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Abstract

A New O(n?) Algorithm for the Symmetric Tridiagonal Eigenvalue/Eigenvector
Problem

by

Inderjit Singh Dhillon
Doctor of Philosophy in Computer Science

University of California, Berkeley

Professor James W. Demmel, Chair

Computing the eigenvalues and orthogonal eigenvectors of an n X n symmetric tridiagonal
matrix is an important task that arises while solving any symmetric eigenproblem. All
practical software requires O(n?) time to compute all the eigenvectors and ensure their
orthogonality when eigenvalues are close. In the first part of this thesis we review earlier
work and show how some existing implementations of inverse iteration can fail in surprising
ways.

The main contribution of this thesis is a new O(n?), easily parallelizable algorithm
for solving the tridiagonal eigenproblem. Three main advances lead to our new algorithm.
A tridiagonal matrix is traditionally represented by its diagonal and off-diagonal elements.
Our most important advance is in recognizing that its bidiagonal factors are “better” for
computational purposes. The use of bidiagonals enables us to invoke a relative criterion to
judge when eigenvalues are “close”. The second advance comes by using multiple bidiag-
onal factorizations in order to compute different eigenvectors independently of each other.
Thirdly, we use carefully chosen dqds-like transformations as inner loops to compute eigen-
pairs that are highly accurate and “faithful” to the various bidiagonal representations.
Orthogonality of the eigenvectors is a consequence of this accuracy. Only O(n) work per
eigenpair is needed by our new algorithm.

Conventional wisdom is that there is usually a trade-off between speed and accu-
racy in numerical procedures, i.e., higher accuracy can be achieved only at the expense of

greater computing time. An interesting aspect of our work is that increased accuracy in



the eigenvalues and eigenvectors obviates the need for explicit orthogonalization and leads
to greater speed.

We present timing and accuracy results comparing a computer implementation
of our new algorithm with four existing EISPACK and LAPACK software routines. Our
test-bed contains a variety of tridiagonal matrices, some coming from quantum chemistry
applications. The numerical results demonstrate the superiority of our new algorithm. For
example, on a matrix of order 966 that occurs in the modeling of a biphenyl molecule
our method is about 10 times faster than LAPACK’s inverse iteration on a serial IBM

RS/6000 processor and nearly 100 times faster on a 128 processor IBM SP2 parallel machine.

Professor James W. Demmel
Dissertation Committee Chair
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Chapter 1

Setting the Scene

In this thesis, we propose a new algorithm for finding all or a subset of the eigenval-
ues and eigenvectors of a symmetric tridiagonal matrix. The main advance is in being able
to compute numerically orthogonal “eigenvectors” without taking recourse to the Gram-
Schmidt process or a similar technique that explicitly orthogonalizes vectors. All existing
software for this problem needs to do such orthogonalization and hence takes O(n?) time
in the worst case, where n is the order of the matrix. Our new algorithm is the result of
several innovations which enable us to compute, in O(n?) time, eigenvectors that are highly
accurate and numerically orthogonal as a consequence. We believe that the ideas behind
our new algorithm can be gainfully applied to several other problems in numerical linear
algebra.

As an example of the speedups possible due to our new algorithm, the parallel
solution of a 966 x 966 dense symmetric eigenproblem, that comes from the modeling of a
biphenyl molecule by the Mgller-Plesset theory, is now nearly 3 times faster than an earlier
implementation [39]. This speedup is a direct consequence of a 10-fold increase in speed of
the tridiagonal solution, which previously accounted for 80-90% of the total time. Detailed
numerical results are presented in Chapter 6.

Before we sketch an outline of our thesis, we list the features of an “ideal” algo-

rithm.



1.1 Our Goals

At the onset of our research in 1993, we listed the desirable properties of the
“ultimate” algorithm for computing the eigendecomposition of the symmetric tridiagonal

matrix 7. Our wish-list was for

1. An O(n?) algorithm. Such an algorithm would achieve the minimum output com-

plexity in computing all the eigenvectors.

2. An algorithm that guarantees accuracy. Due to the limitations of finite preci-
sion, we cannot hope to compute the true eigenvalues and ensure that the computed
eigenvectors are exactly orthogonal. A plausible goal is to find approximate eigenpairs

(;\i,?}i), ol'%; =1,i=1,2,...,n, such that
e the residual norms are small, i.e.,

(T < XI)i;

= O(elITD), (L.1.1)

e the computed vectors are numerically orthogonal, i.e.,

= 0(e), i#J, (1.1.2)

where ¢ is the machine precision. For some discussion on how to relate the above
goals to backward errors in 7', see [87, Theorem 2.1] and [71]. However it may not
be possible to achieve (1.1.1) and (1.1.2) in all cases and we will aim for bounds that

grow slowly with n.

3. An embarrassingly parallel algorithm that allows independent computation of

each eigenvalue and eigenvector making it easy to implement on a parallel computer.

4. An adaptable algorithm that permits computation of any %k of the eigenvalues and

eigenvectors at a reduced cost of O(nk) operations.

We have almost succeeded in accomplishing all these lofty goals. The algorithm
presented at the end of Chapter 5 is an O(n?), embarrassingly parallel and adaptable method
that passes all our numerical tests. Work to further improve this algorithm is still ongoing

and we believe we are very close to a provably accurate algorithm.



1.2 Outline of Thesis

The following summarizes the contents of this thesis.

1. In Chapter 2, we give some background explaining the importance of the symmetric
tridiagonal eigenproblem. We then briefly describe some of the existing methods —
the popular QR algorithm, bisection followed by inverse iteration and the relatively
new divide and conquer approach. In Section 2.6, we compare the existing methods in
terms of speed, accuracy and memory requirements discussing how they do not satisfy
all the desirable goals of Section 1.1. Since our new algorithm is related to inverse
iteration, in Section 2.7 we discuss in detail the tricky issues involved in its computer
implementation. In Section 2.8.1, we show how the existing LAPACK and EISPACK
inverse iteration software can fail. The expert reader may skip this chapter and move

on to Chapter 3 where we start describing our new methods.

2. In Chapter 3, we describe in detail the computation of an eigenvector corresponding
to an isolated eigenvalue that has already been computed. We begin by showing how
some of the obvious ways can fail miserably due to the tridiagonal structure. Twisted
factorizations, introduced in Section 3.1, are found to reveal singularity and provide
an elegant mechanism for computing an eigenvector. The method suggested by these
factorizations may be thought of as deterministically “picking a good starting vector”
for inverse iteration thus avoiding the random choices currently used in LAPACK
and solving a question posed by Wilkinson in [136, p.318]. Section 3.4 shows how to
modify this new method in order to eliminate divisions. We then digress a little and
in Sections 3.5 and 3.6 briefly discuss how twisted factorizations can be employed to

reveal the rank of denser matrices and guarantee deflation in perfect shift strategies.

3. In Chapter 4, we show how to independently compute eigenvectors that turn out to
be numerically orthogonal when eigenvalues differ in most of their digits. Note that
eigenvalues may have tiny absolute gaps without agreeing in any digit, e.g., 107 and
1075 are far apart from each other in a relative sense. We say that such eigenvalues
have large relative gaps. The material of this chapter represents a major advance
towards our goal of an O(n?) algorithm. Sections 4.1 and 4.2 extol the benefits of high
accuracy in the computed eigenvalues, and show that for computational purposes, a

bidiagonal factorization of T'is “better” than the traditional way of representing T by



its diagonal and off-diagonal elements. In Section 4.3, we review the known properties
of bidiagonal matrices that make them attractive for computation. Section 4.4.1 gives
the gd-like recurrences that allow us to exploit the good properties of bidiagonals,
and in Section 4.4.2 we give a detailed roundoff error analysis of their computer
implementations. Section 4.5 gives a rigorous analysis that proves the numerical
orthogonality of the computed eigenvectors when relative gaps are large. To conclude,

we present a few numerical results in Section 4.6 to verify the above claims.

4. Chapter 5 deals with the case when relative gaps between the eigenvalues are small.
In this chapter, we propose that for each such cluster of eigenvalues, we form an
additional bidiagonal factorization of T+ pl where p is close to the cluster, and then
apply the techniques of Chapter 4 to compute eigenvectors that are automatically
numerically orthogonal. The success of this approach depends on finding relatively
robust representations that are defined in Section 5.2. Section 5.3.1 introduces the
concept of a representation tree which is a tool that facilitates proving orthogonality
of the vectors computed using different representations. We present Algorithm Y in
Section 5.4 that also handles the remaining case of small relative gaps. We cannot
prove the correctness of this algorithm as yet but extensive numerical experience

indicates that it is accurate.

5. In Chapter 6 we give a detailed numerical comparison between Algorithm Y and four
existing FISPACK and LAPACK software routines. Section 6.4.1 describes our ex-
tensive collection of test tridiagonals, some of which come from quantum chemistry
applications. We find our computer implementation of Algorithm Y to be uniformly
faster than existing implementations of inverse iteration and the QR algorithm. The
speedups range from factors of 4 to about 3500 depending on the eigenvalue distribu-

tion. In Section 6.5, we speculate on further improvements to Algorithm Y.

6. Finally, in Chapter 7, we discuss how some of our techniques may be applicable to

other problems in numerical linear algebra.

In addition to the above chapters, we have included some case studies at the end
of this thesis, which examine various illuminating examples in detail. Much of the material
in the case studies appears scattered in various chapters, but we have chosen to collate and

expand on it at the end, where it can be read independently of the main text.



1.3 Notation

We now say a few words about our notation. The reader would benefit by occa-
sionally reviewing this section during the course of his/her reading of this thesis. We adopt
Householder’s conventions and denote matrices by uppercase roman letters such as A, B,
J, T and scalars by lowercase greek letters a, 3, v, n, or lowercase italic such as a;, b;
etc. We also try to follow the Kahan/Parlett convention of denoting symmetric matrices
by symmetric letters such as A, T" and nonsymmetric matrices by B, J etc. In particular,
T stands for a symmetric tridiagonal matrix while J denotes a nonsymmetric tridiagonal.
However, we will occasionally depart from these principles, for example, the letters L and U
will denote lower and upper triangular matrices respectively while D stands for a diagonal
matrix by strong tradition. Overbars will be frequently used when more than one matrix of
a particular type is being considered, e.g., I and L. The submatrix of 7' in rows i through
j will be denoted by T%/ and its characteristic polynomial by y*¥.

We denote vectors by lowercase roman letters such as u, » and z. The ith com-
ponent of the vector v will be denoted by v; or v(7). The (47, j) element of matrix A will be
denoted by A;;. All vectors are n-dimensional and all matrices are n X n unless otherwise
stated. In cases where there are at most n non-trivial entries in a matrix, we will use only
one index to denote these matrix entries, for example L(7) might denote the L(i+41,¢) entry
of a unit lower bidiagonal matrix while D(7) or D; can denote the (7, ¢) element of a diagonal
matrix. The ¢th column vector of the matrix V will be denoted by v;. We note that this

might lead to some ambiguity, but we will try and explicitly state our notation before such

usage.

We denote the n eigenvalues of a matrix by Ay, A, ---, A,, while the n singular
values are denoted by o1,09,...,0,. Normally we will assume that these quantities are
ordered, i.e., Ay < -+ < A, while 6y > --- > 0,,. Note that the eigenvalues are arranged

in increasing order while the singular values are in decreasing order. We have done this to
abide by existing conventions. The ordering is immaterial to most of our presentation, but
we will make explicit the order of arrangement whenever our exposition requires ordering.
Eigenvectors and singular vectors will be denoted by w»; and u;. The diagonal matrix of
eigenvalues and singular values will be denoted by A and ¥ respectively, while V and U will
stand for matrices whose columns are eigenvectors and/or singular vectors.

Since finite precision computations are the driving force behind our work, we



briefly introduce our model of arithmetic. We assume that the floating point result of a

basic arithmetic operation o satisfies
fl(zoy)=(zoy)(l+n)=(zoy)/(1+6)
where 17 and 6 depend on z, y, o, and the arithmetic unit. The relative errors satisfy
In| <e, |6]<e¢

for a given ¢ that depends only on the arithmetic unit and will be called the machine
precision. We shall choose freely the form (7 or §) that suits the analysis. We also adopt
the convention of denoting the computed value of z by &. In fact, we have already used
some of this notation in Section 1.1.

The IEEE single and double precision formats allow for 24 and 53 bits of precision
respectively. Thus the corresponding ¢ are 272 ~ 1.2 x 1077 and 27°2 ~ 2.2 x 10716
respectively. Whenever ¢ occurs in our analysis it will either denote machine precision
or should be taken to mean “of the order of magnitude of” the machine precision, i.e,
¢ = O(machine precision).

Just as we did in the above sentence and in equations (1.1.1) and (1.1.2), we
will continue to abuse the “big oh” notation. Normally the O notation, introduced by
Bachmann in 1894 [68, Section 9.2], implies a limiting process. For example, when we say
that an algorithm takes O(n?) time, we mean that the algorithm performs less than Kn?
operations for some constant K as n — oo. However in our informal discussions, sometimes
there will not be any limiting process or we may not always make it precise. In the former
case, O will be a synonym for “of the order of magnitude of”. Our usage should be clear
from the context. Of course, we will be precise in the statements of our theorems — in fact,
the O notation does not appear in any theorem or proof in this thesis.

We will also be sloppy in our usage of the terms “eigenvalues” and “eigenvec-
tors”. An unreduced symmetric tridiagonal matrix has exactly n distinct eigenvalues and
n normalized eigenvectors that are mutually orthogonal. However, in several places we
will use phrases like “the computed eigenvalues are close to the exact eigenvalues” and
“the computed eigenvectors are not numerically orthogonal”. In these phrases, we refer to
approzimations to the eigenvalues and eigenvectors and we are deliberately sloppy for the
sake of brevity. In a similar vein, we will use “orthogonal” to occasionally mean numerically

orthogonal, i.e., orthogonal to working precision.



Chapter 2

Existing Algorithms & their

Drawbacks

In this chapter, we start by giving a quick background to the problem of computing
an eigendecomposition of a dense symmetric matrix for the benefit of a newcomer. We
then discuss and compare existing methods of solving the resulting tridiagonal problem in
Sections 2.2 through 2.6. Later, in Sections 2.7 and 2.8, we show how various issues that arise
in implementing inverse iteration are handled in existing LAPACK [1] and EISPACK [128§]
software, and present some examples where they fail to deliver correct answers. Finally, we

sketch our alternate approach on handling these issues in Section 2.9.

2.1 Background

Eigenvalue computations arise in a rich variety of contexts. A quantum chemist
may compute eigenvalues to reveal the electronic energy states in a large molecule, a struc-
tural engineer may need to construct a bridge whose natural frequencies of vibration lie
outside the earthquake band while eigenvalues may convey information about the stabil-
ity of a market to an economist. A large number of such physically meaningful problems
may be posed as the abstract mathematical problem of finding all numbers A and non-zero

vectors ¢ that satisfy the equation

Aq = Aq,

where A is a real, symmetric matrix of order n. A is called an eigenvalue of the matrix A

while ¢ is a corresponding eigenvector.



All eigenvalues of A must satisfy the characteristic equation, det(A <A[l) = 0 and
since the left hand side of this equation is a polynomial in A of degree n, A has exactly n

eigenvalues. A symmetric matrix further enjoys the properties that
1. all eigenvalues are real, and
2. a complete set of n mutually orthogonal eigenvectors may be chosen.

Thus a symmetric matrix A admits the eigendecomposition
A=QAQT,

where A is a diagonal matrix, A = diag(A1, Ag,...,A,), and @ is an orthogonal matrix,
ie., QTQ = I. In the case of an unreduced symmetric tridiagonal matrix, i.e., where all
off-diagonal elements of the tridiagonal are non-zero, the eigenvalues are distinct while the
eigenvectors are unique up to a scale factor and are mutually orthogonal.

Armed with this knowledge, several algorithms for computing the eigenvalues of
a real, symmetric matrix have been constructed. Prior to the 1950s, explicitly forming
and solving the characteristic equation seems to have been a popular choice. However,
eigenvalues are extremely sensitive to small changes in the coefficients of the characteristic
polynomial and the inadequacy of this representation became clear with the advent of
the modern digital computer. Orthogonal matrices became, and still remain, the most

important tools of the trade. A sequence of orthogonal transformations,
Ao= 4, Ana=Ql A,

where Q7 (); = I, is numerically stable and preserves the eigenvalues of A;. Many algorithms
for computing the eigendecomposition of A attempt to construct such a sequence so that
A; converges to a diagonal matrix. But, Galois’ work in the nineteenth century implies that
for n > 4 there can be no finite m for which A,, is diagonal as long as the ¢); are computed
by algebraic expressions and taking kth roots. It seems natural to try and transform A to
a tridiagonal matrix instead. In 1954, Givens proposed the reduction of A to tridiagonal
form by using orthogonal plane rotations [62]. However, most current efficient algorithms
work by reducing A to a tridiagonal matrix T by a sequence of n &2 orthogonal reflectors,

now named after Householder who first introduced them in 1958, see [81]. Mathematically,

T = (QF 5 Q1Q))AQuQ1 -+ Qu-s) = ZTAZ



The eigendecomposition of T' may now be found as
T =VAVT, (2.1.1)
where VTV = I, and back-transformation may be used to find the eigenvectors of A,
A= (ZV)AZV)T = QAQT.

The tridiagonal eigenproblem is one of the most intensively studied problems in numerical
linear algebra. A variety of methods exploit the tridiagonal structure to compute (2.1.1).
Extensive research has led to plenty of software, especially in the linear algebra software
libraries, EISPACK [128] and the more recent LAPACK [1]. We will examine existing
algorithms and related software in the next section.

We now briefly discuss the relative costs of the various components involved in
solving the dense symmetric eigenproblem. Reducing A to tridiagonal form by Householder
transformations costs about %n3 multiplications and additions, while back-transformation to
get the eigenvectors of A from the tridiagonal solution needs 2n® multiplication and addition
operations. The cost of solving the tridiagonal eigenproblem varies according to the method
used and the numerical values in the matrix. If the distribution of eigenvalues is favorable
some methods may solve such a tridiagonal problem in O(n?) time. However, all existing
software takes kn® operations in the worst case, where k is a modest number that can vary
from 4 to 12. In many cases of practical importance, the tridiagonal problem can indeed be
the bottleneck in the total computation. The extent to which it is a bottleneck can be much
greater than suggested by the above numbers because the other two phases, Householder
reduction and back-transformation can exploit fast matrix-multiply based operations [12,
45], whereas most algorithms for the tridiagonal problem are sequential in nature and/or
cannot be expressed in terms of matrix multiplication. We now discuss these existing

algorithms.

2.2 The QR Algorithm

Till recently, the method of choice for the symmetric tridiagonal eigenproblem was
the QR Algorithm which was independently invented by Francis [59] and Kublanovskaja [95].

The QR method is a remarkable iteration process,



10

T, <ol = @Q;R;, (2.2.2)
Ti-l—l = RZQ2+UZI7 1=10,1,2,...

where QTQ; = I, R; is upper triangular and o; is a shift chosen to accelerate convergence.
The off-diagonal elements of T; are rapidly driven to zero by this process. Francis, helped
by Strachey and Wilkinson, was the first to note the invariance of the tridiagonal form and
incorporate shifts in the QR method. These observations make the method computationally
viable. The initial success of the method sparked off an incredible amount of research into
the QR method, which carries on till this day. Several shift strategies were proposed and
convergence properties of the method studied. The ultimate cubic convergence of the QR
algorithm with suitable shift strategies was observed by both Kahan and Wilkinson. In 1968,
Wilkinson proved that the tridiagonal QL iteration (the QL method is intimately related
to the QR method) always converges using his shift strategy. A simpler proof of global
convergence is due to Hoffman and Parlett, see [79]. An excellent treatment of the QR
method is given by Parlett in [110].

Fach orthogonal matrix @; in (2.2.2) is a product of n <1 elementary rotations,
known as Givens rotations [62]. The tridiagonal matrices T; converge to diagonal form
that gives the eigenvalues of T'. The eigenvector matrix of T" is then given by the product
(1Q)205 - - -. When only eigenvalues are desired, the QR transformation can be reorganized
to eliminate all square roots that are required to form the Givens rotations. This was first
observed by Ortega and Kaiser in 1963 [109] and a fast, stable algorithm was developed
by Pal, Walker and Kahan (PWK) in 1968-69 [110]. Since a square root operation can be
about 20 or more times as expensive as addition or multiplication, this yields a much faster
method. In particular, the PWK algorithm finds all eigenvalues of T in approximately 912
multiply and add operations and 3n? divisions, with the assumption that 2 QR iterations
are needed per eigenvalue. However, when eigenvectors are desired, the product of all the
Q; must be accumulated during the algorithm. The O(n?) square root operations cannot be
eliminated in this process and approximately 6n° multiplications and additions are needed
to find all the eigenvalues and eigenvectors of T. In the hope of cutting down this work
by half, Parlett suggested the alternate strategy of computing the eigenvalues by the PWK
algorithm, and then executing the QR algorithm using the previously computed eigenvalues
as origin shifts to find the eigenvectors [110, p.173]. However this perfect shift strategy was

not found to work much better than Wilkinson’s shift strategy, taking an average of about
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2 QR iterations per eigenvalue [69, 98].

2.3 Bisection and Inverse Iteration

In 1954, Wallace Givens proposed the method of bisection to find some or all of
the eigenvalues of a real, symmetric matrix [62]. This method is based on the availability of
a simple recurrence to count the number of eigenvalues less than a floating point number p.

Let x;(7) = det(rI<T17) be the characteristic polynomial of the leading principal
J x j submatrix of T'. The sequence {xo, X1, .-, Xn}, Where yo = 1 and x; = p &7}y, forms
a Sturm sequence of polynomials. The tridiagonal nature of 7" allows computation of x;(sx)

using the three-term recurrence

X+ (1) = (& Tin )X (1) ST X1 (). (2.3.3)

The number of sign agreements in consecutive terms of the numerical sequence
{xi(p),i = 0,1,...,n} equals the number of eigenvalues of 7" less than y. Based on this
recurrence, Givens devised a method that repeatedly halves the size of an interval that
contains at least one eigenvalue. However, it was soon observed that recurrence (2.3.3) was
prone to overflow with a limited exponent range. An alternate recurrence that computes

d;i(pr) = x;(p)/xj=1(p) is now used in most software [89],

djvi(p) = (n & Tipr 1) ©THa ;/di(w), di(p) = p &

The bisection algorithm permits an eigenvalue to be computed in about 2bn addi-
tion and bn division operations where b is the number of bits of precision in the numbers
(b =24 in IEEE single while b = 53 in IEEE double precision arithmetic). Thus all eigenval-
ues may be found in O(bn?) operations. Faster iterations that are superlinearly convergent
can beat bisection and we give some references in Section 2.5.

Once an accurate eigenvalue approximation A is known, the method of inverse

iteration may be used to compute an approximate eigenvector [118, 87] :
v = p, (A <:>;\I)v(i+1) =700 i=0,1,2,...,

where b is the starting vector and 7() is a scalar.
Earlier fears about loss of accuracy in solving the linear system given above due to

the near singularity of T <Al were allayed in [119]. Inverse iteration delivers a vector ¢ that
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has a small residual, i.e. small ||(T<AI)3||, whenever A is close to A. However small residual

norms do not guarantee orthogonality of the computed vectors when eigenvalues are close
together. A commonly used “remedy” for clusters of eigenvalues is to orthogonalize each ap-
proximate eigenvector, as soon as it is computed, against previously computed eigenvectors
in the cluster. Typical implementations orthogonalize using the modified Gram-Schmidt
method.

The amount of work required by inverse iteration to compute all the eigenvectors
of a symmetric tridiagonal matrix strongly depends upon the distribution of eigenvalues.
If eigenvalues are well-separated, then O(n?) operations are sufficient. However, when
eigenvalues are close, current implementations can take up to 10n® operations due to the

orthogonalization.

2.4 Divide and Conquer Methods

In 1981, Cuppen proposed a solution to the symmetric tridiagonal eigenproblem
that was meant to be efficient for parallel computation [25, 46]. It is quite remarkable that
this method can also be faster than other implementations on a serial computer!

The matrix T may be expressed as a modification of a direct sum of two smaller
tridiagonal matrices. This modification may be a rank-one update [15], or may be ob-
tained by crossing out a row and column of 7' [72]. The eigenproblem of 7" can then be
solved in terms of the eigenproblems of the smaller tridiagonal matrices, and this may be
done recursively. For several years after its inception, it was not known how to guaran-
tee numerically orthogonality of the eigenvector approximations obtained by this approach.
However in 1992, Gu and Eisenstat found a clever solution to this problem, and paved the
way for robust software based on their algorithms [72, 73, 124] and Li’s work on a faster
zero-finder [102].

The main reason for the unexpected success of divide and conquer methods on
serial machines is deflation, which occurs when an eigenpair of a submatrix of 7" is an ac-
ceptable eigenpair of a larger matrix. For symmetric tridiagonal matrices, this phenomenon
is quite common. The greater the amount of deflation, the lesser is the work required in
these methods. The amount of deflation depends on the distribution of eigenvalues and
on the structure of the eigenvectors. In the worst case when no deflation occurs O(n?)

operations are needed, but on matrices where eigenvalues cluster and the eigenvector ma-



13

trix contains many tiny entries, substantial deflation occurs and many fewer than O(n?)
operations are required [73].

In [71, 73], Gu and Eisenstat show that by using the fast multipole method of
Carrier, Greengard and Rokhlin [70, 16], the complexity of solving the symmetric tridiagonal
eigenproblem can be considerably lowered. All the eigenvalues and eigenvectors can be found
in O(n?) operations while all the eigenvalues can be computed in O(nlog,n) operations.
In fact, the latter method also finds the eigenvectors but in an implicit factored form
(without assembling the n? entries of all the eigenvectors) that allows multiplication of the
eigenvector matrix by a vector in about n? operations. However, the constant factor in
the above operation counts is quite high, and matrices encountered currently are not large
enough for these methods to be viable. There is no software available as yet that uses the

fast multipole method for the eigenproblem.

2.5 Other Methods

The oldest method for solving the symmetric eigenproblem is one due to Jacobi
that dates back to 1846 [86], and was rediscovered by von Neumann and colleagues in
1946 [7]. Jacobi’s method does not reduce the dense symmetric matrix A to tridiagonal
form, as most other methods do, but instead works on A. It performs a sequence of plane
rotations each of which annihilates an off-diagonal element (which is filled in during later
steps). There are a variety of Jacobi methods that differ solely in their strategies for
choosing the next element to be annihilated. All good strategies tend to diminish the off-
diagonal elements, and the resulting sequence of matrices converges to the diagonal matrix
of eigenvalues. Jacobi methods cost O(n?) or more operations but the constant is larger
than in any of the algorithms discussed above. Despite their slowness, these methods are
still valuable as they seem to be more accurate than other methods [37]. They can also be
quite fast on strongly diagonally dominant matrices.

The bisection algorithm discussed in Section 2.3 is a reliable way to compute
eigenvalues. However, it can be quite slow and there have been many attempts to find faster
zero-finders such as the Rayleigh Quotient Iteration [110], Laguerre’s method [90, 113] and
the Zeroin scheme [31, 13]. These zero-finders can considerably speed up the computation
of isolated eigenvalues but they seem to stumble when eigenvalues cluster.

Homotopy methods for the symmetric eigenproblem were suggested by Chu in [23,
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24]. These methods start from an eigenvalue of a simpler matrix D and follow a smooth
curve to find an eigenvalue of A(t) = D + t(A < D). D was chosen to be the diagonal
of the tridiagonal in [103], but greater success was obtained by taking D to be a direct
sum of submatrices of 7' [105, 99]. An alternate divide and conquer method that finds the
eigenvalues by using Laguerre’s iteration instead of homotopy methods is given in [104].

The corresponding eigenvectors in these methods are obtained by inverse iteration.

2.6 Comparison of Existing Methods

All currently implemented software for finding all the eigenvalues and eigenvectors
of a symmetric tridiagonal matrix requires O(n?) work in the worst case. The fastest current
implementation is the divide and conquer method of [73]. As mentioned in Section 2.4,
many fewer than O(n?) operations are needed when heavy deflation occurs. In fact, for
some matrices, such as a small perturbation of the identity matrix, just O(n) operations
are suflicient to solve the eigenproblem. This method was designed to work well on parallel
computers, offering both task and data parallelism [46]. Efficient parallel implementations
are not straightforward to program, and the decision to switch from task to data parallelism
depends on the characteristics of the underlying machine [17]. Due to such complications, all
the currently available parallel software libraries, such as ScaLAPACK [22] and PelGS [52],
use algorithms based on bisection and inverse iteration. A drawback of the current divide
and conquer software in LAPACK is that it needs extra workspace of more than 2n? floating
point numbers, which can be prohibitively excessive for large problems. Also, the divide
and conquer algorithm does not allow the computation of a subset of the eigenvalues and
eigenvectors at a proportionately reduced cost.

The bisection algorithm enables any subset of & eigenvalues to be computed with
O(nk) operations. Each eigenvalue can be found independently and this makes it suitable for
parallel computation. However, bisection is slow if all the eigenvalues are needed. A faster
root-finder, such as Zeroin [31, 13], speeds up computation when an eigenvalue is isolated
in an interval. Multisection maintains the simplicity of bisection and in certain situations,
can speed up the performance on a parallel machine [106, 11, 127]. When the k eigenvalues
are well separated, inverse iteration can find the eigenvectors independently, each in O(n)
time. However, to find eigenvectors of k close eigenvalues, all existing implementations

resort to reorthogonalization and this costs O(nk?) operations. Orthogonalization can also
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lead to heavy communication in a parallel implementation. The computed eigenvectors
may also not be accurate enough in some rare cases. See Section 2.8.1 for more details.
Despite these drawbacks, the embarrassingly parallel nature of bisection followed by inverse
iteration makes it easy and efficient to program on a parallel computer. As a result, this is
the method that has been implemented in current software libraries for distributed memory
computers, such as ScaLAPACK [47], PelGS [52, 54] and in [75].

Like the recent divide and conquer methods, the QR algorithm guarantees numer-
ical orthogonality of the computed eigenvectors. The O(n?) computation performed in the
QR method to find all the eigenvalues is sequential in nature and is not easily parallelized
on modern parallel machines despite the attempts in [96, 132, 93]. However, the O(n?) com-
putation in accumulating the Givens’ rotations into the eigenvector matrix is trivially and
efficiently parallelized, see [3] for more details. But the higher operation count and inability
to exploit fast matrix-multiply based operations make the QR algorithm much slower than
divide and conquer and also, slower on average than bisection followed by inverse iteration.

Prior to beginning this work, we were hopeful of finding an algorithm that could

fulfil the rather ambitious goals of Section 1.1 because

e when eigenvalues are well separated, bisection followed by inverse iteration requires

O(n?) operations, and
e when eigenvalues are clustered, the divide and conquer method is very fast.

The above observations suggest a hybrid algorithm that solves clusters by the
divide and conquer algorithm and computes eigenvectors of isolated eigenvalues by inverse
iteration. Indeed such an approach has been taken in [60]. Another alternative is to perform
bisection and inverse iteration in higher precision. This may be achieved by simulating
quadrupled precision, i.e., doubling the precision of the machine’s native arithmetic, in
software in an attempt to obviate the need for orthogonalization [38].

We choose to take a different approach in our thesis. By revisiting the problem
at a more fundamental level, we have been able to arrive at an algorithm that shares
the attractive features of inverse iteration and the divide and conquer method. Since our
approach can be viewed as an alternate way of doing inverse iteration, we now look in detail
at the issues involved in any implementation of inverse iteration. Although many surprising
aspects of current implementations are revealed by our careful examination, the reader who

is pressed for time may skip on to Chapter 3 for the main results of this thesis. The material
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in the upcoming sections also appears in [40].

2.7 Issues in Inverse Iteration

Inverse Iteration is a method to find an eigenvector when an approximate eigen-

value \ is known :
0@ = b, (AeANHY) = 70,0 1 =0,1,2,.... (2.7.4)

Here b is the starting vector. Usually ||o()|| = 1 and 7() is a scalar chosen to try

and make ||+ ~ 1. We now list the key issues that arise in a computer implementation.

I. Choice of shift. Given an approximate eigenvalue ;\, what shift ¢ should be chosen

when doing the inverse iteration step :
(A eol)pt*) = 70,0 7 (2.7.5)

Should & always equal A? How close should o be to an eigenvalue? Should the

accuracy of A be checked?
II. Direction of starting vector. How should b be chosen?

III. Scaling of right hand side. When the shift o is very close to an eigenvalue,
(A <o)~ is large and solving (2.7.5) may result in overflow. Can 7(9) be chosen

to prevent overflow?

IV. Convergence Criterion. When does an iterate v(!) satisfy (1.1.1)? If the criterion
for acceptance is too strict, the iteration may never stop and the danger of too loose

a criterion is that poorer approximations than necessary may be accepted.

V. Orthogonality. Will the vectors for different eigenvalues computed by (2.7.4) be

numerically orthogonal? If not, what steps must be taken to ensure orthogonality?

We now examine these issues in more detail. Before we do so, it is instructive to
look at the first iterate of (2.7.5) in the eigenvector basis. Suppose that bis a starting vector
with [|b||2 = 1, and that ¢ is an approximation to the eigenvalue Aq. Writing b in terms of

the eigenvectors, b = 37", &v;, we get, in exact arithmetic

@1:T<1>(sz)—1bzr<l>( b,y & )

M &0 = A &0
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(1) A o

- n = N (S 210

I. Choice of shift. The above equation shows that for #; to be a good approximation
to vy, 0 must be close to A;. But in such a case, the linear system (2.7.5) is ill-
conditioned and small changes in ¢ or A can lead to large changes in the solution
o+ Tnitially, it was feared that roundoff error would destroy these calculations
in finite precision arithmetic. However Wilkinson showed that the errors made in
computing plit1), although large, are almost entirely in the direction of vy when Aq

is isolated. Since we are interested only in computing the direction of v these errors
pose no danger, see [119]. Thus to compute the eigenvector of an isolated eigenvalue,

the more accurate the shift is the better is the approximate eigenvector.

It is common practice now to compute eigenvalues first, and then invoke inverse it-
eration with very accurate o. Due to the fundamental limitations of finite precision
arithmetic, eigenvalues of symmetric matrixes can, in general, only be computed to
a guaranteed accuracy of O(e||A]|) [110]. Even when a very accurate eigenvalue ap-
proximation is available, the following may influence the choice of the shift when more

than one eigenvector is desired.

¢ The pairing problem. In [20], Chandrasekaran gives a surprising example
showing how inverse iteration can fail to give small residuals in exact arithmetic
if the eigenvalues and eigenvectors are not paired up properly. We reproduce
the example in Section 2.8. To prevent such an occurrence, Chandrasekaran
proposes perturbing the eigenvalue approximations so that each shift used for
inverse iteration lies to the left of, i.e., is smaller than, its nearest eigenvalue (see

Example 2.8.1 for more details).

e The separation problem. The solution (1) in (2.7.5) is very sensitive to
small changes in ¢ when there is more than one eigenvalue near . In [136,
p-329], Wilkinson notes that

‘The extreme sensitivity of the computed eigenvector to very small
changes in A [0 in our notation] may be turned to practical advantage
and used to obtain independent eigenvectors corresponding to coincident
or pathologically close eigenvalues’.

Wilkinson proposed that such nearby eigenvalues be ‘artificially separated’ by a

tiny amount.
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Direction of starting vector. From (2.7.6), assuming that |\, &o| < |A; <o for
t # 1, 01 is a good approximation to vy provided that & is not “negligible”, i.e., the
starting vector must have a non-negligible component in the direction of the desired
eigenvector. In [136, pp.315-321], Wilkinson investigates and rejects the choice of e;
or e, as a starting vector (where e; is the ith column of the n x n identity matrix). ey
is a desirable choice for a starting vector if the kth component of v is above average
(> 1/4/n). In the absence of an efficient procedure to find such a k, Wilkinson
proposed choosing PLe as the starting vector, where T' <ol = PLU and e is the
vector of all 1’s [134, 136]. A random starting vector is a popular choice since the
probability that it has a negligible component in the desired direction is extremely

low, see [87] for a detailed study.

| =07/ (M &)

where 7(1) is the scale factor in the first iteration of (2.7.5). If o is very close to an

Scaling of right hand side. Equation (2.7.6) implies that |34
eigenvalue, ||91]| can be very large and overflow may occur and lead to breakdown in the
eigenvector computation. To avoid such overflow, 7(1) should be chosen appropriately

to scale down the right hand side. This approach is taken in EISPACK and LAPACK.

Convergence Criterion. In the iteration (2.7.4), when is v(t1) an acceptable eigen-

vector? The residual norm is

(A &M DtV [0 00

[0+ RG]l (2.7.7)

The factor |0V /|7 - »(D]] is called the norm growth. To guarantee (1.1.1), v(+1)
is usually accepted when the norm growth is O(1/ne||T']]), see [136, p.324] for details.
For the basic iteration of (2.7.4) this convergence criterion can always be met in
a few iterations, provided the starting vector is not pathologically deficient in the
desired eigenvector and |A; & Ay| = O(ne||T||). As we have mentioned before, these

requirements are easily met.

