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Abstract

We study the following problem: two agents are connected to each
other by independent binary symmetric channels of crossover prob-
abilities p and g. They wish to generate common randomness by
communicating interactively over the two channels. Neither agent has
access to any external random sources, so that any randomness gener-
ated must come from the noise on the two channels. We show that it
is possible to generate common randomness in this situation at a rate
(in bits per step) of R*(p, ¢) = min {h(p) + h(q),2 — h(p) — h(q)}. We
also prove a strong converse which establishes R*(p, ¢) as the common
randomness “capacity” of this pair of channels.
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1 Introduction

There are several situations in which common randomness available at distant
terminals plays a significant role. For example, in identification theory ([2],
(3], [4]), the amount of common randomness available to both transmitter and
receiver essentially determines the maximum achievable identification rate.
Also, in the theory of communication complexity ([7], [9]), it is known that
common randomness available to two communicating agents can significantly
reduce the complexity of computing certain functions. And, in cryptography
(1], (8]), if two agents share a random key about which an eavesdropper has
no information, they can use it to achieve secure communication between
them (through encryption of messages).

For these reasons, Ahlswede and Csiszar ([1]) proposed a systematic study
of the role of common randomness in information theory and cryptography.
In ([1}), they addressed the problem of secret sharing, i.e., generating com-
mon randomness at two terminals without giving information about it to
an eavesdropper. In the “channel-type” model introduced there, the two
terminals are connected by a discrete memoryless channel with one input
and two outputs. One terminal governs the input, while the outputs are
seen by the other terminal and the wiretapper, respectively. There is also
a noiseless public two-way channel of unlimited capacity connecting the two
terminals. Both terminals have access to independent sources of randomness,
to begin with. Ahlswede and Csiszar proved bounds on the maximum rate
at which the two terminals could generate a shared secret key, under various
restrictions on the use of the public channel.

In this paper, we study a different but related problem, viz., of generating
common randomness at two distant terminals that are connected to each
other by independent binary symmetric channels, when neither terminal has
access to any external sources of randomness. The objective is to determine
the maximum rate (in bits per step of communication) at which common
randomness can be extracted from the noise on the two channels. However,
no secrecy constraints are imposed, i.e., the random outputs generated need
not be kept secret from any eavesdroppers. The results proved here are not
implied by those of [1], because both channels here are noisy and constrained
in capacity.

Imagine an agent Alice at one terminal, and an agent Bob at the other.
Let p be the crossover probability of the channel from Alice to Bob, and ¢



that of the channel from Bob to Alice. To see how the two agents could
generate common randomness even in the absence of any external random
sources, suppose that p = 0 and ¢ = 1/2 (this is the simplest case). Consider
the following communication between them: Bob transmits n zeros across
his channel in n successive steps, indexed 1,2,... yn. Since ¢ = 1/2, Alice
receives a totally random 0-1 sequence Y3,Y3,..., Y, (uniformly distributed
over {0,1}"*). In step k, 2 < k < n, Alice echoes Y;_; back to Bob, who
receives it accurately since p = 0. Thus, after n steps, both Alice and Bob
know (f’h Ya,..., )7”_1), a random variable uniformly distributed over a set

of size 2"~!; they have generated “common randomness.”

Note that this common randomness is derived from the “noise” on the
channel from Bob to Alice. Moreover, both agents act deterministically, in
the sense that their decisions in each step are determined solely by all past
receptions.

The rate at which common randomness is generated by the above proce-
dure is I‘;—l bits per step, which can be made arbitrarily close to 1 by making
n large enough. It is not hard to prove that no deterministic procedure can
yield common randomness at rates higher than 1 (the notions of “determin-
istic procedure” and “rate” will be made precise later). Thus, the common
randomness “capacity” of this pair of channels is 1 bit per step.

For general p and g, the situation is more complicated; it may not be
possible to guarantee perfect agreement between Alice and Bob, or to gen-
erate random variables with perfectly uniform distributions. Therefore, we
will only require that Alice and Bob generate random variables that agree
with high probability, and have distributions close to uniform. The precise
formulation of the problem appears in Section 1.2. The main result, stated
in Section 1.3, is the determination of the common randomness capacity for
arbitrary p and gq.

