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Abstract

High Performance FM Gyroscopes

by

Burak Eminoglu
Doctor of Philosophy in Engineering - Electrical Engineering and Computer Sciences

University of California, Berkeley
Professor Bernhard E. Boser, Chair

MEMS gyroscopes are used in a wide range of applications such as gaming and
image stabilization. However, the poor long-term stability of consumer MEMS gy-
roscopes precludes their use in demanding applications such as inertial navigation.
Although devices with higher performance are available, they suffer from substan-
tially higher power dissipation, size, and cost. For wider adoption it is imperative
to find solutions that reduce drift without compromising the advantages of MEMS
gyroscopes.

This thesis focuses on scale factor and bias stability. The scale factor of any
sensor is set by a reference. Unfortunately, conventional amplitude modulated (AM)
MEMS gyroscopes measure rate indirectly via the Coriolis force. In these solutions,
the scale factor is set by many parameters including mass, spring constant, gaps,
and, depending on the implementation, even absolute voltage. Achieving an accurate
scale factor requires controlling all of these parameters, a most challenging task. The
proposed solution measures rate—degrees per second, i.e. a frequency—directly. The
scale factor is set explicitly by an external clock. Since very accurate clock sources
are available, scale factor accuracy at the ppm level is readily achievable.

The second issue, bias stability, is addressed with a readout mechanism that
implicitly modulates input rate, hence shifting its spectrum away from low-frequency
drift sources such as temperature variations. The same approach is used in conven-
tional precision gyroscopes under the name “may tagging”. Those solutions mount
the gyroscope on a spinning platform that periodically rotates the transducer, thereby
inverting its sensitivity. The proposed solution achieves the same without moving the
transducer and hence is compatible with low cost planar MEMS implementations.
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Chapter 1

Introduction

MEMS gyroscopes have become very popular in different applications such as
gaming, image stabilization, and navigation. The cost of gyroscopes have been de-
creased dramatically in the consumer grade products. These products also occupy
very small volume, and consume low power, but their performance is not good enough
for applications requiring long-term stability. On the other hand, high performance
gyroscopes, which are suitable for these applications, are expensive, bulky, and power
hungry. There is a demand to meet high performance requirements while keeping
cost, size, and power low. Figure 1.1 shows commercial and tactical grade inertial
measurement units (IMUs) which have 3-axis gyroscopes and 3-axis accelerometers.

Low performance
Low cost, small volume, low 
power

Commercial Grade Tactical Grade 

High performance
Expensive, large volume, 
high power

8cm
0.3cm

Figure 1.1. Typical IMUs in the market [1, 2].
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Conventional high-performance MEMS gyroscopes have three main drawbacks.
First, transducers require sophisticated calibration and trimming to improve the per-
formance. Trimming and calibration of an individual device increase cost consider-
ably. Similarly, designs for these applications are relatively large to reduce the effect
of fabrication intolerance and packaging issues. Second, electronics consume signif-
icant power to reduce the noise. Third, the sensitivity of a conventional gyroscope
to angular rate relies on several transducer and electrical parameters which are very
challenging to monitor and control even with calibration.

There are two important performance parameters for gyroscopes: bias and scale
factor. Figure 1.2 shows a input-output curve of a gyroscope. Ideally, this relationship
should be a straight line passing through the origin with a well-defined slope called
scale factor (SF). However, in practice this line has offset which is called bias. These
parameters drift due to temperature, aging, and stress. In addition, they also vary
significantly from sensor to sensor even in the same batch. As a result, maintaining
the stability of bias and scale factor is a big challenge in order to meet navigation
requirements.

Figure 1.2. Important gyroscope parameters.

In the literature, there are several efforts to understand and minimize the sources
of instabilities of bias and scale factor. Furthermore, new system and circuit tech-
niques have been introduced to relax the noise and power trade-off. A brief summary
of the error sources, challenges, and recent advances in the literature are given in the
following sections.
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1.1 Bias Stability

The gyroscope is a two degree-of-freedom (DOF) resonator as shown in Fig-
ure 1.3. This resonator is composed of one proof-mass having 2-DOF and shuttle
frames with 1-DOF. Shuttle frames are coupled to the proof mass via coupling springs.
The overall structure can also be considered as two individual coupled resonators
which are moving in perpendicular axes (x- and y- axis).

Figure 1.3. Simplified gyro structure with typical error sources.

These individual resonators are ideally only coupled to each other with the Cori-
olis effect which arises from a rate-induced fictitious force in a rotating frame with an
angular rate of Ω. In order to generate this fictitious force, a 2-DOF mass (m) needs
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to have a certain velocity (ẋ). Then, the Coriolis force equals FCoriolis = 2mẋ × Ω
which is in-phase with the velocity of the moving body.

However, there are also other undesired coupling forces between the resonators.
These coupling forces cause error at the output and degrade the bias stability which
is one of the key performance parameters. There are three main undesired coupling
mechanisms in MEMS gyroscopes.

(1) Quadrature coupling is a force between the two mechanically-coupled
resonators which is mainly due to the spring and transduction imbalances resulting
from fabrication imperfections. This error is quadrature with the Corilos force, and
hence it only affects gyro output if there is a phase error in the electro-mechanical
signal path. As Figure 1.3 shows that major source of a quadrature error is the size
mismatch of spring beams [5].

Quadrature coupling is the dominant error source for commercial grade gyro-
scopes. To minimize the effect of quadrature error, it is a common practice to use
high-bandwidth electronics to minimize the phase error of the loop by sacrificing
the power consumption. Alternatively, the phase error can be characterized and cor-
rected continuously in the background by monitoring temperature fluctuations during
operation [6].

Quadrature error can be tuned by using an electromechanical suppression method
that utilizes special electrodes placed within a gyroscope. A servo-loop can be used
to estimate and then cancel the quadrature coupling to enhance the bias stability [5].

(2) Anisodamping error is an in-phase coupling force due to the anisotropic
losses in the transducer. The major source of this error is the fluidic coupling between
moving masses of each channels. As shown in Figure 1.3, fluidic environment, i.e.
residual molecules in the vacuumed package, causes this coupling when the suspended
mass moves. Since, this force is directly proportional to the velocity, it directly adds
on Coriolis Force, as well [7].

This error has the same signal-path as Coriolis force. For symmetric designs,
this error is same in both channels (x and y) of 2-DOF resonator where rate polarity
is opposite[7]. This feature is exploited in the conventional gyroscopes by alternating
x and y channels as drive and sense modes [8] and getting the difference of the rate
outputs between consequent measurements. This method eliminates the anisodamp-
ing error and improves the bias stability. This approach is similar to correlated double
sampling (CDS) in electronics. In practice, there is anisodamping mismatch between
channels which limits the performance of this method.

(3) Force coupling error is due to the misalignment and imbalance of the
forcer electrodes due to fabrication and packaging problems (Figure 1.3)[9]. Due to
these problems, the sustaining force used to compensate the energy loss in the res-
onators also results in an orthogonal force which couples to the rate output. Since
the sustaining force is in-phase with the velocity, the resultant parasitic force is also
in-phase with the velocity and Coriolis force [10, 11]. Because of this in-phase na-
ture, this coupling force directly degrades the bias stability. However, in contrast
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to anisodamping error, this error has a different signal-path than the Coriolis force.
This feature makes it possible to differentiate the force coupling error from the rate
output. Alternating the drive actuation force faster than the drive mode-bandwidth
has recently been introduced to correct this error [11].

1.2 Scale Factor

Scale factor is the sensitivity of the gyroscope, and it is important especially for
applications where the system is exposed to significant amount of rotation, such as
indoor navigation. In this application not only is a person changing their heading
direction continuously, but they are also continuously moving their hands and legs,
presenting further challenges to navigation. However, conventional gyroscopes have
poor scale factor accuracy which does not meet the indoor navigation requirements.

There is a fundamental problem in the conventional approach. When the sensor
is exposed to a rotation, the rotation-induced energy couples to the secondary axis
through a Coriolis force. The Coriolis force results in displacement and an electrical
signal through the electro-mechanical interface and front-end electronics. The electri-
cal signal is then amplified and converted to a digital signal by ADCs. In open-loop
gyroscopes, this digital signal is directly measured. In closed-loop gyroscopes the
feedback signal that re-balances the Coriolis force is used as a measure of the angular
rate. These signal paths are very long and consist of several mechanical and electrical
elements with various parameters. To improve the scale factor accuracy, all of these
parameters needed to be controlled accurately which is a difficult task.

Gyroscopes measure angular rate which is a frequency of rotation. Frequency is
a physical parameter that exits in both mechanical and electrical domains. However,
this unique feature of angular rate measurement is not exploited in conventional
gyroscopes. Instead, rate-information is extracted indirectly through a long path
relying on an inaccurate amplitude measurement.

Whole angle gyroscopes do not have this problem due to their direct angle-
readout [12, 13]. Unfortunately, the noise of these gyroscopes is higher compared to
force feedback gyroscopes. For this reason, these gyroscopes only operate in whole-
angle mode if the external angular rate is large, otherwise they operate in force-
feedback mode due to its low noise [14].

1.3 Mode-matching

The noise of a typical MEMS gyroscope is due to two main sources: mechanical
(Brownian) and electrical noise. The former noise source is the fundamental limit
and is determined by the energy loss in the mechanical structure. This noise comes
from the random fluctuations in the thermal energy of the mass and appears as a
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force noise applied to the suspended mass. Thus, it is not shaped by the resonator
itself.

The electronic noise, on the other hand, adds on to the interface signal coming
from the transducer and it is shaped by the resonator. Since the pick-off signal in
resonator-x is generated by the energy coupling from resonator-y, the frequency of
this pick-off signal is ωy. However, the noise on this signal is shaped by resonator-x
with a resonance frequency of ωx. Hence, the electrical noise is proportional to the
the mode-split Δω = ωx − ωy.

In order to reduce the effect of electrical noise, this mode-split should be mini-
mized. Minimizing the electrical noise also implies minimizing the power for the same
noise targets. To achieve this, the mode-split should be smaller than the mechanical
bandwidth.

However, this is not a trivial task for conventional solutions since the resonance
frequency of one of the modes (sense mode) is not observable. There have been ef-
forts to observe the resonance frequency which increase system complexity and hence
potential errors [15, 16, 17, 18]. In addition, decreasing the mode-split also decreases
the bandwidth of the open-loop gyroscopes. Closed-loop systems can increase the
bandwidth of open-loop with increased complexity.

1.4 3-Axis Gyroscopes

In addition to the aforementioned issues, the design and fabrication of high-
performance 3-axis gyroscopes is very challenging. In commercial applications, hav-
ing all three axis in the same proof mass is preferred to reduce the cost and size.
However, current fabrication techniques do not allow symmetric structures for out-of
plane devices. Therefore commercial products typically use asymmetric structures to
measure all three axes [19]. These asymmetric structures have higher error sources
compared to symmetric gyroscopes such as DRGs and QMGs [20, 21, 22].

1.5 Organization of the Thesis

There have been recent advances demonstrating significant performance im-
provements in the literature. However, there is still a large demand for improved
performance without increasing the power, size, and cost.

This thesis first discusses the background calibration techniques for conventional
amplitude modulated (AM) gyroscopes in Chapter 2. These techniques reduce bias
and scale-factor errors and are applicable to both symmetric and asymmetric trans-
ducers, making them attractive for commercial-grade 3-axis gyroscopes.

Next, Frequency Modulated (FM) gyroscopes will be discussed in more details.
FM gyroscopes have been recently introduced and they have inherently stable op-
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eration without any calibration [23, 24]. This operating mode is more suitable for
high performance single-axis applications, because it requires symmetric structures
for proper operation.

FM gyroscope solves most of the challenges facing today’s gyroscopes. Rate is
digitized with reference to an external precision clock, providing a very stable scale
factor. The structural symmetry combined with inherent chopping minimizes the bias
instability. Continuous monitoring of the mode split enables low power operation.

Chapter 3 gives a review of FM gyroscopes with detailed error analysis. Chap-
ter 4 introduces an indexing technique for mode-matched FM gyroscopes. Chapter 5
discusses the ASIC implementation with additional techniques to improve the short-
term noise and bandwidth for chopped FM gyroscopes. Chapter 6 contains a summary
of this work.
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Chapter 2

Background Calibration
Techniques

Managing the trade-off between the performance and size, cost, and power is a
big challenge for conventional MEMS gyroscopes. Background calibration techniques
relieve this trade-off by estimating and correcting the errors in the bias and scale
factor during operation. In this chapter, new background calibration techniques for
conventional gyroscopes will be discussed.

