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Abstract

A Stable Algorithm for Non-Negative Invariant Numerical Solution of

Reaction-Diffusion Systems on Complicated Domains

by

Insoon Yang

Master of Science in Engineering - Electrical Engineering and Computer Sciences

University of California, Berkeley

Professor Claire J. Tomlin, Chair

We present a Cartesian grid finite difference numerical method for solving a system of
reaction-diffusion initial boundary value problems with Neumann type boundary conditions.
The method utilizes adaptive time-stepping, which guarantees stability and non-negativity
of the solutions. The latter property is critical for models in biology where solutions rep-
resent physical measurements such as concentration. The level set representation of the
boundary enables us to handle domains with complicated geometry with ease. We pro-
vide numerical validation of our method on synthetic and biological examples. Empirical
tests demonstrate second order convergence rate in the L'- and L?-norms, as well as in the

L*>-norm for many cases.

Professor Claire J. Tomlin
Thesis Committee Chair
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Chapter 1

Introduction

Consider the following reaction-diffusion system for a vector valued function u =

(u1,ug,...,up) with Neumann boundary conditions:
oup, )
5 Dy Aty + fro(z,y,t,u) in Q x (0,7) (1.1a)
ag—;" =0 on 9Q x (0,T) (1.1b)
U (,0) = ul, () on Q x {t =0}, (1.1c)
for m =1,---, M. The domain € is an open, bounded and connected subset of R?, whose

boundary is 0€2. The vector v denotes the outward unit normal vector to the domain and D,
denotes the diffusion rate for each m = 1,--- , M. Similar to u, we write u® := (uf,--- ,u9,),
f=1(f1,--+, fum). Here we assume that f is continuously differentiable. The system (1.1)
has been widely used as a fundamental model for describing biological pattern formation
[17], [42], spatio-temporal biological signaling [1], [15], population dynamics [5], [26] and
chemical reactions [16], [18]. Although we shall mainly focus on the Neumann boundary

conditions (1.1b), the method presented in this thesis is also applicable to general Robin

boundary conditions.

While the structure of reaction-diffusion system (1.1) is quite similar to the heat equa-
tion, their behaviors are generally very different due to the nonlinear forcing term f. For

example, blowing up in L in a finite time occurs for some f, i.e, the solution u of the reac-



tion diffusion system (1.1) when f are not in L (€ x [0,77) [32]. In addition, the solution
to reaction-diffusion systems often represents physical, chemical, and biological components
such as the concentration level of chemicals and morphogens, which are non-negative by
definition. Thus, analytical conditions for non-negative invariance of the solution is crucial
in modeling these applications. To guarantee the global existence and the non-negative in-
variance of the classical solution we apply the result of invariant sets of the reaction-diffusion

systems [20]-[22] to [0, +00)™: assume for all m = 1,--- , M, and for all (x,t) € Q x (0,T),

(A1) fi(x,t,u, - Um—1,0, Uy, -+ - s ups) > 0 for each u € [0,—|—oo)M, and

(A2) there exist constants ¢ and d, such that f,(x,t,u) < cu,, + d for each u € [0, +00)M.

Condition (A1) is called the quasi-positivity of f, which ensures that [0, +00)M is an invari-
ant set of the reaction-diffusion system [20]. Condition (A2) uniformly bounds f,, by an
affine function of u,, to prevent the solution from blowing-up in finite time. Note that the
conditions are more strict than the conditions given in [31] for global existence of a classical

solution to reaction-diffusion systems.

In this thesis, we develop a novel algorithm for solving (1.1) that numerically realizes
the constraints (Al) and (A2). We employ a level set representation of 92; Neumann
boundary conditions are enforced at the boundaries using the normal direction extracted
from the level set representation. While level set representation of the domain boundary
has been used prior to our work, the extraction of the outward normal directions using a
third order accurate gradient of the level set function is novel. The main advantages of our

approach are:

1. The scheme is provably stable and guarantees the solution to be non-negative invari-

ant.

2. The level set representation allows us to handle arbitrarily complicated domain ge-

ometry and the Neumann boundary condition with ease.

3. The method is provably second order in the L!-norm.



The importance of stability is clear. Furthermore, the non-negative invariance is necessary
in modeling a physical phenomena, such as chemical concentration, in a meaningful way.
The ease of handling arbitrarily complicated domains is useful, for example, when modeling
the temporal evolution of the distribution of chemical species in a biological cell. Also,
the robustness of the level set method to moving interfaces or sets may complement our
approach to problems of solving (1.1) in moving domains. While we can prove a second order
convergence in the L'-norm, empirical tests have demonstrated a second order convergence

in many cases in L?-norm and the L>°-norm.

1.1 Related work

Numerical methods for solving reaction-diffusion systems on irregular domains have
been developed in the context of the heat equation and the reaction-diffusion equation. We

list several related methods below:

e The finite element method using unstructured meshes has been widely used for solving
partial differential equations in a domain with complex geometry [14]. However, the
mesh generation over an irregular domain is often a complicated process and compu-
tationally expensive, which makes the implementation of the finite element method
not as simple as those of the finite difference and finite volume methods utilizing

Cartesian grids.

e The immersed interface method [19] was originally developed for solving the elliptic
equations with coefficients and forcing terms that are discontinuous across the inter-
face on Cartesian grids. It uses a local coordinate transformation, which results in
a system of linear equations to approximate the solution value at a point near the
boundary. Although the original version of the algorithm requires appropriate jump
conditions on the solution and its normal derivative, which are not generally available
in practice, it has been modified in [6] to solve the heat equations with the Neumann

boundary condition without requiring the jump conditions. However, the six-point



stencil selecting method in [6] near the interface is not trivial, and furthermore, it is

not clear that the modified method has a consistent convergence rate.

e The ghost fluid method [4] is applicable to solving parabolic equations with second-
order and fourth-order accuracy [7], [8]. Its advantage is its simplicity of handling
irregular domains by construction of a ghost solution on each side of the interface,
which is easily generalized in the three dimensional case. However, it requires jump
conditions at the boundary to utilize the information from the both sides of the

interface.

e The conceptual idea suggested by Morton and Myers using interpolation along the
normal is similar to the way we handle the domain with complex geometry, but it lacks

of the discussion of stability and the detailed methods for computing normals [25].

e The Cartesian grid embedded boundary methods (or the cut-cell methods) are finite
volume methods for approximating fluxes between volumes using interpolation; it
naturally resolves the problem of mesh generation of irregular domains [13], [23],
[40]. This method is also extended to the three-dimensional and surface diffusion
problems [35], [36]. An important variant of the cut-cell type method is [29], which
yields a symmetric discretization when a domain is divided by an interface. These
methods are implicit, which suggest good stability properties; however, no proof has

been shown for stability.

e The moving boundary node method is another finite volume method that projects the
grid points near the boundary onto the boundary. This method is easily applicable
to the three dimensional case [43]. However, as with the previous work, no proof has

been shown for stability.

