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w
e

w
ill

b
e
a
b
le

to
m
a
k
e
th
is
fra

ctio
n
�

a
rb
itra

rily
sm

a
ll.

T
h
erefo

re,
a
n
a
lg
o
rith

m
A

w
h
ich

su
ccessfu

lly
lo
ca
tes

a
la
rg
e
cliq

u
e
in

a
(

1
p
o
ly
)-fra

ctio
n
o
f
g
ra
p
h
s
in
p
0k
m
u
st
b
e
lo
ca
tin

g
su
ch

cliq
u
es

in
a
set

M
o
f
g
o
o
d
g
ra
p
h
s
su
ch

th
a
t
p
0k (M

)
=

1
p
o
ly
�
�

=
1

p
o
ly
.
S
in
ce

g
ra
p
h
s
in
M

a
re

g
o
o
d
,
p
0k (M

)
=

1
p
o
ly

w
ill

im
p
ly

p
(M

)
=

1
p
o
ly
.
T
h
u
s,
A

w
ill

su
ccessfu

lly
lo
ca
te

a
la
rg
e

cliq
u
e
in

a
(

1
p
o
ly
)-fra

ctio
n
o
f
g
ra
p
h
s
in
p
,
th
e
u
n
ifo
rm

d
istrib

u
tio

n
o
v
er

g
ra
p
h
s.
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2
.2

T
h
e
p
r
o
o
f

L
e
m
m
a
1
p
0k
(G

)
=

C
k
(G

)

E
k
p
(G

).

P
r
o
o
f
.
S
electin

g
a
g
ra
p
h
fro

m
p
0k
m
a
y
b
e
v
iew

ed
a
s
th
e
p
ro
cess

o
f
selectin

g
a
g
ra
p
h
G
0

fro
m
p
a
n
d
th
en

p
la
n
tin

g
a
cliq

u
e
o
n
a
set

K
o
f
k
n
o
d
es

ch
o
sen

u
n
ifo
rm

ly
a
t
ra
n
d
o
m
.
In

o
rd
er
fo
r
th
e
resu

ltin
g
g
ra
p
h
to

b
e
id
en
tica

l
to
G
,
it
m
u
st
b
e
th
a
t
th
e
n
o
d
es
K

fo
rm

a
cliq

u
e

in
G
.
A
n
a
p
p
ro
p
ria

te
set

K
w
ill

th
u
s
b
e
ch
o
sen

w
ith

p
ro
b
a
b
ility

C
k (G

)= �
nk �.

It
m
u
st

a
lso

h
a
p
p
en

th
a
t
th
e
ed
g
es

in
G
0
w
h
ich

lie
o
u
tsid

e
o
f
K

co
rresp

o
n
d
ex
a
ctly

to
th
o
se

in
G
.
M
o
re

p
recisely,

fo
r
a
ll
ed
g
es

e
n
o
t
strictly

co
n
ta
in
ed

in
K
,
w
e
req

u
ire

e
2
G
0
(
)

e
2
G
.
T
h
is

w
ill

o
ccu

r
w
ith

p
ro
b
a
b
ility

2
�
(
n2 )

+
(
k2 ).

T
h
u
s,

p
0k (G

)
=
C
k (G

)
�
nk �

2
�
(
n2 )

+
(
k2 ):

(1
)

T
h
e
ex
p
ected

n
u
m
b
er

o
f
cliq

u
es

in
p
is
ea
sily

seen
to

b
e �

nk �=
2
(
k2 ).

T
h
e
d
e�
n
itio

n
o
f
p

im
p
lies

th
a
t
p
(G

)
=
2
�
(
n2 )

fo
r
a
n
y
g
ra
p
h
in
sta

n
ce
G
.
C
o
m
b
in
in
g
th
ese

tw
o
fa
cts

w
ith

eq
n
.
1

y
ield

s
th
e
lem

m
a
.