2.1 Background Calibration for Scale Factor

Scale factor accuracy is critical for navigation grade gyroscopes. In traditional
open-loop MEMS vibratory gyroscopes, the scale factor depends on the mechanical
resonator characteristics which are functions of ambient conditions such as tempera-
ture and pressure. Force-feedback reduces this sensitivity but introduces new varia-
tions including proof mass bias voltage, drive mode velocity, interface capacitances,
dimensions of the pick off and forcer electrodes, and mass. In gyroscopes with digital
output, the scale factor also depends on the ADC reference voltage. Whole angle
gyroscopes achieve a stable scale factor but require a complex controller [25], and
compared to force-feedback rate gyroscopes, they suffer from poor resolution [26].
Although this drawback can be overcome by combining a whole angle and rate gy-
roscope to simultaneously achieve accurate scale factor stability and high resolution
[27], this solution adds significant complexity. An alternative approach described in
[28] injects a virtual rate signal to continuously monitor and cancel variations of the
scale factor. This implementation only requires one gyroscope, but here it is difficult
to isolate the sense mode and the calibration loop from each other. The presence
of angular rate in the same band as the injected tone will degrade the scale factor
accuracy. Choosing the frequency of the injected tone outside the signal band reduces
the feed-through but limits the bandwidth of the gyroscope. This problem can be
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alleviated by injecting non-uniform rate signal instead of a fixed tone, but this makes
the system more sensitive to the errors in the complicated demodulation algorithms
[29].

Our proposed ratio-metric readout technique for force-feedback gyroscope results
in a scale factor that depends only on the ratio of the sensitivities of the sense and
drive forcer capacitances, thus eliminating the major sources of drift. It combines
FM and force-feedback concepts, and it does not require a second gyroscope or direct
signal injection to the sense mode.

2.1.1 Review of Force Feedback Gyroscopes

Force feedback gyroscopes have two control loops. First, the sense mode con-
troller rebalances the quadrature and Coriolis forces such that the proof mass does not
move in the sense (y) axis. Second, the drive mode controller regulates the velocity
of the drive (x) axis. Both of these loops affect the scale factor accuracy.

2.1.1.1 Sense Mode Effects on the Scale Factor

Figure 2.1 shows the block diagram of a typical control loop for sense mode. Its
closed-loop dynamics is modeled as

myÿ + byẏ + kyy + 2mαzẋ+ bxyẋ+ kxyx = Fyd cos(ωt)︸ ︷︷ ︸
in phase with x

+ Fyv sin(ωt)︸ ︷︷ ︸
in phase with ẋ

(2.1)

where m, b, and k are mass, damping, and stiffness terms, respectively. αz is the
angular gain of the transducer which only relies on the transducer geometry. Fyd and
Fyv are the base-band components of the feedback forces which are in phase with the
drive mode displacement and velocity, respectively. In order to have a zero motion in
the sense axis, the controller enforces the following conditions:

y = 0

Fyd = kxyxa

Fyv = (2mαzΩ + bxy)ẋa

(2.2)

Here xa and ẋa are the base-band components of the drive mode displacement
and velocities, respectively. Equation 2.2 shows that Fyv includes the angular rate
information, and this force does not depend on the resonator characteristics. Con-
sequently, the system bandwidth is not limited by either the mechanical bandwidth
nor the frequency split. Furthermore, there is no non-linearity in the pick-off and
forcer electrodes, since there is no motion in the sense axis. This avoids noise folding,
which otherwise can significantly degrade the gyroscope resolution. Fyv also includes
a bias error due to anisotropic damping (bxy) which will be neglected in this section,
because it does not affect scale factor accuracy.
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Figure 2.1. Block diagram of the sense mode control loop with scale factor expression.

The feedback forces are generated by applying a voltage to the forcer electrodes
as shown in (2.3). The range is limited by the maximum amount of the voltage which
can be applied by the feedback electronics.

Fyd,yv = VPM
dCy

dy
Vyd,yv for y = 0 (2.3)

where Vyd and Vyv are the feedback voltages to generate Fyd and Fyv, respectively.
VPM is the proof-mass bias and dCy/dy is the spatial derivative of the capacitance of
the pick-off electrode. Using (2.2) and (2.3), the angular rate can be written as

Ω = Vyv/SF (2.4)

where SF is the scale factor which can be expressed by
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SF =
2mαzẋa

VPM

dCy

dy

(2.5)

Equation 2.5 shows that the scale factor does not depend on the sense mode
resonator characteristics, but it still depends on the mass, drive mode velocity, proof
mass voltage, and spatial derivative of the forcer capacitance. These dependencies
are the limiting factors for the scale factor accuracy in navigation grade applications.
In addition, this analog feedback voltage also needs to be converted into a digital
code by an ADC. In this case, rate and scale factor expression can be modified to
(2.6) and (2.7), respectively.

Ω = Dyv/SF (2.6)

where Dyv is the digital code of Vyv.

SF =
2mαzẋa

VPM

dCy

dy

· Aconv

Vref,ADC

(2.7)

where Aconv is the conversion gain, and Vref,ADC is the reference voltage of the ADC.
Equation 2.7 is also the same for digital implementations of the controller. In this
case, Aconv is the inverse of the DAC gain.

The velocity, voltage dependencies, and dCy/dy in (2.7) are more likely to change
with temperature, stress, shock, etc. Other parameters, such as angular slip factor
and mass, also cause uncertainties in the scale factor, but they can be considered as
robust parameters which are insensitive to the environmental disturbances.

2.1.1.2 Drive Mode Effects on the Scale Factor

Typical self-oscillation loops implement velocity control as shown in Figure 2.2.
The drive mode velocity is determined by the reference voltage Vamp,set for amplitude
set point, electronics gain Adr, and electromechanical conversion gain VPM · dCx/dx.

ẋa =
Vamp,set

AdrVPM

dCx

dx

(2.8)

All the parameters that appear in the drive mode velocity are susceptible to
drift. In order to have a stable operation, these parameters should be controlled
accurately.

Voltage references are another important limitation for the scale factor accuracy.
These voltage dependencies appear in several places in the scale factor expression such
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Figure 2.2. Block diagram of the drive mode control loop.

as proof mass, amplitude set, and ADC reference voltages. The effect of the voltage
references can be reduced by sharing the same source (Vref ).

Referring all of the voltage references in the system to Vref and inserting (2.8)
into (2.7), the overall scale factor expression becomes

SF = 2mαz

1

Adr

1

dCx

dx

dCy

dy

1

V 2
ref

Aref (2.9)

where Aref is a scalar determined by the ratios between Vref and other voltage refer-
ences in the system such as VPM , Vref,ADC , and Vamp,set.

However, the voltage reference dependency in (2.9) is still not low enough for
navigation grade applications which require sub 1-ppm scale factor accuracy.

In brief, (2.9) shows the scale factor of the force feedback gyroscopes depend
on the gain of the drive mode front-end amplifier, multiplication of the dCx/dx and
dCy/dy terms, and Vref . These parameters can be monitored and calibrated to get
an accurate scale factor, but this approach is expensive and ineffective because of the
limited resolution of the monitor.
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2.1.2 Ratio-Metric Readout Technique for Force Feedback
Gyroscopes

It was shown that the scale factor of force feedback gyroscopes depends on
several parameters, degrading scale factor accuracy. There is a very significant fun-
damental limitation behind this poor scale factor: The input is an angular rate which
is a frequency of rotation; however, the output of the system is a voltage/digital
code. Therefore, all the parameters in the signal path between the frequency and
voltage/digital code appear in the scale factor expression.

On the other hand, it is possible to get the unknown relation between the fre-
quency and voltage in the drive mode. It is known that the drive mode oscillation
frequency is set by the springs and mass in the drive mode resonator. The springs
can be considered as a mechanical element which generates force which is in propor-
tional to the displacement. The same effect can be carried out in electrical domain
by generating a force which is in-phase with the drive mode displacement. This phe-
nomenon enables us to modulate the frequency by applying a voltage through the
forcer electrode in the drive mode. The relation between the modulated frequency
and the applied modulated voltage gives the unknown relation between the angular
rate and feedback voltage. This unknown relation can be continuously monitored, and
the force feedback output can be normalized with this relation. This new normalized
output provides a ratio-metric output with dimensionless scale factor. Figure 2.3
shows the proposed ratio-metric readout technique for force feedback gyroscopes.

2.1.3 Theory

The drive mode dynamics can be written as

mẍ+ bxẋ+ kxx = Fxd cos(ωt) + Fxv sin(ωt) (2.10)

where Fxd and Fxv are the base-band components of the feedback forces which are in
phase with the drive mode displacement and velocity, respectively. In conventional
drive mode loops, Fxd is set to 0, and Fxv is generated by the controller to achieve
the required oscillation amplitude. In our approach, there is no need to have an extra
control loop to regulate the velocity, since the scale factor is inherently free from the
velocity. Moreover, velocity settling takes a considerable amount of time for open-
loop self-oscillation loops if the Q-factor is high. Therefore, it is better to have an
amplitude control as shown in Figure 2.3. In this case, Fxv regulates the oscillation
amplitude with the help of the controller, and Fxd sets the oscillation frequency with
the mechanical spring as shown in (2.11) and (2.12), respectively.

bxẋa = Fxv → ẋa =
Fxv

bx
(2.11)
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Figure 2.3. The proposed ratio-metric readout technique for force feedback gyro-
scopes.

mẍ+ kxx = Fxd → −mω2xa + kxxa = Fxd

→ ω =

√√√√√kx −
Fxd

xa

m

(2.12)

The mechanical spring constant is much higher than the electrostatic spring
constant in (2.12). Therefore, (2.12) can be simplified using Taylors series expansion
as

kx � Fxd

xa

→ ω = ωx −
Fxd

2mωxxa

(2.13)

where ωx =
√
kx/m (mechanical resonance frequency).

Fxd is the force due to Vxd and ωxxa = ẋa.
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ω = ωx − Vxd

VPM

dCx

dx
2mẋa

(2.14)

The second term in (2.14) gives a very similar expression as the scale factor
expression in (2.5) which can be expressed by

SF =
αz

∂ω

∂Vxd

dCx

dx
dCy

dy

(2.15)

Using (2.15), the angular rate can be written as

Ω = Vyv ·
∂ω

∂Vxd

· 1

αz

·
dCy

dy

dCx

dx

(2.16)

∂ω/∂Vxd can be dynamically measured by applying a modulated (AC) Vxd.
Therefore, (2.16) can be rewritten as

Ω = Vyv ·
ωAC

Vxd,AC︸ ︷︷ ︸
Ratio-metric readout

· 1
αz

·
dCy

dy

dCx

dx︸ ︷︷ ︸
1/SFRM

(2.17)

As it is shown in (2.17), the first part of the angular rate expression is continu-
ously measured. It can be considered as a new output, and the second part can be
considered as the inverse of the scale factor of the ratio-metric force feedback sensing.

SFRM is equal to angular gain (αz) for ideal symmetric structures. This ex-
pression is same as whole angle and FM gyroscopes [25, 30]. In addition to this, the
ratio-metric readout technique still works for asymmetric structures, since the scale
factor now depends only on a ratio of the spatial derivatives of the forcer electrodes
in addition to αz.

Equation 2.17 can also be generalized for gyroscopes with different transduction
gains (ηx and ηy).

Ω = Syv ·
ωAC

Sxd,AC︸ ︷︷ ︸
Ratio-metric readout

· 1
αz

· ηy
ηx︸ ︷︷ ︸

1/SFRM

(2.18)

where S∗∗ refers to signal which can be voltage (V) for capacitive and piezoelectric
transducers and current (I) for magnetic transducers.
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The effect of the ADC is also eliminated in the ratio-metric force feedback if the
same type of ADC and same Vref are used for the voltage which modulates the drive
mode resonance frequency. In this case, the scale factor expression will be independent
of the ADC reference voltage, and only the matching of the ADCs appears in the scale
factor expression. Equation 2.19 shows the overall scale factor expression between the
angular rate and digital code.

