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Abstract
The Interplay between Sampling and Optimization
by
Xiang Cheng
Doctor of Philosophy in Computer Science
University of California, Berkeley

Professor Peter Bartlett, Chair

We study the connections between optimization and sampling. In one direction, we study
sampling algorithms from an optimization perspective. We will see how the Langevin MCMC
algorithm can be viewed as a deterministic gradient descent in probability space, which
enables us to do convergence analysis in KL divergence. We will also see how adding a
momentum term improves the convergence rate of Langevin MCMC, much like acceleration
in gradient descent. Finally, we will study the problem of sampling from non-logconcave
distributions, which is roughly analogous to non-convex optimization.

Conversely, we will also study optimization algorithms from a sampling perspective. We will
approximate stochastic gradient descent by a Langevin-like stochastic differential equation,
and use this to explain some of its remarkable generalization properties.
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Chapter 1

Preliminaries

1.1 Convexity and Smoothness

We say that a twice-differentiable function f : R — R? is m strongly convex if
Va V2f(z) = ml (1.1)
A very useful consequence of (L.1)) is that for all z,y, (Vf(z) — VFf(y),x —y) > m|z —y|3,

which ensures that the gradient flow is contractive.
We say that f :R? — R has L-Lipschitz gradients, or equivalently L-smooth, if

Ve,y V(@) = VIl < Lz —yll, (1.2)
If f(x) is twice differentiable, the above is equivalent to V?f(x) < LI for all x.

1.2 Sampling

We will be concerned with the problem of sampling from a distribution
p(w) oc eV, (1.3)

where z € R, We will refer to U(x) as the potential function, and we will assume that we
can compute VU (z) for all z.

We will mostly focus on the problem of sampling from p*(z) when U(x) is m strongly
convex and has L Lipschitz Gradients, given access to the gradient oracle of U, though in
certain parts of this thesis, we will relax the convexity/regularity assumptions on U/(x).

1.3 The Langevin Dynamics

The Langevin Diffusion, with respect to the potential U(z), is given by the following stochastic
differential equation:

dry = —VU (z,)dt + V2dB,, (1.4)
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where B, is the standard Brownian motion. The invariant distribution of is p*(x) o
e~U@ For the purposes of this thesis, we can assume that U(z) is smooth, and that e~V
is integrable.

To convert to a computationally tractable algorithm, a common approach is to use
the Euler-Murayama discretization scheme:

LTpt1 = T — 5VU<LL’k) + \/%gk, (15)

where § is the step-size and & ~ N(0, I).

1.4 The Wasserstein Metric

Denote by B(R?) the Borel o-field of RY. Given probability measures x4 and v on (R, B(R?)),
we define a transference plan ¢ between u and v as a probability measure on (R? x RY, B(R? x
R%)) such that for all sets A € B(R?), ((A x R?) = u(A) and ((R? x A) = v(A). We denote
by I'(u,v) the set of all transference plans. A pair of random variables (X,Y) is called a
coupling if there exists a ( € I'(u, v) such that (X,Y’) are distributed according to ¢. (With
some abuse of notation, we will also refer to ¢ as the coupling.)

The k-Wasserstein distance between p and v is given by

_ 1/k
Wi(p,v) = inf (E(I,y)Ng [Hx - ?JHS]) :

CeT (pv)

In this thesis, we will mainly be concerned with W; and W.

1.5 Optimization
Given an optimization objective f(z) : = — R, the goal is to find
z* € argmin f(z). (1.6)

—_
—

Very commonly, = is a subset of R?. In this thesis, we will also consider the specific case of
= = P(R?), the space of densities over R?, metrized by the 2-Wasserstein distance.

1.6 Overview

The goal of this thesis is to explore various connections between sampling and optimization.
We will see how optimization ideas can help us analyze and design better sampling algorithms.
Conversely, stochastic optimization algorithms such as SGD can be better understood by
analogy with sampling procedures. This thesis is organized as follows:
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e In Chapter , we show how the Langevin MCMC algorithm is equivalent to a
deterministic gradient descent algorithm over Z2(R?). This allows us to bound the
distance between and in terms of KL divergence. Our analysis relies largely
on the view of Langevin diffusion as the gradient flow of KL divergence with respect to
the Wasserstein distance, shown in [45].

e In Chapter , we study a different SDE derived from adding momentum to . The
SDE, given in , is often known as the underdamped Langevin diffusion. We give a
MCMC algorithm, based on discretizing , and show that the convergence rate is
quadratically faster in dimension d and target accuracy €. This curiously mirrors the
acceleration phenomenon in optimization.

e In Chapter , we study the problem of sampling from a distribution p*(z) o eV

when the potential U(x) is non-convex. This is roughly analogous to optimizing a
non-convex objective. We show that the standard Langevin MCMC algorithm converges
to p*(x), but the number of steps required is exponential in a quantity that measures
how non-convex U(x) is. We also show that underdamped Langevin MCMC achieves a
quadratic speed-up even in this non-convex setting.

e In Chapter [5, we instead try to analyze stochastic gradient descent, an optimization
algorithm, from a sampling point of view. We are motivated by the empirical observation
that SGD solutions sometimes generalize better than gradient descent solutions. We
show that SGD can be viewed as the discrete-time approximation of a SDE with a
state-dependent diffusion coefficient. This view allows us to characterize the distribution
of SGD solutions, in spite of the irregularity of SGD noise.
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Chapter 2

Langevin MCMC as Gradient Descent
over Z(R%)

2.1 Introduction

In this chapter, we study the problem of sampling from

p*(x) o e—U(:v)7
where U(z) is strongly convex (see [L.1).
We will study the MCMC algorithm given in (|1.5]), reproduced below for ease of reference:

't = ut — b VU(u') + V2hE, (2.1)

where h is a step-size, and & £ N(0,1).
Recall that (2.1]) is the Euler-Murayama discretization of the Langevin SDE:

di, = —VU(z,)dt + V2d B, (2.2)

where B, is the standard Brownian motion.
We verify that (2.1]) is equivalent to the following Discretized Langevin SDE:

dx; = —VU (x,))dt + V2dB,, (2.3)

where 7(¢) £ [£] - h (note that 7(t) is parameterized by h). Note that the difference between
and is in the drift term: one is VU (Z;), the other is VU (z ()

Let p; denote the distribution of x;. Our main goal is to establish the convergence of
p: in (2.3) in KL (p¢||p*). KL-divergence is perhaps the most natural notion of distance
between probability distributions in this context, because of its close relationship to maximum
likelihood estimation, its interpretation as information gain in Bayesian statistics, and its
central role in information theory. Convergence in KL-divergence implies convergence in total
variation and 2-Wasserstein distance, thus we are able to obtain convergence rates in total

variation and 2-Wasserstein that are comparable to the results shown in [20} 27, 29].
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2.2 Assumptions and Definitions

We denote by Z2(R?) the space of all probability distributions over R?. In this chapter, only
distributions with densities wrt the Lebesgue measure will appear (see Lemma , both in
the algorithm and in the analysis. With abuse of notation, we use the same symbol (e.g. p)
to denote both the probability distribution and its density wrt the Lebesgue measure.

For the rest of this chapter, we will use p; to exclusively denote the distribu-
tion of z; in (2.3).

We assume without loss of generality that

argmin U(x) = 0,
and that
U(0) =0.

(We can always shift the origin to achieve this, and the minimizer of U is easy to find using,
say, gradient descent.)
For the rest of this chapter, we will let

[ p(z)log <£(2)> dzr, if p has a density wrt

F(p) = Lebesgue measure

00 otherwise

be the KL-divergence between g and p*. It is known that F' is minimized by p*, and
F(p*) =0.

Finally, given a vector field v : R? — R? and a distribution p € £(R?), we define the
L?(p)-norm of v as

lollze) =/ Enlllo)13]-

Recall that the Wasserstein distance defined in In this chapter, we will use Wasserstein
distance to exclusively refer to the 2-Wasserstein distance, given by

Wa(p,v) = \/W inf /(||96 —yll3). dy(z,y)

el (p,v)

where I'(pu, v) is the set of all couplings between p and v.

Let (X1, #(X1)) and (X2, #(X3)) be two measurable spaces, p be a measure on X5, and
r: X1 — X5 be a measurable map. The push-forward measure of p through r is defined
as

rem(B) = p(r~(B)) VB € B(X)l.
Intuitively, for any f, E,,,[f(2)] = Eu[f(r(z))].
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It is known that for any two distributions g and v which have density wrt the Lebesgue
measure, the optimal coupling is induced by a map T,, : R? — R% ie., Wi(p,v) =
JUlz = yl3)dv*(z, y) for

’7* = (Id’ Topt)#ll’a
where Id is the identity map, and T,,; satisfies T,,1xpt = v, so by definition, 7* € I'(p, v).
We call T,,; the optimal transport map, and 7;,; — Id the optimal displacement map.

Given two points v and 7 in 2(R?), a curve p, : [0,1] — 2(R?) is a constant-speed-
geodesic between v and 7 if po = v, uy = ® and Wa(ps, py) = (t — s)Wa(v, ) for
all 0 < s <t < 1. If v is the optimal displacement map between v and =, then the
constant-speed-geodesic p; is characterized by

e = (Id +to])) gv. (2.4)

Given a curve p; : RT — 2(R?), we define its metric derivative as

)] 2 Tim sup V2 (s ). (2.5)
s—t |3 - t|
Intuitively, this is the speed of the curve in 2-Wasserstein distance. We say that a curve p; is
absolutely continuous if fab |y |2dt < oo for all a,b € R.
Given a curve p; : RT — Z(R?) and a sequence of velocity fields v; : RY — (R? — R?),
we say that p, and v, satisfy the continuity equation at ¢ if

 pul) + div(pu(a) - u2) = 0. (2.6)

(We assume that p, has density wrt Lebesgue measure for all ¢).

Remark 1 If p; is a constant-speed-geodesic between v and 7, then p;, and vl satisfy (2.6
at t =0, by the characterization in ([2.4)).

We say that v, is tangent to g, at ¢ if the continuity equation holds and ||v; + w|| 2.,y >
|ve|| 2y, for all w such that div(p, - w) = 0. Intuitively, v, is tangent to p, if it minimizes
|ve|| £2(,) @among all velocity fields v that satisfy the continuity equation.

2.3 Main Results

In Section [2.3.1], we state Theorem [I| which establishes a nonasymptotic convergence in
Kullback-Leibler divergence for when U(z) is m strongly convex and L smooth (see
and (L.2)). As a consequence, we also unify the proof of convergence in total variation
and W, as simple corollaries to the convergence in K L.

The following table compares the number of iterations of required to achieve € error
in each of the three quantities according to the analysis of various papers.

In Section [2.3.2] we state Theorem [2] which establishes a convergence rate for when U is
not strongly convex. The corollary for convergence in total variation has a better dependence
on the dimension than the corresponding result in [20], but a worse dependence on ¢.
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TV Wy KL
120, 27] O(4) - _
[29] O(%) O(5) -
our result O(2) O(4) 0(9)

Table 2.1: Comparison of iteration complexity

2.3.1 Strong Convexity Result
In this section, we assume that U(z) is m strongly convex and L smooth (see (|1.1)) and ([1.2])).

Theorem 1 Let U(x) be m strongly conver and have L Lipschitz gradient. Let x; and p; be
as defined in ([2.3) with po = N (0, L).
If

me
h=——
16d L2
and
L? dlog i&

m2 &

k=16

I

then KL (prn||p*) < e.

This theorem immediately allows us to obtain the convergence rate of py, in both total
variation and 2-Wasserstein distance.

Corollary 1 Using the choice of k and h in Theorem|[1], we get

1. dpv (Prns P*) < Ve

2. Way(prn, P*) < \/%

The first assertion follows from Pinsker’s inequality [69]. The second assertion follows
from ([2.15)), where we take py to be p* and py to be pgy. To achieve § accuracy in total
variation or Wy, we apply Theorem [1] with € = §? and & = md? respectively.

Remark 2 The log term in Theorem[1] is not crucial. To avoid the log term, one can run
a few times, each time aiming to only halve the objective KL (p¢||p*) (thus the stepsize
starts out large and is also halved each subsequent Tun). The proof is straightforward and will
be omitted.
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2.3.2 Weak Convexity Result

In this section, we study the case when log p* is not m strongly convex (but still convex and
L smooth). Let 7r;, be the stationary distribution of (2.3)) with stepsize h.
We will assume that we can choose an initial distribution py which satisfies

Wa(po, p*) = C1 (2.7)

and
Ey»

Let h' be the largest stepsize such that

Wa(mn,p*) < C1 ,Vh <. (2.9)

Theorem 2 Let z; and p; be as defined in (2.3)) with py satisfying (2.7). If

" 1. € g2 W
= — min
18 ™M\ CL(Ch 1 Co) L2 C2aLE

= i min ° e” n
48 C1CoL?’ C3dL?

and
_ 20} | 2Clog(F(x*) — F(p"))

k
ch h ’

then KL (prn||p*) < ¢

Once again, applying Pinsker’s inequality, we get that the above choice of k and ¢ yields
drv (P, P*) < v/2. Without strong convexity, we cannot get a bound on Wy from bounding
K L(pn||p*) like we did in Corollary [1]

In [20], a proof in the non-strongly-convex case was obtained by running Langevin MCMC
on

~ * Y
p o p -expt—aﬂﬁﬂi)

We see that log p* is thus strongly convex with m = g, and dry (p*, p*) < 0. By the results
of [20], or [27], or Theorem [I}, we need

| %

k=0(=) (2.10)

=9

iterations to get drv (pgn, p*) < 0.
On the other hand, if we assume log(F(po) — F(p*)) < I and b’ > & min {m, q%‘jm},
the results of Theorem [2] implies that with

€ 1 €
h=0(—mind— -5
O<L201 mm{cg’ dC, })
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to get drv (prn, P*) < 6, we need

L2C3 ac'
k:Q( 541max{02,5—21}>.
Even if we ignore C; and Cy, our result is not strictly better than (2.10)) as we have a worse
dependence on 6. However, we do have a better dependence on d.

2.4 Proof Outline

In Section [2.4.1, we establish preliminary results which characterize curves over Z(R%). In
Section we study the curve of steepest descent for F'(-), as well as its discretization.
In section [2.4.3] we outline the proofs of Theorem [I] and [2}

2.4.1 Calculus over Z(R%)

In this section, we present some crucial lemmas which allow us to study the evolution of
F(p) along a curve p; : RY — Z(R?). These results are all immediate consequences of
results proven in [2].

Lemma 2 For any p € 2(RY), let ‘;—Z(u) :R? — R be the first variation of F at p defined

as <g—5(u)> (z) = log (;ﬁ@) + 1. Let the subdifferential of F at p be given by

w, £ v(g—i(u)) R4 — R4

For any curve p; : RY — P(RY), and for any v; that satisfies the continuity equation for
(see Equation (2.6)) ), the following holds:

d
o ) = By, [{wy, (), v (2))] -

Based on Lemma [, we define (for any p € Z(R?)) the operator
D,(v) £ E, [{wu(z),v(z))] : (R? = RY) — R. (2.11)
D, (v) is linear in v.

Lemma 3 Let p; be an absolutely continuous curve in P (R?) with tangent velocity field v;.
Let | ;| be the metric derivative of p, then

[vell 2 ey = Tr2i-
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Lemma 4 For any p € P(R%), let | D, & SUP o5, <1 Dp(v), then
W<

Dyl = \/ / Hv(ﬁ—ﬂm)(x)

Furthermore, for any absolutely continuous curve p; : RT — 2(R%) with tangent velocity v,
we have

2

p(z)de.

d
—F

<Dl llvell 22 o)

As a corollary of Lemma [3] and Lemma [, we have the following result:

Corollary 5 Let pu; be an absolutely continuous curve with tangent velocity field v,. Then

d
@F(ut) <Dl - |1t

2.4.2 Exact and Discrete Gradient Flow for F(p)

In this section, we will study the curve p; : RT — 22(R%) defined in (2.3)). Unless otherwise
specified, we will assume that pg is an arbitrary distribution.
Let x; be as defined in (2.3]). For any given ¢ and for all s, we define a stochastic process
t
Yy as

3/2 = Ts for s <t
dyt = —VU(y!)ds + V2dB, for s >t (2.12)
let @ denote the distribution for y’.

From s =t onwards, this is the exact Langevin diffusion with p; as the initial distribution
(compare with expression ([2.2))).
Finally, for each ¢, we define a sequence 2z by

zzzxs for s <t

dzi = (=VU(z})) + VU(2,))ds, for s >t (2.13)

S

let g’ denote the distribution for ..

2! represents the discretization error of p, through the divergence between ¢’ and p; (formally
stated in Lemma @ Note that 2, = 2, because 7(t) < t.

Remark 3 The B, in (2.3)), (2.12)) and (2.13)) are the same. Thus, xs (from (2.3))), y. (from
[2.12) ) and 2L (from (2.13))) define a coupling between the curves ps, q. and gt.

Our proof strategy is as follows:
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1. In Lemma [6] we demonstrate that the divergence between p, (discretized Langevin)
and g’ (exact Langevin) can be represented as a curve gt.

2. In Lemma [7, we demonstrate that the “decrease in F(p;) due to exact Langevin” given
by LF(q))|,_, is sufficiently negative.

3. In Lemma , we show that the “discretization error” given by 4 (F(p,) — F (qi))‘sz , s
small.

4. Added together, they imply that £ F(p,) |S: , is sufficiently negative.

Lemma 6 For all v € R? and t € RY,

Lemma 7 For all s,t € RT,
—F(qy) = —|[Dgt I3

Lemma 8 For allt € RT,

d

- (F(ps) = Flay))

< (222h /By, [I2l3] + 2LVAd) - | Dy ..

2.4.3 Proof of Main Theorems

We now state the lemmas needed to prove Theorem [I] We first establish a notion of strong
convexity of F'(p) with respect to Wy metric.

s=t

Lemma 9 For all pg, py € P(RY) and t € [0,1], let py : [0,1] — P(R?) be the constant-
speed geodesic between po and . If logp*(z) is m strongly convex, then

Flpe) < (L= D) F (o) +tF (1) = (L = W (o, pa). (2.14)

(Recall from . ) that if vh! is the optimal displacement map from o to p, then p =
(Ld+1t- v )sto-)
Equivalently,

F(p1) = F(po) + Dpo (viy) + Wz (1o, 1) (2.15)

We call this the "m strong geodesic convezity” of F wrt the W distance.

Next, we use the m strong geodesic convexity of F' to upper bound F(u) — F(p*) b
|| Dy||? (for any p € Z(R?)). This is analogous to how f(z) — f(z*) < o=V f(2)]3 for

standard m strongly convex functions in R%.
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Lemma 10 Under our assumption that —log p*(z) is m strongly convez, we have that for

all p e P (RY),
N
F(u) ~ F(o') < 5D,

Now, recall p; from (2.3). We use strong convexity to obtain a bound on Ep, [||z||3] for all
t. This will be important for bounding the discretization error in conjunction with Lemma

Lemma 11 Let p; be as defined in [2.3). If po is such that Ep, [[|z||3] < 4, and h < 1 in
the definition of (2.3), then for all t € RT,

4d
Fpllzl < =,

Finally, we put everything together to prove Theorem [1]

Proof of Theorem [I]
We first note that h = 57 < %
By Lemma [11] for all ¢, Ep, [||z]|3] < 2. Combined with Lemma , we get that for all

teR"

L p(py) - F(d)

[d
< (4L2h —+2L\/hd> 1Dy, |-
ds m

Suppose that F'(p:) — F(p*) > ¢, and let

L me < 1 . m e me
= —— < —min< —<4/=, 5 ¢ -
16dL? — 16 L2\ d’ L2d

< <4L2h\ / 4 + 2L\/hd>
m

1 1
< 5\/m€\|DptH* < §||Dpt|‘zv

where the last inequality holds because Lemma[10]and the assumption that F(p,) — F(p*) > ¢
together imply that || Dp, || > v2me.
So combining Lemma [7] and Lemma [6], we have

d d

EF(Pt) = %F(QE)

s=t

Then Vt

d
—F(ps) — F(d'
5:t+ 7. F(ps) = Fay)

s=t

1
< —lPp. |12 + 511Pp. 2

= 3Dy
< —m(F(p,) — F(p)), (2.16)
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where the last line once again follows from Lemma
To handle the case when F(p;) — F(p*) < ¢, we use the following argument:

1. We can conclude that F(p;) — F(p*) > ¢ implies £ F(p;) < 0.

2. By the results of Lemma [20] and Lemma [21] for all ¢, |pj| is finite and ||Dy, || is finite,
so 4 F(py) is finite and F(p;) is continuous in ¢.

3. Thus, if F(p;) < e for some t < kh, then F(p,) < ¢ for all s >t as F(p;) > € implies
%F(pt) < 0 and F(p;) is continuous in t. Thus F(pg,) — F(p*) < e.

Thus, we need only consider the case that F(p;) > € for all ¢ < kh. This means that
(2.16]) holds for all t < kh.

By Gronwall’s inequality, we get
F(prr) — F(p*) < (F(po) — F(p*)) exp(—mkh).
We thus need to pick

k= £ =16—
h m2 €

Using the fact that po = N (0, %) Using L-smoothness and m strong convexity, we can

show that I p 5
logp*(z) < 2|2 + L10g(ZE
ogp*(zr) < 2H$H2+ 5 Og(m),

and p 5
m T
log po() = —2 o]} — 5 log().

We thus get that F(py) — F(p*) = KL (pollp*) < %, so

L* dlog &
k= 16— "t me
m g
0

The proof of Theorem [2] is quite similar to that of Theorem [1, so we defer it to Appendix
[Al

2.5 Related Work

The first explicit proof of non-asymptotic convergence of overdamped Langevin MCMC
for log-smooth and strongly log-concave distributions was given by Dalalyan [20], where it
was shown that discrete, overdamped Langevin diffusion achieves e error, in total variation
distance, in O (a%) steps. Following this, Durmus et al. [29] proved that the same algorithm
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achieves ¢ error, in 2-Wasserstein distance, in O (g%) steps. We remark that the proofs
of Lemma [§] [11] and [17] are essentially taken from [29]. Recently Raginsky et al. [72] and
Dalalyan and Karagulyan [21] also analyzed convergence of Langevin MCMC with stochastic
gradient updates. Asymptotic guarantees for Langevin MCMC was established much earlier
by Gelfand and Mitter [38], Roberts and Tweedie [75].

Our work also relies heavily on the theory established in the book of Ambrosio, Gigli
and Savare [2], which studies the underlying probability distribution p; induced by as
a gradient flow in probability space. This allows us to view as a deterministic convex
optimization procedure over the probability space, with KL-divergence as the objective. This
beautiful line of work relating SDEs with gradient flows in probability space was begun by
Jordan, Kinderlehrer and Otto [45]. We refer any interested reader to an excellent survey by
Santambrogio in [76].

Finally, we remark that the theory in [2] has some very interesting connections with the
study of normalization flows in [73] and [55]. For example, the tangent velocity of (2.2)),
given by v; = Vlogp* — Vlog p;, can be thought of as a deterministic transformation that
induces a normalizing flow.
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Chapter 3

Underdamped Langevin MCMC and
Acceleration

3.1 Introduction

In this chapter, we study the continuous time underdamped Langevin diffusion represented
by the following stochastic differential equation (SDE):

dvy = —yvedt — uNVU (x)dt + (1/2yu)d By (3.1)
dl‘t = Utdt,

where (z;,v;) € R*, U is a twice continuously-differentiable function and B; represents
standard Brownian motion in R¢. Under fairly mild conditions, it can be shown that the
invariant distribution of the continuous-time process is proportional to exp(—(U(x) +
|v]|3/2w)). Thus the marginal distribution of z is proportional to exp(—U(z)). There is a
discretized version of which can be implemented algorithmically, and provides a useful
way to sample from p*(x) oc e7U® when the normalization constant is not known.

