu}cd) ) such that (u}cd) - ufﬂl )keN is bounded, then, for any positive real €, there ezists
a rule-based incremental controller tracking the trajectory with an error smaller than e.

Proof: First let us introduce some notations: any real number z can be written z = [z] + {z}

_ P .
where [z] € Z and {z} €] —1,1[*. For positive z, let z = Z d;10' be a decimal expansion of z,

i=~00

1Our definition differs from the usual integer and fractional part for negative reals
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where the digits d; are integers in [0, 9]; we shall take for {z} the real number z: d;10* and [z]

f=—00
p I3
will be the integer E d;10%; for negative z, we take respectively: {z} = —{-z} and [z] = —[-2]

=0
(for instance [1.2] = 1, {1.2} = 0.2 and [-2.5] = -2, {-2.5} = -0.5).
As the system is controllable, it has a canonical controllable form (see for instance [Oga87]
or appendix):
Xk41 = AX + Buy
Let us define v; and u; by (A is a non null positive real and obviously X ,sd) corresponds to X ,(cd-)

expressed in the new coordinates):

—BTAR — R (D4 D ST v o 7
[ B A(XkAXk )4uy ]A.{.BTA(X],—X,(cd))-uscd)

Vk
{ U = —BT;{(}?), - X,(cd)) + uid) + vk

We notice that |vx| < A. A straightforward computation yields:
Xt — Xlgi)l = J( Xk - XP) + Bus
where J is a n x n Jordan matrix. We conclude that for any k:

= || = J""'l?vkﬁ!!
< =™ miBla

Take A such that (%, || J* ||) || B || A < € and the error on the trajectory is smaller than e.
Let us now verify that (ux) is an incremental control law:

% 5 (d
I Repn — XD

Uk = Up—1+
(-BTARk - ) + o +0) + (BT ARkor - X)) - 0, - V1)

The two last terms of the right part of the previous equality are, by construction, multiples of
A. Furthermore:

ok = wee1] < Jul® =l |+ loe] + form |+ 1| BTA Y| (| Bk = D))+ 1| Kecr = X2 1D

which is uniformly bounded in k. There exists thus an integer m such that for all k, there exists

an integer €, with |ex| < m verifying ur = ux—1 + exA. The corresponding rule-based controller
BT AR BNl BT AR =D ) 4lD

is obvious to write: compute | B AlXy AX" S 1-1 5 A% Ax"“)“*“] which will be equal

to some integer p (bounded by a constant as we saw previously) and add then pA to ux—;. O

Remark: the assumption of boundedness for the difference of two successive reference
inputs is not too restrictive, as in practice reference signals are usually bounded and thus
their variation between two time steps is bounded too.
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Figure 1.1: Tracking a 1-dimensional reference signal

An illustration of this proposition can be seen on figure 1.1, where a reference signal consisting
in steps, ramps and second-degree polynomials is tracked.

Let us look more closely at the previous proposition when uﬁd) =0and X ,(cd) = 0. We can

then state that for all ¢, there exists a state feedback rule-based incremental controller such that
for the controlled system we have: 3M, V&, || Xk ||< M.

Figure 1.2: 1 and 2-dimensional systems in closed loop

Figure 1.2 represents the state vector for 1-dimensional and 2-dimensional systems as a func-
tion of time. We see the values of the state vector are spread respectively inside a strip and
inside a square. For the 2-dimensional case, two different values of A have been chosen, and the
figure shows clearly that the error is proportional to A.
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Looking at the form of the state feedback incremental law, it is obvious that as soon as some
X} is null, the state vector is null for any k¥’ > k. We will now try to find a condition such that
there exists some k with X = 0. Rewriting the incremental control law, we have:

BTAX
BT
vy = {-Bi-%-X—E}A

The expression —BT AX} equals Yoy Gng1—iX ,Si). The state vector can be rewritten as:

Vk—n
Xe =

Vk-1

This shows that a necessary condition for X; = 0 is the array of equalities vx; = 0 for
1< ¢< n. But theﬁ Xkenti = J*Xi_n and all the equalities vg—; = 0 can be rewritten
a8 3 on—it1 G2n—i-j+1X, ,E’_)n = q;A, where g¢; is some integer in Z. Every such equality is in fact
in R™ (seen as an affine space) the equation of a family of parallel affine hyperplanes (the corre-
sponding direction in the vector space is given by the equation Y 7_,_;1; G2n—i—jy1 X ,E’_)n = 0),
and the condition Xy = 0 reduces to: the point with coordinates X ,(:'_)n must be on one of the ver-

tices of the previously defined lattice (the intersection of these n infinite families of hyperplanes)?.

The previous paragraph only tells us how to choose a state vector such that it goes to 0 after
at most n steps; it would be interesting to have a general condition on Xg such that X = 0 for
k > n, but for multi-dimensional vectors, this cannot be written in an easy way. However for )
1-dimensional systems, there are very simple conditions, as we will see in the next section (the
1-dimensional case is much easier to write down, as X; and vi can then be identified).

1.1.2 Distribution of the state vector

Figure 1.3 is another illustration of the 2-dimensional case; values of (a;,a;) are from left to
right: (—1.045,-1.0032), (-1.03,-1.01), (-1.2,-1.2), (-2.48,—-1.2), (—10,—12) and the initial
state has been chosen small. A quick look at this figure shows that the values taken by the state
vector inside the square do not seem to be distributed in the same way.

The aim of this section is to see how this distribution behaves when A and X, vary. In order
to simplify the equations, we will consider the 1-dimensional case and the system is - trivially,
as B is then a scalar and has to be non null - under its canonical controllable form. Furthermore
we assume that the scalar state matrix (written now a) and the initial state (zo) are positive.

2 Actually, as soon as k > n, Xk—n cannot be chosen arbitrarily as its norm is bounded, and only a finite part
of the lattice is admissible
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Figure 1.3: Other 2-dimensional systems in closed loop

We have:

{$k+1 = aTp + uk

u —a:ck]A

I
>

The recurrent equation can be rewritten as:

2= («F)
Without any loss of generality, we can thus assume that A = 1 (the sequence (%) has the same
distribution as the sequence (z)). For k > 1 we have obviously z; < 1; we can then assume
zg < 1 (as the distribution of the sequence (zx) does not change if we skip the first element of
the sequence). Let us write g; for [~azy]; it follows from our definition of the integral part, that
lgx| < [a] — 1. The recurrent expression of the state vector is:

Thy1 = qx + azg = a*Flag + gr + -y 70 F akf;'o

Rewritten as:

(=gx-1) | (=)
2 b gk T gk S

IO=(—_G%2+...+

this expression is similar to an expansion of zg in base a that begins with (—go)...(—gx) and

where 74, is the number whose fractional part is the remainder of the expansion; in other words,

k41 is obtained by shifting the expansion of zg to the left and losing the k + 1 leading digits.
It is then obvious that 24, is null for some & if and only if this expansion in base a is finite.

This cannot occur for all (zg,a) as can be seen if one takes zg € @ and a transcendental.

Remark: if a is not a natural number, the existence and unicity of the expansion in base
a of any real number in [0,1[ do not hold any longer: if the digits used in the expansion
are in {0,---,[a] = 1}, the whole interval [0, 1] is not covered by such expansions, and if
the digits are in {0, -, [a]}, some expansions are outside [0, 1[. However we may consider
the “expansion” we encountered as canonical, as it is similar to the usual expansion in a

natural base. Such expansions have been studied intensively; among the main results:
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— the map: z — {az} is ergodic (any Lebesgue measurable subset of [0, 1] invariant by
this map with non null Lebesgue measure has necessarily measure 1) [Ren57, Par60]

— the set of all fractional expansions F = {7, a;a'} where all o; are integers in
{d1,...,d;} has similarity dimension log k/log a [Edg90]

— concerning the existence of periodicity in the expansion, only sufficient conditions are
known [Bla89] (other known facts and open questions can be found in this reference).

As zr4; can be deduced from z; by shifting the expansion in base a of zi by ¢ steps to the
left (and losing of course the leading digits), the existence of a cycle in the distribution of the
state vector is equivalent to the existence of periodicity in the expansion in base a of zj; the last
remark shows that even for a 1-dimensional system, the existence of cycles in the distribution of
the state vector is an open question: in fact, almost nothing is known in the general case when
a € R(some fractional and some complex values of a have been studied in [Knu81, Edg90] because
of their relations to fractal sets: for instance the set of all fractional expansions F' associated
toa = ~1+1%and d; = 0,d; = 1 yields a fractal made of two adjacent Heighway dragons;
furthermore as every complex number can be represented in this number system, the whole
plane is covered with countably many such dragons which can be shown to overlap only in their
boundaries; other fractal sets exist for instance for a = ~2 and d, = 0,d; = 1,d3 = w,ds = w?
where w = €%7/3), Even for a priori very simple cases, such as a = 2, there are lots of open
questions: in absence of any theoretical result, some try to find some pattern in the distribution
of the orbit of 7 (i.e. the sequence z,41 = {22,} with zo = 7) or e with help of computers; even
equidistribution has not been proved or refuted yet. Although nothing is known in the general
case if one picks some real and tries to understand the distribution of its orbit, there are some
intermediate results:

o [Fra63] let p(X) be a polynomial with real coefficients. Suppose that for some zq, the
sequence (Zn41 = {p(zn)}) for n > 0 is equidistributed® in [0, 1[. Then either p(X) = X +a
witha € R\Qor p(X)=NX+0with Nez\{0,1,-1}and R

o [Fra63] the previous result is only a necessary condition of equidistribution: a sequence
(zn41 = {N2z,}) may fail to be equidistributed even if zo is transcendental. In fact,
take the Liouville number zg = 3%, N~ which is known to be transcendental; then
2, < N71 4+ N=2 4+ N=3 < 1 and the sequence (also known as Multiply sequence) cannot
be thus equidistributed in [0, 1]

In the next proposition, we will study the case a = 2 (but all results can be extended to any
integer value of a) and instead of considering the orbit of a particular real and trying to see

3(zn) is eguidistributed or uniformly distributed modulo 1 if for all a,b in [0,1], where a < b, we have
N

Nli;t.ne'D Z lia,5(2n) = b — a, where |, is the characteristic function of the interval [a, 5[

n=1 .
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whether it is dense or whatever, we will consider the set of all reals which have a dense orbit,
and its complement and look for their respective properties.