1.2 Outline of the thesis

In Section 2, we propose a novel spatial discretization method for the Laplacian or

diffusion operator on a domain with complex geometry. Then in Section 3 we discuss



conditions on time steps for guaranteeing the non-negative invariance of the solution and
the stability. We also prove that the adaptive time stepping is uniformly-bounded from
below, followed by proposing a complete algorithm in Section 4. Numerical tests for the
convergence rate of the method are examined and verified with examples in Sections 4.1

and 5, respectively.



Chapter 2

Spatial discretization

2.1 Notation and setup

Without loss of generality we can assume that €2 is contained in a rectangular region
[Tmin, Tmax) X [Ymin, Ymax] since € is bounded. Let us discretize the box into a uniform
Cartesian grid of size N x N so that x; = Tmyin + (i — 1) - h and y; = Ymin + (1 — 1) - h for
i=1,---,N. Here h = (N — 1)/(Zmax — Tmin) = (N — 1)/ (Ymax — Ymin) i the grid spacing

n

in the z and y directions. We denote by uy, ; j the numerical approximation of wm, (x;, yj, tn)

foreachm=1,---, M.

Let ¢ : R? — R be a signed-distance (level set) function, whose zero sub-level set
corresponds to 2:
dist((x,y),Q) if (z,y) € Q°,
¢(z,y) = (2.1)
—dist((m,y),Qc) if (z,y) € Q,
where dist (-, -) is the geodesic distance between two sets in R2. In this thesis, we assume an
exact ¢ is given for the pre-defined domain €). In practice, for arbitrarily shaped €2, highly
accurate numerical techniques for constructing signed-distance functions are available [2],

[41].



2.2 Regular and Irregular grid points

Our first goal is approximating Au = uz, + Uy, on the right hand side of (1.1a). For

n

notational convenience we suppress the vector index m and the time index n, in uj), ; j and

Upm. We begin by categorizing the grid points inside the domain as follows: a grid point
is called regular if its four neighboring grid points are inside the domain; otherwise, it is
called irregular. For a regular grid point at the location (4, ) we use the standard five point

stencil finite difference scheme for approximating the operator:

Uitl,j — 2Uij +Uim1j i1 — 2Uij + U1
Au(z, zj,ty) = 2 .

. (2.2)

_l’_

We discretize (1.1) in time using the forward Euler scheme in which case the local truncation
error is second-order in space. If (i,7) is irregular, however, the standard finite difference
method is not applicable since at least one of u;—1 j, U415, % j—1 and u; ;11 is not defined.
We further assume that at least one of (i — 1,7) and (i 4+ 1,7) lies inside the domain, and
at least one of (7,7 — 1) and (¢,7 + 1) lies inside the domain. Without loss of generality, we
suppose that (¢ — 1,7) and (¢,j + 1) are inside the domain, and (i + 1,j) and (i,j — 1) are
outside the domain. We note the case in which only one neighboring point is outside the
domain is naturally included. As shown in Figure 2.1, the right and bottom arms of (i, j)
have intersections with the boundary. Let us refer to these intersection points as R and B
with coordinates (i + a;y1,5,7) and (4,5 — a;j—1), respectively, where a;41 j,a; ;-1 € [0,1).
In addition, we let Ur and Up denote the analytic solutions at R and B. If we have a third
order accurate approximation ug and ug of Ur and Upg, respectively, the following scheme

with the forward Euler time integration has the first-order local truncation error in space:

Sl (M s s

aiy1,ih h a1+ 1)h (2.3)
N (um‘ﬂ — Uiy Uij — UB) 2
h aij-1h ) (aij—1+1)h

Definition 1. Denote Aju; ; as the discretization (2.2) if (4, j) is a regular point and (2.3)

if (i,7) is a irregular point.

Our first main contribution is a method for obtaining third order accurate approxima-



(1,5 +1)
®

i,7) @ix1,5h
( ). id

ai,j_lh

Figure 2.1. (i,7) is an irregular point whose right and bottom arms are intersected by the boundary of

the domain.

tions of the solution at the boundary points Ur and Ug with Neumann boundary conditions.

We outline the procedure below:

Step 1: Compute the outward normal directions, i.e. slope of v, on the boundary points
with third-order accuracy. This is achieved by computing a third order approximation

of the gradient of the level set function ¢.

Step 2: Extend the normal inward to the domain and choose two points that intersect

the grid lines.

Step 3: Approximate the solution at these intersecting points using the second-order

interpolation of three neighboring points.

Step 4: Approximate the solution at the boundary points R and B by extrapolating

the two solution values with the information of the normal derivative at the boundary.

Now we examine each step in detail and justify the third-order accuracy.

Remark 2. We note that problems with Dirichlet boundary conditions can also be handled

by our method because the values of ug and up are given as boundary conditions. Therefore



we can handle the problems with Robin boundary conditions, pdu/0v + qu = b, without

significant additional effort.

2.3 Computing the outward normal directions

Approximation of ¢, and ¢, at (i,7) with third-order accuracy is achieved by

1 ([ bit1— Pi-1j Pivaj — Pi—2j
(i yi) ~ = |2 : A : =) = T 2.4
L (5Pt — Pig1 bigra— bij-2\ _ num
bulasyy) o g (22O Gna SOz ) g, (25)

Furthermore, we show that the discretizations (2.4) and (2.5) are sufficient to approximate

the slopes ¢, /¢y or ¢, /¢, to third order accuracy.