Ω = Dyv ·
ωAC

Dxd,AC︸ ︷︷ ︸
Ratio-metric readout

· 1
αz

·
dCy

dy

dCx

dx︸ ︷︷ ︸
1/SFRM

·Aconv1

Aconv1

(2.19)

where Aconv1 and Aconv2 are the ADC gains for Vxd and Vyv, respectively. If the
controller is implemented digitally, Aconv1 and Aconv2 are now the DAC gains for Vyv

and Vxd, respectively.

2.1.4 Practical Issues

The assumptions, which were made above, cause some errors in the practical
implementations. These errors and solutions to them will be discussed below.

Nonlinearity in SF Estimate: In (2.12) it was assumed that mechanical
spring constant is much higher than the electrostatic spring constant. However, ωAC

should be high enough to have a better estimation for the scale factor. In this case,
higher order terms in Taylor series should be taken into account. Fortunately, peak-
to-peak measurement for ωAC eliminates the even order terms. As a result, in order
to have a sub-1 ppm non-linearity error, peak-to-peak frequency deviation can be set
to 500ppm of the natural frequency of the drive mode.

Frequency Measurement: There are several approaches for frequency mea-
surement. One of the easiest method is to use a high-resolution counter whose clock
can be generated by typical quartz or MEMS oscillators. This kind of frequency
readout can be considered as a first order ΣΔ modulator [31] whose frequency noise
due to the quantization error can be very low with reasonable clock frequencies.

The ultimate accuracy of the scale factor of the ratio-metric force feedback is
determined by the reference clock. Precision oscillators, which have sub-ppm level
accuracy, can be used for this clock [32]. This amount of accuracy is good enough
for navigation grade applications. Furthermore, if the same clock is used for rate
integration, the obtained result will be free from the stability of the reference clock.

Drift of ωx: ωx is not a constant parameter, and it drifts with temperature
and stress. The rate of the oscillation frequency change should be high enough to
eliminate the effect of this drift on the scale factor estimation.

Drive mode without amplitude control: If the settling time is not a concern,
the amplitude control can be removed from Figure 2.3. This does not change the
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result, since the proposed ratio-metric readout is inherently free from the velocity.
As a result, the proposed approach even simplifies the drive mode implementation
by removing several blocks such as demodulator, low pass filter, and controller. The
overall structure can be implemented by using only a preamp, phase shifter, and
limiter.

Change in the base-band dynamics of the sense mode: The sense mode
is not affected by the change of the drive mode frequency with an ideal controller.
Nevertheless, the low frequency errors are shaped by the frequency split and damping
of the sense mode. If there is a systematic error in the controller, it will cause a
significant tone at the output. It is important to null these offsets in the control loop.

Mode-matching: If the gyroscope is required to operate in mode-matched con-
dition, the drive mode oscillation frequency should always be close enough to the sense
mode resonance frequency. Therefore, it is needed to keep peak-to-peak frequency
deviation below the mechanical bandwidth to take advantage of mode matching

Nonlinearities in dCx/dx: The scale factor of the ratio-metric force feedback
depends on the ratio between the spatial derivative of the capacitances of the forcer
electrodes in the drive and sense channels. There is no motion in the sense chan-
nel, so that there is no non-linearity. On the other hand, dCx/dx term may suffer
from non-linearity. Comb-drive electrodes are usually used to operate the gyroscopes
with a larger displacement. They are also inherently linear actuators, but if the dis-
placement is too large then dCx/dx might change due to the displacement dependent
parasitic capacitances. Therefore, the displacement amount in the drive mode should
be optimized to get accurate scale factor.

2.1.5 Test Results

Scale factor calibration was tested with two different type of sensor. First, it was
demonstrated by a capacitive MEMS transducer. Although this sensor has a comb-
drive transduction, the tip capacitances cause non-linearity. This causes mismatch in
the drive and sense transduction gains which limits the performance of scale factor
calibration method.

Second, this method is also demonstrated by a magnetic sensor (CRS07) which
has inherently linear transduction. This avoid the aforementioned problem.

2.1.5.1 Capacitive Transducer

The ratio-metric readout technique is first verified using a pendulum MEMS
gyroscope whose photograph is shown in Figure 2.4. The sensor is fabricated in the
Invensense Nasiri fabrication process [33]. The resonance frequency of this gyroscope
is 3 kHz, and the quality factor is 1000. The controllers and signal processing algo-
rithms are implemented using Labview and PXI 7854R.

To verify the effectiveness of the calibration method, turn-on scale factor re-
peatability tests were carried out. The scale factor was measured twice per minute
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Figure 2.4. Photograph of the pendulum gyroscope used in the tests [3].

by applying angular rates of 0 dps, 100 dps, and -100 dps. This test was repeated for
28 minutes. The data in the first two minutes was removed to eliminate the settling
errors coming from the signal processing algorithms. After that, measured scale fac-
tors were averaged to reduce the noise in the measurement. The supply was tuned off
for 2 minutes. This 30 minutes procedure was repeated for a one-day period. Both
the traditional and ratio-metric force feedback data were collected from the same gy-
roscope output simultaneously. The systematic offsets in the sense mode controllers
were nulled to avoid the tones which have been mentioned before. As a final note,
the test environment did not have a temperature control.

After the supply was turned on, the scale factor of the traditional force feedback
gyroscope changes considerably. This turn-on transient was suppressed substantially
using the ratio-metric force feedback technique as shown in Figure 2.5.

Figure 2.6 shows the turn-on scale factor repeatability test. A peak-to-peak drift
of 2660 ppm was obtained over one day with the traditional force feedback. This value
was reduced to 130 ppm using ratio-metric force feedback. These tests demonstrate
20-folds improvement in the scale factor accuracy.

The measured nominal scale factor is 0.924, and the expected angular slip factor
of the sensor under test is 0.95. This gain is a robust parameter which does not
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Figure 2.5. Turn-on transient test with traditional and ratio-metric force feedback
operations.

vary too much with temperature and process variations. The difference between the
measured scale factor and angular slip factor is coming from the mismatch between
the dCx/dx and dCy/dy terms which can be measured on-chip. This result implies
that ratio-metric force feedback gyroscopes can be used without any scale factor
calibration.

The ratio-metric force feedback gyroscope has fundamentally the same noise as
traditional force feedback gyroscopes. The only modification is implemented in the
drive mode. The sense mode, which has the critical signal path determining the noise,
has no change. The noise on the scale factor estimate is important, but it does not
carry any high bandwidth information. The noise on the frequency measurement was
suppressed by the low pass filters whose cut-off frequency is much smaller than the
rate bandwidth. Figure 2.7 shows an Allan deviation test with an angle random walk
of 5.3 mdps/rt-Hz and a bias stability of 3 deg/hr.
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Figure 2.6. Scale factor repeatibility test with traditional and ratio-metric force
feedback operations.

Figure 2.7. Allan deviation test with ratio-metric force feedback.
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2.1.5.2 Magnetic Transducer

The linearity of the magnetic transducer is better than capacitive transducers.
As a result, the transduction gains between drive and sense modes match better, and
the scale-factor calibration method is more effective.

To verify this, a sensor module of a commercial gyroscope with magnetic trans-
duction is used [34]. Figure 2.8 shows the device photo with transducer parameters.

Figure 2.8. Device photo with transducer parameters [4].

Figure 2.9 shows the long-term repeatability of the scale factor measured over
12 days. Background calibration reduces the peak-to-peak deviation by a factor of
24 from 547ppm to 23ppm whose 1σ deviation is only 7ppm.

Figure 2.9. Repeatability of the scale factor measured over 12 days.

Figure 2.10 demonstrates the temperature sensitivity of the scale factors for both
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calibrated and uncalibrated outputs. It has been shown that the overall deviation of
the scale factor over 30◦C temperature range is reduced from 18700ppm to 61ppm
which is more than 300 times improvement. The temperature coefficient of the scale
factor at room temperature is also decreased from 560ppm/◦C to 4ppm/◦C. It has
been observed that the temperature sensitivity becomes zero around 35◦C.

Figure 2.10. Scale factor measurements between 15◦C and 45◦C.

These results imply that the scale factor estimation is very accurate. As it is
mentioned in (2.18), the only errors are coming from αzηx/ηy. First, the angular
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gain (αz) is known to be very stable, but it still presents temperature dependency.
The temperature coefficient of the angular gain in hemi-spherical ring gyroscopes
(HRGs) is reported as 0.5ppm/◦C [8]. Second, ηx/ηy is a ratio of transduction gains.
If the structure is symmetric, this ratio will be more balanced and reject most of
the common disturbances in ηx,y. However, in practice ηx,y depends on displacement,
and ηx and ηy have different dynamics due to the inherent asymmetrical operation of
conventional force feedback. While ηy does not have any displacement dependency
because there is no motion in the y-channel, ηx suffers from this dependency if there
is any transduction non-linearity. Magnetic transducers do not have this problem
thanks to its linear transduction which is the main reason the accurate scale factor
shown in Figure 2.10 could be obtained.

2.2 Background Calibration for Bias Stability

Bias instability is the limiting factor for long-term applications. As mentioned
before, there are three main error sources for bias stability which can be grouped
under 2 categories: (1) quadrature error and (2) in-phase errors due to anisodamping
and force coupling. This section discusses two approaches to suppress these errors for
force-feedback gyroscopes.

2.2.1 Quadrature Error Suppression

For quadrature coupling, direct cancellation of this error is the most common
techniques for bias correction [5]. But, this method is not always possible due to
the necessity of dedicated quadrature cancellation electrodes. Alternatively, phase
error in the electronics can also be calibrated so that quadrature error is eliminated
precisely with phase sensitive demodulation.

In force feedback gyroscopes, the critical signal path is the feedback network
of the sense channel which includes the modulators as shown in Figure 2.11. The
carriers of these modulators come from the drive channel. Because the quadrature
leakage happens due to the phase errors in these carriers, the phase error of the drive
channel needs to be measured and corrected. The front-end electronics phase error
(θerr) in the drive mode is the dominant error source.

Figure 2.11 shows the simplified block diagram of the force feedback gyroscopes
with the injected calibration signal used for scale factor calibration. Note: In this
section S∗∗, which refers to electrical signal, is used instead of voltage or current to
generalize the expressions for different types of transducers.

Equation 2.20 shows that the actuating force Fxv of the drive channel sets the
amplitude of the oscillator, and this force should balance the damping force to sustain
the oscillation. However, (2.20) is not accurate if there is any phase error between
the velocity and force. If this is the case, Fxv will have two components which are
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Figure 2.11. Simplified block diagram for force-feedback gyroscopes.

in-phase with displacement and velocity instead of a single force, which is in-phase
with the velocity. A similar situation also holds for Fxd.

mẍ+ bxẋ+ kxx =(Fxv cos(θerr)− Fxd sin(θerr))
ẋ

ẋa

+ (Fxd cos(θerr) + Fxv sin(θerr))
x

xa

(2.20)

In order to have sustaining oscillation with an amplitude of xa, the following
conditions should be met.

bxxaωosc = Fxv cos(θerr)− Fxd sin(θerr)

bxxa

ηx
ωosc = Sxv cos(θerr)− Sxd · sin(θerr)

(2.21)

Equation 2.21 is a single equation with two unknowns: bxxa/ηx and θerr. On the
other hand, Sxd and so Fxd are AC signals to modulate the oscillation frequency for
scale factor calibration. Therefore, (2.21) can be divided into two new equations for
DC and AC terms using superposition.

bxxa

ηx
ωosc,DC = Sxv,DC cos(θerr)− Sxd,DC sin(θerr)

bxxa

ηx
ωosc,AC = Sxv,AC cos(θerr)− Sxd,AC sin(θerr)

(2.22)

Sxd,DC is equal to 0, since the calibration force and electrical signal are pure AC
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to modulate the oscillation frequency. Therefore, the phase error θerr can be found
as follows.

θerr =

Sxv,AC − Sxv,DC
ωosc,AC

ωosc,DC

Sxd,AC

(2.23)

Equation 2.23 shows that the phase error can easily be obtained by using the
oscillation frequency and drive signals in the drive channel. After this phase error is
obtained, the force vector of [Fyv Fxv]

T can be rotated to eliminate the quadrature
leakage. The same thing can also be done for the electrical signals Syv and Syd which
are used to generate the feedback forces as follows.

[
S̃yv

S̃xv

]
=

[
cos(θerr) − sin(θerr)
sin(θerr) cos(θerr)

] [
Syv

Sxv

]
=

1

ηy
·
⎡
⎣2mαzxaωosc

(
Ω +

bxy
2mαz

)
kxyxa

⎤
⎦ (2.24)

Equation 2.24 shows that S̃yv is now free from the quadrature error, and the
only errors left are due to the in-phase errors.