Let D :[0,1] = [0,1] with D(z) = 2z mod 1 and consider the following set:
B = {z €[0,1] | the orbit of 2 under D is not dense}

Let us denote B¢ its complement. Of course, B is the set of all z¢ such that the sequence ({2"z¢})
is not dense in [0, 1].

Proposition 2 For integer values of a, we have the following results:
1. B is uncountable
2. B° is uncountable
3. B and B¢ are dense in [0,1]
4. B has Lebesgue measure 0 (and of course B® has Lebesgue measure 1)

5. B and B¢ are second category

Proof:

B is uncountable.

Since every rational number is eventually periodic, its orbit visits but a finite number of
points in ]0, 1[ and hence cannot be dense. But there are other points which do not have a dense
orbit: let § be the set of all nonperiodic strings of 0’s and 1's not having 11 as a substring; then
no point on the orbit of z € S can be close to the number 0.11 and hence § is included in B;
a similar argument holds for S[b1b; - - - by], the set of all nonperiodic strings of 0’s and 1’s not
having byb; - - - bx as a substring (S is actually S[11]). B is hence obviously uncountable.

B¢ is uncountable.

Let z = 0.0 1 00 01 10 11 000 001 010 011 100 101 110 111 ..., in other words z
contains every finite sequence of 0’s and 1’s; then the orbit of z visits every neighborhood in
10, 1[ infinitely often and is therefore dense; the same holds of course for any z which has all finite
binary sequences as substrings in its binary representation arranged in any order; conversely, if
the orbit of z is dense in ]0,1[, then some point in its orbit must be arbitrarily close to any
0.b1b3 - -bx (any finite binary expansion in ]0,1[) and hence this point must begin its binary
expansion with the same string of 0’s and 1's; hence z contains any finite string of 0’s and 1's.
B¢ is characterized by this property and is hence uncountable.

B and B¢ are dense in [0,1].
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Let us introduce H, and H; defined from [0,1] into [0,1] with Hy(z) = 2/2 mod 1 and
Hy(z) = (14 z)/2 mod 1. It is obvious that B and B¢ are preserved by D, H; and H,. If we
look at the effect of any of these three maps on the binary expansion of some z, we see that
D shifts the expansion to the left and loses the leading digit, Hq shifts the expansion to the
right (therefore inserts a 0 between the comma and the binary expansion of z) and Hj inserts
a 1 between the comma and the binary expansion of z. By applying a finite number of times
alternatively these three maps, it is obvious that starting from z we can obtain any number with
a binary expansion which starts with some byb3 - --b; and goes on with the binary expansion of
z. As_we have noticed that B and B¢ are preserved by a finite application of these maps, we
conclude easily that B and B¢ are dense in [0, 1].

B has Lebesgue measure 0.
Let s be a finite string of 0’s and 1’s. We will show that the set of z which have a finite binary

expansion, where s does not appear, has measure 0. Suppose s has length n. The number of
possible binary strings of length nN in which s does not appear is at most (2" — 1)V, since there
are in each block of length n only 2" — 1 strings different from s (the number of such possible
strings is smaller because we do not consider overlapping possibilities of s between the different
blocks). Thus the measure of the set of z such that s does not appear within the first n/V bits
is smaller than (2" — 1)V/2"V = (1 — 2-")N. As N goes to infinity, this number goes to 0,
as 1 — 27" < 1. The set of all z which have a binary expansion in which s does not appear is
contained in all these sets, whose measure becomes arbitrarily small, so it itself has measure zero.
As there are countably many strings s and the union of a countable collection of sets of measure
zero has measure zero, and as B€ is the set of all 2 which have a binary expansion that contains
all finite strings, we conclude that B has measure 0. Of course, B® has Lebesgue measure 1.

B _and B¢ are second category.

This follows from the fact that they are dense in [0, 1], hence the interior of their closure is
not empty. B is another example of a set which has measure zero and is not first category, thus
non important in a measure sense, but still important in a topological sense [HY61].

These results can be proved in the same way: for other integer values of a, mutatis mutandis.
As key points of some of the previous proofs include unicity of the expansion in base a of any
real number in [0, 1] and periodicity of the expansion for a well-known class of real numbers, and
these questions are either false or unsettled for any real a, the previous results on B and B° are
not necessarily true for non integer a. O

These different results show that if we consider a 1-dimensional system controlled by the
incremental control law we defined at the beginning of this chapter, the distribution of the
values taken by the state vector (inside the interval depending on the choice of A) depends on
the initial state and for arbitrarily close initial states, the behavior will be radically different



(loss of density, loss of equidistribution, ...). Some generalizations to higher dimensional cases
can be found in [KN74] where references are given concerning the study of the map: z — {Az}
which is ergodic with respect to Lebesgue measure if and only if A is a non singular matrix and
none of its eigenvalues is a root of unity.

As we have seen, the study of the distribution of the state vector of our feedback system leads
to many number theoretic open questions, in spite of the apparent simplicity of the problem.
If we refer to the study we could make in the easiest cases and to the experiments performed,
we see that this distribution varies drastically for different initial states, and although the state
vector is kept inside well-known boundaries, the behavior of the controlled system is chaotic.

Remark: in [FC90, FC91b, FC91a], the structure of a single-loop ¥ — A modulator,
consisting of a quantizer and a discrete-time integrator in a feedback loop with constant
input is analyzed; this system is described by:

Tnt1 = PZa + g(u — sign(za))

where the input u is constant and the output is sign(z,). This equation is very similar
to the equation we just studied in the 1-dimensional case; limit cycles for the output have
been searched for and the characteristic of input versus average output has been described.
Instead of considering enly sign(z,), these papers consider also Q(z,), which corresponds
physically to the case when the number of quantization levels is changed (Q is a step
function between —1 and +1). The interesting part is that this study points at fractal
behaviors, which has kind of familiarity with our study.

1.2 Another way to stabilize a linear time-invariant system

The preceding discussion discussed a rule-based incremental controller which stabilized a discrete
linear time-invariant system; the only drawback is that this controller involves the canonical
controllable form. In this section, we will give another controller which does not make use of
that canonical form for the system. The rule-based incremental controller is inspired from [Kle74,
KP75] (the first paper deals with non singular state matrices, while the second extends the result
to any state matrix), and the proof will follow very closely these two papers.

Let us consider the system: Xi4+1 = AXy + Bug, with a single input, a n-dimensional state
space (it can be R® or C*; we will write in all cases AT for the adjoint of A), and let us assume
this system is completely controllable. With the same previous definitions of [z] and {z} for any
real scalar z, we define the control law:

BT(AT )n(zn:AtBBT (AT)‘.)-IA"-HX}:

U = [— i=0 A ]A (1.1)
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This expression is well defined, as the system is completely controllable (if we define W,,, =
Yo A'BBT(AT) for any m, it is obvious that W, is positive semi-definite for any m; it can
be shown that complete controllability implies Wy, is invertible, hence positive definite and as
a consequence the same holds for W,,, for all m > n — 1). As in the previous section, we define
v, by: .
U = Vg — BT(AT)".(Z AiBBT(AT)i)-lAn+1Xk
i=0

It is obvious that u takes only values which are multiples of A and vj is smaller in norm than
A. Actually uj is-the sum of vx and of the control law introduced in [Kle74, KP75], where it
has been shown that it stabilizes any discrete linear time-invariant system. We will first recall
this proof and then, making use of this result, we will proof the following proposition.

Proposition 3 Let Xr41 = AX + Bui be a discrete linear time-invariant single input system
and let us assume this system is completely controllable. Then the control 1.1 can be rewritten
as a rule-based incremental controller and stabilizes the system.

Proof: The proof consists in two parts; the first part follows [Kle74, KP75}, while the second
part deals with the fact that we are using incremental control laws.
- ePartl
Using the control law 1.1, we have: X1 = AX; + Bvg, where:

n
A=A-BBT(AT/(D_A'BE (AT)) 1AM
1=0
Let p be the algebraic multiplicity of the zero eigenvalue of the matrix A. There exists a similarity
transformation S which transforms A into A with:

2=s-lAs=(A° 0)
0 A

where Ag is a nonsingular (n — p) X (n — p) matrix and A, is a p x p matrix with only zero
eigenvalues (hence A} = 0 for all i > p). Taking B = §~1B and 4 = §~1A4S, we have obviously:

= (5)
By

Ll -~ ~ o~ - n PSR ~ . ~
Z = A- BBT(AT)R(E AtBBT(AT)t)—lAn-I-l
t=0
The column vectors By and B, are respectively (n — p) x 1 and p x 1. As we are dealing with
a controllable single-input system, the subsystems (A;, By) and (Aq, Bo) are controllable single-
input systems too, with respectively p and n — p dimensional state spaces (this comes from the

-—
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fact that (B, AB, -+, A" ! B) is a basis for the n-dimensional state space, and this space can be
decomposed into No@ Ny, where N, is spanned by the eigenvectors of A corresponding to the zero
eigenvalue, and Ny is spanned by the eigenvectors of A corresponding to non zero eigenvalues; it
is then obvious that (Bo, Ao, Bo,-++, A"~ By) is a basis for Ny and (B1,A1,By,-++, A" By)
is a basis for N1). There exists thus a similarity transformation §; (see appendix) such that:

(010 ---0) ro\
001 -0 0
SttASi= 1 0 i ] STB =
000 -1 0
\0 00 --- 0} \ 1)

The similarity matrix S’ defined as:

Inp O
s=("" ' )s
(5 5)

transforms the state matrix A into a diagonal matrix with blocks 4} and A} where A} is a Jordan
matrix, and B is transformed into By and Bj where Bj has null entries except for the last entry
which is 1. For sake of simplicity, let us write Ao, A1, By and B instead of A}, A}, B} and Bj};
in other words let us assume the similarity transformation S had already done the whole job and
S1 was thus reduced to the identity I,.

