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ABSTRACT 
 

Indoor localization is becoming an increasingly relevant topic as the world rapidly 
becomes more connected through existing and emerging wireless technologies. The use cases of 
location based services (LBS) are endless; including locating people and objects inside of 
hospitals, corporate headquarters, subway stations, manufacturing facilities, and more.  

Due to the wide range of applications for indoor localization, many solutions have been 
explored with important trade-offs in energy efficiency, accuracy, range, cost, and availability. 
Technologies including Wi-Fi, Radio Frequency Identification (RFID), and Ultra-Wideband 
(UWB) perform well in some metrics but poorly in others. Bluetooth low energy (BLE) 
technology performs well in most metrics except accuracy. Range-based solutions often use 
received signal strength (RSS) as it a free metric with compatible technologies (Bluetooth and 
Wi-Fi). However, RSS is prone to large error when converting to distance estimates due to 
multipath propagation and interference from obstructions in the environment. Still, the low cost 
of BLE technology allows for many nodes to be deployed and filtering and other machine 
learning techniques can be applied to achieve improved localization. 

Several techniques for performing localization based on RSS of BLE nodes are explored. 
We explore algorithms based on nearest neighbors, extended Kalman filtering, and several 
supervised learning methods. A simulated environment is developed to quickly test the 
robustness of algorithms under varying conditions and assumptions. A discussion of trade-offs 
associated with using each technology and algorithm is presented. 
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ABBREVIATIONS 
 

AoA  Angle of Arrival 
BLE  Bluetooth Low Energy 
BRNN  Bidirectional Recurrent Neural Network 
EKF  Extended Kalman Filtering 
IoT  Internet of Things 
IPS  Indoor Positioning System 
KF  Kalman Filter 
LBS  Location Based Services 
LSTM  Long-Short Term Memory 
NN  (Artificial) Neural Network 
PBS  Proximity Based Services 
RNN  Recurrent Neural Network 
RSS  Received Signal Strength 
RSSI  Received Signal Strength Indicator 
ToF  Time of Flight 
TDoA  Time Difference of Arrival 
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1 INTRODUCTION		
1.1 BACKGROUND	&	MOTIVATION		
 
The global positioning system (GPS) has become widely adopted as the core technology behind 
many existing outdoor location based services today. However, GPS is not a viable technology 
for location based services in heavily obstructed environments like buildings and subways. GPS 
accuracy is also inadequate for many services that require precise positioning. Several alternative 
technologies are being developed to address the limitations of GPS especially for indoor 
environments. 

 
In addition, wide-scale use of smart mobile devices and the growth of internet of things 

(IoT) is spurring motivation to create new location based services (LBS) for indoor and outdoor 
environments. There is tremendous value in the data generated from widespread use of these 
services. Indoor positioning systems (IPS) have been used in environments including hospitals, 
shopping malls, subways, factories, stadiums, and much more [1]. Consider the following as a 
few motivating examples that illustrate the large-scale potential impact of these technologies. 
Indoor positioning systems can be used to monitor the locations of occupants within a building to 
enable/disable heating and cooling in subsections. This can translate to immense energy 
reduction while still maintaining or improving the comfort of occupants. Building maintenance 
workers can also improve their efficiency by knowing which subsections have low usage and 
require less maintenance and which subsections have high usage and require constant care. In 
addition, occupants can report issues in the building along with their current location. IPS 
applications are becoming more and more complex with the introduction of smart homes, 
offices, vehicles, etc. 

 
In this report, we aim to provide several contributions in the following sections:  

• Overview of important performance metrics: We discuss important 
performance metrics in designing indoor positioning systems.  

• Overview of leading technologies: We discuss several technologies currently 
being used for indoor localization. 

• Overview of common techniques: We discuss several range-based techniques 
and the pros and cons of each. 

• Overview of challenges: We discuss several challenges that designers must 
consider in creating an indoor positioning system. 

• Overview of simulated environment: We discuss a simulated environment 
developed to quickly test various indoor localization techniques. 

• Overview of experimental environment: We describe the real-world 
experimental setup with details of the utilized technologies. 

• Overview of covered methods: We briefly go through the details of each 
localization method that is applied in this paper. 

• Simulated results and comparison of methods: We compare the results for each 
method using the simulated environment. 

• Experimental results: We review the results for several methods used in the 
experimental lab environment. 
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• Conclusions and future work: We discuss the implications of the simulated and 
experimental results and discuss future work for this project. 

 
1.2 DESCRIPTION	OF	PERFORMANCE	METRICS	
 
To make this technology viable, designers must consider trade-offs in several categories. More 
complete and detailed metrics important for indoor positioning systems are described in [1] [2]. 
We consider a subset of these performance metrics that are vital for use cases we are developing: 

• Availability: This metric considers how common the technology is in everyday 
devices today including cell phones, tablets, and laptops. This metric is important as it 
allows the technology to scale easier as many users already own compatible devices 
and can utilize the technology with minimal effort or additional cost. 

• Cost: This metric considers hardware, maintenance, and setup cost for the IPS. Low 
cost is essential in making the technology available to as many consumers as possible. 

• Energy efficiency: This metric considers the amount of energy consumed by the 
hardware and software needed to run the IPS. This is determined mainly by the 
transmission power and computational cost of algorithms. 

• Range: This metric considers the reception range of the hardware. Reception range is 
closely tied with cost and energy efficiency. Range limitations are often countered by 
adding nodes to the system. This affects equipment and maintenance cost directly and 
can have a drastic negative effect on the energy consumption of complex algorithms 
as computational complexity increases. 

• Accuracy: This metric considers jointly the accuracy of the hardware and algorithms 
applied for localization. Some applications only require proximity while others 
require micro-location. The accuracy of the underlying hardware often has a large 
impact on how well the algorithms perform. More complex algorithms often help 
remedy lack of accuracy in hardware. 

• Scalability:	This	metric	considers	the	system’s	ability	to	track	large	numbers	of	users	
or	devices.	Building	constraints	(i.e.	outlets	or	power	supplies)	can	limit	the	
scalability	of	hardware	solutions.	Computational	constraints	can	limit	the	scalability	
of	algorithms	(i.e.	the	number	of	nodes	that	can	be	added). 

 
1.3 OVERVIEW	OF	TECHNOLOGIES	
 
In this section, we will provide a summary of existing technologies currently used in indoor 
localization. We will also briefly discuss some of the strengths and weaknesses of each 
technology and explain the factors that lead to the experimental setup for this project. 

 
Wi-Fi is one of the most commonly available technologies for localization inside of 

buildings. The main benefits of Wi-Fi are its availability, range, and scalability. Many large 
buildings where localization applications are highly motivated are already equipped with several 
Wi-Fi access points. In addition, most modern mobile devices are equipped with Wi-Fi 
capability. The range of Wi-Fi can be from 50-100m depending on the environment and 
hardware [2]. The main drawbacks of Wi-Fi are the cost of adding additional nodes, the high-
energy consumption, and the low accuracy of the RSS based distance estimates. 
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Bluetooth is another widely available technology in terms of user devices. Bluetooth has 

several benefits including availability, low energy, low cost, and range. The range on Bluetooth 
is typically shorter than Wi-Fi ranging from 10-15m [2]. Most modern mobile devices are 
equipped with Bluetooth technology. Bluetooth low energy (BLE) solutions are preferred to Wi-
Fi due to low energy consumption, configurability, and reported better performance even with 
identically placed nodes [3]. BLE beacon devices are also cheap compared to Wi-Fi and other 
technologies when considering the need to add additional nodes. Some previous work even adds 
BLE technology to Wi-Fi to create additional nodes for RSS based localization systems [3]. Like 
Wi-Fi, the main downside to BLE is the low accuracy of distance estimates based on the RSS. 
Due to all the other benefits Bluetooth technology is popular in localization literature [3] [4] [5] 
[6] [7]. 

 
Ultra-wideband (UWB) technology is not available in common mobile devices. It is also 

more expensive than other technologies. This makes this an overall poor overall solution for 
many applications that need to reach many consumers or need to run continuously. The major 
benefit of UWB is its high level of accuracy. UWB works by transmitting short pulses over a 
large bandwidth [2]. UWB has several significant advantages over Bluetooth and Wi-Fi: 1) It is 
more robust to interference from other signals 2) it is robust to disturbance from many materials 
(accurate through walls) 3) it is robust to multipath effects [2] [6]. However, UWB is sensitive to 
interference from metals and liquids which can be problematic in some indoor environments [2]. 
For more details on UWB technology refer to [2] [6] [8]. Sources report ranging accuracy as 
higher than 20 cm [2] and some higher than 10cm  [8]. This makes UWB a great solution for 
collecting accurate training data for indoor localization and for real-time control applications. 

 
ZigBee, RFID, Visible light, Acoustics, and Ultrasound are all less commonly used 

technologies that can also be found in the literature. For this paper, we focus on developing IPS 
based on BLE technology as the availability, low cost, and low energy consumption make it 
ideal for wide-spread use. We discuss several techniques that mitigate the sacrifice in accuracy 
with BLE. In addition, we discuss utilizing UWB technology for collecting “ground truth” 
training data given its high level of accuracy relative to more available technologies. 

 
A popular emerging technology for BLE devices is Apple’s iBeacon protocol which 

utilizes beacon transmitters and Bluetooth technology to provide proximity based services [3] 
[9]. These devices are highly energy efficient. More details on the iBeacon protocol can be found 
in Chapter 2 where we describe the experimental setup utilizing the iBeacon protocol. For 
detailed documentation on the iBeacon protocol refer to [3] [9]. 
 
1.4 OVERVIEW	OF	RANGE	BASED	METRICS	
 
In this section, we will provide a summary of existing sensor metrics and techniques used for 
indoor localization. The most common signal metrics are received signal strength (RSS), Angle 
of Arrival (AoA), time of flight (ToF), and time difference of arrival (TDoA).  

 
RSS is a relatively simple metric that is commonly used for localization. It is the 

measurement of the transmitted signal power seen at the receiver. In general, the signal is 
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strongest near the transmitter and decays logarithmically as the distance increases [6]. Path loss 
models are popular for modelling this logarithmic decay and are covered in much of the 
literature [6] [10]. RSS works particularly well for proximity services as the user can confidently 
indicate that an agent is near a node when the RSS for that node nears the known transmission 
power for the transmitter or exceeds a specified threshold. RSS has been heavily used in the 
literature for localization [11]. 

 
Time of flight (ToF) or time of arrival (ToA) is a measurement of the time it takes for the 

signal to propagate from transmitter to receiver [5]. Because the speed of the signal is the known, 
all that is needed is the time of transmission and the time of reception to estimate the distance 
between transmitter and receiver. The distance is simply the difference in timestamps multiplied 
by the speed of the signal. However, ToF requires highly accurate synchronization between 
transmitters and receivers [1]. This makes implementation with most commonly available 
platforms difficult. UWB systems using ToF have been developed that include both transmitters 
and receivers that are synchronized. 

 
TDoA uses multiple receivers to measure the difference in arrival time of the transmitted 

signal. In TDoA the time of transmission does not need to be known. Using only the difference 
in arrival time at the receivers and the known speed of the signal, we can compute the difference 
in receiver distance from the agent [6] [5]. Therefore, for this metric only the receivers need to 
be synchronized and not the transmitters as in ToF [1]. 

 
AoA is a more complicated metric that utilizes an array of receivers and estimates the 

angle the signal is arriving from the time difference of arrival in the array [6] [5]. However, this 
requires costlier equipment and requires precise calibration making it a difficult solution to 
incorporate into readily available platforms [1] [5]. The computational cost of this metric is also 
relatively heavy when compared to simple metrics like RSS [1]. 

 
Due to the heavy additional incurred costs of equipment or computational energy for 

utilizing many of these signal metrics, the RSS metric is ideal for large scale applications. 
However, for many applications that are less cost constrained and/or require more accurate 
results with less nodes, these other metrics can provide significant advantages. 

 
1.5 OVERVIEW	OF	RANGE	BASED	TECHNIQUES	
 
There are several techniques for utilizing received signal strength (RSS) metrics for localization. 
The most basic techniques are based on fingerprinting. The designer collects fingerprints, or 
sensor readings for a state, and then maps future readings to the state corresponding to the 
“nearest” stored fingerprint or a function of the set of “nearest” fingerprints. The most common 
method for mapping readings to fingerprints is k-nearest neighbors. In k-nearest neighbor 
regression, the predicted state is the average of the k-nearest neighbors to the current sensor 
reading. The limitations of k-nearest neighbors arise when new sensor readings deviate widely 
from existing fingerprints. 

 
Kalman filtering is a popular solution in many applications for predicting the state of a 

system based on the system’s dynamics model, known control inputs, and sequential 
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measurements with a known sensor model. The Kalman filter is a recursive filter and thus only 
requires the most recent prediction, control input, and set of measurements to make the next 
prediction. This makes it ideal for real-time applications. The Kalman filter weights each sensor 
measurement based on the modeled uncertainty and thus can be easily extended to combine 
measurements from multiple types of sensors (“sensor fusion”). Basic Kalman filtering is limited 
to linear systems, but adaptations including the extended Kalman and unscented Kalman filter 
can be applied to non-linear systems as well. 

 
Artificial neural networks are universal function approximators that have gained 

popularity for many applications as computational power has increased dramatically. They can 
be used to learn highly non-linear functions as needed for mapping RSS measurements to 
position. Generally, as the neural network’s size increases, so does its expressive power. 
However, the amount of training data required to effectively train the network also increases. 
Neural networks have been trained for indoor localization application using labeled training data 
to infer position from sensors measurements. The challenge in this approach arises in collecting 
labeled training data and designing networks with enough expressive power. In addition, a basic 
feed-forward neural network does not maintain information from previous states which is highly 
beneficial for applications using sequential information. Neural networks have been used in the 
previous literature to perform localization based on RSS and other metrics [12]. 

 
Recurrent neural networks allow for learning functions to perform inference on 

sequential data and can provide sequential output. The internal state is maintained and passed on 
through sequential RNN cells. For indoor localization applications with known control inputs, 
the controls can also be included as inputs to the network and the sequential effect of control 
inputs on the internal state can be learned. Memory of an internal state helps to deal with issues 
that arise with fingerprinting and basic feed-forward networks when sensor measurements do not 
match well with previous fingerprints (difficult to interpolate) or when noisy sensor 
measurement look nearly identical to fingerprints with drastically different states (causing large 
jumps in state). 

 
A related technique to RNNs are Bidirectional Recurrent Neural Networks (BRNN). 

BRNNs allow for the internal state to be shared both forwards and backwards in time. They also 
allow for depth to be added in the form of layers of interconnected forward and backward 
recurrent neural networks. 

 
1.6 OVERVIEW	OF	CHALLENGES	
 
In this section, we briefly describe several challenges that designers must consider in creating an 
indoor positioning system. This list is not exhaustive but includes common major challenges that 
arise in much of the literature: 

• Multipath effects and Noise: Wireless signals can reach a receiver via many 
paths, and each path can have a different phase shift. This is especially a 
challenge in narrowband technology because it is unclear which if any of the 
received signals is accurate. Wide band technology reduces multipath effect by 
transmitting at various frequencies and using all the received signals to determine 
the true underlying value. 
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• Radio environment: Indoor environments often have several sources of radio 
signals. Cell phones, Wi-Fi, Bluetooth, FM/AM, and many more can make indoor 
environments extremely noisy when trying to measure RSS. Placing transmitters 
or receivers close to other transmitters can amplify this problem.	

• Cost: The cost of the equipment, setup, maintenance, and energy is an important 
factor in making a viable indoor positioning system. In choosing equipment, 
configurations, and algorithms as well as other factors the designer always need to 
consider the overall cost of the system. 

• Negative impact on used technology: 
o Wi-Fi heavy methods: Utilizing Wi-Fi for indoor positioning systems can 

take away from its availability for other applications, using up bandwidth. 
This is especially important for applications where many objects are being 
tracked in a dense environment. 

o Bluetooth heavy methods: Bluetooth heavy methods can run into issues of 
signal interference with other devices. 

 
1.7 	NOVELTY	OF	PROPOSED	INDOOR	LOCALIZATION	SYSTEM	
 
The hardware (beacons, receivers, network equipment) and data collection software (RESTful 
web service, receiver software) was already setup in an indoor lab environment from a previous 
indoor localization project describe in [13]. The previous project employed K-nearest neighbor 
methods. The K-nearest neighbor algorithm was applied to manually recorded fingerprints. 
Several difficulties arise in this project; motivating the alternative approaches discussed in this 
report. 