1.1 Preliminaries

We will refer to the binary symmetric channel with crossover probability r as
the BSC(r). The two-way channel consisting of a BSC(p) from Alice to Bob
and an independent BSC(q) from Bob to Alice will be called the BSC(p, q).

For the BSC(r), W, (£|z) will denote the probability that the ouput is 2
given that the input is 2 (this equals 7 if 2 # z, and 1 —r if 2 = 2). As usual,



Wrn (énlzn) = n;::l W" (ékIZk) :

Throughout, [L] will denote the set of integers {1,2,...,L}. k() and
D(-||-) will denote the binary entropy function and the binary discrimination
function respectively:

h(r) = —rlogr—(1-r)log(l —r),
D(r|ls) = rlog (2) +(1—r)log (1 :r) .

S

All logarithms and exponentials will be to the base two.

1.2 Definition of a deterministic protocol

In order to generate common randomness, Alice and Bob communicate with
each other for, say, n steps. In each step, Alice transmits a bit to Bob
across the BSC(p) and, simultaneously, Bob transmits a bit to Alice across
the BSC(q). These bits are determined by an agreed-upon strategy which
specifies the bits to be transmitted in each step as functions only of all the
past receptions available to the respective senders.

Formally, an n-step strategy is a pair (f, g), with f = (f1, f2,..., fn) and
9 = (91,92,---,9n) - Here, (f1,01) € {0,1} x {0,1} and, for 2 < k < n, f;
and g, are both maps from {0,1}*-! to {0,1}.

f and g have the following interpretation: let X, and Y} denote the bits
transmitted by Alice and Bob respectively in the k* step (1 < k < n), and
let these be received as Xk and Y; respectively. Then, X; = fi, Y1 = g1, and,
for 2 < k < n, Xe = fu(P*1), i = gu(X41).

We will use W, ;, (2",9") to denote the probability that X" = " and
Y™ = §", when the n-step strategy (f,g) is used. Note that

Wi @37 = T [ o 1 5) - W G ()]

(The k& = 1 term is to be understood as W, (2, | f1) - W, (§1 | 91)-)

After n steps, each agent separately decides whether the attempt to gen-
erate common randomness was successful or not, and, in the former case,
computes a random output. Alice’s decision is based only on Y™, and Bob’s
decision is based only on X™. Their random outputs take values in some



common finite set of size, say, K. Without loss of generality, we may take
this set to be [K]. ) .

Formally, Alice computes I = I(Y™"), and Bob computes J = J(X™"),
where I and J are both maps from {0,1}" to {e} U [K]. e is a symbol
indicating failure to generate common randomness. To avoid trivialities, we
will require /=*(!) and J~!(!) to be nonempty for each ! € [K]. (I"!(e) and
J~1(e) are, of course, allowed to be empty.)

The quadruple (f, g, I, J) defines an (n, K) deterministic protocol for gen-
erating common randomness (deterministic because neither agent has access
to any external sources of randomness; all transmission and computation
decisions are based solely on previously received bits).

Of course, the “amount” of randomness generated by the protocol, and
the extent to which it is “common,” are determined by the joint distribution

of I and J. Ideally, we would like

n Crn v n 1
e (IF™) = J(X™) =1) = g foreachl€[K]. (1)
If (1) were true, I and J would be equal with probability 1, and uniformly
distributed over [K]. (There would be no “failure” events of positive proba-
bility.)

In general, it is not possible to satisfy (1) except in the trivial case K = 1.
Therefore, we will have to settle for approzimate equality and uniformity of
I and J. To this end, we make the following definition: (f,g,I,J) is an
(n, K, A) deterministic protocol for the BSC(p, q) if

14 A . . . 1-2A
— 2 Was (1™ =J(X™)=1) > —— foreachle[K]. (2)

Condition (2) implies that

z;tq.f.g(U {I=J=l}) >21-2,
le[K]

so that, if A is small, both agents compute the same “non-failure” output
with high probability. (In particular, the probability that either agent de-
clares failure to generate common randomness is small.) Further, if y; =



(I =J =1)for | € [K], then

n
P:9:5,9

K
H(I,J) 2 Zﬂllogl
=1 £

K1-2) K
>
2 X% 1°g(1+A)

=1
= (1-)log (1—%) . 3)

(I # J) £ A, Fano’s inequality gives

Also, since W', ,
max {H (I|J),H (J|I)} < h()) + Aog K. (4)
From (3) and (4), it follows that
min{H(I), H(J)} 2 (1 -2X)log K — h(X) — (1 — X)log(1 + A).