If p = n, we have i = A;, since A= A; and An+l — 0; thus i is a stable matrix. In this
case, proceed directly to part 2 for the end of the proof.
Assume p < n. By direct computation we have:

n 3 . p-l 3 -

n ' . ZAO‘BOBOT(AOT)‘ EAO'BOBIT(AIT)‘

Z A'BBT(AT) = | = | | 5= . |

t=0 Z AI‘BIBOT(AOT)' Z AI'BIBIT(AIT)'
=0 =0

Recognizing that A} B, is a column vector with all null entries but the p — i entry which equals
1, the following identities can be established:

p-l . 3

S AiBBI(A]) =1,

t=0
n . . p—l . . p_l 3 . n . .
- A5BoB] (A ) — (3 4bBoB (47))(X. AL By BT (AT)) = - 44 BoBY (4] )

1=0 =0 1=0 t=p
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Using these identities, we have:

n - T ATyiy-1
(L ABBT(AT)) = (L 45 (400)

=0
From the fact that A = 0 for all i > p, we have finally:

Ao - BoBJ (A3)"(3_ AoBoBq (4g)) 1 AG* 0
t=p

0 Ay

A

The first block matrix can be rewritten as: Ag— BoBJ (A )" P(X7=f A4 BoBJ (AJ))~1 AP+,
In order to show that this (n — p) X (n — p) matrix is stable, it is sufficient to show that for any
nonsingular (n X n) matrices A, the corresponding matrix 4 is stable, independently of » (in
fact, this first block matrix can be interpreted as Ag, where Ag is a (n — p) X (n — p) matrix,
hence the sufficiency).

Let us now assume A is a (n X n) invertible matrix. We have:
’Z : A- BBT(AT)an—lAn-}-l - A-n-l(A _ An+lBBT(AT)nWT:-1)An+l

This can be rewritten as A="~1 AA™*+1; as A is invertible, the matrix A is thus similar to A. Let
us study this new matrix more closely:

AW, A-W, =

AW, AT — 24"+ BBT (4™)T 4 A BBT(AY) W5 A" BBT (AT — W,

But we have: AW,AT = A"t BBT(4"+!)T + W, — BBT, hence:
AW, A - W, = ~A""[BBT — BBT(A")TWR'A"BBT|(A™")T - BBT = —-Q, — BB”

The first term @, thus defined can be rewritten as: ¢

Qi = A" B(I - BT(An)T(AnBBT(An)T + Wao1)"1AB)BT (A™H)top
Using the following matrix identity:

I-YT(ZYT +X) ' Z=(I+Y"Xx"12)"!

we have:

Ql - An+1B(I+ BT(An)Tw—l AnB)—lBT(An+l)T

n-1

*In fact this part of the proof with A invertible holds for higher dimensional control vectors, i.e. B can be a
(n x r) matrix, if the system has r inputs; in the next expression, the identity matrix is a (r x r) matrix, and in
the case of our single-input system, it is obviously a scalar, but we kept the matrix notation on purpose
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As Wl 1 is positive definite, BT (A"‘)'r A"B is positive semi-definite; the same holds then for
(I+BT(A*)TW 1, A"B)~1, hence Q, is posmve semi-definite too. We conclude that AW, A-W,
is negative semi-definite. Let X be an eigenvector of AT corresponding to the eigenvalue A; we
have then:

XTAW,ATX - X"W, X = (M\? - DX"W, X

All eigenvalues of AT have thus modulus smaller or equal to 1, because of the negative semi-
definite character of ZW,,KT — W, and since W, is positive definite. Let us assume one of these
eigenvalues has modulus equal to 1; then we have for some X, the corresponding eigenvector:

X" X+X"BBTX=0

This implies X TQ1.X = 0, because both @, and BBT are positive semi-definite. Instead of X,
we could have considered (AT) X for any ¢; this implies that X TA'QI(AT) X =0 for all 7. As
we have seen that Q; can be rewritten as A"*! BV BT (A4"+1)7, this implies that X T A*A"+1 B js
zero for all :. We have then:

XT(A™'B|AA™1B|...|A" 1AM B) = 0

But we have: A*A"+1B = A™*+1(A— BBT(A™)TW1A+1)i B, so the previous expression trans-
forms into:
XTA™Y(B|.--|(A- BBT(A")TWlA™)y-1B) = ¢

But, as for any C, the controllability of the system Xy4+; = AX + Buy is equivalent to the con-
trollability of the system Xy = (A + BC)X + Buy (see appendix), this expression contradicts
the controllability assumption of our initial system. Hence no eigenvalues of AT have modulus
equal to 1, and this matrix is stable; the same holds then for Z, and as A is similar to Z, we
conclude that A is stable.

o Part 2
The system controlled by the control law 1.1 can be described as: X4 = AXy+ Bvy, where
A has been shown to be stable, whether A is invertible or not. We have obviously:

Xks1 = A X, + Bog + ABvg_y + -+ + A Bug

As B is bounded and Vi, |v;| < A, we have:

k
| Xewt ISUAN* I Xo I+ N1 BHAY (AN
1=0

As || A ||< 1, we conclude that for all k, X} is bounded, and more precisely:

3M > 0,3ko € N,VE > ko, || Xk ||< MA
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As in 1.1 all terms are uniformly bounded in k (for all &, || Xk || £ max(Xo,- -+, Xk, MA)), and
as this control law takes only values which are multiples of A, there exists some m such that we
have: ux = €xA, with |ex| < m. It is obvious then to write a rule-based controller yielding this
control law (do as in a former section where another law was studied). O

Remark: as is discussed in [Kle74], the previous law could be modified slightly in or-

der to tackle some optimization problems; we could have considered for instance ux =
ROIBT(AT)rW AN X, . - . .

= . JA, where R is some positive definite matrix, related to the cost

functional of the optimization problem. For systems with multiple inputs, the proposition

holds for A invertible; if A is not invertible, in various special cases, the proposition holds
still, or a slightly modified version of the control law can be found [Kle74, KP75).

1.3 From linear time-invariant to linear time-varying systems

We will now consider discrete linear time-varying systems: X417 = Ax Xk + Bi Uk, where Xy is
the n-dimensional state, and A, and Bj are time-varying matrices. Notice that there may be
several inputs: Uy is not restricted to scalar values. Let us take the following convention: U
stands for the whole input vector, while u stands for any component of that vector (no subscripts
to indicate which component, as we only need to distinguish the whole vector from any of its
components); this holds for all other vectors trivially related to Uy (e.g. U,£9 ), U,Si), Vi). We will

proceed as in the preceding sections: in order to find an incremental law U ,gi), we will look for

some general® control law U,Sg ) and take uf) = ['—‘;{-)]A, where A is a non zero positive real; like
previously we can define V) = US) - U,gg). This allows us to rewrite Xpy; = AXy + BU,Ei) as
Xk+y1 = AX + BU ,59 ) + BVy; if we have some stability result for the system controlled in closed
loop by the general control law U ,Eg ), we can deduce stability results for the incremental control
law U,S" by applying adequate theorems on perturbed difference equations (which are given in
appendix). In a first step we will give some results with general control laws, and in a second
step, we will give the incremental versions of these results.

1.3.1 General control laws

Many general control laws stabilizing linear time-varying systems have been given in literature,
and we will only recall a few. The first one extends the method used in [Kle74, KP75] for
stabilizing discrete linear time-invariant systems, described in the preceding section. In [KP78],
the following proposition is stated.

®This is really an awkward notation, but will help us to avoid confusion; we want to state clearly when we deal
with incremental control laws and when we do not
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Let us consider a completely uniformly controllable and observable linear time-varying dis-
crete system Xyi41 = AxXi+ B Uy, yx = Cr Xy, where yj is the output vector. Complete uniform
controllability of the pair (A, Bi) implies the existence of a fixed integer I. such that, for all &
and for some positive scalars (a, a3):

‘ k+le.~1
ol < D A(k,i+1)B;Bf AT(k,i+1) < al
i=k
where A(k,j) = Hf;jl A;. The integer I, is similarly defined using the complete uniform observ-
ability of the pair (A, Ck).

Proposition 4 Let U,Sg) = —R;lB,I P _:1’,: +1+NAk Xk, where N is an integer, Ry i3 a positive
definite matriz, and the double indezed matriz P is defined implicitly by P; ; = 0 and:

P.j = A7 Py (A7) -
A7 P j(ATY)TCT DT (I 4 DiCoATY)T Py j(ATY)TCT DI Y ' DiCi AT Py j(ATY)T +
Bi-lRi_-llBit-l

where D; is some matriz, and Q; = D] D;. Then:

1) Assume that Ry and Qi satisfy a3l < Ry < a4l and 0 < Q < agl for positive scalars
(@3, 04, 6) and for all k. Under the conditions that the pair (Ax, Bi) is uniformly completely
controllable and Cy, is bounded such that || C ||< a7 for all k, the linear system with this feedback
control is uniformly asymptotically stable when the horizon length N is chosen to satisfy I.+1 <
N<o

2) Assume that Ry and Q; satisfy a3l < Ry < a4l and asI < Q. < agl for positive scalars
(as, a4, a5, a6) and for all k. Under the conditions that the pair (Ax, Bx) is uniformly completely
controllable and the pair (Ax,Ck) is uniformly completely observable, the linear system with this
Jeedback control is uniformly asymptotically stable when the horizon length N is chosen to satisfy
14+ maz (I;,l,) < N<o

The proof of this proposition uses the adjoint system; a further assumption is made: namely,
the state matrix of the closed loop system (in the time-invariant case, it was A) is assumed
invertible, in order to define the adjoint system. The proof involves finding lower and upper
bounds for the double indexed matrix P. The matrices Q; and Ry can be interpreted as cost
.matrices, associated to the optimization problem: J = Y*¥*N-14TQ.y. 4 uT Riu;. For further
discussion, refer to [KP78].

The next general control law, presented in [Che78, Che79], makes the zero-solution of the
closed-loop system uniformly exponentially stable at a rate at least u (i.e. 3¢ > 1,IM > 0,Vko €
N,Vk 2> ko, Vi, || zk [|<|| 4, || Ml"ko-k)°
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Let us consider a discrete linear time-varying system, and assume that Ay is invertible for all
k. For k > kg > 0 and v > 1, define:

C(ko k) = (Ag}Bi IA::A;,‘HBkokﬂl o A ALY - AD By)

S(ko,k) = C(ko,k)Clko,k)T = 3 (AgL---A7Y)B;B] (AR:--- A71)T
J=ko

k
z y4(k°"k)(A;°1 e AJ?I )B_,-B;r (A;o1 ces A;I)T
j=ko

Sv(ko, k)

We have then the following proposition.

Proposition 5 Assume that there ezists | € N\ {0} such that:

1) the rank of C(k,k+1—1) isn for all k

2) 3srm,38m,SM 2 Sm > 0 such that: 0 < sl < S(k,k+1) < syl for all k
Then, for any v > 1, the linear time-varying state-feedback general control law:

UP = —BY (A7Y)TSu(k,k + 1)1 X,
is such that the zero solution of the closed-loop system:
Xitr = A[l = A7 B Bf (A7Y) TS, (k b+ 1)1 Xg

is uniformly ezponentially stable at a rate at least v.