Since the eigenvalue approximations are generally input to inverse iteration, what
should the software do if the input approximations are not accurate, i.e., bad data
is input to inverse iteration? We believe that the software should raise some sort
of error flag either by testing for the accuracy of the input eigenvalues, or through

non-convergence of the iterates.
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When Aq is isolated, a small residual implies orthogonality of the computed vector to
other eigenvectors (see (2.7.8) below). However when A; is in a cluster, goal (1.1.2)
is not automatic. As we now discuss, the methods used to compute numerically

orthogonal vectors can impact the choice of the convergence criterion.

. Orthogonality. Standard perturbation theory [110, Section 11-7] says that if ¢ is a
unit vector, A is the eigenvalue closest to Aand vis s eigenvector then
Ab &\
Isin (v, 3)] < IAT=A (2.7.8)
gap(A)

where gap() = miny, 2, [A €\

In particular, the above implies that the simple iteration scheme of (2.7.4) cannot
guarantee orthogonality of the computed “eigenvectors” when eigenvalues are close.
To achieve numerical orthogonality, current implementations modify (2.7.4) by explic-
itly orthogonalizing each iterate against eigenvectors of nearby eigenvalues that have

already been computed.

However, orthogonalization can fail if the vectors to be orthogonalized are close to

being parallel. When this happens, two surprising difficulties arise :

e The orthogonalized vectors may not provide an orthogonal basis of the desired

subspace.

¢ Orthogonalization may lead to cancellation and a decrease in norm of the iterate.
Thus a simple convergence criterion (as suggested above in issue IV) may not be

reached.

The eigenvalues found by the QR algorithm and the divide and conquer method can
be in error by O(¢||T]]). As a result, approximations to small eigenvalues may not
be correct in most of their digits. Thus computed eigenvalues may not be accurate
“enough” leading to the above failures surprisingly often. We give examples of such
occurrences in Section 2.8.1. In response to the above problems, Chandrasekaran
proposes a new version of inverse iteration that is considerably different from the
EISPACK and LAPACK implementations in [20]. The differences include an alternate
convergence criterion. The drawback of this new version is the potential increase in

the amount of computation required.
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INVERSE ITERATION(A,N)
/* assume that o1, 9y, ...,9;_1 have been computed, and A, ;\i-l-lv .. .,;\j form a cluster */

Choose a starting vector b;;

Orthogonalize b; against o;, Di41,...,0;-1;

[ =0; p(0) = bj;

do
=1+ 1;
Solve (A <\ Dol+) = 70,0,
Orthogonalize v(t1) against #;, Digdy v vy U513

while(||[v D[ /[|7®vD]] is not “big” enough)

0; = ol /ol

Figure 2.1: A typical implementation of Inverse Iteration to compute the jth eigenvector

2.8 Existing Implementations

Figure 2.1 gives the pseudocode for a typical implementation of inverse iteration to
compute v;, the jth eigenvector, assuming that vy, ve, ..., v;_1 have already been computed.
Note that in this pseudocode, both the starting vectors and iterates are orthogonalized
against previously computed eigenvectors. Surprisingly, as the following example shows, this
implementation can fail to give small residual norms even in exact arithmetic by incorrectly

pairing up the eigenvalues and eigenvectors.

Example 2.8.1 [The Pairing Error.] (Chandrasekaran [20]) Let Ay be an arbitrary real

number, and

AM=M+e, Apeh=NEM A 21 1=2,...,nel
where ¢ is of the order of the machine precision. Explicitly, A; = A + 2°"2¢. Suppose that
Ai> A, t=1,....n and most importantly M A > A S0

Figure 2.2 illustrates the situation.
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A A A, A, A
Figure 2.2: Figenvalue distribution in Example
Assume that in Figure 2.1 each b; is orthogonalized against o, 09,...,0;—1. If

bfvﬂ_l # 0, then in exact arithmetic the computed eigenvectors are
U =vi41, 1=1,...,n&l
and, because 9,, must be orthogonal to o1, 0g,..., 051,
v, = V1.

Since the eigenvalues grow exponentially, the residual norm |[(A <A, I)o,|| is large! This
is because even though the eigenvectors have been computed correctly, each is associated

with the wrong eigenvalue. O

Hence, a simple inverse iteration code based on orthogonalization may appear
to fail even in exact arithmetic. To cure this problem, Chandrasekaran proposes that
Ai ©O0(ne||Al|) be used as the shifts for inverse iteration so that all shifts are guaranteed
to lie to the left of the actual eigenvalues [20]. Neither EISPACK nor LAPACK do this
‘artificial” perturbation.

The discerning reader will realize that the above problem is not the failure of
the basic inverse iteration process. Iterates do converge to the closest eigenvector that
is orthogonal to the eigenvectors computed earlier. The error is elusive but once seen, it
may be argued that the implementation in Figure 2.1 is sloppy. An easy cure would be
to associate with each computed eigenvector its Rayleigh Quotient, which is available at a
modest cost. Unfortunately, because of the premium on speed, most current software does
not check if its output is correct. Thus, errors can go undetected since the task of proving
correctness of numerical software is often compromised by testing it on a finite sample of a
multi-dimensional infinite space of inputs.

We now look in detail at two existing implementations of inverse iteration and

see how they address the issues discussed in the previous section. EISPACK [128] and
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LAPACK [1] are linear algebra software libraries that contain routines to solve various
eigenvalue problems. EISPACK’s implementation of inverse iteration is named TINVIT
while LAPACK’s inverse iteration subroutine is called xSTEIN! (STEIN is an acronym for
Symmetric Tridiagonal’s Eigenvectors through Inverse Iteration). xSTEIN was developed to
be more accurate than TINVIT as the latter was found to deliver less than satisfactory results
in several test cases. In order to achieve accuracy comparable to that of the divide and
conquer and QR/QL methods, the search for a better implementation of inverse iteration
led to xSTEIN [87]. However, as we will see in Section 2.8.1, xSTEIN also suffers from some
of the same problems as TINVIT in addition to introducing a new serious error.

Both EISPACK and LAPACK solve the dense symmetric eigenproblem by re-
ducing the dense matrix to tridiagonal form by Householder transformations [81], and then
finding the eigenvalues and eigenvectors of the tridiagonal matrix. Both TINVIT and xSTEIN
operate on a symmetric tridiagonal matrix. In the following, we will further assume that

the tridiagonal is unreduced, i.e., all the off-diagonal elements are nonzero.

2.8.1 EISPACK and LAPACK Inverse Iteration

Figure 2.3 gives the pseudocode for TINVIT [128, 118] while Figure 2.4 outlines the
pseudocode for xSTEIN as it appears in LAPACK release 2.0. The latter code has changed
little since it was first released in 1992. It is not necessary for the reader to absorb all
details of the implementations given in Figures 2.3 and 2.4 to follow the ensuing discussion.
We provide the pseudocodes as references in case the reader needs to look in detail at a
particular aspect of the implementations.

In each iteration, TINVIT and xSTEIN solve the scaled linear system (T<:>;\I)y =7b
by Gaussian Elimination with partial pivoting. If eigenvalues agree in more than three
digits relative to the norm, the iterates are orthogonalized against previously computed
eigenvectors by the modified Gram-Schmidt method. Note that in both these routines the
starting vector is not made orthogonal to previously computed eigenvectors, as is done in
Figure 2.1. Both TiNnviT and xSTEIN flag an error if the convergence criterion is not satisfied
within five iterations. To achieve greater accuracy, xSTEIN does two extra iterations after
the stopping criterion is satisfied. We now compare and contrast how these implementations

handle the various issues discussed in Section 2.7.

!The prefix ‘x’ stands for the data type: real single(S) or real double(D), or complex single(C) or complex
double(Z)
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TINvIT(T,\)

/* TINVIT computes all the eigenvectors of T' given the computed eigenvalues A,

forj=1,n
o5 = Xj;
if 7 >1and A\; <o;_; then
o; =01+ ¢||T||r; /* Perturb identical eigenvalues */
end if
Factor T' <o0;1 = PLU; /* Gaussian Elimination with partial pivoting */
if U(n,n)=0then U(n,n)=c¢||T|;
T = /ne||T||r; /* Compute scale factor */
Solve Uy = Te; /* Solve. Here, e is the vector of all 1’s */
for all k < j such that |o; <ok < 1073||T|r
y =y <(y ip)ir; /* Apply Modified Gram-Schmidt */
end for
b = y;iter = 1;
while(]|y|l; < 1 and iter < 5) do
T = ne||T||r/||b]|1; /* Compute scale factor */
Solve PLUy = 7b; /* Solve with scaled right hand side */
for all k < j such that |o; ©ox| < 1072||T||r do
y =y <y o,)ox; /* Apply Modified Gram-Schmidt */
end for
b = y; iter = iter + 1;
end while
if |ly|li < 1 then
v; = 0; terr = <y; /* set error flag */
print “jth eigenvector failed to converge”;
else
b = y/llyll2;
end if

end for

psl

n*/

Figure 2.3: TiNvIT — EISPACK’s implementation of Inverse Iteration




XSTEIN(T,\)
/* XSTEIN computes all the eigenvectors of T given the eigenvalues A */
forj=1,n
o; = Xj;
if > 1and \; ©0;_; < 10]A;| then
0; = ;1 + 10¢|};|; /* Perturb nearby eigenvalues */
end if
Factor I' <01 = PLU; /* Gaussian Elimination with partial pivoting */
Initialize vector b with random vector;
ter = 0; extra = 0; converged = false;
do
7 = n||T||s max(e, |U(n,n)|)/||b|l1; /* Compute scale factor */
Solve PLUy = 7b; /* Solve with scaled right hand side */
for all k < j such that |o; < or| < 107271 do
y =y <y ip)ir; /* Apply Modified Gram-Schmidt */
end for
b = y; iter = iter + 1;
if converged == true then extra = extra + 1; end if
if [|9|lcc > 1/2= then converged = true; end if

10n

while((converged == false or extra < 2) and iter <5)
b7 = y/llyll;
if iter == 5 and extra < 2 then

print “jth eigenvector failed to converge”;

end if

end for

Figure 2.4: STEIN — LAPACK’s implementation of Inverse Iteration
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Direction of starting vector. TINVIT chooses the starting vector to be PLe where
T <ol = PLU, 0 being an approximation to the eigenvalue, and e is the vector of all
1’s. Note that this choice of starting vector reduces the first iteration to simply solving
Uy = 7te. On the other hand, xSTEIN chooses a random starting vector, each of whose
elements comes from a uniform (<1, 1) distribution. Neither choice of starting vectors
is likely to be pathologically deficient in the desired eigenvector. The random starting

vectors are designed to be superior to TINVIT’s choice [87].

Choice of shift. Even though in exact arithmetic all the eigenvalues of an unreduced
tridiagonal matrix are distinct, some of the computed eigenvalues may be identical
to working accuracy. In [136, p.329], Wilkinson recommends that pathologically close
eigenvalues be perturbed by a small amount in order to get an orthogonal basis of
the desired subspace. Following this, TINVIT replaces the k + 1 equal approximations
Aj=Ajpr == Ay by

A< AitelTllr < - < &+ kel T g,

where ||T||r = max; [Ty;| + |T; ip1] < [|T|1-

We now give an example where this perturbation is too big. As a result, the shifts
used to compute the eigenvectors are quite different from the computed eigenvalues

and prevent the convergence criterion from being attained.

Example 2.8.2 [Excessive Perturbation.] Using LAPACK’s test matrix genera-
tor [36], we generated a 200 x 200 tridiagonal matrix such that

AL R R Ajpo R E, Alo1 R - R Ao R €, Ap =1

where ¢ & 1.2 x 1077 (this run was in single precision). ||T||r = O(1), and the shift

used by TINVIT to compute 9199 is
o= e+ 198¢||T||gr ~ 2.3 x 107°.
Since |0 < Ajgg| can be as large as
| < Mool + [Ag9 < A1go| = 4.6 x 107°

the norm growth when solving (2.8.9) is not big enough to meet the convergence

criterion of (2.8.11). TiNvIT flags this as an error and returns ierr = <199. a



II1.

26

Clearly, perturbing the computed eigenvalues relative to the norm can substantially
decrease their accuracy. However, not perturbing them is also not acceptable in
TINVIT as coincident shifts would lead to identical I U factors, identical starting

vectors and hence iterates that are parallel to the eigenvectors computed previously !

In xSTEIN, coincident eigenvalues are also perturbed. However, the perturbations

made are relative. Equal approximations ;\j = ;\j+1 == ;\j+k are replaced by
;\]‘ < ;\]‘+1 + (5;\]4_1 <0< ;\j+k + 6;\j+k7

where §\; = Z;;]l 6\ + 10€|;\i|- This choice does not perturb the small eigenval-
ues drastically, and appears to be better than TINVIT’s. On the other hand, this
perturbation is too small in some cases to serve its purpose of finding a linearly in-
dependent basis of the desired subspace (see Example 2.8.7 and Wilkinson’s quote
given on page 17). Thus it is easier to say “tweak close eigenvalues” than to find a

satisfactory formula for it.
Scaling of right hand side and convergence criterion. For each A, the system
(T <Ay =7b (2.8.9)

is solved in each iteration. With TINVIT’s choice of 7, the residual norm

(T =ADyll _ bl _ nellTlln
Iyl Iyl Iyl

: (2.8.10)
where |T'||r = max; |Ty] 4+ |15 41| < [|T]]1. TINVIT accepts y as an eigenvector if
|yl > 1. (2.8.11)

By (2.8.10), the criterion (2.8.11) ensures that goal (1.1.1) is satisfied, i.e., ||(T <
ADYI/1yIl < nel| T &-

Suppose that in (2.8.9), A is an approximation to Ay. Then by analysis similar

to (2.7.6),
7|6 ne||T||r
= o (LY _ o (nelTleY

Since ||y|| is expected to be larger than 1 at some iteration, TINVIT requires that A
be such that [A; ©A| = O(ne||T|)). If the input approximations to the eigenvalues are

not accurate enough, the iterates do not “converge” and TINVIT flags an error.
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When A is very close to an eigenvalue, ||y|| can be huge. TINVIT tries to avoid overflow
by replacing a zero value of the last pivot in the PLU decomposition, w,,, by ¢[|T|.

However this measure cannot avoid failure in the following example.

Example 2.8.3 [Perturbing zero values is not enough.]

<n 10 0
T=|10 0 10 (2.8.12)

0 10 p(l+e¢)

Here ¢ is the machine precision while 7 is the underflow threshold of the machine

(7~ 1073 in IEEE double precision arithmetic). T is nearly singular and
;\2 =0 and partial pivoting = uy, = ne.

Since PLUy = 7b and 7 = ne||T||r/||0]],

el _ 1o
ne U

= overflow!

y(n) ~

Note that to exhibit this failure, we required gradual underflow in IEEE arithmetic
(the value 7e should not underflow to zero). However gradual underflow is not neces-
sary to exhibit such a failure. A similar error, where there is no gradual underflow,

occurs on (1/¢)T where T is as in (2.8.12). a

In xSTEIN, 7 is chosen to be

_ Tl max(e, [unn])

16111 ’

(2.8.13)

where T & A = PLU and u,,, is the last diagonal element of U/ [85]. The significant
difference between this scale factor and the one in TINVIT is the term max(e, |wp,|)

instead of €. XSTEIN accepts the iterate y as a computed eigenvector if

1
o 2 A —. 2.8.14
Illoe 2 /2o (2.8.14)

The above choice of scale factor in xSTEIN introduces a serious error not present in

TINVIT. Suppose A approximates A;. When A= A1, it can be proved that u,, must
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be zero in exact arithmetic. We now examine the values u,, may take when A # M.
Since T <A\ = PLU,

UL~ = (TeM)™'P

= UL e, = (T oM)tPe,

Since L is unit lower triangular, L='e, = e,. Letting Pe, = ¢;, and T = VAVT, we

get
1 .
— = dvaernvie
/u”n/n/
1 n = nt Vki
O UL N A (2.8.15)
Unn, AL S A i A & A

where vy; denotes the kth component of v;. By examining the above equation, we see
how the choice of scale factor in xSTEIN opens up a Pandora’s box. Equation 2.8.15

says that for u,, to be small, |;\ S| < |op1vp].

Example 2.8.4 [A code may fail but should never lie.] Consider

1 e 0
T=1 e 7¢/4 ¢/4 (2.8.16)
0 /4 3e¢/4

where ¢ is about machine precision (¢ ~ 2.2 x 10716 in IEEE double precision arith-
metic). T has eigenvalues near £/2,¢,1+¢. Suppose, A is incorrectly input as 2. Then

by (2.8.13) and (2.8.15),
A=2 = |u.|=0(1) = 7=0(1)!

Clearly, this value of 7 does not ensure a large norm growth when the stopping crite-
rion (2.8.14) is satisfied in solving (2.8.9). As a result, any arbitrary vector can achieve
the “convergence” criterion of (2.8.14) and be output as an approximate eigenvector.
In a numerical run, the vector [¢0.6446 0.6373 0.4223]7 was accepted as an eigen-

vector by XSTEIN even though it is nowhere close to any eigenvector of T'! O

This example represents one of the more dangerous errors of numerical software — the

software performs erroneous computation but does not flag any error at all. Failure
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to handle incorrect input data can have disastrous consequences 2. On the above
example, TINVIT correctly flags an error indicating that the computation did not
“converge”. Of course, most of the times the eigenvalues input to xSTEIN will be

quite accurate and the above phenomenon will not occur.

Even if A is a very good approximation to Ay, (2.8.15) indicates that w,, may not be
small if v, is tiny. It is not at all uncommon for a component of an eigenvector of a
tridiagonal matrix to be tiny [136, pp.317-321]. xSTEIN’s choice of scale factor may

lead to unnecessary overflow as shown below.

Example 2.8.5 [Undeserved overflow.] Consider the matrix given in (2.8.16).

The eigenvector corresponding to the eigenvalue A3 = 1+ ¢ + O(e?) is

l&e/240(e?)
v = | e+ 0(¥?)
e3/2/4 4 O(5/?)

If A = 1, then |(va3va3)/(As ©A)| < 2 and by (2.8.15), |un,| = O(||T]]). In such a
case, (2.8.13) implies that 7 = O(||T']|*) and if ||| > 1 the right hand side is scaled
up rather than being scaled down! As a consequence, xSTEIN overflows on the scaled
matrix v/Q T where Q is the overflow threshold of the computer (Q = 21923 ~ 10398

in IEEE double precision arithmetic). a

Note that the above matrix does not deserve overflow. A similar overflow occurrence
(in IEEE double precision arithmetic) on an 8 x 8 matrix, with a largest element of

magnitude 24 ~ 1045, was reported to us by Jeremy DuCroz [48].

The problems reported above can be cured by reverting back to the choice of scale

factor in EISPACK’s TINVIT.

IV. Orthogonality. TINVIT and xSTEIN use the modified Gram-Schmidt (MGS) proce-
dure to orthogonalize iterates corresponding to eigenvalues whose separation is less
than 1073||T||. In order for the orthogonalized vectors to actually be numerically

orthogonal, the vectors must not be parallel prior to the orthogonalization. In the

?In the summer of 1996, a core dump on the main computer aboard the Ariane 5 rocket was interpreted
as flight data, causing a violent trajectory correction that led to the disintegration of the rocket
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following example the vectors to be orthogonalized are almost parallel. The next two

examples are reproduced in Case Study A.

Example 2.8.6 [Parallel Iterates.] Consider the matrix of (2.8.16). 7' has the

eigenvalues
M =¢/24+0(%), M =ec+0(?), Az =14¢4 0(h).
The eigenvalues of 7' as computed by MATLAB’s eig® function are

Alza’f, XQIZ':, X321—|-€.

We perturb As to £(1+4 ¢) and input these approximations to TINVIT to demonstrate
this failure (equal approximations input to TINVIT are perturbed by approximately
el|T|, see Example 2.8.2).

The first eigenvector is computed by TINVIT as
Yy = (T @Xll)_lbl.

In exact arithmetic (taking by = >, §v;),

y = 52 vy 5_1 Ay @Xl ” 5_3 Ag <:>X1 -
Az <:>X1 52 At <:}Xl 52 A3 @Xl
1
= o (vz + O(e)m + 0(52)v3)

provided (£1/&2) and (€3/£2) are O(1). Due to the inevitable roundoff errors in finite

precision, the best we can hope to compute is

o= 0(152) (v2 + O(e)v1 + O(e)vs).

This vector is normalized to remove the 1/0(e?) factor and give #;. The second

eigenvector is computed as

Yo = (T @XQI)_II)Q.

Since ;\2 ~ ;\1, the computed value of y; is almost parallel to 9, (assuming that by has

a non-negligible component in the direction of v3), i.e.,

Y2 = ﬁ (v2+ O(e)vy + O(e)vs).

"MATLAB?’s eig function computes eigenvalues by the QR algorithm
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Step 1 2 3
Before MGS | After MGS | Before MGS | After MGS | Before MGS | After MGS
1.05-107% | 1.04-107% | 1.05-10=% | 1.05-10=% | 1.05-10% | 1.05-107%
Iterate <0.707 +<0.697 <0.707 +<0.7069 <0.707 +<0.707108
() <0.707 0.716 <0.707 0.7073 <0.707 0.707105
|yT131| 1.000 0.0014 1.000 3.0-107% 1.000 1.9-107°
|yT1}3| 3.9-107% 4.1-10~11 5.8-1072%° 2.9.1071 2.2.107% 1.1-10713

Table 2.1: Summary of xSTEIN’s iterations to compute the second eigenvector of 7.

Since A; and Ay are nearly coincident, {5, is orthogonalized against ©; by the MGS

process in an attempt to reveal the second eigenvector :

2 = fpe(@ln)n (2.8.17)
1
| = ﬁ (O(e)vy + O(e)va + O(e)v3)

Clearly z is not orthogonal to 97. But TINVIT accepts z as having “converged” since
||z|| is big enough to satisfy the convergence criterion (2.8.14) even after the severe
cancellation in (2.8.17). The above observations are confirmed by a numerical run in
double precision arithmetic wherein the first two eigenvectors of the matrix in (2.8.16)

as output by TINvIT had a dot product of 0.0452! O

Unlike TINVIT, XSTEIN computes each eigenvector from a different random starting
vector. The hope is to get greater linear independence of the iterates before orthogo-
nalization by the MGS method [87]. However, as we now show, the TINVIT error as

reported above persists.

Example 2.8.7 [Linear Dependence Persists.] Consider again the matrix T
given in (2.8.16). The eigenvalues input to xSTEIN are computed by the eig func-
tion in MATLAB as ;\1 = ;\2 = ¢ and ;\3 = 14 ¢e. Asin TINVIT the first eigenvector
computed as 9y is almost parallel to vy. The iterations to compute the second eigen-

vector are summarized in Table 2.1.
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This behavior is very similar to that of TINVIT (see Example 2.8.6). xSTEIN does two
more iterations than TINVIT and alleviates the problem slightly, but a dot product
of 1.9 x 107¢ between computed eigenvectors is far from satisfactory (this run was in

double precision). 0

XSTEIN avoids the overflow problems of TINVIT shown in example 2.8.3. It checks
to see if overflow would occur, and if so, perturbs tiny entries on the diagonal of U [85]. This
check is in the inner loop when solving Uy = z where z = 7L~'P~1b. Coupled with the
extra iterations done after convergence, this results in xSTEIN being slower than TINVIT.
On an assorted collection of test matrices of sizes 50 to 1000, we observed xSTEIN to be 2-3

times slower than TINVIT. However XxSTEIN was more accurate than TINVIT in general.

2.9 Our Approach

As we observed in the previous section, the computer implementation of a seem-
ingly straightforward task can lead to surprising failures. We want to avoid such failures

and indicate our approach to the various aspects of inverse iteration discussed above.

I. Choice of shift. Of the various issues discussed in Section 2.7, the choice of starting
vector and convergence criterion have been extensively studied [136, 118, 119, 87].
Surprisingly, the choice of shift for inverse iteration seems to have drawn little at-
tention. We feel that the shift is probably the most important variable in inverse
iteration. Examples 2.8.6 and 2.8.7 highlight the importance of shifts that are as

accurate as possible. We present our solution in Chapter j.

II. Direction of starting vector and scaling of right hand side. This problem is
solved. It is now possible to deterministically find a starting vector that is guaranteed
to have an above average component in the direction of the desired eigenvector v.
Knowing the position of a large component of » also enables us to avoid the possibility

of overflow in the eigenvector computation. See Chapter 3 for more details.

ITI. Convergence criterion and Orthogonality. It is easy to find a criterion that
guarantees small residual norms (goal (1.1.1)). However, as we saw in earlier sections,
the goal of orthogonality (1.1.2) can lead to a myriad of problems. Most of the “diffi-
cult” errors in the EISPACK and LAPACK implementations arise due to the explicit
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orthogonalization of iterates when eigenvalues are close. In [20], Chandrasekaran ex-
plains the theory behind some of these failures, and proposes an alternate version
of inverse iteration that is provably correct. However, this version is more involved
and potentially requires much more orthogonalization than in existing implementa-

tions. We want to take a different approach to orthogonality, and this is discussed in

Chapters 4, 5 and 6.
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Chapter 3

Computing the eigenvector of an

isolated eigenvalue

Given an eigenvalue A of a tridiagonal matrix J, a natural way to solve for v # 0

in

(JeA)v=0 (3.0.1)
is to set v(1) = 1 and to use the first equation of (3.0.1) to determine »(2), and the second
to determine v(3), using v(1) and v(2). Proceeding like this, the rth equation may be used
to determine v(r + 1) and thus v may be obtained without actually making use of the nth
equation which will be satisfied automatically since the system (3.0.1) is singular.

It would be equally valid to begin with #(n) = 1 and to take the equations in
reverse order to compute 9(n <1),...,9(2),5(1) in turn without using the first equation
in (3.0.1). When normalized in the same way v and ¢ will yield the same eigenvector in
exact arithmetic.

The method described above is ‘obvious’ and was mentioned by W. Givens in
1957, see [61]. It often gives good results when realized on a computer but, at other times,
delivers vectors pointing in completely wrong directions for the following reason. It is
rare that an eigenvalue of a tridiagonal (or any other) matrix is representable in limited
precision. Consequently the systems such as (3.0.1) that are to be solved are not singular
and, in (3.0.1), the unused equation will not be satisfied automatically even if the solutions

of the other equations were obtained exactly. The two methods given above result in solving

(J oAz =6, (3.0.2)
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and

(J ANz = 8¢, (3.0.3)

respectively, where \is an approximation to A and 61, 0, are the residuals of the equations
that are not satisfied. Note that (3.0.2) and (3.0.3) show that the natural method may be
thought of as doing one step of inverse iteration as given in (2.7.4) with the starting vector

equal to e; or e,. We now present an example illustrating how this natural method can

fail.

Example 3.0.1 [Choice of ¢; is wrong.] Consider

3¢/4 e/4 0
T=| ¢/4 7c/4 Je (3.0.4)
0 N

where ¢ is of the order of the machine precision. An eigenvalue of T is
A=14+¢e+0(e?),

and its associated eigenvector is

53/2/4 n 0(55/2)
v=| Vet o) |, (3.0.5)
1 &e/2+ 0(e?)

The vector obtained in exact arithmetic by ignoring the first equation, with the approxi-
mation A = 1, is
A/
20 = 0 \
1

but

T e \)zW 4
H( i )$ H2 = <:>3€ — 1 as £ — 0

e@ Vi6te

In [136, pp.319-321] and[134], Wilkinson presents a similar example where omit-

ting the last equation results in a poor approximation to an eigenvector. His example matrix
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18

[ 10 1 0 |
1 9 1
18
Wy, = L . (3.0.6)
a8 1
1 <9 1
0 1 =10 |

Letting A be the largest eigenvalue of W,;, Wilkinson shows that there is no 9-figure ap-
proximation A to A for which the ezact normalized solution of the first 20 equations of
(W, <Az = 0 is anywhere close to the desired eigenvector. We now repeat his analysis.
Suppose
(J @AD" =e,,

where A approximates \;. Writing e, in terms of the eigenvectors, e, = >/, &v;, we get

()

(J o) le,
YY)

&
= — | v, + - —v; 3.0.7
/\]‘ . ! ; fj /\i . ( )

Fundamental limitations of finite precision arithmetic dictate that |;\ < A;| cannot be bet-
ter than O(ne||J||), in general, where ¢ is the machine precision. Even when |\ < );| ~
nel|J||, (3.0.7) shows that (") may not be close to v;’s direction if &; = eXv; = v;(r) is tiny.
In Example 3.0.1, r = 1 and §; =~ 0(53/2) while in Wilkinson’s example, r = n = 21 and
& = 10717, As a result, in both these cases the natural method does not approximate the
eigenvector well.

Given an accurate ;\, (3.0.7) implies that 2 will be a good approximation to v;
provided the rth component of v; is not small. Wilkinson notes this in [136, p.318] and

concludes,

‘Hence if the largest component of uy [v; in our notation] is the rth, then it
is the rth equation which should be omitted when computing ug. This result
is instructive but not particularly useful, since we will not know a priori the
position of the largest component of wg. In fact, uy is precisely what we are
attempting to compute!’

In the absence of a reliable and cheap procedure to find r, Wilkinson compromised

by choosing the starting vector for inverse iteration as PLe, where J &AM = PLU and e
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is the vector of all 1’s (this led to the choice made in EISPACK [128]). A random starting

vector is used in the LAPACK implementation of inverse iteration [87].

In this chapter, we show the following

1. Sections 3.1 and 3.2 introduce twisted factorizations that provide an answer to Wilkin-
son’s problem of choosing which equation to omit. This is due to pioneering work by
Fernando, and enables us to discard LAPACK’s random choice of starting vector to

compute an eigenvector of an isolated eigenvalue [57, 117].

2. In Section 3.3 we show how to adapt the results of Sections 3.1 and 3.2 when triangular
factorizations don’t exist. Some of the material presented in Sections 3.1-3.3 has

appeared in [117].
3. Section 3.4 shows how to eliminate the divisions in the method outlined in Section 3.2.

4. In Section 3.5, we introduce twisted ¢} factorizations and give an alternate method
to compute an eigenvector. We also show how the perfect shift strategy suggested by
Parlett [110, p.173] can be made to succeed.

5. In Section 3.6, we show that twisted factorizations may also be used to detect singu-

larity of Hessenberg and dense matrices.

In preparation for the upcoming theory, we state a few well known results without
proof. The informed reader should be able to furnish their proofs without much difficulty.
We expect that the reader knows the L DU decomposition and theorem concerning existence
and uniqueness of triangular factorization and the expressions for the pivots, as the diagonal

entries of D are often called.

Lemma 3.0.1 Let J be an unreduced tridiagonal matriz and v be an eigenvector. Then the

first and last components of v are non-zero.

Lemma 3.0.2 Let J be an unreduced normal tridiagonal matriz. Then every eigenvalue of

J is simple.

Lemma 3.0.3 Let J = J <\ be an unreduced singular tridiagonal matriz where X\ is an

eigenvalue of J and v is the corresponding eigenvector. Then the following are equivalent.

. J admits the LDU and UDL triangular factorizations.
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1. All strictly leading and trailing submatrices of J are nonsingular.
Furthermore when J is normal, the following is equivalent to the above

1i. No component of v is zero.

Proof. The latter is not so obvious and follows from the fact that when .J is normal
(P (A) = XM () (3.0.8)

where y™ () = det(pul < J"™). See [110, Section 7-9] to derive the above. 0

3.1 Twisted Factorizations

Despite Wilkinson’s pessimism, we ask the question: can we find reliable indica-
tors of the sizes of various components of a normalized eigenvector without knowing the
eigenvector itself? We turn to triangular factorization in search of an answer and examine
the LDU decomposition of J &M, In this representation, both L and U have 1’s on the
diagonal. We will denote the ith diagonal element of D by D(¢) and L(i 4 1,¢),U(¢,i4 1)
by L(7) and U(?) respectively.

If A is an eigenvalue of J, the following theorem implies that D(n) must be zero

in exact arithmetic.

Theorem 3.1.1 Let B be a matriz of order n such that the triangular factorization

B =LDU
exists, i.e., its principal submatrices BY, i = 1,2,...,n <1 are nonsingular. Then if B is
singular,
D(n) =0.
Proof. The expression
det(B)
D(n)= —————
(n) det(Blzn—l)
implies that if B is singular, D(n) = 0. a

We now examine the values D(n) can take when A is not an eigenvalue. Suppose

A approximates A;. Since J e = LDU,

UDTLTY = (JeA)T!

= &UTID L e, = e(J o) e,
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Since I and U* are unit lower triangular, Le,, = e, and U*e, = e,. Letting J= VAV*, we

get
L V(A M)V
D(n) — e
1 |vj(n)]? |vi(n)]?
= = L L 3.1.9
D(n) Aj A ; PYR=Y ( )

where v;(n) denotes the nth component of v;. (3.1.9) implies that when A is close to A;
and A; is isolated, a large value of v;(n) results in D(n) being small. But, when v;(n) is
tiny, D(n) can be as large as O(||J]|). Thus the value of D(n) reflects the value of the last
component of the desired eigenvector in addition to the accuracy of A

We can consider another triangular factorization of a matrix, i.e., the UDL de-
composition that may be obtained by taking rows in decreasing order of their index. To
differentiate this process from the standard LDU factorization, we make a notational in-
novation. We will use + to indicate a process taking rows in increasing order and < to
indicate the process going in decreasing order, i.e., LDU will henceforth be written as
Ly DUy while UDL will be written as U_D_L_.

By repeating the analysis that led to (3.1.9), it can be shown that in the U_D_1L_
factorization, D_(1) is small when v;(1) is large, but not otherwise. Thus, the value of
D_(1) mirrors the value of v;(1). Besides Dy(n) and D_(1) can we find quantities that
indicate the magnitudes of other components of the desired eigenvector?

Natural candidates in this quest are elements of various twisted factorizations.
Instead of completing the Ly D, U, factorization of a matrix, we can stop it at an interme-
diate row k. Now we can start the U_D_L_ factorization from the bottom of the matrix,
going up till we have a singleton in the kth row, which we will denote by ;. Such a twisted
factorization, with n = 5 and k£ = 3 is shown in Figure 3.1.

We formally define a twisted triangular factorization of a tridiagonal matrix J at
twist position k as

J = NpDp Ny, (3.1.10)
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X X X X X X X X
X X X X X X X X
X X X — X X — X ® — X
X X X X X X X X
i X X | i X X | i X X | i X X |

Figure 3.1: Twisted Triangular Factorization at k& = 3 (the next elements to be annihilated
are circled)

where

1 U_(k+1)

U_(n—1)
1

Ny, has the same non-zero structure as N7 with Ly(1),..., Ly (k<1),U_(k),...,U_(ne1)
being replaced by Ui(1),...,Us(k 1), L_(k),...,L_(n<1) respectively,

Dy = diag(Dy(1),...,Dy(k&1),95, D_(k+1),...,D_(n))

and

J - L_|_D_|_U_|_ - U_D_L_.

The perceptive reader may already have grasped the significance of 7, which we

now explain.

Theorem 3.1.2 (Double Factorization) Let J be a tridiagonal n X n complex matriz

that permits triangular factorization in both increasing and decreasing order of rows:

L_|_D_|_U_|_ - J - U_D_L_. (3111)
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Consider the twisted factorization at k given by (3.1.10). Then for 1 <k <mn,

e = Di(k) + D_(k) & Jgk (3.1.12)
and if J is invertible,
1
— =¢efJ ey (3.1.13)
Yk

Proof. By construction of the twisted factorization,

YE = <:>Jk_17kL+(k <:>1) + Jik <:>Jk+17kU_(k) (3.1.14)
(Jkk <:>Jk_17kL+(k <:>1)) < Jee + (Jkk <:>Jk+17kU_(k))
= D_|_(k) < Jek + D_(k)

for 1 < k < n. Here we take J1 o= Jo1 = Jnt1.n = Junt1 =0, and L1 (0) = U_(n) = 0.

Since Npey, = ey, and e Ny = e,

exJ ey = eZNk_ID;lNk_lek
1
T
O
Note that v, = D4 (n) and 41 = D_(1). The above theorem shows how to get all
possible n twisted factorizations at the cost of 2n divisions. The alert reader would have
noted that the above theorem makes no assumption about the nearness to singularity of J.
We want to emphasize that in the theory developed here the existence of the tri-
angular factorizations (3.1.11) is not restrictive. Neither is the occasional requirement that
J be nonsingular. In fact, the singularity of J is desirable in our application of computing
an eigenvector. As we will show in Section 3.3, in the absence of these requirements, all
the theory developed in this section and the next is easily extended if co is added to the
number system.

