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Abstract

In this paper the sufficient conditions that each cell in a one-dimensional array of Chua’s

\
circuits has identical, synchronized behavior are given.
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1. INTRODUCTION

Recently, a significant increase in the number of publications on synchronization of
Chua’s circuit and arrays of Chua's circuits have appearedH’. Because of its simplicity,
robustness and low cost, the Chua’s circuit’ has become a tool for analytical, numerical and
experimental study of nonlinear phenomena. In this paper we present a rigorous analysis of

synchronization in a one-dimensional array of Chua’s circuits.

2. MAIN RESULT
The basic cell of our one-dimensional array is a three-dimensional dynamical system

described by the following dimensionless equations:

\
x = -flx) + a)y + a,z
y= byy +bpz+bx | (1
z = byy + byz + byx
x, Yy, 2€R
J
where a,, a,, bu’ bxz' bzx’ bzz’ bl and b2 are parameters, and f(x) is a nonlinear

function. The set of equations representing the array are, in its dimensionless f orm, :

\
.;Ck = -f(xk) + alyk + azzk + D( xk_l - Zxk + xk+l)
Ye = byyy + bz + bxy s (2)
2y = by¥i + byz, + byxy
Xp Yo 24 € R k=1, 2, ..., N,
J

where D > O represents the diffusion coefficient of the variable x. In addition to (2), we
impose the following zero-flux boundary conditions:

9x)(t)/8s = 0, dx\(t)/8s = O
where s is the direction of the diffusion. This is equivalent to assuming that:

xo(t) = x)(t), xp,,(t) = xy(t), for all t = 0 (3)
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Note that if As - O, then a continuous model is obtained, where the "diffusion" term of the

first equation in (2) represents the Laplacian of x, 8°x/ds’.

Example 1. Egs.(1) represent Chua’s circuit, if:
4 =@a a;=0, by, =-1, b, =1=by, by= =B, by, = b, =0, flx) = « h(x)

where h(x) describes a continuous three-segment piecewise-linear curve of Chua’s diode®’.
In this case, Egs.(2) represent an array of Chua’s circuit. Recently, traveling wave fronts
are investigated in an array of Chua’s circuit™®. For diff usion coefficient less than some
nonzero critical value it has been observed numerically that the traveling front fail to
propagate. A continuous model, the so called time-delayed Chua’s circuit, is considered in
Ref.10. It has been proven rigorously that the time-delayed Chua's circuit exhibits the
period-adding phenomenon.
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Example 2. Eqgs.(2) represent an array of the unfolded canonical Chua’s circuit , if:

8 = & 3= 0, by = -1, by =1=0by, by= =B, by = -7, b, = 0, f(x) = & h(x).

Theorem 1. Assume that the following conditions are satisfied:
(i) There exists a positive definite Lyapunov function

V(x,y.z)=%x2+%(Ay2+2Byz+sz)

. A
such that the trajectory derivative of V(x, y, z), Vix, y, z) = -Q(x, y, z), with respect to

the linear system:

X = -ax + a)y + a,z

y=byy +bpz+bx | (@)

z = bay + byoz + byx

is negative definite.



(ii) There exists a real number

v=T—, (5)

A /
such that O < v < 1, where A, = min f (£).
€eR

Then there exists an integer N0 = Int ( n/arccos v ), defined to be the integer part of
the argument, such that in the phase space of the array, described by Eqs. (2), of N cells,

N = No' the manifold:

A
M = ( (xl, yl’ Zl,... xN, yN’ ZN): xk= xk*l, Yu= yk"’l' Zk= Zkﬂ, k = 1, ey N-l}
is asymptotically stable.

Proof. See Appendix.

Remarks:
1. If the manifold M is asymptotically stable, then all cells in our one-dimensional
array are synchronized, i.e. each coupled subsystem has identical behavior, when t - o:
Xp(t)= x4 (1), y(t)= y,,4(0), z,(t)= z,,,(t), k = 1, .., N-1

2. The condition v= 0 determines the critical value of the diffusion coefficient:
-Ao + a
a 2
Because v < 1, it follows that a >A°. and consequently D*z 0. If D is close to D* ( D> D",

then Ny = 2, while when D 5 , then Ny » o, as well. Let v, = cos L » i =2, 3, ..., then
i

Dl

from (5) we get Di = ———— Hence, for fixed a and Ao (note that a and Ao depend only on

(1 - vl)
the parameters of the system (1)), we have the following interpretation of the theorem 1: if

Di <D= Dm’ i =2, 3, ..., then the array with " i " cells is synchronized.