Proof: Let us rewrite the closed-loop system as: X4, = AxXy, where:
Ary1 = AklI - A7 BeBT (ALY Sy (ky k + 1)V X

It is easy to see that if the zero solution of the v-scaled system £i41 = vARx, with v > 1, is
uniformly exponentially stable at a rate 4 > 1, then the zero solution of the system Xy41 = Ax Xy
is uniformly exponentially stable at a rate at least vu. Let us define a real-valued function® V
by: V(k,&) = €7 S,(k,k + I)~1€. From the second assumption in the proposition, we have:

0< v s I < S, (kk+1) < syl

and of course:
0< sy <S(kk+ 1) <v¥lstI

® Actually this function is a Lyapunov function and will be shown to be negative definite, hence uniform stability
of the zero solution [LT88].
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By straightforward computation, we compute the difference of the function V along the solutions
of the scaled system:

AV (k, &) V(k+1,6k41) = V(k, &)
T[T S(k + 1,k + 14 )" (vAR) - S, (k, k + 1)V
Using the definition of A; and the identity:

AiS,(k,k + AT = BeBY +v=4S,(k + 1,k +1)

we have:

VAR S (k+ 1,k + 1+ )" (vAy)
= v, (kk+ 1) ATIS, (k+ 1,k + )8, (k+ 1,k +1+1)"
Su(k+ 1,k +0)(A7Y) TS, (k,k+ 1)
As we have: S,(k+1,k+14+1)> S,(k+1,k+1) > 0, we have obviously: S,(k+1,k+1+1)"1 <
S,(k+ 1,k +1)"1, and the previous equality becomes:
(VA S, (k+1,k+ 141D (vA)

< v8S,(kk+ 1)TTADIS (K + 1,k 4+ D(ATY) TS, (k k4 1)

< v2S(kk+ 1) A BRBY + v S (k4 LE+ DI AT TS, (B, k+ 1)
v=28,(kk+ 1)1 '

The last inequality holds because By B is positive semi-definite and the last equality is a con-
sequence of the identity given previously. Hence we have:

AV (k&) < (v = 1)EISu (kb +1)7'6 < —(1 = v72)s3} || & |12
which is negative definite’. We have then:

AV (k, &) < -(1- V-2)3£_
V(k,&) =  vilsy!
This yields for all £ > ko > 0 and all &,:

Vk+1L,641) S[1 = (1= v )smspfv 4V (k, &)

and finally:
1€k 1< o 1l 7 /2201 = (1= w2 )susppui)(bmbolr2
m

The convergence rate of the closed-loop system is then at least v[1 — (1 — v?)sps57v~4]~1/2
which is obviously greater than v. O

"If the v-scaled system had not been used, we would only have obtained 0 as an upper bound, and the function
would only have been negative semi-definite
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Remark: further discussion can be found in [Che78, Che79], for instance on robustness of
closed-loop stability (an issue we did not study at all in this report).

1.3.2 Incremental control laws

Starting from the general control laws U,gg ) studied in the previous section, we define the corre-

ol B (i) (i) _ @ (i) _, (9) o
sponding incremental control laws U by: uy’ = [-A-]A. We define vx = v}’ —u;”’ = —{F%-}4A;
the linear time-varying system controlled by such an incremental control law verifies then:
X1 = e X + BkU,gg) + BiVi and can be seen as a perturbation of Xy, = Ap X + BkUég}.

As a consequence of the previous section, we have two possible definitions for V:

R;lBEP_l NAka

Uk—{ k+2k+l+ }A
BY(ATHYTS, (kk+ D)X
i =1 k(A7) /(A + 1) £3A

It is obvious that in both cases, for X} = 0, we have V. = 0; furthermore, V; takes its values in
the ball® of radius A. As for all real z and y, we have: |{zy}| < |z||y|, we have in both cases:
| BxVi ||< My || Xy ||, where Mj is a positive real that does not depend on X; but only on the
different matrices which define the system (A;, B;, C;, D;, R; for all i). Under the hypotheses
used in the previous section to prove the stability of the corresponding general control laws, we
have the following proposition.

Proposition 6 Assuming the hypotheses of propositions 4 or 5, depending on which incremental

control law is used, we have:
1) If 3720 M; < 0o, then the controlled system is uniformly asymptotically stable.

2) If there exists some L > 0 sufficiently small such that: Yk, M) < L, then the controlled
system is exponentially asymptotically stable.

3) If there exists some L > 0 such that: Yk, M) < L, then the controlled system is totally
stable.

4) If there exists some 0 < L < 1 such that: Yk, M. < L, then the controlled system 1is
practically stable.

*We consider the following norm: the norm of a vector is the sum of the absolute values of its components
divided by the dimension of the vector space
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Proof: The proof uses results on difference equations given in the appendix. We notice first
that both general control laws when applied to the system yield uniform asymptotic stability
(uniform exponential stability implies uniform asymptotic stability).

1) Use proposition 12.

2) Use proposition 13. As was stated in the proof of proposition 4, the matrix P can be
shown to be upper bounded, and in proposition 5, the matrix S, is upper bounded too; hence
the new assumption on the existence of L needs only further constraints on Ay and Bx, which
can then be stated easily.

3) As in both cases V. depends additively on X, the existence of L 1mphes that proposition 14
can be applied.

4) For X = 0, we have obviously Vi bounded; furthermore the existence of L implies as in
the previous case that proposition 15 can be applied. O

Remark: the additional assumptions in the previous proposition imply that the u; are
uniformly bounded in k and a rule-based incremental controller can then be written, in the
way described in a previous section, that yields the previous incremental control laws. The
previous proposition uses the rather brute-force inequality: |{zy}| < |zy|, and any finer
inequality would of course yield propositions with a wider scope.

1.4 Nonlinear systems and trajectory tracking

This section is the discrete-time counterpart to [WTS+92] with the additional constraint that
our control laws cannot be chosen freely, we have to keep to rule-based incremental controllers.

We will consider nonlinear systems with the state equation: Xx+1 = f(Xx)+ g(Xx)Uk, where
X}, are the n-dimensional states, Uy the p-dimensional inputs, and f and g are two differentiable
functions modeling respectively the drift and the nonholonomy of the system. This class of
system covers many models used in robotics [RM91, TLM+92, WTS*92, Luz92b]. Given a
desired trajectory (i.e. a sequence X ,ﬁ“’) and nominal inputs (a sequence U (4) yielding this
trajectory), we will compute first the linearization of the system around this desired trajectory,
obtaining a linear time-varying system; using the results of the previous section, we will then be
able to control the nonlinear system with rule-based incremental controllers.

Proposition 7 Given a nonlinear system Xi41 = f(Xi)+9(Xx)Uk, a desirable trajectory (X, (d) )
and nominal inputs (U ,£ ) ), under some assumptions on the linearization of this system given in
proposition 6, there ezist rule-based incremental controllers which ezponentially asymptotically
stabilize the nonlinear system to the desired trajectory.
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Proof: Let us define the error signal Ey and the error input I} as:

B, = Xi-X
L = U-U9

We solve for the dynamics of these error signals using the Taylor expansions:

Eir = f(Xi) = FXD) + [9(Xp) - (XU + (X0 - U
D D
= D—;’(x};")(x,c -xM+ 5—5—(}(};‘))(){,c - XNUD + 1) + 9(XNIL + Ry
We define then A; and B; as:

D Dg.U®
a = Do) s 28
(d)
By a(X.”)

The error signal satisfies then:
D
Ex41 = AkEx + Bl + —Di(X;(cd))Eka + Ry

As we have been using the Taylor expansion, Ry = of|| Ex ||). Let us take for I; one of
the incremental control laws described previously; we have then: Eil; = O(|| Ex ||2) and the
equation for the error signal becomes:

Exyn = AkEr+ Byl + R}, (1.2)

where R, = o(|| Ex ||). We know that under the assumptions 1) or 2) on A; and By given
in proposition 6, any of the two incremental control laws taken for Ij stabilizes uniformly the
system: Eiy; = AgEp + Bili. As R} = of|| Ex ||), we can use proposition 13, hence the
system 1.2 can be exponentially asymptotically stabilized.

Using the remark at the end of the previous section, we conclude that there exist rule-
based incremental controllers (yielding any of the two previous incremental control laws), which
exponentially asymptotically stabilize the nonlinear system around the desired trajectory. O

Remark: in [WTS+92], applications are given in the continuous case, which show that
the corresponding control laws are not too difficult to compute; three systems are studied,
namely a system whose control Lie algebra is the Heisenberg algebra with two generators, a
simple nonholonomic mobile robot HILARE with two parallel wheels, and a front-wheel drive
car (control of this last system with rule-based incremental controllers has been studied
in [Luz92b)).
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1.5 Concluding remarks

In this chapter, we have been looking for stability and tracking results, when using rule-based
incremental controllers on different classes of systems. Starting with time-invariant linear sys-
tems, we finished with a large class of nonlinear systems; it turns out that theory confirms what
experiments had hinted at [FKB+85, FL89, Fou90], namely rule-based incremental control, in
spite of its apparent simplicity, has a broad scope of applications.

Looking back at previous research shows how much the theoretical results have gained in scope
and depth: in [Luz91] only linear time-invariant systems were considered and the propositions
stated that for any given time interval, there existed an incremental control law that could bring
the state vector at the end of that time interval arbitrarily close to the origin; but during the time
interval, the only thing that was guaranteed was that the state vector was uniformly bounded by
an affine function (i.e. the state trajectory remained in a cone depending only on the system).
Although this incremental control law could be constructed, the various ¢; were found backwards
in time: given the time interval [0, k], first €, was constructed, then €;_; and so on. Such a
construction could not allow to find a rule-based incremental controller, as the rules depended
explicitly on the length of the time interval, and to compute the first coefficient €;, you already
needed all the other coefficients, so you had to compute the whole control law just to start!

The propositions of the current chapter give an explicit construction of rule-based incremental
controllers, where each coefficient ¢; depends on the state X;. We have actually been studying
state rule-based incremental controllers and further work could focus on output rule-based incre-
mental controllers, where the coefficient ¢, would this time depend on the output y; (and the
previous outputs). We do not think such a study would change radically the propositions, but
would only give additional constraints related to the observability of the system. However this
will have to be done, in order to characterize only in terms of inputs and outputs the class of
systems controllable by rule-based incremental controllers.