L
em

m
a
1
sta

tes
th
a
t
w
h
en

th
e
n
u
m
b
er

o
f
cliq

u
es

in
a
g
ra
p
h
in
sta

n
ce

G
is
clo

se
to

its

ex
p
ecta

tio
n
o
v
er
p
,
th
en

p
0k (G

)
�
p
(G

).
O
u
r
g
o
a
l
n
o
w
is
to

sh
o
w
th
a
t
fo
r
m
o
st

g
ra
p
h
s
G
,

p
0k (G

)
is
o
n
ly

a
p
o
ly
n
o
m
ia
l
fa
cto

r
la
rg
er

th
a
n
p
(G

).
F
o
r
th
is
w
e
n
eed

to
sh
o
w
th
a
t
C
k
is

co
n
cen

tra
ted

so
m
ew

h
a
t
tig

h
tly

a
ro
u
n
d
its

m
ea
n
,
E

k .
W
e
sh
a
ll
a
cco

m
p
lish

th
is
b
y
sh
o
w
in
g

th
a
t
th
e
va
ria

n
ce

o
f
C
k
is
sm

a
ll.

L
e
m
m
a
2
L
e
t
k
=
(2
�
�
)
lo
g
2
n
fo
r
so
m
e
co
n
sta

n
t
�
>
0
.
T
h
e
n
V
a
r[C

k ]
=
O
(n

4
lo
g
n
)E

2k
.

P
r
o
o
f
.
W
e
em

p
lo
y
th
e
m
eth

o
d
in

[2
],
C
h
a
p
ter

X
I,
a
n
d
co
n
sid

er
p
a
irs

o
f
cliq

u
es

in
G
.
T
h
is

g
iv
es

u
s

E
[C

2k
]
=

k
Xi=

0  
nk ! 

ki ! 
n
�
k

k
�
i !

2
�
2(

k2 )
+
(
i2 );

(2
)

a
n
d
th
u
s,

E
[C

2k
]

E
2[C

k ]
=

k
Xi=

0  
nk !

�
1  
ki ! 

n
�
k

k
�
i !

2
(
i2 ):

(3
)

L
et

u
s
d
en
o
te

th
e
i
th

term
in

th
e
a
b
o
v
e
su
m

b
y
f
i .

C
lea

rly
f
0
<
1
.
B
y
em

p
lo
y
in
g
th
e

w
ell-k

n
o
w
n
b
o
u
n
d
s �

nk �
�
(
n
ek
)
k
a
n
d �

nk �
�
(
nk
)
k,
w
e
o
b
ta
in

fo
r
i
>
0
th
e
in
eq
u
a
lity
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f
i
� �

k
ei �

i �
kn �

k �
(n
�
k
)e

k
�
i �

k
�
i

2
(
i2 ):

(4
)

A
lg
eb
ra
ic
m
a
n
ip
u
la
tio

n
sh
o
w
s
th
a
t
th
e
a
b
o
v
e
is
eq
u
a
l
to

 
k
2i !

i�
(n
�
k
)k

k
�
i �

k
�
i

e
k
n
�
k
2
(
i2 );

w
h
ich

is
less

th
a
n

�
k

k
�
i �

k
�
i

e
k  

k
2

n !
i2

i
22
:

L
et

u
s
�
rst

co
n
sid

er
th
e
q
u
a
n
tity

(
k

k
�
i )

k
�
i.

T
h
is
is
eq
u
a
l
to

(1
+

i
k
�
i )

k
�
i
�
e
i.

S
in
ce

i
<
k
<
(2
�
�
)
lo
g
2
n
fo
r
so
m
e
co
n
sta

n
t
�
>
0
,
it
fo
llo
w
s
th
a
t
(

k
k
�
i )

k
�
i
=
O
(n

2).
S
im
ila
rly,

it
is
a
lso

th
e
ca
se

th
a
t
e
k
=
O
(n

2).