Proposition 2.3.1. Suppose that ¢34"7 and ¢! are defined as in (2.4) and (2.5). Then

we have the following estimates:

be(xiayj) _ ;CL,LZLZL — O(h3 ; 0 2.6
¢y($i,yj) ¢Z}ZLZL ( )7 Zf Qby 75 5 ( : )
Oy(@inys)  Ouid” _ sy 0 2.7
Gx(wivy)  ORUT W) 70 =0

Proof. We shall only prove (2.6); (2.7) follows via a similar argument. First, suppress i, 7,

x;, y; in the expression for notational convenience, and note that

o1 Gy + O(h?)
¢Zum ¢y + O(hS)

_ QZ)x (¢y - ¢x) O(hs)

by (b +O(R))oy

Note that (¢ — ¢z)/((¢y + O(h3))¢,) is bounded by a constant as h — 0 since ¢, # 0. [

Interpolating this approximation of slopes at grid points near the boundary, we now ap-
proximate the slopes at the points on the boundary with third-order accuracy. Note that,
points on the boundary with very large absolute value of curvature would have abrupt

changes in the numerical values of the slopes. Therefore, the interpolation should be



(4,5 +1)
. VAN
(4,9)
(i—1,7) R
Ny (@it1,5)
AB
Q A NY(aij-1)

Figure 2.2. The rule for choosing NV} or N¥ for approximating the slope of normal vector: if the boundary
intersects a horizontal grid line we approximate ¢ /¢, by N (Circles); if the boundary intersects a vertical

grid line we approximate ¢, /¢, by NY (Triangles).

designed to robustly treat the possibility of a numerical discontinuity. FEssentially non-
oscillatory (ENO) interpolation [38], [39] is well-suited for interpolating such functions.
In particular, to approximate the slope with third-order accuracy, it suffices to use the

second-order ENO interpolation.

Recall R, the point (i + a;t1,,7) between (i,7) and (i + 1, j) where the horizontal grid
line y = y; intersects the boundary of 2. Let ¢, g be the exact value of ¢, at R, and
similarly for ¢, r. We approximate the slope of the gradient ¢, /¢, r by a quadratic ENO

polynomial

¢x’R ~ ¢$’i’j + ((bx’i—H’j — ¢$’i’j) i+1,5 + Hzai+1,j(az‘+1,j - 1)h2
(;Zsy,R (Z)y,hj ¢y71+17j (byvlmj (2.8)
— N (ass1),

which is third order accurate. Here, H, is chosen as the coefficient corresponding to less
oscillatory polynomial interpolation, i.e., let

Hp o of [H| < [H],
H, =

H_ otherwise,

10



where

g+ L <¢x,i+2,j _ 2¢x,i+1,j n ¢m,z}j> ’

C2R2 \ Byt Dyitty Dy
_ 1 <¢x,i+1,j _ 2¢x,i,j . ¢z,z’1,j>
2R \ Byt Dyig Pyio1y

Similarly, for a boundary point B = (i,j — a;j—1) on the vertical grid line x = z;

between (i,7) and (i, — 1), we approximate the slope as

OuB  Puij | <¢y,z‘,j1 by
Ge,B Pz Drij—1  Dujij

= NY(aij-1)

) aij—1 + Hyaij-1(aij-1 — l)h2
(2.9)

Since all intermediate procedures are third-order accurate in space, we can conclude that

the approximations (2.8) and (2.9) are third-order accurate in space, i.e.,

Dok _ N (aiv15) = O(B?),

¢y,R Y
¢y,B o - , (2.10)
(;573 — Ni(aij-1) = O(h?).

2.4 Extending the normal line into {2

Next, we extend the normal line inward from the boundary and find two intersecting
points with the grid lines: we refer to these as extension points. As shown in Figures 2.3,

for example, P and () are two extension points with respect to the boundary point R.

We employ the following two-stage rule for selecting extension points:

1. Depending on the inward normal direction from R on 0f2, determine the inner box
and outer box corresponding to R; see Figure 2.3 for an example in the case of a

boundary point on a horizontal grid line.

2. Extend normal line from R inward, and let P and () be the intersections of this line

with the edges of the outer and inner boxes, respectively.

The case of a boundary point on a vertical grid line, B, is shown in Figure 2.4. This

rule obeys the following considerations for the extension points: first, they should lie on

11



grid lines; second, we should space them as equally as possible. The significance of the
former is that the solution can be approximated with a one dimensional interpolation using
nearby grid values; this will be presented in Section 2.5. The latter prevents P and @ from
being too close to each other, which would deteriorate the accuracy in the extrapolation in
approximating the value at R. Note how the rule guarantees that the distance between P
and @ is at least one grid spacing. Also, the positions of the extensions are approximated

with the same order of accuracy as N to the true normal as per (2.10).

e

(=19 Gd)

Figure 2.3. Normal lines extended inwardly (blue) and their intersections (extension points) with inner

and outer boxes of the boundary point of interest, R.

B B 4

0 N\ / 0

14 v

Figure 2.4. Normal lines extended inwardly (blue) and their intersections (extension points) with inner

and outer boxes of the boundary point of interest, B.

12



2.5 Approximating u on the extension points

To explain Step 3 in detail, let us consider the case of Figure 2.5. Our aim is to compute
the approximated solution up and ug at two extension points P and @ of R, respectively.
To approximate up, we first choose the adjacent grid points w;; and w; 1. If (4,5 — 1)
(resp. (i,j+2)) is outside the domain, we pick (¢, j+2) (resp. (i,j — 1)) for the third point
that is used for the interpolation. If both are inside the domain, we choose the one closer
to P. If the three points are (i,7),(i,7 + 1), (,j + 2), for example, we use the standard

second-order interpolation to obtain up:
1
up = ig + (W1 = ij)0 + 5 (uige2 — 2 g1 + uig)0(0 — 1),

where 6 := dist(P, (z;,y;))/h € [0,1]. The solution at the point @ can be approximated
with the same interpolation method. Since the interpolation we proposed is second-order,

the approximated solutions are third-order accurate in space.

—
~

ii— 1,7+ 3)

(ii— 1,5 +2) (4,5 +2)

5

1
L

Qe i+

—
S
|
—
<.
+
—_
=

(i —1,5)

r
J

(1,5 —1)

Figure 2.5. Approximation of the solution at the boundary point R interpolating the extension points
P and Q. Note that, for approximating up, we consider the four square points and eventually use (i, 7),
(i, + 1) and (3,7 + 2) for the approximation because (i, — 1) is outside of the domain. To approximate
ug, we first detect the four diamond points and then utilize (i — 1,5), (i — 1,5+ 1) and (¢ — 1, j + 2) for the
approximation since the distance between (i — 1, j) and @Q is shorter than the distance between (i — 1, j + 3)
and Q.