The study of the chaotic behavior of the 1-dimensional linear time-invariant system controlled
by a state feedback rule-based incremental controller shows that it will not be easy to have a
smooth behavior of the system: although stability or tracking with arbitrarily small error are
guaranteed, the system chatters with various and almost unpredictable frequency. This is of
course one of the inherent drawbacks of discrete control, but it has to be noticed (actually, due
to relaxation delays, this chattering is very often damped in real-world applications, but it still
exists theoretically).

As we have already said, no robustness issues have been discussed here and this will of course
have to be done, in order to confirm experimental results.



Chapter 2

Other possible formulations of

rule-based incremental control

In this chapter, we present different formulations of rule-based incremental control that are an
alternative to the algebraic definition of incremental control used for instance in the previous
chapter. There will be no propositions in this chapter related to the behavior of a system con-
trolled by such controllers as, till now, we have focussed our attention only on the algebraic
definition which seemed so easier to exploit. This chapter should be seen as a transition between
the analysis of controlled systems, as developed in the previous chapter and former papers or re-
ports, and the search for a unified theory of rule-based incremental control and machine learning,
as presehted in the next chapter.

2.1 Operator based formulation

Instead of considering the input at time k as the sum of the input at time k—1 and the product of
the increment by a uniformly bounded integer, we can consider the input at time k as the result
of some operator which acts on the input at time k£ — 1 and on the increment. This formulation
has been presented in [FL89, Fou90, LZ90, Luz91].

We define an operator-based incremental law as:

( ,,0 - 0 0,1
v = e Orup
1 _ .1 pla2
up = upy O ui
4
n-1 _ n-=1 nn-1_n
U = owl O up
n —
| Uk = A

u} is the command vector at time k, u}, its increment, and u} the n*P-order increment. All these

27
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increments are taken in the same space as the input vector. The operators @j, are taken in a
finite set of operators, and A is a positive real constant.

These operators satisfy the following rewriting rules (z, y, z are taken in the set where the u},
are defined):

1. (20 2=z ya’ 2

2. There exists an internal law on the finite set of operators @* called o which is associative
and commutative

.20 (¥ 2) =z @ yDled’ 2
4. z@‘y@jz=x®jz®"y

The first and the third rule are only rewriting rules, they do not authorize reasonings like : as
®* = @'e@7, let us apply the third rule to the expression z &' y ®* 2.
By induction, it is obvious to show:

. . o o ot .
up = u, OF wly oo @le@ith..e@l™? Wil ejeaiM...e@}T! A
v = vhefut---eul

The rewriting rules have been chosen in order to allow some recombining of terms in complex
expressions with parentheses; of course one could forget these additional rules, and only consider
the operators @}, as some elements of an eventually infinite family, but it would not be very
practical. One could certainly take advantage of some more structure on the input space and on
the controlled system, as in [Sai81]; some work could perhaps be done in this direction.

This operator-based formulation is a direct generalization of the algebraic definition: just
take z + €,y as definition for z @} y (if ¢ > 1) and z + Ry + €, A’ as definition of z @) y, and
the rewriting rules are satisfied, as the ¢, are in {~1, 0,1}, and €, is in {-m,---,+m}. This
algebraic definition, used in [Luz91] to define the (n,m) incremental control laws ~ n refers to the
maximum order of the increment and m to the maximum absolute value of €, - is more general
than the algebraic definition used for instance in chapter one. '

Actually in the first applications like the laser cutting robot [FKB*85, ZFG84], only (1,0)
incremental control laws were used. Such a crude definition of rule-based incremental control
has been shown to be insufficient [Luz91] (linear time-invariant systems could not be stabilized if
their state matrix had a norm greater than 3) and experimentally a need for a better definition
had been felt too [FL89]. This led to (n,0) incremental control laws. Although it has been shown
in [Luz91] that a stable linear time-invariant system controlled by a (n,0) incremental control
law could follow all reference signals k ~ k* for i < 7, no result on stabilization could easily be
proved.
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This can be better understood when one goes from the recurrent definition of u; to the
explicit form of u; depending on the initial conditions:

faes
u, = uo+ Z e,ouo +---+ z Z Z 6 :‘:";“8_1 +
to=1 to=14;=1 fa-z=1

|‘—3

YY .Y ad. ata

‘o=1 i;:l ln-g“l
which can be rewritten when u} = +--= u}™! =0 as:

tn—2

uk-"o+EZ 2 @A
fo=14;=1 th—1=1

The coefficient of A is a complex function of k; when all e are equal to 1, its value is Cn k-1
but it can be observed that all values between —C?_, _, a.nd Chik-y are not taken, when the
e_‘;- vary inside {-1,0,1}. Although it is possible to infer different recurrent descriptions of the
set of all values taken by this coefficient when & varies, we could not find an explicit description
depending only on k. The idea was then to introduce the (n,m) incremental control laws, where
an additional term €, A’ was added to the recurrent definition of u, which overcame the previous
difficulties. As all theoretical results on stabilization or reference signal tracking have only used
(0,m) incremental control laws (i.e. used only this new additional term), and as such a definition
models the intuitive idea of incremental control, we think that (0,m) incremental control laws
are the algebraic definition we have been really looking for. The only objection could be that in
. such a definition, the coefficient of the increment is uniformly bounded in &, whereas in the (n,m)
definition, there was no such limitation; but neither in theoretical proofs, nor in experimental
investigations, there has ever been made use of that feature.

2.2 Distance based formulation

Instead of considering operators on the input space, we can consider metrics on this space, and
choose the input at time & such that the distance between this input and the input at time & — 1
is the product of an increment by a uniformly positive integer. Actually, such a formulation tells
us that the input at time k will be on a sphere with center the input at time £ — 1; it would
be nice to have some more information on the location on this sphere: typically, we would like
to have an order on successive inputs, so as to be able to say whether the input increases or
decreases. This will lead us to consider functions instead of distances, but as the underlying idea
is to keep two successive inputs inside some ball, we call that formulation distance-based.

According to the previous remarks, u; and u;.; are related by:

Suk, uk-1) = A
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where, as usual, €, is a uniformly bounded integer and A a positive real. In [Fou90)], some
particular values of f have been proposed, although no further study has been undertaken, like:
f(a,b) = (a + b)/(1 — ab). Of course, if we take f(z,y) = z — y, we have the usual algebraic
definition of incremental control laws. Without adding further constraints on f, it is almost
impossible to achieve anything with such a definition. The question is then, of course, how to
choose these constraints? The remainder of this section will be dedicated to the consequences of
one constraint which seemed “natural” to us.

Let us consider a linear scalar controllable system zx4) = azi + ug; we will look for all
continuous f such that: f(zk41,2zk) = af(zk,2k—1) + f(uk, uk—1); in other words, in the same
way as f reduces the study of the inputs to the study of the increments ¢, we would like f to
reduce the study of the state vector to the study of a “state increment” that satisfies further a
linear equation. We present all these developments in the scalar case, as it is much easier and
we do not need to bother about the dimension problems.

Such a function f is defined by the next equation:
Vz1,22,23, f(21 - az2,22 - a23) = f(21,22) - af(z2,23) (2.1)

If we make particular choices for (z1,z2,23), we can derive the following identities (when no
further restriction is given, z and y are any real):

e f(0,0)=0

o f(z - ay,0)= f(z,y) - af(y,y/a)

* f(z-a,1)= f(z,1) - af(1,0)

¢ f(az,z) = f(0,2 - ay) + af(z,y)

o f(0,z) = f(az,z) - af(z,0) = (0,2 — a) + af(z,1) - af(z,0)
o f(az,az) = af(az,2)

Let us consider g(z,y) = f(z,y)— Az — py, where A = f(1,0)and # = af(1,0)- f(a,1). Then
g satisfies obviously the same identities as f. Furthermore, g(1,0) = 0, hence g(z—a,1) = g(z,1).
We have:

9(z-a,y) = g(z-a-ay,0)+ag(y,y/a)
= g(z-ay,1)- ag(1,0)+ ag(y,y/a)
= g(z—ay+a,1)+ag(y,y/a)
= g(z,y)
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Thus g(z — a,0) = g(z,0), but we had g(z — a,0) = g(z,1) — ag(1,1/a) and 0 = g(0,1) =
g9(a,1) = ag(1,1/a); all this implies g(z,0) = g(z,1).

1 1
9(zy+1) = Ig(az,2)- 2g(0,2~ay-a)

1 1
= ;y(az, z) - 59(0, z-ay)+g(z - ay,1)— g(z — ay,0)
= g(z,v)

1 1
g(z+1,9) = ;g(a'z'l‘ a,z+1)— Eg(osz+ 1 - ay)

1 1
= ;y(a-'c +a,z) - 59(0,2 - ay)
= g(z,y)

Let us assume a is not an integer, then we have just shown that g, : 2 — g(z,y) has 1 and a as
periods; as g, is continuous, we conclude that for each y, g, is constant. In particular, we have
then g(z,0) = g(y,0) = g(0,0).

g9(z,y+a) = g(z—ay-a®0)+ag(y+a,1+y/a)
= g(z~ay,0)+ag(y,y/a)
= g(z,y)

We have just shown that, if a is not an integer, g, : y — g(z,y) has 1 and a as periods; as g, is
continuous, we conclude that for each z, g, is constant. In particular, g(0,z) = g(0,y) = ¢(0,0).
As ¢(0,0) = 0, all this proves that g is null everywhere.

If a in an integer, then a is a period of g, and g,, as 1 is a period. As, obviously, —a is a
period too, we can further assume a is a positive integer. Let us consider any rational number
in [0,1[ and its expansion in base a: N, p;a~f, where p; are positive integers in {0,--,a — 1}.
Then:

N N
9(0,3_pia™) = a™Ng(0,3_pi) = 9(0,0)= 0
=1 i=1
We have:
N N N N
9@ _pia™,Y pa™)=aNg(ad pi, > m) = 9(0,0)=0
=1 i=1 t=1 i=1
By continuity of g, we have then g(0,z) = 0 and g(az,z) = 0 for any real z in [0,1], and
more generally, as 1 is a period for both g; and g,, for any real z; as furthermore g(az,z) =
9(0,z - ay) + ag(z, y), we conclude that g is null on R2.

