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Chapter 1

Introduction

Research on dynamical and hybrid systems has produced several methods for verification and con-
troller synthesis. A common step in these methods is the reachability analysis of the system. Reach-
ability analysis is concerned with the computation of the reach set in a way that can effectively meet
requests like the following:

1. For a given target set and time, determine whether the reach set and the target set have
nonempty intersection.

2. For specified reachable state and time, find a feasible initial condition and control that steers
the system from this initial condition to the given reachable state in given time.

3. Graphically display the projection of the reach set onto any specified two- or three-dimensional
subspace.

Except for very specific classes of systems, exact computation of reach sets is not possible, and
approximation techniques are needed. For controlled linear systems with convex bounds on the
control and initial conditions, the efficiency and accuracy of these techniques depend on how they
represent convex sets and how well they perform the operations of unions, intersections, geometric
(Minkowski) sums and differences of convex sets. Two basic objects are used as convex approxima-
tions: polytopes of various types, including general polytopes, zonotopes, parallelotopes, rectangular
polytopes; and ellipsoids.

Reachability analysis for general polytopes is implemented in the Multi Parametric Toolbox (MPT)
for Matlab [12, 13]. The reach set at every time step is computed as the geometric sum of two
polytopes. The procedure consists in finding the vertices of the resulting polytope and calculating
their convex hull. MPT’s convex hull algorithm is based on the Double Description method [28]
and implemented in the CDD/CDD+ package [29]. Its complexity is V™, where V' is the number of
vertices and n is the state space dimension. Hence the use of MPT is practicable for low dimensional
systems. But even in low dimensional systems the number of vertices in the reach set polytope can
grow very large with the number of time steps. For example, consider the system,

Tp1 = Azp + ug,



cosl —sinl
sinl cosl
with a rectangular initial set, the number of vertices of the reach set polytope is 4k + 4 at the kth
step.

with A = { }, up € {u € R? | |Jullso <1}, and 20 € {z € R? | ||z]s < 1}. Starting

In d/dt [23], the reach set is approximated by unions of rectangular polytopes [22]. The algorithm

(b)

Figure 1.1: Reach set approximation by union of rectangles. Source: adapted from [22].

works as follows. First, given the set of initial conditions defined as a polytope, the evolution in
time of the polytope’s extreme points is computed (figure 1.1(a)). R(¢;) in figure 1.1(a) is the reach
set of the system at time ¢1, and R][to, t1] is the set of all points that can be reached during [tg,¢1].
Second, the algorithm computes the convex hull of vertices of both, the initial polytope and R(t1)
(figure 1.1(b)). The resulting polytope is then bloated to include all the reachable states in [to, t1]
(figure 1.1(c)). Finally, this overapproximating polytope is in its turn overapproximated by the
union of rectangles (figure 1.1(d)). The same procedure is repeated for the next time interval [ty, to],
and the union of both rectangular approximations is taken (figure 1.1(e,f)), and so on. Rectangular
polytopes are easy to represent and the number of facets grows linearly with dimension, but a large
number of rectangles must be used to assure the approximation is not overly conservative. Besides,
the important part of this method is again the convex hull calculation whose implementation relies
on the same CDD/CDD+ library. This limits the dimension of the system and time interval for
which it is feasible to calculate the reach set.

Polytopes can give arbitrarily close approximations to any convex set, but the number of vertices
can grow prohibitively large and, as shown in [30], the computation of a polytope by its convex hull
becomes intractable for large number of vertices in high dimensions.

The method of zonotopes for approximation of reach sets [24, 25, 26] uses a special class of polytopes
(see [27]) of the form,

p
Z:{a:ER”|:U=c+Zaigi, —1<a; <1},
i=1



wherein ¢ and ¢, ..., gp are vectors in R". Thus, a zonotope Z is represented by its center ¢ and
‘generator’ vectors g1, ..., gp. The value p/n is called the order of the zonotope. The main benefit of
zonotopes over general polytopes is that a symmetric polytope can be represented more compactly
than a general polytope. The geometric sum of two zonotopes is a zonotope:

Z(Cl,Gl) b Z(C27G2) = Z(Cl + co, [G1 GQ]),

wherein G; and G5 are matrices whose columns are generator vectors, and [G G»] is their concatena-
tion. Thus, in the reach set computation, the order of the zonotope increases by p/n with every time
step. This difficulty can be averted by limiting the number of generator vectors, and overapprox-
imating zonotopes whose number of generator vectors exceeds the limit by lower order zonotopes.
The benefits of the compact zonotype representation, however, appear to diminish because in order
to plot them or check if they intersect with given objects and compute those intersections, these
operations are performed after converting zonotopes to polytopes.

CheckMate [21] is a Matlab toolbox that can evaluate specifications for trajectories starting from
the set of initial (continuous) states corresponding to the parameter values at the vertices of the
parameter set. This provides preliminary insight into whether the specifications will be true for
all parameter values. The method of oriented rectangluar polytopes for external approximation of
reach sets is introduced in [20]. The basic idea is to construct an oriented rectangular hull of the
reach set for every time step, whose orientation is determined by the singular value decomposition
of the sample covariance matrix for the states reachable from the vertices of the initial polytope.
The limitation of CheckMate and the method of oriented rectangles is that only autonomous (i.e.
uncontrolled) systems, or systems with fixed input are allowed, and only an external approximation
of the reach set is provided.

All the methods described so far employ the notion of time step, and calculate the reach set or
its approximation at each time step. This approach can be used only with discrete-time systems.
By contrast, the analytic methods which we are about to discuss, provide a formula or differential
equation describing the (continuous) time evolution of the reach set or its approximation.

The level set method [18, 19] deals with general nonlinear controlled systems and gives exact rep-
resentation of their reach sets, but requires solving the HJB equation and finding the set of states
that belong to sub-zero level set of the value function. The method [19] is impractical for systems
of dimension higher than three.

Requiem [32] is a Mathematica notebook which, given a linear system, the set of initial conditions
and control bounds, symbolically computes the exact reach set, using the experimental quantifier
elimination package. Quantifier elimination is the removal of all quantifiers (the universal quantifier
V and the existential quantifier 3) from a quantified system. Each quantified formula is substituted
with quantifier-free expression with operations +, x, = and <. For example, consider the discrete-
time system

Tyl = Az, + Buy,

with A = { 8 (1) } and B = (1) ] For initial conditions zo € {z € R? | ||z||oc < 1} and controls
ug € {u € R | —1 < wu <1}, the reach set for k > 0 is given by the quantified formula
k—1 ‘
{re€R?*|3xg, I >0, Ju;, 0<i<k: =A%+ A"'Bug},
i=0

which is equivalent to the quantifier-free expression

1< Oz<1 A —1<[0 lJz<1.



It is proved in [31] that for continuous-time systems, &(t) = Az(t) + Bu(t), if A is constant and
nilpotent or is diagonalizable with rational real or purely imaginary eigenvalues, and with suit-
able restrictions on the control and initial conditions, the quantifier elimination package returns a
quantifier free formula describing the reach set. Quantifier elimination has limited applicability.

The reach set approximation via parallelotopes [35] employs the idea of parametrization described
in [3] for ellipsoids. The reach set is represented as the intersection of tight external, and the union
of tight internal, parallelotopes. The evolution equations for the centers and orientation matrices
of both external and internal parallelotopes are provided. This method also finds controls that can
drive the system to the boundary points of the reach set, similarly to [7] and [3]. It works for
general linear systems. The computation to solve the evolution equation for tight approximating
parallelotopes, however, is more involved than that for ellipsoids, and for discrete-time systems this
method does not deal with singular state transition matrices.

FEllipsoidal Toolboz (ET) implements in MATLAB the ellipsoidal calculus [2] and its application
to the reachability analysis of continuous-time [3], discrete-time [6], possibly time-varying linear
systems, and linear systems with disturbances [5], for which ET calculates both open-loop and
close-loop reach sets. The ellipsoidal calculus provides the following benefits:

e The complexity of the ellipsoidal representation is quadratic in the dimension of the state
space, and linear in the number of time steps.

e It is possible to exactly represent the reach set of linear system through both external and
internal ellipsoids.

e It is possible to single out individual external and internal approximating ellipsoids that are
optimal to some given criterion (e.g. trace, volume, diameter), or combination of such criteria.

e We obtain simple analytical expressions for the control that steers the state to a desired target.

The report is organized as follows.

Chapter 2 describes the operations of the ellipsoidal calculus: affine transformation, geometric sum,
geometric difference, intersections with hyperplane, ellipsoid, halfspace and polytope.

Chapter 3 presents the reachability problem and ellipsoidal methods for the reach set approximation.
Chapter 4 contains Ellipsoidal Toolbox installation and quick start instructions, and lists the software
packages used by the toolbox.

Chapter 5 describes the implementation of methods from chapters 2 and 3 and visualization routines.
Chapter 6 describes structures and objects implemented and used in the toolbox.

Chapter 7 gives examples of how to use the toolbox.

Chapter 8 collects some conclusions and plans for future toolbox development.

The functions provided by the toolbox together with their descriptions are listed in appendix A.



Chapter 2

Ellipsoidal Calculus

2.1 Basic Notions

We start with basic definitions.

Definition 2.1.1 Ellipsoid £(q, Q) in R™ with center ¢ and shape matriz Q is the set

£(q.Q)={z eR" [ {(z-9),Q " (z — q) <1},

wherein Q is positive definite (Q = QT and (x,Qx) > 0 for all nonzero x € R™).
Here (-, -) denotes inner product.
Definition 2.1.2 The support function of a set X C R" is

p(L | X) = sup(l, z).

zeX

In particular, the support function of the ellipsoid (2.1) is

p(l ] £(q,Q)) = (L.q) + (1,QI)/2.

(2.2)

Although in (2.1) @ is assumed to be positive definite, in practice we may deal with situations when
Q is singular, that is, with degenerate ellipsoids flat in those directions for which the corresponding
eigenvalues are zero. Therefore, it is useful to give an alternative definition of an ellipsoid using the

expression (2.2).

Definition 2.1.3 Ellipsoid £(q, Q) in R™ with center ¢ and shape matriz Q is the set
£(q,Q) = {z eR" | (L) < (l,q) + (1L,QN'/? for alll € R"},

wherein matriz Q is positive semidefinite (Q = QT and (x,Qx) > 0 for all x € R™).

(2.3)



The distance from £(q, Q) to the fixed point a is

dist(E(g, Q). ) = max (1) — p(l | £, Q) = max ((ha) = (Lg) = LQYY) . (24)

(Lh=1 (=1

If dist(E(q, @), a) > 0, a lies outside £(q, Q); if dist(E(q, @), a) = 0, a is a boundary point of £(q, Q);
if dist(E(g, Q),a) < 0, a is an internal point of £(q, Q).

Given two ellipsoids, £(q1, Q1) and E(gz2, Q2), the distance between them is

dist(£(q1,@Q1),E(q2,Q2)) = e (=p(=1] E(q1,@Q1)) — p(l | E(g2,Q2))) (2.5)

= max ((La) = LAY = (L) = (1,QaDY2) . (26)

(=1

If dist(E(q1, Q1), (g2, Q2)) > 0, the ellipsoids have no common points; if dist(E(q1, @1), E(q2, Q2)) =
0, the ellipsoids have one common point - they touch; if dist(E(q1, @1), (g2, @2)) < 0, the ellipsoids
intersect.

Checking if k nondegenerate ellipsoids £(q1,@1), -, E(qk, @x) have nonempty intersection, can be
cast as a quadratically constrained quadratic programming (QCQP) problem:

min 0

subject to:
(—q),Q Yz —q))—1<0, i=1,---,k

If this problem is feasible, the intersection is nonempty.

Definition 2.1.4 Given compact convex set X C R™, its polar set, denoted X°, is
X°={zeR" | (z,y) <1, ye X},
or, equivalently,
Xe={leR"|p(l]| X)<1}.

The properties of the polar set are

e If X contains the origin, (X°)° = X;
o If X C Xy, XS C AP,

e For any nonsingular matrix A € R"*", (AX)° = (AT)~1xe.

If a nondegenerate ellipsoid £(q, Q) contains the origin, its polar set is also an ellipsoid:

£(q,Q) = {leR"|({l,q)+(1,QN"* <1}
= {{eR"|(,(Q—qq") ') +2(l,q) <1}
= {IeR" [ {(1+(Q—q¢") "9, (Q—q¢") I+ (Q—q¢")'9) <1+ (., (Q—qq") '@}

The special case is

£°(0,Q) = £(0,Q7").



Definition 2.1.5 Given k compact sets X1, -+, X C R", their geometric (Minkowski) sum is

XD DX, = U U {z1 + -+ a}. (2.7)
T1E€X] TR EX
Definition 2.1.6 Given two compact sets X1, Xo C R", their geometric (Minkowski) difference is

Xl;Xg = {Ji eR"” ‘ x+ Xy C Xl}. (28)
Ellipsoidal calculus concerns the following set of operations:

e affine transformation of ellipsoid;
e geometric sum of finite number of ellipsoids;
e geometric difference of two ellipsoids;

e intersection of finite number of ellipsoids.
These operations occur in reachability calculation and verification of piecewise affine dynamical
systems. The result of all of these operations, except for the affine transformation, is mot gener-

ally an ellipsoid but some convex set, for which we can compute external and internal ellipsoidal
approximations.

Additional operations implemented in the Ellipsoidal Toolboz include external and internal approx-
imations of intersections of ellipsoids with hyperplanes, halfspaces and polytopes.
Definition 2.1.7 Hyperplane H(c,v) in R™ is the set

H={zeR" | (c,a) =} (2.9)
with ¢ € R™ and v € R fized.

The distance from ellipsoid £(g, Q) to hyperplane H(c,) is

|’7 — <C, Q>| — <C7 QC>1/2
<C7 C>1/2 !

dist(£(q,Q), H(c, 7)) = (2.10)

If dist(£(q,Q),H(c,v)) > 0, the ellipsoid and the hyperplane do not intersect; if
dist(€(q, Q), H (c, )) = 0, the hyperplane is a supporting hyperplane for the ellipsoid; if
dist(& (q, Q),H(c,v)) < 0, the ellipsoid intersects the hyperplane. The intersection of an ellipsoid
with a hyperplane is always an ellipsoid and can be computed directly.

Checking if the intersection of k nondegenerate ellipsoids E(q1,Q1), -, E(qk, Qk) intersects hyper-
plane H(c,7), is equivalent to the feasibility check of the QCQP problem:

min 0

subject to:



A hyperplane defines two (closed) halfspaces:
Si={zeR" | (c,z) <~} (2.11)

and
So={zeR" | (c,z) >~} (2.12)

To avoid confusion, however, we shall further assume that a hyperplane H (¢, ) specifies the halfspace
in the sense (2.11). In order to refer to the other halfspace, the same hyperplane should be defined
as H(—c,—).

The idea behind the calculation of intersection of an ellipsoid with a halfspace is to treat the halfspace

as an unbounded ellipsoid, that is, as the ellipsoid with the shape matrix all but one of whose

eigenvalues are oc.

Definition 2.1.8 Polytope P(C, g) is the intersection of a finite number of closed halfspaces:
P={zeR"| Cz<yg},

wherein C = [c; -+ cp|T €R™™ and g =[y1 - vm|T € R™.

The distance from ellipsoid £(g, @) to the polytope P(C,g) is

dist(£(¢,Q), P(C,g)) = min dist(E(q,Q),y), (2.13)
yeP(C,g)

where dist(£(q,@),y) comes from (2.4). If dist(€(q,Q),P(C,g)) > 0, the ellipsoid and the
polytope do not intersect; if dist(£(q,Q),P(C,g)) = 0, the ellipsoid touches the polytope; if
dist(£(q, Q), P(C,g)) < 0, the ellipsoid intersects the polytope.

Checking if the intersection of k nondegenerate ellipsoids F(q1,Q1), -+, E(qx, Qr) intersects polytope
P(C, g) is equivalent to the feasibility check of the QCQP problem:

min 0
subject to:

<Cj,l‘>—’}/j§0, .7: sttty

2.2 Operations with Ellipsoids

2.2.1 Affine Transformation

The simplest operation with ellipsoids is an affine transformation. Let ellipsoid £(¢, Q) C R™, matrix
A € R™*™ and vector b € R™. Then

AE(q, Q) +b=E(Aq+b, AQAT). (2.14)
Thus, ellipsoids are preserved under affine transformation. If the rows of A are linearly independent

(which implies m < n), and b = 0, the affine transformation is called projection.

10



2.2.2 Geometric Sum

Consider the geometric sum (2.7) in which Xj,--- X} are nondegenerate ellipsoids £(¢q1,@1), -,
E(qx, Qr) € R™. The resulting set is not generally an ellipsoid. However, it can be tightly approxi-
mated by the parametrized families of external and internal ellipsoids.

Let parameter [ be some nonzero vector in R™. Then the external approximation &(q, Q;r) and the
internal approximation £(g, @, ) of the sum £(q1,Q1) ® --- ® E(qr, Qk) are tight along direction I,
ie.,

E(q,Q) S E(q1, Q1) ® -+~ ® E(ar, Qr) € E(. Q")
and

p(£l| (0, Q) = p(£l | E(q1, Q1) @ -+ & E(qr, Qr)) = p(l | E(g, Q))).