13



2.6 Approximating u on the boundary

Step 4 is the core part of the algorithm. It allows us to construct a solution on the
boundary with third-order accuracy despite the Neumann boundary condition. Let us
choose the boundary point R as shown in Figure 3. Suppose the solutions at the extensions
P and @) are approximated as up and ug, respectively, as per Step 3. Let Up and Ug
denote analytic solutions at P and Q. If we also let ah be the distance between P and R,

and Sh be the distance between () and R, the following Taylor expansions are obtained:

Up =Ug — (ah)aayUR + %(ah)QD?,UR +O(h?), (2.11)
0 1 22 3
Uq = Ur = (Bh)5-Ur + 5(Bh)*DyUr + O(h°). (2.12)

Here D2u = v'(Hu)v, where Hu is the Hessian of u. Due to the Neumann boundary
condition given in our problem, we have OUg/dv = 0. Multiplying o? in (2.11) and 2 in

(2.12), and subtracting one from another, we get

o OézUQ - ﬁZUP

Since Up = up + O(h?) and Ug = ug + O(h?), the formula

a2uQ — B2up
u = —-——--—m—
R ol _ 32

is a third order accurate approximation of Ug.

To retain a non-negative solution on the boundary, we use a thresholding for the ap-

proximated solution as follows:

0‘2“62—52“1’> ' (2.13)

UR = max (O, o — B2
Under the conditions (A1), (A2) and the continuity of the solution, the activation of the
above thresholding implies that up and ug are close to zero. Thus, the effect of thresholding

is not significant for the accuracy of the scheme; indeed, the numerical tests in a later section

demonstrate that the thresholding (2.13) does not affect the convergence rate of our method.

14



Remark 3. The algorithm can, in theory, be generalized to three dimensional domains. The
only significant difficulty is extending the normal inward and choosing the two extension
points, i.e. the three dimensional analogue to Section 2.4. This step is achieved by defining
the inner and outer cubes of the boundary point of interest, and choosing the extension
points as the intersections between the normal line and the surfaces of the inner and outer

cubes.
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Chapter 3

Non-negative invariance and

stability

3.1 Temporal discretization

We discretize the time derivative by the forward Euler method

ou(ty,) utl—qn

ot ko

where k is the time step of the discretization. While this explicit method suffers from a
restrictive stability criterion, k = O(h?), not seen in implicit methods [3], [30], as we shall

see, it is better suited for designing schemes with the non-negative invariance property.

As a shorthand, we write f7} ; ; in place of (i, 5, tn, u”m”) Then, the update formula

for solving (1.1a) is:
U7Z+1 =yl =+ k(DmAh’U‘Z’L,Z,j + f77717/7i7j)7 (31)

m,i,5 T M,,)

form=1,2,...,M.

16



3.2 Non-negative invariance

If f is quasi-positive, as we assumed in (A1), the solution to the reaction-diffusion system
(1) with non-negative initial conditions remains non-negative for all positive time. When
the reaction-diffusion system is discretized, however, the quasi-positivity is not enough to
guarantee the non-negativity of the numerical solution. Thus, we introduce a notion of e-
thresholding, and prove that the numerical solution starting from non-negative initial values,

with an appropriately constructed scheme, is non-negative.

Definition 4. Denote um ;.; as the e-thresholded solution of uy, ; ; defined as

J

0 0 <uy,;; <e€/?2,
Up'i i = € if €/2 <up,;;<e (3:2)
Uy, ; ; Otherwise.

The following proposition gives a condition on the time step k to guarantee the non-

negativity of the solution.

+

m,i,j

Proposition 3.2.1. Suppose um” > 0 for allm and (i,7). Then each u;’ computed by

the formulas (3.1) and (3.2) is non-negative provided

€,n
u,’

k< DA m,m+ i whenever Dy Apuy); s+ fin ;< 0, (3.3)
m,i,J m,i,j

for all m and (i, 7).

Proof. The update formula (3.1) gives

ut = o™ + k(D Ahuinn” + fmij) = 0.

m’l7] m7l7.]
Applying e-thresholding (3.2) on ufntl], we have uin":rj > 0 as claimed. O

Note how the time step k is adaptive due to its dependence on Apus”. . and um ;i In

m,i,J ,J°

addition, the Euler method allows us to obtain these conditions for each time step since the
solution at time n + 1 is explicitly predictable based on the information given at time n.
In the algorithm, at each time step, we choose the largest k that satisfies the criterion in

Proposition 3.2.1 at all grid points (i, 7).

17



It can be shown that the local truncation error upon invoking the e-thresholding (3.2)
is
O(R?) + O(k) + O(e/h?) if (i,7) is regular,
Tij =

O(h) + O(k) + O(e/h?)  if (i,7) is irregular.

We choose € = O(h*) thereby maintaining the second order in space rate of convergence.

At first glance, it may appear that the time step k may rapidly decrease for increasing
n, such that the algorithm gets “stuck” at some time prior to the final time 7. We shall
later prove that this never happens, in Proposition 4.0.2, when we present the complete

algorithm.

3.3 Stability

Next, we derive a condition which guarantees the stability of the scheme, in the sense

that there exists a constant K independent of £ and n such that

lur lloo = max [uy 7 | < K
Z!J

forall 0 < nk <T and m =1,2,..., M. Let us assume that the solution is non-negative,
which is guaranteed by the conditions given in Proposition 3.1, so that the constraint (A2)
on reaction term f holds. Since we want to find a stability condition that yields the second-
order convergence rate for the algorithm, we assume that k& = Sh? for some constant S.
The notion that k = O(h?) is consistent with the standard stability criteria for time explicit

methods for parabolic PDEs.

The following proposition suggests an estimate of this constant S.

Proposition 3.3.1. The scheme (3.1) is stable if

h2

k min a; ;. (3.4)

L —
~ dmaxp,{Dp} i

Proof. Throughout this proof we drop € from uy;,' for notational convenience. 1. Assume

18



n+1

first that (4, j) is a regular point. We first bound u,,";; by an affine function of |[uy,[[eo:

unmtb = (1 — 4Vm)unm7z‘,j + um(umyi,lyj + Um,i+1,j + Um,i,j—1 + Um,'i,j+1) + ]{Zf,;l%i’j + 0(6)

< (1= dvm)uplloo + 4vimllup, oo + k(cllup, llso +d) T + O(e)

< (1 +ko)||ullloo + kd™ + O(e)

where vy, = kD,,/ h?, gt = max{0, g}. The first inequality holds since min; ja;; < 1 and
thus v, < 1/4 from (3.4). Thus ||u oo < (14+ke)|[u? ||oo +EdT+O0(€) < (1+ke)|[u, || oo+

kT for some constant I' since ¢ = O(k?). Note that this holds for all n,

n—1
luplloo < (14 ke)"[fup, oo + Y (1 + ke)'kT
=0
(14+ke)" -1
ke
exp(ckn) — 1
c

= (14 ke)"|u° |l + kT

IN

exp(ckn)|[u,||oo + I.

