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Abstract

OVERCOMPLETE EXPANSIONS FOR DIGITAL
SIGNAL PROCESSING

by

Zoran Cvetkovic
Doctor of Philosophy in Engineering-Electrical Engineering

and Computer Sciences

University of California at Berkeley

Professor Martin Vetterli, Chair

The theory of signal expansions into time-frequency localized atoms was one of the
major breakthroughs in signal processing during the past decades. In the continuous-
time domain, L?(R), the focus was on representations based on Weyl-Heisenberg and
wavelet bases as well as frames which are their overcomplete counterparts. In parallel,
these expansions were studied in the discrete-time domain, £2(Z), in the framework of
filter banks and subband coding schemes. This research has been confined ma.inly to
orthonormal and biorthonormal bases which are equivalent to critically sampled filter
banks. This thesis is concerned with oversampled filter banks. The motivation stems
from applications in which critical sampling or orthogonality is not needed and even
imposeé restrictive design constraints, and also from applications in which redundant
representa.tions are sought per se.

The general issues related to filter banks addressed in this thesis are 1) the neces-
sary and sufficient conditions on filter banks for implementing frame or tight frame
decompositions in £2(Z); 2) the feasibility of perfect reconstruction using FIR synthe-

sis filters following an FIR analysis; 3) the parameterization and design of interesting



classes of perfect reconstruction oversampled filter banks; 4) the relation of filter
banks to continuous-time signal analysis.

Nonsubsampled filter banks and modulated filter banks are two important partic-
ular classes which are studied in more detail. Nonsubsampled filter banks provide a
tool for the discrete-time implementation of continuous-time transforms. They allow
for a very flexible design and this is illustrated here by a procedure for designing
maximally flat two-channel filter banks which yield highly regular wavelets with a
given number of vanishing moments. The study of modulated filter banks is confined
here to the paraunitary case, which is equivalent to tight Weyl-Heisenberg frames in
£%(Z). We give a complete parameterization of these filter banks.

Robustness of overcomplete expansions to quantization is also investigated. A
heuristic error analysis, based on the white noise error model, indicates that the mean
squared quantization error (MSE) is inversely proportional to the frame redundancy,
MSE = O(1/R). This phenomenon has been exploited for a long time in oversampled
A/D conversion for improving accuracy of the conversion. One of the results of this
thesis is a deterministic analysis of error in oversampled A/D conversion which shows
that the classical linear reconstruction is suboptimal and that the quantization error
can be reduced in the squared norm as O(1/R?). Besides, even with the optimal
reconstruction, the MSE of the oversampled A/D conversion, as a function of the
bit-rate B, behaves as O(1/B2?). We demonstrate that the classical coding used
in oversampled A/D conversion is inefficient and propose a coding scheme which
asymptotically attains O(27PB) error-rate characteristic. As a generalization, we give
a deterministic analysis of the quantization error in Weyl-Heisenberg frame expansions
which demonstrates that under certain reasonable assumptions the quantization error
decays as O(1/R?) in the squared norm.

The applications considered here are based on signal characterization using in-
formation on its singularities. These schemes use nonsubsampled filter banks as a
preprocessing tool. One of the central issues in these applications is the signal recon-
struction from singularities. We study this problem and propose simple and efficient

reconstruction algorithms. Signal interpolation is considered as well, in particular



image ihte_rpola.tion. We propose a locally adaptive interpolation algorithm based on

extrapolation of the discrete-time wavelet transform across the scales.

Professor Martin Vetterli
Dissertation Committee Chair
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Chapter 1

Introduction

1.1 History of the Subject and Motivation

The idea of time-frequency localized representations goes back to the 1940’s and
the work of Gabor [14], who proposed decompositions of signals in L?(R) in terms of
modulated Gaussians as opposed to Fourier expansions. It was aimed at overcoming
the major drawback of the two traditional signal descriptions, one in time and the
other in the frequency, which both achieve infinitely fine resolutions in their respec-
tive domains but no resolution in the complementary domains. On the other hand,
expansions based on modulated Gaussians, which achieve the lower bound on the
uncertainty in the joint time-frequency domain, should facilitate descriptions with
good resolution in both time and frequency.

Although the idea was itself a paramount shift towards novel signal processing
techniques, a few technical problems were still to be resolved. First, is a Gabor family
of functions, obtained by translating a Gaussian in time and frequency, complete
in L*(R)? What would be admissible prototype functions other than Gaussians,
since in spite of its optimal localization, Gaussian need not be the most appropriate
waveform for all applications? For instance, in analysis of signals with compact
support, prototype functions which are themselves compactly supported would be a

rather convenient choice. Then, given such a complete family of functions, how can



expansion coefficients be calculated, and moreover is there a fast algorithm for this
purpose?

Expansions based on different kinds of time-frequency localized waveforms have
been subsequently used in physics, geophysics and signal processing. However, not
before the 1980’s have they received a thorough and rigorous treatment and have
the aforementioned problems been satisfactorily solved. An important result was the -
discovery of the relationship between filter banks and wavelets. Bases of wavelets for
L*(R) can be derived from critically sampled filter banks [10], which are equivalent
to an analogous class of bases in £2(Z). Iterated critically sampled filter banks can
also be used for the efficient computation of coefficients of wavelet expansions in
L*(R), e.g. by using Mallat’s algorithm [24]. Discovery of these relations wasn’t
just a curiosity wedding the continuous time theory with its discrete time analogue,
which had been developing independently as the theory of filter banks and subband
coding; it also paved the way for applications of novel signal processing principles and
brought some insights into subband coding schemes.

The theory of expansions into time-frequency localized atoms in-L?(R.) has been
developed beyond the orthogonal or biorthogonal case, focusing on redundant repre-
sentations based on Weyl-Heisenberg and wavelet frames [12]. However, the theory
of filter banks has so far been confined mostly to the critically sampled case [47, 50],
that is orthogonal and biorthogonal bases. In this thesis we study a particular class of
frames in £2(Z), those which are equivalent to perfect reconstruction FIR oversampled
filter banks.

One of the main reasons for studying overcomplete expansions is that the require-
ment for orthogonality or linear independence imposes considerable constraints which
can sometimes be in conflict with other design specifications. Ironically enough, per-
haps the most striking example. is the fact that Gabor analysis with orthonormal
bases with good resolution in both time and frequency is not possible. For a number
of applications orthonormality is indeed not needed. For instance, it is hard to be-
lieve that orthonormal families of wavelets occur anywhere in nature; therefore they

would not be a natural choice in modeling of biological systems or natural phenomena.



Other examples from biological systems are signal descriptions in sensory systems of
mammals which are based on highly redundant representations. This redundancy
compensates for system imperfections and, in spite of very coarse quantization which
occurs in the cortical level, facilitates perception of fine signal structures. Further-
more, redundant representations followed by a sophisticated selection of information
can even yield a good compression scheme. This has been demonstrated by Mallat
and Zhong with their wavelet modulus maxima based signal compression scheme [28].
Another approach, using matching pursuit algorithm, also by Mallat [27], is based on
the idea that there are greater chances for finding compact signal representations if the
dictionary of elementary vectors at our disposal is richer. The full potential of these
algorithms hasn’t been assessed yet, however they already give results comparable to
standard compression schemes [32].

It was first pointed out by Morlet (as reported in [10]) that for a given accuracy
of representation overcomplete expansions allow for a progressively coarser quanti-
zation as redundancy is increased. A particular case of this effect, which has long
been exploited in engineering practice, is oversampled A/D conversion, where the
underlying frame is a sinc frame. Statistical analysis, based on the white noise model
for quantization error, shows that the error variance is inversely proportional to the
oversampling ratio [3], so that oversampling can be used in order to improve the
accuracy of the conversion. An intuitive explanation of this effect for frame expan-
sions in general has been given by Daubechies [10]. Daubechies showed, using a
heuristic argument based on the white noise model for quantization error, that the
expected value of error energy is inversely proportional to the frame redundancy fac-
tor, E(]le]|?) = O(1/r). However, she conjectured that the error probably decays
faster, as indicated by experimental results reported by Morlet.

One of the goals of this thesis is to provide some new insights into this effect
and give a stronger quantitative characterization in the case of the oversampled A/D
conversion and the quantization of Weyl-Heisenberg frame expansions. Our analysis
is based on the following premises. Quantization error, commonly modeled as a white

noise, is not really a white noise but rather a structured “noise.” This is especially



true if quantization of highly redundant representations is considered. Deterministic
analysis may reveal some clues on that structure which are missed by the stochastic
treatment and yield a more accurate error bound. Besides, the previous studies of
quantization error assume linear reconstruction, which is suboptimal. For a signal
f, which is given in terms of its expansion coefficients as f = X; cip;, the linear
reconstruction from quantized coefficients {¢;} gives a recovered version f=uépi
If {x;} is an overcomplete set in the considered space of signals, then f obtained
this way and f need not share the same set of quantized expansion coefficients. This
indicates that the linear reconstruction does not utilize all the available information
and is therefore suboptimal. It can be expected that a consistent reconstruction,
that is a reconstruction which always restores a signal which has the same set of
quantized coefficients as the original, will be more accurate. Quantization error is
here considered with respect to a consistent reconstruction, and it is shown that in
some particular but relevant cases the error is inversely proportional to the square of

the expansion redundancy factor, ||¢||> = O(1/r?).

1.2 Overview and Contribution of the Thesis in

the Context of Previous Work

A global framework for the material presented in the thesis is set up in Chapter 2.
We review the main concepts of linear expansions in Hilbert spaces. The emphasis is
on overcomplete expansions, that is those based on frames. Three particular classes
which are reviewed are wavelet and Weyl-Heisenberg frames, as well as frames of
complex exponentials in L%[—c, &) spaces. |

Oversampled filter banks are studied in Chapter 3. The previous work in this area
was concerned only with FIR two channel nonsubsampled filter banks [40, 28], and
amounted to the investigation of the perfect reconstruction condition. In Chapter 3,
general N channel FIR filter banks followed by subsampling'by factor K, K < N,
are considered. A necessary and sufficient condition on a filter bank to be equivalent

to a frame in £2(Z) is derived, as well as a necessary and sufficient condition for the



tightness of that frame. Feasibility of perfect reconstruction using FIR filters is also
investigated and a necessary and sufficient condition is formulated. Complete param-
eterizations of classes of filter banks satisfying these conditions are also given. For a
given oversampled filter bank which satisfies the frame condition, the corresponding
perfect reconstruction synthesis filter bank is not unique. One of them is dual to
the analysis filter bank, that is frames in £2(Z) which are equivalent to the two filter
banks are dual frames [10]. An advantage of such a synthesis filter bank is that when
reconstruction from noisy subband signals is performed, it projects to zero the noise
component which is orthogonal to the range of the subband expansion. We also give
a necessary and sufficient condition on an FIR filter bank for its dual to also be FIR
and parameterize a class of filter banks satisfying this property. Two special cases;
focused on in Chapter 3, are nonsubsampled filter banks and modulated filter banks.
Nonsubsampled filter banks, implementing shift invariant redundant transforms, have
a considerable pofential for signal analysis and are related to continuous-time signal
filtering. Furthermore, absence of subsampling in the channels results in a very flex-
ible design. We illustrate this point by giving a design procedure for maximally flat
two channel filter banks from which highly regular wavelets with a given number of
vanishing moments can be derived.

The treatment of modulated filter banks in this thesis is concerned with FIR pa-
raunitary filter banks, that is tight finite length Weyl-Heisenberg frames in ¢#(Z).
Analogously to the situation in continuous-time, short-time Fourier analysis with
reasonable bases, or equivalently nontrivial critically sampled filter banks, is not pos-
sible. It is demonstrated in this thesis that if some redundancy is allowed the situation
changes, so that it is possible to attain tight Weyl-Heisenberg frames with good lo-
calization and some other desirable properties such as symmetry. We give a complete
parameterization of these tight frames, which are the tool for short-time Fourier anal-
ysis in £2(Z). These frames were a subject of a considerable study, however results
were confined to finite dimensional spaces or “almost tight” frames 33, 37, 36, 38, 53].

The problem of quantization of overcomplete expansions is considered in Chapter

4. A rigorous treatment of the effect of quantization error reduction in frames, in



the case of tight Weyl-Heisenberg frames with integer oversampling ratios, is due to
Munch [31]. Munch proved that the contribution to error energy due to coefficients
which correspond to frame vectors localized in a given bounded region of the time-
frequency plane, behaves as O(1/r). Note, however, that the estimate of total error
which is obtained from Munch’s analysis is unbounded. We assert in this thesis that
linear reconstruction is suboptimal if we deal with overcomplete expansions, and that
a consistent reconstruction should give an error |e]|? = O(1/r?). So far, this claim
has been experimentally verified for frames in R" [16] and also been proven in the
case of oversampled A/D conversion of periodic bandlimited signals (trigonometric
polynomials) [44, 43, 45]. In Chapter 4, it is proven that this also holds in the case of
oversampled A /D conversion of bandlimited signals in L(R). Our approach is based
on the concept of consistent reconstruction, first pointed out in [44], as well as on
a deterministic model which uses results of nonharmonic Fourier analysis. If error-
rate properties of oversampled A/D conversion are considered, instead of the error
itself, then an efficient lossless encoding of quantized samples becomes crucial. With
standard PCM (Pulse Code Modulation), quantization error as the function of the bit
rate, B, behaves as | e||? = O(1/B?2) when oversampling increases. An efficient coding
scheme, proposed here, attains ||e||> = O(27?B). The purpose of this result is to
illustrate the importance of efficient lossless encoding of overcomplete expansions, and
perhaps give directions for further research in this subject. Note that the deterministic
analysis of oversampled A/D conversion is an important fundamental result per se.
Besides, it gives the first proof of the O(1/r?) error reduction property of frames in
a case of an infinite dimensional space. This analysis is further generalized to the
quantization error of Weyl-Heisenberg frame expansions in L?(R), proving again that
under reasonable assumptions ||e||? = O(1/r?).

Applications based on wavelet modulus maxima or wavelet zero crossings repre-
sentation are very illustrative for various concepts related to overcomplete expan-
sions. These are discussed in Chapter 5. Wavelet modulus maxima and wavelet
zero-crossings representations were introduced by Mallat, et al. [25, 26, 28] as a tool

for extraction of information on singularities, which are considered to be among the



most meaningful features for signal characterization. The representations are based
on irregular sampling of the multiscale wavelet transform, which is implemented in
discrete-time using iterated nonsubsampled filter banks. The samples are taken at lo-
cal modulus maxima or zero-crossings, which for a particular class of wavelets occur at
points of sharp signal variation. Promising performance of these representations has
been demonstrated in applications such as signal denoising and compression [26, 28).
They also provide a convenient framework for studying problems such as signal char-
acterization and reconstruction from multiscale edges or zero-crossings, which have
been squects of considerable attention in the signal processing community in the last
two decades. One of the central issues about the two representations, in all of these
applications, is signal reconstruction from the information they provide. Original
reconstruction algorithms, which outperform the existing ones [25, 28, 4] in either
numerical complexity or convergence properties are also described in Chapter 5.

Another application discussed here is in image interpolation. Given a small im-
age, the classical problem of image interpolation is to magnify the image many times
without loss in the sharpness of the picture. Some existing methods such as bilinear
and spline interpolations generate blurred images since they do not utilize any infor-
mation relevant to preserving the image clarity. To deblur these images, one could
use the standard approach of unsharp masking [20]. Other methods include modeling
the edges or filtering with nonlinear filters to boost the high frequencies needed to
make an image look sharper. The algorithm described in this thesis, which was de-
veloped in collaboration with Grace Chang, is a locally adaptive image interpolation
scheme. The interpolating functions do not appear explicitly, but are contained in
the enhancement component which is added to an initial linearly interpolated image.
The enhancement component is a result of analysis of signal singularities, specifically
propagation of local extrema of a wavelet transform across scales. The implementa-
tion is based on preprocessing using nonsubsampled filter banks. Images interpolated
using this algorithm provide better subjective quality than those obtained with the
standard schemes.

The results presented in this thesis are also documented in the publications listed



in Appendix A.

The contributions of the thesis are listed below.

e Development of a framework for the study of oversampled filter banks, i.e. filter
bank frames in £%(Z).

o Necessary and sufficient condition on a filter bank to be equivalent to a frame

in £2(2).

o Necessary and sufficient condition on a filter bank to be equivalent to a tight
frame in £2(Z).

o Necessary and sufficient condition on a finite impulse response (FIR) filter bank

frame to have a dual frame consisting of finite length vectors.

e Necessary and sufficient condition on an FIR filter bank frame to have the

minimal dual frame consisting of finite length vectors.
e Complete parameterization of FIR filter bank frames.
e Complete parameterization of tight FIR filter bank frames.

e Complete parameterization of FIR filter bank frames which have dual frames

consisting of finite length vectors.

e Parameterization of FIR filter bank frames which have minimal duals consisting

of finite length vectors.
¢ Complete parameterization of tight FIR Weyl-Heisenberg frames in £3(Z).

o Designing procedure for wavelets with high regularity and a given number of

vanishing moments.
¢ Deterministic analysis of oversampled A/D conversion of signals in L?*(R).

e Proof of O(1/r?) quantization error behavior in oversampled A/D conversion,

with r being the oversampling ratio.



o Efficient lossless encoding scheme for oversampled A/D conversion.

e Analysis of error-rate characteristics of oversampled A /D conversion and meth-

ods for its improvement.

e Explanation of the quantization error reduction property in overcomplete ex-

pansions.

o Deterministic analysis of quantization error in Weyl-Heisenberg frame expan-
sions and proof of its O(1/r?) behavior as a function of the frame redundancy

r.

e Study of discrete-time wavelet extrema and wavelet zero-crossings representa-
tions (multiscale edge representations) in the framework of convex representa-
tions in £2(Z).

o Efficient algorithm for signal reconstruction from the wavelet extrema represen-

tation.

o Efficient algorithm for signal reconstruction from the wavelet zero-crossings rep-

resentation.

e Implementation of the orthogonal projection operator onto the range of the

discrete-time wavelet transform.

o Novel locally adaptive signal interpolation scheme.

Notation

The notation used in this thesis is described below.

The identity operator in a Hilbert space will be denoted by Id.

The Fourier transform of a signal f(t), F{f(t)}, will be written as f(w).
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We say that a signal f(2) is o-bandlimited if

o]

Fw)=0 for |w| >0, and ||f]?= ] 1f(#)[2dt < oo.

Similarly, a signal f(¢) is said to be T-timelimited if

F(#)=0 for |t>T, and |IfI?= [ |f(®)dt < co.

Convolution of functions in LZ(R) will be denoted by *, i.e.
frg=ft)xgt)=Frot)= [ fls)glt - s)ds.

For a sequence ¢, ¢ will denote the complex conjugate of the time reversed version
of ¢, @[n] = ¢*[-n]. Also, for a filter H(z) with impulse response h[n], H(z) will
denote the filter whose impulse response is A[n]. Similarly, when used with a matrix
H(z) whose entries are rational functions of the complex variable z, H(z) will denote
the matrix obtained from H(z) by transposing it, changing all coefficients of the
rational functions in H(z) by their complex conjugates, and substituting z by z~.
If H(z) = H(z) we say that H(z) is parahermitian. Polynomial matrix H(z), whose
determinant, detH(z), is a nonzero constant is called unimodular matrix. Note that
here we shall use the term polynomial for Laurent polynomials in general, that is FIR
filters H(z) = ¥, h;2*, which possibly contain both positive and negative powers of
2. The complex conjugate transpose of a vector v will be denoted as v*, and when

used with a scalar, the * superscript will denote its complex conjugate value.
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Chapter 2

Frames in a Hilbert Space

2.1 Notion of Frames

A common signal processing fra:ﬁework is to consider signals as vectors in a Hilbert
space H, usually L?(R), £2(Z) or R™. Signal processing algorithms often involve
some sorts of linear expansions. We may justifiably say that linear expansions are
ubiquitous tools of signal processing. Linear expansion refers to representation of a
signal as a linear combination of vectors of a family {¢;};es which is complete in H.
Completeness of {¢;};es means that any signal z in the space can be represented as

a linear combination,

z=), c;p;- (2.1)

jeJ
In addition to completeness, for applications in signal processing it is essential that
{p;};es also has some stability properties. First, the coefficients of the expansion

should constitute a sequence of finite energy for any signal in the space,

{}ies € #(J), Yz eEH. ' (2.2)
Moreover signals in any given bounded set cannot have expansion coefficients of ar-
bitrarily high energy. In particular, expansion coefficients of signals in the unit ball
should be bounded by some finite constant b,

Y |5l <b whenever |lz|| < 1. - (2.3)
ied
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The second requirement is that the expansions should provide a unique description of
signals in #, and enable discrimination with a certain reasonable resolution. In other
words, expansion coefficients corresponding to two different signals x and y should
not be close in £2(J) if z and y are not close themselves. A precise formulation of

this requirement is that there exists a constant a > 0 such that

Yol —c>>a, whenever |z—y|*>>1. (2.4)
ieJ

A family {¢;};es which satisfies these requirements is said to be a frame in H.

H

tight frames

Riesz bases

orthonormal bases

Figure 2.1: Principal classes of frames in a Hilbert space.

Three fundamental subclasses of frames are tight frames, Riesz bases and or-
thonormal bases (see Figure 2.1). A basis in H is said to be Riesz basis if it is the
image of an orthonormal basis under a bounded operator with a bounded inverse.
Examples of frames in theses classes for R? are shown in Figure 2.2. Note that in
finite dimensional spaces, i.e. R", completeness of {p;};es implies the stability prop-
erties, so most of problems discussed in this chapter are nontrivial only for infinite
dimensional spaces. Nonetheless, Figure 2.2 illustrates distinctive properties of the

three main subclasses. Both bases! and orthonormal bases are linearly independent

1The term basis will here always mean Riesz basis.
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families of vectors. On the other hand, frames and tight frames in general are.re-
dundant, overcomplete families in H and therefore exhibit some linear dependencies.
Tight frames and orthonormal bases are subclasses of frames and bases, respectively,
characterized by a certain structure, which makes them particularly convenient in

signal analysis.

Ao ? 9
9 \C 4
" \U, %o \Z_%.
>
orthonormal basis Riesz basis P2/ tight frame frame
redundancy r=3/2

Figure 2.2: Examples of different frame classes in R?.

In this chapter, basic results on frames are reviewed, based on material presented
in [10, 12, 13, 56], and some classes of frames which are relevant for further consider-

ations are described.

2.2 Properties of Frames

Expanding a signal with respect to an orthonormal basis {p;};es is equivalent to
characterizing it through inner products with the vectors of the basis. This is due
to the fact that coefficients of the expansion z = 3¢, cjp; are equal to the inner
products, ¢§ = (z,y;). The two representations, expansion and the inner product
sequence, are not equivalent for frames in general, but there is still a certain duality.
The following definition of a frame in a Hilbert space is based on the inner product

description.

Definition 1 A family of vectors {p;};es in a Hilbert spaces H is called a frame if
there exist A > 0 and B < oo such that for all f in H,

AlFI? < XK Sen)l® < BIFIIP. (2.5)

JjeJ
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A and B are called frame bounds. o

For a frame {p;};eJs, there exists a dual frame {¢;};es, such that any f in the

space can be reconstructed from the inner products {(f,®;)}jes as
f=2Afreil;. (2.6)
jed
The frames {y;};es and {%;};cs have interchangeable roles, so that any f can also
be written as a superposition of ¢; vectors, as
f=2(f¥i)ei. (2.7)
jeJ
Implications of this expansion formula are actually the stability conditions discussed
in the previous section. If A, and B, are frame bounds of {;};es then (2.4) and
(2.3) are satisfied with a = A, and b = B,. Existence of a dual frame also establishes
‘duality between the inner product description and the series expansion.

In order to establish the existence of a dual frame and give a systematic generating

procedure we introduce the frame operator.