The following corollary gives alternate expressions for ;.
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Corollary 3.1.1 With the notation of Theorem 3.1.2, for 1 < k < n,

Dy (k)& Ju. + D_(k),

<:>Jk_17kL+(k <:)>1) + Jirk <:>Jk_|_17kU_(k),

Ve = Spp1Us(kel) 4+ i S Jp gy L_(k),

Dy (k) < Jrgr kU= (F),

Spo1ply(ke1)+ D_(k).
Fork =1 and k = n omit terms with invalid indices.

Proof. The first and second expressions are just (3.1.12) and (3.1.14). The others come
from rewriting (3.1.14) as

Vi = <:>Jk7k_1Jk_17k/D+(k <:>1) + Jrr <:>Jk7k+1<]k+17k/D_(k + 1) (3.1.15)

and using Jy g1 = U_(k)D_(k+ 1) = D4y (k)UL(k) etc., and the formula for the backward
pivots, D_(k) = Jip ©Jk k+1Jk41,6/D—(k + 1), etc. O

As shown below, double factorization makes available the so called Newton correction.

Corollary 3.1.2 Assume the hypothesis (3.1.11) of Theorem 3.1.2, and let J be nonsingu-
lar. Then

1 - X'(0)
vio = Trace(J77) = &, (3.1.16)
; x(0)
where x(pu) = det(ul <J).
Proof. By (3.1.13) in Theorem 3.1.2,
! 0)
b= eXxJ ey = Trace(J7') = <:>X(
;72 Z v x(0)
since
X' (1) _ Z]‘Hi;&j(ﬂﬁ’/\i) _ Z 1
x(p) [T <) ~ [
g

Double factorization also allows a wide choice of expressions for det(.J), and a recurrence

for computing 7; that involves only multiplications and divisions.
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Theorem 3.1.3 Assume the hypothesis of Theorem 3.1.2. Then for k = 1,...,n (omit

invalid indices),
det(J)=D4(1)---Dy(k =)y D_(k+1)---D_(n) (3.1.17)

and

YeD_(k+1) = Dy(k)Yit1- (3.1.18)
Proof. From (3.1.10),
det(J) = det(Ny) det(Dy) det(Ny,) = det(Dy),

and we get (3.1.17). Applying (3.1.17) to two successive k’s leads to (3.1.18). a

The following are immediate consequences of (3.1.17),

Corollary 3.1.3 Assuming the hypothesis of Theorem 3.1.2,

n

v = Dy(k) I (D+()/D-(i)),
i=k+1
k—1

= D_(k) [T(D-()/Ds(i)).

=1
Corollary 3.1.4 Assuming the existence of the twisted factorization (3.1.10),

_ det(J)
Tk = det(JTF-T) det(JFHTm)"

Note that the above corollary shows that 7, = 0 if J is singular and admits triangular
factorizations (3.1.11). See also Theorem 3.1.1 which proves that v,, = 0 when J is singular.

The Double Factorization theorem is not new. In 1992, in [108], Meurant reviewed
a significant portion of the literature on the inverses of band matrices and presented the
main ideas in a nice unified framework. The inexpensive additive formulae for (J=1)g
(Theorem 3.1.2 and Corollary 3.1.1) are included in Theorem 3.1 of [108], while our Corol-
lary 3.1.3 that gives the quotient/product form of (J~!)g is given in Theorem 2.3 of [108].
We believe that such formulae have been known for quite some time in the differential
equations community. However, these researchers were not interested in computing eigen-
vectors but in obtaining analytic expressions for elements of the inverse, when possible,
and in the decay rate in terms of distance from the main diagonal. Our contribution is

in recognizing the importance of twisted factorizations and successfully applying them to
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solve some elusive problems in numerical linear algebra. We will show some of these ap-
plications in this thesis, for other applications see [42, 115, 74]. In addition to the papers
reviewed in [108], twisted factorizations have appeared in various contexts in the literature,
see [77, 94, 5, 58, 130, 133, 44]. For a brief review, see Section 4.1 of [117]. Twisted factor-
izations have also been referred to as BABE factorizations (Begin, or Burn, at Both Ends)

n [78, 57, 74).

3.2 The Eigenvector Connection

Given an eigenvalue approximation Aof J , we can compute the double factorization
of J Al by Theorem 3.1.2. In this section, we see how double factorization can be used to
find a “good” equation to omit when solving the system (j <:>;\I)$ = 0, thereby obtaining
a good approximation to the desired eigenvector. Some of the results of this section have
appeared in [117].

Since ’yk_l = eZ(j <:>;\I)_lek, if we let J = VAV*, we get an expression for ;, that
is similar to (3.1.9),

1 ~
— = GV(ASA) Ve,
Yk
1 (k)| i(k)|?
S G g 1 (3.2.19)

Thus when A is close to an isolated A; and A; is isolated, the value of 7y, reflects the value
of v;(k), i.e, an above average value of v;(k) leads to a tiny value of v, while a small v;(k)

implies a large ;. We now make this claim more precise.

Lemma 3.2.1 Let J <ul be a normal, unreduced nonsingular tridiagonal matriz that sat-
isfies the hypotheses of Theorem 3.1.2 for all p in some open interval containing the eigen-

value A;. Let v = vi(p) be as in (3.1.13), for each k. As p<— A;,

v (k)% k=1,2,...,n

Tk : (3.2.20)
Zm:l ’yml

Proof. For u # A;,

(j<:>ul)_1: V(Aeul) 'V = sz (A eu)t.
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. -1
From (3.1.13)in Theorem 3.1.2, ’yk_l = [(J <:>,u[) ] . Since A; is simple by Lemma 3.0.2,
kk
as [t &= Aj,
. -1 .
(Aj <) (J <:>,uI) &= vy,

(A et e ok, k=12,...n
Ajem) > vt e lylP =1
m=1

g

The following theorem replaces the limits of Lemma 3.2.1 with error bounds. It

implies that when p is sufficiently close to A; then one of the v;’s must be small. Note that
in the following theorem, the matrix need not be tridiagonal and the eigenvalues may be

complex.
Theorem 3.2.1 Let j<:>,uI be a normal, invertible matriz, and let
’yk_l = eZ(j oul) ey, for k=1,2,...,n.

Then if v;(k) # 0,

/\]‘ —92 -1
L w%lfz L+ (B2 1) A (3.2.21)

Here Ay is a weighted arithmetic mean of{iz:z, i # j}, 0 < A1 < |Ajeul/gap(p), where

gap(p) = mingz; |A; ©p|. Furthermore, if A; is isolated enough, i.e.,

|A; < pl < 1 1

gl S M nal where M >1 (3.2.22)
then for k such that |v;(k)| > 1/y/n,
Pl < ||Z(<;l|t2| ' Mﬂin < nlhenl gy (3.2.23)
Proof.
b= e(Jeul) e,

Extract the jth term to find

vg(k) ‘2 (&‘ @H)] , (3.2.24)
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Since ,
> vi(k) ‘ _ Leui(k)
20,0)| = TP
the 3=, term in (3.2.24) may be written as
(o) 2 1) A, LA < | spl/gap(n),

where

A&
A = wZ'(] ) L=> w; w; >0, gap(p) = min [A; < pul,

to yield the equality in (3.2.21). If (3.2.22) holds, then

|Aj <pl

2 1 !
i < L (mw e (5amag) )
For k such that |v;(k)| > 1/v/n,

A 1171
|]<:>:u||:1<:> ] '

k] < —
|[v;(B)|? M

O

In cases of interest, |A; <p|/gap(p) = O(e) and hence M > 1. Thus the factor M/(M <1)
in (3.2.23)is ~ 1.

The following theorem shows a way to compute the vector z that satisfies all the

equations of (J <ul)z = 0 except the kth.

Theorem 3.2.2 Let J = Joul be an unreduced tridiagonal matriz that permits the twisted
factorization (3.1.10) for a fized value of k. Then the system

(J oul)z®) = yie (3.2.25)
has a unique solution given by

Mk = 1,

AG) = AN, kel

WGy = el Piel), i=k+1,..n
Proof. Since Npep = er and Dyep = vieg,

(j <:>,uI)z(k) = yrer = NezF) = ¢,
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from which the result follows. O
Note that when J is unreduced, the above theorem precludes z*) from having a zero entry.
This is consistent with Theorem 3.0.3. A benefit of computing =¥ is the availability of the
Rayleigh Quotient.

Corollary 3.2.1 Let J <pul satisfy the hypothesis of Theorem 3.1.2, and z = ) be as
in (3.2.25) for 1 <k < n. Then the Rayleigh Quotient of z is given by

ZZ;]ZZ - HZﬁz (3.2.26)
Proof. By (3.2.25),
ST eul)z = yler =
since z(k) = 1. The result (3.2.26) follows. a
Since ||2(F)]| > 1, Theorem 3.2.1 implies that the residual norm
J (k)
Wy o

is small when p is a good approximation to an isolated eigenvalue A, and k is chosen

appropriately. The following theorem gives a better bound on miny |’yk|/Hz(k)H.
Theorem 3.2.3 Let J <ul be a normal, invertible matriz, and let
(Joul)z® = epyp, for k=1,2,....n

Then if v;(k) # 0,

|7k <Al —2 172
O] = o) [ (s en) A
2\
< 7|I|uv<?k)]|| < Vnlpe;| for at least one k. (3.2.28)
j

2
Here Ay is a weighted arithmetic mean of{ Z:iﬂ , 1 # j}, 0< Az < [|1Aj @pul/gap(p)].

Proof.

A= (Jeul) e,
12997 = |7k|2€ZV(/7\*i*ﬂf)_l(Aﬁﬂf)_l‘/*@k

|vz



48

Extract the jth term to find

(uz u) _ (w ) Fy [ ‘;H:M
|l Al FiviR) | e =i
|7l e Al 1/2
= = + (v (k)| ;
O] = Tt [ (0 ) )
where
,u<:)>A]‘ 2 2
-’42 = sz m ’ 1:Zw27 wZZO, 0<"42< [|A] <:>lu|/gap(lu)] .
iz HTN i%
Since (|v;(k)|7? ©1)A2 > 0, (3.2.28) follows easily from the above. 0

The above theorems suggest a way to compute a vector z(*¥) such that the residual
norm (3.2.27) is small. In 1995, Fernando, in an equivalent formulation, proposed choosing
the index for which |7yx| is minimum, say =, and then solving (J <ul)z(") = v,¢, to compute
an approximate eigenvector z("). See [57] for his subsequent work. Earlier, in 1985, Godunov
and his collaborates proposed a similar but more obscure method for obtaining a provably
accurate approximation to an eigenvector by ‘sewing’ together two “Sturm Sequences” that
start at either end of the matrix. See [64] and [63] for their work, and Section 4.2 of [117]

for interpretation in our notation. Fernando’s approach leads to the following algorithm
Algorithm 3.2.1 [Computing an eigenvector of an isolated eigenvalue.]
1. Compute J eul = Ly DU, =U_D_L_.

2. Compute v for k = 1,2,...,n using the expressions in Corollary 3.1.1 or (3.1.18) in

Theorem 3.1.3 and choose the index r where |yx| is minimum.
3. Form the vector z(") as in Theorem 3.2.2.
a

Note that (") is formed by multiplications only, thus promising greater accuracy
and a more favorable error analysis than standard methods that involve additions. Us-
ing (3.2.23) and the fact that ||z(")]] > 1, the above algorithm bounds the residual norm

by .
(] & pul)z"]|

1207

< | epul - (3.2.29)
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This solves Wilkinson’s problem of choosing which equation to omit, modulo the mild
assumption (3.2.22) about the separation of A;. As we shall emphasize in later chapters,
we will use Algorithm 3.2.1 only when A; is sufficiently isolated.

We have noted, and so has Jessie Barlow [8], that a simple recurrence will yield
all values of ||z for O(n) operations. Consequently it would be feasible to minimize
lvl/|12%)|| instead of |yx| to obtain a possibly smaller residual norm. At present we feel
that the extra expense is not warranted. The bound given by (3.2.28) is certainly better
than the above bound (3.2.29). However, the latter bound is much too pessimistic since

|27)]| can be as large as v/ when all eigenvector entries are equal in magnitude.

3.3 Zero Pivots

We now show that the procedure to compute an eigenvector suggested by the
previous section needs to be modified only slightly when J = J < ul does not admit
the triangular factorizations (3.1.11) in Theorem 3.1.2. We will continue to assume exact
arithmetic — the effect of roundoff errors in a computer implementation is examined in the
next chapter.

Triangular factorization is said to fail, or not exist, if a zero ‘pivot’, D (j) or
D_(j) is encountered prematurely. The last pivot is allowed to vanish because it does not
occur as a denominator in the computation.

One of the attractions of an unreduced tridiagonal matrix is that the damage
done by a zero pivot is localized. Indeed, if o0 is added to the number system then
triangular factorization cannot break down and the algorithm always maps J into unique
triplets Lo, Dy, Uy and U_, D_, L_. There is no need to spoil the inner loop with tests.
It is no longer true that Ly D Uy = J = U_D_L_ but equality does hold for all entries
except for those at or adjacent to any infinite pivot. IEEE arithmetic [2] allows computer
implementations to handle +00 and take advantage of this feature of tridiagonals.

We now show that proceeding thus, it is meaningful to pick |y,| = ming |yx|, omit
the rth equation and solve for z(") even when triangular factorization breaks down. We first
handle the case when J is singular.

When J is singular, it may appear that any equation can be omitted to solve
Jz = 0 by the method suggested in Theorem 3.2.2. However, zero entries in z do not allow

such a simple solution.
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Theorem 3.3.1 Let J be n X n, tridiagonal, unreduced, and singular. For each k, 1 < k <
n, JY*1 s singular if, and only if, J*tV" is singular. They are singular if, and only if,

2(k) = 0 whenever Jz = 0.

Proof. Write

4
2= | =(k)
Z_
and partition Jz = 0 conformably. Thus
JYE o b T2 (B)er—1 = 0, (3.3.30)
erJegrpz(k) + JFH 2 =0, (3.3.31)

and z4(1) #0, z_(n) # 0 by Lemma 3.0.1.

If (k) = 0 then (3.3.30) shows that 24 (# 0) is in J'*~1’s null space and (3.3.31)
shows that z_(# 0) is in J¥*1’s null space. So both matrices are singular.

Now consider the converse, z(k) # 0. Since J is unreduced, rank(.J/) = n <1 and

its null space is one dimensional. So the system

has a unique solution. Thus both (3.3.30) and (3.3.31) are inhomogeneous equations with
unique solutions. Thus J“*~1 and J*T1" are invertible. O
Clearly when z(k) = 0, Theorem 3.2.2 should not be used to compute z. When
2(k) = 0, Theorem 3.3.1 implies that D (k <1) = D_(k+ 1) =0, and the formulae for v
in Corollary 3.1.1 give 75, = o0 + 00 or oo <00. When z(k) # 0, Corollary 3.1.4 implies that
v, = 0. By Lemma 3.0.1, 2(1) # 0 and z(n) # 0, and consequently v3 = 7, = 0. Thus the
index r where |y;| is minimum is such that z(r) # 0. To account for possible breakdown in
triangular factorization, the method of Theorem 3.2.2 may be modified slightly.
Algorithm 3.3.1 [Vectors with zeros.]
z(r) = 1,
SUL(7)z(5+ 1), z(7+1 0, )
NP EERERR) GrnFe )
S Jip1422(0+2)/Jj41,;), otherwise

el_(ie1)z(i 1), 2(i 1) #0, ,
,i=r+1,...,n.
S Jizq,im22(12)/Ji21 ), otherwise
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Thus the case of singular J is handled correctly. Note that the multiplicative

recurrence given by (3.1.18) breaks down when computing 7 as

_ D (k)
Ve = Yk+1 D_(k+1)

if Dy(k)=10,D_(k+2)=0 and y441 = o0.

Now we consider the case when J is nonsingular and triangular factorization breaks
down. When Dy (k1) or D_(k+ 1) equals zero, the expressions in Corollary 3.1.1 imply
that v, = co. Note that both Dy (k<1) and D_(k+ 1) cannot be zero, otherwise J would
be singular. Unlike the singular case, it is possible that all |y;| are co. We now show that

this occurs only in very special circumstances. We recall that ’yk_l = (J Y.
Lemma 3.3.1 Let J be a complex tridiagonal matriz of order n with diag(J) = 0. Then

if nisodd, x.(p)=xn(ep), foralpel, and

if nis even, x,(p) = xn(ep), forall pel.
where (1) = det(ul < J').
Proof. If diag(J) =0,
i) = pxici(p) ©Jii1diziiXi—2 ().

We prove the result by induction on ¢. x1(p) = p is an odd function, while xo(p) =
w2 &J;i—1Ji—1, is even and the result holds for the base cases. In the inductive step, if ¢ is

odd

Xi(en) = (Sp)xi—i(en) ©Ji_1ic1,ixi—2 ()
= Suxi—1 (@) + Jiicidiciixi—2(p) = exi(p).

Similarly, if 7 is even

xi(en) = (Su)xi—i(en) S JiiJiciaxi—2(en) = xilp)-
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Nonsingular J that have zero diagonals have a special pattern of zeros and nonze-
ros, as illustrated by the following example.

- -4 —1 - -

60 1 0 0 0 O 0 1 0 1 0 1
<0 1 0 0 0 <0 0 0 0 0
0 < 0 1 0 0 0 0 0 1 0 1
= (3.3.32)
0 0 < 0 1 0 <0« 0 0 0
0 0 0 <« 0 1 0 0 0 0 0 1
| 0 0 0 0 <« 0] &1 0 &1 0 &1 0 |
Theorem 3.3.2 Let J be a nonsingular tridiagonal matriz. Then
diag(J) =0 < diag(J™') =0.
Proof. In this proof, we will use the famous Cauchy-Binet formula
J-adj(J) = det(J)-1 (3.3.33)

where adj(J) is the adjugate of J and is the transpose of the matrix of cofactors [129, p.402],
to get expressions for elements of J~1. By (3.3.33),

det(J1 1) det(JiH1m)
det(J)

(J D = (3.3.34)

Suppose diag(J) = 0. The nonsingularity of J, and Lemma 3.3.1 imply that n
must be even. Since one of J'#~1 or J*+1 must be of odd order, Lemma 3.3.1 and (3.3.34)
implies that (J71); =0 for 1 < i< n.

Now suppose that diag(J~1) = 0. In this case, the key fact needed for the proof
is that every leading (and trailing) principal submatrix of J of odd dimension is singular.
This behavior can be observed in (3.3.32). We now prove this claim.

First, we observe that no two consecutive leading submatrices can be singular since

otherwise, by the three-term recurrence
det(J¥) = Jydet(JH Y o Jiy i ;g det( T2, (3.3.35)

J would be singular. Similarly no two consecutive trailing submatrices can be singular.

Now

(J™H =0 = det(J¥") = 0 by (3.3.34),
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and hence, det(J*") # 0. Consequently,
(J 712 = 0 = det(J'') = 0, again by (3.3.34).

Similarly by setting ¢ = 3,4 and so on in (3.3.34), we can conclude that the principal
submatrices J47, JU3, J6 JU5 must be singular. In particular, all leading principal
submatrices of odd dimension are singular. Now, if n is odd then n <2 is also odd and by

Jl:n—2

the above reasoning, is singular. However, by setting ¢ = n in (3.3.34), we see that

det(JE"1) = 0,

but no two consecutive principal submatrices of a nonsingular J can be singular. Hence n
cannot be odd, and must be even.
When i is odd, the submatrices J'¥ and J'*~% are singular and by (3.3.35), we
get
0 = det(J") = Jydet(J' ),

and J;; must be 0 since det(JM_l) # 0 in this case. Similarly, since n is even and by

considering the trailing recurrence
det(Ji:n) — JN det(Ji-I-l:n) @Ji,i-l—l Ji-l—l,i det(JH_z:n),

we can conclude that J;; = 0 for even «. ad

The pattern of zeros and nonzeros in J~! that is used to prove the above result
may also be deduced by using the following lemma which states that the upper (lower)
triangular part of J~! is a rank-one matrix. This result has appeared in [4, 14, 83, 78, 42].

Lemma 3.3.2 Let J be a nonsingular unreduced tridiagonal matriz of order n. Then there

exist vectors x, y, p and q such that
e, 1<k
(J_l)ik _ 1Yk, . )
pigr, 2> k.
The following corollary says that the spectrum of tridiagonals that have a zero

diagonal is symmetric.

Corollary 3.3.1 Let J be a tridiagonal matriz such that diag(J) = 0. Then if X is an
ewgenvalue of J, so is ©A. If v and w are the corresponding normalized eigenvectors, then

|v(7)] = |w(@)| for 1 <i<n.
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Proof. Lemma 3.3.1 implies that eigenvalues occur in + pairs. The corresponding eigen-
vector entries are equal in magnitude by (3.0.8) since X'(A) = &x\/(&A). 0

We have shown that for all |y;| to be oo, all eigenvalues of J = J < pl must
occur in + pairs. Thus p is equidistant to the two closest eigenvalues. Note that this
result is consistent with Theorem 3.2.1. We will be careful to avoid this situation in our
application. As we stated in the previous section, we will use Algorithm 3.2.1 to compute
an eigenvector only when the corresponding eigenvalue is “sufficiently isolated” (we make
the meaning of “isolated” more precise in the upcoming chapters). Then, as Theorem 3.2.1
shows, at least one v, must be small if y is close to the eigenvalue. Breakdown in the
triangular factorization does not hinder finding such a ;. The corresponding eigenvector
is approximated well by Algorithm 3.3.1 given earlier in this section.

We now show how the ideas developed in this chapter enable us to correctly handle

the matrix 7" of (3.0.4).

Example 3.3.1 [Minimum |y;| leads to a good eigenvector approximation.] Con-
sider T" as in (3.0.4) of Example 3.0.1, and the eigenvalue approximation A = 1 so that the

error in the eigenvalue is ¢ + O(e?).

4/(eA 4+ 3¢) 0 a/E/ (o4 + 3¢)
(Ten™ = 0 0 1/ve
SVE/(eh+3) 1/ (44 10e ©5e?) /(o4 + 3¢)

and since v, ' = (T ),
el |y2l=0c and y3xe.

Since |y3| is the minimum, our theory predicts that z = (T < 1)~ les is a good eigenvector

approximation. Indeed,
53/2/4 n 0(55/2)
TS| VEHOE)
1 &e/2 4+ 0(e?)

and from (3.0.5) we see that each entry of the above vector agrees with the corresponding

eigenvector entry in all its figures, i.e., the relative error in each entry is O(¢). O
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3.4 Avoiding Divisions

On modern computers, divisions may be much more costly than multiplications.
For example, on an IBM RS/6000 computer, a divide operation takes 19 cycles while a
multiplication can be done in 1 cycle. In this section, we see how to eliminate all divisions
from Algorithm 3.2.1. This may result in a faster computer implementation to compute
an eigenvector. However, elimination of divisions results in a method that is susceptible to
over /underflow and requires some care to ensure correctness. This section was inspired by
Fred Gustavson’s observation that n divisions are sufficient for a related application [74].

In this section, we will assume that 7 is the given unreduced real, symmetric tridi-
agonal matrix with diagonal elements aq, asg, ..., a, and off-diagonal elements 3y,..., 8,_1.
Extensions to the normal case are trivial.

The crucial observation is that the rth column of (T < ul)~! may be written as

(LX) (B Bron)

(XI:T—Q . XT+1:n)ﬁ7’—1
Y : w, = (Xlzr—l 'XT+1:n) (3436)

(Xlzr—l . XT—I—Q:n)ﬁT

(T (B Bt

for r = 1,2,...,m, where X'/ = x*/(u) = det(pul <T%7), taking "t (u) = x"O(u) = 1.
The above is easily derived from the Cauchy-Binet formula (3.3.33) for the entries of the
inverse of a matrix. Emphasizing that

_ X M ()
Kk X'(p)

we give an alternate method to compute an eigenvector of an isolated eigenvalue.

(7 pn)™] (3.4.37)

Algorithm 3.4.1 [Computing an eigenvector with no divisions.]

12 tn=1(1) using the 3-term recurrence

L. Compute ' (), x"(u), .- ., x

X ) = (e T ) @B T (), K= 1 Bo =0,
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n:n—l( n:2(

) using the 3-term recurrence

2. Compute x™™(u), x H)yeeoy X

X (p) = (psa) T () @I TE (p), X"t =1, B, = 0.

3. Compute
Ak :Xl:k—l(u)‘xk+1:n(u) for k= 172,...,77/

and choose the index r where |Ag| is maximum. In exact arithmetic, by (3.1.13)

and (3.4.37), this index r is identical to the one found in Step 2 of Algorithm 3.2.1.

4. Form the vector w, - x1(u) by multiplying the appropriate y’s and 3’s, as given
in (3.4.36). O

The total cost involved in the above algorithm is 8n multiplications and 3n ad-
ditions. Some multiplications may be saved when computing more than one eigenvector
by forming and saving the products of 8’s that are used more than once. There is also
some cost involved in monitoring and handling potential overflow and underflow. The cost
of the above algorithm should be compared to that of Algorithm 3.2.1 which requires 2n
divisions, 3n multiplications and 4n additions if an additive formula to compute 7 is used.
The vector output by both these algorithms may be normalized at a further cost of 1 square
root, 1 division, 2n multiplications and n <1 additions.

However, as is well known, the quantities x'*(u) and x""(u) can grow and decay
rapidly, and hence the recurrences to compute them are susceptible to severe overflow and
underflow problems. To overcome this, these quantities need to be monitored and rescaled
when approaching overflow or underflow. Some modern computers allow such monitoring to
be done in hardware but alas, this facility is not presently visible to the software developer

who programs in a high level language [92].

3.4.1 Heuristics for choosing r

In Algorithm 3.2.1, the 2n quantities D4 (1),...,Dy(n)and D_(1),...,D_(n) are
computed to find the minimum among all the v;’s. Once the right index r is chosen, half of
these quantities are discarded and the other half used to compute the desired eigenvector
approximation. The situation is similar in Algorithm 3.4.1.

If we have a reasonable guess at a “good” index r, we can check the value of .

by only computing the n quantities D(1),...,Dy(r<1),D_(r+1),...,D_(n) and v,. If
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v, is small enough we can accept r, otherwise we can compute all the v’s and choose the
minimum as before. In case the guess is accurate, we can save approximately half the work
in the computation of the eigenvector. We now examine the proof of the Gerschgorin Disk

Theorem that suggests a heuristic choice of r.

Theorem 3.4.1 [Gerschgorin Disk Theorem]. Let B be a matriz of order n with an
ergenvalue X\. Then X lies in one of the Gerschgorin disks, i.e., Ir such that
|A - BTT| < Z |B7°k|
k#r
Proof. Let v be the eigenvector corresponding to A, and let |v(r)| = ||v]|«. Consider the
rth equation of Bv = Av,
Av(r) = Bpo(r)+ Z Bpv(k)
k#r

> | Breillo(k)/o(r)]

k#£r

= |A—= B,

IN

from which the result follows. O

Thus if the kth entry of v is the largest, then A must lie in the kth Gerschgorin
disk. Consequently, if A lies in just one Gerschgorin disk then the corresponding entry of »
must be the largest. However A may lie in many Gerschgorin disks and there is no guarantee

that the corresponding entries of v are large. But we may use the following heuristic
Pickr such that A lies in the rth Gerschgorin disk with minimum radius 3~y 4, | Brk|.

Such a heuristic is inexpensive to compute and can lead to considerable savings
on large matrices, especially ones that are even mildly graded. Such matrices seem to arise
in many real life applications. Note that the above heuristic gives the correct choice of r in
the example tridiagonals of (3.0.4) and (3.0.6).

We do not make any claim about the optimality of the above heuristic, and it may
be possible to obtain better ones. The purpose of this section was to furnish the idea of

heuristically picking r and checking it in order to potentially save half the computations.

3.5 Twisted Q Factorizations — A Digression*

In this section, we introduce twisted @) R-type factorizations. The reader who is

pressed for time and is primarily interested in seeing how to adapt inverse iteration to
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X ® X X X
X X X X X X X X X
X X X — | x x x x x|[—|x x x x x| —[x x x x X
X X X X X X x ® X X X X X
i ® x| i X | i X | i X |

Figure 3.2: Twisted Q Factorization at k& = 3 (the next elements to be annihilated are
circled): forming Nj.

compute mutually orthogonal eigenvectors may skip to the next chapter.

We define a twisted orthogonal or Q) factorization at position k as
J = N:Q7 (3.5.38)

where @}, is an orthogonal matrix and Ny is such that Ny(¢,7) = 0 for ¢,j such that j > ¢
when ¢ < k and k < j < ¢ when ¢ > k. Note that Ny is a “permuted” triangular matrix,
since there exists a symmetric permutation of Ny that is a triangular matrix. Figure 3.2
illustrates how to compute such a factorization — it may be obtained by starting an L)
factorization from the left of the matrix stopping it at column k, and then doing an R
factorization from the right of the matrix till there is a singleton in the kth column (note
that we are doing column operations here in contrast to row operations in Section 3.1 —
hence we refer to the left and right of the matrix rather than the top and bottom). Using the
fact that Ny is “essentially” triangular and assuming that J is of full rank, we can show that
the twisted Q factorization (3.5.38) is unique, modulo the signs of the diagonal elements
of Ni. We could have done row operations instead and looked at twisted Q factorizations
that are obtained by doing QR from the top of the matrix, and ¢ L from the bottom to
obtain a singleton in the kth row. We have chosen instead to look at column twisted Q
factorizations in order to make a direct connection with the twisted triangular factorizations
of Section 3.1.

We now develop some theory about twisted Q factorizations along the lines of

Section 3.1.

Theorem 3.5.1 Let J be a nonsingular tridiagonal n X n complex matriz with the column

twisted Q) factorization at k given by (3.5.38) for 1 < k < n. Let 6y, be the singleton in the
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kth column of Ny, i.e., 6 = Ni(k,k). Then

% *\y—1
= ) e (3.5.39)
Proof.
JJ* = NQrQiNj
= 6};(JJ*)_1€]g = e}gNk_*Nk_lek.
Since Nyep = drey, the result (3.5.39) follows. O

We could endeavor to get expressions for ¢y, as we did for 7 in (3.1.12), in terms
of the left and right factorizations. In particular, we can attempt to express d; in terms of
the Schur parameters {cos@f ,k = 1,...,n — 1}, {cos0; ,k = 1,...,n — 1} that determine
the orthogonal matrices in the L, ()4 and R_(@)_ factorizations, and the diagonal elements
of L, and R_. However, we choose not to do so since the expressions are not stated simply
with our present notation, and do not add to our exposition.

The following results parallel those of Sections 3.1 and 3.2 as do the corresponding

proofs.

Corollary 3.5.1 Let J be a nonsingular tridiagonal matriz. With the notation of Theo-
rem 3.5.1,

Z|6i|_2 = Trace((JJ*)™!) = ZU;Q,
=1 ;
where 01,09, ...,0, are the singular values of J.

Theorem 3.5.2 Let J = J—ul be a tridiagonal matriz with the twisted factorization (3.5.38)
for a fized value of k. Then

(J - luI)qk = 6k6k7

where qy, is the kth column of Q.

Proof. Since Nyej, = 6pep and J — pl = NpQ7,

(J—,uI)Qk = N, = (J—,uI)qk = 6k€k-

g
Thus the vector g is just a normalized version of 2(¥) defined in (3.2.25) in The-
orem 3.2.2. The following theorems confirm that the corresponding residual norms are

equal.
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Theorem 3.5.3 Let J = J — pl be a nonsingular tridiagonal matriz and let &, v, and
=) be as defined in (3.5.39), (3.1.13) and (3.2.25) respectively. Then

|7%]
TEG = |6k (3.5.40)
Proof. Since (J — ul)2") = ~pep,
(k)2
z s 7 _
L T
B 1
|6k >
The last equality is just (3.5.39). 0

Thus when J is normal, the bound (3.2.28) for |yz|/||2®|| applies to [6z]. The
connection between ¢, and z(%) suggests the following alternative to Algorithm 3.2.1 that
is guaranteed to find a small 6; for a nearly singular J — ul, even when the eigenvalue near

1 is not isolated.
Algorithm 3.5.1 [Computing an eigenvector of any eigenvalue.]
1. Compute the diagonal elements 6y for all n twisted Q factorizations of J.
2. Choose the index r where |;| is minimum.
3. Form the vector ¢,, where ¢, is as in Theorem 3.5.2.
g

The above results may appear somewhat surprising but the reader is reminded of
the intimate connection between the LR algorithm, the QR algorithm and inverse itera-
tion [110]. For a non-normal matrix also, as the following theorem implies, there is at least

one O that indicates its nearness to singularity.

Theorem 3.5.4 Let B be a nonsingular matriz of order n. Let 0,,;, = 0, be the smallest

stngular value of B and ., be the corresponding left singular vector. If

ﬁ = e (BB ) ey for k=1,2,...,n
k
then
Omin - —1/2
o = 1+ (Jtmin(B)T2 = 1) Ao

Omin

< T < \/no,, for at least one k
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2
where Ay 1s a weighted arithmetic mean of { (U’;Z") , 1< n}, 0< Ay < (Umm/(fn_l)z.

Proof. The proofis similar to that of Theorem 3.2.3 using the following eigendecomposition
of BB*,
BB* = UX*U".
g
In Section 3.1, we showed that v; = 0 when J is singular and admits the triangular
decompositions (3.1.11) (see Corollary 3.1.4 and the comments immediately following it).
Similarly, it can be shown that if J is an unreduced tridiagonal that is singular, then 6, = 0

in the factorization of (3.5.38) for any k.

3.5.1 “Perfect” Shifts are perfect

In this section, we give an application of twisted Q factorizations. If A is an
eigenvalue of the unreduced tridiagonal J, then the last diagonal element of R, R, in the

factorization

J—=XM=QR, Q*Q =1, R upper triangular

must be zero in exact arithmetic. The QR iteration on J with shift u yields J; :
J—pl =QR, RQ+ul=.

When p = A, the (n — 1,n) entry of the tridiagonal J1 is zero and hence A may be deflated
from J; by simply removing the last row and column.

It may be expected that if p is close to A, then R,, would be small and deflation
would again occur in one iteration. Based on this expectation, Parlett proposed the following
strategy to compute all the eigenvalues and eigenvectors of a real, symmetric tridiagonal

matrix 7' [110, p.173].

1. Compute eigenvalues by a fast algorithm such as the PWK algorithm, which is a QR

algorithm free of square roots.

2. Run the QR algorithm using the computed eigenvalues as shifts, accumulating the

rotations to form the eigenvector matrix.

The expectation was that deflation would occur in one step, thus saving approx-
imately 50% of the dominant O(n®) computation in the QR algorithm, which typically

requires an average of 2-3 iterations per eigenvalue.
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However,

T—ul = QR

1
2 _
= e, (T'—pl) %e, = TE
|vi(n)]? 1
= —
; (AZ - H)Q |Rnn|2

showing that if the bottom entry of the desired eigenvector is tiny, then R,, is not small.
As a result, immediate deflation is not always seen in the perfect-shift QR algorithm, and
it was found not to perform any better than the standard QR algorithm with Wilkinson’s
shift [69]. The situation is similar to that with Di(n) discused in Section 3.1. And it is
natural for us, as in Section 3.1, to turn to twisted factorizations to detect singularity of
T —pl. Let

T—pul = QpNy, (3.5.41)

be a twisted Q factorization of T — ul. This is essentially identical to the column twisted
L factorization of J in (3.5.38) since 7" is symmetric. In the above factorization the kth
row of Ny is a singleton with a non-zero on the diagonal. By the theory developed in the
previous section, in particular Theorem 3.5.4, there must be a k such that Ni(k, k) is small
if pis a good approximation to an eigenvalue of 7.

With this choice of k, we can form the matrix
Ay = NeQp + pd (3.5.42)

following the standard ¢ R algorithm. Since ¢ is small all the off-diagonal entries of the
kth row of A; must be small. Since A; = Q;TQ is symmetric the off-diagonal entries in
the kth column are also tiny. An eigenvalue close to u may be deflated by crossing out the
entire kth row and column of Ay. Thus deflation occurs in exactly one step when perfect
shifts are used. For a more detailed treatment, the reader should wait for [41].

Each matrix in the sequence obtained in the standard ¢ R algorithm is tridiago-
nal. Does (3.5.42) preserve tridiagonal form? The reduction uniqueness theorem in [110,
Section 7-2] states that a tridiagonal formed by an orthogonal similarity transformation,
T = Q*AQ, is determined by A and the first or last column of ). It follows that A; cannot
be tridiagonal in general since, except when k£ = 1 or n, the first and last columns of Q)
in (3.5.41) are independent. However, it can be shown that the matrix obtained by delet-

ing the kth row and column of Ay is tridiagonal with an additional bulge at new position
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(k4 1,k) after deflation. This bulge can then be “chased” out of the top or bottom of the
matrix, whichever is nearer. This yields a tridiagonal matrix to which the next perfect shift
may now be applied.