N
o
w

let
u
s
co
n
sid

er
th
e
q
u
a
n
tity

�
=

(
k
2

n
)
i2

i
22
.
C
lea

rly,
lo
g
2
�
=
�
i
lo
g
2
n
+
i
2=
2
+

2
i
lo
g
2
k
.
S
in
ce

k
=

O
(lo

g
n
),

it
fo
llo
w
s
th
a
t
lo
g
2
�
<

0
if
i
<

2
lo
g
2
n
.
S
in
ce

i
<

k
�

(2
�
�
)
lo
g
2
n
fo
r
so
m
e
co
n
sta

n
t
�
>

0
,
it
fo
llo
w
s
th
a
t
�
<

1
fo
r
a
ll
va
lu
es

o
f
i.

T
y
in
g

to
g
eth

er
a
ll
o
f
th
e
a
b
o
v
e,
w
e
see

th
a
t
f
i
=
O
(n

4)
fo
r
a
ll
i,
a
n
d
th
erefo

re

k
Xi=

0

f
i
=

E
[C

2k
]

E
2[C

k ]
=
O
(n

4
lo
g
n
):

(5
)

T
h
e
lem

m
a
fo
llo
w
s.

F
ro
m

th
e
a
b
o
v
e
lem

m
a
,
it
fo
llo
w
s
th
a
t
\
b
a
d
"
g
ra
p
h
s,

i.e.,
th
o
se

g
ra
p
h
s
G

su
ch

th
a
t

C
k (G

)
�

E
k ,

co
n
stitu

te
a
sm

a
ll
fra

ctio
n
o
f
p
.
A
s
w
e
see

in
th
e
n
ex
t
lem

m
a
,
w
h
en

k
=

(2
�
�
)
lo
g
2
n
fo
r
so
m
e
co
n
sta

n
t
�
>
0
,
su
ch

g
ra
p
h
s
a
lso

o
ccu

p
y
a
sm

a
ll
fra

ctio
n
o
f
p
0k .

L
e
m
m
a
3
D
e
�
n
e
th
e
se
t
Z

o
f
ba
d
g
ra
p
h
s
to

in
c
lu
d
e
th
o
se

g
ra
p
h
s
G

su
c
h
th
a
t
C
k (G

)
>

n
2
h
E

k
fo
r
so
m
e
co
n
sta

n
t
h
>

0
.
In

o
th
e
r
w
o
rd
s,

le
t
Z

=
[G
j
C
k (G

)
>

n
2
h
E

k ].
T
h
e
n

p
0k (Z

)
=
O
(n

�
h
+
(4
+
�))

fo
r
a
n
y
co
n
sta

n
t
�
>
0
.

P
r
o
o
f
.
W
e
sh
a
ll
d
eterm

in
e
th
e
size

o
f
th
e
set

p
0k (Z

)
o
f
b
a
d
g
ra
p
h
s
b
y
co
n
sid

erin
g
a
set

o
f

in
terva

ls
Z
j
w
h
o
se

u
n
io
n
co
n
ta
in
s
Z
.
B
y
co
m
p
u
tin

g
u
p
p
er

b
o
u
n
d
s
in
d
iv
id
u
a
lly

o
n
th
e
sets

p
0k (Z

j ),
w
e
sh
a
ll
o
b
ta
in

a
n
u
p
p
er

b
o
u
n
d
o
n
p
0k (Z

).

L
et

Z
j
=

[G
j
n
j
h
E

k
<

C
k (G

)
�

n
(j
+
1
)h
E

k ].
C
lea

rly,
Z
� S

1j
=
2
Z
j .