Definition 2 If {p;}jes is a frame in H, then the frame operator F is the linear
operator from H to £2(J), defined by

Ff =¢ €= {Cj G = (f, ij)}jeJ. (28)
O

The frame condition (2.5) implies that F' is a bounded invertible operator from H to
¢2(J). The Hilbert adjoint F* of F is a linear operator from £2(J) to H satisfying

(F*c,f) = (¢, Ff) (2.9)

for all f € H and c € £2(J). If Ff is written in the expanded form, we obtain

(Ca Ff) = Z cj(‘PJ'a f>1 (2‘10)

jed
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so at least in the weak sense,

F*c= ECjth‘. (2.11)
i€J
The linear operator F*F', given by
F'Ff= Z(f’ ‘)OJ')‘PJ"' (2.12)
jed

is self-adjoint. It follows from the frame condition (2.5) that

AlfI* < (F*Ff,f) < B|If|I* (2.13)

for any f € H, that is, F* F is positive definite with positive upper and lower bounds.
This implies that the inverse (F*F)~! exists. The image of {p;};ecs under (F*F)™!,
{@; : ¢; = (F*F)™'¢;};eJs, turns out to be a frame dual to {®;};ecs-

Proposition 1 [10] The {(p;};es constitutes a frame with frame bounds 1/B and

1/A. The associated frame operator

F:H (), Ff={c:c;={f,¢)}ies

satisfies the following:

~

(i) F*F = F*F = 14,

(ii) FF* = FF* is the orthogonal projection operator in £2(J) onto Ran(F) =

N’

O

This proposition establishes in a constructive manner the existence of a dual frame.
If the frame {¢;};es is overcomplete, that is ¢; are linearly dependent, then its dual
is not unique. To illustrate this consider a linear combination }°;c;a;p; = 0. For

any f in H, ¥;e5ai(f, i) =0. If {;};es is a dual frame, and ¢ is any vector in H,

f = Z;(f, oz (2.14)
i€
= Y (e + 2 ailf ei)é (2.15)
jeJ jeJ
= Z(fv ‘PJ’)(“ki + aj¢)a (2.16)

jeJ
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so that {1; + a;¢};cs is also dual to {p;};cs. Another consequence of linear depen-
dencies in {p;};es is that expansions with respect to this frame are not unique. For
instance, if f = Yesciip; and Y ey ajp; = 0 then also f = Tjes(c; + a;)p;-

The dual {@;};cs has the distinctive property that for any ¢ = {c;};jes in the
orthogonal complement of Ran(F'), ¥;esci$; = 0. This is a consequence of Propo-
sition 1, and is particularly important for reconstruction of signals from coefficients -

degraded by an additive noise. If a signal f is synthesized from noisy coeflicients
{(f,9i) +n;} using {@;}jes as
f''=3_({f, ;) + ;)5 (2.17)
jed
the noise component which is in the orthogonal complement of Ran(F') is automat-
ically reduced to zero. No other dual of {¢;};es implicitly performs this projection
while effecting the reconstruction. -
Another important fact about {@;};es is related to the nonuniqueness of the
expansions. Out of all expansion sequences {¢;} such that f = Y ;c;civj, {(f, %)}

has the minimum norm. This is established by the following proposition.

Proposition 2 [10] If f = T ;c;cjp; for some ¢ = {c¢;}jes, then
2 leil? > 3 KS @)l
JjeJ JeJ

and equality holds only if ¢; = (f,p;) for all j € J. o

Being so special, {¢;};es deserves a special name, and is said to be the minimal dual
of {¢j}jes.?

Calculation of the minimal dual frame is not always an easy task, and a closed
form solution does not exist, except for some particular cases. However, there does
exist a formula which describes a numerical algorithm for the computation of {3;} jes.
It is given by .

"-=—°<> ko, 2.1
‘p.'l A+Bl§)R"PJ’ ( 8)

2In their pioneering work on frames [13], Duffin and Schaeffer used the term conjugate frames
for a frame and its minimal dual.
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where

2
—1d— ——F*F. 2.19
R=1d A+BFF (2.19)

The speed of convergence of this series depends on the bounds A and B. It can be
shown that ||R|| < (B— A)/(B+ A), so the closer the frame bounds are, the faster the
series converges. In the limit, when the frame bounds are equal, all these formulae
‘become much simpler, and the minimal dual frame is given by the first term of the
series (2.18), ¢; = A7l p;.

A frame with equal frame bounds is called a tight frame. For a tight frame and

any f in the space

2 (e = AllFI2. (2.20)
jeJ
This condition implies that
(F'Ff,f)=AlfI*, Vfe#H. (2.21)

Hence, F*F = Ald3, which finally gives ¢; = A~'p;. Therefore, for all f in H

f =5 Tl (222

jeJ
This formula is reminiscent of orthogonal expansions. However, tight frames are in
general not orthonormal bases, but overcomplete families in H. If vectors of the tight
frame are normalized to unit norm, ||¢;|| = 1, the frame bound A gives a measure

of redundancy of the frame. Tight frames which are not redundant are orthonormal

bases.

Proposition 3 [10] If {¢;};es is a tight frame with frame bound A = 1, and ||p;|| = 1
for all j € J, then {p;}jes is an orthonormal basis. m]

Analogous relations exist between Riesz bases and frames. They are established
by the following propositions. The first one describes the effect of the removal of a

vector from a frame.

3Note that in the case of complex Hilbert spaces, which we consider, if a linear operator S on
satisfies (Sz,z) = A||z||? for all z € H, then Sz = Az.
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Proposition 4 [56] The removal of a vector from a frame leaves either a frame or

an incomplete set. O

A frame which ceases to be a frame when any of its vectors is removed is said to be an
exact frame. It turns out that the class of Riesz bases and the class of exact frames

are equivalent.

Proposition 5 [56] A sequence of vectors in a Hilbert space H is a Riesz basis if and

only if it is an ezact frame. O

As opposed to orthonormal bases, vectors of a Riesz basis are not mutually orthogonal,

however a biorthogonal basis always exists.

Proposition 6 [13] If {p;};es is an ezact frame, then it is biorthogonal to its min-
imal dual frame {@;};es, that is
. 1, i=3
(@i p5) = { - (2.23)

0, otherwise

O

At this point we end the overview of general results on frames and transfer our
attention to some particular cases which gave rise to the general theory and drove

further developments.

2.3 Some Classes of Structured Frames

2.3.1 Frames of Complex Exponentials in L?[-0,0]

The general theory of frames originated from studying the characterizability of
bandlimited signals from a sequence of samples [13]. It can be formulated as follows.
Given a space of o-bandlimited signals, it is of interest to characterize sequences of
sampling instants which uniquely describe signals in the space and moreover allow
for a numerically stable reconstruction. Frames of complex exponentials in L*[-a, 0]

are closely related to this problem.
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A classical result of Fourier analysis, in communications known as the sam-
pling theorem, asserts that regular sampling of a o-bandlimited signal f (t) at points
{n7}nez introduces no loss of information as long as 7 < 7/0. Recall that f (t) can

be recovered from the samples as

&) = %2 f(nr)sinc, (£ — n7), (2.24)
where
sinco(z) = o szn(a:c)
oz

The value which f(t) attains at the sampling instant n7 represents the inner product

f(n7) = (f, sinc,(t — n1)),

so that f(¢) can be written as

18 = 2 s ononr(t), (225)

where

Pn,r(t) = sinc, (t — nT).
Therefore, sampling above the Nyquist rate, 7 < 7/o, is equivalent to expanding a
signal with respect to

{@nr(t)}nezs

which turns out to be a tight frame for the space of o-bandlimited signals. Alter-
natively, this sampling can be viewed as a linear expansion of the Fourier transform
of f(t) in terms of complex exponentials {e?“""}, which constitute a tight frame for
L*[—o0,0]. This interpretation comes from the fact that the space of o-bandlimited
signals is isometrically isomorphic to L*[—0, o]. In general, o-bandlimited signals can
be reconstructed in a numerically stable way from the samples at points {A;}nez if
and only if {€/**“} is a frame in L?[—0,0]. Recall that a sequence of complex expo-
nentials, {e?***}, is said to be a frame in L?[—o, o] if there exist constants A > 0 and
. B < 00 such that

o . ¢ . . 2 o .
[ )de < o= B[ fieeds| <B [ if@)Pdo, (220
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for any f(w) € L*[—0,0]. This can be rephrased as the condition that
AIFOI? < Z1FOW)P < BIFOI? (2.27)

for every o-bandlimited function f(t). If this is satisfied we shall also say that {A.}

is a frame sequence for the space of o-bandlimited signals.

Definition 3 A sequence of real numbers {\,} is said to be a frame sequence for the

space of o-bandlimited signals if {e***} is a frame in L?*[—o0,0]. m]

Conditions under which a sequence {e’***'} is complete and moreover a frame in an
L?*[—0, 0] space are the core issues of nonharmonic Fourier analysis. An excellent
introductory treatment of this subject can be found in [56]. Here, only a few illumi-
nating results are reviewed in order to provide some intuition about frames of complex
exponentials.

If samples of a o-bandlimited signals taken at points {),} are sufficient for a
numerically stable, exact reconstruction, then it can be expected that {\,} will retain
this property under small perturbations. The next theorem asserts that this is indeed

true in the case of the orthonormal basis {e/*/}.

Theorem 1 [22] (Kadec’s 3 Theorem). If {\.} satisfies
De—nT|<L<if n=o041,42..,
o 4o
then {€’*"“} is a Riesz basis for L*[—0,0]. m]

The bound given in this theorem is tight, i.e. the result does not follow if sup,, |A, —
nm/o| = m/40. A more general result on stability of frames of complex exponentials

is established by the following theorem.

Theorem 2 [56] Let {e’**} be a frame in L*[—0,0], with bounds 0 < A < B < o0
and & a given positive number. If a sequence {u,} satisfies |A\n — pn| < & for all n,

then for every o-bandlimited signal f(t)

A1 = VOP|IfII? < I (1) < B+ VOIS, (2.28)
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where

C= % (e —1) . (2.29)

(]

Corollary 1 If the set {¢’**“} is a frame for L*[—o,0] then there is a positive
constant § with the property that {e*“} is also a frame for L?[—o,0] whenever

[An — tn| £ 6 for every n. O

This corollary follows immediately from Theorem 2 if § in the statement of the theo-
rem is chosen small enough that C is less then 1. For instance, note that there exists
a 8174 ({Mn}, ), such that whenever § < 8,74 ({An},0), {€/#"“} is a frame with frame
bounds A/4 and 9B/4. This fact will be used for derivations in Chapter 4.

Another sufficient condition on {\,} to be a frame sequence is given by Duffin
and Schaeffer [13]. Basically, it asserts that {As} is a frame sequence for the space of

o-bandlimited signals if the A, are sufficiently dense on the real axis.

Definition 4 A sequence {\.} of real or complez numbers has uniform density d,

d > 0, if there are constants L < oo and § > 0 such that

l’\n_%lSL, n€z
(2.30)
Ao =Am] 28>0 n#m.

We can now formulate the following criterion.

Theorem 3 [13] If a sequence {)\,} has a uniform density d > o/, then {e"***} is

a frame in L*[—o0,0]. O

The condition of this theorem requires the uniform density d strictly greater than
o/m. This bound is tight, since there are sequences of uniform density d = o /7 which
are not frame sequences in L?[—0,0]. An example is any sequence obtained from

{nm/o} by dropping one of the points. However, this theorem gives only a sufficient
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condition. If some restriction is imposed on L in Definition 4, it is possible to find
sequences of uniform density d = o/m which are frame sequences in L*[—0,0]. The
existence of these sequences is established by Kadec’s 1/4 Theorem.

The results on irregular sampling which are reviewed here indicate a tradeoff
between regularity and density of sampling. If signals are to be represented with a
minimal number of samples, these samples are to be located in strictly defined areas
uniformly distributed on the time axis. As soon as some redundancy (oversampling)
is introduced, the restrictions on the distribution of the sampling points become much

looser.

2.3.2 Weyl-Heisenberg and Wavelet Frames

Frames which are designed for a particular application usually exhibit a specialized
structure. Two examples, which arise from engineering practice as well as physics,
are Weyl-Heisenberg and wavelet frames in L*(R).

Weyl-Heisenberg frames are the tool for Short-Time Fourier analysis and have also
been used in many areas of theoretical physics under the name of coherent states.
They consist of vectors which are obtained by translating and modulating a single

prototype window function,

{gom,,(t) : Pmn(t) = €™ p(t — ntO)}m,nez . (2.31)

Vectors pmn(t) are distributed on a rectangular lattice in the time-frequency plane.
The lattice cell size is given by the time and frequency steps of the frame, o and wy,
respectively (see Figure 2.3). All vectors have the same effective support, which is
determined by the shape of the window. The window initially proposed by Gabor
[14] was Gaussian, since it achieves the lower bound of uncertainty in the joint time-
frequency plane, facilitating signal description with the best possible joint resolution.
Other window functions are admissible, too. In fact, the only restriction which the

window function of a Weyl-Heisenberg frame with bounds A and B has to obey is

a< 2|l < B. (2.32)
woto
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frequency

time
—> t0 -
Figure 2.3: Distribution of vectors of a Weyl-Heisenberg frame in the time-frequency

plane. The resolution of the frame, determined by the effective support of frame
vectors, Is fixed throughout the plane.
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The restriction on the time and frequency steps is
woto S 27. (233)

The meaning of this condition is that if the Weyl-Heisenberg vectors are to cover
the whole time-frequency plane, so that any signal in L?(R) can be represented in
a numerically stable way as their superposition, then they have to be “sufficiently
dense” in the space. The minimal density corresponds to wgto = 2, so that 27 /woto
represent redundancy of the frame. It turns out that in order to have good time-
frequency localization we have to allow a certain degree of redundancy. This is a

consequence of the Balian-Low theorem.

Theorem 4 [1, 23] Balian-Low: If ppa(t) = e™“tp(t — nty), m,n € Z, constitute
a frame in L*(R), then either [ t2|p(t)|?dt = 00 or [&, w?|P(w)|?dw = oo. m]

In other words, there are no orthonormal Weyl-Heisenberg bases with good localiza-
tion in the joint time-frequency domain.

Signal expansions based on Weyl-Heisenberg frames having a fixed resolution
across the whole time-frequency plane cannot provide compact descriptions which
capture both signal transients as well as large scale behavior. Frames of wavelets
alleviate this problem. They consist of vectors which are obtained by dilating and

translating a single mother wavelet () as

{Bmalt) : bmalt) = 3Bt = nb0)} s (2:34)

where ag > 1 and by are positive constants. The distribution of vectors of a wavelet
frame in the time-frequency plane is illustrated in Figure 2.4. The support of the
wavelet 1mn(t) in time is proportional to af. Going to higher frequencies (smaller
values of m) wavelets are better concentrated and distributed with higher densities
on the time scale. As a result, wavelet expansions provide signal descriptions with a
progressively better time resolution at high frequencies. Hence, they provide an anal-
ysis tool which is well suited for extracting information on both fine signal structures

(singularities, etc.) and global trends.
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A frequency

time

Figure 2.4: The distribution of vectors of a wavelet frame in the time-frequency
plane. Time resolution of the wavelet frame is progressively refined going to higher
frequencies at the expense of coarser frequency resolution.
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The admissibility conditions on the mother wavelet t(¢) for

-mf2

Ymn(t) = ag ' P(ag™t — nby), m,n € Z,

to constitute a frame in L?(R) with bounds A and B are given by

bolnao * [(w)[* , _ bolnag
—— < . :
= As/o Yo < 222, (2.35)
- |(w)[? bol
bolnag 0 |Y(w nao
— AL < . .
= A_/_oo o S 5B (2.36)

A detailed analysis of these admissibility conditions is given in [10]. The result is that
for a mother wavelet which has a reasonable decay in time and frequency and satisfies

Zinsty ¥(t)dt = 0, there exists a range of parameters ap and by such that {tma} in
(2.34) is a frame. One of the fundamental differences with Weyl-Heisenberg frames is
that orthonormal bases of wavelets with good localization, and even compact support,
are attainable. ‘A systematic procedure for generating wavelet bases in L?(R) was
pioneered by Daubechies [10] and is based on iterated filter banks.

The theory of filter banks is a discrete-time analogue of the theory of structured
linear expansions in L?(R). It had been developing independently, driven mainly by
applications to subband coding, until close links between the two theories were unrav-
eled and a unifying framework was developed. However, studies of filter banks were
mostly confined to the critically sampled case, that is orthonormal and biorthonor-
mal bases. Two excellent, thorough treatments of the subject are given in [47, 50].

We defer this topic to Chapter 3, which also presents original results on redundant

structured expansions in £2(Z).
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Chapter 3

Oversampled FIR Filter Banks

3.1 Filter Banks and Linear Expansions in ¢*(Z)

The theory of filter banks i47, 50] provides a convenient framework for both
the study and the implementation of an important class of signal decompositions
in £2(Z). These are expansions underlying signal analysis through a sliding window

using a selected set of elementary waveforms. In general, they have the form

K-1 oo
a:[n] = Zo _E ci..‘i‘Pt'.j[n]’ (3.1)

where the vectors ¢; ;[n] denote translated versions of K basic functions, ¢; ;[n] =

@i[n — 7N]. The study of families of vectors of this type,
¢ = {(Pi.j : ‘Pi.j[n] = ‘Pi[n —JN]7z =0, la"-’K - 11.7 € Z} (32)

amounts to investigation of properties of K channel filter banks followed by subsam-
pling by factor N in each of the channels, as the one shown in Figure 3.1a. In other
words, vector families of this type are equivalent to filter banks.

Let the filters Ho(z), Hi(2), ... , Hg-1(2) of the analysis filter bank, as the one
shown in Figure 3.1a, be selected as complex conjugates of the time reversed versions
of the waveforms ;, hi[n] = @i[n], i=0,1,..., K —1. For an input signal f, such

a filter bank calculates inner products of f, < z,¢;; >, with vectors in the family
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Figure 3.1: A K channel filter bank with subsampling by factor N in the channels.
a) Analysis filter bank. b) Synthesis filter bank.

®. If the vector family @ is a frame in '22(2), then the filter bank implements the

associated frame operator F', which is in this case a bounded linear operator from
£2(2) to £2({0,1,...,N — 1} x Z),

F:(2) - 2({0,1,...,N —1} x Z). (3.3)

We shall also say then that the filter bank implements a frame decomposition and
refer to @ as its associated frame, or a filter bank frame. In filter bank terms, ® being
a frame means that any signal can be reconstructed from the subband components,

obtained at the outputs of the filter bank, using stable filters.

On the other hand, a synthesis filter bank as the one in Figure 3.1b, implements

the Hilbert adjoint of the frame operator, F*,

K-1 oo
z'[n] = Zo _Z_: vlilpisln] (34)

provided that impulse responses of the filters Gy(z), ... ,Gx-1(z) match the waveforms
@i, that is g;[n] = p;[n]. Hence, for the stable filters G;(z), this filter bank is a bounded
linear operator from £%({0,1, ..., N — 1} x Z) to £*(Z).

Expansions in £?(Z) with respect to frames ®, as given in (3.2), are studied in

detail in the critically sampled case, N = K, which correspond to orthonormal or
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biorthonormal bases [50]. Results presented in the remainder of this chapter are
concerned with redundant expansions of this type (N < K), that is oversampled

filter banks, although most of them are valid in the critically sampled case as well.

3.2 Frame Conditions on Filter Banks

A convenient representation of signals and filters in analysis of multirate
systems is the so-called polyphase decomposition. Consider a K channel filter bank,
followed by subsampling by a factor N in the subbands (see Figure 3.1a). The suit-

able decomposition of an input signal z[n] in this case, is in terms of N polyphase

components,
N-1
X(2) = Y 7 Xi(2N) (3.5)
=0
where
Xi(z) = )_ z[nN +4)z" (3-6)

Each polyphase component z;[n], given in the z-domain by X;(z), is obtained sub-
sampling z[n] by the factor N, starting with the i-th point.

Similarly, filters of the filter bank can be represented as

N-1
Hi(z) = g 2 Hy;(2N), (3.7
where N
Hij(2) = _Z,j hi[nN — j]7". (3.8)

It can be easily verified [50] that an input signal z[nr] produces at the output of this
filter bank subband components yo[n], y1[n], ... , yx-1[n] which are given in terms of

their z-transforms as
[Yo(2) Yi(2) ... Y&-1(2)]T = Hp(2)[Xo(2) X1(2) ... Xnaa(2)]T.  (3.9)

In this expression Hp(z) denotes the polyphase analysis matrix of the filter bank,
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which is defined as

Hoo(z) Hm(z) Ho(N_l)(z)

Hyo(2) Hui(2) Hl(N-l)(z)

Hp(z) = (3.10)

| Hi-1y0(2) Hg-1(2) - Hpg-1yv-1)(2) |
Another way to look at the filter bank is as a bounded linear operator which maps
the polyphase components of the input signal to the set of subband components, in the
manner described by the relation (3.9). The input signal can be reconstructed from
the subband components if and only if its polyphase components can be recovered
after the transform given in (3.9). The frame conditions on an oversampled filter bank
will be therefore expressed in terms of properties of its polyphase analysis matrix.
The necessary and sufficient frame and tight frame conditions are given by the
following two theorems, which are proven in Appendix 3.7.1 and Appendix 3.7.2,

respectively.

Theorem 5 A filter bank implements a frame decomposition if and only if its poly-

phase analysis matriz is of full rank on the unit circle. o

Theorem 6 A filter bank implements a tight frame decomposition if and only if its

polyphase analysis matriz is paraunitary, flp(z)Hp(z) = clL. o

An equivalent statement of Theorem 5 is that a filter bank implements a frame
decomposition if and only if there exists a matrix Gp(z) of stable, rational, not

necessarily causal, functions such that
Gp(Z)Hp(Z) = CI. (3-11)

The matrix Gp(z) is called the synthesis polyphase matrix and its entries [Gp(z)] 0=
Gi;(z) are the polyphase components of filters of the synthesis filter bank (Figure
3.11b),

N-1
Gi(z) = Y 27 Gy(2"), (3.12)

1=0
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which can be used for perfect reconstruction of a signal from the decomposition
obtained from the analysis filter bank. In other words, a synthesis filter bank gives a
frame which is dual to the frame associated with the analysis filter bank. This dual
frame consists of impulse responses of the filters G;(z) and their translates by integer
multiples of N.

If the frame conditions given by Theorem 5 or Theorem 6 are satisfied, in the
oversampled case N < K, the solution for Gp(z) of the polyphase equation (3.11),
and hence the synthesis filter bank, is not unique. This is in accordance with the fact
that for a given analysis frame, the corresponding synthesis frame is not unique. One

solution for Gp(2) is the pseudoinverse of Hp(z), which is given by
~ -] ~
H*(z) = (Hp(2)Hp()) Hp(2). (3.13)

It can be easily verified that the frame associated to Gp(z) = H*(z) is the minimal
dual of the frame associated with the analysis filter bank. Hence, it is important to
investigate conditions under which both a filter bank frame and its minimal dual con-
sist of finite length vectors. The following theorem states the necessary and sufficient
condition for this to hold.

Theorem 7 For a frame associated to an FIR filter filter bank, with the polyphase
analysis matriz Hp(z), its dual minimal frame consists of finite length vectors if and

only if ﬁp(z)Hp(z) is unimodular. ]

Sufficiency of this condition is obvious. It is proven in Appendix 3.7.3 that it is also
necessary. This theorem is a generalization of the analogous result for the critically
sampled filter banks. According to that result, perfect reconstruction with FIR filters
after an analysis by a critically sampled FIR filter bank is possible if and only if the
determinant of Hp(2) is a pure delay [50], which implies that ﬁp(z)Hp(z) has to be
unimodular. Note that in the oversampled case, Theorem 7 does not preclude the
existence of an FIR dual frame even if Hp(2)Hp(z) is not unimodular. However, for
the reasons discussed in Chapter 2.3.2 we put the emphasize on the reconstruction

using minimal dual frames.



32

Recall that we pointed out in Chapter 2.3.2 that, in general, for a given frame
there is no closed form expression for its minimal dual. A remarkable property of the
filter bank frames is that the task of finding a dual or the minimal dual amounts to

finding a left inverse or a pseudoinverse, respectively, of a matrix of polynomials.

3.3 Parameterizations of Frames in ¢%(Z)

The parameterization of filter bank frames which is given here is based
on the Smith form of polynomial matrices [42]. Any polynomial matrix Hp(z) of
dimension K x N (K > N) can be decomposed as the product

Hp(z) = R(z)D(z)C(z), (3.14)

where R(z) and C(z) are unimodular matrices of dimensions K x K and N x N,

respectively, while D(z) is a diagonal K x N polynomial matrix

[ d(z) 0 ... 0 |
0 dz(z) e 0
D(z) 0 0 dn(z) (3.15)
0 0
0 0 ... 0

The unimodular matrices can be chosen so that the polynomials d;(z) are monic and
that d;(2) is a factor of d;41(z). The matrix D(z) is called the Smith form of Hp(z).
The unimodular matrices R(z) and C(z) are products of finitely many elementary
matrices

R(z) = R1(2)R2(2) - -Rm(2)
C(z) = C1(2)C2(z)- - Cn(2).

Elementary matrices R;j(z), C;(z) correspond to elementary row (column) operations,

and have one of the following forms:
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e a permutation matrix, i.e. the identity matrix with two rows permuted;

e a diagonal matrix with elements on the diagonal equal to unity, except for one

which is equal to a nonzero scalar;

e a matrix with ones on the main diagonal and a single non-zero entry off the

diagonal, which is a polynomial af(z).

An example of the three types of elementary matrices, for the 4 x 4 case, is given

below. i _ ) _ X i
1000 1000 1 000
0001 0100 0 100
0010 [00c0| |az 010
0100 |0001] | 0 00 1]

A complete parameterization of .FIR filter bank frames in ¢#(Z) follows directly

from the Smith form, and is stated by the following Proposition.

Proposition 7 An oversampled FIR filter bank implements a frame decomposition in
£%(Z) if and only if the polynomials on the diagonal of the Smith form of its polyphase

analysis matriz have no zeros on the unit circle. O

This proposition follows from the fact that the polyphase matrix and its Smith form
have the same rank on the unit circle, since they are related by elementary row
(column) operations. Hence, the filter bank implements the frame decomposition if
and only if its Smith form is of full rank everywhere on the unit circle, which holds if
and only if the polynomials on the diagonal have no zeros on the unit circle.

An important class of filter bank frames are those which have minimal duals
consisting of finite length vectors. According to Theorem 7, these are equivalent to
polynomial matrices Hp(z) such that Hp(z)Hp(z) is unimodular. A parameterization

of these frames is given by the following proposition.