We establish the convergence of SDE as well as its discretization to the invariant
distribution p*. This provides explicit rates for sampling from log-smooth and strongly log-
concave distributions using the underdamped Langevin Markov chain Monte Carlo (MCMC)
algorithm (Algorithm [I]).

Underdamped Langevin diffusion is particularly interesting because it contains a Hamil-
tonian component, and its discretization can be viewed as a form of Hamiltonian MCMC.
Hamiltonian MCMC [see review of HMC in [5, [63] has been empirically observed to con-
verge faster to the invariant distribution compared to standard Langevin MCMC which is a
discretization of overdamped Langevin diffusion that we studied in Chapter [2}

dzy = —VU (z,)dt + V2dB,, (3.2)

the first order SDE corresponding to the high friction limit of (3.1]). This chapter provides a
non-asymptotic quantitative explanation for these observations.
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3.2 Assumptions and Definitions

In this section, we present basic definitions and notational conventions. Throughout, we let
|v]|2 denote the Euclidean norm, for a vector v € R%.

3.2.1 Assumptions on U
We make the following assumptions regarding the function U.

(A1) The function U is twice continuously-differentiable on R? and has Lipschitz continuous
gradients; that is, there exists a positive constant L > 0 such that for all z,y € R? we
have

IVU(x) = VU(y)ll2 < Lllz = yll2.

(A2) U is m strongly convex, that is, there exists a positive constant m > 0 such that for all
z,y € RY

Uly) = U(a) + (VU (@), y - 2) + 2 1z — ]

It is fairly easy to show that under these two assumptions the Hessian of U is positive definite
throughout its domain, with mI g < V2U(x) < Ll;jxq. We define k = L/m as the condition
number. Throughout the paper we denote the minimum of U(x) by z*. Finally, we assume
that we have a gradient oracle VU (+); that is, we have access to VU (x) for all z € R

3.2.2 Underdamped Langevin Diffusion

Throughout the paper we use B; to denote standard Brownian motion [62]. Next we set up
the notation specific to the continuous and discrete processes that we study in this chapter.

1. Consider the exact underdamped Langevin diffusion defined by the SDE (3.1)), with
an initial condition (zg,vy) ~ po for some distribution py on R?*¢. Let p; denote the
distribution of (x4, v;) and let ®; denote the operator that maps from py to p;:

Qipo = pr- (3.3)
2. One step of the discrete underdamped Langevin diffusion is defined by the SDE

di’t = ﬁsdt,
with an initial condition (Zg,09) ~ po. Let p; and ®, be defined analogously to p; and
q)t for (Zﬁt, Ut).
Note 1: The discrete update differs from ({3.1)) by using %, instead of Z; in the drift of
Vs.

Note 2: We will only be analyzing the solutions to (3.4)) for small ¢. Think of an
integral solution of (3.4) as a single step of the discrete Langevin MCMC.
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Algorithm 1: Underdamped Langevin MCMC

Input :Step size § < 1, number of iterations n, initial point (z%,0), smoothness
parameter L and gradient oracle VU(+)
1 fori=0,1,...,n—1do
9 ‘ Sample (zi*1, v*1) ~ Zi+1 (2, v1)

3 end

3.2.3 Stationary Distributions

Throughout the chapter, we denote by p* the unique distribution which satisfies p*(x, v)
exp —(U(x) + o ||v]|3). It can be shown that p* is the unique invariant distribution of
[see Proposition 6.1 in 68]. Let g(z,v) = (z,z 4+ v). We let ¢* be the distribution of g(z,v)
when (z,v) ~ p*.

3.3 Main Results

Our main result is a proof that Algorithm [I] a variant of HMC algorithm, converges to ¢
error in 2-Wasserstein distance after O (@) iterations, under the assumption that the

target distribution is of the form p* oc exp(—(U(x)), where U is L smooth and m strongly
convex (see section [3.2.1)), with x = L/m denoting the condition number. Compared to the

results of [26] on the convergence of Langevin MCMC in W; in O <da—'f> iterations, this is an

improvement in both d and €. We also analyze the convergence when we have noisy gradients
with bounded variance and establish non-asymptotic convergence guarantees in this setting.

3.3.1 Algorithm

The underdamped Langevin MCMC algorithm that we analyze in this chapter in shown in
Algorithm
The random vector Z'*1(z;,v;) € R?*?, conditioned on (z%,v%), has a Gaussian distribution
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with conditional mean and covariance obtained from the following computations:

E [UiJrl] — vi6721/ _ ﬁ(l _ 672V)VU(xi)
. 1 4 1 1 ;
E[¢"] =2’ + 5(1 —e ' — Y7 (I/ —3 (1- 62”)> VU(z')
[/ i+l i+1 i+1 i+17) T 1 I 4w 3 —2u
E|@* —E[e™]) @ —ELM) | = 7 = ge =T+ Lu
E _(,Ui—i-l —E[]) (v —E [Ui—&-l])T} _ %(1 e Iy
E -(xi—l-l ~E[#1]) (v —E WH])T] _ % [1+ e — 2] - Ina.

The distribution is obtained by integrating the discrete underdamped Langevin diffusion ((3.4])
up to time &, with the specific choice of v = 2 and w = 1/L. In other words, if p(*) is the
distribution of (z%,v%), then Zi*!(z%, v?) ~ pt1) = ®,p® . Refer to Lemma [23|in Appendix
B for the derivation.

3.3.2 Convergence under Exact Gradient

Theorem 3 Let p™ be the distribution of the iterate of Algorithm after n steps starting
with the initial distribution p(o) (x,v) = 1,_,© - Ly—o. Let the initial distance to optimum
satisfy |20 — 2*||2 < D?. If we set the step size to be

€ 1
— mi 1
S { 104% \| d/m + D2’ }

and run Algorithm[1] for n iterations with

2 24 (£ +D?
n > maX{QOS% s + D272,€} log (L) :
9 m €

then we have the quarantee that

Wa(p™, p*) <e.

Remark 4 The dependence of the runtime on d, e is thus O (@), which is a significant
improvement over the corresponding O (E%) runtime of (overdamped) Langevin diffusion by
[24]].

We note that the log(24(d/m + D?)/¢) factor can be shaved off by using a time-varying step
size.
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3.3.3 Convergence under Stochastic Gradient

Now we state convergence guarantees when we have access to noisy gradients, VU (x) =
VU (z) + &, where £ is a independent random variable that satisfies

1. The noise is unbiased : E [¢] = 0.
2. The noise has bounded variance : E[||£||3] < do?.

Each step of the dynamics is now driven by the SDE,

di, = —yiydt — uNU (io)dt + (v/2vu)d B, (3.5)
dity = Dydt,

with an initial condition (Zg, 09) ~ po. Let p; and ®, be defined analogously to p; and ®; for
(4, v¢) in Section [3.2.2]

Theorem 4 Let p™ be the distribution of the iterate of Algorithm@ (presented in Appendiz
after n steps starting with the initial distribution p® (z,v) = 1,_,©) - ly—o. Let the initial
distance to optimum satisfy ||(%) — 2*||2 < D?. If we set the step size to be

) € 1 g?[? .
v = min
310x \| d/m + D?’ 14400%dr" [

and run Algorithm[1] for n iterations with

2 2 2 36 d D2
n > max 2880mad7620/<; . /1+D272H log (£ +D?) |
g2[? € m €

then we have the guarantee that

Wa(p™, p*) <e.

Remark 5 Note that when the variance in the gradients od is large we recover the rate of

overdamped Langevin diffusion and we need (’5(0252d/52) steps to achieve accuracy of € in
Ws.

3.4 Proof Outline

In this section, we outline the proof of Theorem [3| The proof of Theorem M| is similar, and
will be relegated to Appendix
In Section [3.4.1} we establish the convergence rate for the continuous-time SDE (3.1)).
In Section [3.4.2] we bound the discretization error between and .
The proof of Theorem [3], given in Section [3.4.3] follows from combining these two results.




CHAPTER 3. UNDERDAMPED LANGEVIN MCMC AND ACCELERATION 22

3.4.1 Convergence of the Continuous-Time Process

In this section we prove Theorem [5] which demonstrates a contraction for solutions of the
SDE (33.1). We will use Theorem [5| along with a bound on the discretization error between
(3.1) and (3.4) to establish guarantees for Algorithm [1]

Theorem 5 Let (xg,vy) and (yo, wo) be two arbitrary points in R*?. Let py be the Dirac delta
distribution at (xg,v) and let pjy be the Dirac delta distribution at (yo,wq). We let u=1/L
and vy = 2. Then for every t > 0, there ezists a coupling (;(xq, vo, Yo, wo) € I'(Pypo, Pepfy) such
that

w0 e )z omomo)) 1Tt — Uell2+ 1@+ o) — (e + w) |12] (3.6)
< e {llzo = yoll3 + ll(@o + vo) = (g0 + wo) I3}

Remark 6 A similar objective function was used in [33] to prove contraction.

Given this theorem it is fairly easy to establish the exponential convergence of the continuous-
time process to the stationary distribution in Ws.

Corollary 12 Let py be arbitrary distribution with (xo,vy) ~ po. Let qo and Pyqy be the
distributions of (xo, o + vo) and (x4, x4 + vy), respectively (i.e., the images of po and Pypy
under the map g(x,v) = (x,x +v)). Then

WQ((I)tq07 q*) S e_t/2’€W2(q07 q*>

Proof

We let ¢y € T'(po, p*) be such that E, [||zo — vol|3 + |20 — yo + vo — wol|3] = W5 (qo,q*). For
every g, Vg, Yo, Wo we let (g, vo, Yo, wo) be the coupling as prescribed by Theorem . Then
we have,

W3 (q q")
(@)

< E(mo,vo,yo,wo)NCo [E(it,vt,yt,wt)NCz(Sﬁo,vo,yo,wo) “xt - yt”% + th — Y+ U — th%
(i) i/

< ]E(J?o,v(),yo,wo)NCo [6 o (on - yOH% + ||J70 — Yo + Vo — wOH%”

e W a0, 4,

Zo, Yo, Vo, wo”

where (7) follows as the Wasserstein distance is defined by the optimal coupling and by the
tower property of expectation, (i) follows by applying Theorem |5| and finally (zii) follows
by choice of {;, to be the optimal coupling. One can verify that the random variables
(x4, z¢ + vy, Y, yr + wy) defines a valid coupling between ¢, and ¢*. Taking square roots
completes the proof. O
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Lemma 13 (Sandwich Inequality) The triangle inequality for the Euclidean norm implies
that

1
§W2(Pt7p*) < Walqr, %) < 2Wa(pe, p¥). (3.7)

Thus we also get convergence of ®;pg to p*:
Wi (®ypo, p*) < 4e™ > Wi (po, p*).

Proof of Lemma [13]
Using Young’s inequality, we have

Iz +v = (2" + V)l < 2]}z — 2|5+ 2[lo — |13

Let v € Lope(pr, p*). Then

Wa(gin6) < \/Biaaran [l — ' [3 + 1+ v — ( + )|l
< By, Bllz — 23 + 20 — '3

= 2\/E<x7vwcv'>~% [llz = 2/|13 + [lv — v'[[3] = 2Wa(p, 7).

The other direction follows identical arguments, using instead the inequality

lv = [l < 2l +v = (@' + )5 + 2]z — 2|5

We now turn to the proof of Theorem

Proof of Theorem [5
We will prove Theorem [5|in four steps. Our proof relies on a synchronous coupling argument,
where p; and p, are coupled (trivially) through independent py and pf,, and through shared
Brownian motion B;.

Step 1: By the definition of the continuous time process , we get

d

E[(mt + o) = (g +we)] = — (v = Dve = uVU(xe) = {—(v — Dwe —uVU(y)} -

The two processes are coupled synchronously which ensures that the Brownian motion terms
cancel out. For ease of notation, we define z;, & z; — y; and )y 2y, —w. As U is twice
differentiable, by Taylor’s theorem we have

VU(x;) — VU (y;) = VO V2U (2 + h(y; — x1))dh| 2.

-

29,
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Using the definition of H; we obtain

i[zt + ] = — (v = )by + uHyzy).

dt
Similarly we also have the following derivative for the position update:
d d
E[xt — ) = E[Zt] = 1.
Step 2: Using the result from Step 1, we get
d
7 [z + ellz + l1213]
= =2((2t + e, z), ((v = Dby + uHyze, —ty))
= o [nti ] (v - Dlgxa wHe— (v — Dlaxal| |2+ (3.8)
Igxq Lixa 2
25,

Here (z; + vy, 2;) denotes the concatenation of z; + ¢, and z.
Step 3: Note that for any vector z € R?? the quadratic form =S,z is equal to

-
' S =z (St _;St ) x

Let us define the symmetric matrix Q; = (S; + S, )/2. We now compute and lower bound
the eigenvalues of the matrix ); by making use of an appropriate choice of the parameters ~
and u. The eigenvalues of (); are given by the characteristic equation

- WM T
det({w Lo Va5 D:o.

UHt—;Idxd (1 _ )\)]dxd

By invoking a standard result of linear algebra (stated in the appendix as Lemma , this is
equivalent to solving the equation

1
det <(’}/ —1- )\)(1 — )\)[dxd — Z (UHt — fYIdXd)2) = 0.
Next we diagonalize H; and get d equations of the form
1
(7—1—)\)(1—>\)—Z(UAJ'—’Y)2=0,

where A; with j € {1,...d} are the eigenvalues of ;. By the strong convexity and smoothness
assumptions we have 0 < m < A; < L. We plug in our choice of parameters, v = 2 and
u=1/L, to get the following solutions to the characteristic equation:

. A;
e (i)
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This ensures that the minimum eigenvalue of @Q; satisfies A, (Q;) > 1/2k.
Step 4: Putting this together with our results in Step 2 we have the lower bound

[z + 1, Zt]T Si [z + Ve, 2] = 20 + Uy, Zt]T Q¢ [20 + Vi, 2] > [Hzt + |3 + Hth%} .

1
2K
Combining this with (3.8)) yields

x|

d 2 2

i [lze + ell5 + N12ell3] < == [llze + el + [[2l3] -

The convergence rate of Theorem [5]follows immediately from this result by applying Grénwall’s
inequality [Corollary 3 in 25]. O

3.4.2 Discretization Analysis

In this section, we study the solutions of the discrete process up to t = ¢ for some
small 0. Here, 0 represents a single step of the Langevin MCMC algorithm. In Theorem
@, we will bound the discretization error between the continuous-time process and the
discrete process starting from the same initial distribution. In particular, we bound
Wa(®spo, Pspo). This will be sufficient to get the convergence rate stated in Theorem .
Recall the definition of &, and &, from (3.3).

Furthermore, we will assume for now that the kinetic energy (second moment of velocity)
is bounded for the continuous-time process,

vt e 0,v] Ep, [|[v]3] <&k (3.9)

We derive an explicit bound on Ex (in terms of problem parameters d, L, m etc.) in Lemma

in Appendix [B.2

In this section, we will repeatedly use the following inequality:
2

t 1 t 2 t
’ / veds|| = H_/ t-vgds|| < t/ “USHgdS?
0 2 tJo 2 0

which follows from Jensen’s inequality using the convexity of || - [|3.
We now present our main discretization theorem:

Theorem 6 Let ®, and O, be as defined in (13.3) corresponding to the continuous-time and
discrete-time processes respectively. Let py be any initial distribution and assume that the
step size 6 < 1. As before we choose u = 1/L and v = 2. Then the distance between the
continuous-time process and the discrete-time process is upper bounded by

~ /2
WQ(CI),,])(), (I)up0> S V2 %
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Proof

We will once again use a standard synchronous coupling argument, in which ®,py and ®,p,

are coupled through the same initial distribution py and common Brownian motion B;.
First, we bound the error in velocity. By using the expression for v; and v; from Lemma

63, we have

2

E[llos — )2 LE |||u [ e (VU (@) - VU(0) dr

0 2

2

= u’E e 2671 (VU (x,) — VU (20)dr)

2_

< su / He‘“ (VU (xz,) — VU(mO))Hz] dr

(47) (iv) s
< su / — VU (x0))]| }dr < su2L2/ E [||xr —x0||§} dr
0
W2L2 ' ’ @) s [° ' 2
L / E / vpdw|| | dr < su‘L / r / E [|Jve 3] dw ) dr
0 0 0 0
(viz) s r 4,22
< su2L25K/ (/ dw) dr = M,
0 0 3

where (i) follows from Lemma [63| and vy = g, (ii) follows from application of Jensen’s
inequality, (iii) follows as |e™*(*=")| < 1, (iv) is by application of the L-smoothness property
of U(x), (v) follows from the definition of x,, (vi) follows from Jensen’s inequality and (vi7)
follows by the uniform upper bound on the kinetic energy assumed in , and proven
in Lemma [24. This completes the bound for the velocity variable. Next we bound the
discretization error in the position variable:

2 s

] < s/ E [||v, — o,)3] dr

2 0

‘ /0 oy — ,)dr

/5 riu L2Ex sSuL2E
<s
0

2

E [||$s - i‘s||§] =E

3 =T

where the equality is by coupling through the initial distribution pg, the first inequality is by
Jensen’s inequality and the second inequality uses the preceding bound. Setting s = § and by
our choice of u = 1/L we have that the squared Wasserstein distance is bounded as

3 15
Given our assumption that § is chosen to be smaller than 1, this gives the upper bound:

- 2Ex 64
Wy (®5p0, Ppo) < g :

Taking square roots establishes the desired result. 0

~ ot o6
W3 (®spo, Ppo) < Ex (— + —> -
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3.4.3 Proof of Theorem 3|
From Corollary , we have that for any ¢ € {1,...,n}
Wa(®ug",q") < e Wa(q®, "),
By the discretization error bound in Theorem |§| and the Sandwich Inequality , we get

N~ . . ) 85
Wa(@uq, @,q") < 2Wa(@up", ") < 02\ /525

By the triangle inequality for W,

Wa(q™V, ") = Wa(@,g", q7) < Wa(@,q", Dug") + Wa(@,4"7, ") (3.10)
8E ,
<’ TK + e W (D, ¢). (3.11)
Let us define nn = e~%/?*. Then by applying (3.11)) n times we have:
8
Wa(q™.q7) <" Wald®q') + (Lt b)) [ =5

) | [3€
< 20" Wo(p'”, p*) + (m) v TK>

where the second step follows by summing the geometric series and by applying the upper
bound (3.7). By another application of (3.7 we get:

. . 1 326
Wa(p™,p*) < 4" Wa(p, p") + (1 — 77) A\ (3.12)

S T ~"
ATy

Observe that,
1—n=1-e%>§/(4r).

This inequality follows as 6 /x < 1. We now bound both terms 77 and T5 at a level £/2 to bound
the total error W (p™, p*) at a level e. Note that choice of § = ex~4/1/10816 (d/m + D?) <

ek 14/5/2048E (by upper bound on Ex in Lemma ensures that,

1-4)"V 75 s \"V 75 2

To ensure T} < £/2 it is enough to ensure that

1 (0)
n > log (8W2(p P )> .
log(n) €

In Lemma [25 we establish a bound on W2(p(®, p*) < 3(d/m +D?). This motivates our choice

d 2
of n > %" log (M), which establishes our claim.
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3.5 Related Work

Hamiltonian Monte Carlo (HMC) is a broad class of algorithms which involve Hamiltonian
dynamics in some form. We refer to Ma et al. [56] for a survey of the results in this area. Among
these, the variant studied in this paper (Algorithm , based on the discretization of , has
a natural physical interpretation as the evolution of a particle’s dynamics under a force field
and drag. This equation was first proposed by Kramers [49] in the context of chemical reactions.
The continuous-time process has been studied extensively [4] 6, [11] 24], 33] 139, 42} 61, 83].
However, to the best of our knowledge, prior to this work, there was no polynomial-
in-dimension convergence result for any version of HMC under a log-smooth or strongly
log-concave assumption for the target distribution. Most closely related to our work is the
recent paper Eberle et al. [33] who demonstrated a contraction property of the continuous-time
process defined in . That result deals, however, with a much larger class of functions, and
because of this the distance to the invariant distribution scales exponentially with dimension
d. Subsequent to the appearance of the arXiv version of this work, two recent papers also
analyzed and provided non-asymptotic guarantees for different versions of HMC. Lee and
Vempala [52] analyzed Riemannian HMC for sampling from polytopes using a logarithmic
barrier function. Mangoubi and Smith [59] studied a different variant of HMC under similar

assumptions to this paper to get a mixing time bound of (’)(@) in 1-Wasserstein distance
(same as our result in d and e but worse in the condition number ). They also establish mixing
time bounds for higher order integrators (both with and without a Metropolis correction)
which have improved dependence in both d and £ but under a much stronger separability
assumption[].

Also related is the recent work on understanding acceleration of first-order optimization
methods as discretizations of second-order differential equations [50, 8], [84].

d
!They assume that the potential function f is a sum of d/c functions { fi}i(;l, where each f; only depends
on a distinct set of ¢ coordinates, for some constant ¢ € N.
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Chapter 4

Non-convex Sampling

4.1 Introduction

We study the problem of sampling from a target distribution of the following form:

p*(x) o< exp (=U (),

where z € R?, and the potential function U : R? + R is L-smooth everywhere and m strongly
convex outside a ball of radius R (see detailed assumptions in Section [4.2.1)).

In both optimization and sampling, while the classical theory focused on convex problems,
recent attention has turned to the more broadly useful setting of non-convex problems. While
general non-convex problems are infeasible, it is possible to make reasonable assumptions
that allow theory to proceed while still making contact with practice.

We again study the overdamped Langevin MCMC algorithm, which is a discretization of
the following SDE:

dry = —VU (z,)dt + V2d B, (4.1)

whose invariant distribution is p*(z). We will also study the underdamped Langevin diffusion,
which can be represented by the following SDE:

dxy = wdt (4.2)
dut = —>\1ut - )\QVU(.Z’t)dt + 2)\1)\2dBt,

where A, Ay > 0 are free parameters. This SDE can also be discretized appropriately to
yield a corresponding MCMC algorithm (Algorithm [I)). Second-order methods such as
underdamped Langevin MCMC are particularly interesting as it has been previously observed
both empirically [63] and theoretically [I7, [59] that these methods can be faster to converge
than the classical first-order methods.

In this chapter, we show that it is possible to sample from p* in time polynomial in the
dimension d and the target accuracy e (as measured in 1-Wasserstein distance). We also
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show that the convergence depends exponentially on the product LR2. Intuitively, LR? is
a measure of the non-convexity of U. Our results establish rigorously that as long as the
problem is not “too badly non-convex,” sampling is provably tractable.

Our main results are presented in Theorem [§ and Theorem [9] and can be summarized
informally as follows:

Theorem 7 (informal) Given a potential U that is L-smooth everywhere and strongly-
convex outside a ball of radius R, we can output a sample from a distribution which is e-close to

p*(z) < exp (—=U(x)) in Wy distance by running O (eCLRQd/E2> steps of overdamped Langevin
MCMC 4.4), or O (eCLRz\/E/E) steps of underdamped Langevin MCMC' (Algorithm @)

Here, c is an explicit positive constant.

For the case of strongly convex U, it has been shown by [17] that the iteration complexity
of Algorithm [2|is O(\/EZ /€), improving quadratically upon the best known iteration complexity

of O(d/e?) for overdamped Langevin MCMC [27]. We will find this quadratic speed-up in d
and ¢ in our setting as well (see Theorem [§] versus Theorem [J).