To form the eigenvector matrix the n — 1 rotations that form ) must be accumu-
lated as must be the rotations used to chase the bulge out of the end of the deflated matrix.
Thus in the worst case 1.5 iterations are needed per eigenvalue to compute the eigenvectors.
Assuming 1-1.5 iterations per eigenvalue, all the eigenvectors may be obtained at a cost of
3n3-4.5n> operations. This is about twice as fast as current QR algorithms, assuming that
n is large enough to disregard the extra computation involved in the initial computation of
the eigenvalues and in finding k at each step. Heuristics for guessing & may also be used as
discussed in Section 3.4.1.

Standard ) R algorithms use an implicit version to achieve greater accuracy. It
remains to be seen if similar techniques may be used in the algorithm outlined above. It
should also be possible to find £ by using a procedure free from square roots as in the PWK
algorithm. But as we mentioned earlier, this section is a digression from the main theme of
this thesis and we plan to explore these questions elsewhere [41].

The reader may wonder about our inconsistency in finding the eigenvalues by a
standard ()R algorithm but using twisted factorizations in finding the eigenvectors. Is it
not possible to use twisted factorizations to find the eigenvalues also? We believe that
the latter might indeed be the right approach not only in speeding up the algorithm but
also to get higher accuracy since the standard @R algorithm may violently rearrange the
matrix thereby destroying accuracy [32]. However, this is not straightforward due to the
complication that Ay in (3.5.42) is not tridiagonal. When deflation does not occur, chasing
the bulges in A; off the top or bottom of the matrix will give the standard QR or QL
algorithm respectively (by the reduction uniqueness theorem in [110, Section 7-2]). Thus
in order to develop a “twisted algorithm”, we must give up the tridiagonal nature of the
intermediate matrices. The number of bulges increase by 2 at each step, and it is for
future research to determine if it is computationally feasible to handle this increase. We
also believe that such a twisted algorithm may lead to better shifts than the Francis or

Wilkinson shifts.
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3.6 Rank Revealing Factorizations*

In earlier sections of this study, we exhibited twisted triangular and twisted or-
thogonal (or Q) factorizations for tridiagonals. In our applications, we were successfully
able to reveal the singularity of the tridiagonal by one of the n possible twisted factors.

In this section, we show that such factorizations can also be done for denser matri-
ces and may be used to reveal the rank of the matrix. We convey our ideas through pictures
and make no pretence to being complete in this section.

Formally, we define a row twisted triangular factorization of a matrix B at posi-
tion k as the decomposition

B = NiDpN: (3.6.43)

where Dy is diagonal, while Ny and Nk are such that (Ng);; = 0 for ,j such that j > ¢ when
1 < kand k < j < ¢ otherwise, and N,j has the same requirement on its zeros. We take
both N and N to have 1’s on their diagonals. Note that Nj and N, are simultaneously
permuted triangular matrices, i.e., 3 a permutation Py such that P,;‘FNkPk is lower triangular

and PkTNkPk is upper triangular. (3.6.43) may be written as
PLBP, = (PINyP)(PIDyPL)(PI N Py)

and this is just the LDU decomposition of P,;[BPk. This implies the uniqueness of the
factorization in (3.6.43).

Figures 3.3 and 3.5 suggest a way to compute the twisted LU decomposition for
Hessenberg and dense matrices respectively. Note that when B is normal, Theorem 3.2.1
is applicable with v, = Dy(k, k). Thus when B is nearly singular with an isolated small
eigenvalue, Theorem 3.2.1 implies the existence of a small bottom pivot in all possible
LU-factorizations of B that can be obtained by symmetric permutations of the rows and
columns of B. A generalization of such a result was proved by Tony Chan in 1984 [19] (he
considered non-normal B as well, and arbitrary row and column permutations of B). We
briefly compare our results with Chan’s results of [19] at the end of this section.

We now formally define a row twisted Q decomposition of B at position k as
B = QN (3.6.44)

where () is orthogonal and Ny is a permuted triangular matrix as made precise earlier in this

section. Figures 3.4 and 3.5 suggest computational procedures to find such a factorization
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X X X X X X X X X X X X X X X X X X X X
X X X X X X X X X X X X X X X X
X X x x | — X x x | — X X — X ®
X X X X X X X X
i X X | i X X | i X X | i X X |

Figure 3.3: Twisted Triangular Factorization of a Hessenberg matrix at £ = 3 (the next
elements to be annihilated are circled)

[ x x x x x| [x x x x x| [x x x x x| [x x x x x|
X X X X X X X X X X X X X X X X
X X X X |— ® x x x | — x x ® | — X ®
X X X X X X X X
i X X | i X X X | i X X X | i X X X |

— X
X X
X X X

Figure 3.4: Twisted Orthogonal Factorization of a Hessenberg matrix at k& = 3 (the next
elements to be annihilated are circled)
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[x x x x x| [x x x x x| [x x x x x| [x x x x x|
® x x x X X X X X X X X X X X X X
® x x x x | — ® x x x| — x x ® | — X ®
® X X X X ® X x X x x ® X X
| ® x x X X | | ® x x x| i X X X | i X X X |

Figure 3.5: The above may be thought of as a twisted triangular or orthogonal factorization
of a dense matrix at k = 3 (the next elements to be annihilated are circled)

for Hessenberg and dense matrices respectively. Since 3 Py such that PkTNkPk is upper

triangular, (3.6.44) may be written as
BP, = QpPu( P} NiPy)

to give a @ R decomposition of B after a column permutation. Thus the factorization (3.6.44)
is unique in the same sense as the ) R factorization of B is unique.

The result of Theorem 3.5.4 holds for the decomposition (3.6.44) with .J replaced
by B*. This proves the existence of a column permutation of B such that the bottom
element of R in B’s J R decomposition is tiny when B is nearly singular. This result was
proved by Chan in [18] and earlier by Golub, Klema and Stewart in [66].

Thus twisted factorizations can be rank-revealing. Rank-revealing LU and QR
factorizations have been extensively studied and several algorithms to compute such fac-
torizations exist. Twisted factorizations seem to have been overlooked and may offer com-
putational advantages. We consider our results outlined above to be stronger than those
of Chan [19, 18] and Golub et al. [66] since the permutations we consider are restricted.
In particular, as seen in the tridiagonal and Hessenberg case, twisted factorizations respect
the sparsity structure of the given matriz, and thus may offer computational advantages in
terms of speed and accuracy.

We believe that twisted factorizations of Hessenberg matrices can be used for a

better solution to the non-symmetric eigenproblem. For banded and sparse matrices, twisted



67

factorizations may offer considerable savings in computing rank-revealing factorizations. We
intend to conduct further research in these two areas. The innovative reader may be able

to think of other applications.
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Chapter 4

Computing orthogonal
eigenvectors when relative gaps

are large

In the last chapter, we showed how to compute the eigenvector corresponding to
an isolated eigenvalue of a normal, unreduced tridiagonal matrix. In particular, we showed
how to choose a right hand side for inverse iteration that has a guaranteed large component
in the direction of the desired eigenvector. Even though this is both a theoretical and
practical advance, it does not solve the most pressing problem with inverse iteration —
that of computing approzimate eigenvectors that are numerically orthogonal.

When eigenvalues are well separated, vectors that give a small residual norm,
as in (1.1.1), are numerically orthogonal. In such a case, the methods of Chapter 3 are
sufficient. However this is not the case with close eigenvalues and current implementations
of inverse iteration resort to explicit orthogonalization. As mentioned in Chapter 1 and
Section 2.8.1 this can take an inordinately large amount of computation, and even then,
the computed vectors may not be numerically orthogonal.

The rest of this thesis is devoted to the computation of “good eigenvectors” that are
automatically numerically orthogonal thus avoiding the need for explicit orthogonalization.
In this chapter, we show that an alternate representation of a tridiagonal is the key to better
approximations. Coupled with the theory developed in Chapter 3 this allows us to compute
orthogonal eigenvectors when the corresponding eigenvalues have large relative gaps, even

though the eigenvalues may be very close together in an absolute sense. More precisely,
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. In Section 4.1, we extol the virtues of high accuracy. Tridiagonals do not always

“allow” such high accuracy computations and in Section 4.2, we advocate representing

the tridiagonal as a product of bidiagonal matrices.

. In Section 4.3, we recap earlier work on relative perturbation theory as applied to

bidiagonal matrices.

. In Section 4.4.1, we give qd-like recurrences that allow us to exploit the properties of

bidiagonals in order to compute highly accurate approximations to eigenvectors. In
Section 4.4.2, we do a roundoff error analysis of their computer implementations while
in Section 4.4.3 we give an algorithm to compute eigenvectors based on these qd-like

recurrences.

In Section 4.5 we prove that the dot products between the eigenvectors computed by
the algorithm given in Section 4.4.3 are inversely proportional to the relative gaps
between eigenvalues. As a consequence, the computed eigenvectors are numerically
orthogonal if the corresponding eigenvalues are relatively far apart. These results
are new and are a major advance towards our goal of obtaining guaranteed numerical

orthogonality in O(n?) time.

In Section 4.6, we present numerical results that support the above claims.

We consider the case of eigenvalues that have small relative gaps in the next two chapters.

4.1 Benefits of High Accuracy
Consider the matrix T in (2.8.16) of Section 2.8.1,
I Ve O
To=| e Te/4 /4
0 ¢/4 3e¢/4
where ¢ is the machine precision. Ty has two small eigenvalues \; = ¢/2 + O(e?) and

Ay = ¢ + O(e?), while A3 ~ 1. Suppose that A1 and A, are approximations to Ay and A,

and inverse iteration as in (2.7.4) is used to find the corresponding eigenvectors. In exact

arithmetic, taking by = 3, &v; and by = Y mivy, ||b1]] = [|b2|| = 1, we get

. A — A A — A
no= (To—MD)b = . v1—|—£—271 Ly Sl
51 Ag—Al

— va ], (4.1.1
Al — Al 51 AQ - Al 3) ( )



= (Ty—= M) Y0y = 772A — —v; +vo+ ———Tv3|. (4.1.2
b2 (0 2) ? AQ—AQ(HQAl—AQI ? 772A3—A23 ( )

We assume that &1, &, m1 and iy are O(1). Earlier we showed that y; and y, are
nearly parallel if M & ;\2, and in such a case, EISPACK and LAPACK implementations fail
to deliver orthogonal vectors despite explicit orthogonalization. See Section 2.8.1 and Case
Study A for more details. It is clearly desirable that A1 and Ay be more accurate so that
their difference is discernible. Given limited precision to represent numbers in a computer,

how accurate can ;\1 and ;\2 be? We say that ;\Z agrees with A; to d digits if

A = Al —d
— =107
|Adl
The IEEE double precision format allows for 53 bits of precision, thus ¢ = 2752 ~
2.2-1071% and d can take a maximum value of about 16. Suppose ;\1 and ;\2 agree with Aq

and A respectively to d digits, where d > 1. Since Ay and Ay do not agree in any digit,

A — Al —d . o
———— = 0(107%) where 1=1,2, j#1
[A; = Adl
and by (4.1.1) and (4.1.2),
ER _ (|/\1—;\1| A2 — Mg
lyall - llyzl Ao — A1 [A = A

) = 0(107%).

Thus the more accurate ;\1 and ;\2 are, the more orthogonal are gy, and y,. In fact when
d =16, i.e., when A1 and A have full relative accuracy, y; and yo are numerically orthogonal
and no further orthogonalization is needed.

Of course, the above is true only in exact arithmetic. We now see why the standard
representation of a tridiagonal matrix does not allow computation of eigenvalues to such

high accuracy.

4.2 Tridiagonals Are Inadequate

A real, symmetric tridiagonal matrix T is traditionally represented by its 2n — 1
diagonal and off-diagonal elements. In this section, we show that for our computational
purposes it is better to represent T' by its bidiagonal factors.

To account for the roundoff errors that occur in a computer implementation, it is

common practice to show that the computed eigenvalues and eigenvectors are exact for a
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slightly perturbed matrix. For highly accurate algorithms such as bisection we can show
that the eigenvalues computed for T are exact eigenvalues of T + 6T where 6T represents a
small componentwise perturbation in only the off-diagonals of T'. In the following example,
we show that such a perturbation can cause a large relative change in the eigenvalues and

eigenvector entries.

Example 4.2.1 [Tridiagonals are inadequate.] Consider the tridiagonal

11—/ e /T=T7¢/4 0
Ty=| eV4/T=Te/d Je+Tc/4  ¢/4 |,

0 e/4 3e/4

and a small relative perturbation

11—/ eV 1+ e)/1T—Te/d 0
Ti4 6Ty = | VY1 +4¢e)/T—T7c/4 VE+Te/4 e(14¢)/4
0 e(l+¢)/4 3e/4

where ¢ is the machine precision. The two smallest eigenvalues of T} and T} 4 6T} are':

Moo= /2428 +0(?),

M+6M = /2778 + 0(e?)
and
Ay = -2/ 4 0(e),
Ao+ 86X = 5—953/2/8+O(52).
Thus
‘6; = O(Ve), i=1,2

and the relative change in these eigenvalues is much larger than the initial relative pertur-
bations in the entries of 77. Similarly the corresponding eigenvectors of 77 and 17 + 67}

are:

VEL+ %) +0(e7) V3 + ) + 0
v = _%(1_£)+0() oo = | (14 2E) + 0(e)
J5(1= %)+ 0(7/?) 451 2v/5) 4+ 0(e)

we artfully constructed this matrix to have the desired behavior which may be verified by using a symbol
manipulator such as Maple [21] or Mathematica [137]

1
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and
—514 5 + 071 —/51 =3 + 0
n=| HU-F)+0E) | wmtdn=| L1-25106) |
(14 %) 402 (14 26) 4 0(¢)
whereby

ovi(J)
vi(J)

Since a small relative change of ¢ in the off-diagonal entries of T3 results in a much

‘ = O(ye) for 1=1,2 and j=1,2,3.

larger relative change in its eigenvalues and eigenvectors, we say that 73 does not deter-
mine its eigenvalues and eigenvector components to high relative accuracy. Consequently,
it is unlikely that we can compute numerically orthogonal eigenvectors without explicit or-
thogonalization. To confirm this, we turned off all orthogonalization in the FISPACK and
LAPACK implementations of inverse iteration and found the computed vectors to have dot

products as large as O( /). For more details, see Case Study B. O

The situation can be retrieved by computing the bidiagonal Cholesky factor of 77,
7, = 00T,

It is now known that small relative changes to the entries of a bidiagonal matrix cause small
relative changes to its singular values (note that the singular values of Ly are the square
roots of the eigenvalues of T7). When relative gaps between the singular values of Ly are
large, it is also known that the changes in the corresponding singular vectors are small.
In the rest of this chapter, we show how to exploit this property of bidiagonal matrices to
compute numerically orthogonal eigenvectors without any explicit orthogonalization.

The relative perturbation results for bidiagonal matrices mentioned above have
appeared in [89, 29, 35, 49, 50, 51, 100, 101]. We state the precise results in the next

section.

4.3 Relative Perturbation Theory for Bidiagonals

In 1966, Kahan proved the remarkable result that a real, symmetric tridiagonal
with zero entries on the diagonal determines its eigenvalues to high relative accuracy with

respect to small relative perturbations in its off-diagonal elements. This result appears to
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have lain neglected in the technical report [89] until Demmel and Kahan used it in 1990

to devise a method to compute the singular values of a bidiagonal matrix to high relative

accuracy [35]. Subsequently, these results have been extended and simplified, and we cite

some contributions during the course of this section.

Consider the lower bidiagonal matrix

a1

by

B~
(

0

and a componentwise perturbation

10

wal
-+
>
wal
[l

where «a; > 0.

The key fact is that L + §L may be written as

ay

by a3

biay  asas

baay azas

bp_1Q,—2 @02, ]

L+6L = D{LD,

where Dy

and Dy = diag (al,

1,—
(&3]

. Qg Qaliy Q040g
dlag _

’ 0410437 Q1Q3ds ’

ay1Q3 (Qpasdsg

(83 ’ oy

, (4.3.3)

Uy,

(4.3.4)

QoQiglig - - 'Oézn—z)
b

Q1Q3dy - - Qop_3
ayQasds - - 'a2n—1)

Qg -+ - Qigp_2

In [49], Eisenstat and Ipsen considered such multiplicative perturbations for sin-

gular value problems and proved the results presented below which show that if Dy and

Dy are close to unitary matrices then the singular values of L 4 6L are close in a relative

measure to the corresponding singular values of L. These results are also an immediate

consequence of Ostrowski’s theorem in [80, Thm. 4.5.9]. In the following, o; and ¢; + d0;

denote the jth singular values of L and L + 6L respectively, while uj, u; + duj, v; and

v; + év; denote the corresponding left and right singular vectors.
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Theorem 4.3.1 (Eisenstat and Ipsen [49, Thm. 3.1]). Let L + éL = DT LD, where Dy
and Dy are nonsingular matrices. Then

gj
—— - < 0;+da; < oil| Dyl - || D2]]-
DT (1D

Corollary 4.3.1 (Barlow and Demmel [9, Thm. 1], Deift et al. [29, Thm. 2.12], Demmel
and Kahan [35, Cor. 2], Eisenstat and Ipsen [49, Cor. 4.2]). Let L and L + 61 be bidiagonal
matrices as in (4.3.3) and (4.3.4). Then

1
T4 % S oitdos < (L+n)aj,

where 1 = [177" max{|a;|,1/|ag|} — 1.

Proof. The proof follows by noting that || Dy|| - | Dyl < 1475 and [|DT']|-|D31] < 1+,

and then applying Theorem 4.3.1. O
More recently, in [116] Parlett gives relative condition numbers that indicate the

precise amount by which a singular value changes due to a relative perturbation in a par-

ticular element of a bidiagonal matrix.

Theorem 4.3.2 (Parlett [116, Thm. 1]) Let L be a bidiagonal matriz as in (4.3.3), with
a; # 0, b; #0. Let o denote a particular singular value of L and let u, v be the corresponding

singular vectors. Then, since ¢ # 0,

k k-1 n "
(a) 8_0 VA Zv(i)Q _ u(j)? = Z u(m)? — Z o(1)?,
day, o gt = Pt o
b do by k o o n ) ,
) o = ;(U(z) —v(i)?) = m§+l(v(m) — u(m)?).

Traditional error bounds on singular vector perturbations show them to be in-
versely proportional to the absolute gaps between the corresponding singular values. Recent
work has shown that in the case of multiplicative perturbations, as in Theorem 4.3.1 above,
absolute gaps may be replaced by relative gaps.

Before we quote the relevant results, we introduce some notation. We define the
relative distance between two numbers « and 3 as

det |a — B
|af

reldist(a, ) (4.3.5)
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By the above definition, reldist(a, 3) # reldist(3, a). On the other hand, the measures

. def  |a—f|
I’eldlstp(a,ﬁ) = W (436)
are symmetric for 1 < p < co. Note that
reldist o (v, ) ef o — B (4.3.7)

max(al, |8])
For more discussion and comparison between these measures, see [100]. Relative gaps

between singular values will figure prominently in our discussion, and we define

relgap(v,{o}) e min reldist(v, y), (4.3.8)

ye{o}
where v is a real number while {¢} denotes a set of real numbers. Typically, {¢} will denote
a subset of the singular values. Similarly, we define the relative gaps for the symmetric
measures to be
def

relgap,(v,{0}) = yrél{ifrl} reldist, (v, y).

The following theorem bounds the perturbation angle in terms of the relative gaps.

It is a special case of Li’s Theorem 4.7 [101].

Theorem 4.3.3 Let L + 6L = D%FEDQ, where Dy and Dy are nonsingular matrices. If
o; + bo; # o; fori # 7, then

(sin £(us, u; + 6us)| < VI =DE 2+ 111 = DY + |11 = DE||2 + 11 - D3|
I = relgap,(oj, {o; + do;|i £ j})

Corollary 4.3.2 Let L and L + 61 be bidiagonal matrices as in (4.3.3) and (4.3.4). If
o; + bo; # o; fori # 7, then

. n
sin Z(w;,u; + 0uj)| < - =,
[sin £luss w4 8wl < o Ao + 60 £ 71)

where 1 = Hfgl—l max{|a;|, 1/|a;|} — 1.

See also Fisenstat and Ipsen [49, Theorem 3.3 and Cor. 4.5].
The above results can be generalized to singular subspaces of larger dimension.
Before we present the results, we need to introduce additional notation. We partition the

singular value decomposition of the square matrices Land L+ 6L as

. Y0 1%
L=uxsv? = (U | ',
0 X Vi
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and
P 7 Y1465 0 Vil +ovit
L+46L = (U + 66Uy, Uz 4+ 6U3) ! ! ! ! ;
0 Yy + 63, Vi 46V
where ¥y = diag(oy,...,0%) and ¥y = diag(opy1 + 6041, ..., 0, + 60,) for 1 <k < n, and

the other arrays are partitioned conformally. In such a case, we measure the angle between

the eigenvector u; and the invariant subspace Uy 46Uy, j < k, as
[Isin £(uz, Uy + 60| = [[(UF + U3 Juj|.

For more on angles between subspaces, see [67, Section 12.4.3]. The following is an easily

obtained extension of Theorem 4.8 in [101].

Theorem 4.3.4 Let L+ 6L = D%—‘,Z/DQ, where Dy and Dy are nonsingular matrices. If

max o; + éo; < min oy,
' 1<I<k

k<i<n

then for j <k and 1 <p < oo,

T =D+ 17 = DY I/l = D[+ 1T - DI

max{
in /(. k) <
|'sin Z(uj, Uy + 6Uy)|| < relgap, (0, {o; + do;|k < i < n})

Corollary 4.3.3 Let L and L + 6L be bidiagonal matrices as in (4.3.3) and (4.3.4). If

max o; + éo; < min oy,
k<i<n 1<I<k

then for j <k and 1 <p < oo,

1
relgap, (0, {0; + do;|k < i < n})’

lsin 2(us, Uy + 60 <
where 1 = Hfgl—l max{|a;|, 1/|a;|} — 1.

See also Fisenstat and Ipsen [50, Theorem 3.1].

4.4 Using Products of Bidiagonals

We now show how to exploit the properties of a bidiagonal matrix that were out-

lined in the previous section. Consider the tridiagonal matrix 77 given in Example 4.2.1. In



7

section 4.2, we gave the inherent limitations of using the 2n — 1 diagonal and off-diagonal el-
ements of T7. Since T7 is positive definite we can compute its bidiagonal Cholesky factor L.
The singular values, o;, of L; may now be computed to high relative accuracy using either
bisection or the much faster and more elegant dqds algorithm given in [56] (remember that
in exact arithmetic the eigenvalues of Ty are the squares of the singular values of Ly and
the eigenvectors of 17 are the left singular vectors of El) Recall that the singular values of

I, are such that
ol =¢/24+0(e*), 03 =c+0(e?), and of =1+ 0(¢).

As a consequence of the large relative gaps between the singular values, the singular vectors
of L; are “well-determined” with respect to small componentwise perturbations in entries
of L;. We can now compute these singular vectors by using a method similar to Algo-
rithm 3.2.1 of Chapter 3. In spite of being computed independently, these vectors will turn
out to be numerically orthogonal!

The errors made in computing the Cholesky factor L are irrelevant to the orthog-
onality of the computed vectors. Cholesky factorization is known to be backward stable
and it can be shown that the computed El is the exact Cholesky factor of Ty 4+ 67 where
|611]| = O(e||T1|]). Thus small residual norms with respect to L~1L~1T translate to small
residual norms with respect to 717, i.e.,

I(LiLf = o)

= T —aflpll = O(elTal)).

O(el| Lo LT )

The dual goals of orthogonality and small residual norms will thus be satisfied in this case
(see (1.1.1) and (1.1.2)).

The tridiagonal matrix of Example 4.2.1 is positive definite. In general, the matrix
T whose eigendecomposition is to be computed will be indefinite. In such a case, we modify
slightly the strategy outlined in the above paragraph by shifting T to make it definite. We

can apply this transformation since the eigenvectors of any matrix are shift invariant, i.e.,
Eigenvectors of T = FEigenvectors of T+ pl, for all pu.

Our strategy can be summarized by the following algorithm.
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Algorithm 4.4.1 [Computes eigenvectors using bidiagonals (preliminary version).]

1. Find g <||T|| such that T'+ pl is positive (or negative) definite.
2. Compute T + pl = LLT.

3. Compute the singular values of L to high relative accuracy (by bisection or the dqds
algorithm).

4. For each computed singular value of L, compute its left singular vector by a method

similar to Algorithm 3.2.1 of Chapter 3. O

We now complete Step 4 of the above algorithm that computes an individual
singular vector of L. We need to implement this step with care in order to get guaranteed
orthogonality, whenever possible. Note that each singular vector is computed independently
of the others. Corollary 4.3.2 implies that such vectors do exist when the singular values
have large relative gaps and when the effects of roundoff can be attributed to small relative

changes in the entries of L.

4.4.1 qd-like Recurrences

Before we proceed to the main content of this section, we make a slight change in
our representation. Instead of the Cholesky factorization LLT of T + wl, we will consider

its triangular decomposition LDLT, where L is unit lower bidiagonal of the form

o 0
1
h 1
L= : , (4.4.9)
| 0 lnen 1]
and
D = diag(dl, dg, ey dn—h dn) (4410)

Both factorizations are obviously linked and L = LD/2. The following theorem indicates
that in terms of the relative perturbation theory presented in Section 4.3, both these rep-

resentations are equivalent.
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Theorem 4.4.1 Let LDLT = LQLT, where L, D and L are as in (4.4.9), (4.4.10) and
(4.3.3) respectively, while @ is a diagonal matriz with £1 entries on its diagonal. Let
A = sign(A)a? (#0) be a typical eigenvalue of LDLY. Then

2 do ag do by

oAtk o 80 T BT Tk 4411
(a) ody, X dap o + 0b, o’ ( )
ox do by
i P 4.4.12
(6) ol A ob, o ( )
Proof. Let (Q)rr = wi. The two factorizations are related by
dy, = wpai, Iy = bi/ag.
By applying the chain rule for derivatives,
oA oN ddp  ON 0Ol
AR AR AT 4413
8ak 8dk 8ak + 8lk 8ak’ ( )
and
oA ox dd,  ON 0Ol
OA _ 97 0dp  OA Ol 4.4.14
by~ Od, Oby 0l b, (4.4.14)
By substituting
oA ) oo ody,
— =2 A)— — =2
2 o sign( )8$7 s Wra,
[ A Y
8ak N ai ’ 8bk N ar
in (4.4.13) and (4.4.14), we get
. oo oA ox by
2 A)— = — .2 - = 4.4.15
USlgn( )8ak 8dk Wk Lk 8lk az’ ( )
Al
and 20 sign(A) 0o = N, (4.4.16)

by, My ay’

The result (4.4.12) now follows from multiplying (4.4.16) by by /A, while (4.4.11) is similarly
obtained by substituting (4.4.12) in (4.4.15). a

From now on, we will deal exclusively with the LDLT representation instead of
the Cholesky factorization. This choice avoids the need to take square roots when forming
the Cholesky factor.

To find an individual eigenvector by Algorithm 3.2.1, we needed to form the
L_|_D_|_L£ and U_D_UT decompositions of T — M. Instead of T we now have the fac-

tored matrix LDL?. Algorithm 4.4.2 listed below implements the transformation

DLt —ul = 1.D, L. (4.4.17)
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We call this the “stationary quotient-difference with shift”(stqds) transformation for his-
torical reasons. This term was first coined by Rutishauser for similar transformations that
formed the basis of his qd algorithm first developed in 1954 [121, 122, 123]. Although (4.4.17)
is not identical to the stationary transformation given by Rutishauser, the differences are
not significant enough to warrant inventing new terminology. More recently, Fernando and
Parlett have developed another qd algorithm that gives a fast way of computing the singular
values of a bidiagonal matrix to high relative accuracy [56]. The term ‘stationary’ is used
for (4.4.17) since it represents an identity transformation when p = 0. Rutishauser used
the term ‘progressive’ instead for the formation of U_D_U?T from LDLT.

In the rest of this chapter, we will denote Ly (¢ + 1,7) by Ly(i), U_(4,i4 1) by
U_(i) and the 7th diagonal entries of D and D_ by D, (¢) and D_(7) respectively.

Algorithm 4.4.2 (stqds)

Di(1l) == dy—p

fore=1,n—-1
Ly(?) == (dil;)/ Dy(7) (4.4.18)
Di(i4+1) = dil? +dipy — Ly(i)dil; — p (4.4.19)
end for

We now see how to eliminate some of the additions and subtractions from the

above algorithm. We introduce the intermediate variable

Si+1 = D_|_(’L + 1) - di_|_1, (4420)
= ;2 - Ly(i)dil; — p, by (4.4.19)
= Ly(DL(Dy(i) — di) = p, by (4.4.18)
= Li(0)lis; — p. (4.4.21)

Using this intermediate variable, we get the so-called differential form of the sta-
tionary qd transformation (dstqds). This term was again coined by Rutishauser in the

context of similar transformations in [121, 122].

Algorithm 4.4.3 (dstqds)
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fore=1,n-1
Di(i) = s+ d;
Ly(i) = (dile)/ D4 (i)
Sip1 = Ly(0)lisq — p
end for

Di(n) == s, +d,

In the next section we will show that the above differential algorithm has some
nice properties in the face of roundoff errors.

We also need to compute the transformation
LDLY —ul = U_D_UT.

which we call the “progressive quotient-difference with shift”(qds) transformation. The

following algorithm gives an obvious way to implement this transformation.

Algorithm 4.4.4 (qds)

U_(n) =0
fore=mn-1,1,-1
D_(i+1) := dil? + diy1 — U_(i+ Vdiy1liys — p (4.4.22)
U_(i) == (dil;)/D_(i + 1) (4.4.23)
end for

D_(l) = d1 - U_(l)dlll iy

As in the stationary transformation, we introduce the intermediate variable

pi = D_(i)—diq17 4, (4.4.24)
= d; = U_(i)dil; — p, by (4.4.22)
di :
= m(D_(H— 1) —d;[?) — p, by (4.4.23)
d;

Using this intermediate variable, we get the differential form of the progressive qd transfor-

mation,
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Algorithm 4.4.5 (dqds)

Pn = dy —p

fore=n-1,1,—1
D_(i+1) := dil} + piya
t = d;/D_(i+1)
U_(i) == [;t
Pi = Piprl —

end for

D_(1) == pm

Note that we have denoted the intermediate variables by the symbols s; and p; to
stand for stationary and progressive respectively.

As in Algorithm 3.2.1, we also need to find all the v;’s in order to choose the
appropriate twisted factorization for computing the eigenvector. Since (LDLT);M_H = dly,

by the fourth formula for v in Corollary 3.1.1, we have

_ (dily)?

o= Dik) D_(k+1)
_ (dily)?
= s +d D FT) by (4.4.20)
_ dy, 2
= % 5 hgT) (D-(k+1) = dil).

By (4.4.24), (4.4.25) and (4.4.21), we can express v as

Sk + % “ Dh41s
Ye = 3 Sk + e+ U, (4.4.26)
P+ Ly (k= 1)lp_1sk-1.
In the next section, we will see that the top and bottom formulae in (4.4.26) are
“better” for computational purposes. We can now choose r as the index where |yx| is

minimum. The twisted factorization at position r is given by
Lpr* —ul = N,D,NT,

where D, = diag(D4(1),...,Di(r—1),7,, D_(r+1),...,D_(n)) and N, is the correspond-
ing twisted factor (see (3.1.10)). It may be formed by the following “differential twisted

quotient-difference with shift”(dtwqds) transformation.
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Algorithm 4.4.6 (dtwqds)

fore=1,r—-1
Di(i) == s+ d;
Ly(i) = (dil)/ D+ (0)
Sip1 = Ly(0)lisq — p
end for
P = dy —p
fore=n—-1,r,—1
D_(i+1) := dil} + pipa
t = d;/D_(i+1)
U_(i) == l;t
Pi = Piprl —

end for
d,

Yr = S+ m “Prt1

Note: In cases where we have already computed the stationary and progressive transforma-
tions, i.e., we have computed Ly, Dy, U_ and D_, the only additional work needed for
dtwqds is one multiplication and one addition to compute v,.

In the next section, we exhibit desirable properties of the differential forms of
our qd-like transformations in the face of roundoff errors. Before we do so, we emphasize
that the particular qd-like transformations presented in this section are new. Similar qd
recurrences have been studied by Rutishauser [121, 122, 123], Henrici [76], Fernando and
Parlett [56], Yao Yang [138] and David Day [28].

4.4.2 Roundoff Error Analysis

First, we introduce our model of arithmetic. We assume that the floating point

result of a basic arithmetic operation o satisfies

fl{zoy) = (zoy)(l+n)=(zoy)/(1+9)
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where 17 and 6 depend on z, y, o, and the arithmetic unit but satisfy
Inl <e, || <e

for a given ¢ that depends only on the arithmetic unit. We shall choose freely the form (7
or §) that suits the analysis. As usual, we will ignore O(e?) terms in our analyses. We also
adopt the convention of denoting the computed value of z by Z.

Ideally, we would like to show that the differential qd transformations introduced
in the previous section produce an output that is exact for data that is very close to the input
matrix. Since we desire relative accuracy, we would like this backward error to be relative.
However, our algorithms do not admit such a pure backward analysis (see [138, 111] for a
backward analysis where the backward errors are absolute but not relative). Nevertheless,
we will give a hybrid interpretation involving both backward and forward relative errors.
Our error analysis is on the lines of that presented in [56].

The best way to understand our first result is by studying Figure 4.1. Following

Rutishauser, we merge elements of I and D into a single array,
Z = {d17 llv d27 127 ey dn—17 ln—17 dn}

Likewise, the array 7 is made up of elements d; and 72', 7, contains elements ﬁ_|_(i), ﬁ_|_(z)
and so on. The acronym ulp in Figure 4.1 stands for units in the last place held. It is the
natural way to refer to relative differences between numbers. When a result is correctly
rounded the error is not more than half an ulp.

In all our results of this section, numbers in the computer are represented by
letters without any overbar, such as Z, or by “hatted” symbols, such as Z_|_. For example
in Figure 4.1, Z represents the input data while Z_|_ represents the output data obtained by
executing the dstqds algorithm in finite precision. Intermediate arrays, such as 7 and 2+,
are introduced for our analysis but are typically unrepresentable in a computer’s limited
precision. Note that we have chosen the symbols — and —~ in Figure 4.1 to indicate a
process that takes rows and columns in increasing order, i.e., from “left to right” and “top
to bottom”. Later, in Figure 4.2 we use «+ and — to indicate a “right to left” and “bottom
to top” process.

Figure 4.1 states that the computed outputs of the dstqds transformation (see
Algorithm 4.4.3), D(i) and L (i) are small relative perturbations of the quantities Dy (i)
and E_|_ (¢) which in turn are the results of an exact dstqds transformation applied to the per-

turbed matrix represented by 7. The elements of Z are obtained by small relative changes
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dstqds .
7 Zy
computed
change each change each
d; by 1 ulp, B+ (i) by 2 ulps,
li by 3 ulps. Ly (i) by 3 ulps.
- dstqds ~
7 A
exact

Figure 4.1: Effects of roundoff — dstqds transformation

in the inputs L and D. Analogous results hold for the dqds and dtwqds transformation
(see Algorithms 4.4.5 and 4.4.6). As we mentioned above, this is not a pure backward error
analysis. We have put small perturbations not only on the input but also on the output in
order to obtain an exact dstqds transform. This property is called mixed stability in [30]

but note that our perturbations are relative ones.

Theorem 4.4.2 Let the dstqds transformation be computed as in Algorithm 4.4.3. In the
1:) differs
Jrom d; (1) by 1 (3) ulps, while Dy (i) (L4(i)) differs from Dy (i) (Ly (i) by 2 (3) ulps.

absence of overflow and underflow, the diagram in Figure 4.1 commutes and :i)z (

Proof. We write down the exact equations satisfied by the computed quantities.

Di(i) = (5i+d)/(1+eq),
Li(1) = dili(14e)(14¢,)/Dy(i) = dili(l‘|'5*(?§Z('1—|_‘|'a:/)(1‘|‘5+)7

Ly(D)1:3i(1 4 e0)(1 4 exx) — o
14 i1 '

and 841 =

In the above, all ¢’s depend on ¢ but we have chosen to single out the one that accounts for
the subtraction as it is the only one where the dependence on 7 must be made explicit. In

more detail the last relation is

R d; 1% 5
(I eiin = S8 () e )14 )14 )14 2) —




The trick is to define 22 and 72 so that the exact dstqds relation

2

Si-l—l = — — — Iu
Si+ di
is satisfied. This may be achieved by setting
di = di(1+¢),
T ,wlm)(ue/)(l+e+><1+eo><1+g**>
T = 3 1 s .

In order to satisfy the exact mathematical relations of dstqds,

Dy (i) = 5+ di,
- di li
Ly (i) = = =

S; + d;

we set

Dy (1) = Dy(D)(1+e4)(14e0),

- (L+e0)(1+ex)
Ly (i) = L+(l)\/(1+€*)(1+5/)(1+5+)(1—|—€Z')

and the result holds.

