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Abstract

Relations between the field of values of a matrix A and those of its
Schur complements are established. This work began with an attempt
to get rid of pivoting from Gauss elimination under certain circum-
stances when the field of values F(A) does not contain the origin. The
upper bound proved in this paper must be improved before it is of more
practical use. However, the proof of the upper bound does provide an
intuition on how a tight upper bound looks like.
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1 Kahan’s Theorems

Let A be an » X n complex matrix. The field of values of A is defined to be
the set

F(A) def {2 Az /2”2 : 0 # x is a n-dimensional vector}.

(Here the superscript * means taking conjugate transpose.) Toeplitz—Hausdorff

Theorem says that F(A) is convex. Now partition A as

(1)

where H is of m x m (1 <m < n—1). If H is invertible,

Xy _rE'R (2)
is called the Schur complement of H in A. The following theorem establishes
a relation between F(A) and F(X).

Theorem 1 Let o € F(X). Then there exist a € F(A) and a positive
number v with 1 <~ < 1+ ||[LH™Y|3, where || - ||2 is the spectral norm of a

matriz, such that o = v0.

Proof: Note
I 0 H R I —H™™L*

—LHY T L Vv 0 I

B H R I —H™™L*

N 0 V-LH 'R 0 I

B H R—-HHTL™ \ def

(Y .
Denote



Then C' = M AM* by (3). For any n—dimensional vector y, letting x = M*y,

we get then
y*"Cy oAz "z

vy v Yty

Consider now those vector y having form

y:(g), (5)

where z is of n — m—dimension. Then

(4)

(6)

Yy Cy=2"Xz, z= ( _H_LZ).

z
Hence [|z[|3 = |2/ + I LH~"2(13 < (1 + [[LHZH3)|2(3 Since [lyll2 = [|2[]2,

¥

1< == <1+[LH7'3.

vy
By the definition of the field of values of a matrix, the conclusion of the
theorem follows from (4). n

It has been proved that the field of values of any 2 x 2 matrix is an

ellipse. More precisely, let T = ( Z Z

* _ A1 4
Usru = ( 0 A ) ,
where Ay and A are the eigenvalues of T, § is nonnegative and equals to

(la|? + [6]2 + Je|® + |d? = |A1]> = |X2®)Y/2. The field of values F(T') is the

ellipse with two foci Ay and Ay and semi-minor [§|/2. (It is a straight line

), and let U be the 2 x 2 unitary

matrix such that

segment joining Ay and Az if 6 = 0, i.e., T"is a normal matrix.) On the other
hand, an ellipse on the complex plane corresponding to infinitely many 2 x 2

matrix unless the ellipse degenerates to a point.

b
There is only one Schur complement in a 2 X 2 matrix ( Z d ) which

is d — ba—c provided a # 0.



For any vector x # 0, partition it conformly to (1) as » = (2, 21)7T.

(Here the superscript T means taking transpose.) Note

v*Ar = efHay + a7 Rey + a3 Lay + a3V as.

We claim that there are complex numbers a, b, ¢, d and §; with ||z;[|s = |¢;]

such that

$TH$1 = a|£1|27
aiRxy = b&i&s,
a3lay = &by,

w3V, = d|52|2-

As a matter of fact, we could simply take ; = [|z;||2, then solve for a, b, ¢, d

in the following way:

o The case 1 # 0 and 29 # 0: Then & # 0 and & # 0. Hence
_ayHux b— viRxy wilam d— r5V g

SRR 2T 7 & &P

o The case x1 = 0 and 23 # 0: Then & = 0 and & # 0. Set a = b =
c=0and d = a25Vay/|6)%

o The case x1 # 0 and 22 = 0: Then & # 0 and £ = 0. Set a =
wiHwzq/]&]? while set b=c=d = 0.