4.2 Assumptions and Definitions

In this section, we present the basic definitions, notational conventions and assumptions
used throughout the paper. For ¢ € {1,2} and v € R? we let ||v||, denote the g-norm. For
M € R¥™4 we let | M]|, := SUP||,<1,verd | M V][, We use By to denote standard Brownian
motion [see, e.g., [62].

4.2.1 Assumptions on the potential U

We make the following assumptions on the potential function U:

(A1) The function U is continuously-differentiable on R¢ and has Lipschitz-continuous
gradients; that is, there exists a positive constant L > 0 such that for all z,y € R?,

IVU(z) = VU(y)ll2 < Lz = yll2-
(A2) The function has a stationary point at zero:
VU(0) = 0.

(A3) The function is strongly convex outside of a ball; that is, there exist constants m, R > 0
such that for all z,y € R? with ||z — y||2 > R, we have:

(VU(z) = VU(y),z —y) = mllz — y|l5.
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Finally we define the condition number as x := L/m. Observe that Assumption is
imposed without loss of generality, because we can always find a stationary point in polynomial
time and shift the coordinate system so that this stationary point of U is at zero. These
conditions are similar to the assumptions made by Eberle [32]. Note that crucially Assumption
is strictly stronger than the assumption made in recent papers by Durmus and Moulines
[27], Raginsky et al. [72] and Zhang et al. [87]. To see this observe that these papers only
require Assumption to hold for a fixed y = 0, while we require this condition to hold
for all y € RY. One can also think of the difference between these two conditions as being
analogous to the difference between strong convexity (outside a ball) and one-point strong
convexity (outside a ball).

4.3 Main Results

In this section, we state our main theorems. Our first result, Theorem [§] shows that
overdamped Langevin MCMC needs O(d/e?) steps to achieve e error in Wasserstein distance.
The proof is quite simple, and serves as a warm-up to Theorem [9, which shows that under
Langevin MCMC needs O(v/d/¢) steps to achieve ¢ error in Wasserstein distance. This is a
quadratic improvement over the overdamped Langevin MCMC algorithm in terms of d and ¢,
which mirrors the results when U is convex.

4.3.1 Overdamped Langevin diffusion

Our first result studies the convergence of overdamped Langevin diffusion, given in (1.4, and
reproduced below for ease of reference:

dy, = =V U (y,)dt + v/2dB;. (4.3)

The discretized overdamped Langevin diffusion as

t
8

d, = —VU(a;L J>dt +\/2dB, (4.4)

where 6 is the step-size of the discretization and |-] denotes the floor function.
Our first result, stated as Theorem [§] establishes the rate at which the distribution of the
solution of Eq. (4.4)) converges to p*.

exp (—LRQ/Q)

> < __dRrR* ;
Theorem 8 Assume that m > 72 ,andlet) < e < Jaymie be the desired accuracy.

Also let the initial point 0 be such that ||z(||s < R. Then if the step size scales as:

e?exp (—LR?)
0= g
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and number of iterations scales as:

~ L 2
o () £)

we have the following guarantee:

Wl(pn67p*) S &,
where pps is the distribution of x,s in (E.4) and the distribution p*(y) oc e VW),

For potentials where LR? is a constant, the number of iterations taken by overdamped MCMC
scales as §2(d/e?). This matches the rate obtained in the strongly log-concave setting by
Durmus and Moulines [27].

Intuitively, LR? measures the extent of non-convexity. When this quantity is large, it is
possible for U to contain numerous local minima that are deep. It is therefore reasonable
that the runtime of the algorithm should be exponential in this quantity.

The assumption on the strong convexity parameter, m, is made to simplify the presentation
of the theorem. Note that this assumption is without loss of generality, since we can always
take the radius R to be sufficiently large in Assumption Similarly, our assumption on
the target accuracy can also be easily removed, but we make this assumption in the interest
of clarity.

The proof of Theorem [§] is relegated to Appendix [C.3] The proof follows by carefully
combining the continuous-time argument of [32] together with the discretization bound of
[27].

4.3.2 Underdamped Langevin diffusion

In this section, we present our results for underdamped Langevin diffusion. The underdamped
Langevin diffusion is a second-order stochastic process described by the following SDE:

dyr = vidt, (4.5)
C [4c,.
dUt = —21}15 - ZVU(yt)dt + TdBt,

where we define the constant:
¢y :=1/(1000k), (4.6)

where k = L/m is the condition number. Similar to the case of overdamped Langevin diffusion,

it can be verified that the invariant distribution of the SDE is p*(y, v) e VW33 This
ensures that the marginal along y is the distribution that we are interested in. Based on the
SDE in Eq. (4.5)), we define the discretized underdamped Langevin diffusion as:

d.fCt = Utdt, (47)

Ck 4Cn
duy = —2u, — ZVU<xL%J5)dt +/=aB,
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where 0 is the step size of discretization. The SDE in Eq. (4.7) is implementable as the
following algorithm:

Algorithm 2: Underdamped Langevin MCMC
Input :Step-size § < 1, number of iterations n, initial point (z(?),
parameter L, condition number x and gradient oracle VU
1 fori=0,1,...,n—1do
2 | Sample (T(11)s, Uis1)s) ~ 29 (w5, uis)
3 end

0), smoothness
().

)

In this algorithm Z® (x5, u;5) € R?? is a Gaussian random vector with the following mean
and covariance (which are functions of the previous iterates (x;s, us)):

Cx _
E |:/U/(7;+1)§:| = uze 2 — —(l—e 25)VU(:1:Z~5) ,

2
1 - 1 _
E |:.CL'(Z‘+1)§} = T + 5(1 — 6725)’&1'5 — QC_L ((5 — 5 (1 — € 26)) VU(Z'Z(;) y
r T Cy 1 4, 3 2%
E _(l’(z‘+1)6 —-E [ﬂf(z‘+1)5D (1‘(1‘+1)6 —-E [x(i+1)5D ] = f [5 - Ze - Z +e Taxd
E :(U(m)a = E [ug+1s]) (warns — E [uss] )T: - %(1 — ) Igea,
E :($(¢+1)5 — E [z(411)5]) (wisns — E [u(i—&-l)&DT: = QC—Z [1+ e — 26_25} axa -

We show that the iterates at round i of Algorithm [2| and the solution to the SDE in Eq.
at time ¢ = ¢ have the same distribution (see Lemma [64]in Appendix .

In Theorem [0 we establish a bound on the rate at which the distribution of the iterates
produced by this algorithm converge to the target distribution p*.

xp (—6LR2 .
Theorem 9 Assume that m > % and let 0 < e < — AR be the desired accuracy.

\/ d/m+R?

Also let the initial point ©) be such that |||, < R. Assume also that e > 2,
Then if the step size scales as:
1 1
. 6—12LR2 . 9735 in ( _)’

LR? Kk

£
§—— -
R+ \/d/m

and the number of iterations as:
n=a (@ exp (18LR2)> ,

we have the guarantee that

Wi(pns, 0*) <&,

where pps is the distribution of x,s and we have p*(y) oc e”YW),
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If we consider potentials for which LR? is a constant, the iteration complexity of underdamped
Langevin MCMC grows as O(v/d/e), which is a quadratic improvement over the first-order
overdamped Langevin MCMC algorithm. Again, the iteration complexity grows exponentially
in LR? which is to be expected. As before, the condition on the strong convexity parameter
and the target accuracy is made in the interest of clarity and can be removed..

4.4 Proof Outline

In this section, we sketch the proof of Theorem [9] The heart of the proof of this theorem is
a somewhat intricate coupling argument. We begin by defining two processes, (x;,u;) and
(ys,v¢), and then couple them appropriately. The first set of variables, (x;,u;), represent
a solution to the discretized SDE in Eq. (4.7). On the other hand, the variables (y,v;)
represent a solution of the continuous-time SDE in Eq. with the initial conditions being
(Yo, v0) ~ p*(y,v). Thus the variables (y;, v;) evolve according to the invariant distribution
for all t > 0. The noise that underlies both processes is coupled, and with an appropriate
choice of a Lyapunov function we are able to demonstrate that the distributions of these
variables converge in 1-Wasserstein distance.

In section we explicitly construct a coupling. In section 4.4.3] we describe the
Lyapunov function that we will use. Finally, in the section |4.4.4] we describe how the Lyapunov
function contracts to 0 under the stated coupling, which in turns implies a convergence in
Wasserstein distance.

In Section [D.1.2]

4.4.1 A coupling construction

Let 8 = 1/poly(L,1/m,d, R, 1/C,,) be a small constant (see proof of Theorem [J] for the exact
value), and let ¢(x) = ¢(||z||,) be a smoothed approximation of ||z||, at a scale of 3, as defined
in .

Additionally, let v = 1/poly(L,1/m,d, R,1/C,,) be another small constant (see proof of
Theorem @ for the exact value). In designing our coupling, we ensure that certain values are
only updated at intervals of size v. These are needed to ensure that the stochastic process
that we work with is sufficiently regular.

While reading the proofs it might be convenient for the reader to think of both 5 and v to
be arbitrarily close to zero, and to think of ¢(x) as equal to ||z||,; § and v do not impact the
bound on the iteration complexity in Theorem [9] For a detailed discussion see Appendix

We define a time Ty, as

31og 100
Tsync :L (48)

2
Ck
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We then choose v to be such that % is a positive integer, and define the constant

676LR2 efGLRQ 2
C,. =mi : il 4.9
P 6000 (1 + LR2) 2007, 3 49

676LR2 676LR2 1
=min , ) .
213/1(1 + LRQ) 229 . log (100) C k27 Q22,2

This constant C,, will be the rate at which our Lyapunov function contracts.

With these definitions in place we are ready to define a coupling between variables (x, u;)
that evolve according to the discretized process described in Eq. , and variables (y;, v;)
that evolve according to the SDE in Eq. .

Let the initial conditions for these processes be given by,

(x0, ug) = (z,0),
(Yo, v0) ~ p*(y,v). (4.10)

Define a variable 7; that will be useful in determining how the noise underlying the processes is

coupled. We initialize this variable as follows: 79 = 0, if \/on - y0||§ + ||zo — yo + uo — w0||§ >
VAR, and 15 = —T'syne otherwise.
Let A; and B; denote independent d-dimensional Brownian motions. We then let the

complete set of variables <a:t, Uty Yo, Ve T ¢ J) evolve according to the following stochastic

dynamics:
Cx [Ck
dyt = ’Utdt (4].3)
dv, = —2v, — %VU(yt)dt +2, /%dBt (4.14)

Ck Cp _ _
—1 {]W > Tt + Tsync} : (4\/ f’Yt’VtTdBt + 24/ Z%%TdAt)7

where the functions M, 7, and 4; are defined as follows:

1, for r € [8,0)
M(r) =14 3+ 3cos (r-%), for r € [8/2, /]
0, for r € [0, /2]
2 4wy

1/2
=Ml ) S
2

_ 1/4 2z + Wy
=(1— (1= 2M(||z +wi|,))?) ————,
Vt ( ( (H t tHZ)) ) ||Zt+wt||2

(4.15)
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and where for convenience we have defined

Rt =Ty — Yt
Wt = Ut — Vg. (416)

Note that the function M essentially is a Lipschitz approximation to the indicator function
1L{r>0}.
Let us unpack the definition of the SDE. First, note that when the indicator 1 {k:y > TLL ] + Tsym}

is equal to zero, then both (x,u;) and (y;,v;) are evolved by the same Brownian motion B;.
This is called a synchronous coupling between the processes.

Second, when this indicator is equal to one, the processes are evolved by the same
Brownian motion in the directions perpendicular to z; + wy, and (roughly) by the reflected
Brownian motion along the direction z; + w;. This is called a reflection coupling between the
two processes.

In the following lemma, we show that the variables (y;,v;) have the same marginal

distributions as the solution to the SDE defined in Eq. (4.13)).

Lemma 14 The dynamics in defined by Eq. (4.13)) and Eq. (4.14)) is distributionally equivalent
to the dynamics defined by Eq. (4.5)).

We give the proof in Appendix It is easy to verify that (z;,u;) have the same marginal
distribution as the solution to the SDE defined in Eq. so we omit the proof.

Finally, we define an update rule for 7 which dictates how the noise is coupled. For any
k € Z*, 7, is defined as follows:

kv
if <ku — Th—1 > Tsyne AND \/Hz,ﬂ,ng + |2k + wi |2 > \/3R) Tr—10therwise.
(4.17)

Tk - —

From the dynamics in Eq. (4.14]), we see that 7, is used for determining whether
(x4, ys, ug, vy) evolves by synchronous or reflection coupling over the interval ¢ € [kv, (k + 1)v).
From its definition in Eq. (4.17)), we see that, roughly speaking, 7 is “the last time (up to

kv) that (z;,w;) ends up outside the ball \/Hth; + ||z + w3 = VBR,” but with a caveat:
we do not update the value of 7, more than once in a Ty, interval of time.
Let (2, F;, P) be the probability space, where F; is the o-algebra generated by (yo, vo),

Bs and A, for all s € [0,¢). In the following Lemma, we prove that <xt, Uy, Vgs Yy, TLLJ) has a
unique strong solution (zy, u, yy, vy, 7|t )(w) (w € Q2), which is adapted to the filtration F;.
Furthermore, with probability one, (z, u, y;, v)(w) is t-continuous:

Lemma 15 Let B; and A; be two independent Brownian motions, and let F; be the o-algebra
generated by B, As; s <t, and (xo, uo, Yo, Vo)-
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For all t > 0, the stochastic process (It)utayhUhTLLJ)(W) defined in FEqs. (4.11)—(4.17)

has a unique solution such that (xs, us, ys, vs) is t-continuous with probability one, and satisfies
the following, for all s > 0,

. (s, us, Ys, Vs, T s ) 1S adapted to the filtration Fy.
1 LJ'dtdtthﬁltt']—"

2 2 2 2
2. E [llzlly + lysll + sl + oally] < oo

We defer the proof of this lemma to Appendix [C.7]
Finally, for notational convenience, we define the following quantities, for any k € Z™:

p =1{kv > 7 + Tsync } (4.18)
e i=(1 4 2¢,)l(2¢) + (2 + wy) (4.19)
Vi :=VU(z:) — VU (yr)

Ay ::VU(ILH‘;) — VU (zy). (4.20)

As described above, when p = 0 the processes are synchronously coupled, and when py, = 1
they are coupled via reflection coupling. Roughly, r, corresponds to the sum of ||z]|2 and
||zt + wy||2- V¢ is the difference of the gradients of U at z; and y;, while A, is the difference
of the gradients at |5 and ;.

4.4.2 A concave upper bound on |||,

We follow Eberle [32] in our specification of the distance function f: Rt — R that is used in
the definition of our Lyapunov function.

Let ay and Ry be two positive constants, to be specified later.

We define auxiliary functions ¢, ¥ and ¢, all mapping from R* to R*:

1, for r € [0, Ry]
h(r):=<{ 1-— Rif(r —Ry), forre[Rys, 2Ry
0, for r € 2Ry, o0)
P(r) = e~ Jo hldds / U(s (4.21)
g(r)y:=1- l—fo M)t .
2Jo h

Let us summarize some important properties of the functions ¢ and g:
e 1) is decreasing, 1 (0) = 1, and ¢(r) = ¥(2Ry) for any r > 2R ;.

e g is decreasing, ¢(0) = 1, and g(r) = § for any r > 2R;.
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Finally we define f as )
70) = [ ol)a(s)as. (122

In Lemma [55] in Appendix [C.5] we state and prove various several useful properties of the
distance function f. Most importantly, f is designed to be concave, and f(r) > C - r for
some constant C.

4.4.3 Lyapunov Function

In this section, we define a Lyapunov function that will be useful in demonstrating that the
distributions of (x¢, u¢) and (y, v¢) converge in 1-Wasserstein distance. Let f be as defined in

(4.22), with ay and R defined as:

L
ap =7, and, R :=12R, (4.23)
Recall the constant ), defined in (4.9).
Additionally define the stochastic processes:

t
gt :/ e_CM(t_S)C/@
0

t
oy —/ sl e~ COmlt=5) . 1 {7“3 > \/ER}élrsds, (4.25)
0 v

t . I__
o= [ gy e (Tutr 2 (vatam s JraTan) ). )

The processes & and o, will be used to track the discretization error arising due to the time
increments ¢ and v. We refer to Lemma [62in Appendix for a proof of the existence of ¢;.
The following stochastic process £; acts as our Lyapunov function:

Loi= - (F0r0) = &) + (L= ) - exp (=Cn(t = 7)) - (f () = &) = (00 + 1), (4:27)

where k := |£]. Note that £, (the Lyapunov function at time t) depends on r,, (at time
7). In Lemma , we demonstrate that this function contracts at a rate of e=“=!. The
convergence bound then follows by showing that the convergence of this Lyapunov function
implies convergence of the distributions in 1-Wasserstein distance.

Ts — ZE|_§J5H2dS, (4.24)

4.4.4 Proof Sketch

We present a full proof of Theorem [9]in Appendix [C.4 In this section we provide a high-level
sketch of our proof.

The proof proceeds by a path-wise analysis of the evolution of the Lyapunov function. In
Figure , we illustrate a sample path of the process when d = 1 (the d > 1 case is identical,
but harder to draw on paper).
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zt + wy TH)J
fl fl I
[
} ] —>
to ty to i3
t
G M)
N
t3 = -
1 1 ; >
to t to t3
(a) Iustration of Coupling (b) Update for 7 and v

First, let us highlight the features of the figure.

1. The red circle represents the set \/ [ 2:]|% + || 2¢ + we]|3 = V/BR. Tt affects the updates of
T|- at which, in turn, dictates how the processes are coupled.

2. The represents \/Hztﬂg + 2+ w2 = 2. \/5R. In relation to the red

circle, it represents the contraction of \/ [ 2:]|% + || 2¢ + we]|3 when evolved according to
synchronous coupling.

3. The space enclosed by the dark green diamond represents (1 + 2c¢, )| 2|l + [|2e + wel|, <

VBR. Tt is is contained in the set \/||zt||§ + |2 + w2 < VER.

4. The space enclosed by the light green diamond represents 2((1 + 2¢,) || 2|5 + [|20 + wily) <

2. %\/ER. It contains the set (14 2¢,) ||z, + [|2e + wyl|, < % VR,

5. It is not shown, but note that the red quarter circle is contained in (1 + 2c,)|| 2], +
|zt + wll, < V12R, which is the radius R used for defining f in Eq. (4.23)).

6. The brown squiggly lines (¢y — ¢1) and (to — t3) represent the evolution of the process
under reflection coupling.

7. The black line t; — t5 represents the evolution of the process under synchronous
coupling.

Below, we describe how (z;, w;) evolves over t € [tg, 3], and illustrate the main ideas behind
the proof. To simplify matters, assume that
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1. k; :=t;/v are integers, for i = 0,1, 2, 3.
2.ty —ty = Tyyne-
3. & = 0, = 0 as these terms correspond to discretization errors.
4o zly + (1 + 2¢0) ||z 4+ well,-
Then

e From ty — t:

Suppose that the process starts somewhere inside the red circle and stays inside for until
time ¢, then Tt = to and Pl = 1 for t € [tg,t1), and the process (z;, w;) undergoes
reflection coupling.

In this case, we can show that when r, < v/12R then f(r;) — ¢, contracts at a rate
of exp(—C,,t) with probability one (see Lemma [33). This in turn implies that our
Lyapunov function £; also contracts at the same rate with probability one (see Lemma
and Lemma .

e From t; — to:
At t = t;, we update 7, so that 7, = ¢;. Thus us, = 0 for all s € [ty,t5). Dur-
ing this period, (z;, w;) evolves under synchronous coupling. In Lemma , we show

that \/ 1z 12 + 1zt + w2 < 23 /lz |2+ 12 + 1w, ]2 This implies that f(r,,) <

e~ Cmlt2=t) £(r, ) (Lemma . Again, this contraction is with probability one. Intu-
itively, we use synchronous coupling because when the value of ||z, + ||z + wyl|, is
large, Assumption |(A3)| guarantees contraction even in the absence of noise.

This contraction in f consequently results in a contraction of the Lyapunov function
(see Lemma [52]).

o After a duration 7Ty, of synchronous coupling, we have py, = 1 and we resume reflection
coupling over [ta, t3]. Note that at ¢t = t5, the Lyapunov function £;, undergoes a jump
in value, from exp (—C,,(ta — t1)) f(ry,) to f(ry,) (see (4.27)). We show in Lemma
that this jump is negative with probability one.

4.5 Related Work

A convergence rate for overdamped Langevin diffusion, under assumptions - (see
Section has been established by [32], but the continuous-time diffusion studied in that
paper is not implementable algorithmically. In a more algorithmic line of work, [20] bounded
the discretization error of overdamped Langevin MCMC, and provided the first nonasymptotic
convergence rate of overdamped Langevin MCMC under log-concavity assumptions. This was
followed by a sequence of papers in the strongly log-concave setting [see, e.g., [16, 2] 27 30].
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Our result for overdamped Langevin MCMC is in line with this existing work; indeed, we
combine the continuous-time convergence rate of Eberle [32] with a variant of the discretization
error analysis by Durmus and Moulines [27]. The final number of timesteps needed is
O(e*L7 4 /£2), which is expected, as the rate of [32] is O(e~LE") (for the continuous-time
process) and the iteration complexity established by [27] is O(d/e2).

On the other hand, convergence of underdamped Langevin MCMC under (strongly)
log-concave assumptions was first established by Cheng et al. [I7]. Also very relevant to
our results is the work of Eberle et al. [33], who demonstrated a contraction property of the
continuous-time process stated in Eq. . That result deals, however, with a much larger
class of potential functions, and accordingly the distance to the invariant distribution scales
exponentially with dimension d. Our analysis yields a more favorable result by combining
ideas from both Eberle et al. [33] and Cheng et al. [17], under new assumptions; see Section
[4.3.2] for a full discussion.

Also noteworthy is the fact that the problem of sampling from non-log-concave distributions
has been studied by [72], but under weaker assumptions, with a worst-case convergence rate
that is exponential in d. In [85], this technique is used to study the application of Stochastic
Gradient Langevin Diffusion (and its variance-reduced version) to non-convex optimization.
Similarly, Durmus and Moulines [27] analyze the overdamped Langevin MCMC algorithm
under the assumption that U is superlinear outside a ball. This is more general than our
assumption of “strong convexity outside a ball”; in this setting, the authors prove a rate that
is exponential in dimension. On the other hand, [37] established a poly(d, 1/¢) convergence
rate for sampling from a distribution that is close to a mixture of Gaussians, where the
mixture components have the same variance (which is subsumed by our assumptions).

Finally, there is a large class of sampling algorithms known as Hamiltonian Monte Carlo
(HMC), which involve Hamiltonian dynamics in some form. We refer to Ma et al. [50] for a
survey of the results in this area. Among these, the variant studied in this paper (Algorithm
, based on the discretization of the SDE in Eq. , has a natural physical interpretation
as the evolution of a particle’s dynamics under a viscous force field. This model was first
studied by Kramers [49] in the context of chemical reactions. The continuous-time process
has been studied extensively [4] [6] [TT], 24 33, 39, [42], 61, 83]. Four recent papers—Mangoubi
and Smith [59], Lee and Vempala [52], Mangoubi and Vishnoi [60] and [23]—study the
convergence rate of (variants of) HMC under log-concavity assumptions. In [34], the authors
study the convergence of HMC on general metric state spaces. Bou-Rabee et al. [§] study the
convergence of HMC under assumptions similar to ours, and prove a convergence rate that
depends on e““®” for some constant ¢. We remark that the algorithm studied in this case is
different from the underdamped Langevin MCMC algorithm, because of the incorporation of
an accept-reject step.



