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Abstract

Wireless Network Information Flow: A Deterministic Approach
by
Amir S Avestimehr
Doctor of Philosophy in Engineering—EFElectrical Engineering and Computer Sciences
and the Designated Emphasis
in
Communication, Computation, and Statistics
University of California, Berkeley

Professor David Tse

In communications, the multiuser Gaussian channel model is commonly used to cap-
ture fundamental features of a wireless channel. Over the past couple of decades, study of
multiuser Gaussian networks has been an active area of research for many scientists. How-
ever, due to the complexity of the Gaussian model, except for the simplest networks such
as the one-to-many Gaussian broadcast channel and the many-to-one Gaussian multiple
access channel, the capacity region of most Gaussian networks is still unknown. For ex-
ample, even the capacity of a three node Gaussian relay network, in which a point to point
communication is assisted by one helper (relay), has been open for more than 30 years.

To make further progress, we present a linear finite-field deterministic channel model
which is analytically simpler than the Gaussian model but still captures two key wireless
channels: broadcast and superposition. The noiseless nature of this model allows us to
focus on the interaction between signals transmitted from different nodes of the network
rather than background noise of the links.

Then, we consider a model for a wireless relay network with nodes connected by such



deterministic channels, and present an exact characterization of the end-to-end capacity
when there is a single source and a single destination and an arbitrary number of relay
nodes. This result is a natural generalization of the celebrated max-flow min-cut theorem
for wireline networks. We also characterize the multicast capacity of linear finite-field
deterministic relay networks when one source is multicasting the same information to mul-
tiple destinations, with the help of arbitrary number of relays.

Next, we use the insights obtained from the analysis of the deterministic model and
present an achievable rate for general Gaussian relay networks. We show that the achiev-
able rate is within a constant number of bits from the information-theoretic cut-set upper
bound on the capacity of these networks. This constant depends on the number of nodes
in the network, but not the values of the channel gains. Therefore, we uniformly char-
acterize the capacity of Gaussian relay networks within a constant number of bits, for all
channel parameters. For example, we approximate the unknown capacity of the three node
Gaussian relay channel within one bit/sec/Hz.

Finally, we illustrate that the proposed deterministic approach is a general tool and
can be applied to other problems in wireless network information theory. In particular we
demonstrate its application to make progress in two other problems: two-way relay channel

and relaying with side information.

Professor David Tse Date
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Chapter 1

Introduction

1.1 Motivation

Wireless communication is one of the most vibrant areas in the communication field today.
Over the past decade we have witnessed quite a few successful solutions in the wireless
industry, for example second-generation (2G) and third-generation (3G) digital wireless
standards with more than half a billion subscribers worldwide. As history indicates, in-
formation theory has played a significant role in these achievements by providing elegant
engineering insights for several key problems arising in these systems. So far, most of
these problems have been in the context of a point to point communication system. This
is mainly due to a centralized infrastructure deployed in current systems, such as cellular
networks.

Looking ahead, we note that the next generation of wireless communication systems
will be increasingly based on new principles such as cooperation between different net-
work entities for efficient use of resources, and interference management strategies for
coexistence of different wireless systems. Clearly, wireless communication systems are

evolving from a centralized architecture to a distributed one. As a result, we need to study



Chapter 1. Introduction

new information theoretical problems arising in multiuser communication systems.

Two main distinguishing features of wireless communication are:

o first, the broadcast nature of wireless communication; wireless users communicate
over the air and signals from any one transmitter is heard by multiple nodes with

possibly different signal strengths.

e second, the superposition nature; a wireless node receives signals from multiple si-
multaneously transmitting nodes, with the received signals all superimposed on top

of each other.

Because of these two effects, links in a wireless network are never isolated but instead
interact in seemingly complex ways. On the one hand this facilitates the spread of informa-
tion among users in a network, on the other hand it can be harmful by creating interference
among users. This is in direct contrast to wireline networks, where transmitter-receiver
pairs can often be thought of as isolated point-to-point links, i.e., inducing a communica-
tion graph. While there has been significant progress in understanding network flow over
wired networks [[1; 2; 3; 4; 5/, not much is known for wireless networks.

In communication, the linear additive Gaussian channel model is commonly used to
capture fundamental features of a wireless channel. Over the past couple of decades, study
of multiuser Gaussian networks has been an active area of research for many scientists.
However, due to the complexity of the Gaussian model, except for the simplest networks
such as the one-to-many Gaussian broadcast channel and the many-to-one Gaussian mul-
tiple access channel, the capacity region of most Gaussian networks is still unknown. For
example, even the capacity of a three node Gaussian relay network, in which a point to
point communication is assisted by one helper (relay), has been open for more than 30
years.

So, given the current state of knowledge, how can we proceed?
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In this dissertation we propose a deterministic approach to this problem. We present
a new deterministic channel model which is analytically simpler than the Gaussian model
but yet still captures the two key features of wireless communication of broadcast and
superposition. The motivation to study such a model is that in contrast to fixed point-to-
point channels where noise is the only source of uncertainty, in multiuser communication,
the signal interactions are a critical source of uncertainty. Therefore, for a first level of
understanding, our focus is on such signal interactions rather than the received noise. One
way to interpret this is that it captures the interference-limited rather than the noise-limited
regime.

Our goal is to utilize the deterministic model to find “near optimal” communication
schemes for the Gaussian network, and hence approximate its capacity. Our approxima-
tion of interested, sandwiches the capacity in such a way that the approximation error does
not depend on network channel gains and signal-to-noise ratio (SNR) of operation. In this
sense, we seek a “uniform” approximation of the capacity. Since the achievable rates grow
with SNR, and the constant of our approximation is independent of it, we can see that for
moderate SNR regimes, this approximation could be interesting. Moreover, the constants
in the approximation are worst case bounds, and on the average, the characterization is
much tighter. Another advantage of this approach is that we can now approximately char-
acterize arbitrary wireless networks rather than specific networks. Moreover, depending
on the regime of operation, perhaps this approximate characterization might be enough for

engineering practice.

1.2 Background

In this dissertation we look at the unicast and multicast scenarios in wireless networks. In
the unicast scenario, one source wants to communicate to a single destination with the help

of other other nodes in the network, called relays. Similarly, in the multicast scenario the
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source wants to transmit the same message to multiple destinations. Since in these scenar-
ios, all destination nodes are interested in the same message, there is no real interference in
the network. Therefore we can focus on the cooperative aspect of wireless networks, which
also makes the problem substantially easier than a general multi-source multi-destination
problem. This will be used as a first step towards the understanding of more complex
network topologies.

The 3-node relay channel was first introduced in 1971 by Vander Meulen [6] and the
most general strategies for this network were developed by Cover and El Gamal [7]]. There
has also been a significant effort by researchers to generalize these ideas to arbitrary multi-
relay networks. An early attempt was done in the Ph.D. Thesis of Aref [8] where a max-
flow min-cut result was established to characterize the unicast capacity of a deterministic
broadcast relay network which had no multiple-access interference. This was an early pre-
cursor to network coding which established the multicast capacity of wireline networks, a
deterministic capacitated graph which had no broadcast or multiple-access interference [1;
2: 3ll. These two ideas were combined in [9], which established a max-flow min-cut charac-
terization for multicast flows for ”Aref networks” which had general (deterministic) broad-
cast with no multiple-access interference. Unfortunately such complete characterizations
are not known for arbitrary (even deterministic) networks with both broadcast and multiple-
access interference. One notable exception is the work [10] which takes a scalar determin-
istic linear finite field model and uses probabilistic erasures to model channel failures. For
this model using results of erasure broadcast networks [11]], they established the unicast ca-
pacity through a max-flow min-cut characterization. Our deterministic model circumvents
this need to introduce probabilistic erasures by constructing vector interactions modeling
signal scales which seems to capture the essence of noisy (Gaussian) relay networks.

There has also been a rich body of literature in directly tackling the noisy relay network
capacity characterization. In [[12] the ”diamond” network of parallel relay channel with no

direct link between the source and the destination was examined. Xie and Kumar general-

4
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ized the decode-forward encoding scheme for a network of multiple relays [13]. Gastpar
and Vetterli established the asymptotic capacity of a single sender, single receiver network
as the number of relay nodes increases [14]. Kramer et. al. [15], Reznik et. al.[16],
Khojastepour et. al. [17], Laneman, Tse and Wornell [18], Mitra and Sabharwal [19],
Sendonaris et. al. [20;21], El Gamal and Zahedi [22]], Nosratinia and Hedayat [23]], Yuksel
and Erkip [24], and many other authors have also addressed different aspects of relaying
and cooperation in wireless networks in recent years.

Though there have been many interesting and important ideas developed in these pa-
pers, the capacity characterization of Gaussian relay networks is still unresolved. In fact
even a performance guarantee, such as establishing how far these schemes are from an
upper bound is unknown, and hence the approximation guarantees for these schemes is un-
clear. As we will see in Chapter [3] several of the strategies do not yield an approximation

guarantee for general networks.

1.3 Contributions of this dissertation

We summarize our main contributions below, which are more precisely stated in Chapter
We first develop a linear deterministic model which incorporates signal scale interaction
as well as the broadcast and superposition nature of wireless medium. We establish the
connection of such a model to simple multiuser Gaussian networks in Chapter[2] which also
suggests a constant-bit approximate characterization of such networks based on insights
from the linear deterministic model. In fact this model suggests achievable strategies to
explore in the noisy (Gaussian) relay networks as seen in Chapter 3| where we apply this
philosophy to progressively complex networks. In fact, these examples demonstrate that
several known strategies can be arbitrary far away from the optimality.

Given the utility of this deterministic approach, in Chapter [5| we examine arbitrary

deterministic signal interaction model (not necessarily linear) and establish an achievable

5
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rate for an arbitrary network with such interaction (with broadcast and multiple-access).
For the special case of linear deterministic models, this achievable rate matches an upper
bound to the capacity, therefore the complete characterization is possible. The analysis
for arbitrary deterministic functions requires the notion of message typicality which gives
us a tool needed for the approximate characterization of Gaussian wireless relay network
capacity.

The examination of the deterministic network relay network motivates the introduction
of a simple coding strategy for general Gaussian relay networks. In this scheme each relay
first quantizes the received signal at the noise level, then randomly maps it to a Gaussian
codeword and transmits it. In Chapter [6] we use the insights of the deterministic result
to demonstrate that we can achieve a rate that is guaranteed to be within a constant gap
from the information-theoretic cut-set upper bound on capacity. This constant depends
on the topological parameters of the network (number of nodes in the network), but not
on the values of the channel gains. Therefore, we get a uniformly good approximation
of the capacity of Gaussian relay networks, uniform over all values of the channel gains.
Moreover in Chapter|[7] we show that this scheme is robust to the knowledge of the channel
at the relays, and therefore is applicable to a compound relay network where the gains come
from a class of channels. Therefore, as long as the network can support a given rate, we
can achieve it without the relays knowledge of the channel gains.

In Chapter[7] we establish several other extensions to our results.
1. Compound relay network

2. Frequency selective relay network

3. Half-duplex relay network

4. Quasi-static fading relay network (underspread regime)

5. Low rate capacity approximation of Gaussian relay network

6
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In Chapter[§] we demonstrate a more precise connection between different channel mod-
els considered in this paper. In particular we illustrate in what sense these models are close
to each other.

In Chapter 0] we further discuss applications of the deterministic approach to other
problems in wireless network information theory. We look at two different problems; two-
way relay channel and relaying with side information, and illustrate how to use the deter-
ministic model to find a uniformly near optimal communication scheme for each problem.
We end the dissertation with final notes and discussions.

Parts of this dissertation are published in [25} 26; 27; 28; 29; [30; 3 11l.



Chapter 2

Deterministic modeling of wireless

channel

2.1 Introduction

In this dissertation we consider a relay network represented by a general directed network
G = (V, &) where V is the set of vertices representing the communication nodes in the relay
network, and £ is the set of annotated links between nodes, which describe the contribution
to the signal interaction. The network is not assumed to be simple and in general loops are
allowed.

We consider both unicast and multicast communication problem scenarios. Therefore
a special node S € V is considered the source of the message and wants to simultaneously
transmit its message to all destination nodes in the set D. If D contains only one node we
have a unicast scenario, otherwise a multicast scenario where all nodes in D are interested
in the same message from the source. All other nodes in the network facilitate communi-
cation between S and D. The relationship between the received signal at a node and the

transmitted signals from its neighbors is described by the channel model.



Chapter 2. Deterministic modeling of wireless channel

The multiuser Gaussian channel model is the standard one used in modeling the fun-
damental features of a wireless channel: signal strength, broadcast and superposition. The
main goal in this dissertation is to get a uniform approximation of the capacity of Gaussian
relay networks. To accomplish this goal, there are two main steps: first to find a ”good”
relaying scheme, second to analyze the performance of this scheme and demonstrate that it
achieves an approximate characterization of the capacity of Gaussian relay network for all
channel gains. However, due to the complexity of the Gaussian model, both steps are quite
challenging, since the model accounts for both signal interaction as well as noise.

As discussed in the introduction, our approach is to introduce and analyze a simpler
linear finite-field deterministic channel model that is closely connected to the Gaussian
model. The simplicity of this model allows us to make progress and get insights into
Gaussian relay networks. Furthermore, we also develop new proof techniques that can also
be utilized in noisy (Gaussian) relay networks.

The goal of this chapter is to introduce the linear deterministic model and illustrate how
we can deterministically model three key features of a wireless channel: signal strength,

broadcast and superposition.

2.2 Modeling signal strength

Consider the real scalar Gaussian model for point to point link,
y=hr+z 2.1

where 2 ~ N(0,1). There is also an average power constraint E[|x|?] < 1 at the trans-
mitter. The transmit power and noise power are both normalized to be equal to 1 and

the signal-to-noise ratio (SNR) is captured in terms of channel gains. So A is a fixed real
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number representing the channel gain (signal strength), and
|h| = VSNR (2.2)

It is well known that the capacity of this point-to-point channel is
1

To get an intuitive understanding of this capacity formula let us write the received signal in
equation (2.1)), y, in terms of the binary expansions of x and z. For simplicity assume h,

and z are positive real numbers, then we have

221°g5NRZ i)2” +Z (2.4)

i=—00

To simplify the effect of background noise assume it has a peak power equal to 1. Then we

can write

y = 2210gSNRZ 2 +Z (2.5)

or,

y~ QZ )27 +Z (i +n)+ 2(i)) 2~ (2.6)

where n = [% log SNR]*. Therefore if we just ignore the 1 bit of the carry-over from the
second summation (>~ (z(i + n) + (7)) 27") to the first summation (2" """ | z(¢)27")
we can intuitively model a point-to-point Gaussian channel as a pipe that truncates the
transmitted signal and only passes the bits that are above the noise level. Therefore think
of transmitted signal x as a sequence of bits at different signal levels, with the highest

signal level in = being the most significant bit (MSB) and the lowest level being the least

10
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significant bit (LSB). In this simplified model the receiver can see the n most significant
bits of x without any noise and the rest are not seen at all. Clearly there is a correspondence

between n and SNR in dB scale,
1 +
n < (5 log SNR] 2.7

As we notice in this simplified model there is no background noise any more and hence it
is a deterministic model. Pictorially the deterministic model corresponding to the AWGN
channel is shown in Figure In this figure, at the transmitter there are several small cir-
cles. Each circle represents a signal level and a binary digit can be put for transmission at
each signal level. Depending on n, which represents the channel gain in dB scale, the trans-
mitted bits at the first n signal levels will be received clearly at the destination. However
the bits at other signal levels will not go through the channel.

These signal levels can potentially be created by using a multi-level lattice code in the
AWGN channel [32]. Then the first n levels in the deterministic model represent those
levels (in the lattice chain) that are above noise level, and the remaining are the ones that
are below noise level. Therefore, if we think of the transmit signal, x, as a binary vector of
length g, then the deterministic channel delivers only its first n bits to the destination. We
can algebraically write this input-output relationship by shifting x down by ¢ — n elements
or more precisely

y = S97"x (2.8)

where x and y are binary vectors of length ¢ denoting transmit and received signals respec-

11
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o0
A@\GB
gxs:g

Figure 2.1: Pictorial representation of the deterministic model for point-to-point
channel.

tively and S is the ¢ x ¢ shift matrix,

0O 0 O 0
1 0 0 0

S=10 1 0 --- 0 (2.9)
0 0 1 0

Clearly the capacity of this deterministic point-to-point channel is n, where
1 +
n = [5 log SNR] (2.10)

It is interesting to note that this is a within %—bit approximation of the capacity of the AWGN
channe]ﬂ In the case of complex Gaussian channel we set n = [log SNR]* and we get a

within 1-bit approximation of the capacity.

'Note that this connection is only in the capacity without a formal connection in coding scheme or a direct
translation of the capacity.

12
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2.3 Modeling broadcast

Based on the intuition obtained so far, it is straightforward to think of a deterministic model
for a broadcast scenario. Consider the real scalar Gaussian broadcast channel. Assume
there are only two receivers. The received SNR at receiver 7 is denoted by SNR; fori = 1, 2.
Without loss of generality assume SNR, < SNR;. Consider the binary expansion of the
transmitted signal, . Then we can deterministically model the Gaussian broadcast channel

as the following:

e Receiver 2 (weak user) receives only the first n, bits in the binary expansion of x.

Those bits are the ones that arrive above the noise level.

e Receiver 1 (strong user) receives the first n; (n; > ny) bits in the binary expansion

of x. Clearly these bits contain what receiver 1 gets.

The deterministic model in some sense abstracts away the use of superposition cod-
ing and successive interference cancellation decoding in the Gaussian broadcast channel.
Therefore the first ny levels in the deterministic model represent the cloud center that is
decoded by both users, and the remaining n; — no levels represent the cloud detail that is
decoded only by the strong user (after decoding the cloud center and canceling it from the
received signal).

Pictorially the deterministic model for a Gaussian broadcast channel is shown in figure
(a). In this particular example n; = 5 and ny = 2, therefore both users receive the first
two most significant bits of the transmitted signal. However user 1 (strong user) receives
additional three bits from the next three signal levels of the transmitted signal. There is
also the same correspondence between n and channel gains in dB: n; < [log SNR;|*, for
1=1,2.

To analytically demonstrate how closely we are modeling the Gaussian BC channel,

the capacity region of Gaussian BC channel and deterministic BC channel are shown in
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Figure 2.2: Pictorial representation of the deterministic model for Gaussian BC is
shown in (a). Capacity region of Gaussian and deterministic BC are shown in (b).

Figure (b). As it is seen their capacity regions are very close to each other. In fact it
is easy to verify that for all SNR’s these regions are always within one bit per user of each
other (i.e. if a pair (Ry, R») is in the capacity region of the deterministic BC then there is a
pair within one bit per component of (R;, R») that is in the capacity region of the Gaussian
BCﬂ However, this is only the worst case gap and in a typical case that SNR; and SNR,

are very different the gap is much smaller than one bit.

2A cautionary note is that as in the point-to-point case the connection is not formed in the coding scheme
but just in capacity regions.
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2.4 Modeling superposition

Consider a superposition scenario in which two users are simultaneously transmitting to a

node. In the Gaussian model the received signal can be written as

y = hiwy + hawy + 2. 2.11)

To intuitively see what happens in superposition in the Gaussian model, we again write
the received signal, ¥, in terms of the binary expansions of z, x5 and z. Assume x, x5

and z are all real numbers smaller than one, and also the channel gains are
h; =+/SNR;, ©1=1,2 (2.12)

Without loss of generality assume SNR, < SNR;. Then we have

221°gSNR12x )27 +221°gSNR2Zx )27 +Z (2.13)

=1 1=—00

To simplify the effect of background noise assume it has a peak power equal to 1. Then we
can write
221ogstIZx )2 +2210gSNRsz )2~ +Z (2.14)
=1
of,
ny—n2 4 n2 )
y ~ 2™ Z xq1(8)27" + 2™ Z (x1(i 4+ ny — ng) +x2(i)) 27"
i=1 i=1

+ 3 (@i + ma) + @i + ng) + 2(i)) 27 (2.15)

i=1
where n; = (% log SNR; ] for i = 1,2. Therefore based on the intuition obtained from
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the point-to-point and broadcast AWGN channels, we can approximately model this as the

following:

e That part of z; that is above SNRy (z1(7), 1 < i < ny — ny) is received clearly

without any interaction from .

e The remaining part of z; that is above noise level (z1(i), ny — ny < ¢ < ny) and that
part of x5 that is above noise level (x1(7), 1 < i < n) interact with each other and

are received without any noise.

e Those parts of z; and - that are below noise level are truncated and not received at

all.

The key point is how to model the interaction between the bits that are received at the same
signal level. In our deterministic model we ignore the carry-overs of the real addition and
we model the interaction by the modulo 2 sum of the bits that are arrived at the same signal
level. Pictorially the deterministic model for a Gaussian MAC channel is shown in figure

(a). Analogous to the deterministic model for the point-to-point channel, we can write
g p P
y = S9™Mx, ¢ S "2x, (2.16)

where the summation is in 5 (modulo 2). Here x; ( = 1,2) and y are binary vectors
of length ¢ denoting transmit and received signals respectively and S is a ¢ X ¢ shift
matrix. There is also the same relationship between n;’s and the channel gain in dB:
n; < [logSNR;|", for i = 1,2. Note that if one wants to make a connection between
the deterministic model and real Gaussian MAC channel (rather than complex) a factor of
% 1S necessary.

Now compared to simple point-to-point case we now have interaction between the bits
that receive at the same signal level at the receiver. However, we limit the receiver to ob-

serve only the modulo 2 summation of those bits that arrive at the same signal level. In
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log(1 + SNR27 |
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(a) Pictorial (b) Capacity region of Gaussian
representation of MAC. (solid line). Capacity region
the deterministic of deterministic MAC.(dashed line)
MAC.

Figure 2.3: Pictorial representation of the deterministic MAC is shown in (a). Ca-
pacity region of Gaussian and deterministic MACs are shown in (b).

some sense this way of modeling interaction is similar to the collision model. In the colli-
sion model if two packets arrive simultaneously at a receiver, both are dropped; similarly
here if two bits arrive simultaneously at the same signal level the receiver gets only their
modulo 2 sum, which means it can not figure out any of them. On the other hand, unlike
in the simplistic collision model where the entire packet is lost when there is collision, the
most significant bits of the stronger user remain intact. This is reminiscent of the famil-
iar capture phenomenon in CDMA systems: the strongest user can be heard even when
multiple users simultaneously transmit.

Now we can apply this model to Gaussian multiple access channel (MAC), in which

y = hixy + hoxg + 2 (2.17)

where z ~ CN(0,1). There is also an average power constraint equal to 1 at both trans-
mitters. A natural question is how close is the capacity region of the deterministic model to

that of the actual Gaussian model. Without loss of generality assume SNRy < SNR;. The
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capacity region of this channel is well-known to be the set of non-negative pairs (R;, R2)

satisfying

R; < log(1+SNR;), i=1,2 (2.18)

Ry + Ry < log(l+ SNR; + SNR;) (2.19)

This region is plotted with solid line in figure [2.3] (b).
It is easy to verify that the capacity region of the deterministic MAC is the set of non-

negative pairs (R, Ry) satisfying

Ry

IN

na (2.20)

R1+R2 S nq (221)

where n; = logSNR; for ¢ = 1,2. This region is plotted with dashed line in figure
(b). In this deterministic model the “carry-over” from one level to the next that would
happen with real addition is ignored. However as we notice still the capacity region is very
close to the capacity region of the Gaussian model. In fact it is easy to verify that they are
within one bit per user of each other (i.e. if a pair (R;, R2) is in the capacity region of the
deterministic MAC then there is a pair within one bit per component of (R;, R2) that is in
the capacity region of the Gaussian MAC). The intuitive explanation for this is that in real
addition once two bounded signals are added together the magnitude increases however,
it can only become as large as twice the maximum size of individual ones. Therefore the
cardinality size of summation is increased by at most one bit. On the other hand in finite-
field addition there is no magnitude associated with signals and the summation is still in the
same field size as the individual signals. So the gap between Gaussian and deterministic
model for two user MAC is intuitively this one bit of cardinality increase. Similar to the

broadcast example, this is only the worst case gap and when the channel gains are different
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it is much smaller than one bit.

Now we define the linear finite-field deterministic model.

2.5 Linear finite-field deterministic model

In this paper we consider a relay network represented by a general directed network G =
(V,E) where V is the set of vertices representing the communication nodes in the relay
network, and £ is the set of annotated between nodes, which describe the contribution to
the signal interaction. The network is not assumed to be simple and in general loops are
allowed.

In the linear finite-field deterministic model the communication link from node ¢ to
node j has a non-negative integer gaitﬂ n(;,;) associated with it. This number models the
channel gain in a corresponding Gaussian setting. At each time ¢, node ¢ transmits a vector
x,[t] € ] and receives a vector y;[t] € F! where ¢ = max; ;(n ) and p is a positive
integer indicating the field size. The received signal at each node is a deterministic function

of the transmitted signals at the other nodes, with the following input-output relation: if

the nodes in the network transmit x [t], x[t], ... Xy [t] then the received signal at node j,
1<j7< Nis:
yilt] =D 87 xilt] (2:22)
ieN;

where the summations and the multiplications are in [F,. In this paper the field size is

assumed to be two, p = 2, unless it is stated otherwise.