Here the center ¢ is
q=q + -+ gk, (2.15)

the shape matrix of the external ellipsoid Q?‘ is

F= (02 o+ (1, Qi) 2.16

af = (L@ 2+ 4 0.Q)"2) (@ + o+ @) (210
and the shape matrix of the internal ellipsoid @), is
T

Qr = (17 +8@ %+ +5Q°) (@7 +5@ 7+ +5Q%), (@17

with matrices S;, i = 2,---,k, being orthogonal (S;SI = 1) and such that vectors

V21,8,Q8%1, -, S,Q)/?1 are parallel.
Varying vector [ we get exact external and internal approximations,

U €@.Q)=€@,Q)e e = () &4

(I,0)=1 (1,1y=1
For proofs of formulas given in this section, see [2], [3].
One last comment is about how to find orthogonal matrices Ss,---,S; that align vectors

;/QZ 1/2l with Q1/2 . Let v and w be some unit vectors in R™. We have to find matrix
S such that Sv = w. For that, we perform singular value decomposition (SVD) of vectors v and w:

s,

v=US, VI, w=U,2, VL. (2.18)
Notice that V,, and V,, are &1 scalars. The matrix S is now easily determined:

SUV,=U,V, = 8=U,V,V,UL. (2.19)

2.2.3 Geometric Difference

Consider the geometric difference (2.8) in whic the sets X} and X, are nondegenerate ellipsoids
E(q1, Q) and E(q2, Q2). We say that ellipsoid (g1, Q1) is bigger than ellipsoid £(ga, Q2) if

5(07 QQ) g 5(07 Ql)

11



If this condition is not fulfilled, the geometric difference £(q1,Q1)—E (g2, Q2) is an empty set:

£(0,Q2) ZE(0,Q1) = E(q1,Q1)—E(q2, Q2) = 0.
If £(q1, Q1) is bigger than £(ga, Q2) and E(ga, Q2) is bigger than (g1, Q1), in other words, if Q1 = Q2,

5(Q1»Q1);5(Q27Q2) ={q1 — ¢} and 5(972»@2);5@17@1) ={e2—a}

To check if ellipsoid £(q1,@1) is bigger than ellipsoid £(g2, Q2), we perform simultaneous diagonal-
ization of matrices @1 and @), that is, we find matrix 7" such that

TO\TT =1 and TQ.TT =D,

where D is some diagonal matrix. Simultaneous diagonalization of @Q; and ()5 is possible because
both are symmetric positive definite (see [39]). To find such matrix T', we first do the SVD of Q;:

Q1 =U151 V)" (2.20)
Then the SVD of matrix £,/ ?UT Q.U 57 /%
STPUT QU Y = Uy VT (2.21)

Now, T is defined as
T =Uls; Ut (2.22)

If the biggest diagonal element (eigenvalue) of matrix D = T'Q2T7T is less than or equal to 1,
£(0,Q2) C £(0,Q1).

Once it is established that ellipsoid £(q1,@1) is bigger than ellipsoid £(g2, Q2), we know that their
geometric difference £(q1,Q1)—E(qga, Q2) is a nonempty convex compact set. Although it is not
generally an ellipsoid, we can find tight external and internal approximations of this set parametrized
by vector [ € R"™. Unlike geometric sum, however, ellipsoidal approximations for the geometric
difference do not exist for every direction [. Vectors for which the approximations do not exist are
called bad directions.

Given two ellipsoids £(q1, Q1) and E(ga, Q2) with £(0,Q2) C £(0,Q1), [ is a bad direction if

<la Q1l>1/2
{1,Qa20)1/2

in which r is a minimal root of the equation

det(Q; —rQ2) = 0.
To find r, compute matrix T by (2.20-2.22) and define

>r,

1
- max(diag(TQT7T))

If [ is not a bad direction, we can find tight external and internal ellipsoidal approximations &(gq, QZJF)
and &£(q,Q; ) such that
€(q7 Ql_) g 5(Q17 Ql)ig(QQ7 QQ) g S(qv Q?_)

and

p(EL ] E(q, Q) = p(EL | E(a1, Q1) ~E(g2,Q2)) = p(£L | £(g,Q])).

12



The center q is

q=q1 — q2; (2.23)
the shape matrix of the internal ellipsoid @), is
- {1, Qi)' (1,Q2D)'2N o
o= (1- e @+ (- o) @ 224

and the shape matrix of the external ellipsoid Q?‘ is

QF = (@12 +501?)" (@i +5032). (2.25)

Here S is an orthogonal matrix such that vectors Q}/ 2l and SQé/ %] are parallel. S is found from
(2.18-2.19), with v = Q3/*l and w = Q/?1.

Running ! over all unit directions that are not bad, we get
U E(Q, Ql_) = g(Qh Ql);S(QQv QQ) = ﬂ g(qa Q?‘)
=1 {1,h=1

For proofs of formulas given in this section, see [2].

2.2.4 Intersection of Ellipsoid and Hyperplane

Let nondegenerate ellipsoid £(gq, @) and hyperplane H (¢, ) be such that dist(E(q, Q), H(c, 7)) < 0.
In other words,

En(w, W) =E&(q,Q) N H(c,7) # 0.
The intersection of ellipsoid with hyperplane, if nonempty, is always an ellipsoid. Here we show how
to find it.
First of all, we transform the hyperplane H(c,v) into H([1 0 --- 0]T,0) by the affine transformation

Y
y:SxfwsC7

where S is an orthogonal matrix found by (2.18-2.19) with v = cand w = [1 0 --- 0]7. The ellipsoid
in the new coordinates becomes £(¢’, Q') with

;oY
7T o
Q = SQsT.
Define matrix M = Q’__l; myy is its element in position (1, 1), 7 is the first column of M without

the first element, and M is the submatrix of M obtained by stripping M of its first row and first
column:
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The ellipsoid resulting from the intersection is £y (w’, W) with

/

/ / _1
w = q+q1|:M1ﬁ’L:|7

W' = (1- g (mu — (m, M~"in)))

in which ¢ represents the first element of vector ¢'.

Finally, it remains to do the inverse transform of the coordinates to obtain ellipsoid Ex (w, W):

_ T, /1 Y
w = S w+7<c,c>1/20’

W STwW's.

2.2.5 Intersection of Ellipsoid and Ellipsoid

Given two nondegenerate ellipsoids £(q1, Q1) and £(g2, Q2), dist(E(q1,Q1),E(g2,Q2)) < 0 implies
that

E(q1, Q1) NE(q2, Q2) # 0.
This intersection can be approximated by ellipsoids from the outside and from the inside. Trivially,

both &(q1,Q1) and E(g2,Q2) are external approximations of this intersection. Here, however, we
show how to find the external ellipsoidal approximation of minimal volume.

Define matrices
Wy =Q7', We=0Q;" (2.26)

Minimal volume external ellipsoidal approximation £(g+, @T) of the intersection £(q1, Q1)NE (g2, Q2)
is determined from the set of equations:

QT = aXx! (2.27)
X = Wi +1-mW, (2.28)
a = 1-n(l-7){(g2 — q1), WaX'Wi(g2 — q1)) (2:29)
¢t = X '(@Wiq + (1 —m)Wagy) (2.30)
0 = oaf(det(X))?trace(X (W, — Ws))

n(det(X))?(2(¢", Wig1 — Waga) + (g*, (W2 — Wi)q™)
—(q1. Wiq1) + (g2, Wagg)), (2.31)

with 0 < 7w < 1. We substitute X, a, ¢+ defined in (2.28-2.30) into (2.31) and get a polynomial of
degree 2n — 1 with respect to 7, which has only one root in the interval [0, 1], m9. Then, substituting
T = 7 into (2.27-2.30), we obtain g7 and Q*. Special cases are mp = 1, whence E(¢t, Q") =
E(q1,Q1), and mg = 0, whence £(¢7, Q") = (g2, Q2). These situations may occur if, for example,
one ellipsoid is contained in the other:

5(Q1aQ1) g E(QQ,QQ) = Ty = 17
E(q2,Q2) CE(q1, Q1) = mo

|
e
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The proof that the system of equations (2.27-2.31) correctly defines the minimal volume external
ellipsoidal approximationi of the intersection £(q1, Q1) N E (g2, Q2) is given in [10].

To find the internal approximating ellipsoid £(¢~,Q7) C E(¢q1, Q1) N E(ga, @2), define

= mit 2.32
I ” 21m>_1<l‘, Wiz), (2.32)
= 1 2.33
B2 (z, 11x)_1<x7 ”21‘>7 ( )

Notice that (2.32) and (2.33) are QCQP problems. Parameters 8; and (2 are invariant with respect
to affine coordinate transformation and describe the position of ellipsoids £(q1, Q1), (g2, Q2) with
respect to each other:

fr>1, f2>1 = int(E(q, Q1) NE(g,Q2)) =10,
Br>21, B<1 = &(q,Q1) € E(q2,Q2),
fr1 <1, f2>1 = E(q2,Q2) € E(q1,Qn),
fr <1, Ba<1l = int(E(q1,Q1)NE(q2,Q2)) #D

and £(q1,Q1) € E(g2,Q2)
and &(qa2, Q2) Z E(qr, Q).

Define parametrized family of internal ellipsoids £(gy,4,, Qg,,) With

oo, = (OLW1+0:W2) " (0:Wig1 + 0:Wagn), (2.34)
Qoo, = (1 —=01(q1, Wiqr) — 02(q2, Waga) + (qg, 9, (Q7) g 9,)) (1 W1 + 62 W) 1. (2.35)
The best internal ellipsoid & (qg P ,Qef P ) in the class (2.34-2.35), namely, such that
1v2 102

E(Gg0, Qors,) € E(ay 5. Q5 ) € E(@1, Q1) N E (g2, Qo)
for all 0 < 641,602 <1, is specified by the parameters

g 1*32 4, — 1*31

el T R S 2.36
T B152 PT1- B152 (2:36)
with R «

fr =min(1,31), B2 =min(l,3).

It is the ellipsoid that we look for: £(¢~,Q7) = E(qé_é ,Qgé ). Two special cases are
102 102

br=1,0=0 = &@,Q)CE@Q) = & ,Q7)=E(,Q),

and

01=0,0=1 = &(q,Q2) CE(q,Q1) = &(@,Q7)=2E(q,Q2).
The method of finding the internal ellipsoidal approximation of the intersection of two ellipsoids is
described in [9].

2.2.6 Intersection of Ellipsoid and Halfspace

Finding the intersection of ellipsoid and halfspace can be reduced to finding the intersection of two
ellipsoids, one of which is unbounded. Let £(q1, Q1) be a nondegenerate ellipsoid and let H(c,~)
define the halfspace

S(e,7) ={z € R" [ (¢,2) <7}
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We have to determine if the intersection (g1, Q1) N S(c,v) is empty, and if not, find its external
and internal ellipsoidal approximations, £(¢™, Q") and £(¢~, Q™). Two trivial situations are:

e dist(&(q1,Q1), H(c,v)) > 0 and {(c,q1) > 0, which implies that £(q1, Q1) N S(c,v) = 0;

o dist(£(q1,Q1), H(c,7)) > 0and {c,q1) <0, so that E(q1,Q1) C S(c,7), and then E(q+,QT) =
E(q=,Q7) = &(q1,Q1).

In case dist(E(q1,Q1), H(c,7v) <0, i.e. the ellipsoid intersects the hyperplane,

E(q1, Q1) NS(e,7) = E(q1, Q1) N{z | (= = g2), Walz — ¢2)) < 1},

with
» = (1+2V) (2.37)
1
Wy = ﬁccT, (2.38)

) being the biggest eigenvalue of matrix Q1. After defining W, = Qfl, we obtain £(¢T, Q™) from
equations (2.27-2.31), and £(¢~, Q) from (2.34-2.35), (2.36).

Remark. Notice that matrix W has rank 1, which makes it singular for n > 1. Nevertheless,
expressions (2.27-2.28), (2.34-2.35) make sense because Wi is nonsingular, 7y # 0 and 6, # 0.

To find the ellipsoidal approximations £(¢T, Q%) and £(q~,Q~) of the intersection of ellipsoid
&(q, Q) and polytope P(C,g), C € R™*™ b€ R™, such that

E(a™,Q7) S &g, Q)N P(C,g) CE(¢T,QT),
we first compute
5((]1_7@1_) g E(QaQ) N S(Claryl) g S(QT}QT);

wherein S(c1,71) is the halfspace defined by the first row of matrix C, ¢;, and the first element of
vector g, v1. Then, one by one, we get

€(q2_7Q2 ) g g(ql_an_) N 8(623’72)7 g(Qf_aQil—) N S(CQ,’72) g 5(‘1;7@;)7
g(q3_7 Qf’?) g g(QQ_a QQ_) N S(C3a’73)7 g(Q;a Q;r) N S(C37’Y3) g g(‘];_v Q;,_)7

E(q;“ Q;z) g g(q;z—lﬂ Qvinfl) N S(cm77m)v 5(%:—17 Q;—l) N S(Cmv'ym) g 5(617%» Q;%

The resulting ellipsoidal approximations are

E(qH, Q) =E(gh, @), E(a,Q7) = E(gp, Qr)-
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Chapter 3

Reachability

3.1 Continuous-Time Systems

Consider the system

x(t) = A(t)x(t) + B(t)u(t, z(t)) + G(t)v(t), (3.1)
in which € R" is the state, u € R™ is the control and v € R? is the disturbance. A(t), B(t) and
G(t) are continuous and take their values in R"*", R"*™ and R"*4 respectively. Control u(t,z(t))
and disturbance v(t) are measurable functions restricted by ellipsoidal constraints: wu(¢,z(t)) €
E(p(t), P(t)) and d(t) € E(q(t),Q(t)). The set of initial conditions is assumed to be the ellipsoid
(o, Xo).

The state transition matrix of system (3.1) is

(I)(tvtO) = A(t>q)(t7t0)a (b<t7t> = ]7
which for constant matrix A simplifies to
B(t, 1) = ettt0),

Although (3.1) indicates that control u(t, z(t)) depends on the state, hence is closed-loop, the system
may also be controlled by open-loop control u(t,z(t)) = u(t), t > to. The reachable set of system
(3.1) under open-loop control (OLRS) is different from the closed-loop reach set (CLRS).

We distinguish two types of OLRS. We are given the set of initial conditions £(zg, Xj), initial time
to and time t > tg.

Definition 3.1.1 (OLRS of maxmin type) The mazmin open-loop reach set XT (¢, tg, E(x0, Xo))
is the set of all states x, such that for any disturbance v(1) € E(q(T), Q(T)) there exist initial state
20 € E(xo,Xo) and control u(t) € E(p(r),P(1)), which steers the system from x(tg) = x° to
z(t) = x.

Definition 3.1.2 (OLRS of minmax type) The minmaz open-loop reach set X~ (t,tq, E(xo, Xo))
is the set of all states x, such that there exists control u(r) € E(p(7), P(7)) that for all disturbances
v(1) € E(q(7),Q(7)) assigns initial state ° € E(xg, Xo) and steers the system from x(ty) = 2° to
z(t) = x.
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Remark. The terms ‘maxmin’ and ‘minmax’ come from the fact that X7 (¢,to, E(zo, X)) is a
subzero level set of the value function

V= (t,z) = mgxxmin{dist(x(to),S(xO,XO)) | 2(t) = 2)},

u

and X~ (t,to, E(x0, Xo)) is a subzero level set of the value function

VT(t,x) = m&nmﬁx{dist(m(to),g(xo,XO)) | 2(t) = z)}.

In maxmin case, the control is chosen for the known disturbance in the time interval [¢o,t], and the
reach set is

X+(t,t0, 5($0,X0)) =

(2t t0)2 @0, Xo) @ [ @(t,7)B)E (), Pr)ir)

to

4/ O(t, 7)(=G(7))E(a(7), Q(7))dr. (3-2)

to

In minmax case, the control in the time interval [tg, t] is chosen with no knowledge of the disturbance
and the reach set is

Xi(t,to,g(l’o,Xo)) =

(2.t Xo)* [ @(t7)(~G()Ealr), QUr)r)

to

EB/ ®(t, 7)B(T)E(p(T), P(T))dT. (3.3)

to

Since for any Wi, Wo, W3 C R" it is true that
W1 Wo) @ Ws = (W1 @ W3)=(Wh @ W3) T (W1 & Ws)—~Wy, (3.4)
the following inclusion holds,
X~ (t,to, E(wo, Xo)) C X T (L, Lo, E(20, X0))-
Fixing a time instant 7y, ty < 71 < t, define sequential maxmin OLRS with one correction:
X (t, to, E(z0, Xo)) = X (t, 71, X T (71, 0, E(20, X0))),
and sequential minmax OLRS with one correction:
X (t,to, E(z0, Xo)) = X7 (t, 71, X~ (71, to, E(x0, X0)))-
Following (3.2) and (3.3), we obtain integral formulas for X;" (¢, 0, € (z0, X0)),
X (t o, (0, X0)) =
(2.7 (2000 Xo) & [ @) BEIEG(). Pr))ar)

to
t

B, 7)(~G(r)EMa(r). Qr)dr) @ [ @t 7)BEEw(), P(r))dr)

T1

T1

‘ .
—

BN

= [ 2t 7)(=G(1))E(q(r), Q(r))dr,

T1
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and for X| (¢, %0, E(x0, Xo)),
Xf(t7t0,g(xo,Xo>) =
(2t ) (#1020, Xo) = [ 81, 7)(~G()Ealr), Q(r)r)

to
t

s [ amnBEOERE), P@)r) [ 8(60(-GEE), Q)

to T1

&) / O(t,7)B(T)E(p(T), P(7))dr.

1

Recursively, sequential maxmin and minmax OLRS with k corrections for to < 7 < -+ < 7 < t
can be defined,
le <t7 t07 (‘:(.’IJO7 XO)) = X+(ta Tk lefl(TkH th 5(.’1}0, XO)))7

and
X, (t,to, E(z0, Xo)) = X7 (¢, T, X1 (Ts to, (20, X0)))-

By (3.4) the following inclusion holds,

Xﬁ(tathg(l‘()vXO)) c Xl_(tvt07g(x0aX0)) c-.-C Xk:_(tvthg(meO)) -
X]:r(t,to,g(l‘o,X())) g e g Xfr(t,to,g(a?o,X()D g X+(t,t0,g($0,X0>). (35)

As k — oo, we arrive at (see [4])
X;(t, to,g(xo,Xo)) = Xog(t,to,g(ﬂjo,XQ)) = X(t,to,g(l’g,Xo)),
in which X(¢, ¢, (20, Xo)) is CLRS.
Definition 3.1.3 (CLRS) Given initial time to and the set of initial conditions E(xo, Xo), the
closed-loop reach set X(t,to,E(x0,Xo)) of system (3.1) at time t > to is the set of all states x

for each of which there exist initial condition x° € &(x9, Xo) and control u(,z(7)) that for every
disturbance v(7) € E(q(1), Q(T)) assigns trajectory x(7) satisfying

() € A(m)z(7) + B(r)u(r, (1)) + G(7)v(7T),
with tg < 7 < t, such that x(ty) = x¢ and z(t) = x.
It follows from (3.5) that maxmin OLRS is an external bound and minmax OLRS is an internal
bound for CLRS:
X_(tv tOv g(l‘o, XO)) g X(ta th 5('7:07 XO)) g X+ (ta th 5('1:07 XO))

CLRS can be empty. This happens for example, if the set of initial conditions is reduced to a
single state xo and control u(¢) is fixed, but the disturbance bound £(q(t), Q(t)) is a nondegenerate
ellipsoid for all ¢. A sufficient condition for X (¢, o, E(xq, Xo) # 0 is

£(0,G(1)Q(7)GT (1)) € £(0, B(r)P(7)B" (7)) (3.6)

for tog < 7 <'t. To ensure X(¢,to,E(x0, Xo)) # 0 when (3.6) does not hold, the initial set &(xq, Xo)
must be sufficiently big.