Proposition 8 Consider an oversampled FIR filter bank with the polyphase analysis
matriz Hp(z). Then, Hp(2)Hp(z) is unimodular if Hp(2) has the following form:

Hp(z) = HoR(2z)D(2)C(z), ) (3.16)
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where the factors Ho, R(2), D(2), C(z) have the following form:
e Hp - a K x N (K > N) matriz of scalars, such that H.H, = cl,

e R(z) and C(z) - N x N unimodular matrices, products of finitely many elemen-

tary matrices,

e D(z) - an N x N diagonal matriz of polynomials, with nonzero monomials on

the diagonal.

On the other hand, any unimodular parahermitian matriz of polynomials, P(z), which
is positive definite on the unit circle, can be factored as P(z) = ﬁp(z)Hp(z), where
Hp(2) is of the form given in (3.16). o

This result is proven in Appendix 3.7.4.

As we noted in the previous section, for perfect reconstruction using an FIR filter
bank after analysis with an oversampled FIR filter bank, flp(z)Hp(z) need not be
unimodular. The necessary and sufficient condition for an FIR synthesis is given by
the following proposition which is proven in Appendix 3.7.5. This proposition also
gives a complete parameterization of frames associated to FIR filter banks which have

duals consisting of finite length vectors.

Proposition 9 Perfect reconstruction with FIR filters after analysis by an oversam-
pled FIR filter bank is possible if and only if polynomials on the diagonal of the Smith

form of the polyphase analysis matriz are monomials. O

As it was shown in the previous subsection, tight filter bank frames are equivalent
to paraunitary polynomial matrices. A K x N paraunitary matrix (K > N) can
always be embedded into a K x K paraunitary matrix [35]. The parameterization
of the rectangular paraunitary polyphase matrices, that is filter bank tight frames
in £2(Z), which we give in the following proposition follows directly from one of the

factorizations of square paraunitary matrices studied by Vaidyanathan [47].
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Proposition 10 A K x N (K > N) polynomial matriz Hp(2) is paraunitary if and

only if it has the decomposition
Hp(z) = VMm(2)VM-1(2) - - - V1(z)Ho. (3.17)
The elementary building blocks, Vi(z), have the following form,
Vi(z) = I - vivi* + 27 vy, (3.18)

where vi denotes a unit norm vector, while Ho is a K x N matriz of scalars such
that HoHg = cL. ]

The scope of frames in £2(Z) which can be derived from filter banks goes beyond
families of vectors of the type given in (3.2). An abundance of frames can be generated
by iteratively growing filter bank trees, in the manner used for generating wavelet
packets [51]. The significance of iterated filter structures is in the fact that they can
generate waveforms with almost any reasonable localization in the time-frequency
plane which allows for signal analysis with a great flexibility of time or frequency

resolution.

3.4 Nonsubsampled Filter Banks

3.4.1 Frame Conditions on Nonsubsampled Filter Banks

The ﬁxotivation for the study of nonsubsampled filter banks stems from
applications where critical sampling is not needed but rather imposes severe design
constraints. Signal analysis and modeling of biological systems are examples of such
applications. Nonsubsampled filter banks also find their place in applications which
require shift invariant signal representations, which is known to be inconsistent with
the subsampling in the filter bank channels [41]. Highly redundant representations
followed by a sophisticated sampling strategy can even yield compression schemes.
Examples are wavelet modulus maxima and wavelet zero-crossings representations [25,

26] which are proposed for singularity detection, signal denoising and compression,
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and are based on preprocessing by nonsubsampled filter banks. The crucial property
of the nonsubsampled filter banks in these applications is that they produce dense
sequences of samples resulting in representations which are close approximations of
continuous-time transforms.

In the case of nonsubsampled filter banks, the frame conditions as well as the
condition for the feasibility of an FIR synthesis after an FIR analysis have a peculiar
form. These conditions are reviewed in this section. The flexibility of the design
of nonsubsampled filter banks is in this thesis illustrated for the case of maximally
flat two channel filter banks which implement tight frame decompositions in ¢*(Z).
These design considerations are deferred to Chapter 5.3.3, where applications of non-

subsampled filter banks are discussed.

— Hg(z) —— . yeln] — Gy(2)
— H;(2) — yaln] — G4(2)
x[n] — +)- x[n]
A
— HK-l(z) — yK_l[n] —_— GK-I(Z) ||

a) b)

Figure 3.2: A K channel nonsubsampled filter bank. a) Analysis filter bank. b)
Synthesis filter bank.

The polyphase analysis matrix of a nonsubsampled filter bank (Figure 3.2a) is a

column vector whose entries are the analysis filters themselves,
Hp(z) = [Ho(2z) Hi(2) ... Hx-1(2)]". (3.19)

Perfect and stable reconstruction is possible provided that there exist stable filters
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Go(z), Gi(2), ... , Gk-1(2) satisfying
Ho(2)Go(z) + Hi(2)G1(2) + ... + Hr-1(2)Gk-1(2) = 1. (3.20)

This equation expresses reconstruction by a synthesis filter bank with filters Gi(z)
(Figure 3.2b). The necessary and sufficient condition for the existence of such filters

is given by the following corollary of Theorem 5.

Corollary 2 A nonsubsampled filter bank implements a frame decomposition if and

only if its analysis filters have no zeros in common on the unit circle. o

The frame condition does not generally guarantee the possibility of FIR reconstruc-

tion.

Corollary 3 Perfect reconstruction using FIR filters after an FIR analysis by a non-
subsampled filter bank is possible if and only if the analysis filters have no zeros in

common. O

This result is a corollary of Proposition 9. As a special case of Theorem 6 we have

the following result about nonsubsampled filter banks and tight frames.

Corollary 4 A nonsubsampled filter bank implements a tight frame decomposition if

and only if its analysis filters are power complementary:
Ho(z)Ho(2) + Hi(2)Hy(2) + ... + Hy_1(2)Hg-1(2) = 1. (3.21)
0O

In the case of nonsubsampled filter banks, a frame associated with an FIR filter bank
has the minimal dual consisting of finite length vectors only if the frame is tight. This

result is an immediate corollary of Theorem 7.

Corollary 5 For a frame associated with an FIR nonsubsampled filter bank, its min-
imal dual frame consists of finite length vectors if and only if the analysis filters are

power complementary, that is if and only if the frame is tight. a
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3.4.2 Nonsubsampled Filter Banks and Continuous-Time

Signal Analysis

Filter banks, as it will be shown here, give samples of continuous time transforms
of signals in L?(R.), provided that an appropriate discrete-time version of the signal is
available at the input. The usefulness of nonsubsampled filter banks comes from the
fact that the highly redundant representations they generate can be close discrete-
time approximations of continuous-time signal transforms. In this section we identify
the underlying continuous-time filters.

Discretization of a continuous-time signal f € L(R) usually amounts to project-

_ing it onto an approximation space V,,, which is spanned by integer translates of a
single function ¢(z), called the generating function. The generating function should
satisfy a condition

0<a< Y |pw+2km)? < B <00 (3.22)
keZ

which means that its integer translates constitute a Riesz basis for V,,. The projection,
f»(z), of an f(z) onto V,, can be represented by a sequence of parameters fg[n] which

are coefficients of its expansion:

fo(@) = X folnle(z —n). (3.23)

neZ

The sequence fy[n] represents a discrete-time version of the signal, and is obtained

by sampling f(z) prefiltered by an appropriate filter ¢(z),

folr = [ f(@)dn — 2)ds. (3.24)

Integer translates of the time-reversed version of ¢(z) constitute another bases for V,
which is dual to {¢(z — n),n € Z} [46] so that f,(z) can be alternatively represented

fo(z) = Y folnlg(n — 2), (3.25)
neZ

where

+00
foln] = /_ - f(z)p(z — n)dz. (3.26)
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Shannon’s sampling occurs when the approximation space is the space of bandlimited
signals generated by translates of the sinc function. Another particular case is the Vo
space of Mallat’s multiresolution analysis, with ¢(z) being the corresponding scaling
function. For detailed analysis of various aspects of generalized sampling the reader
is referred to work by Unser and Aldroubi [46].

For a continuous-time signal f(z) discretized as in (3.24) consider subsequent
processing by the nonsubsampled filter bank which consists of filters Ho(z), Hi(z), ...
, Hi-1(2). Subband components fi, k = 1,2,... K — 1 generated by the filter bank
are given in the Fourier domain by the following formula,

Fe(€™) = Hi(e™) Y flw + 2km)d(w + 2kn). (3.27)
keZ
This expression indicates that the filter bank performs regular sampling of signals
obtained by filtering f(z) by a set of filters po(z), ¢1(2), ..., px-1(z), which are
given by
Br(w) = Hy(e™)p(w). (3.28)

This characterizes continuous-time transforms which underlie nonsubsampled filter
bank analysis in the given approximation space V,,. An interesting particular case is
wavelet analysis implemented by iterated two channel filter banks. It is discussed in

more detail in the next section.

3.5 Wavelet Analysis in (*(Z)

3.5.1 Wavelet Bases and Critically Sampled Filter Banks

Wavelet bases in £2(Z) are derived from critically sampled iterated two-channel
filter banks. Such a filter bank is shown in Figure 3.3. The corresponding wavelet

family is given by

{$mali] : bmali] = Yl — 02", m = 0,1, T = 1, 9h0li] = Yuli — n271} .,
(3.29)
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where 1, [n] is the complex conjugate of the time-reversed version of the equivalent
filter from the input of the filter bank to the m-th output. In particular, if Ho(z) and
H,(z) denote the prototype filters of the filter bank, then the equivalent filters are

Hy(z),
Ho(z)Hy(2%),
(3.30)

Ho(2)Ho(2%) -+ Ho(z*' ") Hy (*""),

Ho(2)Ho(2%)--- Ho(z*"™).
{¥mn} is a basis if and only if the elementary building block of the iterated filter
bank, that is Ho(z) and Hy(z) followed by subsampling by 2, constitute a so-called
perfect reconstruction filter bank. This condition is equivalent to the requirement
that the determinant of the polyphase matrix of the building block has to be a pure
delay, that is detHp(z) = 2! [50]. The polyphase analysis matrix is given by 3.8
and 3.10, for N = K = 2. Filters Ho(2) and H;(z) which constitute an orthonormal

Hy(2) —@-

H,(@)

Hy(z%)

_@_
H, (@) -@- .

Ho( zz.l-l )

_@_
Hy# ) @

Figure 3.3: Two-channel iterated critically sampled filter bank.

filter bank give a family ¥, which is an orthonormal wavelet basis in ¢2(Z). The

orthonormality is equivalent to paraunitariness of the polyphase analysis matrix, and
can be further expressed as the conjunction of the following two conditions [47, 50]

Ho(2)Ho(z™!) + Ho(—2)Ho(—271) = 2, (3.31)

Hy(2) = =2 Hy(—271), ke 2. (3.32)
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The analogy between wavelet bases in the discrete and the continuous-time domain
comes from the same type of tiling of the time-frequency plane (see Figure 2.3),
although one can not speak of discrete-time wavelet bases, as given by (3.29), which
are obtained by dilating and translating a single filter in time. The most striking link
between these discrete-time operators and wavelets in LZ(R) is the fact that there is a
systematic procedure for generating wavelet bases in L?(R) from iterated filter banks.
This procedure was originally proposed by Daubechies [11] for generating compactly
supported wavelets from FIR orthogonal filter banks, and subsequently verified to be
valid for general FIR perfect reconstruction filter banks [49, 8]. The details of the
construction are as follows.

Consider a two channel octave band iterated filter bank of depth ¢, as the one

shown in Figure 3.3. The equivalent filters of the two lowest branches are

() = T1 Ho (%), (3.33)
k=0
HY(z) = H, (™) :iHo (). (3.34)

Then associate with the impulse responses hg) and hgi) of Héi)(z) and Hfi) (2) the

continuous-time functions ¢{)(z) and ¢{)(z):

¢9(z) = 2589 (), 23 <z< ”2+ L (3.35)
. . 1
$0(z) = 24h(n), 2= <2 < "; . (3.36)

The elementary interval is divided by 2 so that the continuous-time functions remain
compactly supported as i — oo. The factor 25 which multiplies hg) and hgi) is needed
in order to keep the L? norms of ¢' and %' inside finite bounds. Assume that ¢()(z)

and ¥)(z) converge in the L? sense to the limits

¢(z) = lim ¢(z), (3.37)
¥(z) = lim $0(z), (3.38)

which are piecewise smooth functions in LZ(R). For an in-depth review of the condi-

tions which ensure this convergence the reader is referred to [10]. The function %(z)
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obtained as the limit of the above construction is the mother wavelet of a wavelet

basis, while ¢(z) is the so-called scaling function associated with the basis.

o) o (1) f Joln]
28 (t—n)

Figure 3.4: Discretization of a continuous-time signal for discrete-time implementa-
tion of the Continuous Wavelet Transform.

Not only can a wavelet be derived from a two channel filter bank, but a filter
bank can be used for the computation of the coefficients of the corresponding wavelet
expansion. This result is known as Mallat’s algorithm [24]. The algorithm requires
that a continuous-time signal f(z) be discretized as in (3.24), which amounts to
filtering with the scaling function and sampling at points ¢t = ...,—1,0,1,2,... (see
Figure 3.4). If such a discrete-time version of f(z) is fed into the iterated filter bank,
then at the k-th output of the filter bank we obtain the sequence fi[r] which gives
inner products of f(z) with a dilated version 5,}7-2-211 ({;—) of the wavelet ¥(z). Precisely,

filn] = /_ : f(z)2:7¢ (n - ;—k) dz. (3.39)

This formula was originally proven based on orthogonality of the wavelet ¥(z) with
respect to its dilates and translates. However, it follows immediately from the con-

siderations in the previous section (see formula (3.28)) and the wavelet construction.

3.5.2 Nonsubsampled Filter Banks and Wavelet Analysis

The major advantage of wavelet analysis over Fourier and Short-Time Fourier
transforms is that it can isolate events such as singular signal points or other fine
details. Strictly speaking this is the property of the continuous wavelet transform

(CWT). The continuous wavelet transform of a signal f(z) is defined as

Wf(s,a:) =f=* ¢s(m)a (3'40)



43

where 9,(z) = 7‘;\1,1) (f) Critically sampled octave-band filter banks, as described in
the previous subsection, give samples of the CWT at the grid

(s,z) € {(2,2%) : i=1,2,...,J j€Z}, (3.41)

where J is the depth of the filter bank tree. For applications such as singularity
detection it is advantageous to remove the subsampling from the filter bank channels

in order to obtain samples of the CWT at a denser grid.

f;
H,z) +— .
2

f H,(®) | —
Hy(2) H,z —
Hy(z%) H @) —
Hy(z*)

Hy@®) —

Figure 3.5: An octave-band nonsubsampled iterated filter bank for discrete-time
wavelet transform, of depth J = 4.

A nonsubsampled filter bank, as illustrated in Figure 3.5 produces samples of the
CWT at the grid
(s,z) € {(2,7) : i=1,2,...,J j € Z}. (3.42)

Note that in addition to the different sampling grid there is also a slight difference
in the construction of the wavelet with respect to the critically sampled case, which
amounts to different scaling factors. In the nonsubsampled case, the wavelet ¥(z)

and the scaling function ¢(z) are obtained as the limits of

#9(a) = 2], 2 <7< T, (343)
$9(z) = 2hPf), = <o < P22, (3.44)
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Figure 3.6: Sampling grids of the CWT implemented by discrete-time processing. a)
Grid corresponding to two-channel critically sampled iterated filter banks. b) Grid
corresponding to two-channel nonsubsampled iterated filter banks.

where h((,i) and hgi) are again impulse responses of iterated filters

() = T Ho (), (3.45)
k=0
HO(z) = H, (*7) kli[ Ho (7). (3.46)

The wavelet transform which underlies the analysis with the nonsubsampled filter

bank has the same form except for the scaling factor and is given by
W f(s,z) = f * (), (3.47)

where t,(z) = 19 (’;’)

Besides giving the CWT on a denser grid, nonsubsampled filter banks allow for
more flexible design than the critically sampled ones. The design freedom attained
by nonsubsampled filter banks is demonstrated in Chapter 5.3.3 through a design of
highly regular wavelets with a given number of vanishing moments which are used

for singularity detection and discrimination.
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3.6 Short-Time Fourier Analysis in ¢*(Z)

3.6.1 Modulated Filter Banks

Along with the development of Gabor’s original scheme of the short-time
Fourier representations, i.e. Weyl-Heisenberg expansions, it was observed in the
1980’s that such time-frequency representations can be stable only in the overcom-
plete case [2, 21]. Another incarnation of the same phenomenon is expressed by
the Balian-Low theorem [1, 23] which implies that there are no orthogonal Weyl-
Heisenberg bases which have good localization in both time and frequency. However,
as soon as some redundancy is introduced, the picture changes drastically and, as
demonstrated by Daubechies [10], good localization of tight Weyl-Heisenberg frames
is attainable.

In £2(Z) Weyl-Heisenberg frames have the form
® = {Pim : Pim[n] = € F"p[n — mN]}, (3.48)

where [n] denotes the prototype window function. Note that redundant families of
this type correspond to K > N, while the Weyl-Heisenberg bases are obtained for
K = N. Such a family of vectors is equivalent t6 a K channel modulated filter bank,
with subsampling by N in the channels (see Figure 3.1). Filters of the equivalent filter
bank are modulates of a prototype filter V(2), Hi(z) = V(' z), which is given in
the time domain as the complex conjugate of the time-reversed version of ¢[n]. A
fact about Weyl-Heisenberg bases in ¢*(Z) analogous to the one described by the
Balian-Low theorem has been observed by Vetterli [48].

Theorem 8 [{8] The Weyl-Heisenberg family given in (3.48) derived from a finite-
support p[n] is a basis in £2(Z) if and only if p[n] has ezactly N nonzero coefficients.
(]

A consequence of this result is that there are no critically sampled modulated filter
banks with finite impulse responses which exhibit good frequency selectivity. The
purpose of this section is to investigate the existence of tight Weyl-Heisenberg frames

in £2(Z), with finite support in time and good localization in frequency.
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In the following, a complete parameterization of tight Weyl-Heisenberg frames
in £2(Z) with arbitrary rational oversampling ratios is given within the framework
of modulated filter banks. Oversampled filter banks are much less constrained than
critically sampled ones and consequently allow for the design of frequency selective
FIR filters, which can be linear-phase as well. In other words, there exist tight
Weyl-Heisenberg frames with symmetries and good localization in the time-frequency °
domain. \

Consider a K channel modulated filter bank, based on the prototype filter V(z),
with the subsampling factor N < K. Let M be the least common multiple of K and
N and let J and L be the two integers satisfying JK = LN = M. The M-component
polyphase representation of V(z) has the form:

M-1
V(z) = 3 27Vi(2M). (3.49)

=0
Elements of the polyphase analysis matrix can be expressed as

-1
Hii(z) =) Wit =ty in(2h), (3.50)

1=0

where Wi = exp(j27/K). This gives the following factorization:
Hp(z2) = FxV(2), (3.51)

where Fg is the K x K DFT matrix and

In

V(z) = [Ik...Ig] - diag (%(zL), Vi(zh), ..., VM_I(zL)) Z-IIN . (3.52)

L z—(L-l)IN i

I, here stands for the n x n identity matrix.
By inspection of the above factorization one can see that the elements of V(z) are

given by

[V(2)}; = 27DV, ppi ik (z8) i=0,1,..,K-1, j=0,1,.,N-1 (3.8



where p(%,7) and q(7, 7) are integers satisfying

i+p(i,5)K =3 +4q(3,5)N, p(3,7)<J -1, q(3,5) < L-1.
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(3.54)

Note that equation (3.54) cannot be satisfied for every pair of integers ¢ and j. In

fact, for each j there are exactly J indices, ¢, which satisfy (3.54). Consequently J

nonzero elements are regularly spread in each row of V(z) and L nonzero elements

are regularly spread in each column of V(z). Three possible cases are illustrated by

the following examples.

Example 1 K is a multiple of N. In this case, J = 1, so that there is a single

nonzero element in each row of V(z). For K =6 and N = 3 we have:

V(z)

Vo(2?) 0 0|
0 - Vi(2?) 0
_ 0 0 Va(2?)
B 271V3(2?) 0 0
0 27V, (2?) 0
] 0 0 27 Vs(2?) |

O

Example 2 K and N are coprime. In this case, J = N, so that all elements of V(z)

are nonzero. For K = 3 and N = 2 we obtain:

Vo(2%)

V(z) = | 272V(2%)

—l‘/3(23)

Vi(2%)

2-1%(23) Z_2V5(23)

O

Example 3 Neither of the above cases, e.g. K = 6 and N = 4 yields V(z) equal to
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the following matriz:

[ Vo(2%) 0 27 We(2%) 0 ]
0 Vi(z3) 0 2"1Va(23)
272Va(22) 0 Va(2®) 0
0 2=2Vp(23) 0 Va(2%)
27WV(2%) 0 272V30(2%) 0
0 271Vg(28) 0 27V (2°) |

3.6.2 Tight Weyl-Heisenberg Frames in £*(Z)

As it was stated earlier in this chapter (see Theorem 6 in Section 3.2), a filter bank
implements a tight frame decomposition if and only if its polyphase analysis matrix
is paraunitary. According to the definitions of Hp(2) and V(z) the paraunitariness

condition can be expressed also as:
V(2)V(z) = In.

Noting that some of the elements of V(z)V(z) are identically zero and taking
symmetries into account, it can be observed that the paraunitariness condition im-
poses N + M%l distinct constraints. We now investigate the implications of these

constraints for the three cases presented in the previous subsection.

Case 1 K is a multiple of N
V(z) is constrained only by

L-1
> Viun(z)Viun(2) =¢, i=0,1,.,N-1 - - (3.55)

=0

This indicates that the polyphase components

{Vi(z)a V;‘+N(Z)1 eey Vi+(L—1)N(z)})

for each i = 0,..., N — 1 are power complementary. It follows that they are the poly-

phase components of a filter F;(z), which is orthogonal to its translates by multiples
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of L. Hence, tight Gabor frames with an integer oversampling ratio K/N are gener-
ated by arbitrarily selecting N orthogonal filters F;(z) and identifying their polyphase

components with the polyphase components of V(z). a

Case 2 K and N are coprime

In this case, the polyphase components of V (2) are, up to a time delay, equal to entries
of a full K x N paraunitary matrix. In order to show this we need to transform
V(z). Let D,(z) and Dy(z) be diagonal matrices of monomials, selected so that
elements in the first row and column of D(2)V(2)D,(2) are equal to polyphase
components of V(z). These matrices are given by Dy(z) = diag(1, 299, ..., z9(K-1.0))
and D,(z) = diag(1,2%%Y,...,29N-1)_ For instance, for matrix V(z) in Example
2, Dy(2) = diag(l, 2%, 2), D,(2) = diag(1, z), giving

, Vo(2%)  Va(2%)
Di(2)V(2)D.(z) = U(z") = | Vi(z®) 2*W(2°)
Va(2%)  Vs(2%)

In general, entries of D;(2)V(2)D,(z) are equal to

[Di(2)V(2)Dy(2)]; ; = 29O, iy ke(2E). (3.56)
It follows from (3.54) that
(—p(3,5) + p(i,0) + p(0, 7)) K = (—q(i,5) + q(3,0) + ¢(0, 7)) N,
which implies that —q(3, 7) + ¢(3,0) + ¢(0,7) can be only 0 or L. Therefore we can
write
Dy(z)V(2)D,(z) = U(z), (3.57)

where U(z) is a matrix whose nonzero entries are up to a delay equal to polyphase
components of V(z). Therefore, an arbitrary paraunitary K x N matrix U(z) gives a
window function V/(z) of a tight Gabor frame. Any FIR tight Weyl-Heisenberg frame

in £2(Z) with the oversampling ratio K/N can be obtained in this manner. o
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Case 3 Neither of the above cases

It can be easily observed that paraunitariness of V(z) is equivalent to paraunitariness
of its submatrices V;(2), i = 0,..., N/J — 1, each of dimension L X J. Note that L
and J are coprime and all submatrices V;(z) have the same structure, in terms of the
distribution of delay elements, as a2 V(z) matrix of the size L x J. For instance, in

Example 4, V() is paraunitary if and only if its submatrices

Vo(2%)  z71Ve(2%) Vi(z8)  27'Wa(2P)
Vo(z) = | 272V5(2%)  Va(2®) Vi(z) = | 272V,(2®)  Va(2%) (3.58)
2"11/4(23) z-2vm(za) ’ z—lvs(za) z—2Vu(ZS)

are paraunitary (compare these submatrices with V(z) in Example 3). According to
.considerations in Case 1, it follows that the paraunitariness of the submatrices V;(z)
is equivalent to the paraunitariness §f soi'ne matrices U;(z),7=0,...,N/J — 1, whose
entries are up to a delay equal to polyphase components of V(z). For the matrix

V(z) in Example 4, corresponding matrices U;(z) are given by

Vo(z) Ve(2) Vi(z) Va(z2)
Uo(z) = | Va(z) zVa(2) Ui(2) = | Vo(z) 2zVa(2) (3.59)
Va(z) Vio(2) Vs(z) Vu(2)

Therefore, a prototype lowpass filter V(z) of any tight Gabor frame with the over-
sampling ratio K/N can be obtained by starting with arbitrary N/J paraunitary
matrices of the size L x J and identifying their entries, up to a delay, with M poly-
phase components of V(z). ]

The results presented in this section give a complete parameterization of FIR tight
Gabor frames in £2(Z) for arbitrary rational oversampling ratios. Design of the tight
frames then amounts to an optimization procedure under these constraints. Recall
that, in the case of perfect reconstruction FIR modulated filter banks with critical
sampling, the polyphase components of V(z) can not have more than one nonzero

coefficient [48], which is too restrictive to obtain good frequency selectivity. In the
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oversampled case no similar restriction is imposed. The acquired design freedom is

illustrated by the following example.