Part 111

Optimization as Sampling

42



43

Chapter 5

Stochastic Gradient and Langevin
Processes

5.1 Introduction

Stochastic Gradient Descent (SGD) is one of the workhorses of modern machine learning.
In many non-convex optimization problems, such as training deep neural networks, SGD is
able to produce solutions with good generalization error; indeed, there is evidence that the
generalization error of an SGD solution can be significantly better than that of Gradient
Descent (GD) [41], [44] [47]. This suggests that, to understand the behavior of SGD, it is not
enough to consider the limiting cases such as small step size or large batch size where it
degenerates to GD. In this paper, we take an alternate view of SGD as a sampling algorithm,
and aim to understand its convergence to an appropriate stationary distribution.

There has been rapid recent progress in understanding the finite-time behavior of MCMC
methods, by comparing them to stochastic differential equations (SDEs), such as the Langevin
diffusion. It is natural in this context to think of SGD as a discrete-time approximation of an
SDE. There are, however, two significant barriers to extending previous analyses to the case
of SGD. First, these analysis are often restricted to isotropic Gaussian noise, whereas the
noise in SGD can be far from Gaussian. Second, the noise depends significantly on the current
state (the optimization variable). For instance, if the objective is an average over training
data with a nonnegative loss, as the objective approaches zero the variance of minibatch SGD
goes to zero. Any attempt to cast SGD as an SDE must be able to handle this kind of noise.

This motivates the study of Langevin MCMC-like methods that have a state-dependent
noise term:

Wy )5 = Wis — OV U (wis) + VOE(wis, i), (5.1)

where w; € R? is the state variable at time ¢, J is the step size, U : R — R is a (possibly
non-convex) potential, £ : R? x Q — R? is the noise function, and n;, are sampled i.i.d.
according to some distribution over 2 (for example, in minibatch SGD, (2 is the set of subsets
of indices in the training sample).
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Throughout this paper, we assume that E, [((z,n)] = 0 for all . We define a matrix-
valued function M(-) : R? — R%? to be the square root of the covariance matrix of &; i.e.,
for all z, M(z) := \/E, [£(z,n)&(x,n)T], where for a positive semidefinite matrix G, A = VG
is the unique positive semidefinite matrix such that A2 = G.

In studying the generalization behavior of SGD, earlier work [41], 44] propose that
be approximated by the stochastic process yu11)s = Yrs — VU (Yrs) + VOM (y5)0), where
0, ~ N (0, 1), or, equivalently:

for t € [k, (k + 1)4],

with B; denoting standard Brownian motion [46]. Specifically, the non-Gaussian noise &(+,7)
is approximated by a Gaussian variable M (-)# with the same covariance, via an assumption
that the minibatch size is large and an appeal to the central limit theorem.

The process in can be seen as the Euler-Murayama discretization of the following
SDE:

We let p* denote the invariant distribution of . Note the similarity between and
(L.4); the key difference is in M (z), the diffusion coefficient.

We prove quantitative bounds on the discretization error between , and , as
well as convergence rates of and to p*. Our bounds are in 1-Wasserstein distance
(denoted by Wi(+,-) in the following). We present the full theorem statements in Section ,
and summarize our contributions below:

1. In Theorem , we bound the discretization error between (5.2) and (5.3]). Informally,
Theorem [10] states:

1. If 2o = yo, then for all k, Wy (x5, ys) = O(V3)

2. Forn > O(%) . Wi(p*, Law(yns)) = O(V9),

where Law(-) denotes the distribution of a random vector. This is a crucial intermediate
result that allows us to prove the convergence of to . We highlight that the
variable diffusion matrix: 1) leads to a very large discretization error, due to the scaling
factor of v/& in the M (s )6 noise term, and 2) makes the stochastic process non-contractive
(this is further compounded by the non-convex drift). Our convergence proof relies on a
carefully constructed Lyapunov function together with a specific coupling. Remarkably,
the € dependence in our iteration complexity is the same as that in Langevin MCMC with
constant isotropic diffusion [29].
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2. In Theorem , we bound the discretization error between (5.1) and (5.3]). Informally,
Theorem [I1] states:

L. If xg = wo, then for all k, Wy (zks, wis) = O(6Y8) ;

2 Fomzo@ Wi (5", Law(wps)) = O(Y5).

Notably, the noise in each step of may be far from Gaussian, but for sufficiently small
step size, is nonetheless able to approximate . This is a weaker condition than
earlier work, which must assume that the batch size is sufficiently large so that CLT ensures
that the per-step noise is approximately Gaussian.

3. Based on Theorem we predict that for sufficiently small §, two different processes of the
form ((5.1)) will have similar distributions if their noise terms £ have the same covariance
matrix, as that leads to the same limiting SDE . In Section , we evaluate this claim
empirically: we design a family of SGD-like algorithms and evaluate their test error at
convergence. We observe that the noise covariance alone is a very strong predictor for the
test error, regardless of higher moments of the noise. This corroborates our theoretical
prediction that the noise covariance approximately determines the distribution of the
solution. This is also in line with, and extends upon, observations in earlier work that the
ratio of batch size to learning rate correlates with test error [41], [44].

5.2 Motivating Example

It is generally difficult to write down the invariant distribution of . In this section, we
consider a very simple one-dimensional setting which does admit an explicit expression for
p*, and serves to illustrate some remarkable properties of anisotropic diffusion matrices.

Let us define D(z) := M?(x). Our analysis will be based on the Fokker-Planck equation,
which states that p* is the invariant distribution of if

0 =div(p*(x)VU(z)) + div(p*(z)['(x) + D(x)Vp*(x)), (5.4)

th

where I'(z) is a vector whose i" coordinate equals Y7, -2-[D(z)] ij- In the one-dimensional

7=1 8
setting, we can explicitly Write down the density of p *(x ) Note that in this case, I'(z) =

VD(z). Let V(z) := [; ( ) =y ( )dm—i—logD( ) —log D(0). We can

verify that p*(z ) o e~ V(@) satlsﬁes (-4).
For a concrete example, let the potential U(z) and the diffusion function M (z) be defined
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as

N
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Figure 5.1: One-dimensional example exhibiting the importance of state-dependent noise:
A simple construction showing how M (z) can affect the shape of the invariant distribution.
While U(z) has two local minima, V'(z) only has the smaller minimum at © = —2. Figure[5.1d]
represents samples obtained from simulating using the process . We can see that most
of the samples concentrate around xr = —2.

We plot U(z) in Figure [p.1al Note that U(z) has two local minima: a shallow minimum
at * = —2 and a deeper minimum at z = 8. A plot of M(z) can be found in Figure [5.1b|
M (z) is constructed to have increasing magnitude at larger values of x. This has the effect
of biasing the invariant distribution towards smaller values of x.

We plot V(z) in Figure Remarkably, V(x) has only one local minimum at x = —2.
The larger minimum of U(z) at © = 8 has been smoothed over by the effect of the large
diffusion M (x). This is very different from when the noise is homogeneous (e.g., M (x) = I),
in which case p*(z) oc 7Y@, We also simulate (using (5.2))) for the given U(z) and
M (z) for 1000 samples (each simulated for 1000 steps), and plot the histogram in Figure

5.3 Assumptions and Definitions

In this section, we state the assumptions and definitions that we need for our main results in
Theorem [I0] and Theorem [I11

Assumption A We assume that U(x) satisfies
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1. The function U(x) is continuously-differentiable on R? and has Lipschitz continuous
gradients; that is, there exists a positive constant L > 0 such that

for all 2,y € R |VU(2) — VU () < Lz — gl
2. U has a stationary point at zero: VU(0) = 0.
3. There exist positive constants m, Lr, R such that for all ||z —y|l, > R,
(VU(2) = VU(y), = = y) = mllz -yl (5.5)
and for all [l —yll, < R, [VU(x) = VU(y)l[2 < Lellz — yll2.

Remark 7 The assumption in (5.5) roughly states that “U(z) is convex outside a ball of
radius R”. This assumption, and minor variants, is common in the non-convexr sampling
literature [18, 32, 32, (36, 39, [57].

Assumption B We make the following assumptions on & and M :
1. For all x, E[¢(z,n)] = 0.
2. For all z, ||£(z,n)||, < B almost surely.
3. For all x,y, [[£(z,n) — £y, )|y, < Lel|lz — yl|, almost surely.

4. There is a positive constant c,, such that for all x, 2¢,, 1 < M(x).
Remark 8 We discuss these assumptions in a specific setting in Section[5.5.9
For convenience we define a matrix-valued function N(-) : R? — R4*4:
N(z):=~/M(x)? —21. (5.6)

Under Assumption [A] we can prove that N(z) and M(z) are bounded and Lipschitz (see
Lemma |79 and |80[ in Appendix . These properties will be crucial in ensuring convergence.
Recall that, given an arbitrary sample space {2 and any two distribution p € Z(2) and
q € Z(Q), a joint distribution ¢ € Z( x Q) is a coupling between p and ¢ if its marginals
are equal to p and ¢ respectively.
For a matrix, we use ||G||, to denote the operator norm: [|G||, = sup,egda jvjj,=1 |GV |l,-
Finally, we define a few useful constants which will be used throughout the rest of the
chapter:

I 45[15 o Lr+ L%V
N -— Cm 9 q 26%1 )
165%L
Ry = max{R, b N}
m - Cm

2

. [m  2c, 7
A ;= min {E’ 32—7?/(]2} exp (—gaqR(f) . (57)
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Ly is the smoothness parameter of the matrix N(z), and we show in Lemma [80] that
tr((N(z) — N(y)) ) < L% ||z — y|)2. The constants oy, and R, are used to define a Lyapunov
function ¢ in Appendix [D.5.1] A key step in our proof uses the fact that, under the dynamics
, g contracts at a rate of e, plus discretization error.

5.4 Main Results

In this section, we present our main convergence results beginning with convergence under
Gaussian noise and proceeding to the non-Gaussian case.

Theorem 10 Let z; and y; have dynamics as defined in (5.3) and (5.2)) respectively, and
suppose that the initial conditions satisfy E [||zo||3] < R?+B%/m and E Hy0||2] < R*+%/m.

2
Let € be a target accuracy satisfying & < (M) exp (Ta,Ry/3) - Let 6 be a

_2+1
step size satisfying
A2&2
. 512,82(L2+L‘}\,) exp (%)
0 < min oAE

(2 exp (T ) /R

If we assume that xq = yo, then there exists a coupling between x; and y; such that for
any k,

E [”iﬁk(s - yk6||2] <ée

2 2 2
Alternatively, if we assume n > Saq;aq log & +§ ™ then

M

Wi(p*,pls) <2

where p{ = Law(y;).

Remark 9 Note that m, L, R are from Assumptz’on Ly is from (5.7), ¢m, B, Le are from
Assumption @

Remark 10 Finding a suitable yo can be done very quickly using gradient descent wrt U(-).
The convergence rate to the ball of radius R is very fast, due to Assumption[A].3.

After some algebraic simplifications, we see that for a sufficiently small €, achieving
Wi(pZs, p*) < € requires number of steps

52 14 (Lg 1657 L;
n = - exp — +
£2 3 2 ch

212/@6[/2
2 ¢
-maX{R ,W})) .
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Remark 11 The convergence rate contains a term e® ; this term is also present in all of
the work cited in the previous section under Remark 1. Gren our assumptions, including
the “convexity outside a ball of radius R” assumption, this dependence is unavoidable as it
describes the time to transit between two modes of the invariant distribution for a simple
double-well potential.

Remark 12 As illustrated in Section the m from Assumption[B.3 should be thought
of as a reqularization term which can be set arbitrarily large. In the following discussion, we

6 2
will assume that max {R2 — 45 } is dominated by the R* term.

To gain intuition about this term, let’s consider what it looks like under a sequence of
increasingly weak assumptions:

a. Strongly convex, constant noise: U(z) m strongly convex, L smooth, &(x,n) ~
N(0,1) for all z. (In reality we need to consider a truncated Gaussian so as not to violate
Assumption 2, but this is a minor issue). In this case, L =0, ¢,, =1, R=10, § = O(Vd),
so k = O(%). This is the same rate as obtained by [29]. We remark that [29] obtains a W,
bound which is stronger than our W; bound.

b. Non-convex, constant noise: U(r) not strongly convex but satisfies Assumption

and &(z,m) ~ N(0,1). In this case, Lg = 0, ¢,, = 1, 8 = O(v/d) This is the setting studied
by [18] and [57]. The rate we recover is k = O(S% - eXp (%LRQ)), which is in line with [18],
and is the best W) rate obtainable from [57].

c. Non-convex, state-dependent noise: U(x) satisfies Assumption [A] and £ satisfies
Assumption [B] To simplify matters, suppose the problem is rescaled so that ¢,, = 1. Then

272pR2
45 Lelt ) This suggests that

the effect of a L¢-Lipschitz noise can play a similar role in hindering mixing as a Lg-Lipschitz
non-convex drift.

When the dimension is high, computing M (yx) can be difficult, but if for each z, one
has access to samples whose covariance is M(z), then one can approximate M (yx)0x via
the central limit theorem by drawing a sufficiently large number of samples. The proof of
Theorem |10| can be readily modified to accommodate this (see Appendix .

We now turn to the non-Gaussian case.

the main additional term compared to setting b. above is exp

Theorem 11 Let z; and w; have dynamics as deﬁned m and (5.1 respectwely, and
suppose that the initial conditions satisfy E [H:L'OH | < R2—|—52/m and E on | < R*+p3%/m.
2
Let € be a target accuracy satisfying é < w ~exp (TayRy/3) - a—2+1 Let ¢ :=
q
A TagRq2 \ 2
w6+0%) XP\ 735 )¢
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. 2 2 412 . C e
Let T := min { 6T 8L2(R26+52/m) 32\5@5, 125%2, 215%212%1} and let § be a step size satisfying

Te2L Te*L?
36482\’ 214434
3642 log (—L) 21444 log< 12dg )

If we assume that xo = wy, then there exists a coupling between x; and w; such that for
any k,

6 < min

A

E [[|zrs — wesll,) < €.

Alternatively, if we assume that n > qRq

- log %z/m, then
Wi (p", pns) < 2,
where py’ = Law(wy).
Remark 13 To achieve Wy(p*,p¥s) < &, the number of steps needed is of order n =
O~<i8 . 629aqR42>. The ¢ dependency s considerably worse than in Theorem . This s

&
because we need to take many steps of (5.1)) in order to approximate a single step of (5.2)).
For details, see the coupling construction in Equations 1) of Appendiz .
5.5 Application to Stochastic Gradient Descent

In this section, we will cast SGD in the form of (5.1). We consider an objective of the form

= % Z U (w). (5.8)

We reserve the letter 7 to denote a random minibatch from {1,...,n}, sampled with replace-
ment, and define ((w,n) as follows:
C(w,n) ==V S VU (5.9)
&

For a sample of size one, i.e. |n| =1, we define

H(w) :=E [¢(w,n)¢(w,n)"] (5.10)

as the covariance matrix of the difference between the true gradient and a single sampled
gradient at w. A standard run of SGD, with minibatch size b := ||, then has the following
form:

1
Wr4+1 = Wi — (56 %7: VU,(wk)
LEMNK

= wy — 6VU (wy) + \/5<\/(_5C(wk, m). (5.11)
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We refer to an SGD algorithm with step size 0 and minibatch size b a (9, 5)-SGD. Notice that
(5.11) is in the form of (5.1)), with &(w,n) = v/6¢(w,n). The covariance matrix of the noise

term is
)

E [¢(w, m)&(w,n)"] = T H(w). (5.12)

Because the magnitude of the noise covariance scales with /3, it follows that as § — 0,
converges to deterministic gradient flow. However, the loss of randomness as ¢ — 0 is not
desirable as it has been observed that as SGD approaches GD, through either small step size
or large batch size, the generalization error goes up [41], [43] 44] [47]; this is also consistent
with our experimental observations in Section [5.5.3.1]

Therefore, a more meaningful way to take the limit of SGD is to hold the noise term

constant in (5.11]). More specifically, we define the constant-noise limit of (5.11)) as

where M (z) := /2 H(x). Note that this is in the form of (5.3)), with noise covariance M (z;)?

matching that of SGD in ((5.11)). Using Theorem we can bound the W, distance between
the SGD iterates wy from ([5.11]), and the continuous-time SDE z; from ([5.13)).

5.5.1 Importance of Noise Covariance

We highlight the fact that the limiting SDE of a discrete process,

Wg+1 = W — SVU(’LUk) + \/Ef(wk, nk), (514)

depends only on the covariance matrix of £&. More specifically, as long as & satisfies
VE[E(w,n)é(w,n)T] = M(w), (5.14) will have as its limiting SDE, regardless of
higher moments of . This fact, combined with Theorem [T, means that in the limit of 6 — 0
and k — oo, the distribution of w; will be determined by the covariance of & alone. An
immediate consequence is the following: at convergence, the test performance of any Langevin
MCMC-like algorithm is almost entirely determined by the covariance of its noise term.

Returning to the case of SGD algorithms, since the noise covariance is M (z)* = $H(z)
(see ), we know that the ratio of step size d to batch size b is an important quantity which
can dictate the test error of the algorithm; this observation has been made many times in
prior work [41], [44], and our results in this paper are in line with these observations. Here, we
move one step further, and provide experimental evidence to show that more fundamentally,
it is the noise covariance in the constant-noise limit that controls the test error.

To verify this empirically, we propose the following algorithm called large-noise SGD.
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Definition 1 An (s, 0, by, be)-large-noise SGD is an algorithm that aims to minimize (5.8))
using the following updates:

Wt = Wy — bi 3" VU () (5.15)

€N

oy/s
1EM, 1€y,

where i, M, and N are minibatches of sizes by, ba, and by, sampled uniformly at random

from {1,...,n} with replacement. The three minibatches are sampled independently and are

also independent of other iterations.

Intuitively, an (s, 0, by, by)-large-noise SGD should be considered as an SGD algorithm
with step size s and minibatch size b; and an additional noise term. The noise term computes
the difference of two independent and unbiased estimates of the full gradient VU (wy), each
using a batch of by data points. Using the definition of { in , we can verify that the

update (5.15]) is equivalent to
Wg4+1 = W — sVU(wk) + s(’(wk, 77k) (516)
which is in the form of (5.1)), with

§(w, 1) = V/s¢(w,n) + o (C(w,n") = C(w, 1)), (5.17)
where 77 = (n,7',7"), and |n| = by, |n'| = |n"| = by. Further, the noise covariance matrix is
~ T S 20—2
Therefore, if we have
s 207 4
I 5.19
T (5.19)

then an (s, 0, by, by)-large-noise SGD should have the same noise covariance as a (d,0)-SGD
(but very different higher noise moments due to the injected noise), and based on our theory,
the large-noise SGD should have similar test error to that of the SGD algorithm, even if the
step size and batch size are different. In Section [5.5.3 we verify this experimentally. We
stress that we are not proposing the large-noise SGD as a practical algorithm. The reason
that this algorithm is interesting is that it gives us a family of (wy),_,, which converges to
7 and is implementable in practice. Thus this algorithm helps us uncover the importance
of noise covariance (and the unimportance of higher noise moments) in Langevin MCMC-like
algorithms. We also remark that [43] proposed a different way of injecting noise, multiplying
the sampled gradient with a suitably scaled Gaussian noise. This has a similar effect on
maintain the noise covariance independent of changes to step-size/batch-size; they observed
that under this injection, generalization error remained almost constant across different batch
sizes.
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5.5.2 Satisfying the Assumptions

Before presenting the experimental results, we remark on a particular way that a function
U(w) defined in (5.8)), along with the stochastic sequence wy defined in ([5.15)), can satisfy
the assumptions in Section [5.3

Suppose first that we shift the coordinate system so that VU (0) = 0. Let us additionally
assume that for each i, U;(w) has the form

Ui(w) = Uj(w) + V(w),

where V(w) := m(||z|s — R/2)? is a m strongly convex regularizer outside a ball of radius
R, and each U](w) has Lg-Lipschitz gradients. Suppose further that m > 4 - Lg. These
additional assumptions make sense when we are only interested in U(w) over Bg(0), so V(w)
plays the role of a barrier function that keeps us within Bg(0). Then, it can immediately be
verified that U(w) satisfies Assumption |A| with L = m + Lg.

The noise term £ in ([5.17)) satisfies Assumption .1 by definition, and satisfies Assumption
.3 with Lg = (v/s + 20)L. Assumption .2 is satisfied if ((w,n) is bounded for all w, i.e.
the sampled gradient does not deviate from the true gradient by more than a constant. We
will need to assume directly Assumption .4, as it is a property of the distribution of VU;(w)
fori=1,...,n.

5.5.3 Experiments

In this section, we present experimental results that validate the importance of noise covariance
in predicting the test error of Langevin MCMC-like algorithms. In all experiments, we use
two different neural network architectures on the CIFAR-10 dataset [51] with the standard
test-train split. The first architecture is a simple convolutional neural network, which we call
CNN in the following, and the other is the VGG19 network [79]. To make our experiments
consistent with the setting of SGD, we do not use batch normalization or dropout, and use
constant step size. In all of our experiments, we run SGD algorithm 2000 epochs such that
the algorithm converges sufficiently. Since in most of our experiments, the accuracies on the
training dataset are almost 100%, we use the test accuracy to measure the generalization
performance.

Recall that according to and , for both SGD and large-noise SGD, the noise
covariance is a scalar multiple of H(w). For simplicity, in the following, we will slightly abuse
our terminology and call this scalar the noise covariance; more specifically, for (6,)-SGD,
the noise covariance is 0/b, and for an (s, o, by, by)-large-noise SGD, the noise covariance is

s 202
b1 + ba ”
5.5.3.1 Accuracy vs Noise Covariance

In our first experiment, we focus on the SGD algorithm, and show that there is a positive
correlation between the noise covariance and the final test accuracy of the trained model. One
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Figure 5.2: Relationship between test accuracy and the noise covariance of SGD algorithm.
In each plot, the dots with the same color correspond to SGD runs with the same batch size
but different step sizes.

major purpose of this experiment is to establish baselines for our experiments on large-noise
SGD.
We choose constant step size ¢ from

{0.001,0.002, 0.004, 0.008, 0.016,0.032,0.064, 0.128 }

and minibatch size b from {32, 64, 128,256,512}. For each (step size, batch size) pair, we
plot its final test accuracy against its noise covariance in Figure |5.2l From the plot, we can
see that higher noise covariance leads to better final test accuracy, and there is a linear trend
between the test accuracy and the logarithm. We also highlight the fact that conditioned on
the noise covariance, the test accuracy is not significantly correlated with either the step size
or the minibatch size. In other words, similar to the observations in prior work [41], 44], there
is a strong correlation between relative variance of an SGD sequence and its test accuracy,
regardless of the combination of minibatch size and step size.