Remark. If matrix @Q(-) = 0, the system (3.1) becomes an ordinary affine system with known
v(-) = ¢q(-). If matrix G(-) = 0, (3.1) reduces to a linear controlled system. In the absence of
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disturbance (Q(-) = 0 or G(-) = 0), reach set X(t,to,E(x0, Xo)) is the set of all states  to which
system (3.1) can be steered at time ¢ through all admissible controls u(r,z(7)) € E(p(r), P(7))
(u(t) € E(p(1), P(1))) starting at any 2° € E(zg, Xo) at time tg, to < 7 < t. In this case, the reach
set is always nonempty and is the same for open-loop and closed-loop controls.

The reach sets for systems with disturbances computed by FEllipsoidal Toolboxr are CLRS. Hence,
from now on, and further when describing backward reachability, by reach set we refer to CLRS.

The reach set X(t,%9,& (o, Xo)) is a symmetric compact convex set. It satisfies the semigroup
property:
X(t, to, 5(1‘0, XO)) = X(t, T, X(T, to, 5($0, XO))), to <7<t

The reach set can be approximated by the parametrized families of external and internal ellipsoids,
E(zc(t), XM (1)) and E(z.(t), X; (t)) respectively:

E(ze(t), X; () S X(t,to, E(wo, Xo)) € E(xe(t), X" (1))
The trajectory of the center is governed by the equation
e(t) = A)z(t) + B()p(t) + G(1)q(t),  @e(to) = zo- (3.7)

The equation for the shape matrix of the external ellipsoid is

X0 = AXFE) X OAT() %)
+ wl(t)Xl*(t)+%@)B(f)P(t)BT(t) (3.9)
- XMPOSHGHHET (1) - (GHRMHGT (1)) 1)X,2(), (3.10)
X (t0) = Xo, (3.11
in which

o — (L2, ) B{O)P()BT (1) (t, ))!/
T X, (DT (o
and matrix S;(t) is orthogonal (S;(¢)S} (¢)

= I), determined from the equation

L L®(t, ) G)Q)GT () ®T (to, ))/?  41)2
(GG ()27 o,y = EEGHOSEE DTG0 5287 1, 1)

In the presence of disturbance if the reach set is empty, the matrix XZJr (t) becomes sign indefinite.
For a system without disturbance, the part indicated by (3.10) naturally vanishes from the equation
(3.8-3.11).

The equation for the shape matrix of the internal ellipsoid is

X7 () = AWX; )+ X (1)AT () (3.12)
+ X, POT)(B@PBT ()2 + (B)P()BL ()T ()X, (1) (3.13)
_ 1
— )X, <t>—m—(t)0<t>cz<t>GT<t>, (3.14)
X, (to) = Xo, (3.15)

in which
{l, (1o, ) G(HQ)GT (1)@ (o, )1) '/
m(t) = ¥ )




and matrix T}(¢) is orthogonal, determined from the equation

(1, ®(to, ) B(t) P(t) BT (1) @™ (to, t)1) '/

Tl(t)(B(t)P(t)BT(t))l/Zq)T(tov t)l = <l, (I)(to, t)Xli(I)T(to, t)l>1/2

X, 20T (1, )1

Similarly to the external case, the part indicated by (3.14) vanishes from the equation (3.12-3. 15) for a
system without disturbance. Here vector [ € R" is a parameter, and approxunatlons E(z(t), X;F (1)),

E(z.(t), X, (t)) are tight—they touch the boundary of the reach set X(t,%o,E(zo, Xo)) at the point
determined by the direction ®(tg,)!:

p(®(t0, )1 | E(e(t), Xi (1)) = pl@(t0, O] | X (t, b0, E (0, X)) = pl@(t0, )] | E(e(t), XiF (1))).
(3.16)
The boundary point where the external and internal ellipsoids touch the boundary of the reach set
is given by

X ()@ (to,t)l
(L ®(to, )X, ()07 (to, 1))/

X7 ()@ (to, t)l
(1, ®(to, t) X, (£)DT (to, t))1/2"

i (t) = we(t) + = () +

Points «f(t) form trajectories, to which we refer as good curves. Due to the nonsingular nature
of matrix ®(tg,t), for every boundary point of the reach set there exists a good curve to which it
belongs. To follow a good curve specified by parameter [, the system has to start at time ¢ at initial
state

Xol
0 __ 0
X =g+ <Z7X0l>1/2, (317)
and the control must be chosen as
P(t)BT (t)®(to, 1)l
wlt) = p(t) + W)B ()2, (3.18)

(I, ®(to, t) B(t)P(t) BT (t)®(to, t)1)1/2"

This is an open-loop control. If there is no disturbance, it steers the system along the good curve
defined by vector . In the presence of disturbance, this control keeps the system on a good curve if
and only if the disturbance plays against the control always taking its extreme values.

Expression (3.16) leads to the following fact:
U @), X, (1) = X(t,to,E(xo, X0)) =[] Elwe(t), X[ (1)) (3.19)
{I,hH=1 {1,1)=1

In practice this means that the more values of [ we use to compute X;"(¢) and X; (t), the better
will be our approximation.

Analogous results hold for the backward reach set.

Definition 3.1.4 Given the terminating time t; and target set E(y1,Y1), the backward reach set
(closed-loop) V(t1,t,E(y1,Y1)) of system (3.1) at time t < t1 is the set of all states y, for each of
which there exists terminating state y' € E(y1,Y1) and control u(r,y(t)) that for every disturbance

v(7) € E(q(7), Q(T)) assigns trajectory y(T) satisfying
y(r) € A(m)y(7) + B(T)u(7, y(1)) + G()v(7),

where t <1 <ty, y(t) =y and y(t;) = y*.
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The backward reach set satisfies the semigroup property:
y(tla ta E(yla Yl)) = y(T; tv y(tla T, 5(y1, Yl)))7 t S T S tl~

Being convex and compact, the backward reach set Y(¢1,t,E(y1,Y1)) can be tightly approximated
by external ellipsoids €(y.(t),Y;"(t)) and internal ellipsoids € (y.(t),Y;” (t)) parametrized by the
direction vector I € R™. The equation for the center is given by

Ye(t) = Aye(t) + B(t)p(t) + G(t)q(t),  ye(t1) = y1- (3.20)

The equation for the shape matrix of the external ellipsoid is

V) = AOYTO)+ Y (0AT(@) (3:21)
_ m(t)Yl*(t)—%@B(t)P(t)BT(t) (3.22)
+ Y P0SI0(GHRMGT (1)) + (GHRMGT (1) (1Y, (1), (3.23)
Yt (t) =Y, (3.24)
in which

(1, ®(t1,t)B(t)P(t) BT (t)®7T (t1, t)l>1/2
1, @(t, )Y, ()@ (1, 0))1/2

and matrix S;(¢) is orthogonal and satisfies the equation

7Tl(t) =

(1, 2(t1, HGHQH)GT (1) D7 (1, £))/
(1, ®(t1,1) YT OT (1, ¢)1)1/2

SIE)(GHQMGT (1) 20T (¢, 1)l = QYIH/%T(tl,t)z.

The equation for the shape matrix of the internal ellipsoid is

V() = A@)Y; (1) + Y, (AT (1) (3.25)
Y, POT)/(BPOBT (1)Y? — (B)PH)BT ()T 1)y, 2 () (3.26)
_ 1
+ @)Y, (t)+mG(t)Q(t)GT(t), (3.27)
Y, (t) =T, (3.28)
i which (1, ®(t1, )G(H)Q()GT (1)®T (t1,1)1)1/?
m(t) = - . ’

(1, ®(t, )Y, ()@ (1, t)[)1/2

and matrix 7;(¢) is orthogonal and determined from the equation

1, ®(t1,t)B(t)P(t)BT ()T (t1,)1)Y/2 19
T,(t)(B(t)P(t) BT (1)) /@7 (ty, 1)l = < (<l,qi(tf,)t)}gzq)TEtz’t)lgl/Q) ) Y, 20T (1, 1)1,

Just as in the forward reachability case, the parts (3.23) and (3.27) vanish from equations (3.21-
3.24) and (3.25-3.28) in the absence of disturbance. Boundary value problems (3.20), (3.21-3.24)
and (3.25-3.28) are converted to the initial value problems by the change of variables s = —t.

Remark. In expressions (3.9), (3.14), (3.22) and (3.27) the terms ﬁ(t) and 17%(15) may not be well

defined for some vectors [, because matrices B(t)P(t)BT (t) and G(¢)Q(t)GT (t) may be singular. In
such cases, we take these entire expressions to equal zero.

For more detail on reach set calculation and good curves, and proofs, see [3, 7]. For more information
on systems with disturbances, see [4, 5].
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3.2 Discrete-Time Systems

Consider the discrete-time affine system:
xz[k + 1] = Alk]z[k] + Blk]ulk] + Glk]v[k], (3.29)

where z[k] € R" is the state, u[k] € R™ is the control bounded by the ellipsoid £(p[k], P[k]),
v[k] € R is some fixed disturbance term, and matrices A[k], B[k], G[k] are in R"*", R"*™ Rn*d
respectively.

Remark. Notice that v[k] is fixed. Currently, the Ellipsoidal Toolbbox does not accept discrete-time
systems with unknown disturbances.

The state transition matrix is
q)(k+1ak0) :A[k}q)(k7k0>’ k> kOa q)(kvk) :Ia
which for time-invariant systems simplifies as
Bk, ko) = Ak—Fo,
Definition 3.2.1 Given the initial condition x[ky] = 2° € E(x¢, Xo), the reach set X (k,ko,z°) of

the system (3.29) at time step k > ko is the set of all states reachable by the system at time step k
through all admissible controls uli] € E(pli], Pli]), i = ko, -,k — 1.

The reach set from the set of initial conditions &(xg, Xo) is

X(k ko, E(xo, X0)) = ) X(k ko, 2*).
m0€5(a:0,Xg)

The reach set satisfies the semigroup property:
X(k, ko, 5(1’0, Xo)) = X(k‘, i, X(Z, ko, g(.’to, Xo))), ko < ) § k.

If matrices A[k] are nonsingular and the set of initial conditions &(x, Xy) is a nondegenerate ellip-
soid, the reach set X (k, ko, € (x0, Xo)), k > ko, is convex and compact, has nonempty interior, and can
be approximated by the families of external and internal ellipsoids &(z.[k], X;" [k]), &€ (z.[k], X, [K]),
parametrized by vector | € R™:

E(w [k, X[ [K]) € X(k, ko, E(x0, Xo)) C E(xc[k], X[ [K]),
and at the same time
p(D (ko k)1 | E(elk], X, [K])) = p(® ko, k)T | X(k, ko, € (w0, Xo))) = p(@(ko, k)L | € (welk], X" [k])).
The recurrence relation for the center is given by
zclk + 1] = Alk]z.[k] + Blklplk] + Gk]v[k], xc[ko] = xo. (3.30)
The shape matrix of the external ellipsoid is determined from

1

X [+ 1] = (U mDARLX (RATR] + (4 o

)BIkIP[K]BT[k], X" [ko] = Xo,  (3.31)
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in which

(1, ®(ko, k + 1) B[] P[k] BT [k]®T (ko, k + 1)1)1/2

milk] = (1, ®(ko, k) X;" [K]OT (ko, k)1)1/2 > k2 ko (3:32)
The shape matrix of the internal ellipsoid is
X[ k+1] = A[k|X; [k]AT[k] + B[k P[k]B" k]
AKX, 2 (K]S k) (BIK) Pk BT k)2
+ (B[P BT [k)2ST (k)X 2[R AT (K], X[ [ko) = Xo, (3.33)

in which matrix S;[k] is orthogonal and determined from the equation

(1, ®(ko, k + 1) B[K|P[K] BT [k]T (ko, k + 1)) /2
<Z;Xol>1/2

S)[k](B[k| Pk BT [k])/2®(ko, k + 1)] = XM

The point where the external and the internal ellipsoids both touch the boundary of the reach set
is given by

X[ [K]®7 (ko, k)l
(I, ®(ko, k) X;* [K]®T (o, k)1)1/2

X[ (k)@ (ko, k)l

i [k] = z.[k] + {1, ®(ko, k) X[ [K]®T (ko, k)I)1/2"

= xc[k] +

Points z;[k], k > ko, form a good curve. In order for the system to follow the good curve specified
by some vector [, the initial state must be

Xol
0 __ 0
xl = X0 + W, (334)
and the control must be
Plk|BT[k1®T (ko, k + 1)1
wlk] = plk] + KBk (ko ) (3.35)

{1, ®(ko, k + 1) Bk|P[k) BT [k]®(ko, k + 1)[)1/2°

Remark. There are cases when m[k] in (3.32) and w[k] in (3.35) are not well defined due to
singularity of the matrix B[k]P[k]BT[k]. The way to handle these situations, as well as systems
with singular A[k], is described in detail in [6].

Backward reach sets for discrete-time systems can be computed only if matrices A[k] are nonsingular
for all k.

Definition 3.2.2 Given the terminating position (k1,y'), y[ki] = y* € E(y1, Y1), the backward
reach set Y(ki,k,y') of the system (3.29) at time step k < ky is the set of all states ylk|] such that
there exists a sequence of controls uli] € E(pli], P[i]), i = k,---, k1 — 1, that brings the system from
y[k] to ylk1] =y in ki — k steps.

The backward reach set for the set of terminating states E(y1,Y1) is

Yk )= ) Yk k,yh).

yle€(y1,Y1)
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The backward reach set satisfies the semigroup property:
y(kla kv g(yh Yl)) = y(la kv y(klv i? 5(y1> Yl)))a k S 1 é kl'

Backward reach sets can also be tightly approximated by external and internal ellipsoids,
E(yc[k], Y, T[k]) and E(yc[k], Y, [k]). The equation for the center y.[k] is

ye[k] = A7 K] (yelk + 1] — BlkIp[k] — G[k]v[K]),  yel[k1] = v1. (3.36)
The equation for the shape matrix for the external ellipsoid is

Ykl = (L4 mlkDAT K]Y, [k + 1A K]
1

m)A_l[k]B[k]P[k]BT[k]A‘lT[k], Y (k] = V3, (3.37)

+ (1+

in which
(1, ®(k1, k + 1) B[k)P[k) BT [£]®T (k1, k + 1)1)*/2

(1, ®(k1, k)Y, [k + 1T (kq, k)1)1/2 ’

The expression for the shape matrix of the internal ellipsoid is

k< k.

mlk] =

Y7ok = ATUK]Y,T[KJATYR] + AT (K] BRI Pk BT (K] AT K]
+ ATURY Pk + 1Sy K] (A K] Bl PRI BT (K] ATV [K]) 2
+ (AT [KBIKIPI BT KA (k)2 ST R)Y; T2k + AT (K], Y, (k) = Yi(3.38)
in which matrix S;[k] is orthogonal and determined from the equation

1, ®(k1, k) A~k B[k]P[k]) BT [K] AT [K]®T (K, k)1)*/?
<l,Yll>1/2

S1[K)(A™ [ B{k) P[] BT (k] AT [K]) /28 (ky, k)T = v,/
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Chapter 4

Installation

4.1 Additional Software

Some routines of the FEllipsoidal Toolbox, namely,

e distance

e intersect

e intersection_ia

e isinside
require solving semidefinite programming (SDP) problems. We use YALMIP ([14], [15]) as an
interface to an external SDP solver. YALMIP supports a large variety of SDP packages. One of
them, SeDuMi ([16], [17]) is distributed along with ET. The user is free to choose any other SDP

solver so long as it is supported by YALMIP. The list of supported SDP solvers can be obtained
from [15].

Both YALMIP and SeDuMi are included in the ET distribution, so you do not need to download
them separately. However, if you have them already installed, or wish to install them independently
of ET, you should download the lite version of ET.

4.2 Installation and Quick Start

1. Go to
http://www.eecs.berkeley.edu/"akurzhan/ellipsoids
and download the FEllipsoidal Toolbox or its lite version stripped of YALMIP and SeDuMi.

2. Ungzip the distribution file into the directory where you would like the toolbox to be.

3. Read the copyright notice.
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4. In MATLAB command window change the working directory to the one where you unzipped
the toolbox and type
>> install

5. At this point, the directory tree of the Ellipsoidal Toolbox is added to the MATLAB path list.
In order to save the updated path list, in your MATLAB window menu go to File — Set
Path... and click Save.

6. To get an idea of what the toolbox is about, type
>> ell_demol
This will produce a demo of basic ET functionality: how to create and manipulate ellipsoids.
Type
>> ell_demo2
to learn how to plot ellipsoids and hyperplanes in 2 and 3D.
For a quick tutorial on how to use the toolbox for reachability analysis and verification, type
>> ell_demo3
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Chapter 5

Implementation

5.1 Operations with Ellipsoids

In the Fllipsoidal Toolbox we define a new class ellipsoid inside the MATLAB programming
environment. The following three commands define the same ellipsoid £(¢, @), with ¢ € R™ and
@ € R™™™ being symmetric positive semidefinite:

>> E = ellipsoid(q, Q);
>> E = ellipsoid(Q) + q;
>> E = sqrtm(Q)*ell_unitball(size(Q, 1)) + g;

For the ellipsoid class we overload the following functions and operators:

e isempty(E) - checks if E is an empty ellipsoid.

e display(E) - displays the details of ellipsoid £(q, @), namely, its center ¢ and the shape matrix
Q.

e plot(E) - plots ellipsoid &(g, Q) if its dimension is not greater than 3.

e E1 == E2 - checks if ellipsoids £(q1, Q1) and £(g2, Q2) are equal.

e E1 “= E2 - checks if ellipsoids £(q1, Q1) and £(g2, Q2) are not equal.

e [ , ] - concatenates the ellipsoids into the horizontal array, e.g. EE = [E1 E2 E3].

e [ ; ] - concatenates the ellipsoids into the vertical array, e.g. EE = [E1 E2; E3 E4] defines
2 x 2 array of ellipsoids.

e E1 >= E2- checks if the ellipsoid £(q1, Q1) is bigger than the ellipsoid £(gz, @2), or equivalently
5(07 Ql) g 8(07 QQ)

e E1 <= E2 - checks if £(0,Q2) C £(0,Q1).
e -E - defines ellipsoid £(—q, Q).
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e E + b - defines ellipsoid £(¢ + b, Q).
e E - b - defines ellipsoid £(q — b, Q).
e A * E - defines ellipsoid £(q, AQAT).

inv(E) - inverts the shape matrix of the ellipsoid: £(q, Q~1).