Thus, if X is small, each agent generates a random output whose distribution
is close to uniform on [K].

1.3 Main result

Fix A € [0,1). For each n > 1, define K, 4(n, A) to be the largest K such that
there exists an (n, K, A) deterministic protocol for the BSC(p, q). The main
result proved here is the following:

Theorem 1.1 (Main Theorem) Let

E*(p,q) = min {h(p) + h(q),2 — h(p) — h(q)}.
Then:
a) (Direct part)

1iﬂg1f%10g K,o(n,)) > R'(p,q) forallAe(0,1].  (5)
b) (Converse part)

lim sup%log K,o(n,\) < R*(p,q) forallA€[0,1).  (6)
n—00

6



Thus, limn_;e £ log Ky e(n, A) = R*(p,q) for all A € (0,1).
Define rate R of generating common randomness to be achievable over

the BSC(p, q) if there exists a sequence of (n, K,,, A,) deterministic protocols
(for the BSC(p, q)) such that

im A, =0 aod  liminf 28K
n—co n—co n

2 R. (7)

Then, (5) is obviously equivalent to the statement that any rate not exceeding
R*(p,q) is achievable over the BSC(p,q). A “weak” converse to (5) would
merely assert that rates above R*(p, ) are not achievable over the BSC(p, q),
ie.,

_ 1 "
lim lim sup ~ log Kpq(n,A) < B*(p, 9). (8)

However, (6) says much more than (8); in the usual terminology, (6) is a
“strong” converse to (5).

Together, (5) and (6) justify the interpretation of R*(p, ¢) as the common
randomness capacity of the BSC(p, q).

Note that R*(p,q) = 0 if and only if A(p) = h(g) = 0 or h(p) = h(q) = 1.
In the first case, the two channels do not provide any randomness (zero
entropy), although they allow for perfect agreement between the two agents
(high capacity). In the second case, the situation is reversed; a transmission
by either agent provides a totally random bit to the other (high entropy), but
the randomness generated this way cannot be reliably communicated back
to the sender (zero capacity).

On the other hand, R*(p, ¢) attains its maximum value of 1 whenever the
entropies and capacities balance each other, i.e., h(p) + h(q) = (1 — h(p)) +
(1 — h(q)). It is somewhat surprising that it is possible to generate common
randomness at a rate of 1 bit per step in all these cases.

We will prove the converse part in Section 2, and the direct part in Sec-
tion 3.

2 Proof of the converse part

Let (f,g,1,J) be any (n, K, A) deterministic protocol for the BSC(p, q), with
A < 1. The aim is to prove that

K < 2nR'(p,q)+o(n). (9)

7



Let
&={@"9): 1M =J@E) =1}, [1=12,...,K.

Then, by (2),

Wioro()2 220 for eachl € [K].

The left inequality in (2) will not be needed in the proof. (The converse
holds even if this condition is dropped.)

The key idea in the proof is the following lemma. This is a simple gen-
eralization, to the “interactive” situation, of the main idea in Kemperman'’s
proof of the strong converse to the coding theorem for DMCs with perfect
feedback [6].

Lemma 2.1 Let

€ ={(8"9") : [log Wy 14 (8%, 3™) + (h(p) + h(g))| < 6/},
Then:
a) |&| < 2MAp)+h@)+H6VR,

b) For any~ > 0, if 8 is large enough,
(£)21-17. (10)

n
20 Sr9

Proof: Appendix. D

For the rest of the proof, assume that 6 is so large that (10) holds with
replaced by (1 — A)/4. We will show that

K < min {2 . on(h(p)+h(a))+0v/m (LA) 2n(2-h(p)—h(q»+oﬁ} (11)
— b 1 _ ¢

Obviously, (11) implies (9). Our first goal is to show that many of the decision
regions & must intersect significantly with £. More precisely, let