3Some channels may have zero gain.
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Chapter 3

Motivation of our approach

3.1 Introduction

In this chapter we motivate and illustrate our approach. We look at three simple relay
networks and illustrate how the analysis of these networks under the simpler linear finite-
field deterministic model enables us to conjecture a near optimal relaying scheme for the
Gaussian case and using this insight to provably approximate the capacity of these net-
works under the Gaussian model within a constant number of bits. We progress from the
relay channel where several strategies yield uniform approximation to more complicated
networks where progressively we see that several ”simple” strategies in the literature fail to
achieve a constant gap. Using the deterministic model we can whittle down the potentially
successful strategies. In fact we can show that the set of strategies that yield a universal
approximation shrink as we progress to more complex networks. This illustrates the power
of the deterministic model to provide insights into transmission techniques for the noisy

networks.
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R
hsr hrp
S D
hsp
(a) The Gaussian relay (b) The linear finite-field deterministic relay
channel channel

Figure 3.1: The relay channel: (a) Gaussian model, (b) Linear finite-field determin-
istic model

3.2 One relay network

We start by looking at the simplest Gaussian relay network with only one relay as shown
in figure (a). We examine whether it is possible to approximate its capacity uniformly
(uniform over all channel gains). To answer this question positively we need to find a
relaying protocol that achieves a rate close to an upper bound on the capacity for all channel
parameters. To find such a scheme we use the linear finite-field deterministic model to gain
insight. The corresponding linear finite-field deterministic model of this relay channel with
channel gains denoted by ngr, ngp and ngp is shown in Figure[3.1|(b). It is easy to see that

the capacity of this deterministic relay channel, C¢, . is smaller than both the maximum

relay’

number of bits that can be broadcasted from the relay, and the maximum number of bits
that the destination can receive. Therefore.
Cd

relay < min (max(ngg,nsp), max(ngp,nsp)) (3.1)

nsp, if ngp > min (ngr, nrp);

— (3.2)
min (nggr, ngrp), otherwise.
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2 2
gl 7Insp|

Figure 3.2: The gap between cut-set upper bound and achievable rate of decode-
forward scheme in the Gaussian relay channel for different channel gains (in dB
scale).
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This bound simply upper bounds the capacity by the maximum number of bits that can
can be sent from one side of a cut in the network (containing the source) to the other side
of the cut (containing the destination), assuming that the nodes on each side of the cut can
fully collaborate with each other, hence it is called the cut-set upper bound.

Note that equation naturally implies a capacity-achieving scheme for this deter-
ministic relay network: if the direct link is better than any of the links to/from the relay
then the relay is silent, otherwise it helps the source by decoding its message and send-
ing innovative bits. This suggests a decode-and-forward scheme for the original Gaussian
relay channel. The question is: how does it perform? In the following theorem we show
that for one-relay network the decode-forward scheme achieves within one bit/sec/Hz of

the capacity for all channel parameters.

Theorem 3.2.1. Decode-forward relaying protocol achieves within 1 bit/sec/Hz of the ca-

pacity of the one-relay Gaussian network, for all channel gains.
Proof. See Appendix [A.1] O

Therefore we showed that the maximum gap between decode-forward achievable rate
and the cut-set upper bound on the capacity of Gaussian relay network is at most one bit.
However we should point out that even this 1-bit gap is too conservative in many parameter
values. In fact the gap would be at the maximum value only if two of the channel gains
are exactly the same. Since in a wireless scenario the channel gains differ significantly this
happens very rarely. In figure the gap between the achievable rate of decode-forward
scheme and the cut-set upper bound is plotted for different channel gains. In this figure
x and y axis are respectively representing the channel gains from relay to destination and
source to relay normalized by the gain of the direct link (source to destination) in dB scale.
The z axis shows the value of the gap (in bits/sec/Hz). There are two main points that one
should note in this figure: first that the gap is at most one bit which is consistent with what

we showed in this section. Second, on the average the gap is much less than one bit.
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Figure 3.3: Diamond network with two relays: (a) Gaussian model, (b) Linear finite-
field deterministic model

Note that the deterministic network in Figure[3.1](b), suggests that several other relay-
ing strategies are also optimal. For example doing a compress and forwarding will also
achieve the cut-set bound. Moreover a “network coding” strategy of sending the sum (or
linear combination) of the received bits will also be optimal as long as the destination re-
ceives linearly independent combinations. All these schemes can also be translated to the
Gaussian case and can be shown to be uniformly approximate strategies. Therefore for the
simple relay channel there are many successful candidate strategies. As we will see, this

set shrinks as we go to larger relay networks.

3.3 Diamond network

Now consider the diamond Gaussian relay network, with two relays, as shown in Figure
(a). Brett Schein introduced this network in his Ph.D. thesis [12]] and investigated its
capacity. However the capacity of this network is still an open problem. We examine
whether it is possible to uniformly approximate its capacity.

First we build the corresponding linear finite field deterministic model for this relay

network as shown in Figure[3.3|(b). To investigate its capacity first we relax the interactions
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Figure 3.4: Wireline diamond network

between incoming links at each node and create the wireline network shown in Figure 3.4
In this network there are two other links added, which are from S to S and from D to
D. Since the capacities of these links are respectively equal to the maximum number of
bits that can be sent by the source and maximum number of bits that can be received by
the destination in the original linear finite-field deterministic network, the capacity of the
wireline diamond network cannot be smaller than the capacity of the linear finite-field
deterministic diamond network. Now by the max-flow min-cut theorem we know that the
capacity Cy,..... of the wireline diamond network is equal to the value of its minimum
cut. Hence

d w
Cdiamond S diamond

= min {maX<nSA1 ) nSA2)7 maX<nA1D7 nAzD)J nsA, + NAsD, S Ay + nAlD}(33)

As we will show in Section [5] this upper bound is in fact the cut-set upper bound on the
capacity of the deterministic diamond network.

Now, we know that the capacity of the wireline diamond network is achieved by a rout-
ing solution. It is not also difficult to see that we can indeed mimic this routing solution in
the linear finite-field deterministic diamond network and send the same amount of informa-

tion through non-interfering links from source to relays and then from relays to destination.
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Therefore the capacity of the deterministic diamond network is equal to its cut-set upper
bound.
A natural analogy of this routing scheme for the Gaussian network is the following

partial decode-and-forward strategy:

1. The source broadcasts two messages, m and mso, at rate Ry and R, to relays A; and

As.
2. Eachrelay A; decodes message m;, 1 = 1, 2.

3. Then A; and A, re-encode the messages and transmit them via the MAC channel to

the destination.

Clearly at the end the destination can decode both m; and my if (R;, Rs) is inside the
capacity region of the BC from source to relays as well as the capacity region of the MAC
from relays to the destination. In the following theorem we show that for the two-relay
diamond network partial decode-forward scheme achieves within one bit/sec/Hz of the

capacity for all channel parameters.

Theorem 3.3.1. Partial decode-forward relaying protocol achieves within 1 bit/sec/Hz of

the capacity of the two-relay diamond Gaussian network, for all channel gains.
Proof. See Appendix[A.2] O

We can also use the linear finite-field deterministic model to understand why other sim-
ple protocols such as decode-forward and amplify-forward are not universally approximate
strategies for the diamond relay network.

For example consider the linear-finite field deterministic diamond network shown in
Figure|3.5[(a). Clearly the cut-set upper bound on the capacity of this network is 3 bits/unit
time. In a decode-forward scheme, all participating relays should be able to decode the

message. Therefore the maximum rate of the message broadcasted from the source can at
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most be 2 bits/unit time. Also, if we ignore relay A, and only use the stronger relay, still it
is not possible to send information more at a rate more than 1 bit/unit time. As a result we
cannot achieve the capacity of this network by using a decode-forward strategy.

Now we can use this deterministic diamond network example to illustrate that in the
Gaussian diamond network the gap between the achievable rate of the decode-forward and
amplify-forward schemes and the cut-set upper bound can be arbitrary large. Consider the
corresponding Gaussian network of this example as shown in figure [3.5](b). Assume a is a

large real number. The cut-set upper bound is approximately,

C =~ 3loga 3.4)

Now clearly the achievable rate of the decode-forward strategy is upper bounded by

RDF S QIOg(Z (35)

Therefore, as a gets larger, the gap between the achievable rate of decode-forward strategy
and the cut-set upper bound (3.4)) increases.

Now let us look at the amplify-forward scheme. Although this scheme does not require
all relays to decode the entire message, it can be quite sub-optimal if relays inject significant
noise into the system. We use the deterministic model to intuitively see this effect. In a
deterministic network, the amplify-forward operation can be simply modeled by shifting
bits up and down at each node. However, once the bits are shifted up the newly created
LSB’s represent the amplified bits of the noise and we model them by random bits. Now,
consider the example shown in Figure [3.5] (a). We notice that to achieve a rate of 3 from
the source to the destination, the bit at the lowest signal level of the source’s signal should
go through A; while the remaining two are going through A,. Now if A, is doing amplify-

forward, it will have two choices: to either forward the received signal without amplifying
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it, or to amplify the received signal to have three signal levels in magnitude and forward it.

The effective networks under these two strategies are respectively shown in figure [3.5]
(c) and [3.5](d). In the first case, since the total rate going through the MAC from A; and
A, to D is less than two, the overall achievable rate cannot exceed two. In the second case,
however, the inefficiency of amplify-forward strategy comes from the fact that A is trans-
mitting pure noise on its lowest signal level. As a result, it is corrupting the bit transmitted
by A; and reducing the total achievable rate again to two bits/unit time. Therefore, for this
channel realization, amplify-forward scheme does not achieve the capacity. This intuition
can again be made more rigorous for the Gaussian case to show that amplify and forward
is not a universally-approximate strategy for the diamond network.

In the diamond network it can be shown that though decode-forward and amplify-
forward relaying strategies fail, other strategies such as partial decode-forward, compress-
forward as well as quantize-map (the main strategy analyzed in this dissertation for general
networks) are still potential universally-approximate strategies. Hence the set of possible

strategies that are always universally-approximate for any network shrinks.

3.4 A four relay network

Now we consider a more complicated relay network with four relays, as shown in Figure
As the first step lets find the optimal relaying strategy for the corresponding linear
finite field deterministic model. Consider an example of a linear finite field deterministic
relay network shown in Figure (a). It is easy to see that the cut-set upper bound on the

capacity of this relay network is 5. Now consider the following relaying strategy,

e Source broadcasts b = [by, ..., bs]"
e Relay A; decodes b3, by, bs and relay As decodes by, by
e Relay A; and A, respectively send x4, = [b3, by, b5, 0,0]" and x4, = [b1, bs, 0,0, 0]
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Figure 3.5: An example of the linear finite field deterministic diamond network is
shown in (a). The corresponding Gaussian network is shown in (b). The effective
network when R, just forwards the received signal is shown in (c). The effective
network when R, amplifies the received signal to shift it up one signal level and
then forward the message is shown in (d).
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Figure 3.6: A two layer relay network with four relays.

e Relay B, decodes by, by, bs and sends x, = [by, by, b3, 0, 0]*

e Relay B receives y g, = [0, 0, bs, babi, bsPb,]" and forwards the last two equations,

xXp, = [bs ® b1, b5 & by, 0,0, 0]

e The destination gets y,, = [b1, b2, b3, by & by, bs @ be]" and is able to decode all five

bits.

Clearly with this scheme we can achieve the cut-set upper bound for this particular ex-
ample. As one can note, in this optimal scheme the relay B; is not decoding or partially
decoding a message, it is forwarding the last two LSB’s. One may wonder if this is nec-
essary, or in another words is any choice of partial decode-forward strategy suboptimal in
this example? To answer this question. note that any partial decode-forward scheme can be
visualized as different flows of information going from S to D that do not get mixed in the
network. Now since all transmit signal levels of A; and A, are interfering with each other,
it is not possible to get a rate of more than 3 bits/unit time by any partial decode-forward
scheme in this example and hence it is always suboptimal.

The optimal scheme that we demonstrated above may look like a compress-forward
strategy for Gaussian networks (described in [15] section V). But, as we will now show in

fact a simple compress-forward strategy with Gaussian auxiliary random variables can in
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Figure 3.7: An example of a four relay linear finite filed deterministic relay network
is shown in (a). The corresponding Gaussian relay network is shown in (b). The
effective Gaussian network for compress-forward strategy is shown in (c).
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general be far from the cut-set upper bound. So the corresponding scheme for Gaussian
relay networks is not a simple compress-forward strategy.
Consider the example shown in Figure (b). For large values of a, cut-set upper

bound on the capacity of this relay network is approximately

C ~5loga (3.6)

The achievable rate of the compress-forward scheme is characterized in Theorem 3
([15] page 9), which is in the form of a mutual information maximization over auxiliary
random variables U7 and YT. Even though this is written in single-letter form, since there
is no cardinality bounds, the rate optimization is still an infinite dimensional optimization
problem. However, to simplify this problem further, assume that auxiliary random variables
Us are set to zero, and 177 are restricted to have a Gaussian distribution, which leads to a
finite dimensional problem.

The scheme is such that the Wyner—Ziv source-coding region of each layer must inter-
sect the channel-coding region of the next layer. As a result by looking at layer { By, Ba}
we note that node B; should compress its received signal to a Gaussian random variable

with variance a2

. In another words, just quantize the received signal with distortion a.
Therefore the effective network will look like the one shown in Figure (c). Note that
now the cut-set upper bound of this new network is approximately, C ~4 log a.

As a result, with this compress-forward scheme, it is not possible to get a rate more than
4loga. As a increases the gap between the achievable rate of compress-forward strategy
and the cut-set upper bound increases. Therefore the simple Gaussian compress-forward
strategy fails to be universally-approximate for this network.

Therefore the set of relaying strategies that can be universally approximate for general

noisy (Gaussian) relay networks has shrunk progressively through our examples. We devote

the rest of the paper to generalizing the steps we took for each of the examples. As we will
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show, in the deterministic relay network the received signal at each signal level is just an
equation of the message sent by the source, and the optimal strategy is to simply shuffle
these received equations at each relay and forward them. This insight leads to a natural
strategy for noisy (Gaussian) relay networks that we will analyze. The strategy for each
relay is to (vector) quantize the received signal reference to a distortion of the noise power
and then map these bits uniformly to a transmit Gaussian codeword. The main result of our
paper is to show that such a scheme is indeed universally approximate for arbitrary noisy

(Gaussian) relay networks for both single unicast and multicast information flows.
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Main results

4.1 Introduction

In this section we precisely state the main results of the paper and briefly discuss their
implications. All the results we develop are lower bounds to the achievable rate for single
unicast or multicast information flow over a relay network. The capacity of a relay network,
C, is defined as the supremum of all achievable rates of reliable communication from the
source to the destination. Similarly, the multicast capacity of relay network is defined as
the maximum rate that the source can send the same information simultaneously to all
destinations.

For any network, there is a natural information-theoretic cut-set bound [33], which
upper bounds the reliable transmission rate R. Applied to the relay network, we have the

cut-set upper bound C on its capacity:
C= max min I(Yqe; Xq|Xqe) 4.1

p({X;}jev) QeAD

where Ap = {Q: S € Q, D € Q°} is all source-destination cuts (partitions).
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4.2 Deterministic networks

4.2.1 Linear finite-field deterministic relay network

Applying the cut-set bound to the linear finite field deterministic relay network defined in

Section 2.5] (2.22), we get:

C = max min I(Yqe; Xq|Xqe i

p({X;}jev) Q€AD (Yo alXae) 42)
o max min H(Yqc|Xaqe 43
p({X;}jev) Q€AD (Yae[Xqe) 4.3)

min rank(Gg o) 4.4)

QeAp

where Ap = {Q : S € Q,D € Q°} is all source-destination cuts (partitions) and Gg e
is the transfer matrix associated with that cut, i.e., the matrix relating the vector of all the
inputs at the nodes in € to the vector of all the outputs in {2 induced by . Step (a)
follows since we are dealing with deterministic networks and step (b) follows since in a

linear finite-field model all cut values (i.e. H(Y qe

Xqe)) are simultaneously optimized by
independent and uniform distribution of {z;};c) and the optimum value of each cut 2 is
logarithm of the size of the range space of the transfer matrix Gq - associated with that
cut.

The following are our main results for linear finite-field deterministic relay networks,

Theorem 4.2.1. Given a linear finite-field relay network (with broadcast and multiple ac-

cess), the capacity C of such a relay network is given by,
C' = min rank(Ggge). 4.5)

QeAp

Theorem 4.2.2. Given a linear finite-field relay network (with broadcast and multiple ac-
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cess), the multicast capacity C of such a relay network is given by,

C' = min min rank(Ggqqc). (4.6)

DeD QeAp

Note that the results in Theorems [4.2.1] and [4.2.2] applies to networks with arbitrary

topology and could have cycles (or feedback loops). For a single source-destination pair
the result in Theorem[#.2.T| generalizes the classical max-flow min-cut theorem for wireline
networks and for multicast, the result in Theorem 4.2.2| generalizes the network coding
result in [1] where in both these earlier results, the communication links are orthogonal,
i.e. no broadcast or multiple access interference. Moreover, as we will see in the proof, the
encoding functions at the relay nodes (for the linear finite-field model) could be restricted

to linear functions to obtain the result in Theorem

4.2.2 General deterministic relay network

In the general deterministic model the received vector signal y; at node j € V at time ¢ is
given by
yilt] = gi({xilt]}ien; ), 4.7)

where we define the input neighbors ; of j as the set of nodes whose transmissions affect
J» and can be formally defined as N; = {i : (i,j) € £}. Note that this implies a deter-
ministic multiple access channel for node j and a deterministic broadcast channel for the
transmitting nodes.

The following are our main results for arbitary networks with general deterministic

interaction models.

Theorem 4.2.3. Given an arbitrary relay network with general deterministic signal in-

teraction model (with broadcast and multiple access), we can achieve all rates R up to,
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max  min H(Yqe|Xqe). (4.8)

[Ticyv p(Xi) Q€AD
This theorem easily extends to the multicast case, where we want to simultaneously

transmit one message from S to all destinations in the set D € D:

Theorem 4.2.4. Given an arbitrary relay network with general deterministic signal in-
teraction model (with broadcast and multiple access), we can achieve all rates R from S

multicasting to all destinations D € D up to,

Xoe). (4.9)

max min min H(Yqe
[Lcy p(X:) DED QeAp

This achievability result in Theorem extends the results in [9] where only deter-
ministic broadcast network (with no interference) were considered. Note that when we
compare (4.8) to the cut-set upper bound in (4.3)), we see that the difference is in the maxi-
mizing set i.e., we are only able to achieve independent (product) distributions whereas the
cut-set optimization is over any arbitrary distribution. In particular, if the network and the
deterministic functions are such that the cut-set is optimized by the product distribution,
then we would have matching upper and lower bounds. This indeed happens when we con-
sider the linear finite-field model. Hence, Theorems [4.2.1] and [4.2.2] are just corollaries of
Theorems and

4.3 Gaussian relay networks

In the Gaussian model the signals get attenuated by complex gains and added together with
Gaussian noise at each receiver (the Gaussian noises at different receivers being indepen-

dent of each other.). More formally the received signal y; at node j € V and time ¢ is given
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by

yilt) = > Hixi[t] + z;t] (4.10)
1EN;

where H;; is a complex matrix where element represents the channel gain from a transmit-
ting antenna in node i to a receiving antenna in node j, and N is the set of nodes that are
neighbors of j in G (i.e. all nodes that have a nonzero channel gain to 7). Furthermore, we
assume there is an average power constraint equal to 1 at each transmit antenna. Also z;,
representing the channel noise, is modeled as complex normal (Gaussian) random vector,
and hence the name Gaussian signal interaction model.

Other than the complex Gaussian model, in some cases we also look at the real Gaussian
model. This model is the same as the complex one except the channel inputs, channel gains,
and channel noises are restricted to be real numbers.

The following is our main result for noisy (Gaussian) relay networks which is proved
in Chapter[6] This is perhaps the main result of the dissertation as it applies to wireless net-

works with realistic channel models and gives a universally-approximate characterization.

Theorem 4.3.1. Given a Gaussian relay network, G = (V, E), which could have multiple
transmit and receive antennas, we can achieve all rates R up to C — k. Therefore the

capacity of this network satisfies

C—-rk<C<C, 4.11)

where C' is the cut-set upper bound on the capacity of G as described in equation ,
and K is a constant and is upper bounded by 5 2?31 max(M;, N;), where M; and N; are

respectively the number of transmit and receive antennas at node 1.

The gap (k) holds for all values of the channel gains and is relevant particularly in the
high rate regime. This constant gap result is a far stronger result than the degree of freedom

result, not only because it is non-asymptotic but also because it is uniform in the many
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channel SNR’s. This is also the first constant gap approximation of the capacity of Gaussian
relay networks. As shown in Section IV, the gap between the achievable rate of well known
relaying schemes and the cut-set upper bound in general depends on the channel parameters
and can become arbitrarily large. Analogous to the results for deterministic networks, the

result in Theorem4.3.1|applies to an network with arbitrary topology and could have cycles.

4.4 Extensions

We have also developed several extensions of the main results and these extensions are all

proved in Chapter

4.4.1 Compound relay network

The result in Theorem 4.3.T] can be extended to compound relay networks where we allow
each channel gain h; ; to be from a set H; ;, and the particular chosen values are unknown
to the source node .9, the relays and the destination. A communication rate R is achievable
if there exist a scheme such that for any channel gain realizations, still the source can
communicate to the destination at rate R, without the knowledge of the channel realizations
at the source, the relays and the destination. In this case we can obtain the following result

which is proved in Section

Theorem 4.4.1. Given a compound Gaussian relay network, G = (V, E), the capacity C,,

satisfies

Ccn Y S Ccn S 6cn (412)

Where C, is the cut-set upper bound on the compound capacity of G as described below

Cen = max inf min I(Yge; Xo|Xqe 413
P({Xi}iv)heHQeAD ( Q Q’ Q) ( )
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And kK is a constant and is upper bounded by 6 Z?jl max(M;, N;), where M; and N; are

respectively the number of transmit and receive antennas at node 1.

The implication of this result is two-fold. One is that we can develop strategies that are
robust to channel uncertainties, which attains the compound channel rate supported by the
network without relays explicitly knowing the channels. Secondly, this might be important
in characterizing the diversity-multiplexing trade-off for fading relay network, since the
compound framework gives a connection to the outage probability of the rate supported by

the network.

4.4.2 Half-duplex relay network

In practical implementation of wireless networks an important consideration is the half-
duplex constraint. This constraint implies that a node can not transmit and receive at the
same time on the same frequency band. In that context, all the results stated above are
applicable to full-duplex radios, which are capable of transmitting and receiving at the
same time. A natural question is whether these results can be extended to radios with half-
duplex constraint. We partially answer this question by approximately characterizing the
capacity for any network with fixed duplexing times (transmission scheduling). This does
not cover strategies that adapt the duplexing time to the situation. Here is our main result

for half-duplex Gaussian relay networks

Theorem 4.4.2. Given a Gaussian relay network with half-duplex constraint, G = (V, £),
the capacity, Chq, satisfies
Cha—k < Chg < Cha 4.14)

Where C g is the cut-set upper bound on the capacity of G and is given by

Chd S Uhd = max min tmI< ?;c; X?{|X$c) (415)
p({X7 }jevme(1,...my) 2€AD o
tm: 0<tm <1, SM_ t,,=1
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where m € {1,2,..., M} denotes the operation mode of the network, defined as a valid
partitioning of the nodes of the network into two sets of ”sender” nodes and “receiver”
nodes. For each node i, the transmit and the receives signal at mode m and at time t are
respectively shown by X'[t] and y'"[t]. Also t,, defines the portion of the time that network
will operate in state m, as the network use goes to infinity. Also k is a constant and is
upper bounded by 5 ZZ‘I max(M;, N;), where M; and N; are respectively the number of

transmit and receive antennas at node 1.

Note that in Theorem #.4.2] we can optimize duplexing times (i.e. t,,’s) to increase the
achievable rate. It is an open question whether optimizing the duplexing time can capture

all possible rates achievable by using adaptive strategies.

4.4.3 Frequency selective relay network

We also extend the result in Theorem to frequency selective channels between nodes.

For this case the result can be stated as follows

Theorem 4.4.3. Given a frequency selective Gaussian relay network, G = (V, &), with F

different frequency bands. The capacity of this network, C, satisfies

C—-r<(C<C (4.16)

Where C is the cut-set upper bound on the capacity of G as described in equation ,
‘V|1 max(M;, N;), where M; and N; are

\
1=

and K is a constant and is upper bounded by 5

respectively the number of transmit and receive antennas at node i.

As we will discuss in Section[7.3] this can be implemented in particular by using OFDM

and appropriate spectrum shaping or allocation.
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4.4.4 Fading relay network

For time varying channels where the variation is slow in comparison to block length needed
for a static channel (underspread regime) we can develop the approximate ergodic capacity

of relay networks:

Theorem 4.4.4. Given a fast fading quasi-static fading Gaussian relay network, G =

(V, &), the ergodic capacity Coergodic satisfies
ghij [6({hlj}>] — kK S Oergodic S ghi]' W({hm})} (417)

Where C'is the cut-set upper bound on the capacity, as described in equation , and the
expectation is taken over the channel gain distribution, and k is a constant and is upper
bounded by 5 Z‘iﬂl max(M;, N;), where M; and N; are respectively the number of transmit

and receive antennas at node 1.