B
y
L
em

m
a
2
,

V
a
r[C

k ]
=
O
(n

4
lo
g
n
)E

2k
.
T
h
erefo

re,
b
y
C
h
eb
y
sh
ev
's
in
eq
u
a
lity

(a
s
sta

ted
in
,
e.g

,
[1
]),

it

m
a
y
b
e
seen

th
a
t
p
(Z

j )
<
n
�
2
j
h
+
(4
+
�)
fo
r
a
n
y
co
n
sta

n
t
�
>
0
.
B
y
L
em

m
a
1
th
en
,
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p
0k (Z

j )
<
n
(j
+
1
)h �

1

n
2
j
h
�
(4
+
�) �

:
(6
)

S
in
ce

Z
� S

1j
=
2
Z
j ,
it
fo
llo
w
s
th
a
t

p
0k (Z

)
<

1
Xj
=
2

p
0k
(Z

j )

<
1
Xj
=
2

n
(j
+
1
)h

n
2
j
h
�
(4
+
�)

=
1
Xj
=
2

n
�
j
h
+
h
+
(4
+
�)

=
n
�
h
+
(4
+
�)

1
Xj
=
0

n
�
j
h

=
n
�
h
+
(4
+
�)O

(1
)

=
O
(n

�
h
+
(4
+
�));

w
h
ich

p
ro
v
es

th
e
lem

m
a
.

B
y
m
a
k
in
g
th
e
co
n
sta

n
t
h
la
rg
e
en
o
u
g
h
{
in

o
th
er

w
o
rd
s,
b
y
m
a
k
in
g
th
e
g
ra
p
h
s
in

Z

su
�
cien

tly
\
b
a
d
"
{
w
e
m
a
y
m
a
k
e
th
e
set

Z
a
rb
itra

rily
sm

a
ll.

B
y
m
a
k
in
g
Z

sm
a
ll,

w
e

en
su
re

th
a
t
a
n
a
lg
o
rith

m
A

w
h
ich

su
ccessfu

lly
�
n
d
s
cliq

u
es

in
p
0k
d
o
es

so
p
rin

cip
a
lly

o
n

g
o
o
d
g
ra
p
h
s.

T
h
ese

g
ra
p
h
s
w
ill

co
n
stitu

te
a
(

1
p
o
ly
)-fra

ctio
n
o
f
g
ra
p
h
s
in
p
,
im
p
ly
in
g
th
a
t
A

su
ccessfu

lly
�
n
d
s
cliq

u
es

in
p
w
ith

p
ro
b
a
b
ility

1
p
o
ly
.

T
h
e
o
r
e
m

4
S
u
p
p
o
se

th
a
t
k
�
(2
�
�
)
lo
g
2
n
fo
r
so
m
e
�
>
0
.
S
u
p
p
o
se

th
e
n
th
a
t
th
e
re

e
x
ists

a
d
e
te
rm

in
istic

,
p
o
ly
n
o
m
ia
l-tim

e
a
lg
o
rith

m
A

w
h
ic
h
�
n
d
s
a
c
liq
u
e
in

g
ra
p
h
s
d
ra
w
n
fro

m
p
0k

w
ith

p
ro
ba
b
ility

1
q
(n
) ,

fo
r
so
m
e
p
o
ly
n
o
m
ia
l
q
(n
).

T
h
e
n
th
e
re

e
x
ists

a
p
o
ly
n
o
m
ia
l
q
0(n

)
su
c
h

th
a
t
A

�
n
d
s
a
c
liq
u
e
in

g
ra
p
h
s
d
ra
w
n
fro

m
p
w
ith

p
ro
ba
b
ility

1
q
0(n

) .

P
r
o
o
f
.

S
u
p
p
o
se

1
q
(n
)
=


(n

�
j)

fo
r
so
m
e
co
n
sta

n
t
j
.
L
et
Z
b
e
th
e
set

o
f
g
ra
p
h
s
in
p
0k
su
ch

th
a
t

C
k (G

)
>
(n

2
j
+
1
0)E

k .
B
y
L
em

m
a
3
,
p
0k (Z

)
=
O
(n

�
j
�
1).

L
et
Q

d
en
o
te

th
e
set

o
f
g
ra
p
h
s
G

n
o
t
in
Z
o
n
w
h
ich

A
�
n
d
s
a
cliq

u
e.