 
One difficulty comes with collecting the fingerprints manually. This collection of 

fingerprint data is extremely tedious and difficult to do accurately. On top of this, continuous 
sequential fingerprints with accurate time values are even more difficult to collect. This was 
accomplished by creating an app that allows the user to tilt the screen to move a marker through 
the map as the user attempts to manually relocate the receiver to the marker at the correct time 
[13]. Another difficulty comes with collecting adequate data. Due to the significant random noise 
in the signal, it is difficult to guarantee there is high enough granularity to distinguish between 
states. Also, various states may have similar fingerprints that are made indistinguishable by noise 
in the environment. This can cause the nearest neighbor algorithm to produce dramatic state 
changes that do not align with the agents underlying dynamics (i.e. large instantaneous jumps in 
position). To address these concerns, we explore several solutions; some of which are novel to 
the best of our knowledge.  

 
An existing solution is extended Kalman filtering which does not require large sets of 

training data and instead only uses the most recent measurement data. This method predicts the 
state over time based not only on sensor readings but also on a designer specified dynamics 
model of the underlying agent. This helps remedy extreme changes in the state due to noise in 
the sensor readings. The difficulty with extended Kalman filter is that it requires an accurate 
dynamics model with noise covariance model and an accurate sensor model with noise 
covariance model. An accurate dynamics model is often obtainable for robotic systems. 
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However, an accurate sensor noise model for indoor environments is difficult due to the 
previously mentioned challenges. 
 

To investigate more novel solutions, we explore several supervised learning tools. We 
implement artificial neural network architectures to do inference based on the RSS values. The 
first network is a feed-forward network. With adequate training, we intend for this network to 
produce accurate estimates even when a closely matching data point was not provided in the 
training data; addressing one concern for nearest neighbor based methods. To address the final 
concern, we implement two recurrent neural network architectures; One forward recurrent and 
one bidirectional. These allow us to train models for sequential inference. This architecture 
propagates an internal state through several recurrent cells, and learns how the state changes over 
time based on sensor measurements and sequential control inputs. We intend that this 
architecture remedy the instantaneous state changes as seen with nearest neighbor based methods 
and with basic feed-forward neural networks. The use of such an architecture, to our knowledge, 
is novel in the space of range-based indoor localization. 
 
1.8 	RESEARCH	QUESTION	&	PROBLEM	STATEMENT	
 
The goal of this project is to explore various tools for their practical use in performing indoor 
localization and in collecting training data for localization algorithms. We will start by posing 
our definition of the problem of state estimation. We start with an environment including n range 
sensors with known locations. The known sensor locations are represented as: 
 

 

 

We also have a system with a known dynamics model and a receiver with known sensor model. 
The dynamics and sensor models are represented as: 
 

 
 

 
 
We assume the process noise and sensor model noise are additive and sampled from Gaussian 
distributions both with zero mean and known covariance. Hence the dynamics and sensor models 
assuming additive Gaussian noise can be rewritten: 
 

        ( 1 ) 

        ( 2 ) 

We represent the system with 4 states including the positions and velocities in the 𝑥 and 𝑦 
directions: 
 

P = [p1, p2, . . . , pN ]
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pi = [xi
p, y

i
p]

<latexit sha1_base64="T92pkFezrajxIc2YQA+yYeCuD7Q=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyxCF1JmRNCNUHDjsoJ9wHQcMmmmDc1kQpIR61D8FTcuFHHrf7jzb8y0s9DWA5d7OOdecnNCwajSjvNtlZaWV1bXyuuVjc2t7R17d6+tklRi0sIJS2Q3RIowyklLU81IV0iC4pCRTji6yv3OPZGKJvxWjwXxYzTgNKIYaSMF9oEIKLyE3kMg7ugJHOfND+yqU3emgIvELUgVFGgG9levn+A0JlxjhpTyXEdoP0NSU8zIpNJLFREIj9CAeIZyFBPlZ9PrJ/DYKH0YJdIU13Cq/t7IUKzUOA7NZIz0UM17ufif56U6uvAzykWqCcezh6KUQZ3APArYp5JgzcaGICypuRXiIZIIaxNYxYTgzn95kbRP665Td2/Oqo1aEUcZHIIjUAMuOAcNcA2aoAUweATP4BW8WU/Wi/VufcxGS1axsw/+wPr8AfsKlC8=</latexit><latexit sha1_base64="T92pkFezrajxIc2YQA+yYeCuD7Q=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyxCF1JmRNCNUHDjsoJ9wHQcMmmmDc1kQpIR61D8FTcuFHHrf7jzb8y0s9DWA5d7OOdecnNCwajSjvNtlZaWV1bXyuuVjc2t7R17d6+tklRi0sIJS2Q3RIowyklLU81IV0iC4pCRTji6yv3OPZGKJvxWjwXxYzTgNKIYaSMF9oEIKLyE3kMg7ugJHOfND+yqU3emgIvELUgVFGgG9levn+A0JlxjhpTyXEdoP0NSU8zIpNJLFREIj9CAeIZyFBPlZ9PrJ/DYKH0YJdIU13Cq/t7IUKzUOA7NZIz0UM17ufif56U6uvAzykWqCcezh6KUQZ3APArYp5JgzcaGICypuRXiIZIIaxNYxYTgzn95kbRP665Td2/Oqo1aEUcZHIIjUAMuOAcNcA2aoAUweATP4BW8WU/Wi/VufcxGS1axsw/+wPr8AfsKlC8=</latexit><latexit sha1_base64="T92pkFezrajxIc2YQA+yYeCuD7Q=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyxCF1JmRNCNUHDjsoJ9wHQcMmmmDc1kQpIR61D8FTcuFHHrf7jzb8y0s9DWA5d7OOdecnNCwajSjvNtlZaWV1bXyuuVjc2t7R17d6+tklRi0sIJS2Q3RIowyklLU81IV0iC4pCRTji6yv3OPZGKJvxWjwXxYzTgNKIYaSMF9oEIKLyE3kMg7ugJHOfND+yqU3emgIvELUgVFGgG9levn+A0JlxjhpTyXEdoP0NSU8zIpNJLFREIj9CAeIZyFBPlZ9PrJ/DYKH0YJdIU13Cq/t7IUKzUOA7NZIz0UM17ufif56U6uvAzykWqCcezh6KUQZ3APArYp5JgzcaGICypuRXiIZIIaxNYxYTgzn95kbRP665Td2/Oqo1aEUcZHIIjUAMuOAcNcA2aoAUweATP4BW8WU/Wi/VufcxGS1axsw/+wPr8AfsKlC8=</latexit><latexit sha1_base64="T92pkFezrajxIc2YQA+yYeCuD7Q=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyxCF1JmRNCNUHDjsoJ9wHQcMmmmDc1kQpIR61D8FTcuFHHrf7jzb8y0s9DWA5d7OOdecnNCwajSjvNtlZaWV1bXyuuVjc2t7R17d6+tklRi0sIJS2Q3RIowyklLU81IV0iC4pCRTji6yv3OPZGKJvxWjwXxYzTgNKIYaSMF9oEIKLyE3kMg7ugJHOfND+yqU3emgIvELUgVFGgG9levn+A0JlxjhpTyXEdoP0NSU8zIpNJLFREIj9CAeIZyFBPlZ9PrJ/DYKH0YJdIU13Cq/t7IUKzUOA7NZIz0UM17ufif56U6uvAzykWqCcezh6KUQZ3APArYp5JgzcaGICypuRXiIZIIaxNYxYTgzn95kbRP665Td2/Oqo1aEUcZHIIjUAMuOAcNcA2aoAUweATP4BW8WU/Wi/VufcxGS1axsw/+wPr8AfsKlC8=</latexit>

xk+1 = f(xk, uk, vk)
<latexit sha1_base64="aJRfF1E4hv0cDb2ZtcNTC1n4adM=">AAACAnicbVDLSsNAFL3xWesr6krcDBahopREBN0IBTcuK9gHtCFMppN2yOTBzKS0hOLGX3HjQhG3foU7/8ZJ24W2HrhwOOde7r3HSziTyrK+jaXlldW19cJGcXNre2fX3NtvyDgVhNZJzGPR8rCknEW0rpjitJUIikOP06YX3OZ+c0CFZHH0oEYJdULci5jPCFZacs3DoZsFZ/YY3SC/PHSD81TXwA1Oi65ZsirWBGiR2DNSghlqrvnV6cYkDWmkCMdStm0rUU6GhWKE03Gxk0qaYBLgHm1rGuGQSiebvDBGJ1rpIj8WuiKFJurviQyHUo5CT3eGWPXlvJeL/3ntVPnXTsaiJFU0ItNFfsqRilGeB+oyQYniI00wEUzfikgfC0yUTi0PwZ5/eZE0Liq2VbHvL0vV8iyOAhzBMZTBhiuowh3UoA4EHuEZXuHNeDJejHfjY9q6ZMxmDuAPjM8fgHeVeA==</latexit><latexit sha1_base64="aJRfF1E4hv0cDb2ZtcNTC1n4adM=">AAACAnicbVDLSsNAFL3xWesr6krcDBahopREBN0IBTcuK9gHtCFMppN2yOTBzKS0hOLGX3HjQhG3foU7/8ZJ24W2HrhwOOde7r3HSziTyrK+jaXlldW19cJGcXNre2fX3NtvyDgVhNZJzGPR8rCknEW0rpjitJUIikOP06YX3OZ+c0CFZHH0oEYJdULci5jPCFZacs3DoZsFZ/YY3SC/PHSD81TXwA1Oi65ZsirWBGiR2DNSghlqrvnV6cYkDWmkCMdStm0rUU6GhWKE03Gxk0qaYBLgHm1rGuGQSiebvDBGJ1rpIj8WuiKFJurviQyHUo5CT3eGWPXlvJeL/3ntVPnXTsaiJFU0ItNFfsqRilGeB+oyQYniI00wEUzfikgfC0yUTi0PwZ5/eZE0Liq2VbHvL0vV8iyOAhzBMZTBhiuowh3UoA4EHuEZXuHNeDJejHfjY9q6ZMxmDuAPjM8fgHeVeA==</latexit><latexit sha1_base64="aJRfF1E4hv0cDb2ZtcNTC1n4adM=">AAACAnicbVDLSsNAFL3xWesr6krcDBahopREBN0IBTcuK9gHtCFMppN2yOTBzKS0hOLGX3HjQhG3foU7/8ZJ24W2HrhwOOde7r3HSziTyrK+jaXlldW19cJGcXNre2fX3NtvyDgVhNZJzGPR8rCknEW0rpjitJUIikOP06YX3OZ+c0CFZHH0oEYJdULci5jPCFZacs3DoZsFZ/YY3SC/PHSD81TXwA1Oi65ZsirWBGiR2DNSghlqrvnV6cYkDWmkCMdStm0rUU6GhWKE03Gxk0qaYBLgHm1rGuGQSiebvDBGJ1rpIj8WuiKFJurviQyHUo5CT3eGWPXlvJeL/3ntVPnXTsaiJFU0ItNFfsqRilGeB+oyQYniI00wEUzfikgfC0yUTi0PwZ5/eZE0Liq2VbHvL0vV8iyOAhzBMZTBhiuowh3UoA4EHuEZXuHNeDJejHfjY9q6ZMxmDuAPjM8fgHeVeA==</latexit><latexit sha1_base64="aJRfF1E4hv0cDb2ZtcNTC1n4adM=">AAACAnicbVDLSsNAFL3xWesr6krcDBahopREBN0IBTcuK9gHtCFMppN2yOTBzKS0hOLGX3HjQhG3foU7/8ZJ24W2HrhwOOde7r3HSziTyrK+jaXlldW19cJGcXNre2fX3NtvyDgVhNZJzGPR8rCknEW0rpjitJUIikOP06YX3OZ+c0CFZHH0oEYJdULci5jPCFZacs3DoZsFZ/YY3SC/PHSD81TXwA1Oi65ZsirWBGiR2DNSghlqrvnV6cYkDWmkCMdStm0rUU6GhWKE03Gxk0qaYBLgHm1rGuGQSiebvDBGJ1rpIj8WuiKFJurviQyHUo5CT3eGWPXlvJeL/3ntVPnXTsaiJFU0ItNFfsqRilGeB+oyQYniI00wEUzfikgfC0yUTi0PwZ5/eZE0Liq2VbHvL0vV8iyOAhzBMZTBhiuowh3UoA4EHuEZXuHNeDJejHfjY9q6ZMxmDuAPjM8fgHeVeA==</latexit>

zk = h(xk, wk)
<latexit sha1_base64="hlfvtNdyUOn9+rDMROe5DxYwSBA=">AAAB/HicbVDLSsNAFJ34rPEV7dLNYBEqSElE0I1QcOOygn1AG8JkOmmHTCZhZqLGUH/FjQtF3Poh7vwbJ20W2nrgwuGce7n3Hj9hVCrb/jaWlldW19YrG+bm1vbOrrW335FxKjBp45jFoucjSRjlpK2oYqSXCIIin5GuH14VfveOCEljfquyhLgRGnEaUIyUljyr+uiF8BKO6w9eeALvvfDYND2rZjfsKeAicUpSAyVanvU1GMY4jQhXmCEp+46dKDdHQlHMyMQcpJIkCIdoRPqachQR6ebT4yfwSCtDGMRCF1dwqv6eyFEkZRb5ujNCaiznvUL8z+unKrhwc8qTVBGOZ4uClEEVwyIJOKSCYMUyTRAWVN8K8RgJhJXOqwjBmX95kXROG47dcG7Oas16GUcFHIBDUAcOOAdNcA1aoA0wyMAzeAVvxpPxYrwbH7PWJaOcqYI/MD5/AJFLkqw=</latexit><latexit sha1_base64="hlfvtNdyUOn9+rDMROe5DxYwSBA=">AAAB/HicbVDLSsNAFJ34rPEV7dLNYBEqSElE0I1QcOOygn1AG8JkOmmHTCZhZqLGUH/FjQtF3Poh7vwbJ20W2nrgwuGce7n3Hj9hVCrb/jaWlldW19YrG+bm1vbOrrW335FxKjBp45jFoucjSRjlpK2oYqSXCIIin5GuH14VfveOCEljfquyhLgRGnEaUIyUljyr+uiF8BKO6w9eeALvvfDYND2rZjfsKeAicUpSAyVanvU1GMY4jQhXmCEp+46dKDdHQlHMyMQcpJIkCIdoRPqachQR6ebT4yfwSCtDGMRCF1dwqv6eyFEkZRb5ujNCaiznvUL8z+unKrhwc8qTVBGOZ4uClEEVwyIJOKSCYMUyTRAWVN8K8RgJhJXOqwjBmX95kXROG47dcG7Oas16GUcFHIBDUAcOOAdNcA1aoA0wyMAzeAVvxpPxYrwbH7PWJaOcqYI/MD5/AJFLkqw=</latexit><latexit sha1_base64="hlfvtNdyUOn9+rDMROe5DxYwSBA=">AAAB/HicbVDLSsNAFJ34rPEV7dLNYBEqSElE0I1QcOOygn1AG8JkOmmHTCZhZqLGUH/FjQtF3Poh7vwbJ20W2nrgwuGce7n3Hj9hVCrb/jaWlldW19YrG+bm1vbOrrW335FxKjBp45jFoucjSRjlpK2oYqSXCIIin5GuH14VfveOCEljfquyhLgRGnEaUIyUljyr+uiF8BKO6w9eeALvvfDYND2rZjfsKeAicUpSAyVanvU1GMY4jQhXmCEp+46dKDdHQlHMyMQcpJIkCIdoRPqachQR6ebT4yfwSCtDGMRCF1dwqv6eyFEkZRb5ujNCaiznvUL8z+unKrhwc8qTVBGOZ4uClEEVwyIJOKSCYMUyTRAWVN8K8RgJhJXOqwjBmX95kXROG47dcG7Oas16GUcFHIBDUAcOOAdNcA1aoA0wyMAzeAVvxpPxYrwbH7PWJaOcqYI/MD5/AJFLkqw=</latexit><latexit sha1_base64="hlfvtNdyUOn9+rDMROe5DxYwSBA=">AAAB/HicbVDLSsNAFJ34rPEV7dLNYBEqSElE0I1QcOOygn1AG8JkOmmHTCZhZqLGUH/FjQtF3Poh7vwbJ20W2nrgwuGce7n3Hj9hVCrb/jaWlldW19YrG+bm1vbOrrW335FxKjBp45jFoucjSRjlpK2oYqSXCIIin5GuH14VfveOCEljfquyhLgRGnEaUIyUljyr+uiF8BKO6w9eeALvvfDYND2rZjfsKeAicUpSAyVanvU1GMY4jQhXmCEp+46dKDdHQlHMyMQcpJIkCIdoRPqachQR6ebT4yfwSCtDGMRCF1dwqv6eyFEkZRb5ujNCaiznvUL8z+unKrhwc8qTVBGOZ4uClEEVwyIJOKSCYMUyTRAWVN8K8RgJhJXOqwjBmX95kXROG47dcG7Oas16GUcFHIBDUAcOOAdNcA1aoA0wyMAzeAVvxpPxYrwbH7PWJaOcqYI/MD5/AJFLkqw=</latexit>