, n 1-A
L= {l € [I\]:Wp,q,f‘g(ffﬂ&) > W}



We will prove that |£| > K/2. To this end, note that if | € £ then

pand (€°né&) = Woata (&) - prand.0 (Ené&)
> 1-2A (1= A
K 2K
_ 1=
- 2K
Therefore,
1-A n .
4 2 pa.S:9 (€°)

2 Z P'qu(gcngl)

- A
>
> - 1) (57).
which gives
K
L] 2 O (12)
Next, note that
Eng| > (’12—_1(/\) k(P +h@)-6vn  for all € L, (13)

since qu 1 (&% 3") < 27MBEHMOIEVE for o]l (37,4") € €. In particular,
€ N & is nonempty for all / € L. Consequently,

gn(h(p)+h(q))+6vn €]
z |EN&]|

leL

Y1

lec

. K
- 2

where the first step is by Part a) of Lemma 2.1 and the last step is by (12).

This proves that

v v

v

K < 2. on(h(p)+h(2))+0Vm (14)

9



Finally, since 2" > =K, [I71(:)| and 2" > =K, |J-1(5),

2 > (EP l(z)|) (Z l771() l)

> (;;wf—l(z)llJ-l(t)l) (15)
K 2

- (v

> ( gﬂgl)
lel

1/2\ 2

5 ( 2n(h(p)+h(9))-9\/_] ) (16)
leC

> K( . )zn(h(p)+h(q)) —6v/n (17

where (15) is by the Cauchy-Schwarz inequality, (16) is by (13), and (17) is
by (12). This proves that

K< (IL/\) on(2-h(p)~h(a)HOVR (18)

The converse follows from (14) and (18).

3 Proof of the direct part

In this section, we will prove that Alice and Bob can generate common ran-
domness over the BSC(p, q) at rates arbitrarily close to R*(p, q), i.e., for any
R < R*(p,q), we will prove the existence of a sequence of (n, Ky, \,) deter-
ministic protocols for the BSC(p, q), satisfying (7). This suffices to prove
the direct part of Theorem 1.1.

Actually, to prove that rate R is achievable, it is sufficient to exhibit a
(22, K2, A2) protocol for all large ¢, such that

limd2=0 and liminf log Ky2 > R.
t—00 t—o0 t2

10



For, given any n satisfying 2 < n < (£+1)?, Alice and Bob could execute the
(2, Kg2, A2) protocol and fill the remaining n — #2 steps arbitrarily, without
affecting the rate achieved. (Essentially, this is because lim;_c0 ﬁ; =1.)

Accordingly, in all that follows, we will restrict ourselves to describing
protocols with t2 steps, where ¢ is suitably large.

Without loss of generality, we may assume that 0 < p < ¢ < 1/2. Since
there is nothing to prove if R*(p,q) = 0, we will assume from now on that
(p,q) # (0,0) and (p,q) # (1/2,1/2). The remaining values of p and ¢ will
be classified under three cases:

1)0<p<g<1/2,

2)p=0,0<¢<1/2,

3)0<p<1/2,g=1/2

The main case, viz. Case 1, is handled in Section 3.2. The two “bound-
ary” cases, viz. Cases 2 and 3, are disposed of in Sections 3.3 and 3.4.

But first we state two lemmas (Lemma 3.1 and Lemma 3.2) which will
be needed in the proof.

3.1 Preliminary results
Definition 3.1 A (¢, L,v) block code for the BSC(r) is a collection,

{(u,ty) : 1=1,2,...,L},
where w; € {0,1} for each | € [L], Uy, Ua, ..., Uy partition {0,1}}, and
Wi (U |w)21-7 for eachl € [L].
Lemma 3.1 Suppose 0 < r < 1/2, and n > 0 is so small that

\/F

S —=

Vr+/1—r

Then, for anyt > 1 and L < 200-h0+0) there exists a (t, L,4- 2“D(""'""'))
block code for the BSC(r).

Proof: Standard. See, e.g., [5]. ]

11



Definition 3.2 Letu € {0,1}! andU C {0,1}'. An (r, L, 7) equipartition
of U w.r.t. u is a partition of U into L+ 1 subsets U(e),U(1),...,U(L) such
that

W (UQ) | ) = % (W2 (U ) - w; (Uee) |u)]  foralite (L], (19)

and W} (L((e) l u) <
Lemma 3.2 Suppose 0 <r~n<r<1/2, andt>1. Let L < 2t~ gnd
T = min {t L=t As)=h(r-n)] 4 9. 2“D(“"’")} . (20)

r—=n<u<lr

Then, for any u € {0,1}* and U C {0,1}!, there exists an (r, L, T) equiparti-
tion of U w.r.t. u.