2.2.2 In-phase Error Correction

Errors like anisotropic damping shown in (2.24) and force coupling have the
same phase as the Coriolis force [11]. The amount of force coupling is directly related
to the amount of the electrical signal applied at the forcer electrodes in the drive
channel (Sxv). Similarly, anisotropic damping (bxy) is related to the isotropic damping
(bx), and the actuating electrical signal in the drive channel is a function of isotropic
damping as shown in (2.22). Therefore, the in-phase error term (ein) can be expressed
in terms of Sxv.

ein = Sxv · ζcal (2.25)

where ζcal is a correlation coefficient between the actuating signal in the drive channel
and in-phase errors. ζcal can be found easily, when there is no angular rate. In other
words, this correlation coefficient can be extracted by one-point calibration. This
method is valid as long as there is no error leakage from quadrature. This condition
is automatically satisfied using the dynamic phase error correction mentioned above.
As a result, ζcal can be extracted as follows:

ζcal =
S̃yv

Sxv

∣∣∣∣∣
Ω=0

(2.26)

In brief, the overall background calibration can be summarized as follows:
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[
Ω
Ωq

]
=

1

αz

ηy
ηx

ωAC

Sxd,AC

·
([

cos(θerr) − sin(θerr)
sin(θerr) cos(θerr)

] [
Syv

Sxv

]
−
[
Syv

0

]
S̃yv

Sxv

∣∣∣∣∣
Ω=0

)
(2.27)

where, Ωq is the rate equivalent quadrature error. In (2.27),
1

αz

ηy
ηx

can be considered

as inverse of the scale factor of the overall background calibrated system. All the
other parameters in (2.27) are observable parameters, and the uncertainty in the rate
estimate is minimized by the proposed background calibration methods.

2.2.3 Test Results

The above calibration techniques were also tested with the magnetic transducer
used in the scale factor calibration method.

Figure 2.12 shows the measured Allan Variance. The Angular Random Walk of
0.035 deg/rt-hr is dominated by pickup noise and not affected by calibration. The
dynamic phase error correction described above reduces the bias for 400s averaging
time two-fold. At 3200s, relevant for short-term navigation, the error decreases from
5.7deg/hr to 3.3deg/hr. Combining all proposed calibration approaches achieves bet-
ter than a six-fold improvement at 400s. At 3200s, drift is reduced from 5.7deg/hr to
2deg/hr, thus attaining tactical grade performance.

Figure 2.12. Allan deviation results for uncalibrated and calibrated outputs.

Figure 2.13 shows the bias measurement results over 30◦C temperature range.
The temperature-coefficient of the bias is decreased from 32mdps/◦C to 8mdps/◦C
with the background calibration.
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Figure 2.13. Temperature test results of bias for uncalibrated and calibrated outputs.

2.3 Conclusion

This chapter presents three calibration techniques, which calibrate scale fac-
tor and bias at the background. The detailed tests of the scale factor calibration
demonstrate that the long-term repeatability improves from 547ppm to 23ppm, and
the first order temperature-coefficient of the scale factor at room temperature drops
from 560ppm/◦C to 4ppm/◦C, showing more than two orders of magnitude improve-
ment. The bias calibration includes two different approaches. First, the phase error
in the system is continuously monitored, and quadrature leakage to the output is
corrected using this estimated phase error. Second, in-phase errors are corrected by
using the actuating electrical signal in the drive channel. These bias calibration tech-
niques reduce the bias instability by a factor of approximately 7 from 6.6deg/hr to
1deg/hr at 400s, and the temperature coefficient by a factor of 4 from 32mdeg/s/◦C
to 8mdeg/s/◦C.
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Chapter 3

FM Gyroscope Dynamics

In FM gyroscopes, the angular rate modulates the frequency instead of amplitude
[30]. This modulated frequency is sensed by a frequency-to-digital (FDC) converter
with a precision reference clock. Since angular rate itself is also frequency, this kind
of ratio-metric readout inherently has much shorter signal path which minimizes the
error terms appearing in the scale factor and bias [24].

In conventional gyroscopes, while the first channel is operating as an oscillator,
the second channel is only used as a sense element. However, FM gyroscopes use both
of the axes as an oscillator. In fact, as it will be shown later, using both channels
as an oscillator is not only necessary for FM gyroscopes, but also provides unique
features for AM gyroscopes.

This chapter covers the dynamics of coupled oscillators acting as a gyroscope
and the effect of error sources.

3.1 Gyroscope as a Coupled Oscillator

The electro-mechanical matrices for a 2-DOF oscillator are described below.

M =

[
mxx 0
0 myy

]
, B =

[
bxx bxy
byx byy

]
, K =

[
kxx + ξxktune kxy

kyx kyy − ξxktune

]
,

O =

[
0 2mΩαz

−2mΩαz 0

]
, Tλ =

[
1 λxy

λyx 1

]
, q =

[
x
y

]
, F =

⎡
⎢⎣Fxv

ẋ

ẋa

+ Fxd
x

xa

Fyv
ẏ

ẏa
+ Fyd

y

ya

⎤
⎥⎦
(3.1)

where M , B, and K are mass, damping, and sensor matrices. ktune is the controllable
spring constant used for tuning purpose. ξx,y is the weights for tuning. O is the rate
matrix, Tλ is the force coupling matrix, q is the position vector, and F is the forcer
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vector. xa, ẋa, ya, and ẏa are the oscillation amplitudes for the displacement and
velocity signals.

The equations of motion in matrix form are written as

H = Mq̈ + (B +O)q̇ +Kq − TλF (3.2)

where H is a equivalent force vector with the components below.

H1 =mxxẍ+

(
bxx − Fxv

ẋa

)
ẋ+

(
kxx − Fxd

xa

+ ξxktune

)
x

+

(
kxy − λxyFyd

ya

)
y +

(
bxy + 2mΩαz − λxyFyv

ẏa

)
ẏ

(3.3)

H2 =myyÿ +

(
byy − Fyv

ẏa

)
ẏ +

(
kyy − Fyd

ya
− ξyktune

)
y

+

(
kyx − λyxFxd

xa

)
x+

(
byx − 2mΩαz − λyxFxv

ẋa

)
ẋ

(3.4)

This expression indicates that the coupling forces can modulate the effective
damping (b∗) and stiffness (k∗) terms depending on their phase with respect to the
displacement. If the coupled force is in-phase with the displacement, it modulates
the stiffness. If it is in-phase with the velocity, it modulates the damping.

For an arbitrary phase difference between the x and y channel displacement sig-
nals (φxy), the coupling forces can be decomposed into the displacement and velocity
signals of the corresponding oscillator. Figure 3.1 shows the projection of the nor-
malized coupled signals (y/ya) and (ẏ/ẏa) to the normalized displacement (x/xa) and
velocity signals (ẋ/ẋa).

Using these relations, the coupled signals can be rewritten as below.

y = x
ya
xa

cos(φyx) + ẋ
ya
ẋa

sin(φyx)

ẏ = ẋ
ẏa
ẋa

cos(φyx)− x
ẏa
xa

sin(φyx)

x = y
xa

ya
cos(φxy) + ẏ

xa

ẏa
sin(φxy)

ẋ = ẏ
ẋa

ẏa
cos(φxy)− y

ẋa

ya
sin(φxy)

(3.5)

Using (3.3), (3.4), and (3.5), the dynamics can be explained as

mxxẍ+ b∗xẋ+ k∗
xx = 0

myyÿ + b∗yẏ + k∗
yx = 0

(3.6)

where b∗x,y and k∗
x,y are the effective damping and spring constant terms
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Figure 3.1. Projection of coupled forces for an arbitrary φxy difference.

k∗
x =kxx − Fxd

xa

+ ξxktune +
ya
xa

kxy cos(φxy)− Fyd

xa

λxy cos(φxy)

− Fyv

xa

λxy sin(φxy) +
ẏa
xa

bxy sin(φxy) + 2mΩαz
ẏa
xa

sin(φxy)

(3.7a)

k∗
y =kyy − Fyd

ya
− ξyktune +

xa

ya
kyx cos(φyx)− Fxd

ya
λyx cos(φyx)

− Fxv

ya
λyx sin(φyx) +

ẋa

ya
byx sin(φyx) + 2mΩαz

ẋa

ya
sin(φyx)

(3.7b)

b∗x =bxx − Fxv

ẋa

− Fyv

ẋa

λxy cos(φxy) +
ẏa
ẋa

bxy cos(φxy)

− ya
ẋa

kxy sin(φxy) +
Fyd

ẋa

λxy sin(φxy) +
ẏa
ẋa

2mΩαz cos(φxy)

(3.7c)

b∗y =byy − Fyv

ẏa
− Fxv

ẏa
λyx cos(φyx) +

ẋa

ẏa
byx cos(φyx)

− xa

ẏa
kyx sin(φyx) +

Fxd

ẏa
λyx sin(φyx) +

ẋa

ẏa
2mΩαz cos(φyx)

(3.7d)

Note that (3.6) and (3.7) have only one assumption: φxy is a slowly varying
signal. In these equations we have 4 equations with 4 unknowns. These unknowns
are the sustaining forces and oscillation frequencies.
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3.2 Force Sensing

The sustaining force expressions can be found by using b∗x,y terms. In order to
have sustaining oscillations, b∗x,y should be equal to zero. Neglecting the higher order
error terms such as λxyλyx, Fxv and Fyv can be found as

Fxv =bxxẋa + (Fydλxy − yakxy) sin(φxy)

+ (bxyẏa − byyλxyẏa + 2mΩαzẏa) cos(φxy)
(3.8a)

Fyv =byyẏa − (Fxdλyx − xakyx) sin(φxy)

+ (byxẋa − bxxλyxẋa − 2mΩαzẋa) cos(φxy)
(3.8b)

Equation 3.8 shows the two channels have opposite rate sensitivity. If the veloc-
ities are matched ẋa = ẏa = ṙa, we can simply get the difference as follows.

ΔF =(bxx − byy)ṙa + (Fxdλyx − yakxy − xakyx + Fydλxy) sin(φxy)

+ (bxy − byx + bxxλyx − byyλxy + 4mΩαz) ṙa cos(φxy)
(3.9)

For a symmetrical device with equal cross-axis error terms such as bxy = byx and
Fxd,yd = 0 simplifies to Equation 3.9 to

ΔF = (bxx − byy)ṙa − (yakxy + xakyx) sin(φxy) + (4mΩαz) ṙa cos(φxy) (3.10)

Here, if φxy = {0◦, 180◦}, the rate sensitivity is maximized. In this case, the bias
error is set by the damping mismatch instead of anisotropic damping as in conven-
tional gyroscopes. But, this is still a limitation for high performance operation. This
limitation can be overcome by alternating the phase difference between 0◦ and 180◦.
This can be implemented using additional PLL or DLL loops, or simply letting the
oscillators run at their natural frequencies with a mode split of Δf which will auto-
matically modulate the rate signal. The mode-split should be minimized to reduce
noise, but it should also be high enough to reject the drift due to bxx − byy.

Note that this presents a new way of implementing AM gyroscopes with two new
features: (1) Operating both of the channels of the gyroscope as oscillators enables
continuous tracking and control of the mode-split. Therefore, the mode-split can be
minimized to decrease the noise and power. (2) Alternating the phase between 0◦

and 180◦ eliminates error terms and improves the bias stability.

3.3 Frequency Sensing

The instantaneous oscillation frequency can simply be found as
√

k/m. It is
known that the nominal oscillation frequency is set by the mechanical spring con-
stants. Therefore, using the Taylor series expansion at the nominal resonance fre-
quencies (ωox,oy), the instantaneous oscillation frequencies can be found as
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ωx =

√
k∗
x

mxx

= ωox +
k∗
x

2mωox

(3.11a)

ωy =

√
k∗
y

myy

= ωoy +
k∗
y

2mωoy

(3.11b)

where ωox,oy =
√
kxx,yy/mxx,yy. Using Equation 3.7

ωx =

(
αz

ẏa
ẋa

Ω− Fyv

2mẋa

λxy +
ẏa

2mẋa

bxy

)
sin(φxy)

+

(
− Fyd

2mẋa

λxy +
ẏa

2mωoyẋa

kxy

)
cos(φxy)

− Fxd

2mẋa

+
ξx

2mωox

ktune + ωox

(3.12a)

ωy =

(
αz

ẋa

ẏa
Ω +

Fxv

2mẏa
λyx − ẋa

2mẏa
byx

)
sin(φxy)

+

(
− Fxd

2mẏa
λyx +

ẋa

2mωoxẏa
kyx

)
cos(φxy)

− Fyd

2mẏa
− ξy

2mωoy

ktune + ωoy

(3.12b)

Here the rate sensitivity is the same for each channel. If there is no active
tuning (ktune = 0), then the oscillation frequencies in (3.12) should be summed if
the velocities are equal. Equation 3.13 gives the summation for equal velocities and
cross-axis terms, Fxv = Fyv, and Fxd,yd=0.