xk+1 = f(xk, uk) + vk
<latexit sha1_base64="o+S1bq52vj22zAPVLbchtjMWYZY=">AAACBHicbVDLSgNBEOyNrxhfqx5zGQxCJBJ2RdCLEPDiMYJ5QBKW2clsMuzsg5nZkLDk4MVf8eJBEa9+hDf/xkmyB00saCiquunucmPOpLKsbyO3tr6xuZXfLuzs7u0fmIdHTRklgtAGiXgk2i6WlLOQNhRTnLZjQXHgctpy/duZ3xpRIVkUPqhJTHsBHoTMYwQrLTlmceykfsWeohvklceOf44Sxz9DFTRyfMcsWVVrDrRK7IyUIEPdMb+6/YgkAQ0V4VjKjm3FqpdioRjhdFroJpLGmPh4QDuahjigspfOn5iiU630kRcJXaFCc/X3RIoDKSeBqzsDrIZy2ZuJ/3mdRHnXvZSFcaJoSBaLvIQjFaFZIqjPBCWKTzTBRDB9KyJDLDBROreCDsFefnmVNC+qtlW17y9LtXIWRx6KcAJlsOEKanAHdWgAgUd4hld4M56MF+Pd+Fi05oxs5hj+wPj8AVd8leE=</latexit><latexit sha1_base64="o+S1bq52vj22zAPVLbchtjMWYZY=">AAACBHicbVDLSgNBEOyNrxhfqx5zGQxCJBJ2RdCLEPDiMYJ5QBKW2clsMuzsg5nZkLDk4MVf8eJBEa9+hDf/xkmyB00saCiquunucmPOpLKsbyO3tr6xuZXfLuzs7u0fmIdHTRklgtAGiXgk2i6WlLOQNhRTnLZjQXHgctpy/duZ3xpRIVkUPqhJTHsBHoTMYwQrLTlmceykfsWeohvklceOf44Sxz9DFTRyfMcsWVVrDrRK7IyUIEPdMb+6/YgkAQ0V4VjKjm3FqpdioRjhdFroJpLGmPh4QDuahjigspfOn5iiU630kRcJXaFCc/X3RIoDKSeBqzsDrIZy2ZuJ/3mdRHnXvZSFcaJoSBaLvIQjFaFZIqjPBCWKTzTBRDB9KyJDLDBROreCDsFefnmVNC+qtlW17y9LtXIWRx6KcAJlsOEKanAHdWgAgUd4hld4M56MF+Pd+Fi05oxs5hj+wPj8AVd8leE=</latexit><latexit sha1_base64="o+S1bq52vj22zAPVLbchtjMWYZY=">AAACBHicbVDLSgNBEOyNrxhfqx5zGQxCJBJ2RdCLEPDiMYJ5QBKW2clsMuzsg5nZkLDk4MVf8eJBEa9+hDf/xkmyB00saCiquunucmPOpLKsbyO3tr6xuZXfLuzs7u0fmIdHTRklgtAGiXgk2i6WlLOQNhRTnLZjQXHgctpy/duZ3xpRIVkUPqhJTHsBHoTMYwQrLTlmceykfsWeohvklceOf44Sxz9DFTRyfMcsWVVrDrRK7IyUIEPdMb+6/YgkAQ0V4VjKjm3FqpdioRjhdFroJpLGmPh4QDuahjigspfOn5iiU630kRcJXaFCc/X3RIoDKSeBqzsDrIZy2ZuJ/3mdRHnXvZSFcaJoSBaLvIQjFaFZIqjPBCWKTzTBRDB9KyJDLDBROreCDsFefnmVNC+qtlW17y9LtXIWRx6KcAJlsOEKanAHdWgAgUd4hld4M56MF+Pd+Fi05oxs5hj+wPj8AVd8leE=</latexit><latexit sha1_base64="o+S1bq52vj22zAPVLbchtjMWYZY=">AAACBHicbVDLSgNBEOyNrxhfqx5zGQxCJBJ2RdCLEPDiMYJ5QBKW2clsMuzsg5nZkLDk4MVf8eJBEa9+hDf/xkmyB00saCiquunucmPOpLKsbyO3tr6xuZXfLuzs7u0fmIdHTRklgtAGiXgk2i6WlLOQNhRTnLZjQXHgctpy/duZ3xpRIVkUPqhJTHsBHoTMYwQrLTlmceykfsWeohvklceOf44Sxz9DFTRyfMcsWVVrDrRK7IyUIEPdMb+6/YgkAQ0V4VjKjm3FqpdioRjhdFroJpLGmPh4QDuahjigspfOn5iiU630kRcJXaFCc/X3RIoDKSeBqzsDrIZy2ZuJ/3mdRHnXvZSFcaJoSBaLvIQjFaFZIqjPBCWKTzTBRDB9KyJDLDBROreCDsFefnmVNC+qtlW17y9LtXIWRx6KcAJlsOEKanAHdWgAgUd4hld4M56MF+Pd+Fi05oxs5hj+wPj8AVd8leE=</latexit>

vk ⇠ N(0, Qk)
<latexit sha1_base64="Rk6rSDFrOTGegfcL254Wk2JcNG8=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSxCBSmJCHosePEkLdgPaEPYbDft0t0k7G6KJfSvePGgiFf/iDf/jds2B219MPB4b4aZeUHCmdKO820VNja3tneKu6W9/YPDI/u43FZxKgltkZjHshtgRTmLaEszzWk3kRSLgNNOML6b+50JlYrF0aOeJtQTeBixkBGsjeTb5Yk/Rn3FBHqoOpeo6Y8vfLvi1JwF0Dpxc1KBHA3f/uoPYpIKGmnCsVI910m0l2GpGeF0VuqniiaYjPGQ9gyNsKDKyxa3z9C5UQYojKWpSKOF+nsiw0KpqQhMp8B6pFa9ufif10t1eOtlLEpSTSOyXBSmHOkYzYNAAyYp0XxqCCaSmVsRGWGJiTZxlUwI7urL66R9VXOdmtu8rtSreRxFOIUzqIILN1CHe2hACwg8wTO8wps1s16sd+tj2Vqw8pkT+APr8wdlPpKg</latexit><latexit sha1_base64="Rk6rSDFrOTGegfcL254Wk2JcNG8=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSxCBSmJCHosePEkLdgPaEPYbDft0t0k7G6KJfSvePGgiFf/iDf/jds2B219MPB4b4aZeUHCmdKO820VNja3tneKu6W9/YPDI/u43FZxKgltkZjHshtgRTmLaEszzWk3kRSLgNNOML6b+50JlYrF0aOeJtQTeBixkBGsjeTb5Yk/Rn3FBHqoOpeo6Y8vfLvi1JwF0Dpxc1KBHA3f/uoPYpIKGmnCsVI910m0l2GpGeF0VuqniiaYjPGQ9gyNsKDKyxa3z9C5UQYojKWpSKOF+nsiw0KpqQhMp8B6pFa9ufif10t1eOtlLEpSTSOyXBSmHOkYzYNAAyYp0XxqCCaSmVsRGWGJiTZxlUwI7urL66R9VXOdmtu8rtSreRxFOIUzqIILN1CHe2hACwg8wTO8wps1s16sd+tj2Vqw8pkT+APr8wdlPpKg</latexit><latexit sha1_base64="Rk6rSDFrOTGegfcL254Wk2JcNG8=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSxCBSmJCHosePEkLdgPaEPYbDft0t0k7G6KJfSvePGgiFf/iDf/jds2B219MPB4b4aZeUHCmdKO820VNja3tneKu6W9/YPDI/u43FZxKgltkZjHshtgRTmLaEszzWk3kRSLgNNOML6b+50JlYrF0aOeJtQTeBixkBGsjeTb5Yk/Rn3FBHqoOpeo6Y8vfLvi1JwF0Dpxc1KBHA3f/uoPYpIKGmnCsVI910m0l2GpGeF0VuqniiaYjPGQ9gyNsKDKyxa3z9C5UQYojKWpSKOF+nsiw0KpqQhMp8B6pFa9ufif10t1eOtlLEpSTSOyXBSmHOkYzYNAAyYp0XxqCCaSmVsRGWGJiTZxlUwI7urL66R9VXOdmtu8rtSreRxFOIUzqIILN1CHe2hACwg8wTO8wps1s16sd+tj2Vqw8pkT+APr8wdlPpKg</latexit><latexit sha1_base64="Rk6rSDFrOTGegfcL254Wk2JcNG8=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSxCBSmJCHosePEkLdgPaEPYbDft0t0k7G6KJfSvePGgiFf/iDf/jds2B219MPB4b4aZeUHCmdKO820VNja3tneKu6W9/YPDI/u43FZxKgltkZjHshtgRTmLaEszzWk3kRSLgNNOML6b+50JlYrF0aOeJtQTeBixkBGsjeTb5Yk/Rn3FBHqoOpeo6Y8vfLvi1JwF0Dpxc1KBHA3f/uoPYpIKGmnCsVI910m0l2GpGeF0VuqniiaYjPGQ9gyNsKDKyxa3z9C5UQYojKWpSKOF+nsiw0KpqQhMp8B6pFa9ufif10t1eOtlLEpSTSOyXBSmHOkYzYNAAyYp0XxqCCaSmVsRGWGJiTZxlUwI7urL66R9VXOdmtu8rtSreRxFOIUzqIILN1CHe2hACwg8wTO8wps1s16sd+tj2Vqw8pkT+APr8wdlPpKg</latexit>

zk = h(xk) + wk
<latexit sha1_base64="15r+u4do3+uDG8ocl8CyZo58bbw=">AAAB+3icbVBNS8NAEJ34WetXrEcvi0WoCCURQS9CwYvHCvYD2hA22027ZLMJuxttLf0rXjwo4tU/4s1/47bNQVsfDDzem2FmXpByprTjfFsrq2vrG5uFreL2zu7evn1Qaqokk4Q2SMIT2Q6wopwJ2tBMc9pOJcVxwGkriG6mfuuBSsUSca9HKfVi3BcsZARrI/l26cmP0DUaVIZ+dIrO0KMf+XbZqTozoGXi5qQMOeq+/dXtJSSLqdCEY6U6rpNqb4ylZoTTSbGbKZpiEuE+7RgqcEyVN57dPkEnRumhMJGmhEYz9ffEGMdKjeLAdMZYD9SiNxX/8zqZDq+8MRNppqkg80VhxpFO0DQI1GOSEs1HhmAimbkVkQGWmGgTV9GE4C6+vEya51XXqbp3F+VaJY+jAEdwDBVw4RJqcAt1aACBITzDK7xZE+vFerc+5q0rVj5zCH9gff4Adc6SrQ==</latexit><latexit sha1_base64="15r+u4do3+uDG8ocl8CyZo58bbw=">AAAB+3icbVBNS8NAEJ34WetXrEcvi0WoCCURQS9CwYvHCvYD2hA22027ZLMJuxttLf0rXjwo4tU/4s1/47bNQVsfDDzem2FmXpByprTjfFsrq2vrG5uFreL2zu7evn1Qaqokk4Q2SMIT2Q6wopwJ2tBMc9pOJcVxwGkriG6mfuuBSsUSca9HKfVi3BcsZARrI/l26cmP0DUaVIZ+dIrO0KMf+XbZqTozoGXi5qQMOeq+/dXtJSSLqdCEY6U6rpNqb4ylZoTTSbGbKZpiEuE+7RgqcEyVN57dPkEnRumhMJGmhEYz9ffEGMdKjeLAdMZYD9SiNxX/8zqZDq+8MRNppqkg80VhxpFO0DQI1GOSEs1HhmAimbkVkQGWmGgTV9GE4C6+vEya51XXqbp3F+VaJY+jAEdwDBVw4RJqcAt1aACBITzDK7xZE+vFerc+5q0rVj5zCH9gff4Adc6SrQ==</latexit><latexit sha1_base64="15r+u4do3+uDG8ocl8CyZo58bbw=">AAAB+3icbVBNS8NAEJ34WetXrEcvi0WoCCURQS9CwYvHCvYD2hA22027ZLMJuxttLf0rXjwo4tU/4s1/47bNQVsfDDzem2FmXpByprTjfFsrq2vrG5uFreL2zu7evn1Qaqokk4Q2SMIT2Q6wopwJ2tBMc9pOJcVxwGkriG6mfuuBSsUSca9HKfVi3BcsZARrI/l26cmP0DUaVIZ+dIrO0KMf+XbZqTozoGXi5qQMOeq+/dXtJSSLqdCEY6U6rpNqb4ylZoTTSbGbKZpiEuE+7RgqcEyVN57dPkEnRumhMJGmhEYz9ffEGMdKjeLAdMZYD9SiNxX/8zqZDq+8MRNppqkg80VhxpFO0DQI1GOSEs1HhmAimbkVkQGWmGgTV9GE4C6+vEya51XXqbp3F+VaJY+jAEdwDBVw4RJqcAt1aACBITzDK7xZE+vFerc+5q0rVj5zCH9gff4Adc6SrQ==</latexit><latexit sha1_base64="15r+u4do3+uDG8ocl8CyZo58bbw=">AAAB+3icbVBNS8NAEJ34WetXrEcvi0WoCCURQS9CwYvHCvYD2hA22027ZLMJuxttLf0rXjwo4tU/4s1/47bNQVsfDDzem2FmXpByprTjfFsrq2vrG5uFreL2zu7evn1Qaqokk4Q2SMIT2Q6wopwJ2tBMc9pOJcVxwGkriG6mfuuBSsUSca9HKfVi3BcsZARrI/l26cmP0DUaVIZ+dIrO0KMf+XbZqTozoGXi5qQMOeq+/dXtJSSLqdCEY6U6rpNqb4ylZoTTSbGbKZpiEuE+7RgqcEyVN57dPkEnRumhMJGmhEYz9ffEGMdKjeLAdMZYD9SiNxX/8zqZDq+8MRNppqkg80VhxpFO0DQI1GOSEs1HhmAimbkVkQGWmGgTV9GE4C6+vEya51XXqbp3F+VaJY+jAEdwDBVw4RJqcAt1aACBITzDK7xZE+vFerc+5q0rVj5zCH9gff4Adc6SrQ==</latexit>