All the listed operations can be applied to a single ellipsoid as well as to a two-dimensional array of
ellipsoids. For example,

>> E1 ellipsoid([2; -1]1, [9 -5; -5 4]1); 7% nondegenerate ellipsoid in R"2
>> E2 = polar(E1l); % E2 is polar ellipsoid for E1

>> E3 = inv(E2); 7% E3 is generated from E2 by inverting its shape matrix
>> EE = [E1l E2; E3 ellipsoid([1; 1], eye(2))]; % 2x2 array of ellipsoids
>> EE <= E1 7 check if El is bigger than each of the ellipsoids in EE

To access individual elements of the array, the usual MATLAB subindexing is used:

> A =1[01; -2 0]; b=1[3; 0]; % A - 2x2 real matrix, b - vector in R"2
>> AT = A * EE(:, 2) + b; % affine transformation of ellipsoids in the second column of EE

Sometimes it may be useful to modify the shape of the ellipsoid without affecting its center. Say,
we would like to bloat or squeeze the ellipsoid:

>> BLT
>> SQZ

shape(E1, 2); 7% bloats ellipsoid E1
shape(E1, 0.5); % squeezes ellipsoid El

Since function shape does not change the center of the ellipsoid, it only accepts scalars or square
matrices as its second input parameter.

Several functions access the internal data of the ellipsoid object:

>> [q, Q] = parameters(E2) 7 get the center and the shape matrix of E2

q=
-0.5000
-0.1667

qQ =
0.9167 0.9167
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0.9167 1.5278

>> D = ellipsoid([42 -7 -2 4; -7 10 3 1; -2 3 5 -2; 4 1 -2 2]); % define new ellipsoid
>> isdegenerate([EE(1, :) D]) % check if given ellipsoids are degenerate

ans =
0 0 1

>> [n, r] = dimension([EE(1, :) D]) % get space dimensions and ranks of the shape matrices

One way to check if two ellipsoids intersect, is to compute the distance between them:

>> distance(EE, E3) ¥, distance between E3 and each of the ellipsoids in EE

ans =
-0.7761 -2.1553
-1.3519 0.1683

This result indicates that the ellipsoid E3 does not intersect with the ellipsoid EE(2, 2), with all
the other ellipsoids in EE it has nonempty intersection. If the intersection of the two ellipsoids is
nonempty, it can be approximated by ellipsoids from the outside as well as from the inside:

>> EA
>> TA

intersection_ea(El, E3); % external approximation of intersection of El1 and E3
intersection_ia(El, E3); % internal approximation of intersection of El1 and E3

It can be checked that resulting ellipsoid EA contains the given intersection, whereas IA is contained
in this intersection:

>> isinside(EA, [E1 E3], ’i’) % array [El E3] should be treated as intersection

ans =

>> isinside([E1 E3], IA) 7 check if IA belongs to the intersection of E1 and E3

ans =
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Function isinside in general checks if the intersection of ellipsoids in the given array contains the
union or intersection of ellipsoids or polytopes.

It is also possible to solve the feasibility problem, that is, to check if the intersection of more than
two ellipsoids is empty:

>> intersect(EE, EE(1, 1), ’i’) % check if the intersection of ellipsoids in EE is empty

In this particular example the result —1 indicates that the intersection of ellipsoids in EE is empty.
Function intersect in general checks if an ellipsoid, hyperplane or polytope intersects the union or
the intersection of ellipsoids in the given array:

>> % check if EE(2, 2) intersects the intersection of E1, E2 and E3:
>> intersect([E1l E2 E3], EE(2, 2), ’i’)

0

>> Y check if E(2, 2) intersects the union of E1, E2 and E3:
>> intersect([E1 E2 E3], EE(2, 2), ’u’)

For the ellipsoids in R, R? and R? the geometric sum can be computed explicitely and plotted:
>> minksum(EE); % compute and plot the geometric sum of ellipsoids in EE

If the dimension of the space in which the ellipsoids are defined exceeds 3, an error is returned. The
result of the geometric sum operation is not generally an ellipsoid, but it can be approximated by
families of external and internal ellipsoids parametrized by the direction vector:

>> Y, define the set of directions:

> L=1[10;11; 01; -1 1; 13]’; % columns of matrix L are vectors in R"2
>>

>> EA = minksum_ea(EE, L) J compute external ellipsoids for the directions in L

EA =
1x5 array of ellipsoids.

>> IA = minksum_ia(EE, L) 9 compute internal ellipsoids for the directions in L
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IA =
1x5 array of ellipsoids.

>> 7, intersection of external ellipsoids should always contain
>> Y, the union of intermal ellipsoids:

>> isinside(EA, IA, ’u’)

ans =

Functions minksum_ea and minksum_ia work for ellipsoids of arbitrary dimension. They should be
used for general computations whereas minksum is there merely for visualization purposes.

If the geometric difference of two ellipsoids is not an empty set, it can be computed explicitely and
plotted for ellipsoids in R, R? and R3:

>> E4 = shape(EE(2, 2), 0.4); % ellipsoid defined by squeezing the ellipsoid EE(2, 2)
>> E1 >= E4 7 check if the geometric difference E1 - E4 is nonempty

ans =

>> minkdiff(E1, E4); % compute and plot this geometric difference

Similar to minksum, minkdiff is there for visualization purpose. It works only for dimensions 1,
2 and 3, and for higher dimensions it returns an error. For arbitrary dimensions, the geometric
difference can be approximated by families of external and internal ellipsoids parametrized by the
direction vector, provided this direction is not bad:

>> isbaddirection(E1, E4, L) % find out which of the directions in L are bad

1 0 0 1 0
>> % two of five directions specified by L are bad,
>> 7} so, only three ellipsoidal approximations can be produced for this L:

>> EA = minkdiff_ea(E1, E4, L)

EA =
1x3 array of ellipsoids.

>> IA = minkdiff_ea(E1, E4, L)

IA =
1x3 array of ellipsoids.
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The class hyperplane of the Ellipsoidal Toolbox is used to describe hyperplanes and halfspaces. The
following two commands define one and the same hyperplane but two different halfspaces:

>> H
>> H

hyperplane([1; 1], 1); 7% defines halfspace x1 + x2 <=1
hyperplane([-1; -1], -1); Y’ defines halfspace x1 + x2 >= 1

The following functions and operators are overloaded for the hyperplane class:

e isempty(H) - checks if H is an empty hyperplane.

e display(H) - displays the details of hyperplane H(c,~), namely, its normal ¢ and the scalar
v.

e plot(H) - plots hyperplane H(c,~) if the dimension of the space in which it is defined is not
greater than 3.

e H1 == H2 - checks if hyperplanes H(c1,v1) and H(ca,72) are equal.
e H1 ~= H2 - checks if hyperplanes H(cy,v1) and H(ca,72) are not equal.
e [ , ] - concatenates the hyperplanes into the horizontal array, e.g. HH = [H1 H2 H3].

e [ ; ] - concatenates the hyperplanes into the vertical array, e.g. HH = [H1 H2; H3 H4] -
defines 2 x 2 array of hyperplanes.

e -H - defines hyperplane H(—c, —v), which is the same as H(c, ) but specifies different halfs-
pace.

There are several ways to access the internal data of the hyperplane object:

>> [c, g] = parameters(H) J get the normal and the scalar that define hyperplane H

c =
-1
-1

g =
-1

>> dimension(H) 7 get the dimension of the space where H is defined

2

>> HO = hyperplane([1 -1; 1 1]); % define two hyperplanes passing through the origin
>> isparallel(H, HO) % check which of two hyperplanes in array HO is parallel to H

ans =
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All the functions of FEllipsoidal Toolbox that accept hyperplane object as parameter, work with
single hyperplanes as well as with hyperplane arrays. One exception is the function parameters
that allows only single hyperplane object.

An array of hyperplanes can be converted to the polytope object of the Multi-Parametric Toolbox
([12], [13]), and back:

>> define array of four hyperplanes:
>> HH = hyperplane([1 1; -1 -1; 1 -1; -1 1]°, [2 2 2 2]);

HH =
1x4 array of hyperplanes.

>> P = hyperplane2polytope(HH); 7% convert array of hyperplanes to polytope

>> HP = polytope2hyperplane(P); Y covert polytope to array of hyperplanes
>> HP == HH
ans =

1 1 1 1

Functions hyperplane2polytope and polytope2hyperplane require the Multi-Parametric Toolbox
to be installed.

We can compute distance from ellipsoids to hyperplanes and polytopes:

>> distance(E1, HH) 7 distance from ellipsoid El to each of the hyperplanes in HH
ans =
-0.5176 0.8966 -2.6841 0.1444

>> distance(EE, P) Y, distance from each of the ellipsoids in EE to the polytope P

A negative distance value in the case of ellipsoid and hyperplane means that the ellipsoid intersects
the hyperplane. As we see in this example, ellipsoid E1 intersects hyperplanes H(1) and H(3) and has
no common points with H(2) and H(4). When distance function has a polytope as a parameter, it
always returns nonnegative values to be consistent with distance function of the Multi-Parametric
Toolbox. Here, the zero distance values mean that each ellipsoid in EE has nonempty intersection
with polytope P.

It can be checked if the union or intersection of given ellipsoids intersects given hyperplanes or
polytopes:
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>> 7}, check if the union of ellipsoids in EE intersects hyperplanes in HH:
>> intersect (EE, HH)

>> % check if the intersection of ellipsoids in the first column of EE
>> 7} intersects with hyperplanes in HH:
>> intersect(EE(:, 1), HH, ’i’)

0 0 1 0
>> 7} check if the intersection of ellipsoids E1, E2 and E3
>> Y, intersects with polytope P:
>> intersect([E1 E2 E3], P, ’i’)

ans =

The intersection of ellipsoid and hyperplane can be computed exactly:

>> Y, compute the intersections of ellipsoids in the first column of EE
>> Y, with hyperplane H(3):
>> I = hpintersection(EE(:, 1), H(3))

I =
2x1 array of ellipsoids.

>> isdegenerate(I) % resulting ellipsoids should lose rank

ans =

Functions intersection_ea and intersection_ia can be used with hyperplane objects, which in
this case define halfspaces and polytope objects:

>> 7} compute external and internal ellipsoidal approximations

>> % of the intersections of ellipsoids in the first column of EE
>> 7 with the halfspace x1 - x2 <= 2:

>> EA1 = intersection_ea(EE(:, 1), H(3)) 7 get external ellipsoids

EA1 =
2x1 array of ellipsoids.
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>> TA1 = intersection_ia(EE(:, 1), H(3)) % get internal ellipsoids

IAl =
2x1 array of ellipsoids.

>> Y, compute external and internal ellipsoidal approximations

>> % of the intersections of ellipsoids in the first column of EE

>> Y, with the halfspace x1 - x2 >= 2:

>> EA2 = intersection_ea(EE(:, 1), -H(3)); 7% get external ellipsoids
>> IA2 = intersection_ia(EE(:, 1), -H(3)); 7% get internal ellipsoids

>> J, compute ellipsoidal approximations of the intersection
>> Y, of ellipsoid E1 and polytope P:

>> EA = intersection_ea(El, P); Y get external ellipsoid
>> IA = intersection_ia(El, P); Y get internal ellipsoid

Function isinside can be used to check if a polytope or union of polytopes is contained in the
intersection of given ellipsoids:

>> Q = 0.5%P + [1; 1]; % polytope Q is obtained by affine transformation of P
>>

>> % check if the intersection of ellipsoids in the first column of EE

>> 7, contains the union of polytopes P and Q:

>> isinside(EE(:, 1), [P Q]) 7% equivalent to: isinside(EE(:, 1), P | Q)

ans =
0

>> Y, check if ellipsoid EE(2, 2) contains the intersection of P and Q:
>> isinside(EE(2, 2), [P Q], ’i’) 7% equivalent to: isinside(EE(2, 2), P & Q)

ans =

Functions distance, intersect, intersection_ia and isinside use the YALMIP interface ([14],
[15]) to the external optimization package. The default optimization package included in the dis-
tribution of the Ellipsoidal Toolbox is SeDuMi ([16],[17]). The user, however, is free to choose any
other optimization tool that solves second order cone programming (SOCP) problems, as long as
this tool is supported by YALMIP. QCQP is a special case of SOCP.

5.2 Reachability

To compute the reach sets of the systems described in chapter 3, we define two new classes in the
Ellipsoidal Toolboz: class 1insys for the system description, and class reach for the reach set data.
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We start by explaining how to define a system using 1insys object. For example, description of the

system
EA R Y R b RO

- mi | =05

is done by the following sequence of commands:

with

>> A =1[01; 00]; B=eye(2); 7% matrices A and B, B is identity

>> U.center = {’sin(t)’; ’cos(t)’}; 7 center of the ellipsoid depends on t
>> U.shape = [9 0; 0 2]; % shape matrix of the ellipsoid is static

>> sys = linsys(A, B, U); J create linear system object

If matrices A or B depend on time, say A(t) = _Ol L= CSS(Zt) , then matrix A should be
¢

symbolic:

>> At = {’0’ ’1 - cos(2%t)’; ’-1/t’ ’0°}; % A(t) - time-variant

>> sys_t = linsys(At, B, U);

To describe the system with disturbance

a]-les][a]-[ag ][]
<1,

with bounds on control as before, and disturbance being —1 < v(%) we type:

>> G [0; 1]; % matrix G
>> V = ellipsoid(1); % disturbance bounds: unit ball in R
>> sys_d = linsys(A, B, U, G, V);

Control and disturbance bounds U and V can have different types. If the bound is constant, it
should be described by ellipsoid object. If the bound depends on time, then it is represented by
a structure with fields center and shape, one or both of which are symbolic. In system sys, the
control bound U is defined as such a structure. Finally, if the control or disturbance is known and
fixed, it should be defined as a vector, of type double if constant, or symbolic, if it depends on time.

To declare a discrete-time system

[ZFZ:H]:[—OI —é.5Hiﬁ”+[?]UU€L —1<ulk] <1,

we use the same 1linsys constructor:

> Ad = [0 1; -1 -0.5]; Bd = [0; 1]; ¥% matrices A and B
>> Ud = ellipsoid(1l); % control bounds: unit ball in R
>> dtsys = linsys(Ad, Bd, Ud, [1, (I, [1, [0, ’d’); % discrete-time system
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Once the linsys object is created, we need to specify the set of initial conditions, the time interval
and values of the direction vector, for which the reach set approximations must be computed:

>> X0 = ell_unitball(2) % set of initial conditions
>> T = [0 10] % time interval
> L =1[10; 01]’; % columns of L specify the directions

The reach set approximation is computed by calling the constructor of the reach object:

>> options.save_all = 1 Y% turn on save_all option (its default value is 0)
>> rs = reach(sys, X0, L, T, options); % reach set of continuos-time system

The options parameter in the reach() call is optional. We shall soon explain why we used it here.
At this point, variable rs contains the reach set approximations for the specified continuous-time
system, time interval and set of initial conditions computed for given directions. By default, both
external and internal approximations are computed. To compute only external or only internal
approximations, options structure must contain another field - approximation. For only external
approximations, this field must be set to 0, for only internal approximations, it must be set to 1.
The reach set approximation data can be extracted in the form of arrays of ellipsoids:

>> EA = get_ea(rs) Y external approximating ellipsoids

EA =
4x200 array of ellipsoids.

>> [IA, tt] = get_ia(rs); J internal approximating ellipsoids

Ellipsoidal arrays EA and IA have 4 rows because we computed the reach set approximations for 4
directions. Each row of ellipsoids corresponds to one direction. The number of columns in EA and
IA is defined by the time_grid parameter of the global ell0ptions structure (see chapter 6 for
details). It represents the number of time values in our time interval, at which the approximations
are evaluated. These time values are returned in the optinal output parameter, array tt, whose
length is the same as the number of columns in EA and IA. Intersection of ellipsoids in a particular
column of EA gives external ellipsoidal approximation of the reach set at corresponding time. Internal
ellipsoidal approximation of this set at this time is given by the union of ellipsoids in the same column
of IA.

We may be interested in the reachability data of our system in some particular time interval, smaller
than the one for which the reach set was computed, say 3 <t < 5. This data can be extracted and
returned in the form of reach object by the cut function:

>> ct = cut(rs, [3 5]); Y% reach set for the time interval [3, 5]

To obtain a snap shot of the reach set at given time, the same function cut is used:

>> ¢t = cut(rs, 5); % reach set at time t =5
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It can be checked if the external or internal reach set approximation intersects with given ellipsoids,
hyperplanes or polytopes:

>> E = ellipsoid([-17; 0], [4 -1; -1 1]); % define ellipsoid

>> HH = hyperplane([1 1; -1 -1; 1 -1; -1 1]°, [2 2 2 2]); % define 4 hyperplanes
>> P = hyperplane2polytope(HH) + [2; 10]; 7 define polytope

>> % check if ellipsoid E intersects with external approximation:

>> intersect(ct, E, ’e’)

ans =

>> Y, check if ellipsoid E intersects with internal approximation:
>> intersect(ct, E, ’i’)

ans =
0

>> Y, check if hyperplanes in HH intersect with internal approximation:
>> intersect(ct, HH, ’i’)

>> 7} check if polytope P intersects with external approximation:
>> intersect(ct, P)

ans =

If a given set intersects with the internal approximation of the reach set, then this set intersects
with the actual reach set. If the given set does not intersect with external approximation, this set
does not intersect the actual reach set. There are situations, however, when the given set intersects
with the external approximation but does not intersect with the internal one. In our example above,
ellipsoid E is such a case: the quality of the approximation does not allow us to determine whether or
not E intersects with the actual reach set. To improve the quality of approximation, refine function
should be used:

>> L1 [1; -1]; % define new directions, in this case one, but could be more
>> rs = refine(rs, L1); 7% compute approximations for the new directions

>> ct = cut(rs, 5); ¥ snap shot of the reach set at time t = 5

>> intersect(ct, E, ’i’) ¥ check if E intersects the internal approximation
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Now we are sure that ellipsoid E intersects with the actual reach set. Recall that when we computed
reach set rs the first time, we did it with the option save_all set to 1. This option indicated to the
reach constructor that it should save all intermediate calculations of data in the reach object rs.
These data include evaluations of matrices A, B, G at specific time values (in case these matrices
depend on time) together with the control and disturbance bounds, the state transition matrix
and its inverse evaluated at these time values. By default, save_all option is set to 0, and all
these intermediate data are not retained, which significantly reduces the memory used by the reach
object rs. However, to use the refine function, the reach set object must contain all calculated
data, otherwise, an error is returned.