Example 4 Consider the case N = 2 and K = 4. With the additional requirement
that the prototype filter V(z) is symmetric, the design consists of finding a single
filter F(z) which is orthogonal to its translates by multiples of 2. In terms of their
polyphase components, F(z) and V(z) are given by

F(2) = Fo(2?) + 271 F1(2?)
V(2) = Vo(2%) + 27 VA(2%) + 2 2Va(2%) + 273Va(2*) |

The design constraints are thus satisfied by taking Vp(z) and Vz(z) to be equal to
Fo(z) and Fy(2), respectively, and V\(z) and V5(z) to be their time reversed versions.

One solution, obtained from a 4-tap filter F(z), is shown in Figure 3.7. Of course,

1 T T T T T T T T T

0.5r -

1 2 3 4 5 6 7 8 9 10 11
window function

0.8f
0.6
0.4

0.21

o & S T

0 0.05 0.1 0.18 0.2 0.25 0.3 0.35 04 0.45 0.5
frequency response of the window function

Figure 3.7: An example of an 8-tap window function for tight Gabor frames with the
oversampling factor K/N = 2.

better frequehcy selectivity could be achieved with longer filters, F(z), since in this

case there is no restriction on the filter length. o
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3.7 Appendix

3.7.1 Proof of Theorem 5

The norm of a discrete-time signal z[n] in terms of its polyphase components is
given by
2 1 x N-1 12 .
=l =5 | 2 Xi(e™)dw (3.60)

=T §=0
Subband components of z[n] produced at the output of the filter bank will be denoted
by yi, i=0,1,..., K — 1. Recall that they are given in the Z-transform domain by

[Yo(2) Yi(2) ... Yxo1(2)]T = Hp(2)[Xo(2) Xa(2) --- Xn-1(2)]7- (3.61)

a) Necessary condition

Suppose Hp(e#“0)a = 0 for some vector a. Consider a sequence of signals {z;}32,

such that the polyphase representation of z; has the form
(X(e™) XP(e*) ... XRLy(e)T = pi(w)a, w>0

where
NIz 1 1
on— ) el w3 SwSwoty;
pj(w) = . .
0 otherwise

Then ||z;||2 = 1 but X5 |y¥||2 = 0 as j = co. Therefore there is no A > 0 such
that

K-1
Allzl? < 3 lwill®

1=0

for all z € £2(Z). b)Sufficient condition. Consider

K1 Kolg o opm N _ _
Yl = X 5 [ 12 Hus(€)Xi(e™)Pde
=0 =0 =T =0
Since we consider FIR filter banks, the following holds:
K-1 . K-1 1 x N=1 . 2
Sl £ X o [ X 1Hu(@)Xi(e) o (362)

=0 1=0 =T j=0
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N-1 1 a K-1 . 12
= o [ 3 1B PIX; (M) P (3.83)
j=0 “T J=7 0
< ¥ [ KpIx (s (3.64)
- 3=0 2r J-n ’ )

where B = sup; ; sup,, |H;,j(e’*)|*. Therefore

K-1
S Jlwill? < Bllel®, 0<B=KB<oo, VaelX(2).

1=0

Suppose further that Hp(z) is of full rank everywhere on the unit circle. Then

Hp(2)Hp(2) is also of full rank on the unit circle and hence

Hp*(2) = (Hp(2)Hp(2))” Hp(2)

is a matrix of rational functions of z-which are bounded (no poles) on the unit circle.

We have that
[Xo(z) Xi(2) ... Xn-1(2)]T = Hp*(2)[Yo(2) Yi(2) ... Yi_1(2)]7.

Since

1 r N-1 .
lall? = 5= [ % 1Xu(e™) P

— =0

using the same argument as in the above we can show that

K-=1
lzl? < e Y lly;ll?, 0<a<oo.
j=0

This proves that

K-1
Allzll? < 3 Il < Bllall?, 0< A< B< oo, Vz € ().

t=0
3.7.2 Proof of Theorem 6

a) Sufficiency of the condition is obvious.

b) Necessary condition.
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Let M,;(e™) = [flp(ej”)Hp(ej”)]ij. First, we want to prove all elements on the
diagonal of Hp(z)Hp(z) have to be equal to a constant. To check this consider

signals ¢ which have only one nonzero polyphase component. Then

2 _ L [T iy oiwy2
lall? = 5= [ 1X(eH) e
and

K-1 . 1 - i o
> il = 5= [ Miae)Xile) .

1=0
Then, for the tight frame condition to hold we must have M;;(e’“) = ¢, for i =
0,1,....,N—1.

Now suppose that for some i, j, M; ;j(e’) = 0 does not hold. Consider z such that

only X;(2) and Xj(z) are nonzero. Then

K-1 1 ./7 . . oy ,
3 Nl = clell? + 3= [ Re (Mes(e) X7 (69)X5(e)) dio

=0 =T

From this it follows that
[ Re (Mi(e) X7 (69)X;(e™)) dw = 0, VXI("), Xs(e)

and therefore M; ;(e’*) = 0.

3.7.3 Proof of Theorem 7

Given the filter bank polyphase analysis matrix Hp(z), let
Hp(z) = R(2)D(2)C(2)

be its Smith form decomposition. Here, R(z) and C(z) are products of corresponding

elementary matrices in (3.14), while

D1(z)

D(z) = 0

, (3.65)

with Dj(z) being a diagonal matrix of monic polynomials. Suppose that the minimal

dual of the frame associated to this filter bank consists of finite length vectors, i.e.
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that H*(z) = (I’-'Il;,(z)Hp(z))_1 Hp(z) is a polynomial matrix. Substituting the Smith

decomposition in the equation for the pseudoinverse H*(z) we obtain:

C(2)™ (D(=)R(2)R(2)D(2)) " D(2)R(z) = H*(z). (3.66)

This expression further gives

(Br(Ru(=)D:(2) " [ Bu(e) 0 | =CEOE*@RE)™T  (360)

where R;,(z) denotes the upper-left corner N x N submatrix of R(z)R(z). It follows
that

[ D1(z)"'Ryi(z)~* 0 ] = C(z)H*(2)R(2)™. (3.68)

The matrix R(z) is unimodular and therefore its inverse is a polynomial matrix. Con-
sequently, the right hand side of equation (3.68) is also a polynomial matrix. There-
fore D1(z)"'R11(2)~! is a polynomial matrix. This implies that det (D1(z)R11(z)) =
c- zF, for some constant ¢, and an integer k. However, this is possible only if polyno-

mials on the diagonal of D1(z) are monomials.

Taking this fact into account, the expression (I‘:Ip(z)Hp(.z))"1 Hp(z) = H*(z)

can be transformed into

(Fip(2)Hp(2)) ™ [ &(z)Da(z) © ] = H*(2)R(z)". (3.69)
From this we obtain
1')1(2)-.16'3(z)-1

(Fip(2)Hp(2)) " = H*(2)R(2)™ .

(3.70)

Since both R(z) and C(z) are unimodular, and D1 (z) is the diagonal matrix of mono-
mials, R(z)~!, C(z)~! and D;(z)~! are polynomial matrices. So, (I‘:Ip(z)Hp(zr,))_l
must be a polynomial matrix as well, which proves that det (flp(z)Hp(z)) = p(z) has
to be a monomial. However, this is only possible if p(z) = constant, since p(z) = p(z).
This proves that Hp(z)Hp(z) has to be unimodular.
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3.7.4 Proof of Proposition 8

It is obvious that for any Hp(z) of the form given in (3.16), Hp(2)Hp(2) is uni-

modular.

Suppose that P(z) is an N x N unimodular parahermitian polynomial matrix,
positive definite on the unit circle. Any N x N parahermitian matrix of polynomials

P(z) can be factored as

P(z) = H(z)H(z). (3.71)

where H(z) is an N x N matrix of polynomials [54]. Let H(z) = R(z)D(z)C(z2)
be the Smith form decomposition of H(z). Since P(z) is unimodular and positive
definite on the unit circle, polynomials on the diagonal of D(z) have to be nonzero

monomials. This proves the proposition.

3.7.5 Proof of Proposition 9

Let the Smith decompositions of the polyphase analysis matrix Hp(z) and a cor-

responding FIR polyphase synthesis matrix Gp(z) be

Hy(z) = Ra(2) D';(")

]Ch(z) Gp(z)=Rg(z)[Dg(z) o]cg(z) (3.72)

where Dy(2) and Dg(z) are diagonal polynomial matrices. From the condition that
Gp(z)Hp(2) =1 and that detRg(z) = detCp(z) = 1, it follows that

detDg(2) - detA(z) - detDp(2) =1, (3.73)

where A(z) denotes the N x N submatrix in the upper-left corner of Cg(z)Rn(2).
Since A(z) is a polynomial matrix and both Dy (2) and Dg(2) are diagonal polynomial
matrices, condition (3.73) can be satisfied only if polynomials on the diagonal of Dy(2)

are monomials.
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Conversely, perfect reconstruction can be achieved using the filter bank with the
synthesis polyphase matrix Gp(z) = Cp(z)™! [ Dn(z)"! 0 ]Rh(z)"l. If in the
Smith decomposition of the analysis polyphase matrix Dy(2) is a diagonal matrix of

monomials, such a synthesis filter bank is obviously FIR.
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Chapter 4

Quantization of Overcomplete

Expansions

4.1 Noise Reduction in Frames

The fact that overcomplete expansions are less sensitive to degradations than
nonredundant expansions comes as no surprise considering that redundancy in engi-
neering systems usually provides robustness. This principle is exploited in modern
techniques for A/D conversion, which use oversampling in order to compensate for
coarse quantization, resulting in highly accurate conversion overall. Another example,
from communications, is channel coding, where signal dependent patterns of control
bits are added to data bits in order to combat channel noise. Error correction capabil-
ity, i.e. the robustness of the code, is proportional to redundancy which is reflected in
the number of control bits. Although the principle of redundancy-robustness trade-off
seems close to ones intuition, it is not always as simple as it is in the case of the linear
codes, to unravel underlying mechanisms and give a quantitative characterization.
The first explanation of the noise reduction property of overcomplete expansions was
given by Daubechies [10] and we review it here.

Consider a frame {¢;};es in a Hilbert space H. Let {¢;};es be its minimal dual

frame. Expansion coefficients of a signal f in H with respect to {®;};es are given as
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inner products with corresponding vectors of the dual frame,
F=2Af@ide;. (4.1)
jed
In other words, the expansion coefficients are the image of f under the frame operator
F which is associated with the minimal dual frame. Recall that F' is an operator from
H to £2(J). If {p;} is a linearly independent set, then the range of F is all of £2(J),
that is any point in £2(J) represents a set of the expansion coefficients of some g in
‘H. However, if {p;} is overcomplete, then @; are linearly dependent. This linear
dependency translates to expansion coefficients (f, ;). Consequently, the range of
F is no longer all of £2(J), but a proper subspace. A family of expansion coefficients
(f,#;) is usually not in this subspace after degradation with some additive noise.
Starting with the adulterated coefficients, {(f,®;) + n;}, another set closer to the
originals can be obtained as the orthogonal projection of {(f,®;) + n;} onto the
range of F (see Figure 4.1). Recall that the reconstruction formula
free = 2_({f,85) + n3)0; (4.2)
jed
implicitly involves this projection, thus reducing to zero the component of {n;} which
is orthogonal to the range of . As the frame redundancy increases, the range of F°
becomes more and more constrained, “smaller” in some sense, so the noise reduction
becomes more effective. These heuristics can be put in a quantitative framework in
some particular but nevertheless significant cases. If we consider tight frames in a
finite dimensional space, R", and a white, zero-mean, additive noise, it can be shown
that in this way the expected squared error norm is reduced proportionally to the

frame redundancy factor, r {10, 15]. Precisely

E("f - frec"2) = naz/rv (43)

where o2 is the noise variance. Noise reduction in Weyl-Heisenberg and wavelet
frames in L2(R) was also studied by Daubechies [10], under the same assumption of
a white, additive, zero-mean noise. Suppose that a signal f € L%(R) is well localized

in a bounded region of the time frequency plane, so that it can be well approximated
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Ran(F)

Figure 4.1: Noise reduction in frames using linear reconstruction. Linear reconstruc-
tion of f from noisy coefficients, F f +n gives a signal f,e.. The sequence of expansion
coefficients of Sree, €' = F frec is the orthogonal projection of degraded coefficients onto
the range of F, and is therefore closer to the original.

' using a finite number of elements of a wavelet or Weyl-Heisenberg expansion (those
localized in the same region). If the expansion coefficients {(f, $;)};es are subject to
the noise {n;};es then f can be reconstructed as
frec = E ((fa ¢J) + nj)‘PJ" (44)
jeBcJ

'The reconstruction error produced in this way can be bounded as

E(If = frecll’) = ellfI* + O(a* /), (4.5)

~ where the ¢||f||* component is the result of the approximation of f using the finite
set of the expansion terms, {¢;};epcs. A rigorous proof of this result was Given by
Munch [31] for the case of tight Weyl-Heisenberg frames and integer frame redundancy
factors. Note that this analysis, although pertaining to LZ(R), has a finite dimensional
space flavor, since contribution of the noise on finitely many coefficients is considered.

Based on these results it may be conjectured that the O(1/r) noise reduction
property has a more general scope than discussed here. For instance, in R™ it might
hold for frames in general, and that is indicated by results reported in [15]. Or
in L*(R) (4.5) may be valid for frames other than Weyl-Heisenberg frames, and
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redundancy factors other than the integer ones. However, no general results have

been proven yet.

4.2 Reduction of Quantization Error and Subop-

timality of the Linear Reconstruction

The work on the noise reduction effect, reviewed in the previous section, was
actually aimed at estimating quantization error which is modeled as an additive white
noise. However, results on reconstruction from quantized frame expansions, reported
by Morlet (see [10]), indicate that the error decays faster than could be expected
from the O(1/r) results. The purpose of this section is to elucidate why a higher
reconstruction precision can be expected and how it can be attained.

Quantization of expansions in a Hilbert space H, with respect to a given frame

{¢;};es, is a many to one mapping from H to H,
Q:H—-H.

It defines a partition of H into disjoint cells {C};c;. In the case of uniform scalar

quantization, each of the cells is defined by a set of convex constraints of the type

Ci={f: (nj—1/2)g < (f,$;) < (nij +1/2)q, j€J}, (4.6)

where ¢ is the quantization step. For each of the cells, the quantization maps all
the signals in the cell to a single signal in its interior, usually its centroid. Roughly
speaking, the expected value of quantization error reflects fineness of the partition.
One way to refine the partitioning is to tighten the constraints which define cells
(4.6) by decreasing the quantization step. Alternatively, for a gi\;en quantization
step, more constraints can be added, which corresponds to an increase in redundancy
of the frame. This gives another explanation of the error reduction property in frames,
this time for the quantization error. Effectiveness of the two approaches to partition
refinement, that is error reduction, can be assessed based on the results reviewed in the

previous section. If the white noise model for the quantization error is accepted, than
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the error variance o2 is proportional to the square of the maximum error value, g/2.
According to formulae (4.3) and (4.5), it seems that the quantization step refinement
is more effective than the increase in frame redundancy for the error reduction, since
the error decreases proportionally to ¢ in the former case, and proportionally to 1/r
in the latter case. Is this always true, or we are underestimating the potential of
frame redundancy for error reduction? Let us look at a simple example for the sake -
of providing some intuition about this effect.

Quantization of expansions in R2, with respect to the orthonormal basis

{(0,1),(1,0)}

induces the partition of the plane into square cells
Ci={(z,9) : (niz —1/2)g < 7 < (nic +1/2)¢, (niy —1/2)g S y < (nyy +1/2)g}. (4.7)

Figure 4.2 illustrates partitions obtained after refining the initial partition, with g =1,
by reducing ¢ by a factor k or introducing redundant expansions with redundancy
factor k, for k& = 2,3,4. In the first case, each cell of the initial partition is uni-
formly divided into k? square subcells. On the other hand, in the case of increased
redundancy the number of subcells varies around k2. Some of the cells induced by
overcomplete expansions are larger while some of them are smaller than the cells of
the orthonormal partition for the same k. Based on a simple inspection of the parti-
tions in Figure 4.2 it is hard to tell which of the two approaches gives a finer partition
on average. However, if we take a look at the partitions in Figure 4.3, generated
by reducing g by the factor k or increasing the redundancy by the factor k%, we can
observe that in the latter case partition refinement is faster, contrary to what would
be expected from relations (4.3) and (4.5).

The reason for this discrepancy is that the error estimates in the previous sub-
section were derived under the assumption of linear reconstruction given by (4.2).
However, when dealing with quantization of overcomplete expansions, linear recon-
struction is not optimai in the sense that it does not necessarily yield a signal which

lies in the same quantization cell with the original. Hence, linear reconstruction does
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Figure 4.2: Partitions of R? induced by quantization of frame expansions. Partitions
in the left column are obtained for the orthonormal basis {(1,0),(0,1)} and quan-
tization steps q = 1/2, 1/3 and 1/4. Partitions in the right column correspond to
the quantization step ¢ = 1 and tight frames {(cos(im/2r), sin(in /27))}i=0...2r—1, for
r=2, 3 and 4.
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Figure 4.3: Partitions of R? induced by quantization of frame expansions. Partitions
in the left column are obtained for the orthonormal basis {(1,0),(0,1)} and quan-
tization steps ¢ = 1/2, 1/3 and 1/4. Partitions in the right column correspond to
the quantization step ¢ = 1 and tight frames {(cos(im /2r), sin(i17/2r)) }izo..2r—1, for
r=4, 9 and 16.
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not fully utilize information which is contained in the quantized set of coefficients, so
there is some room for improvement. Figure 4.4 depicts such a scenario. Let c denote
the set of quantized coefficients of a signal f, c = Q(F' f), and let c be in the parti-
tion cell C;. As the result of linear reconstruction we obtain a signal fr... Expansion
coefficients of fyec, F frec, are obviously in the range of the frame expansions, and are
closer to the original ones than c is, || F'f,ee — Ff|| < |lc — Ff||. However, Ff and

F frec do not lie in the same quantization cell.

H G

\ Bl

P s

Ran(F /s;/rec
=

Figure 4.4: Inconsistency of linear reconstruction from quantized coefficients of an
overcomplete expansion. Expansion coefficients of a signal f, Ff, are located in
the quantization cell C;. Expansion coefficients F'f.ec, which are obtained from the
quantized coefficients ¢ using the linear reconstruction, need not lie in the same
quantization cell.

Reconstruction can be further improved by alternating projections of F'frec onto C;
and Ran(F) until a signal in their intersection is reached. Note that all signals which
have expansion coefficients in the intersection Ran(F)NC; produce the same result
after the quantization, and therefore cannot be distinguished from f based on the

quantized expansion coefficients. These signals constitute the so called reconstruction
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set of f,
Q.(f) = {9: Q(Fg) = Q(Ff)}, (4.8)

and are denoted as its consistent estimates.

This has been pointed out first by Thao and Vetterli in the context of oversampled
A/D conversion [44, 43, 45]. Thao and Vetterli further showed that in the case
of the conversion of periodic bandlimited signals (trigonometric polynomials), for
any consistent estimate f. of f ||f — f:||> = O(1/r?), where r is the oversampling
ratio, provided that f has a sufficient number of quantization threshold crossings.
Experimental evidence of the O(1/r?) behavior was also reported in [18, 19]. The
question which naturally arises is whether this result has a wider scope. So far it has
been numerically verified for frames in R™ [15, 16]. In the remainder of this chapter
we consider two particular cases in infinite dimensional spaces. These are oversampled
A /D conversion of bandlimited signals in' L2 (R) and quantization of Weyl-Heisenberg
expansions in L?(R). We prove that under certain reasonable assumptions, consistent
reconstruction gives an error e which behaves as llell? = O(1/r?). Considerations
in this subsection already have the flavor of deterministic analysis and this is the
approach which is taken here in the treatment of the error reduction effect. Statistical
analysis and the white noise model, commonly used for the study of quantization error,
are not appropriate in the case of overcomplete expansions, since they ignore the
deterministic nature of the error and consequently miss some details on its structure
which are essential for establishing more accurate bounds.

Before the details of this deterministic analysis are presented a comment on rate-
distortion tradeoffs in frame expansions is in order. Besides the suboptimality of
linear reconstruction, traditional encoding of quantized coefficients using pulse code
modulation (PCM) is also not suitable in conjunction with overcomplete expansions
if efficient signal representations are an issue. The reason lies in the fact that in
the case of quantized orthonormal expansions reduction of the quantization step &
times increases the bit rate by the factor log, k, whereas the effect of a k£ times
higher redundancy of a frame expansion is a k times higher bit rate. A sophisticated

encoding algorithm is needed to overcome this disadvantage. However, as we pointed
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out earlier, frames which appear in engineering practice are not arbitrary frames but
rather well structured ones which may facilitate the encoding task. In the following
section we discuss this problem in the case of oversampled A/D conversion, and

propose an efficient encoding scheme.

4.3 Deterministic Analysis of Oversampled A/D

Conversion

4.3.1 Traditional View and Its Limitations

Oversampled analog to digital conversion is the fundamental instance of signal
representation based on quantization of overcomplete expansions. The aspects dis-
cussed in a general framework in the previous section are considered in this particular

case in more detail here.

f) sampling fln] | quantization | ¢[n] interpolation Jrec(t)
T " q B ] sinc

Figure 4.5: Block diagram of simple A/D conversion followed by classical reconstruc-
tion. Input o-bandlimited signal f(t) is first sampled at a frequency f, = 1/7, which
is above the Nyquist frequency fy = o/m. The sequence of samples f[n] is then
discretized in amplitude with a quantization step q. Classical reconstruction gives a
signal f,..(t), which is obtained as a low-pass filtered version of some signal having
the same digital version as the original f(t), which amounts to a sinc interpolation
between quantized samples.

Oversampled A/D conversion as a process of digital encoding of analog signals
involves discretization of a o-bandlimited analog signal in time, implemented as sam-
pling with a time interval 7, followed by discretization in amplitude, that is quan-
tization of the sequence of samples with a quantization step gq. The classical way
to reconstruct the discretized analog signal is by low-pass filtering, with /27 cutoff

frequency, a pulse train which is modulated by the quantized sequence of samples. A
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block diagram of the converter together with a classical reconstruction scheme is il-
lustrated in Figure 4.5. The discretization in time allows for perfect reconstruction of
the analog signal as long as it is sampled at or above the Nyquist rate, 7 < v, where
v = m/o. However the discretization in amplitude introduces an irreversible loss
of information. The difference between the original analog signal, f, and its version,
frec, Tecovered from the digital representation is therefore denoted as the quantiza- -
tion error, € = f — frec. Quantization error is commonly modeled as a uniformly
distributed white noise independent of the input. Under certain conditions, such as
a large number of quantization levels and a small quantization step ¢ compared to
the input amplitude range, this model provides a satisfactory error approximation
giving the error variance o2 = E(e(t)?) = ¢%/12. Therefore, a natural way to improve
accuracy of the conversion would be to reduce the quantization step q. However,
the complexity of quantizer circuitry and the precision of analog components impose
limits on the quantization step refinement. Modern techniques for high resolution
A /D conversion are based on oversampling. Sampling a signal at a rate higher than
the Nyquist rate introduces redundancy which can be exploited for error reduction.
The white noise model explains this effect in the following way. As a result of over-
sampling, the quantization error spectrum remains uniform and spreads over a wider
frequency range [—1/7,1/7], while the error variance remains ¢?/12. Only the 7/7n
portion of the error spectrum is in the frequency range of the input signal. Therefore,
after the low-pass filtering with o /7 cutoff frequency, the error variance is reduced to
o2 = ¢’ [127n, or

E(e(t)®) = 1—(1;;, (4.9)

where r = 7/7x is the oversampling ratio (see Figure 4.6).