wk ⇠ N(0, Rk)
<latexit sha1_base64="O0HZh/yr1uSLdqt1g2hJOx4e2zY=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSxCBSmJCHosePEkVewHtCFstpt26WYTdjdqCf0rXjwo4tU/4s1/47bNQVsfDDzem2FmXpBwprTjfFuFldW19Y3iZmlre2d3z94vt1ScSkKbJOax7ARYUc4EbWqmOe0kkuIo4LQdjK6mfvuBSsVica/HCfUiPBAsZARrI/l2+dEfoZ5iEbqpOqfozh+d+HbFqTkzoGXi5qQCORq+/dXrxySNqNCEY6W6rpNoL8NSM8LppNRLFU0wGeEB7RoqcESVl81un6Bjo/RRGEtTQqOZ+nsiw5FS4ygwnRHWQ7XoTcX/vG6qw0svYyJJNRVkvihMOdIxmgaB+kxSovnYEEwkM7ciMsQSE23iKpkQ3MWXl0nrrOY6Nff2vFKv5nEU4RCOoAouXEAdrqEBTSDwBM/wCm/WxHqx3q2PeWvBymcO4A+szx9oWpKi</latexit><latexit sha1_base64="O0HZh/yr1uSLdqt1g2hJOx4e2zY=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSxCBSmJCHosePEkVewHtCFstpt26WYTdjdqCf0rXjwo4tU/4s1/47bNQVsfDDzem2FmXpBwprTjfFuFldW19Y3iZmlre2d3z94vt1ScSkKbJOax7ARYUc4EbWqmOe0kkuIo4LQdjK6mfvuBSsVica/HCfUiPBAsZARrI/l2+dEfoZ5iEbqpOqfozh+d+HbFqTkzoGXi5qQCORq+/dXrxySNqNCEY6W6rpNoL8NSM8LppNRLFU0wGeEB7RoqcESVl81un6Bjo/RRGEtTQqOZ+nsiw5FS4ygwnRHWQ7XoTcX/vG6qw0svYyJJNRVkvihMOdIxmgaB+kxSovnYEEwkM7ciMsQSE23iKpkQ3MWXl0nrrOY6Nff2vFKv5nEU4RCOoAouXEAdrqEBTSDwBM/wCm/WxHqx3q2PeWvBymcO4A+szx9oWpKi</latexit><latexit sha1_base64="O0HZh/yr1uSLdqt1g2hJOx4e2zY=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSxCBSmJCHosePEkVewHtCFstpt26WYTdjdqCf0rXjwo4tU/4s1/47bNQVsfDDzem2FmXpBwprTjfFuFldW19Y3iZmlre2d3z94vt1ScSkKbJOax7ARYUc4EbWqmOe0kkuIo4LQdjK6mfvuBSsVica/HCfUiPBAsZARrI/l2+dEfoZ5iEbqpOqfozh+d+HbFqTkzoGXi5qQCORq+/dXrxySNqNCEY6W6rpNoL8NSM8LppNRLFU0wGeEB7RoqcESVl81un6Bjo/RRGEtTQqOZ+nsiw5FS4ygwnRHWQ7XoTcX/vG6qw0svYyJJNRVkvihMOdIxmgaB+kxSovnYEEwkM7ciMsQSE23iKpkQ3MWXl0nrrOY6Nff2vFKv5nEU4RCOoAouXEAdrqEBTSDwBM/wCm/WxHqx3q2PeWvBymcO4A+szx9oWpKi</latexit><latexit sha1_base64="O0HZh/yr1uSLdqt1g2hJOx4e2zY=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSxCBSmJCHosePEkVewHtCFstpt26WYTdjdqCf0rXjwo4tU/4s1/47bNQVsfDDzem2FmXpBwprTjfFuFldW19Y3iZmlre2d3z94vt1ScSkKbJOax7ARYUc4EbWqmOe0kkuIo4LQdjK6mfvuBSsVica/HCfUiPBAsZARrI/l2+dEfoZ5iEbqpOqfozh+d+HbFqTkzoGXi5qQCORq+/dXrxySNqNCEY6W6rpNoL8NSM8LppNRLFU0wGeEB7RoqcESVl81un6Bjo/RRGEtTQqOZ+nsiw5FS4ygwnRHWQ7XoTcX/vG6qw0svYyJJNRVkvihMOdIxmgaB+kxSovnYEEwkM7ciMsQSE23iKpkQ3MWXl0nrrOY6Nff2vFKv5nEU4RCOoAouXEAdrqEBTSDwBM/wCm/WxHqx3q2PeWvBymcO4A+szx9oWpKi</latexit>
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The control input is assumed to be the acceleration in the 𝑥 and 𝑦 directions. 
 
 

 
For our computations, we need a linear representation of the dynamics model with additive 
Gaussian noise (if the dynamics are non-linear then a local linearization is needed as seen in 
extended Kalman filter section). 
  

         ( 3 ) 

If the control input is unknown, assume 𝑢$ = 0 and model possible controls as additional 
additive noise. This is often used when tracking people if IMU/accelerometer data is not 
available. For the purposes of this report we use a double integrator model so dynamics matrices 
are: 
 

 
( 4 ) 

 
 

 
           

( 5 ) 

 
 
In our environment, the sensor model is non-linear and is a function of the state at the current 
time only. The non-linear sensor model is represented as: 
 

        ( 6 ) 

Our non-linear sensor model for the range sensors is distance from the known sensor positions to 
the agent position: 

      

 ( 7 ) 

 
 
 

xk =

2

664

xk

yk
ẋk

ẏk

3

775

<latexit sha1_base64="hUi/fq9uO5M558HUdsw3v4r2okE="></latexit><latexit sha1_base64="hUi/fq9uO5M558HUdsw3v4r2okE="></latexit><latexit sha1_base64="hUi/fq9uO5M558HUdsw3v4r2okE="></latexit><latexit sha1_base64="hUi/fq9uO5M558HUdsw3v4r2okE="></latexit>

xk+1 = Axk +Buk + vk
<latexit sha1_base64="xVewtKCyqepwXqOvroNcw0bgzHc=">AAACDHicbVDLSsNAFJ34rPFVdelmsAiFQklE0I1QdeOygn1AG8JkMm2HTDJhZlJaQj7Ajb/ixoUibv0Ad/6NkzYLbT0wcDjnXO7c48WMSmVZ38bK6tr6xmZpy9ze2d3bLx8ctiVPBCYtzBkXXQ9JwmhEWooqRrqxICj0GOl4wW3ud8ZESMqjBzWNiROiYUQHFCOlJbdcMSduGtTsDF7Ba9j3OPPTiRtksAZvEjeojd3A1Cmrbs0Al4ldkAoo0HTLX32f4yQkkcIMSdmzrVg5KRKKYkYys59IEiMcoCHpaRqhkEgnnR2TwVOt+HDAhX6RgjP190SKQimnoaeTIVIjuejl4n9eL1GDSyelUZwoEuH5okHCoOIwbwb6VBCs2FQThAXVf4V4hATCSveXl2AvnrxM2md126rb9+eVRrWoowSOwQmoAhtcgAa4A03QAhg8gmfwCt6MJ+PFeDc+5tEVo5g5An9gfP4AFi+ZBQ==</latexit><latexit sha1_base64="xVewtKCyqepwXqOvroNcw0bgzHc=">AAACDHicbVDLSsNAFJ34rPFVdelmsAiFQklE0I1QdeOygn1AG8JkMm2HTDJhZlJaQj7Ajb/ixoUibv0Ad/6NkzYLbT0wcDjnXO7c48WMSmVZ38bK6tr6xmZpy9ze2d3bLx8ctiVPBCYtzBkXXQ9JwmhEWooqRrqxICj0GOl4wW3ud8ZESMqjBzWNiROiYUQHFCOlJbdcMSduGtTsDF7Ba9j3OPPTiRtksAZvEjeojd3A1Cmrbs0Al4ldkAoo0HTLX32f4yQkkcIMSdmzrVg5KRKKYkYys59IEiMcoCHpaRqhkEgnnR2TwVOt+HDAhX6RgjP190SKQimnoaeTIVIjuejl4n9eL1GDSyelUZwoEuH5okHCoOIwbwb6VBCs2FQThAXVf4V4hATCSveXl2AvnrxM2md126rb9+eVRrWoowSOwQmoAhtcgAa4A03QAhg8gmfwCt6MJ+PFeDc+5tEVo5g5An9gfP4AFi+ZBQ==</latexit><latexit sha1_base64="xVewtKCyqepwXqOvroNcw0bgzHc=">AAACDHicbVDLSsNAFJ34rPFVdelmsAiFQklE0I1QdeOygn1AG8JkMm2HTDJhZlJaQj7Ajb/ixoUibv0Ad/6NkzYLbT0wcDjnXO7c48WMSmVZ38bK6tr6xmZpy9ze2d3bLx8ctiVPBCYtzBkXXQ9JwmhEWooqRrqxICj0GOl4wW3ud8ZESMqjBzWNiROiYUQHFCOlJbdcMSduGtTsDF7Ba9j3OPPTiRtksAZvEjeojd3A1Cmrbs0Al4ldkAoo0HTLX32f4yQkkcIMSdmzrVg5KRKKYkYys59IEiMcoCHpaRqhkEgnnR2TwVOt+HDAhX6RgjP190SKQimnoaeTIVIjuejl4n9eL1GDSyelUZwoEuH5okHCoOIwbwb6VBCs2FQThAXVf4V4hATCSveXl2AvnrxM2md126rb9+eVRrWoowSOwQmoAhtcgAa4A03QAhg8gmfwCt6MJ+PFeDc+5tEVo5g5An9gfP4AFi+ZBQ==</latexit><latexit sha1_base64="xVewtKCyqepwXqOvroNcw0bgzHc=">AAACDHicbVDLSsNAFJ34rPFVdelmsAiFQklE0I1QdeOygn1AG8JkMm2HTDJhZlJaQj7Ajb/ixoUibv0Ad/6NkzYLbT0wcDjnXO7c48WMSmVZ38bK6tr6xmZpy9ze2d3bLx8ctiVPBCYtzBkXXQ9JwmhEWooqRrqxICj0GOl4wW3ud8ZESMqjBzWNiROiYUQHFCOlJbdcMSduGtTsDF7Ba9j3OPPTiRtksAZvEjeojd3A1Cmrbs0Al4ldkAoo0HTLX32f4yQkkcIMSdmzrVg5KRKKYkYys59IEiMcoCHpaRqhkEgnnR2TwVOt+HDAhX6RgjP190SKQimnoaeTIVIjuejl4n9eL1GDSyelUZwoEuH5okHCoOIwbwb6VBCs2FQThAXVf4V4hATCSveXl2AvnrxM2md126rb9+eVRrWoowSOwQmoAhtcgAa4A03QAhg8gmfwCt6MJ+PFeDc+5tEVo5g5An9gfP4AFi+ZBQ==</latexit>

vk ⇠ N(0, Qk)
<latexit sha1_base64="X7jVhT+eaSPGqWvEMJynUvdZBC0=">AAAB+nicbVBNS8NAEN3Ur1q/Yj16WSxCBSmJCOqt4MWTtGBsoQ1hs920S3Y3YXdTLKV/xYsHFa/+Em/+GzdtDtr6YODx3gwz88KUUaUd59sqra1vbG6Vtys7u3v7B/Zh9VElmcTEwwlLZDdEijAqiKepZqSbSoJ4yEgnjG9zvzMmUtFEPOhJSnyOhoJGFCNtpMCujoMY9hXl8L7unLeD+KwS2DWn4cwBV4lbkBoo0Arsr/4gwRknQmOGlOq5Tqr9KZKaYkZmlX6mSIpwjIakZ6hAnCh/Or99Bk+NMoBRIk0JDefq74kp4kpNeGg6OdIjtezl4n9eL9PRtT+lIs00EXixKMoY1AnMg4ADKgnWbGIIwpKaWyEeIYmwNnHlIbjLL68S76Jx03Dbl7VmvUijDI7BCagDF1yBJrgDLeABDJ7AM3gFb9bMerHerY9Fa8kqZo7AH1ifP64Ekl4=</latexit><latexit sha1_base64="X7jVhT+eaSPGqWvEMJynUvdZBC0=">AAAB+nicbVBNS8NAEN3Ur1q/Yj16WSxCBSmJCOqt4MWTtGBsoQ1hs920S3Y3YXdTLKV/xYsHFa/+Em/+GzdtDtr6YODx3gwz88KUUaUd59sqra1vbG6Vtys7u3v7B/Zh9VElmcTEwwlLZDdEijAqiKepZqSbSoJ4yEgnjG9zvzMmUtFEPOhJSnyOhoJGFCNtpMCujoMY9hXl8L7unLeD+KwS2DWn4cwBV4lbkBoo0Arsr/4gwRknQmOGlOq5Tqr9KZKaYkZmlX6mSIpwjIakZ6hAnCh/Or99Bk+NMoBRIk0JDefq74kp4kpNeGg6OdIjtezl4n9eL9PRtT+lIs00EXixKMoY1AnMg4ADKgnWbGIIwpKaWyEeIYmwNnHlIbjLL68S76Jx03Dbl7VmvUijDI7BCagDF1yBJrgDLeABDJ7AM3gFb9bMerHerY9Fa8kqZo7AH1ifP64Ekl4=</latexit><latexit sha1_base64="X7jVhT+eaSPGqWvEMJynUvdZBC0=">AAAB+nicbVBNS8NAEN3Ur1q/Yj16WSxCBSmJCOqt4MWTtGBsoQ1hs920S3Y3YXdTLKV/xYsHFa/+Em/+GzdtDtr6YODx3gwz88KUUaUd59sqra1vbG6Vtys7u3v7B/Zh9VElmcTEwwlLZDdEijAqiKepZqSbSoJ4yEgnjG9zvzMmUtFEPOhJSnyOhoJGFCNtpMCujoMY9hXl8L7unLeD+KwS2DWn4cwBV4lbkBoo0Arsr/4gwRknQmOGlOq5Tqr9KZKaYkZmlX6mSIpwjIakZ6hAnCh/Or99Bk+NMoBRIk0JDefq74kp4kpNeGg6OdIjtezl4n9eL9PRtT+lIs00EXixKMoY1AnMg4ADKgnWbGIIwpKaWyEeIYmwNnHlIbjLL68S76Jx03Dbl7VmvUijDI7BCagDF1yBJrgDLeABDJ7AM3gFb9bMerHerY9Fa8kqZo7AH1ifP64Ekl4=</latexit><latexit sha1_base64="X7jVhT+eaSPGqWvEMJynUvdZBC0=">AAAB+nicbVBNS8NAEN3Ur1q/Yj16WSxCBSmJCOqt4MWTtGBsoQ1hs920S3Y3YXdTLKV/xYsHFa/+Em/+GzdtDtr6YODx3gwz88KUUaUd59sqra1vbG6Vtys7u3v7B/Zh9VElmcTEwwlLZDdEijAqiKepZqSbSoJ4yEgnjG9zvzMmUtFEPOhJSnyOhoJGFCNtpMCujoMY9hXl8L7unLeD+KwS2DWn4cwBV4lbkBoo0Arsr/4gwRknQmOGlOq5Tqr9KZKaYkZmlX6mSIpwjIakZ6hAnCh/Or99Bk+NMoBRIk0JDefq74kp4kpNeGg6OdIjtezl4n9eL9PRtT+lIs00EXixKMoY1AnMg4ADKgnWbGIIwpKaWyEeIYmwNnHlIbjLL68S76Jx03Dbl7VmvUijDI7BCagDF1yBJrgDLeABDJ7AM3gFb9bMerHerY9Fa8kqZo7AH1ifP64Ekl4=</latexit>