Having a reach set object resulting from the reach, cut or refine operations, we can obtain the
trajectory of the center of the reach set and the good curves along which the actual reach set is
touched by its ellipsoidal approximations:

>> [ctr, tt] = get_center(rs); ¥ trajectory of the center
>> gc = get_goodcurves(rs) % get good curves

ge =
[2x200 doublel [2x200 double] [2x200 doublel [2x200 double] [2x200 doublel]

Variable ctr here is a matrix whose columns are the points ofthe reach set center trajectory evaluated
at time values returned in the array tt. Variable gc contains 4 matrices each of which corresponds
to a good curve (columns of such matrix are points of the good curve evaluated at time values in tt).
The analytic expression for the control driving the system along a good curve is given by formula
(3.18).

We computed the reach set up to time 10. It is possible to continue the reach set computation for a
longer time horizon using the reach set data at time 10 as initial condition. It is also possible that
the dynamics and inputs of the system change at certain time, and from that point on the system
evolves according to the new system of differential equations. For example, starting at time 10, our
reach set may evolve in time according to the time-variant system sys_t defined above. Switched
systems are a special case of this situation. To compute the further evolution in time of the existing
reach set, function evolve should be used:

>> rs2 = evolve(rs, 15); % reach set from time 10 to 15 with the same dynamics
>> rs2 = evolve(rs, 15, sys_t); ' reach set from time 10 to 15 with new dynamics
>>

>> % not only the dynamics, but the inputs can change as well,

>> % from time 15 to 20 disturbance is added to the system:

>> rs3 = evolve(rs2, 20 sys_d); % sys_d - system with disturbance defined above

Function evolve can be viewed as an implementation of the semigroup property.

To compute the backward reach set for some specified target set, we declare the time interval so
that the terminating time comes first:

>> Y = ellipsoid([8; 2], [4 1; 1 2]); 7 target set in the form of ellipsoid
>> Tb = [10 5]; Y% backward time interval

>> brs = reach(sys, Y, L, Tb, options); 7% backward reach set

>> brs = refine(brs, L1); % refine the approximation

>> brs2 = evolve(brs, 0); % further evolution in backward time from 5 to O
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Reach set and backward reach set computation for discrete-time systems and manipulations with the
resulting reach set object are performed using the same functions as for continuous-time systems:

>> T = [0 100]; % represents 100 time steps from 1 to 100

>> dtrs = reach(dtsys, X0, L, T); 7% reach set for 100 time steps

>> dtrs2 = evolve(dtrs, 200); % compute next 100 time steps

>>

>> Tb = [50 0]; Y% backward time interval

>> dtbrs = reach(dtsys, Y, L, Tb, options) ¥% backward reach set

>> dtbrs refine(dtbrs, L1); 7% refine the approximation

>> [EA, tt] = get_ea(dtbrs); ¥ get external approximating ellipsoids and time values
>> TA = get_ia(dtbrs) 7 get internal approximating ellipsoids

IA =
5x61 array of ellipsoids.

Number of columns in the ellipsoidal arrays EA and IA is 51 because the backward reach set is com-
puted for 50 time steps, and the first column of these arrays contains 5 ellipsoids Y - the terminating
condition.

When dealing with discrete-time systems, all functions that accept time or time interval as an input
parameter, round the time values and treat them as integers.

5.3 Visualization

Ellipsoidal Toolbox has several plotting routines:

e ellipsoid/plot - plots one or more ellipsoids, or arrays of ellipsoids, defined in R, R? or R3.

e ellipsoid/minkdiff - plots geometric difference (if it is not an empty set) of two ellipsoids
defined in R, R? or R3.

e ellipsoid/minksum - plots geometric sum of finite number of ellipsoids defined in R, R? or
R3.

e hyperplane/plot - plots one or more hyperplanes, or arrays of hyperplanes, defined in R? or
R3.

e reach/plot_ea - plots external approximation of the reach set whose dimension is 2 or 3.

e reach/plot_ia - plots internal approximation of the reach set whose dimension is 2 or 3.

All these functions allow the user to specify the color of the plotted objects, line width for 1D and
2D plots, and transparency level of the 3D objects. Hyperplanes are displayed as line segments in
2D and square facets in 3D. In the hyperplane/plot method it is possible to specify the center of
the line segment or facet and its size.

Ellipsoids of dimensions higher than three must be projected onto a two- or three-dimensional
subspace before being plotted. This is done by means of projection function:
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>>
>>
>>
>>
>>
>>
>>
>>
>>

PP

% create two 4-dimensional ellipsoids:
El = ellipsoid([14 -4 2 -5; -4 6 0 1; 2 06 -1; -5 1 -1 2]);
E2 = inv(El);

% specify 3-dimensional subspace by its basis:
BB=[1000; 0010; 010 1]’; % columns of BB must be orthogonal

% get 3-dimensional projections of El1 and E2:
PP = projection([E1l E2], B) 7% array PP contains projections of El and E2

1x2 array of ellipsoids.

>>

plot(PP); 7% plot ellipsoids in PP

Since the operation of projection is linear, the projection of the geometric sum of ellipsoids equals
the geometric sum of the projected ellipsoids. The same is true for the geometric difference of two
ellipsoids.

Function projection exists also for the reach objects:

>>
>>
>>
>>
>>
>>
>>
>>
>>
>>
>>

A [0100; -1010;0001; 00 -10];
B = [0; 0; 0; 1];

U = ellipsoid(1);

sys = linsys(A, B, U); % 4-dimensional system

L =[1101;0-110;-1111; 00 -11]’; % matrix of directions
rs = reach(sys, ell_unitball(4), L, 5); % reach set from time O to 5
BB=[1001; 0110]°; % basis of 2-dimensional subspace

ps = projection(rs, BB); % project reach set rs onto basis BB
plot_ea(ps); % plot external approximation

hold on;
plot_ia(ps); 7% plot internal approximation

The quality of the ellipsoid and reach set plots is controlled by the parameters plot2d_grid and
plot3d_grid of the global el1l0ptions structure (see chapter 6).
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Chapter 6

Structures and Objects

6.1 ellOptions

Functions of the Ellipsoidal Toolbox can be called with user-specified values of certain global pa-
rameters. These parameters are stored in the global structure ellOptions, which is kept in the
MATLAB workspace as global variable. This structure is initialized with default values of parame-
ters upon the first call to almost any function of the ET. Before execution, the ET routine checks if
global structure ell0Options already exists, and if not, it calls the function ellipsoids_init that
performs the initialization.

Here we list the fields of e110ptions structure along with their default values.

e version = ’1.02’ - current version of ET. A this time this parameter is harmless in the sense
that it is not used by any of the routines. In the future, however, it may be used for version
compatibility.

e verbose = 1 - if set to 0, makes all the calls to ET routines silent, and no information except
errors is displayed. Otherwise, it is assumed to be 1. Currently, there are no other levels of
verbosity.

e abs_tol = 1e-9 - absolute tolerance.
e rel_tol = le-7 - relative tolerance.

e time grid = 200 - density of the time grid for the continuous time reach set computation.
This parameter directly affects the number of ellipsoids to be stored in the reach object.

e ode_solver = 1 - specifies the ODE solver for continuous time reach set computation: 1 =
'RK45’, 2 = 'RK23’, 3 = "Adams’.

e norm_control = ’on’ - switches on and off the norm control in the ODE solver. When turned
on, it slows down the computation, but improves the accuracy.

e ode_solver_options = O - when set to 0, calls the ODE solver without any additional options
like norm control. It makes the computation faster but less accurate. Otherwise, it is assumed
to be 1, and only in this case the previous option makes a difference.

43



e nlcp_solver = 0 - specifies which gradient method implementation to use. If set to 0, it
is e11 nlfnlc, which comes with ET; if set to 1, it is fmincon, which is part of MATLAB
Optimization Toolbox.

e plot2d_grid = 200 - specifies number of points used to plot a 2D ellipsoid. This parameter
also affects the quality of 2D reach tube and reach set plots.

e plot3d_grid = 200 - the number of points used to plot a 3D ellipsoid is calculated as

M. This parameter also affects the quality of 3D reach set plots.

e sdpsettings - the settings used by YALMIP optimization toolbox.

These parameters can be modified by editing ellipsoids/ellipsoids_init.m file. After you finished
editing, for changes to take effect, type

>> clear global ellOptions;

If you would like to change certain parameters temporarily, without modifying the ellipsoids_init.m
file, say, turn the verbosity off, you should type

>> global ellOptions;
>> ellOptions.verbose = 0;

and proceed with your work. Before you modify el1l0ptions structure this way however, make sure
it is initialized.

6.2 ellipsoid

The main object of the Ellipsoidal Toolboz, ellipsoid, is very simple. In accordance with definition
2.1.3, it contains two fields:

e center - n-dimensional vector specifying the center of the ellipsoid;

e shape - (n X n)-dimensional symmetric positive semidefinite matrix.

These fields cannot be accessed by the user directly. Their values can be obtained through
ellipsoid/parameters function, but they cannot be modified except by some allowed operation
with the ellipsoid object. For the list of ellipsoid methods, see section 8.1.

6.3 hyperplane

According to definition 2.1.7, the hyperplane object contains two fields:

e normal - n-dimensional vector specifying the normal to the hyperplane (¢ in 2.9);

e shift - the scalar (7 in 2.9).
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These fields cannot be accessed by the user directly. Their values can be obtained through
hyperplane/parameters function, but they cannot be modified other than by some allowed op-
eration with the hyperplane object. For the list of hyperplane methods, see section 8.2.

In some ET functions, for example, in ellipsoid/intersection_ea and ellipsoid/intersection_ia,
the hyperplane specifies the halfspace. It is assumed that the halfspace is

{r € R" | (normal,z) < shift}.

6.4 linsys

Ellipsoidal Toolboxz supports both types of linear (affine) dynamical systems: continuous-time,

z(t) = At)z(t) + B(t)u(t) + G(t)v(t),
y(t) = C)z(t) + DE)ult) + w(t);
and discrete-time,
zlk+1] = Alklz[k] + Blk]ulk] + Glk]v[k],
ylk] = Cl[klz[k] + D[k]ulk] + w[k].

Both can be time-invariant (have constant matrices A, B, G, C, D) or time-variant.
The 1insys object contains the fields:

A - (n x n)-dimensional matrix A of type double if constant, or cell to symbolically represent
A(t) or Alk].

e B - (n x m)-dimensional matrix B, double if constant, cell if symbolic.

e control - ellipsoidal bounds on control u, either an ellipsoid object of dimension m, or
structure U with fields U. center and U.shape to represent the ellipsoid that depends on time.
For example,
>> U.center = [0; 1];
>> U.shape = {’4’ ’cos(t)’; ’cos(t)’ ’1’};

. : |0 _ 4 cos(t)
defines ellipsoid £(p, P(t)) with p = { 1 } and P(t) = [ cos(t) 1 }

e G - (n x d)-dimensional matrix G of type double if constant, or cell if symbolic. Can be
empty if the system has no disturbance or affine term.

e disturbance - ellipsoidal bounds on disturbance v, either an ellipsoid object of dimension
d, or structure V with fields V.center and V.shape for symbolic representation of ellipsoid,
similar to the control field. This field can be also a single d-dimensional vector - constant or
symbolic - to represent an affine term.

e C - (r x n)-dimensional matrix C of type double if constant, or cell if symbolic.

e D - (r x m)-dimensional matrix D of type double if constant, or cell if symbolic. Can be
empty.

45



e noise - ellipsoidal bounds on the noise w, either an ellipsoid object of dimension r, or
structure W with fields W. center and W.shape for symbolic representation of ellipsoid, similar
to the control and disturbance fields.

This field can be also a single r-dimensional vector, constant or symbolic, to represent an affine
term.

e 1ti - 1 if the system is time-invariant, 0 - otherwise.
e dt - 1 if the system is discrete-time, 0 - otherwise.

e constantbounds - indicates if the bounds on control, disturbance and noise are constant.

The fields of 1insys object can be accessed but cannot be modified directly by the user. The only
way to modify these fields is through linsys/linsys constructor. For the list of 1insys methods,
see section 8.3.

6.5 reach

The reach object represents the reach (or backward reach) set of an affine system. It contains the
fields:

e system - the description of the system, for which the reach set is computed, in the form of
linsys object.

e tO0 - initial time value.

e XO - the set of initial (or terminating, in case of backward reachability) conditions in the form
of ellipsoid object.

e initial directions - matrix whose columns represent the values of direction vector I (see
section 3.2), for which the ellipsoidal approximations of the reach set are computed.

e time_values - time interval, for which the reach set is computed, is split into the number of
segments specified by the global ell0Options.time_grid parameter. This field contains the
values of the time grid. If the last value of this array is less than the value of t0, then the
reach set is in fact backward reach set.

e center_values - matrix whose columns are values of the reach set center trajectory evaluated
at times specified by time_values.

e 1 values - array of directions vectors evaluated at times specified by time_values.

e eca_values - array of the shape matrices of the external ellipsoids evaluated at times specified
by time_values.

e ia values - array of the shape matrices of the internal ellipsoids evaluated at times specified
by time_values.

e projection_basis - if the reach set is projected onto the given orthonormal basis, the columns
of this field are the basis vectors, otherwise, this field is empty.
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e calc_data - this field is empty unless the reach set is computed with the save_all option set
to 1. This field then contains the intermediate calculation data, which can be used for the
approximation refinement. For more detail, see description of the function refine in section

8.4.

These fields can be accessed and modified only through reach methods. For the list of reach
methods, see section 8.4.
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Chapter 7

Examples

7.1 Ellipsoids vs. Polytopes

Depending on the particular dynamical system, certain methods of reach set computation may
be more suitable than others. Even for a simple 2-dimensional discrete-time linear time-invariant
system, application of ellipsoidal methods may be more effective than using polytopes.

Consider the system from chapter 1:

b )=[m 20 ][0 [ o

where AXj is the set of initial conditions, and U is the control set.

}, z[0] € Xy, ulk]€U, k>0,

Let Xy and U be unit boxes in R?, and compute the reach set using the polytope method implemented
in MPT ([13]). With every time step the number of vertices of the reach set polytope increases by
4. The complexity of the convex hull computation increases exponentially with number of vertices.
In figure 7.1, the time required to compute the reach set for different time steps using polytopes is
shown in red.

To compute the reach set of the system using Ellipsoidal Toolbox, we assume Ay and U to be unit
balls in R?, fix any number of initial direction values that corresponds to the number of ellipsoidal
approximations, and obtain external and internal ellipsoidal approximations of the reach set:

>> A = [cos(1) sin(1); -sin(1) cos(1)];

>> U = ell_unitball(2); 7% control bounds

>>

>> Y, define linear discrete-time system:

>> 1lsys = linsys(A, eye(2), U, [1, [1, [, 0O, ’a”);

>>

>> X0 = ell_unitball(2); % set of initial conditions

>> L0 = [cos(0:0.1:pi); sin(0:0.1:pi)]; % 32 initial directions
>> N = 100; 7% number of time steps

>>

>> % compute the reach set:
>> rs = reach(lsys, X0, LO, N);
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In figure 7.1, the time required to compute both external and internal ellipsoidal approximations,
with 32 ellipsoids each, for different number of time steps is shown in blue.

200

180

—— ellipsoids
—5— polytopes
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100

80

Reach set computation time
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& &
10 20 30 40 50 60 70 80 90 100
Number of time steps

Figure 7.1: Reach set computation performance comparison: ellipsoids (blue) vs. polytopes (red).

Figure 7.1 illustrates the fact that the complexity of polytope method grows exponentially with
number of time steps, whereas the complexity of ellipsoidal method grows linearly.

7.2 System with Disturbance

The mechanical system presented in figure 7.2, is described by the following system of equations:

myiy + (k1 + ko)xy — kowa = wy, (7.1)
Mole — koxq + (k?l + k‘g)&?Q = U2. (72)
Here u; and uy are the forces applied to masses m; and ms, and we shall assume [u; ug]T € £(0,1).

The initial conditions can be taken as x1(0) = 0, 22(0) = 2. Defining 23 = &; and x4 = &9, we can
rewrite (7.1-7.2) as a linear system in standard form:

T 0 0 1 0 T 0 0
i 0 0 0 1] a 0 0 u
. = . + . 7.3
s _ k1"—1-1k2 T’% 0 0 T3 le 0 U ( )
Z4 ko _kitk: g x4 0 1

mao mo ma2

Now we can compute the reach set of system (7.1-7.2) for given time by computing the reach set of
the linear system (7.3) and taking its projection onto (z1,x3) subspace.

>> 7}, specify parameters k1, k2 and masses ml, m2:
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Figure 7.2: Spring-mass system.

>> k1 = 24; k2 = 32;

> ml = 1.5; m2 = 1;

>>

>> % define matrices A, B, and control bounds U:

> A=[0010; 000 1; -(k1+k2)/m1 k2/m1 0 0; k2/m2 -(k1+k2)/m2 0 0];
> B =[00; 00; 1/m1 0; 0 1/m2];

>> U = ell_unitball(2);

>>

>> 1sys = linsys(A, B, U); % linear system

>> T = [0 4]; % time interval

>>

>> % initial conditions:

>> X0 = [0 20 0] + ellipsoid([0.01 0 0 0; 0 0.01 0 O0; O O eps O; O 0 O epsl);
>>

>> % initial directions (some random vectors in R"4):

> L0=[1010;1-100;0-101;11-11-1110;-2011]";

>>

>> rs = reach(lsys, X0, LO, T); % reach set

>>

> BB =[1000; 010 0]”; 7% orthogonal basis of (x1, x2) subspace
>> ps = projection(rs, BB); 7 reach set projection

>>

>> 7 plot projection of reach set external approximation:

>> subplot(2, 2, 1);

>> plot_ea(ps, ’g’); % plot the whole reach tube

>> subplot(2, 2, 2);

>> plot_ea(cut(ps, 4), ’g’); ' plot reach set approximation at time t = 4

Figure 7.3(a) shows the reach set of the system (7.1-7.2) evolving in time from ¢ = 0 to ¢t = 4. Figure
7.3(b) presents a snapshot of this reach set at time ¢ = 4.