a b

Claim: The field of values of the 2 x 2 matriz T = ( e d ), which is an

ellipse, is contained in F(A).
Proof: The case when zy = 0 or 29 = 0 is trivial. In the following we
consider the case when none of the two is zero. For any g = (Cl,Cz)T, let

p; = (/€. It is easy to verify

( P171 )*A ( P171 )
*T P22 P22
-9 € F(A).

g9 lplllaall3 + lp2f*ll22]13
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Recall the equations (4), (5) and (6). Consider now z9 = z (with 2*z = 1)

and #y = —H 7 *L*z. For the present case ziHzy + 25Lzy = 0. Thus

al&]? + c&1&y = 0. Assume, for the moment, & # 0. Then & = —552,
provided a # 0. By (4), wesee (z* 2 =y*y=1= |&]| = 1)

ZXz=a*Ax = d - b—c,
a

if a # 0, which is guaranteed if we assume 0 ¢ F(H ). If, however, £ = 0, then
by the construction of the 2 x 2 matrix 7', 21 = 0 which implies L*z = 0.

Thus 2" Xz = 2"Ax = 25V 2y = d, which can be regarded as the Schur
d 0

0 d ) Thus we have proved

complement in a matrix like (

Theorem 2 If0 ¢ F(H), then any point in F(X) is a Schur complement

in a 2 X 2 matriz whose field of values is contained completely in F(A).

2 The Region of Schur Complements of All 2 x 2
Matrices with a Fixed Field of Values

Lemma 1 LetT be a 2 X2 matriz, and D a 2 X 2 diagonal unitary matriz.

Then T and DT D* have the same Schur complement.

Given an ellipse £(A1, A2, m) with the two foci A; and Az and semi-minor

m, all possible 2 x 2 matrices whose fields of values are £(A1, Ay, m) are

Nood
(L)

where U runs over all 2 X 2 unitary matrices, and é = 2m. Since any 2 X 2

unitary matrix U can be decomposed as

[ di O c —s



where |di| = |da] = 1 and |c¢|* 4 |s|? = 1. By Lemma 1, to study Schur com-
plements of all possible 2 x 2 matrices with the field of values £(A1, Az, m),

it suffices for us to consider these matrices

)5

B ( le|?A1 + |s2Ag — €36 es(A — Ag) + 26 )

es(A1 — Ag) — 328 |8 Ay + |e[PAg + €36 (7)

whose only Schur complement is

Ao
e[ £ [ hy — 56 (8)

Lemma 2

g(/\lv/\%m) = {|C|2/\1 + |8|2/\2 — 50 |C|2 + |5|2 = 1}
{Is*A1 + |e|* Ay — €86 ¢ |c|* + |s]* = 1}.

From now on, for convenience, we will not distinguish a complex num-
ber and the unique point it represents on the complex plane. For a set D

consisting of complex numbers, the notation |D| is defined as
|D| = max{|z| : z € D}.
We assume E(Aq, Az, m) does not contain the origin, i.e.,
E(A1,A2,m) Z 0. (9)

Our interest is the region R(A1, Ag,m) of all possible values of (8) for all

possible ¢ and s subject to |c|? + |s|? = 1. By Lemma 2, we see
R(/\l,/\g,m) = {AlAg/Z P ZE 5(/\1,/\2,m)}. (10)

Now, we try to find an upper bound for |R(A1, Ay, m)| Let ¢1 and ¢,
be two tangent lines of (A1, Az, m) coming from the origin. The two lines

divide the complex plane into two sectors. (A1, Az, m) lies in the smaller



Figure 1: An FEllipse

one. Let 6 be the angle of the smaller sector. (Note 0 < 8 < 7! § =0
if i—f is real.) Draw two lines ¢; and {; connecting the origin and Ay, the
origin and Ay, respectively. Let 1) be the smaller angle between f; and
ly (0 < < @andp=0if m=0). Let £ be the line joining Ay and Aj.
Consider now a point in R(Ay, Ag, m), which is of form (8). Its absolute value
reaches its maximum when the absolute value of its denominator reaches its
minimum, which means, by Lemma 2, the maximum occurs at the closest
point of £(Ay, Ay, m) to the origin. Let c¢g and so with |cg|? + [sg|? = 1 be
the numbers for which
‘ |col* A1 + |so|* Az — 00506‘ = |C|2ir1|11|12:1 {‘ le|* A1 + |s]* Ay — €36 ‘}