Let K = exp(cT)|ul,]loc + (exp(¢T) — 1)I'/c. Then for all k and n such that 0 < nk < T,

we have ||ul,|| < K as desired.

2. Next suppose (i,7) is irregular. Without loss of generality we consider the case of
Figure 2.1. Note that Up = Ug + O(h?) by applying the Neumann boundary condition
to (2.11). Thus we have up = ug + O(h?) since up and up are third-order accurate

approximations of up and up, respectively. That is, there exists a constant Cy such that
Um,R = Um, P + Cth.

Also note that uy, p < ||tm]|oo, Since uy, p is obtained by a standard second-order interpo-

lation of the numerical solutions. Then, under the assumption (3.4),

2 2 2v. U, R
JH = (1—1/ ( + ))u"+ m ( I >
g "Ny aig)) ™ (@ + 1) \agey ™
(aig—1+1) \ ™ a0 e
2 2 2v, 2v,
< (1—um( " )) oo + 22 oo + 22 o
Ai41,5 ;51 Ai+1,5 i,j—1

+ C1A? + E(c||u||oo + d)T + O(e)

IN

(1 + kc)lJup,lloo + Cok,

19



In the last inequality, the terms C1h% and O(e€) were absorbed into Cok via the assumption
that k = Sh? and e = Wh*. Using the same argument as in the case of regular points, we

conclude the stability of the method. ]

Remark 5. When min; j a; j is very small, the time step restriction (3.4) makes the scheme
computationally expensive. In practice, however, we have found that convergence is attained
even with larger time step k = C*h?/(4max,, D,,) for some constant C* > min; j a; j. The
constant C* should be chosen less than 1 due to the stability condition for regular points.
In our numerical example, presented in later sections, an appropriate choice of C* depends

on the geometry of the domain. We used C* ranging from 1072 to 10~
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Chapter 4

Complete algorithm and

convergence rate analysis

The discretization of the reaction-diffusion system (1), and the way to choose time
steps for maintaining the solution to be non-negative invariant and the method to be stable
can be summarized in Algorithm 1. The iteration from line 9 to line 14 is a numerical
implementation of Proposition 3.1. Note that k™, the n-th time step, is chosen to be the
largest number satisfying both the non-negativity (3.3) and stability (3.4) conditions; See
line 16. In the following proposition, we show that the adaptive time steps will not become

prohibitively small so as to make the algorithm stuck at some premature time.

Proposition 4.0.2. Given a final time 0 < T < oo, Algorithm 1 converges in finitely many

steps.

Proof. 1t suffices to prove that the right hand sides of (3.4) and (3.3) are bounded from
below by a positive constant, when they are invoked. The former bound is constant so it is

clearly bounded from below.

For the latter, assume for the moment that w.;; is positive. Then, by the e

€,n

thresholding, we have u, j

€,n

> e. Furthermore, |DpApu,; -+ f, ;5| is bounded from
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above since u does not blow up in 7. Therefore, the right hand side of (3.3) is bounded

from below, as desired.

Finally, if um ;; =0, we argue that Ahum ¥ +fr i 205 This implies that the condition

(3.3) will not be invoked. To see this, first note that Apu"

™m,i,J

> 0 since all the neighboring

grid points have non-negative values. Furthermore, the quasi-positivity of f implies that

> 0. Thus we have Ahum” + fm,ij = 0, as desired.

mz]

O]

Algorithm 1: Pseudocode for solving (1.1) on an irregular domain.

1 Initialization:

2 Choose € > 0, the thresholding parameter of u, see (3.2);

3 ¢ signed distance function to Q, see (2.1);

0

4 u’ (non-negative) initial condition;

5 foreachn=1,2,3,... do

6 Compute u™’s on the points where grid lines intersect with the boundary using
(2.13);
7 Compute Apu™ using (2.2) and (2.3);
8 foreach Grid node (i,7) do
9 Set Ky, 45 = 00;
10 Compute thresholded solution u,"; ; using (3.2);
11 Set up, ; ; < umw;
12 if Dy Apug,; i+ fr ;5 <0 then
13 kml7j<—umu/|D Aptg, i+ fini 1
14 end
15 end
16 E™ «— min{min, ; j km.i;, (h? min, j a;;)/(4 max,y, D)}
17 |t el R (DAl )
18 end
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To avoid having a regular point lie on the zero level set of ¢, in practice, we perturb ¢

as follows [24]: for all (i, j)

K if0<¢;; <k
i =4 —r if -k < ®i; <0
®ij otherwise.
This perturbation guarantees that each a;; is strictly greater than 0, which results in the

algorithm for computing the discrete Laplace operator Aju; ; in (2.3) being well-defined.

4.1 Convergence rate analysis

To examine the convergence rate of the method, we recall the local truncation error is
O(h?)if (i, §) is regular, and O(h) if (i, ) is irregular, since the algorithm employs k = O(h?)
and € = O(h*). Thus the absolute error between the numerical solution and the analytic
solution at (7, 7) is

O(h?) if (4,7) is regular,
Eij=
O(h) if (i,7) is irregular.
Let us consider the LP-norm of the error E for 1 < p = oo. Since the number of irregular

grid points is O(1/h) and the number of regular grid points is O(1/h?), we have the following

estimate of the error:

1/p
IE|l, = > BRI+ ) ELR (4.1)
(4,5) regular (4,5) irregular
1 2\p1,2 1 P12 e
=(0 72 O(h*)Ph* + O 7 O(h)Ph (4.2)
= O(h? + h'H1/P), (4.3)

Thus the algorithm has the second order convergence rate in the L'-norm and the first
order convergence rate in the L>-norm. In the numerical tests to be presented in the next
section, the convergence rates in L'- and L?-norms are second-order. Even in the L>-norm,

the method shows second order convergence rate for many cases.
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Chapter 5

Numerical results

5.1 Convergence test on a circular domain

We consider a single-species (M = 1) example of (1.1) in a circular domain =

{(z,y)|z? + y? < R?} with

fi(z,y, t,u1) = —auy + exp(—at)(4b>Dy (22 + y?) cos @ + 4bD; sin 6),

U?(.%, y) = C0597

where 0 = 0(z,y) = b(z? + y*> — R?) and a,b are constants. Then (1.1) has the analytic

solution, u{'(z,t) = exp(—at) cos(b(z? + 3> — R?)).