4.4.5 Low rate capacity approximation of Gaussian relay net-

work

Finally, we explore a multiplicative instead of additive approximation to capacity and show

that such an approximate can also be universally obtained.

Theorem 4.4.5. Given a Gaussian relay network, G = (V, E), the capacity C satisfies
No<C<C (4.18)

Where C is the cut-set upper bound on the capacity, as described in equation , and \

is a constant and is lower bounded by m and d is the maximum degree of nodes in G.

Note that this kind of approximation might be of interest in a low data rate regime,

where a constant gap approximation of the capacity may not be interesting any more.
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4.5 Proof program

In Chapters we formally prove these main results. The main proof program consists
of first proving Theorem [4.2.3] and the corresponding multicast result. This immediately
yields Theorems 4.2.1| and 4.2.2| which are a direct consequence of these results. The

insight from these results suggest the quantize-map strategy for noisy (Gaussian) relay net-
works. We use this insight as well as proof ideas generated for the deterministic analysis to
obtain the universally-approximate capacity characterization for Gaussian relay networks
in Chapter[6] In both cases we illustrate the proof by going through an example which then

is generalized.
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Deterministic relay networks

5.1 Introduction

In this chapter we focus on noiseless deterministic relay networks. Theorems and
M.2.4] are our main result for deterministic relay networks and the rest of this chapter is
devoted to proving it. First we focus on networks that have a layered structure, i.e. all
paths from the source to the destination have equal lengths. With this special structure we
get a major simplification: a sequence of messages can each be encoded into a block of
symbols and the blocks do not interact with each other as they pass through the relay nodes
in the network. The proof of the result for layered network is similar in style to the random
coding argument in Ahlswede et. al. [1]]. We do this in sections and first for the
linear finite-field model and then for the general deterministic model. Next, we extend the
result to an arbitrary network by expanding the network over time in such a way that while
source encodes the message over multiple blocks, the relays operations are memoryless
over different communication blocks. Since the time-expanded network is layered and we
can apply our result in the first step to it. To complete the proof of the result, we need

to establish a connection between the cut values of the time-expanded network and those
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of the original network. We do this using sub-modularity properties of entropy in Section

5.4

5.2 Layered networks: linear finite-field determinis-

tic model

The network given in Figure [5.1]is an example of a layered network where the number of
“hops” for each path from S to D is equal to 3 in this cas

In this section we give the encoding scheme for the layered linear finite-field determin-
istic relay networks in Section[5.2.1] In Section [5.2.2] we illustrate the proof techniques on
a simple linear unicast relay network example. In Section[5.2.3] we prove main Theorems

4.2.1|and 4.2.2| for layered networks.

5.2.1 Encoding for layered linear finite-field deterministic relay

network

We have a single source S with a sequence of messages wy, € {1,2,...,278} k =1,2,....
Each message is encoded by the source S into a signal over 7' transmission times (Sym-
bols), giving an overall transmission rate of R. Each relay operates over blocks of time T’
symbols, and uses a mapping f; : ij — XjT its received symbols from the previous block

of T" symbols to transmit signals in the next block. For the model (2.22)), we will use linear

I'The concept of time-expanded network is also used in [1], but the use there is to handle cycles. Our main
use is to handle interaction between messages transmitted at different times, an issue that only arises when
there is superposition of signals at nodes.

2Note that in the equal path network we do not have “self-interference” since all path-lengths from S to D
in terms of “hops” are equal, though as we will see in the analysis that can easily be taken care of. However
we do allow for self-interference in the model and we choose to handle such loops, and more generally cyclic
networks, through time-expansion as will be seen in Section
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mappings f;(-), i.e.,
x; = F;y;, (5.1)

qT' xqT

where F; is chosen uniformly randomly over all matrices in I}

. Each relay does the
encoding prescribed by (5.1). Given the knowledge of all the encoding functions F'; at the
relays, the decoder D € D, attempts to decode each message wy, sent by the source.

Now suppose message wy, is sent by the source in block £, then since each relay j
operates only on block of lengths 7" and we have a layered structure, the signals received at
block k at any relay pertain to only message wy,;;, where [; is the path length from source
to relay 7. As a result the key simplification that occurs for layered networks is that the
messages do not get mixed with each other.

Now, given the knowledge of all the encoding functions F; at the relays and signals

received over block k + [p, the decoder D € D, attempts to decode the message wy, sent

by the source.

5.2.2 Proof illustration

In order to illustrate the proof ideas of Theorem (4.2.3)) we examine the network shown in
Figure We will analyze this network first for linear deterministic model and then we
use the same example to illustrate the ideas for general deterministic functions in Section
532

Since we have a layered network, without loss of generality consider the message w =
w; transmitted by the source at block £ = 1. At node j the signals pertaining to this
message are received by the relays at block /;. For notational simplicity we will drop the
block numbers associated with the transmitted and received signals for this analysis.

Now, since we have a deterministic network, the message w will be mistaken for an-
other message w’ is if the received signal y ,(w) under w, is the same as that would have

been received under w’. This leads to a notion of distinguishability, which is that messages
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DeS{I

Cannot distingui

Cannot distinguish
Transmits same signal under w, w’ By € S°

Figure 5.1: An example of layered relay network. Nodes on the left hand side of
the cut can distinguish between messages w and w’, while nodes on the right hand
side can not.

w,w" are distinguishable at any node j if y;(w) # y;(w’).

The probability of error at decoder D can be upper bounded using the union bound as,
P, <28TP{w — w'} = 2FTP {yp(w) = yp(w')} . (5.2)

Since channels are deterministic, this event is random only due to the randomness in the
encoder map. Therefore, the probability of this event depends on the probability that we

choose such an encoder map. Now, we can write,

P{w — w'} = Z [P {Nodes in Q2 can distinguish w, v’ and nodes in Q° cannot} (5.3)
QeAp ;;

since the events that correspond to occurrence of the distinguishability sets 2 € Ap are
disjoint. Let us examine one term in the summation in (5.3)). For the cut Q = {S, A;, B, },
a necessary condition for the distinguishability set to be this cut is that y 4 (w) = y 4, (w'),

along with y 5 (w) = yp,(w') and y ,(w) = yp(w’). Now we have
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IA

Py 4,(w) = y4,(0"),yp,(w0) = yp,(w), yp(w) = yp(w),

Ya, (W) # ¥4, (W), yp, (W) # yp, (W)} (5.4)
P{y a,(w0) = y4,(0")} X Py, (w) = yp,(w), ya,(w) # ya,(W)|ya,(w) = ya,(w)}
xP{yp(w) =yp),yp () # yp, (W)]yp,(w) =yp,w),y4,w) #y4 W),

Y, (W) =y 4, (W)} (5.5)
P{y 4, (w0) = y4,(0")} X P{yp,(w) = y5,(w)|ya, (W) # ya, (@), ¥ 4,(w) = ya,(w)}
xP{yp(w) = yp(w)lyp, (0) # yp, (0),y5,(w) = yp,(W), ¥4, (w) # y 4, (),

Y a4, (W) = ¥ 4, (')} (5.6)
Py a,(w0) = y 4, (0")} X P{y,(w) = yp,(w)|ya, () # ya, (W), ya,(w) =y 4,(w)}

xP{yp(w) = yp(w)lys, (w) #yp, (w), yp,w) =yp,(w)} (5.7)

where the last step is true since there is an independent random mapping at each node and

we have the following markov structure in the network

XS - (YA17YA2> - (YBla YBQ) - YD (58)

Now since the source does a random linear mapping of the message onto xg(w), the

probability that y , (w) = y 4,(w’) is given by,

Py, (w) =y, ()} = P{Ir ® Gg.1,)(xs(w) — xg(w')) = 0} = p~TTAK(Gs.1,),

(5.9)

since the random mapping given in (5.1) induces independent uniformly distributed xg(w),

xs(w'). Here, ® is the Kronecker matrix producf] Now, in order to analyze the second

3If A is an m-by-n matrix and B is a p-by-q matrix, then the Kronecker product A ® B is the mp-by-nq
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probability, we see that since y 4, (w) = y 4,(w'), Xa,(w) = X4, (w'), i.e., the same signal
is sent under both w,w’. Also if y 4, (w) # y,,(w’), then the random mapping given in

(5.1) induces independent uniformly distributed x 4, (w), x4, (w") Therefore, we get

P{yg,(w) = yp,(w)|y (w) # ya, (W), y4,(w) =y4,w)}
= P{(I;r ® Ga,.5,) (x4, (w) — x4, () = O} = p~ "8G ar5,)  (5.10)

Similarly we get,

Plyp(w) = yp(w)|yp, (w) # yp, (W), yp, (W) = yp, ()}
=P{(Ir ® Gp, p)(xp, (w) — xp,(v)) = 0}
— pT1ank(G, ) (5.11)
Putting these together, since all three would need to occur, we see that in (5.3)), for the

network in Figure[5.1] we have,

P < prrank(G&AQ) ~rrank(G 4, p,),,~Trank(Ggp, p)

b p
p—T{rank(GS,A2)+rank(GA17Bz)+rank(GBl,D)}. (5.12)
Note that since,
G57 Ay 0 0
Goqc = 0 Gup O :
0 0 Gg,.p

the upper bound for P in (5.12) is exactly 2-7T0K(Ge.q) | Therefore, by substituting this

anB -+ ai,B
block matrix A ® B = . .

amiB - amnB
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back into (5.3)) and (5.2), we see that

P. < 2MT|A plp~ T minacap Rk (G (5.13)

which can be made as small as desired if R < mingey , rank(Gg oc) log p, which is the
result claimed in Theorem 4.2 11
Now we will prove the general result for layered linear finite-field deterministic relay

networks.

5.2.3 Proof of main Theorems and for layered net-

works

In this section we prove main Theorems [4.2.1| and 4.2.2] for layered networks. Since we

have a layered network, without loss of generality consider the message w = w; transmitted
by the source at block £ = 1. At node j the signals pertaining to this message are received
by the relays at block /;. We analyze a [p-layer network, each layer is a MIMO sub-
network. Therefore, as in the analysis of , we see that

PP) < 9RT Z P {Nodes in © can distinguish w, w’ and nodes in 2° cannot} (5.14)

QeAp ‘7;

We define Gg, o- as the transfer matrix associated with the nodes in €2 to the nodes in
¢, Note that since we have a layered network this transfer matrix breaks up into block
diagonal elements corresponding to each of the [ layers of the network. More precisely,
we can create d = [p disjoint sub-networks of nodes corresponding to each layer of the
network, with the set of nodes 3;(€2), which are at distance [ — 1 from .S and are in €2, on

one side and the set of nodes 7;(£2), which are at distance [ from S that are in §2°, on the
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other side, for [ =1,...,[p.
Each node i € (5(£2) sees a signal related to w = w; in block [; = [ — 1, and therefore
waits to receive this block and then does a random mapping to x;(w) € IFZT The random

mapping is done as in (3.1]), by choosing a random matrix F; of size T'q x T'q and creating
x;(w) = Fyy;(w) (5.15)

The received signals in the nodes j € ~,(€2) are linear transformations of the transmitted
signals from nodes 7, = {u : (u,v) € £,v € (Q2)}. That is, its output depends not only
on the transmitters in 5;(€2), but also other transmitters at distance [ — 1 from S that are
part of Q. Since all the receivers in ~;(2) are at distance [ from S, they form the receivers
of the layer [. Since we are focusing on one cut €2, to simplify the notation we drop the
parameter in 2 in (5,(€2) and 7;(£2), and simply denote then by 3, and 7;. Now similar to

Section[5.2.2) we can write

P = Ply,(w) =y, (), ysw) #ysw),l=1,...,Ip} (5.16)

= [Py, (w) =y, (), y5w) #ys @)y, (w) =y, (w),ys (w) #yg (),

g=1...,1-1} (5.17)

< ﬁﬂ"{yw (w) = y.,(W)]yg(w) #ysW),y,,(w) =y, (W), ys (w) #ygs (w),
l:tj:1,...,z—1} (5.18)

= lﬁﬂ”{yw (w) =y, (W)|ys (w) #ys W),y  (w) =y,  (w)} (5.19)

where the last step is true since there is an independent random mapping at each node
and we have a markovian layered structure in the network.

Now note that as in the example network of Section[5.2.2] for all the transmitting nodes
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in 7;_; which cannot distinguish between w, w’ the transmitted signal would be the same
under both w and w’. Therefore, in order to calculate the probability that nodes in ~; cannot

distinguish between w, w' or that y. (w) —y., (w') = 0, we see that

v, (w) =y, (w) = G [xg(w) —xg(w)], I=1,...,0p (5.20)

Due to the time-invariant channel conditions we see that Gl = Ir ® G,;, where ® is the
Kronecker product.
Now, note that if the distinct signals y,(w), y,;(w’) received at the nodes i € 3; could be

Jointly uniformly and independently mapped to the transmitted signals u;(w), u;(w’), then

size of null space

we could say that the probability of this occurrence is size of whole space

. Clearly this is
given by,

P{ywl@u) = Y (w/)‘yﬁl (w) 7& Y (w/)’ y’Yzﬂ(w) = y'nfl(w/)} = p—rank(Gl)

— p—Trank(Gl(S.zl)

Not only the signals y,(w) are uniformly randomly mapped individually at each node
1 € [3;, the overall map across all nodes in [, is also uniform, and hence the probability

given in (5.21) is the correct one. Therefore we get

P < p—TZle rank(Gl)' (5.22)

Now the probability of mistaking w for w’ at receiver D € D is therefore

Pl{w—w} < Z p—Tfof) rank(G(Q))
QeAp

< 2\V|p—T mingea rank(GQ’Qc)

Y
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where we have used |[Ap| < 2Vl Note that we have used the fact that since G e was

block diagonal, with blocks, G;(£2), we see that Z;ff) rank(Gy(92)) = rank(Ggqqc). If

we declare an error if any receiver D € D makes an error, we see that since we have 257

messages, from the union bound we can drive the error probability to zero if we have,

R < min min rank(Gg o) log p. (5.23)

Since as seen in Section the cut-set is also identical to the expression in (5.23]), we

have proved the following result.

Theorem 5.2.1. Given a layered (equal path) linear finite-field relay network (with broad-

cast and multiple access), the multicast capacity C' of such a relay network is given by,

C = min éIGI}\I; rank(Ggq.q-) logp, (5.24)

5.3 Layered networks: general deterministic model

In this section we prove main theorems [4.2.3| and {.2.4] for layered networks. We first

generalize the encoding scheme to accommodate arbitrary deterministic functions of (4.7))
in Section We then illustrate the ingredients of the proof using the same example as
in Section[5.2.2] Then we prove the result for layered networks in Section[5.3.3]

5.3.1 Encoding for layered general deterministic relay network

We have a single source S with a sequence of messages wy, € {1,2,...,278}, k=1,2,.. ..
Each message is encoded by the source .S into a signal over 7" transmission times (symbols),
giving an overall transmission rate of /2. We will use strong (robust) typicality as defined

in [34]]. The notion of joint typicality is naturally extended from Definition[5.3.1]
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Definition 5.3.1. We define x € T if

|va (@) = p(2)] < dp(z),

where v,(x) = £|{t : 7, = x}

, is the empirical frequency.

Each relay operates over blocks of time 7" symbols, and uses a mapping f; : ij — X]-T
its received symbols from the previous block of 7' symbols to transmit signals in the
next block. In particular, block k of T received symbols is denoted by yg-k) = {y[(k —
)T +1],...,y[kT]} and the transmit symbols by x§k). Choose some product distribution
[L,cy p(x;). At the source S, map each of the indices in wy, € {1,2,...,27%}, choose
fs(wy) onto a sequence uniformly drawn from 7Tj(Xg), which is the typical set of se-

quences in XZ'. At any relay node j choose f; to map each typical sequence in ij ie.,

T5(Y;) onto typical set of transmit sequences i.e., T5(X;), as

X = fi(y%), (5.25)

where f; is chosen to map uniformly randomly each sequence in 75(Y;) onto T5(.X;). Each
relay does the encoding prescribed by (5.25)). Now, given the knowledge of all the encoding
functions f; at the relays and signals received over block k + [p, the decoder D € D,

attempts to decode the message wy sent by the source.

5.3.2 Proof illustration

Now, we illustrate the ideas behind the proof of Theorem [4.2.3]for layered networks using
the same example as in Section which was done for the linear deterministic model.
Since we are dealing with deterministic networks, the logic upto in Section
remains the same. We will again illustrate the ideas using the cut Q = {S, A;, B;}. Asin

Section [5.2.2] we can write
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IA

Py 4,(w) = y4,(0"),yp,(w0) = yp,(w), yp(w) = yp(w),

Ya, (W) # ¥4, (W), yp, (W) # yp, (W)} (5.26)
Py a,(w0) = y4,(0")} X Py, (w) = yp,(w), ya,(w) # ya, (W)Y a,(w) = ya,(w)}
xP{yp(w) =yp(),yp () # yp, (W)]yp,(w) =yp,w),y4,w) #y4 W),

Y, (W) =y 4, (W)} (5.27)
Py a,(w0) = y4,(0")} X P{yp,(w) = y5,(w)|ya, (W) # ya, (@), ¥ 4,(w) = ya,(w)}
xP{yp(w) = yp(w)lyp, (0) # yp, (0),y5,(w) = yp,(W), ¥4, (w) # y 4, (),

Y a4, (W) =y 4, (')} (5.28)

P{y 4,(w) = y4,(w)} x Plyp,(w) = yp,(W)|y 4, (W) # ¥4, (@), ¥ 4,(w0) = y4,(w)}

xP{yp(w) = yp(w)lys, (w) #yp,(w), yp,w) =yp,(w)} (5.29)

where the last step is true since there is an independent random mapping at each node and
we have a markovian layered structure in the network.

Notice that as in Section [5.2.2] we are suppressing the block numbers associated with
the received signals. It is clear that for w = w;, the block numbers associated with
Ya,,¥B,, Yp are 1,2, 3 respectively.

Note that since y,; € T5(Y;) with high probability, we can focus only on the typical
received signals. Let us first examine the probability that y ,, (w) = y4,(w’). Since S
can distinguish between w, w’, it maps these sub-messages independently to two transmit

signals xs(w), xg(w’) € T5(Xs), hence we can see that this probability is,

Py 4,(w) = ya,(w)} =P {(xs(w'), y4,(w)) € T5(Xs,Ya,)} = 2 T1Xs¥ay) - (5.30)

Now, in order to analyze the probability the second probability, as seen in the linear model
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analysis, we see that since y ,, (w) = y 4, (W), Xa,(w) = xa,(w’), i.e., the same signal
is sent under both w,w’. Therefore, since naturally (x4,(w),yp,(w)) € T5(Xa,,YB,),
obviously, (x4,(w'),yp,(w)) € T5(Xa,,Yn,) as well. Therefore, under w’, we already
have x4,(w’) to be jointly typical with the signal that is received under w. However,
since A; can distinguish between w,w’, it will map the transmit sequence x4, (w’) to
a sequence which is independent of x4, (w) transmitted under w. Since an error occurs
when (x4, (w'),x4,(w"),yp,(w)) € T5(Xa,,Xa,,Yn,), and since A, cannot distinguish
between w, w’, we also have x4, (w) = x4, (w"), we require that (x4,,X4,,y ,) generated
like p(x4,)p(xa4,,yp,) behaves like a jointly typical sequence. Therefore, this probability

is given by,

P{ys,(w) = yg,(wW)|ya, (w) # ya, (W), y 4, (w) = ya,(w)}
=P {(XAl (w/)a XA, (w>7 YBQ (w)) € Té(XAU XAZYBQ)} =

9~TI(Xa,:YBy Xay) @ 9~TT(Xa,:Yi,|Xay) (5.31)

where = indicates exponential equality (where we neglect subexponential constants),
and (a) follows since we have generated the mappings f; independently, it induces an inde-

pendent distribution on X 4,, X 4,. Another way to see this is that the probability of

1T5(X ay X5, 5,)]
175(Xay)]

[34]] yields the same expression as in (5.31). Note that the calculation in (5.31) is similar to

is given by , which by using properties of (robustly) typical sequences

one of the error event calculations in a multiple access channel,

Using a similar logic we can write,

P{yp(w) =yp(w)lys, (w) # yp, (), yp,(w) =yp,(w)}
=P {<XB1 (w/)v XB; (w)7 YD(w)) S Té(XB1 ) X32YD>} =

9-TI(Xp,:Yp,Xp,) W o-TI(Xp,Yp|Xn,) (5.32)
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Therefore, putting (5.30)—(5.32)) together as done in (5.12) we get

P < 9 TU(Xs:Ya)+H1(Xay3Yny | Xay)+1(Xy YD X5, )}

Note that for this example, due to the Markovian structure of the network we can see thaﬂ
I(Yae; Xl Xae) = I(Xs; Ya,) + 1(Xa,; Yp,| Xa,) + 1(Xp,; Yp| XB,), hence as in (5.13)
we get that,

P, < 2RT|AD|2—TmiHQeAD I(YQC;XQ|XQC)7 (5.33)

and hence the error probability can be made arbitrarily small if R < mingep,, H(Yae|Xqe).

5.3.3 Proof of main Theorems and for layered net-

works

As in the example illustrating the proof in Section[5.3.2] the logic of the proof in the general
deterministic functions follows that of the linear model quite closely. In particular, as in
Section we can define the bi-partite network associated with a cut (2. Instead of a
transfer matrix Gq o () associated with the cut, we have a transfer function Gy, Since we
are still dealing with a layered network, as in the linear model case, this transfer function
breaks up into components corresponding to each of the [ layers of the network. More
precisely, we can create d = [ disjoint sub-networks of nodes corresponding to each layer
of the network, with the set of nodes 3;(€2), which are at distance [ — 1 from S and are
in €, on one side and the set of nodes v;(€2), which are at distance [ from S that are in
¢, on the other side, for [ = 1,...,[p. Each of these clusters have a transfer function

Gi(-),l =1,...,lp associated with them.

“Note that though in the encoding scheme there is a dependence between X 4,, X 4,, Xp,, X5, and Xg,
in the single-letter form of the mutual information, under a product distribution, X 4,, X a,, XB,, XB,, Xs
are independent of each other. Therefore for example, Yp, is independent of Xp, leading to
H(Yp,|X4,,XB,) = H(YB,|X4,). Using this argument for the cut-set expression I(Yge; Xqo|Xqe), we
get the expansion.

57



Chapter 5. Deterministic relay networks

As in the linear model, each node i € [3,(€2) sees a signal related to w = w; in block
[; = | — 1, and therefore waits to receive this block and then does a mapping using the

general encoding function given in (5.25)) as
xP(w) = £y (). (5.34)

The received signals in the nodes j € v;(€2) are deterministic transformations of the trans-
mitted signals from nodes 7, = {u : (u,v) € £,v € () }. As in the linear model analysis
of Section the dependence is on all the transmitting signals at distance [ — 1 from the
source, not just the ones in 3;(€2). Since all the receivers in ;({2) are at distance [ from S,

they form the receivers of the layer [. Now similar to Section we can write

P = Ply,(w) =y, (w),ysw) #ysw),l=1,...Ip} (5.35)
= ﬁ Ply,,(w) =y, (0), y5w) # ys @)y, (w) =y, (W), ysw) # yg, W),
121,]'21,...,[—1} (5.36)

< ﬁ Ply.,(w) =y, (w)]yg(w) # yg, W)y, (w) =y, (W), ysw) # yg W),
lil,jzl,...,l—l} (5.37)

= [[P{y.,(w) =y, ()lys(w) #y5 @)y, () =y, ()} (5.38)
=1

Note that as in the example network of Section [5.3.2] for all the transmitting nodes
in 7,1 which cannot distinguish between w, w’ the transmitted signal would be the same
under both w and w’. Therefore, all the nodes in 7;_; cannot distinguish between w, w" and

therefore

xj(w) = x;(w’), j € 1.
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Hence it is clear that since ({x;(w)}jey,_,, ¥, (w)) € T, we have that

({x(wW) iy ¥ (W) € T

Therefore, just as in Section we see that the probability that

Ply.,(w) =y, (wW)|yg (w) # yg W)y, (w) =y, (W)}
=P {(Xﬁz (w/)v Xy1 (w)v Y (w)) € Té(Xﬂl ) X’Yl—l’ Y"/z)}

— 27TI(Xﬁl §Y71 |X’Yl,1 ) .

Therefore we get

d
’P é HQ_TI(XBﬁYw‘X’n_l) — 2_T22i:1 H(Yw‘Xﬂq_l)_
=1

Note that due to the Markovian nature of the layered network, we have

d
Y H(Y,|X, ) =H(Yo

=1

XQC)

(5.39)

(5.40)

(5.41)

From this point onwards the proof closely follows the steps as in the linear model from

(5.22) onwards. Similarly in multicast scenario we declare an error if any receiver D € D

makes an error, we see that since we have 277 messages, from the union bound we can

drive the error probability to zero if we have,

R < max min min H(Yqe
HiEV p(.l‘l) DED QGAD

Xo).