So far we considered an ideal system without any disturbance, such as friction. We introduce
disturbance to (7.1-7.2) by adding extra terms, v; and va,

mi&1 + (k1 + k2)x1 — koo = wg + vy, (7.4)
MmoZs — kox1 + (k1 + k2)za = ug + v, (7.5)
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Figure 7.3: Spring-mass system without disturbance: (a) reach tube for time ¢ € [0, 4]; (b) reach set
at time ¢t = 4. Spring-mass system with disturbance: (c) reach tube for time ¢ € [0,4]; (d) reach set

at time t = 4.
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which results in equation (7.3) getting an extra term

n

Assuming that [v; v9]' is unknown but bounded by ellipsoid £(0, %I ), we can compute the closed-
loop reach set of the system with disturbance.

O R OO
= O O O

]T

>> % define disturbance:

> G=1[00; 00; 10; 0 1];

>> V = 0.5%ell_unitball(2);

>>

>> 1sysd = linsys(A, B, U, G, V); % linear system with disturbance
>>

>> rsd = reach(lsysd, X0, LO, T); % reach set

>> psd = projection(rsd, BB); % reach set projection onto (x1, x2)
>>

>> Y, plot projection of reach set external approximation:

>> subplot(2, 2, 3);

>> plot_ea(ps); ’% plot the whole reach tube

>> subplot(2, 2, 4);

>> plot_ea(cut(ps, 4)); % plot reach set approximation at time t = 4

Figure 7.3(c) shows the reach set of the system (7.4-7.5) evolving in time from ¢ = 0 to ¢t = 4. Figure
7.3(d) presents a snapshot of this reach set at time ¢ = 4.

7.3 Switched System

By switched systems we mean systems whose dynamics changes at known times. Consider the RLC
circuit shown in figure 7.4. It has two inputs—the voltage (v) and current (7) sources. Define

e 11 - voltage across capacitor C, so Cyi; is the corresponding current;
e 15 - voltage across capacitor Cs, so the corresponding current is Cyia.

e 13 - current through the inductor L, so the voltage across the inductor is Lis.

Applying Kirchoff current and voltage laws we arrive at the linear system,

i -1 o0 L 1 1

o f3Yen < . B G v

By | = 0 0 o x|+ 0 0 [ . ] (7.6)
i A A TN B N

The parameters Ry, Ry, C1, Co and L, as well as the inputs, may depend on time. Suppose, for
time 0 <t < 2, Ry =2 Ohm, Ry, =1 Ohm, C; =3 F, Co =7F, L =2 H, both inputs, v and i are
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Figure 7.4: RLC circuit with two inputs.

present and bounded by ellipsoid £(0,I); and for time ¢t > 2, Ry = Ry = 2 Ohm, C; = Cy = 3 F,

L = 6 H, the current source is turned off, and |v| < 1. Then, system (7.6) can be rewritten as

1
10
. 0 0
1 1 1
T2 | = _?l 02
T 6
3 0 0
1 1
6 6

_1
13

W= I I
= WO

wl

T
2
3
T
Z2
3

+

+

O ool O ool

O Owi=

[?],ogt<z

2 <t

We can compute the reach set of (7.7) for some time ¢ > 2, say, t = 3.

>>
>>
>>
>>
>>
>>
>>
>>
>>
>>
>>
>>
>>
>>
>>
>>
>>
>>
>>
>>
>>
>>
>>
>>

% define system 1:

Al = [-1/6 0 -1/3; 0 0 1/7; 1/2 -1/2 -1/2];
Bl = [1/6 1/3; 0 0; 0 0];

Ul = ellipsoid(eye(2));

s1 = linsys(Al, B1, Ul1);

% define system 2:

A2 = [-1/6 0 -1/3; 0 0 1/3; 1/6 -1/6 -1/3];

B2 = [1/6; 0; 0];
U2 = ellipsoid(1);
s2 = linsys(A2, B2, U2);

X0 = ellipsoid(0.01*eye(3));

TS = 2; % time of switch
T = 3; 7’ terminating time

% compute the reach set:
rsl = reach(sl, X0, LO, TS);

% computation of the second reach set starts

% where the first left off
rs2 = evolve(rsl, T, s2);

% obtain projections onto (x1, x2) subspace:

% set of initial states
LO = eye(3); % 3 initial directions

% reach set of the first system
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> BB =[100; 010]’; % (x1, x2) subspace basis

>> psl = projection(rsl, BB);

>> ps2 = projection(rs2, BB);

>>

>> 7 plot the results:

>> subplot(2, 2, 1);

>> plot_ea(psl, ’r’); ' external apprx. of reach set 1 (red)
>> hold on;

>> plot_ia(psl, ’g
>> plot_ea(ps2, ’y
>> plot_ia(ps2, ’b
>>

>> % plot the 3-dimensional reach set at time t = 3:
>> subplot(2, 2, 2);

>> plot_ea(cut(rs2, 3), ’y’);

>> hold on;

>> plot_ia(cut(rs2, 3), ’b’);

); % internal apprx. of reach set 1 (green)
); 7% external apprx. of reach set 2 (yellow)
); 7% internal apprx. of reach set 2 (blue)

)
)

)

Figure 7.5(a) shows how the reach set projection onto (x1,xs) of system (7.7) evolves in time from
t =0 to t = 3. The external reach set approximation for the first dynamics is in red, the internal
approximation is in green. The dynamics switches at ¢ = 2. The external reach set approximation
for the second dynamics is in yellow, its internal approximation is in blue. The full three-dimensional
external (yellow) and internal (blue) approximations of the reach set are shown in figure 7.5(b).

To find out where the system should start at time ¢ = 0 in order to reach a neighborhood M of the
origin at time ¢t = 3, we compute the backward reach set from t = 3 to ¢t = 0.

>> M = ellipsoid(0.01*eye(3)); % terminating set
>> TT = 3; % terminating time
>>

>> % compute backward reach set:

>> % compute the reach set:

>> brs2 = reach(s2, M, LO, [TT TS]); % second system comes first

>> brsl = evolve(brs2, 0, sl1); 7% then the first system

>>

>> Y, obtain projections onto (x1, x2) subspace:

>> bpsl = projection(brsl, BB);

>> bps2 = projection(brs2, BB);

>>

>> 7 plot the results:

>> subplot(2, 2, 3);

>> plot_ea(bpsl, ’r’); ' external apprx. of backward reach set 1 (red)
>> hold on;

>> plot_ia(bpsl, ’g
>> plot_ea(bps2, ’y
>> plot_ia(bps2, ’b
>>

>> Y, plot the 3-dimensional backward reach set at time t = O:
>> subplot(2, 2, 2);

>> plot_ea(cut(brsi, 0), ’r’);

); % internal apprx. of backward reach set 1 (green)
); % external apprx. of backward reach set 2 (yellow)
); % internal apprx. of backward reach set 2 (blue)

)
)

)
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Figure 7.5: Forward and backward reach sets of the switched system (external and internal approx-
imations). The dynamics switches at ¢t = 2.

(a) Forward reach set for the time interval 0 < ¢ < 3 projected onto (z1,z3) subspace.

(b) Forward reach set at t = 3 in R3.

(c) Backward reach set evolving from ¢t = 3 to ¢ = 0 projected onto (x1,x2) subspace.

(d) Backward reach set at t = 0 in R3.
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>> hold on;
>> plot_ia(cut(brsi, 0), ’g’);

Figure 7.5(c) presents the evolution of the reach set projection onto (z1,z2) in backward time.
Again, external and internal approximations corresponding to the first dynamics are shown in red
and green, and to the second dynamics in yellow and blue. The full dimensional backward reach set
external and internal approximations of system (7.7) at time ¢ = 0 is shown in figure 7.5(d).

7.4 Hybrid System

There is no explicit implementation of the reachability analysis for hybrid systems in the Ellipsoidal
Toolbox. Nonetheless, the operations of intersection available in the toolbox allow us to work with
certain class of hybrid systems, namely, hybrid systems with affine continuous dynamics whose
guards are ellipsoids, hyperplanes, halfspaces or polytopes.

We consider the switching-mode model of highway traffic presented in [36]. The highway segment is
divided into N cells as shown in figure 7.6. In this particular case, N = 4. The traffic density in cell
i is x; vehicles per mile, : = 1,2, 3,4.

U, —————— — ———— — — — —
_F——»——————————w—_—>
u, b
Figure 7.6: Highway model. Adapted from [36].
Define

e v, - average speed in mph, in the i-th cell, i = 1,2, 3, 4;
e w; - backward congestion wave propagation speed in mph, in the i-th highway cell, i = 1,2, 3, 4;

e 1,7 - maximum allowed density in the i-th cell; when this velue is reached, there is a traffic
jam, i =1,2,3,4;

d; - length of i-th cell in miles, i = 1,2, 3, 4;

T, - sampling time in hours;

b - split ratio for the off-ramp;
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e u; - traffic flow coming into the highway segment, in vehicles per hour (vph);

e uy - traffic flow coming out of the highway segment (vph);

e u3 - on-ramp traffic flow (vph).

Highway traffic operates in two modes: free-flow in normal operation; and congested mode, when

there is a jam. Traffic flow in free-flow mode is described by

[t + 1] (1o 0 0
U I e
x3[t + 1] 0 % 1 %
Tyt +1] 0 0 (1-b)mle 1-
[l 0 0
(R
+ da U9
0o 0 O us
. 0 0 O
The equation for the congested mode is
i w1 T wa T
T [t + 1] 1- él - ;1 0
IQ [t + 1] B O 1 ’wczl;Ts w32Ts
zylt+1] | 0 0 1— el o
z4lt + 1] 0 0 0 1
0 0 wils
di
Lo oo 0 o
0 0 0 2
0 wzllT 0 us
L 4
S % 0 0
0 w; s _ wfiTs 0
+ 0 02 wﬂzs _ 1 waTy
ds -5 ds
|0 0 0 .

0 1]
0 T2t
0 mg[t]
% X4 [t]
(7.8)
0 z1[t]
0 z2|t]
wfl;:' w3[t]
“’34 s T4 [t]
TM1
T2
7.9
T3 (7.9)
T M4

The switch from the free-flow to the congested mode occurs when the density xo reaches x,75. In

other words, the hyperplane H([0 1 0 0]7, 2ps2) is the guard.

We indicate how to implement the reach set computation of this hybrid system. We first define the

two linear systems and the guard.

>> 7}, assign parameter values:

>> vl = 65; v2 = 60; v3 = 63; v4 = 65; I mph
>> wl = 10; w2 = 10; w3 = 10; w4 = 10; % mph
>> dl =2; d2 = 3; d3 = 4; d4 = 2; Y% miles
>> Ts = 2/3600; % sampling time in hours

>> xM1 = 200; xM2 = 200; xM3 = 200; xM4 = 200;
>> b = 0.4;

>>

>> Al = [(1-(v1*Ts/d1)) 0 0 0

(v1*Ts/d2) (1-(v2%*Ts/d2)) 0 O
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>>
>>
>>
>>

>>
>>
>>

>>
>>
>>
>>
>>
>>
>>
>>

0 (v2*Ts/d3) (1-(v3*Ts/d3)) 0O
0 0 ((1-b)*(v3%Ts/d4)) (1-(v4*Ts/d4))]1;

Bl = [v1*Ts/d1 0 0; 0 0 v2%Ts/d2; 0 0 0; 0 O 0];
Ul = ellipsoid([180; 150; 50], [100 0 O; O 100 0; O 0 25]1);
A2 = [(1-(w1*Ts/d1)) (w2*Ts/d1) 0 O

0 (1-(w2*Ts/d2)) (w3*Ts/d2) O

0 0 (1-(w3*Ts/d3)) ((1/(1-b))*(w4*Ts/d3))

0 0 0 (1-(w4xTs/d4))];
B2 = [0 O wixTs/dl; 0 0 0; 0 O O; O -w4*Ts/d4 0];
U2 = U1;
G2 = [(w1xTs/d1) (-w2xTs/d1) 0 O

0 (w2xTs/d2) (-w3*Ts/d2) O

0 0 (w3*Ts/d3) ((-1/(1-b))*(wd*Ts/d3))

0 0 0 (w4x*Ts/d4)];
V2 = [xM1; xM2; xM3; xM4];
% define linear systems:

sl = linsys(Al, B1, U1, [1, 0O, 0O, O, ’d”);
s2 = linsys(A2, B2, U2, G2, V2, [1, [1, ’d’);

% define guard:
GRD = hyperplane([0; 1; 0; 0], xM2);

% free-flow mode
% congestion mode

We assume that initially the system is in free-flow mode. Given a set of initial conditions, we compute
the reach set according to dynamics (7.8) for certain number of time steps. We will consider the
external approximation of the reach set by a single ellipsoid.

>>
>>
>

>>
>>
>>
>>
>>

initial conditions:

X0 = [170; 180; 175; 170] + 10%*ell_unitball(4);

LO = [1; 0; 0; 0]; % single initial direction

N = 100; % number of time steps

ffrs = reach(sl, X0, LO, N); Y% free-flow reach set
EA = get_ea(ffrs); % 101xl array of external ellipsoids

Having obtained the ellipsoidal array EA representing the reach set evolving in time, we determine
the ellipsoids in the array that intersect the guard.

>>
>>
>>

ans

>>

I

hpintersection(EA, GRD); % some of the intersections are empty

D = find(“isempty(I)); 7% determine nonempty intersections

min (D)

19

max (D)
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69

Analyzing the values in array D, we conclude that the free-flow reach set has nonempty intersection
with hyperplane GRD at ¢ = 18 for the first time, and at ¢ = 68 for the last time. Between ¢ = 18 and
t = 68 it crosses the guard. Figure 7.7(a) shows the free-flow reach set projection onto (z1, z2,x3)
subspace for t = 10, before the guard crossing; figure 7.7(b) for ¢ = 50, during the guard crossing;
and figure 7.7(c) for ¢t = 80, after the guard was crossed.

(a) (b)

200 200
180 180 s
R 250 52 250
160 200 160 200
240 240
20200 g0 g 160 % 2200200 480 g, 160 ¥
X %
© 230
220
210
200 s & 200
250
180
R 190
160 200 180
240
220 170
200 X2160 160 150 ™ 160 170 180 190 200

X

Figure 7.7: Reach set of the free-flow system is blue, reach set of the congested system is green, the
guard is red.

(a) Reach set of the free-flow system at ¢ = 10, before reaching the guard (projection onto
(z1, 22, 23)).

(b) Reach set of the free-flow system at ¢t = 50, crossing the guard. (projection onto (z1,xs,x3)).
(¢) Reach set of the free-flow system at ¢ = 80, after the guard is crossed. (projection onto
(.’El, T2, T3 )

(d) Reach set trace from ¢ = 0 to t = 100, free-flow system in blue, congested system in green;
bounds of initial conditions are marked with magenta (projection onto (z1,x2)).

For each time step that the intersection of the free-flow reach set and the guard is nonempty, we
establish a new initial time and a set of initial conditions for the reach set computation according
to dynamics (7.9). The initial time is the array index minus one, and the set of initial conditions is
the intersection of the free-flow reach set with the guard.
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>> crs = [];
>> for i = 1:size(D, 2)
rs = reach(s2, I(D(i)), Lo, [(D(i)-1) N1);
crs = [crs rs];
end

The union of reach sets in array crs forms the reach set for the congested dynamics.

A summary of the reach set computation of the linear hybrid system (7.8-7.9) for N = 100 time
steps with one guard crossing is given in figure 7.7(d), which shows the projection of the reach set
trace onto (x1,x2) subspace. The system starts evolving in time in free-flow mode from a set of
initial conditions at ¢ = 0, whose boundary is shown in magenta. The free-flow reach set evolving
from ¢t = 0 to ¢t = 100 is shown in blue. Between ¢t = 18 and ¢ = 68 the free-flow reach set crosses the
guard. The guard is shown in red. For each nonempty intersection of the free-flow reach set and the
guard, the congested mode reach set starts evolving in time until ¢ = 100. All the congested mode
reach sets are shown in green. Observe that in the congested mode, the density zo in the congested
part decreases slightly, while the density x; upstream of the congested part increases. The blue set
above the guard is not actually reached, because the state evolves according to the green region.
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Chapter 8

Summary and Outlook

Although some of the operations with ellipsoids are present in the commercial Geometric Bounding
Toolbox [33, 34], the ellipsoid-related functionality of that toolbox is rather limited.

Ellipsoidal Toolbox is the first free MATLAB package that implements ellipsoidal calculus and
uses ellipsoidal methods for reachability analysis of continuous- and discrete-time affine systems,
continuous-time linear systems with disturbances and switched systems, whose dynamics changes at
known times. The reach set computation for hybrid systems whose guards are hyperplanes or poly-
hedra is not implemented explicitly, but the tool for such computation exists, namely, the operations
of intersection of ellipsoid with hyperplane and ellipsoid with halfspace.

In future versions of the toolbox we intend to implement additional operations with ellipsoids:

e external and internal ellipsoidal approximations of the intersection of N ellipsoids (currently,
these operations are implemented only for N = 2);

e external and internal ellipsoidal approximations for the sets
(E1 D E)—E3 and & @ (Ea—E3),
(& @&)NE  and  (E1—E)NEs;
e ordering of ellipsoids: partial ordering of their shape matrices;
e cllipsoidal approximations of non-ellipsoidal convex sets, e.g. polytopes;
e reachability analysis for state-constrained and obstacle problems; and

e cllipsoidal methods for stochastic control and estimation.
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Appendix A

Function Reference

A.1 ellipsoid Methods

dimension - returns the dimension of the space in which the ellipsoid is defined and the rank
of its shape matrix.

Parameters:
e E - single ellipsoid or array of ellipsoids.
Returns:

e n - dimension of the space.

e r - rank of the ellipsoid’s shape matrix. This output parameter is optional.
Example:

>> E1 = ellipsoid;

>> A =[31; 01; -2 1]; E2 = ellipsoid([1; -1; 1], AxA’);
>> E3 = ellipsoid(eye(2));

>> E4 = ellipsoid(0);

>> [n, r] = dimension([El1 E2; E3 E4])

n:
0
2 1
r=
0 2
2 0
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di splay - displays the details of the ellipsoid object.

Parameters:
e E - ellipsoid or array of ellipsoids.