zk = h(xk) + wk
<latexit sha1_base64="ZLJ4vurF/iybHa5io2B8jwaN0iE=">AAAB+HicbVBNS8NAEJ3Ur1q/oh69LBahIpREBPUgFLx4rGBsoQ1hs920SzYf7G6qNfSfePGg4tWf4s1/47bNQVsfDDzem2Fmnp9yJpVlfRulpeWV1bXyemVjc2t7x9zdu5dJJgh1SMIT0faxpJzF1FFMcdpOBcWRz2nLD68nfmtIhWRJfKdGKXUj3I9ZwAhWWvJM88kL0RUa1B698PjkwQs9s2rVrSnQIrELUoUCTc/86vYSkkU0VoRjKTu2lSo3x0Ixwum40s0kTTEJcZ92NI1xRKWbTy8foyOt9FCQCF2xQlP190SOIylHka87I6wGct6biP95nUwFF27O4jRTNCazRUHGkUrQJAbUY4ISxUeaYCKYvhWRARaYKB1WRYdgz7+8SJzT+mXdvj2rNmpFGmU4gEOogQ3n0IAbaIIDBIbwDK/wZuTGi/FufMxaS0Yxsw9/YHz+ACtgki0=</latexit><latexit sha1_base64="ZLJ4vurF/iybHa5io2B8jwaN0iE=">AAAB+HicbVBNS8NAEJ3Ur1q/oh69LBahIpREBPUgFLx4rGBsoQ1hs920SzYf7G6qNfSfePGg4tWf4s1/47bNQVsfDDzem2Fmnp9yJpVlfRulpeWV1bXyemVjc2t7x9zdu5dJJgh1SMIT0faxpJzF1FFMcdpOBcWRz2nLD68nfmtIhWRJfKdGKXUj3I9ZwAhWWvJM88kL0RUa1B698PjkwQs9s2rVrSnQIrELUoUCTc/86vYSkkU0VoRjKTu2lSo3x0Ixwum40s0kTTEJcZ92NI1xRKWbTy8foyOt9FCQCF2xQlP190SOIylHka87I6wGct6biP95nUwFF27O4jRTNCazRUHGkUrQJAbUY4ISxUeaYCKYvhWRARaYKB1WRYdgz7+8SJzT+mXdvj2rNmpFGmU4gEOogQ3n0IAbaIIDBIbwDK/wZuTGi/FufMxaS0Yxsw9/YHz+ACtgki0=</latexit><latexit sha1_base64="ZLJ4vurF/iybHa5io2B8jwaN0iE=">AAAB+HicbVBNS8NAEJ3Ur1q/oh69LBahIpREBPUgFLx4rGBsoQ1hs920SzYf7G6qNfSfePGg4tWf4s1/47bNQVsfDDzem2Fmnp9yJpVlfRulpeWV1bXyemVjc2t7x9zdu5dJJgh1SMIT0faxpJzF1FFMcdpOBcWRz2nLD68nfmtIhWRJfKdGKXUj3I9ZwAhWWvJM88kL0RUa1B698PjkwQs9s2rVrSnQIrELUoUCTc/86vYSkkU0VoRjKTu2lSo3x0Ixwum40s0kTTEJcZ92NI1xRKWbTy8foyOt9FCQCF2xQlP190SOIylHka87I6wGct6biP95nUwFF27O4jRTNCazRUHGkUrQJAbUY4ISxUeaYCKYvhWRARaYKB1WRYdgz7+8SJzT+mXdvj2rNmpFGmU4gEOogQ3n0IAbaIIDBIbwDK/wZuTGi/FufMxaS0Yxsw9/YHz+ACtgki0=</latexit><latexit sha1_base64="ZLJ4vurF/iybHa5io2B8jwaN0iE=">AAAB+HicbVBNS8NAEJ3Ur1q/oh69LBahIpREBPUgFLx4rGBsoQ1hs920SzYf7G6qNfSfePGg4tWf4s1/47bNQVsfDDzem2Fmnp9yJpVlfRulpeWV1bXyemVjc2t7x9zdu5dJJgh1SMIT0faxpJzF1FFMcdpOBcWRz2nLD68nfmtIhWRJfKdGKXUj3I9ZwAhWWvJM88kL0RUa1B698PjkwQs9s2rVrSnQIrELUoUCTc/86vYSkkU0VoRjKTu2lSo3x0Ixwum40s0kTTEJcZ92NI1xRKWbTy8foyOt9FCQCF2xQlP190SOIylHka87I6wGct6biP95nUwFF27O4jRTNCazRUHGkUrQJAbUY4ISxUeaYCKYvhWRARaYKB1WRYdgz7+8SJzT+mXdvj2rNmpFGmU4gEOogQ3n0IAbaIIDBIbwDK/wZuTGi/FufMxaS0Yxsw9/YHz+ACtgki0=</latexit>

wk ⇠ N(0, Rk)
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The sensors return a noisy distance measurement of the agent’s current position from 
each of the known sensor positions. In the real system, the distances are computed from the 
received signal strength indicator (RSSI) values obtained from the iBeacons. A description of 
RSSI and a summary of the various sources of the noise in the RSSI measurements is included in 
the section 2. In depth discussion of generating noisy measurements in simulation is covered in 
the section 3. 

 
A linear sensor measurement model is useful for many applications including extended 

Kalman filtering. Determining this linear approximation will be discussed in detail in our 
description of the extended Kalman filter algorithm.  

 
The challenge for this system lies in modeling the sensor noise covariance which is state 

dependent and is affected by the several factors in indoor environments. Several methods are 
explored for assigning the sensor noise covariance matrix and a discussion of tradeoffs/pitfalls of 
each method is included. 
 

We will explore several techniques for performing indoor localization using this 
information. Each technique will be described in later sections and each is compared using 
simulated experimental results. The goal of this project is to explore methods for indoor 
localization using BLE technology. Furthermore, we explore tradeoffs between different 
methods. 
 

Table 1: Description of variables 

Variable Description 

 State vector at time step k 

 Control input at time step k 

 Sensor measurement vector at time step k 

 Dynamics model  

 Sensor measurement model 

 Process noise at time step k 

 Sensor measurement noise at time step k 

 Process noise covariance matrix 

 Sensor noise covariance matrix 

 Known x, y positions of sensor i 

 Actual x, y position of client 
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f(...)
<latexit sha1_base64="VFj5IX6eYPN/8URQmmu2fiWRQn0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBahXkIignorePFYwbSFNpTNdtOu3eyG3Y1QQv+DFw8qXv1B3vw3btsctPXBwOO9GWbmRSln2njet1NaW9/Y3CpvV3Z29/YPqodHLS0zRWhAJJeqE2FNORM0MMxw2kkVxUnEaTsa38789hNVmknxYCYpDRM8FCxmBBsrteK667rn/WrNc7050CrxC1KDAs1+9as3kCRLqDCEY627vpeaMMfKMMLptNLLNE0xGeMh7VoqcEJ1mM+vnaIzqwxQLJUtYdBc/T2R40TrSRLZzgSbkV72ZuJ/Xjcz8XWYM5FmhgqyWBRnHBmJZq+jAVOUGD6xBBPF7K2IjLDCxNiAKjYEf/nlVRJcuDeuf39Za9SLNMpwAqdQBx+uoAF30IQACDzCM7zCmyOdF+fd+Vi0lpxi5hj+wPn8ATj7jbE=</latexit><latexit sha1_base64="VFj5IX6eYPN/8URQmmu2fiWRQn0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBahXkIignorePFYwbSFNpTNdtOu3eyG3Y1QQv+DFw8qXv1B3vw3btsctPXBwOO9GWbmRSln2njet1NaW9/Y3CpvV3Z29/YPqodHLS0zRWhAJJeqE2FNORM0MMxw2kkVxUnEaTsa38789hNVmknxYCYpDRM8FCxmBBsrteK667rn/WrNc7050CrxC1KDAs1+9as3kCRLqDCEY627vpeaMMfKMMLptNLLNE0xGeMh7VoqcEJ1mM+vnaIzqwxQLJUtYdBc/T2R40TrSRLZzgSbkV72ZuJ/Xjcz8XWYM5FmhgqyWBRnHBmJZq+jAVOUGD6xBBPF7K2IjLDCxNiAKjYEf/nlVRJcuDeuf39Za9SLNMpwAqdQBx+uoAF30IQACDzCM7zCmyOdF+fd+Vi0lpxi5hj+wPn8ATj7jbE=</latexit><latexit sha1_base64="VFj5IX6eYPN/8URQmmu2fiWRQn0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBahXkIignorePFYwbSFNpTNdtOu3eyG3Y1QQv+DFw8qXv1B3vw3btsctPXBwOO9GWbmRSln2njet1NaW9/Y3CpvV3Z29/YPqodHLS0zRWhAJJeqE2FNORM0MMxw2kkVxUnEaTsa38789hNVmknxYCYpDRM8FCxmBBsrteK667rn/WrNc7050CrxC1KDAs1+9as3kCRLqDCEY627vpeaMMfKMMLptNLLNE0xGeMh7VoqcEJ1mM+vnaIzqwxQLJUtYdBc/T2R40TrSRLZzgSbkV72ZuJ/Xjcz8XWYM5FmhgqyWBRnHBmJZq+jAVOUGD6xBBPF7K2IjLDCxNiAKjYEf/nlVRJcuDeuf39Za9SLNMpwAqdQBx+uoAF30IQACDzCM7zCmyOdF+fd+Vi0lpxi5hj+wPn8ATj7jbE=</latexit><latexit sha1_base64="VFj5IX6eYPN/8URQmmu2fiWRQn0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBahXkIignorePFYwbSFNpTNdtOu3eyG3Y1QQv+DFw8qXv1B3vw3btsctPXBwOO9GWbmRSln2njet1NaW9/Y3CpvV3Z29/YPqodHLS0zRWhAJJeqE2FNORM0MMxw2kkVxUnEaTsa38789hNVmknxYCYpDRM8FCxmBBsrteK667rn/WrNc7050CrxC1KDAs1+9as3kCRLqDCEY627vpeaMMfKMMLptNLLNE0xGeMh7VoqcEJ1mM+vnaIzqwxQLJUtYdBc/T2R40TrSRLZzgSbkV72ZuJ/Xjcz8XWYM5FmhgqyWBRnHBmJZq+jAVOUGD6xBBPF7K2IjLDCxNiAKjYEf/nlVRJcuDeuf39Za9SLNMpwAqdQBx+uoAF30IQACDzCM7zCmyOdF+fd+Vi0lpxi5hj+wPn8ATj7jbE=</latexit>

h(...)
<latexit sha1_base64="VCSUVVb6dbkoCWdU4UB0H5Prf+k=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBahXkIignorePFYwbSFNpTNdtOu3eyG3Y1QQv+DFw8qXv1B3vw3btsctPXBwOO9GWbmRSln2njet1NaW9/Y3CpvV3Z29/YPqodHLS0zRWhAJJeqE2FNORM0MMxw2kkVxUnEaTsa38789hNVmknxYCYpDRM8FCxmBBsrtUZ113XP+9Wa53pzoFXiF6QGBZr96ldvIEmWUGEIx1p3fS81YY6VYYTTaaWXaZpiMsZD2rVU4ITqMJ9fO0VnVhmgWCpbwqC5+nsix4nWkySynQk2I73szcT/vG5m4uswZyLNDBVksSjOODISzV5HA6YoMXxiCSaK2VsRGWGFibEBVWwI/vLLqyS4cG9c//6y1qgXaZThBE6hDj5cQQPuoAkBEHiEZ3iFN0c6L86787FoLTnFzDH8gfP5AzwLjbM=</latexit><latexit sha1_base64="VCSUVVb6dbkoCWdU4UB0H5Prf+k=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBahXkIignorePFYwbSFNpTNdtOu3eyG3Y1QQv+DFw8qXv1B3vw3btsctPXBwOO9GWbmRSln2njet1NaW9/Y3CpvV3Z29/YPqodHLS0zRWhAJJeqE2FNORM0MMxw2kkVxUnEaTsa38789hNVmknxYCYpDRM8FCxmBBsrtUZ113XP+9Wa53pzoFXiF6QGBZr96ldvIEmWUGEIx1p3fS81YY6VYYTTaaWXaZpiMsZD2rVU4ITqMJ9fO0VnVhmgWCpbwqC5+nsix4nWkySynQk2I73szcT/vG5m4uswZyLNDBVksSjOODISzV5HA6YoMXxiCSaK2VsRGWGFibEBVWwI/vLLqyS4cG9c//6y1qgXaZThBE6hDj5cQQPuoAkBEHiEZ3iFN0c6L86787FoLTnFzDH8gfP5AzwLjbM=</latexit><latexit sha1_base64="VCSUVVb6dbkoCWdU4UB0H5Prf+k=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBahXkIignorePFYwbSFNpTNdtOu3eyG3Y1QQv+DFw8qXv1B3vw3btsctPXBwOO9GWbmRSln2njet1NaW9/Y3CpvV3Z29/YPqodHLS0zRWhAJJeqE2FNORM0MMxw2kkVxUnEaTsa38789hNVmknxYCYpDRM8FCxmBBsrtUZ113XP+9Wa53pzoFXiF6QGBZr96ldvIEmWUGEIx1p3fS81YY6VYYTTaaWXaZpiMsZD2rVU4ITqMJ9fO0VnVhmgWCpbwqC5+nsix4nWkySynQk2I73szcT/vG5m4uswZyLNDBVksSjOODISzV5HA6YoMXxiCSaK2VsRGWGFibEBVWwI/vLLqyS4cG9c//6y1qgXaZThBE6hDj5cQQPuoAkBEHiEZ3iFN0c6L86787FoLTnFzDH8gfP5AzwLjbM=</latexit><latexit sha1_base64="VCSUVVb6dbkoCWdU4UB0H5Prf+k=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBahXkIignorePFYwbSFNpTNdtOu3eyG3Y1QQv+DFw8qXv1B3vw3btsctPXBwOO9GWbmRSln2njet1NaW9/Y3CpvV3Z29/YPqodHLS0zRWhAJJeqE2FNORM0MMxw2kkVxUnEaTsa38789hNVmknxYCYpDRM8FCxmBBsrtUZ113XP+9Wa53pzoFXiF6QGBZr96ldvIEmWUGEIx1p3fS81YY6VYYTTaaWXaZpiMsZD2rVU4ITqMJ9fO0VnVhmgWCpbwqC5+nsix4nWkySynQk2I73szcT/vG5m4uswZyLNDBVksSjOODISzV5HA6YoMXxiCSaK2VsRGWGFibEBVWwI/vLLqyS4cG9c//6y1qgXaZThBE6hDj5cQQPuoAkBEHiEZ3iFN0c6L86787FoLTnFzDH8gfP5AzwLjbM=</latexit>

vk
<latexit sha1_base64="46/fZJclgh5gc4HNPuXI0NlLLCE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahp5KIoN4KXjxWNLbQhrLZbtqlm03YnRRK6E/w4kHFq//Im//GbZuDVh8MPN6bYWZemEph0HW/nNLa+sbmVnm7srO7t39QPTx6NEmmGfdZIhPdCanhUijuo0DJO6nmNA4lb4fjm7nfnnBtRKIecJryIKZDJSLBKFrpftIf96s1t+EuQP4SryA1KNDqVz97g4RlMVfIJDWm67kpBjnVKJjks0ovMzylbEyHvGupojE3Qb44dUbOrDIgUaJtKSQL9edETmNjpnFoO2OKI7PqzcX/vG6G0VWQC5VmyBVbLooySTAh87/JQGjOUE4toUwLeythI6opQ5tOxYbgrb78l/jnjeuGd3dRa9aLNMpwAqdQBw8uoQm30AIfGAzhCV7g1ZHOs/PmvC9bS04xcwy/4Hx8A8ZHjZI=</latexit><latexit sha1_base64="46/fZJclgh5gc4HNPuXI0NlLLCE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahp5KIoN4KXjxWNLbQhrLZbtqlm03YnRRK6E/w4kHFq//Im//GbZuDVh8MPN6bYWZemEph0HW/nNLa+sbmVnm7srO7t39QPTx6NEmmGfdZIhPdCanhUijuo0DJO6nmNA4lb4fjm7nfnnBtRKIecJryIKZDJSLBKFrpftIf96s1t+EuQP4SryA1KNDqVz97g4RlMVfIJDWm67kpBjnVKJjks0ovMzylbEyHvGupojE3Qb44dUbOrDIgUaJtKSQL9edETmNjpnFoO2OKI7PqzcX/vG6G0VWQC5VmyBVbLooySTAh87/JQGjOUE4toUwLeythI6opQ5tOxYbgrb78l/jnjeuGd3dRa9aLNMpwAqdQBw8uoQm30AIfGAzhCV7g1ZHOs/PmvC9bS04xcwy/4Hx8A8ZHjZI=</latexit><latexit sha1_base64="46/fZJclgh5gc4HNPuXI0NlLLCE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahp5KIoN4KXjxWNLbQhrLZbtqlm03YnRRK6E/w4kHFq//Im//GbZuDVh8MPN6bYWZemEph0HW/nNLa+sbmVnm7srO7t39QPTx6NEmmGfdZIhPdCanhUijuo0DJO6nmNA4lb4fjm7nfnnBtRKIecJryIKZDJSLBKFrpftIf96s1t+EuQP4SryA1KNDqVz97g4RlMVfIJDWm67kpBjnVKJjks0ovMzylbEyHvGupojE3Qb44dUbOrDIgUaJtKSQL9edETmNjpnFoO2OKI7PqzcX/vG6G0VWQC5VmyBVbLooySTAh87/JQGjOUE4toUwLeythI6opQ5tOxYbgrb78l/jnjeuGd3dRa9aLNMpwAqdQBw8uoQm30AIfGAzhCV7g1ZHOs/PmvC9bS04xcwy/4Hx8A8ZHjZI=</latexit><latexit sha1_base64="46/fZJclgh5gc4HNPuXI0NlLLCE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahp5KIoN4KXjxWNLbQhrLZbtqlm03YnRRK6E/w4kHFq//Im//GbZuDVh8MPN6bYWZemEph0HW/nNLa+sbmVnm7srO7t39QPTx6NEmmGfdZIhPdCanhUijuo0DJO6nmNA4lb4fjm7nfnnBtRKIecJryIKZDJSLBKFrpftIf96s1t+EuQP4SryA1KNDqVz97g4RlMVfIJDWm67kpBjnVKJjks0ovMzylbEyHvGupojE3Qb44dUbOrDIgUaJtKSQL9edETmNjpnFoO2OKI7PqzcX/vG6G0VWQC5VmyBVbLooySTAh87/JQGjOUE4toUwLeythI6opQ5tOxYbgrb78l/jnjeuGd3dRa9aLNMpwAqdQBw8uoQm30AIfGAzhCV7g1ZHOs/PmvC9bS04xcwy/4Hx8A8ZHjZI=</latexit>