Σω = 2αzΩ sin(φxy) +
kxy
mωo

cos(φxy) + ωox + ωoy (3.13)

Equation 3.13 shows that error terms cancel each other for symmetric operation
and design which confirms the intuition about less erroneous performance with sym-
metric operation. The DC components can be eliminated by alternating the phase
between 90◦ and 270◦. Similar to force sensing, this phase alternation can be carried
out by just letting the oscillators run free with a mode-split. Until now, both force
and frequency sensing for a gyroscope with dual-oscillating channels exhibit similar
features in terms of bias stability and mode-split observation. However, as seen in
(3.13) the scale-factor for frequency output depends only on the angular gain (αz)
which provides a significant advantage compared to force sensing.
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To understand the scale factor sensitivity to oscillation amplitudes, we need to
go back to (3.12). If we sum these two terms for free running oscillators (no active
tuning, ktune = 0), we get the following SF expression.

SF = αz
1

2

dΣω

dΩ
=

1

2

(
ẏa
ẋa

+
ẋa

ẏa

)
(3.14)

Equation 3.14 shows that the FM scale factor is minimized with equal velocities,
but the scale factor error due to the velocity mismatch is also minimized thanks to
the reciprocal summation.

If active tuning is used to set the mode split (ktune �= 0), then the tuning strategy
affects the common-mode frequency (ωcm). This common-mode frequency is set by
the tuning weights ξx,y.

ωcm =
ωxξy + ωyξx

ξx + ξy
(3.15)

Then the scale factor is

SF =
dωcm

dΩ
= αz

1

ξx + ξy

(
ẏa
ẋa

ξy +
ẋa

ẏa
ξx

)
(3.16)

This is an important observation that the tuning strategy is important if the
errors are to be minimized as shown for scale factor. For example, if one of the
channels is used as a master resonator and the second resonator is locked to this
resonator such as (ξx = 1 and ξy = 0), then the scale scale factor will only be αzẋa/ẏa
which does not have the reciprocal summation feature.

3.4 Phase Error in Electronics

The above analysis only covers the mechanical errors. In (3.12) and (3.13), it
is clear that any phase error in the demodulation path causes both scale factor and
bias errors. Since quadrature coupling is the largest error term, the phase error in
the demodulation process causes significant bias error, similar to what happens in
conventional AM gyroscopes.

However, the aforementioned AM and FM methods have a very significant ad-
vantage: the phase error is due to the difference of two phases, rather than the
absolute error of a single phase as in conventional gyroscopes. This eliminates the
use of high bandwidth electronics to minimize the phase error, hence reducing power
consumption.

The error in the phase mismatch is not the only error source. Note that Equa-
tion 3.12 includes the force terms (Fxd,yd). Ideally, these force terms are zero if there
is no calibration signal applied. But, if there is a phase error (φerrx,erry), Fxv,yv leaks
to Fxd,yd.



CHAPTER 3. FM GYROSCOPE DYNAMICS 34

Fxd,yd = tan(φerrx,erry) · Fxv,yv (3.17)

By replacing Equation 3.8 in the oscillation frequency expressions, and neglecting
the higher order error terms which include the multiplication of different error sources,
we can get the following expressions.

ωx =

(
αz

ẏa
ẋa

Ω− byy
2m

λxy +
ya

2mẋa

kxy tan(φerrx) +
ẏa

2mẋa

bxy

)
sin(φxy)

+

(
− Fyd

2mẋa

λxy +
ẏa

2mωoxẋa

kxy

)
cos(φxy)

+
ξx

2mωox

ktune + ωox − bxx
2m

tan(φerrx)− kyx
4mωox

λxy

(3.18a)

ωy =

(
αz

ẋa

ẏa
Ω +

bxx
2m

λyx − xa

2mẏa
kyx tan(φerry)− ẋa

2mẏa
byx

)
sin(φxy)

+

(
− Fxd

2mẏa
λyx +

ẋa

2mωoyẏa
kyx

)
cos(φxy)

− ξy
2mωoy

ktune + ωoy − byy
2m

tan(φerry)− kxy
4mωoy

λyx

(3.18b)

The above expressions show that the quadrature signal can leak to the output
due to both phase error and cross-axis stiffness mismatch. The latter mismatch
leaks to the output with the common-mode phase error (φerr). For equal velocities
(symmetric FM), the overall error is written below.

Ωerr =
1

αz

(
λxy

Δb

2m
+Δλxy

b

2m
+

Δbxy
2m

+ φerr
Δkxy
2m

+Δφerr
kxy
2m

)
(3.19)

where, Δλxy, Δbxy, and Δkxy are the mismatch in the cross-axis terms. Δφerr is the
phase mismatch between the channels, and b, bxy, and kxy are common-mode terms
for the damping, cross-axis damping, and cross-axis stiffness terms.

3.5 Conclusion

The gyroscope is a 2-DOF resonator. Conventionally, one of the channels is
used as an oscillator, and the second channel is used as a sense mode. Here it is
shown that both channels can be used as oscillators to sense angular rate. In this
case, the rate is coupled to the sustaining forces and oscillation frequencies. If the
system is well-balanced with equal oscillation velocities, cross-axis terms and errors
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cancel without the necessity of additional calibration. The scale factor when sensing
frequency is also very insensitive to the velocity mismatch. For active tuning, it is
important to control the oscillation frequencies in a balanced way to maintain this
reciprocal summation feature and error cancellation.

In practice, unequal cross-axis terms can potentially cause large errors even with
equal velocities. This problem can be minimized by using a symmetric transducer
design and packaging.
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Chapter 4

Indexing FM Gyroscope

FM gyroscopes have unique features allowing robust scale factor and bias sta-
bility. In addition, symmetry is very important to exploit all the features of FM gy-
roscope. However, perfectly symmetric transducers have very low mode-split which
makes it difficult to operate FM gyroscope as free-running oscillators due to injection
locking.

This chapter introduces indexed FM operation (IFM) which is ideal for highly
symmetric devices. In this operating mode the x- and y-modes of a z-axis gyroscope
are operated with a phase shift that alternates between +90◦ and -90◦, corresponding
to circular clock and anti clockwise orbits. Taking the difference between the rate
measured in the two states rejects long-term variation of the transducer resonant fre-
quencies. Additionally, the symmetry of the sensor and controller suppresses damping
related errors.

4.1 IFM Operation

The mathematical description of the FM gyroscope has been discussed in Chap-
ter 3. Before discussing IFM details, it is important to address why we need indexing.

In FM gyroscopes both modes are driven with equal amplitude at their respective
frequencies and rate is inferred from a change in the free-running oscillation frequency.
In quadrature FM (QFM) operation, a controller uses an appropriate tuning mecha-
nism to adjust the phase difference between the x- and y-modes to a constant +90◦

or -90◦ [23]. In the presence of a rotation signal, the proof mass retains its angular
momentum in the inertial frame resulting in a change of the oscillation frequency.

For an ideal Foucault pendulum, a rotation of 360◦/s results in a 1Hz frequency
shift in the oscillation frequency, corresponding to a unity SF. In practical transducers
the scale factor is reduced by the angular gain αz, which is set by geometry and
exhibits very low sensitivity to environmental parameters, typically at the sub-ppm
level, translating into excellent SF stability [14].
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By contrast, the zero-rate output is set by the nominal resonant frequency which
has a large temperature coefficient (approximately -30ppm/◦C for Silicon). Alternat-
ing the orbit between clock and counter-clock wise oscillations as shown in Figure 4.1
up-converts the rate signal to the modulation frequency where it can be separated
from long-term drift phenomena by electronic filtering.

Figure 4.1. FM gyroscope with phase indexing.

4.1.1 Comparison of AM and FM Gyroscope Errors

Table 4.1 compares the outputs from conventional AM and FM gyroscopes. The
quadrature error is omitted for brevity and cross-axis damping terms are assumed to
be equal. Equations 4.1 and 4.3 for QFM and IFM operation differ primarily by the
suppression of the resonant frequency ω in the latter.

The SF of the AM gyroscope is a complex function of several design parameters
including proof mass velocity and transduction gain η. By contrast, the SF of FM
gyroscopes equals the angular gain αz modified by a term with the normalized velocity
mismatch squared (Δv/v)2 where v = 1/2 (ẋa + ẏa) and Δv = (ẋa − ẏa).

For 1ppm SF stability the velocities (and hence amplitudes) must exhibit less
than 0.14% variation, a relatively modest requirement. By contrast, to meet the
same requirement with an AM gyroscope, each parameter contributing to its SF
must be controlled to a fraction of 1ppm absolute accuracy, a requirement that is
nearly impossible to meet with practical implementations.
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Table 4.1. Gyroscope error analysis for (4.1) force-rebalance AM (voltage readout),
(4.2) QFM, and (4.3) IFM operation.

V̂y =
2mαzẋ

η︸ ︷︷ ︸
scale factor

⎧⎪⎪⎪⎨
⎪⎪⎪⎩Ω +

bxy

2mαz︸ ︷︷ ︸
bias

⎫⎪⎪⎪⎬
⎪⎪⎪⎭ (4.1)
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1
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(
Δv
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⎫⎬
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scale factor

⎧⎪⎪⎪⎨
⎪⎪⎪⎩Ω +

Δv

v

bxy

2mαz︸ ︷︷ ︸
bias

⎫⎪⎪⎪⎬
⎪⎪⎪⎭ (4.3)

Similarly, the bias from aniso-damping is attenuated by the same factor Δv,
translating into an at least two orders-of-magnitude advantage of FM over conven-
tional AM operation. The quadrature error is removed with synchronous demodu-
lation. The symmetrical design of the FM readout facilitates more accurate phase
matching compared to AM gyroscopes [6], translating into reduced quadrature leak-
age.

Mode reversal has been proposed in AM gyroscopes as a means to reduce long-
term drift [35]. In this operating mode, the roles of the drive and sense axes are
periodically interchanged. Unfortunately, this solution is difficult to realize especially
with the high-Q transducers generally required for high performance, limiting the
reversal rate to a fraction of the transducer bandwidth.

IFM operation avoids this trade-off between resonator Q and modulation fre-
quency. Since indexing only changes the relative phase of the x- and y-mode oscilla-
tions but does not alter the amplitude and hence energy in each mode, the modulation
rate is set by the frequency tuning range Δf which is independent of the resonator
bandwidth. The indexing transient in this case is the time required to change the
relative phase between +90◦ and -90◦ and equals 1/(2Δf) plus the settling time of
the phase control loop which in practice equals a few oscillation periods.

4.2 Experimental Characterization

The AM and FM performances were compared using the commercial gyroscope
transducer [34] which is also used for the testing the background calibration methods
in Chapter 2 (Figure 2.8). The device was tested in the facilities of United States Air
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Force 746th Test Squadron.

Figure 4.2. Block diagram of IFM gyroscope.

Figure 4.2 shows the block diagram. The tested device uses magnetic transduc-
tion and lacks a means to tune the mechanical resonant frequencies. Phase shifts
instead are generated by the controller with forces that are in-phase with displace-
ment. The ratio of these forces to the oscillation amplitude mimics a spring constant
and can thus be used to tune the oscillators. Due to limitations of the maximum
tuning force that can be realized by this method, the tuning range Δf is limited to
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1 Hz. In order to attain the reciprocal summation feature, as discussed in Chapter 3,
differential tuning is applied: equal magnitude with opposite polarities.

Figure 4.3. Board photo of the tested system.

Figure 4.3 shows the board photo of the tested system. The front-end electronics
and controllers are implemented with discrete components, while a custom frequency-
to-digital converter ASIC is used to measure the IFM frequency [36]. A 10MHz
temperature compensated crystal oscillator (TCXO) with a frequency stability of
0.1ppm between 0◦C to 70◦C [37] supplies the reference to the frequency-to-digital
converter (FDC), ensuring good scale factor accuracy.
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Figure 4.4. Allan variance plots for AM and IFM.