In the simulations, we chose the time step k = D/h%x 1072, which is much less restrictive
than the stability condition (3.4) but appears to be stable in practice, see Remark 5. We
used the parameter values R = 0.3,D; = 0.1,a = 0.1,b = 47 and final time T" = 1. A
box [~0.5,0.5]? containing the circular domain €2, was discretized by N x N grids, for

N = 50,100,200, 400. Figures 5.1 shows the simulation result of u; for N = 100.

The convergence rate, r, can be computed as follows:

- log(El/EQ)
o log(hl/hg) ’

where E; and E5 are errors between the numerical and the analytic solutions in norms

computed with grid size h; and he. The errors and convergence rates are presented in
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Figure 5.1. The solution u; at 7' =1 on a 100 x 100 grid.

Table 5.1. Errors and convergence rates of the example simulated in a circular domain for
T=1.

A Az

Grid size lu—u r |lu—u r lu — 1| oo r
50x 50 || 1.198 x 1072 | — |2271x107%2| — [4733x1072| —
100 x 100 | 2.859 x 1072 | 2.07 | 5.400 x 1073 | 2.07 | 1.132 x 102 | 2.06
200 x 200 || 7.089 x 10=* | 2.01 | 1.337 x 103 | 2.01 | 2.880 x 10~2 | 1.97
400 x 400 || 1.593 x 10=* | 2.15 | 3.000 x 10~* | 2.16 | 6.398 x 10~ | 2.17

Table 5.1. As shown in Table 5.1, second-order convergence rates both in L'-, L?- and

L*>-norms are achieved.

We also perform the convergence test for a small time step, T'= 0.01. The convergence
rates are summarized in Table 5.2. Note that the convergence rate in the L'-norm is second

order, as predicted by theory.

The error E = |u; — uf!| is shown in Figure 5.2. Large errors are observed near the
boundary as expected. This is due to the fact that the boundary values are not given as
the Dirichlet boundary conditions, but approximated using extrapolation of regular points

near the boundary with the information of the normal derivative.
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x 10~

Figure 5.2. The absolute error |u; — u‘lq| at T'=0.01 on a 100 x 100 grid.

Table 5.2. FErrors and convergence rates of the example simulated in a circular domain for
T =0.01.

Al Al

Grid size lu —u r lu—u r v — v oo r
50x 50 | 1.330x107% | — [3.778 x107*| — [2358x1073 | —
100 x 100 || 3.132 x 107> | 2.09 | 8.945 x 107> | 2.08 | 6.613 x 10~* | 1.83
200 x 200 || 7.777 x 1075 | 2.01 | 2.286 x 107° | 1.97 | 2.148 x 10~* | 1.62

400 x 400 || 1.757 x 1076 [ 2.15 | 5.026 x 1076 | 2.19 | 4.357 x 10~° | 2.30
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5.2 Convergence test on an annulus

Next, we consider the reaction-diffusion system on an annulus. This type of domain
may be useful in modeling biochemical signaling in a cell membrane. Note our method
is applicable for domains with arbitrary topology via the level set representation. In this

example, Q = {(z,y)|r? < 2? +y?> <713}, M =1 and

fi(z,y, t,u1) = —auy + exp(—at)(4b*Dy (2 + y*) cos @ + 4bD; sin b)),

uf(z,y) = 0.2(1 + cos ),

where 0 = 0(x,y) = b(2® +y*> —r}) and b = 7 /(r? —r}). Then uf(x,t) = 0.2 exp(—at)(1 +
cos(b(z? + y? — r}))) is the analytic solution to (1.1). Also note that the solution satisfies
the Neumann boundary conditions (1.1b) on inner and outer boundaries. The parameter
values are chosen as r; = 0.2, 72 = 0.4, D; = 0.1 and a = 0.1. We solve the problem on
a N x N grid until T' = 0.01, for N = 50, 100, 200, and 400. The result with N = 100 is

shown in Figure 5.3.

//”7,’,'

! %WW%%
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l"'o':%' ON‘:‘:“

I
T

X
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XN

Figure 5.3. The solution u; on a 100 x 100 grid.

As in the previous example, we performed the convergence rate analysis by calculating
the absolute errors in L'-, L?- and L*>-norms. The method solves the problem with second

order convergence rate in all norms as shown in Table 5.3.
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Table 5.3. Errors and convergence rates of the example simulated in a circular domain
with a hole.

v v
1 |2

Grid size lu—u r lu —u r lu — 1| oo r
50 x 50 || 3.467x107% | — | 7647 x107*| — [4421x1073 | —
100 x 100 | 6.770 x 107° | 2.36 | 1.421 x 10~* | 2.43 [ 9.167 x 10~* | 2.27
200 x 200 || 1.595 x 1075 [ 2.09 | 3.298 x 10~° | 2.11 | 2.236 x 10~* | 2.04

400 x 400 || 3.653 x 1079 | 2.13 | 7.581 x 1076 | 2.12 | 5.154 x 10~° | 2.12

5.3 Convergence test of a two-species system

To see how a multi-species system affects the convergence rate of our method, we con-
sider an example of (1.1) in a circular domain Q = {(z,y)z? + y?> < R?} with M = 2

and

fi(z,y,t,ur, ug) = —aug + exp(—at) (46> Dy (x? + y*) cos 6 4 4bDy sin 6),
fa(2,y, t,ur, ug) = —auy + exp(—at)(4b* Da(x? + y*) cos 6 4 4bDy sin 6),
0

ui(z,y) = cost,

ub(z,y) = cos,

where 0 = 0(z,y) = b(z? + y*> — R?) and a,b are constants. Then (1.1) has the analytic
solution, u{'(x,t) = exp(—at) cos(b(x? + y> — R?)) and uf (x,t) = exp(—at) cos(b(x? + y* —
R?)).

In the test, we chose the parameter values R = 0.3, D1 = 0.1, Do = 0.05,a = 0.1,b = 47

and final time T' = 0.01. The test result in Table 5.4 shows the second order convergence

rate in L' and L? as in the single species example.

In order to test whether our method is robust when two diffusion rates are in different
orders of magnitude, we simulated the system with D; = 0.1 and Dy = 0.001. As shown in
Table 5.5, the convergence rate in L'-norm is maintained to be second order despite a drop

of the convergence rate of uy in L°°-norm.
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Table 5.4. FErrors and convergence rates of the example with multiple species simulated in
a circular domain, when D = (0.1,0.05).