The error estimate in (4.9) indicates that although the oversampling can be ex-
ploited for improvement of conversion accuracy, it is ini‘erior to quantization refine-
ment. Furthermore, if the error is considered as a function of the bit rate, quantization
refinement drastically outperforms oversampling. As an illustration consider the case
when the quantization step is halved. This reduces the error by the factor of four,

at the expense of an additional bit per sample. In order to achieve the same error
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power spectrum

input signal

in-band noise quantization noise

B>
frequency

-

Js

% -

Figure 4.6: Statistical analysis of the MSE of oversampled A/D conversion with
classical reconstruction. Under certain assumptions, the quantization error can be
modeled as a white noise. As the sampling interval decreases, the noise spectrum
remains flat and spreads out over the whole sampling frequency range, while keeping
a constant total power equal to %’;. For a sampling frequency f,, which is above the

Nyquist rate, only the portion %9;-%‘- is still present in the signal spectrum after the

low-pass filtering with fy /2 cut-off frequency.

reduction, the oversampling ratio should be increased four times, and consequently
the total number of bits increases by the same factor. This reasoning gives the fol-
lowing results. If the quantization step varies, for a fixed sampling interval 7, the
quantization error as a function of the bit rate, B, is given by
1 T
E (e(t)?) = =A*—27%B, 4.10
(et) = 547+ (410)
where A denotes signal amplitude range. Hence, as the quantization.step decreases,
the error decays as
E (e(t)?) =0 (277). (4.11)
On the other hand if the sampling is successively refined, 7 — 0, for a fixed quanti-

zation step,

E (e(t)?) = b (loggé) %, (4.12)
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or in other words, the quantization error behaves as
1
2 — —
E (e(t) ) =0 (B) . (4.13)

In light of the discussion in the previous section we can infer that such inferior
performance of oversampling with respect to quantization refinement is not a conse-
quence of some fundamental phenomena, but is rather a consequence of inadequate
reconstruction and coding. Sampling a signal at a rate higher than the Nyquist rate

amounts to expanding it in terms of a family of sinc functions

{sinc, (t —n7)},cz, (4.14)

which is a tight frame for the space of o-bandlimited signals with redundancy factor
equal to the oversampling ratio. The classical reconstruction based on low-pass fil-
tering is essentially the linear reconstruction (see (4.2)) and is therefore inconsistent
and suboptimal. The main point of this chapter is a deterministic analysis of the
quantization error which demonstrates that the error of consistent reconstruction can
be under reasonable assumptions bounded as ||e(t)||2 = O(1/r?). We also propose an
efficient scheme for lossless encoding of quantized samples, which when used together
with consistent reconstruction gives the error rate characteristics of the oversampled

A/D conversion of the form
le()I* = 0 (27%7). (4.15)

The constant § in (4.15) is of the same order of magnitude as the Nyquist sampling
interval, so that we have performance comparable to that where the quantization
step tends to zero (4.11), and significantly improved compared to that with linear
reconstruction and traditional PCM encoding (4.13). -

4.3.2 Reconstruction Sets and Asymptotic Behavior

The deterministic analysis of oversampled A/D conversion is based on the

study of the structure of the partition which it induces in L?[—c, o], when considered
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as a quantization of an overcomplete expansion. The knowledge on a signal, con-
tained in its digitally encoded representation, defines a set of signals which cannot
be distinguished from it after the A/D conversion. Recall from the discussion in the
previous section that this set is referred to as the reconstruction set of the considered
signal. In this context, the reconstruction set of a signal f can be represented as the

intersection of two sets

Q.(f) = Vo NCy(f), (4.16)

where V, is the space of o-bandlimited signals, and C,(f) consists of signals in L}(R)
which have amplitudes within the same quantization intervals as f at all sampling
instants.

The size of the reconstruction set can be considered as a measure of the uncer-
tainty about the original analog signal. Let us assume that the quantization interval
is decreased by an integer factor 7h. As a result, the reconstruction set becomes
smaller, since Cy/m(f) is a proper subset of C,(f) (see Figure 4.7). In the limit, when
g — 0, there is no uncertainty about the signal amplitude at the sampling points
wey =T, 0, 7, 27,..., and the signal can be perfectly reconstructed if sampled above
the Nyquist rate. This means that the reconstruction set asymptotically reduces to
a single point which is the considered analog signal itself.

This view of the reconstruction set is based on the traditional interpretation of
the digital version of an analog signal as a representation which bears information
on its amplitude, with the uncertainty determined by the quantization step g, at
the sequence of time instants t = ..., —7, 0, 7, 27,.... An alternative interpretation
comes into play if the quantization threshold crossings are separated and sampling
is sufficiently fine so that at most one quantization threshold crossing can occur in
each of the sampling intervals. If this is satisfied, quantized samples of the signal f
are uniquely determined by the sampling intervals in which its quantization threshold
crossings occur, and vice a versa. So, we can think of the digital representation as
carrying information on the instants, with uncertainty 7 in time, when the signal

assumes values ...,—q, 0, ¢, 2q,... . Hence, the reconstruction set of f can also be
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reconstruction set

Figure 4.7: The effect of the quantization refinement on the reconstruction set. The
set of signals which share the same digital version with the original, C,(f), becomes
smaller as the result of quantization refinement, Cyym(f) C Co(f). Consequently, the
reconstruction set is also reduced giving a higher accuracy of the representation

viewed as lying in the intersection
2(f) € Ve N Du(f), (4.17)

where D, (f) is the set of all signals in L?(R) which have the same quantization
threshold crossing as the original, in all of the sampling intervals where the original
goes through a quantization threshold. If in addition we require that signals in D,(f)
cannot have more than one quantization threshold crossing per sampling interval,
then equality holds in (4.17).

Consider now the effect of reduction of the sampling interval by an integer factor
m. The set of signals sharing the sampling intervals of quantization threshold cross-
ings with the original, for this new sampling interval, is a proper subset of D,(f),
D:ym(f) C Diau(f). As a result, the size of the reconstruction set is also reduced,
implying a higher accuracy of the conversion. This reasoning gives a deterministic
explanation for the error reduction as a consequence of oversampling in the A/D
conversion. Quantization step refinement, which also improves the accuracy of the

conversion, asymptotically gives the reconstruction set reduced to the original signal
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only. Does this also happen in this case, when the sampling interval goes to zero?
In other words, is it possible to reconstruct perfectly an analog o-bandlimited signal
after simple A/D conversion in the case of infinitely high oversampling?

In the limit, when the sampling interval assumes an infinitely small value, the time
instants in which the signal goes through the quantization thresholds are known with
infinite precision. The information on the input analog signal in this limiting case is
its values at a sequence of irregularly spaced points {A,}, which are its quantization
threshold crossings. If {¢?***} is complete in L%[—0, 0], then the reconstruction set
asymptotically does reduce to a single point, giving the perfectly restored input analog
signal. Completeness of {¢?***} in L?[—0, o] means that any o-bandlimited signal f(t)
is determined by the sequence of samples {f(An)}. However, this does not necessarily
mean that f(¢) can be reconstructed in a numerically stable way from the samples
{f(Aa)}, unless another constraint on {\,} is introduced which would ensure that any
two o-bandlimited signals which are close at points {),} are also close in L? norms.
In other words we want to be sure that the reconstruction error does converge to zero

as the oversampling tends to infinity, that is

l%||f - frec" =0, (4'18)

rather than only asymptotically becoming zero in some odd fashion. A precise for-
mulation of the stability requirement is that {e?**“} constitute a frame in L*[-g, o).
The error bound derived in the following subsection is based on this assumption. In
order to illustrate how restrictive this assumption is, at this point we briefly review
some of the frame conditions discussed in Section 2.3.1.

Recall that exact frames in a separable Hilbert space, those which cease to be
frames when any of the elements is removed, are Riesz bases. Are there any bases of
complex exponentials other than Riesz bases? This is still an open problem. Every
example of a basis of complex exponentials for L2[—¢, o] so far has been proven to be a
Riesz basis ([56], pp. 190-197). So, if we want a reasonable, complete characterization
of o-bandlimited signals from samples at points {),}, then {¢’*"“} should be a frame

in L*[-0,0].
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According to Kadec’s 1/4 Theorem, if a sequence of real numbers {),} satisfies
Po—nT<L<i® n=0,41,42,..., (4.19)
o 40

then {e"***} is a Riesz basis for L?[—0,0]. How realistic is this condition in the
quantization context? For a quantization step small compared to a signal amplitude, a
sufficiently dense sequence of quantization threshold crossings could be expected, thus
satisfying (4.19), at least on a time interval before the signal magnitude eventually
falls below the lowest nonzero quantization threshold. Suppose that the analog signal
f(#) at the input of an A/D converter satisfies: f(w) is continuous on [—o,0] and
f(o) # 0. Such a signal f(t), in terms of its zero-crossings, asymptotically behaves
as sinc,(t). So, if one of the quantization thresholds is set at zero, then for large n,
the quantization threshold crossings should be close to points nr/o.

Another criterion, given by Theorem 3, states that if {),} has a uniform density
d > o/w, then {e/***} is a frame in L?[—0, o]. The feasibility of a o-bandlimited signal
with a sequence of quantization threshold crossings having uniform density greater
than o /7 is unlikely for a quantization scheme with a fixed quantization step. The
amplitude of a bandlimited signal f(¢) decays at least as fast as 1/¢, and outside of
some finite time interval, [T, T}, it is confined in the range between the two lowest
nonzero quantization thresholds. Zero-crossings are the only possible quantization
threshold crossings of f(t) on (—o0,—T]U [T,c0). However, it doesn’t seem to be
plausible that zero-crossings of a o-bandlimited signal can have a uniform density
greater than the density of zero-crossings of sinc,(t), which is o/m. Therefore, in
order to meet this criterion the quantization step has to change in time following
the decay of the signal. One way to achieve this is a scheme with quantization steps

which are fixed on given time segmerits but eventually decrease with segment order.

4.3.3 O(1/r?) Error Bound

Consider a o-bandlimited signal, f(t), at the input of an oversampled A/D
converter with sampling interval 7. Suppose that its sequence of quantization thresh-

old crossings, {z,}, is a frame sequence for the space of o-bandlimited signals. If g(t)
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is a consistent estimate of f(t), there exists a sequence {yn} of quantization threshold
crossings of g(t), such that every z, has a corresponding y, in the same sampling

interval. Hence, for each pair (Zn,¥s), f(Zn) = 9(ya) and |z, — yn| < 7.

! B i
g(x,)-g0v,) In Yn+1
f / Xn Xn+
Xn. Yn+2
Yn- X
n-1 n+2 g(t)
A
—
time
m m+l1 m+2 m+3 m+4
-—

Figure 4.8: Quantization threshold crossings of an analog signal f(t) and its consis-
tent estimate g(t). The sequence of quantization threshold crossings, {z,}, of f(t),
uniquely determines its digital version and vice versa, provided that all the cross-
ings occur in distinct sampling intervals. If f(t) goes through a certain quantization
threshold at the point z,, then g(t) has to cross the same threshold at a point yy
which is in the same sampling interval with z,,. At a point z,, the error amplitude is

equal to |g(z,) — f(24)| = |g(ya) — 9(z4).

At the points {z,}, the error amplitude is bounded by the variation of g(¢) on the
interval [y,,z,] (without loss of generality we assume that y, < z,), as shown in
Figure 4.8. Since g(t) is bandlimited, which also means that it has finite energy, it
can have only a limited variation on [yn, z,). This variation is bounded by some value

which is proportional to the sampling interval, so

l9(zn) — g(yn)| < €a - . (4.20)
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The constant c, in this relation can be the maximum slope of g(¢) on the interval
[Un, Tnl, €n = SUD,e(y, z,) 9'(1). The error signal, e(t) = g(t) — f(2), is itself a o-
bandlimited signal. At the points {z,} its amplitude is bounded by values which are
proportional to 7 (4.20). If the sequence {c,} is square summable, it can be expected
that the energy of the error signal is bounded as ||¢||?> < const - 72, or in terms of the

oversampling ratio r,

const

2
Jell? < 5.

(4.21)

This result is the content of the following theorem.

Theorem 9 Let f(t) be a real o-bandlimited signal at the input of an A/D converter
with a sampling interval T < m/o. If the sequence of quantization threshold crossings
of f(t), {za}, forms a frame sequence for the space of o-bandlimited signals, then

there ezists a positive constant § such that if T < 8, for every consistent estimate of
ft), g(t) € C,
(@) — g@I? < Kl F@)IT?, (4.22)

where k is a constant which does not depend on T. o

Proof Let A and B be bounds of the frame {e?**“} in L?[—c, 0], so that for any
o-bandlimited s(t)

Alls@)I? < X ls(za)l® < Blls()II*. (4.23)

At the points z,,, the error amplitude is bounded by the variation of the reconstructed

signal on the corresponding sampling intervals, as described by the following relations:

le(za)l = |f(zn) — g(zn)l

|f(zn) — 9(yn) + 9(yn) — g(2)

l9(yn) — g(zn)l

< 1-g(€n), Min(Tn,Yn) < €n < Maz(Tn, Yn)- (4.24)
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Here, ¢, denotes a point on the interval [y,,z,). The error norm then satisfies

eI < %X le(@n)l

%; o (en) . (4.25)

IA

If 7 is smaller than & = &;4 ({zn}, o) (see the corollary of Theorem 2), then |e,—z,| <

§ and consequently

S e < gl (4.26)

This gives

le@IF < 720 g e)I?

< oo g (4.27)

so that the energy of the error can be bounded as

'ragB

le®)II* < llge)II*. (4.28)

It remains to find a bound for the norm of g(t).

According to Theorem 2, since |z, — yn| < 7 < 814 ({Zx}, o), the following holds

ol < 5T o)
4
= Z;f(xny
4B
SR (429)

IN

As a consequence of the last inequality and the error bound in (4.28) we obtain
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eI < 2o £0IP (4.30)

O

In Appendix 4.5 we give another, more intuitive error bound for the case when
quantization threshold crossings form a sequence of uniform density greater than /.
An extension of the result of Theorem 9 to complex bandlimited signals is straight-

" forward, provided that the real and imaginary parts are quantized separately.

Corollary 6 Let the real and imaginary parts of a complez o-bandlimited signal f(t),
at the input of an A/D converter with the sampling interval 7 < m /o, be quantized
separately. If sequences of quantization threshold crossings of both Ref(t) and Imf(t)
form frame sequences for the space of o-bandlimited signals, then there exists a positive

constant § such that if T < & then for every consistent estimate g(t) € C*

I1£@2) = g@II* < kI F @7, (4.31)
for some constant k which does not depend on T. O
Proof Let {z"} and {zi} be the sequences of quantization threshold crossings of

the real and imaginary parts of f(t), respectively,and 0 < A, < B, < 00,0 < A; <
B; < oo be the corresponding frame bounds. Then the relation (4.31) holds for

T < min (61/4 ({zn},0),61/4 ({:c:,},a'))

(4.32)

2 p2
k = 90%y, p=ma.x(B’ B’).

AT A2

4.3.4 Error-Rate Characteristics with Optimal Reconstruc-

tion and Efficient Coding

An efficient scheme for lossless encoding of the digital representation follows from

the observation that, for sufficiently fine sampling, the quantized values of signal



79

samples can be determined from the corresponding sequence of quantization threshold
crossings.

Consider a bandlimited signal f(¢) and suppose that its quantization threshold
crossings are separated, that is there is an ¢ > 0 such that no two threshold crossings
are closer than ¢. Note that as a bandlimited signal of a finite energy f(¢) has a
bounded slope so that there is always an ¢; > 0 such that f(t) can not go through
more than one quantization threshold on any interval shorter than €,. The condition
for separated quantization threshold crossings requires in addition that intervals be-
tween consecutive crossings through a same threshold are limited from below away
from zero. For a sampling frequency higher than 1/¢, all quantization threshold
crossings of f(t) occur in distinct sampling intervals. Under this condition quantized
samples of f(t) are completely determined by its sequence of quantization threshold
crossings (see Figure 4.8). Another effect of high oversampling is that quantized val-
ues of consecutive samples differ with a small probability. In this case, an economical
digital representation would encode incidences of data changes, that is, sampling in-
tervals where quantization threshold crossings occur rather than quantized samples
themselves.

Quantization threshold crossings can be grouped on consecutive time intervals
of a given length, for instance T. For each of the crossings at most 1 + log,(T'/7)
bits are then needed to record its position inside the interval T'. The height of the
threshold crossing can be given with respect to the previous one, so that for this
information only one additional bit is needed, to denote direction of the crossing
(upwards or downwards). Hence, for recording of the information on quantization
threshold crossings on an interval where @ of them occur, @ (2 + log,(T/7)) bits are
needed (see Figure 4.9). The bit rate is then bounded as

B< Q?"‘ (2 +log, (g)) : (4.33)

where Q,, denotes the maximal number of the crossings on an interval of length T'.
Note that if the samples themselves are recorded the bit rate increases linearly with

the oversampling ratio, so quantization threshold crossings encoding is substantially
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Figure 4.9: Quantization threshold crossings encoding. Quantization threshold cross-
ings are grouped on intervals of a length T. Refining the sampling interval by a factor
2F requires additional k bits per quantization threshold crossing to encode its position
inside the interval T.

more efficient. If this efficient coding is used together with consistent reconstruction,

then the error-rate characteristics of the oversampled A/D conversion becomes
le(I? = KT?27*3m2, (4.34)

where K is a constant which depends on the input signal, as follows from (4.22) and
(4.33). '

In order to estimate factor the T/Q,, in this expression, we consider again the
two types of quantization threshold crossings, denoting them as d-crossings and s-
crossings. A quantization threshold crossing is said to be a d-crossing if it is preceded
by a crossing of a different quantization threshold, or an s-crossing if it is preceded by
a crossing of the same threshold (see Figure 4.10). The total number of quantization

threshold crossings of a o-bandlimited signal f() on an interval T is sum of these
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S

Xn-1 , /( Xn+l1

Figure 4.10: Quantization threshold crossing types. A quantization threshold crossing
can be immediately preceded by a crossing of the same quantization threshold, as
illustrated by the crossings at points z, and Zn41. Such threshold crossings are
denoted as s-crossings, and each of them is preceded by a point where the consider
signal assumes an extremum. The other type of quantization threshold crossings, d-
crossings, are those which occur after a crossing of a different quantization threshold.
The threshold crossing at x4 is of this type.

two types of crossings. The count of d-crossings, Q4, depends on the slope of f(t) as

well as the quantization step size, g. The slope of f(t) can be bounded as

IF@®) < |Iflle?, (4.35)
which gives

% o

T <7 I £Il- (4.36)

For the count of s-crossings, @,, we can investigate average behavior. Each of the
s-crossings of f(t) is preceded by a point where f(t) assumes a local extremum. If
s-crossings constitute a sequence of a uniform density d, then there is a subset of
zeros of f(t) which also constitute a sequence of uniform density d. According to

Theorem 3, d < o/m except in a degenerate case when f'(t) is identically equal to
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zero. If we assume that the sequence of quantization threshold crossings of f(t) is a

realization of an ergodic process, then as the interval T' grows

o
—_ < -. .
—)c_ﬂ_ (4.37)

‘ 2
Hence the error rate characteristics are given by |le(?)]|> = O(2~ si+az D) where a; <

Iflle?/q and a is “close” to o/m. Recall that for an A/D converter with a fixed |

sampling frequency f, > o/m and quantization step refinement the mean squared
error is given by E(e(t)?) = O(2~2B), where & = f,.

It is interesting to find the error-rate characteristics of oversampled A/D con-
version for the four combinations of reconstruction and encoding, i.e. linear versus
consistent reconstruction, and PCM versus quantization threshold crossings encoding.
These are given in Table 1.

Table 4.1: Error-rate characteristics of .oversampled A/D conversion, as the sam-

pling interval tends to zero, for the four different combinations of reconstruction and
encoding. The quantization error, e(t), is expressed as a function of the bit rate, B.

Linear Reconstruction | Consistent Reconstruction

—— ———eeeeeee————— —

PCM E(e(t)’) = 0 (}) le)lI? = 0 ()

Efficient Encoding || E(e(t)?) = 0 (273+7) | |le(®)|l? = 0 (27%3=7)

These results demonstrate the importance of an appropriate lossless coding of
the digital representation. According to the given characteristics, for good error-rate
performance of oversampled A/D conversion, efficient coding is more important than

optimal reconstruction.

The most successful technique for high resolution analog to digital conversion is
currently Sigma-Delta modulation, which achieves high error reduction gains based on

a sophisticated exploitation of oversampling. The error reduction property of an n-th
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order Sigma-Delta modulator is characterized by the relation E(e(t)?) = O(r*"*1),
in the case of classical reconstruction. However, it has been shown in [45] that in
the case of periodic bandlimited signals this result can be improved with a consistent
reconstruction which gives E(e(t))? = O(7?"*2). The error-rate characteristic of the
Sigma-Delta modulator, with a consistent reconstruction, is then given by E(e(t))? =
O(B~7+2)), It can be observed that it is asymptotically outperformed by the simple
A/D conversion, even with the linear reconstruction, provided that efficient coding is

used.

4.4 O(1/r?) Error Behavior in Quantization of
Weyl-Heisenberg Frame Expansions

Error analysis in the case of qllantization of Weyl-Heisenberg frame expansions
is an immediate generalization of the results on oversampled A/D conversion. The
two cases which are considered first are: 1) frames derived from bandlimited window
functions without restrictions on input signals, except that they are in L%(R); 2)
timelimited input signals, with no restrictions on the window function except for the

requirement that it is in L?(R).

CASE 1. o-bandlimited window function

Let

{mn(t) : @mn(t) = (t = nto)e™™ "} (4.38)

be a Weyl-Heisenberg frame in L?(R), with the bounds

AlfIZ £ X2 Kemn HIF < BIFI. (4.39)

mmeZ

Frame coefficients {cmn : cmn = (Pma, f)} of a signal f can be expressed in the

Fourier domain as
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Figure 4.11: Evaluation of Weyl-Heisenberg frame coefficients. For a fixed m, coef-
ficients ¢, , are obtained as samples, with ty sampling interval, of the signal fn(t),
which is the result of modulating the input signal with e’™?*, followed by filtering
with o(—t).

Cnm = /_ : Flw — muwp)@* (w)e™™ duw. (4.40)

The system which for an input signal gives these coefficients can be viewed as a
multichannel system, containing a separate channel for each frequency shift muwy,
such that the m-th channel performs modulation of an input signal with e™°*, then
linear filtering with ¢(—%) and finally sampling at points {nfp}. Such a system is

shown in Figure 4.11. For a fixed m, coefficients ¢y, , are samples of the signal

Fn(®) = (F(R)™!) % (1), (4.41)
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which will be called the m-th subband component of f(t). In the sequel, the m-
th subband component of a signal s(t) will be denoted by sm(t) and the sequence
obtained by sampling s (t) with the interval ¢, will be denoted by Sm([n], Sm[n] =

sm(nto). Using this notation, frame coefficients of f(t) are given by cmn = Fu|[n].

Such an interpretation of Weyl-Heisenberg frame coefficients of the signal f(?)
means that their quantization amounts to simple A/D conversion of the subbé.nd
components of f(t). Note that these coefficients are in general complex, and it is
assumed here that real and imaginary parts are quantized separately. If the frame
window, ¢(t), is a o-bandlimited function, each of the subband components is also a
o-bandlimited signal. In this context, a signal g(t) is said to be a consistent estimate
of f(t) if they have the same quantized values of the frame coefficients and each
subband component of g(t) is continuously differentiable, gm(t) € C' (note that the
subband signals, being bandlimited; are continuously differentiable a.e.). According
to the results from the previous section, this indicates that if the frame redundancy
is increased by decreasing the time step #o for a fixed wp, the quantization error of
consistent reconstruction should decay as O(t2). This result is established by the
following corollary of Theorem 9, and can be expressed in terms of the oversampling

ratio, r = 2-, as |e||® = O(1/r?).

Corollary 7 Let {¢ma(t)} be a Weyl-Heisenberg frame in L*(R), with time step to
and frequency step wo, derived from a o-bandlimited window function ¢(t). Consider
quantization of the frame coefficients of a signal f(t) € L*(R) and suppose that for a
certain wy the following hold:

i) quantization threshold crossings of both real and imaginary parts of all the sub-
band components fn(t) = (f(t)e™?) x p(—t) form frame sequences for the
space of o-bandlimited signals, with frame bounds 0 < o, < B;, < oo and

0<ai, <P <oo;

supma.x(-grﬂ -ﬂi) =M < .

’
meZ oy, o,
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Then there ezists a constant 8, such that if to < &, for any consistent estimate g(t) of

f(t), the reconstruction error satisfies

1£(2) — g@)II” < kI F@)I%45, (4.42)

where k is a constant which does not depend on t,. O

Proof Let f(t) be reconstructed from its quantized coefficients as g(¢). Suppose that
g(t) is a consistent estimate of f(t), that is, frame coefficients of g(t) are quantized
to the same values as those of f(¢). Under the bandlimitedness condition on (t), all
subband signals f,,(t) are also o-bandlimited, and each g.,(%) is a consistent estimate

of the corresponding fr(t).

Under assumption i), and as a consequence of Corollary 7, for each m there is a

0 such that the m-th subband error component, fn(t) — gm(t), satisfies

1n(®) = DI < 90%m |l m(B)IPEL, um=max((ﬁ—"") ("—"‘) ) (4.43)

an, Qo

For a sampling interval ¢ < 7/o and any s € L?(R), norms of subband signals s,

and their sampled versions satisfy

llsml* = toll Sm]l”. (4.44)

The frame condition (4.39) then implies

1
IsI? < S USnl?

1
= o 2 lsall (4.45)

and

1
sl 2 52 ISall"

1
= B 3 llsmll>. (4.46)
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From assumption ii) and Theorem 2, it follows that § = inf,,¢z d,, is strictly greater
than zero, § > 0. For to < §, we have the following as a consequence of relations
(4.43), (4.45) and (4.46):

15O =90 < 7= Zlfnlt) = gm O

1
< A—t Z gazﬂm“fm(t)llztg
Om
< 902M2§|| flI*ed. (4.47)
This finally gives
1) — g@)II* < Kl fF @), (4.48)
which for a constant wp can be expféssed as || f(t) — g(?)|? = O(1/r?). m]

CASE 2. T-timelimited signals

Another way to interpret expansion coefficients of f(t) with respect to the frame

(4.38) is to consider them as samples of signals

Ba(w) = ($w)e™™) * f(w), (4.49)

with wo sampling interval. This is illustrated in Figure 4.12. Suppose that f(%)
is a T-timelimited signal. Then F {¢n(w)} is also T-timelimited for each n, which
makes all subband signals ¢,(w) bandlimited. From an argument completely anal-
ogous to the one in the previous case, it can be concluded that if for some fixed ¢o
sequences of quantization threshold crossings of subband signals ¢(w) satisfy certain
frame properties, the quantization error of consistent reconstruction can be bounded
as |le(t)||> < k|| f(?)]|°wd. Since we consider the case when o = const and wo — 0,
this can also be expressed as ||e]|? = O(1/r?). The precise formulation of this result

is as follows.
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Figure 4.12: Evaluation of Weyl-Heisenberg frame coefficients. For a fixed n, coeffi-
cients ¢y, are obtained as samples, with wy sampling interval, of the signal ¢, (w),
which is itself the result of modulating p(w) by e~i™“, followed by filtering with

fw).