Figure 4.4 shows the in-run Allan-Variance for the AM and FM operation modes.
Compared to AM operation, FM operation reduces the bias as expected, but indexing
results in elevated ARW. This is caused by rate noise above the 0.8Hz indexing rate
folding into the signal-band. A transducer with higher tuning range or a combination
of two or more sensors can be used to eliminate this penalty.

Figure 4.5 and 4.6 show the measured bias and SF error over a 30-day period dur-
ing which power was switched off between measurements. Both results demonstrate
a more than two orders-of-magnitude improvement of FM over AM operation for the
same transducer. For FM operation, the bias repeatability is 2.86mdps (10.3dph) and
the SF repeatability is 4.3ppm. It is important to note that repeatability tests are
typically more challenging than in-run stability tests. Especially for SF, ppm level re-
peatability is very difficult to get with the available MEMS and fiber-optic-gyroscopes
(FOG) in the market without any sophisticated calibration.
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Figure 4.5. 1-month turn on bias repeatability results.

For SF measurements the FM gyroscope was tested up to ±600dps, which is
the maximum rate of the rate table. FM gyroscopes inherently have a much higher
full-scale range. In the system used for IFM operation, the full-scale range is limited
by the current FDC, which can measure ±1000dps. This value can easily be increased
thanks to the high range nature of frequency measurement.
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Figure 4.6. 1-month turn on SF repeatability results.

The temperature sensitivity is lowered by a similar factor, as demonstrated by
the measurement results shown in Figure 4.7 and 4.8. The temperature coefficient
(TC) of the SF in FM operating mode is as 1.25ppm/◦C. This value is close to the TC
of the angular gain of HRGs, which is reported in [14] as 0.5ppm/◦C. These results
show that FM gyroscopes achieve similar long-term SF stability without sophisti-
cated calibration or trimming and are thus promising candidates for low-cost high
performance gyroscopes.

Table 4.2 summarizes the results, indicating the performance advantage of FM
versus AM operation.
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Figure 4.7. Temperature sensitivity of bias.

Figure 4.8. Temperature sensitivity of SF.

Table 4.2. Performance summary.
AM FM Improvement

Bias (1σ) 335mdps 2.86mdps 117x
SF (1σ) 518ppm 4.31ppm 120x
TC Bias 711dph/◦C 2.9dph/◦C 245x
TC SF 105ppm/◦C 1.25ppm/◦C 84x
In-run Bias 19dph <1.5dph 13x
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4.3 Conclusion

Conventional AM gyroscopes measure rate indirectly via the amplitude of vi-
bration of the sense channel. As a consequence, the scale factor depends on several
fabrication parameters including the transduction gain and the absolute velocity of
the drive axis (Chapter 2). Each of these parameters must be controlled to a frac-
tion of the desired scale-factor accuracy, a significant barrier to achieving better than
100ppm stability. In contrast, FM gyroscopes detect rate in the form of a frequency
change which can be measured with high accuracy using a crystal or other accu-
rate clock as reference, readily enabling sub 10ppm accuracy without trimming or
calibration.

Indexed FM gyroscopes benefit from a similar reduction of zero-rate output. The
modulation of the rate by alternating the orbit between clockwise and anticlockwise
directions eliminates the large offset in circular FM gyroscopes. As demonstrated,
indexing FM gyroscopes have very impressive scale factor and bias repeatability with
symmetric devices having very low mode split.
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Chapter 5

Circuit Implementation

The FM gyroscope measures rate directly as frequency and converts it to a digital
output by comparing it to a precision clock reference [24]. Hence, the circuit design
will differ significantly from that used in conventional AM gyroscopes.

This chapter discusses the circuit implementation of FM gyroscopes. It also
introduces two new techniques: (1) asymmetric FM to reduce short-term noise and (2)
a bandwidth extension technique using FM and AM outputs from the same gyroscope
simultaneously.

5.1 System Overview

IFM operation has been discussed in Chapter 4 for highly symmetric transducers
without mode-split tuning capability. In this chapter, the transducer is a custom
design based on quad-mass gyroscope topology which has a larger frequency tuning
range [24]. The two channels of these transducers can operate as coupled oscillators
without any injection locking problem after tuning the mode-split (Δf) to a desired
value.

Figure 5.1 illustrates the principle of this operation. The transducer proof mass
consists of two orthogonal resonators excited at their resonant frequencies fo by two
sustaining circuits. For a 90◦ phase shift in the displacements of the x- and y-channels,
the motion of the proof mass follows a circular pattern. An observer in the rotating
frame perceives a rate input as a shift of the observed oscillation frequency of the
proof mass. The scale factor equals αz, where αz is the unit-less transducer gain.
It can be measured accurately with a frequency-to-digital converter with an explicit
reference input fref .

The transducer resonance fo appears as a huge offset in the output. Environ-
mental variations preclude straightforward subtraction from the rate output. Instead,
the direction of the circular path is altered periodically to modulate the sign of the
rate sensitivity, shifting the rate to the modulation frequency. It is accomplished by
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Figure 5.1. Simplified block diagram and rate chopping for FM and AM channels.

deliberately mismatching the resonances fox and foy of the two axes by a small amount
Δf (typically <100Hz). Now the relative phase φxy of the x- and y-channels changes
continuously, passing through 90◦ and 270◦, corresponding to FM gains +1 and -
1. This is equivalent to chopper stabilization and rejects drift at frequencies below
the modulation rate. At 0◦ and 180◦ the rate modulates the amplitude rather than
frequency of the x- and y-displacements. The force-equations illustrate the periodic
modulation of the rate signal Ωz and quadrature error Ωq to frequency and amplitude,
respectively. Consequently, rate appears in the output both as a frequency shift (FM
channel) and modulation of the oscillation amplitude (AM channel). FM and AM
signals are modulated at Δf with sin(Δφxy) and cos(Δφxy), respectively. Due to the
trajectory of the proof mass, this operating mode is called Lissajous FM (LFM).
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5.2 Implementation

As in conventional AM gyroscopes, reducing the split Δf between the modes
improves the ARW of the sensor [17, 15]. Since both modes are continuously driven,
Δf is observable and electrostatically tuned to 10Hz in the prototype. The abil-
ity to accurately set the split frequency is an important advantage of FM over AM
implementations and a consequence of both axes being driven. Figure 5.2 shows
the readout circuits consisting of a differential oscillator with amplitude control. It
consists of a trans-capacitance amplifier followed by a phase shifter, amplitude de-
tector, and VGA. The input-referred current noise of the trans-capacitance amplifier
is 17fA/rt-Hz. This is the dominant noise source coming from the electronics and it
corresponds to an ARW of 0.9mdps/rt-Hz at 10Hz mode split for 100nA motional
current. A telescopic cascode OTA has been used at the front-end with a bias cur-
rent of 20μA. The same OTA is also used in the differentiator with a bias current of
5μA. In the front-end, an active biasing circuit with long-channel transistors simu-
lating large resistor is used to minimize noise. An SC peak detector is clocked at the
zero crossings of the differentiator output to sample the oscillation amplitude. Un-
like other options, this solution does not require a low-pass filter which would limit
the measurement bandwidth. The VGA ensures a stable oscillation amplitude and
rejects the amplitude variations from the AM channel. The active biasing, amplitude
controller loop, and VGA blocks are discussed in the sections below.

Figure 5.2. Circuit schematic of a single oscillator with active biasing and SC ampli-
tude controller.

5.2.1 Active Biasing

In the oscillator design, the TIA is the main block determining the noise per-
formance. In order to have accurate gain and avoid the resistor noise, a capacitive
TIA is used. In order to provide the DC feedback to keep the TIA OTA in the linear
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region, a resistor is used in the feedback parallel to the capacitance. This resistor
should be large enough to ensure (1) the signal flows through the capacitor with a
minimum phase error and (2) the current noise of the resistor does not degrade the
noise performance. In order to keep the resistor noise negligible compared to the
main noise sources such as Brownian and front-end OTA noises, the resistor needs to
be larger than 1GΩ. It is not feasible to directly implement such a large resistor in
CMOS due to its exorbitant area requirement and parasitic capacitance.

It is possible to implement such a large resistor using a pseudo resistor [38].
However, such an implementation is very sensitive to threshold variations. An un-
controlled large resistance in the feedback path can cause significant offset at the
output due to potential leakage coming from the transducer. Additionally, these
large resistors cause excess voltage noise at the pick-off electrodes, which may de-
grade the noise overall noise performance, especially when considering the electrode
non-linearity (due to electrostatic spring softening from the electrode bias).

Duty-cycled resistors can be used to implement large resistor values in a control-
lable way [39], but the discontinuous operation can potentially increase the oscillator
phase noise.

DC feedback through an active circuit can be used to replicate the function
of the biasing resistor. The easiest solution is to use a buffer with a small trans-
conductance for low noise. The following section discusses the small-signal behavior
of active biasing circuit.

5.2.1.1 Small-signal Behavior

Figure 5.3a shows the conceptual circuit diagram with an ideal amplifier in the
feed-forward path. The frequency dependent feedback-factor (F ) in this amplifier is

F =
g∗m + sCint

s (Cin + Cint) + g∗m
(5.1)

The phase error and normalized magnitude error at the oscillation frequency ω
in the loop is approximated as

θerr =

∣∣∣∣Aerr

A

∣∣∣∣ ≈ g∗m
ωCint

(5.2)

In order to decrease the current noise of active biasing circuit, g∗m should be
minimized. This forces the transistors to operate in the sub-threshold region. How-
ever, the output of the front-end has high swing which causes non-linearity and noise
folding in the feedback path. In order to alleviate this problem, a low-pass filter with
a cut-off frequency ωlpf is used as shown in Figure 5.3b. In this case, the feedback
factor is

F =
g∗m(1 + s/ωlp)

−1 + sCint

s (Cin + Cint) + g∗m
(5.3)
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Figure 5.3. Conceptual diagram of active biasing.

Having additional low-pass filter also delays the signal in the feedback path by
roughly 90◦. This decreases the phase error by (ω/ωp)

2. The magnitude error is same
as without the low-pass filter.

θerr ≈ g∗m
Cint

ω2
lp

ω3
(5.4)

This extra suppression of the phase-error is very useful for applications where
the phase error in the TIA is important. This is especially important for conventional
AM gyroscopes where quadrature leakage heavily depends on the phase delay in the
front-end of the drive mode.

Here, the frequency response of the biasing OTA is ignored. If the conventional
single-ended OTA is used, it has one pole and one zero at ωp and 2ωp, respectively.
The pole ωp is at gmp/Cx, where Cx is dominated by the gate capacitance at the
mirror node. The transistors have long-channel lengths to prevent the transistors
from entering deep sub-threshold due to their low bias currents. As a result, gmp is
low and Cx is high which set the ωp to low frequencies. In this case, it is important
to include the effect of ωp.

F =
G∗

m(1 + s/ωlp)
−1 + sCint

s (Cin + Cint) +G∗
m

(5.5)
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where G∗
m = g∗m · 1 + s/(2ωp)

1 + s/ωp

. For the frequency of interest, the current flowing

through the mirror node has a negligible effect assuming, ωp � ω. The new phase
and gain error expressions are

θerr ≈ g∗m
2Cint

(ωlp − ωp)ωlp

ω3
(5.6)

This is almost the same expression for ωp � ω. The phase error can further be
minimized by matching ωp to ωlp. In this case, the gain error is half of the previous
gain errors, since at higher frequencies the effective trans-conductance is half-of the
DC trans-conductance (g∗m).

5.2.1.2 Noise of Active Biasing Circuit

The input-referred current noise contribution to the TIA due to the active biasing
is simply the short-circuit current noise of the biasing OTA: in = 4kTg∗mγNF .

Due to the sub-threshold operation, noise-folding of the tail-current noise de-
grades the noise. Adding the filter before the biasing OTA avoids such a limitation.
Figure 5.4 shows the input referred current noise obtained with PNOISE simulation
for 400mVpp voltage swing at the TIA output with and without the low-pass fil-
ter with a cutoff frequency of 3kHz. The dashed line shows the noise level for the
equivalent 2GΩ resistor.