5.5.3.2 Large-Noise SGD

In this section, we implement and examine the performance of the large-noise SGD algorithm
proposed in ([5.15). We select a subset of SGD runs with relatively small noise covariance in
the experiment in the previous section (we call them baseline SGD runs), and implement



CHAPTER 5. STOCHASTIC GRADIENT AND LANGEVIN PROCESSES

CNN, batch = 256

CNN, batch = 512

VGG19, batch = 256

0.92

VGG19, batch = 512

95

>
o

test acc
o
Y
?
odm
Koo

test acc

0.82

0.80

-

o
K

test acc

0.80

0.78

P
>

e

test acc

0.82

0.80

0.78

-20 -18 -16 14
log(noise covariance)

-12

-10

0.78
-20

-18  -16  -14  -12
log(noise covariance)

-10

-20

-18  -16  -14  -12
log(noise covariance)

-10

-20

-18  -16  -14  -12
log(noise covariance)

all

-10

step = 0.008 X
step = 0.008 noise ¢

step = 0.016 .
step = 0.016 noise

x  step =0.001
¢ step =0.001 noise

step = 0.002 x step =0.004 X
step = 0.002 noise ¢ step =0.004 noise ¢

Figure 5.3: Large-noise SGD. Small dots correspond to all the baseline SGD runs in Figure
Each x corresponds to a baseline SGD run whose step size is specified in the legend and
batch size is specified in the title. Each ¢ corresponds to a large-noise SGD run whose noise
covariance is 8 times that of the x with the same color. As we can see, injecting noise

improves test accuracy, and the large-noise SGD runs fall close to the linear trend.
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Figure 5.4: Large-noise SGD. Batch size in the titles represents the batch size of x runs. Each
o corresponds to a large-noise SGD run whose noise covariance matches that of a baseline
SGD run whose step size is the same as the x run with the same color and batch size is 128.
Again, large-noise SGD falls close to the linear trend.

large-noise SGD by injecting noise. Our goal is to see, for a particular noise covariance,
whether large-noise SGD has test accuracy that is similar to SGD, in spite of significant
differences in third-and-higher moments of the noise in large-noise SGD compared to standard
SGD.

Our first experiment is to add noise with the same minibatch size to the (d,b) baseline
SGD run such that the new noise covariance matches that of an (84, 5)-SGD (an SGD run
with larger step size). In other words, we implement (6, 1/70/2, b, b)-large-noise SGD, whose
noise covariance is 8 times that of the baseline. Our results are shown in Figure[5.3] Our
second experiment is similar: we add noise with minibatch size 128 to the (4, b) baseline SGD
run with b € {256,512} such that the new noise covariance matches that of a (J, 128)-SGD (an
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2
large-noise SGD runs. The results are shown in Figure In these figures, each x denotes a

baseline SGD run, with step size specified in the legend and minibatch size specified by plot
title. For each baseline SGD run, we have a corresponding large-noise SGD run, denoted by ¢
with the same color. As mentioned, these ¢ runs are designed to match the noise covariance
of SGD with larger step size or smaller batch size. In addition to x and ¢, we also plot
using a small teal marker all the other runs from Section [5.5.3.1} This helps highlight the
linear trend between the logarithm of noise covariance and test accuracy that we observed in
Section £.5.3.1]

As can be seen, the (noise variance, test accuracy) values for the ¢ runs fall close to the
linear trend. More specifically, a run of large-noise SGD produces similar test accuracy to
vanilla SGD runs with the same noise variance. We highlight two potential implications:
First, just like in Section [5.5.3.1,, we observe that the test accuracy strongly correlates with
relative variance, even for noise of the form , which can have rather different higher
moments than ¢ (standard SGD noise); Second, since the ¢ points fall close to the linear
trend, we hypothesize that the constant-noise limit SDE should also have similar test
error. If true, then this implies that we only need to study the potential U(x) and noise
covariance M (z) to explain the generalization properties of SGD.

SGD run with smaller batch size). More specifically, we implement (4, /1 (1 — £22)4, b, 128)-

5.6 Related Work

Previous work has drawn connections between SGD noise and generalization [41], 43] [44] [47, 58] .
Notably, He et al. [41], Jastrzebski et al. [44], Mandt et al. [58] analyze favorable properties
of SGD noise by arguing that in the neighborhood of a local minimum, is roughly
the discretization of an Ornstein-Uhlenbeck (OU) process, and so the distribution of yxs
approximates is approximately Gaussian. However, empirical results [43] 47] suggest that
SGD generalizes better by finding better local minima, which may require us to look beyond
the “OU near local minimum” assumption to understand the global distributional properties
of SGD. Indeed, Hoffer et al. [43] suggest that SGD performs a random walk on a random loss
landscape, Kleinberg et al. [48] propose that SGD noise helps smooth out “sharp minima.”
Jastrzebski et al. [44] further note the similarity between (5.1) and an Euler-Murayama
approximation of (5.3). Chaudhari and Soatto [14] also made connections between SGD and
SDE. Our work tries to make these connections rigorous, by quantifying the error between
, and , without any assumptions about being close to an OU process or
being close to a local minimum.

Our work builds on a long line of work establishing the convergence rate of Langevin
MCMC in different settings [18] 20}, 29] 36, B9, 54], 57]. We will discuss our rates in relation to
some of this work in detail following our presentation of Theorem [I0], We note here that some
of the techniques used in this paper were first used by Eberle [32], Gorham et al. [39], who
analyzed the convergence of to p* without log-concavity assumptions. Erdogdu et al. [36]
studied processes of the form as an approximation to (5.3) under a distant-dissipativity
assumption, which is similar to the assumptions made in this paper. For the sequence ([5.2)),
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they prove an O(1/¢?) iteration complexity to achieve € integration error for any loss f which
has bounded derivatives up to fourth order. In comparison, we prove W; convergence between
Law(ys) and p*, which is equivalent to supyy <1 [E [f(yrs)] — Eynp [f(y)]], also with rate

O(1/€?). By smoothing the W; test function to have bounded derivatives up to fourth order,
we believe that the results by Erdogdu et al. [36] can imply a qualitatively similar result to
Theorem but with a worse dimension and e dependence.

In concurrent work by Li et al. [54], the authors study a process based on a stochastic
Runge-Kutta discretization scheme of . They prove an O(ﬁ/a) iteration complexity to
achieve ¢ error in W, for an algorithm based on Runge-Kutta discretization of . They
make a strong assumption of uniform dissipativity (essentially assuming that the process
(5.3)) is uniformly contractive), which is much stronger than the assumptions in this paper,
and may be violated in the settings of interest considered in this paper.

There has been a number of works [3, 15, 53] which establish CLT results for SGD with
very small step size (rescaled to have constant variance). This work generally focuses on the
setting of “OU process near a local minimum”, in which the diffusion matrix is constant.

Finally, a number of authors have studied the setting of heavy-tailed gradient noise in
neural network training. [86] showed that in some cases, the heavy-tailed noise can be
detrimental to training, and a clipped version of SGD performs much better. [80] argue
that when the SGD noise is heavy-tailed, it should not be modeled as a Gaussian random
variable, but instead as an a-stable random variable, and propose a Generalized Central Limit
Theorem to analyze the convergence in distribution. Our paper does not handle the setting
of heavy-tailed noise; our theorems require that the norm of the noise term is uniformly
bounded, which will be satisfied, for example, if gradients are explicitly clipped at a threshold,
or if the optimization objective has Lipschitz gradients and the SGD iterates stay within a
bounded region.
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Appendix A

Proofs for Chapter

Proof of Lemma [2]

The proof is directly from results in [2]. See Theorem 10.4.9, with F(u|y) = KL (u||y), with
p=py=p,0==, F(p) = plogp, Lp(c) = o, and w,, = %@ = Vlog £. The
expression for %F (p:) comes from expression 10.1.16 (section E of chapter 10.1.2, page 233).
See also expressions 10.4.67 and 10.4.68.

(One can also refer to Theorem 10.4.13 and Theorem 10.4.17 for proofs of w,, for the
KL-divergence functional in more general settings.) By Lemma , wp, is well defined for all

t. U

Proof of Lemma [3]
Theorem 8.3.1 of [2].

Proof of Lemma [4]
By definition of Dy, (v) in (2.11) and Lemma [2| and Cauchy-Schwarz. O

Proof
Proof of Lemma [6] In this proof, we treat ¢ as a fixed but arbitrary number, and prove the
Lemma for all t € RT. We will use z, ¢, 2L, ps, @} and g’ as defined in (2.3)), (2.12)) and
@.13).

First, consider the case when ¢t = 7(t). By definition, z; = y! = 2{, and p; = q! = g!. By
Fokker Planck,

= —VU(x) + tr(V?py)

= —VU(y) + tx(V'q)
d

I 4
- dsqs(x)

s=t
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On the other hand
dzt| _, = —=VU(zy) + VU(z) = =VU(z) + VU (z;) = 0.

Thus - S‘ =0 So Lemma () holds.

In the remamder of this proof, we assume that ¢ # 7(t).

For a given © € R?? we let I1;(0) denote the projection of © onto its first d coordinates,
and II5(©) denote the projection of © onto its last d coordinates. With abuse of notation,
for P € 2(R??), we let I1;(P) and II(P) denote the corresponding marginal densities.

We will consider three stochastic processes: O, AL, Wl over R?? for s € [7(t),7(t) + h).

First, we introduce the stochastic process Oy for s € [7(t), 7(t) + h)

_ Lr(t)
@T(t) - |:_VU(xT >‘|

d6, — [HQ% )] dt + [det] for s € [7(£), 7(t) + h).

We let P, denote the density for O;. Intuitively, P, is the joint density between z; and
—VU (). One can verify that I1;(©,) = x, and II; (P,) = p,. By Fokker-Planck, we have

VO € R*
d% (©) ==V (Pt(@) . [H269)D
v L ope) (A1)

Next, for any given ¢, we introduce the stochastic process A for s € [7(¢), 7(t) + h).

Al =0, for s <t

S VU] gy [V

>
0 for s > t.

dA! =
Let Q! denote the density for AL. One can verify that IT;(AL) = ¢! and I1,(Q%) = q.. By

Fokker—Plaan, we have VO € RQd
—VU(II{(©

+ Z a@th (A.2)

d t

s=t
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Finally, define

Ul =0, for s <t
v 1)UL,
+ {\/ESZBS} for s > t.

Let G! denote the density for W:. One can verify that I1;(V%) = 2! and I1,(G!) = g!. By
Fokker-Planck, we have VO € R,

soe) - CION R )] (A.3)

By definition, ©; = Al = Wl almost surely, and P, = Qi = Gf. Taking the difference

between (A.1)), (A.2)) thus gives

d I1,(0) + VU(I1,(©
EP©) - Qo) —-v-(pye. | O THIEN)
s=t
d t
= —G.(©
#91©)
Finally, marginalizing out the last d coordinates on both sides, and recalling that I1; (P;) = ps,
I1,(QY) = q% and II;(G!) = g, we prove the Lemma. [
Proof of Lemma

The fact that g’ is the steepest descent follows from the fact that Fokker-Planck equation for
Langevin diffusion yields, for all z € RY

4 () =div(q(x)V log p*(x)) + tr(V? ()

ds :div( Hx (Vlog z;))

By definition of (2.6), we get that

Ve P@®)
vs = Vlog o () (A.4)

satisfies the continuity equation for q’. By Lemma [ I

q = Vlog (qs)
p*

d
- F(d) = Dyt (v,) = —Bat [[lwaellz] = =[P [

where the last equality is by Cauchy-Schwarz.

Thus
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Proof of Lemma
Consider z! and g! as defined in (2.13). By Lemma |§|, %gi}szt = (Lp, — %qi)L:t. The
first variation of F', defined by

oy Fle8) = F(p) _ / (5—F(u)> (2) - A(x)d,

e—0 € ou

is linear (see Chapter 7.2 of [76]). (In the above, A : R? — R is an arbitrary 0-mean

perturbation). In addition, because p; = q} = gf, we have gi(p ) = g—’;(qi) = g—i(gi), we get
that

d%F(gi) - (%F(ps) - d%F(qi))

We will upper bound |g”||,_,, then apply Corollary .

s=t

Sy‘s:t

1 ¢ t
= llg(l) EWQ (gt+87 g)

e—0 £

:\/E VU (@) = VU @)

S\/E (L2 — 73]
:L\/]E [||(t — 7)) VU (zr) + V2(B, — Br(t>)||§]

<2L(t — r(t)\/E [IVU (o)) + 2L/ (E — r(£))d
<2L(t — 7(t))/ L?E [||lzr@ 13] + 2L~/ (t — 7(

where the first line is by definition of metric derivative, second line is by the coupling between
g, and gf,.) induced by the joint distribution (2}, z;,.) and the fact that 27, = 2;. The
fourth line is by Lipschitz-gradient of U(x), fifth line is by definition of z;, sixth line is by
variance of B, — By, seventh line is once again by Lipschitz-gradient of U(z).

Thus, we upper bound |g¥||,_, by 2L*(t —7(¢))1/E [||lz- 3] +2L+/ (¢t — 7(t))d. Applying
Corollary [ I, and using the fact that for all ¢, t — 7(¢) < h, we get

d
—F(gt
7 () _

< (222/E [l ] +22V7d) D],
< (22ty/E [leswlB] +22VAd) 1D,

gnml\/]E[stU(xt = VU ()l
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The last line is because g! = p; by definition.
OJ

Proof of Lemma

By Theorem 9.4.11 of [2], m-strong-convexity of log p* implies geodesic convexity. Expression

then follows from the definition of geodesic convexity in definition 9.1.1 of [2].
Rearrranging terms, dividing by ¢ and taking limit as ¢ — 0, we get

F(pt) — F(po)
[

m
= F(p0) + Dy (vyy) + EWS(MO, ).

. m
F(p1) = F(po) + lim + 5 W (1o, 1)

The last equality follows by Lemma 2| and by the remark immediately following ([2.6]).
We remark that the proof of (2.15]) is completely analogous to the proof of first-order

characterization of strongly convex functions over RY,
OJ

Proof of Lemma [10]
We consider ([2.15]), and use two facts

1. For any p € 2(R%), D, (v) is linear in v. (see (2.11)))

2. For any p,v € Z(R?), Wi(p,v) = Euljvl(x)]|3, by definition of W, and v}, as the
optimal displacement map.

We apply Lemma with po = p* and p; = p. Let ’UE* be the optimal displacement map
from p to p*, so (2.15)) gives

F(n) = F(p") < =Du(of) = S W3 (1, p")

* m *
= —Du(v}) = FRullvf (@)]5-

Let v* = arg max|y|,, , <1 ~Du(v), s0 Du(v*) = —[|Dyulls by linearity. We know that the
maximizer of m
arg max —D,(v) — ?E“HUE (z)]|2 = c- v,

for some real number c. Taking derivatives wrt ¢ gives ¢ = LD, ||,. Thus we get

% m
F(p) = F(p") < S 1Dl
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Proof of Lemma [11]
We prove this by induction on k. First, by definition of py = N(0, %), we get that

d  4d
Ep, [llzl3] = < V< Oh

Next, we assume that for some k, and for all t < kh, E,, [||z]3] < %.
For the inductive step, we consider t € (kh, (k + 1)h]
From ([2.3)),

2y = T — (t — kR)VU (2) + V2(B, — B,).

By smoothness and strong convexity and the assumption that arg min, U(z) = 0, we get that
for all z and for all ¢:

[(z = (t = kR)VU(x)) — 02 < (1 —mt)|[z — 0]]2.
(Note that h < % implies that ¢t — kh < %) So for all ¢

Eonp |73
—Eypp,, |z — (t = kh)VU (z) + V2(B, — B |13
—Eoypy, |7 — (t — kh)VU (2)|3 + E|V2(B; — B |3
<(1 —mt)Epep,, 2|5 + 2dt
=Eopp 2[5 + (2dE — MiEpnp,, ||2]3)-

By our inductive hypothesis, we have E,p, [|2||3 < 24 for all ¢ < kh

I By 013 > 2, then By, [2]3 < By, 7[5 < 4.

If Eppy, l2]13 < 22, then Epp, [|2f3 < 22+ 28 < 2 (by ¢t — kh < 1 and by L > m).

Thus if pgy, is such that Ep,, [|z[|3 < 24, then it must be that By [jz[? < 22 for all
t € (kh, (k + 1)h], thus proving the inductive step. O

A.1 Proof of Theorem [2

First, we present a lemma for upper bounding F(u) — F(p*) for p € Z(R%) in the absence
of strong convexity. The following lemma plays an analogous role to Lemma

Lemma 16 Let F be convex in Wy, then for all p € 2(RY),

F(p) = F(p") < || DullsWa(p, p7).
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Proof of Lemma [16]
Similar to the proof of Lemma , we consider ([2.15)), but with m = 0, (and once again vz*
denotes the optimal displacement map from p to p*):

F(p) — F(p*) < —Dp(vf))

<A Dplls - 10E 122

< [|Dulls - Wa(p, p¥),

where first inequality is from (2.15]), second line is by definition of ||D,||., third line is by
defintion of Wasserstein distance and the fact that vfj* is the optimal transport map.

O

Next, we establish that for a fixed stepsize h, Wy(p;, 7)) is nonincreasing, using a
synchronous coupling technique taken from [29].

Lemma 17 Let p; be defined as in the statement of Theorem[3. Let h be a fized stepsize
satisfying h < min{1, h'}. Then for all k,

Wa(prn, 7n) < Wa(po, 7).

Proof of Lemma [17]

First, we demonstrate that is contractive in W.

We will prove this by induction.

Base case: trivially true.

Inductive Hypothesis: Wy (pgn, 71) < Wa(po, ) for some k.

Inductive Step: Let T be the optimal transport map from pg;, to 7,. We will demon-
strate a coupling between p(11), and ), with cost less than Wy (pgn, 7). The lemma then
follows from induction.

Since gy ~ Prn (see ), the optimal coupling between pg, and 7, is given by the pair
of random variables (xyp, T'(xxp)). For t € [kh, (k + 1)h],

T(et1)h = Ten — AVU (Tpn) + \/§(B(k+1)h — Bin)).
Consider the coupling v between pg, and 7, defined by the following pair of random variables
(fl?kh — hVU (2n) + V2(Bgesiyn — Brn),

T(ww) = AVU(T(z)) + V2B — Bia)) -

(Note that 7, is stationary under the discrete Langevin diffusion with stepsize h, so v does
have the right marginals).
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To demonstrate contraction in Ws:

W22(p(k+1)h7 7Th)

<E [H (xkh — hVU (xp) + \/§(B(k+1)h - Bkh))

_ <T(xkh) — hVU(T (244)) + V2(Bgs1yn — Bkh))‘ j

= [||(zxn — hVU (2x1)) — (T () — hVU (T (2xn)))|I3]

<E[||zxn — T(zan)|l3 = 20 (VU (2xn) — VU(T (x)), 2rn — T (24n))
+ h2|VU (2xn) — VU(T () 113]

<E [[|zpn — T(wrn)ll3]

=W3 (Prn, ),

where the last equality follows by optimality of T, and the last inequality follows because
L-smoothness of U(x) implies

— 20 (VU (z31) — VU(T (zk1)), T, — T(zgn))
< - %HVU(%h) — VU(T (zw)) |3
= 2| VU (2rn) — VU(T (z4n)) |l2-
This completes the inductive step. [l
Corollary 18 Let p; be as defined in . Then for all t,
Wa(py, p*) < 4Ch.

Proof of Corollary

First, if ¢t = 7(¢), then by Lemma (17 and and triangle inequality, we get our conclusion.
So assume that ¢ # 7(t). Using identical arguments as in Lemma |17, and noting the

assumption on A’ in and the fact that A < A/, we can show that

Wa(pe, Ti—rr) < Wa(Prwy, Te—r@r)) (A5)
By triangle inequality and the assumption in (2.9)), we have

Wa(pe, P*)
<Wo(pt, Ti—rt)) + Wa(Ti—r(t), P¥)
<Wa(Prt), Ti—r(t)) + Walmi_rt), P")
<Wo(pr@), ®n) + Wa(mh, p*)

+ Wa(mp, p*) + Wa(mi—r@), P7)
<4C,
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Where the first inequality is by triangle inequality, the second inequality is by (A.5]), third
inequality is by triangle inequality, fourth inequality is by assumption ([2.9)) and the fact that
t—7(t) <h<H. OJ

Next, we use Lemma [L7] to bound E [||4]|2] for all &:

Lemma 19 Let h, x; and p; be as defined in the statement of Theorem|[3 Then for all k
E [[lzrnll3] < 4(CT + C3).

Proof of Lemma [19]
Let v(x,y) be the optimal coupling between py;, and 7. Let +/(x, y) be the optimal coupling
between 7r;, and p*. Then

Ep,, [I2115] = E [lIz]I3]
=E, [[l= -y +yl3]
< 2E, (|l — yl3] + 2E, [llyll3]
= 2Wo(Pin, 1) + 2B, [||y||§}
= 2Wa(prn, 71) + 2E. [||2]]3]
= 2Wa(Prn, 1) + 2E [Hx —y+ ?/H%]
< 2Wo(Pgn, 1) + 4E, [||x - y||§} + 4K, [||y||§}
< 2Wo(Prn, 1) + AWa (704, p*) + 4Ep- [[|23] -

By definition of C5 at the start of Section [2.3.2] we have

IEp* [

5] < ¢3.
By Lemma [T7], we have
Wa(pin, mn) < Wa(po, 71) < Ch.

By definition of A’ at the start of Section [2.3.2) and h in Theorem [2| (which ensures h < 1),
we have

W2(7Th, p*> S Cl

Proof of Theorem [2]
First, we bound the discretization error (for an arbitrary ¢). By Lemma [8}

< (222 /By, , 12|13 + 2LVEd) - Dy .
< (22 [By. 2o I3 + 2LV2d) - Dy ..

d

s=t
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Given the choice of

h 1 £ g2 "
= — min

48 Ci(Ch + Cy) L2’ L2C3d’ ’
we can ensure that

1
(L?h, [E||z 3 + 2L\/hd) < (Lzhw J18(C2 + C2) + 2L\/hd)

3
< )
—8C,

where the first inequality comes from Lemma (19,
Assume that F(p,) — F(p*) > &. By Lemma [16] and Corollary [18] we have

F(ps> — F(p*)
)

1Dy, [l =

- WQ(ps>p*
S 5
_W2(p57p )
5
>, A6
> (A6
This implies that
d 1
—F(ps) — F(d! < ~||Dp, |12
F )~ Fla)| < 5ID,
The rate of decrease of F'(p;) thus satisfies
L F(p) — F(p) = SF() ~ Fo)| + S (F(p) — Fld)
dt pt p - dt qs p o dt pS qs o

1
== Do [l2 + 5Dy I2

1
< — 5 IDpl
1

< - Q—O%(F(pt) — F(p"))*.

We now study two regimes. The first regime is when F(p;) — F(p*) > 1, £F(p,) — F(p*) <
(F(p:) — F(p*)), which implies

_ 1
2C%
F(p:) = F(p") < (F(po) — F(p")) exp(— 5=

We thus achieve F(p;) — F(p*) < 1 after time

t > 2CF log(F(po) — F(p*)).
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In the second regime, F(p;) — F(p*) < 1. By noting that f; = 1 is the solution to

%ft = —f2, and letting f; = ﬁ(F(pt) — F(p*)), we get F(p;) — F(p*) < ﬁ To achieve
F(p:) — F(p*) <&, we set t = g Overall, we just need to set

202

t> — + 207 log(F (po) — F(p*)).

This, combined with the choice of h earlier, proves the theorem.

A.1.1 Some regularity results

In this subsection, we provide some regularity results needed in various parts of the paper.

Lemma 20 Let w, be as defined in Lemmal[d Let p; be as defined in[2.3 For all t, wp, is
well defined, and By, [||wp,|13] is finite.

Proof of Lemma
First, we establish the following statement: For any ¢, there exists a 6 € R with ps,(z) being
the distribution of N(y,d) and p € 2(R?) such that

1. For all z € RY, pi(z) = Ey~p [,u(;’y(:c)]
2. Ep [||z]|3] is finite.

If t =7(t), then let p = (Id(-) = AVU(:))#Pr@)—1 and let § = 2h. Otherwise, if ¢t # 7(t), then
let p= (Jd(-) = (t = 7(t))VU(-)) P~ and § = 2(t — 7(t)). Where we used the definition of
push-forward distribution from . 1. now can be easily verified.

To see 2, let ¢ = 7(t) — 1 in case 1 and let ¢’ = 7(t) in case 2.