Therefore we have proved the following result.
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Theorem 5.3.2. Given a layered (equal path) general deterministic relay network (with
broadcast and multiple access), we can achieve any rate R from S multicasting to all

destinations D € D, with R satisfying:

R < max min min H(Yqe|Xqe 543
Hievp}(iu’f?z‘)DEDQeAD ( Q ’ Q) ( )

5.4 Arbitrary networks

First we formally describe the encoding strategy:

5.4.1 Encoding for general deterministic relay network

We have a single source S with message W € {1,2,..., 275"}

which is encoded by the
source S into a signal over K" transmission times (symbols), giving an overall transmis-
sion rate of . Each relay operates over blocks of time 7' symbols, and uses a mapping
f][t] : Y[ — A& its received symbols from the previous block of 7" symbols to trans-
mit signals in the next block. In particular, block k& of T" received symbols is denoted by
ygk) = {ylk=0T+1 " [kT]} and the transmit symbols by x§k). Choose some product
distribution [ ], ,, p(z;). At the source S, map each of the indices in W € {1,2,..., 275"}
choose fék) (W) onto a sequence uniformly drawn from T5(Xs), which is the typical set of

sequences in XZ'. At any relay node j choose f;k) to map each typical sequence in ij ie.,

T5(Y;) onto typical set of transmit sequences i.e., T5(.X;), as
= 10, (5:44)

where f;k) is chosen to map uniformly randomly each sequence in 75(Y;) onto 75(.X;) and
is done independently for each block k. Each relay does the encoding prescribed by (5.44]).

Given the knowledge of all the encoding functions f;k) at the relays and signals received
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B
(a) An example of
general deterministic

network
T2 o  TBlo Tk -2] oo Tlk—1] o TIK
O - O
00 S[3] oo

(b) Unfolded deterministic network. An example of steady cuts and wiggling
cuts are respectively shown by solid and dotted lines.

Figure 5.2: An example of a general deterministic network with un equal paths
from S to D is shown in (a). The corresponding unfolded network is shown in (b).
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over K + |V| — 2 blocks, the decoder D € D, attempts to decode the message W sent by
the source.

Given the proof for layered networks with equal path lengths, we are ready to tackle the
proof of Theorem and Theorem for general relay networks. The ingredients are
developed below. First is that we can explicitly represent our relaying scheme by unfolded
the network over time to create a layered deterministic network. The idea is to unfold the
network to K stages such that i-th stage is representing what happens in the network during
(1t — 1)T to iT — 1 symbol times. For example in figure (a) a network with unequal
paths from S to D is shown. Figure [5.2(b) shows the unfolded form of this network. As
we notice each node v € V is appearing at stage 1 < ¢ < K as v[i]. There are additional
nodes: T'[i]’s and R[i]’s. These nodes are just virtual transmitters and receivers that are put
to buffer and synchronize the network. Since all communication links connected to these
nodes (7'[7]’s and R[i]’s) are modelled as wireline links without any capacity limit they
would not impose any constraint on the network. One should notice that in general there
must be an infinite capacity link between the same node and itself appearing at different
times however, since in the relaying scheme that we described above, the relays are limited

to have a finite memory 7', these links are omitted E} Now we show the following lemma,

Lemma 5.4.1. Assume G is a general deterministic network and QLE,I;) is a network obtained
by unfolding G over K time steps (as shown in figure|[5.2)). Then the following communica-

tion rate is achievable in G:

1 .
R < — max min H(Yqe
HiEV p(xl) QunfeAD unf

X ) (5.45)

where the minimum is taken over all cuts (), in QLE,I;).

Proof. By unfolding G we get an acyclic layered deterministic network. Therefore by

>This idea was introduced for graphs in [1] to handle cycles in a graph
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theorem we can achieve the rate

Rus < max  min H(Yqe
=% p() Quat€AD

Xoc) (5.46)

in the time-expanded graph. Since it takes K steps to translate and achievable scheme in
the time-expanded graph to an achievable scheme in the original graph, then the Lemma is

proved. [

Note that the achievability scheme that we used to prove Lemma [5.4.1] was obtained
by applying the encoding scheme described in section[5.3.1]to the network that is unfolded
over K blocks. This translates to the encoding scheme defined in Section[5.4.1|for a general

deterministic relay network.

5.4.2 Proof of main Theorems and

If we look at different cuts in the time-expanded graph we notice that there are two types
of cuts. One type separates the nodes at different stages identically. An example of such a
steady cut is drawn with solid line in figure 5.2 (b) which separates {S, A} from {B, D} at
all stages. Clearly each steady cut in the time-expanded graph corresponds to a cut in the
original graph and moreover its value is K times the value of the corresponding cut in the
original network. However there is another type of cut which does not behave identically at
different stages. An example of such a wiggling cut is drawn with dotted line in figure[5.2]
(b). There is no correspondence between these cuts and the cuts in the original network.
Now comparing Lemma [5.4.1] to the main theorem 4.2.3] we want to prove, we notice
that in this Lemma the achievable rate is found by taking the minimum of cut-values over
all cuts in the time-expanded graph (steady and wiggling ones). However in theorem 4.2.3
we want to prove that we can achieve a rate by taking the minimum of cut-values over

only the cuts in the original graph or similarly over the steady cuts in the time-expanded
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network. So a natural question is that in a time-expanded network does it make any dif-
ference if we take the minimum of cut-values over only steady cuts rather than all cuts ?
Quite interestingly we show in the following Lemma that asymptotically as KX — oo this

difference (normalized by 1/K) vanishes.

Lemma 5.4.2. Consider a general deterministic network, G. Assume a product distribution
on {z;}iey, p({Titiev) = [ ey p(@i). Now in the time-expanded graph, g,ﬁ,?, assume that
for each node i € V, {x;[t|}1<i<x are distributed i.i.d. according to p(z;) in the original
network. Also for any 1 < t;,ty < K and i # j, x;[t1] is independent of x[ts]. Then for

any cut s on the unfolded graph we have,

(K—L+1) Sgre%lj H(Yae| Xqe) < H(Y%f X%f) (5.47)
where L = 2/VI-2,
Proof. See Appendix[A.3] O
Now since for any product distribution
Qururflel%D H(Yae [Xqe ) < Kérel}g H(Yoe|Xqe) (5.48)

we have an immediate corollary of this lemma
Corollary 5.4.3. Assume G is a general deterministic network and Qiﬁ;) is a network ob-

tained by unfolding G over K time steps then

. 1 .
g oo 3¢ MAX],_, p(z;) MiNG, e p H(YQ;nf|XQ;nf>

= MAX[],_,, p(z;) MiNoeA H(Yae| Xqe) (5.49)

Now by Lemma|[5.4.T|and corollary[5.4.3] the proof of main Theorem[.2.3]is complete.
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5.5 Summary

In this chapter we focused on noiseless deterministic relay networks and we proved The-

orems [4.2.3| and [4.2.4] which are lower bounds to the achievable rate for single unicast or

multicast information flow over general deterministic relay networks. We proved this result
by first focusing on networks that have a layered structure. Next, we extended the result
to an arbitrary network by considering its time-expanded representation and establishing a
connection between the cut values of the time-expanded network and those of the original
network. As a corollary, this result yields the complete characterization of the unicast and

multicast capacity of linear finite-field deterministic relay networks.
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Gaussian relay networks

6.1 Introduction

So far, we have focused on noiseless deterministic relay networks. As we discussed in
Chapters[2]and 3] our linear finite field deterministic model in some sense captures the high
SNR behavior approximation of the Gaussian model, therefore we expect to be able to lift
up the intuitions and the results obtained so far and translate them to approximate results
for the noisy Gaussian relay networks.

Theorem[4.3.1]is our main result for Gaussian relay networks and the rest of this chapter
is devoted to prove it. Similar to the deterministic case, first we focus on networks that
have a layered structure that the messages do not get mixed in the network. The proof
of the result for layered network is done in section @ Next, we extend the result to an
arbitrary network by expanding the network over time, as done in Chapter [5| Since the
time-expanded network is layered and we can apply our result in the first step to it. To
complete the proof of the result, we need to establish a connection between the cut values
of the time-expanded network and those of the original network. We do this using sub-

modularity properties of entropy.
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We first prove the theorem for the single antenna case, then at the end we extend it to a

multiple antenna scenario.

6.2 Layered Gaussian relay networks

In this section we prove main theorem 4.3.1] for a special case of layered networks, where
all paths from the source to the destination in G have equal length. We start by describing

the relaying strategy.

6.2.1 Encoding for layered Gaussian relay networks

We have a single source S with a sequence of messages wy, € {1,2,... 278} k=1,2,....
Each message is encoded by the source .S into a signal over 7" transmission times (symbols),
giving an overall transmission rate of R.

At each node we create a random Gaussian codebook. Source randomly maps each
message to one of its Gaussian codewords and sends it in 7' transmission times. Now each
relay operates over blocks of time 7" symbols. In particular block k& of 7' received symbols
at node j is denoted by y§k) = {y;[(k — )T+ 1],...,y;[kT]} and the transmit symbols

by xt*). Now the relaying strategy is the following: each received sequence yék)

J
(1
J

at node j
is first quantized into y which is then randomly mapped into a Gaussian codeword ng)
using a random mapping function f; (yg.’“). For quantization, we use an optimal Gaussian
vector quantizer with distortion equal to 1 (which is equal to the noise variance of the
channel).

Now, given the knowledge of all the encoding functions f; at the relays and signals

received over block k + [p, the decoder D € D, attempts to decode the message wy, sent

by the source.
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6.2.2 Proof illustration

Consider the encoding-decoding strategy as described in section[6.2.1] Our goal is to show
that, using this strategy, all rates described in the theorem are achievable. Similar to the
deterministic case, we use the distinguishability argument.

In the deterministic model each message is mapped to a deterministic sequence of trans-
mit codewords through the network. The destination can not distinguish between two mes-
sages if and only if its received signal under these two messages are identical. If so, there
would be a partition of nodes in the network such that the nodes on one side of the cut can
distinguish between these two messages and the rest can not. This naturally corresponds to
a cut separating the source and the destination in the network and the probability that this
happens can be related to the cut-value. However, in the noisy case, the difference from the
previous analysis is that each message is potentially mapped to a set of possible transmit se-
quences. The particular transmit sequence chosen depends on the noise realization, which
can be considered “typical”. Pictorially it means that there is some fuzziness around the
sequence of transmit codewords associated with each message. Hence, two messages will
still be distinguishable at a node if the fuzzy received signal associated with them are not
overlapping. This has two different consequences: first, there will be more possibilities of
confusing a message at the destination. Second, if a node can not distinguish between two
different messages, it will not necessarily transmit the same sequence under those different
messages. Intuitively, if we can somehow bound the list sizes corresponding to different
messages, we will be able to bound the effect of this extra randomness and achieve a com-
municate rate close to the cut-set bound.

In order to illustrate the proof ideas of Theorem we examine the network shown
in Figure[5.1]

Assume a message w is transmitted by the source. Once the destination receives y p,

quantizes it to get y ,. Then, it will decode the message by finding the unique message that
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is jointly typical with y, (the precise definition of typicality will be given later). An error
occurs if either w is not jointly typical with y , or there is another message w’ such that y
is jointly typical with both w, w'.

Now for the relay network, a natural way to define whether a message w is typical
with a received sequence is whether we have a “plausible” transmit sequenceﬂ under w
which is jointly typical with the received sequence. More formally, we have the following
definitions.

At the source node, since there is only one transmit codeword associated with each

message, the set of transmitted sequences that are typical with a message w are
Xs(w) = {xs(w)} (6.1)

Now inductively we define

Definition 6.2.1. At each node i, we define (y,,w) € Ty if
(¥i: {Xj }iema)) € T5 for some x; € X;(w), Vj € In(i) (6.2)

where In(i) is defined as the set of nodes with signals incident on node i.

Definition 6.2.2. At each node i, we define the set of received sequences that are typical

with a message w as,

Yi(w) ={y; : (¥;;w) € T5}, (6.3)
Finally we define,

Definition 6.2.3. At each node i, we define the set of transmitted sequences that are typical

IPlausibility essentially means that the transmit sequence is a member of the typical set of possible trans-
mit sequences under w.
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with a message w as,

X;(w) = {x; : %, = fi(y,:),¥: € Vi(w)}, (6.4)

which defines the “typical” transmit set associated with a message w.

Note here that since x; = f;(y;), then naturally (x;,y,) € Ts.

Therefore, we see that if a message w is typical with a received sequence, we have a
sequence of typical transmit sequences in the network that are jointly typical with the w
and the received sequence at the destination.

Now note the following important observation,

Observation Note that if node 7 cannot distinguish between two messages w, w’, this
means that the signal received at node i, y, is such that (y,,w) € T and (y,,w') € Tj.

Therefore we see that

Y € Vi(w) N Yi(w'). (6.5)

Due to the mapping x; = f;(y,), we therefore see that x; € X;(w) N X;(w’). Therefore,
there exists a sequence under w’ which is the same as that transmitted under w and could
therefore have been potentially transmitted under w’'.

Now, assuming a message w is transmitted by the source, an error occurs at the desti-
nation if either w is not jointly typical with y ,, or there is another message w’ such that y |,
is jointly typical with both w,w’. By the law of large numbers, the probability of the first
event becomes arbitrarily small as communication block length, 7', goes to infinity. So we
just need to analyze the probability of the second event. To do so, we evaluate the probabil-
ity that y ,, is jointly typical with both w and w’, where w’ is another message independent
of w. Then we use union bound over all w’’s to bound the probability of the second event.

Based on our earlier observation, if ¥, is jointly typical with w, w’, then there must be
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a typical transmit sequence X), = (X, Xy, X, Xp,, Xp,) under w’ such that,

(¥psXp,,Xp,) € Ts (6.6)

This means that the destination thinks this is a plausible sequence. Now for any such
sequence there is a natural cut, €2, in G such that the nodes on the right hand side of the cut
(i.e. in ) can tell x), is not a plausible sequence, and those on the left hand side of the cut

(i.e. in €2°) can not. Therefore we can write

IP’{w — w'} = ]P{(S/D,w’) IS Tg} <

Z Z IP {Nodes in 2 tell x/, is not plausible & nodes in Q° tell x}, is plausible}(6.7)
XQ}EX\;(UJ’) QeAp et

For now, assume that the cut is 2 = {S, A;, By}, as shown in figure Since As, By

and D think x/, is a plausible sequence, we have

(Ya,.X5) € Tp (6.8)
(¥, X4, %y,) € Ty (6.9)
(yDJXjS’l?XIBg) S T5 (610)

Then we have
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IA

P{(¥4,,%5) € T5, (¥, Xa,» Xa,) € T5, (¥, X, Xp,) € Ts, (¥ a,,X5) ¢ Ts,

s (V5,5 X4y Xa,) & Ts} (6.11)
P{(Y 4,-x5) € Ts5} X P{(¥ b, X4, Xn,) € T5, (¥ a,,Xs) & T5|(¥ 4, Xs) € T}
xP{(¥p: Xp,:Xp,) € Ts, (¥ ,»Xa,: Xa,) & T5|(¥ s X, Xa,) € T5, (Y a,,X5) € T,

, (Y4, X5) € Ts} (6.12)
P{(Y 4,-X5) € T5} X P{U(¥ b, Xa,» Xa,) € T5|(Y,:X5) & T5(Y a,,%5) € T5}

XP{(S’DXENXE;Q) € T5|($"B17Xi41axi42) §§ T57 (szvx;ll?X;\z) € T57

) (yApXiS') ¢ T&a (S’Ag?xls) € T5} (613)
]P){(}A’A27 XfS) e T5} X IP){(S’BQ’ Xi‘ll?X/AQ) 6 T5|<yA17X,S) ¢ T(S’ (yA27 X,/S') E Té}
XP{(S’D? XlBl Y X/B2) E T§| (yBl Y Xi41 ? Xi42) ¢ Tl;? (5’32 Y Xi41 ? Xi42) E T(s} (614)

where the last step is true since there is an independent random mapping at each node and

we have the following markov structure in the network

XS - (YA17YA2> - (YBla YBQ) - YD (615)

For any such sequence x,, since w is independent of w’, we have

P{(y.,X6) € To} < 271106 (©10

Now, for the layer (A;, As), we condition on a particular sequence x 4, to have been trans-

mitted by A,. If X/, = x4,, since x/;, is chosen independent of x4, we have,

]P){(sz’ Xi417X/Az) E Tél(yANX{S') ﬁé T(S’ (yA2’ X{S) E T57 Xi/—‘g = XA2} S 2_T[(YBQ;XA1|XA2)7

(6.17)
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. , . ;o .
and similarly If X, # x4,, since X/, , Xy, are chosen independent of x4,, X4, we have,

P{(}A’wa;hvxilg) € T§|($’A17Xt<}) ¢ T57 (S’Ay th) € T‘S’ X£42 # XAQ}
< 2—TI(YBQ;XA1,XA2) (6.18)

< 9 T1(IB,:X4,1Xa5) (6.19)
Therefore in any case,
P{(§ 5, X, Xn,) € Ts|(§ 4, %) & Ts, (§4,,%5) € Ty} < 27 T10mXaXa) - (6.20)
Similarly we can show that,

]P){(yDv X/317X/]32> € T5‘<yBlvxi417Xi42> ¢ T57 (yBQ7Xi417Xi42> € T5} < 27TI(YD;XBI|XBQ)7

(6.21)
Therefore for any typical sequence x},, we have
P < 9—TI(Xs:Ya5) o Q—TI(Y’BQ;XAlIXAQ) % 2_TI(}A/D§XB1|XBQ)
— 2—TI(XQ;Y/QC | Xqc) (622)

Now, by summing over all possible x},’s and cuts, the probability of confusing w with w’

can be bounded by

P{w —w'} < |Xp(w)| Y 27T (XailarXor) (6.23)
Q

In the next section, we make these arguments precise, and by bounding | X, (w’)| we prove

our main theorem for networks with a layered structure.
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6.2.3 Proof of main Theorem for layered networks

In this section we extend the idea from section and analyze a [p-layer network, G.
Based on the proof strategy illustrated in section[6.2.2] we proceed with the error prob-
ability analysis of our scheme that was described in section [6.2.1] Assume message w is

being transmitted. Then we have

Peror = P{(yp,w) ¢ Ts} + P{Fw' £ ws.t(yp,w') € Ts & (yp,w) € Ts}  (6.24)

By law of large numbers, the probability of the first event becomes arbitrarily small as
communication block length, 7', goes to infinity. So to bound the probability of error, we
just need to analyze the probability that y , is jointly typical with both w, w’, for a message
w’ independent of w. We denote this event by w — w’.

Now if y, is jointly typical with w’, then there must be a typical transmit sequence
x}|, € Xy(w') under w’ such that (y,,x},) € T5. This means that the destination thinks
this is a plausible sequence. Therefore, there is a natural source-destinationcut, €, in G
such that the nodes on the right hand side of the cut (i.e. in {2) can tell x}, is not a plausible
sequence, and those on the left hand side of the cut (i.e. in {2°) can not. Since we are dealing
with a layered network, each cut decomposes the network to d = [ disjoint sub-networks
, such that at each layer we have the set of nodes /3;(€2), which are at distance [ — 1 from S
and are in €, on one side and the set of nodes 7;(£2), which are at distance [ from S that are

in €2¢, on the other side, for l = 1, ..., [p. Therefore, by definition we have

(y'Yl(Q)’ X/ﬁl(Q)’ Xf}/lfl(ﬂ)) e T5, l == 17 P ’ZD (6.25)
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Therefore, we can write

P{w — w'} =P{(yp,w') € Ts} (6.26)
< ¥ IP’{(SID,XZHDA) e T(;} (6.27)
X)Xy (w')

= Z Z P{ y’n Xﬁz(Q Vz 1(R )) € T,

XY, € (w') Q€A D
(Y520 X5, @ X @) €Ts,0=1,...Ip} (6.28)
- Z Z HP{ y’Yl Xﬁl Wz 1(Q )) € 715,
X[, Xy (w') QEAp (=1

(Vo020 X, @) Xha(@) & T5l(5 4,000 X500 X5, @) € T,
(yﬁ]( Q) X,,BJ 1(Q)7Xfyj ) ¢ Ts,j=1,...,0— 1} (6.29)

< Z Z HP{ Y@ X0 X5, (@) € Tsl

er( )QGAD =1

(¥ a2 X100 X5 @) & T (F, 020 X5, 000X, 10) € T,
(Y500 X5, m),X’ Jo) €15, =1,...,1-1} (6.30)

- Z Z HP{ (@) X)Xy (@) € 1ol

X{,eXy(w') QEAD =1

<yﬂl(ﬂ)’X/ﬂlfl( Q) X’Yl 2( ) ¢ T‘s’(y’n 1(Q )’Xlﬁzfl(m’xfnﬁ(m) € T5} (6.31)

where the last step is true since there is an independent random mapping at each node and
we have a markovian layered structure in the network. Now, conditioned on a particu-

lar Xy_1(Q) € X

1@ (w), we have two situations, either X, ) = Xy,_, (o), or not. If

) _ .
X\, (@ = Xy_i(@)» since Xj ¢ is chosen independent of x,() (because of the random

encoding function at each node), we have
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PUS ) X0 X5 00) € Tol (T a0 X400 X5 00) & 15 X0, 0) = Xaa @)

N —TI(X % X
’(y’yl—l(Q)7X/lgl—1(Q)7Xle—Q(Q)) c T5} <2 ( B Y5 (@) ’Yl—l(Q)) (6.32)

On the other hand if x/ (@) # Xy_,(@), since X/ () and X3 5(q) are respectively
chosen independent of x,, | (o) and Xg,q) (because of the random encoding function at

each node), we have

P{(¥ )0 X520 X5_v@) € T5(T s X1 0 X)) & 15, X0, (@) # X 1@
’<Sf’7l71(Q)’X,6l—1(Q)’X{Yl 2( ) 6 T(S} < 2 TI(X'\/Z I(Q) XBZ(Q) WZ(Q)> (6.33)

TI(XQZ(Q ql(ﬂ)|X'Ylf1(Q)> (634)

Now by equations (6.31)), (6.32), (6.34), we get

P{w—uw} < [X(w !ZH2 (o Bl oy ) (6.35)
Q I=1
= [ Xp(w ’22 ~TI(Xa;Vac| Xae ) (6.36)

As the last ingredient of the proof, we state the following lemma:

Lemma 6.2.4. Consider a layered Gaussian relay network, G, then,
|y (w')| < 27 (6.37)

where k1 = |V| is a constant depending on the total number of nodes in G.
Proof. See Appendix[A.4] O
Therefore, by (6.36) and lemma|[6.2.4] we have the following,
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Lemma 6.2.5. Given a Gaussian relay network G with a layered structure, all rates R

satisfying the following condition are achievable,
R < min I(Yge; Xo|Xqe) — k1 (6.38)
QeAp
where X, i € V, are iid with complex normal (Gaussian) distribution, and k, = |V| is a
constant depending on the total number of nodes in G.

To prove our main theorem [4.3.1] for layered networks, we state the following lemma,

Lemma 6.2.6. Given a Gaussian relay network G, then

C — min I(Yoe; Xo|Xqe) < ko (6.39)

QeAp

where X;, i € V, are iid with complex normal (Gaussian) distribution, C is the cut-set

upper bound on the capacity of G as described in equation , and ko = 2|V|.

Proof. See Appendix O

Now by lemma and lemma we have the following main result

Theorem 6.2.7. Given a Gaussian relay network G with a layered structure and single

antenna at each node, all rates R satisfying the following condition are achievable,
R < C — Kpy (6.40)

where C'is the cut-set upper bound on the capacity of G as described in equation , and

KLay = K1 + ko = 3|V| is a constant depending on the total number of nodes in G (denoted

by [V|).
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6.3 General Gaussian relay networks

Given the proof for layered networks with equal path lengths, we are ready to tackle the
proof of Theorem .3.1|for general Gaussian relay networks.

First we formally describe the encoding strategy:

6.3.0.1 Encoding for general Gaussian relay network

We have a single source S with a sequence of messages wy, € {1,2,...,25T8} | =
1,2,.... Each message is encoded by the source S into a signal over K" transmission
times (symbols), giving an overall transmission rate of R.

At each node we create a random Gaussian codebook. Source randomly maps each
message to one of its Gaussian codewords and sends it in K7’ transmission times. Still,
each relay operates over blocks of time 7' symbols. In particular each received sequence

ygk) at node i is quantized into S’Ek)

(k)

%

which is then randomly mapped into a Gaussian code-
word x,; " using a random mapping function fz(yl(k)) Given the knowledge of all the en-
coding functions at the relays and signals received over K + |V/| — 2 blocks, the decoder
D, attempts to decode the message W sent by the source.

Note that the general achievability scheme that we use here is similar to the one de-
scribed in Section[6.2.1|for layered networks, except now the message W € {1,..., 25T}
is encoded by the source S into a signal over K'T" transmission times (symbols), whilel each
relay operates over blocks of time 7" symbols.

The ingredients of the proof are developed below. First similar to the deterministic case

(Section[5.4)), we use time expansion idea to explicitly represent our relaying scheme. Now

we state the following lemma which is a corollary of Theorem[6.2.7]

Lemma 6.3.1. Given a Gaussian relay network, G, all rates R satisfying the following
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condition are achievable,

Xoe ) — 1 (6.41)

unf

1
R < — min I(Yﬂinf; Xo

Qunj'EAD wf

where Q’L(”I;) is the time expanded graph associated with G, random variables { X;[t|}1<i<k,

i € V are iid with complex normal (Gaussian) distribution, and r, = 3|V|.