This function is rarely used explicitely. It is called automatically for the object E when semicolon
does not terminate the statement.
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distance - computes the distance from the given ellipsoid to the specified object - vector,
ellipsoid, hyperplane or polytope.

Parameters:

e E - ellipsoid or array of ellipsoids.

e X - in case of vectors, it is a matrix, whose columns represent the vectors to which the distance
is measured, number of columns must match the number of ellipsoids in the array E;
in case of ellipsoids, it is array of ellipsoids whose size must match the size of E;
in case of hyperplanes, it is array of hyperplanes whose size must match the size of E;
in case of polytopes, it is polytope array whose length must match the number of ellipsoids in
the array E.

e T - this flag if set to 1 indicates that the distance should be computed in the metric of ellipsoids
in E. This parameter is optional, its default value is 0, and the distance is computed in the
FEuclidean metric. This parameter makes no difference for the distance computation between
ellipsoids and polytopes.

Returns:

e D - distance or array of distances.

Example:

>> E = ellipsoid([-2; -11, [4 -1; -1 11);
>> V [11; 1-1; -11; -1 -1]7;
>> distance(E, V)

ans =

1.0000 -1.0000 1.6668 1.0855
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ellipsoid - constructor for the ellipsoid object. If called without parameters, returns empty
ellipsoid.

Parameters:
e g - center of the ellipsoid, vector in R™. This parameter is optional, and if omitted, it is
assumed that the ellipsoid is centered at the origin.
e Q - shape matrix of the ellipsoid, matrix in R™*"™, symmetric positive semidefinite.
Returns:
e E - object of type ellipsoid class.
Example:

>> E = ellipsoid([1 0 -1 6], 9*eye(4));

creates a ball of radius 3 in R* centered at [1 0 — 1 6]7.
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€( - overloaded operator ==, it checks if two ellipsoids are equal.

Parameters:

e E1 - first ellipsoid.

e E2 - second ellipsoid.

Returns 1 if two ellipsoids are equal, 0 - otherwise.

Example:

>> E = ellipsoid([-2; -1]1, [4 -1; -1 1]);
>> E == [E ellipsoid(eye(2))]
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ge, gt - checks if the first ellipsoid is bigger than the second one.

Parameters:

e E1 - first ellipsoid.

e E2 - second ellipsoid.

Returns 1 if E1 contains E2 when both have the same center, 0 - otherwise.

Example:

>> E > E

illustrates the fact that an ellipsoid is always bigger than itself.
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hpiIlt ersection - computes the ellipsoid which results from intersection of given ellipsoid
with given hyperplane.

Parameters:

e E - ellipsoid or array of ellipsoids.

e H - hyperplane or array of hyperplanes.

If E and H are arrays, then their sizes must match.

Returns:
e T - ellipsoid or array of ellipsoids that are intersections of ellipsoids in E with hyperplanes in H.

Example:

>> E = ellipsoid([-2; -11, [4 -1; -1 11);
>> H = [hyperplane([0 -1; -1 0]’, 1); hyperplane([0 1; 1 0]°, 1)];
>> I = hpintersection(E, H)

I =
2x2 array of ellipsoids.
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intersect - checks if the union or intersection of ellipsoids intersects given ellipsoid, hyperplane
or polytope.

Parameters:

e E - ellipsoid or array of ellipsoids whose union or intersection is considered.
e X - can be single or array of ellipsoids, hyperplanes or polytopes.

e s -if u’, E should be treated as union of ellipsoids, if >i’, E should be treated as intersection
of ellipsoids. This parameter is optional, its default value is u’.

Returns —1 in case parameter s is set to i’ and the intersection of ellipsoids in E is empty,
0 if the union or intersection of ellipsoids in E does not intersect the object in X,
1 if the union or intersection of ellipsoids in E and the object in X have nonempty intersection.

Example:

>> E1 = ellipsoid([-2; -1], [4 -1; -1 1]);
>> E2 = E1 + [5; 5];

>> H = hyperplane([1; -1]);

>> intersect([E1 E2], H)

>> intersect([E1 E2], H, ’i’)

Here two ellipsoids E1 and E2 do not intersect but both are intersected by hyperplane H.
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intersection_ea - computes the external ellipsoidal approximation of the intersection of the
ellipsoid with given ellipsoid, halfspace or polytope.

Parameters:

e E - ellipsoid or array of ellipsoids.

e X - can be single or array of ellipsoids, hyperplanes or polytopes.

If E and X are arrays, then their sizes must match.

Returns:

e EA - ellipsoid or array of ellipsoids that externally approximate the intersection.

Example:

>> E1 = ellipsoid([-2; -1], [4 -1; -1 11);
>> E2 = E1 + [5; 5];

>> B = ell_unitball(2);

>> EA = intersection_ea([E1l E2], B)

EA =
1x2 array of ellipsoids.
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intersection_ia - computes the internal ellipsoidal approximation of the intersection of the
ellipsoid with given ellipsoid, halfspace or polytope.

Parameters:

e E - ellipsoid or array of ellipsoids.

e X - can be single or array of ellipsoids, hyperplanes or polytopes.

If E and X are arrays, then their sizes must match.

Returns:

e IA - ellipsoid or array of ellipsoids that internally approximate the intersection.

Example:

>> E1 = ellipsoid([-2; -1], [4 -1; -1 11);
>> E2 = E1 + [5; 5];

>> B = ell_unitball(2);

>> IA = intersection_ia([E1l E2], B)

IA =
1x2 array of ellipsoids.
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1NV - inverts the shape matrix of the ellipsoid if it is nonsingular.

Parameters:
e E - ellipsoid or array of ellipsoids.
Returns:

e T - ellipsoid or array of ellipsoids with inverted shape matrices.
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isbaddirection - checks if ellipsoidal approximations of the geometric difference of two
ellipsoids can be computed for given directions.

Parameters:

e E1 - first ellipsoid.
e E2 - second ellipsoid.

e L - matrix whose columns are direction vectors that need to be checked.

Returns 1 if given direction is bad and ellipsoidal approximation cannot be computed for it, 0 -
otherwise.

Example:

>> E = ellipsoid([-2; -11, [4 -1; -1 1]);
>> B = 3*ell_unitball(2);

> L=1[10;11; 01; -1 1]°;

>> isbaddirection(B, E, L)

0 1 1 0%

means that for vectors [1 1]7 and [0 1]T the ellipsoidal approximation of the geometric difference
B—E cannot be computed.
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isdegenerate - checks if given ellipsoid is degenerate.

Parameters:
e E - ellipsoid or array of ellipsoids.

Returns 1 if the ellipsoid is degenerate, 0 - otherwise.
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isempty - checks if given ellipsoid is an empty object.

Parameters:
e E - ellipsoid or array of ellipsoids.

Returns 1 if empty, 0 - otherwise.
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isinside - checks if the intersection of ellipsoids contains the union or intersection of given
ellipsoids or polytopes.

Parameters:

e E - ellipsoid or array of ellipsoids whose intersection contains or not the union or intersection
of other given objects.

e X - can be array of ellipsoids or polytopes whose union or intersection belongs or not to the
intersection E.

e s - if ’u’, X should be treated as union, if >i’, X should be treated as intersection. This
parameter is optional, its default value is ’u’.

Returns —1 if parameter s is set to i’ and the intersection of ellipsoids or polytopes in X is empty,
0 - if the intersection E does not cover X,
1 - if E contains X.

Example:

>> E = ellipsoid([-2; -1]1, [4 -1; -1 1]);
>> B = ell_unitball(2);
>> isinside(E, [E Bl, ’i’)

ans =

illustrates the fact that any ellipsoid contains its intersection with another ellipsoid.
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isinternal - checks if the union or intersection of ellipsoids contains given vectors.

Parameters:

e E - ellipsoid or array of ellipsoids whose intersection contains or not given vectors or polytopes.
e X - can be matrix whose columns represent vectors to be checked.

e s - if ’u’, E should be treated as union, if *i’, E should be treated as intersection. This
parameter is optional, its default value is *u’.

Returns 1 if vector in X belongs to union or intersection E, 0 - otherwise.

Example:

>> E1 = ellipsoid([-2; -1]1, [4 -1; -1 11);
>> E2 = E1 + [5; 5];
>> isinternal([E1 E2], [2 7; -1 4], ’i’)

>> isinternal([E1 E2], [2 7; -1 4])

Here the intersection of E1 and E2 is empty, and thus, cannot contain any points. The union, on the
other hand, contains centers of both ellipsoids.
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le, 1t - checks if the second ellipsoid is bigger than the first one.

Parameters:

e E1 - first ellipsoid.

e E2 - second ellipsoid.

Returns 1 if E2 contains E1 when both have the same center, 0 - otherwise.

This operation is the mirror of ge, gt.
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maxeig - returns the biggest eigenvalue of the ellipsoid.

Parameters:
e E - ellipsoid or array of ellipsoids.
Returns:

e a - largest eigenvalue or array of largest eigenvalues of ellipsoids in E.
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mineig - returns the smallest eigenvalue of the ellipsoid.

Parameters:
e E - ellipsoid or array of ellipsoids.
Returns:

e a - smallest eigenvalue or array of smallest eigenvalues of ellipsoids in E.

84



minkdiff - computes and plots the geometric difference of two ellipsoids in 2D and 3D.

Parameters:

e E1 - first ellipsoid.
e E2 - second ellipsoid.

e o - options structure whose fields describe how the geometric difference must be plotted. The
fields of this structure are

show_all - if set to 1, also displays the ellipsoids E1 and E2;
— newfigure - if set to 1, each plot command will open a new figure window;

— £ill - if set to 1, the resulting set and the ellipsoids, if plotted in 2D, will be filled with
color;

— color - specifies the color of the plot in the RGB format: [x y z];

— shade - the level of transparency for 3D plots, takes values between 0 and 1 (0 - trans-
parent, 1 - opaque).

This parameter is optional.
Returns:
e x - center of the resulting set.
e X - matrix whose columns represent the boundary points of the resulting set. The number of

points is defined by parameters plot2d_grid for 2D plots and plot3d_grid for 3D plots of the
global el10ptions structure.

Both output parameters are optional.
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minkdiff_ea - computes external ellipsoidal approximations of the geometric difference of two
ellipsoids of arbitrary dimension for given directions, if these directions are not bad.

Parameters:

e E1 - first ellipsoid.
e E2 - second ellipsoid.

e L - matrix whose columns specify the directions for which the approximations should be com-
puted.

Returns:

e EA - array of computed external ellipsoids. Can be empty, if all the directions specified in L
are bad.

Example:

>> E = ellipsoid([-2; -1], [4 -1; -1 11);
>> B 3*ell_unitball(2);

> L=1[10;11; 01; -1 1]°;

>> EA = minkdiff_ea(B, E, L)

EA =
1x2 array of ellipsoids.

The resulting array EA contains only two ellipsoids because two of the four directions specified in L
are bad.
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minkdiff_ia - computes internal ellipsoidal approximations of the geometric difference of two
ellipsoids of arbitrary dimension for given directions, if these directions are not bad.

Parameters:

e E1 - first ellipsoid.
e E2 - second ellipsoid.

e L - matrix whose columns specify the directions for which the approximations should be com-
puted.

Returns:

e EA - array of computed internal ellipsoids. Can be empty, if all the directions specified in L are
bad.

Example:

>> E = ellipsoid([-2; -1], [4 -1; -1 11);
>> B 3*ell_unitball(2);

> L=1[10;11; 01; -1 1]°;

>> IA = minkdiff_ia(B, E, L)

IA =
1x2 array of ellipsoids.

The resulting array IA contains only two ellipsoids because two of the four directions specified in L
are bad.
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minksum - computes and plots the geometric sum of finite number of ellipsoids in 2D and 3D.

Parameters:

e E - array of ellipsoids whose geometric sum needs to be computed.

e o - options structure whose fields describe how the geometric sum must be plotted. The fields
of this structure are

show_all - if set to 1, also displays the ellipsoids in the array E;
— newfigure - if set to 1, each plot command will open a new figure window;

— £ill - if set to 1, the resulting set and the ellipsoids, if plotted in 2D, will be filled with
color;

— color - specifies the color of the plot in the RGB format: [x y z];

— shade - the level of transparency for 3D plots, takes values between 0 and 1 (0 - trans-
parent, 1 - opaque).

This parameter is optional.
Returns:
e x - center of the resulting set.
e X - matrix whose columns represent the boundary points of the resulting set. The number of

points is defined by parameters plot2d_grid for 2D plots and plot3d_grid for 3D plots of the
global el10ptions structure.

Both output parameters are optional.
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minksum_ea - computes external ellipsoidal approximations of the geometric sum of finite num-
ber of ellipsoids of arbitrary dimension for given directions.

Parameters:
e E - array of ellipsoids whose geometric sum needs to be approximated.
e L - matrix whose columns specify the directions for which the approximations should be com-
puted.

Returns:

e EA - array of computed external ellipsoids whose length is the same as the number of columns
of matrix L.

Example:

>> E

ellipsoid([-2; -11, [4 -1; -1 11);
>> B = ell_unitball(2);

>> L [10; 11; 01; -1 1]7;

>> EA = minkdiff_ea([E B inv(E)] L)

EA =
1x4 array of ellipsoids.
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minksum_ia - computes internal ellipsoidal approximations of the geometric sum of finite number
of ellipsoids of arbitrary dimension for given directions.

Parameters:
e E - array of ellipsoids whose geometric sum needs to be approximated.
e L - matrix whose columns specify the directions for which the approximations should be com-
puted.

Returns:

e TA - array of computed internal ellipsoids whose length is the same as the number of columns
of matrix L.

Example:

>> E = ellipsoid([-2; -11, [4 -1; -1 11);
>> B = ell_unitball(2);
> L=1[10;11; 01; -1 1]’;

>> IA = minkdiff_ia([E B inv(E)] L)

IA =
1x4 array of ellipsoids.
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minus - overloaded operator ’-.

Parameters:

e E - ellipsoid or array of ellipsoids defined in R™.

e b - vector in R™ or matrix in R"*™, where m equals the number of ellipsoids in the array E.
) q P y

Returns:

e E1 - ellipsoid or array of ellipsoids with same shapes as E, but with centers shifted by vectors
in -b.

Example:

>> E = [ellipsoid([-2; -1], [4 -1; -1 1]) ell_unitball(2)];
>> E1 = E - [1; 1];
>> E1(1)

Nondegenerate ellipsoid in R"2.
>> E1(2)
ans =

Center:

Nondegenerate ellipsoid in R"2.
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move20rigin - moves given ellipsoids to the origin.

Parameters:

e E - ellipsoid or array of ellipsoids.
Returns:

e 0 - the same ellipsoid or array of ellipsoids as E, but all centered at the origin.
Example:

>> E = ellipsoid([-2; -1]1, [4 -1; -1 1]);

>> 0 = move2origin(E)
0=
Center:
0
0
Shape:
4 -1
-1 1

Nondegenerate ellipsoid in R"2.
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mtimes - overloaded operator >*°.

Parameters:

e A - scalar, or matrix in R™*",

e E - ellipsoid or array of ellipsoids defined in R™.

Returns:

e E1 - ellipsoid or array of ellipsoids resulting from linear transformation of E.

Example:

>> E
>> A
>> AxE

ellipsoid([-2; -11, [4 -1; -1 11);
[0 1; -1 0];

ans =

Center:

[
[

Nondegenerate ellipsoid in R"2.
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ne - overloaded operator >~=7, it checks if two ellipsoids are not equal.

Parameters:

e E1 - first ellipsoid.

e E2 - second ellipsoid.

Returns 1 if two ellipsoids are not equal, 0 - otherwise.

Example:

>> E = ellipsoid([-2; -1]1, [4 -1; -1 1]);
>> E \"{ }= [E ellipsoid(eye(2))]
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paramet €Y'S - returns parameters of the ellipsoid, its center and shape matrix.

Parameters:
e E - single ellipsoid.
Returns:

e g - center of the ellipsoid. It is optional output parameter.

e Q - shape matrix of the ellipsoid.
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plot - plots ellipsoids in 1D, 2D and 3D.

Parameters:

e E - ellipsoid or array of ellipsoids.

e c - specifies the color:

’b’ - blue;

’c’ - cyan;
’g’ - green;
’k’ - black;
’m’ - magenta;
’r’ - red;

>w’ - white;
>y - yellow.

This parameter is optional.

e o - options structure whose fields describe how the ellipsoids must be plotted. The fields of
this structure are

newfigure - if set to 1, each plot command will open a new figure window;

i1l - if set to 1, the resulting set and the ellipsoids, if plotted in 2D, will be filled with
color;

width - specifies line width for 1D and 2D plots;
color - specifies the color of the plot in the RGB format: [x y zI;

shade - the level of transparency for 3D plots, takes values between 0 and 1 (0 - trans-
parent, 1 - opaque).

This parameter is optional.

Returns: None.
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plus - overloaded operator >+’.

Parameters:

e E - ellipsoid or array of ellipsoids defined in R™.

e b - vector in R™ or matrix in R™*™, where m equals the number of ellipsoids in the array E.
Returns:

e E1 - ellipsoid or array of ellipsoids with same shapes as E, but with centers shifted by vectors
in b.

Example:

>> E = [ellipsoid([-2; -1], [4 -1; -1 1]) ell_unitball(2)];
> E1 = E + [1; 1];
>> E1(1)

Nondegenerate ellipsoid in R"2.
>> E1(2)
ans =
Center:
1
1

Shape:

Nondegenerate ellipsoid in R"2.
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polar - computes polars for ellipsoids which contain the origin.

Parameters:
e E - ellipsoid or array of ellipsoids.
Returns:
e P - polar ellipsoid or array of polar ellipsoids for those in E.

For ellipsoids that do not contain the origin, this function returns empty ellipsoid.

Example:

>> E = ellipsoid([4 -1; -1 1]);
>> polar(E) == inv(E)

ans =

illustrates the fact that polar set of an ellipsoid centered at the origin equals to inverse of this
ellipsoid.
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pI‘Oj ection - computes projection of ellipsoids onto given orthogonal basis.

Parameters:

e E - ellipsoid or array of ellipsoids defined in R™.

e B - matrix in R™*™ whose columns are orthogonal.
Returns:

e P - array of projected ellipsoids.

Example:
>> E = ellipsoid([-2; -1; 4], [4 -1 0; -1 1 0; 0 0 9]);
> B=[010; 00 1]7;
>> P = projection(E, B)
P =
Center:

-1

4
Shape:

1 0

Nondegenerate ellipsoid in R"2.
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Tho - computes the support function of the ellipsoids for given directions and corresponding bound-
ary points.