3. Suppose a can be chosen such that it is arbitrarily close to Ao‘ iie. a = Ao + €,

where € is a small positive number. Then, D*= 0. In a similar way, Dl = 0 for all i. Hence,
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if D > 0, the array with an arbitrary number of cells is synchronized.

4. The above theorem gives only sufficient conditions for asymptotic stability of the
manifold M. As a consequence, this theorem does not give the minimal value of the critical
diffusion coefficient, except in the case which is considered in the Remark 3.

S. Let the basic cell of our one-dimensional array be an n-dimensional dynamical system
described by the following dimensionless equations:

x= -flx) +dT y

Y= Dy+ex
xeR, yeR?

where d, e, y are (n-1)-dimensional vectors and D is an (n-1)x(n-1) matrix. An example of
such a system is the n-dimensional canonical Chua’s circuit’®. The generalization of the

given theorem in this case is straightforward.

3. APPLICATION TO CHUA’S CIRCUIT
Chua’s circuit

The state equations of Chua’s circuit are:

x= o y = hix) )
= x-y+z
z= -By
where h(x) = m;x + (mg - m)[ |x+1| - |x-1| 1/2. The system is described by four parameters

{ «, B, mg, m; }, with the double scroll chaotic attractor occurring in a neighborhood of {
9, 14(2/7), -1/7, 2/7 }. In what follows we assume that &« > O, B > O and we fix the values
of my and m; to -1/7 and 2/7, respectively. Consider the Lyapunov function defined by:

2

Vi, y, 2) ==x*+=(Ay*+2Byz + C 2%)

N |-
N -



o € A-B
where A = a, B= - — ,
B €+ 1

that its trajectory derivative with respect to the linear system (4) is negative definite,

, and € > 0 is a small parameter. It is easy to show
if

a>e+ 1o+ —*& (6)
4B (e +1)

On the other hand, since 7\0= m_, the inequality v < 1 is satisfied if

o
a>m
0

The critical value of the diffusion coefficient is obtained when € - O in Eq.(6). Hence, it

is given by:
o - mo

D‘: —_— (7)
2

Thus, if D > D’, the array of N Chua’s circuit, N = No’ is synchronized. For the double

scroll chaotic attractor, the critical value is:

. 9+ 1/7
D= 2—' = 4.5714.

The first four values of the diffusion coefficient Di are:
, = D', Da = 9.1428, D4 = 15.6077 and D5 = 23.9362.

D
So, if Dl < D = Dh, i =2, 3, ..., then No = i, and the array with N = No cells is

1
synchronized. Figure 1 shows the number of cells N in the array of Chua’s circuits as a
function of the diffusion coefficient D. We stress that the above analysis with the same
critical coefficient D* given by (7) is still valid for all m, < m and m, < e

Since the theorem 1. gives only sufficient conditions for asymptotic stability of the
manifold M, the above values of D* and Di, i =2, 3, ..., are not the minimal values the

diffusion coefficient. Numerically we found that D* is less than 3.5. Figure 2 shows a

double scroll chaotic attractor associated with the first and the last cell in a linear
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array of Chua’s circuits with five cells and D = 20. As shown in Fig.3 the array is
synchronized, i.e. each coupled subsystem has identical behavior, when t - «. If we add just
one more cell to the array while retaining the value of D (D = 20), we found that the array
is no longer synchronized. In fact, all trajectories become unbounded and no attractor is
found numerically. This example demonstrates that our sufficient condition for

synchronization is quite sharp.

Canonical Chua’s circuit

The state equations of the canonical Chua’s circuit are:

x= aly-hlx))
- x-yez (8)
z= -By-7v2
where h(x) = myx + (mg - m)l |x+1| - |x-1] 1/2. The system (8) is described by five

parameters { «, B, 7, my, m; }. Let us consider the Lyapunov function:

2

Vix, y, 2) = = x +%(Ay2+23yz+sz)

1
2

where A > 0, AC - B2 > 0. Assume that one can find the constants A, B, and C such that all

of the main determinants of the matrix:

2a ~(a + A) -B
~(a + A) 2(A +BB) -A + B(y +1) + CB
-B -A + Bly +1) + CB 2(Cy - B)

are positive. On the other hand, v < 1 implies 7\0< a, where Ao = min { mo, m1 }. Now, we can
apply the above theorem. Of course, for fixed values of the parameters { «, B, ¥, mg m,; },
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it is not always easy or possible to find such constants A, B and C. Here, we shall give

some examples.