The tail-current is 50pA and 64 long-channel transistors are cascaded with a
size of 220nm/20μm to keep the transistors away from the deep sub-threshold region.
The V∗ of the input transistors is roughly 100mV. In this case, the noise power of
the active biasing is less than 5% of the front-end noise power. Figure 5.5 shows the
transistor-level implementation of the active-biasing circuit.

5.2.2 Amplitude Controller

Amplitude controller not only regulates the amplitude to maintain a reliable
FM operation, but also determines the performance of AM channel. The base-band
model of the differential equations for the oscillation amplitude can be found as follows
assuming amplitude and oscillation frequencies are slowly varying terms compared to
ωo.

ẋa = b(t) · xa (5.7)

The solution of this time-varying differential equation is

xa(t) = xa(t0) · e
−
∫ t

t0

β(t)

2
dt

(5.8)
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Figure 5.4. Input-referred current noise due to active biasing.

where t0 is the initial time and β(t) is the time-varying bandwidth of the electro-
mechanical resonator. Note that, in a typical resonator this bandwidth is constant.
However, in an oscillator loop with an amplitude control loop, this term is being
controlled continuously, thus Equation 5.8 should be used to analyze the dynamics of
the amplitude control loop.

After the initial transient, a reasonable controller reaches its steady state by
ensuring that the argument of the exponent in (5.8) is close to 0. Under this condition,
(5.8) can be further simplified using Taylor’s Series expansion [40].

xa(t) = xao ·
(
1−

∫
β(t)

2
dt

)
(5.9)

where xao is the desired oscillation amplitude.
Equation 5.9 demonstrates an integral behavior. The integrator behavior can be

confirmed from a functional perspective. The controller needs to set the control volt-
age of the electrical resistance to a certain value in order to eliminate the mechanical
loss. This control voltage does not depend on the desired oscillation amplitude. In
other words, changing the desired oscillation amplitude (xao) does not change the er-
ror voltage, hence it does not cause a gain error as a proportional controller does. The
only static error in this scheme comes from the error voltage which sets the effective
loss to 0 to sustain the oscillation.

Equation 5.9 is rewritten as
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Figure 5.5. Transistor-level implementation of active biasing.

xa(t) = xao ·
(
1− 1

2

∫
(βmech − βel(t)) dt

)
(5.10)

where βmech is the mechanical bandwidth and βel(t) is the time-varying electrical
bandwidth which is controlled by a control voltage (Vc) with a sensitivity of Kel as
shown below.

xa(t) = xao ·
(
1−

∫ (
βmech

2
−KelVc(t)

)
dt

)
(5.11)

As discussed above, Equation 5.11 shows an integrator behavior which eliminates
the gain error. There is only a systematic offset (Vco) due to the mechanical loss in
the resonator.

Vco =
βmech

2Kel

(5.12)

Equation 5.11 can be further modified for voltage domain by multiplying the
oscillation amplitude with the transduction gain (η) and integration capacitor (Cint)
in TIA. The desired oscillation amplitude Vao is replaced by the reference voltage
Vref .

Va(t) = Vref ·
(
1−

∫ (
βmech

2
−KelVc(t)

)
dt

)
(5.13)
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The complete amplitude behavior of the system can be analyzed using (5.11).
Figure 5.6 shows the behavioral model including the transfer function of the sampler
used in the amplitude detector and the first-order low pass filter used for smoothing
the output waveform.

Figure 5.6. Behavioral model for amplitude-control loop.

The open-loop transfer function can now be written as follows:

Ha,ol(s) =
1− e−sTs

s

A

1 + s/ωp

1

s
(5.14)

where s is the base-band argument for the Laplace transform and A = AcVrefKel/Ts.
Before analyzing further, it can be noticed that the dynamics of this loop are very
similar to type-I PLL dynamics [41]. In PLLs implemented with phase-frequency
detectors (PFD), the phase is sampled at zero-crossings and the VCO behaves like an
ideal integrator. Here, amplitudes are sampled at the peaks and the self-sustaining
loop itself behaves as an integrator. Here, there is no additional loop filter as in type-II
PLLs [41] to eliminate the effect of offset thanks to low mechanical loss (high-Q).

It is desirable to maximize the bandwidth to be able to reject amplitude ripple
as much as possible. In addition, having larger bandwidth also increases the signal
bandwidth for AM channel which potentially increases the overall bandwidth in the
combined output with FM.

Since the sampling frequency is fixed in terms of the oscillation frequency, the
bandwidth can be maximized by setting the electrical gains properly. Here, the low-
pass cut-off ωp needs to be low enough to avoid disturbance in the oscillators by
smoothing the SC transients.

Figure 5.7 shows the closed-loop peaking and phase margin vs. 3dB closed-
loop bandwidth for ωp = 0.2πfs. As expected, the bandwidth can go up to 10% of
the sampling frequency while maintaining a reasonable phase margin and closed-loop
peaking.
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Figure 5.7. Frequency response of the amplitude-control loop.

Figure 5.8 shows the root-locus plot of the amplitude-control loop for varying
gain A, shown in (5.14) for ωp = 0.2πfs. The delay in the sampler (ZOH) is ap-
proximated with the Pade approximation with an order of 4. The system becomes
unstable for f3dB = fs/6.

Figure 5.8. Root-locus of the amplitude-control loop.
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5.2.2.1 Switched Capacitor Amplitude Detector

The most critical block in the amplitude controller block is the amplitude de-
tector. Conventional amplitude detectors rely on rectification and filtering of 2f com-
ponents [42]. This extra filter introduces additional poles in the system, limiting the
bandwidth. In this work, peaks are sampled synchronously [43] with the differentiator
outputs. For the synchronous sampling, a fully-differential switched capacitor ampli-
fier is used. This block not only samples the positive and negative peaks, but also
works as an error amplifier by subtracting the peak-to-peak value from the reference
voltage (Vref ).

Figure 5.9 shows the SC amplifier with the timing of the clocks. A wrap-around
topology is preferred due to its flicker and offset cancellation features [44]. The
front-end TIA is isolated from transient effects of this SC amplifier by an additional
amplifier. Including the buffer amplifier, the overall amplitude detector consumes
45μA per channel.

int

int

int

samp1p

samp1p

samp1n

samp1n

samp1p

samp1p

int

int

int

samp1 samp2

Vref+

Time

int

samp2

samp1

samp1n

samp1p

in

Vin+

Vin-

Figure 5.9. SC amplitude detector.

5.2.3 Variable Gain Amplifier

In a typical resonator, the VGA compensates the loss in the resonator. For
that reason, typical VGAs used in the self-sustaining loop operate in a limited range.
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These VGAs are relatively simple amplifiers such as a bias controlled common-source
amplifiers used in Pierce oscillators [45].

However, in FM gyroscope VGA also needs to compensate the coupling forces
such as Coriolis and quadrature forces. These forces can be much higher than the
sustaining force. In this case, the VGA should be able to change its polarity to
compensate these forces. To be able to change the polarity, a differential VGA is
used as shown in Figure 5.10.

Voltage-controlled resistors implemented with triode-devices change the bias cur-
rent and gain. A replica of the VGA controls the biasing of the bottom cascode (Vbn1

and Vbn2) so that output CM does not change with the control voltages (Vcontp,contn).
The common-mode output is regulated by the triode transistors. Figure 5.11 shows
that VGA can compensate the coupling forces even if they are larger than the sus-
taining forces.

Figure 5.10. Differential VGA.
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Figure 5.11. VGA output during operation.

5.3 Noise

There are three main noise sources determining the overall noise performance of
FM gyroscopes: oscillator noise, ADC noise, and transducer bias noise.

5.3.1 Oscillator Noise

In the linear oscillators, base-band models can be used to estimate phase noise.
A linear oscillator can be simplified to Figure 5.12 with the base-band model of the
MEMS resonator, TIA with a gain of Ztia and an amplifier with a gain of Av including
the gains of differentiator and VGA. The noise sources are also included for amplifiers
and MEMS resonator.

Base-band impedance of the MEMS resonator is

Zx = Rx + 2sLx (5.15)

where Rx is the motional resistance, Lx is the motional inductance, and s is the
base-band Laplace argument (jΔω). In order to achieve the sustaining oscillations,
electrical resistance seen by the resonator needs to cancel the motional resistance:
Rx = ZtiaAv. Using this condition, the noise on the motional current (ixo) flowing
through the oscillator is found as

i2xn =
v2n1 · A2

v + v2n2 + v2nRx

(2ΔωLx)
2 (5.16)

and the voltage noise at the oscillator output is
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Figure 5.12. Noise model for the self-oscillation loop.

v2osc,n =
v2n1 · A2

v + v2n2 + v2nRx

(2ΔωLx)
2 |Z2

tia|+ v2n1 (5.17)

Phase noise of the oscillator equals to SNR which is
vosc,n

ixo|Ztia| . Here remember

that each noise source will contribute to amplitude and phase noise. Therefore, noise
power should be divided by 2 for phase noise analysis. However, phase noise at a
frequency offset of Δf is caused by the spot noise at frequencies of fo ±Δf . This is
an extra 3dB noise penalty which compensates the previous 3dB drop assuming noise
is white around fo. Therefore, phase noise can simply be calculated from spot noise
values of the noise sources. Using (5.17), phase noise (φn) is expressed below.

φ2
n =

1

i2xo

v2n1 · A2
v + v2n2 + v2nRx

(2ΔωLx)
2︸ ︷︷ ︸

shaped by Δω

+
1

i2xo

v2n1
|Ztia|2︸ ︷︷ ︸

white phase noise

(5.18)

Here, the first term is the shaped phase noise with the offset frequency and the
latter one is white. The frequency noise can simply be found by multiplying phase
noise with the offset frequency which is corresponding to the mode split1.

ω2
n = φ2

nΔω2 (5.19)

1Frequency is the derivative of phase and both of them are base-band terms.
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ω2
n =

1

i2xo

v2n1 · A2
v + v2n2 + v2nRx

(2Lx)
2︸ ︷︷ ︸

white frequency noise

+
1

i2xo

v2n1
|Ztia|2Δω2

︸ ︷︷ ︸
shaped frequency noise

(5.20)

Equation 5.20 shows that for low Δω noise is white and dominated by both
mechanical and electrical noise sources. However, increasing the mode split directly
increases noise power after the noise corner where shaped and white noise sources are
equal to each other.

Using the criteria for sustaining oscillation, Av can be replaced by Rx/Ztia. In
addition, Rx/(2Lx) equals to the half-mechanical bandwidth (βmech/2) and vn1/|Ztia|
equals to the input referred current noise (in1). Then, (5.20) can be rewritten as
follows.

ω2
n =

1

i2xo

v2n2 + v2nRx

(2Lx)
2 +

i2n1
i2xo

(
Δω2 +

(
βmech

2

)2
)

(5.21)

vn2 is the output referred noise coming from the differentiator and VGA. If
transduction gain of the sensor is high, automatic gain controller will set the gain of
VGA to low value. In this case, VGA output noise will dominate the white frequency
noise. Note that VGA cancels the signal coming from two different path (Figure 5.10).
However, noise of the input transistors does not cancel since they are uncorrelated.
As expected, SNR of the driving signal degrades and white frequency noise increases.
To avoid this problem, a passive attenuator can be used so that nominal VGA gain
can be higher. With an attenuator gain Aattn frequency noise is modified to

ω2
n =

1

i2xo

v2n2 · A2
attn + v2nRx

(2Lx)
2 +

i2n1
i2xo

(
Δω2 +

(
βmech

2

)2
)

(5.22)

But, this approach suggests the maximization of the attenuation amount. Nev-
ertheless, increasing the attenuation amount decreases the full-scale range because of
the fixed supply limit. Amplitude controller loop will not be able to re-balance the
force higher than its supply limit.

The nominal motional current (ixo) and the regarding actuation voltage (ixoRx)
is corresponding to half-of the mechanical bandwidth (βmech/2 = Rx/(2Lx)). Then,
maximum angular rate (Ωmax) which can be compensated by the maximum output
voltage (Vmax) is found below.