Proof. By unfolding G we get an acyclic network such that all the paths from the source to
the destination have equal length. Therefore, by theorem all rates Ry, satisfying the

following condition are achievable in the time-expanded graph

Ry < min I(Ygﬁnf; XQunf|XQ§nf) — Kunf (642)

QunfeAD

where {X;[t|}1<i<k, i € V are iid with complex normal (Gaussian) distribution, and ks =
3K|V|. Since it takes K steps to translate and achievable scheme in the time-expanded
graph to an achievable scheme in the original graph, and r1 = &k = 3|V|, then the

Lemma is proved. O

Similar to the deterministic case, in the following lemma we show that the minimum
cut value of the time expanded graph (normalized by 1/K’) approaches to the minimum cut

value of the original graph as K — oo.

Lemma 6.3.2. Consider a Gaussian relay network, G. Then for any cut (., on the unfolded

graph we have,

X ) (6.43)

unf

(K — L+ 1) min I(Yoe; Xo|Xae) < I(Yae : Xo
QEAD unf

where L = 2V172, X,c\, are iid with complex normal (Gaussian) distribution, and { X,[t]},

1<t < K, i€V arealso iid with complex normal (Gaussian) distribution.
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Proof. See Appendix O

Hence, by lemma|6.3.T]and lemma(6.3.2] we have the following lemma,

Lemma 6.3.3. Given a Gaussian relay network G, all rates R satisfying the following

condition are achievable,

R < min I(Yoe; Xo|Xae) — k1 (6.44)

QeAp
where X;, i € V, are i.i.d. with complex normal (Gaussian) distribution, and k1 = 3|V)|.

Now by lemma [6.2.6] we know that,

C — 1 c, c < C — i % c, c
C 5[61}&) I(YQ 7XQ‘XQ ) ~ C (?El}\% I(YQ ,XQ|XQ )

< 2V (6.45)

where X;, ¢ € V, are iid with complex normal (Gaussian) distribution.

Therefore, by lemma and inequality all rates up to C—|V|(3+2) = C—5|V|
are achieved and the proof of our main theorem 4.3.1|is complete.

To prove Theorem[.3.1|for the multicast scenario, we just need to note that if all relays
will perform exactly the same strategy then by our theorem, each destination, D € D, will
be able to decode the message with low error probability as long as the rate of the message
satisfies

R<Cp—k (6.46)

where x < 5|V| is a constant and C'p = MaXp({a;},ey) MiNaea, [ (Yae; Xa|Xae) is the
cut-set upper bound on the capacity from the source to ). Therefore as long as R <
minp C'p — k, all destinations can decode the message and hence the theorem is proved

when we have single antennas at each node.
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In the case that we have multiple antennas at each node, the achievability strategy re-
mains the same, except now each node receives a vector of observations from different
antennas. We will first quantize the received signal of each antenna at noise level and then
map it to another transmit codeword. The error probability analysis is exactly the same
as before. However, the gap between the achievable rate and the cut-set bound will be
larger. We can upper bound the gap by assuming that we have a network with at most
ie. Zyjl max(M;, N;) virtual nodes (each correspond to an antenna). Therefore from our
previous analysis we know that the gap is at most 5 ?jl max(M;, N;) and the theorem is

proved.

6.4 Summary

In this chapter we proved Theorem §.3.1 which is a lower bound to the achievable rate
for information flow over noisy Gaussian relay networks. Similar to the deterministic case,
first we proved if for networks that have a layered structure, then extended it to an arbitrary
network by considering its time-expanded representation. We proved that the gap between
this achievable rate and the cut-set upper bound is uniformly bounded by a constant that is
independent of the channel gains. Hence, established a uniform approximation result for
the capacity of Gaussian relay networks. This is the first constant gap approximation of the

capacity of Gaussian relay networks.
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Extensions of our main result

7.1 Introduction

In this chapter we extend our main result for Gaussian relay networks (Theorem 4.3.1)) to

the following scenarios:

1. Compound relay network

2. Frequency selective relay network

3. Half-duplex relay network

4. Quasi-static fading relay network (underspread regime)

5. Low rate capacity approximation of Gaussian relay network

We first motivate each extension and then prove our result for that extension.

7.2 Compound relay network

The relaying strategy that we proposed for general Gaussian relay networks does not re-

quire any channel information at the relays, relays just quantize at noise level and forward
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through a random mapping. The approximation gap also does not depend on the channel
gain values. As a result our main result for Gaussian relay networks (Theorem[4.3.1)) can be
extended to compound relay networks where we allow each channel gain A, ; to be from a
set H; ;, and the particular chosen values are unknown to the source node S, the relays and
the destination node DD. A communication rate R is achievable if there exist a scheme such
that for any channel gain realizations, still the source can communicate to the destination at
rate R, without the knowledge of the channel realizations at the source, the relays and the

destination. For completeness, we restate our result for compound relay network (Theorem

4.4.1) and then prove it.

Theorem 7.2.1. Given a compound Gaussian relay network, G = (V, E), the capacity C,,
satisfies

Ccn — R S Ccn S Ucn (71)

Where C., is the cut-set upper bound on the compound capacity of G as described below

CCTL: inf in I(Y (:;X Xqe 7.2
AT AR o

And k is a constant and is upper bounded by 6 Z?ﬁl max(M;, N;), where M; and N; are

respectively the number of transmit and receive antennas at node i.

Proof outline: We sketch the proof for the case that nodes have single antenna, its ex-
tension to the multiple antenna scenario is straightforward. As we mentioned earlier, the
relaying strategy that we used in main Theorem does not require any channel infor-
mation. However, if all channel gains are known at the final destination, all rates within a
constant gap to the cut-set upper bound are achievable. Now we first evaluate how much
we lose if the final destination only knows a quantized version of the channel gains. In par-
ticular assume that each channel gain is bounded |2;;| € [hmin, Pmax). and final destination

only knows the channel gain values quantized at ﬁ level so that overall with signal it is at
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noise level. Then since there is a transmit power constraint equal to one at each node, the
effect of this channel uncertainty can be mimicked by adding a Gaussian noise of variance
1 at each relay node (or reducing all channel SNR’s of the links 3dB), which will result in
a reduction of at most |V| bits from the cut-set upper bound. Therefore with access to only
quantized channel gains, we will lose at most |}/| more bits, which means the gap between
the achievable rate and the cut-set bound is at most 6|V|.

Furthermore, as shown in [35] there exists a universal decoder for this finite group of
channel sets. Hence we can use this decoder at the final destination and decode the message

as if we knew the channel gains quantized at the noise level, for all rates up to

R < max inf min I(Yge; Xq|Xqe (7.3)
p{wi}jev) her QEAD XalXoc)
where H is representing the quantized state space. Now as we showed earlier, if we restrict
the channels to be quantized at noise level the cut-set upper bound changes at most by |V,
therefore

Cu — VI < max inf min I(Yoe; Xo|Xa 74
i p({zi}jev) her R€AD (Yoe; Xo| Xa-) (7.4)

Therefore from equations (7.3)) and (7.4) all rates up to C,, — 6|V| are achievable and the
proof can be completed.
Now by using the ideas in [36] and [37], we believe that an infinite state universal

decoder can also be analysed to give “completely oblivious to channel” results. OJ

7.3 Frequency selective Gaussian relay network

In this section we generalize our main result to the case that the channels are frequency

selective. Since one can present a frequency selective channel as a MIMO link, where each
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antenna is operating at a different frequency bancﬂ this extension is a just straight forward
corollary of the case that nodes have multiple antennas. For completeness, we restate our

result for frequency selective relay network (Theorem [{.4.3).
Theorem 7.3.1. Given a frequency selective Gaussian relay network, G = (V, &), with F
different frequency bands. The capacity of this network, C, satisfies

C—-r<C<C(C (7.5)

Where C' is the cut-set upper bound on the capacity of G as described in equation ,
and K is a constant and is upper bounded by 5 Z?jl max(M;, N;), where M; and N; are

respectively the number of transmit and receive antennas at node 1.

7.4 Half duplex relay network (fixed scheduling)

One of the practical constraints on wireless networks is that the transceivers can not trans-
mit and receive at the same time on the same frequency band, known as the half-duplex
constraint. As a result of this constraint, the achievable rate of the network will in general
be lower. In this section we study the capacity of wireless relay networks under the half-
duplex constraint. The model that we use to study this problem is the same as [38]. In this
model the network has finite modes of operation. Each mode of operation (or state of the
network), denoted by m € {1,2,..., M}, is defined as a valid partitioning of the nodes of
the network into two sets of ’sender” nodes and “receiver” nodes such that there is no ac-
tive link that arrives at a sender nod For each node 7, the transmit and the receive signal
at mode m are respectively shown by z!"* and y;". Also ¢, defines the portion of the time

that network will operate in state m, as the network use goes to infinity. The cut-set upper

I'This can be implemented in particular by using OFDM and appropriate spectrum shaping or allocation.
2 Active link is defined as a link which is departing from the set of sender nodes
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bound on the capacity of the Gaussian relay network with half-duplex constraint, Cjg4, is

shown to be [38]:

M
Chd S 6hd = max min tm[<YércL, Xg’Xgi) (76)
p({eT jev me(1,....M}) QEADm
tm: 0<tm <1, SM_ =1

For completeness, we restate our result for half-duplex relay network (Theorem [4.4.2)) and

then prove it.

Theorem 7.4.1. Given a Gaussian relay network with half-duplex constraint, G = (V, E),
the capacity, Chq, satisfies
Cha— £ < Cha < Cha (71.7)

Where C is the cut-set upper bound on the capacity of G as described in equation @
and k is a constant and is upper bounded by 5 ZLZ'I max(M;, N;), where M; and N; are

respectively the number of transmit and receive antennas at node i.

Proof. We prove the result for the case that nodes have single antenna, its extension to the
multiple antenna scenario is straightforward. Since each relay can be either in a transmit or

receive mode, we have a total of M number of modes. An example of a network

with two relay and all four modes of half-duplex operation of the relays are shown in Figure
(21l

Now consider the t;’s that maximize C'4 in . Assume that they are rational num-
bers (otherwise look at the sequence of rational numbers approaching them) and set W to
be the LCM (least common divisor) of the denominators. Now increase the bandwidth of
system by I and allocate Wt; of bandwidth to mode i, 7 = 1, ..., M. Now each mode is
running at a different frequency band, therefore as shown in Figure|/.2| we can combine all
these modes and create a frequency selective relay network. Since the links are orthogonal
to each other, still the cut-set upper bound on the capacity of this frequency selective relay

network (in bits/sec/Hz) is the same as (4.15). Now by theorem {.4.3] we know that our
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A
S D
A
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Figure 7.1: An example of a relay network with two relays is shown in (a). All four
modes of half-duplex operation of the relays are shown in (b) — (e).
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quantize-map-forward scheme achieves, within a constant gap, , of C}q for all channel
gains. In this relaying scheme, at each block, each relay transmits a signal that is only a
function of its received signal in the previous block and hence does not have memory over
different blocks. Now we will translate this scheme to a scheme in the original network that
modes are just at different times (not different frequency bands). The idea is that we can
expand exactly communication block of the frequency selective network into 1 blocks
of the original network and allocating Wt; of these blocks to mode ¢. Then in the Wt;
blocks that are allocated to mode i, all relays do exactly what they do in frequency band .
This is pictorially described in Figure [7.3|for the network of Figure This figure shows
how one communication block of the frequency selective network (a) is expanded over W
blocks of the the original half-duplex network (b). Now since the transmitted signal at each
frequency band is only a function of the data received in the previous block of the frequency
selective network, the ordering of the modes inside the I/ blocks of the original network is
not important at all. Therefore with this strategy we can achieve within a constant gap, ~,
of the cut-set bound of the half-duplex relay network and the proof is complete.

The main difference between this strategy and our original strategy for full duplex net-
works is that now the relays are required to have a much larger memory. As a matter of
fact, in the full duplex scenario the relays had only memory over one block (what they sent
was only a function of the previous block). However for the half-duplex scenario the relays

are required to have a memory over W blocks and clearly W can be arbitrary large.
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Figure 7.2: Combination of all half-duplex modes of the network shown in figure
H. Each mode operates at a different frequency band.

7.5 Quasi-static fading relay network (underspread
regime)

In a wireless environment channel gains are not fixed and change over time. In this section
we consider a typical scenario in which although the channel gains are changing, they can
be considered time invariant over a long time scale (for example during the transmission of
a block). This happens when the coherence time of the channel (7;.) is much larger than the
delay spread (7). Here the delay spread is the largest extent of the unequal path lengths,
which is in some sense corresponding to inter-symbol interference. Now, depending on
how fast the channel gains are changing compared to the delay requirements, we have two

different regimes: fast fading or slow fading scenarios. We consider each case separately.

7.5.1 Fast fading

In the fast fading scenario the channel gains are changing much faster compared to the delay

requirement of the application (i.e. coherence time of the channel, 7, is much smaller than
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Si] S[i + 1]

(a) One communication block
of the frequency selective
half-duplex network

LW oW tsW LW

Mode 1 Mode 2 Mode 3 Mode 4
(b) Expanding over W blocks of the original network

Figure 7.3: One communication block of the frequency selective network (a) is
expanded over W blocks of the original half-duplex network (b).
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the delay requirements). Therefore, we can interleave data and encode it over different
coherence time periods. In this scenario, ergodic capacity of the network is the relevant
capacity measure to look at. For completeness, we restate our result for fast fading relay

networks (Theorem 4.4.4) and then prove it.

Theorem 7.5.1. Given a fast fading quasi-static fading Gaussian relay network, G =

(V,E), the ergodic capacity Coygodic Satisfies
ghij [6({hlj}>] — KR S Oergodic S ghij W({hm})} (78)

Where C'is the cut-set upper bound on the capacity, as described in equation , and the
expectation is taken over the channel gain distribution, and k is a constant and is upper
bounded by 5 Z‘iﬂl max(M;, N;), where M; and N; are respectively the number of transmit

and receive antennas at node 1.

Proof. We prove the result for the case that nodes have single antenna, its extension to
the multiple antenna scenario is straightforward. Upper bound is just the cut-set upper
bound. For the achievability note that the relaying strategy that we proposed for general
wireless relay networks does not depend on the channel realization, relays just quantize
at noise level and forward through a random mapping. The approximation gap also does
not depend on the channel parameters. As a result by coding data over L different channel
realizations the following rate is achievable
| L

7> (O} = r) 7.9)

=1
Now as L — oo, .
% > C({hi}") = &, [C] (7.10)
=1
and the theorem is proved. 0
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7.5.2 Slow fading

In a slow fading scenario the delay requirement does not allow us to interleave data and
encode it over different coherence time periods. We assume that there is no channel gain
information available at the source, therefore there is no definite capacity and for a fixed

target rate R we should look at the outage probability,
Pout(R) =P{C({hi}) < R} (7.11)

where the probability is calculated over the distribution of the channel gains and the e-

outage capacity is defined as

Ce = P,(e) (7.12)
Here is our result to approximate the outage probability
Theorem 7.5.2. Given a slow fading quasi-static fading Gaussian relay network, G =
(V, E), the outage probability, P,.;(R) satisfies

P{C({hij}) < R} < Pour(R) <P{C({hij}) < R+ K} (7.13)

Where C is the cut-set upper bound on the capacity, as described in equation , and the
probability is calculated over the distribution of the channel gains, and k is a constant and
is upper bounded by 5 ijl max(M;, N;), where M; and N; are respectively the number

of transmit and receive antennas at node 1.

Proof. Lower bound is just based on the cut-set upper bound on the capacity. For the upper
bound we use the compound network result. Therefore, based on Theorem |4.4.1| we know

that as long as C'({h;;}) — k < R there will not be an outage. O
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7.6 Low rate capacity approximation of Gaussian re-

lay network

In a low data rate regime, a constant gap approximation of the capacity may not be inter-
esting any more. A more useful kind of approximation in this regime would be a universal
multiplicative approximation (instead of additive), where the multiplicative factor does not
depend on the channel gains in the network. For completeness, we restate our result for

multiplicative approximation (Theorem [4.4.5]) and then prove it.

Theorem 7.6.1. Given a Gaussian relay network, G = (V, E), the capacity C' satisfies
NX<C<C (7.14)

Where C'is the cut-set upper bound on the capacity, as described in equation , and \

is a constant and is lower bounded by m and d is the maximum degree of nodes in G.

Proof. First we use a time division scheme and make all links in the network orthogonal
to each other. By Vizing’s theorenﬂ any simple undirected graph can be edge colored with
at most d + 1 colors, where d is the maximum degree of nodes in G. Since our graph G
is a directed graph we need at most 2(d + 1) colors. Therefore we can generate 2(d + 1)

time slots and assign the slots to directed graphs such that at any node all the links are

orthogonal to each other. Therefore each link is used a m fraction of the time. We
1

ST of the time but

further impose the constraint that each of these links is used a total
with d times more power. Now by coding we can convert each links A, ; into a noise free
link with capacity

1
i = —————log(1 +d|h; ;|* 7.15

3For example see [39]] p.153

93



Chapter 7. Extensions of our main result

By Ford-Fulkerson theorem we know that the capacity of this network is

Corthogonal = m&n Z Cij (7.16)

i,jieQ,jeQe
And this rate is achievable in the original Gaussian relay network. Now we will prove that

1

orthogonal Z —_ 717
Clorthogona 2d(d+1)C (7.17)

To show this assume in the orthogonal network each node transmit the same signal on its
outgoing links, and also each node takes the summation of all incoming links (normalized

by \/ia) and denote it as the received signal. Then the received signal at each node is j is

d

wl) = 5= 3 (hvinl+ =) .19

d
= > hymilt] + 5[1) (7.19)
=1
where .
5[] = iz Zlll oo ) (7.20)

Vd

Therefore we get a network which is statically similar to the original non-orthogonal net-

work, however each time-slot is only a m fraction of the time slots in the original

network. Therefore without this restriction the cut-set of the orthogonal network can only

increase. Hence
1

orthogonal Z—_ 721
Corthogonal 2d(d+1)0 (7.21)

]
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Connections between models

8.1 Introduction

So far we have used the insights obtained from the deterministic channel model to be able
to approximated the capacity of the Gaussian relay network. In this section we investigate
whether the capacity of a relay network under these models are close to each other in
some sense. First, we show that the generalized degrees of freedom of a Gaussian relay
network and its corresponding linear finite-field deterministic relay network are the same.
This verifies that the deterministic model is properly capturing the high SNR behavior of
Gaussian networks. Next we investigate whether there is a non-asymptotic connection
between these two models. As we illustrate in an example, the finite field operations of the
linear finite field deterministic model does not allow a non-asymptotic connection between
the two models, hence the capacity of a relay network under these two models can be far
from each other. Motivated by this observation we propose another deterministic channel
model, called the truncated deterministic model, such that the capacity of any Gaussian
relay network and its corresponding truncated deterministic relay network are within a

constant gap of each other, uniformly for all channel gains.
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8.2 Connections between the linear finite field de-

terministic model and the Gaussian model

In this section we show the connection between the generalized degrees of freedom of a
Gaussian relay network and the capacity of its corresponding linear finite field deterministic
relay network. The generalized degrees of freedom was first defined in [40|] for 2 x 2
interference channel. We first define a natural generalization of this for Gaussian relay
networks.

Consider a Gaussian wireless relay network as defined in section 4.3 The conven-
tional degrees of freedom characterizes how the capacity of this network grows as P, the

individual average power constraint at nodes, increases. More formally

8.1

Note that in this formulation all channel gains h;;’s are fixed and only P increases. It is

easy to show that for any Gaussian relay network

1 if there is a path with non zero gains from S to D |
d= (8.2)

0 otherwise.

Therefore for relay networks degrees of freedom is a very coarse quantity of capacity, and
only reveals whether there is a path with nonzero gains from the source to the destination.
An intuitive explanation for this is the following: in this formulation while the channel
gains are fixed the transmit power is increasing. As a result the ratio between the signal to
noise ratio of different links in dB scale goes to one. Hence for sufficiently large P, signal
to noise ratio of all links are almost the same (in dB scale) and as a result a pure routing

solution achieves the maximum degrees of freedom.
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nsA
p

nBC
p

nsp
p

""BE
P

nNEG
p

Figure 8.1: A three layer relay network.

Based on this observation we formulate the generalized degrees of freedom in such a
way that while SNR of all links are increasing, their ratio in dB scale is fixed. In another
words we look at a Gaussian relay network where all channel gains are in the form of
h;; = p™i for fixed integers n;; € AU {0} and a variable p € R*. An example of such
network is shown in figure [8.1] Now we define the generalized degrees of freedom of this

network as the following

Clp, {ny;
il }) = fim 1) 83

The main result of this section is the following

Theorem 8.2.1. Consider a gaussian network where all channel gains are in the form p"
where n;;’s are non negative fixed integers and p € R* is a variable. There is also an
average power constraint equal to 1 is at each node. Then the unicast capacity of this

network from S to D satisfies:

plggo Tog 7 = m&n rank(Hg) (8.4)

where the minimum is taken over all cuts, €}, in the corresponding linear finite field deter-

ministic relay network and Hy, is the transfer matrix associated with that cut and rank is
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evaluated in R.

Proof. See Appendix O

8.3 Non asymptotic connection between the linear
finite field deterministic model and the Gaussian

model

In section [8.2] we illustrated an asymptotic connection between the linear finite field de-
terministic model and the Gaussian model in terms of the generalized degrees of freedom.
Now, a natural question is whether there is a non-asymptotic (constant gap) connection
between the capacity of the linear finite field deterministic model and the Gaussian model?
Unfortunately, in this section we answer this question negatively. We show that the fi-
nite field operations of the linear finite field deterministic model does not allow a non-
asymptotic connection between the two models

To show this we just need to look at a MIMO channel and show that the capacity of this
system under the Gaussian model and the corresponding deterministic model can be very
far from each other for some channel gain values. Consider a 2 x 2 MIMO real Gaussian
channel with channel gain values as shown in Figure (a), where k is an integer larger
than 2. The channel gain parameters of the corresponding linear finite field deterministic

model are:

ny, = [logyhiy " = [logy(2F — 28" 1T =k (8.5)

N2 = MNg21 = Nag = Dogz ka =k (3.6)

Now lets compare the capacity of the MIMO channel under these two models. The capacity
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1 Rx1
k k—2
Tx1 2" -2 Rxl1
2k
2k
2 Rx2
Tx2 oF Rx2

(@) (b)

Figure 8.2: An example of a 2 x 2 Gaussian MIMO channel is shown in (a). The
corresponding linear finite field deterministic MIMO channel is shown in (b).

of the Gaussian MIMO channel with equal power allocation is

1
CGaussian = 5 log (det (I + HHt>) (87)
where
2k: . 2k—2 2k
H= (8.8)
2k 2k

Therefore for large k£ we have,

1 (2k _ 2k72)2 + 22k +1 22k+1 _ 22k72
CGauSSian = 3 10g ‘ det | (89)
2 92k+1 _ 92k—2 92k+1 4 1
1
= ;log (J1+ 2% 49 x 2271 — 31 x 2%71))) (8.10)
~ 2k-—2 (8.11)
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However the capacity of the corresponding linear finite field deterministic MIMO is simply

Iy I
CLFF = rank =k (812)
Iy I
(8.13)
Therefore by comparing (8.11) and (8.12), for large k& we have
C’Gaussian - CLFF ~k—2 (814)

which goes to infinity as k increases.

Motivated by this observation we propose another deterministic channel model, called
the truncated deterministic model, such that the capacity of any Gaussian relay network
and its corresponding truncated deterministic relay network are within a constant gap of

each other, uniformly for all channel gains.

8.4 Truncated deterministic model

The truncated deterministic model is a subclass of the deterministic model in which the

received signal y; at node j € V and time ? is given by
yiltl = | D Hyailt] (8.15)
1EN;

where H;; is a complex matrix where element represents the channel gain from a trans-
mitting antenna in node ¢ to a receiving antenna in node j, and N is the set of nodes that

are neighbors of j in G. Also the function [.] is defined as the following and is applied
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component wise to a vector,
[zr + jr) = [vR] + jl71] (8.16)

where for any real number, [x] represents its closest integer . Furthermore, we assume there
is an average power constraint equal to 1 at each transmitter.

Clearly any Gaussian model has a corresponding truncated deterministic model. Com-
pared to the Gaussian model, there is no channel noise in the truncated model. However,

its effect is partially captured by the truncation of the received signal.

8.5 Connection between the truncated deterministic

model and the Gaussian model

In this section we establish a more concrete connection between the truncated deterministic
model and the Gaussian model. We show that the capacity of any relay network under these
two models are within a constant gap of each other, where the constant does not depend on
the channel parameters. Note that this implies a functional connection between the reliable
transmission rates, but not any operational connection in terms of coding strategies between

the two models.