Example 3. If « > 0, 8 > 0, ¥ > O, then using:
A=a B=0,C=ap
we obtain that the corresponding array is synchronized if a > max{ «, A 0 } and the critical

value of the diffusion coefficient is given by:

b - max{ 0, «, min{ m,, m;} } - min{ my, m,) ©)

2

For the case of the double scroll chaotic attractor occurring in a neighborhood of a = 9, B

= 14(2/7), my = -1/7, m; = 2/7 and small 7 (y > 0), (9) becomes (7).

Example 4. If « < 0, 8> 0, 7 > O, then using:

A=-a,B=0, C=-a/RB
the array is synchronized if a > max { O, AO }, and the critical value of the diffusion
coefficient is again given by (9). Let us consider in more detail the following case: 0 < m,
< m. Then, both conditions of the theorem 1, are satisfied if a > Ao = m, Thus, a can be
chosen arbitrarily close to Ao: Eq.(9) gives D*= 0, and for D > O, the array of canonical

Chua’s circuits with an arbitrary number of cells is synchronized.

4. CONCLUSIONS

In this paper we have analyzed rigorously the synchronization in a one-dimensional
array of Chua’s circuits. We have proved that under some conditions given in theorem 1,
there exists an integer No = Int ( m/arccos v ), where v is given by (S), such that all
cells in the one-dimensional array of N cells, N = No’ are synchronized, i.e. each coupled

subsystem has identical behavior, when t - .



We close this paper with the following questions for further study:
(i) generalize theorem 1 to two- and three-dimensional arrays of Chua’s circuit;
(ii) find the conditions such that in an array of N-cells, the first " i " cells , i <

N, are synchronized, while the remaining (N - i) cells are not synchronized.
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APPENDIX. Proof of Theorem 1.
Using the notation :
X=X = Xy Y =Y
we obtain:

\
X, = “Alxy, X)X, + &Y, + a,Z, + D( X, - 2X, + X,,,)
Y, = by Yy + bipZy + byX, » (A.1)
z, = by Yy + b2y + byX,

k=1, 2, ..., N -1, )

with boundary conditions

Xo=Xy=0
where
A f(xk”) - f(xk)
Al , x ) =
k k+1
x -x
k+1 k

Applying the Mean-value theorem, we can write A(xk, xkﬂ) = f ! (&), € € (xk, xkﬂ). and hence

>
Alx,, x )2 2o

Consider the Lyapunov function

N-1
24 =k§l V(Xk, Yk’ Zk)

and its trajectory derivative with respect to (A.1):

. N-1
— - - 2 -
w -El {-(+2D -a)x +2DX X ~+2DXX -0QX,Y,2Z)}

W is negative definite if the quadratic form:

A N-1 2
P= kg {@ag+2p-ax -20xx -2DxX )}
is positive definite. This is true if all main determinants A, k =1, ..., N of the matrix:
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2» -1 0 . o0 0]
-1 2v -1 . 0 0
0 -1 2v 0 0
0 0 0 . 2v -1
0 0 0 . -1 2v
\ P

are positive, where v is given by (5). One can easily verify that the following recurrent

equation is valid:

A =2vA -A ,A=1, 40 =0 k=1, .., N-1
k k-1 k-2" 0 -1
If v <1, then the last equation has a solution:
sin (k+1)¢
A= ——— k=1, .... N-1
* sin ¢
where ¢ = arccos v. For v > O and N = No' N0 = Int ( n/arccos v ), all Ak, k=1, ..., N-1

are positive. Hence, the origin of the system (A.1) is asymptotically stable, and

consequently, the manifold M is asymptotically stable as well. B
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Figure captions:

Fig.l1 The number of cells N in a linear array of Chua’s circuits as a function of the

diffusion coefficient: if D‘ < D=D ,i=2 3, .., then No = i, and the array with N =

i+1
N0 cells is synchronized.

Fig.2 Double scroll chaotic attractor observed from (a) the first cell and (b) the
fifth cell of the array of Chua’s circuit with five cells.

Fig.3 Synchronization in a linear array of Chua’'s circuits with five cells:

(a) X vs. x, (b) y, Vs ¥ s and (c) z vs. z.
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