Parameters:

e E - ellipsoid or array of ellipsoids defined in R™.

e L - vector in R"™ if E is an array of ellipsoids, otherwise, if E is a single ellipsoid, it can be
matrix in R™*™ whose columns represent the directions for which the support function needs
to be computed.

Returns:
e R - array of support function values.

e X - matrix whose columns are boundary points corresponding to the directions in L. This
output parameter is optional.
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shape - has the same functionality as mtimes but modifies only the shape matrix of the ellipsoid
leaving its center as is.

Parameters:

e A - scalar, or matrix in R™*",

e E - ellipsoid or array of ellipsoids defined in R™.
Returns:

e E1 - ellipsoid or array of ellipsoids resulting from modification of the shape matrices of ellipsoids
in E.

Example:

>> E = ellipsoid([-2; -11, [4 -1; -1 1]);
>> A = [01; -1 0];
>> shape(E, A)

ans =
Center:
-2
-1
Shape:

1 1

1 4

Nondegenerate ellipsoid in R™2.
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uminus - overloaded operation unitary minus.

Parameters:

e E - ellipsoid or array of ellipsoids.
Returns:

e E1 - array of the same ellipsoids as in E, whose centers are multilied by —1.
Example:

>> E = -ellipsoid([-2; -11, [4 -1; -1 11)

E =
Center:
2
1
Shape:
4 -1
-1 1

Nondegenerate ellipsoid in R"2.
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volume - computes volume of given ellipsoids.

Parameters:

e E - ellipsoid or array of ellipsoids.
Returns:

e V - array of volume values whose size matches the size of E.
Example:

>> E = ellipsoid([-2; -1]1, [4 -1; -1 1]);

>> B = ell_unitball(2);
>> V = volume([E B])
vV =

5.4414 3.1416
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A.2 hyperplane Methods

contains - checks if the hyperplanes contain given vectors.

Parameters:

e H - hyperplane or array of hyperplanes.

e X - matrix whose columns represent the vectors needed to be checked. The number of columns
must match the number of hyperplanes in H.

Returns 1 if the vector in X belongs to the hyperplane in H, 0 - otherwise.

Example:

>> H = hyperplane([-1; 1]1);
>> X = [100 -1 2; 100 1 2];
>> contains(H, X)
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dimension - returns the dimension of the space in which the hyperplane is defined.

Parameters:

e H - hyperplane or array of hyperplanes.
Returns:

e D - array of dimension values of the same size as H.
Example:

>> H1 = hyperplane([-1; 11);

>> H2 = hyperplane([-1; 1; 8; -2; 3], 7);
>> H3 = hyperplane([1; 2; 0], -1);

>> D = dimension([H1 H2 H3]);
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di splay - displays the details of the hyperplane object.

Parameters:
e H - hyperplane or array of hyperplanes.

This function is rarely used explicitely. It is called automatically for the object H when semicolon
does not terminate the statement.
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€( - overloaded operator ’==". it checks if two hyperplanes are equal.

Parameters:

e H1 - first hyperplane.

e H2 - second hyperplane.

Returns 1 if two hyperplanes are equal, 0 - otherwise.

Example:

>> H1 = hyperplane([-1; 11);

>> H2 = hyperplane([-1; 1; 8; -2; 3], 7);
>> H3 = hyperplane([1; 2; 0], -1);

>> H2 == [H1 H2 H3]
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hyperplane - constructor for the hyperplane object. If called without parameters, returns
empty hyperplane.

Parameters:
e V- vector in R™ or matrix in R™*™ whose columns define the normals to the hyperplanes that
need to be created.
e C - scalar value, or, in case V has m columns, it can be array with m values.
Returns:
e H - hyperplane, or, if V has more than one column, array of hyperplanes.

Example:

>V=1[111;111];
[1 -5 0];
hyperplane(V, C);

VvV Vv
VvV Vv
= Q
o

defines three parallel hyperplanes and returns them in the array H.
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isempty - checks if the hyperplane object is empty.

Parameters:
e H - hyperplane or array of hyperplanes.

Returns: 1 if the hyperplane object is empty, 0 - otherwise.
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isparallel - checks if the hyperplanes are parallel.

Parameters:

e H1 - first hyperplane.

e H2 - second hyperplane.

Returns 1 if two hyperplanes are equal, 0 - otherwise.

Example:

>> H = hyperplane([-1 1; 1 1; 1 1], [2 1 0]);
>> isparallel(H, H(2))

ans =
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ne - overloaded operator > ~=’, it checks if two hyperplanes are not equal.

Parameters:

e H1 - first hyperplane.

e H2 - second hyperplane.

Returns 1 if two hyperplanes are not equal, 0 - otherwise.

Example:

>> H1 = hyperplane([-1; 11);

>> H2 = hyperplane([-1; 1; 8; -2; 3], 7);
>> H3 = hyperplane([1; 2; 0], -1);

>> [H2 H1 H3] == [H1 H2 H3]
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paramet €IS - returns parameters of the hyperplane object, its normal and scalar.

Parameters:
e H - hyperplane object.
Parameters:

e v - normal vector.

e c - scalar. This output parameter is optional.
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plot - plots hyperplanes in 2D and 3D.

Parameters:

e H - hyperplane or array of hyperplanes.

e c - specifies the color:

— ’b’ - blue;

— ’c¢’ - cyan;

— ’g’ - green;

— 'k’ - black;

— ’m’ - magenta;
— ’r’ - red;

— ’w’ - white;

— 2y’ - yellow.

This parameter is optional.

e o - options structure whose fields describe how the hyperplanes must be plotted. The fields of
this structure are
— newfigure - if set to 1, each plot command will open a new figure window;
— size - length of the line segment in 2D or square diagonal in 3D.
— center - center of the line segment in 2D or square diagonal in 3D.
— width - specifies line width for 2D plots;
— color - specifies the color of the plot in the RGB format: [x y z];
— shade - the level of transparency for 3D plots, takes values between 0 and 1 (0 - trans-

parent, 1 - opaque).

This parameter is optional.

Returns: None.
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uminus - overloaded operator unitary minus
the halfspace this hyperplane defines.

Parameters:
e H - hyperplane or array of hyperplanes.

Returns:

. It does not change the hyperplane, and affects only

e H1 - array of the same hyperplanes as in H whose normals and scalars are multiplied by —1.

Example:

>> H = -hyperplane([-1; 1], 1)

Hyperplane in R"2.
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A.3 linsys Methods

dimension - returns dimensions of state, input, output and disturbance input spaces.

Parameters:
e LSYS - linear system or array of linear systems.
Returns:

e N - state space dimension.
e I - dimension of the input space.
e 0 - dimension of the output space.

e D - dimension of the disturbance input space.
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di splay - displays the details of the linear system object.

Parameters:
e LSYS - linear system or array of linear systems.

This function is rarely used explicitely. It is called automatically for the object LSYS when semicolon
does not terminate the statement.
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hasdisturbance - checks if given linear system is the system with disturbance.

Parameters:
e LSYS - linear system or array of linear systems.

Returns 1 if it is system with disturbance, 0 - otherwise.
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hasnoise - checks if given linear system has noise at the output.

Parameters:
e LSYS - linear system or array of linear systems.

Returns 1 if it is system with noise, 0 - otherwise.
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isdiscrete - checks if given linear system is discrete-time.

Parameters:
e LSYS - linear system or array of linear systems.

Returns 1 if the system is discrete-time, 0 - otherwise.
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isempty - checks if given linear system is an empty object.

Parameters:
e LSYS - linear system or array of linear systems.

Returns 1 if LSYS is an empty object, 0 - otherwise.
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1s1ti - checks if given linear system is time invariant.

Parameters:
e LSYS - linear system or array of linear systems.

Returns 1 if the system is time invariant, 0 - otherwise.
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linsys - constructor for the linear system object. If called without parameters, creates an empty
object.

Parameters:

A - matrix A € R™*"™, can be symbolic if it depends on time (¢ - in continuous case, k - in
discrete case).

B - matrix B € R™*™, can by symbolic if it depends on time.

U - defines control bounds: it can be ellipsoid object with dimension m; or structure with fields
center - symbolic vector, and shape - symbolic matrix, if the ellipsoidal bounds depend on
time; or, if the control is fixed, it can be single vector of type double or symbolic.

G - matrix G € R"*9, can by symbolic if it depends on time. This parameter is optional.

V - defines disturbance bounds: it can be ellipsoid object with dimension d; or structure with
fields center - symbolic vector, and shape - symbolic matrix, if the ellipsoidal bounds depend
on time; or, if the control is fixed, it can be single vector of type double or symbolic. This
parameter is optional.

C - matrix C' € R°*™, can by symbolic if it depends on time. This parameter is optional.

W - defines noise bounds: it can be ellipsoid object with dimension o; or structure with fields
center - symbolic vector, and shape - symbolic matrix, if the ellipsoidal bounds depend on
time; or, if the control is fixed, it can be single vector of type double or symbolic. This
parameter is optional.

s - if set to ’d’, indicates that the system is discrete-time.

Returns:

LSYS - linear system object.

Example:

>> A = {°0° 1 + cos(pixk/2)’; ’-2° ’0°};
>> B = [0; 1];

>> U = ellipsoid(4);

>> G = [1; 0];

>> V = 1/(k+1);

>> C = [1 0];

>> lsys = linsys(A, B, U, G, V, C, [1, ’d’);

defines the following affine discrete-time system:

[ijii}” = {_02 1+C%S(?)}+[?}u[k]+[’%1y —2<ulk] <2
i = oo 2] ez
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A.4 reach Methods

cut - extracts a segment of the reach tube from the given start time to the given end time.
Parameters:
e RS - reach set object.
e T - time interval of interest in the form [t1 t2]. If T is a single scalar, then the reach set for
this particular time value is returned.

Returns:

e CRS - the resulting reach set object.
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dimension - returns the dimension of the reach set and the dimension of the state space for
which the reach set was originally computed.

Parameters:
e RS - reach set object.
Returns:
e d - dimension of the reach set.
e n - dimension of the state space for which the reach set was originally computed. Values of

d and n can be different if the reach set object is a result of projection operation. This
parameter is optional.
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di splay - displays the details of the reach set object.

Parameters:
e RS - reach set object.

This function is rarely used explicitely. It is called automatically for the object LSYS when semicolon
does not terminate the statement.
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evolve - computes further evolution in time of the already existing reach set.

Parameters:

e CRS - existing reach set.
e T - new time horizon.

e LSYS - linear system object that describes new dynamics. This parameter is optional.
Returns:

e RS - reach set object.
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get_center - returns trajectory of the center of the reach set.
Parameters:
e RS - reach set object.
Returns:
e X - matrix whose columns represent the position of the center at times specified in the second
output parameter, T.
e T - array of time values at which the trajectory of the reach set center is evaluated. This

output parameter is optional.

The number of columns in X and values in T is specified by the parameter time_grid of the
ellOptions structure.
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get,dire ctions - returns the trajectories of the direction vectors for which the ellipsoidal
approximations were computed.

Parameters:
e RS - reach set object.
Returns:
e X - array of cells where each cell represents a trajectory of the direction vector, for which the
ellipsoidal approximations of the reach set were computed.
e T - array of time values at which these trajectories are evaluated. This output parameter is

optional.

The number of columns in cells of X and values in T is specified by the parameter time_grid of the
ell0ptions structure.
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get,ea - returns array of ellipsoids that represent the external approximation of the reach set.

Parameters:
e RS - reach set object.
Returns:

e E - array of ellipsoids that externally approximate the reach set. The intersection of ellipsoids
in the given column of this array is the external approximation of the reach set at the time
spacified by the corresponding value in the array T.

e T - array of time values at which the approximations are evaluated. This output parameter is
optional.

The number of columns in E and values in T is specified by the parameter time_grid of the
ell0ptions structure.
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get,goodcurves - returns the trajectories along which the ellipsoidal approximations are
touching the actual reach set.

Parameters:
e RS - reach set object.
Returns:
e X - array of cells where each cell represents a good trajectory along which one of the computed
ellipsoidal approximations touches the reach set.
e T - array of time values at which the good trajectories are evaluated. This output parameter

is optional.

The number of columns in cells of X and values in T is specified by the parameter time_grid of the
ell0ptions structure.
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get,ia - returns array of ellipsoids that represent the internal approximation of the reach set.

Parameters:
e RS - reach set object.
Returns:

e E - array of ellipsoids that internally approximate the reach set. The union of ellipsoids in the
given column of this array is the internal approximation of the reach set at the time specified
by the corresponding value in the array T.

e T - array of time values at which the approximations are evaluated. This output parameter is
optional.

The number of columns in E and values in T is specified by the parameter time_grid of the
ell0ptions structure.
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get_system - returns the linear system object for which the reach set was computed.

Parameters:
e RS - reach set object.
Returns:

e LSYS - the linear system object, which was used for the reach set computation.
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intersect - checks if the external or internal approximation of the reach set intersects with
given ellipsoids, hyperplanes or polytopes.

Parameters:

e RS - reach set object.
e X - can be array of ellipsoids, hyperplanes or polytopes.

e s - if set to ’i’, indicates that internal approximation should be checked, if set to ’e’ -
external. This input parameter is optional, its default value is ’e’.

Returns 1 if the intersection is nonempty, 0 - otherwise.
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1scut - checks if the given reach set object resulted from cut operation.

Parameters:
e RS - reach set object.

Returns 1 if RS is a result of cut operation, 0 - otherwise.
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isempty - checks if the given reach set object is empty.

Parameters:
e RS - reach set object.

Returns 1 if it is an empty object, 0 - otherwise.
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1sprojection - checks if the given reach set is a result of projection operation.

Parameters:
e RS - reach set object.

Returns 1 if RS is a projection, 0 - otherwise.
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plot,ea - plots external approximation of the reach set in 2D and 3D.

Parameters:

e RS - reach set object.

e c - specifies the color:

— ’b’ - blue;

— ’c¢’ - cyan;

— ’g’ - green;

— 'k’ - black;

— ’m’ - magenta;
— ’r’ - red;

— ’w’ - white;

— 2y’ - yellow.

This parameter is optional.

e o - options structure whose fields describe how the reach set must be plotted. The fields of
this structure are

width - specifies line width for 2D plots;

— £ill - if set to 1, the set, if plotted in 2D, will be filled with color;

— color - specifies the color of the plot in the RGB format: [x y zI;

— shade - the level of transparency for 3D plots, takes values between 0 and 1 (0 - trans-
parent, 1 - opaque).

This parameter is optional.

Returns: None.
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plot,ia - plots internal approximation of the reach set in 2D and 3D.

Parameters:

e RS - reach set object.

e c - specifies the color:

— ’b’ - blue;

— ’c¢’ - cyan;

— ’g’ - green;

— 'k’ - black;

— ’m’ - magenta;
— ’r’ - red;

— ’w’ - white;

— 2y’ - yellow.

This parameter is optional.

e o - options structure whose fields describe how the reach set must be plotted. The fields of
this structure are

width - specifies line width for 2D plots;

— £ill - if set to 1, the set, if plotted in 2D, will be filled with color;

— color - specifies the color of the plot in the RGB format: [x y zI;

— shade - the level of transparency for 3D plots, takes values between 0 and 1 (0 - trans-
parent, 1 - opaque).

This parameter is optional.

Returns: None.
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pI‘Oj ection - projects the reach set onto the given orthogonal basis.

Parameters:

e RS - reach set object with dimension n.

e B - matrix in R™*™ whose columns are orthogonal, they represent the basis vectors.
Returns:

e PRS - reach set object with the projected reach set.
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reach - constructor for the reach set object and the main function that computes the reach set.

Parameters:

LSYS - the linear system object with state space dimension n.

X0 - ellipsoid object with dimension n, it represents the set of initial conditions.

LO - matrix in R™*™ whose columns represent the directions for which the new approximations
need to be computed.

e T - time interval in the form [t0 t1]. If t1 is smaller than t0, then the backward reach set
should be computed. If T is a scalar, then it is assumed that t0 = 0.

e 0 - options structure with fields

— approximation - if set to 0, then only external approximation is computed, if set to
1, then only internal approximation is computed, if set to 2 (default value), then both
approximations are computed.

— save_all - if set to 0 (default value), then the intermediate calculation data should not
be saved, lindicates the opposite.
This parameter is optional.

Returns:

e RS - reach set object.
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refine - adds new approximations for the specified directions to the given reach set object, thus
improving the overall approximation.

Parameters:

e RS - reach set object with dimension n. This object must contain the intermediate calculation
data, otherwise, the refinement is not possible.

e L0 - matrix in R™*™ whose columns represent the directions for which the new approximations
need to be computed.

e o - options structure with fields

— approximation - if set to 0, then only external approximation is computed, if set to
1, then only internal approximation is computed, if set to 2 (default value), then both
approximations are computed.

— save_all - if set to 0, then the intermediate calculation data should not be saved, 1
(default value) indicates the opposite.
This parameter is optional.

Returns:

e RRS - reach set object with refined approximation.
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A.5 Miscellaneous Functions

ell _ simdi ag - computes the orthogonal transformation matrix that simultaneously diagonal-
izes two symmetric matrices.

Parameters:

e A - symmetric positive definite matrix in R™*™.

e B - symmetric positive semidefinite matrix in R™*".
Returns:

e T - orthogonal matrix in R"*", such that TAT7 is identity matrix, and TBT7 is diagonal
martrix.
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ell_unitball - creates the ellipsoid object that represents a unit ball of the given dimension.

Parameters:
e n - dimension of the space in which the unit ball is defined.
Returns:

e B - ellipsoid object with identity shape matrix centered at the origin.
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ell_vali g1 - computes the orthogonal matrix that aligns two vectors.

Parameters:

e w - vector in R".

e v - vector in R" that needs to be rotated to be parallel to w.
Returns:

e S - orthogonal matrix in R™*", such that Sv = |
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hyperplaneZpolytope - converts array of hyperplanes of the same dimension into the
polytope object of the Multi-Parametric Toolbox.

Parameters:
e H - array of hyperplanes, all of which must have the same dimension.
Returns:

e P - polytope object as defined in the Multi-Parametric Toolbox.
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po 1yt ope2hyperp1ane - converts the polytope object of the Multi-Parametric Toolbox into
the array of hyperplanes.

Parameters:
e P - polytope object as defined in the Multi-Parametric Toolbox.
Returns:

e H - array of hyperplanes.
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