wk
<latexit sha1_base64="h/VceaoD/xa96sXGkIb1DoiUzQc=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSL0VBIR1FvBi8eKxhbaUDbbTbt0swm7E6WE/gQvHlS8+o+8+W/ctjlo64OBx3szzMwLUykMuu63s7K6tr6xWdoqb+/s7u1XDg4fTJJpxn2WyES3Q2q4FIr7KFDydqo5jUPJW+Hoeuq3Hrk2IlH3OE55ENOBEpFgFK1099Qb9SpVt+7OQJaJV5AqFGj2Kl/dfsKymCtkkhrT8dwUg5xqFEzySbmbGZ5SNqID3rFU0ZibIJ+dOiGnVumTKNG2FJKZ+nsip7Ex4zi0nTHFoVn0puJ/XifD6DLIhUoz5IrNF0WZJJiQ6d+kLzRnKMeWUKaFvZWwIdWUoU2nbEPwFl9eJv5Z/aru3Z5XG7UijRIcwwnUwIMLaMANNMEHBgN4hld4c6Tz4rw7H/PWFaeYOYI/cD5/AMfMjZM=</latexit><latexit sha1_base64="h/VceaoD/xa96sXGkIb1DoiUzQc=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSL0VBIR1FvBi8eKxhbaUDbbTbt0swm7E6WE/gQvHlS8+o+8+W/ctjlo64OBx3szzMwLUykMuu63s7K6tr6xWdoqb+/s7u1XDg4fTJJpxn2WyES3Q2q4FIr7KFDydqo5jUPJW+Hoeuq3Hrk2IlH3OE55ENOBEpFgFK1099Qb9SpVt+7OQJaJV5AqFGj2Kl/dfsKymCtkkhrT8dwUg5xqFEzySbmbGZ5SNqID3rFU0ZibIJ+dOiGnVumTKNG2FJKZ+nsip7Ex4zi0nTHFoVn0puJ/XifD6DLIhUoz5IrNF0WZJJiQ6d+kLzRnKMeWUKaFvZWwIdWUoU2nbEPwFl9eJv5Z/aru3Z5XG7UijRIcwwnUwIMLaMANNMEHBgN4hld4c6Tz4rw7H/PWFaeYOYI/cD5/AMfMjZM=</latexit><latexit sha1_base64="h/VceaoD/xa96sXGkIb1DoiUzQc=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSL0VBIR1FvBi8eKxhbaUDbbTbt0swm7E6WE/gQvHlS8+o+8+W/ctjlo64OBx3szzMwLUykMuu63s7K6tr6xWdoqb+/s7u1XDg4fTJJpxn2WyES3Q2q4FIr7KFDydqo5jUPJW+Hoeuq3Hrk2IlH3OE55ENOBEpFgFK1099Qb9SpVt+7OQJaJV5AqFGj2Kl/dfsKymCtkkhrT8dwUg5xqFEzySbmbGZ5SNqID3rFU0ZibIJ+dOiGnVumTKNG2FJKZ+nsip7Ex4zi0nTHFoVn0puJ/XifD6DLIhUoz5IrNF0WZJJiQ6d+kLzRnKMeWUKaFvZWwIdWUoU2nbEPwFl9eJv5Z/aru3Z5XG7UijRIcwwnUwIMLaMANNMEHBgN4hld4c6Tz4rw7H/PWFaeYOYI/cD5/AMfMjZM=</latexit><latexit sha1_base64="h/VceaoD/xa96sXGkIb1DoiUzQc=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSL0VBIR1FvBi8eKxhbaUDbbTbt0swm7E6WE/gQvHlS8+o+8+W/ctjlo64OBx3szzMwLUykMuu63s7K6tr6xWdoqb+/s7u1XDg4fTJJpxn2WyES3Q2q4FIr7KFDydqo5jUPJW+Hoeuq3Hrk2IlH3OE55ENOBEpFgFK1099Qb9SpVt+7OQJaJV5AqFGj2Kl/dfsKymCtkkhrT8dwUg5xqFEzySbmbGZ5SNqID3rFU0ZibIJ+dOiGnVumTKNG2FJKZ+nsip7Ex4zi0nTHFoVn0puJ/XifD6DLIhUoz5IrNF0WZJJiQ6d+kLzRnKMeWUKaFvZWwIdWUoU2nbEPwFl9eJv5Z/aru3Z5XG7UijRIcwwnUwIMLaMANNMEHBgN4hld4c6Tz4rw7H/PWFaeYOYI/cD5/AMfMjZM=</latexit>

Qk
<latexit sha1_base64="XtuGVnu7fJ78k1xOwTq4BV5IfQM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahp5KIoN4KXjy2aGyhDWWznbRLN5uwuxFK6E/w4kHFq//Im//GbZuDVh8MPN6bYWZemAqujet+OaW19Y3NrfJ2ZWd3b/+genj0oJNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByM/c7j6g0T+S9maYYxHQkecQZNVa6aw8mg2rNbbgLkL/EK0gNCrQG1c/+MGFZjNIwQbXueW5qgpwqw5nAWaWfaUwpm9AR9iyVNEYd5ItTZ+TMKkMSJcqWNGSh/pzIaaz1NA5tZ0zNWK96c/E/r5eZ6CrIuUwzg5ItF0WZICYh87/JkCtkRkwtoUxxeythY6ooMzadig3BW335L/HPG9cNr31Ra9aLNMpwAqdQBw8uoQm30AIfGIzgCV7g1RHOs/PmvC9bS04xcwy/4Hx8A44OjW0=</latexit><latexit sha1_base64="XtuGVnu7fJ78k1xOwTq4BV5IfQM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahp5KIoN4KXjy2aGyhDWWznbRLN5uwuxFK6E/w4kHFq//Im//GbZuDVh8MPN6bYWZemAqujet+OaW19Y3NrfJ2ZWd3b/+genj0oJNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByM/c7j6g0T+S9maYYxHQkecQZNVa6aw8mg2rNbbgLkL/EK0gNCrQG1c/+MGFZjNIwQbXueW5qgpwqw5nAWaWfaUwpm9AR9iyVNEYd5ItTZ+TMKkMSJcqWNGSh/pzIaaz1NA5tZ0zNWK96c/E/r5eZ6CrIuUwzg5ItF0WZICYh87/JkCtkRkwtoUxxeythY6ooMzadig3BW335L/HPG9cNr31Ra9aLNMpwAqdQBw8uoQm30AIfGIzgCV7g1RHOs/PmvC9bS04xcwy/4Hx8A44OjW0=</latexit><latexit sha1_base64="XtuGVnu7fJ78k1xOwTq4BV5IfQM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahp5KIoN4KXjy2aGyhDWWznbRLN5uwuxFK6E/w4kHFq//Im//GbZuDVh8MPN6bYWZemAqujet+OaW19Y3NrfJ2ZWd3b/+genj0oJNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByM/c7j6g0T+S9maYYxHQkecQZNVa6aw8mg2rNbbgLkL/EK0gNCrQG1c/+MGFZjNIwQbXueW5qgpwqw5nAWaWfaUwpm9AR9iyVNEYd5ItTZ+TMKkMSJcqWNGSh/pzIaaz1NA5tZ0zNWK96c/E/r5eZ6CrIuUwzg5ItF0WZICYh87/JkCtkRkwtoUxxeythY6ooMzadig3BW335L/HPG9cNr31Ra9aLNMpwAqdQBw8uoQm30AIfGIzgCV7g1RHOs/PmvC9bS04xcwy/4Hx8A44OjW0=</latexit><latexit sha1_base64="XtuGVnu7fJ78k1xOwTq4BV5IfQM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahp5KIoN4KXjy2aGyhDWWznbRLN5uwuxFK6E/w4kHFq//Im//GbZuDVh8MPN6bYWZemAqujet+OaW19Y3NrfJ2ZWd3b/+genj0oJNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByM/c7j6g0T+S9maYYxHQkecQZNVa6aw8mg2rNbbgLkL/EK0gNCrQG1c/+MGFZjNIwQbXueW5qgpwqw5nAWaWfaUwpm9AR9iyVNEYd5ItTZ+TMKkMSJcqWNGSh/pzIaaz1NA5tZ0zNWK96c/E/r5eZ6CrIuUwzg5ItF0WZICYh87/JkCtkRkwtoUxxeythY6ooMzadig3BW335L/HPG9cNr31Ra9aLNMpwAqdQBw8uoQm30AIfGIzgCV7g1RHOs/PmvC9bS04xcwy/4Hx8A44OjW0=</latexit>

Rk
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2 SIMULATED	ENVIRONMENT	
 
For this project, we also created a simulated environment for testing localization algorithms. The 
simulated environment allows us to rapidly test various algorithms and compare the results 
without needing to worry about issues that arise in integrating and debugging the various types 
of hardware seen in the actual system. We will start by outlining the components of the 
simulated environment that the designer specifies. 
 

Table 2: Parameters for simulations 

Value Format Dimension 
Environment Size Dimensions Tuple of x, y limits 2, 1 
Beacon Locations List of x, y coordinates 2, N 
Dynamics Model, Noise Covariance Matrix Any function, PSD Any 
Sensor Model, Noise Covariance Matrix Any function, PSD Any 
Disturbance Model Any function N/A 
State deviation (Q) and control input (R) cost 
matrices, and horizon T (for LQR control only) 

PSD, PSD, 1≤T≤inf [nx, nx], [nu, nu] 

Trajectory States over t [nx, T] 
 
 Node configurations (quantity and position) in the simulator can be generated randomly 
or at designer specified positions. The dynamics model can be any desired function. If the 
dynamics are non-linear, a locally linearized approximation is computed for use in the extended 
Kalman filter. The positive semi-definite noise covariance matrix needs to be specified (or a 
function for determining the sensor noise covariance matrix at run-time). 
 
 The sensor model can also be any desired function. For our experiments, it is the 
Euclidean-norm distance from agent to sensor and a locally linearized approximation is 
computed for use in the extended Kalman filter. Again, a positive semi-definite noise covariance 
matrix must be specified (or an algorithm for determining the noise covariance matrix at run-
time). Some experiments gather samples of the signals and compute the variance of the sample 
set to construct the covariance matrix. 
 
 The disturbance model can be any desired function. For real-world scenarios, this 
function is typically unknown and difficult to determine. In simulation, the purpose of designing 
this function is to test the robustness of algorithms under various types of disturbances. The 
specified function can be state dependent (a function of the position in the environment). The 
numerical integrals from the position of each node to the agent are computed. The integrals are 
used to determine the parameters of the Gaussian distribution from which to generate the 
disturbances. The functions f and g can be chosen by the designer to create different effects in 
the simulated environment. Many models show received signal strength decreasing 
logarithmically with distance for indoor and outdoor environments as shown in popular path loss 
models [10]. These types of models can easily be incorporated into the simulations. In equation 9 
below, z represents the numerical integral between a node and the agent. 
 

          ( 8 ) dk ⇠ N(µ,�2)
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 Figure 6 below shows an example function for generating additive noise for the sensors. 
The function represents two perpendicular intersecting walls and a single point source of 
disturbance.  

 
Figure 1: Visualization for simulating walls in an indoor environment 

 Figure 2 shows a visualization of a signal being sampled over a straight line while 
moving between the points (0,0) and (10,10) in the environment from Figure 1 above. We can 
see that as each wall is crossed, the mean (black line) of the signal as well as the variance (blue 
samples) increase. 



	 14	

 
Figure 2: Visualization of noisy signals propagating over distance. Signals above the blue 

dashed line can be dropped. 

 The state deviation cost matrix (Q) and control input cost matrix (R) need to be specified 
when using LQR control. Q and R both need to be positive semi-definite matrices. Giving 
relatively large weight to the Q matrix causes the LQR controller to follow the trajectory tightly 
regardless of how much energy is needed. Giving relatively large weight to the R matrix causes 
the controller to limit energy at the expense of deviating more from the desired trajectory. The 
time horizon, T, also needs to be specified. Specifying an integer value for T calls the discrete 
time finite horizon LQR algorithm. Specifying ‘inf’ for the horizon calls the discrete time infinite 
horizon LQR algorithm. The trajectories are chosen by generating way-points between randomly 
selected points in the environment. It should be noted that it is the designer’s responsibility to 
specify feasible trajectories. 
 
 Figure 3 shows a visualization of the simulator with 10 randomly placed beacons (large 
red dots) and an agent located inside of the filled sphere. The dotted circles in the figure 
represent the distance estimates from each transmitter at time t. The solid circles represent the 
expected measurements based on the previous belief state and the predictions based on the 
dynamics and control input of the system. 
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Figure 3: Visualization of simulated environment 

 To focus in on other key elements visualized in the simulator, we remove the display of 
the individual sensor measurements. Figure 4 shows another randomly generated configuration 
of nodes and we now notice a blue ellipse. The star represents the actual position of the agent. 
The green circle represents the estimated state via EKF. The filled sphere is a visualization of the 
error covariance matrix and gives us an intuition for the uncertainty in the state estimate based on 
the models. The small red circle represents the result of multilateration which only uses the last 
set of measurements to predict the state. 



	 16	

 
Figure 4: Visualization of simulation environment. Note the blue shaded error ellipse in the 

image above used to visualize the uncertainty matrix. 

For testing the trained localization models, we move the agent through the simulated 
environment and feed the noisy beacon measurements (and control inputs when applicable) into 
the trained model. The prediction is compared against the known state and we compute the root 
mean squared error (RSME) to compare performance. Cumulative error histograms are also 
constructed to give a better visual intuition of how each algorithm performs.  

3 INDOOR	EXPERIMENTAL	ENVIRONMENT	
 
The testbed for this report is an indoor lab space and is built on the project in [13]. The lab 
consists of a network of transmitting beacons and receivers. The transmitters in these 
experiments use the iBeacon protocol and transmit the following information or have the 
information translated from the signal strength [3] [9]: 
 

1) Proximity UUID or universally unique identifier which uniquely identifies one or 
more beacons as a certain type or from a certain organization 

2) major value used to group related beacons that have the proximity UUID 
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3) minor value used to differentiate beacons with the same proximity UUID and major 
value 

4) RSSI: The RSSI of the signal can be used to determine a distance measurement from 
the transmitter to the receiver. 

5) Proximity: The signal is classified into one of the following ranges 
a. Immediate – less than 1 meter 
b. Near – between 1 to 3 meters 
c. Far – greater than 3 meters 
d. Unknown – out of range or signal not received 

 
 In the experimental lab scenario, we use Kontakt.io beacons. These beacons use 
Bluetooth Low Energy (BLE) wireless technology 2.4GHz RF. The beacons are stationary and 
fixed at known locations while the receivers are mobile. Each beacon has a range up to 70 
meters. The battery life can last up to 9 months using the iBeacon profile with full power and 24-
hour non-stop usage [14]. Also, the performance of each beacon varies and must be considered 
when converting RSSI values to distance estimates. There are several ways to do this conversion: 

1) Individually sample each beacon at different ranges to build a conversion table from 
RSSI in decibels to distance in meters 

2) Sample beacons of the same type and configuration and build a general conversion table 
like mentioned above 

3) Apply path loss formula to convert the RSSI value to a distance estimate 
 

A path loss model is described in [1] [6] that can be used to convert the RSSI value to distance 
estimates: 
 

         ( 9 ) 

Table 3: Path-loss model variable descriptions 

Variable Description 

 Path-loss exponent 

 Distance from user to beacon 

 Reference distance (1 meter) 

 Average RSSI at 1 meter 
 
 Method 1 is the most tedious but provides the most accurate conversion. Method 2 
sacrifices accuracy for individual beacons, but still aims to give a robust conversion based on the 
type of beacons and their configurations. Method 3 is dependent on the accuracy of the model 
being used to convert the RSSI values to distance estimates. These parameters for these models 
are often difficult to determine and only work well in open space. They also vary based on the 
configuration of the device. Much work has been done in developing path loss models for indoor 
environments but their accuracy in highly obstructed indoor environments can be problematic 
[10]. In our experiments, we found method 3 to be inconsistent and thus we avoided using it. 