Proof: Appendix. o

32 Casel: 0<p<g<l1/2
Choose § > 0 and € > 0 small enough that

VP Va

Next, choose p € (0,p) and v € (0, ) such that:
a) If h(p) + h(g) < 1, then

max {h(p+68) + h(g—v), h(p—p)+h(g+€)} < 1. (22)
b) If k(p) + h(q) > 1, then
min{h(p +8) + k(g —v), h(p—p) +h(g+€)} > 1. (23)
The sequence of protocols to be described will achieve the rate
min {h(p — p) + h(¢—v), 2— h(p+6) - h(g + ¢€)}, (24)

which can be made arbitrarily close to R*(p,q) by choosing d,¢,u, and v
sufficiently small.

The protocol with ¢? steps requires two block codes of blocklength ¢ (one
for each channel), and equipartitions of their decoding regions w.r.t. the
corresponding codewords. These are described next.

12



3.2.1 Block codes and equipartitions of the decoding regions

Let
M = min{|20-k+D)]| |othe-)]] g, (25)
N = min{[zt(l-h(q+c))J , lzth(p-u)J} -1, (26)

and let
p o= min {t-27BHo- 4 5. gm0}, 27)
o = min {t-27HOHe) 4o 9000} (28)

Pick arbitrary bitstrings a and b of length . Then, Lemma 3.2 guaran-
tees that there exist a (p, N, p) equipartition of {0,1}* w.r.t. a into subsets
A(e), A(1),..., A(N), and a (g, M,0) equipartition of {0,1}* w.r.t. b into
subsets B(e), B(1),...,B(M). From the definition of equipartition, it follows
that

Wi (AG) |a) 2 1=F for each j €[N, (29)

v
R

=

(2

for each ¢ € [M]. (30)

N

t .
> W; (BG)|b) 2 —
Alice and Bob agree upon such bitstrings and equipartitions before commu-
nication begins.
Next, let

a =4 .92"t0E+lp) 504 B=4. 9—tD(g+elle) (31)

Then, Lemma 3.1, along with (21), (25), (26), and (31), guarantees the
existence of a (¢, M 4 1, ) block code, {(a;, 4A;):i =e,1,...,M}, for the
BSC(p), and a (¢, N + 1, ) block code, {(b;,B;):j =e,1,...,N}, for the
BSC(q).

Further, by Lemma 3.2, (25), (26), (27), and (28), for each i € {e} U [M)]
and j € {e} U [N], there exist a (p, N, p) equipartition of A; w.r.t. a; into
subsets A;(e), Ai(1),...,Ai(N), and a (g, M, o) equipartition of B; w.r.t. b;
into subsets B;(e), B;(1),...,B;(M).

13



SincelZW;(A;|a;) Zl—aandIZWq‘(B,-ij) 21— 0, we get

1 y l1-a-— .
N > W, (.A,-(]) a,-) > _]c:,_p for each j' € [N], (32)
1 ) 1-8-0 .
72 W, (Bi(#) | bs) 2 -—-—‘]f'l—— for each i’ € [M].  (33)

Before communication begins, Alice and Bob agree upon such block codes
and equipartitions of their decoding regions.

3.2.2 Outline of the protocol

The protocol proceeds in ¢ rounds, indexed 0, 1,...,¢—1. In each round, Alice
and Bob send each other bitstrings of length ¢, so that the total number of
steps is t2. We will describe these ¢ rounds recursively.

In round 0, Alice and Bob transmit the bitstrings a and b respectively.
Alice defines I; to be the (unique) i € {e} U [M] such that the bitstring she
receives in round 0 falls in B(z). Similarly, Bob defines J; to be the (unique)
J € {e} U [N] such that the bitstring he receives in round 0 falls in A(j).
This completes round 0.