Ep [Hng}
=Eyp,, [llz — hVU(2)]3]
<Ry, [l|z[l3] + 20°Ep,, [|IVU()]13]
<2Ey, [||lz[3] + 2R’ L*Ey,, [||=[I3]

4
<(2+ 2h2L2)—d,
m

Py

where the last inequality follows by Lemma |11}

Since ps,(x) for all x,y, E, [ps,(x)] is differentiable for all x. This proves the first part
of the Lemma.

Next, a nice property of Gaussians is that

Vs, (@) = —E5%(x ).
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Thus,

V log py()
1
:gv log Eyp [154(2)]

1 1
B ) [((y = 25, ()]

1
:gEyNM(% ly] — =,

where pj denotes the conditional distribution of y given x, when y ~ p and z ~ ps,,.
Thus

eepi(a) ||V 1og py(2)|13]

Eonpi(e) [2Bympz [0lI5] + 2[1]13]
2

Eyp [H?/Hg] + <Epnp, [||9€||§]

E
1
<Z
0
2
6 )

<00,

where the first inequality is by Jensen’s inequality and Young’s inequality and the preceding
result, the second inequality is by definition of conditional distribution, the third inequality is
by the fact that § > 0 (by definition at the start of the proof), the fact that E,p, [||z]|3] < 2

(by Lemma [11]), and by the fact that E,p [||y]|3] < oo (see item 2. at the start of the proof)
Finally, we have that

||thH%2(pt)
=Ep, [[[wp,(2)]]2]
=Ey, [[[VIogpi(z) — Viogp*(z)]|2]
<2Ey, [IV1og pi(2)|l5] + 2Ep, [V 1log p*(z)|3]
<00,

where the last inequality uses the fact that ||Vlegpz)|ls = [|VU(2)|s < L|jz|> and
Ep, [||2]3] < 5. O

Lemma 21 Let p; be as defined in (2.3)). Then |p}| is finite for all t, where |p}| is the metric
derivative of py, as defined in ([2.5)).

Proof of Lemma [21]
We define the random variable £ to be distributed as N (0, 1). For all ¢, let x; be as defined in
(2:3). One can verify that the random variable y; = @) — V(£ —7(£))U(z,@)) +1/2(t — 7())€

has the same distribution as z;. Thus y; and ;.. define a coupling between p; and p;,..
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Let h £ ¢ — 7(t), then
IpY]
—1i 1W( )
—El_I)I(l)g 2{Pt; Pt+e
1
ghm—\/E[Hyt — Ypre|l3]
e—=0 ¢

zliml\/EMT(t)[\SVU + (V2(h &) - V2R)El3]

e—0 €
o1
=g%€v%mﬁmnkvv W3+ E (/2 + 2] - VER)EIE]

<tim = /B, VU (@)
\/ [|| (V2(h+e) — V_SH
—\/Eenpi, VU ()] \/ [11€113]

where the last inequality follows by Taylor expansion of v/2h + 2¢. We can bound the first
term by a finite number using |[VU (x)||3 < L?||z||3, then applying Lemma The second
term is finite for h # 0.

For the case h = 0, we know that w,, satisfies the continuity equation for p, at ¢, and so
Pt Yy
P}| = llwp,||L2(p,) < 00, by Lemma [3and Lemma 20} O
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Appendix B
Proofs for Chapter

B.1 Explicit Discrete Time Updates

In this section we calculate integral representations of the solutions to the continuous-time
process (3.1)) and the discrete-time process (3.4)).

Lemma 22 The solution (x;,v;) to the underdamped Langevin diffusion (3.1)) is

¢ ¢
v =vpe ' —u (/ e_”’(t_s)VU(Is)ds) + \/QVu/ e =9 dB, (B.1)
0

0

t
T = Xo +/ VsdS.
0

The solution (%, 0;) of the discrete underdamped Langevin diffusion (3.4]) is
t t
U = voe” "' —u </ e_V(t_S)VU(io)ds) + \/2fyu/ e (=) 4B, (B.2)
0 0

t
ft = i’() +/ ﬁSdS.
0
Proof

It can be easily verified that the above expressions have the correct initial values (g, vg) and
(Zo, Vo). By taking derivatives, one also verifies that they satisfy the differential equations in

and ([3.4). .

Next we calculate the moments of the Gaussian used in the updates of Algorithm [T These
are obtained by integrating the expression for the discrete-time process presented in Lemma
22
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Lemma 23 Conditioned on (Zo, ), the solution (Zy,0:) of (3.4) withy =2 andu =1/L is
a Gaussian with conditional mean,

E [5)] = foe~ — —(1 — e~V U (d)

2L

~ ~ 1 —2t\ ~ 1 1 —2t ~

E [Z4] :33'0—{—5(1—6 )Ug—ﬁ t_§(1_€ ) ) VU (@),

and with conditional covariance,

- e - 1 1 _ 3

E [(l‘t —E [mt]) ([L’t —E [xt])T = E |:t - ZG 4 Z +e 2t:| . ]dxd
- R - 1 _

E (5~ E[0]) 5 —E[]) ] = 21— ™) L
- ~ N~ T 1 _ _

E|(@ —El#)) (5 —E[0]) | = 57 [1+e™ = 26™] - Lusa

Proof
It follows from the definition of Brownian motion that the distribution of (%, 7;) is a 2d-
dimensional Gaussian distribution. We will compute its moments below, using the expression
in Lemma [22] with v =2 and v = 1/L.

Computation of the conditional means is straightforward, as we can simply ignore the
zero-mean Brownian motion terms:

E [6,] = e — iu eV (i) (B.3)
E (%] = o + %(1 — e )Gy — % (t — % (1- e_Qt)> VU (). (B.4)

The conditional variance for v; only involves the Brownian motion term:
-
E (@ - E[a)) (5 - E[3)| =7 E

t t
/ 6_2(t_8)dB5 / 6—2(5—15)st
L 0 0
4 t
:z <\A 6_4(t_5)d8) . IdXd

:—(1 - 6741&) . Idxd-

The Brownian motion term for Z; is given by

\/Ztrz() \/Zt2t2 \/Tt Ht—s)
Z/o (/Oe dBS)dr: Z/Oe (/se dr)stz z/o (1—6 )dBS.
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Here the second equality follows by Fubini’s theorem. The conditional covariance for z; now
T
E|(@—E[&) (@ —E[a)| =7E

follows as
t t
! (/ (1— e ts>)d3) (/ (1_6—2@—5))st)
0 0

t
:% [/ (1 _6—2(15—5))2d3:| Ly
0

1 1 3

L 4 4

Finally we compute the cross-covariance between x; and o,

< / (1- —2“—5))st> ( /O te—%t—S)st)T

2
|: —2(t s))( —2(t—s))d8:| . ]d><d

1+e -4t 2672t} . Id><d-

2L
We thus have an explicitly defined Gaussian. Notice that we can sample from this
distribution in time linear in d, since all d coordinates are independent. U

B.2 Controlling the Kinetic Energy

In this section, we establish an explicit bound on the kinetic energy Ex in (3.9) which is used
to control the discretization error at each step.

Lemma 24 (Kinetic Energy Bound) Let p(z,v) = 1,_,0 - ly—o— the Dirac delta
distribution at (x(©),0). Let the inz’tial distance from the optimum satisfy ||x(0) — x*||3 < D?
and v = 1/L as before. Further let p¥) be defined as in Theorem@for 1 =1,...n, with step
size v and number of iterations n as stated in Theorem[3. Then for alli=1,...n and for all
t € 0,v], we have the bound

E(I,U)Nfbtﬂ” [HUH%] < 8K7

with Ex = 26(d/m + D?).

Proof
We first establish an inequality that provides an upper bound on the kinetic energy for any
distribution p.

Step 1: Let p be any distribution over (x,v), and let ¢ be the corresponding distribution
over (x,x+wv). Let (2/,v") be random variables with distribution p*. Further let ¢ € "o (p, p*)
such that,

E¢ [llz = 2|13 + Iz — 2') + (v = V)Il5] = W3 (g, q").
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Then we have,

E, [[lv]|2] = E¢ [lv — v+ '|3]
< 2B, [Jol] + 2K [Jlo - o3
< 2B, [[[v]3] +4E¢ UIJFU — (& + )3 + [l — 23]
= 2E,- [“UH } +4W2 4:q") (B.5)

where for the second and the third inequality we have used Young’s inequality, while the final
line follows by optimality of (.
Step 2: We know that p* o exp(—(U(z) + £||v]|3)), so we have E,. |

Step 3: For our initial distribution p® (¢(®) we have the bound

I3 =da/L.

« 2d
W22(q(0)7q ) < 2EP* [HU” :| + 2Ez~p ) ! ~op* [Hl’ - $/|‘%] = f + QEP* [HJZ’ - x(O)H%} )
where the first inequality is an application of Young’s inequality. The second term is bounded
below,

2d
By [llz = 2O13] < 2By [l = 27[I3] + 2/l = 2[5 < — + 2D,

where the first inequality is again by Young’s inequality. The second line follows by applying
Theorem (12 to control E,- | 2]. Combining these we have the bound,

1 2
W3 < 2d 4D?.
( ) (L m) +

Putting all this together along with (B.5)) we have

10d  16d d
2 2 2
E,o [[lv]l3] < T - +16D° <26 (E +D ) .
Step 4: By Theorem [5, we know that V¢ > 0,

W3 (@4, ¢%) < W3(q", q").

This proves the theorem statement for i = 0. We will now prove it for ¢ > 0 via induction.
We have proved it for the base case i = 0, let us assume that the result holds for some i > 0.
Then by (3.12) applied up to the (i 4+ 1) iteration, we know that

WQ(Q(ZH) ") = W2<(I) )<W2( ) ' q").

Thus by (B.5|) we have,
Ei’tp(i) [Hvug} < gK?
forallt >0and i€ {0,1,...,n}. O
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Algorithm 3: Stochastic Gradient Underdamped Langevin MCMC

Input :Step size § < 1, number of iterations n, initial point (z%,0), smoothness
parameter L and stochastic gradient oracle VU (:)
1 fori=0,1,...,n—1do
2 | Sample (a1, v1) ~ Z7H (2, o)

3 end

Next we prove that the distance of the initial distribution p(® to the optimum distribution
p* is bounded.

Lemma 25 Let pO(z,v) = 1,_,© - ly—o— the Dirac delta distribution at (x(9),0). Let the
initial distance from the optimum satisfy |2© — 2*||2 < D? and u = 1/L as before. Then

y d
W22<p(0)7p ) <3 (D2 + E) .

Proof
As p©(z,v) is a delta distribution, there is only one valid coupling between p® and p*. Thus
we have

WE (P, 5) = Eaype [0 = 213+ [[0]3] = By [llz = 2" + 2% = 23 + [[0]}3]

< QEpr [Hx - H ] +2D? +Ev~p*(v) [HUHS} )
where the final inequality follows by Young’s inequality and by the definition of D?. Note

that p*(v) o< exp(—L||v||? /2) therefore Eqyp+(v) [[|v]|3] = d/L. By invoking Theorem [12] the
first term By p+(z) [[|2 — 2*||3] is bounded by d/m. Putting this together we have,

d d d
W2(p©, p*) < 2T+ 2D* < 3 (E +D2) .

B.3 Analysis with Stochastic Gradients

Here we state the underdamped Langevin MCMC algorithm with stochastic gradients. We
will borrow notation and work under the assumptions stated in Section [3.3.3]
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Description of Algorithm

The random vector Z(x;, v;) € R*?, conditioned on (z¢,v?%), has a Gaussian distribution
with conditional mean and covariance obtained from the following computations:

E [v"!] = vie® — AL VU ()
) . 1 ) 1 1 ~ )
417 - o 2uN\, 1 _ = 2 %
E [z =2 +o(l—e™ ' - 57 (u 2(1 e )) VU (x")

E _(x”l —E [:13”1}) (:p”l —E [:vi“DT] = l {1/ — 16_4” - § + 6_2V:| “Laxa
L L 4 4
1

B (vz’—i-l _E [UHID (Ui—i-l _E [Ui—&-l])—'—} — (1= e ) Iy

E -($i+1 _E [xiﬂ]) (vi+1 _F [UiJrl])T] _ i [1 e _ 2672,/] ey

The distribution is obtained by integrating the discrete underdamped Langevin diffusion
up to time §, with the specific choice of v = 2 and u = 1/L. In other words, if p® is
the distribution of (2, v?), then Zi+!(2,v!) ~ p(i+1) = &,p@. Derivation is identical to the
calculation in Appendix by replacing exact gradients VU (-) with stochastic gradients
vU (). A key ingredient as before in understanding these updates is the next lemma which
calculates the exactly the update at each step when we are given stochastic gradients.

Lemma 26 The solution (Z4,v;) of the stochastic gradient underdamped Langevin diffusion

B3) is
t t
by = doe " —u </ e_V(t_S)@U(io)ds) + \/27u/ e =) 4B, (B.6)
0 0

t
Ty = To —|—/ Ueds.
0
Proof

Note that they have the right initial values, by setting ¢ = 0. By taking derivatives, one can
also verify that they satisfy the differential equation (3.5]). O

B.3.1 Discretization Analysis

In Theorem 27], we will bound the discretization error between the discrete process without
noise in the gradients (3.4) and the discrete process (3.5) starting from the same initial
distribution.

Lemma 27 Let gy be some initial distribution. Let ®s5 and ds be as defined in (3.3)) corre-
sponding to the discrete time process without noisy gradients and discrete-time process with
noisy gradients respectively. For any 1 > > 0,

562do?

Wg(éé%a q*) = WQQ(&)(sq(h q*) + 2
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Proof
Taking the difference of the dynamics in (B.2) and (B.6), and using the definition of VU (x).

We get that
s
05 = Vs + u(/ ew(sa)ds)f (B.7)
0

é r
Ts=2Ts+u (/ (/ e_w(s_r)ds) dr) &,
0 0

where € is a zero-mean random variance with variance bounded by o2d and is independent
of the Brownian motion. Let I'; be the set of all couplings between ®sqy and ¢* and let I's
be the set of all couplings between (i)(;qo and ¢*. Let v1(0,1) € I'; be the optimal coupling
between ®;q and ¢*, i.e.

E.~m (10— 3] = W3 (2sq0,9").

Let (Lﬂ , LIU]) ~ 71. By the definition of 7; we have the marginal distribution of

Zj] ~ ®sqo. Finally let us define the random variables

m - m o (2 Ef:(ffi;;;r idjo‘z CjZi@ds)g

By (B.7)), it follows that LSZ] ~ ®spo. Thus ([ZL’J , Lﬂ) defines a valid coupling between

Cﬁtqo and ¢*. Let us now analyze the distance between ¢* and @5%,

Wgz(ci)éqm q*)
2

6 T —y(s—r

o ([ GG ) g
v (5 (g e ends)dr + feeds)e | 1]
2

Sl Al h (foé (fo e ds)dr + f05 eﬂ(s*é)d's)g 2
(i) ~ 2 1) r 2 0 2
<E, [|[Z]-1]" + 4u? e 1 ds Jdr | + e 170 ds | | do?
v Yo o \Jo 0
(iv) 2
<E

54
y +4u2<_+52)d02
9 4

-

S Wg(&)tq(]? q*> + 5U252d0'27
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where (7) is by definition of Wy, (ii) is by independence and unbiasedness of &, (ii7) is by
Young’s inequality and because E [||€]|2] < do?, (iv) uses the upper bound ™7~ < 1 and
e~ < 1, and finally (v) is by definition of v, being the optimal coupling and the fact
that § < 1. The choice of u = 1/L yields the claim.

U

Given the bound on the discretization error between the discrete processes with and without
the stochastic gradient we are now ready to prove Theorem [4

Proof of Theorem [4]
From Corollary [12, we have that for any i € {1,...,n}

Wa(®,q", ¢%) < e Wa(q", ¢").
By the discretization error bound in Theorem |§| and the sandwich inequality (3.7]), we get

L. e [8E
WQ((I)Vq(l)a q)l/q(z)) S 2W2<(I)Vp(l)> (I)Vp(l)) S V2 TK

By the triangle inequality for W,

(i) 8Ex

Wa(®,q%, ¢*) < Wa(®,¢9, @,¢W) + Wa(®,qV, ¢*) < v =+ e~ Wy (q", ¢")

Combining this with the discretization error bound established in Lemma [27] we have,

2
851{ i 552d02
5 L2

W2(0,q"9,¢") < (6_5/ Wy (g, g*) + 6

By invoking Lemma 29 we can bound the value of this recursive sequence by,

(n) * —nd/2k 0) & 881(
Wa(g™, ") < e Wald™, &) + T\ 5
55%do?
+

2 88K —0/K 562do? '
L2 (5 \/_5 +\/1—€ 6/ L2 )
By using lhe sandwich inequalily (Lemma ' we gel,

462 8EK
1 — e 9/2x 5

-
T>

Wz(p(n),p*) Silefné/QnV[/é(p(O)’p*z_i_

~
T

2062%do?

+ .
[ )

J

T3
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We will now control each of these terms at a level /3. By Lemma we know W2(p p*) <

3 (% + D2). So the choice,
d 2
n< 2 g (36(m+D ))
4] €

ensures that 7} is controlled below the level /3. Note that 1 —e™%/2% > §/4x as §/k < 1. So
the choice 0 < ex™14/5/479232(d/m + D?) < ex~'1/5/18432& (by upper bound on £k in

Lemma ensures,
2
T, < 166°k /85_K§£.
) ) 3

Finally § < e?x71L?/1440do? ensures T3 is bounded,

2062%do? 2062do? 2062do? €
T3 = < < < 3
- / 553 do2
12 <52 /8€5K 4 /1 — e—0/r 562%02) 7,2 (52 \/855;1( + \/532;5?) 12 53/_4%}i
This establishes our claim. OJ

B.4 Technical Results

We state this theorem by Durmus and Moulines [27] used in the proof of Lemma [24]
Theorem 12 [Theorem 1 in[27] For allt > 0 and v € R,

d
[z —2"[3) < —.

Ep* [

The following lemma is a standard result in linear algebra regarding the determinant of a
block matrix. We apply this result in the proof of Theorem [5]

Lemma 28 [Theorem 3 in[78] If A, B,C and D are square matrices of dimension d, and C
and D commute, then we have

det (|4 B = det(ap - Bo),
(& 5]) = saan v

We finally present a useful lemma from [21] that we will use in the proof of Theorem [4]

Lemma 29 [Lemma 7 in[21] Let A, B and C be given non-negative numbers such that
A € {0,1}. Assume that the sequence of non-negative numbers {xy}ren satisfies the recursive
inequality

i < Az + CF + B?
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for every integer k > 0. Then

BQ
T < Akl’o +

_|_
1-A C+./(1-42)B

for all integers k > 0.

87

(B.8)
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Appendix C
Proofs for Chapter

We outline here the organization of the Appendix.

In Appendix[C.], we list the variables used in this paper, with references to their definitions.
In Appendix [C.2] we give a description of two small constants, 8 and v, which are used
throughout our analysis to ensure regularity in time and space.

In Appendix [C.3] we give a proof of Theorem [§| In Appendix we give a proof of
Theorem [

In Appendix [C.5] we specify the construction of the distance function f, which is used to
demonstrate contraction. In Appendix we bound the moments of some of the relevant
quantities; these are used in discretization bounds of Appendix and [C.4] In Appendix
[C.7] we gives proofs of the existence of our coupling constructions. In Appendix we prove
that our coupling constructions have the correct marginals. We also prove that Algorithm
exactly implements (4.7)).
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C.1 Index of Notation

a; Parameter of f (4.22)). See (C.7)(overdamped) and (4.23)

(underdamped).
p Constant in defining ¢. See also Section
2 See ([6)
Cm Underdamped contraction rate, see .
Co Overdamped contraction rate, see (|C.8)).
d Dimension of x
/ See ([£.22)
K Condition number, defined after Assumption
/ Twice continuously differentiable approximation to ||-||, with

error. See Lemma .

L Lipschitz gradient parameter, see Assumption .

r Lyapunov function. See ((C.11]) (overdamped) and
(underdamped)

m Contraction parameter outside the R ball. See Assumption

M See (IC.5)) (overdamped) (4.15)) (underdamped)

q See Lemma

r See ({-19).

R See Assumption
R; Parameter of f (4.22)). See ((C.7)(overdamped) and (4.23)

(underdamped).
Tsync See " .
™ See (T7)

W Short for u; — vy, defined in (4.16])

<t Short for x; — y;, defined in (|4.16])
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C.2 Two Small Constants

On ¢ and g:
In this paper, we will take 8 = 1/poly(L,1/m,d, R,e*™) to be a small constant. See the
proofs of Theorem [§| and Theorem [9] for the exact values of 5. Intuitively, § is a radius inside
of which we perform the following smoothing;:

We define a function ¢(r) in (C.I), which is a smoothed approximation of |r|, such that it
has continuous second derivatives everywhere. Specifically, for r < §/2, ¢(r) is a cubic spline.

g—l—%'r?’, for r € 10, 5/4]
q(r) = %—r+%-r2—%-r3, for r € [8/4, 3/2] (C.1)
T, for r € [8/2, o0.

This allows us to define a smoothed version of ||z,, which has continuous second derivatives
everywhere:

(x) = q(f[z[l,)- (C2)

In various parts of our proof, we replace ||-||, by its smooth approximation £(-), defined in
Lemma [31] parametrized by 3; a small 3 means that £(-) and ||-||, are close. We need to be
careful as /(-) is strongly convex, with parameter 1/8%, in a 3/2 radius around zero. We
thus need to design our dynamics to ensure that the coupling has no noise in this region (see
Eq. (4.15)).

When reading the proofs, it helps to think of ¢(-) = ||-||, and 8 = 0, as we can take /3 to
be arbitrarily small without additional computation costs.

On v:

In order to demonstrate the existence of a strong solution to the coupling presented in Section
(Lemma , we switch between synchronous and reflection coupling at deterministic,
finite intervals of width v.

This is not necessary strictly speaking, as there are results that ensure the existence of
solutions of an SDE when the diffusion and drift coefficients are discontinuous but have finite
variation. However, we choose to use a discretized coupling as the existence of its solution
can be verified by using standard results.

This discretized coupling scheme adds an error term o; (see Eq. (4.25)). We show in
Lemma [42] that this is o(v?).

When reading the proofs, it helps to think of » = 0 and o, = 0, as we can take v to
be arbitrarily small without additional computation costs. In the proof, it suffices to let
v =1/poly(L,1/m,d, R, e"""). See the proof and Theorem @ for the exact value of v.

Note that v is distinct from (and unrelated to) 4, which is the step-size of the under-
damped Langevin MCMC algorithm (Algorithm . The step size 6 and the corresponding
discretization error &, cannot be made arbitrarily small without additional computation
costs.
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Lemma 30 Let 8 be any positive real. Let q(r) be defined as in (C.1|), reproduced below for
ease of reference:

§+%-r3, forr e 0,5/4]
q(r) = %—r—l—%-rQ—%-T:}, forr € [B/4,5/2]
r forr € [B/2,00].

Then,
1. q(r), ¢'(r)/r and q"(r)/r? exist for all v, and are continuous.

2. For all r, q(r) satisfies /3 < q(r) and |r —q(r)| < /3. In addition, q(r) = r for
r> B2

3. ¢'(r) is monotonically nondecreasing, ¢'(r) =1 forr > /2, and ¢'(r) =0 for r = 0.
4. ¢"(r) =0 forallr > 3/2.