Corollary 8 Let {¢ma(t)} be a Weyl-Heisenberg frame in L*(R), with time step to
and frequency step wo, derived from a window function p(t). Consider quantization

of the frame coefficients of a T-timelimited signal f(t) € L>(R). Suppose that for a

certain ty the following hold:

i) quantization threshold crossings of both real and imaginary parts of all the sub-

band components ¢n(w) = (P(w)e~0%) * f(w) form frame sequences for the

space of T-timelimited signals, with frame bounds 0 < o < B < oo and

0<al <P <oo;
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i)

sup max (ﬂ—:,&'-) =M < o0.

neZ n ;t

Then there ezists a constant §, such that if wo < 8, for any consistent estimate g(t)

of f(t), the reconstruction error satisfies

I1£(2) = g@I” < kllF)Pwi, (4.50)

where k is a constant which does not depend on wp. 0O

If the Weyl-Heisenberg frame is redefined as

{mn(t) : mn(t) = @t — ntg)e/meolt—nt)}

then analogous results hold for the cases when input signals are bandlimited or the

window function has a compact support in time.

The assumptions on bounded support of frame window functions or input sig-
nals in either time or frequency, introduced in the above considerations, are natural
assumptions of time-frequency localized signal analysis. A question which naturally
arises is whether in the case when both the window function is bandlimited and the
considered signals have finite support, the error decays as ||e]|> = O(w2t2). Another
interesting case is when none of these assumptions is introduced. Is it then also pos-
sible to exploit frame redundancy for quantization error reduction so that the error
norm tends to zero as the redundancy is increased, or even more ||¢||> = O(1/r?)?

These are still open problems.

4.5 Appendix

4.5.1 Alternative Proof of Theorem 9

For this proof we need following result by Duffin and Schaeffer [13].
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Lemma 1 [19] Let {¢"**“} be a frame in L*[—a,0]. If M is any constant and {u,}
is a sequence satisfying |, — An| < M, then there is a number C = C(M,0,{A.})
such that

E If(l‘n)lz
SO = ¢

for every o-bandlimited signal f(t). O

(4.51)

Recall that in order to have a sequence of quantization threshold crossings of a
o-bandlimited signal f(t), having a uniform density d > o/, the quantization step ¢
must change in time following the decay of the signal. Since f(t) is square integrable,
g = q(t) has to decay at least as fast as 1/t, although it can be fixed on a given set
of time segments.

Let A and B denote again the lower and the upper bound, respectively, of the
frame determined by the quantization threshold crossings, {z,}, of f(¢), and let g(t)
be a consistent estimate of f(t). Following the discussion in the proof of Theorem 9

(see (4.25)), the error norm is bounded as

eI < 5 T lg(el (4.52)

Since 7 is smaller then the Nyquist sampling interval, |z, — €,| < /o for all n.
According to Lemma 1, there exists a constant C = C (7 /0,0, {z,}) such that for all

sampling intervals 7 < 7 /o

Y 1¢ () < C Y19/ (@a) (4.53)
This gives 2 ey
B .
le)I? < == llg®II". (4.54)

Being a consistent estimate of f(t), g(t) can not differ from f(¢) by more than g(n7),
at time instants {n7}. The energy of g(t) can be bounded, by considering its samples

at these points, as

lg®I* = 73 lg(rr) (4.55)
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< 7Y (If () + 2lg(n7) f(n7)] + lg(nT)I?) (4.56)
IFI? + Eu(7). (4.57)

Note that
Ey(r) = 73 (2lg(nr)g(n7)| + lg(n7) ")
converges to
. +oo 2
lim Ei(r) = [ (2la(o(8)] + o)) dt, (4.58)
which has to be finite since g(t) = O (f(t)) and f(t) is square integrable. Therefore,
E,(7) has to be bounded by some E which does not depend on 7. This gives the

following error bound

lle@)* < 0250 (I + E) . (4.59)
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Chapter 5

Applications

5.1 Foreword

Singularities based signal proceséing échemes, described in this chapter, illustrate
several issues related to overcomplete expansions. They provide examples of applica-
tions where redundancy is used to improve accuracy of signal analysis, demonstrate
advantages of design flexibility of overcomplete expansions. They also indicate a
possibility of efficient signal compression resulting from a sophisticated selection of
information provided by redundant expansions. A powerful framework for a number
of relevant theoretical problems as well as applications related to signal characteriza-
tion using information on its singularities was introduced by Mallat et al. [25, 26, 28]
as the concept of wavelet modulus maxima and wavelet zero-crossings representa-
tions. For particular classes of wavelets, singular events are reflected in the wavelet
transform, by inducing evolution of local modulus maxima or zero-crossings across
the scales. The two representations, based on irregular sampling of a dyadic wavelet
transform at either local extrema or zero-crossings, provide signal descriptions which
give explicit information on its singularities and transient phenomena. Due to a fairly
broad applicability of the concept, we take a general approach when discussing the
two representations while pointing out the relations to concrete problems and ap-

plications. The emphasis is on our work, which is focused on algorithms for signal
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reconstruction from the two representations and on the development of the concept in
the framework of convex representations in £2(Z). Our work was influenced by results
of Berman (4], who first posed the problem in purely discrete-time, using R™ as the
model space.

Another application of a similar flavor, described in more detail, is an image
interpolation algorithm developed in collaboration with Chang [6, 7]. The algorithm
is locally adaptive and is aimed at good rendition of edges. Information needed for
applying the appropriate local interpolation is obtained through an analysis of image
singularities, based on a redundant wavelet expansion which is implemented using an

iterated nonsubsampled filter bank.

5.2 Singularity Detection and Processing Using

Wavelets

In this section we briefly review an excellent treatment of this topic given in

25, 26, 28).

5.2.1 Wavelet Transform and Multiscale Edge Detection

Even before the wavelet formalism was developed, multiscale techniques have been
used in computer vision for edge detection. The approach is to smooth a signal
f(z) € L*(R) at different scales using the dilated versions

=102

of a low-pass filter 8(z) and detect the resulting points of sharp variations. These
sharp variations of f % 0,(z) are considered to be edges of f(z) at the scale s. The
purpose of the smoothing at a scale s is to remove signal fluctuations which are small
relative to the analysis scale so that sharp variations of the larger structures are better
visible. An inflection point of the smoothed signal f*8,(x) produces a local extremum

in its first derivative or a zero-crossings in its second derivative (see Figure 5.1).
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Hence, an edge in f(z) can be detected as either a local extremum of d(f *0(z))/dz
or a zero-crossing of d?(f * 0(z))/dz?. In a particular case when the smoothing
function, 8(z) is a Gaussian, the extrema detection gives a Canny edge detector [5],
while the zero-crossing scheme corresponds to the Marr-Hilderth edge detection [29].
Although the two detection schemes are similar the detection of local extrema has
an advantage. A local extremum of d(f * 6(z))/dx can be either a local maximum |
or a minimum of the modulus of d(f * 6(z))/dz. Modulus maxima of d(f * 6(z))/dz
correspond to sharp variations of f(z) while modulus minima correspond to points
where f(z) is smooth. Hence, the local extrema detection makes information on these
different types of signal behavior explicit, whereas with the zero-crossings approach
it is not so simple to distinguish between the two types of inflection points.

In order to cast these edge detection schemes into a wavelet transform framework
consider wavelets ‘

do(z) _ d*(x)

¢a(x)= T and d)b(:c)— dz? . (51)

For a wavelet ¥(z), let ¥,(z) denote
1, =
¥s(z) = ~¥()-
The wavelet transform of f(z) with respect to wavelets ¥*(z) and 3*(z) is defined by
Wef(s,z) = f*¢2(z) and WP f(s,z) = f * ¥i(2), (5.2)

respectively. Note that this is the definition of the continuous wavelet transform in-
troduced in (3.47). The wavelet transforms W* f(s,z) and W*f(s, z) are respectively

proportional to the first and second derivative of f * 6(z),

W*f(s,2) = £+ (s22)(z) = s-(f *6,)(2), (53)
Wef(s,z) = f=* (szf:;)(z) = szg(f * 0,)(z). (5.4)

Therefore, a sharp signal variation produces modulus maxima in the wavelet trans-
form for a wavelet which is the first derivative of a smoothing function, or zero-
crossings if the wavelet is the second derivative of a smoothing function. The po-

sitions of these modulus maxima or zero-crossings constitute smooth curves in the
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d(f *0,(z))/dz

...{

Figure 5.1: Edge detection. Local extrema of the first derivative of a smoothed signal,
d(f *0,(z))/dz, indicate the presence of sharp variations in the signal. Alternatively,
the sharp variations can be detected from zero-crossings of the second derivative of

the smoothed signal, d*(f * 0,(z))/dz?. -

&(f * 0,(z))/dz?
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scale-space plane (s, z), called finger prints [52]. These facts can be demonstrated
in a rigorous manner, but they are beyond the scope of this thesis. The purpose of
this discussion is only to illustrate the applicability of the concept of wavelet trans-
form modulus maxima to the problem of multiscale edge detection and to provide
some intuition results which are presented in the following. The usefulness of wavelet
transform in the detection of sharp signal variations is not limited only to being a
reformulation of the classical results. Wavelet transform provides a powerful tool not
only for detection but also for discrimination of different types of sharp variations
and singular behaviors. This aspect of wavelet transform is the content of the next

subsection.

5.2.2 Detection and Characterization of Singularities

The notion of a singular point is defined based on the Lipschitz regularity of a
function. A function f(z) is said to be Lipschitz a at zo, where n < a < n + 1 for

some positive integer n, if there exist two constants A and ho and a polynomial of
order n, P,(h), such that for h < hg

|f(zo + k) — Pa(h)| < AlR|°. (5.5)

The function f(z) is uniformly Lipschitz o over the interval (a,b) if there exists a
constant A and for any zo € (a,b) there exists a polynomial P,(z) of order n, such
that equation (5.5) is satisfied if o+ h € (a,b). The Lipschitz regularity of f(z) at zo
is the superior bound of all values @ such that f(z) is Lipschitz a at zo. A function
is said to be singular at zo if it is not Lipschitz 1 at zo. Lipschitz regularity gives
a characterization of function differentiability. It can be shown that a function f(z)
which is Lipschitz a, for @ > n at a point, is n times differentiable at that point. A
function which is continuously differentiable at o is Lipschitz 1 at zo. Even if the
derivative of f(z) is discontinuous but bounded at zo, f(z) is Lipschitz 1 at zo and
therefore not considered to be singular at z,.

Negative Lipschitz exponents for tempered distributions are defined by consider-

ing their primitives. Let a be a noninteger real number. A tempered distribution
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f(z) of a finite order is is said to be uniformly Lipschitz a on (a,b) if its primitive is
uniformly Lipschitz a + 1 on (a,b). Let us illustrated these definitions in the case of
a Dirac which is a frequently encountered tempered distribution. The second order
primitive of a Dirac is a piecewise linear function. It is uniformly Lipschitz 1 in a
neighborhood of z = 0, and therefore uniformly Lipschitz a for a < 1. Consequently,
in a neighborhood of 0 a Dirac is uniformly Lipschitz a for @ < —1. This is not
sufficient to conclude that a Dirac is uniformly Lipschitz —1 in a neighborhood of 0,
but based on the definition of local regularity we can say that the uniform Lipschitz
regularity of a Dirac in a neighborhood of 0 is equal to —1. The Lipschitz charac-
terization of singularities as is discussed so far has a global nature since it deals with
uniform regularity of functions over intervals rather than points. In the applications
which are considered in this chapter we are concerned with isolated singularities. The
definition of Lipschitz exponents can be extended to isolated singularities, and it is
said that a distribution f(z) has an isolated singularity Lipschitz a at zq, if f(z) is
uniformly Lipschitz o over an interval (a,b) containing o and is uniformly Lipschitz
1 over any subinterval of (a,b) which does not include z¢. For instance, a Dirac cen-
tered at o = 0 has an isolated singularity of Lipschitz regularity —1 at zo = 0, while

a step function centered at 0,

0, z<0
h(z) = ’ (5.6)
(=) 1, z2>20

has that of Lipschitz regularity 0. ,

The Lipschitz regularity of a function can be estimated by considering the asymp-
totic decay of its Fourier transform [34]. However, Fourier transform indicates only
the global regularity of a function and cannot capture the local variation of regularity.
On the other hand, the wavelet transform W f(s,z) = f * v,(z), with respect to a
compactly supported wavelet ¥(z), depends only upon values of f in a neighborhood
of = whose size is determined by the support of ¥,(z). The wavelet transform, consid-
ered over a range of small scales, is therefore well suited for detection of signal local
characteristics. As an illustration, consider again a Dirac é,, = é(z — zo) and a step

function kg, (z) = h(z — o). The wavelet transform of the Dirac is the wavelet itself
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translated by zo
T — o

Woa(s,2) = ti(z — 20) = 9(*=2). (5.7)

From this equation we can observe two things. First, the modulus maxima of Wé(s, z)

S

form a set of lines in the half-plane (s, ),50.zeR (scale-space of the wavelet transform)
which originate at the point & = o on the boundary of the half-plane (s = 0). Second, |
the asymptotic behavior of the values of the modulus maxima as the scale approaches
zero can be characterized as O(s™!). In the case of the step function, the wavelet

transform has the form
r—2I

Wheo(s,z) = 8( ), (5.8)

where (x) is the primitive of the wavelet. Similarly to the wavelet transform of

S

820, Whz, has modulus maxima which define lines in the scale-space originating from
(or converging to) (s,z) = (0,zo), the location of the singularity. As opposed to
the Dirac, the modulus maxima of Wh,;, retain uniform values across all the scales,
so that their asymptotic behavior when s tends to zero can be described as O(s°).
We see that in these two simple cases, the finger prints of the wavelet transform
modulus maxima point to locations of the isolated singularities and, furthermore, the
asymptotic behavior of the modulus maxima values reveals the type of singularity.
This observation has a more general scope, and is established below.

The potential of wavelet transform for characterizing local Lipschitz regularities
in a given range depends on the number of vanishing moments of the wavelet. We
say that a wavelet ¥(z) has n vanishing moments if for all positive integers k < n

/oo z*p(z)dz = 0. (5.9)

—00
The following theorem asserts that a function is uniformly Lipschitz a_on a given

interval if its wavelet transform with respect to a wavelet with n vanishing moments,

n > a, has no modulus maxima at small scales in that interval.

Theorem 10 [26] Let n be a strictly positive integer and ¥(z) a wavelet which has a
compact support and n vanishing moments and is n times continuously differentiable.
Let f(z) € L[a,b). If there exists a scale so > 0 such that for all scales s < sy and
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T € (a,b), |Wf(s,z)| has no local mazima, then for any ¢ > 0 and a < n, f(z) is
uniformly Lipschitz a in (a + €,b — €). If 1(z) is the n-th derivative of a smoothing

function, then f(z) is uniformly Lipschitz n on any such interval (a + ¢,b—¢€). O

The fact that singularities of a function can be located as the origins of the modulus
maxima lines of its wavelet transform, as illustrated above, can be given a precise
formulation. First we need to define the closure of the set of local modulus maxima
as the set of points on the real line which are adherent points of the set of modulus
maxima when the real line is considered as the boundary of the scale-space half-plane
(8,%)s>0,z¢R- In other words, g is in this closure if for any € > 0, there exists wavelet
transform modulus maxima at a point (s;,z;) such that |zo — 21| < € and 5; < €.

Now we can formulate the following corollary of Theorem 10.

Corollary 9 [26] The closure of the set of points where f(z) is not Lipschitz n is

included in the closure of the wavelet transform mazima of f(z). D

Isolated singularities can be discriminated based on the evolution of wavelet trans-
form modulus maxima in the manner described by the following theorem. It is as-
sumed that the wavelet has a compact support, is n-times continuously differentiable

and has » vanishing moments.

Theorem 11 [26] Let f(z) be a tempered distribution whose wavelet transform is well
defined over (a,b) and let zo € (a,b). Suppose that there ezists a scale so > 0 and a
constant C such that for z € (a,b) and s < so all the modulus mazima of W f(s, )
belong to a cone defined by |z — zo| < Cs. Then, at all points z; € (a,d), z1 # o,
f(z) is uniformly Lipschitz n in a neighborhood of z;.

Let a < n be a non-integer. The function f(z) is Lipschitz a at zo if and only
if there ezists a constant A such that at each modulus mazima at (s,z) in the cone
|z — zo] £ Cs

[Wf(s,z)| < As®. (5.10)

O
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Sharp variations of real signals are often not singularities such as a Dirac or a step
function, but are rather their smoothed versions. In such cases it is usually important
to estimate how smooth are these transitions. As suggested by Mallat et al. in [28],
a smooth transition can be modeled as a singular function u(z) convolved with a

Gaussian of variance o2,

f(z) = u*go(z), (5.11)

where !
32
ga(x) = \/2_1('0'8—20 . (5.12)

If u(z) has a singularity at zo of Lipschitz exponent ap, then f(z) has a sharp variation

in a neighborhood of zo and that variation is characterized by ap as well as o which
indicates its smoothness. For a wavelet which is the first derivative of a smoothing
function, the evolution of wavelet modulus maxima as the scale tends to zero can be

well approximated by
|W f(s,z)| =~ Kss3*~?, (5.13)

where so = v/s2 4+ 02 [28]. Therefore, the decay of wavelet modulus maxima provides
information on the underlying singularity as well as the Gaussian smoothing.
With this we end the overview of results on singularity characterization from

wavelet transform modulus maxima. For more detail the reader is referred to [26].

5.3 Wavelet Modulus Maxima and Wavelet Zero-

Crossings Representations

5.3.1 The Concept and Its Applicability

Evaluating the wavelet transform across a continuum of scales is computationally
expensive and certainly unnecessary for many singularity based applications. Due to
the convenience from its filter bank implementation the wavelet transform is usually
computed at dyadic scales s = 27, j € N. The wavelet modulus maxima representa-

tion [26, 28] of a signal f(z) is obtained by sampling the dyadic wavelet transform
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{Wf(2/,z)};en at the local maxima of |W f(27,z)|, which captures information.on
its singularities or transient behaviors. This irregular sampling also overcomes the
problem of the lack of shift invariance, which is one of the major drawbacks of wavelet
series expansions which is lack of shift invariance. The wavelet zero-crossings repre-
sentation [25] is obtained by recording zero-crossing positions of the dyadic wavelet
transform and the integral values of {W f(27,z)};en between consecutive pairs of
zero-crossings. We saw earlier in this chapter that for a wavelet which is the second
derivative of a smoothing function the zero-crossings of the wavelet transform cor-
respond to signal inflection points. However, the zero-crossings themselves do not
provide a stable characterization of the signal! [25] and the purpose of supplementing
the information of multiscale zero-crossings with the integral values is to make the
representation stable.

The concept of the wavelet modulus maxima and the wavelet zero-crossings rep-
resentations is not only convenient for formulating some classical signal processing
and computer vision problems, such as signal characterization from zero-crossings
or multiscale edges and multiscale edge detection, but is also a powerful framework
for studying these problems. An immediate benefit of the wavelet formalism is a
systematic filter design procedure for multiscale schemes using iterated two chan-
nel filter banks, in the manner described in Section 3.5.1. Furthermore, the filter
bank approach was also useful for a fast digital implementation of the underlying
continuous time wavelet transform. An important issue related to multiscale edges
or zero-crossings is to investigate whether they provide a unique characterization of
signals and whether this characterization is stable. The wavelet formalism facilitated
the design of novel efficient algorithms for signal reconstruction from multiscale edges
or zero-crossings (25, 28, 4, 9] which was partly a result of attempts to experimentally
assess the uniqueness and stability of the representations. Although experiments in
reconstruction from wavelet modulus maxima and wavelet zero-crossings represen-

tations yielded very good results, it was demonstrated by Meyer [30] and Berman

1By stable we mean that a small perturbation of the representation cannot correspond to an
arbitrarily large perturbation of the signal itself.
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[4] that these representations in general do not provide a unique characterization of
signals. Nonetheless, an answer of a relatively broad scope to the uniqueness problem
has been reached. Furthermore, Berman has also proved certain stability properties
of the representations [4].?

The wavelet modulus maxima representation was incorporated into novel schemes
for signal denoising and compression. Both schemes were developed by Mallat, et
al. [26, 28]. The signal denoising algorithm is based on analyzing the propagation
across the scales of wavelet transform modulus maxima of a signal degraded by an
additive white noise. This enables the discrimination of the modulus maxima corre-
sponding to important signal structures from the maxima produced by the noise. The
denoising then amounts to selecting signal related maxima and reconstructing from
the partial wavelet modulus maxima representation. The details of the algorithm, as
well as the experimental results demonstrating its effectiveness are given in [26]. The
compression scheme is based on a similar idea. Data reduction is achieved by repre-
senting signals using partial wavelet modulus maxima representations. Compression
factors of this scheme reported by Mallat et al. [28] were around 30 for 256 x 256
images without significant image degradation. The wavelet modulus maxima image
compression scheme is actually a perceptual coding algorithm since it basically pre-
serves information on edges and other sharp variations which are perceptually the
most important image characteristics.

For both of these applications it is essential to have an effective and reliable re-
construction algorithm. In the following subsections we study the wavelet modulus
maxima and the wavelet zero-crossings representations in the context of convex repre-
sentations in £2(Z), which is a model space for digital implementation. One appealing
property of convex representations is that the reconstruction problem can be at least
theoretically easily solved using alternating projections onto convex sets. It turns out
that in the case these two presentations this method yields simple and efficient recon- -

struction algorithms. Wavelet modulus maxima representation as discussed above is

Note that Berman considers wavelet extrema and wavelet zero-crossings representations in R™,
and his results pertain to this space.
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not a convex representation, and therefore we consider wavelet extrema representation

as its convex modification.

5.3.2 Discrete-Time Wavelet Extrema and Wavelet Zero-

Crossings Representations

The wavelet transform for the wavelet modulus maxima or zero-crossings based
schemes is implemented using an octave band analysis nonsubsampled filter bank,
as discussed in Section 3.5.2 and shown also in Figure 5.2a. Such an analysis FIR
filter bank is a bounded linear operator W : £2(Z) — £2(I), I = {1,2,...,J + 1} x Z,
and is called the discrete dyadic wavelet transform. In this chapter we shall refer to
the discrete dyadic wavelet transform as the wavelet transform. The operator W is
an ensemble of J + 1 linear operators W; : £2(Z) — £3(Z), j = 1,2,...,J + 1. The

operators W; are convolution operators with filters

Vi(2) = Hi(2),
‘/2(2) = Ho(Z)Hl(Zz),

VJ(Z) = HO(Z) .o HO(Z2J’2)H1(22~’—1),
Vig1(2) = Ho(2) - - Ho(22")Ho(22"™),

respectively. In the following, signals in ¢*(Z) will be denoted by lower case letters,
f, g,... and their wavelet transforms by the corresponding upper case letters, F' =
Wf, G = Wg,.... Any vector F in £*(I) will represent a (J + 1)-tuple of vectors
in £2(Z), F = (F*, F?,...,F7*), so the jth component of W f will be denoted by
W;f = Fi.

In Section 3.5.2, we demonstrated that if a discrete-time signal f [n] at the input
of this filter bank is obtained by sampling a continuous time signal fc(z) prefiltered
with an appropriate scaling function, then the sequences at the output of the filter
bank are samples of the continuous-time wavelet transform of f.(z). In practice,
the discrete-time version of a continuous-time signal is usually obtained by sampling

the signal prefiltered by a low-pass filter which needs not be the required scaling
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Figure 5.2: The discrete dyadic wavelet transform. a) Implementation of the W op-
erator; b) Implementation of an inverse of W; c) Implementation of the W* operator.
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function. However, if the scaling function is a reasonable low-pass filter, which is
usually the case, the two methods of discretizations give approximately equal results.
This illustrates a case where overcomplete expansions, implemented as nonsubsam-
pled filter banks, are essential in providing a close approximation to continuous-time
filtering. Redundancy is exploited here for improving the accuracy of signal analysis
with respect to possible implementation based on critically sampled filter banks.
The definitions of the wavelet extrema and zero-crossings representations adopted
here are essentially those introduced by Berman et al. [4]. Let M, and M; denote
the operators which give the locations of local maxima and minima of a signal, re-

spectively,

M.f ={k: f(k+1) < f(k), f(k—1) < f(k)}, (5.14)

Mif = {k: f(k+1) > f(k), f(k—1)> f(K)}, (5.15)

and M be the operator extracting signal values at its local extrema points
Mf = {f(k)a ke Maf U sz} . (516)

According to this notation, the wavelet extrema representation of a signal f is defined

as

E.f = {M,W;f,M\W,f,MW;f, j=1,...,J +1}, (5.17)

meaning that E.f consists of the indices of local extrema of W; f and the values of
W, f at these points, for all scales j =1,2,...,J + 1.