Then it is easy to see ¢gSpd = 2|cosp|m. In another word, ¢pspé has to be
real and positive. Draw a circle with center |co|*A; + |so|*A2 and radius

2|egsp|m. The following facts are easy to establish:

e The circle lies inside the ellipse £(A1, A2, m) completely;



e The center of the circle lies on the line £ joining the two foci Ay and

Ag;

e The circle is tangent to the boundary of the ellipse at two points one

of which is closer to the origin. Let P denote the closer point:

1. The point P lies on the line segment joining the origin and |co|* A1+
|so|? A2, the center of the circle;
2. P = |col? M + [s0|*A2 — 0506, in another word, P is the closest

point to the origin among all other points of (A1, Az, m).
Without loss of generality, we may assume |A1]| > |Az|. Rewrite (8) into
A1z A2 1

— =) . _ . (11)
lco|? A1 + [s0]? A2 — coSpd leo|? A1 + [so]?A2 1 — W

By drawing a perpendicular line from the origin to the line ¢, one can easily

see that!
Ag 1

< .
lcol* A1 + |s0]? A2 | T cos(y/2)

One the other hand,
00506 .
< sin —.

lco|2A1 + [s0]?A2 —

!By the elementary knowledge of triangular algebra, we know (refer to Figure 1)

e f” + A = X = A )?

cosa = 12
Ml — X)) (12)
If cosa <0, ie., /2 < a < m, then
Az
—_— | < 1;
lco2A1 + |s02A2 | —
otherwise, cosa > 0, i.e., 0 < o < 7/2, then
Az 1 1

< <
[col?A1 + [s0]?A2 | = sina = cos(v/2)’

since o > w/2 — /2.



where ¢/2 = max{arcsin ﬁ : r and z is the radius and the center of a circle

inside £(A1, Az, m)}. Clearly
<o, 0<9.

Hence it follows from (11) that

A A 1

<
[e[PA1 + |s[*A2 — €56 T cos %(1 — sin %)

-max{|A[,|Az2]}. (13)

Theorem 3 An upper bound for |R(A1, Az, m)| is

1
Ll ) < max{ul, ).
cos 5 (1 —sin 5)

< cos &(1 —sin &)

In the case when £(A1, Ay, m) is a circle, i.e., Ay = Ay = A, we have an

exactly answer:

|A]? 1
R((A A, m)| = = - Al

which means the upper bound by Theorem 3 overestimates it by a factor

3 An Application

In this section, we present an upper bound for |F(X)| (refer to (2)) by

simply applying Theorems 2 and 3. To this end, we assume

0& F(A). (14)

It follows from (14) that 0 ¢ F(H) C F(A). Hence Theorem 3 applies to
any ellipses inside F(A) and Theorem 2 applies to F(X). Let ¢; and ¢3 be
the two tangent lines to the boundary of F(A) from the origin. Then F(A)

lies in the smaller sector of the complex plane divided by the two lines #;

T .

and t3. Let 0 be the angle of the smaller sector, and ¢/2 = max{arcsin ElE

r and z is the radius and the center of a circle inside F(A)}.



Theorem 4 Under the assumption of (14), we have

1 1

cos &(1 —sin 2)

)< st LA L)

The inequality (15) is very pessimistic when # comes very close to w. As
a matter of fact, if # = 7 — ¢ with € very small, one can verify that the factor

before | F(A)| satisfies
def 1 1 16

f— ~ —
4 C € 2 £ :
COS 5(1—8111 5) QSIHQSIH 1

h(8)

However, if 8 is relative away from 7, the inequality (15) will give a reason-
able estimate of the magnitude for |F(X)|. The following table illustrates
roughly how fast h(#) grows as 6 approaches 7.