 

RSSI = �10nlog10(d/d0) + C
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C
<latexit sha1_base64="2RBaQykqS6Y6cUNf72P/ALoI+cI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBahp5KIoMdCLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTxsLvPqHSPJYPZpagH9Gx5CFn1Fip1RiWK27NXYJsEi8nFcjRHJa/BqOYpRFKwwTVuu+5ifEzqgxnAuelQaoxoWxKx9i3VNIItZ8tD52TK6uMSBgrW9KQpfp7IqOR1rMosJ0RNRO97i3E/7x+asI7P+MySQ1KtloUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3Sua55bs1r3VTq1TyOIlzAJVTBg1uowz00oQ0MEJ7hFd6cR+fFeXc+Vq0FJ585hz9wPn8AjhOMrQ==</latexit><latexit sha1_base64="2RBaQykqS6Y6cUNf72P/ALoI+cI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBahp5KIoMdCLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTxsLvPqHSPJYPZpagH9Gx5CFn1Fip1RiWK27NXYJsEi8nFcjRHJa/BqOYpRFKwwTVuu+5ifEzqgxnAuelQaoxoWxKx9i3VNIItZ8tD52TK6uMSBgrW9KQpfp7IqOR1rMosJ0RNRO97i3E/7x+asI7P+MySQ1KtloUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3Sua55bs1r3VTq1TyOIlzAJVTBg1uowz00oQ0MEJ7hFd6cR+fFeXc+Vq0FJ585hz9wPn8AjhOMrQ==</latexit><latexit sha1_base64="2RBaQykqS6Y6cUNf72P/ALoI+cI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBahp5KIoMdCLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTxsLvPqHSPJYPZpagH9Gx5CFn1Fip1RiWK27NXYJsEi8nFcjRHJa/BqOYpRFKwwTVuu+5ifEzqgxnAuelQaoxoWxKx9i3VNIItZ8tD52TK6uMSBgrW9KQpfp7IqOR1rMosJ0RNRO97i3E/7x+asI7P+MySQ1KtloUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3Sua55bs1r3VTq1TyOIlzAJVTBg1uowz00oQ0MEJ7hFd6cR+fFeXc+Vq0FJ585hz9wPn8AjhOMrQ==</latexit><latexit sha1_base64="2RBaQykqS6Y6cUNf72P/ALoI+cI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBahp5KIoMdCLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTxsLvPqHSPJYPZpagH9Gx5CFn1Fip1RiWK27NXYJsEi8nFcjRHJa/BqOYpRFKwwTVuu+5ifEzqgxnAuelQaoxoWxKx9i3VNIItZ8tD52TK6uMSBgrW9KQpfp7IqOR1rMosJ0RNRO97i3E/7x+asI7P+MySQ1KtloUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3Sua55bs1r3VTq1TyOIlzAJVTBg1uowz00oQ0MEJ7hFd6cR+fFeXc+Vq0FJ585hz9wPn8AjhOMrQ==</latexit>
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For most experiments in this project, we use manually constructed conversion tables for 
individual beacons when available, and resort to a generalized conversion table when a beacon 
does not have its own conversion table. The conversion tables are stored in JSON format. Each 
map contains a hash table of beacon major_minor keys and their corresponding conversion 
tables. The conversion tables are hash tables mapping RSSI values to distance in meters. The 
format is as follows: 

 
 

 
 
 
 
 
 
 
 

 
 

 The receivers collect visible iBeacon information and post in JSON format to a rest 
service. The localization algorithm then pulls the most recent information from the rest service. 
The available information to the solver for each received beacon signal then has the following 
items: 
 

Table 4: REST service data formats 

Label Example Values 
Timestamp 2018-04-06T20:42:40+00:00 
UUID F7826DA6-4FA2-4E98-8024-BC5B71E0893E 
Major 3 
Minor 8 
RSSI -93 
Proximity “Far” 
 
 The time stamp is used by the localization algorithm to verify that information is from the 
correct time frame. The major and minor values are used look up the beacon information 
(position, RSSI to distance conversion, map name). Finally, the RSSI value is used to come up 
with an estimate of the distance from the known location of the beacon. 
 
 Several types of receivers were used in the experiments and many more are available for 
use. The two primary receivers tested were Raspberry Pi’s and apple devices including iPhones 
and iPads [13]. Most Bluetooth 4.0+ enabled devices are compatible including modern laptops, 
tablets, and phones. Modern android devices are also compatible but were not used in these 
experiments. 
 
 Figure 6 below shows an overview of the system with data flow. The stationary nodes 
send iBeacon data to the mobile receivers. The mobile receivers relay this information to a 

{“map_name”: {“major_minor”: {"RSSI": distance, "RSSI": distance, …}, 
     …, 
    “major_minor”: {"RSSI": distance, "RSSI": distance, …}}, 

…, 
…, 
…, 

 “map_name”: {“major_minor”: {"RSSI": distance, "RSSI": distance, …}, 
    …, 
    “major_minor”: {"RSSI": distance, "RSSI": distance, …}}} 

Figure 5: JSON posting REST service data format 
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RESTful web service which the solver can access via URL. The solver requests the available 
information and posts the solutions to another RESTful web service which can be accessed by 
the users.  
 

 
Figure 6: System diagram showing data flow 

 The main challenge in indoor localization is dealing with the many obstacles in the 
environment. There are several sources of interference or noise in the real-world setup. Some of 
these are due to the equipment itself and others are due to the environment. We will briefly list 
several sources of interference that are present in our indoor environment but this list is not 
exhaustive. 

• Localization equipment: interference from other beacons 
• Building structure and objects: multipath effect, walls, doors, bodies, etc [9] 
• Other signals: cell phones, laptops, wireless routers, etc 

 
 The first important source of interference comes from the other beacons. This needs to be 
considered when deciding how to place the beacons as placing them too near to each other will 
cause signal interference. The second comes from the structure of the building itself and the 
objects within the building. Walls and other building infrastructure affect RSS readings and can 
even block signals completely. Even the human body can attenuate signals when standing 
between transmitter and receiver [9].This also needs to be considered when placing transmitters. 
The third disturbance that needs to be considered is interference from other electronics, 
especially other wireless devices. Placing transmitters and receivers near other devices with 
wireless hardware (i.e. Wi-Fi routers) can significantly affect accuracy. 

 

Stationary 
Nodes 

Mobile 
Agents 

Data 
REST	Service Solver 

Solution 
REST	Service Users 
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These disturbances together create a highly complex environment for signal propagation 
making determining location via RSS challenging. And due to their dynamic nature, these 
complex indoor environments are constantly changing overtime. We provide two examples of 
real experimental environments that contain several of these obstructions. The first figure shows 
an open space environment in a larger building layout. The environment has several beacons 
spread out in range of the receiver. We can see that the solver is receiving data from each of the 
beacons inside the open space. There are also beacons outside of the open space in the adjacent 
hallways, but the signals are often obstructed by the walls and are not seen by the receiver. 

 
Figure 7: Experimental environment with open space and sparse obstruction of wireless signals 

[13]. The open region was used for the experiments. The other regions also have beacons but 
their signals are mostly obstructed. 

 The second figure shows a heavily obstructed hallway. Several beacons are spread out in 
each of the hallways, but only a few beacons are ever seen by the receiver. 

 
Figure 8: Experimental environment with several walls and rooms obstructing signal 

propagation [13] 

 These are two common scenarios for localization inside of buildings and we will compare 
the performance of our algorithms in both environments. 
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4 DESCRIPTION	OF	LOCALIZATION	METHODS	
4.1 MULTILATERATION	LEAST	SQUARES	
 
Multilateration (MLAT) looks to determine the position of an agent based on distance estimates 
from 3 or more known locations. This approach gives the exact position when the distance 
measurements are exact. It also gives the optimal solution in a least squares sense using a single 
set of readings with additive Gaussian noise by minimizing the RMSE. However, in the presence 
of noise or interference MLAT methods can become highly inaccurate. Several adaptations of 
least squares exist that perform slightly better than ordinary least squares. An explanation of 
multilateration and the details for performing multilateration can also be found in [6]. 
 
 Weighted least squares can be used to bias the optimization towards more reliable 
signals. The bias can put more emphasis on sensors that are inherently more accurate or sensors 
that are nearby the agent and encounter less interference or signal degradation. These 
multilateration based approaches use a single set of measurements to make a prediction and 
hence can provide a poor localization solutions for noisy environment. MLAT will be used as a 
nominal solution to compare against other algorithms. 
 
MLAT begins with  sensors at known locations: 
 

 
 
The distance from the agent to each sensor location can be denoted as: 
 

 
 

Hence in vector notation: 
 

 
 
Expanding the terms on the left: 

 

 
 
And finally subtracting one row from all the others we can linearize the system (the subtracted 
row becomes the reference beacon): 
 

n
<latexit sha1_base64="Wvz8gW6sFkUJvYaI3lxfRIhYbhI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBahp5KIUI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSSw7LFbfmLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NeGtn3GZpAYlWy0KU0FMTBZfkxFXyIyYWUKZ4vZWwiZUUWZsNiUbgrf+8ibpXNc8t+a1biqNah5HES7gEqrgQR0acA9NaAMDhGd4hTfn0Xlx3p2PVWvByWfO4Q+czx/PP4zY</latexit><latexit sha1_base64="Wvz8gW6sFkUJvYaI3lxfRIhYbhI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBahp5KIUI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSSw7LFbfmLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NeGtn3GZpAYlWy0KU0FMTBZfkxFXyIyYWUKZ4vZWwiZUUWZsNiUbgrf+8ibpXNc8t+a1biqNah5HES7gEqrgQR0acA9NaAMDhGd4hTfn0Xlx3p2PVWvByWfO4Q+czx/PP4zY</latexit><latexit sha1_base64="Wvz8gW6sFkUJvYaI3lxfRIhYbhI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBahp5KIUI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSSw7LFbfmLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NeGtn3GZpAYlWy0KU0FMTBZfkxFXyIyYWUKZ4vZWwiZUUWZsNiUbgrf+8ibpXNc8t+a1biqNah5HES7gEqrgQR0acA9NaAMDhGd4hTfn0Xlx3p2PVWvByWfO4Q+czx/PP4zY</latexit><latexit sha1_base64="Wvz8gW6sFkUJvYaI3lxfRIhYbhI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBahp5KIUI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSSw7LFbfmLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NeGtn3GZpAYlWy0KU0FMTBZfkxFXyIyYWUKZ4vZWwiZUUWZsNiUbgrf+8ibpXNc8t+a1biqNah5HES7gEqrgQR0acA9NaAMDhGd4hTfn0Xlx3p2PVWvByWfO4Q+czx/PP4zY</latexit>

(xi, yi) i = 1, 2, ..., n
<latexit sha1_base64="3BpGshBRENVCjmK1LUO/zPVAmzA=">AAACCXicbVDLSgMxFL1TX7W+qi7dBItQoQwzRdCNUHDjsoJ9QDsMmTTThmYeJBlxGLp146+4caGIW//AnX9j2g6irScEDuecS3KPF3MmlWV9GYWV1bX1jeJmaWt7Z3evvH/QllEiCG2RiEei62FJOQtpSzHFaTcWFAcepx1vfDX1O3dUSBaFtyqNqRPgYch8RrDSkltG1XuX1VDqslPU/zns0q7Va6Zp1nSkYpnWDGiZ2DmpQI6mW/7sDyKSBDRUhGMpe7YVKyfDQjHC6aTUTySNMRnjIe1pGuKASiebbTJBJ1oZID8S+oYKzdTfExkOpEwDTycDrEZy0ZuK/3m9RPkXTsbCOFE0JPOH/IQjFaFpLWjABCWKp5pgIpj+KyIjLDBRurySLsFeXHmZtOumbZn2zVmlUc3rKMIRHEMVbDiHBlxDE1pA4AGe4AVejUfj2Xgz3ufRgpHPHMIfGB/fDhmWAA==</latexit><latexit sha1_base64="3BpGshBRENVCjmK1LUO/zPVAmzA=">AAACCXicbVDLSgMxFL1TX7W+qi7dBItQoQwzRdCNUHDjsoJ9QDsMmTTThmYeJBlxGLp146+4caGIW//AnX9j2g6irScEDuecS3KPF3MmlWV9GYWV1bX1jeJmaWt7Z3evvH/QllEiCG2RiEei62FJOQtpSzHFaTcWFAcepx1vfDX1O3dUSBaFtyqNqRPgYch8RrDSkltG1XuX1VDqslPU/zns0q7Va6Zp1nSkYpnWDGiZ2DmpQI6mW/7sDyKSBDRUhGMpe7YVKyfDQjHC6aTUTySNMRnjIe1pGuKASiebbTJBJ1oZID8S+oYKzdTfExkOpEwDTycDrEZy0ZuK/3m9RPkXTsbCOFE0JPOH/IQjFaFpLWjABCWKp5pgIpj+KyIjLDBRurySLsFeXHmZtOumbZn2zVmlUc3rKMIRHEMVbDiHBlxDE1pA4AGe4AVejUfj2Xgz3ufRgpHPHMIfGB/fDhmWAA==</latexit><latexit sha1_base64="3BpGshBRENVCjmK1LUO/zPVAmzA=">AAACCXicbVDLSgMxFL1TX7W+qi7dBItQoQwzRdCNUHDjsoJ9QDsMmTTThmYeJBlxGLp146+4caGIW//AnX9j2g6irScEDuecS3KPF3MmlWV9GYWV1bX1jeJmaWt7Z3evvH/QllEiCG2RiEei62FJOQtpSzHFaTcWFAcepx1vfDX1O3dUSBaFtyqNqRPgYch8RrDSkltG1XuX1VDqslPU/zns0q7Va6Zp1nSkYpnWDGiZ2DmpQI6mW/7sDyKSBDRUhGMpe7YVKyfDQjHC6aTUTySNMRnjIe1pGuKASiebbTJBJ1oZID8S+oYKzdTfExkOpEwDTycDrEZy0ZuK/3m9RPkXTsbCOFE0JPOH/IQjFaFpLWjABCWKp5pgIpj+KyIjLDBRurySLsFeXHmZtOumbZn2zVmlUc3rKMIRHEMVbDiHBlxDE1pA4AGe4AVejUfj2Xgz3ufRgpHPHMIfGB/fDhmWAA==</latexit><latexit sha1_base64="3BpGshBRENVCjmK1LUO/zPVAmzA=">AAACCXicbVDLSgMxFL1TX7W+qi7dBItQoQwzRdCNUHDjsoJ9QDsMmTTThmYeJBlxGLp146+4caGIW//AnX9j2g6irScEDuecS3KPF3MmlWV9GYWV1bX1jeJmaWt7Z3evvH/QllEiCG2RiEei62FJOQtpSzHFaTcWFAcepx1vfDX1O3dUSBaFtyqNqRPgYch8RrDSkltG1XuX1VDqslPU/zns0q7Va6Zp1nSkYpnWDGiZ2DmpQI6mW/7sDyKSBDRUhGMpe7YVKyfDQjHC6aTUTySNMRnjIe1pGuKASiebbTJBJ1oZID8S+oYKzdTfExkOpEwDTycDrEZy0ZuK/3m9RPkXTsbCOFE0JPOH/IQjFaFpLWjABCWKp5pgIpj+KyIjLDBRurySLsFeXHmZtOumbZn2zVmlUc3rKMIRHEMVbDiHBlxDE1pA4AGe4AVejUfj2Xgz3ufRgpHPHMIfGB/fDhmWAA==</latexit>