The wavelet extrema representation contains information on both wavelet trans-
form modulus maxima and minima. This does not necessarily lead to a significant
increase in the number of points to be considered with respect to the V\;a.velet modulus
maxima representation as would appear at first. It turns out that most of the wavelet
transform local extrema are actually modulus maxima (there are examples of signals
for which the wavelet extrema and modulus maxima representations are the same).
In experiments performed on lines from images and on randomly generated signals

we observed that taking the modulus maxima instead of all local extrema reduces
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the total number of points by only about 10%. Another example of a convex mod-
ification of the original modulus maxima scheme is a representation which includes
information on positions of local modulus minima without coding their values. Also,
either the whole low-pass signal Wy, f or only its local extrema could be kept for
this representation. For the sake of conciseness we will adhere to the definition (5.17)
since most of the results apply to the other cases as well.

The definition of wavelet zero-crossings representation requires the introduction
of two more operators. Let Z denote the operator which provides information on the

zero-crossing locations of a sequence,

Zf={k: f(k)- f(k-1) < 0}. (5.18)

and let S be the operator which gives the integral values (the sum of points) between
all pairs of consecutive zero-crossings of some sequence. If the total number of zero-
crossings of f is denoted by |Z f|, and its kth zero-crossing by zi, the S operator is
defined as

Sf= {Sf(k):Sf(k) -5 6), k= 1,...,]Zf|+1}. (5.19)

J=2k—1

It is assumed here that the points —oo and +oco are also zero-crossings, denoted by
20 and 2zy|41, respectively. In order to ensure that Sf(1) and Sf(|Zf| + 1) are
finite, we shall require that the signal f be integrable, that is f € £!(Z). Therefore,
the following definition of wavelet zero-crossings representation is valid for signals

in £(Z) (this is usually the case in practice, where signals with sufficient decay are

encountered):
E.f ={ZW;f,SW;f, j=1,...,J +1}. (5.20)

In words, the zero-crossings representation, E, f, consists of the indices of the zero-
crossings of W;f and the integral values of W;f between consecutive zero-crossings,
across all scales y =1,2,...,J + 1.

It is worthwhile to point out the mutual relationship between wavelet extrema

and wavelet zero-crossings representations. Consider the extrema representation R, f
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of some signal f € £2(Z),
Ref = {Mafa Mifa Mf} (521)

and the zero-crossings representation R,Af of its difference Af,

Af(n) = f(n +1) - f(n), (5.22)

defined as
R.Af = {ZAf,SAf). (5.23)
According to the definitions of local extrema and zero-crossings, (5.14), (5.15), (5.18),

the local extrema of f coincide with the zero-crossings of A f:
M, fUM;f =ZAf. (5.24)

In addition to the equivalence between M,f U M;f and ZAf, Mf and SAf also
provide equivalent information on the signal f. With z; denoting the index (location)
of the kth zero-crossing of Af, k = 1,2, ...,|ZAf|, the following relations can be easily

proven:

Mf = {f(21), f(z2),. .-, f(z1za0)}» (5.25)
SAf = {(f(zl) = f(=00)),(f(22) = f(21)) s - (f(+°°) - f(Z|ZAf|))} . (5.26)

Since in most practical cases f(—oo) = 0 and f(+o0) = 0, information contained
in Mf and SAf are equivalent, i.e. one uniquely determines the other. We can now
state the relation between the two representations which is an immediate consequence

of equalities (5.24), (5.25), (5.26), and the commutativity of the A and W; operators.

Proposition 11 For signals in ¢2(Z), the wavelet extrema representation and the
wavelet zero-crossings representation of the signal’s first difference (5.22) provide an
equivalent characterizations of the signal. Consider an arbitrary signal f € £*(Z) and
its difference Af. Any signal in the reconstruction set of Af, from its wavelet zero-
crossings representation, is the first difference of some signal in the reconstruction
set of f, from its wavelet extrema representation. Conversely, the first difference of
any signal in the reconstruction set of f, from its wavelet exirema representation, is

in the reconstruction set of Af, from its wavelet zero-crossings representation. O
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5.3.3 Filter Design

Besides giving samples of the continuous wavelet transform at a considerably
denser grid than critically sampled filter banks, another important advantage of non-
subsampled filter banks in this application is that they allow for design specifications
which cannot be attained with critically sampled filter banks. This is demonstrated |
in this section. First, we review perfect reconstruction conditions on the filter banks
for the discrete dyadic wavelet transform.

Although the purpose of the wavelet transform here is to obtain information on
signal singularities, it is important that the W operator is invertible, or that the
analysis filter bank allows for a stable perfect reconstruction of the input signal, since
that means that during the analysis we do not lose any information of the signal.
For perfect reconstruction from the discrete dyadic wavelet transform, W f based on
prototype filters Ho(z) and H,(z), it is necessary and sufficient that there exist two
filters Go(2) and G,(z) satisfying

Ho(2)Go(z) + Hi(2)Gu(z) = 1. (5.27)

The inverse of the wavelet transform operator, W1, can be implemented by the
filter bank shown in Figure 5.2b, which will be referred to as the non-subsampled
synthesis octave band filter bank. A stable reconstruction is possible if and only
if the filters Ho(z) and H;(z) do not have common zeros on the unit circle. For
the reconstruction scheme using only FIR filters following FIR analysis, the perfect
reconstruction condition (5.27) is equivalent to the constraint that Hp(z) and H,;(z)
have no common zeros. These results also follow immediately from the more general
considerations in Chapter 3. Recall that the synthesis filters Go(z) and G;(z), and
therefore the inverse wavelet transform operator W1, are not unique. An obvious

solution for the reconstruction operator W~ is represented by Figure 5.2c, where

V(z) is
V(z) = Vi(2)W(z7") + Va(2)Valz™") + oo + Vi (2) Vi (z71). (5-28)

It amounts to filtering the octave band components W, f, Wof, ... , Wi f by
Ui(2) = Vi(2)/V(2), Uz(2) = Va(2)/V(2), ... Uss1(2) = Vi41(2)/V(2) respectively,
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and adding the resulting sequences. This inverse is the Hilbert adjoint of the dual
of W, and will be denoted by W*. In applications of wavelet modulus maxima
representation, signals are usually reconstructed from a partial information of their
wavelet transform. In such cases it is important to use W* as an inverse of W since
it reduces the error, whereas some other inverses can produce the opposite effect.
Also, the algorithms for signal reconstruction from wavelet extrema or wavelet zero-
crossings representations use iteratively the orthogonal projection operator onto the
range of the wavelet transform, Py = WW?*. For these reasons, it is desirable to deal
with filter banks for which the corresponding W* operator has an FIR implementa-
tion, which turns out to be possible if and only if V(z) = 1. From the considerations
in Chapter 3 it follows that W* can be implemented using FIR filters if and only if

Hy(z) and H,(z) are power complementary,
Ho(2)Ho(27") + Hi(2)Hi(27") = 1, (5.29)

(see also [9]). In many signal processing tasks linear phase filters are desirable. How-
ever, the power complementary condition (5.29) excludes the possibility of non-trivial
linear phase FIR designs [47]. If linear phase filters are to be used then it is important
to use the synthesis filters Go(2) and Gi(z) which closely approximate Hp(z~!) and
Hy(z71Y).

Another relevant feature of the wavelet transform extrema and zero-crossings
schemes is the flatness of filters at zero and at half the sampling frequency. It is
related to the number of vanishing moments and to the regularity of the wavelet used
in the signal analysis implemented by the filter bank. We say that a filter H(e™)
has flatness n at frequency wp if dH(e’)/dw has a zero of multiplicity n at wp. If
the multiplicity of the zero of Hy(z) at z = —1 is Np, then Hy(2) has flatness Ny — 1
at w = m. The regularity of the wavelet depends on the flatness of the low-pass
filter Ho(z) at z = —1. Roughly speaking, highly regular wavelets are obtained from
filters with maximum number of zeros at z = —1. On the other hand, the number of
vanishing moments of the wavelet is given by the multiplicity of the zero at z =1 in
the high-pass filter H;(z). In applications which are described in this chapter, we are

interested in detecting discontinuities and sharp variations with Lipschitz exponents
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smaller than 1. For that purpose, it is sufficient to use a wavelet with a single vanish-
ing moment, that is a wavelet which is the first derivative of a smoothing function.
If we want to relate sharp variations in the signal to zero-crossings of its wavelet
transform then the wavelet should have two vanishing moments, i.e. it should be
the second derivative of a smoothing function. Also, for detection and characteriza-
tion of singularities with Lipschitz regularities smaller than 1, it is sufficient that the °
wavelet used is once continuously differentiable. However, in order to obtain clearer
description and to facilitate detection of important singularities, it is advantageous
that the wavelet does not have more vanishing moments than necessary, and that it
is highly regular at the same time. These two requirements are contradictory in the
case of wavelets derived from orthogonal (critically sampled) filter banks. However,
this is not the case with wavelets derived from nonsubsampled filter banks. This is
demonstrated below.

Consider a pair of filters, Ho(z) and H,(z), satisfying the following conditions:
Ho(2)Ho(z™") + Hi(2)Hi(7') =1, Ho(-1)=0, H(1)=0. (5.30)

If the multiplicity of the zero of Hy(z) at z = —1 is Ny and the multiplicity of the zero
of Hy(z) at z = 1 is N;, then the filters have flatness Np — 1 at w = 7 and flatness
Ny — 1 at w = 0. The issue is here to investigate how large Ny can be given N; and

the length of the filters, L. The following proposition holds.

Proposition 12 For a pair of filters Ho(z) and Hy(2) of length L, satisfying (5.30),
let No be the multiplicity of the zero of Ho(z) at w = 7, and N, be the multiplicity of
the zero of H1(z) at w = 0. It is possible to design Ho(z) and Hy(z) for any pair of
No and Ny suchthat 1< No<L, 1<N <L, and No+ N, <L. ]

A constructive proof of the above proposition is given in Appendix 5.6.1. The low-

pass filter of the maximally flat pair, the case when Ny + N; = L, is obtained as a

Ho(2)Ho(z™") = P ((1 K ") (1 ‘;—1)) , (5.31)

spectral factor of
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where P(y) is given by (see Appendix 5.6.1)

L-1-Np -
P(y)=(1-y)* ( ) ( Noti-1 ) y’) : (5.32)

=0 l

The high-pass filter H,(z) is obtained from the factorization

Hy(2)Hi(z") =1 —P((l’;) (1 ‘;-1)). (5.33)

The regularity of wavelets derived from these filters can be estimated using Daube-

chies’ criterion {10, 11]. According to this criterion, a wavelet derived from a filter
bank with the low-pass filter

Ho(e?) = (1 +2ejw)N° Rw), (5.34)

is r times continuously differentiable if
B = sup,¢0.2n R(w)| < 2%, (5.35)

For the maximally flat power complementary filter design, No + N; = L,

B = sup,¢j0,11v/ @), (5.36)

where Q(y) is the polynomial 'deﬁned in (5.50), while its coefficients are given by
(5.52) (see the proof of Proposition 12 in Appendix 5.6.1). The case of N; = 1,
corresponds to wavelets with a single vanishing moment, Q(y) =1and Ny =L -1,
implying that the derived wavelet is at least L — 3 times continuously differentiable.
This also follows from the theory of B-splines, since the function ¢(z) in (3.43) in this
case is a B-spline. Wavelets with two vanishing moments are obtained from filters
with N; = 2. In this case, the low-pass filter has all but one of its zeros at w = m, and
therefore from (5.50) and (5.52) it follows that No = L —2, while Q(y) = 14 (L —2)y.
Consequently B = /L — 1 and Daubechies’ criterion immediately proves that the
derived wavelet is at least L — 3 — ;log, L times continuously differentiable. Note
that wavelets with a single or two vanishing moments generated from orthogonal filter

banks cannot have such a high regularity. The reason is that in the orthogonal design
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the multiplicity of the zero of the low-pass filter at z = —1 has to be equal to the
multiplicity of the zero of the high-pass filter at z = 1, so that the requirements for
a small number of vanishing moments and a high regularity are contradictory.

To achieve a sufficient regularity, the low-pass filter Ho(z) does not necessarily
have to be maximally flat at w = w. This brings additional freedom which can be
used to meet other design specifications. We illustrate this point by the following -

design example.
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Figure 5.3: Magnitude responses of power complementary filters for generating
wavelets with two vanishing moments. The length of the filters is L = 9 and the
high-pass filters have a zero of multiplicity Ny =2 at z = 1 in all cases. a) Maximally

flat filters: low-pass filter has No = 7 zeros at z = —1. b) Power complementary pair:
low-pass filter with No = 6 zeros at z = —1. c) Power complementary pair: low-pass
filter with No = 5 zeros at z = —1. d) Power complementary pair: low-pass filter
with No = 4 zeros at z = —1.

Example 5 Figure 5.3 shows magnitude responses of several power complementary
filters for generating wavelets with two vanishing moments. All filters are of length
L = 9 and differ in the multiplicity of the zero of the low-pass filter at w = m.
The mazimally flat pair is shown in Figure 5.8a. The design flexibility obtained by

relazing the mazimally flat constraint can be used for attaining different bandwidths,
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Figure 5.4: Wavelets derived from the filters represented in Figure 5.3. Wavelets
in figures a, b, c and d are derived from filters in figures 5.3a, 5.3b, 5.3c and 5.3d,
respectively.

as illustrated by the three other ezamples in the same figure. Figure 5.4 shows wavelets
which are derived from these filters, in the manner described by equations (3.43) and
(8.44). The coefficients of these filters are given in Table 1. o

5.3.4 Consistent Reconstruction

The wavelet extrema and zero-crossings representations of a signal define a num-
ber of convex constraints which the signal obeys. In general, an infinite number of
signals satisfy the same set of constraints. The set of all such signals is called the
reconstruction set. A consistent reconstruction strategy, which is our goal, means
finding a signal in the reconstruction set since it satisfies all of the constraints and
can not be distinguished from the original based on the representation. This notion
is also important when quantization of extrema values (or integral values between
zero-crossings) is used, as would be the case in coding. Recall that we used the no-
tions of reconstruction set and consistent reconstruction with the same meaning in
the context of quantization of overcomplete expansions in Chapter 4.

The reconstruction procedures described here actually recover the wavelet trans-
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-0.01883383

0.22376086
-0.53553401
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0.05794996
-0.14190924
-0.04590050
0.03319186
0.02348454
0.00422792
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0.04095616
10.21295453
0.42509906
0.37209430
0.07046279
-0.04396930
-0.04396930
0.01192523
0.00745127

0.01495479
0.09754126
0.26405461
0.37342961
0.27343750
-0.04530460
-0.04530460
-0.03504126
-0.00714229

0.18430940
0.53853041
0.41251639
-0.07678751
-0.10938868
0.00941692
0.00941692
-0.01515299
0.00314598

0.10430306
0.40558545
0.51532830
0.13439669
-0.16366452
0.05310331
0.05310331
0.00659616
-0.00907015

Table 5.1: Coefficients of the power complementary filters whose magnitude responses
are plotted in Figure 5.3. The high-pass filter, H,(z), has a zero of multiplicity 2 at
z = 1. a) Maximally flat filters. b) Low-pass filter, Ho(z), with No = 6 zeros at
z = —1. c) Low-pass filter, Hy(z), with No = 5 zeros at z = —1. d) Low-pass filter,
Hy(z), with Ny = 4 zeros at z = —1.
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form F, = W, of a signal f, in the reconstruction set, which is then itself obtained
using the inverse wavelet transform. The closure of the image of the reconstruction set

of an f, ®¢(F)3, under the wavelet transform can be represented as the intersection

®:(F)=VNEN (ﬂc,-,,-) (5.37)

of the following sets:

e V - the range of the wavelet transform

V = {G: G = Wg for some g € £*(Z)}; (5.38)

o & - the set of all G € ¢£3(I), such that G'(k) = F'(k) for all k¥ which are local

extrema of F*, across all the scales i = 1,2, ...,J + 1;

¢ C;; - the set determined by the requirement that the component G' of G €
®:(F) has to be nonincreasing/nondecreasing at the point j if F* is decreas-
ing/increasing at the same point. Note that the sets C;; are associated only

to those points where F is strictly increasing or decreasing, i.e. only for those
indices (7, j) such that F*(j) # Fi(j +1).

Obviously, V is a subspace of £2(I) and £ and C; ;’s are closed convex sets, therefore
alternating projections [55] of any initial point Fp € £3(I) onto V, £ and all the C; ;s

will converge to a point in their intersection, ®(F).

The projection G¢ of some G onto £ is obtained by assigning extrema values of

F to the corresponding points of G (see Figure 5.5):

. Fi(k), k is an extremum of F
i(k) = { %) (5.39)

Gi(k), otherwise

The projection, G, ;, of some G € £*(I) onto C;; is equal to G, except possibly at
the points j and j + 1 of G*, if the monotonicity condition imposed by the set C; ; is

3Recall that F denotes W f.
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violated. In that case

Géid(k)={ L (GG)+GG+1) k=dj+1

. , (5.40)
G'(k) otherwise

as illustrated by Figure 5.5¢c.

Hence, finding successive projections of some G onto £ and all C;;’s consists of
assigning the arithmetic mean to the pairs of points of G which do not obey the re-
quired monotonicity, and assigning the local extrema values of F at the corresponding
points. This requires O(JN) additions and O(JN) divisions by two for a length N
signal. If the conditions for an FIR imple;nentation of Py are met, the numerical
complexity of the Py operator is O(JLN) additions and O(JLN) multiplications,
where L is the filters’ length.

In the wavelet zero-crossings case, the image of the reconstruction set of f under

the W operator is the intersection

®(F)=VvNUN (ﬂz ,,) (5.41)
where U and Z; ; are defined as the following:

e U - the set of all sequences G € £2(I) such that for all scales i = 1,...,J + 1, F*
and G* have the same integral values between any two adjacent zero-crossings

of F'. If z} denotes the kth zero-crossing of F*, then U can be written as:

z,‘—l zk—l
G:Gel(l), 3 G(G)= X F(j)
u = J_zk—l J_zk-l ’ (542)

k=1,2,.,|ZF|+1,i=1,2,...,J +1

o Z;; - the set of all sequences G € £*(I) such that G' has the same sign as F*
at point j. The Z;; sets are defined only for the nonzero points of F, only for
those indices (4, j) satisfying F*(j) # 0.

Since the sets Z; ; and U are also closed and convex, a point in the reconstruction

set ®¢(F) can be reached as the limit of a sequence of alternating projections of an
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Figure 5.5: Reconstruction from the wavelet extrema representation: implementation
of projection operators. a) A segment of the extrema representation of the sequence
F with the local maximum and minimum occurring at the points lp.; and lnin,
respectively. b) A segment of the signal G* (bold dots) and its projection onto € is
obtained by assigning to it values of F* at the points which are local extrema of F*
(crosses represent the new values of the altered points). c) Projection of G* onto £
is now represented by the bold dots. It is increasing at the point j, and therefore is
not in C;;. The projection is obtained by assigning to the points j and j + 1 their

arithmetic mean.
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arbitrary starting point Fy € £2(I) onto V, U and all Z;;’s. The projection Gz,, of
any vector G € £2(I) onto Z;;, is obtained by assigning a zero value to the point j of
G' if F' and G* don’t have the same sign at that point, as shown in Figure 5.6a and
Figure 5.6b. The projection operator onto  operates on some G in the following way.
For each sequence G, we consider every interval between consecutive zero-crossings
of the corresponding F*. To each point of an interval we add the average difference
of G' and F* on that interval (see Figure 5.6c). Thus the projection Gy of a G onto
U is given by

Gt =GR+ = 3 (F)- 6L,
e (5.43)

Z_ <k<zi,n=1,.,|ZF|+1,i=1,.,J +1

Therefore, G, has the same integra.l'valﬁes as F on each interval between consecutive
zero-crossing points of F.

This algorithm actually iterates alternatingly between the operator Py, the projec-
tion operator onto I, Py, and the projection operator onto Z, Pz, where Z is the set
of all vectors in £2(I) which have the prespecified zero-crossings. A similar algorithm
for consistent reconstruction from wavelet transform zero-crossings is proposed by
Mallat [25]. Mallat’s algorithm iterates between Py and the projection operator onto
I' =UNZ, Pr. Numerical complexity of Pr is O(JNlogN) additions and O(JN) di-
visions by integers. On the other hand the composition of Pz and Py requires O(JN)
additions and O(J N) divisions by integers and reduced number of loops with respect
to Pr. It may appear that the algorithm described here has a slower convergence
since the constraints in I" are split between & and Z, and successive projections onto
U and Z in general do not yield projection onto I'. However, the situation is not so
simple. It is possible to come up with examples where such splitting strategy can
even improve speed of convergence or give exactly the same results at a reduced cost
of implementation. For instance, if we start the reconstruction with a point inside I’
and the reconstructed signals stayed in Z throughout the reconstruction procedure,

the two algorithms would give the same result. Experiments showed that during the
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Figure 5.6: Reconstruction from the wavelet zero-crossings representation: implemen-
tation of the projection operators. a) A segment of the zero-crossings representation
of F* with zero crossings occurring at the points z} and zj,,; b) A segment of the
sequence G*, represented by the bold dots. Its projection onto each Z;; is obtained
by assigning zero values to those points which do not have the required sign. c) The
projection of G* onto Z;; is represented by the dots. Its projection onto U is found
by adding the same value to each point of a segment between zero crossings of F*, so
that the required integral values are achieved.
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reconstruction process all intermediate solutions are very close to Z, if not inside it,
and hence that the composition of operators Py and Pz yields points close to those
obtained by the Pr operator. In most cases we observed that the reconstructed signals
obtained by Mallat’s and the new algorithm, starting at a same point, were very close
and differed in the reconstruction error typically by less than 0.1dB in each iteration.
It is important to note that with each iteration of the reconstruction algorithms the
distance between the original signal and its estimate is decreased, which is a conse-
quence of the fact that projectors onto convex sets are non-expansive operators. For
alternative algorithms for consistent reconstruction, based on the gradient descent
algorithm, the reader is referred to work by Berman et al. [4].

Extension of the wavelet modulus maxima representation framework to two-di-
mensional signals and its applications in image processing are considered by Mallat,
et al. in [26, 28]. We introduce wavelet zero-crossings representation of images as a
multiscale edge representation. An advantage of the wavelet zero-crossings represen-
tation over the wavelet modulus maxima representation is its convexity which makes
consistent reconstruction simple.

The discrete wavelet transform operator of two-dimensional signals for wavelet
modulus maxima [26, 28] and wavelet zero-crossings representations is the linear
operator W : £2(2?) — £2({1,2,...,2J +1} x Z2) consisting of 2J+1 linear operators
W,;: (2% = (2% i=1,2j=12,...,J and Wyy, : £2(Z%) - *(Z*). The

operators W, ;, W, ; and Wy, denote, respectively, separable filtering with the filters

V(22 2,) = Ho(z) Ho(2,) -+ Ho(22 ™) Ho(z} ~ ) Ha(22),
Va,i(2er2y) = Ho(2:)Ho(z,) - -+ Ho(z2 ™ ) Ho(z3 ™ ) Ha(2})), (5.44)
Vit1(2z, 2y) = Ho(2z)Ho(zy) e Hﬂ(zazcj)HO(z:J)-

Defined this way, the wavelet transform operator W can be implemented using
the filter bank based on the prototype filters Ho(z) and Hy(2) as shown in Figure
5.7a. Perfect reconstruction is possible provided that there exist two filters Go(z)
and G,(z) satisfying (5.27). An inverse operator W~! implemented again as a filter
bank, based on the filters Go(z), G1(z) and L(2) = (1 + Ho(2)Go(2)), is illustrated
by Figure 5.7b. For the analysis filters of which Ho(2) is low-pass and H;(z) has
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exactly two zeros at 2z = 1, zero-crossings of W, ; f and W, ; f are related to the sharp
variations of f along  and y coordinates, respectively. This explains the reason for
using this particular type of wavelet transform. For the details on this issue the reader
is referred to the work by Mallat and Zhong [28].