Theorem 8.5.1. Assume G = (V,E) is a Gaussian relay network with real gains and
real Gaussian noise. The capacity of this relay network, Cgaussian, and the capacity of the

corresponding truncated deterministic model, Crruncaeas Satisfy the following relationship
|CGaussian - OTruncated’ S 13|V| (817)

To prove this Theorem first we need the following lemma,
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Lemma 8.5.2. Let G be the channel gains matrix of a m X n MIMO system. Assume
that there is an average power constraint equal to one at each node. Then for any input

distribution Px,

1I(X; GX + Z) — I(X; [GX])| < 8n (8.18)
where 7 = |z, . .., 2] is a vector of n i.i.d. N'(0,1) random variables.
Proof. Look at appendix O

Now we prove Theorem 8.5.1

Proof. (proof of Theorem [8.5.1)
First note that the value of any cut in the network is the same as the mutual information of

a MIMO system. Therefore from Lemma 8.5.2] we have
|6Gaussian - 6Truncated| S 8’V| (819)

Now pick i.i.d normal distribution for {X;};c. Now by applying Theorem to the

truncated deterministic relay network
Criruncated > 1in T(YEeaed: Xo| X o) (8.20)
QeA D
Now by Lemma [6.2.6]and Lemma [8.5.2) we know have the following

min [ (Ytrcuncated; Xo| Xae)

QGAD

v

T(YSRusian, X Xge) — 8|V (8.21)
> 6Gaussian - 10’]}‘ (822)

Then from equations (8.19) and (8.22)) we have

éGaussian - 10’]}‘ S CTruncated S aGaussian + 8“)‘ (823)
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Also from main Theorem we know that

aGaussian - 5|V| S C(Gaussian S 6Gaussian (824)

Therefore
‘CGaussian - C’Truncated‘ S 13‘]) (825)
OJ
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Chapter 9

Other applications of the

deterministic approach

9.1 Introduction

So far we have considered the application of our deterministic approach to relay networks.
However, it is a general approach that can be applied to other problems in wireless network
information theory. The simplifications of the linear finite field deterministic model will
allow us to focus more on the interaction between users and get insights in interference
limited scenarios. In this section we discuss a few other applications of the deterministic
approach. The first example is a variation on the relay channel problem. We study the
capacity of the full-duplex bidirectional (two-way) relay channel, where a relay node is
supporting the exchange of information between two nodes. We use the linear finite-field
deterministic model to find a near optimal good transmission strategy for the relay. We an-
alyze the achievable rate region of the proposed scheme and show that the scheme achieves
to within 3 bits/sec/Hz the cut-set bound for all values of channel gains.

In the second example we consider transmission of a Gaussian source over a Gaussian
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relay channel, where the relay terminal has access to a correlated side information. Here
there are two complications in the problem: complicated channel model and complicated
source model. For the source model, again we can apply the linear finite-field deterministic
channel model and simplify it. Quite interestingly, we also think of the dual of our deter-
ministic channel model for sources. So we first propose a binary-expansion source model
for Gaussian sources. Then we apply both the deterministic channel model together with
the binary expansion source model to make progress in this problem. In particular we show
that a simple cooperation scheme is uniformly near optimal for all range of channel gains

and correlation factors.

9.2 Approximate capacity of the two-way relay chan-

nel

9.2.1 Introduction

Bidirectional or two-way communication between two nodes was first studied by Shannon
himself in [41]. Nowadays the two-way communication where an additional node acting
as a relay is supporting the exchange of information between the two nodes is attracting
increasing attention. Some achievable rate regions for the two-way relay channel using
different strategies at the relay, such as decode-and-forward, compress-and-forward and
amplify-and-forward, have been analyzed in [42]. Network coding techniques have been
proposed by [43; 44; 45] (and others) in order to improve the transmission rate. While
inferior to traditional routing at low signal-to-noise-ratios (SNR), it was shown in [46] that
network coding achieves twice the rate of routing at high SNR. Similarly, in [47] the half-
duplex two-way relay channel where the channel gains are all equal to one is investigated.
It was shown that a combination of a decode-and-forward strategy using lattice codes and

a joint decoding strategy is asymptotically optimal. Our work represents an alternative
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approach, however for the full-duplex case. Furthermore, here we analyze the general
case, where the channel gains are all different (in general) and channel reciprocity is not
assumed. The capacity region of the so called broadcast two-way half-duplex relay channel,
i.e. assuming that the communication takes places in two hops and the relay is decoding
the received messages completely, was recently characterized in [48]].

The main focus is, however, so far on the one-way relay channel. Such cooperative
communication schemes are particularly important when reliable communication can not
be guaranteed by using a conventional point-to-point connection. Cooperation between
two source nodes for communication to a common receiver was proposed in [49]. There,
a non-cooperative phase is followed by a cooperative one and it is shown that this strat-
egy outperforms non-cooperative strategies. Cooperation by using distributed space-time
coding techniques in networks has been analyzed in [50; |51]. Relaying can be expected to
be adopted in current and future wireless systems, as it has been introduced in the 802.16j
(WiMAX) standard.

In this section, we study the capacity of the full-duplex two-way relay channel, which,
to the best of our knowledge, is not known in general. Similar to the general relay network,
we show that our scheme can achieve to within 3 bits/sec/Hz of the capacity for all channel

parameter values.

9.2.2 System model

The system model of the two-way full-duplex relay channel is shown in Fig. Com-
munication takes place simultaneously from the relay to the nodes and vice versa. As can
be observed from Fig. channel reciprocity is not assumed here. Thus, in general Ay,
which is the channel parameter describing the link from node A to the relay, is different

from h3, the channel describing the link from the relay to node A (and similarly for hy and

hy).
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(a) Communication to the relay
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z Z4

A SO hy
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(b) Communication from the relay

Node 1 > Y 5 Node 2

Figure 9.1: Bidirectional relaying

The received signal at the relay is given by (cf.Fig.[9.1(a))

Yr = h1wa + hoxp + 2R, 9.1

where x4 and xp are the signals transmitted from node A and node B, respectively. The
variable zi describes the additive Gaussian noise at the relay. Without loss of generality,

we assume that E [|z4]?] = E[|zp|?] = E[|2r|?] = 1. The received signals at the nodes

are given by (cf. Fig.[9.1(b))

Ya = h3IL‘R + Z9 (92)

yp = harr + 23.

The variables 2z, and z3 are the unit variance additive Gaussian noises at node A and node

B, respectively.
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(a) From left to right

)
ns
Node A e ::
.—
(

b) From right to left

Figure 9.2: Deterministic model for bidirectional relaying

9.2.3 Deterministic two-way relay channel

We start our analysis by considering the deterministic model of the two-way relay channel

as shown in Fig.

The following theorem is our main result for the deterministic two-way relay network.

Theorem 9.2.1. The capacity region of the bi-directional linear finite field deterministic

relay network is:

Rp < min(ny, ny) 9.3)

Rpa < min(ng, ng) (9.4)

Furthermore, the cut-set bound is achievable with a simple shift-and-forward strategy at

the relay.

In the rest of the section, we give a sketch of the proof. We use an algebraic approach

to solve the problem of finding the optimal strategy. In the deterministic model assume that
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node A and B sends x4 and xp € Fi, respectively, where ¢ = max(nq, ns, ns, n4). The

received signal at the relay is then given by
yr = ST "Mx, + ST " xp. 9.5)
Now consider a linear coding strategy at the relay. Therefore, it is going to send
xr = Gygp = G(ST ™Mx,4 + ST "xp), (9.6)

where G is an arbitrary ¢ X ¢ generating matrix that is a design choice.

The received signal at node A is thus given by
ya=ST"xp=S8""G(S" x4 + STT"xp) 9.7
while node B receives
yp = ST Mxp = ST™MG(ST " xy + ST xp). (9.8)

Since node A and node B respectively know their own signals x4 and xg, they can cancel

it from their received signal. Hence effectively they receive

yy =S GST 2 xp 9.9)
yp =STTMGSTMxy (9.10)

The question is, whether we can find a matrix G, such that the rates R4p = min(nq,ny)
and Rp4 = min(ng, n3) in (9.3) and (9.4) are achievable. By obtaining such a matrix, we
would also gain insights how the processing at the relay should be done in an optimal way.

Now we state the following lemma, whose prove is omitted due to the lack of space.
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Lemma 9.2.2. It is possible to convert the network in Fig. into one of the following two

cases without changing the cut-set bound.

1. ny = ng and ny < ng

2. ng =ngandn, < ny

Therefore, by Lemma and symmetry we only need to study this case:

Ny =Ny and o S ng (911)

It turns out, that we are indeed able to construct a matrix G, such that the cut-set bound

is achievable. The generating matrices G for the individual cases are given as follows.

1. g=m
Ong —ng In
G = X(amna) 2 9.12)
qunz O(ll—n2)><n2
2. q=ns
@ ny <m
On —-n In1
e 9.13)
Oq—m O(q—nl)an
(b) N9 > Ny
0n1 —n1 In1
G=| "o (9.14)
qum O(q—m)xnl

In the following we give interpretations of the different generating matrices G in (9.12),

(9.13)), and (9.14)) for the three cases.
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(a) Received signal at Relay (b) Transmit signal from Relay

Figure 9.3: Signal levels at relay: Receive phase and transmit phase

9.2.3.1 Interpretation of the case n; = ¢

We start with the generating matrix G in (9.12). The interpretation of this operation for
the deterministic case is the following. The relay receives n; = ¢ signal levels as shown
in Fig. The last ny contain information from both node A and node B (gray area
in Fig. and the other (top) signal levels are only information from A (white area in
Fig. 0.3(a)). The relay is now creating a codeword, which has the last n, received signal
levels at highest level (gray area in Fig.[9.3(b)) and the remaining bits of A at lower signal
levels (white area in Fig.[9.3(a)).

The interpretation of the scheme for Gaussian is the following. At first the relay decodes
a part of the message, namely xill), received from node A that has arrived above the signal
level of node B and subtracts it from the overall received signal. The remaining part (lowest
n9 levels) of the overall received signal at the relay is just the summation of signals from

both the node A and node B. The argumentation here is that the relay can not decode this
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summation and thus it quantize it. The interesting part is now that the relay creates the
transmit signal by using a superposition code [52]]. The cloud center of this superposition
code is the quantized signal, while the bin index is the information X(Al) it has decoded from

node A.

9.2.3.2 Interpretation of the case n; = ¢

We start with the case no < ny. Here, the relay receives ny signal levels. The relay
then simply shifts the received signal up and forwards it. The corresponding scheme for
Gaussian is thus amplify-forward. As an alternative approach, we could also use a similar
superposition strategy as in the case of n; = ¢q. However, as we will show later on, the
simple amplify-and-forward strategy is enough in order to achieve to within 3 bits the
capacity for all channel parameter values.

The case with ny > n; is analogous to the case with n; = ¢. Here the relay receives
no signal levels. The last n; bits contain information for both node A and B and the rest
is just the information for node A. The interpretation of the scheme for Gaussian is very

similar to the scheme for n; = ¢ and thus omitted.

9.2.4 Gaussian Two-way relay channel

In this section, we use the insights obtained from studying the deterministic two-way relay
channel to find near-optimal relaying strategies in the Gaussian case as defined in sec-
tion It follows our main result for the Gaussian two-way relay channel and the rest

of this section is devoted to proving it.

Theorem 9.2.3. Consider a Gaussian two-way relay channel as defined in section [9.2.2)

with unit average noise and transmit power at each node. The capacity of this system

112



Chapter 9. Other applications of the deterministic approach

satisfies

Cap —3<Cap < COup (9.15)
and

Cpa—3 < Cpa < Cga, (9.16)

where Cyp = log(14+min(|hy |%, |ha|?)) and Cp 4 = log(1+min(|hy|?, |h3|?)) is the cut-set

upper bound on the capacity of the transmission from A to B and B to A, respectively [33]].

Since Lemma [9.2.2) holds also for the Gaussian case, we again need to study only the

case that |h;|? = |hy|? and |ho|* < |h3]?. Now we discuss the achievability strategy:

9.2.4.1 Achievability strategy

In general, the transmit signals from node A, node B and the relay are given by

x4 = Jaaxy) + 1 — ax? 9.17)
Xp = \/ang) +v1— aBXB) (9.18)
Xp = aRxR +v1—« XR . (9.19)

where xi‘l), xf), g), xg), () and XS% are codewords chosen from a random Gaussian

. <2> (1) (2) ()
codebook of size 2Min, 2nRAk onREx onRih onky’ and 27Ri | respectively. At node A

(and similarly for node B) we have two messages m(A and mﬁl) of size 2"F4» and 2"Rin

) and z A , respectively. The relay signaling strategy depends on the

that are mapped to x
channel gains and will be specificized later for each case. The choice of a4, ap, and ag

depend on the magnitude of the channel gains |h4|, |hs|, |hs|, and |hy].
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9.2.4.2 |hy|? > |hy|?

Following the insights gained from the deterministic model, for |h|* > |h3|? we setag = 0

and Rgi‘ = 0. The transmit signal at node B then reduces to
x5 = x5 (9.20)
Thus, the receive signal at the relay is given by

YR = <1/anE41) + 1 - anf)> hi + heXg + 2R (9.21)

(2)
A

a4 1s chosen such that the received signal of x,” and xp are at the same scale. Thus, the

following expression has to hold

V1= anhy = ho, (9.22)
which gives
h 2
1—ay = (—2> . (9.23)
hy

Form y g, the relay first decodes XS) (i.e. mi‘l)) by treating the remaining received signals

X(A2) and x g as noise. This can be done with low error probability as long as

h | |ha|? — |he]?
RY <1oe (1 oalhn —log 14 Al — 1f2l 9.24
AB S Og( T O e P+ ml) ~ U T T 2 ©.24)

Then the relay maps the decoded x(Al) to another codeword xg) of size 2°Rx’ with Rg) =

(1)
A

RS}B. If the above expression is fulfilled, the relay can decode the signal x),” and cancel it
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from the received signal in (9.21)). Thus, we have

S’R: \/].-O(AXEi)hl—f—hQXB—f-ZR (925)

As suggested in the deterministic model, y is not decoded. Rather, a quantization is per-
. ) . (2) L
formed. The relay uses an optimal vector quantizer of size 2"%#" and maps the quantization

index to a codeword xg). Then the relay transmits (9.19), where

a»p

=— 9.26
2|ho|2 +1 ©-26)

QR

Now nodes A and B first attempt to decode xg). Since node A knows xg) it can cancel

it from the received signal, however node B is treating Xg) as noise. The decoding of xg)

can be done with low error probability as long as

RO < i [l (1 — og) 2
RS min log 1+ m ,log (1 + |h3| (1 — QR)) (927)
, hil? +1
= min (log (’h’l‘;‘@ﬁ) ,IOg (1 + |h3|2(1 - aR))) (928)

The second expression is obtained due to node A. By assuming that node A knows the

strategy of relay and the codebook it has used, it can reconstruct xg) perfectly, since it

contains only its own message. Using interference cancellation results in a interference
free channel. The first expression is obtained due to node B which observes part of the

signal from the relay, i.e. xg), as additional noise. Then node B cancels xg) from its

received signal and attempts to decode xg). This can be done with low error probability if

R <log (1 + ag|i|?). (9.29)
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Now that nodes A and B have decoded xg), they can create

59 = firtzo=0 <\/1 “anxPhy + hoxp + zR> tzo  (9.30)
@ 16} <h2 <Xg) +XB> + ZR) + zg (9.31)

where
B=(1-D/o3,) 9.32)

and z is due to the quantization noise with variance
op=D(1—DJo} ): (9.33)

Thus, the distortion D in our case has to fulfill

_p®@ . aR|h1’2+1 1
D=2Ffrg2 = 2|hyl? + 1 9.34
" T mm( P11 1T P —ap) Rl F1) 039

Assuming that the nodes are able to cancel the own message from yg, they can decode

each others codeword with low error probability if

[ha > +1 1
hof? (1~ ) o (12 (! - piram)

aR\h1|2+1 2 ) 2|h2|2
L+ e 2lhel 1+ mpian

Rps < min log 1+

(9.35)
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and

|h2P (1__ aRWﬂ2+1>

[R1|2+1

2 1
[0 o)

aplhi]?+1 2 2|ha|?
1+ = 2|he| L+ sypi=an

Rf])a < min | log | 1+
(9.36)

Therefore the rate in (9.35)) and

2 _aglhi|*+1
hal? (1 — 2l

aglhi|?+1 2 ’

2 2
©2%.0¢39) o (1+|h1| |hal

R < in{l 1
AB < EDITNE ) + min{log | 1+

2 1
2] (1— —1+\h3|2(1—aR>> \

log | 1+ (9.37)
) 2|h |2
L+ s ri—am
are achievable.
With some algebra, we can show that
[P [2+1 1
P (1 - i) . (1 - ro=em)
i | 108 + 1+ aR\h1|2+12’h 2 108 + 1+ 2|ho|?
[h1[2+1 2 1+[hs32(1~aR)
> log (1 + |hso|?) — log (3) (9.38)
and
|7 |* — |ho|®
1 14+ —r—0
°8 ( T e )T

|h1|24+1

[ |2 +1 1
af? (1 - i) g (12 (1~ )

aR\h1|2+1 2 ’ 2‘h2|2
L+ e 2lhe| 1+ mmpi—an

+min | log | 1+

> log (1 + |h]?) — max(2, 3). (9.39)

Thus, we are at most 3 bits away from the cut-set bound.
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9.2.4.3 Case | |* < |hs|?
e Amplify-and-forward:|hy|* < |h;|?

With a4 = ap = 0, the transmit signals from node A and node B reduce to x4 =

2 2 . .
x;) and xp = X(B) chosen from a random Gaussian codebook of size 2"#45 and

2nfisa respectively. Thus, the received signal at the relay is given by

Yr = h1XA + hQXB + Zp (940)

Using a amplify and forward strategy, the transmit signal at the relay is thus given by

1
Xp = YR 9.41)
VIha|? + [hof? + 1
Using (9.2)), the received signals at the nodes are given by
ha (hixa + hoXp + zg) + (9.42)
ya= XA XB TZR) T ZA .
P+ P +1 ’
h
N - (hixa + hoxp + 2g) + 2. (9.43)

VP + TR+ 1

Assuming that the nodes are able to decode their own messages successfully and
cancel it from the received signal. Therefore the nodes can decode each other signals

with low error probability as long as

Rup < log (1 + P lhal” ) (9.44)
AB = \hal? + |ha|? + |hel? + 1 '

Ry < log (1+ o 2| ) (9.45)
BA = hs|? 4 [Py + |he]2+1) '
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With some algebra, we can show that

[ l* a*
[Pal? + [ha]? + [ha]® + 1

log (1 + ) > log (1+ |h|?) — log(3) (9.46)

|hal?| hs|?
|hs|? + |h1]? + |he|? + 1

log (1 + ) > log (1 + |ho|?) — log(3) (9.47)

Thus, we are at most within log(3) bits away from the cut-set bound, which is strictly

better than we aimed for.

o [hol® > |y

The following derivations are very similar to the case |hi|?> > |hs|* with slight dif-

ferences. First of all, a4 = 0 and ap and ag are now given by

° a|hof’

|hal? 2 ]? + 1)

|hy

| ha?

ap=1— 1" andag = (9.48)
While we had a min-operator in the case |h{|> > |h3|?, here it can be shown that
|h1|2 > Ihz\z/(aR\hSPH) is never fulfilled in this case. Thus, we have to consider only
|y |* < hal?/ (Ihs|*ar+1) and the min-operator is obsolete. Therefore the nodes can

decode each other signals with low error probability as long as

2 1
il (1= e )

Rap <log [ 1+ T (9.49)
L+ mmraen
and
1+ |he|* + |ho|?
Rra <1 Rag. 9.50
BA < og( 15 2/ 2 + Rap (9.50)
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With some algebra, we can show that

1
[a* (1 - 1+|_h1|2<1_—aR>>

2[ha 2
L+ o pi=en

log [ 1+ > log (1 +|h|?) — log (3) (9.51)

and

o (LHIE

FEITRE ) + Rap > log (1+ |ho|?) — 3 (9.52)
1

Thus, we are at most 3 bits away from the cut-set bound.

9.2.5 lllustration

In Fig.|9.4(a)| and [9.4(b), the gap between the rates R p and Rp4 and the corresponding

cut-set upper bound is plotted for different channel gains, respectively.

The z-coordinate is representing the ratio of the channel gain from the relay to node A
(i.e. h3) to the reverse direction, i.e. from node A to the relay (i.e. h;), in dB scale. On the
y-coordinate we have the ratio of the channel and from the node B to the relay (i.e. hs) to
the reverse direction, i.e. from the relay to node B (i.e. hy = hy), in dB scale. The ordinate
shows the gap in bits. From the simulations, we observe that the gap is in general less than
3 bits, which verifies our theoretical results. We also observe that for a certain region, the
gap 1s less than 1 bit. This region is especially large for Rp4. In the plot, we normalized
the channel gain h, to 20 dB higher than the noise variance. Interestingly, it turns out that

the gap is further reduced by shrinking the channel gain /; (not shown here).
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9.3 Deterministic binary-expansion model for Gaus-

sian sources

So far we have considered the binary-expansion deterministic model for channels. How-
ever, one can think of the dual of this model for sources. In this section we investigate this
for Gaussian sources. Then in the next section we demonstrate an application of this model
to the cooperative relaying with side information problem.

Assume v and v are two correlated Gaussian sources with mean zero and covariance

matrix
L op
Cov [uv] = (9.53)
P
Then we can write
V= pu-+z (9.54)

where z ~ N(0,1 — p?) is independent of u. Therefore we can relate « and v through a

Gaussian channel with
2

p
NR = .
SNR= -7 9.55)

The deterministic linear finite field model for this Gaussian channel is as shown in Figure

[9.5(a) with channel strength

2

1 1 p
_r= +_71 -
n = (2 log SNR] (2 log . pﬂ (9.56)

Now we can create a deterministic binary-expansion model for these two Gaussian sources.
Assume u and v are positive numbers and consider their binary expansion. In a hight
correlation regime that |p| is very close to one, those bits of u and v that are above the
signal level of w are more or less the same. Therefore we can build the deterministic binary-

expansion model for these two Gaussian sources u and v by representing each source as a
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U v
b1 | b1 |
LA b2 | In = [41og 21+
Do b
C1 dl
S + — = |
n = [3log SNR] e | de
(a) Channel model (b) Source model

Figure 9.5: The deterministic linear finite filed model for point-to-point channel is
shown in (a). The deterministic binary-expansion model for two sources is shown
in (b)

sequence of bits, denoted by U and V. Then the correlation between the sources determines

the number of first MSB’s that are the same between them. This is pictorially shown in

Figure[0.5(b).
Similar to the squared error distortion measure, we define the following measure for

the distortion between two deterministic sources U and V,

d(U,V) = zq:(U(z’) — V(i))%2 %D (9.57)

i=1

where U (¢) and V(i) are respectively the i-th bit in U and V' respectively. To verify that
it is a proper distance measure we just need to show that for any three binary-expansion
sources U, V and W

dU V) +d(V,W) > d(U,W) (9.58)

To show this it is sufficient to note that at each level we have
(U (i) = V()" + (V(i) = W(i))* = (U(i) — W(i))* (9.59)
Clearly this model can be extended to model M sources. In this case the correlation
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between source ¢ and j is modeled with n;; that represents the number of matching MSB’s

between them.

9.4 Cooperative relaying with side information

In this section we consider transmission of a Gaussian source over a Gaussian relay chan-
nel, where the relay terminal has access to correlated side information. In [53]] authors stud-
ied this problem and proposed several cooperative joint source-channel coding strategies.
However, still the best cooperative source channel coding strategy is not known. Here we
use the linear finite field deterministic channel model together with the binary-expansion
source model to make progress in this problem. In particular we show that a simple scheme
is uniformly near optimal for all range of channel gains and correlation factors.

The system model for this problem is shown in figure[9.6(a). We assume that two zero-
mean jointly Gaussian sources s; and s, generate the i.i.d. sequence {s1 , S2x}72,. The
sequences sy, and sy, are available at the source and relay encoders, respectively. The

covariance matrix of the sources is
Cov [s189] = (9.60)

The destination is interested in estimating s; and the problem is to find the minimum pos-
sible average distortion and the scheme that achieves it. Here we use our deterministic
channel and source models to approximate the best possible distortion within a factor of 6

and also find a simple near optimal cooperative strategy.
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52
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b1
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Co NRD
NSR
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(b) Deterministic model

Figure 9.6: The Gaussian model and the binary expansion model for cooperative
relaying with side information are respectively shown in (a) and (b).
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9.4.1 Analysis of the deterministic problem

The linear finite field deterministic channel model together with the binary expansion
source model for this problem is shown in Figure 0.6(a). To minimize the distortion, we
should find a scheme that provides the maximum possible number of MSB’s of S; to the
destination. From the cut-set upper bound we know that the maximum number of MSB’s

of S; that the destination can recover is upper bounded by

C with side information = 1N (n + maX(nSD, TLSR), maX(nSDa nRD))) (9.61)

Now there is a simple strategy to achieve this upper bound:

e Relay uses its correlated observation to send rr number of bits at its top signal levels

to the destination, where 7 is

rr = min (n + max(ngp,nsr), max(ngp,ngp))) — min (max(ngp,nsg), max(nsp,nrp)))

(9.62)

e Once we remove the relay’s rr signal levels, the effective gain from the relay to
the destination is ngp — rg. Now we know that the capacity of this effective relay
channel is equal to the cut-set upper bound and is achieved by a simple decode-
forward protocol. Therefore the source can use the relay to send g number of bits to

the destination, where rg is

rs = min (max(nsp, nsgr), max(nsp, nrp — rr))) (9.63)

Now the total number of MSB’s of S; that is sent to the destination is equal to rg + rg.
Now we show that rg 4 7y 1s equal to the original cut-set upper bound shown in equation

(9.61)).
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Table 9.1: Achievable rate of the proposed scheme for the cooperative relaying
with side information problem in the deterministic case.