We have proved that the continuous functions f that verify 2.1 have the following form:
f(z,9) = Az + py, where A and p are arbitrary.
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This form generalizes the usual form: f(z,y) = z — y. Using the explicit form of f in the
equation zx41 = azj + uk, we have:

AL —po. -
woo= FLEG)T ) e
= gk*l=i _ (S )kt

a+4

k
k+1 Yo , k+1 _ (TH k41 éz .
a $o+a+§(a (A) )+A €

=1

Tk+1

A study similar to the one in [Luz91] can then be performed, and the results are qualitatively
the same. : ’

All this shows that the constraint we chose does not yield a very sa.fisfactory generalization.
We have tried other functions f, but the recurrent equations look very quickly like the garden
of Sleeping Beauty’s castle, and we did not find yet the charming Prince ...



Chapter 3

A look into abstract systems theory

We have been looking at the different approaches in abstract systems theory, in order to find
a general frame in which we could express rule-based control with enough generality, so as to
be able to infer then connections with other formalisms like in [MLZ92, Mar92], where learning
paradigms in process control are discussed.

We will first present some approaches we found in literature and will then concentrate on
a particular approach which is much more developed and has already given non trivial results.
With help of this formalism, we will then try to describe rule-based incremental control and give
hints for further developments.

3.1 A tour through literature

Our aim is not to justify abstract systems theory or even to give a precise definition of it. Let us
just say that we looked for a theory which could be used to describe very large classes of systems
and behaviors - we do not even try at this point to define these concepts - without using specific
equations, but rather by giving some array of axioms which formalize rather “naturally” usual
concepts. It appears in literature that the word systems theory is used very widely and covers
many topics which were of no use to us; focusing on abstract systems theory and on formal theories
of general systems, the topics covered were more or less what we wanted. We will describe in
this section some approaches we did not use directly, although the concepts introduced are of
course almost the same as the concepts we will use, but their formalization did not suit well to
our task.

In [K1i69, Orc72], the theory relies on the existence of five fundamental traits which are
shared by all systems; the last reference introduces a sixth fundamental definition for time-
varying systems and proposes an application to a cellular automaton. Let us summarize these
fundamental characteristics: a given phenomenon under investigation is known via measure

33
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values of some quantities associated to the phenomenon. These measures are made at a given
space-time resolution level. Once the quantities have been chosen and a resolution level assigned
to each, values are measured starting at a reference time; the variation in time of these values
in the activity of the system. If the system is observed during a sufficient time, three types of
behavior may be observed: permanent behavior, which is the real behavior of the system, the
absolute relation satisfied over the entire time interval, relatively permanent behavior, which is
the relative relation consistent with the data, and temporary local behavior, which corresponds
to a relation satisfied only during some time interval. After study of the different behaviors,
it should be possible to have an idea of the structure of the system: a universe of discourse
is given, the collection of all elements of the system, and the coupling of two elements is the
set of all common external quantities; corresponding to the different behaviors, there are real
and hyﬁothetic couplings. The structure of universe of discourse and couplings is the set of all
elements or behaviors and their couplings or compositions. Finally, the state of a system is the
set of instantaneous values of all quantities, and the state-transition structure is the set of all
states and transitions between these states.

The main five traits are thus: quantity and resolution level, activity, permanent behavior,
universe of discourse and coupling structure and state transition structure. In [Orc72], these
traits may be considered as changing during time (indexed by a new time space), in order to
describe time-varying systems, and a system is then defined by a trajectory in fundamental
nonfundamental time-space!

In [Wym72], a set of input functions is first defined; this set is invariant by translation,
as an input function should not depend on the arbitrary origin of the time scale, and it must
be invariant by segmentation: if f and g are two input functions, the function defined at t as
being f(t) if ¢t is negative and as g(¢) if ¢ is positive, must be an input function. This last
condition allows us to experiment on a system: if an experiment is to begin at time 0 and
an input function is then to be generated, the total input history composed of the history up
to time 0 and the history from time 0, must be a legitimate input function. Once we have
this set of admissible input functions, a system is defined as an assemblage (S, P, F, M, T,
o) where S is a set of states, P a set of inputs, F' a set of admissible input functions defined
from R into P, M a set of functions (behaviors) defined from S into S, which contains the
identity, T' a set of time steps (T' C R, 0 € T') and o a function from F x T onto M that satisfies
additional constraints (o(f,0) = Ids; o(f,t1+1t2) = 0(f=,,t2)00(f,t1) where f_..(2) = f(t+7);
fio[ = 9o, = o(f,7) = o(g,7)), namely initial state consistency, composition property and
causality, in order to rule out anticipatory systems. Starting from this deﬁﬂtion, “recipes”
(sic) are given to account for concepts as coupling, subsystems and components, and systems
classification considerations, with definition of system homomorphisms. The main objective
in [Wym72] is not to give a rigorous mathematical formulation but rather to present a frame



3.2. A FORMAL THEQRY OF GENERAL SYSTEMS 35

which can “represent any engineering phenomenon of interest”(sic).

It is obvious that one of the most immediate fields of application of topology in a theory
of general systems relies on an adequate definition of proximity (of systems, trajectories, or be-
haviors), in order to address problems of stability, or optimality. Some work has been done in
this direction, as we will see in the next sections. In [Cor72], a “natural topology” is introduced
within the framework of [Wym?72]; actually, the introduction of the topology concerns the ad-
missibility of input functions: the method of generating admissible input functions suggests the
introduction of the admissible set operator, which satisfies generalized closure conditions (not the
well-known Kuratowsky closure conditions), as developed in [Ham72], and the introduction of a
generalized topological structure, namely an Appert space. Although a natural topological exten-
sion is thus presented (with new definitions of continuity, connectedness, convergence [Ham72]),
no other properties, more closely related to general systems, seem to have been explored since.

In order to conclude this brief review of general systems theory in literature, let us give some
additional references: in [Win71], time processes and time processors, contracting and expanding
processes are defined, and the book ends with the definition of a state space; finally, [MMT70] is
dedicated to hierarchical and multilevel systems.

3.2 A formal theory of general systems

A constructive specification of an input-output system can be done in two ways: either by
considering the systems objects as functions of time and defining a system by restricting the
domains of these functions and adding some analytical properties, or by considering these objects
as sets and introducing additional algebraic structure. The first approach is developed in [Mes72,
MT75, MT85] and the second approach in [Sai81]. Actually it is rather nonsense to erect a solid
wall between these two approaches: all the algebraic developments in [Sai81], although very
appealing, are actually guided by a translation into algebraic terms of the state equation of
a linear time-invariant system, and the only non trivial result is the internal model principle,
which states that under some - rather strong - assumptions, an internal model of the exosystem
is present in the controller of a regulator (in other words, the dynamical action of the controller
includes a copy in some sense of the dynamical action of the exosystem). This explains why a
mixed approach is used in [MT85] too, which starts from the same concepts as in [MT75] but uses
intensively category theory and other algebraic concepts. As our aim is to use this formalism
in order to define rule-based control and eventually lay a bridge between systems theory and
learning theory, and as this report is only a first step, some definitions given may seem useless,
and some may be lacking. The given references will fill the gaps, and we hope we can achieve
our goal, if not in this report then at least in a rather short time.

A general system § is a relation on nonempty sets: S C x;erV;, where X denotes the cartesian



product and I is the index set. A component set V; is referred to as a system object. Let I C I
and I, C I be a partition of I; the set X = X;er, V; is termed the input object, while Y = X1, Vi
is termed the output object. The system S C X X Y is referred to as an input-output system.
X = D(S) is the domain of § and Y = R(S) is the range.

Given a general system S, let C be an arbitrary set and R a partial function defined from
C x X in Y, such that: (z,y) € S = (3c)[R(c,z) = y]. Then C is a global state object, its
elements are global states, and R is a global response function for S. This function provides
a way to express the output as a function of the input even when the system is not initially
functional. It can be shown that every system has a total global response function. However if
further requirements are imposed either on C or on R, it is not guaranteed any longer that R is
total.

Let A and B be arbitrary sets, T a time set (i.e. a linearly ordered set), AT and B7 the set
of all maps on T into A and B respectively, X C AT and Y C BT, then a general time system
S is a relation on X and Y. The elements of X and Y are abstract time functions; for z € X,
its value at ¢ is denoted by z(t) (the same notation holds for y of course). Let us introduce now
the following notational convention for time segments:

Ti={t"|t">t} T'={t"|t" <t} Tw={t"|t<t" <t}
Tw=TwU{t'} T =Ttu{t}

Corresponding to various time segments, the restriction of z € AT will be defined as follows: z; =
ZIT,, T = Tyre, T = Ty7,,y Tewr = T, T = z - The following restrictions of X are defined:
Xe = {2¢ | ¢ = 27,7 € X}; X! and Xy are defined in a similar way; X(2) = {z(?) | z € X}.
The following convention is used: zs = @ and Xy = {@}.

Based on the restriction operation, another operation is defined: the concatenation. Let
z € AT and 2= € AT} for any t we define % by: #(r) = z(7)if r < t and &(r) = z*(r) if T > t. &
is represented by & = z*.z} and is called the concatenation of z; and zy.

A time system is input complete if and only if:

{ (Vz)(Vz*)(Vt € T)(z,z" € D(S) = z'.z] € D(S))
(Vt)({z() | z € X} = A)

Every time system is now assumed input-complete unless explicitly stated otherwise.

The restrictions of a time system S are definéd in reference to the restrictions of inputs and
outputs: for instance S; is the set of all (z¢,y:) for which (z,y) € S. The other restrictions S*
and Sy are defined in a similar way. For a time system, the global state ob ject and the global
response function are called initial state object and initial response function, and denoted by Co
and po. The state object at t, denoted by Cy, is an initial state ob ject for the restriction S;; the
function p; defined from C; x X; into Y; such that: (zt,9t) € St © (3c)[pe(c, zt) = yi] is referred
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to as the response function at t. A family p of response functions for a ziven system is a response
family for S, while C, the set of all C; for t € T, is a family of state objects.

Let § be a time system, S C X x Y, and p; an arbitrary function defined from C; x X; into
Y:. The function p; is termed consistent with S if and only if it is a response function at ¢ for S.
A family of arbitrary functions 7 is consistent with a time systeni S if and only if p is a response
family for S.

A time system § C X x Y has a predynamical representation if and only if there exist two
families of mappings: 7 = {p: : Ct X X; = ¥;} and ¢ = {¢s : Ct X Xy — Cy} for t' > t, such
that:

(i) P is a response family consistent with S
(ii) the functions ¢y in the family ¢ satisfy: (for all ,#/,¢” in T such that t < #' < ")
(a) p(cts -'Ct)lT‘, = pe(Pur(ce, Terr), Tr) Where 2y = zpp. 200
(B) brer(ctszeer) = berur(Been(cey Tern), Tover) Where Ty = Typn Tprpe
(7) u(ct,zn) =
Gu is the state-transition function on Ty, while @ is referred to as the state-transition family.