The wavelet zero-crossings representation of a two-dimensional signal will be de-
fined again using two operators, denoted as in the one-dimensional case by Z and 'S,

with similar meaning. The zero-crossing operator Z in £2(Z?) is defined as
Z2f ={(k,0): f(k,)f(k = 1,1) <0 or f(k,l)f(k,l—1) < 0}. (5.45)

Zero-crossings of a two-dimensional signal define a number of connected areas of
points sharing the same sign, which will henceforth be referred to simply as areas.
The S operator provides information on integral values (the sum of points) of the

signal in each of these areas:

Sf = { Sf(k): the sum of points inside the area k, } . (5.46)

k=1,2,..., number of areas

Note that according to the definition (5.45) of zero-crossings, all the points of f,
where f assumes zero value, are declared as zero-crossings. In implementation these
points can be associated with any of the contiguous areas. Analogous to the definition
(5.20) in £%(Z), the wavelet zero-crossings representation for two-dimensional signals

is defined as
E.f= {ZI’V,',jf,SVVi,jf, i=125=1,...,J+1, ZWJ+lfasWJ+1f}- (547)

The reconstruction algorithm from this wavelet zero-crossings representation of a
two-dimensional signal, is a straightforward extension of the reconstruction algorithm
in the case of one-dimensional signals, and details are not given here. However, it
can be shown that for the wavelet transform of a two-dimensional signal as defined in
(5.44), the operator for orthogonal projection onto the range of the wavelet transform
can not have an FIR implementation. For experimentation we use a WW ™! which
has an FIR implementation. The FIR synthesis filters Go(z) and Gy(z) are not
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Figure 5.7: The wavelet transform used in the two-dimensional wavelet zero-crossings
representation. a) Filter bank implementation of the two-dimensional wavelet trans-
form operator W; b) Filter bank implementation of an inverse of the two dimensional
wavelet transform operator.
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unique and should be designed with caution, because some choices may even lead to
divergence of the reconstruction algorithm. For instance, a pair of FIR synthesis filters
Go(z) and Gy(2) which satisfy the perfect reconstruction condition can be obtained
from Hy(z) and H,(z) using Euclid’s algorithm which gives a high-pass filter Go(z)
and a low-pass filter G(2) for Ho(z) and Hy(z) which are low-paés and high-pass,
respectively. Such synthesis filters are certainly a bad choices and in this case we
observe divergence of the reconstruction algorithm. The design of synthesis filters
which would ensure convergence of the reconstruction algorithm in the case when W-!
is not implemented as the Hilbert adjoint of the dual of W is still an open problem.
In experiments with power complementary filters Ho(2) and H;(z) the reconstruction
algorithm always converges for Go(z) = Ho(z7!) and Gy(z) = Hy(z7!). Also, we
observe the convergence and very good reconstruction results for Go(z) and G;(z)
whose magnitude responses are close to those of Ho(z) and H;(z), respectively. The
numerical complexity of the WW ™! operator is O(JLN?) additions and O(JLN?)
multiplications if it is implemented using FIR filters of length L. The rest of the
operators used in the reconstruction are analogous to their counter-parts in the one-
dimensional case and their numerical complexity is O(JN?). additions and O(JN?)

divisions by integers.

5.4 Experimental Results

Generally, signals cannot be reconstructed with arbitrary high quality from their
wavelet extrema or zero-crossings representation since the representations are non-
unique. It can be shown that for a finite length signal, the closures of the reconstruc-
tion set is the convex hull of finitely many vertices [4]. The size of the reconstruction
set, determined by the distances between these vertices, directly influences the qual-
ity of the reconstructed signal. Each wavelet transform extremum or zero-crossing
represents a linear constraint which defines a hyperplane in the signal space bound-
ing the reconstruction set. It can be expected that signals producing more extrema

(zero-crossings) have reconstruction sets of smaller sizes, and consequently yield bet-
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ter reconstruction results. However, the price paid is the larger number of points
in the representation. Experiments generally confirm this rather heuristic argument.
Signals with higher frequency content, which results in larger number of extrema or
zero-crossings usually have faster convergence and better reconstruction.

The regularity of the wavelet used for the representation plays an important role.
Recall that the dyadic wavelet transform is a sequence of signals fo; = %95 * fe, J =
1,2,..., which are results of filtering a signal f. € L?(R) by dilated versions of
the wavelet 3. Obviously, in generating signals f,;, the signal f. and the dilated
wavelet 1,; play interchangeable roles. Therefore, the extrema or zero-crossings of
the dyadic wavelet transform can result from sharp transitions of either the signal or
the wavelet. If the aim is to suppress those local extrema (zero-crossings) which are
wavelet rather than signal related, it is advisable to use smoother wavelets. How-
ever, more regular wavelets generally produce reduced number of wavelet transform
extrema (zero-crossings), and consequently yield poorer reconstruction results. As an
illustration of the above discussion, Figure 5.8a represents results from reconstruct-
ing randomly generated signals from the wavelet transform zero-crossings for wavelets
with different regularity properties. Experimental results of the reconstruction from
wavelet extrema representation are represented in Figure 5.8b. For a comparison with
the zero-crossings reconstruction, one of the curves from Figure 5.8a is plotted again
on the same graph. Note that in both cases shown in Figure 5.8b, each curve rep-
resents an average for the same set of random signals, and that the total number of
the zero-crossings was on average around 6.5% smaller than the number of extrema.
In the experiments with wavelet transform extrema representation, we used the same
filters as Mallat, et al. for their wavelet modulus maxima scheme [28].

Examples of images reconstructed from the wavelet zero-crossings representation
are shown in Figure 5.9. The size of the originals (the left column) is 256 x 256 pixels,
and the reconstructed images (the right column) are obtained after 10 iterations of
the algorithm. In these experiments the wavelet transform is performed across four
scales and the representation includes the entire signal Wy, f (there is no significant

difference in the reconstruction error with respect to the case when only the zero-
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Figure 5.8: Results from reconstruction of randomly generated one-dimensional sig-
nals. a) SNR of the reconstruction from the wavelet zero-crossings representation for
wavelets with different regularities. Curves on the top, middle and bottom correspond
to wavelets on figures 5.3c, 5.3b and 5.3a respectively. b) SNR of the reconstruction
from the wavelet extrema representation (solid line), and SNR of the.reconstruction
from the wavelet zero-crossings representation for the wavelet in figure 5.3c (dashed
line).
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Figure 5.9: Examples of images reconstructed from the wavelet zero-crossings repre-
sentation. Left column: the originals, 256 x 256 pixels. Right column: reconstructed
images, obtained after 10 iterations of the algorithm. The SNR’s are 36.1dB, 40.3dB
and 33.6dB for “Lenna”, “House” and “Tree” images, respectively.
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Figure 5.10: The “Lenna” image reconstructed from partial wavelet zero-crossings
representation. Bottom left: 256 x 256 original. Bottom right: the image obtained af-
ter 10 iterations of the reconstruction algorithm, with 20.8dB SNR (PSNR is 28.0dB).
Bilevel images: black regions mark selected areas across four scales of the wavelet
transform; the number of selected areas is 5146. Top left, top right, middle left and
middle right images represent scales 1, 2, 3 and 4, respectively.



128

crossings information on Wy, f is uséd). As in the case of one-dimensional signals we
observe that using more regular filters reduces the amount of data to be recorded but
increases the mean-squared reconstruction error. In all experiments with images, we
use linear phase filters: Ho=1[1 2 1], Hy =41 -2 1,Go=¢4[-1 2 6 2 -1]
and Gy =31 2 -6 2 1]

Some modified versions of the original wavelet zero-crossings scheme can be more
convenient. The definition of the two-dimensional wavelet zero-crossings represen-
tation, as introduced in the preceding section, can be generalized in the following
manner. Some of the areas of the same sign can be partitioned into several subareas,
and the information on these subareas, namely the locations and integral values, is
extracted separately. This increases the overhead, but generally decreases distortion
of the representation and may facilitate some signal processing tasks, such as the
selection of important edges. On the other hand, only partial information on the
wavelet transform zero-crossings can be kept, which has the opposite effect on rate-
distortion properties of the scheme. The reconstruction algorithm can be modified in
a straightforward manner to accommodate these variants of the representation.

Figure 5.10 illustrates the reconstruction of an image from the representation
obtained by combining the two modifications. Black regions in the two-level images
represent the subareas which are included in the representation, across four scales of
the wavelet transform. The selected subareas are those with positive integral values
and average intensity above a given threshold. The original (bottom left) is the 256 x
256 image, and the reconstructed signal (bottom right) is obtained after 10 iterations
of the algorithm, with 20.8dB SNR. The number of subareas used in the representation
is 5146. It can be noticed that even with this rather naive selection process, wavelet
zero-crossings representation provides information on important multiscale edges and
yields good reconstruction.

Applications of the wavelet zero-crossings or wavelet modulus maxima schemes
to real coding systems require further research. One of the main issues is to find

- efficient algorithms for selecting the most relevant information contained in modulus

maxima or zero-crossings and also for exploiting their interdependencies across the
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scales for further lossless encoding of the selected information. An advantage of
the wavelet modulus maxima over the zero-crossings scheme is that it discriminates
between different types of singularities and therefore facilitates the selection process.
On the other hand, extracting sign information, which is required for the wavelet zero-
crossings representation, seems to be computationally less intensive than extracting
information on local modulus maxima as proposed in [28]. Also, as we pointed out
earlier, the convexity of the zero-crossings representation makes the reconstruction
from partial information simple and more reliable. Compression results reported by
Mallat and Zhong [28], based on the wavelet modulus maxima representation, were
encouraging and we believe that the full potential of these schemes is still to be

reached.

5.5 Image Interpolation

5.5.1 Traditional Linear Interpolating Schemes

Digital images obtained from data acquisition systems, such as medical or satellite
images, are often required to be magnified for subsequent analysis which involves a
human observer. The magnification problem amounts to estimating unknown pixel
amplitudes from their known neighbors. A straightforward approach would be to
assign an unknown pixel the amplitude of one of its neighbors, a scheme denoted as
pixel replication. A problem with pixel replication are the jaggy line artifacts (see
Figure 5.11). These artifacts can be alleviated if the estimation is based on local
averages. A commonly used technique is the bilinear interpolation, which consists
of linear interpolating between the known pixels along each row or column, followed
by linear interpolating in the perpendicular direction. Various other interpolation
functions based on different local averages are also used, such as bell and bicubic
spline interpolation [20]. These methods though eliminating the artifacts tend to
cause blurring of images, so that they are inevitably linked with the tradeoff between

the interpolation error (artifacts) and the clarity degradation, as illustrated in Figure
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5.11. The image clarity can subsequently be enhanced using a high-pass filtering.
This is commonly used in the printing industry for edge crispening as the so called
unsharp masking technique [20]. Examples of interpolated images enhanced using the
unsharp masking are also illustrated in Figure 5.11.

These local averaging techniques are linear schemes which consist of linear filtering
of an image which has been previously interleaved with zeros. The filter used is a
cascade of a low-pass filter (averaging) and a high-pass filter (unsharp masking). The
linearity implies that the same interpolating function is applied across the image
regardless of the local characteristics. The interpolation algorithm we propose is
a nonlinear locally adaptive scheme. It is based on the wavelet analysis of local
behavior in the image in order to apply appropriate interpolation. Other locally
adaptive methods include modeling of edges, nonlinear filtering for amplification of

the high frequency components [17] or MAP estimation [39].

5.5.2 Locally Adaptive Image Interpolation

The perceptually most important image features are edges and textures. However,
they are of different nature and require different approaches when interpolated. The
algorithm described here is aimed at good rendition of edges only. For the sake of
simplicity the idea is explained in more detail for one-dimensional signals. Images are
treated as a separable extension of the one-dimensional case. Figure 5.12 illustrates
the problem model we use. The available waveform f is considered to be obtained
from the high resoiution signal fo, which we want to recover, by lowpass filtering
followed by downsampling by 2. Let Ho(z) be a lowpass filter and H,(2) be a highpass
filter such that the two filters constitute a two channel perfect reconstruction filter
bank. Let Go(z) and Gi(z) be the corresponding synthesis filters. The filter bank
in this model is arbitrary, but we conjecture that as long as it is reasonable (i.e. a
good lowpass/highpass pair of filters), performance of the algorithm will not depend
strongly on the filter bank. In order to perfectly restore the high resolution signal,
we need to know both its highpass component g, and its lowpass component f;.

However, only f, the downsampled version of f,, is available. A standard approach
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Figure 5.11: Examples of an image magnified 4 times along each of the coordinates
using linear interpolation schemes. a) Original low resolution image, 64 x 64 pixels.
b) Pixel replication. c) Bilinear interpolation. d) Bicubic spline interpolation. e)
Bilinear interpolation followed by unsharp masking. f) Bicubic spline interpolation
followed by unsharp masking.



132

Hy(z) &s Estimator £ G1(z)
Jo N fo
Hy(z) Is U Interpol. Js Go(2)

Figure 5.12: The model for the locally adaptive interpolation algorithm. The available -
low resolution signal f is assumed to be the result of a low-pass filtering followed by
subsampling of the higher resolution signal fo. The algorithm finds an estimate g, of
the high frequency component g, of fo which is then used together with an estimate
f, of the low-frequency component f, for the synthesis of fo.

would be to interpolate f using linear or spline interpolation, possibly followed by
some enhancement algorithm such as highpass filtering to deblur the result. The
algorithm proposed here is based on estimating the high frequency component g,
which is then combined with an estimate of f,, through the synthesis filter bank to
give a reconstructed version of the high resolution signal.

The initial estimate f; of the low frequency component f, can be obtained by ap-
plying any standard interpolation method to f. When estimating the high frequency
component it is certainly not possible to recover the details which are irreversibly lost
by the downsampling. However, the estimate of g, should be based on the informa-
tion on local smoothness of the signal which can be extracted from its low resolution
version. Since this information is reflected in the propagation of local modulus max-
ima in the wavelet transform, the approach to the estimation of g, is to find its local
extrema by analyzing the available signal f.

It can be shown that the discrete dyadic wavelet transform of f is the decimated
version, by factor 2, of the wavelet transform of fy étarting from the scale 22, as shown
in Figure 5.13. Recall that the discrete dyadic wavelet transform of f; isa sampled
version of the continuous wavelet transform at scales 2, 22, 23, ... The high-pass
component g, is the wavelet transform of the high resolution signal at the scale 2.
Thé idea of our algorithm is to extrapolate the wavelet transform of fo at the scale
2 from the subsampled versions of its wavelet transform at scales 22, 23, ... ,2/. The

extrapolation is based on the propagation of local extrema of the wavelet transform
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Figure 5.13: Estimation of the high frequency component g, amounts to extrapo-
lation of the wavelet transform of fy across the scales. The extrapolation is based
on the analysis of the wavelet transform of the low-resolution signal f, which is a
subsampled version of the wavelet transform of the high resolution signal fo at the
scales 2%2,23,24....

of the low resolution signal f across the scales, following the exponential propagation
rule. This enables estimation of the locations and values of important local extrema
‘of g;. The estimate g, is then obtained by interpolating between these extrema using,
for instance, linear or spline interpolation. A higher resolution signal, which is our
final goal, is generated from components f, and §, using the synthesis filter bank (see
Figure 5.12).

The interpolated signal, obtained this way, can be enhanced by recognizing that
the initial estimates f, and g, can be further improved. The enhancement is based

on alternating projections on the sets of convex constraints which f; and §, should
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obey. We can identify the following constraints:

1. The waveforms (f;,§,) must be in the subspace V of I*({1,2} x Z), which is the
space of all pairs of square-summable sequences which can be obtained at the
outputs of the filter bank [Ho(z) Hi(2)] for an excitation in £3(Z).

2. The decimated version (by factor 2) of f, should be equal to f, which is the -

available low resolution signal.

3. The local extrema of g, should reflect sharp variations in fo, i.e. their values

and locations are determined by singularities in fo.

Let V, S, and € be sets in [2({1,2} x Z) denoting, respectively, the sets of points
which satisfy these three constraints. The pair of estimates ( for Js) should belong to
the sets V and &, while projecting it onto £ improves the signal clarity.

The projection operator onto V is discussed in the previous section. Projection of
( fs, Js) onto S amounts to assigning values of f to even samples of f,. The subspace
V and the convex set S are well-defined, but the set £ depends on our knowledge of
the singularities of fp which is based on the analysis of the low resolution signal f, so
there is a certain arbitrariness in its definition.

One approach would be to define £ as the set of all pairs of waveforms ( f,, gs) such
that the locations and amplitudes of local extrema of §, match exactly values assigned
based on the analysis of f. This is an extreme approach, with a certain controversy.
The problem of this approach is that it insists on precisely assigned characteristics of
local extrema of g, which are, on the other hand, known with some uncertainty. There
are the two reasons for systematic errors in the measurements of the local extrema.
The first is that the discrete dyadic wavelet transform represents a sampled version
of the continuous wavelet transform provided that the discrete transform is applied
on the appropriate discrete-time version of the continuous-time signal, as pointed
out in Section 5.3.2. Although a reasonable low-pass filtering followed by sampling
would provide a good approximation of the required discretization, it still produces
some error. The other source of error is the limited time resolution of the discrete

wavelet transform. This is particularly pronounced at the fine scales of the wavelet
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transform where the underlying continuous-time signal can assume a considerable
variation between two points of the discrete wavelet transform. Consequently, the
values of local modulus maxima based on which we determine parameters of the
exponential propagation law, Ks®, and estimate the local extrema of g,, are not
measured accurately. Also, there are always some errors in associating those wavelet
.extrema across the scales which correspond to the same singularity. '

Considering the possible errors in the process of estimating the local extrema
of g,, when enhancing the initial interpolated signal we may abandon any further
constraints on local extrema of the estimates §, and project { f,,_«‘],} alternatingly
onto V and S only. That gives the other extreme approach in defining £. As a
moderation of the two extreme cases, local extrema of g, can be assigned with certain
tolerance in both positions and amplitudes. These constraints can be defined so that
£ is still convex. The algorithm for-signal reconstruction from the wavelet extrema
representation, described in Section 5.3.4, can be easily modified to an algorithm for
projection onto £ in the case when the local extrema are constrained to be in the
tolerance bounds.

Images are treated using a separable extension of the scheme. In general, analyz-
ing two-dimensional signals by treating the two coordinates independently is not an
optimal approach. However, we chose a separable scheme in order to reduce compu-
tational complexity. The discrete time wavelet transform of images for the interpola-
tion algorithm is the one used for the wavelet extrema representation. The filter bank
which implements this transform is shown in Figure 5.7. The wavelet transform of an
image f consists of components {W} ;f};=1,.,s and components {W,,;f};=1,...s which
are generated by processing f, respectively, along rows and along columns. The one-
dimensional extrapolation algorithm is then applied to rows of the W, ; components
and columns of the W, ; components.

The discussion in this section gives only a global idea of the interpolation algo-

rithm. Readers interested in more detail are referred to [6].
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5.5.3 Experimental Results

The experiments confirm the expectation that the moderate approach in con-
straining local extrema of the high-pass component g, gives better results than the
two extreme cases. For the algorithm variant that does not constrain the extrema
of §,, ringing effects tend to occur around the edges. On the other hand, when con-
straining the values to be the initial estimates, the resulting image is of lower quality |
compared to the case when some tolerances are allowed.

The images obtained after 1-2 iterations of the enhancement algorithm are already
acceptable. After 5-10 iterations the images are of good quality and with more itera-
tions they do not change discernibly or some artifacts appear, depending on algorithm
parameters. A direct magnification of four times was also experimented, but the result
was not as good as performing the 2-time magnification algorithm iteratively.

Figure 5.14b shows a 256 x 256 images obtained by performing the interpola-
tion algorithm twice iteratively. For comparison, interpolated images using the bi-
linear or bicubic spline interpolation followed by unsharp masking are shown on
the same figure. The original low-resolution 64 x 64 image is obtained from a
256 x 256 high resolution image by performing twice the process of low-pass fil-
tering and subsampling by 2. The lowpass filter used in obtaining the test image
is a separable filter F(z,,z,) = Fi(2:)Fi(z,), where the impulse response of Fy(z)
is [-1,0,9,16,9,0,—1]/32. The filters for the wavelet transform in this experiment
were

Ho = [0.125,0.375, 0375,0.125],

H, =[-2.0,2.0],

Go = [0.125,0.375,0.375,0.125],

G, = [0.0078125, 0.046875,0.1171875,0.65625,0.1171875, 0.046875, 0.0078125].

This algorithm is still subject to experimental investigation aimed at fine tuning
of the parameters and reduction of the computational complexity. One issue under
investigation is the impact of filter regularity on the performance of the algorithm.
Preliminary results indicate that using more regular filters yields more pleasing re-

sults. Also, as we have already pointed out, regular filters should provide a clearer
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Figure 5.14: Example of a 64 x 64 image magnified 4 times along each of the coordi-
nates using the adaptive algorithm. The available small size image is shown in figure
a), and its magnified version in figure d). For a comparison, images magnified using

bilinear and bicubic spline interpolation followed by the unsharp masking are also
shown in figures b) and c), respectively.
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picture of important local extrema and thus facilitate the estimation of the high fre-
quency component. The tolerances of the constraints on the local extrema of the
high frequency component constitute another set of parameters which require careful
adjustment based on experimental results, since they constitute a tradeoff between
the sharpness of interpolated images and the appearance of undesirable artifacts. As
for the complexity, a considerable computational burden is due to extraction of rel- -
evant local extrema. An efficient algorithm for that purpose is one of the further
directions of this project. We also hope to be able to reduce the complexity based on
experimental results by eliminating calculations which might be shown not to have a

significant influence on the performance of the algorithm.

5.6 Appendix

5.6.1 Proof of Proposition 12

The design procedure described here follows along the same line as the design of
maximally flat orthogonal filter banks [10, 47]. There is a bijective mapping between
the set of FIR autocorrelation functions with real coefficients and the set of polyno-
mials over R which are positive on the interval [0,1). The autocorrelation function
H(z)H(z™!) of a real FIR filter defines a real coefficient polynomial of sin?% on the

unit circle:
H(e™)H(e ) = P (sinz‘%) . (5.48)

On the other hand, any polynomial P(y), positive on [0,1], with y = (1%) (1‘—;-1)

defines an FIR autocorrelation function

P ((1 =) (1 "22-1)) = H)H(Y. (5.49)

According to this, in order to obtain power complementary filters of length L having

flatness of order Ny — 1 at w = 7 and flatness N; — 1 at w = 0, it is sufficient to find

P(y) = (1-y)™Q(y) (5.50)
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such that Q(y) has no zeros at y = 1, and P’'(y), the formal derivative of P(y), has
a zero of multiplicity N; — 1 at y = 0. For the case of maximally flat filters, the

coefficients of the polynomial
L-1-Np
Q)= > av (5.51)

=0

are obtained from the requirement that P'(y) has a (/NV; — 1)th order zero at y = 0
and that P(0) = 1. This gives

No+1-1
q,=( 01 ) 1=0,1,..,L —1— N,. (5.52)

Hy(z) is then obtained from (5.49), while Hy(z) is derived by factoring

1—P((1;z) (1"22_1)) (5.53)

as H,(z)H,(z~'). That this is always possible to do is ensured by the fact that P(y)

has all of its extrema at ¥y = 0 and y = 1, and therefore it is monotonically decreasing

from 1 to 0 on the interval [0, 1], making the expression (5.53) positive on the unit
circle. This gives the class of maximally flat, No + N; = L, power complementary

filters.

For filters which are not maximally flat, No + N; < L, P(y) still has the form
(1-y)™Q(y), and the coefficients g, ! =0,1,..., Ny —1, are determined as in (5.52).
This gives the required flatness of the filters. The rest of coefficients of Q(y) represent
additional degrees of design freedom.

Several design examples are given in Table 2. This table contains coefficients of
the autocorrelation functions of the low-pass filters, for the maximally flat power-
complementary pairs. These filters are designed for several filter lengths, L, and with
different multiplicities, N, of the zero of the high-pass filter at z = 1. For even filter
lengths and N; = L/2, maximally flat power complementary design gives Daubechies’
filters [10].
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LM Ho(2)Ho(=™")
41 1 ?% [1,6,15,20]
41 2 %[-1,0,9,16]
511 4 (1,8,28,56,70]
5| 2 % [-3,-8,12,72,110]
61 1 5% [1, 10,45, 120, 210, 252]
6 2 L [-1,-5,-5,20,70,98]
6| 3 % [3,0,-25,0,150, 256]
71 5z [1,12, 66,220,495, 792, 924]
71 2 54 [—5, —36, —90, —20, 405, 1080, 1428]
71 3 = [5,12, —30, —100, 75, 600, 924]
8| 1 .34 [1,4,91,364,1001, 2002, 3003, 3432]
8| 2 sy [~3, —28, —105, —168, 77, 924, 2079, 2640]
8| 3 5h [15, 70,21, —420, —665, 1050, 4725, 6792]
8| 4 S [—5,0,49,0, —245,0, 1225, 2048]
91 1 st [1, 16, 120, 560, 1820, 4368, 8008, 11440, 12870)
9| 2 sk [~7, —80, —392, —1008, —1092, 1456, 8008, 16016, 19734]
9| 3 sk [21, 144, 280, —336, —2100, —1904, 5544, 18480, 25278]
9| 4 sk [—35, —80, 280, 784, —980, —3920, 1960, 19600, 30318]
10| 1 :11,18,153,816, 3060, 8568, 18564, 31824, 43758, 48620)
10| 2| g [-2,—27,-162, 552, —1080, —756, 2184, 8424, 15444, 18590]
10| 3 51 [7, 63,207, 168, —756, —2268, —1092, 6552, 18018, 23738
10| 4| 5 [—14,-63,18,504,504, —1764, —3528, 3528, 19404, 28358
10] 5 -4 [35,0,—405,0,2268,0, —8820, 0, 39690, 65536]

Table 5.2: The autocorrelation function of various low-pass filters, Ho(z), for power
complementary pairs (Ho(2), Hy(2)) of perfect reconstruction nonsubsampled filter
banks. The autocorrelation functions are given for several filter lengths, L, and with
different multiplicities, Ny, of the zero at z = 1, of the high-pass filters, H,(z). The
autoccorelation functions are symmtric so that only the irst L out of 2L—1 coefficients
are given in the table.
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