Cases TR Tg rg+rg
nrp < Ngp 0 nsp nsp
nsg < ngp < ngp | min(n,ngp — ngp) | Nsp min(n + ngp, Nrp)
nsp < nrp < NsR 0 NRD NRD
nsp < ngp < nrp | min(ngp —nsr) | nsr | Nsg + min(ngp — Ngr)

All possible cases are summarized in Table Since rg + rg in the last column of
Table is always equal to Cywith side information, therefore in the deterministic case the cut-
set upper bound is achievable. Furthermore our deterministic scheme suggests a natural
scheme for the Gaussian problem. In the next section we show that, quite interestingly, by
using this scheme the destination will be able to estimate S; within a factor of six of the

best possible distortion, uniformly for all channel gains and correlation values.

9.4.2 Approximating the Gaussian problem

The model in the Gaussian case is shown in Figure 0.6(b). As usual we assume that the
noise power of each link, as well as the transmit power of each node is normalized to one.
We further consider the real Gaussian model. Similar to previous section, we can still
use the cut-set bound to derive a lower bound on the minimum achievable distortion for

estimating s; at the destination. As shown in [53], this is given by

Dnin 2 min max (=P A+ @ =P + [hal*) 7 (4 [haf? + [hs]* + 26| ha | hs]) )
(9.64)

where ¢ is the correlation between the source and the relay codewords. We can further

lower bound this by

Dyin > D = max ((1 — p*)(1 + [ha]* + |ho®) ™ (1 + (|| + |hs])?) ) (9.65)
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Now the optimal scheme that we found in previous section for the deterministic problem,
naturally suggests us a protocol for the Gaussian case. The protocol is described as the

following:

e The relay uses a fraction A for transmitting a quantized version of s, to the destination

and the remaining to perform decode-forward.

e The source uses the relay (with the remaining 1 — )\ fraction of its power) to provide

further information to the destination.

e The destination first decodes the quantized s, treating the decode-forward codeword
as noise. Then it combines the side information received from the relay and the
information received from the decode-forward codeword to obtain a reproduction of

the source.

A similar scheme has also been studied in [54]], called Hybrid Joint Source-Channel
Decode-and-Forward. Here we will show that in fact with this protocol we can achieve a
distortion that is within a factor of 6 of the cut-set lower bound for all channel gains

and correlation values.

Pictorially this scheme converts the system to the one shown in Figure[0.7(a). As shown
in this figure, the relay uses a fraction of this figure to provide information about s, and
the remaining to assist the source. Since we know that a decode-forward protocol achieves
within 0.5 bit of the cut-set upper bound of the relay channel, therefore by coding we can
convert the system to the one shown in Figure 0.7(b). Here there are two noiseless links
with rate R, and R, are available from the source and the relay to the destination. The

values of R, and R, are

Ri = Crey(hy, ha, VT — Nhs) — 0.5
1 1
— min(2log(1+|h1|2+|h2|2),2log(1+(|h1|+\/1—>\|h3|)2))—0.5 (9.66)

1 Alhs[? )
Ry = —log(1+ 9.67
2 2 Og( 1+ (1= \)|hs + |7 ]? (0.67)
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Now from the intuition obtained from the deterministic case we can predict a near

optimal value of \ as the following:

0, if |hs| # max(|hl, |hal, |ha);
v |h| # max(|hal, [hal, |hs]) ©0.68)

hol? .
1-— IhﬂQ, otherwise.

Now the problem is similar to the one helper problem studied in [55]. As shown in [55],
the achievable squared error distortion of estimating s; at the destination with the help of
the relay is

Dy(Ry, Ry) = 2721 (1 — p? + p?27212) (9.69)
Now we analyze the performance of our strategy. Here is the main result

Theorem 9.4.1. Consider the cooperative source-channel relaying strategy that is de-
scribed above, with power allocation that is described in equation ([9.68). With this scheme
the destination will be able to estimate s, with a distortion that is uniformly within a factor

of 6 of the minimum possible distortion, for all channel gains and correlation values.

Proof. First note that if p?> < 1 then

D = max ((1—p*) (L4 k] + |ha?) 7" (L4 (Jha] + |Rs])?) ) (9.70)

1
> 5 max (X + M+ o)™ (1 + (|| + |Rs)D) ) (9.71)
Therefore by setting A = 0 we get

Dp(Ri,Ry) = 2xmax ((1+ [ha]> +|hol®) ™ (L4 (|| + |R3])?) ™) (9.72)
< 4D (9.73)

This means that if the correlation between s; and s is small enough (p? < 0.5), by ignoring
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VAhs
VAN eI P Ry
So R - So R -
D D
R
ho V1 — Ahg
Ry
S1 S > - S1 S -
hy

(@) (b)

Figure 9.7: Pictorial representation of the protocol for the Gaussian cooperative
relaying with side information is shown in (a). By coding we can make the channels
noiseless and convert the system to the one shown in (b).

s9 and using the relay only for decode-forward protocol we don’t loose more than a factor

of 4. Now assume p? > 0.5 and consider the following cases:

1. If |hs| # max(|hq|, |hz|, |h3]). In this case
Dy(Ri, Ry) =2 x max ((1+ |h|* + |ho?) ™", (1 + (|| + [R3])®) ") (9.74)
and
D =max ((1—p*)(1+ [l + o) (L (|| + [Rs)®)7Y)  (979)

We have two possibilities:

e If |h3| < |hg|. In this case we have

(L4 (Jha] + [R3))D) ™0 > (L4 (Jha] + |Ra])®) 7! (9.76)
> %(1+|h1|2+]h2|2)‘1 (9.77)
> (1=p)A+ [P+ )™ (9.78)
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where the last step is true since p? > 0.5. Therefore in this case
D = (1+ (|ha] + |hg))*) ™" (9.79)
Also since 2(1 + (|he] + |h3))?) ™t > (1 + |he|> + |he?) 71,
Dy(Ry, Ro) < 4(1+ (Jh] + |hs])?) " < 4D (9.80)

Therefore again our scheme is within a factor of 4 of the best possible perfor-

mance.

e If |h3| < |hy|. In this case we have

Dy(Ry, Ry) = 4(1 + |hy|* + |ho*) ! (9.81)
And
D = max ((1—p")(L+ [l + [hao*)™" (L4 (Jha| + [s])?) 7 X9-82)
> (1+ (Jha] +|hs])®) (9.83)
> (144 )™ (9.84)

Now if the source uses only the direct link we have
1 2
R, = §log(1 + |h1]?) (9.85)
Therefore

Dip(Ri,Ry) = (14 | ) <41 +4n]*) <D (9.86)
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Therefore again our scheme is within a factor of 4 of the best possible perfor-

mance.

2. If |hs| = max(|hal, [hol, [hs). Then A = 1 — L2l and

1
Ry = 5 log (1+ [M]* + [ho]?) — 0.5 (9.87)

| Bol? = [hal” N 1. (1 |ha? o hgf?
R2:—10g<1+ hal”~ Iho >:—log( +|1|+|3|> 9.88)

2 T a2+ ()~ 2 B\ T [+ [P
Therefore
- L+ |ha|?* 4 |he?
Dn(R1,Ry) = 2x(1+|h]? th(l—2 EERTAEERT G 8
n(R1, Ra) X (1 + [h1]® + [he|7) p+p1+|h1|2+|h3|2 O
2 14 b + |he|?
= 2x (14 |ly|? h2‘11—2(1 ’ )9'90
X (L4 [ha|” + [he]") 7 (1 = p7) +1—p21+\h1\2+|h3\2 20

Remember that
D =max ((1 = p*)(1+ [l + |ho|?) 7" (L4 (|ha] + [Rs])?) ) (9.91)

Now if
(1= ")+ [P + o)™ = (1 + (|| + |hs)?) ™ (9.92)

Then
D=(1-p)1+]|m*+ ko))" (9.93)
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Also
2 1 2 2 2 2 1 2 2
14+ p +|h1‘ +’h2‘ < 1+ P +’h1| +|h2’ (9.94)
1 —p2 1+ |he|? + |hs|? L—p* 1+ ([ha] + |hs])?
2 1+ |hy|* + |ho)?
< 9.95
=S U T (ke O
< 3 (9.96)
Therefore
Dy(R1, Ry) < 6D 9.97)

Therefore in this case our scheme is within a factor of 6 of the best possible performance.

In the other case, if

(L= p*) (@ + [+ [hef) ™ < (L4 ([la] + |hs)?) ™! (9.98)
Then
D = (1+ (Jha] + [hs)*)~" (9.99)
And
Du(Ri,Rs) = 2x (14 |m|*+ |ho|) (1 = p?) (1+ r 1+|h1|2+|h2|2> (9.100)
L= 2 Tt [hf? + a2
< 2x (14?4 |ho>) 711 = p?) (1 fzpz 1 :[ :Zi:z I :Zi:z) +2D (9.101)
_ 1+|hj2pZ+|h3|2 +9D (9.102)
< m +2D (9.103)
S S EATTAR o109
— 6D (9.105)

Therefore again in this case our scheme is within a factor of 6 of the best possible perfor-

mance. O
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Conclusions

In this thesis we proposed a new deterministic approach to make progress in problems in
wireless network information theory. The main idea was to develop a simpler deterministic
channel model that allows us to focus on the interactions between users signals rather than
the background noise of the systems. So far, our main focus has been on its application
to unicast and multicast problems, and in particular we have been able to find a uniformly
approximate characterization of the unicast/multicast capacity of Gaussian relay networks.
This is the first constant gap approximation of the capacity of Gaussian relay networks.

As we demonstrated in Chapter O] the proposed deterministic approach can also be
applied to other problems in wireless network information theory. In particular we demon-
strated its application to two other problems, one was a multi-session communication prob-
lem which was an extension of the relay channel. The other problem involved a combina-
tion of source and channel coding. Hence, we also developed a dual of our binary expansion
channel model for Gaussian sources and applied it to make progress in the problem.

As discussed so far, our deterministic model has the potential to be both an effective
tool in engineering as well as a powerful tool in information theory. On the one hand,

the simplicity of this model allows engineers to obtain intuitive insights into complicated
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wireless networks. On the other hand, the inherent connections between this model and
the Gaussian model enables information theorists to demonstrate new concrete theoretical
results in Gaussian networks. I believe, these will have an impact on the design of future

wireless communication systems.

135



[1]

(2]

(3]

(4]

(5]

[6]

(71

(8]

Bibliography

R. Ahlswede, N. Cai, S.-Y. R. Li, and R. W. Yeung. Network information flow. IEEE
Transactions on Information Theory, I'T-46(4):1204—1216, July 2000.

S.-Y.R. Li, R. W. Yeung, and N. Cai. Linear network coding. IEEE Transactions on
Information Theory, 43(2):371-81, February 2003.

R. Koetter and M. Médard. An algebraic approach to network coding. IEEE/ACM
Trans. Netw., 11(5):782-795, 2003.

R. W. Yeung, S.-Y. Li, and N. Cai. Network Coding Theory (Foundations and
Trends(R) in Communications and Information Theory). Now Publishers Inc.,

Hanover, MA, USA, 2006.

C. Fragouli and E. Soljanin. Network coding fundamentals. Foundations and Trends

in Networking, 2(1):1-133, 2007.

E. C. van der Meulen. Three-terminal communication channels. Ad. Appl. Pmb.,

3:120-154, September 1971.

T.M. Cover and A. El Gamal. Capacity theorems for the relay channel. /IEEE Trans-
actions on Info. Theory, 25(5):572-584, September 1979.

M. Aref. Information flow in relay networks. PhD. Thesis, Stanford University,
October 1980.

136



BIBLIOGRAPHY

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

N. Ratnakar and G. Kramer. The multicast capacity of deterministic relay networks
with no interference. IEEE Transactions on Information Theory, 52(6):2425-2432,
June 2006.

P. Gupta, S. Bhadra, and S. Shakkottai. On network coding for interference networks.

International Symposium on Information Theory (ISIT), Seattle, July 2006.

A. F. Dana, R. Gowaikar, R. Palanki, B. Hassibi, and M. Effros. Capacity of wireless
erasure networks. IEEE Transactions on Information Theory, 52(3):789-804, March
2006.

B. Schein. Distributed coordination in network information theory. Massachusetts

Institute of Technology, 2001.

L. L. Xie and P. R. Kumar. A network information theory for wireless communication:

Scaling laws and optimal operation. IEEE Transactions on Information Theory, IT-

50(5):748-767, May 2004.

M. Gastpar and M. Vetterli. On the capacity of large gaussian relay networks. IEEE
Transactions on Information Theory, 51(3):765-779, March 2005.

G. Kramer, M. Gastpar, and P. Gupta. Cooperative strategies and capacity theorems
for relay networks. IEEE Transactions on Information Theory, 51(9):3037-3063,
September 2005.

A. Reznik, S. R. Kulkarni, and S. Verdu. Degraded gaussian multirelay channel:
Capacity and optimal power allocation. IEEE Transactions on Information Theory,

50(12):3037-3046, December 2004.

M. A. Khojastepour, A. Sabharwal, and B. Aazhang. Lower bounds on the capacity
of gaussian relay channel. Proc 38th Annual Conference on Information Sciences and

Systems (CISS), Princeton, NJ, pages 597-602, March 2004.

137



BIBLIOGRAPHY

[18]

[19]

[20]

[21]

[22]

(23]

[24]

[25]

D. N. C. Tse J. N. Laneman and G. Wornell. Cooperative diversity in wireless net-
works: Efficient protocols and outage behavior. IEEE Transactions on Information

Theory, IT-50(12):3062-3080, December 2004.

U. Mitra and A. Sabharwal. Complexity constrained sensor networks: achievable
rates for two relay networks and generalizations. Information Processing in Sensor

Networks Symposium, Berkeley, CA, April 2004.

A. Sendonaris, E. Erkip, and B. Aazhang. User cooperation diversitypart i: System
description. IEEE Transactions on Communications, 51(11):1927-1938, November
2003.

A. Sendonaris, E. Erkip, and B. Aazhang. User cooperation diversitypart ii: Imple-
mentation aspects and performance analysis. IEEE Transactions on Communications,

51(11):1939-1948, November 2003.

A. El Gamal and S. Zahedi. Capacity of a class of relay channels with orthogonal
components. [EEE Transactions on Information Theory, IT-51(5):1815-1817, May
2005.

A. Nosratinia and A. Hedayat. Cooperative communication in wireless networks.

IEEE Communications Magazine, 42(10):74-80, October 2004.

M. Yuksel and E. Erkip. Multiple-antenna cooperative wireless systems: A diversity-
multiplexing tradeoff perspective. IEEE Transactions on Information Theory,

53(10):3371-3393, October 2007.

S. Avestimehr, S. Diggavi, and D. Tse. A deterministic model for wireless relay net-
works and its capacity. IEEE Information Theory Workshop (ITW), Bergen, Norway,
July 2007.

138



BIBLIOGRAPHY

[26]

[27]

(28]

[29]

[30]

[31]

[32]

[33]

[34]

S. Avestimehr, S. Diggavi, and D. Tse. A deterministic approach to wireless relay
networks. 45th Allerton Conf. On Comm., Control, and Computing 2007, Monticello,
Lllinois, USA, September 26- 28, 2007.

S. Avestimehr, S. Diggavi, and D. Tse. Wireless network information flow. 45th
Allerton Conf. On Comm., Control, and Computing 2007, Monticello, Illinois, USA,
September 26- 28, 2007.

S. Avestimehr, S. Diggavi, and D. Tse. Information flow over compound wireless re-

lay networks. International Zurich seminar on communications (IZS), Zurich, March

2008.

S. Avestimehr, S. Diggavi, and D. Tse. Approximate capacity of gaussian relay net-
works. [International Symposium on Information Theory (ISIT), Toronto, Canada,

July 2008.

S. Avestimehr, S. Diggavi, and D. Tse. Approximate characterization of capacity in
gaussian relay networks. IEEE International Wireless Communications and Mobile

Computing Conference (IWCMC), Crete, August 2008.

S. Avestimehr, A. Sezgin, and D. Tse. Approximate capacity of the two-way relay

channel: A deterministic approach. Preprint.

G. D. Forney and G. Ungerboeck. Modulation and coding for linear gaussian chan-

nels. IEEE Transactions on Information Theory, 44(6):2384-2415, October 1998.

T.M. Cover and J.A. Thomas. Elements of Information Theory. Wiley Series in

Telecommunications and Signal Processing, 2nd edition, 2006.

A. Orlitsky and J. Roche. Coding for computing. /[EEE Transactions on Information
Theory, 47(3):903-917, March 2001.

139



BIBLIOGRAPHY

[35]

[36]

[37]

[38]

[39]

[40]

[41]

[42]

[43]

[44]

M. Feder and A. Lapidoth. Universal decoding for channels with memory. IEEE
Transactions on Information Theory, 44(9):1726—1745, September 1998.

D. Blackwell, L. Breiman, and A. J. Thomasian. The capacity of a class of channels.

The Annals of Mathematical Statistics, 30(4):1229-1241, December 1959.

W. L. Root and P. P. Varaiya. Capacity of classes of gaussian channels. SIAM Journal
on Applied Mathematics, 16(6):1350-1393, November 1968.

M. A. Khojastepour, A. Sabharwal, and B. Aazhang. Bounds on achievable rates for
general multi-terminal networks with practical constraints. In Proc. of 2nd Interna-

tional Workshop on Information Processing (IPSN, pages 146-161, 2003.

B. Bollobas. Modern Graph Theory. Graduate Texts in Mathematics, vol. 184,
Springer, New York, 1998.

R. Etkin, D. Tse, and H. Wang. Gaussian interference channel capacity to within
one bit. submitted to IEEE Transactions on Information Theory. Also available at

http://www.eecs.berkeley.edu/~dtse/interference.pdf, Feb. 2007.

C. E. Shannon. Two-way communication channels. Proc. 4th Berkeley Symp. Math-

ematical Statistics Probability, Berkeley, CA, pages 611-644, 1961.

B. Rankov and A. Wittneben. Achievable rate regions for the two-way relay channel.

ISIT, Seattle, USA, July 9-14, 2006.

S. Katti, H. Rahul, W. Hu, D. Katabi, M. Medard, and J. Crowcroft. XORs in the Air:
Practical Wireless Network Coding. ACM SIGCOMM, Pisa, Italy, September, 11-15
2006.

C. Hausl and J. Hagenauer. Iterative network and channel decoding for the two-way

relay channel. Proc. of IEEE ICC 2006, Istanbul, Turkey, June 2006.

140



BIBLIOGRAPHY

[45]

[46]

[47]

(48]

[49]

[50]

[51]

[52]

[53]

[.-J. Baik and S.-Y. Chung. Networking coding for two-way relay channels using
lattices. Proc. of IEEE ICC 2008, Beijing, China, pages 3898—-3902, May 2007.

S. Katti, S. Gollakota, and D. Katabi. Embracing Wireless Interference: Analog
Network Coding. ACM SIGCOMM, Kyoto, Japan, August 27-31, 2007.

K. Narayanan, M. P. Wilson, and A. Sprintson. Joint physical layer coding and net-
work coding for bi-directional relaying. Proc. of Allerton Conference on Communi-

cation, Control and Computing, 2007.

T.J. Oechtering, C. Schnurr, 1. Bjelakovic, and H. Boche. Broadcast Capacity Region
of Two-Phase Bidirectional Relaying. IEEE Transactions on Information Theory,

54(1):454-458, January 2008.

A. Sendonaris, E. Erkip, and B. Aazhang. User Cooperation Diversity—Part I: System
Description. IEEE Transactions on Communications, 51(11):1927-1938, November
2003.

J.N. Laneman and G.W. Wornell. Distributed space-time coded protocols for exploit-
ing cooperative diversity in wireless networks. IEEE Transactions on Info. Theory,

49(10):2415-2425, October 2003.

R.U. Nabar, H. Bolcskei, and FE.W. Kneubiihler. Fading relay channels: Performance
limits and space-time signal design. [EEE Journal on Selec. Areas in Commun.,

22(6):1099-1109, Aug. 2004.

T.M. Cover. Broadcast channels. IEEE Trans. on Information Theory, 18(1):2-14,
1972.

D. Gunduz, C.T.K. Ng, E. Erkip, and A.J. Goldsmith. Source transmission over relay
channel with correlated relay side information. International Symposium on Informa-

tion Theory (ISIT), Nice, France, June 2007.

141



BIBLIOGRAPHY

[54] D. Gunduz, E. Erkip, A.J. Goldsmith, and H.V. Poor. Lossy source transmission over

the relay channel. preprint.

[55] Y. Oohama. Gaussian multiterminal source coding. IEEE Transactions on Informa-

tion Theory, 43(11):1912-1923, November 1997.

[56] N.J.A. Harvey, R. Kleinberg, and A.R. Lehman. On the capacity of information net-
works. IEEE Transactions on Information Theory, 52(6):2445-2464, June 2006.

142



Appendix A

Proofs

A.1 Proof of Theorem[3.2.1]

If |hsr| < |hsp| then the relay is ignored and a communication rate equal to R = log(1 +
|hsp|?) is achievable. If |hsr| > |hsp| the problem becomes more interesting. In this
case we can think of a decode-forward scheme as described in [7)]. Then by using a block-

Markov encoding scheme the following communication rate is achievable:
R = min (10g (]. + |hSR|2> ,IOg (1 + |hSD‘2 + |hRD|2)) (Al)
Therefore overall the following rate is always achievable:

Rpr = max{log(1 + |hsp|?), min (log (1 + |h5R|2) ,log (1 + |hsp* + |hRD|2))}

Now we compare this achievable rate with the cut-set upper bound on the capacity of the

Gaussian relay network,

C=0= AE min{log (1+ (1 = p*)(|hsp|? + [hsr|*)) ,log (1 + |hsp|* + |hrp|? + 2p|hspl|hrpl) }
- (A2)
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Note that if |hgr| > |hgp| then
RDF = min (log (1 -+ |hSR|2) ,log (1 + |hSD|2 + |hRD|2)) (A3)
and for all [p| < 1 we have

log (1+ (1 = p*)(|hspl? + |hsrl?)) <log (1+ |hsr|?) +1 (A.4)

log (1 + ’hSD|2 + ‘hRD|2 + 2p|hSDHhRD|) S log (1 + |hSD|2 + ’hRD|2) +1 (AS)

Hence
RDF Z 6relay —1 (A6)
Also if |hSR| > |hSD ,
Rpp = log(1 + |hsp|?) (A7)
and
log (14 (1= p*)(|hspl? + |hsrl?) < log (1+ |hsp|*) + 1 (A.8)
therefore again,
RDF Z 6relay —1 (A9)
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A.2 Proof of Theorem[3.3.1

The cut-set upper bound on the capacity of diamond network is:

C’diamond < 6 < min{log (1 =+ ‘hSAl ‘2 + ’hSA2’2)
JJog (1+ (Jha,p| + [ha,nl)?)

log(1+ |hsa,|?) +1og(1 + |ha,n|?)

Jog(1 + |hsay|?) +log(1 + [ha,pl*)} (A.10)

Without loss of generality assume

hsa,| > [hsa,] (A.11)
Then we have the following cases:
L. |hsa,| < |ha,pl:
In this case
Rppr > log(1+ |hsa,|?) > C —1 (A.12)

2. |hsay| > ha,pl:

h 2
Leta = | A1D|2 then
lhsal
. 1 — Oz) |hSA: ‘2 |hA:D‘2
R = log(1l+|h 2 I 1 (—2 1 14+ —=2= _
PDF Og( +| A1D‘ )+mln{og< + a|hSA2|2+1 , 108 +1+‘hA1D|2
. (1+ |hsa,[*) (A + [ha,pl*) 2 2
= I 1 1+ 1h ha. A.13
mm{og< alhsa,|? +1 ’Og( +hainl” | AZD‘) ( )
Now if

log ((1 + |hsa,|?) (1 + |ha,p|?)

> log (1+ [ha,pl* + [haypl’ A4
alhga,|? + 1 )—Og(HAlD\HAzD!) (A.14)
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we have

Rppr = log (1 + |hapl* + |hA2D|2)
log (1 + (Jha,p| + |hA2DD2> -1
C-1

v

v

(A.15)
(A.16)

(A.17)

therefore the achievable rate of partial decode-forward scheme is within one bit of

the cut-set bound. So we just need to look at the case that

1+ |hsa,|2)(1 + |ha,pl?
oo = oy (L1200 o)

oz|h5 Ao |2 +1
In this case consider two possibilities:

° a|hSA2|2 < 1:

In this case we have

Rppr =

log <(1 + |hsa,|?) (1 + |hA1D|2)>
a|th2|2 + 1
> log ((1 + !hSAQP)Q(l + !hAlD\2)>

= log(1+ |hsa,|?) +log(1 + |ha,p|?) — 1

> C-—1

[ ] oz|h5,42|2 Z 1:

In this case we are going to show that

(14 |hsa,|*)(1 + [ha,p|?)
R = ]
PDF og ( a’hSAQP 1
> log (14 |hsa,|* + |hsa,|*) — 1
> C—1
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To show this we just need to prove

(1+ |hsa,|*)(L + [ha,p|?)
Oé|h5A2|2 +1

1
> 5 (1+ |hsa, |* + [hsay|?) (A.26)

|ha,p|?
lhsa, |’

By replacing o = we get

2lhga, P(1+]hsa,| ) A+|ha,p|*) > (1 + |hsa,|* + |hsa, ) (|hsa, |* + |hsasl*|ha,pl?)
(A27)
But note that

2lhsa, P (1 + |hsa, )X + |ha,pl?) — (1 + |hsa, | + |hsa, ) (|hsa,|* + |hsas|*|ha, pI?)