6 0| w/4 /2 3r/4 97/10 997/100

h(6) | 1] 1.7534 | 4.8284 | 3.4329 - 10T°1 | 5.1922 - 107%? | 5.1606 - 1079

Appendix 1: Compute the Closest Point of £(\, A3, m) to the Ori-
gin.
We assume that (9) holds throughout.

We will not deal with the trivial case Ay = Ag, ie., E(A1, Az, m) is a
circle.

In Section 2, we have learned several properties associated with the clos-
est point of (A1, Az, m) to the origin. Mathematically, the closest point is
unique and can be found by solving certain equations. As a matter of fact,
the equation to be solved eventually end up with an algebraic equation of
order 4 (Two real roots of which correspond to the closest point to the ori-
gin and the furthest point from the origin, respectively; the other two roots
are complex conjugates.). In this appendix, we present a numerical method
based on Newton iteration to compute the closest point. (The furthest point

can be computed in a similar way.) Recall that
EAL Agym) = {[ePA1 + |52 Ag — ¢86 : [c]* 4 |s]* = 1}

10



by Lemma 2. A short argument will lead to

Proposition 1 The shortest distance between the points of E(A1, A2, m) and

the origin is the minimal values of the function
f)=1tM+ (1= = 2myJt(1 —¢t), 0<t<1;
and if f(tmin) = 0I<nti£11 f(t), then the closest point Py to the origin is

tminAl + (1 - tmin)AQ
|tminA1 + (1 - tmin)A2| ‘

Pclt = f(tmin)

The longest distance between the points of E(A1, A2, m) and the origin is the

mazimal values of the function

F(t) = [thr + (1 = )Xo + 2maft(1 — 1), 0<t <1

and if Ftmax) = tnax F(t), then the furthest point Py, form the origin is

tmaXAl + (1 - tmaX)AZ
|tmaxA1 ‘|’ (1 - tmaX)A2| ‘

Pftt = F(tmax)

Let tmin, Pee and tmax, Pre be as defined in Proposition 1. Set?

b:m,c:w,a:\/w—l—c?. (16)

2
The following proposition restricts the possible values of {3, and tax.

Proposition 2 1 (1 — <) < tyin, tmax < 5 (14 £).

Proof: We give a proof for tyi,, only. As an exercise, the reader is asked to

do the other. First of all, we claim the line segment joining the origin and

2With these parameters, the equation that describes the boundary of the ellipse
E(A1, A2, m) can now be written as

|z — A1) + |z — A2| = 2a.

11



tminA1 + (1 — tmin)A2 is perpendicular to the boundary of the ellipse at Pey.
This can be easily seen. To see what are the possible values that t,j, can
take, we shall determine how big the distance between each of the two foci
and tminA1+(1—tmin)A2 could be. To this end, let’s perform a transformation
(a shift and a rotation, generally) on the complex plane such that the foci of
the ellipse are transformed to (—¢,0) and (¢, 0), respectively. Suppose P is
transformed to (acos3,bsin §) with 0 < § < 27. Assume, for the moment,
8 # 0,7. The point tminA1 + (1 — tmin)A2 after the transformation can be
located by finding the intersection of the new z-axis and the line passing
through P and perpendicular to the boundary of the ellipse. It is easy to
see that the equation of the line is

y—bsing ‘ becos

- =-1.
x—acosf —asing

Letting y = 0 gives z = %cos 3. In the other word, The point tnA +
(1 = tmin)A2 is transformed to (% cos 3,0). It is easily verified that this
remains true even for 8 = 0, 7. Therefore the distance between each focus

and tminA1 + (1 — fmin) A2 is between ¢ — % and ¢ + % Now, note

|tminA1 + (1 - tmin)AQ - A1| = 2(1 - tmin)cv
|tminA1 + (1 - tmin)AQ - A2| = thincv
from which the desired result follows. [ |