A similar result holds for the dqds transformation.
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(4.4.27)

(4.4.28)

(4.4.29)

(4.4.30)

(4.4.31)

Theorem 4.4.3 Let the dqds transformation be computed as in Algorithm 4.4.5. In the

absence of overflow and underflow, the diagram in figure 4.2 commutes and 32 (72) differs

Jrom d; (1) by 3 (3) ulps, while D_(i) (U_(i)) differs from D_ (i) (- (i) by 2 (4) ulps.

Proof. The proofis similar to that of Theorem 4.4.2. The computed quantities satisfy

D_(i4+1) = (d:f(1+e)(1+ e + i)/ (14 e4), (4.4.32)
i = di(l+¢)/D_(i+1),
0-0) = tille) = R T e
b = (di/ﬁ—(i—l_1))ﬁi+1(1+5/)(1+500)_H7
1+¢;
= (tep = dibis (L4 )1+ o)1+ £4) —



dqds .
7 Z_
computed
change each change each
d; by 3 ulps, D_ (i) by 2 ulps,
l; by 3 ulps. . (i) by 4 ulps.
- dqds -
Z Z_
exact

Figure 4.2: Effects of roundoff — dqds transformation
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Note that the above ¢’s are different from the ones in the proof of the earlier Theorem 4.4.2.

As in Theorem 4.4.2, the trick is to satisfy the exact relation,

—

7

which is achieved by setting

and [;
- =2
so that  d; [;

The other dqds relations,

may be satisfied by setting

D-(i+1)

U- (i)

d

i Pt

— <2 ’

di li + Ei-l—l

= di(1+e,) (14 coo)(1+c4),
= ﬁi(l-l-éi),
_ ¢(1+6*)(1+e**)(1+5i+1)

(T+e)(1+eo)(I+ey)

= dilF(14 )1+ )L+ eip1).

— <2 —

di l; + Pig1,
d; 1

— <2 )

di li + Ei-l—l

D_(i+1)(14ep)(1+ei41),

U_(i)

(14 )14 ex)(1 + €00)

1+e,

/

(I+e)+er)(I+eig1)

(4.4.33)

(4.4.34)

(4.4.35)

(4.4.36)

(4.4.37)

(4.4.38)
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dtwqds .
computed b
change each change each
di by Lulp, 1<i<k, Dy (i) by 2 ulps, 1 < i < k,
I by 3 ulps, 1 < i<k, Ly (i) by 3 ulps, 1 <i < k.
dy, by 4 ulps, I, by 3% ulps, Y by 2 ulps, ﬁ_(k‘) by 4% ulps,
d; by 3 ulps, k < i <n, Z)_(i)by?ulps,k<i§n,
l; by 3 ulps, k< i< n. [j_(i)by4ulps,k<i<n.
- dtwqds ~
Z exact Zk

Figure 4.3: Effects of roundoff — dtwqds transformation

By combining parts of the analyses for the dstqds and dqds transformations, we
can also exhibit a similar result for the twisted factorization computed by Algorithm 4.4.6.
In Figure 4.3, the various Z arrays represent corresponding twisted factors that may be
obtained by “concatenating” the stationary and progressive factors. In particular, for any

twist position k,

{D+(1),i+(1), . ..,i+(k = 1), %k, U_(k), cer, f]_(n —1),D_(n)},
(D4 (1) Ly (1)eoy Ly (k= 1), 35, 0= (k),..., U= (n— 1), D_ (n)},

Ny N
bl bl
1 1

while

Z = {21,71, .. .,Tk—ladka 7k7 . -,7n—1, En}
Zk and 7 represent the twisted factorizations
kai)kN,? and Nkf)kN,?
respectively (note that ~ is a concatenation of the symbols —~ and —, while — may also be

derived by concatenating «— and —).

Theorem 4.4.4 Let the diwqds transformation be computed as in Algorithm 4.4.6. In the

absence of overflow and underflow, the diagram in Figure /.3 commutes and :i)z (72) differs

from d; (I;) by 1 (3) ulps for 1 < i < k, dy (I) differs from dj, (Iz) by 4 (3L1) ulps, while
2
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di (1 ( ;) differs from d; (I;) by 3 (3) ulps for k < i < n. On the output side, Dy (i) (L1 (i))
differs from Dy (i) (Ly (i) by 2 (3) ulps for 1 < i < k, 3 (U_(k)) differs from 55, (U_(k))
by 2 (43) ulps, while D_(i) (U_(1)) differs from D (7) ([7_ (7)) by 2 (4) ulps for k < i < n.

Proof. The crucial observation is that for the exact stationary transformation ( (4.4.27),
(4.4.29) and (4.4.30) ) to be satisfied for 1 < ¢ < k—1, roundoff errors need to be put only on
dy,dy,...,dx_1 and l1,ls,...,lx_1. Similarly for the progressive transformation ((4.4.33),
(4.4.36) and (4.4.37)) to hold for £+ 1 < 7 < n, roundoff errors need to be put only on
the bottom part of the matrix, i.e., on dgyq,...,d, and lgyq1,...,l,—1. By the top formula
n (4.4.26),

e = (Sk + %ﬁm(lﬂ/‘)(l%&)) /(1 + €k ).

Note that in the above, we have put the superscript — on some ¢’s to indicate that they are

identical to the corresponding ¢’s in the proof of Theorem 4.4.3. By (4.4.28) and (4.4.32),

Sk Prgr - dr(1+ e )1 +eg)(1+¢e7)

14 ep)y = .
e L+ef d (14 eX)(1 + e55) + Prta
- 7 Lte ) di(l4+e )1+ )(1+e)(1+ef
5 (ted(tehi = g4 llit o) dlte U et )0 b))

di (1 + e )1+ ex) (Lt epiy) + Prera(l +e4)

Note that we are free to attribute roundoff errors to d; and [, in order to preserve exact

mathematical relations at the twist position k. In particular, by setting

o (14 ep)(1+¢f),
dr(14¢7)(1+e0,)(1+ )1 +ef),

. lk\l (14 e) (14 en)( 465,
(14 e7)(1+eoo)(1+e)(1 +ef)

2
(

and recalling that Py= py(1 + €, ) (see (4.4.34)), the following exact relation holds,

Jp = Sp+ 7@ Prir
dp 24+ Prps
In addition, the exact relation
- dy. |

Jk l%-l— §k+1
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LDLT decomposition 5

T = (ag,b
(ax, br) computed
change each change each
by by 2% ulps. dy by 2 ulps,
i by 2% ulps.
T = (ax, by) LDLT decomposition 7

exact

Figure 4.4: Effects of roundoff — LDLT decomposition

holds if we set

. T_(k) |(L4en)(1+ e+ o)1 +¢f
) (1+¢ )(1+5k+1)(1‘|’5+)
where ¢ is identical to the ¢, of (4.4.38). a

Note: A similar result may be obtained if vy is computed by the last formula in (4.4.26).
Before we proceed to the next section, we give an algorithm and error analysis for
the initial decomposition

T+ul = LDLT.

We denote the diagonal elements of T' by a; and off-diagonal elements by b;.

Algorithm 4.4.7 [Computes the initial LDL? decomposition.]

di == a1 +p
fore=1,n-1
l; = b;/d;

div1 = (aip1 +p) — Lb;

end for
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Theorem 4.4.5 Let the LDLT decomposition be computed as in Algorithm {.4.7. In the
absence of overflow and underflow, the diagram in Figure 4./ commutes and b; differs from

b; by 2% ulps, while d; (l;) differs from d; (lNZ) by 2 (2%) ulps.

Proof. The computed quantities satisfy

b;
li = dT (1+¢)),
doi = (aips + p)/(1+ ehy) = bili(1 + &)
1+ 1_|_€i_+1 9
_ s b?
= (Urel)teg)din = (amtp) == (L+e)(+e)(1+eky).

k3

By setting

diy1 = di+1(1‘|’5j—+1)(1‘|‘5i—+1)7 dl:d1(1+5i|_)v

P g | OFe)ltehy)
’ N(+e)A+eh)(1+e)

bi = bif/(L+e )1+ e(l+ef )L +ef)(1+er), (4.4.40)

the following exact relations hold

lNi = 27
- Z b2
dig1 = @1+ p— J—Z

k3

O
We can obtain a purely backward error analysis in the above case by showing
that the LDLT decomposition computed by Algorithm 4.4.7 is exact for T + 6T, where 6T

represents an absolute perturbation in the nonzero elements of T'.

Theorem 4.4.6 In the absence of overflow and underflow, the LDLT decomposition com-

puted by Algorithm 4.4.7 is exact for a slightly perturbed matriz T 4 6T, i.e.,

T+6T+ul = LDLT,
where
|6b2| = |7721 dziz + nini|7 Niq s Nin < 2'557 (4441)

a1 = |midil? + i dial, M, < 36,7, < 2e. (4.4.42)
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Proof. From Theorem 4.4.5, the following relation holds

T+ul = LDLT, (4.4.43)

where T, I and D are as in Figure 4.4 and Theorem 4.4.5. Equating the diagonal and
off-diagonal elements of (4.4.43), we get

by = d (4.4.44)
d

ity

g1+ = dil? + diyq. (4.4.45)

By Theorem 4.4.5,

. o (M e+ el )1+ e)(1 +ef -
dil; = M’J( !

1‘|‘€/
. o (I+e)(1+ehy) -
d;l? = dil2( L — P+
I3 7 1_|_€/ Z( +773)7
dig1 = dip(L4ef )1+ o) = diga(1+m3,),

where 7;, < 2.5, n;, < 3¢ and n;, < 2¢. Substituting the above in (4.4.44) and (4.4.45) we

get
bi+ (b — bi — miydili) = dils,
aiv1 — (i il} + miydiga) + = dilf + diga
The result now follows by recalling the relation between b; and b; given in (4.4.40). a

The backward error given above is small when there is no “element growth” in the
LDLT decomposition. The following lemma proves the well known fact that no element

growth is obtained when factoring a positive definite tridiagonal matrix.

Lemma 4.4.1 Suppose T is a positive definite tridiagonal matriz. Its LDLT factorization,
i.€.,

T = LDLT
satisfies

0 < d; < T(i,i) < [|T||. for i=12,...,n

0 < diqgl?y < T(iyi) < T, for i=1,...,n—1

and dil; = T(i+1,9) = |dl] < ||T||, for i=1,...,n—1.
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Proof. The proof is easily obtained by noting that

dialP oy +d; = T(i,0),
T(i+1,4)

el
(

i
and using properties of a positive definite matrix by which the diagonal elements of 7' and
D must be positive. O

Note that in the above lemma, we do not claim that the elements of L are bounded

by [|T||. Indeed, the elements of L can be arbitrarily large as seen from the following

g2 P B 1 0 g2 0 1 &P
P 14e P 0 ¢ 0o 1 |

Corollary 4.4.1 Suppose T + pl is a positive definite tridiagonal matriz. In the absence

example,

of overflow and underflow, Algorithm 4.4.7 computes L and D such that

T+6T+ul = LDLT,
where
|6b;] < Helbil,
[baiv1] < 3elap + pl,
and since |p| < ||T],

16Tl < Bel|T[ly + 3elp] < 8e[[T]s-

Proof. The result follows by recalling that d; and [; are obtained by small relative changes
in d; and [; respectively, and then substituting the inequalities of Lemma 4.4.1 in (4.4.41)
and (4.4.42). 0
Note: The backward error on T is relative if p = 0.

4.4.3 Algorithm X — orthogonality for large relative gaps

In this section, we complete the preliminary version of the method outlined in
Algorithm 4.4.1. It is based on the differential qd-like transformations of Section 4.4.1. The
following algorithm computes eigenvectors that are numerically orthogonal whenever the

relative gaps between the eigenvalues of LDLT are large, i.e., O(1).
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Algorithm X [Computes eigenvectors using bidiagonals.]
1. Find g <||T|| such that T'+ pl is positive (or negative) definite.
2. Compute T + pl = LDILT.

3. Compute the eigenvalues, &]2, of LDLT to high relative accuracy (by bisection or the
dqgds algorithm [56]).

4. For each computed eigenvalue, A= &]2, do the following

(a) Compute LDLT — \I = Ly D4 LT by the dstqds transform (Algorithm 4.4.3).
(b) Compute LDLT — AI = U_D_UT by the dqds transform (Algorithm 4.4.5).
¢) Compute v, by the top formula of (4.4.26). Pick r such that |v,| = ming |yx|.
)

d) Form the approximate eigenvector z; = A7)

J
Theorem 3.2.2):

(
(

by solving ]\AfTﬁT]\AfTTZj = e, (see

zj(r) = 1,
2(1) = —Ly(i)-z(i+1), i=r—1,...,1, (4.4.46)
Z(l+1) = —U_()-2(), l=r...,n—1.
(e) If needed, compute znrm = ||z;|| and set 9; = z;/znrm.

g
We will refer to the above method as Algorithm X in anticipation of Algorithm Y

which will handle the case of small relative gaps.

4.5 Proof of Orthogonality

In this section, we prove that the pairs (&Jz,ﬁj) computed by Algorithm X satisfy

(T = &51)9;]l = O(nel|T])), (4.5.47)
T o . O(ne) O(ne) .
T
i Um| = . . 5 5 4.5.4
R | k:%,l?lv?—l {I’eldlStQ(U]‘,O'k+1) + reldisty(og, o) J<m (4.5.48)

where reldists is the relative distance as defined in Section 4.3 and ¢ is the machine precision.
In particular, the neighboring vectors computed by Algorithm X are such that
O(ne)

reldistz(0j,0,41)

T4 = (4.5.49)
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The O in the above bounds will be replaced by the appropriate expressions in the formal
treatment given in Section 4.5.3. Here, and for the rest of this chapter, we assume that the
singular values are arranged in decreasing order, i.e., 01 > 02 > -+ > 0.

As a special case, we provide a rigorous proof that Algorithm X computes numer-
ically orthogonal eigenvectors whenever the eigenvalues of LDLT have large relative gaps.
The key to our success is that we exploit the relative perturbation properties of bidiagonal
matrices given in Section 4.3 by using carefully chosen inner loops in all our computations.

The bounds of (4.5.48) and (4.5.49) are meaningful only when the relative distances
are not too small. In this section, we are only interested in the order of magnitudes of these

relative distances and not in their exact values. Thus in our discussions, quantities such as
relgap,(a;,0;) and reldist, (65, 0;),

where o; and ¢; agree in almost all their digits, are to be treated equivalently. We will, of

course, be precise in the formal statement of our theorems and their proofs.

4.5.1 A Requirement on r

As explained in Section 3.2, we require that the choice of the index r in Step (4c)
of Algorithm X be such that the residual norm of the computed eigenpair, |y,|/|z;], is
“small”. For the rest of this thesis we assume that our new algorithms always choose such

a “goof” r. We now explain why we can ensure such a choice of r.

1. Theorem 3.2.3 proves that there exists a “good” choice of r, i.e., Ir such that

1zl

where z; is the vector computed in Step (4d) of Algorithm X. Note that in all our

6% — o, (4.5.50)

methods to compute eigenvectors, ¢; will be a very good approximation to o;, i.e.,

19 =5l _ 0(e), (4.5.51)

||

and so the residual norm given by (4.5.50) will be small.

2. Theorem 3.2.1 showed that a “good” choice of 7 is often revealed by a small |7,| (this

fact is utilized in Step (4c) of Algorithm X). The following mild assumption on the

and the separation of the eigenvalues 0]2,

2

approximations 07

0% — 67| 1
gap(a?, {afli #7}) — 2(n—1)

(4.5.52)
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where gap(67, {0?]i # j}) = min;»; |67 — o], ensures that

1| < 2n-167 — of| (4.5.53)

(note that we have obtained the above bound by choosing M in Theorem 3.2.1 to
equal 2). Note that ||z;|]] > 1 and so a small value of |v,| implies a small residual
norm. Recall that &; will satisfy (4.5.51) and so the eigenvalues have to be very close
together to violate (4.5.52). When the latter happens, there is a theoretical danger
that no v, will be small and we shortly see how to handle such a situation. However,
in all our extensive random numerical testing, we have never come across an example

where small gaps cause all v’s to be large.

3. We can make a “good” choice of r even in the situation described above by using
twisted Q factorizations that were discussed in Section 3.5. Theorems 3.5.3 and 3.5.4
indicate how to use these factorizations to choose an r that satisfies (4.5.50). Of
course, Step (4c) of Algorithm X needs to be modified when 7, is not small enough.
For an alternate approach to compute a good r that does not involve orthogonal

factorizations the reader is referred to [42].

In summary, we have seen how to ensure that r is “good” and either (4.5.50)
or (4.5.53) is satisfied.

Of course, we look for a small residual norm since it implies that the computed
vector is close to the exact eigenvector. The following sin # theorem, see [110, Chapter 11],
is well known and shows that a small residual norm implies a good eigenvector if the
corresponding eigenvalue is isolated. The theorem, which we will often refer to in the next

few sections, is valid for all Hermitian matrices.

Theorem 4.5.1 Let A = A* have an isolated eigenvalue N\ with normalized eigenvector v.
Consider y, y*y = 1, and real i closer to A than to any other eigenvalue. Then

| Ay — ypell2

sin Z(v,y)| <
SIS )

b

where gap(p) = min{|v —p| : v # A, v € spectrum (A)}.

The extension of this theorem to higher-dimensional subspaces is due to Davis and

Kahan, see [26] and [27] for more details.
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dtwqds A
(u]‘) VA Zy (?J]‘)
computed
change each change each
di by Lulp, 1<i<k, Dy (i) by 2 ulps, 1 < i < k,
l; by 3ulps, 1 <i<k, Ly (0) by 3aulps, 1 <i<k.
dy, by 4 ulps, I, by 3% ulps, & by 2 ulps, U_(k) by 4% ulps,
d; by 3 ulps, k <1 <mn, Z)_(i)by?ulps,k<i§n,
l; by 3 ulps, k <1< n. [j_(i)by4ulps,k<i<n.
- dtwqds ~
(u;) Z exact Zk (95)

Figure 4.5: dtwqds transformation applied to compute an eigenvector

4.5.2 Outline of Argument

We alert the reader to the fact that the analysis to follow involves close but different
quantities such as 4, , L, L, L, etc. So watch the overbars carefully. Recall that quantities
with a ~ or — on top are ideal whereas others like d; and D (i) are stored in the computer.

We repeat the commutative diagram for the dtwqds transformation in Figure 4.5
for easy reference. We will relate the computed vector 9; to an eigenvector u; of LDLT by
first relating it to the intermediate vectors v; and u;. We have associated these vectors with
the various Z arrays in Figure 4.5, and the reader may find it helpful to refer to this figure
during our upcoming exposition. Before we give the formal proofs, we sketch a detailed

outline.

1. The vector computed in Step (4d) of Algorithm X is formed only by multiplications.
As a result, the computed vector 9; is a small componentwise perturbation of the

vector ©; which is the exact solution to

(LDLY - 620)5; = e,
A
i.e.,

—m(azg'f'(i)' = O(ne) for i=1,2,....n, (4.5.54)

and L, D are the matrices represented by Z in Figure 4.5. For a formal proof, see

Theorem 4.5.2 and Corollary 4.5.3 below.
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2. To relate #; to an eigenvector @; of LDLT, we invoke Theorem 4.5.1 to show that

9]
151 - gap(67, {0 i # j})

where gap(67,{a7|i # j}) = minsy; |67 — 57|, 67 being the ith eigenvalue of LDL".

(4.5.55)

| sin £(1u;, ;)] <

Section 4.5.1 explained how we can always ensure that the residual norm is small, i.e.,
17:1/1Z;]l = O(ne6?). By substituting this value in (4.5.55), the absolute gap turns

into a relative gap and we get

sin Z(u;,7;)| = O(ne)
| sin Z(uj, 0)| wlean(e, (G £ (4.5.56)

3. Next we relate 4; to an eigenvector u; of LDLT. L and D are small componentwise
perturbations of L and D as shown by our roundoff error analysis of the dtwqds
transformation in Theorem 4.4.4. By the properties of a perturbed bidiagonal matrix
u; can be related to u; (see Corollary 4.3.2), i.e.,

O(ne)

relgap, (o, {oili # j})

The reader should note that the matrices L, D and L, D depend on &]2 whereas LD LT

is the fized representation. By (4.5.54), (4.5.56) and (4.5.57), we have related vectors

(4.5.57)

|sin (4, u;)| =

computed by Algorithm X to eigenvectors of LDLT,
O(ne)
relgap, (o, {oili # j})

Theorem 4.5.3 below contains the details.

|sin £(9;,u;)| =

Similarly, using the Davis-Kahan Sin® theorem [26, 27] and the subspace theorems

given in Section 4.3, it can be shown that

o 0
|sin £(5;, U] = _One) (4.5.58)
reldista(0;,0541)
e g O(ne)
d L(v;, UF" 4.5.59
and | sin £(3;, ) reldisty(cj, 05-1)’ ( )
where U and U7 denote the invariant subspaces spanned by wq,us,...,u; and

Uj,...,u, respectively. See Theorems 4.5.4 and 4.5.5 for the details.

4. The dot product between the neighboring vectors ©; and #;4; can now be bounded

since

IN

cos / {g — (L5, UMY + £(by41, Uj“:”))}

| sin £(85, U)] 4 [ sin £(8j41, UIHH)].

| cos £(Dj, Dj41)] ,

A

= |8] B3]
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By (4.5.58) and (4.5.59), we get
O(ne)

reldistz(0j,0,41)

T
b bjpa| =

For details, see Corollary 4.5.2 below. The result (4.5.48) can be shown in the same
way. Hence if all the relative gaps between eigenvalues of LDLT are large, the vectors

computed by Algorithm X are numerically orthogonal.

5. The final step in the proof is to show that the residual norms with respect to the
input tridiagonal matrix 7" are small, i.e., (4.5.47) is satisfied. Since we can always
ensure a small value of |v,|/]|2;]|, we can show we always compute eigenpairs with

small residual norms, irrespective of the relative gaps. See Theorem 4.5.6 for details.

4.5.3 Formal Proof

Now, the formal analysis begins. We start by showing that the computed vector

is very close to an ideal vector.

Theorem 4.5.2 Let ]\77, and ﬁT, N, and D, be the twisted factors represented by ZT and
Z, respectively in Figure 4.5 (see Theorem 4.4.4 also). Let z; be the value of z; computed
in Step (4d) of Algorithm X, and let Z; be the exact solution of

>
&1
~~
.
~—

Zi(i) - (L4 mi) i £, (4.5.60)
where

(4.5.61)

il < Adr—1i)e, 1<i<r,
Tl >
5(i—r)e, r<i<n.

Proof. Accounting for the rounding error in (4.4.46) of Algorithm X, we get
2(0) = —La(i)- i+ 1)+ (140,
Now replace Ly by Ly using (4.4.31) in Theorem 4.4.2 and set i = r — 1 to get

Hr=1) = = Ly (r=1)- (L4050 - (147 = 50— 1) - (L)1 e,
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where 7 | < 3¢. Thus (4.5.60) holds for i = 7 — 1 (note that ¢/~ = 0 since 2;(r) = 1),
and similarly for ¢ < r — 1. Rounding errors can analogously be attributed to the lower half
of Z by

SUH1) = —0-(1)- 5(1)- (14 541),

Replacing U_ by U_ using (4.4.39) and setting [ = r, we obtain
Zlr+1) = =U_(r)-2(r) (L )L+ 0 = 500 = 1) - (L) (L + e,

where 7, < 4.5¢. Thus (4.5.60) holds for ¢ = r + 1 (note that e;*' = 0), and by
using (4.4.38) we can similarly show that it holds for ¢ > r 4 1. 0

The following theorem is at the heart of the results of this section.

Theorem 4.5.3 Let (U?,Uj) denote the jth eigenpair of LDLT, and let &]2 be the approz-
imation used to compute z; = A7) by Step (4d) of Algorithm X, where r is an index such

7
that
||

12l

< Vn

5% —all. (4.5.62)
Then

\/m&]z - 5]2‘| 3ne
gap(a?,{afli # j}) = relgapy(oj,{aili # j})

where ;% is the ith eigenvalue of LDLT (see Figure 4.5) and differs from a? by a few ulps.

|sin Z(Z;,u;)] < bBne+

Proof. As we outlined in Section 4.5.2, to prove this result we will relate 2; to u; by first re-
lating 2; to an eigenvector of the intermediate matrix LDL” (see Figure 4.5). Theorem 4.5.2

links 2; to Z; and implies that
|sin £(2;,2;)] < || — %] < bne. (4.5.63)
Note that Z; is the exact solution to
(LDLT = 631)%; = Fre,.
Let (6]2«,@) denote the jth eigenpair of LDLT. By Theorem 4.5.1,

9]
121l - gap(67, {of]i # j})

|sin £(Z, 4;)] <
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Since 7 is such that (4.5.62) is satisfied (recall that Section 4.5.1 explains why this bound
can always be satisfied), we get

. Vnl|e? —a?| '
= gap(67,{a?li # j})
Since L and D are small relative perturbations of L and D, ; is a small relative perturbation

of o; by Corollary 4.3.1. In addition,

| sin £(;, ;)] (4.5.64)

3ne
relgap,(a;, {o|i # j})’
where we obtained the above bound by converting all the ulp changes in entries of L and

| sin Z(4;,u;)| (4.5.65)
D given in Theorem 4.4.4 to ulp changes in the off-diagonal and diagonal elements of

LDY?, and then applying Corollary 4.3.2. The result now follows from (4.5.63), (4.5.64)
and (4.5.65) since

|sin Z(25,u)] < [sin £(25, Z)] + [sin £(Z5, u;)| + [ sin L@, u;)].

g
We can generalize the above result to bound the angle between the computed vector and

the invariant subspaces of LDLT.
Theorem 4.5.4 Let &]2 be the approzimation used to compute z; by Step (4d) of Algo-
rithm X, and r be such that (4.5.62) is satisfied. Let (0]2, u;) be the jth eigenpair of LDLT

and let UY* denote the subspace spanned by uy, ..., uy. Then for j <k < n,
67— 7|

Vnlé;
gap(&]z, {5-]34—1}) relgapQ(Ujv {6k+1})7
where ;% is the ith eigenvalue of LDLT (see Figure 4.5) and differs from a? by a few ulps.

3ne

|sin £(2;, UYF)] < Bne +

Proof. The proof is almost identical to that of the above Theorem 4.5.3 except that
instead of applying Theorem 4.5.1 and Corollary 4.3.2 to get bounds on the angles between
individual vectors, we apply the Davis-Kahan Sin® Theorem [26, 27] and Corollary 4.3.3

to get similar bounds on the angles between corresponding subspaces. O

Theorem 4.5.5 Let &]2 be the approzimation used to compute z; by Step (4d) of Algo-
rithm X, and r be such that (4.5.62) is satisfied. Let (0]2, u;) be the jth eigenpair of LDLT
and let UF™ denote the subspace spanned by uy, ..., u,. Then for 1 < k < j,

Vn |F7]2 - 5]2| 3ne
gap(67,{o7_1}) = relgapy(oj, {or1})’
where ;% is the ith eigenvalue of LDLT (see Figure 4.5) and differs from a? by a few ulps.

|sin £(2;, UF™)| < Bne +
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Finally we can bound the dot products between the computed eigenvectors using the above

results.

Corollary 4.5.1 Let &]2 and 62, be the approzimations used to compute z; and z,, respec-
tively by Step (4d) of Algorithm X. Let the twist indices r for both these computations
satisfy (4.5.62). Then

3Ts nle? — 52 2 =2
A S 10n€+ mln { \/_A|2] — ]| _I_ \/ﬁ|772n 70-2m| _I_
2l - [zl k=;m-1 | gap(07,{07,})  gap(67,,{o7})
3ne 4 3Ine f >
— — , lor 73 <m.
relgapy(0;, {0k11})  relgapy(om, {ok})

where ;% is the ith eigenvalue of LDLT (see Figure 4.5) and differs from a? by a few ulps.
Proof. The cosine of the angle between the computed vectors can be bounded by

|cos L(2;,2m) <

cos / {g — (25, U + 15, Uk“:”))}‘

[sin £(35, U"4)| 4 | sin £(,,, UFF17),

where U and U*T'" are as in Theorems 4.5.4 and 4.5.5. The result now follows by
applying the results of these theorems, and then choosing k to be the index where the

bound is minimum. a0

Corollary 4.5.2 Let &]2 and &JZ-I—I be the approximations used to compute z; and zj4q re-
spectively by Step (4d) of Algorithm X. Let the indices r for both these computations sat-
isfy (4.5.62). Then

21200

< lome 4 Vi R o
151 - -

Zil] gap(67,{a7,,1})  gap(6},,,{07})
3ne 4 3ne
relgap, (0, {7;41})  relgapy(ojp1.{0;})

_I_

where ;% is the ith eigenvalue of LDLT (see Figure 4.5) and differs from a? by a few ulps.

Proof. This is a special case of Corollary 4.5.1. O

Instead of assuming (4.5.62), if we assume that

%] < 2n-

63— a3, (4.5.66)

we get a bound that is weaker by a factor of only 2y/n. If such an index r is chosen

in Algorithm X, we can modify the middle terms in Corollaries 4.5.1 and 4.5.2 by using
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the above bound. See Section 4.5.1 to see how we can ensure that either one of (4.5.62)
or (4.5.66) is satisfied.
Since we can compute the singular values of a bidiagonal matrix to high relative

accuracy, we can find &; such that

2 ~2
|O']‘ —O']‘

< h(n)-c-67 (4.5.67)

where h is a slowly growing function of n.
For the sake of completeness, we prove the well known fact that normalizing Z;, as

in Step (4e) of Algorithm X, does not change the accuracy of the computed eigenvectors.

Corollary 4.5.3 Let 2; and Z; be as in Theorem 4.5.2. Let v; = %;/||Z;]|, and ©; be the
computed value of 2;/||%;|| (see Step (4e) of Algorithm X). Then

(1) = 9;(i) - (1 + &), (4.5.68)

where |e;| < (n+ 2)e + |n;| + max; |n;|, and n; is as in (4.5.61).

Proof. The computed value of ||Z;]| equals ||Z;]| - (1 4 ¢)) where [g)| < (n + 1)e. Thus
(1
bi(i) = ‘ifz("? : 11?. (4.5.69)
J I
By (4.5.60) of Theorem 4.5.2,
n 1/2 5 (i) 1/2
Al = (Z%(i)Q'(ler)z) = (1% (ZW'(ler)z)
=1 : J
It follows that
125 = 11Z[] - (1 4 Nmax), where |fmax| = m?X|77i|- (4.5.70)
Substituting (4.5.60) and (4.5.70) in (4.5.69), we get
by = ) (et
! 1230 (1) (1 max)
and the result follows. a

Thus for the eigenpairs computed by Algorithm X, the following result holds.

Corollary 4.5.4 Let (&]2, ;) be the approzimate eigenpairs computed by Algorithm X. As-
suming that (4.5.66) holds,

2n|6? — o3| 2n|62, , — a2 |

107 0541)] < 22me + ——F TR L
gap(%‘v{%‘ﬂ}) gap(%ﬂa{%})
3ne 3ne

— + — , 4.5.71
relgapa(oy {o70)) | telgaps(oyri (o)) (4:5.71)
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and by the relative accuracy of 6% (see (4.5.67)),

2nh(n)e 2nh(n)e
relgap(&?, {6]2+1}) relgap(&fﬂa {5]2})
3ne 3ne

- + —
relgapy(0j,{a;41})  relgapy(oji1,{05})

879,01) < 22ne +

_I_

(4.5.72)
where ¢;2 is the ith eigenvalue of LDLT (see Figure 4.5) and differs from o? by a few ulps.

Note that we have chosen to exhibit the result in two forms, namely, (4.5.71) and
(4.5.72). The difference is in the second and third terms of the two bounds. Since we only
care about each term in the bound being O(¢), often it may not be necessary to find an

eigenvalue to full relative accuracy. For example, suppose 02 = ¢ and o2_; = 1, then there

2 =
is no need to find all the correct digits of o2. Instead, absolute accuracy will suffice and be
more efficient in such a case. The first result (4.5.71) makes this clear.

We now show that irrespective of the relative gaps, Algorithm X always computes

eigenpairs with small residual norms.

Theorem 4.5.6 Let T + pl be a positive definite tridiagonal matriz and let (&?,ﬁj) be the
approzimate eigenpairs computed by Algorithm X. Then their residual norms are small, i.e.,

for3=1,2,....m,

T+l = G2y, < (2T [(2nh(n) + 11072 4 4) 4 48) - ¢, (4.5.73)

assuming that (4.5.66) holds.

Proof. We refer the reader to Figure 4.5 for notation used in this proof. Recall that by

definition the vector 7; is the exact solution to

IDIT — 62N =
(LDL" —651)p; = ngeT. (4.5.74)

The elements of L and D are small relative perturbations of the elements of L and D. In

particular,
i = di(1+n), (4.5.75)
LL; = dzlz(l—l—n%) (4.5.76)
G = &P+ ) (4.5.77)
where

Ini| < 4e, |ni| < 3.5e, and |ni| < 5e (4.5.78)
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(these bounds on 7'’s can be deduced from Theorems 4.4.2, 4.4.3 and 4.4.4). Consider the
ith equation of (4.5.74),

Ji_lii_lﬁj(i — 1) + ((L’_ll?_l + LL — (3]2)?7]‘(2') + JJZ?NJ](Z + 1) = K,

where I{; = 0if i # r and K, = 7, /||Z||. Substituting (4.5.68), (4.5.75), (4.5.76) and (4.5.77)

into the above equation, we get
di—lli—lﬁj(i — 1) + (di_lliz_l +d; — (3]2)?}](2) + leZ@](l + 1) = K;+ 0,
where

18] < eicadicaliza| + |es] - (Jdicaliq | + |di]) + |eeprdili]) +
5™ 056 = D+ (157 4 [nl) - 1856 + 1z (i + 1)1,

In the above, the ¢;’s are as in (4.5.68). Since |¢;| < 11ne and by (4.5.78), we can bound §;
by
6] < 1lne - [|[LDLT|)y + 16¢ - max{#;(i — 1), 9;(i), 9;(i + 1)}.

Thus
(LDLT - &2D)b; = r;. (4.5.79)

Substituting the bound for |y,| from (4.5.66), we get
Il < (2nh(n)&? + 112 LDLT |y +48) - < ((2nh(n) + 11n*2)|LDLT ||y + 48) - =,
By the backward stability of the Cholesky factorization (see Corollary 4.4.1),
T+6T+ul = LDLT, (4.5.80)
where [|6T']|y < 8¢||T||;. From (4.5.79) and (4.5.80),
(T +pl —6301)b; = (LDLT =631 —8T)b; = rj — 6T -y,

and the result follows since ||[LDLT||; < 2||T||y (recall that |u| < ||T])- 0

4.5.4 Discussion of Error Bounds

3/2

The careful reader may worry about the nh(n) and n°/# terms in the bounds on the

residual norms of (4.5.73), and the nh(n) term in the dot product bound given by (4.5.72).
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Figure 4.6: An eigenvector of a tridiagonal : most of its entries are negligible

The fear is that when n is large enough, these terms are no longer negligible and may lead to
a loss in accuracy. We reassure the reader that our error bounds can be overtly pessimistic
and this is borne out by numerical experience.

Often, an eigenvector of a tridiagonal is non-negligible only in a tiny fraction
of its entries, see Figure 4.6. When this happens we say that the eigenvector has small
“support”. In such a case, the error bounds of (4.5.72) and (4.5.73) can effectively be
reduced by replacing n with |supp| which denotes the support of the eigenvector under
consideration. For example, as in Figure 4.6, we may have n = 1000 but |supp| may be just
over 50 for some eigenvectors.

We give some pointers to the various places where our bounds may be pessimistic.

1. The small |supp| of an eigenvector can lead to smaller error bounds in Theorem 4.5.2
and Corollary 4.5.3. This would mean that n can be replaced by |supp| in the terms
22ne and 117%/% that occur in (4.5.72) and (4.5.73) respectively.

2. The bounds of Corollaries 4.3.2 and 4.3.3 that are used frequently may also permit n
to be replaced by |supp].

3. The term h(n) in (4.5.67) may be quite small. Indeed, if bisection is used for com-
puting the eigenvalues, then h(n) = O(|supp|).
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4. The y/n term in (4.5.62) is really ||;]|3! (see Theorem 3.2.3) and can be O(1) if the
largest entry of the normalized eigenvector is O(1). Consequently, our results will be

more accurate than as suggested by our error bounds.

4.5.5 Orthogonality in Extended Precision Arithmetic

Suppose the user wants d digits of accuracy, i.e., residual norms and dot products
of about 10~ are acceptable. Until now, we have implicitly assumed that the arithmetic
precision in which we compute is identical to the acceptable level of accuracy, e.g., we desire
O(e) accuracy in our goals of (1.1.1) and (1.1.2) where ¢ is the precision of the arithmetic.
Can a desired level of accuracy by guaranteed by arithmetic of a higher precision? For
example, the user may want single precision accuracy when computing in double precision,
or we may aim for double precision accuracy by computing in quadruple precision arithmetic.
The IEEE standard also specifies a Double-Extended precision format (sometimes referred
to as “80-bit” arithmetic) and on some machines, these extra precise computations may
be performed in hardware [2, 65]. Quadruple precision arithmetic is generally simulated in
software [91, 120].