Condition (c) represents the consistency property of the state-transition family with the given
response family, while (3) represents the state-transition composition property; if the response
family is reduced (i.e. ps(es, z¢) = ps(é:, z;) implies ¢; = &), then condition (8) is implied by (a).
If there exists a set C such that C; = C for every t € T, the pair (p, 5) is termed a dynamical
representation, and C is called a state space for S.

It can be shown that every system S has a predynamical representation. Given a predynamical
répresentation (P, @), if one takes for C the union of all Ct, and selects for each t a fixed element
c; from C, and defines p} and ¢}, by: pi(c,2:) = pe(c, z¢) if ¢ € Cy, pi(c,z¢) = pi(ct, z¢) if not,
and ¢f,(c, zur) = (e, z4w) if ¢ € Cy, Gluu(c, 2e) = rr(c, Tew) if nOt, then it can be shown that
(¢’, #) is a dynamical representation with C as state space.

Other functions can be defined, like the output-generating function (defined from C; x Xy
into Y'(#)), the output function (defined from C, x X(2) into Y (¢)) and the state-generating
function (defined from X* x Y* into C;); the set of all functions for ¢ € T of any type is a family
of the corresponding functions. The existence of such families is related to certain conditions
which can can be interpreted as causality concepts (nonanticipation and past-determinacy). We
will not go into more details, but this could be useful in further research.

Other concepts, like minimal representation, stability, controllability, can be developed in
this frame. The problem of uniqueness of representation up to an isomorphism can be addressed
too.
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3.3 Intelligent control and abstract systems theory

In [MLZ92, Mar92] the following problem is discussed: let us consider some generic family of
controllers and let a system S be, which will be controlled by one of the controllers of that family.
The only two assumptions of the family of controllers are that it is recursively enumerable (i.e.
it is the range of a partial recursive function, or informally: there is a “standard” algorithm that
can enumerate all these controllers) and any controller has a finite number of ways to act on
the inputs of a system (that does not mean that the input takes only a finite number of values,
it only means that the action which a controller can perform at any time is chosen in a finite
predefined set of actions). Of course the family of rule-based incremental controllers satisfies
these assumptions (this is also true for the generalizations discussed in chapter two), because
any such controller has only a finite number of rules, and therefore two different controllers can
be ordered by lexicographical order; but fuzzy controllers (see [Luz92b] for some references on
the topic) or other so-called intelligent controllers can be considered too.

At any time k, one action ex — chosen among the allowed finite actions — will be performed;
a sequence (ej,- - -, ex) represents then the whole input history of a system, starting from some
initial conditions and evolving during a finite time; such sequences will be called evolutions. The
set of all evolutions is denoted by £. Actually for sake of simplicity, e is assumed to take only
2 values, but that does not change anything on a formal point of view.

The interesting issue is that some evolutions are acceptable while some are not, because
there are additional constraints on the behavior of the system, like stability, or seeking to fulfill
a particular goal.

This has led to the two following definitions: set of rules and set of constraints. The first
definition characterizes the set of evolutions a controller can produce when applied to a particular
system (with this definition there is no need for a further formalization of the notion of a con-
troller), while the second definition characterizes the unsatisfactory evolutions. More formally,
we write z C y (respectively z C y) if z is an initial (respectively a proper initial) segment of y,
and we consider a recursive coding of the set of all evolutions upon N, i.e. to any evolution will
be associated an integer in a constructive way, and sets of integers will be considered instead of
sets of evolutions!.

A set of rules is a recursively enumerable set R of elements of £ such that: (Vz € R)(Vy €
£)(z C y = y € R). A set of rules is total if every evolution can be extended: (Vz € R)(3y €
R)(z C y).

A set of constraints is a recursively enumerable set R of elements of £ such that:

i)(Vee C)(Vye€)(zCy=>yeC)
i)(Vze&)[(Vyeé)zCy=>yeC)=>ze ()

!Recursivity theory appears thus as the “natural” tool to describe and classify sets of evolutions via this coding



All these definitions formalize intuitive features: a set of rules is a set of evolutions generated

by a controller, hence every sub-evolution of an evolution should possibly be generated by that
controller too; concerning the set of constraints, condition i) rules out forbidden evolutions (once
you are “out”, you will not be allowed back “in”!) and condition ii) rules out catastrophic evolu-
tions (if an evolution cannot be extended so as to avoid C, that evolution is already doomed...).
Furthermore both sets have a tree-like structure (with possibly infinite depth); hence one of the
evolutions in such a set will sometimes be referred to as a path. It should be noticed that R and
C are not always disjoint; when they are, R is called coherent.

The learning problem is then to find some way to be able to generate only the acceptable
evolutions, or at least to find a controller that maximizes the number of its evolutions in € and
minimizes the number of its evolutions in C; this is formalized in [Mar92] and we do not need
to know more of it at this point.

What interests us here is for instance to characterize the class of systems for which a given
set of evolutions is acceptable; this is the inverse problem of chapter one, where we were looking
for evolutions that were acceptable for a given class of systems. Another interesting issue would
be to characterize the set of evolutions such that a rule-based incremental controller can generate
these and only these evolutions.

It has been noted that R and C are not always disjoint; this means that a controller can
generate “bad” evolutions. The question is then: are there always “good” evolutions and can
they be generated by some controller?

Let C be a set of constraints distinct of N. Then C is infinite and contains an infinite path;
but if this path is not recursive, it cannot be produced by a controller. If any infinite path in'C
is not recursive, then no coherent set of rules is total, and the system can only be controlled on
a finite horizon: every mechanical controller must fail at a given time. More precisely, we have
to distinguish between two cases: either every coherent set of rules is finite, or there exists an
infinite one. In the first case, any controller can control the system only on a bounded horizon
(the maximal length of the evolution that controller allows), but however large the horizon may
be, a controller exists; in the second case, there exists a controller which can control the system
only on a finite horizon, but this horizon can be of any length. If we want to push away the
horizon, we have to change the controller in the first case, not in the second (this does not mean
that we can control up to some time ¢ and then go on with another controller, it means that
there is another controller that could have controlled the system up to a time ¢ > t). In [Mar92)
different set of constraints are built that illustrate this informal talk, in other words:

o there exists a set of constraints C, C # N, such that every set of rules which is coherent
relative to C is finite;

o there exists a set of constraints C, C # N, such that there exists a set of rules which
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is infinite and coherent relative to C, and such that every set of rules which is coherent
relative to C is not total.

These two results may seem weird in regard to the results of chapter one; the key point is that
we considered stability or reference tracking in that chapter, but there exist much more complex
control goals for which only control on finite horizons may be possible. One interesting question
is then to find a set of constraints that verifies either of the two previous results and corresponds
actually to the forbidden evolutions of a system: it is the problem of the physical realizability of
such sets of constraints, the search of a model for the formal theory of [Mar92]. Trying to find
a model within the systems controlled by rule-based incremental controllers is our aim, as that
would imply this type of control works and can be learned, at least within a well-known class of
systems.

No definitive answer will be given to all these questions in this report, although we think we
have the means to provide an answer with the help of abstract formal theory. We have for now
only a partial answer concerning the problem of characterizing “good” and “bad” evolutions; the
next result can be related to the notion of coherent sets of rules. We will use the notations of
the previous section introducing a formal theory of general systems.

Let us consider a time system § C Xg X Ys C X x Y and let C be its initial state object
and p be its initial response function (p is defined from C x X into Ys such that: (z,y) € S &
(Fe)ly = p(c,z)]). Let us define now consistency and completeness in reference to Y and two
subsets of Y, R CY and W C Y. The subset R consists of all desirable outputs while W is the
subset of “undesirable” outputs (forbidden or unacceptable outputs for instance). -

The system is W-consistent if and only if: (RNYs)NW =@

The system is W-complete if and only if: (RNYs)UW =Y

We would like to characterize these concepts differently; this will be done by using a function
g called in [MT85] a generalized Goedel function, because of the self-referencing character of its
use in the next proof; g is an injective map from C into X. Two other definitions will be useful.
To every state ¢ € C, there will correspond a set of inputs X, for which p produces desirable
outputs: X, = {z | p(c,z) € R}. Let now X' be an arbitrary subset of inputs, X’ C X; then X'
is acceptable if and only if there exists ¢ € C such that X’ = X,. Finally, let us define C%" and
X4W py:

c€CHW & p(c,g(c)) e W
{ XaW — g(Cd’W)

The funny notation comes from the fact that C*% can be seen as the set of all states whose
diagonalization? is in W.
We can now state the following proposition.

2This terminology is taken from {MT85] because of the similarity with the well-known Goedel’s proof. ..
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Proposition 8 Given p: C x Xg — Ys and R,W C Y. The system is either W-inconsistent
or W-incomplete whenever X% is an acceptable set.

Proof: As X%V is acceptable, there exists ¢* € C such that:
z€ X & p(c",z) e RNYs
In particular, for g(c*), we have:
g(c”) € X*W & p(c*, g(c™)) € RNYs
By definition of X%W (i.e. g(c*) € X¥W & p(c*, g(c*)) € W), it follows that:
p(c™,g(c”)) €W & p(c",g(c")) € RNYs

Denote by y* the output of the system such that y* = p(c*, g(c")); it follows then that either
y" € (RNYs)NW,ie. the system is W-inconsistent, or y* € (RN Ys) UW, i.e. the system is
W-incomplete. O

Remark: the roles played by the inputs and the states in the previous definitions can be
exchanged, and one can define C;, C’, X% and C4W with g : X — C. The proposition
becomes then: if C*W is an acceptable set, the system is either W-inconsistent or W -
incomplete.