Now let 1 < k < ¢t. Assume that Alice and Bob have computed I €
{e} U [M] and J. € {e} U [N] respectively, based on the bitstrings they
received in round k£ — 1. Then, in round k, Alice transmits the codeword
a(l;) and Bob transmits the codeword b(J;). (The indices are written in
parentheses, rather than as subscripts, for typographical convenience.)

Based on the bitstrings they receive from each other, Alice and Bob try to
guess the index of the codeword sent by the other, and also decide the index
of the codeword to transmit in the nezt round. This is done as follows: Alice
finds the unique (%, 5) € ({e} U [M]) x ({€} U[N]) such that the bitstring she
receives in round k falls in B;(z). She then estimates J; as Jx = j, and takes
It4y = 4. Similarly, Bob finds the unique (3,j) € ({e} U[M]) x ({e} U [N])
such that the bitstring he receives in round & falls in A;(j). He then estimates
I as Iy =1, and takes Jx4; = j. This completes round k.

Let
I = <(Ilsjl)7(12,j2)°-'a(It—17jt—l))7
J* = ((ila Jl) 3 (jz,Jz) ey (jt-l,Jt-l))-

14



Both I* and J* can take on [(M + 1)(N +1)]""! different values. Of these,
there are (M N)*~! in which none of the 2(¢ — 1) components is e. Let R be
an arbitrary function that maps these (M N)!~! possibilities onto [(M N)!~!],
and maps all the remaining possibilities to e.

Then, after round ¢ — 1, Alice takes her random output to be I = R(I*)
and Bob takes his random output to be J = R(J*). Thus, both I and J
take values in {e} U [K], where K = (M N)*-1,

3.2.3 Analysis

We will now prove that the sequence of protocols just described does achieve
the rate promised in (24).

Claim 3.1 a) For each k € {1,2,...,t — 1}, choose any (ix, Jix) € [M]x[N].
Then,

1 . . C e 1-2A
(M—N)‘lepr [I =J =((zk7.7k)):c=11]2(_]uT)t:T
where A\=t(a+p+B+0) =0 ast— oco.
. log(MN)"™! ,
T Y B YO RSO S

= 2—-h(p+68)—h(g+¢) if h(p)+h(q) >1.
Proof: For convenience, let
G = {lx = ir, Je = ji} and Gy = {fi = ir, J = ji} .
Then, note that
t-1
Pr(I"=J = ((i,3t)isy ] = Pr | (Gen Gk)l : (34)
=1

Now, for each k > 1, (fk,jk,lk+1,Jk+1) is conditionally independent of
(Il LI, il—l,jl-l), given (Ii, Ji). Therefore,

Pr| (6en c:k)] = priGi) (T Pr[6enGun |ak]) Pr [Gos|Gen].
k=1 k=1 (35)

15



We will bound each of the terms in the above product separately. To begin
with,

Pr|G,) = Pr[Ji=5] Pr[hL=1]
= W; (AGr) |a) - W¢ (BGr) | b) -
From (29) and (30), it follows that
s 2 Prici 2 (52) (557): s6)
Next,for 1 < k<t-2,
Pr(Gc0Gin|G] = Prlli=ikJisa = desa|Te = i) -

-Pr [jk = Jky Ik = ik+1|Jk = ]k]
= W} (A () laik) - W (Bj, (k1) | b;,).
From (32) and (33), it follows that

_1_>Pr[ékﬂGk+1|Gk]2 (1—0'_”) (l“ﬂ""), 1<k<t-—2.

MN — N M
(37)
Finally,
Pr [ét—lth-l] = W;f (‘Ait-l Iait—l) ‘ W; (Bjt—l | bjt-l) ’

so that R

12 Pr[Gia|Ga] 2 (1-0) (1 - B). (38)

By (34), (35), (36), (37), and (38),

e 2 Pl = 0 = (nii]

and

Pr [I" =J" = ((ik;jk));c;ll]

> (558) (59 [(1‘“‘%“ﬁ“’)]t_2(1 —a)(1-5)

, [A-a-pa-8-of
= (MN)=1

s l=t(a+p+B+0)

= (MN)=T
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which proves Part a).
Next, note that by (22), (23), (25), and (26),

MN = ([2"‘(""")_' - 1) (l2th(”"‘)J - 1) if h(p) +h(g) <1
(lgi(l-h(pH))J — 1) (lgt(l-h(q+c))J — 1) if h(p) + h(q) > 1.
Part b) of the claim follows easily from this. o

33 Case2: p=0,0<qg<1/2

Note that R*(p,q) = h(q) in this case. Pick any v € (0, q). The sequence of
protocols to be described will achieve the rate h(q — v), which can be made
arbitrarily close to R*(p,q) by choosing v small enough.