In order to get single precision accuracy, we may try and execute Algorithm X in
double precision arithmetic. However, there are cases when this simple strategy will not
work. Consider Wilkinson’s matrix Wy where the largest pair of eigenvalues agree to more
than 16 digits (see [136, p.309] for more details). By the theory developed in Section 4.5,
the corresponding eigenvectors computed by Algorithm X can be nearly parallel even if we
compute in double precision! And indeed in a numerical run, we observe large dot products.
Thus we cannot use the doubled precision accuracy in a naive manner.

We now indicate without proof that Algorithm X can easily be modified to deliver
results that are accurate to a desired accuracy when operating in arithmetic of doubled
precision, i.e., by slightly modifying Algorithm X, it almost always delivers eigenpairs
with O(1/¢) residual norms and dot products when using arithmetic of precision
. The modification is that after computing the LDLT decomposition in Step 2 of Algo-
rithm X, random componentwise perturbations of O(y/2) should be made in the elements
of L and D. This perturbation makes it unlikely that relative gaps between the eigenvalues
of the perturbed LDLT will be smaller than O(y/2). In many cases, the above effect can
be achieved just by performing the computation to get the LDLT decomposition in /¢

precision arithmetic. The computation of the eigenvalues and eigenvectors by Steps 3 and 4
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of Algorithm X must, of course, be performed in the doubled precision. The results of

Theorem 4.5.6 and Corollary 4.5.4 now imply that both residual norms and dot products

are O(1/2).

4.6 Numerical Results

We now provide numerical evidence to verify our claims of the last two sections.

We consider two types of matrices with the following distribution of eigenvalues.

Type 1. n—1 eigenvalues uniformly distributed from ¢ to (n— 1)e, and the nth eigenvalue
at 1, i.e.,

ANi=t-¢, 1=12,...,n—1, and A, =1.

Type 2. One eigenvalue at ¢, n — 2 eigenvalues uniformly distributed from 1 4+ /¢ to
14 (n —2)y/e, and the last eigenvalue at 2, i.e.,

M=¢, N=14+@G—-1)-ve, 1=2,...,n—1, and A, =2.

We generated matrices of the above type using the LAPACK test matrix genera-
tor [36], which first forms a random dense symmetric matrix with the given spectrum and
Householder reduction of this dense matrix then yields a tridiagonal of the desired type.

In Table 4.1, we compare the times taken by our new algorithm with the LAPACK
and EISPACK implementations of inverse iteration on matrices of type 1. The O(n?)
behavior of the LAPACK and EISPACK codes is seen in this table while Algorithm X takes
O(n?) time. We see that Table 4.1 shows the new algorithm to be consistently faster — it
is about 3 times faster on a matrix of size 50 and nearly 23 times faster on a 1000 x 1000
matrix. As we proved in the last section, Algorithm X delivers vectors that are numerically
orthogonal, and this is seen in Table 4.2.

On matrices of type 2, our theory predicts that the vectors we compute will have
dot products of about /¢ (see Corollary 4.5.4). Indeed, as Table 4.3 shows, that is what
we observe. The times taken by Algorithm X to compute the vectors in this case are
approximately the same as the times listed in Table 4.1. Vectors that have dot products
of O(4/) are sometimes referred to as a semi-orthogonal basis. In some cases, such a basis

may be as good as an orthogonal basis, see [114].
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Matrix | Time(LAPACK) | Time(EISPACK) | Time(Alg. X) | Time(Alg. X) /
Size (in s.) (ins.) (in s.) Time(LAPACK)
50 0.10 0.09 0.03 3.33
100 0.45 0.34 0.07 6.43
250 3.60 2.32 0.37 9.73
500 19.88 11.21 1.35 14.73
750 57.53 29.65 2.98 19.31
1000 124.98 60.81 5.51 22.68

Table 4.1: Timing results on matrices of type 1
Matrix max; ||[T0; — 62| max;z; |07 ;]

Size | LAPACK | EISPACK | Alg. X LAPACK | EISPACK | Alg. X
50 1.6-10" | 5.9.10"" | 1.2-1071® | 1.1-107"° [ 2.8-107" | 2.5- 107"
100 |3.1-107'7|15-107"° | 1.3-107'7 | 1.1-10"'® | 5.7-10"1> | 2.0- 101>
250 1.1-107% | 2.1-107" | 1.1-1071% | 1.7-107"® | 1.4-10~™ | 1.5. 10714
500 1.1-1071% | 4.9-107* | 5.5-107'% | 3.5-10715 | 2.0-107™ | 4.2.107™
750 | 1.1-107' | 3.6-107'* | 3.2-107'% | 4.6-107'° | 3.9-10"™ | 4.1-1071¢

1000 | 1.2-107'7 | 5.1-10~' | 2.2-10716 | 44-10"1° | 6.0-107'* | 8.3-10~4

Table 4.2: Accuracy results on matrices of type 1

Matrix Size | max; [|[T8; — 620;]| | max;»; |81 9,]
50 7.2.10716 5.2-107°
100 1.0-10715 3.9-107°
250 1.5-10716 2.5-107°
500 2.1-1071° 2.1-107°
750 2.6-1071° 2.4-1079
1000 2.9.10"1° 1.7-1079

Table 4.3: Accuracy results on matrices of type 2
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A nice property of Algorithm X is that the dot products of the vectors computed
can be predicted quite accurately, based solely on the relative separation of the eigenvalues.
As exhibited in Sections 2.8 and 4.2, existing implementations do not have such a property.
This feature is useful when larger dot products are acceptable, such as in the case of semi-
orthogonal vectors.

Algorithm X is a major step in obtaining an O(n?) algorithm for the symmetric
tridiagonal problem. However, it does not always deliver vectors that are numerically
orthogonal. In the next chapter, we investigate how to extend Algorithm X in order to

always achieve the desired accuracy while doing only O(n?) work.
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Chapter 5

Multiple Representations

In the previous chapter, we saw how to obtain vectors that are guaranteed to
be numerically orthogonal when eigenvalues have large relative gaps. In this chapter and
the next, we concentrate our energies on the case when relative gaps are smaller than a
threshold, say 1/n. Such eigenvalues will be called a cluster throughout this chapter.

The following is our plan of attack:

1. In Section 5.1, we present two examples which suggest that orthogonality may be
achieved by shifting the matrix close to a cluster and then forming a bidiagonal factor-
ization of the shifted matrix. The aim is to clearly distinguish between the individual
eigenvalues of the cluster so that we can treat each eigenvalue as isolated and compute
the corresponding eigenvector as before. If the bidiagonal factorization is “good”, the

computed vectors will be nearly orthogonal.

2. In Section 5.2, we list the properties that a “good” bidiagonal factorization must
satisfy. We call such a factorization a relatively robust representation. Section 5.2.1
introduces relative condition numbers that indicate when a representation is relatively
robust. In Section 5.2.3, we investigate factorizations of nearly singular tridiagonal
matrices and attempt to explain why these representations are almost always relatively

robust.

3. In Section 5.3, we explain why the vectors computed using different relatively robust
representations turn out to be numerically orthogonal. We do so by introducing a

representation tree which we use as a visual tool for our exposition. A representation



112

tree summarizes the computation and helps in relating the various representations to

each other.

4. In Section 5.4, we present Algorithm Y which is an enhancement to Algorithm X that
was earlier presented in Chapter 4. Algorithm Y takes O(n?) time and handles the
remaining case of small relative gaps. Unlike Algorithm X, we do not have a proof of
correctness of Algorithm Y as yet. In all our numerical testing, which we present in

the next chapter, we have always found it to deliver accurate answers.

5.1 Multiple Representations

Example 5.1.1 [Small Relative Gaps.] Consider the matrix

.520000005885958 .519230209355285
.519230209355285 .589792290767499 .36719192898916
.36719192898916 1.89020772569828 2.7632618547882- 108
2.7632618547882 - 108 1.00000002235174

Tp =

with eigenvalues
AMae, Arl+tve AMaxl+2ve A\=20,
where ¢ &~ 2.2 x 10716 (all these results are in IEEE double precision arithmetic). Since
relgapy(Az, A3) ~ Ve,

Corollary 4.5.4 implies that the vectors computed by Algorithm X have a dot product of

= O(ne/VE) = O(ny5).

ol

The challenge is to obtain approximations to vy and w3 that are numerically orthogonal
without resorting to Gram-Schmidt or a similar technique that explicitly orthogonalizes
vectors.

Note that the eigenvectors of Ty are identical to the eigenvectors of Ty — I. We

can form

To—1 = LoDolLd, (5.1.1)
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to get

—.4799999941140420

—1.081729616088125
) .1514589857947483 .
diag(Dg) = , diag(Lg, —1) = 2.424365428451800 | ,
3.074504323352656 - 10~7
.08987666186707277

1.986821250068485 - 108
where we have used the MATLAB notation “diag(Lg,—1)” to give the subdiagonal entries
of Ly. Note that the interior eigenvalues of this shifted matrix are /2 and 2/c. The relative
gap between these numbers is now large! Can we exploit these large relative gaps as we did
in the previous chapter?

Suppose LDLT is a factorization where small relative changes in L and D result
in tiny changes in all its eigenvalues and a corresponding small change in the eigenvectors.
By revisiting the proofs that lead to Corollary 4.5.4, we discover that in such a case if
Steps 3 and 4 of Algorithm X are applied to LDLT, then the computed vectors will be

nearly orthogonal. Indeed, if we apply these steps to LoDgL{, the vectors computed are

.4999999955491866 .4999999997942006
. .4622227251939223 . .4622227434674882
2= —.1906571596350473 |’ = —.1906571264658161 |’

.7071067841882251 —.7071067781848689

and 1 B3 = 2¢! It appears to be a miracle that by considering a translate of the original T
that makes the relative gap small, we are able to compute eigenvectors that are orthogonal

to working accuracy. O

Clearly, success in the above example is due to the property of the decomposi-
tion LoDoL{ by which all of its eigenvalues change by small relative amounts under small
componentwise perturbations. In Section 4.3, we saw that every positive definite tridiago-
nal LDLT enjoys this benign property. However, not every decomposition of an indefinite
tridiagonal shares this property, see Example 5.2.3 for one such decomposition. But the
important question is: can we always find such “relatively robust” representations “near”
a cluster?

One distinguishing feature of the LD LT decomposition of a positive definite matrix
is the lack of any element growth. For the decomposition T — ul = LDLT, let us define!

D(i,i) [M?
we do not have a strong preference for this particular definition of element growth; indeed, it may be
possible to get a “better” definition

Element Growth % max (5.1.2)
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When T — ul is positive definite, the element growth always equals 1 (see Lemma 4.4.1).
For the matrix Ty of Example 5.1.1, we can verify that the element growth at g = 1 also
equals 1. We might suspect a correlation between the lack of element growth and high
relative accuracy. We speculate further on this correlation in Section 5.2.3.

Suppose there is a large element growth when forming LDL”. Small relative
perturbations in the large elements of L and D result in large absolute perturbations. Thus
it appears unlikely that the eigenvalues of such an LDL? can be computed to absolute
accuracy. Our goal of computing the small eigenvalues of LDLT to high relative accuracy
seems to hold out even less hope. However, as the following example shows, we can be in a

peculiar but lucky situation.

Example 5.1.2 [Large Element Growth.] Consider the matrix

1.00000001117587 .707106781186547
.707106781186547 .999999977648258 .707106781186546
.707106781186546 1.00000003352761 1.05367121277235 - 10~8
1.05367121277235 - 10~8 1.00000002235174

T, =

whose eigenvalues are approximately equal to those of T (see Example 5.1.1). To get
orthogonal approximations to the interior eigenvectors we can try the same trick as before.

However when we form 77 — I = LlDlL%F, we get

1.117587089538574 - 10=8
6.327084877781628 - 107
—4.473924266666669 - 107

diag(D1) = o AT038350358755 . 10-5 | diag(Ly, —1) = | —1.580506693551128 - 10~3
' 2357022791274500

1.986821493746602 - 10=8

There is appreciable element growth in forming the (2,2) element of Dy, and we may be
skeptical of using this factorization to get the desired results. But there is no harm in trying
to apply Steps 3 and 4 of Algorithm X to L; D1 LT to compute the interior eigenvectors. By

doing so, we get

.4999999981373546 —.5000000018626457

. 2.634178061370114 - 10~° . —1.317089024797209 - 10~®

Vg = 5 V3 = 5 (513)
—.4999999981373549 .5000000018626453
7071067838207259 7071067785523688

and miraculously |91 93] < 3¢! The corresponding residual norms are also small! O
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The above example appears to be an anomaly. Due to the large entry Dq(2,2),
we should not even expect absolute accuracy in the computed eigenvalues and eigenvectors.
Note that in the above example we used LlDlL%F to compute only 7o and 93. It turns
out that small componentwise perturbations in L; and Dy result in small relative changes
in only the two small eigenvalues of L;D{LT, but large relative (and hence, absolute)
changes in the extreme eigenvalues. We get inaccurate answers if we attempt to compute
approximations to vy and vy using LlDlLlT. These extreme eigenvectors must be computed
using a different representation, say the Cholesky decomposition of T7. We investigate
this seemingly surprising phenomenon in Section 5.2.1. More details on the two examples

discussed above may be found in Case Study C.

5.2 Relatively Robust Representations (RRRs)

In Algorithm X and the two examples of the previous section, triangular fac-
torizations of translates of T allow us to compute orthogonal eigenvectors whenever the
ergenvalues of these factorizations have large relative gaps. We now identify the crucial
property of these decompositions that enables such computation.

Informally, a relatively robust representationis a set of numbers that define a matrix
A such that small componentwise perturbations in these numbers result in a small relative
change in the eigenvalues, and the change in the eigenvectors is inversely proportional to
the relative gaps in the eigenvalues. For example, a unit lower bidiagonal L and a positive
diagonal matrix D are the triangular factors of the tridiagonal matrix LDL”, and form
a relatively robust representation as shown by the theory outlined in Section 4.3. In the
following, we denote the jth eigenvalue and eigenvector of A by A; and v; respectively,
while the corresponding perturbed eigenvalue and eigenvector are denoted by A; 4 6A; and

v; 4+ év;. More precisely,

Definition 5.2.1 A Relatively Robust Representation or RRR is a set of numbers {z;} that
define a matrix A such that if x; is perturbed to a;(1 + ¢;), then for j = 1,2,...,n,

A -

| sin £(v;,v; 4 6v;)

0 ( 2 i i )
relgap(A;, {M\ilk # 5}) )7

where relgap is the relative gap as defined in Section 4.3.
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Typically, the RRRs we consider will be triangular factors L and D of the shifted
matrix T — pl. We will frequently refer to such a factorization as a representation of T’
(based) at the shift . Also, for the sake of brevity, we will often refer to the underlying
matrix LDLT as the RRR (instead of the individual factors L and D). Sometimes a
representation may determine only a few but not all its eigenvalues to high relative accuracy.
For example, a representation may only determine the eigenvalues A;, Aj41,..., A to high
relative accuracy. In such a case, we say that we have a partial RRR and denote it by
RRR(j,7+1,...,k). In the next section, we will show that the representation of Ty at the
shift 1 is an RRR while that of 77 at 1 is a partial RRR(2,3), where Ty and 77 are the

matrices of Examples 5.1.1 and 5.1.2 respectively.

5.2.1 Relative Condition Numbers

We now find a criterion to judge if the factors L and D form an RRR. Instead
of dealing with LDLT we switch to a Cholesky-like decomposition for the purpose of our
analysis,

Lo = Lor”,
where Q = sign(D) is a matrix with +1 entries and explicitly captures the “indefiniteness”
of the matrix, and I is lower triangular. Note that Q is the identity matrix when LDLT is
positive definite. We made a similar switch in Chapter 5 where we analyzed the perturbation
properties of the Cholesky factor while performing our computations with LDLT. The

relationship between these alternate representations is easy to see and is given by
L = L|D'2

By Theorem 4.4.1, both these representations are similar in terms of their behavior under
small relative perturbations.

Thus we consider the factorization
T =LOLT. (5.2.4)

As shown in Section 4.3, if we make small componentwise perturbations in L, the perturbed
bidiagonal may be represented as DliDg where Dy and Dy are diagonal matrices close to the
identity matrix. We are interested in answering the following question. Are the eigenvalues
of the perturbed matrix

T+6T = D1LDQDILT DT
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relatively close to the eigenvalues of LQLT and if so, when? Note that the answer is always
in the affirmative when Q = I, irrespective of the individual entries in L.

By Eisenstat and Ipsen’s Theorem 2.1 in [49], the eigenvalues of Df AD; are small
relative perturbations of the eigenvalues of A if ||Dq|| = 1. By applying their result to our
case, we get

N[LDADT LT
D112

< M[T+8T] < N[LDQDT L] - [|D4 2, (5.2.5)

where A;[A] denotes the jth eigenvalue of A.
We now write Dy as I + Ay where ||Az]| = O(¢e). In proving the following result,

we use the fact that an eigenvalue of a matrix is a continuous function of its entries.

Theorem 5.2.1 Let A = A; be a simple eigenvalue of LOLT with eigenvector v = v;. Let
A+ 8 be the corresponding eigenvector of L(I + Ay)Q(I + ATYLT. Then

§A = v LA+ QAL v + 0| Ao - | LT, (5.2.6)
or
|6A 0T LLT o] 0T LLT | 9
A« 22 L gy + 0 [ 0 1ay)? ). 5.2.7
A = WTLQLTo| 121 W LQLTv| 121 (5:2.7)

Proof. By continuity of the eigenvalues, we can write
(L1 + 2)0(1 + ADIT) (v + 60) = (A +8N) (v + 8v),
Expanding the terms, we get

(LAQLT + LOAGLT + LAQALLT) v+ LOLT - §v+
(LASQLT + LOAGLT + LAQALLT) 60 = Nov4 6\-v+6)-bv.

Premultiplying both sides by »7,
v LA LT o + 0T LOAL LT v + Mo 60 + O(|| LT0|)? - |A2]]?) = MoTév+ 6,

and by canceling the common term on both sides, we obtain (5.2.6). Dividing both sides
by the eigenvalue A and taking norms yields the result (5.2.7). a

We call the ratio of the Rayleigh Quotients given in (5.2.7) as the relative condition
number of A;, and denote it by s,, i.e.,

0T LL v,
Fret(Aj) = — -

= 5.2.8
vl LOLT v ( )
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By combining (5.2.5) and (5.2.7) and using the above notation, we get
A[T]
[1D4]12

S A][T] HD1H2 {1 + 2 HI - D?H . Hrel(Aj[T])}, (529)

{1 =21 = Do - kra(A[TD}

< /\]‘[T + 5T]

which is correct to first-order terms.

We draw the reader’s attention to the following facts :

1. Unlike the case of @ = I where all eigenvalues are relatively robust (see Section 4.3),

here a condition number measures the relative robustness of an eigenvalue.

2. The relative condition number s, is different for each eigenvalue. Thus some eigen-
values may be determined to high relative accuracy whereas others may not be. See

Example 5.2.2 for such an example.

3. A uniform bound for k. is ||L|| - ||[Z~']|, and this bound holds for all eigenvalues
(see (5.2.13) below). However this bound can be a severe over-estimate as is shown

by the examples given later in Section 5.2.2.

4. Note that we did not constrain I to a bidiagonal form in deriving (5.2.9). However,
relative perturbations in the individual entries of a dense matrix L cannot be ex-
pressed as Dy LD,. There is only a restricted class of matrices whose componentwise
perturbations can be written in the form D1 LDy. Matrices that belong to this class
are completely characterized by the sparsity pattern of their non-zeros and have been
called the set of biacyclic matrices, a term coined by Demmel and Gragg in [33]. Be-
sides bidiagonal matrices, the twisted factors introduced in Section 3.1 and triangular
factors of arrowhead matrices (see [73, p.175]) belong to this class of matrices. Thus
the theory developed in this section is applicable not only to a bidiagonal matrix but

also to any biacyclic matrix.

By defining the vector .
def LTy

YAy

the relative condition number defined in (5.2.8) may be simply written as a norm,

f (5.2.10)

reet(Nj) = 11 = G (5.:2.11)



119

Note that the following relationships hold,
Lo = fi/INl LQf; = vjsign(A)y/IAl,

and fJTQf] = sign(A;), vij =1,

J

and so we call f;, the jthright Q-singular vector of L. Since EQEij = A;v;, and by (5.2.10),

f; may alternately be expressed as
5= Sign(/\]‘)\/|/\]‘| . Qj_lv]‘. (5.2.12)
(5.2.10) and (5.2.12) suggest a bound for 7 f;,
kalh) = 1f < cond(D) = E]- 17 v (5.2.13)

However the above bound is rather pessimistic since we want to compute the small eigen-
values of LQLT to high relative accuracy when the matrix is nearly singular, i.e., L is
Wll-conditioned.

In [116], Parlett also arrived at such condition numbers for a bidiagonal L but by

using calculus.

Theorem 5.2.2 (Parlett [116, Thm. 2]) Let L be a bidiagonal matriz as in (4.3.3), with
ar # 0, by, # 0 and let Q = diag(wy,...,w,) with wy = 1. Let (A\,v) denote a particular
eigenpair of LQLT and let f be as defined in (5.2.10). Then by writing A = sign(\)8?, since
A#0,

k k—1 n n
(@ 2w _ S 0(i)? - sign(A) S wi £(5)2 = sign(A) 3w f(m)2 — 3 w(1)?,
da, 0 P = ek I=k+1
20 by . a s L 2 - 2
(b) It A 51gn(/\)zw¢p(l) — Z v(]) = Z v(m) — 51gn(A) Z wzp(l) .
8bk 0 i—1 =1 m=k+1 I=k+1

For more work of a similar flavor, see [34].

5.2.2 Examples

We now examine relative condition numbers of some factorizations
TO7T
T—pul =LQL",

where T is tridiagonal and L is lower bidiagonal. In particular, we show that
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i. The representation of Ty at 1 is an RRR, where Ty is as given in Example 5.1.1.
ii. The representation of Ty at 1is a partial RRR, where Ty is the matrix of Example 5.1.2.

iii. A representation of " — pl at an arbitrary shift g may not determine any eigenvalue

to high relative accuracy.

Example 5.2.1 [An RRR (All Eigenvalues are Relatively Well-Conditioned).]
Consider the LODOLOT decomposition where Dy and Lg are as in Example 5.1.1. The corre-

sponding Cholesky-like decomposition
LoQLY = LoDoLY

has
.6928203187797266
—.7494442574516461
) ~ .3891773192193351 ) ~
diag(Lo) = . diag(Lo,—1) = 9435080382529064

5.544821298610673 - 10~*
4.983500289685748 - 1073
1.409546469637835 - 104
while diag(€) = (—1,1,1,1). The eigenvalues of LoQLY are approximately
AM=—1, A=149-10"%  A3=2.098-10"% A, =1,

and

cond(L) = ||L]| - ||[L7Y| = 9.46-10°.

We find the Q-right singular vectors f; to be

1.01 8.8-107° 1.2-107% —.144
—.144 -3.1-1074 —4.4-1074 1.01
fl = s 5 f2 = R f3 = 7and f4 — »
7.5-10 BT 816 5.2-10
—5.3-10713 —.816 BT 3.7-10712

and by (5.2.11), the individual relative condition numbers are
Fret(A1) = 1042, Kpq(Ag) = 1.000, Kyq(A3) = 1.000, Kre(Ag) = 1.042.

All the relative condition numbers are close to 1 and explain our success in computing

orthogonal eigenvectors as exhibited in Example 5.1.1. O

b
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In the above example, we found the bidiagonal factorization of a nearly singular
tridiagonal to be an RRR. In our numerical experience, the above situation appears to be
typical. However, sometimes the factorization may determine only a few eigenvalues to high
relative accuracy. Somewhat surprisingly, eigenvalues that are small in magnitude may be

determined to high relative accuracy but not the large ones!

Example 5.2.2 [Partial RRR (Only Small Eigenvalues are Well-Conditioned).]
Consider the factors Iy and Dy given in Example 5.1.2. The corresponding Cholesky-like
decomposition

Loyt = oot
has

1.05715987472128 - 10~*
6.68874025674659 - 103
- 6.68874025674659 - 103 L=
diag(L1) = , diag(Ly,—1) = —1.05715987472128 - 104 |,
2.11431974944257- 10~4
. 4.98349983747794 - 1073
1.40954648562579 - 10~

and diag(€,) = (1,—1,1,1). The eigenvalues of L;Q; LT are approximately
M=—1, A=149-107% A3=2098.107%, N, =1,

and

cond(Ly) = |4 - |1I7Y] = 1.37- 105

The Q-right singular vectors for the two small eigenvalues are

BT 816
BT 816

f2 = 5 and f3 = 5
—.577 —.816
816 —.577

and the corresponding relative condition numbers are
HTSZ(AQ) = 1666, HTel(Ag) = 2.333.

Thus the two eigenvalues that are small in magnitude are relatively well conditioned but

for the extreme eigenvalues we have

—4.7-103 4.7-103
—4.7-103 4.7-103

f = , and 4 = 5
1.1-107% 1.1-107%

—7.4-10713 7.4.10713
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and

Kret(A) = 45107, Kea(Ag) = 4.5-107!

There are also factorizations where none of the eigenvalues is determined to high

relative accuracy.

Example 5.2.3 [No Eigenvalue is Relatively Well-Conditioned.] Let the matrix Ty

be as in Example 5.1.1, and consider
To — 1.0752976770181397 = LQLT.

We have intentionally chosen the above shift to be very close to an eigenvalue of the leading

2 x 2 submatrix of Ty. Consequently, there is a large element growth in this factorization,

.7451829782893468

—.6967821655658823
L 2.018543658277998 - 10~7 o
diag(L) = , diag(L, 1) = 1.819093322471946 x 10°

1.819093322471722 - 10°
—1.519032487587594 x 10714
.2744041812115826

with diag(f2) = (=1,1,—1,—1). The approximate eigenvalues of LQLT are,
A= —1.0753, Ay = —.0752076, A3 = —.0752054, Ay = .92473,

and

cond(L) = ||L||-||[L7Y| = 2.46-10%%,

where this large condition number is primarily due to the large norm of L. The relative

condition numbers are found to be
Kre(M) = 1110 kog(Xa) = 6.4-10"% k,0q(A3) = 6.8-107, Kye(Xg) = 6.5-10'2

and indicate that none of the eigenvalues is determined to high relative accuracy. Note that
none of the eigenvalues is small and the lack of relative accuracy implies an absence of any

absolute accuracy! O

Other examples of RRRs may be found in Section 6 of [116]. In order to see how
the relative robustness of LD LT representations of Ty — pul varies with yu, see Figures C.1,

C.3 and C.3 in Case Study C.
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5.2.3 Factorizations of Nearly Singular Tridiagonals

The purpose of taking multiple representations is to differentiate between the in-
dividual eigenvalues in a cluster. It is crucial that the “refined” eigenvalues of the represen-
tation based near the cluster have modest relative condition numbers, which were defined
in (5.2.8). In this section we indicate why most triangular factorizations of nearly singular
tridiagonals are relatively robust, at least for the small eigenvalues.

Since we do not have a complete theory as yet to explain all our numerical exper-
iments, we shall present some conjectures in this section and give some insight into why
they might be true.

In Section 5.1, we speculated on a possible correlation between the element growth
when forming

T—pul = LOQLT,

and the relative robustness of the triangular factorization. In all our numerical experience,
we have always found L and € to be relatively robust whenever there is no element growth.

Thus we believe the following conjecture.

Conjecture 1 If
10T,
u = 0(1), for 1<i<n, (5.2.14)
| (LQLT)i; |
then L and Q form a relatively robust representation (RRR), where an RRR is as defined

in Section 5.2.

Note that . .
(LLT)i] el DL e
(LQLT);| [T LQLT e,
whereas L
) |v;fFLLij|
H»,ae ; = .
A |vaLQLij|

The quantity on the left hand side of (5.2.14) is a measure of the element growth in form-
ing LQLT. The above conjecture speculates that s,.(A;) is O(1) for all A; whenever (5.2.14)
is satisfied.

Note: All the conjectures presented here should be taken “in spirit only”, and not as precise
mathematical conjectures. For example, the condition (5.2.14) might not be exactly correct,

but a measure of element growth should be O(1) to guarantee an RRR.
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Even if we get a large element growth, the eigenvalues of interest may still be
determined to high relative accuracy. We saw one such occurrence in Example 5.1.2. Again,

extensive numerical testing leads us to believe the following.

Conjecture 2 Suppose that LQLT is “nearly” singular. Then the eigenvalue of LQLT that
s smallest in magnitude is always determined to high relative accuracy with respect to small

relative changes in entries of L.

We consider an extreme example in support of the above conjecture. Suppose LQLT
is a singular matrix. Since

det(LQLT) = +det(L?),

singularity of LQLT implies that a diagonal element of L must be zero. Relative changes
in the individual entries of such an L keep the matrix singular no matter how large the
non-zero elements of L are (since a relative perturbation of a zero entry keeps it zero).
Thus we may expect that when LQL? is close to singularity, its smallest eigenvalue will not
change appreciably due to small componentwise changes in I.

Note that in the above conjecture, we have not specified how close LQLY should
be to a singular matrix. We believe that the exact condition will be a natural outcome of
a proof of the conjecture, if true.

Although, Conjecture 2 is interesting in its own right, it is insufficient for our
purposes. We want all locally small eigenvalues, and not just the smallest, to be determined

to high relative accuracy. An example sheds some light on the possible scenarios.

Example 5.2.4 [2nd Smallest Eigenvalue should be Relatively Well-Conditioned.]
Consider Wilkinson’s matrix [136, p.308],

10 1 0 |
1 9 1
1 8 .
Wi = S , (5.2.15)
8 1
19 1
0 1 10 |
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which has pairs of eigenvalues that are close to varying degrees. For example, the eigenvalues

g
flat
N

ll

7.003951798616376,

g
flat
ot

ll

7.003952209528675,
agree in 6 leading digits. We might try and form either

Wi =Myl = LiDLT, (5.2.16)
or

Wi —MisI = LoDyLY (5.2.17)

in order to compute orthogonal approximations to v14 and v15. We encounter a large element
growth when forming (5.2.16) but not in (5.2.17). Consistent with Conjectures 1 and 2,
we find LQDQL%F to be an RRR whereas LlDlL%F only determines its smallest eigenvalue to

high relative accuracy. In particular,
e Aa[LiD LT)) = 2,246, kpa(As[LiDLT]) = 7.59 x 105,

while

HTBZ(A14[L2D2L5]) = 10, HTBZ(A15[L2D2L5]) = 10

Thus LlDlL%F is inadequate for our purposes whereas LQDQL%F enables us to compute 14

and 915 that are numerically orthogonal. a

Finally, as in the above example, we believe we can always find a partial RRR

based at one of the eigenvalues in the cluster.

Conjecture 3 Suppose T is a tridiagonal matriz and ;\j, ;\]+17 e s Ajgm—1 are approrima-
tions to m “close” eigenvalues of T', that agree in almost all their digits. Then at least one
of the factorizations

T_XSI:LSDSLZ7 j§8<j+m7

is a partial RRR(5,j+1,...,5+m—1), i.e., LyD,LT determines its locally small eigenvalues

to high relative accuracy.

The relative robustness of factorizations of nearly singular tridiagonals is consistent
with our earlier Conjecture 1. This is because we do not get any element growth in the
generic case when forming

T-M = LDLT,



126

where ) is close to an eigenvalue of T.

Conjecture 3 is exactly what we need to achieve our goal of computing orthog-
onal eigenvectors. Furthermore, it would be even more efficient if we could easily find the
particular A, in Conjecture 3 that leads to a relatively robust representation.

We leave it for future studies to provide further numerical evidence and theory to
prove or disprove the validity of the conjectures made in this section. From now on, we will

assume that Conjecture 3 is true so that we can find the desired RRRs.

5.2.4 Other RRRs

Until now, we have only considered computing a triangular decomposition, LD LT
or LOLT as an RRR. However, we could also consider the twisted factorizations introduced

in Section 3.1 as RRRs. Indeed, since the set of n possible twisted factorizations
T—ul = NOANKT 1<k<n,

includes the LDLT decomposition, it may be easier to form such RRRs. Besides, it is
conceivable that a twisted factorization may be qualitatively better than a triangular de-
composition in terms of its relative perturbation properties. We believe that all conjectures
of the previous section also hold for twisted factorizations, and not only for triangular

factorizations.

5.3 Orthogonality using Multiple Representations

The examples of the previous section indicate that eigenvectors computed using a
single RRR turn out to be numerically orthogonal. If relative gaps are small, we form an
RRR near the cluster to get locally small eigenvalues that have large relative gaps. Some-
times, as in Example 5.1.2, we can only obtain a partial RRR the use of which guarantees
orthogonality of a limited set of eigenvector approximations. In such a case, the remaining
eigenvectors need to be computed using a different RRR. In this section, we explain why the
approximations computed from one RRR are numerically orthogonal to the approximations
computed using another RRR. An added benefit of the representation trees that we will
introduce for our exposition is that they summarize the computations involved and help us

in identifying computationally efficient strategies.



127

5.3.1 Representation Trees

In Section 4.5, we provided a detailed proof of orthogonality of the eigenvectors
computed by Algorithm X using the LD LT decomposition of a positive definite tridiagonal
matrix when the eigenvalues have large relative gaps. This proof can easily be generalized
to the case when any fixed RRR is used for the computation. Similarly we can furnish
a detailed proof of orthogonality when different RRRs are used for computing different
eigenvectors. However, to avoid being drowned in detail, we choose an alternate approach.
We now introduce representation trees that informally indicate why vectors computed using
one RRR are orthogonal to those computed from another RRR. A formal treatment and
greater level of detail as in Corollary 4.5.4 can also be reproduced by mimicking its proof.

We remind the reader of our indexing convention for eigenvalues, by which

A <A << A

A representation tree consists of nodes that are denoted by (R, ) where R stands
for an RRR and [ is a subset of the index set {1,2,...,n}. Informally, each node denotes
an RRR that is used enroute to computing eigenvectors of the eigenvalues A;[R] indexed
by I,i.e.,i € I (note that we have used R in two ways — to denote the RRR and also for
the underlying matrix defined by the RRR). A parent node (R, I,) can have m children
(R;,1;),1 <j < m,such that

u;I; = 1,.

Any pair of the child nodes (Ry, I1),( Rz, I2) must satisfy
LCI, ©LCIL, LNL=é, (5.3.18)

and relgap,(A[Ry), A ;[Ry]) > 1/n, Viel,jely, i# 7, (5.3.19)

where relgap, is as defined in Section 4.3. Nodes that have no children will be called leaf
nodes while all other nodes are called intermediate nodes. The index set associated with any
leaf node must be a singleton. Each edge connecting a parent node to a child node will be
labeled by a real number p. Informally, an edge denotes the action of forming an RRR by
applying a shift of u to the matrix denoted by the parent RRR. Additionally, the shifts used
to form the leaf representations must be very accurate approximations to the appropriate
eigenvalues of the leaf’s parent RRR. The condition on the relative gaps given by (5.3.19)

ensures that different RRRs are formed in order to compute eigenvectors when relative gaps
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are smaller than 1/n. Note that we choose 1/n as the cut-off point for relative gaps since
this translates into an acceptable bound of O(ne) for the dot products, see Corollary 4.5.4
for details. The above conditions should become clearer when we examine some example
representation trees.

In all the representation trees we consider in this thesis, the RRRs associated with
intermediate nodes will be bidiagonal factors of either the given tridiagonal T or its translate.
Each RRR must determine to high relative accuracy all the eigenvalues associated with its
index set. However, the representations associated with leaf nodes are, in general, twisted
factorizations. As we saw in Section 4.5, relative robustness of these twisted factorizations is
not necessary for the orthogonality of the computed eigenvectors. However, we have always
found such a twisted factorization to determine its smallest eigenvalue to high relative
accuracy, see Conjecture 2 and Section 5.2.4. Recall that the eigenvector approximations are
formed by multiplying elements of these twisted factorizations, see Step (4d) of Algorithm X.

A representation tree denotes the particular computations involved in computing
orthogonal eigenvectors. Since we are concerned about forming representations that are
relatively robust, it is crucial that we use the differential transformations of Section 4.4.1

when forming

L,D,LT —pl = L1DiL],

so that we can relate the computed decomposition to a small componentwise perturbation

of L, and D,.