QGrid size

Jur — ui'lly

r

Jur — ufl2

[|lus _ui4||oo

20 x 50

1.330 x 10~*

3.779 x 10~%

2.358 x 103

100 x 100

3.133 x 107°

2.09

8.947 x 107°

2.08

6.614 x 1074

1.83

200 x 200

7.779 x 1076

2.01

2287 x 107°

1.97

2.148 x 1074

1.62

400 x 400

1.758 x 1076

2.15

5.027 x 106

2.19

4.358 x 1077

2.30

QGrid size

Jug — u3' |1

Jug — ud[|2

2 — u3' o

50 x 50

6.775 x 107°

2.188 x 1072

1.602 x 1073

100 x 100

1.566 x 10~°

2.11

5.130 x 107°

2.09

4.610 x 1074

1.80

200 x 200

3.879 x 1076

2.01

1.312 x 107°

1.97

1.518 x 1074

1.60

400 x 400

8777 x 1077

2.14

2873 x 1076

2.19

3.045 x 107°

2.32

Table 5.5. FErrors and convergence rates of the example with multiple species simulated in
a circular domain, when D = (0.1,0.001).

Grid size | |Jug — uil]1 r lur — uft]|2 r lur — ufoo r
50x 50 | 1.331x107%| — |3.780x107*| — [2359x1073 | —
100 x 100 || 3.133 x 107> | 2.09 | 8.949 x 107> | 2.08 | 6.615 x 10~* | 1.83
200 x 200 || 7.781 x 1076 | 2.01 | 2.287 x 107° | 1.97 | 2.149 x 10~* | 1.62
400 x 400 || 1.758 x 107° | 2.15 | 5.029 x 107° | 2.19 | 4.358 x 107° | 2.30
Grid size | |Juz — ud' |1 r |ug — ud||2 r lug — ud oo r
50x 50 || 1.745x 1076 | — |9.745x10° %] — [9.683x107° | —
100 x 100 || 3.747 x 1077 | 2.22 | 2.659 x 1076 | 1.87 | 3.759 x 10~° | 1.37
200 x 200 || 8.475x 1078 | 2.14 | 7.183 x 1077 | 1.89 | 1.697 x 10~° | 1.15
400 x 400 || 1.779 x 1078 | 2.25 | 1.487 x 107 [ 2.27 | 3.935 x 1076 | 2.11
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5.4 A multi-species system in a star-shaped cell

Biochemical reaction between species A and B that creates species C can be described

by the following chemical equation:

k
A+B=C. (5.1)

ko

Here k1 and ko represent the forward and backward reaction rates, respectively. The above
equation explains many biological processes including receptor-ligand binding [33], protein
complex formation [1] and gene expression [11]. Let uj, uz and us denote the concentration
levels of A, B and C, respectively. To model (5.1) in a diffusive and bounded environment

such as cell and cell membrane, we use the reaction-diffusion system (1) with M = 3 and

f(u) = (fi(u), f2(u), f3(u)) = (kaus — kruiuz, koug — kiuiug, kiujuz — kaus).
Suppose that the system is defined in the domain Q enclosed by a curve (z(0),y(0))
parametrized by angle in radians:

1 1

z(0) = 5(5 + sin 56) cos 6, y(0) = 5(5 + sin 56) sin 4.

The reaction rates and diffusion rates are (Di, D2, D3) = (0.1,0.001,0.05) and (ki, k2) =
(10,0.1). The initial conditions are,

ul =1+ cos(3.1257 (2% + y* — (0.4)%)),

u9 =1 — cos(3.125m(x? + y* — (0.4)%)),

0_ 2., .2 2

us = 0.1(1 + cos(3.1257(z* + y* — (0.4)%))).

The problem is solved on a N x N grid until 7" = 0.01, for N = 50, 100, 200, and 400. In

Figures 5.4, 5.5 and 5.6 we show the results for NV = 100.

Since the analytical solution is not known for this example, we estimate the convergence
rate by comparing numerical solutions using different grid sizes:
(=)
r=1lo —
2\ e = )

h/2 b and u2h are numerical solutions with grid sizes h /2, h and 2h, respectively.

where u
The result are presented in Table 5.6, which shows the second-order convergence of the

method in the L'- and L%-norms.
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Figure 5.5. The numerical solution of u2 on a 100 x 100 grid.
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= 0.16

Table 5.6. Errors and convergence rates of the example simulated in a star-shaped domain.

0.18

0.14
0.12

0.22

0.2

nw'm':/l,,'l',
‘» i M i
it

Figure 5.6. The numerical solution of uz on a 100 x 100 grid.

Grid size || [luf —wya | v | Jub =5 | v | fub -l | v
100 x 100 || 8.099 x 10~* 2.488 x 1073 1.914 x 1072
200 x 200 || 1.764 x 10~% [ 2.20 | 5.563 x 10~* | 2.16 | 4.360 x 103 | 2.13
400 x 400 || 4.529 x 107° | 1.96 | 1.447 x 10~% [ 1.94 | 1.228 x 103 | 1.83
Grid size || [Julf — u; ul vl sl | | uh = ug e | 7
100 x 100 || 1.318 x 1073 7.793 x 1073 8.292 x 102
200 x 200 || 2.364 x 107 | 2.48 | 2.009 x 1072 | 1.96 | 2.940 x 10=2 | 1.50
400 x 400 || 4.868 x 107° | 2.28 | 4.998 x 10~* | 2.01 | 1.095 x 10~2 | 2.45
Grid si h]2

rid size ||u3 - u3 Hl r Hus ) 2 r HU3 - U3 ||oo r
100 x 100 || 7.453 x 107> | — [3.046 x107*| — | 3380x103 | —
200 x 200 || 1.361 x 1075 | 2.45 | 5.460 x 1075 | 2.48 | 6.192 x 10~ % | 1.43
400 x 400 || 3.160 x 1076 [ 2.11 [ 1.371 x 107° | 1.99 | 1.882 x 10~* | 1.72
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5.5 EphA2/Ephrin-A1l signaling

The temporal evolution of geometric distribution of EphA2 receptors is known to be
important because their lateral transport, which is observed in many cell lines, is signif-
icantly correlated with the tissue invasion potential. The lateral transport of EphA2 is
activated by formulating a complex with Ephrin-Al ligands. Effects of the spatial distri-
bution of EphA2/Ephrin-A1 complexes to their downstream signaling can be found in [34].
An interesting observation is that the reorganization of actin cytoskeleton may regulate the
geometric distribution of EphA2/Ephrin-A1l complexes. In turn, the downstream signaling
pathways of EphA2/Ephrin-A1l involving the Rho family of GTPases such as RhoA, Racl
and Cdc42 control the organization of the actin cytoskeleton [10]. Among several proposed
crosstalk schemes of Rho GTPases, the interaction mechanism in Figure 5.7, which we will

be using for modeling, is consistent with the bistability of RhoA, Racl and Cdc42 [9], [12].