ri =
p

(x� xi)2 + (y � yi)2 (i = 1, 2, ..., n)
<latexit sha1_base64="ca/4PBVNfQfnXBgSYBcEDHzdGhQ=">AAACJ3icbZDLSgMxFIYz9VbrrerSTbAIU2yHmSLoplJw47KCvUBbh0yatqGZzJhkpMPQt3Hjq7gRVESXvonpZaGtJwQ+/v8ckvN7IaNS2faXkVpZXVvfSG9mtrZ3dvey+wd1GUQCkxoOWCCaHpKEUU5qiipGmqEgyPcYaXjDq4nfeCBC0oDfqjgkHR/1Oe1RjJSW3OylcCksw7a8FyoxR8WRS/N3pVMzLsZTGsP2wjFp2SmUCpZlFXjezeZsy54WXAZnDjkwr6qbfW13Axz5hCvMkJQtxw5VJ0FCUczIONOOJAkRHqI+aWnkyCeyk0z3HMMTrXRhLxD6cgWn6u+JBPlSxr6nO32kBnLRm4j/ea1I9S46CeVhpAjHs4d6EYMqgJPQYJcKghWLNSAsqP4rxAMkEFY62owOwVlceRnqJcuxLefmLFcx53GkwRE4BiZwwDmogGtQBTWAwSN4Bm/g3XgyXowP43PWmjLmM4fgTxnfPyS2oGE=</latexit><latexit sha1_base64="ca/4PBVNfQfnXBgSYBcEDHzdGhQ=">AAACJ3icbZDLSgMxFIYz9VbrrerSTbAIU2yHmSLoplJw47KCvUBbh0yatqGZzJhkpMPQt3Hjq7gRVESXvonpZaGtJwQ+/v8ckvN7IaNS2faXkVpZXVvfSG9mtrZ3dvey+wd1GUQCkxoOWCCaHpKEUU5qiipGmqEgyPcYaXjDq4nfeCBC0oDfqjgkHR/1Oe1RjJSW3OylcCksw7a8FyoxR8WRS/N3pVMzLsZTGsP2wjFp2SmUCpZlFXjezeZsy54WXAZnDjkwr6qbfW13Axz5hCvMkJQtxw5VJ0FCUczIONOOJAkRHqI+aWnkyCeyk0z3HMMTrXRhLxD6cgWn6u+JBPlSxr6nO32kBnLRm4j/ea1I9S46CeVhpAjHs4d6EYMqgJPQYJcKghWLNSAsqP4rxAMkEFY62owOwVlceRnqJcuxLefmLFcx53GkwRE4BiZwwDmogGtQBTWAwSN4Bm/g3XgyXowP43PWmjLmM4fgTxnfPyS2oGE=</latexit><latexit sha1_base64="ca/4PBVNfQfnXBgSYBcEDHzdGhQ=">AAACJ3icbZDLSgMxFIYz9VbrrerSTbAIU2yHmSLoplJw47KCvUBbh0yatqGZzJhkpMPQt3Hjq7gRVESXvonpZaGtJwQ+/v8ckvN7IaNS2faXkVpZXVvfSG9mtrZ3dvey+wd1GUQCkxoOWCCaHpKEUU5qiipGmqEgyPcYaXjDq4nfeCBC0oDfqjgkHR/1Oe1RjJSW3OylcCksw7a8FyoxR8WRS/N3pVMzLsZTGsP2wjFp2SmUCpZlFXjezeZsy54WXAZnDjkwr6qbfW13Axz5hCvMkJQtxw5VJ0FCUczIONOOJAkRHqI+aWnkyCeyk0z3HMMTrXRhLxD6cgWn6u+JBPlSxr6nO32kBnLRm4j/ea1I9S46CeVhpAjHs4d6EYMqgJPQYJcKghWLNSAsqP4rxAMkEFY62owOwVlceRnqJcuxLefmLFcx53GkwRE4BiZwwDmogGtQBTWAwSN4Bm/g3XgyXowP43PWmjLmM4fgTxnfPyS2oGE=</latexit><latexit sha1_base64="ca/4PBVNfQfnXBgSYBcEDHzdGhQ=">AAACJ3icbZDLSgMxFIYz9VbrrerSTbAIU2yHmSLoplJw47KCvUBbh0yatqGZzJhkpMPQt3Hjq7gRVESXvonpZaGtJwQ+/v8ckvN7IaNS2faXkVpZXVvfSG9mtrZ3dvey+wd1GUQCkxoOWCCaHpKEUU5qiipGmqEgyPcYaXjDq4nfeCBC0oDfqjgkHR/1Oe1RjJSW3OylcCksw7a8FyoxR8WRS/N3pVMzLsZTGsP2wjFp2SmUCpZlFXjezeZsy54WXAZnDjkwr6qbfW13Axz5hCvMkJQtxw5VJ0FCUczIONOOJAkRHqI+aWnkyCeyk0z3HMMTrXRhLxD6cgWn6u+JBPlSxr6nO32kBnLRm4j/ea1I9S46CeVhpAjHs4d6EYMqgJPQYJcKghWLNSAsqP4rxAMkEFY62owOwVlceRnqJcuxLefmLFcx53GkwRE4BiZwwDmogGtQBTWAwSN4Bm/g3XgyXowP43PWmjLmM4fgTxnfPyS2oGE=</latexit>
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We can rewrite the system as: 
 

 
 

We want to solve for  that minimizes the error in the above system: 
 

 
 

The solution is the ordinary least squares solution: 
 

           ( 10 ) 

            ( 11 ) 

 Note that multilateration requires computing the pseudo inverse. This computation is 
expensive and thus multilateration encounters scaling issues as the number of nodes becomes 
large. For some applications, pruning sensors from the computations can help reduce 
computation time. One example of implementing this is removing sensors with highly variable 
readings or sensors furthest from the previous state prediction. 
 
4.2 EXTENDED	KALMAN	FILTERING	
 
State estimation is a vital part of many applications in robotics, electronics, power systems, and 
countless more fields. Since most real-world applications don’t provide direct access to the state, 
the state is generally estimated via the process model and sensor data. Sensors often do not have 
access to the true and full state of the system, but instead provide noisy and often incomplete 
measurements of the state. Still in some cases these measurements are enough to accurately 
determine the state of the system with a high level of accuracy. 
 
 Extended Kalman filtering (EKF) approach takes advantage of knowledge about the 
dynamics model, process noise, sensor model, and sensor noise. EKF is a recursive filter that 
estimates the internal state of a dynamical system. The filter uses a series of noisy measurements 
taken over time and Bayesian inference to make predictions that are often more accurate than 
predictions from a single measurement. The basic Kalman filter assumes linear dynamics and a 
linear sensor model with additive Gaussian noise. 
 

        ( 12 ) 

        ( 13 ) 
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 The challenge in most applications of EKF is determining the covariance matrices 
accurately. When the system has linear dynamics and linear sensor model, EKF provides an 
optimal solution (ordinary Kalman filtering). EKF allows for non-linear dynamics and non-linear 
sensor models as seen in most real systems, but under these conditions no longer guarantees an 
optimal solution. Nevertheless, EKF is highly effective in many real applications. In this non-
linear case, the dynamics and sensor models are locally linearized. For the purposes of this paper, 
the dynamics model is already linear and only the sensor model needs a local linear 
approximation. 

 

 
 

 Approximating using the Taylor expansion and replacing the first derivative term with 
the Jacobian of the sensor model we obtain: 
 

      ( 14 ) 

 If the noise in the process model is minute, our uncertainty will grow slowly as we move 
from our initial position. As we near a beacon location, the reading from the nearby beacon 
becomes more accurate and has lower variance. Hence, our known beacon locations can be used 
as landmarks to keep our uncertainty anchored. Therefore, in collecting data for training and 
testing our other algorithms, we sometimes randomly select beacon landmarks and move in 
linear trajectories to reach the next landmark. This requires beacon placement to be dense 
enough to maintain low uncertainty and keep the belief state from diverging from its true state. 
 
 The Kalman filter process has two stages: 1) the predict stage in which the state and 
covariance matrix are projected ahead and 2) the correction stage in which the Kalman gain is 
computed, the state estimate is updated with the sensor measurements, and the covariance matrix 
is updated. 
 
Predict: 

          ( 15 ) 

 

Correct: 
 

            ( 16 )
        

 
 

Hk =
@h(x)

@x
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4.3 ARTIFICIAL	NEURAL	NETWORK	
 
Artificial neural networks can express complex non-linear functions as needed for accurate 
indoor localization. Neural networks can require large amounts of training data with increases in 
network volume. Their expressive power can be expanded by creating additional hidden layers 
and increasing the number of nodes in each hidden layer. For the purposes of indoor localization, 
neural networks can be trained directly on RSS measurements to do inference. In this project, the 
neural networks are implemented using google Tensorflow version 1.4.0. The basic structure of 
generic single and double layer neural networks is depicted in Figures 11 and 12 below: 
 

 
Figure 9: Generic Single Layer Feed-Forward Neural Network Architecture 

 
Figure 10: Generic Two Layer Feed-Forward Neural Network Architecture 

The output of the first network is: 
 

 
 
The outputs for the second network are: 
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The inputs to our network are the RSS values from each receiver. The labels to the training 
data inputs are the known (or estimated) locations. We train two networks. One with a single 
hidden layer of size 100 and another network with 2 hidden layers of size 100 and 10 
respectively. Both layers apply sigmoid functions for the non-linearity. The output of both 
networks is the inferred position corresponding to the RSS measurements. The network is 
training with a momentum gradient descent optimizer and learning rate of .001 over 10000 
iterations with batch size 100. Our network is constructed using Tensorflow [15]. 

 
The pitfall of this method is that a single set of measurements taken from all sensors can 

contain significant noise. Hence, it is often difficult to differentiate between multiple locations 
from a single measurement. On top of this, there is no memory of an internal state and thus no 
intuition of the internal dynamics. Hence, a small change in sensor readings can results in an 
unrealistically large change in inferred state from one prediction to the next. The next network 
architecture seeks to address these concerns. 
 
4.4 RECURRENT	NEURAL	NETWORK	
 
Recurrent neural networks (RNN), like feed-forward neural networks, can be used to learn 
complex non-linear functions for inference. RNNs have an added advantage that they have 
memory of an internal state and can be trained to do inference for sequential data. In our 
scenario, this allows us to not only do inference from RSS fingerprints to the state, but to also 
include controls/IMU data as inputs to infer how they affect the state of the system over time. 
Hence, RNNs can update their hidden state based on internal dynamics, control inputs, and 
measurements (like the EKF). They have the added advantage of having more flexibility in 
learning complex and highly non-linear models. 

 
 RNNs, as depicted in Figure 11 below, allow future cells to obtain information from 
previous cells in a recurrent chain. Each cell has its own set of inputs including the RSS values at 
the current time step and information passed from the internal state of the previous cell. Each cell 
makes its own prediction of the state at the current time and passes information of its internal 
state to the following recurrent cell. 

 
Figure 11: Visualization of Unfolded Recurrent Neural Network (RNN) 

 We implement the RNN using Tensorflow [15]. Our RNN implementation uses 10 
recurrent cells with sigmoid non-linearity. The input to each cell 𝑋( ∈ 𝑅+,-. consists of a 
sequence of Nx10 RSS readings taken at consecutive time instances. The internal state of each 
cell is a function of the input and previous internal state: 

ht-1 ht ht+1

yt-1 yt yt+1

xt-1 xt xt+1
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         ( 17 ) 

 The output of each cell is a function of the internal state: 
 

          ( 18 ) 

 We optimize the network using a momentum optimizer (Tensorflow’s 
RMSPropOptimizer) [15]. The cost function is the MSE between the actual states and the 
networks predictions. The outputs of the network are the inferred positions at times [t, t+9]. 
Basic RNN cells are limited to short term memory as they only pass information from a cell to its 
directly succeeding cell. Long-short Term Memory (LSTM) cells have added advantage over 
basic RNN cells as they also learn to weight information over time and have added structure to 
pass this information along to all future cells. The structure of these cells is much more complex 
and we will not cover the details in this report. For more details refer to [16]. 
 
 Bidirectional recurrent neural networks (BRNN), as depicted in Figure 12 below, allow 
cells to share information between preceding and succeeding cells. These types of architectures 
along with LSTM cells are commonly used for natural language processing and other 
applications where past and future context are important for inferring the current context. BRNN 
also allow for an additional layer of depth by stacking recurrent layers (forward and backward) 
on top of each other. The use of these types of architectures in applications of indoor 
localization, to the best of my knowledge, has not been explored but seems promising in theory 
and in simulation. 

 

 
Figure 12: Visualization of unfolded bidirectional recurrent neural network (BRNN) 

 We implement our BRNN using Tensorflow [15]. In our architecture, the inputs to the 
BRNN are the RSS measurements at time t and the control inputs at time t for a sequence of 
length 10. We again optimize the network using the same momentum optimizer (Tensorflow’s 
RMSPropOptimizer) [15]. The cost function is again the MSE between the actual states and the 
networks predictions. The outputs of the network are the predictions of the positions at time t. 
For details on the implementation of BRNN refer to [17]. 
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5 RESULTS	
5.1 SIMULATED	RESULTS	
 
The following results are derived by comparing the described algorithms in the simulated 
environment. The trajectories are generated by moving between randomly selected locations in 
the environment and colleting noisy measurements from the sensors along the trajectory. Each 
algorithm is then applied to the noisy measurements and the predicted state is compared against 
the actual state. The results are presented as cumulative histograms of the prediction error in 
meters. 
 
 The first set of results shown in Figure 13 compares the algorithms in the absence of 
noise. This gives us a baseline for how well we can expect the algorithms to perform. 
Multilateration produces perfect results as expected in the absence of noise. 

 
Figure 13: Performance comparison of noiseless simulation. Note: Multilateration produces 

exact solution in the absence of noise. 

 The second set of results shown in Figure 14 are taken from an environment with state 
independent noise. We now see that multilateration quickly becomes the lowest performing 
algorithm, with the feed-forward neural networks performing significantly better, and EKF and 
the recurrent neural networks performing the best. 
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Figure 14: Performance comparison with state independent noise. Note: Multilateration 

performance significantly degrades with noise due to the discussed pitfalls. 

The next set of results shown in Figure 15 are taken from an environment where sensor noise 
scales with distance. Performance for all the algorithms significantly degrades but the relative 
performance trend is the same. 

 
Figure 15: Performance with noise scaling with distance from node 

 The final two sets of results shown in Figure 16 and Figure 17 are taken from two 
environments each with several simulated objects affecting signal propagation. Again, the same 
relative performance is seen between algorithms. 
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Figure 16: Performance in designed simulated environment 1 

 
Figure 17: Performance in designed simulated environment 2 

5.2 EXPERIMENTAL	RESULTS	
 
The experimental results do not include results for neural networks based methods. The 
experimental results pre-date the simulated results. They do include an additional algorithm that 
matches the EKF result to the nearest valid point on the map. For real environments, this ensures 
that we do not present users with solutions that are inside of walls, outside of buildings, or in 
other invalid locations. The experimental results are taken from two different indoor 
environments. The results for the first test environment are shown in Figure 18 and come from a 
heavily obstructed hallway environment. The results show that EKF significantly outperforms 
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the previous nearest neighbor template matching method and multilateration. Adding nearest 
neighbor matching also reduces the error slightly. 

 
Figure 18: Results from hallway Environment 

 The second experimental environment has numerous sensors in an open space where the 
agent can freely move in all directions. The results are shown in Figure 19 with EKF 
significantly outperforming nearest neighbors template matching and multilateration.  
 

 
Figure 19: Results from open space environment 
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CONCLUSIONS	&	FUTURE	WORK	
 
The results of the simulations show promising improvements in localization accuracy when 
using RNN and BRNN for inference. From the results, we can see that the benefits of using more 
complex algorithms like EKF and RNN/BRNN become apparent in highly obstructed 
environments. Further real-world experiments need to be run in different environments to verify 
the robustness of these algorithms. The provided real-world experimental results have a 
significant amount of added error due to the challenge of manually collecting accurate ground 
truth at the time. Manual collection of ground truth is incredible tedious and error prone. We are 
currently working to automate the data collection process with highly accurate (<20cm error) 
ground truth data gathered using an UWB based localization system. This will allow us to re-run 
these experiments with much larger and more accurate datasets. 
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