Example 5.3.1 [A Representation Tree.] The RRR tree in Figure 5.1 summarizes a
computation of the eigenvectors of the matrix Ty presented in Example 5.1.1. Figure 5.1,
where ovals denote intermediate representations while rectangles stand for leaf nodes, re-

flects the following information. The initial decomposition
To = L,D,LL
has eigenvalues
AMre, dxlde,  Mrl4+2ve,  M~2.
The extreme eigenvectors are computed using the twisted factorizations

1,007 = AT = NOAND 0D it - A1 = NPANE
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C({Lpa Dy}, {1,2,3, 4})>

CEIRNNYRTSY C({Lo, Do}, {2.3}) ) (N0, Ay 44))

VE 2 E

({59, 203, {23) ({v59, s}, {3)

Figure 5.1: Representation Tree — Forming an extra RRR based at 1

where [A; — \;| = O(e|X\;]) and the superscript r in NZ»(T) denotes the twist position. The
intermediate representation

L,D, LT — T = LoDoL{

is needed since relgap, (A2, \3) = O(v/€) < 1/y/n. The two smallest eigenvalues of LoDgL{
are computed to be

§dy ~ V2, and  8hs & V2.

The corresponding eigenvectors may now be computed as
LoDoLY — 63oI = NWALNY" | LoDoLT — 63T = NSA;NWT,
As we mentioned earlier, all the factorizations in the representation tree should be formed

by the differential transformations of Section 4.4.1. O

Example 5.3.2 [A Better Representation Tree.] From Example 5.2.1, we know that
the LODOLOT decomposition of Ty — I determines all its eigenvalues to high relative accuracy.
Thus the scheme given by the representation tree of Figure 5.2 can alternatively be used
to compute orthogonal eigenvectors. The bulk of the work lies in computing the relevant
subset of eigenvalues of the intermediate RRRs. Thus the representation tree of Figure 5.2

yields a more efficient computation scheme than Figure 5.1. O



C({LO, Do}, {17 27 374})>

NG

22
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(v, 03, (1)

({v8Y, a5}, {23)

({8, Aq}, {3})

({V, A}, 43)

Figure 5.2: Representation Tree — Only using the RRR based at 1

Example 5.3.3 [Only One Representation Tree is Possible.] Orthogonal eigenvec-

tors of the matrix 77 given in Example 5.1.2 may be computed as shown by the represen-

tation tree of Figure 5.3. By Example 5.2.2, L1 D LT is only a partial RRR, and cannot be

used to compute the extreme eigenvectors. Figure C.3 in Case Study C shows that there

is no representation based near 1 that is relatively robust for all its eigenvalues and hence,

there is no representation tree for T3 that looks like Figure 5.2.

ad

We now indicate why the computed eigenvectors are numerically orthogonal when

the particular computation scheme is described by a representation tree. We re-emphasize

the following facts that are important for showing orthogonality.

i. Each intermediate node is a partial RRR for the eigenvalues associated with its index

set.

ii. Fach node, or representation, is formed by the differential transformations given in

Section 4.4.1.

iii. The approximation used to form a leaf representation agrees in almost all its digits

with the relevant eigenvalue of its parent node (as given by the index of the leaf node).

iv. The eigenvector approximation is formed solely by multiplications of elements of the

twisted factorizations that are represented by the leaf nodes.

v. Whenever the relative gap between eigenvalues of a representation is smaller than

1/n, a new representation that is relatively robust for its locally small eigenvalues is

formed.
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C({Lpa Dy}, {1,2,3, 4})>

(v, Aan3,{1}) C({Ll, D1}.{2.3}) ) (IRRT)

VE 2 E

({59, 203, {23) ({v59, s}, {3)

Figure 5.3: Representation Tree — An extra RRR based at 1 is essential

The first four facts outlined above can be used, as in Section 4.5, to prove the
orthogonality of eigenvector approximations computed from leaf representations that have
a common parent. Note that the above statement is analogous to saying that the vectors
computed when Steps 3 and 4 of Algorithm X are applied to an RRR can be shown to be
orthogonal. Recall that in Section 4.5, orthogonality is proved by relating each computed
vector to an exact eigenvector of the matrix defined by the parent RRR.

Representation trees come in handy in seeing why the computed vectors are or-
thogonal when more than one intermediate RRR is used. Let us consider Figure 5.1. The
computed vectors 9, and 73 are orthogonal for the reasons given in the above paragraph.

But why is 9y orthogonal to 917 Note that #; is computed using
L,D, Ll =M\ = N1(1)A1N1(1)T7
while 99 is computed from
LoDoLT — 63o1 = NSYA,NYT.

However,

e both LprLg and LODOLOT are RRRs;
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o LoDyl is a translate of LprLg and is computed by the differential dstgds transfor-
mation of Section 4.4.1, and the roundoff error analysis given in Theorem 4.4.2 shows

that an exact relation exists between small componentwise perturbations of L,, D,

and Lo, Do;
o the relative gap between Ay and A, is large.

The vector #; can directly be shown to be close to the first eigenvector of LprLg,
while 95 can be similarly related to the second eigenvector of LprLg but via LODOLOT. The
relative robustness of both these representations along with the above mentioned facts can
now be used to prove that 9, and #, are orthogonal.

In general, any two eigenvectors computed from the twisted factorizations repre-
sented by the leaf nodes of a representation tree will be “good” approximations to distinct
eigenvectors of a common ancestor RRR. The properties satisfied by a representation tree
now imply that these computed vectors must be orthogonal. Note that the detailed bounds
on the dot products of the computed vectors can get rather messy and would involve the
number of intermediate representations employed in computing an eigenvector. On the
other hand, representation trees provide a visual tool that makes it easy to see why the
computed vectors are nearly orthogonal. Besides this use, representation trees also allow

us to clearly see which computations are more efficient.

5.4 Algorithm Y — orthogonality even when relative gaps

are small

We now present an algorithm that also handles small relative gaps but still per-
forms the computation in O(n?) time.

Algorithm Y [Computes orthogonal eigenvectors.]
1. Find g <||T|| such that T'+ pl is positive (or negative) definite.
2. Compute T + pl = LprLg.

3. Compute the eigenvalues, ;\j, of LprLg to high relative accuracy by the dqds algo-
rithm [56].

4. Set [ — 1, m < n.
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5. Group the computed eigenvalues ;\l, ..., Ay into the categories:

isolated. ;\j is isolated if

min(relgapy(Aj, Aj41)s relgapa(Aj-1, A7) > 1/n.

clustered. ;\j, ooy Ajpk—1 form a “cluster” of k eigenvalues if

relgap?(AhAH—l) < 1/”7 ] < 1 < ] + k— 17

while relgap,(A;_1,A;) > 1/n, and  relgapy(Ajpr—1,Ajxk) > 1/n.
6. For each isolated eigenvalue, A= ;\j, [ <7 <'m, do the following

a) Compute LprLg — A = LD, LT by the dstqds transform (Algorithm 4.4.3).

(
(b) Compute LprLg — M = U_D_UT by the dqds transform (Algorithm 4.4.5).

¢) Compute 7y, as in the top formula of (4.4.26). Pick r such that |y,| = ming |y|.

(
(d) Form the approximate eigenvector z; = Z(T) by solving ]\AfTﬁT]\AfTTZj = e, (see

J
Theorem 3.2.2):

)
)
)
)

zj(r) = 1,
2(1) = —Ly(i)-z(i+1), i=r—1,...,1,
Zi(l+1) = —U_()-z(), l=r...,n-1.
7. For each cluster ;\j, .. -7;\j+k—1 do the following.

(a) Get a partial RRR(J,...,7 + k — 1) by forming the dstqds transformation
L,D, LT — \,J = L,D,LT,
where j <s<j+Fk—1.
(b) Compute the jth through (j + k — 1)th eigenvalues of L;D LT to high relative
accuracy and call them 6;\j, .. .,6;\j+k_1.

(¢) Setl—j,me—i+hk—1,0—6\forj<i<j+k-1,L,— L, D, — Dj,
and go to Step 5.

O
The previous section indicates why the vectors computed by Algorithm Y are
numerically orthogonal. We now present detailed numerical results comparing a computer

implementation of Algorithm Y with existing software routines.
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Chapter 6

A Computer Implementation

In this chapter, we give detailed timing and accuracy results of a computer imple-
mentation of Algorithm Y, whose pseudocode was given in Section 5.4. The only uncertainty
in implementing this algorithm is in its Step (7a), where we need to choose a shift  near

a cluster in order to form the relatively robust representation
L,D,LT —pl = LDLT. (6.0.1)

We briefly discuss our strategy in Section 6.1. Having found a suitable representation, we
need to find its locally small eigenvalues to high relative accuracy in Step (7b) of Algo-
rithm Y. In Section 6.2, we give an efficient scheme to find these small eigenvalues to the
desired accuracy. Note that the earlier steps of Algorithm Y have been discussed in great
detail in Chapter 4.

Finally, in Section 6.4, we give detailed timing and accuracy results comparing our
computer implementation of Algorithm Y with existing LAPACK and EISPACK software.
Our test-bed contains a variety of tridiagonal matrices, some from quantum chemistry
applications, that highlight the sensitivity of earlier algorithms to different distributions of
eigenvalues. The test matrices are discussed in Section 6.4.1.

We find that our implementation of Algorithm Y is uniformly faster than earlier
implementations of inverse iteration, while still being accurate. This speed is by virtue
of the O(n?) running time of Algorithm Y as opposed to the earlier algorithms that take
O(n®) time in general. We want to stress that the results presented in the chapter are
preliminary — we can envisage more algorithmic enhancements and a better use of the

memory hierachy and architectural design (such as multiple functional units in the CPU)
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of modern computers to further speed up our computer implementation. Some of these
enhancements are briefly discussed in Section 6.5, and we hope to incorporate such code

improvements in the near future.

6.1 Forming an RRR

Two questions, that need to be resolved to get a computer implementation of

Step (7a) of Algorithm Y, were raised in Sections 5.2.1 and 5.2.3:

1. What shift pu near a cluster should we choose so that the LDL? decomposition
of (6.0.1) is an RRR?

2. Given LDLT, how can we cheaply decide if it is an RRR?

As we saw earlier in Example 5.2.3, not every u in (6.0.1) leads to an RRR. We
do not have any a priori way of knowing whether an arbitrary choice of p would lead to
a desired RRR. Indeed, as Example 5.2.4 suggests, there may not be any alternative other
than actually forming LDL”T at a judicious choice of y and then, a posteriori, checking
whether this decomposition forms an RRR. Since we want an efficient procedure for the
latter purpose, we cannot afford to evaluate the relative condition numbers of Section 5.2.1.
Thus, answers to the two questions posed above are crucial to a correct implementation.

We made several conjectures in Section 5.2.3 that attempt to answer these ques-
tions. In our computer implementation, we have made the following decisions which reflect

our belief in these conjectures.

1. After identifying a cluster of eigenvalues ;\j, ;\]+17 .oy Ajyk—1, We restrict our search

for an RRR to a factorization based at one of these ;\’s, i.e., to
LD, Ll — N0 = L,D, LT, j<s<j+k-1 (6.1.2)

This is the strategy given in Step (7a) of Algorithm Y and is consistent with Conjec-

ture 3.

2. When trying to form the desired RRR in (6.1.2), we try p = A, in the order s =
Jj+1,...,7+k—1. If we find the element growth, as defined in (5.1.2), at some As
to be less than an acceptable tolerance, say 200, then we immediately accept L,D LT

as the desired RRR. By this strategy, we are often able to form an RRR in the first
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attempt, i.e., based at the leftmost eigenvalue p = ;\j. This saves us the extra work
of forming all possible k factorizations of (6.1.2). Note that this approach reflects our

belief in Conjecture 1.

3. If all the above choices of y lead to element growths bigger than 200, as in Exam-
ple 5.2.2 (see also Case Study C), we choose the LyD,LT decomposition that leads to
the least element growth as our partial RRR.

We want to emphasize that even though we cannot prove the correctness of the
above decisions as yet, our computer implementation gives accurate answers on all our tests.
We have tested our implementation on tridiagonal matrices that are quite varied in their

eigenvalue distributions. See Section 6.4.1 for details.

6.2 Computing the Locally Small Eigenvalues

Until now, we have not discussed ways of efficiently computing the eigenvalues of
a relatively robust representation. All eigenvalues of the LDLT decomposition of a positive
definite matrix may be efficiently found by the dqds algorithm, and this is the method
employed in Step 3 of Algorithm Y. In its present form, the dqds algorithm finds the
eigenvalues in sequential order, from the smallest to the largest, and always operates on a
positive definite matrix. See [56] for more details. The main difficulty in trying to employ
the dqds algorithm to find the locally small eigenvalues of an RRR is that in most cases,
the RRR will be the factorization of an indefinite matrix. It is not known, as yet, if the
dqds algorithm can be adapted to an indefinite case and hence we need to find an alternate
method.

One means of finding the locally small eigenvalues is the bisection algorithm, using
any of the differential transformations given in Section 4.4.1 as the inner loop. However,
since bisection is a rather slow method, it could become the dominant part of the computa-
tion. So we use a faster scheme which is a slight variant of the Rayleigh Quotient Iteration
(RQI). A traditional RQI method starts with some (well-chosen) vector ¢g and progresses by

computing Rayleigh Quotients to get increasingly better approximations to an eigenvalue.

Algorithm 6.2.1 [Traditional RQL.]

1. Choose a vector ¢y (||go|| = 1), and a scalar y. Set ¢ — 0.
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2. Solve (T' = 6;1)x;41 = q; for z;11.
3. Set git1 — xig1/||xigrl], Oiy1 — qiT_|_1Tqi_|_1, ¢t — ¢+ 1, and repeat Step 2. O

As shown in Corollary 3.2.1, a twisted factorization allows us to cheaply compute

the Rayleigh Quotient of the vector z where
(T'—60)z = vrep, 2(r)=1, (6.2.3)

and +, is an element of the twisted factorization at twist position r. It is immediately seen

from (6.2.3) that
(T -6z 4,
2Tz 2

As discussed earlier, it is possible to choose r so that v, is proportional to the distance
of § from an eigenvalue of T'. The index r where |v,| = ming |y%| is one such choice, see

Section 3.1 for more details. Thus we get the following iteration scheme.

Algorithm 6.2.2 [RQI-Like (Computes an eigenvalue of [,D,L7).]
1. Choose a scalar 6. Set 7 — 0.
2. Choose an index r as follows :

(a) Compute LyD,LT —6;1 = L, D, LT by the dstqds transform (Algorithm 4.4.3).
(b) Compute LyD,LT — 6,1 = U_D_UT by the dqds transform (Algorithm 4.4.5).

(c) Compute 74 as in the top formula of (4.4.26). Pick r such that |y,| = ming |yg].

3. Solve (L,DsLT — 6,1)z; = 7,e, as follows

a(r) = L
zi(p) = —Li(p)-z(p+1), p=r—1,...,1,
zla+1) = —U(q)-2(q9), q=r,...,n—L
4. Set 0; = v, /||zl]*, i — i+ 1. Repeat Step 2. a

In the above RQl-like scheme, we obtain the Rayleigh Quotient as a by-product of
computing the vector z;. One iteration of the above algorithm is only 2-3 times as expensive

as one bisection step, but convergence is at least quadratic. Note that Step 3 given above
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differs from traditional RQI in its choice of e, as the right hand side of the linear system to
be solved.
As outlined in Step (7a) of Algorithm Y (see Section 5.4), the representation

LsD,LT is a translate of the original matrix LprLg, i.e.,
L,D, LT — I = L,D,LT. (6.2.4)

If A is an eigenvalue of LprLg, A — 1 is the corresponding eigenvalue of LD LT if
the relation (6.2.4) holds exactly. However, we only know an approximate eigenvalue ;\, and
roundoff errors are inevitable in forming L; and D;. But, even though A— 1 is not an exact
eigenvalue of the computed L,D,LT, it does give us a very good starting approximation.
As a result, 8y can be initialized to A— @ in Step 1 of our RQI-like scheme. Of course, as
emphasized in Chapter 5, we need to compute each small eigenvalue of L,D LT to high
relative accuracy. Since we compute both forward and backward pivots, Dy and D_, we

can include the safeguards of bisection in our iteration.

6.3 An Enhancement using Submatrices

In this section, we briefly mention a novel idea that facilitates the computation
of orthogonal “eigenvectors” of eigenvalues that are very close to each other but are well-
separated from the rest of the spectrum.

Eigenvalues of a tridiagonal matrix can be equal only if an off-diagonal element
is zero. In such a case, the tridiagonal matrix is a direct sum of smaller tridiagonals,
and orthogonal eigenvectors are trivially obtained from the eigenvectors of these disjoint
submatrices by padding them with zeros. However, as Wilkinson observed, eigenvalues can
be arbitrarily close without any off-diagonal element being small [136]. It turns out that
even in such a case, a good orthogonal basis of the invariant subspace can be computed by

using suitable, possibly overlapping, submatrices. Thus we can use the following scheme:

Algorithm 6.3.1 [Computes orthogonal “eigenvectors” for tight clusters using

submatrices.]

1. For each of the “close” eigenvalues A;,..., A (that are well-separated from the rest

of the spectrum), do the following:

(a) “Find” a submatrix 777 with an isolated eigenvalue A which is “close” to the

cluster of eigenvalues.
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(b) Compute the eigenvector of A, i.e., solve (179 — AI)s = 0 for s.

(¢) Output the vector v as an eigenvector, where vP*? = s and the rest of v is padded

with zeroes. a0

For some of the theory underlying this scheme, the reader is referred to Parlett [112,
115]. Clearly, besides the existence of suitable submatrices, the crucial question is: how do
we choose the submatrices in Step (la) of the above scheme. The computation of the
eigenvector of an isolated eigenvalue in Step (1b) is easily done by using the methods
discussed earlier.

We now have a more robust way of picking the appropriate submatrices than the
approaches outlined in [112, 115]. We have included this enhancement in our implemen-
tation of Algorithm Y and found it to work accurately in practice. Note that the above
algorithm is an alternate way of computing orthogonal eigenvectors without doing any ex-
plicit orthogonalization. The smaller the submatrix sizes in Step (1b) above, the less is the
work required to produce orthogonal eigenvectors.

It is beyond the scope of this thesis to discuss the above approach in greater detail.
The theory that justifies this scheme is quite involved and intricate, and a cursory treatment

would not do it justice. We hope to present more details in the near future [43].

6.4 Numerical Results

In this section, we present a numerical comparison between Algorithm Y and four

other software routines for solving the symmetric tridiagonal eigenproblem that are included

in the EISPACK [128] and LAPACK [1] libraries. These are

1. LAPACK INVIT : The LAPACK implementation of bisection and inverse iteration [88,
84, 87] (subroutines DSTEBZ and DSTEIN);

2. EISPACK INVIT : The EISPACK implementation of inverse iteration after finding
the eigenvalues by bisection [118] (subroutine DSTEBZ from LAPACK followed by
TINVIT from EISPACK);

3. LAPACK D&C : The LAPACK implementation of the divide and conquer method
that uses a rank-one tear to subdivide the problem [71, 124] (subroutine DSTEDC);
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4. LAPACK QR : The LAPACK implementation of the QR algorithm that uses Wilkin-
son’s shifts to compute both eigenvalues and eigenvectors [69] (subroutine DSTEQR).

6.4.1 Test Matrices

We have chosen many different types of tridiagonals as our test matrices. They
differ mainly in their eigenvalue distributions which highlight the sensitivity of the above
algorithms as discussed in Chapter 2. Some of our example tridiagonals come from quantum
chemistry applications. The first eleven among the following types of tridiagonal matrices
are obtained by Householder reduction of random dense symmetric matrices that have the
given eigenvalue distributions (see [36] for more on the generation of such matrices). The

matrix sizes for our tests range from 125-2000.

1) Uniform Distribution (¢ apart). n — 1 eigenvalues uniformly distributed from ¢ to

(n — 1)e, and the nth eigenvalue at 1, i.e.,
ANi=t-¢, 1=12,...,n—1, and A, =1.
These matrices are identical to the Type 1 matrices of Section 4.6.

2) Uniform Distribution (/¢ apart). One eigenvalue at ¢, n — 2 eigenvalues uniformly

distributed from 1+ /e to 1 4+ (n — 2),/e, and the last eigenvalue at 2, i.e.,
M=e, i=14+(—-1)-ve, i=2,...,n—1, and A\, =2.
These are also identical to the Type 2 matrices of Section 4.6.

3) Uniform Distribution (¢ to 1). The eigenvalues are equi-spaced between ¢ and 1,
i.e.,

A = e+ (i—-1)*x1, i=1,2,...,n
where 7 = (1 —¢)/(n—1).

4) Uniform Distribution (¢ to 1 with random signs). Identical to the above type of

matrices except that a random =+ sign is attached to the eigenvalues.

5) Geometric Distribution (¢ to 1). The eigenvalues are geometrically arranged be-

tween ¢ and 1, i.e.,

A = e(n=i)/(n=1)

, 1=1,2,....n.
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6) Geometric Distribution (¢ to 1 with random signs). Identical to the above type

except that a random + sign is attached to the eigenvalues.
7) Random. The eigenvalues come from a random, normal (0, 1) distribution.
8) Clustered at 1. \y =c,and o m Az~ -- -~ A\, ~ 1.

9) Clustered at +1. Identical to the above type except that a random + sign is attached

to the eigenvalues.
10) Clustered at ¢. My ® Ay~ -~ A\, ~ e, and A\, = 1.

11) Clustered at +e. Identical to the above type of matrices except that a random =+

sign is attached to the eigenvalues.

12) (1,2,1) Matrix. These are the Toeplitz tridiagonal matrices with 2’s on the diagonals
and 1’s as the off-diagonal elements. An n X n version of such a matrix has eigenvalues
4sin?[km /2(n+ 1)], and for the values of n under consideration, these eigenvalues are

not too close.

Matrices of types 3 through 11 above are LAPACK test matrices and are used to
check the accuracy of all LAPACK software for the symmetric tridiagonal eigenproblem. In
addition, the following symmetric tridiagonal matrices arise in certain quantum chemistry

computations. For more details on these problems, the reader is referred to [10, 55].

13) Biphenyl. This positive definite matrix with n = 966 occurs in the modeling of
biphenyl using Mgller-Plesset theory. Most of its eigenvalues are quite small com-

pared to the norm. See Figure 6.1 for a plot of its eigenvalue distribution.

14) SiOSig. Density functional theory methods for determining bulk properties for the
molecule SiOSig lead to this positive definite matrix with n = 1687. Most of the
eigenvalues are quite close to their neighbors and there is no obvious subdivision of

the spectrum into separate clusters. Figure 6.2 gives this distribution.

15) Zeolite ZSM-5. This 2053x2053 matrix occurs in the application of the self-consistent
field(SCF) Hartree-Fock method for solving a non-linear Schrédinger problem. See
Figure 6.3 for the spectrum.
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6.4.2 Timing and Accuracy Results

Tables 6.1 and 6.2 give a comparison of the times taken by the different algorithms
to find all the eigenvalues and eigenvectors of symmetric tridiagonal matrices of the type
discussed above. All the numerical experiments presented in this section were conducted
on an IBM RS/6000-590 processor that has a peak rating of 266 MFlops. Fortran BLAS,
instead of those from the machine optimized ESSL library [82], were used in this preliminary
testing!. We hope to include the ESSL BLAS in our future comparisons. The rest of the
tables, Table 6.3 through 6.6, indicate the accuracy of the methods tested.

Our Algorithm Y may be thought of as an alternate way of doing inverse iteration.
Thus LAPACK INVIT and EISPACK INVIT are the two earlier methods that most closely
resemble Algorithm Y. Tables 6.1 and 6.2 show that Algorithm Y is always faster than both
these existing implementations. The difference in speed varies according to the eigenvalue
distribution — on matrices of order 2000, Algorithm Y is over 3500 times faster than
LAPACK INVIT when the eigenvalues are clustered around e while it is 4 times faster
when the eigenvalues are well-separated. These different speedups highlight the sensitivity
of the various algorithms to the eigenvalue distribution. When eigenvalues are clustered,
EISPACK and LAPACK inverse iteration need O(n®) time, as is clear from Tables 6.1
and 6.2. On the other hand, they take O(n?) time when eigenvalues are isolated, see the
results for matrices of type 4 and type 7 in Table 6.1. We also draw the reader’s attention to
the varying behavior on matrices with uniformly distributed eigenvalues (from ¢ to 1), and
the (1,2,1) matrix. For small n, we see an O(n?) behavior but for larger n, both EISPACK
and LAPACK inverse iteration take O(n®) time. This discrepancy is due to the clustering
criterion which is independent of n — more specifically, reorthogonalization is done when
eigenvalues differ by less than 1072||T||. See Section 2.8.1 for more details. EISPACK’s
implementation is always faster than LAPACK’s but is generally, less accurate. In fact, the
latter was designed to improve the accuracy of EISPACK [87].

Algorithm Y is much less sensitive to the arrangement of eigenvalues — on matrices
of order 2000, the time taken by it ranges from about 30 seconds to about 60 seconds in
most cases. The two notable exceptions are the matrices where almost all eigenvalues are
clustered around ¢ or +e. It turns out that the eigenvectors of such matrices can be very

sparse — in fact, an identity matrix is a good approximation to an eigenvector matrix. By

Yall code was compiled with the command line 77 -u -O, where the -O compiler option is identical to
the -O2 level of optimization
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Time Taken (in seconds)

Matrix Matrix | LAPACK | EISPACK | LAPACK | LAPACK | Algorithm

Type Size INVIT INVIT D&C QR Y
125 0.72 0.53 0.02 0.17 0.14
Uniform 250 3.52 2.27 0.10 1.23 0.52
Distribution 500 19.78 11.12 0.42 8.92 1.96
(¢ apart) 1000 123.91 60.24 2.13 68.06 8.91
2000 858.01 369.68 13.18 534.88 31.87
125 0.55 0.35 0.14 0.16 0.40
Uniform 250 2.87 1.63 0.69 1.16 1.54
Distribution 500 17.76 8.76 4.09 7.33 5.94
(/€ apart) 1000 114.32 50.94 26.34 63.35 23.17
2000 825.91 332.95 178.74 453.93 92.26
125 0.53 0.46 0.16 0.18 0.14
Uniform 250 2.06 1.81 0.74 1.21 0.56
Distribution 500 8.08 7.08 4.27 8.61 1.96
(eto 1) 1000 124.65 27.55 26.85 68.32 8.04
2000 858.55 370.35 182.64 535.94 31.91
Uniform 125 0.54 0.47 0.15 0.18 0.14
Distribution 250 2.11 1.85 0.73 1.19 0.54
(e to 1 with 500 8.20 7.18 4.25 8.35 1.97
random signs) 1000 32.05 27.81 26.85 61.58 8.17
2000 127.53 109.39 183.26 468.01 32.30
125 0.69 0.54 0.05 0.14 0.13
Geometric 250 3.29 2.29 0.25 1.03 0.48
Distribution 500 17.72 10.59 1.22 7.66 1.86
(eto 1) 1000 108.90 55.60 6.70 58.98 7.25
2000 759.77 335.68 41.50 442.96 28.73
Geometric 125 0.66 0.50 0.05 0.15 0.72
Distribution 250 3.29 2.29 0.24 0.96 2.97
(e to 1 with 500 17.44 10.37 1.17 5.96 12.79
random signs) 1000 104.68 53.95 6.37 37.34 53.39
2000 711.83 313.82 38.18 247.43 191.82
125 0.53 0.47 0.14 0.18 0.21
250 2.07 1.83 0.61 1.21 0.99
Random 500 8.20 7.18 3.54 8.20 5.43
1000 32.18 27.81 21.87 60.75 13.38
2000 132.16 109.83 147.50 459.67 61.92

Table 6.1: Timing Results



145

Time Taken (in seconds)

Matrix Matrix | LAPACK | EISPACK | LAPACK | LAPACK | Algorithm
Type Size INVIT INVIT D&C QR Y

125 0.69 0.47 0.02 0.14 0.01

Clustered 250 3.34 2.10 0.04 0.98 0.001

at € 500 18.87 10.19 0.13 7.22 0.04

1000 120.34 56.56 0.42 56.65 0.09

2000 843.89 353.89 1.42 432.27 0.23

125 0.68 0.49 0.02 0.14 0.01

Clustered 250 3.36 2.21 0.03 1.03 0.02

at £e 500 18.98 0.11 7.26 4.0 0.03

1000 120.89 57.09 0.350 54.68 0.09

2000 846.84 356.07 1.18 416.25 0.25

125 0.30 0.19 0.01 0.07 0.04

Clustered 250 3.54 2.72 0.04 0.46 0.15

at 1 500 13.56 12.66 0.14 3.96 0.68

1000 100.04 101.29 0.39 27.64 3.77

2000 767.49 952.61 1.75 223.66 17.05

125 0.23 0.14 0.01 0.09 0.06

Clustered 250 1.27 0.74 0.03 0.60 0.17

at £1 500 7.76 4.83 0.12 4.24 0.70

1000 54.03 36.17 0.350 29.98 2.44

2000 398.60 313.47 1.23 225.42 17.17

125 0.51 0.46 0.15 0.18 0.14

(1,2,1) 250 1.82 0.70 0.45 1.18 0.57

Matrix 500 8.21 7.13 2.69 8.47 2.33

1000 40.16 29.30 18.15 64.31 7.89

2000 857.84 194.14 129.05 491.40 32.87

Biphenyl 966 107.72 53.26 19.58 44.25 10.26

5i0Sig 966 360.21 172.86 97.49 248.07 41.61

Zeolite ZSM-5 2053 281.02 161.28 145.65 376.65 106.25

Table 6.2: Timing Results
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Maximum Residual Norm

Matrix Matrix | LAPACK | EISPACK | LAPACK | LAPACK | Algorithm
Type Size INVIT INVIT D&C QR Y

125 0.005 0.377 0.630 0.004 0.013

Uniform 250 0.002 0.601 0.627 0.002 0.002

Distribution 500 0.0001 0.043 0.425 0.0003 0.0001

(¢ apart) 1000 0.0005 0.728 0.299 0.0005 0.0005

2000 0.00002 0.153 0.276 0.00003 0.002

125 0.035 1.83 0.057 0.224 0.130

Uniform 250 0.024 2.60 0.040 0.200 0.197

Distribution 500 0.030 7.62 0.073 0.358 0.015

(/€ apart) 1000 0.012 5.94 0.255 0.181 0.146

2000 0.001 11.15 0.012 0.197 0.089

125 0.056 3.31 0.117 0.365 0.029

Uniform 250 0.039 6.19 0.098 0.375 0.023

Distribution 500 0.023 5.33 0.139 0.610 0.025

(eto 1) 1000 0.023 10.92 0.070 0.410 0.012

2000 0.017 7.19 0.133 0.334 0.008

Uniform 125 0.029 1.96 0.234 0.624 0.046

Distribution 250 0.034 4.77 0.145 0.586 0.036

(e to 1 with 500 0.023 5.33 0.139 0.610 0.025

random signs) 1000 0.019 9.71 0.134 0.589 0.018

2000 0.012 11.74 0.135 0.569 0.012

125 0.008 0.483 0.119 0.048 0.008

Geometric 250 0.005 0.882 0.084 0.034 0.006

Distribution 500 0.003 1.11 0.098 0.038 0.004

(eto 1) 1000 0.003 1.55 0.063 0.040 0.003

2000 0.002 1.90 0.057 0.040 0.002

Geometric 125 0.006 0.391 0.081 0.041 0.127

Distribution 250 0.003 0.420 0.065 0.045 0.213

(e to 1 with 500 0.003 0.902 0.051 0.048 0.153

random signs) 1000 0.003 1.91 0.041 0.061 0.417

2000 0.002 2.07 0.029 0.055 0.430

125 0.016 0.993 0.083 0.373 0.154

250 0.011 1.75 0.087 0.256 0.149

Random 500 0.007 1.79 0.079 0.354 0.403

1000 0.011 1.75 0.087 0.256 0.168

2000 0.005 4.15 0.092 0.383 0.392

Table 6.3: Maximum Residual Norms = max; || T8; — A#;]| /ne||T)|
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Maximum Residual Norm

Matrix Matrix | LAPACK | EISPACK | LAPACK | LAPACK | Algorithm

Type Size INVIT INVIT D&C QR Y
125 0.004 0.429 0.011 0.004 0.006
Clustered 250 0.0005 0.041 0.002 0.004 0.001
at ¢ 500 0.0002 0.115 0.002 0.001 0.002
1000 | 0.000007 0.125 0.001 0.0005 0.0006
2000 0.0003 0.400 0.0003 0.00004 0.0003
125 0.004 0.739 0.014 0.006 0.007
Clustered 250 0.004 0.854 0.007 0.002 0.002
at e 500 0.00003 0.079 0.004 0.001 0.0003
1000 0.0005 0.395 0.002 0.0005 0.0008
2000 | 0.000002 0.109 0.001 0.0002 0.0008
125 1.31 1.23 0.156 0.245 0.251
Clustered 250 1.45 1.14 0.190 0.269 0.168
at 1 500 1.46 1.37 0.096 0.308 0.146
1000 1.52 1.35 0.067 0.346 0.107
2000 1.62 1.45 0.036 0.340 0.091
125 0.704 9.53 0.224 0.399 0.190
Clustered 250 0.712 4.55 0.138 0.611 0.109
at £1 500 0.664 17.78 0.074 0.565 0.103
1000 0.604 22.10 0.048 0.563 0.083
2000 0.625 33.95 0.034 0.549 0.076
125 0.047 4.54 0.164 0.431 0.100
(1,2,1) 250 0.034 8.31 0.130 0.411 0.314
Matrix 500 0.031 21.32 0.109 0.400 0.459
1000 0.035 57.72 0.105 0.484 0.116
2000 0.029 181.37 0.102 0.618 0.227
Biphenyl 966 0.0009 0.708 0.010 0.004 0.0009
Si0Sig 966 0.004 179.87 0.021 0.054 0.020
Zeolite ZSM-5 2053 0.004 16.98 0.0145 0.097 0.150

Table 6.4: Maximum Residual Norms = max; || T8; — A8;]|/ne||T)|
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Maximum Dot Product

Matrix Matrix | LAPACK | EISPACK | LAPACK | LAPACK | Algorithm

Type Size INVIT INVIT D&C QR Y
125 0.056 0.272 0.096 0.204 0.067
Uniform 250 0.046 0.220 0.032 0.108 0.120
Distribution 500 0.024 0.216 0.018 0.068 0.085
(¢ apart) 1000 0.023 0.257 0.017 0.045 0.084
2000 0.017 0.260 0.010 0.032 0.073
125 0.056 0.200 0.064 0.136 0.091
Uniform 250 0.044 0.196 0.060 0.108 0.108
Distribution 500 0.030 0.234 0.036 0.074 0.084
(/€ apart) 1000 0.022 0.217 0.047 0.059 0.159
2000 0.014 0.230 0.044 0.028 0.091
125 0.048 6.20 0.080 0.184 0.107
Uniform 250 0.049 25.48 0.056 0.106 0.062
Distribution 500 0.046 12.60 0.058 0.081 0.107
(eto 1) 1000 0.020 61.44 0.048 0.062 0.118
2000 0.015 0.242 0.046 0.047 0.170
Uniform 125 0.119 3.93 0.096 0.104 0.070
Distribution 250 0.106 8.23 0.052 0.076 0.114
(e to 1 with 500 0.132 12.67 0.044 0.105 0.132
random signs) 1000 0.028 17.67 0.047 0.060 0.140
2000 0.028 17.23 0.046 0.025 0.228
125 0.052 0.432 0.096 0.164 0.060
Geometric 250 0.066 0.308 0.054 0.104 0.050
Distribution 500 0.036 0.528 0.036 0.102 0.032
(eto 1) 1000 0.024 0.360 0.018 0.058 0.025
2000 0.017 0.330 0.014 0.052 0.020
Geometric 125 0.056 0.192 0.088 0.192 1.77
Distribution 250 0.036 0.248 0.054 0.144 0.731
(e to 1 with 500 0.035 0.246 0.042 0.140 0.337
random signs) 1000 0.022 0.244 0.022 0.066 0.330
2000 0.016 0.575 0.020 0.053 | 127499.0
125 0.105 6.03 0.096 0.184 0.839
250 0.095 13.63 0.050 0.112 0.337
Random 500 0.042 10.36 0.050 0.062 0.254
1000 0.044 26.16 0.031 0.112 0.415
2000 0.031 7.30 0.042 0.039 0.610

Table 6.5: Maximum Dot Products = max;,; |9]9;|/ne
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Maximum Dot Product

Matrix Matrix | LAPACK | EISPACK | LAPACK | LAPACK | Algorithm

Type Size INVIT INVIT D&C QR Y
125 0.052 0.829 0.056 0.160 0.008
Clustered 250 0.044 0.605 0.032 0.144 0.004
at ¢ 500 0.034 0.226 0.020 0.088 0.002
1000 0.022 0.626 0.008 0.067 0.0007
2000 0.021 2.78 0.005 0.048 0.0005
125 0.048 0.705 0.064 0.152 0.014
Clustered 250 0.032 0.455 0.044 0.120 0.008
at te 500 0.029 0.194 0.022 0.092 0.003
1000 0.032 14.94 0.024 0.082 0.168
2000 0.015 0.157 0.004 0.043 0.0005
125 0.048 1.26 0.044 0.064 0.008
Clustered 250 0.036 2.96 0.020 0.062 0.0008
at 1 500 0.023 0.738 0.012 0.052 0.003
1000 0.019 3.80 0.006 0.032 0.001
2000 0.015 | 17720798.0 0.003 0.034 0.0002
125 0.052 3.44 0.048 0.116 0.020
Clustered 250 0.032 14.94 0.024 0.082 0.020
at £1 500 0.022 625.94 0.016 0.068 0.027
1000 0.015 296.76 0.007 0.045 0.018
2000 0.016 63357.9 0.004 0.048 0.007
125 0.101 63.24 0.084 0.112 0.623
(1,2,1) 250 0.064 20.03 0.028 0.068 0.284
Matrix 500 0.036 15.52 0.030 0.044 0.308
1000 0.072 5.02 0.032 0.035 0.759
2000 0.084 1.13 0.027 0.044 0.662
Biphenyl 966 0.018 0.162 0.030 0.073 0.859
Si0Sig 966 0.012 70.86 0.033 0.070 0.698
Zeolite ZSM-5 2053 0.010 1.41 0.045 0.049 0.382

Table 6.6: Maximum Dot Products = max;z; |616;]/ne




150

invoking the ideas of Section 6.3, submatrices of very small size are needed by our new
algorithm to compute orthogonal eigenvectors. As a result, Algorithm Y takes as little
as 0.25 seconds to find all the eigenpairs of such a matrix of size 2000, while traditional
LAPACK inverse iteration takes 840 seconds. All our timing results confirm Algorithm Y to
be an O(n?) method. The new technique of finding the eigenvector of an isolated eigenvalue
by using twisted factorizations (see Chapter 3 for details) implies that our new algorithm is
faster even in cases that are favorable for EISPACK and LAPACK’s inverse iteration, i.e.,
matrices of type 4 and type 7.