—> Activation
— Inhibition

EphA2/Ephrin-Al

|

Cdc42 ——— Racl ——— RhoA

Figure 5.7. An EphA2/Ephrin-Al downstream signaling mechanism and the crosstalk between RhoA,
Racl and Cdc42.
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The following biochemical equations describe the signaling mechanism in Figure 5.7:
Ephrin-A1l + EphA2 pEphA2 /Ephrin-A1l
pEphA2/Ephrin-A1l + RhoA k:z pEphA2/Ephrin-Al/RhoA
pEphA2/Ephrin-A1/RhoA g pEphA2/Ephrin-A1l + pRhoA
pEphA2/Ephrin-A1l + Racl pEphA2 /Ephrin-A1/Racl
pEphA2/Ephrin- Al/Racl pEphAZ/Ephrln—Al + pRacl
pCdc42 + Racl pCdc42/Rac1
pCdc42/Racl i pCdc42 + pRacl
pRacl + RhoA :%Z pRacl/RhoA
pRacl/RhoA :%: pRacl + pRhoA
pCdc42 + pRhoA %5: pCdc42/pRhoA
pCdcd2/pRhoA :%; Cdc42 + RhoA

Let u; = [EphA2]|, us = [RhoA], u3 = [pRhoA], us = [Racl], us = [pRacl], ug =
[Cdc42], u; = [pCdc42], ug = [pEphA2/Ephrin-Al], ug = [pRacl/RhoA], ujy =
[pCdc42/Racl], u;; = [pCdc42/pRhoA], u12 = [pEphA2/Ephrin-Al1/RhoA], uj3 =
[PEphA2/Ephrin-Al/Racl] and v = [Ephrin-A1], where [A] denotes the concentration
level of the chemical species A. Given the experimental data of v = [Ephrin-A1l], the

reaction-diffusion system (1.1) with M = 13 and the reaction terms:

fi(u) = —k1vuy + kous

fa(u) = —ksuguz + kquiz — kisusug + kigug + ko1uin — kaougus

f3(u) = ksuiz — keusuz + k17ug — kisusug — kigurus + koou11

Ja(u) = —krugug + ksuiz — kriuzug + ki2uio

J5(u) = kou1z — kiousus + k1zu1o — k1aurus — kisusuz + kigug + k17ug — k1gusus
fo(u) = karu1r — kogugus

fr(u) = —knurug + kiguio + kizuio — kraurus — kigurug + koot
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fs(u) = k1vuy — koug — kgugua + kquiz + ksuiz — keugus — krugug + kguis
+ kou13 — k1ousus

fo(u) = kisusug — kigug — ki7ug + kigusus

fro(uw) = kr1urug — kiauio — kizuio + kiaurus

f11(u) = krgurug — kaou11 — karuir + kagueuz

fi2(u) = kauguz — kquio — ksuiz + kgusus

f13(u) = krugug — kguiz — kouiz + kiougus

models the spatio-temporal dynamics of the signaling in Figure 5.7. Here we choose
the diffusion rate D = (Dy,...,Dy3) with Dy,---, D7 to be 107* and Dg,---,Dy3 to
be 5 x 107°. Reaction rates are given as k = (ki,--- ,ko2), where kq, ks, ko, ko1 are 1,
ks, kv, ki1, k13, kis, k17, k19 are 1071, and kop’s are 107° for n = 1,---,11. We solved the
reaction-diffusion system in a circular domain Q = {(z, y)|z? + y* < (1/3)?} until T = 10,
with initial values u°(z) = (ud(x), - ,ud5(z)) = (10,5,0.1,5,0.1,5,0.1,0.1,1,1,1,1,1) for
all x € 2. Note that the concentration level of Ephrin-A1, v, which is given as data, works as
an input for the reaction-diffusion system. As the spatial distribution of v evolves over time,
the high concentration regions of pRacl, activated by pEphA2/Ephrin-Al, are collocated
with those of Ephrin-A1l as shown in Figure 5.8. Due to the clustering behavior of Ephrin-
A1, the high concentration regions of pRacl are centralized despite the diffusion effect. On
the other hand the concentration level of Cdc42 near the center of the cell decreases over
time since RhoA, activated by pEphA2/Ephrin-Al, inhibits Cdc42. These demonstrate the
effects of the spatio-temporal dynamics of Ephrin-Al to that of its downstream signaling

molecules.
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Figure 5.8. The first column shows the experimental data of Ephrin-A1 (courtesy of Jay T. Groves). The
second and third columns are numerical solutions of pRacl and pCdc42, respectively on a 200 x 200 grid.
Rows represent the results at T =2.5, T =5, T = 7.5 and T = 10 from top to bottom.
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Chapter 6

Conclusion

We have proposed a stable second-order accurate method that preserves the non-
negativity of the solution with the Neumann boundary conditions on irregular domains. In
the spatial discretization, the slopes of normal vectors allow us to extrapolate the solutions
inside the domain to approximate the solution on the boundary with third order accuracy.
The algorithm employs adaptive time steps, and is well-posed due to the quasi-positivity
(A1), to enforce the numerical solution of (1.1) to remain in [0, +00)™. In addition, we
proved that the method is stable. Numerical examples demonstrates that the method has
second-order convergence rate in the L'-norm, and is robust to domain geometry and to

different scales of diffusion rates.

The test involving the EphA2/Ephrin-A1 signaling in a tumor cell, for instance, suggests
that our method may serve as a useful simulation tool for testing biological and physical

hypotheses in biochemical network in cells.

Our spatial discretization may be applicable to the moving domain problem. In the
future, we plan to embed our algorithm within a moving interface using the level set
method [27], [28], [37]. The three-dimensional problem and the surface diffusion prob-
lem are interesting topics to pursue further, applying our stable and non-negative invariant

algorithm.
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