Proof
Taking derivatives, we verify that

51 for r € [0, 5/4]
q(r)= —1—1—%-7“—%-7’2, for r € [5/4, 5/2]
L1 for r € [8/2, o0l
( #-r, for r € [0, 8/4]
q"(r) = 4 %—[1_3—6~7", for r € [5/4, 5/2]
L 0, for r € [8/2, o0].
All the claims can then be verified algebraically. 0

Lemma 31 For a given 8 > 0, let q(r) be as defined above. Define ¢(x) : R™ — RT as
((z) = q([lz]ly). Then
1. For all z, ((x) satisfies B/3 < (z) and |((z) — ||z|,| < B/3. In addition, for ||z|, >
B/2, U(z) = |z,
2. V() = ¢(lelly) 2, for all e, V@), < 1, for llally = B/2, Vi(z) = 2.

[l [l

T

5. Jor llzlly = B/2, V2() = ¢"(lell,) 2 + ¢ (lzll) G (1 - 25

|z
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4. V() and V*((x) are defined everywhere and continuous. In particular, for ||z||, < 8/2,

[VE(z)|l, <4, and HV%(I)Hz <

| 00

Proof

1. Immediate from Lemma [3012.

2. By Chain rule, V{(z) = ¢'(||z||,) =%~. Furthermore, From the Lemma .17 we verify

[EB
that V/(x) is defined everywhere, including at 0. The remaining claims follow from

Lemma 3013

3. This is just chain rule, together with Lemma [30] 1, which guarantees the existence of
2
¢"(llzlly)/ =5 for all z.

4. Existence and continuity follow from Lemma

C.3 Proofs for overdamped Langevin Monte Carlo

C.3.1 Coupling construction for overdamped Langevin MCMC

Let /8 be a small constant (see proof of Theorem [§|for the exact value), and let ¢(x) = q(||z||,)
be the smoothed approximation of ||z||, as defined in Appendix [C.2]

We begin by establishing the convergence of the continuous-time process in Eq. (4.3)
to the invariant distribution. Similar to [32], we construct a coupling between the SDEs
described by Eq. (4.3) and Eq. (4.4). We initialize the coupling at

o — 0
Yo ~ " (1),

and evolve the pair (z;,y;) according to the dynamics

dxy = _VU<3CL§J5> dt + \/édBt
dy, = —VU(yt)dt + \/édBt — 2\/§7t7det + \/§7t7tTdAt7

—~
Q
w

~—
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where the terms 7, and 7; are defined as:

Y = (Mzll))
[EAl®
1/4 Z.
== (= 2M0l0)))
2
with Zt =X — Yy,
1, for r € [, 00)
M(r) = % + %cos <r . %r), for r € [5/2, 5] (C.5)
0, for r € [0, 3/2].

We use the convention that 0/0 = 0 when ||z]], = 0. It can be verified that v and ¥, are
Lipschitz and gradient-Lipschitz for all z, € R%.
The following lemma confirms that the dynamics (C.4)) give the correct distribution.

Lemma 32 The dynamics in Eq. (C.4) is distributionally equivalent to the dynamics defined
in Eq. (4.3)).

We defer the proof to Appendix [C.§|

For notational convenience, we define

V,::=VU(xy) — VU (y;)
A, ::VUCCL%J‘S) — VU (). (C.6)

Finally, we construct the Lyapunov function that we will use to show convergence. Let f
be as defined in Eq. (4.22)), with

L
ap =7, and, R;:=R. (C.7)
Define a constant,
1 2
Co ‘= min {@eLR /2,m} y (CS)

and finally, define two stochastic processes

& =L / =Gt
0
1 :=/ e‘C"(t‘S)f’(llzsllg)< (2\/_%73 B, + V277 dA, >> (C.10)
0 [ENPY

With these definitions, the following stochastic process L£; acts as our Lyapunov function:

Li:=f(l(z)) — & — ¢r. (C.11)

(C.9)

xs—xtﬂ(s )
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C.3.2 Proof of Theorem

The proof follows in three steps. In Step 1 we analyze the evolution of f(¢(z;)) using Ito’s
Lemma. In Step 2 we use this to show that the Lyapunov function £; which is defined in
Eq. contracts at a sufficiently fast rate. Finally in Step 3 we relate this contraction in
the Lyapunov function to a bound on the iteration complexity of .

We note that the technique in establishing Step 1 is essentially taken from [32].

Step 1: By It6’s Lemma applied to f(¢(z)),

df (0(z)) = (Vo f(U(=)), =V = Ay) dt + %tr(Wf(é(zt))(Sm? +273,7)) dt
—a

- s

=0
+ (V. (0(2)), 2000 dB, — V23T dA,)

We first bound the term #. Note that V.f(¢(z)) = f'(0(z))VE(z). When z = 0,
U(z) = B/3+8/(362) by (C) and (C-2)), so f(¢(z)) is well defined by Lemma [55/F2. By
Lemma .2, Vi(z) = 2l ~gince q'(r)/r is always well defined for all r (by Lemma .1),

[EA P

we conclude that when z; = 0, V{(z;) = 0, and thus V f({(z)) = 0 as well. For the case when
|2¢]|, # 0 we have,

Zt
[EAlPy

where ¢(-) is the function used to define ¢ (see Lemma [30). Thus

VI(l(z)) = f(€(z0)d ([[zl,)

= (V=) ~Vi = A)
= ) gl (2 =9 )

Izl

2 7)) - ¢ (1l <W —vt> 1AL
L2zl € 08} - LA+ 1 {|lzlly € (R o0]} - (—mjzly)
1 {all, € (8. R)} - F(=)) - (Ellzally) + [Ad,

where (i) is by the Cauchy-Schwarz inequality, along with the fact that |f'(r)] < 1 (see
(F2) of Lemma [55]), and Lemma [30]3. The inequality in (i) can be verified by considering
three disjoint events. When ||z, € [0, 5], the bound follows by Cauchy-Schwarz, (F2) of
Lemma [55, combined with Lemma [30}3. When ||z, € [R,cc] the bound follows from strong
convexity (Assumption[(A3)). When ||z, € (8, R], we bound the term using Cauchy-Schwarz,
Assumption [(AT)] and Lemma [30]3.

Next, we consider the other term © = 2tr(V2f(0(z)) (8% + 2777)).
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First, consider the case when ||z|, = 0. By chain rule, and by definition of ¢ in (C.2) and
¢ in (C.1)),

V2 f(Uz) = f1 (L)) Va(l2ely) + () Vallzelo) (Valllz )" (C.12)
We further verify that at |||, =0,

8
Va([[zl,) = 3_52”Zt||22t =0 (C.13)
T
Viq(||z 2|l + tht =0 C.14

Thus for ||z, = 0, V2f({(2;)) = 0, and the following holds:
O =0=1{llzll, € [8, RIS (€(20)).

Next, consider the case when ||z, # 0,

V2F(E(0)) =100 (Nl 22 + () () (I el )

215 2]l 2]l
T
ZtZ.
+ ()" (lzella) s
12215

Exapanding using the definition of <,

© =tr (V2 (=) (B30 + 2337))

() 1

21, ( ) - L)

tht

H aill3

5 (877! + 2%, ))

/

1 , A% _
+ 5tr(f (€(2e)) - ' (| zl5) < ||tt‘t| ) 8%%T+2%%T)>
2

J/

v

T

gt (f'w(zt))q"(zt) -

s (8w + 277, ))
[EAE

(.

::@3

where (7) is by the expression for V2f({(z;)) above.
Before proceeding, we verify by definition of 7, and %, in Eq. (C.5|) that

2zl _
tr<” H 5 (877 +2%%)> = 8||%ll5 + 2[|% 5. (C.15)
Ztll2
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First we simplify ©y:
1 _
01 =g F(E(z0)) - ¢ () - (Sllell + 207l3)

%)1 {lzelly € 18, RIF(f"(C(2)) - (4]7ell5 + 17115))
D1 {|Jall, € [8, RIMAL"((=)),

where the inequality (i) is because f”(r) <0 for all r > 0 (by Lemma [55/(F5)), ¢'(r) > 0 for
all r (by Lemma [30]3) and ¢'(r) = 1 for all r > /2 (Lemma [30]3). The equality in (i) is
because v, = 1 and 7, = 0 for ||z, > B (by their definition in Eq. (C.5)).

Next, using Eq. , we can immediately verify that Oy = 0.

Finally, we focus on O3,

1 2 4 917,12
Qs = 5/ (0(=))a" (20) (811 wll3 + 2I1ll3) =0,

where we use the fact that ¢"(||zl,) = 0 if ||z, > /2 (by Lemma |30}4) and v, =¥ = 0 if
|zell, < B/2 (by its definition in Eq. (C.5))).
Putting together the bounds on ©;, Oy and O3, we can upper bound © as

O < 1{llzll, € [B, RIS (U(=)).
Combining the upper bounds on & and ©,

& + O <1{|[zll, € [8, RIF(Lllzllof (€(z0) + 4" (€(z1)))

1l € [Ruocl} - (ol + Ay + L6
Let us now focus on &. By Lemma [55,
& =1 {2l € 6, B} - (Ll (L) + A7 (E)))
L1 (ol € 18 B} - (L - €)' (0(2)) + 4" (U(z0)) + L6/3)
1 {Jlall, € [8, R} - (—Cof (U(=0))) + LB/3
1), € 0, RIN-Cof(€(2))) + (L +8C,)3
L1 {all, € 0 RIH-Cof (=) + 1015,

where (7) is because |||z||, — £(2:)| < 8/3 (by Lemma [31/1) and because |f'(r)| < 1 for all
r > 0 (by Lemma [55 (F2)). The inequality in (i¢) is by Lemma [55 (F4), our definition of
C, in (C.§), and the fact that ||z, € [8, R] implies ((z) < R (Lemma [31]1). Inequality
(ii) is again by Lemma [31]1 and Lemma [55| (F3). Finally, (iv) is by and m < L, a
consequence of Assumptions [(A1)]and [(A3
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Thus,

&+ 0 <1 {1l € [0, RIH-Cof (e())) + 1 {lzll, € [R, 0]} - (—rmllzul,) + 11LB + Al
S - Cof(£<zt)) + 12L6 + ||At||27

where the second line is by Lemma 311 and [55] (F3), and by m < L.
Putting this together with the expression for df (¢(z;)),

AF(0()) S(=Cof (Kz) +12L5 + | Adll)dt + (V- F(€(z0)), 292907 dB, + V27671 dAL)
<(=Cof(t(z)) + 1228+ L‘ zi — xL%J5H2> dt
+ (VoS (6(=0)), 2290 dBy + V23 dAL)

The second inequality uses the definition of A; in Eq. (C.6) and Assumption |(A1)!
Step 2: If we consider the evolution of the Lyapunov function £; (defined in Eq. (C.11)),
we can verify that

dLly =d(f(l(z)) — ¢r — &)
< Co(f(E(=)) — 6, — €t + 1205t
— O, Ldt + 12134t

where the simplification in inequality (i) can be verified by taking time derivatives of stochastic

processes ¢; and & defined in Eq. (C.10) and Eq. (C.9).
Applying Gronwall’s inequality,

1213
c,

t
L, <e %L, +/ e*CO(t*s)12Lﬂd5 < e Olr, +
0

Using the definition of £; in Eq. (C.11]) we get,
Fl(z)) < et F(U(20)) + & + ¢
Taking expectations with respect to the Brownian motion yields:
E[f(£(z))] < e E[f(£(z0))] + E[&] + E[o4]. (C.16)

By the definition of ¢; in Eq. (C.10), we verify that E [¢;] = 0, and by definition of & in
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Eq. (C.9),
t
O |
0

t
< / o~ Colt=3)
0

< [ oyl + Vo)

t
< / ¢=Colt=s) (2(5L\/R2 T djm + \/@) ds
0
_20L\/R* +d/m + Véd
< c

o=yl s

(- Jwvtoygor [ am

3]0

ds

2

We can also bound the initial value of E[f(¢(2))] as follows:

E /()] LE (o)) < Eltw)] < Ellwoll) +8/3'< /R + L4 73

where (i) is because z(0) = 0 in Eq. (C.3)), (i) is by Lemma (F3), (i) is by Lemma [31}1,
and finally (iv) is by Lemma [61]
Let n be the number of time steps, so that ¢ = nd. Substituting into the inequality in

Eq (C18), we get
20L 24d od 12L
E [f(£(z0s))] < ¢ 009 (32\ e Ly 5/3) o BLYRG dfmod | 1215

Co

Step 3: We translate our bound on E [f(¢(zy,5))] to a bound on E [||z,s]|,], which implies
a bound in 1-Wasserstein distance. By Lemma (F3),

E [[|2ns1l,]

< 2€L(R+5)2/2 <€—Co(n5) (32 | R2 + % + 6/3) + 20L V R 2; d/m +4d + 12L6>

Co
< felR?/2 (6—00(715) <321 |R2 + i) + 20Ly/ 2 2 d/m+ 5d>7
m o

where for the second inequality, it suffices to let 5 = dd/6
For a given ¢, the first term is less than /2 if

2
né >10 (log (@) + LR2> - Ci

o
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The second term is less than ¢/2 if

1
§ <—e LR*/2 pip

£ e2C,
— 10 VR +d/m d |
By the definition of C, in Eq. (C.8)),

1 . [exp(—LR?*/2) exp (LR?/2)
C"Sémm{T’m T 8Rr

where the equality is by our assumption on the strong convexity parameter m in the theorem

statement. Recall that we also assume that £ < —2__ Thus we can verify that
— \/d/m+R2?

) 5 2C, e2C,
min : = .
VR2+d/m d d
Putting everything together, we obtain a guarantee that E[||z||,] < e if

e?exp (—LR?)
T

and

2 L 2
€ 2 g2

as prescribed by the theorem statement.
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C.4 Proofs for Underdamped Langevin Monte Carlo

C.4.1 Overview

The main idea behind the proof is to show that £, contracts with probability one by a factor
of e=“m¥  going from t = (k — 1)v to t = kv. The result can be found in Lemma [50|in Section
The proof considers four cases:

1. pip—1 = 1, = 1. In Lemma [53| in Section [C.4.5, we show that Ly, < e "L 1),.
The proof of this result in turn uses Lemma [33]in Section [C.4.2] which shows that £,

contracts at a rate of —C,, over the interval ¢ € [(k — 1)v, kv].

2. pg—1 = 1, = 0. In Lemma [54] in Section , we show that £, < e‘CmVE(k,l)l,.
The proof of this result is almost identical to the preceding case pux—1 =1, = 1. (In
particular, £, undergoes no jump in value at t = kv, in spite in the change in value
from pp—1 =1 to g = 0. See proof for details.)

3. pk—1 = 0,k = 0. In Lemma 52| in Section |C.4.5, we show that Ly, < e "Ly,
The proof of this result is mainly based on the definition of L;.

4. pp—1 = 0,px = 1. In Lemma 51| in Section |C.4.5| we show that Ly, < e L1y,
This case is somewhat tricky, as £; undergoes a jump in value at ¢t = kv. Specifically,

L; jumps from e_Csty”C(f(TTFl) - 57k,1) — (Oky + W1) to f(Th0) — &k — (Okw + b))
We prove that this jump is always negative (Lemma [34] Section [C.4.3). The proof of
Lemma [36] in turn relies on a contraction result in Lemma [B7]

Having proven Lemma [50, we prove Theorem [J] by applying Lemma [50| recursively, and
showing that E [£,;] sandwiches the Wasserstein distance Wi (py, p*).

C.4.2 Contraction under Reflection Coupling

Our main result is stated as Lemmal[33] It shows that s, f(r;) contracts at a rate of exp(—Cint),
plus some discretization error terms.

Lemma 33 For any positive integer k, with probability one we have,

t - (f(raeenw) = Eganw) — (O + Gperiyw)
< 670’"”(#1@ (frmw) = &) — (Orw + dr)) + 580

Proof
If up = 0, by definition of o, and ¢, in , O (kg1 = e “m’g,, and D1y = eV hr.,. S0
the inequality reduces to e~ (—(op, + ¢p)) < e~ (—(0k, + ¢1y)) + 5By which is clearly
true. To simplify notation, we leave out the factor of u; in subsequent expressions and assume
that pr = 1 unless otherwise stated.

For the rest of this proof, we will consider time s € [kv, (k + 1)v) for some k.
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Let us first establish some useful derivatives of the function f:

Va7 = £() - (42604 eal) - 2 ||2 + (r) (2 +w,) - ﬁ
Vot () = 1100 () 2
Vo f(rs) = f'(rs) - ' (Il2s + wsll,) - m (1 -G +H:U>+(ju|+\§w)T>
e+ ) el )
£ P 2 + 0P *H“’l(w ; w.)” (€17)

The derivatives follow from Lemma and by the definition of r; in Eq. ( - From

Lemma [31]3, V2 f((1 + 2c,)(2) + £(z + w)) exists everywhere and is continuous,

with V2 f((l + 205)6(2) +£(z +w))|, o = 0. Note that, we use the convention 0/0 = 0.
For any s € [kv, (k + 1)v), we have:

d,uk : f(rs) g M - <v f(rs)a d2’5> + <wa(7“s>, dws>

8cy 2¢4 _
+tik s Vi (rs)ysds + 77 Vi f (o) vads
(4) Ck C
= Mk - <<vzf(7ﬂs)7 ws> + <vwf<rs)a _2ws - fvs - ZAS>> dS
a .

b ((SEaEvR s+ I, ) ) ds

=0
Cy Cr _ _
M - <wa(7“s), (4‘ / Z"}/t")/tTdBt + 2\ / f’}’t’}/;rdAt> > dS, (018)

where (i) follows from It6’s Lemma, and (ii) follows from Egs. - (#14), and the
definition of V; and A; in Eq. .

In the sequel, we upper bound the terms #, Q. & separately. Before we proceed, we verify
the following inequalities:

Zs Zs (i)
¢ (Nzslla) s ws ) = d'(lzsllo) (770 2 +ws = 25 ) < ' (lzsll) l2s + wsll2 = [26l2),
[EAIP [EAlE
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where (7) is by Cauchy-Schwarz, and:

Zs + Wy Cx
71z + wlly) <—| - —vs>

|25 + ws]|2 L
! ZS +w5 CK/
q(||zs+ws||2) H—7_Zs_ws+zs__vs

Zs +ws||2 L
Zg + Wg Ck
2 2+ will) (—st T wslla + 2]l + <|| o fvs>)

(i7)
< ' (lzs + wslly) (= ll2s + wsll2 + (1 + o)l 2])2),
where () is again by Cauchy-Schwarz and (i) is by Cauchy-Schwarz combined with Assump-

tion [(A1). Finally:
¢ (25 + ws) <

Zs + Ws Cr

Cr
Iz + wsll,’ _fAs> < 4 (12 + willo) 7 1Al (C.19)
s sllo

where the inequality above is by Cauchy-Schwarz along with the fact that ¢’(r) > 0 for all r
from Lemma B0

Bounding &: From Egs. and ( -
&= (142001 ) (], <|| )
2

)
e ) ()
+ 1 (r)q (125 + wslly) <zs++ls||2 zws—%vs—%As>
= (420700 ) {250 )
O+l (i o = V. - ) 4 (C)

We again highlight the fact that ¢'(||2]|,) =

as q(r) = o(r?) near zero (see Lemma [30)).
Substituting the inequality in Eq. (C.19) into #:

&1 = (260 £ ) (o)

1251l

is defined for all z, particularly at ||z||, = 0,

B

Zs + Wg Cy Cp
T Fr)d (2 + w,lly) <m Ry AC EA5>
S s|192

< (14 2¢0) f/(r5)d (12 ll2) (lzs + wsll2 = [[25]l2)
/ ' Ck
+ 1(rs)d (llzs + wslly) (=ll2s +wslla + (14 co)[z5ll2) + Tl A2,
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where the inequality uses Cauchy-Schwarz and (F2) of Lemma [55]

Now consider a few cases. We will use the expression for ¢/(r) from Eq. a number of
times:

L I |21, € [8,00), 12 + wll, € [8,00), then ¢'(|z]l,) = ¢/(lz + wy ) = 1, so that

Cr
# < [z +wslly = slle = 2+ wslly + (14 collzllo) + T 1A
Cx
= Jiro)(ecllzslls) + 1Al

Cx
S QCmf/<rs)rs + ﬁ + ZHASHT

where we use the definition of r; defined in Eq. (4.19) and Lemma 31}1.

2. 1 [|z4lly € 0, 8), 12 + will, € [8,00), then ¢'([12,]) € [0, 1] and (]2, + wy]ly) = 1, 50
that

(%) Cr

# < [1(r) (1 260)d (2sllg) lwslly = 12 +wslly + (L4 c)llzslle) + 7 1Al
(id) cn
< J1ro) Ceallwslly + 3l1zl12) + T 1Al

(i) Cp
< Jr)@esllwsll; +38) + 7 1A

(iv) C
< 265 (ro)rs + 50 + FIAl2,

where (1) uses [, + wyll, — 12y < lwally (30) uses [fuglly — 112 + w,ll, < 1)l ()
uses our upper bound in ||z, and (iv) uses the definition of r, in Eq. (4.19) and
Lemma [B111.

3. If [|z]ly € [B,00), |25 + wslly € [0, B), then ¢/([[25]]y) = 1 and ¢/([[z5 + wsl,) € [0,1], so
that

(2) Cp
N < f/(rs)((l + 20%)(“25 + w8||2 - ”25”2) - st + w8||2 +(1+ CH)“ZS||2> + f“ASHQ
Cx
= f,(TS)(QCn”Zs + w$||2 - Cn||25||2) + ZHASH2
(i) Cu e
< £ (Beullz + will, = S +28) + A,

/ Cr Crk
S f (Ts) <_7Ts> + 56 + ZHAsHQa

where (i) uses our expression for ¢/(-), and (i) uses the expression for r; in Eq. (4.19)),
the fact that ¢, < 1/1000 and Lemma [31}1.
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4. Finally, if ||z, € [0, 8), [|2s + wslly € [0, 8), then ¢'([|zl,) € [0, 1] and ¢/(]|zs + wslly) €
0,1], so that

A <P )EB) + AL < 70 (=5 ) + 58+ AL,

where we again use the expression for 7 in Eq. (4.19)) and Lemma [31}1.

Combining the four cases above we find that,

o< 8 <tz € 0.8} (o) (-Sr) + 48+ o .)

+ 1 {1z +wlly € [8,00)} - (2eaf (s +58+ FIA,),  (C21)
where we use Lemma [55] (F2), Lemma [31]1 and Eq. (£.19).
Bounding ©:
()  8ck 2c
0L (ZEAIVEf(r)ve + ATV F ()T
L L
@) 8¢k 1 , 1 (25 + ws) (25 +ws)T
= — % [ J(re) - d' [z +wsll,) - I s
L ( 2 125 + wsl[, ||Zs+w8||§

8¢,
22 P+ i)

(25 +ws) (25 + wS)T>’Ys

||Zs+w5||
2

+ = Al S d (25 + wslly)
st +w8||2

T
4 26x A | F(rs) - (|25 +wslly) - o (I B P ))78

2 (zs + w8>(zs + U)S) )78

||Zs+w8||2 ||Zs+w8||§

2¢, (25 +ws)(zs +ws)T \ _
+ A (L (17 willy) ;
||Zs+w5||2
2¢, 2z + wg) (25 +ws) T _
4 20 () e 2B 5
||Zs+w8||2
(4i7) 8¢y 1" / 2 / 1" 2
=7 ((f"(ro)d (lzs + wsllo)® + F/(r)d" (125 + wslly))) - [17sll5
2¢,.