We mentioned the uncertainty in implementing certain steps of Algorithm Y at
the beginning of this chapter. The reason is the lack of a complete theory behind multiple
representations. This uncertainty has led to some redundancy and less than satisfactory fixes
(such as a tolerance on the acceptable element growth) in our preliminary code which will
hopefully be eliminated in the near future. In addition, whenever we form a relatively robust
representation we need to recompute the locally small eigenvalues to high relative accuracy.
Thus, even though it is still an O(n?) process, our code slows down somewhat when it needs
to form many representations. Due to these reasons, the matrix with eigenvalues arranged
in geometric order from ¢ to 1 (with random signs) is the hardest one for Algorithm Y,
as evinced by the time needed and an occasionally larger than acceptable deviation from
orthogonality. In contrast, Algorithm Y performs very well on a similar type of matrix
where the eigenvalues are geometrically distributed from ¢ to 1 (without any random signs
attached to them). The upcoming Section 6.5 lists some possible algorithmic improvements
that should remove this discrepancy in performance on these similar types of matrices.
Tables 6.3-6.6 show that the residual norms and orthogonality of the eigenpairs computed
by our current implementation of Algorithm Y are generally, very good.

The divide and conquer method is the fastest among all the earlier algorithms and
on examples where eigenvalues are close, it outperforms our preliminary implementation of
Algorithm Y. This success is due to the deflation process, where an eigenpair of a submatrix
is found to be an acceptable eigenpair of the full matrix. However, in cases where the
eigenvalues are well-separated, the divide and conquer algorithm takes O(n®) time and is
slower than Algorithm Y. One major drawback of LAPACK D&C is its extra workspace
requirement of more than 2n? double precision words, which can be prohibitively excessive.
In fact, in the recent past, some people have turned to LAPACK INVIT instead of divide

and conquer to solve their large problems solely for this reason [6, 53, 52]. Of course,



151

workspace of only about 5-10 n double precision words is required by Algorithm Y, and
EISPACK and LAPACK INVIT.

The QR method is seen to uniformly take O(n®) time and is less sensitive to
the eigenvalue distribution. It is quite competitive with the other methods on matrices of
small size. Both the QR method and the divide and conquer algorithm produce accurate
eigenpairs, as seen from Tables 6.3, 6.4, 6.5 and 6.6.

We now discuss performance of the various algorithms on matrices that arise from
quantum chemistry applications. Table 6.2 shows that our Algorithm Y is the fastest
method for these matrices. In the results discussed above, the matrices were characterized
by their eigenvalue distributions. In Figures 6.1, 6.2 and 6.3, we did give the eigenvalues of
the three matrices under consideration. However, the quantities of interest are the absolute
and relative gaps between the eigenvalues. The left halves of Figures 6.4, 6.5 and 6.6 plot
the logarithms of absolute gaps, i.e.,

absgap(s min( A1 — Aj, Ay — Ai_
oo HTH()) = logy (P 7l 7). (6:4.5)

while the right halves plot the relative gaps on a logarithmic scale, i.e.,

. min /\i - /\Z', /\i — /\i—
logq (relgap(i)) = 10g10< Qits I\ 1))

(6.4.6)

Recall that in (6.4.5) and (6.4.6), the eigenvalues are arranged in ascending order.

From Figure 6.4, we see that almost all the absolute gaps for the biphenyl matrix
are less than 1073||T'|| and consequently, both LAPACK and EISPACK INVIT spend O(n?)
time on this matrix of order 966. Most of the eigenvalues, however, agree in less than 3
leading digits and as a result, Algorithm Y is about 10 times faster than LAPACK INVIT.
This translates to a 3-fold increase in speed of the total dense symmetric eigenproblem.
Similar behavior is observed in the SiOSig matrix. We see a different distribution in the
Zeolite example where the relative gaps are similar to the absolute gaps. Despite the need
to form many representations, we observe that Algorithm Y is still faster than the earlier
methods.

We have also implemented a parallel variant of Algorithm Y in collaboration with
computational chemists at Pacific Northwest National Laboratories (PNNL). This will re-
place the earlier tridiagonal eigensolver based on inverse iteration that was part of the
PelGS version 2.0 library [52]. Our new method is more easily parallelized, and coupled

with its lower operation count, offers an even bigger computational advantage on a parallel
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Figure 6.5: Absolute and Relative Figenvalue Gaps for Si0Sig

computer. For example, on the biphenly matrix our new parallel implementation is 100
times faster on a 128 processor IBM SP2 machine. More performance results are given

in [39].

6.5 Future Enhancements to Algorithm Y

We now list various ways in which our current implementation of Algorithm Y

may be improved.

Multiple Representations. We would like to complete the relative perturbation theory
for factorizations of indefinite matrices. Some preliminary results and conjectures
were presented in Chapter 5. We plan to investigate using twisted factorizations as

relatively robust representations. We believe that completing this theory will lead to
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a more elegant and efficient implementation.

Choice of Base Representation. In both Algorithms X and Y, the first step is to form a

base representation by translating the matrix and making it positive definite. We do so
because of the well known relative perturbation properties of the resulting bidiagonal
Cholesky factor. However, we could instead form a relatively robust factorization of
an indefinite matrix. As seen from the RRR trees in Figures 5.1 and 5.2, a judicious
choice of the base representation may save us from forming multiple representations
and hence, result in greater speed. For example, by forming a base representation near
zero, we may be able to substantially reduce the amount of time spent by Algorithm Y
on matrices with eigenvalues that are geometrically distributed from ¢ to 1 (with
random signs). In the near future, we hope to incorporate a measure of “goodness”
with each shift at which we can form a relatively robust representation, and start with

the “best” possible base representation.

Exploiting sparse eigenvectors. As seen in Figure 4.6, a majority of the entries in an

eigenvector may be negligible (this figure actually plots an eigenvector of the biphenyl
matrix). We can make our implementation more efficient by setting these negligible
entries to zero, in an a priori manner. In fact, the submatrix ideas of Section 6.3 do
produce sparse eigenvectors for clusters, and can greatly reduce the amount of work
needed as seen in the previous section. FEven isolated eigenvalues can have sparse
eigenvectors, and we intend to exploit this sparsity and also push the submatrix ideas

further to get a more efficient code. We believe that by doing so, we can get an
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algorithm that is uniformly faster than the divide & conquer method.

Exploiting Level-2 BLAS-like operations. Different eigenvectors are computed inde-
pendently of each other by Algorithm Y. By computing multiple eigenvectors at the
same time, we would be able to vectorize the arithmetic operations, and exploit mul-
tiple functional units in modern computer architectures such as the IBM RS/6000
processor. Such a strategy has been adopted to speed up the LAPACK implementa-
tion of bisection on some computer architectures [107, 1]. We say that such a strategy
leads to a level-2 BLAS-like operation since it involves a quadratic amount of data

and a quadratic amount of work [67].

We hope to resolve the above mentioned algorithmic enhancements in the near fu-
ture. These should result in Algorithm 7, and be included in future releases of LAPACK [1]
and and ScalLAPACK [22].

Finally, we remind the reader that the timing and accuracy results presented in
this chapter must be considered to be transitory. Future improvements could lead to further
increase in speed of our new O(n?) algorithm. All the earlier algorithms to which we compare
our new methods have been researched for more than 15 years, and we ask the kind reader
for some patience as we try to produce an algorithm that is provably correct in floating

point arithmetic while simultaneously being (i) O(n?) and (ii) embarrassingly parallel.
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Chapter 7

Conclusions

In this thesis, we have shown how to compute numerically orthogonal approxi-
mations to eigenvectors without resorting to any reorthogonalization technique such as the
Gram-Schmidt process. Consequently, our new algorithm can compute orthogonal eigen-
vectors in O(n?) time. The individual eigenvectors are computed independently of each
other which is well-suited for parallel computation. Moreover, our algorithm can deliver
any subset of the eigenvalues and eigenvectors at a cost of O(n) operations per eigenpair.

We now discuss some of the guiding principles behind the advances mentioned
above. We feel that these principles are general in the sense that they could be applied to
other numerical procedures. In the following, we list these principles and show how we have

applied them to get a faster O(n?) solution to the tridiagonal eigenproblem.

Do not try to compute a quantity that is not well-determined. When eigenvalues
are close, individual eigenvectors are extremely sensitive to small changes in the ma-
trix entries. On the other hand, the invariant subspace corresponding to these close
eigenvalues is well-determined and any orthogonal basis of this subspace will suffice
as approximate eigenvectors. Farlier EISPACK and LAPACK software attempt to
compute such a (non-unique) basis by explicit orthogonalization and hence, can take
O(n®) time. However, as explained in Chapter 5, we have been able to find alter-
nate representations of the initial matrix so that the refined eigenvalues are no longer
“close” and the corresponding eigenvectors are now well-determined. These new rep-
resentations allow us to identify a robust orthogonal basis of the desired subspace and
hence, compute it cheaply. Another major advance in our methods comes by recog-

nizing that the bidiagonal factors of a tridiagonal determine the desired quantities
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much “better” than its diagonal and off-diagonal entries.

Exploiting transformations for which the solution is invariant. Eigenvalues of a ma-
trix A are invariant under the similarity transformations $~'AS, and change in a sim-
ple way under affine transformations of the form oA + 3, a # 0. Several methods such
as the QR, LR and qd algorithms take advantage of such transformations. Eigenvec-
tors of A are easily seen to be invariant under any affine transformation. We exploit
this property to great advantage by obtaining various representations of the given

problem, each of which is “better” suited for computing a subset of the spectrum.

Finding “good” representations. We need to make sure that the above transformations
do not affect the accuracy of the desired quantities. Thus to produce eigenpairs that
have small residual norms, as specified in (1.1.1), we need to avoid large element

growths in forming the intermediate factorizations
T—pul = LDLT. (7.0.1)
See Chapter 5 for details.

High Accuracy in key computations can lead to speed. The main reason for form-
ing multiple representations, as in (7.0.1), is to avoid Gram-Schmidt like methods in
computing orthogonal approximations to the eigenvectors. Our faster O(n?) scheme
becomes possible only because the intermediate representations determine their small
eigenvalues to high relative accuracy. We can then compute these small eigenvalues
to full relative accuracy and use these highly accurate eigenvalues to compute eigen-
vectors. The resulting eigenvectors we compute are “faithful” and orthogonal as a
consequence. In numerical methods, there is generally believed to be a trade-off be-
tween speed and accuracy, i.e., higher accuracy can be achieved only at the expense
of computing time. However, we have demonstrated that high accuracy in the right

places can actually speed up the computation.

7.1 Future Work

In Section 6.5, we mentioned further enhancements to Algorithm Y which we
intend to incorporate in the near future. Here we see how some of our ideas may be applied

to other problems in numerical linear algebra.
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Perfect Shifts. In Section 3.5.1 we showed how to effectively use the perfect shift strategy
in a QR-like algorithm. This new scheme enables us to use “ultimate” or “perfect”
shifts as envisaged by Parlett in [110]. It also solves the problem of immediately
deflating a known eigenpair from a symmetric matrix by deleting one of its rows and
columns. We intend to substantiate these claims with numerical experiments in the

near future [41].

Non-symmetric Eigenproblem. Since Algorithm Y does not invoke any Gram-Schmidt
like process, it does not explicitly try to compute eigenvectors that are orthogonal.
Orthogonality is a result of the matrix being symmetric. We believe that many of
our ideas can be applied to the non-symmetric eigenproblem in order to obtain the

“best-conditioned” eigenvectors.

Lanczos Algorithm. The method proposed by Lanczos in 1952 [97], after many modi-
fications to account for roundoff [125, 110, 126], has become the champion among
algorithms to find some of the extreme eigenvalues of a sparse symmetric matrix. It
proceeds by incrementally forming, one row and column at a time, a tridiagonal ma-
trix that is similar to the sparse matrix. We would like to investigate if there are any
benefits in using the LDLT decomposition of this tridiagonal or its translates. The
sparsity of the eigenvectors of the tridiagonal, see Figure 4.6 for an example, may also
be exploited in reducing the amount of work in the selective orthogonalization phase.

See [125] for details on the latter phase.

Rank-Revealing Factorizations. The twisted factorizations introduced in Section 3.1
enable us to accurately compute a null vector of a nearly singular tridiagonal matrix.
The particular twisted factorization used is successful because it transparently reveals
the near singularity of the tridiagonal. As discussed in Section 3.6, twisted factoriza-
tions can also be formed for denser matrices. A nice property is that they tend to
preserve the sparsity pattern of the matrix. Coupled with their rank-revealing prop-
erties, twisted factorizations may become an invaluable computational tool in banded

(sparse) matrix computations.
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Case Studies

The following case studies present examples that illustrate several important as-
pects of finding eigenvectors of a symmetric tridiagonal matrix. Much of the upcoming
material appears in the main text of this thesis. However, we feel that these examples
offer great insight to the problem under scrutiny, and so we have chosen to present them
in greater detail now. The raw numbers given in the examples may also reveal more than
what we have been able to extract! We have tried to make these case studies independent
of the main text so the reader should be able to follow them without having to read the
whole thesis. Of course, for more theoretical details the reader should read the main text.

All the analytical expressions in the examples to follow were obtained by using the

symbol manipulators, Maple [21] and Mathematica [137].
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Case Study A

The need for accurate eigenvalues

This example demonstrates the need for high accuracy in the computed eigenval-

ues in order for inverse iteration to succeed. We will show how LAPACK and EISPACK

implementations fail in the absence of such accuracy. Let

1 e 0
T=|c Te/d cf4 (A.0.1)
0 /4 3e¢/4
where ¢ < 1 and is of the order of the machine precision. The eigenvalues of T are :
Moo= /24 0(eY),
Ay = e+ 0(e?),
Az = 1+e+0(h.

Let vy, vq, v3 denote the corresponding eigenvectors with || - || = 1.
—VE[2 4 0(%/?) —\/e]2+4 0(7?) 1—¢/2+0(%)
n= | FIHDFOE) = | -0 =] VELOED)
71+ 5)+0() L5014+ %)+ 0(e?) 2[4+ O(e?)

Typically eigenvalues of a symmetric tridiagonal can be computed only to a guar-
anteed accuracy of O(¢||T||). The eigenvalues of T" as computed by MATLAB’s eig function,
that uses the QR algorithm, are
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The first eigenvector may be computed as
n=(T- ;\11)_151

where by = & vy + v 4 E3vs, 7+ &5 + &5 =1, and &, # 0.
In exact arithmetic,

Méﬂfr+M%Xff+&%Xl
= &A (v2+£—1/\2_/:\1v1 5—3/\2_%1113)
A2 — Ay £20 — M £25— M\

_ a%ﬂm+0@m+owng

provided (&1/&;) and (€3/&2) are O(1). Due to the inevitable roundoff errors in finite preci-

n = U3

sion, the best we can hope to compute is

. 1

o= m (v2 + O(e)vy + O(e)vs) .

This vector is normalized to remove the 1/0(e?) factor and give #;. The second eigenvector
may be computed as

Y2 = (T — XQI)_le.

Since ;\2 = ;\1, the computed value of y; is almost parallel to 9; (assuming that by has a

non-negligible component in the direction of vy), i.e.,

Y2 = 0(152) (v2 + O(e)v1 + O(e)vs).

Since Ay and A, are coincident, typical implementations of inverse iteration orthogonalize
the vectors 91 and g by the modified Gram-Schmidt(MGS) method in an attempt to reveal

the second eigenvector :
z = o= (3 01)i
1
= 2 (O(e)vy + O(e)vy + O(e)v3)
by = z/[l=]].
As we see above, the resulting vector 95 is far from being orthogonal to 7. A second step of

MGS as recommended in [110, pgs.105-109] does not remedy the situation. Although the

second step may remove the unwanted component of ¢; from 95, the undesirable component
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of v will remain (remember that Ay and A3 are well separated and most implementations
will never explicitly orthogonalize 93 and 93). Some implementations may repeat the above
process of inverse iteration followed by one or two steps of MGS in order to compute the
second eigenvector. However the same sort of computations as described above are repeated
and iterating does not satisfactorily solve the problem.

We now exhibit the above behavior by giving a numerical example. Set ¢ to
the machine precision (& 2.2 x 1071% in IEEE double precision arithmetic) in the matrix
of (A.0.1).

The EISPACK implementation TINVIT does a step of inverse iteration followed by
MGS and repeats this until convergence. See figure 2.3 and [118] for more details. Given
the computed eigenvalues as A= g, Ay = e(l4¢) and As =1+ e, TINVIT computes the

first eigenvector as :
—1.05-107%

v = 0.707
0.707

Note that here we chose A, to be a floating point number just bigger than A1 to prevent TIN-
vIT from perturbing Ay by ¢||7||. The computation of the second eigenvector is summarized

in the following table :

Step 1
Before MGS | After MGS

—1.05-107% | 8.34-107°
Iterate (y) 0.707 —0.738
0.707 0.674
yl iy 1.000 0.0452

yL s 5.8-1072° | 2.7-107°

TINVIT accepts the above iterate as having converged and hence the eigenvectors
output are such that 4 4, = 0.0452 and 4 53 = 2.7-107°! Due to the unwanted component
of b3, the residual norm ||(T — AyI)dy|| = 2.7-1079. All the other residual norms are
O(|IT1]).

The LAPACK implementation DSTEIN performs two additional iterations after

detecting convergence(see figure 2.4 and [87]). As in TINVIT, the first eigenvector is com-

puted accurately by DsSTEIN. The iterations for the computation of the second eigenvector
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Step 1 2 3
Before MGS | After MGS | Before MGS | After MGS | Before MGS | After MGS
1.05-107% | 1.04-107% | 1.05-10=% | 1.05-10=% | 1.05-10% | 1.05-107%
Iterate —0.707 —0.697 —0.707 —0.7069 —0.707 —0.707108
() —0.707 0.716 —0.707 0.7073 —0.707 0.707105
|yT131| 1.000 0.0014 1.000 3.0-107% 1.000 1.9-107°
|yT1}3| 3.9-107% 4.1-10~11 5.8-1072%° 2.9.1071 2.2.107% 1.1-10713

Thus the eigenvectors output by DSTEIN are such that

15 =1.9-1075,

3005 = 1.1-10713 and [|(T — Aol )by

Some implementations such as the PelGS software library [52, 54] perform two

|=1.1-10713,

steps of the MGS process after every inverse iteration step. To exhibit that this may also
not be satisfactory, we modified TINVIT to perform two MGS steps. The following tabulates

the iteration in computing the second eigenvector.

Step 1
Before MGS | After 1st MGS | After 2nd MGS
1.05-107% 8.34-1077 -7.9-107°
Iterate (y) 0.707 —0.738 —0.70710678118
0.707 0.674 0.70710678118
yL oy 1.000 0.0452 6.6-10~16
yl s 5.8-1072° 2.7-107° 2.7-107°

Hence even though the vectors 7 and ¥y are numerically orthogonal, 7, contains an un-

| =2.7-10°.

wanted component of 03. As a result ||(1 — ;\2)?}2
Note that the above problems occur because the eigenvalues are not accurate
enough. Current inverse iteration implementations do not detect such inaccuracies.
Figenvalues of the matrix in (A.0.1) may be computed to high relative accuracy
by the bisection algorithm. If such eigenvalues are input to TINVIT or DSTEIN, the com-
puted eigenvectors are found to be numerically orthogonal. In fact, even if no explicit
orthogonalization is done inside TINVIT and DSTEIN, the eigenvectors output turn out to

be numerically orthogonal. We will investigate this phenomenon in Case Study B.
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Case Study B

Bidiagonals are Better

The purpose of this case study is to show that a tridiagonal matrix is “better”
represented by a product of bidiagonal matrices for the task of computing eigenvalues and
eigenvectors.

When any numerical algorithm is implemented on a computer, roundoff error needs
to be accounted for, and it is good practice to show that calculations are not destroyed by
the limited precision of the arithmetic operations. Wilkinson made popular the art of
backward error analysis, whereby the computed solution is shown (if possible) to be the
exact solution corresponding to data that is slightly different from the input data [135].
When combined with knowledge about the sensitivity of the solution to small changes in
the data, this approach enables us to prove the accuracy of various numerical procedures.

A real, symmetric tridiagonal matrix T is traditionally represented by its n di-
agonal and n — 1 off-diagonal elements. Some highly accurate algorithms for finding the
eigenvalues of T', such as bisection, can be shown to find an exact eigenpair of T'+ 67, where
the perturbation é7 is a small relative perturbation in only the off-diagonals of T. In this
Case Study, by examining the effect of such perturbations on the spectrum of 7', we show
that for our purposes it is better to represent a tridiagonal matrix by its bidiagonal factors.

First, we examine the matrix we encountered in Case Study A earlier, and observe
that it does have the perturbation properties we desire. However not all tridiagonals share

this property and we will illustrate this with another matrix.
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Consider the matrix 77 and a small perturbation :

1 Ve 0 1 VE(L+¢) 0
Ty= | e T¢/4 /4 |, Ti+6Ti =] Je(l+¢) Te/4 e(14¢)/4 | (B.0.1)
0 /4 3e/4 0 e(l+e)/4 3e/4

where ¢ is of the order of the machine precision. The eigenvalues of Ty are
M=¢/2-%/440(%), Ag=ec—c2/2+0(), A3=14+¢c+0(c?),

and those of T} + 671} are

M+ A =¢/2 3622+ 0(%), Aa+6dg = — 52 /4+ 0(”), A3 +8X3 = 1 + ¢+ O(e?).

The eigenvector matrix of T3 is

V24 0(7) =24 0(7) 1-¢/240(?)
V=] S51+5+0(E)  H0-F)+0(E)  VE+0(E?) |

2
-1+ F)+0(e?) Js(1+ F)+0(e%) 2[4+ 0(?)

while the perturbed matrix Ty + 671 has the eigenvectors

—VE240(7%)  —\E[24+0(?) 1-¢/240(?)
VHoV=| (1+5)+0(%)  H(1-1)+0(?) e+ 0(?)
1+ +0(?) 51+ 55+ 0(e?) /44 0(e72)

From the above expressions, it is easy to see that [0A;|/|A;| = O(e) and |6V;;|/|Vi;] = O(e)
for¢,7 = 1,2, 3. Hence, the small relative perturbations in the off-diagonals of T} cause small
relative changes in the eigenvalues and small relative changes in the eigenvector components.
The eigenvalues of such a matrix may be computed to high relative accuracy by the bisection
algorithm. It turns out that the high accuracy of these eigenvalues obviates the need to
orthogonalize in implementations of inverse iteration. Indeed, we modified the LAPACK
and EISPACK implementations of inverse iteration (DsTEIN and TINVIT respectively) by
turning off all orthogonalization, and found the computed eigenvectors to be numerically
orthogonal. Note that orthogonality is achieved despite the fact that Ay and Ay are quite
close together!

The theory developed in [37] does predict that the eigenvalues of matrix T3 given
in (B.0.1) are determined to high relative accuracy with respect to small relative perturba-

tions in the off-diagonal elements. However there are tridiagonals that behave differently.
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To demonstrate this, we consider the tridiagonals :

11—/ e/ /T=Te/4 0
To=| V48/T=Te/4  Je+T7¢/4  e/4 |,

0 e/4 3e/4

1—e VAT =Te[4(1 4 ¢) 0
Ty + 6Ty = | /4 /T=Te/4(1 +¢) VE+ Te/4 e(1+¢)/4
0 e(l+4¢)/4 3e/4

The eigenvalues of T, are
M=e/2+2840(e%), Ay=e—e*2/84+0(e?), As=1+4¢+0(e?),
while those of the perturbed matrix T3 + 615 are
A +60 = /272 /84 O(e2), Mg+ 6ry = e =92 /8+ 0(e?), A3+ 6A3 = 14+e+0(c?).

The eigenvectors of T; are given by

VI 0 = 5+ )+ 0(7) 1= E2+40(e)
V| —H0-5)40() HU-5)+0(s)  0+5)+ 0 |
-3+ 0 ZH1+H) 107 S +4) + 0"

and the eigenvectors of Ty 4+ 675 are
VU 1 0() — [50-2E)+ 0(%Y) 1= E/240(e)
VeV = | —L(1+25)10(:)  LO-25)+0() eV 1+5)+ 0
o514 =
1-2VE)+0(s)  H(1+2VE)+0(e)  Sp(14%) + 0/

Note that from the above expressions, we see that

80; /N1 = O(Ve
Ve

|0Vi;/Vi;l = O(e) for i=1,2,3 and j=1,2.

Thus T5 does not determine its eigenvalues and eigenvector components to high
relative accuracy and consequently, it is unlikely that we would be able to compute nu-
merically orthogonal eigenvectors by inverse iteration without taking recourse to explicit
orthogonalization. To confirm this, we repeated the experiment of turning off all orthogonal-

ization in DSTEIN and TINVIT but found the computed “eigenvectors” to have dot products
as large as O(\/¢).
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However, there is a way out of this impasse. Since T3 is positive definite, we can

form its Cholesky decomposition,

T, = LIT.

Due to the tridiagonal form of T3, the Cholesky factor L is bidiagonal. It is now known
that small relative changes to the entries of a bidiagonal matrix cause small relative changes
to its singular values, and small changes in the directions of the singular vectors if the
relative gaps between the singular values are large. Note that the eigenvalues of T5 are the
squares of the singular values of I while its eigenvectors are the left singular vectors of L.
This property of bidiagonal matrices gives us an impetus to produce algorithms where the
backward errors may be posed as small relative changes in L rather than in 7. By doing
so we can eliminate the need for orthogonalization when finding eigenvectors of T3 since its
eigenvalues are relatively far apart. We have accomplished this task in Chapter 4.

The observant reader will notice that both T and T3 are positive definite and thus
admit Cholesky decomposition. What can we do if the tridiagonal is indefinite? In such
a case, we could turn to the LU decomposition of the tridiagonal. However, the relative
perturbation theory in the indefinite case has not been extensively studied and is not well

understood. We attempt to answer some questions in Chapter 5.
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Case Study C

Multiple representations lead to

orthogonality

In Chapter 4, we showed how to compute orthogonal approximations to eigenvec-
tors of a positive definite tridiagonal when the eigenvalues are separated by large relative
gaps. For example, for the eigenvalues ¢ and 2, we are able to compute orthogonal eigen-
vectors without resorting to Gram-Schmidt (see Chapter 4 for more details).

However, eigenvalues 14 /¢ and 14 2,/¢ have a relative gap of O(y/¢) and the
methods of Chapter 4 can only guarantee that the dot product of the approximate eigen-
vectors is O(1/2).

In this section, we present examples to demonstrate ways of obtaining orthogonal-

ity even when relative gaps appear to be tiny. Consider the matrix

.520000005885958 .519230209355285
.519230209355285 .589792290767499 .36719192898916
.36719192898916 1.89020772569828 2.7632618547882- 108
2.7632618547882 - 108 1.00000002235174

Ty =

with eigenvalues
Mre, arl+ve, Marx142ve, M=x20, (C.0.1)

where ¢ ~ 2.2 x 10716 (all our results are in IEEE double precision arithmetic).
Standard methods can compute approximate eigenvectors of Ay and A4 that are

orthogonal to working accuracy. Algorithm X of Section 4.4.3 computes the following
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approximations to the interior eigenvectors

.5000000027411224 —.5000000074616407

B .4622227318424748 . —.4622227505556183
2= —.1906571623774349 | = .1906571293895208
.7071067740172921 .7071067673414712

but |7 o3

= O(4/¢). By standard perturbation theory, the subspace spanned by vy and v
is not very sensitive to small changes in Ty and thus, 9, and 93 are orthogonal to the
eigenvectors v; and vy. However, the individual eigenvectors v, and w3 are more sensitive
and the O(y/¢) dot products are a consequence.

In spite of the above observation, we can ask ourselves if it is possible to obtain
orthogonal 99 and 93 without resorting to Gram-Schmidt. A natural approach is to try and
extend the ideas of Chapter 4 which enable us to compute orthogonal eigenvectors even

when eigenvalues are as close as ¢ and 2¢. We make two crucial observations

1. Figenvectors are shift invariant, i.e.,

Eigenvectors of T = FEigenvectors of T — pl, for all pu.

2. Relative gaps can be changed by shifting, i.e.,
velgap(\is Aip1) # relgap(Ai — i, Aiss — p)-

For example, the interior eigenvalues of Ty — I are y/¢ and 2./¢, and these shifted
eigenvalues now have a large relative gap! As we did for the positive definite case, we
can find bidiagonal factors of the indefinite matrix Ty — /. However, unlike the positive
definite case there is no guarantee that these bidiagonal factors will determine their small
eigenvalues to high relative accuracy.

A distinguishing feature of factoring a positive definite matrix is the absence of
any element growth. When we factor an indefinite matrix, the near singularity of principal
submatrices can cause large element growths. However, in many cases we will be able to
form the L, U factors of a tridiagonal matrix without any element growth.

When we proceed to find the decomposition

To —pl = LoDolLt, (C.0.2)



179

where pp = 1, we get the following elements on the diagonal of Dy and off-diagonal of L.

—.4799999941140420
—1.081729616088125
) .1514589857947483 .
diag(Dg) = , diag(Lg, —1) = 2.424365428451800
3.074504323352656 - 10~7
.08987666186707277

1.986821250068485 - 108

We observe that there is no element growth in forming this decomposition. In particular,

1/2

Doli, i) = 1. (€.0.3)

TO(iv Z) —H
Note that the element growth always equals 1 when factoring a positive definite tridiagonal

(see Lemma 4.4.1).

Flement Growth def max‘

We say that the decomposition C.0.2 is a new representation of T (based) at
p = 1. We can now compute the interior eigenvalues of LoDoL{ accurately by the bisection
algorithm using any of the differential qd-like transformations given in Section 4.4.1 as the

inner loop. These “refined” eigenvalues are
§\y = 1.4901161182018- 102 ~ /2, and A3 = 2.9802322498846- 10~° ~ 2\/=.

The relative gap between §\y and 8)5 is large and so we can attempt to compute the
eigenvectors of LoDoL{ corresponding to these eigenvalues. By employing methods similar

to those given in Chapter 4 (more specifically, Step (4d) of Algorithm X), we find

.4999999955491866 .4999999997942006
. 4622227251939223 . 4622227434674882
Vo = Va =
: —.1906571596350473 |’ ’ —.1906571264658161
.7071067841882251 —.7071067781848689
Miraculously the above vectors are orthogonal to working accuracy with |93 d3| = 2¢! As

before, 3 and o3 are orthogonal to »; and vg. On further reflection, we realize that the
success of the above approach is due to the relative robustness of the representation obtained
by (C.0.2). We say that a representation is relatively robust if it determines all its eigenvalues
to high relative accuracy with respect to small relative changes in the individual entries of
the representation.

As opposed to the case of bidiagonal Cholesky factors, there is no existing theory
to show that factors of an indefinite tridiagonal are relatively robust. Indeed bidiagonal

factors of an indefinite T'— puI may be far from being relatively robust (see Example 5.2.3).
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However, we suspect a strong correlation between the lack of element growth and relative
robustness. We now present some evidence in support of this conjecture.

In Section 5.2, we introduced relative condition numbers k..(A;) for each eigen-
value A; of an LDLT representation, These condition numbers indicate the relative change

in an eigenvalue due to small relative perturbations in entries of L and D. We define

Fra(LDLT) % max (M), (C.0.4)
Note that if s( LDLT) = O(1) then LDLT determines all its eigenvalues to high relative ac-
curacy. In some cases, an LD LT representation may determine only a few of its eigenvalues
to high relative accuracy.

In Figure C.1, we have plotted the element growths and the relative condition
numbers, as defined by (C.0.3)) and (C.0.4) (see also (5.2.8)) respectively, for representations
of Ty (based) at various shifts. The X-axis plots the shifts ¢ of (C.0.2), while the Y-axis
plots the element growths (represented by the green circles o) and relative condition numbers
(represented by the red pluses 4) on a logarithmic scale. We have taken extra data points
near Ritz values (eigenvalues of proper leading submatrices), and eigenvalues of T since
we may fear large element growths close to these singularities. The eigenvalues of Ty are
indicated by the solid vertical lines, while the Ritz values are indicated by the dotted vertical
lines.

In Figure C.1, we see that whenever the element growth is O(1) the representa-
tion is relatively robust. In particular, relatively robust representations exist near all the
eigenvalues. Earlier, we observed no element growth at 4 = 1. The enlarged picture in
Figure C.2 shows that there are many other relatively robust representations near Ay and
As. However, there are large element growths near the mid-point of these eigenvalues. From
Figure C.1, we also observe that representations based or anchored near the Ritz values of
Ty are not relatively robust.

To see a slightly different behavior, we examine another matrix with identical

spectrum (as in (C.0.1)),

1.00000001117587 .707106781186547
.707106781186547 .999999977648258 .707106781186546
.707106781186546 1.00000003352761 1.05367121277235 - 10~8
1.05367121277235 - 10~8 1.00000002235174

T, =

Here also, in order to compute orthogonal approximations to v, and vs we can
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Figure C.1: The strong correlation between element growth and relative robustness
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Figure C.2: Blow up of earlier figure : X-axis ranges from 14+ 1078 to 1+ 3.5 x 1078
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Figure C.3: Relative condition numbers (in the figure to the right, X-axis ranges from
1+107% to 1+ 3.5 x 1078)

attempt to form the representation
Ty —1 = LD LT (C.0.5)

However,

1.117587089538574 - 103
- 6.327084877781628 - 107
, —4.473924266666669 - 10 ,
diag(Dy) = . diag(Ly,—1) = | —1.580506693551128 - 103
4.470348380358755 - 103
2357022791274500

1.986821493746602 - 10=8

and since 77(2,2) — 1 = —2.24 - 1078, the element growth is ~ 10%! Due to this large
element growth, we may suspect that this representation is not relatively robust. Indeed,
k(L1 D1LT) ~ 4.5-107. To see if there are any good representations near 1, we again plot
the element growths and relative condition numbers on the Y-axis against the shifts on the
X-axis. Figure C.3 suggests that there are no good representations near Ay and As (the
reader should contrast this with Figures C.1 and C.2, especially the blow ups).

However, there is no cause for alarm. Remember that we are interested in getting
a “good” representation near Ay and As in order to compute the corresponding eigenvectors.
Figure C.3 indicates that there is no representation at these shifts that is relatively robust

for all eigenvalues. However, all we desire of this representation is that it determine its two
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smallest eigenvalues to high relative accuracy. Indeed, we discover that despite the large
element growths, the relative condition numbers k,.;(Az) and k,.(A3) for the representations
close to Ay and A are O(1), i.e., the representations near 1 do determine their two smallest
etgenvalues to high relative accuracy. Thus, just as before, we can compute 93 and o3 from

the representation based at 1, and get

.4999999981373546 —.5000000018626457

. 2.634178061370114 - 10~° . —1.317089024797209 - 10~®

Vg = 5 V3 = 5 (006)
—.4999999981373549 .5000000018626453
7071067838207259 7071067785523688

where |5d 93| < 3e!

We have observed numerical behavior similar to Ty and 77 in many larger matrices.
The more common case shows no element growth for shifts near the eigenvalues, whereas
large element growths, as in the case of Tj, occur rarely. The study of relative condition

numbers of individual eigenvalues, especially the tiny ones, is pursued in Chapter 5.