Let M = l2"‘(""’)_| — 1, and let o be given by (28). By Lemma 3.2, for
any b € {0,1}, there exists a (g, M, o) equipartition of {0,1}* w.r.t. b into
subsets B(e),B(1),...,B(M). This equipartition satisfies (30). Alice and
Bob agree on some such bitstring and corresponding equipartition. They also
agree upon M +1 distinct (but otherwise arbitrary) bitstrings, a, a,...,aum,
each of length ¢.

As before, the t2-step protocol proceeds in ¢ rounds, indexed 0, 1,...,¢—1.
In each round, Bob simply transmits the bitstring b. As for Alice, she
transmits a dummy bitstring (say, 00---0) in round 0, and the bitstring
a(lx) in round k (1 < k < t). Here, I; is the unique ¢ € {e} U [M] such that
the bitstring she receives from Bob in round k — 1 falls in B(%).

Since p = 0, Bob receives all transmissions from Alice without any errors.
Thus, after round ¢ — 1, both Alice and Bob know I* = (I, I5,. .., I;—;). Let
R be a function that maps onto [M*~!] the M*~! values of I* in which no
component is e, and maps all the remaining values to e. Both Alice and Bob
take R(I*) to be their random output.

Claim 3.2 a) For each k € {1,2,...,t — 1}, choose any i; € [M]. Then,

1 * A y l_A
WZP?‘[I =(21,22,---,2t—1)]2F
where A\=1t0c -0 ast— oo.
b)
. log M1
A= =ha-v)
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Proof:

t-1
Pril* = (iriz,...,iec1)] = [ Prile=ii)
.
= TIw:(BG)|b).
k=1

Part a) now follows easily from (30). Part b) is obvious from the definition
of M. o

34 Case3: 0<p<1/2,qg=1/2

Note that R*(p,q) =1 — h(p) in this case. Pick any § > 0 satisfying p+ § <
7 77— Then, pick any v € (0,q) such that 1 — h(p + §) < k(g — v). The
sequence of protocols to be described will achieve the rate 1 — h(p+6), which
can be made arbitrarily close to R*(p,q) by choosing 4 small enough.

Let M = '.2‘(1"‘(”"‘5”] —1, and a = 4-2"tP(+ll)) By Lemma 3.1, there
exists a (¢, M +1,a) block code, {(a;, 4;) : i = ¢,1,..., M}, for the BSC(p).
Alice and Bob agree upon such a code.

Let o be given by (28). Since M < 2t%(9-*), Lemma 3.2 guarantees that,
for any b € {0,1}}, there exists a (g, M, o) equipartition of {0,1}* w.r.t. b
into subsets B(e), B(1),...,B(M). As before, this equipartition satisfies (30).
Alice and Bob also agree on some such bitstring and corresponding equipar-
tition.

Again, the t?-step protocol proceeds in ¢ rounds, indexed 0,1,...,¢t — 1.
In each round, Bob simply transmits the bitstring b. Alice transmits a
dummy bitstring (say, 00-- - 0) in round 0, and the codeword a (1) in round
k (1 <k < t). Here, I; is the unique ¢ € {e} U [M] such that the bitstring
she receives from Bob in round k — 1 falls in B (z)

Bob estimates Iy, 1 < k < ¢, as the unique ¢ € {e} U [M] such that the
bitstring he receives from Alice in round k falls in .A4;. Call the estimate Ik

Let I* = (I, 5,...,[1—y) and J* = (I],Iz, It_l) After round ¢t — 1,
Alice’s random output is I = R(I*) and Bob’s random output is J = R(J*).
Here, R is a map exactly as in Case 2.