The following proposition is easy to establish by using geometrical argu-

ments.
Proposition 3

e The most general case b > 0 and ¢ > 0:

1. If M| = | Aol then tpim = %, and there are two tya, one of which
lies in the open interval (3 (1 — <), 1) while the other in the open

72
11

interval (3,5 (1 + £)). And moreover the sum of the two tmax is

equal to 1;

12



2. If M| > | A2, then %(1—%) < dpin < %, and% < tmax <
2 (14 5);
3. If | A1] < |Aq|, then % < tmin < %(1 + g), and % (1- g) < tmax <
1.
27
o The case ¢ = 0: tyin = tmax = %;

e The case b =0 and ¢ > 0:

1. If|A1| = |A2|; then tmin = %; and tmax = 0 and 1;
2. If | A1 > |Aq|, then tpmim = 0 and tpax = 1;
3. If | M| < |Aq|, then tpm = 1 and tpax = 0.

Set A\; = z; + 1y; where z;, y; for j = 1,2 are real and 7+ = v/—1. Let
(recall m = bin (16))

A1) = [+ (1= ) (17)
= (e (1 Oea)? + (tyr + (1 - D)2,
fo(t) = 2maft(1—1). (18)

Then f(t) = fi(t) — fa(t). Taking derivatives gives

(1 —x2)(tar + (1 =)o) + (y1 — y2)(tyn + (1 = V)y2)

Ao N e T TS e s T EA
"y o= - [(z1 — @) (tay + (1= )aa) + (1 — y2)(tyn + (1 = O)y2)]?
[ty + (1= D)22)2 + (tys + (1 — 1))
(x1—22)* + (y1 — y2)?
VIt F (1= ae)2 + (tys + (1 — 1)ys)?
_ (2201 — 9013/2)2 >0
[(tr + (1= D22)2 + (1 + (1 - Do) 7
) = m(1l — 2t)
? VI =1)’
A= g <

13



From these formula it follows f”(t) = f{'(t) — fY(t) > 0. Since f'(t) =
F(t) = fi(t) = —oc as t — 0%, and f/(t) = fi(t) — f4(t) = +o0ast — 17,

e see 1 c 1 c
r(3(=3) <o r(z(1e7)) >0

f'(¢) has exactly one zero between (1 — £) and § (14 £) which is ¢pin.
Newton iteration can now be applied to find the point of interest. One
remaining question is how to get a good initial guess. The following way
is used in my MATLAB code. It is assumed |A1]| > |Az| (otherwise, simply
swap A; and Ay). Then % (1—%) <tmin < % Our motivation for choosing
an initial guess is based on Propositions 2 and 3 and the observation that
the t making [tA1 + (1 — #)Az| reach its minimum should be close t0 tyin.
Here are the formulas for 7, an initial guess of ti, (refer to Figure 1 and

the equation (12)).

. Ifcosago,setrz%(l_g);

[A2| cos o

o Ifcosa >0, set 7 = =2

Appendix 2: The Tangent Lines of the Ellipse £(A1, A2, m) from the
Origin.

Let the assignments to z;, y;, @, b and ¢ in Appendix 1 hold throughout
this appendix. Assume also (9) holds throughout. The slopes k of the two
tangent lines from the origin to the boundary of the ellipse are the roots of

the following algebraic equation of order 2:

[(4a® — (21 + 22)> = (31 — 12)°16° + 4(z1y2 + 2200k (19)
+ [(40® = (21— 22)* = (11 + 12)°] = 0.

A by-product of this is that the assumption (9) holds if and only if (19) has

real solutions.

14
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Figure 2: £(1 — 27,3+ 2.3¢,1)
Appendix 3: Some Typical Graphes for R(\1, Az, m).

This appendix displays four graphes Figures 2-5 for R(A1, Az, m) in different
situations. They are telling us what a typical R(A1, Az, m) looks like.

15
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Figure 3: £(1,6,1)
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Figure 4: £(2 — 27,2+ 21,1)
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