Appendix A

Some useful results on linear control

A.1 Canonical form for a discrete linear time-invariant con-

trollable system

Let us consider a controllable discrete linear time-invariant system, given by its state equation:
Xk+1 = AXy + Buy, where the state vector is n-dimensional. We introduce the matrices M, W

and T

M = (B|AB|---|A™'B); W =

( Qn-1 CGn-2

Gn-2 Qn-3
a1 1
\ 1

e A 1\
1 0
S Y &
0 0
0 0/

Mw

The elements of matrix W are the coefficients of the characteristic polynomial of A (x(A)(z)
=2"+06;2"1 4+ ...+ a,-12 + a,). The matrix M is full rank because of the controllability

assumption: hence T is obviously invertible and we define:

A=T'AT,B=T"'B, X =T~ 'X,

The controllable form is then:

}?k+1 = Z)?k + ﬁuk =

1 0

0 1

0 0
—Qp-1 —CGp_2

X +

Uk
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A.2 Controllability under linear feedback

Let us consider a discrete linear time-invariant system Xi4; = AX) + BUj, which we will call
system (A, B), where the state space is n-dimensional and the control vector is r-dimensional (B
is now a (n x r) matrix). Let C be any matrix (r X n) matrix, and let us consider the system
Xi+1 = (A+ BC) Xy + BUy, i.e. system (A+ BC, B). We will prove in this section the following
proposition:

Proposition 9 Controllability of (A + BC, B) =5 controllability of (A, B).
Proof: Let us define, for sake of simplicity, Y () recursively by:

{Y(O) = B
Y(i) = (Y(i-1)|A'B)

The matrix Y(n — 1) is the matrix M encountered in the previous section, which must be full
rank for a controllable system. Actually, controllability for a (A, B) system can be alternatively
expressed as: Vi > 0, vTY (i) = 0 => v = 0, which can be restated as: Vi > 0, vT A'B = 0 =
v=0.

Let us now assume (A + BC, B) is controllable. We want to show that (A4, B) is then
controllable. Assume then: Vi,vTA'B = 0. If we compute v (4 + BC)' B, we notice that we
obtain a sum of matrix products which all start with some A’B, where 0 < j < i. This sum is
then zero with the assumption, and as (A + BC, B) is assumed controllable, this implies that
v = 0; hence the controllability for (A, B) follows.

As the previous proof is valid for any C, it shows that ((4 + BC) + B(~C), B) controllable
implies ((A + BC'), B) controllable. O



Appendix B

Difference equations

The following results are all taken from [LT88] and so are all notations. We will denote by B(y, §)
the open ball having center at y and radius §; if y = 0, we shall use the notation B;.

B.1 Several stability concepts

Let yo € B, and f : R — R® be a bounded function in B,. The solution y(n,ng,yo) of the
difference equation:

{ Yn+1 = f(RyYn) (B.1)

Yno = Y0
will remain in B, for all ng > n such that f(n,y,) € B,. The points 7 € R® which satisfy

f(n,7) = ¥ for all n are called fized points of B.1. For simplicity, we will suppose that there
is now a fixed point at the origin (this can always be achieved by an appropriate coordinate
change).

The solution y = 0 of B.1 is said to be:

1. stable if given € > 0, there is a 6(¢, ng) such that for any yo € Bj, the solution y, remains
in Bs

2. uniformly stable if it is stable and 6 can be chosen independently of ng

3. attractive if there is 6(ng) > 0 such that for yo € Bs, one has nllngo yn =20

4. uniformly attractive if it is attractive and é can be chosen independently of ng
5. asymptotically stable if it is stable and attractive

6. uniformly asymptotically stable if it is uniformly stable and uniformly attractive

45
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7. exzponentially stable if there exists § > 0,a > 0,7 €]0, 1] such that if yo € Bs, then || yn ||<
all y |l n*~"

8. Ip-stable if it is stable and moreover for some p > 0, =32, | ¥(J, no, 30) ||< 00
9. uniformly Ip-stable if the previous summation converges uniformly with respect to ng

These different stability notions are not equivalent: obviously any uniform property implies the
property; asymptotic stability implies stability; /p-stability implies asymptotic stability, but not
the converse; exponential stability implies [p-stability.

B.2 Stability of perturbed equations

Let us now consider the linear case:

Ynt1 = A(R)Yn  Yno = Y0 (B.2)
n-1

where A(n) is a (s x s) matrix. The fundamental matriz ®(n,no) is by definition H A(z). We
t=ng

have then the following propositions.

Proposition 10 The solution y = 0 of B.2 is uniformly stable if there exists M > 0 such that
for n > ng:
| 2(n, o) ll< M

Proof: The sufficiency follows from the fact that y, = ®(n,no)yo, for we have:

I Ya [I<1l @(nm0) llll 9 1< M |l 5o |l

and hence: || yn ||< €, if || yo ||< eM 1.
To prove necessity, if there is uniform stability, then || ®(n, no)yo ||< 1 for || %o ||< 6. Taking

Zo = Yo/ || yo ||, we have then: SUP|zo <1 || 2(7,70)20 || is bounded, which means that the norm
of the fundamental matrix is bounded. O

Proposition 11 The solution y = 0 of B.2 is uniformly asymptotically stable if there ezist two
positive numbers a and n, with n < 1 such that:

I 2(n, 7o) [I< an™"

Proof: The proof of sufficiency is direct like in the previous proposition. The necessity follows by
considering that if there is uniform asymptotic stability, then fixing € > 0, there exists § > 0 and
N (depending only on €) such that for yo € Bs and for n > ng + N, we have: | (7, n0)yo ||< €.
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As before, it is then easy to see that || &(n, ng) ||< 7', where this time 7’ can be chosen arbitrarily
small, and this holds for any ng because of the uniform property. Moreover, as uniform asymptotic
stability implies uniform stability, the previous proposition tells that || ®(n, no) || is bounded by
a positive number o’ for all n > ng. We then have for n € [ng + mN,ng + (m + 1)N]:

| 8(r,m0) | < || @(nym0 + mN) ||l| B(ro + mN,n0 + (m — 1)N) || -+ || &(no + N, no) ||
< dym™= alnl-l(nl-k)(m-{-l)N < agmo

with n =_17"I£’ anda=a'n"!. O

As a result of this proposition, for linear systems, uniform asymptotlc stability is equiv-
alent to exponential asymptotic stability.

The next propositions deal with perturbed linear equations. We consider:

Ynel = A(n)yn + f(na yn) ’ (B3)

where A(n) is a (s x s) matrix and f is defined for n > ng and y, € B, and takes values in B,
and f(n,0) = 0. This equation can be seen as a perturbation of:

To4l = A(n):z:,, (B.4)

and the question arises whether the properties of B.4 are preserved for B.3, when f is small in
the sense to be specified.

Proposition 12 Assume that:
| f(ny¥n) IS 9n | n Il

where gn are positive and 372, gn < 0. Then if the zero solution of B.4 is uniformly stable (or
uniformly asymptotically stable), then the zero solution of B.3 is uniformly stable (or uniformly
asymptotically stable).

Proof: As we have: y,.= ®(n,n+0)yo+ Z;‘;& ®(n,j+1)f(j,y;), using proposition 10, we have:

n-1

lon IS MU ll +M Y g llwi |l
J=ng
which implies, by Gronwall inequality:
n-1
Iy IS Ml goll exp (M > g;)
j=ng

from which follows the proof for the case of uniform stability.
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In the case of uniform asymptotic stability, it follows that for n > N, || ®(n, no) ||< ¢, for
every € > 0, and the previous inequality can be written:

oo
| yn lI< € exp (M D g5)
j=no

from which follows lim,, y, = 0. O

Proposition 13 Assume that:
| f(myyn) IS L || yn |l

where L > 0 is sufficiently small, and the zero solution of B.4 is uniformly asymptotically stable.
Then the zero solution of B.3 is ezponentially asymptotically stable.
Proof: By using the proposition 11, we have:

3H > 0,30 €]0,1[ || 2(n;no) ||< Hp"™"

We have then, using the assumption of the proposition:

n-1

g IS H™™™ |l yo || +LH7™ Y 077 [l y; ||

'=ﬂ0

Introducing the new variable: p, = ™™ || y, ||, we have:

n-1
Pn< Hn™™ |lgo | +LHD™ Y p;
J=no
which implies, by Gronwall inequality:
n-1
o< Hy ™ |lyoll [T (A4 LHn™ )= Hn™™ || yo || (1 + LEp~)*™
Jj=ng

Hence, || yo [ H || o || (n+ LH)*"™, and if n+ LH < 1 (hence the assumption on L in the
proposition), the conclusion follows. O '

We will conclude this appendix on difference equations with two other notions of stability.
Let us consider the equations:

Yni1 = f(nayn)+R(nsyn) (B.5)
Yng1 = f(n,yn) (BG)

where R is a bounded Lipschitz function in B, and R(n,0) = 0. We shall consider B.5 as a
perturbation of equation B.6.

-_—
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The zero solution of B.6 is said to be totally stable (or stable with respect to permanent
perturbations) if for every € > 0, there exist two positive numbers §; and &, such that every
solution of B.5 lies in B, for n > ng provided that:

{ |l 30 ll< 61
" R(na yﬂ) "< 62 for y, € Beyn 2> 1o

The other concept of stability is of practical stability. In this case, we no longer require that
R(n,0) = 0, so that B.5 does not have the fixed point at the origin, but we assume || R(n,0) ||
is bounded for all n. The solution y = 0 of B.6 is said to be practically stable if there exists a
neighborhood A of the origin and N > ng such that for n > N, the solution of B.5 remains in A.

We have the following proposition, which we give without proof (see [LT88] for more details).

Proposition 14 Suppose that the zero solution of B.6 is uniformly asymptotically stable and
moreover, for y',y" € B,:

I f(r.8) = S ") IS LIl ' =" |l

where L > 0. Then it is totally stable.

Actually proposition 14, as given here, is a weaker form of the proposition to be found
in [LT88], where the assumption is: || f(n,y') = f(n,y") |< L. | ¥’ = v" || for ¥/, 4" € B, C B,,
i.e. the Lipschitz coefficient depends on the ball where it is defined. But the proof given in the
reference uses the fact that for any € > 0, €L, can be taken arbitrarily small, which does not
seem correct. However the proof is correct for our weaker proposition.

The next proposition deals with practical stability.

Proposition 15 Suppose that the zero solution of B.6 is uniformly asymptotically stable and
moreover that in a set D C R the following conditions are satisfied:

(1) There ezists 0 < L < 1 such that: || f(n,y)— f(n,y) IS L ||y -9 |

(2) | R(n,y) lI< 6
Then the origin is practically stable for B.6.

Proof: Let y,, and J,, be the solution of B.5 and B.6 respectively. Set m, =|| y, — i ||; then by
hypothesis: mp41 < Lmy, + 6§ from which it follows:

n-1

I =G IS L lyo~Fo I +6 D L' = L™ |l g0~ o || +

b
3=0 1-1L

As L < 1, this last expression is obviously bounded and as , is uniformly asymptotically stable,
there exists IV such that the solution of B.5 remains in the ball B(0, Zl_fL_) +1)forn>N.O
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