18



Claim 3.3 a) For each k € {1,2,...,t — 1}, choose any i) € [M]. Then,

1 - =2
2 2 Pril =07 = (inyiz, .. in)] 2 M*-
where A=t(a+0) =0 ast— .
b)
. log M*-1
Proof:

PriI* = J* = (i1,iz,...,i1)] = ﬁ (Prile = i) - Pr[fx = ix|Ic = ii])
k:
[w.

= 11 [w; (860 [b) - 5 (4a | 1))

(39)

Part a) follows easily from (39), (30), and the fact that 1 > W} (A,k I a,k) >
1 — a. Part b) is obvious from the definition of M. o

4 Appendix

Proof of Lemma 2.1: Part a) is obvious from the definition of £. To prove
Part b), first note that

Wiraso (€)= PrllogWp, (X", ¥") +n(h(p )+ h(g))| > 6]
(40)

where X, and Y, are respectively the (random) bits that Bob and Alice
receive in the k* step of the given protocol. Let

Zy = log W, (Xk I fe (?k_l)) + log W, (?k |gk (Xk'l)) .
The right hand side of (40) then equals

)

> 2 + n(his) + b)) > 0v] (a1)

k=1
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so that it suffices to prove that (41) can be made arbitrarily small by choosing
0 large enough. This will be done using Chebyshev’s inequality. To this end,
we will now estimate the mean and variance of Y ;_, Z;. It is easy to see
that

E [z | X*1,¥*!] = —h(p) — h(q), (42)
so that
E[Z] = E[E|[Z| Xk, V% 1]]
= —h(p) — h(qg), r1<k< (43)

Next, note that if &' < k then Z; is a function of ()2 k=1 f’k"). Therefore,

E|Zv2) = E|[E|2w2: | X*,7*]]
= E[Zw-E[2| X*,7*]]
= E[Zw-E[Z]] (44)
= E[Zy]- E[Z4],

where (44) is by (42) and (43). But this means that
Var (Z Zk) = Z Var (Zk) . (45)
k=1 k=1

Now, let o be a uniform upper bound on Var(Z;), k =1,2,...,n. (Such a
bound obviously exists.) By (43), (45), and Chebyshev’s inequality, (41) is
upper bounded by %/6%, which can be made arbitrarily small by choosing ¢
large enough. a

Proof of Lemma 3.2: For 0 < w <, let

t
= {ze {0,1}*: sz=w},
k=1
and let

udT,={udz:2€7T,}.
(u @ z is the bitstring obtained by bitwise mod 2 addition of u and z.)
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Pick any u € [r —n,7]. For each w satisfying k(%) > h(u), construct L
pairwise disjoint subsets of & N (u & 7y,), say Uy (1),Uw(2),...,Us(L), each
of size exactly |[// N (u & T,)| /L] (the subsets are otherwise arbitrary).

Let

ul= U (), 1=1,2...,L
h(2)>h(w)

and let
L c
Ule)=Un HU(z)] |

By construction, W} (Ll () | u) = W} (U(l') I u) for all [,!' € [L]. Therefore,
for any !’ € [L],

W (U(t)|u) = —W‘ (Ou(zl )

=1

_ [ * (U |u) - W (u(e)

olE

which proves (19). To upper bound W} (L{(e) u), note that

W (Ll(e) u) = Y (4N T.) mod Ljr¥(1 —r)t=*
H(2)>h(u)
+ Y Mn@ueT)|r1-r)
h($)<h(n)
< > L-r(l-r)v
h(2)>h(u)
+ 3 |Tlrra -y (46)
h($)<h(n)

The first term in (46) can be upper bounded as follows:

Y LertA-r)pv = Y Leonthenenen)]

h(%)>h(u) tu<w<t(l—-p)
< L.27ths) E 9-tD(¢Ir)

tp<w<t(l—p)

< 2thlr=mlg—thluly, (47)
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The second term in (46) can be upper bounded using Chernoff’s theorem:

Y Tlrt-rt = Y% (t)ru,(l_r)t_w

h($)<h(p) w<tu \W

+ X (t)r“’(l )t

w2 t(1-p)

9~tD(ullr) 4 9~tD(1~pllr)
227D since p < r < 1/2. (48)

IA A

From (46), (47), and (48), it follows that
u) <

if p is chosen to attain the minimum in (20). O

4% (u (e) 9-tlh(w)-h(r-n)] 4 9 . 9=tD(ull)

t-
T
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