= |hsa,|* + |hsa, *1ha, o + (|hsa, [*[hsa, | — |hsa,|*|ha, pl*)+

+ (|hsa,*1ha, > = |hsa, P lha,p|*) + (|hsa, P|hsay|*[ha, pl* — [hsa, [*) (A.28)
= |hsa,|* + |hsa, *1ha,pl® + |hsa, I (|hsa, | — |hsa,|?|ha, p*)+
+ [ha,p*(|hsa, > = |hsa,|*) + |hsa, P (|hsas *lha,p|* — |hsa,|?) (A.29)

= |hsa,|® + |hsa, Plha, o> + (|hsa, > = |hsa, ) (|hsa, [ |ha, pI* = |hsa,|* + [ha, pl?)

(A.30)
>0 (A31)
Where the last step is true since

hsa,® > |hsa,l? (A32)
’hSAQP‘hAlD‘Q 2 ‘hSAQ‘z (since Oé’hSAQP Z 1) (A33)

A.3 Proof of Lemma

First note that any cut in the unfolded graph, 2, partitions the nodes at each stage 1 <
i < K to U; (on the left of the cut) and V; (on the right of the cut). If at one stage S[i] € V;

or D[i] € U; then the cut passes through one of the infinite capacity edges (capacity K q)
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and hence Lemma is obviously proved. Therefore without loss of generality assume
that S[i] € U; and D[i] € V; forall 1 < i < K. Now since for each i € V, {z;[t] }1<i<k

are i.i.d distributed we can writell]

=

-1
Xoc )= ) H(Yy,,|Xy) (A.34)
1

H (Yﬂﬁnf

)

For simplification we define
YV, Vo) & H(Yy, | Xy,) (A.35)

Now we show the following lemmas

Lemma A.3.1. The V,’s defined in Lemma satisfy,
VIiCVia S CW (A.36)

Proof. Proof is clear. ]

Lemma A.3.2. Let Vi, ..., V, be | non identical subsets of V — {S} such that D € V), for
all 1 < i < 1. Also assume that Vy, ...,V are as defined in lemma Then for any

v €V we have

{ilv € i} = |{jlv € V;}] (A.37)

Proof. This lemma just states that for each v € V' the number of times that v appears in
Vi’s 1s equal to the number of times that v appears in Vi’s. To prove it assume that v appears
in V;’s is n. Then clearly

veV;, j=1,....n (A.38)

!'As in Section|5.3.2] under the product distribution the mutual information expression of the cut-set breaks
into a summation.
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Now for any j > n any element that appears in each f/J must appear in at least 5 of V;’s and

since v only appears in n of V;’s therefore,

vg Vi, j>n (A.39)

therefore
{ilve Vi}| = {jlve V;} =n (A.40)
O

Lemma A.3.3. Let V,, ...,V be | non identical subsets of V — {S} such that D € V; for

all 1 <1 <. Also assume a product distribution on X;, i € V. Then
H(Xy,)+-+ H(Xy) = HXy) +- + HXy) (A.41)

where V;’s are defined in Lemma and H(.) is just the binary entropy function.

Proof. For any v € V define
n, = [{ilv € Vi}] (A42)

and

i = |{jlv € V;} (A.43)

Now since X;, ¢+ € V are independent of each other we have

H(Xv;) + -+ H(Xy) = ) nH(X,) (A.44)
veV
and
H(Xp)+ -+ H(Xy) =Y h,H(X,) (A.45)
veV
By lemma we know that n,, = n, for all v € V" hence the lemma is proved. O]
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The following Lemma is just a straight forward generalization of submodularity to more
than two sets (see also [56|, Theorem 5 where this result is applied to the entropy function

which is submodular).

Lemma A.3.4. Let V,, ..., Vi be a collection of sets. Assume that (-) is a submodular

function. Then,

EV) + -+ EW) Z €M) + - +EW) (A.46)
where V;’s are defined in Lemma

Lemma A.3.5. Let Vi, ...,V be | non identical subsets of V — {S} such that D € V), for

all 1 < i <. Also assume a product distribution on x;, i € V. Then
l ~ ~
$(V1, Vo) + - wmwwwwmzz Y(Vi, Vi) (A.47)
where fork =1,...,1,

Vi = U un-nv) (A.48)

or in another words each f)j is the union of (;) sets such that each set is intersect of j of

Vi ’S.

Proof. First note that

YV, Vo) + -+ Vi, V) + v (V, V) =

H(Yp,| X)) + -+ H(Yy [ Xy ,) + HY [Xy,) =
l
H(YV27XV1> +o Tt H<YV17XV171) + H<YV17XV1) - ZH<XV1)

=1

150



Chapter A. Proofs

and

Z WV, V) = Z H(Y} [ X5,) (A.49)
=1 i=1
! !
= ZH(YWXW - ZH(Xf;i) (A.50)
=1 i=1

Now define the set

Wz' — {YV“XVZ;1}7 Z - 1,...,[ (ASl)

where V) = V. Since by lemma[A.3.2) we have

! !
D H(Xy) =) H(Xy) (A.52)
i=1 i=1

we just need to prove that
! !

Y HW) =Y H(Yy, Xy,) (A.53)
i=1 i=1

Now by since entropy is a submodular function by Lemma [A.3.4] (k-way submodularity)

we have,
l l
STHW) =Y HW) (A.54)
=1 =1
where
W, = U Wunnw,), r=1,..1 (A.55)

Now for any r (1 < r < [) we have
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U Wi, n---nW;,)
({Yvﬁ ) Xvil—l} AN {YvirXVir—l})
(b Ko oo, D

{YU{il ,,,,, i,-}(v’ilm"'mvir)7XU{i1 ,,,,, ir}(v(il—l)m'"mv(ir—l))}

Y5, X5, }

Therefore by equation (A.54) we have,

ZHW') > ZH(V\%)

Hence the Lemma is proved.

Now note that

H(Yﬁﬁnf

=1
l
= > H(Y;, Xy)
=1
K-1 K-1
XQﬁnf) = H(YVi+1 ’XVZ) = ¢(Vz, Vi+1>
i=1 i=1

(A.56)

(A.57)

(A.58)

Consider the sequence of V;’s. Note that there are total of L = 2!VI=2 possible subsets

of V that contain D but not S. Assume that V; is the first set that is revisited. Assume that
it is revisited at step V,;. Therefore by Lemma we have

-1 z
D Vi Vi) 2 ) bV, V)
=1 =1
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where V,;’s are described in Lemma Now note that any of those V; contains D but

not .S and hence it describes a cut in the original graph, therefore

¥(Vi, Vi) > min H(Yo:

€Ap

Xac) (A.60)

Hence
-1

Zw(VuViH) > lérel}\rllj H(Yoe

i=1

Xo-) (A.61)

which means that the value of that loop is at least length of the loop times the min-cut of
the original graph. Now since in any L — 1 time frame there is at least one loop therefore
except at most a path of length L — 1 everything can be replaced with the value of the
min-cut in 35 " (i, Vis1). Therefore,

K-1

D U(ViVin) 2 (K = L+ 1) min H(Yoe| Xor) (A.62)

=1

A.4 Proof of Lemma

Assume message w' is transmitted. Consider a relay, R, at the first layer. Then, the total

number of quantized outputs at R would be

oH(Y rXs) _ oTI(Vp:Vi|Xs) (A.63)

Since we are using an optimal Gaussian vector quantizer at the noise level (i.e. with distor-
tion 1), we can write

Yi = aYr + N, (A.64)
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where N ~ CN (0, 0%) is a complex Gaussian noise independent of Y and

o2 —1
a="5— oy=(01-0aoy —1 (A.65)
Oy
Hence

~ a?
[(Ye: Vil Xs) = log (1 + 0—2) (A.66)

N
= log(l+a)<1 (A.67)

Hence the list size of R would be smaller than 2. Now the list of typical transmit sequences
can be viewed as a tree such that at each node, due to the noise, each path will be branched
to at most 27 other typical possibilities. Therefore, the total number of typical transmit
sequences would be smaller than the product of the expansion coefficient (i.e. 27) over all

nodes in the graph. Or, more precisely

log (|&y(w")]) = log (|J(w')]) (A.68)
Ip
= H(Yylw') =Y H(Y,[Y,_,) (A.69)
=1
Ip .
= Z H(Y% ‘X71—1) (A.70)
=
lDl
<> Tyl =TV (A.71)
=1

Where 7 is the set of nodes at the [-th layer of the network. Hence,
|y (w')] < 27V (A.72)

and the proof is complete.
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A.5 Proof of Lemmal6.2.6

We know that the capacity of a r x t MIMO channel H, with water filling is

Cup =Y _log(1+ Qu)i) (A.73)

i=1

where n = min(r,t), and \;’s are the singular values of H and Qu; is given by water filling

solution satisfying

> Qi =nP (A74)
i=1
With equal power allocation
Cep=» log(1+P)) (A.75)
i=1

Now note that

1O\
Cupf—Ce = log L +Q”)\1)> (A.76)

[[o (T4 PX)

IN
—
o

02

T (1+ Qi)
[T, max(1, P);) ) (A.77)

= log <11 #%) (A.78)

- 1 Qi

H max(1, P)\;) * max(1, PAQ)) (A7)
1:[ 1+ Px. )) (A.80)
H 1+3 )) (A.81)

IN
—
o

09
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Now note that

Zn:( Q“’) = 2n (A.82)

and therefore by arithmetic mean-geometric mean inequality we have

fi(1%) < (Bt ) o

=1

and hence

Cep — Cur <n (A.84)

A.6 Proof of Lemmal6.3.2

First, we prove a lemma which is a slight generalization of Lemma[A.3.5]

Lemma A.6.1. Let V,, ...,V be l non identical subsets of V —{S} such that D € V; for all
1 <1 <. Also assume a product distribution on continuous random variables X;, i € V.

Then

l
h<YV2’XV1) + - (YVz’XVz 1) + h YV1’XV1 Z YN |X (A85)

where fork =1,...,1,

Ve = U Vi, N---NV;,) (A.86)
{in,yin }C{1,..,0}

or in another words each ij is the union of (j) sets such that each set is intersect of j of

Vi ’S.
Proof. First note that
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h(Yv, | Xv,) + -+ h(Y), [ Xy, ) + h(N [Xy,) =
l
h(Yvy, Xv,) + -+ h(Yy, Xy ) + h(Yey, Xy,) = > h(Xy,)

=1

and

where V, = V.

It is easy to show that,

Therefore, we just need to prove that

l
3 W) = Z (Y5, X,)

i=1

Now, since the differential entropy function is a submodular function we have,

l

> W)

i=1

v

Z h(W;)
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where

W= U n-nw,)

)

- U ({Yvilﬂ-~~ﬁvir7XV(i1,1>ﬂ~~-ﬁXV(ir_1)

:{YU{il ..... ir}(Vnﬂ“'ﬂVir)’XU{il ,,,,, iT}(V(z‘l—l)m"‘mV(irlﬁ}

={Y;,, Xy }

Therefore by equation (A.91)) we have,

!

Hence the Lemma is proved.

(A.92)

(A.93)

(A.94)

]

Now we are ready to prove Lemma First note that any cut in the unfolded graph,

Qung, partitions the nodes at each stage 1 < ¢ < K to U; (on the left of the cut) and V; (on

the right of the cut). If at one stage S[i] € V; or D[i] € U; then the cut passes through

one of the infinite capacity edges (capacity /{q) and hence the lemma is obviously proved.

Therefore without loss of generality assume that S[i] € U; and D[i] € V; forall1 <i < K.
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Now since for each i € V, {z;[t]}1<i<x are i.i.d distributed we can write

=

-1

I(Ygﬁnf; XQ Xﬂsnf) == [(YVHU Xu
1

) (A.95)

unf

(2

Consider the sequence of V;’s. Note that there are total of L = 2/VI~2

possible subsets
of V that contain D but not S. Assume that V; is the first set that is revisited. Assume that

it is revisited at step V. ;. We have,

s+1—1 s+1-1
Z I(YVZH ) XU Z h(YVi+1 ’XVZ) - h(YVi+1 ’Xvi ) Xui) (A.96)

Now by Lemma we have

s+l—-1 l

1=s =1

where V;’s are as described in lemma Next, note that h(Yy,, | Xy,, Xy,) is just the

entropy of channel noises, and since for any v € V we have

[{ilv € Vi}| = [{jlv € V;} (A.98)
, we get
s+l—1 l
D bV, 1 Xy, X)) = > h(Vy | Xy, XE) (A.99)
i=s i=1

Now by putting (A.97) and (A.99) together, we get

s+i—1 l
> IV, XylXy,) > Z (Y, Xpel X35,) (A.100)
> l min [ (Yoe; Xo|Xac) (A.101)

QeAp
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Now since in any L — 1 time frame there is at least one loop, therefore except at most a

path of length L — 1 everything in Zfi Il I(Yy, 5 Xu,

i1

Xy,). can be replaced with the value

of the min-cut. Therefore,

=

-1

[(YV ) Xul.

i+1)
1

X)) > (K — L+1) min I(Yoe; Xo| Xac) (A.102)
QeAp

i

and hence the proof is complete.

A.7 Proof of Lemmal8.5.2

To prove this lemma we need to first prove the following two main lemmas:

Lemma A.7.1. Let G be the channel gains matrix of a m x n MIMO system. Assume
that there is an average power constraint equal to one at each node. Then for any input
distribution Px,

11(X: [GX + Z)) — I(X;[GX])| < Tn (A.103)
where Z = [z1, ..., z,] is a vector of n i.i.d. N'(0,1) random variables.

Lemma A.7.2. Let G be the channel gains matrix of a m x n MIMO system. Assume
that there is an average power constraint equal to one at each node. Then for any input
distribution Px,

I(X;GX + Z) — I(X;[GX + Z])| <n (A.104)
where 7Z = [z, ..., z,] is a vector of n i.i.d. N'(0,1) random variables.

Note that the main Lemma that we want to prove in this section (Lemma [8.5.2) is just

160



Chapter A. Proofs

a corollary of these two lemmas. The reason is the following:

[(X;[GX + Z]) — I[(X;[GX])] < Tn
I(X;GX+2) - I(X;[GX+Z])| <n

= [I(X;GX + Z) — I(X;[GX])| < 8n

(A.105)
Therefore we just need to prove Lemma and Lemma In order to prove
Lemma[A.7.T)we need the following lemma and its corollary.

Lemma A.7.3. Consider integer-valued random variables X, R and S such that

X L R (A.106)
S e {-L,...,0,...,L} (A.107)
P{|R| >k} < e¥®  forallke 2+ (A.108)

for some integer L and a function f(.). Let

Y=X+R+S (A.109)
Then
H(Y|X) < 2log,e (i f(k;)e‘f(k)> + QL; ! + Ny (A.110)
H(X|Y) < log(2L+1)+2log,e (if —f<k> QL; ! + N (A111)
k=1
where

Ny =

1
{neZte ™ > 5}‘ (A.112)
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Proof. By definition we have

H(Y|X) = H(X+R+S|X)
= H(R+S|X)
< H(R+S5)
= =) P{R+S=k}logP{R+S =k}

Now since —plogp < % for 0 < p <1, we have

2L+1

L
— > P{R+S=k}ogP{R+ S =k} <
k=—L

Now note that for |k| > L we have
P{R+S =k} <P{|R| > |k| — L} < e /IH=D)
Since p log p is decreasing in p for p < % we have

_ i P{R+S=k}logP{R+S =k}

(A.113)
(A.114)
(A.115)

(A.116)

(A.117)

(A.118)

k=L+1

=— > P{R+S=k}logP{R+S=k}— > P{R+S=k}logP{R+S =k}
k>L k>L
k—LeN; k—L¢Ny

Ne o N~ steen)
<5+ d e f(k—L)loge
k=L+1

162
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and similarly

—L

— > P{R+S=k}logP{R+ S =k}

k=—0oc

- _ Z P{R+S =k}logP{R+ S =k} —

k<—L
|k|—LeNy

o0

Nf+z

k=L+1

k<—L
|k|—LgN

Fll= L)f k—L)loge

Now by combining (A.117), (A.T19) and (A.120) we get

= ~ 2L +1
H(Y|X) < 2log, e (Z f(k)e f<k>) +—— N

k=1

Now we prove the second inequality

H(XY)

INIA

IN

H(X|X + R+ S)

(
H(X)—I(X;X + R+ 5)
HX)-HX+R+S)+H(X+R+S5|X)
H(X)-HX+R+S5|9)+HY|X)
H(X)—-H(X +R|S)+H(Y|X)
H(X)-—HX+R)+I(X+R;S)+ HYI|X)
H(X)-H(X+R)+H(S)+ HY|X)
H(X)—- H(X +R)+1log(2L+1) + H(Y|X)
H(X)— H(X + R|R) +1log 2L+ 1)+ H(Y|X)
H(X)—H(X)+log(2L+1)+ H(Y|X)
log (2L +1) + H(Y|X)
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> P{R+S=k}logP{R+S =k}

(A.120)

(A.121)

(A.122)
(A.123)
(A.124)
(A.125)
(A.126)
(A.127)
(A.128)
(A.129)
(A.130)
(A.131)

(A.132)
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Therefore

H(X|Y) <log (2L + 1) 4 2log, e (Z f(k:)e‘f('“)> R +N;  (A133)

2
k=1
O
Corollary A.7.4. Assume v is a continuous random variable, then
H(v+2]|[]) < 7 (A.134)
H(ll|v+2]) < 7 (A.135)

where z is a N'(0,1) random variable independent of v and [.] is the integer part of a real

number.

Proof. We use lemma|A./.3|with variables

= [y (A.136)
R = [4 (A.137)
S = [{v}+{z}] (A.138)

Then L = 1 and since
P{|[ >k} < P{][zﬂ—%zk} (A139)
— 20(k - %) (A.140)
< (A.141)

Therefore
(k—3)°

fk)=— (A.142)
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Also since
(k=32

1
e 2 <§, for k > 3

we have

Nf = {17 2}
Now we have

2L+1

log (2L + 1) 4 2log, e (Z f(k)e‘f(k)> +—5—+N;
k=1
(

k—1)2

(k=32 o)
= 2log, e Z 5 € 2 3.5+ log, 3

k=1
~6.80 <7
As aresult
H(lv+2l]) < 7
H(]ll[v+2]) < 7
Now we prove Lemmal[A.7.1]

Proof. (proof of Lemma[A.7.1)

First note that

I(X[GX)) < I(X:[GX + 2)) + I(X; [GX][[GX + 2))
— I(X;[GX + Z]) + H([GX]|[GX + Z])
< I(X;[GX + Z]) + Tn
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(A.145)

(A.146)

(A.147)

(A.148)
(A.149)

]

(A.150)
(A.151)

(A.152)
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where the last step is true because of Corollary Also

I(X;[GX + Z]) < I(X;[GX]) + I(X;[GX + Z]|[GX]) (A.153)
< I(X;[GX]) + H(GX + Z]||[GX]) (A.154)
< I(X;[GX]) +Tn (A.155)

where the last step is true because of Corollary Now from equations (A.152) and
(A.155) we have

11(X: [GX + Z)) — I(X;[GX])| < Tn (A.156)
O
Now we prove Lemma|[A.7.2]

Proof. (proof of LemmaA.7.2)

Define the following random variables:

Y = GX+Z7 (A.157)
Y = [GX+Z (A.158)
Y = Y+U (A.159)
where U = [Uy, ..., U,] is a vector of n i.i.d. U[0, 1] random variables, independent of X

and Z.

Now by data processing inequality we have

I(X;Y) > I(X;Y) > I(X;Y) (A.160)
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Now note that,

IX:Y)-I(X;Y) = h + h(Y|X) — h(Y|X) (A.161)

h
+h(Y|X) — glog (2re) (A.162)

~
\.-Sz
|
>
c
+
=
51
s
|
|3
5}
09
o
3
=

( )
( )

= WY|Y) = h(Y|Y) + W(Y|X) - glog (27e) (A.163)
( ( (A.164)
( (

X) — glog (2re) (A.165)

where the last step is true since h(U) = nh(U;) = nlog 1 = 0. Now note that

3
ly — 9| < max (|[z + 2] — z|) + max |u] =5 (A.166)
Therefore
AY|Y) = h(Y -Y[Y) (A.167)
< nlogmax (|y — ) (A.168)
= n]og; (A.169)

For the second term we have,

j = lgx+z+U (A.170)

= gix+z+0(x+2)+U (A.171)

where 0(z) = « — [z] is a function representing the difference between a real number and

its closest integer, and ¢, is the first row of G. Clearly |§(z)| < 3 for all € R. Therefore
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given X the variance of Y is bounded by

Var [Y/|X} = Var[z+0(1X + 2) + U] (A.172)
< Var[z] 4+ Var [§(¢: X + 2)|X] 4 2Cov [Z, §(X + 2)|X] +
+Var [U] (A.173)
< Var[z] + | max d(.)|? + 24/ Var [Z] x max d(.) + Var [U] (A.174)
1 1
= 1+5+V2+ 5 (A.175)
Therefore
MY|X) < nh(Y]Y) (A.176)
< glog 2reVar [Yn?] (A.177)
n 1 1

< —log2me(l+ - 24+ — A.l

< Flog me( +4+\/_+12) (A.178)

Now from equation (A.165)), (A.169) and (A.163) we have

IXY) — I(X;Y) < h(Y[Y)+h(Y|X) - glog (2re)

1
12
0.81ln <n (A.179)

3 1
< nlogﬁ +glog27re(1+1~l—\/§+ ) — glog%re

Q

]

A.8 Proof of Theorem

Before proving this theorem, we first state and prove the following lemma

168



Chapter A. Proofs

Lemma A.8.1. Consider a Gaussian relay network, G Guussian, Where all channel gains are
in the form p™ii where n;;’s are non negative fixed integers and p € N is a variable. Denote
the maximum degree of nodes in this graph by 1. Now consider, G rp.qer, the linear finite
field deterministic network associated with GGuussian- Then we have the following connec-
tion between Cgaussian(p), the capacity of the Gaussian relay network and Crrp.ge(p), the
capacity of the corresponding linear finite field deterministic relay network with finite field
size p:

C1L1'7F—det( LP/an) S CGaussian (P) S CLFF-det( I_/”ﬂp) (A 180)

where for any x €
mathcal RY, |x|, and [x], are respectively the closest prime number smaller than x and

larger than .

Proof. First by Theorem [8.5.1] we know that
C’truncatt:d(p) - 13|V| S CGaussian(,O) S Ctruncated(ﬂ) + 13|V| (A181)

Now we prove that

Crrraet([2/1]p) < Curuncated () < Crrraaed([ o] p) (A.182)

Here we just prove the first inequality, the second inequality can also be proved simi-
larly. Assume we have an achievability scheme for G gg.ge¢ With field size L%J »- We show
that there is a corresponding scheme in G yncared () such that all nodes transmit and receive
identical signals in both linear finite field and truncated deterministic models.

Now we describe the corresponding communication scheme for the truncated,

e Source, S, will transmit xg = Y ¢, z&(i)p".

e Each node, v will receive a signal ¥, and then,
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1. Finds the g-ary representation of y, in base p: y, = > -, y,(i)p" "

2. Computes the modulo of each component base L’—;Jp to create an element in

F[[’p/an’ ie. sets, y,(i) = y,(i) mod pL%J” fori=1,...,q.

3. Uses the mapping described by the linear finite field deterministic communica-

and transmits z, = Y x%(i)p~!

det

tion scheme to find x{

e The destination also creates yp and uses it for decoding

Now it is easy to see that since there is no carry-over between adjacent signal levels, yp is

the same in both deterministic models. Hence

C'LFF—det< LP/UJ p) S Ctruncated(p) (A 1 83)

Now by (A.18T) and (A.182)) the proof is complete. O

Now we prove Theorem [8.2.1] Assume p is integer, by lemma[A.8.T we have,

Crrraec([2/1]p) < Coaussian(p) < CLrraed([pn]p) (A.184)

Now note that

Crerae([p/1]p) = minrank(He) log (1p/n],) (A.185)

where rank is evaluated in finite field |/, 1y Also

Crreae([n1]p) = min rank(Hgq) log ([ pn],) (A.186)

where rank is evaluated in finite field F,,; . Now first note for large enough p both these

rank evaluations are the same and equal to the the rank of the corresponding matrix in R.
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Furthermore since

p
> 2 A.187
(], < 20m (A.188)
we have
1
tim 20 p/ml) -y (A.189)
p—oo logp
1
i s Upnly) (A.190)
p—oo logp

This completes the proof.
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