C
lea

rly,
p
0k (Q

)
=


(n

�
j)
�
p
0k
(Z

)
=


(n

�
j)
�
O
(n

�
j
�
1
)
=



(n

�
j).

T
h
erefo

re,
b
y
L
em

m
a
1
,
p
(Q

)
=


(n

�
j)(n

�
2
j
�
1
0)

=


(n

�
3
j
�
1
0).

T
h
is
p
ro
v
es

th
e

th
eo
rem

.

O
b
serv

e
th
a
t
th
is
th
eo
rem

m
a
y
b
e
ex
ten

d
ed

in
a
su
ita

b
le

fa
sh
io
n
to

ra
n
d
o
m
ized

a
l-

g
o
rith

m
s
A
.
In

p
a
rticu

la
r,
if
A

is
a
ra
n
d
o
m
ized

a
lg
o
rith

m
w
h
ich

�
n
d
s
cliq

u
es

in
p
0k
w
ith
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p
ro
b
a
b
ility

1
p
o
ly
in

ex
p
ected

p
o
ly
n
o
m
ia
l
tim

e,
th
en

A
a
lso

�
n
d
s
cliq

u
es

in
p
w
ith

p
ro
b
a
b
ility

1
p
o
ly
in

ex
p
ected

p
o
ly
n
o
m
ia
l
tim

e.

T
h
eo
rem

4
h
o
ld
s
a
lso

fo
r
d
istrib

u
tio

n
s
p
ck ,
w
h
ere

a
g
ra
p
h
fro

m
p
ck
is
g
en
era

ted
b
y
ra
n
-

d
o
m
ly
p
la
n
tin

g
a
n
y
co
n
sta

n
t
n
u
m
b
er

o
f
cliq

u
es
K

1 ;K
2 ;:::;K

c
o
f
size

k
in

a
ra
n
d
o
m

g
ra
p
h
.

In
o
th
er
w
o
rd
s,
it
is
p
o
ssib

le
to

h
id
e
a
t
lea

st
a
co
n
sta

n
t
n
u
m
b
er

o
f
la
rg
e
cliq

u
es

in
a
ra
n
d
o
m

g
ra
p
h
.

3
A
p
p
lic
a
tio

n
o
f
th
e
R
e
su
lt

A
s
m
en
tio

n
ed

in
th
e
in
tro

d
u
ctio

n
to

th
is
p
a
p
er,

a
g
ra
p
h
G

co
n
ta
in
in
g
a
h
id
d
en

cliq
u
e
K

o
f
su
�
cien

tly
la
rg
e
size,

sa
y,

1
9
1
0
lo
g
2
n
,
m
ig
h
t
b
e
u
sed

a
s
a
cry

p
to
g
ra
p
h
ic
k
ey.

In
p
a
rticu

la
r,

th
e
g
ra
p
h
G

m
ig
h
t
b
e
p
u
b
lish

ed
a
s
a
p
u
b
lic

k
ey,

w
h
ile

th
e
id
en
tity

o
f
K

m
ig
h
t
co
n
stitu

te

a
p
riva

te
k
ey.

A
ssu

m
in
g
th
e
h
a
rd
n
ess

o
f
�
n
d
in
g
la
rg
e
cliq

u
es,

d
ed
u
cin

g
K

fro
m

th
e
p
u
b
lic

k
ey

G
,
o
r
a
n
y
o
th
er

cliq
u
e
o
f
th
e
sa
m
e
size

a
s
K
,
w
o
u
ld

b
e
in
fea

sib
le.

In
p
ra
ctice,

th
e
in
fo
rm

a
tio

n
req

u
ired

to
sp
ecify

th
e
g
ra
p
h
G
,
a
n
d
h
en
ce

th
e
p
u
b
lic

k
ey,

w
o
u
ld

b
e
ra
th
er

la
rg
e
w
ith
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