Ωmax =
VmaxAattn

ixoRx

· Rx

2Lx

=
VmaxAattn

ixo2Lx

(5.23)

Combining Equations 5.23 and 5.22, frequency noise can be expressed as follows.
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ω2
n =

1

i2xo

v2nRx

(2Lx)
2 +

v2n2
V 2
max

Ω2
max +

i2n1
i2xo

(
Δω2 +

(
βmech

2

)2
)

= ω2
n,brw +

v2n2
V 2
max

Ω2
max +

i2n1
i2xo

(
Δω2 +

(
βmech

2

)2
) (5.24)

where ωn,brw is the Brownian noise.
Equation 5.24 tells that TIA noise increases linearly with mode-split. This be-

havior is same as the conventional AM gyroscopes. Furthermore, Brownian noise
effect and feedback noise expressions are also similar to AM gyroscopes. In order
to reach the Brownian noise performance for a targeted full-scale range, mode-split
should be minimized and motional current should be maximized. Otherwise, more
power should be consumed to reduce the noise. Remember that rate sensitivity of the
gyroscopes is also a function of αz and velocity ratios. Rate-referred noise can easily
be found by dividing the frequency noise with the SF which is αz for symmetric FM.
The noise in dps/rt-Hz can be expressed as

Ωn[dps/
√
Hz] =

ωn

2πSF
· 360dps

Hz
(5.25)

Also use of two outputs in the symmetric operating mode decreases the total
noise by 3dB. However, sinusoidal chopping decreases the signal (rate) power which
causes 3dB . Moreover, ARW is usually a common metric for noise in inertial sensors.
This parameter is also 1/

√
2 of the rate-noise density.

Figure 5.13 shows the power breakdown of the ASIC. Note that power breakdown
does not include the off-chip ADCs. The dominant noise source in the ASIC is the
TIA. This noise is corresponding to ARW of 0.9mdps/rt-Hz for ixo = 100nA at
Δf = 10Hz.

Figure 5.13. Power breakdown for the ASIC.
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5.3.2 ADC Noise

Frequency measurement is done by digitizing the oscillator with ADCs. Noise
of the ADC is an additive signal which will cause white phase noise (φn,adc). Using
the full-scale range of the ADC (VFS) and the spot noise at fo, φn,adc can be found
as follows.

φ2
n,adc =

vn,ADC(fo)
2

0.5 (VFS/2)
2 (5.26)

If the ADC is wide-band with a sampling frequency of fs, noise density in terms
of SNR (in dB scale) is

v2n,ADC =
V 2
FS

4 · 10
SNR

10 · fs

(5.27)

Then, the phase noise becomes

φ2
n,adc =

10
−
SNR

10

0.5fs
(5.28)

and the frequency noise becomes

ω2
n,adc =

10
−
SNR

10

0.5fs
(Δω)2 (5.29)

Because the spot noise at the resonance frequency determines the noise, it is
better to use narrow-band ADCs. Wide-band ADCs in the market can also provide
low noise with reasonable power consumption. AD7982 which has 99dB SNR con-
sumes 0.7mW power at 100kHz sampling rate [46]. With these specifications, ARW
contribution of this ADC is roughly 0.25mdps/rt-Hz at Δf = 10Hz.

5.3.3 Transducer Bias Noise

The above noise sources are linear. For FM gyroscopes, noise on proff mass bias
is an additional noise source which is especially critical for nonlinear transducers.
Electro-static spring softening is a well-known effect in capacitive MEMS transducers
[47]. The bias voltage across parallel plates modulates the frequency. Consequently,
noise on this bias voltage also causes frequency noise. This problem can be avoided
using low-pass filters for the proof mass bias ensuring the noise density at Δf is
low enough so that it does not hurt overall noise. However, the bias noise of the
pick-off electrodes cannot be filtered. This noise mainly comes from the DC feedback
(biasing) network for fully-differential amplifiers. Common-mode noise of the DC
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biasing causes significant low-frequency noise across the pick-off electrodes. Linear
sensing such as comb-drives for the pick-off electrodes decreases the electro-static
softening effect and decreases the noise due to that. For tuning purpose, non-linear
electrodes can still be used with low-pass filters.

5.4 Test Results with Asymmetric FM and Band-

width Extension Techniques

For testing, the circuit was connected to the symmetric quad-mass gyroscope
(QMG) shown in Figure 5.17 with nominal fo=24kHz and Q=100k. The frequency-
to-digital conversion (FDC) is performed off-chip by digitizing two oscillator outputs
and extracting the frequency with a software PLL. The output from the AM channel
is obtained from the amplitude detector and also digitized off-chip.

Figure 5.14. Scale factor tests of FM and AM channels.

Figure 5.14 shows the measured linearity and scale factor stability. The sensitiv-
ity of conventional AM gyroscopes is determined by transducer bias, electrode gaps,
oscillation amplitude, and VGA gain which are difficult to control accurately. In
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contrast, FM sensitivity is set by an external reference clock and proportional to the
slip-factor αz set by transducer geometry and the sum of the reciprocal velocity ra-

tios

(
vx
vy

+
vy
vx

)
. For best stability, the velocities are chosen to be equal, contributing

only a 1ppm error to the scale-factor for as much as 1400ppm velocity mismatch. For
this prototype, the AM and FM linearity over ±300dps are 1830ppm and 110ppm,
respectively. Measured over a 24-hour period in an uncontrolled environment, the
individual FM channels exhibit considerable fluctuations dominated by temperature
variations. Summing the two outputs reduces this variation to ±150ppm, a more
than order-of-magnitude improvement over the AM performance. Also shown is a
first-order compensated result which reduces the magnitude of the error to less than
40ppm. The temperature of the sensor is obtained without extra circuitry from the
FDC based on the transducer’s TCF of -30ppm/◦C.

Figure 5.15 shows the measured Allan variance for sensors operated at equal
oscillation amplitudes and hence nearly identical velocities in both channels and with
a deliberate amplitude mismatch. The mismatch increases the scale factor of the sen-
sor, thereby reducing the noise contribution of the FDC. Note that the only change
between the two measurements is a different setting in the amplitude controller. The
possibility to dynamically adjust long versus short-term stability without increased
power dissipation is a unique feature of the FM gyroscope.

These results were achieved with a transducer with parallel plate transduction,
which due to its inherent nonlinearity results in noise folding, impairing the ARW.
The 1mdps/rt-Hz obtained with a transducer with comb-drive actuation confirms this
hypothesis. In addition, the larger oscillation amplitude in the comb-drive actuation
decreases the Brownian noise to less than 0.1mdps/rt-Hz. Unfortunately, this design
has not been optimized and in the current version exhibits poor long-term stability.

The noise is a function of Δf and decreases from 10mdps/rt-Hz at 100Hz to
1mdps/rt-Hz at 10Hz in the asymmetric mode, where total noise is dominated by
the electronics. Below 5Hz close-to-carrier phase noise dominates. Consequently, the
mode-split of the gyroscope is tuned to 10Hz with a servo loop with 20ms settling
time. The tuning accuracy is not critical since the FDC extracts the instantaneous
phase between the x- and y-axis motion for demodulation.

While reducing the mode-split is advantageous for noise, this also lowers the
useful bandwidth since the input is chopped at this rate. Since the outputs from the
FM and AM channels are in quadrature, the bandwidth of the sum of these outputs
is limited only by the bandwidth of the amplitude controller, 1.9kHz in this design.
Figure 5.16 illustrates the summing process and the spectrum for a 25Hz rate input.
To show the effectiveness of the technique, these measurements have been performed
with Δf tuned to 5Hz. The tone at 20Hz is due to transducer nonlinearity and can
be reduced with an improved mechanical design. The image is the result of imperfect
gain matching of the AM and FM channels. As expected, it disappears after trimming
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Figure 5.15. Allan deviation of the FM channel, ARW versus mode split, and auto-
matic mode split tuning.

the AM scale factor.

5.5 Conclusion

Table 5.1 compares this result to solutions reported earlier. The FM gyro
achieves competitive or better performance in all categories. Note that these re-
sults have been achieved without calibration. Not usually reported but a significant
error source for applications such as navigation is scale factor accuracy. By relying
on an explicit reference supplied in the prototype by an external (precision) clock
the FM gyro scale factor stability is more than two orders-of-magnitude better than
typical AM gyro accuracy. Further significant advantages include the continuously
tuned mode-split and the asymmetric mode of operation used to trade off long- and
short-term stability without circuit changes.
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Figure 5.16. Image rejection in combined FM and AM readout.
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Table 5.1. Performance summary and comparison table.

This Work ISSCC’17 [1]
Marx

ISSCC’15 [2]
Ezekwe

ISSCC’08 [4]
Ezekwe

ARW [dps/rt-Hz] 0.0011 0.0014 0.00497 0.00287

Bias Stability 
[deg/hr] 1.21 0.9 n.a n.a.

RRW [deg/hr1.5] 1.52 3.8 n.a. n.a.
FS [dps] 10002,3 800 2000 n.a.

Bandwidth [Hz] 19004 50 520 50
Number of Axes 1 1 3 1

Supply [V] 1.8 3.3 1.71-3.6 3.3
Power [mW] 0.455 1.71 0.37/axis 18

FoM6 for ARW
[dps2/Hz x W] 0.45n1 3.4n 8.9n 7.8n

Read-out Features -Simultaneous FM and AM - with tuned cont. 
time BPF

-Open loop
- With HV -Closed loop

Bias Stability 
Methods

-FM readout
-Symmetric transducer and 

readout

Manual quadrature 
tuning

Background phase 
error correction over 

temperature
n.a.

Mode Split Sensing Direct readout of 
resonance frequencies

n.a.
(initial tuning) n.a. Tone injection

5 Power does not include off-chip ADCs and DSP.
6 FOM = Power x ARW2 (per axis)
7 Rate noise density reported.  ARW = Rate Noise Density/ 2
8 Drive electronics power not included.

1 Asymmetric FM
2 Symmetric FM
3 Circuit full-scale. Tested up to ±300dps (rate table limitation).  
4 Tested up to 25Hz.

Figure 5.17. Chip micrograph and SEM image of the MEMS gyroscope.
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Chapter 6

Conclusion

Size, cost, and power have been limitations for high performance MEMS gyro-
scopes. This thesis introduces new techniques to break these limitations for conven-
tional AM (force-feedback) and FM gyroscopes.

Conventional AM gyroscopes have a fundamental drawback due to their lack of
a a true frequency reference for rate sensing. This thesis introduced a new technique
to extract this reference by injecting a calibration signal into the drive mode. The
sensitivity of the oscillation frequency to this calibration signal is almost same as the
sensitivity (scale-factor) of the force-feedback gyroscope. It has been demonstrated
that the the background calibrated scale factor has a temperature coefficient of only
5ppm/◦C without any additional calibration and trimming. The quadrature leakage
due to the phase error is also suppressed by measuring the sensitivity of the sustaining
force to the same calibration signal applied for the scale factor calibration. Moreover,
the in-phase errors are also corrected using the sustaining force signal in the drive
mode.

Mode-matched FM gyroscopes have been implemented with very high perfor-
mance. The oscillation frequency term is eliminated by alternating the circular orbit
direction between clockwise and anti-clockwise. This chopping behavior is achieved
by indexing the phase difference between +90◦ and −90◦ using the feedback forces.
FM operation with a symmetric transducer and implementation provides a very sta-
ble scale factor and bias. The turn-on repeatability of the scale factor is 4ppm and
bias is 3mdps over a 1-month test. The TC of SF and bias are 1.25ppm/◦C and
3dph/◦C, respectively.

New FM techniques are introduced to lower the angle random walk and extend
the bandwidth beyond the split between the two oscillator frequencies. In the asym-
metric mode an intentionally introduced velocity mismatch suppresses the back-end
noise as well as non-linear noise sources in the oscillator. Inherent observation of the
oscillation frequencies of both channels in FM operation also enables to operate the
gyroscope with a lower frequency split. By using this technique an ARW of 1mdps/rt-
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Hz is achieved by consuming less than 0.5mW. Instantaneous AM and FM readouts
enable quadrature demodulation and suppress the image problem due to chopping.

FM gyroscopes have a phenomenal scale factor accuracy combined with low bias
instability in symmetric operation. They provide high performance without requiring
any additional complicated calibration and trimming. Symmetric transducer design
minimizes the errors due to mismatch between cross-axis error terms. Linear trans-
ducers can potentially enable low close-to-carrier noise and thus lower mode-split to
relieve the noise-power trade-off even further. The limitation due to injection locking
can be solved using active tuning as has been demonstrated for indexed FM gyro-
scopes. The tuning strategy needs to be symmetric in order to gain the benefits of FM
gyroscopes. The low noise and stable nature of FM gyroscopes promises navigation
grade performance with consumer grade cost, size, and power.
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