+ 7 (f//(TS)q/(st + w5||2)2 + f(ra)d" (|| 2s + w8||2)) ) ”’73”3;

where (i) is by Eq. (C.17)), (i7) is by Lemma |C.17 and (éi7) is because <’Ys, szsfzisu) = [|7slly
and (7, (22 ) = |7l (see Ba. @IF)).
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From Lemma 304, ¢"(||zs + ws||,) = 0 for ||zs + wsl|, > 8/2 and from Eq. ([£.15)), 7, =
¥s = 0 for ||z5 + ws||, < B/2. Thus the above simplifies to

—~
<.
~

8¢, 2¢y " / ~
< = (£ s+ willy)?) - Iell3 + T - (£ )z + well)?) - I3
(i) 8¢
s-f~<ﬂow¢w%+wm9%wwm§
8 K 1
{WVH%LZﬁ}W%‘fU% (C.22)

where (7) is by Lemma (F5), which implies that 2= - (f”(rs)q' (|| 2s + wslly)?) - [|7s]l5 < 0.
The inequality in (i) is because f”(r) < 0 for all r (Lemma [55](F5)), along with the
facts that 1 {||z; + wsll, > B} - ¢'(||2s + wslly) = 1{]|zs + wsl, > B} (by Lemma [30]3), and
1{r > B}q(r)* =1{r > 8} (by Eq. (£15)).

Combining our upper bounds on # and © from Eq. and Eq. (C.22),

¢+©gﬂm%+%m<6}(%rxf;)+MM—IMH)
+ 1l +wlly = B} (2ef (r)rs + 58+ AL,

SCH ()

: ]1 {HZS + wSHQ Z ﬁar’ﬁs S \/ER} : <8%f”(rs> + 2Cnf/(7ﬁs) ’ 7,s>
+1 {st + wgl|ly > B, 15 > \/ER} < (2¢f(rs)rs)
+nw%+%M<ﬁy(fmm—%m»
+58+ = 7 I1AL

Dy H%+mm>&m<wﬁﬂ (S (60 + 5700 -n.))
+1 {2+ willy > B, > VI2RY - (26f (1)

+nw%+mm<ﬁk(fmm—%m»
+58+ 7 714,

+ 1|z + will, = 5} -
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where (i) and (i) follow from algebraic manipulations. Continuing forward we find that,

(i) 8¢, e OLR?
< > < ===
&+ 0 < 1{|z+wl, > 87 < VIZR} ( R f<rs>>

+1 {st + wglly, > B, 15 > \/ER} (2¢.f'(rs)rs)

Cp ¢—6LR?
+RW%+%M<6P(—_7T_ﬂ”0

Cx
£55+ ZA,

1t w2 o € VIZRY - (<Cuf(r)
F1 (% +wly < B} (~Cuf (1)
+1 {7"5 > \/ER}  2ry + 58 + %HASHQ

< 0 pr) + 1{r > VIIR} - (Cuf (1) +20) 458+ A,

(iv)
< —Cof(r) +1 {7"5 > \/ER} (dry) + 58 + %HASHQ, (C.23)

where (7) is by Lemma |55 (F4) combined with the choice of oy and Ry, third line is by
Lemma 55| (F2) and Lemma [55| (F'3). (i7) follows immediately from the definition of C,, in
(4.9). (i17) can be verified from algebra, and finally (iv) is from the fact that C,, < 1 and
f(r) <rfor all r (Lemma 55| (F3)).

Thus, by combining the bounds on & and © in Egs. (C.23]) back into Eq. (C.18)),

d,ukfo s) S ﬂkcmf<Ts)d5
+[Lk<:ﬂ_ {T >V ]_QR} - 4y +5ﬁ+—CK||A || )dS
s s 3 sll2

e, 1
+ L <wa(rs), 4 % (%%Tst + 57@5(&%) >

S - :U“kaf(Ts)dS
+,uk<]l {'rs > \/ER} “dryds + 56 + c.||rs — IL%F 2)ds

/ 1
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By taking the time derivative of Eq. (4.24])-(4.26]), we can verify that for s € [kv, (k+1)v),

ds,

2

d,ukgs == Mk - C’mfsds + Ukt Cr||Ts — *TL%J(;

dos = — ukCrosds + g - 1 {7"5 > \/ER} ~4rgds,
Cx T 1 ~ =T
d¢s = - Mkcm¢sd3 + wa(rs)a 4 f VsVs dB; + 5’78’75 dAS :

By combining with Eq. (C.24) we get

d(:uk ' (f(rs) - 55) — 05 — gbs) S - Cm(uk : (f(rs) - 58) - (Us + ¢5>) + 5/8d3

An application of Gronwall’s Lemma over the interval s € [kv, (k + 1)v) gives us the
claimed result:

e (Frsnyw) = Egrw) — (G + dsy)
< e_cmy(ﬁbk : (f(rkl/) - fku) - (Uku + ¢ku)) + 5pv.

C.4.3 Main results for synchronous coupling

Our main result in this section is Lemma , which shows that over a period of Ty, f(75)
contracts by an amount exp (—C,,Tyn.) with probability one. Note that this is weaker than
showing a contraction rate of exp(—C,,t) for all £, but is sufficient for our purposes.

Lemma 34 Assume that e™% > 2. With probability one, for all k,
1 {kV = Tk—1 + Tsync} : <f(rku) - gkrz)
< 1{kv = Tio1 + Toyne} - €xp (=CrToyne) - (f(rrey) — &ny) + 58

Proof
From our definition of ¢, in Eq. (4.6)), r in Eq. (4.19)), and from Lemma [31}1, it can be
verified that

Ty <1.002(] 200 [l + || 280 + W |ly) + 28
<VZ00Ry/ |20l + 120 + w3 + 26

On the other hand, by ||-||; > ||||, and by Lemma [31]

Preoy 2 \/H’Zkale + ”ZTkﬂ + wTkﬂH; —2p.
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Combining the inequality in the display above with the statement of Lemma [37] gives:

14T
1 {kV = Tp—1 + Tsync} Ty < % -1 {kV =Tkp-1+ Tsync} Ty

kv 2

Tk—1

Ty — :CL%J(S 2dt+ 5ﬁ

Combining the above with (F2), (F3) and (F6) of Lemma [55, and by using the definition of
fin Eq. (4.23),
1 {kV = Tp—1 + Tsync} : f(rkv)

1—+/47/50
<1 {kV = Tk-1t+ Tsync} " EXp <_T/6_6LR2> f(rﬂcﬂ)

kv 2
+1 {kV = Tk—1 + Tsync} . CH/ 6_%(@/—1&) ‘J}t - ZEL£J5 ’ dt + 5ﬂ
3 2

Thk—1

S 1 {]{,‘I/ = Tp—1 + Tsync} + €Xp (_Cstync)f(er_l)

kJI/ 52
+ 1 {k‘]/ = Tr_q + Tsync} . C,‘{/ 6_?&(kl/—t)
Tk—1

T —.TL%J(S ‘2dt+56

(4)
< 1 {kl/ = Tp—1 + Tsync} - €Xp (_Cstync)f(TTk,l)

kv
+ :[[ {]{]V = Tk‘*l —|— Tsync} . CK/ e*Cm(kllft)

Tk—1

2y — xL%J(S‘Ldt 158,  (C.25)

where the first line in (7) follows from the definition of Ty, and C,, in Eq. (4.8) and Eq. (4.9)
2

along with the fact that (1 —/47/50)/4 > 1/200. The second line in (i) is because C,, < %=
from Eq. (4.9).
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By definition of & in Eq. (4.24),
1 {kV = Tjp—1 + Tsync}gku

kv
=1 {/{V = Tg—1 + Tsync} : / e m(kyit)cﬁ dt
0

2

A FIT

Tk—1
=1{kv=m1+ Tsync} . e COm(kv—mk_1) / 6—Cm(7k_1_t)cﬁ‘
0

X

kv
+ 1{kv =711 + Toyne } - / e_om(k”_t)cﬁ e :E'_%J‘sHth
Tk—1

=1 {ky = Tk—1 + Tsync} - €Xp <—Cm<kl/ — Tk*1>>57k71
kv
+ cﬁ/ exp (—Chp (kv —t))||xy — |15 dt

Tk—1 2

=1 {kV = Tp—1 + Tsync} - €Xp <_Cstync)§Tk,1

+ cn/ ! exp (—Cp (kv —t)) ||z — |t dt. (C.26)

Tk—1 2

By subtracting the left and the right hand sides of Eq. (C.26|) and Eq. (C.25) thus gives us
that,

1 {kl/ = Trp_1+ Tsync} : (f(rku) - ka)
<1 {k?l/ = Tg—1+ Tsync} * eXp (_CstynC) ) (f(TTk—l) - ka—l) +56.
O

We now state and prove several auxillary lemmas which are required for the proof of
Lemma 34

Lemma 35 If ||z|5 + ||z + wll; > 2.2R?, then

2
Cr c:
<257ws> + <Zs + Ws, —Ws — fv5> S _3(”2:8”; + ||ZS + wS“;)

Proof
We begin by expanding the differentials d||zs||§ +d||zs + wng:

Cx
dllzo 13 + dllzs + w0l = 2 (z0,w03) + 2 (2 + 1wy, 0, — 9, )

— 2ffwy||2 — 2 <z %vs> _9 <ws, %vs>

Cr c? Cr
= =2l [} = 2 (20 V) + wsll3 + ZNVell3 = s + V43

2 Cr c 2
< sl = 2 (20, 2V.) + V3
Cx
< _”wng -2 <Zs7 fvs> + CiHZng =: W (027)
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Now consider two cases.
Case 1: (]|z5]|, < R) By Young’s inequality,

25 + wsn; < 11”“’5”3 + 1’1”25”3'
Furthermore, by our assumption that ||z + ||z, + w3 > 2.2R?,

2 2 2
I wslly = ll2s + wally = 1112l
2 2 2 2
= [2allz + l[2s + wslly = L2l = [zl
> 2.2R* —2.1R?
> 0.1R*
2
2 0.1z,
1000
2 2
=zl s=g=llwsllz. (C.28)
With this implication # can now be upper bounded by

2 Cx 2
= s} =2 (2 FV0) + el

(@) 2 2 2
< —llwally + 2exllzall; + izl

(41) 9 9
< w3 + 3l
@i 2.
< —<lwl;

() 2 2 2
< S (2l s ),

where (i) is by Assumption (A1)|and Cauchy-Schwarz, and (i) is because ¢, = t5i5- < To55-
The inequality (i) is by the implication in Eq. (C.2§), which gives 3¢, |22 < %st\\g <
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%||ws||g Finally, (iv) can be verified as follows:

(i)
2313 + llzs + wall3 < 3llzall; + 2llws 3

( ) 1000
< —llwell3 + 2flwlf2

< ——llwellz.

(l2slly + s +wslly) < ——llwsll;

!

< ol

2 2 4C,§

- §||w5||2 = (HZSHQ + st +ws|| )

(##2) Ci 2 2
> E(HZSHQ + st + w5||2),
where (i) is by Young’s inequality, (ii) is by Eq. (C.28), and (iii) is by ¢ < 1555-
Case 2: (]|z]|, > R) We have,

C
29,) + 2zl

2
= - s _2<s’
o=l -2(z %

(@) 2 2 2
< = llwally = 2c2llzll; + cilll

2 2
= wslly = cxllzll,
2 2
< — e (llwslls + ll2]13)

(@) ci 2 2
< = (sl + o+ wil).

where (7) is by Assumption |(A3)[and (i) is because

sl + Il2s + wslly <31zl5 + 2llwsll3
2 2
<3 (11l + llewsll2)-

Hence, we have proved the result under both cases.

Lemma 36 With probability one,

(1= ) (\/Hz(k+1 ||2 + |21y +w k+1>uH2 \/_R)
JF
< (1= ) (\/szqu + |2y + will; — \/_R)

(k+1)V o2
k

v

T g

112
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Proof

When gy, = 1, the inequality holds trivially (0 = 0), so for the rest of this proof, we consider
the case py, = 0. To simplify notation, we leave out the multiplier (1 — p4) in all subsequent
expressions.

We can verify from Eqs. (4.11)-(4.14) and Eq. (4.18) that when p, = 0, for any s €
kv, (k+ 1)v),

dzs =wsds
Cx
d(zs + ws) :<—w3 + f(vs + AS))ds.
Thus, for any s € [kv, (k + 1)v),

2
d((\/llst% + |z + wsll3 — \/2.23) )
+

- <\/||Zs||% + [z + w3 — \/2.2}2)+ .. o
- ) 5 ) ds
\/||Zs||2+||25+w5||2 Zs+ws _ws_%<vs+As)
(VI2IB+ T2 + w,]B - V22R)
V23 + llzs + wsll3

(i) ¢
S —

3N

2 2
= (2l + 12 + wally)ds

|

(VIETE+ T+ il - v22R)

T ’ (st —i—w$||2||As||2)ds

Vzsl3 + llzs +wsll3

2

%” (\/Ilzsllg + 2 + w3 = V2. R) : \/||zs||§ + 26 + ws|2ds
Cx

T (V”ZSH% + |2 + w3 — va) 1A yds

CQ

f (\/”Zs”z + st + ws”2 \/ R) ds

+cﬁ<\/stH%+\|zs+ws|\§—\/2.2R> )x z)s s H ds,
+

where (7) is by the expression for dz, and dw, established above, and (ii) is by Lemma
and Cauchy-Schwarz, the last two inequalities follow by algebraic manipulations.

Dividing throughout by (\/stng + |25 + w13 - \/ﬁR) gives us that
Jr
(Vi + o vl - v22R)
+
CQ
= (—3’“(\/st||§ + |25 + wsll3 — \/2.23) +C|
Jr

Jat.
2

515
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We can verify that the inequality implies that

S Cf%
o (IR 1wl - vo3R) e [ Fe
+ kv
2 S

2
< _% ((\/”ZSH% + st + wsH% Y 2-2R> - Cn/ 67?(870
+ k

14

Thus by Gronwall’s Lemma,

(k+1)v

(\/||Z(k+1),,||§ + ||Z(k+1),, + w(kJrl)VH% —V 2.23) — C,{/ 6_?((/€+1)u—t)
+ k

v

ci Ci
< e F ) (W 2013 + 120+ w13 - mR) ~ e / e F v
+ k
2y
—e 3 (\/HZ]WH% + ||Z]W + w;WH% —V 22R) .
+

This proves the statement of the Lemma. U

Lemma 37 Assume that €% > 2. With probability one, for all positive integers k,

1 {kv = 7icr + Togne -/ Izl 4 120 + w0

23
<o 1 = s+ Tk e[+ o+

kv 2
+ 1{kv =71+ Tyync} - c,{/ e~ 3 (hv=t)

Tk—1

Ty — xL%Jaszt + 3.
Proof
By our choice v we know that Ty,,./v is an integer, thus we have,
kv = Te—1 + Tsync = (k’ — 1)1/ < Tp_1+ Tsync~

Thus,

1 {kv = o1 + Togne} 21 {k = 751 + Togne} - 1{(k — 1)1 < 7ot + Toyne}
(i) 1 {ky = Tp—1 + Tsync} : (1 - ﬂkfl)
Dk = 1+ Tone) - [ (1 m), (C.29)

1€Sk_1

where Sj_; = {®=2, %=1 41 .k —1} (as defined in Lemma . Above, (i) is because

v ' v

kv =1+ Tsyne = (k—1)v < 71+ Tyne, (i0) is because (k—1)v < 714+ Tsyne = p—1 =0
(see Eq. (4.18))) and (7i7) is by Part 2 of Lemma
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We can now recursively apply Lemma as follows: (to simplify notation, let o :=
L{kv = 71 + Tsync }):

o TT = (it o+l - v22R)

1E€SE_1
<o TT (=m0 5 (yflrocanll+ oo+ wocanlf - vE2ZR)
1€SE_1
Y e
+a- (1—%‘)'0;@/ e sy, —ay, H dt
A o !
<o T -m)- egnw(wzmuj s+ wn |~ mR)
1€SE_1 +
kv
+a- H (1 — p;) ~cn/ e’%(k”’t) xt_xLEJ‘SH dt, (C.30)
1E€ESK_1 Tk—1 0 2

where the last inequality uses the fact that v - (k — 74,_1) = Tsyn. in the definition of a.
Thus, we have,

10 = s+ T} (Il + o+ w0 — VE2R)

+

1 fh = s+ Tk TT =) (Vwll e+ vl - v22R)

1€ESL_1
(@)

<1 {kV =Tr_1+ Tsync} H 1 — ,Ll,z (\/||Zk,,||2 + HZ]W + wk,,||2 V2 R)

1€SE_1
QR
. . ). — L (kv—t .
+ 1 {kv = T1 + Tsync} Z'61;[1(1 1) cﬁ/ﬂc_le 3 Ty =T th

D1 by = 71+ T} e % TW(V (E e [ +w7k_1||§—m3)
+

kv 2
+1 {ky = Ti_1 + Tsync} . C,{/ e_?n(ku—t)

Tk—1

l't—xtha )

(i)

< 10 = s+ T i (Vs [+ o + 0 [~ VE2R)
+

kv Cr2€
+ 1{kv =1 + Tsync} - c,i/ e~ 5 (kv=t)

Tk—1

where (i) is by Eq. (| - i1) is by Eq. - i1i) is by Eq. ( again, and (iv) is by
the deﬁn1t1on Tyyne = = 1og(100).

dt, (C.31)

[L't—l’LgJé )
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Let j := 7,1 /v. Then by the first part of Lemma we know that 7; = 7,1 = jv. From
the update rule for 7, Eq. (4.17)), this must imply that

\/Hzm_l I5 + 12y + wn Il Z\/IIZMI; + |2 +winll; = V3R (C.32)
Thus finally,

1 = s+ T+ (4l + o + )
(4) 5 5
< 1 {kv = 71 + Toned - (/202 + 2 + wio 12 — V2Z2R
+ 1 {kl/ = Tk—1 + Tsync} . \/ R

(4) —

< ﬂ{kl/ = Tk—1 _'_Tsync}loo (\/” R 1 + HZTk 1 _'_w"'k 1” o 22R>

+ 1{kv =741+ Tyync} - V2.2R

+

+

kv 2
+1 {k'y =Tp_1+ Tsync} . CH/ e*TK(kuft)

Tk—1

dt

2

I

(47)

< 1{kv =1 1+Tsym}100 (\/II O T A VR \/_R)

22
TR e R e RN VA [ PN
kv

)

(i)
<1 = s + Tae oo [ o +

—|— :[[ {ky = Tk*l —|— TSyTLC} Cﬁ/‘ 67 3 (kl/ t)

Tk—1

62
+ 1{kv =71 + Tsync} - CH/ e~ 5 (kv=t)

xt—xL

dt,

xt_xbj‘s )

where (i) is by an algebraic manipulation, (ii) is by Eq. (C.31)), (iii) is by Eq. (C.32)) and
(iv) is because 1/100 + 1/22/50 < /23/50. O

Lemma 38 Let k be a positive integer, then:
1. Let j =1 /v. Then for alli € {j,7+1,....k}, i =1, = jv.
2. If up, =0, then p; =0 for all i € {r/v..k}, u; = 0. Equivalently,

L {m =0} = ] 1{m =0},

1€Sk

where Sy, := {%’“, ,k}
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Proof
For the first claim: By definition of the update for 7, if j = /v for any k, then jv = 7; = 7.
Note that 7; is nondecreasing with ¢, so that j = 7, < k, which implies that 7; < 75, < ... < 75,
Since 7; = T3, the inequalities must hold with equality.

For the second claim: By the definition of p; py = 0 implies that kv < 7, +T§yp.. From the
first claim, we know that for all ¢ € {7;/v...k}, 7, = 7. Thus v < kv < T+ Tsyne = Ti + Toyne-
O

C.4.4 Discretization Error Bound

In this section, we bound the various discretization errors. First, in Section [C.4.4.1] we
establish a bound on E [¢]. Then in Lemma {2 we bound E [o;]. Finally, in Lemma [47, we
show that E [¢;] = 0 as it is a martingale.

C.4.4.1 Bound on E [§]

In this subsection, we establish a bound on E [&]. This term represents the discretization error
that arises because in the SDE in Eq. (4.12), the update to u; uses the gradient VU (xv ] 5)

5
instead of VU (z,). Our main result is Lemma [39] which in turn relies on the uniform bound

8
forallt >0on E U Ty — IL% Is } established in Corollary (based on the moment bounds
established in Appendix |C.6)).

2

Lemma 39 For allt >0,

Elg] < a1 VilTm)

< c

Proof
By the bound in Corollary (0]

E “ Ty _xUJ‘;Hz] < 58272<R2+ %)4‘

Further, by Jensen’s inequality,
d
| < 6~29(R+ \/—>.
2 m

dl

Rtk
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By integrating from up to time ¢,
t (t—s)
—Cm(t—s E [ .
/0' ¢ Cr || xLEJJ 2

t
/ e~ Cmt=5)¢c 599 (R +14/ i) ds
0 m

| 29¢,, (R + \/d/_m>

E [&] ] ds

IN

<0 .
< -
O
Corollary 40 For allt > 0,
8 d\*
B |[oc—yyy | <o (e 2)
s1%ll2 m
Proof
This follows directly by combining the results of Lemma [56| and Lemma [41] U

Lemma 41 Suppose that the step size § < 5. Then for all t € [| 4]0, (| %] + 1)d],

d o))

8
, T H“L%Jé

g

T (122 (s

Proof

8
2

E ||

8 t
xt_ILfsJ‘;Hg] =E H/ngades
t

<0 /L JaE [Jwsll5] ds

t
é

_ (1.11@ [(meé

where for the last inequality, we use Lemma [58|

2+ H“L%Jé

o))
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C.4.4.2 Bounds on E [o;] and E [¢]

In this subsection, we bound E [o;] (Lemma [42). This term represents the discretization error
that arises because 7 (and hence py) is updated at discrete time intervals of v. We highlight
the fact that E [oy] is bounded by a term that depends on v, which can be made arbitraril

small. The main ingredient of this proof is a bound on E [,uk -1 {rs > \/ERH in Lemma

Lemma 42 For f < 0.0001R. There exists a C5 = poly(L,1/m,d, R, ) and C3 =
1/poly(L,1/m,d, R), such that for all v < Cj, for all positive integers k, and for allt >0,

E [Ut] S C5V .

Proof
By the definition of o, in Eq. | -

e~ Cmt=s)q {rs > \/ER} -4rsd5]

[
4/ ~Om(t=s) BJH {Ts > \/ER}TS] ds
Sof

—C (t— s) 2 04

4V2C4
<
=
= 1/2 : 05,
where (i) is by Corollary O

Lemma 43 For all s > 0,

E[r2] < 2% <32 + i).

m

Proof
Recall that,

(14 2e0)1zlly + 12 + wslly)’
(2 + 2¢0) |26l + [lwsll)®
(2.1 |zlly + 2. Lllys 5 + sy + osly)®

[VARVAN

—
INS
=

2 2 2 2
16 (1|l + lluslls + llysllz + Tosl2)

4 1/4
S 216 (272 (R2 4 i) )
m
= (R2 + i),
m
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where (i) is by Lemma [56 and Lemma [57] O

Lemma 44 For every f < 0.0001R, there exists a Cy = poly(L,1/m,d, R), C5 = 1/poly(L,1/m,d, R),
such that for all v < C3, for all positive integers k, and for all s € [kv, (k + 1)v],

E [Mk 1 {rs > \/ER}] < Oy

Proof

By definition of y, in Eq. (4.18), we know that p;, = 1 implies that kv — 7, > T}y Which
further implies that 7, = 7, (otherwise 7, must equal kv by the definition of 7;, in which
case kv — 7, = 0 < Tyypc). This then implies that kv — 7,1 > Tyypne. It must thus be the case

that \/szl,Hg + |20 + Wi ||5 < V/BR, because otherwise 7, = kv, which contradicts i = 1.
Thus,

<1 {V Vo2 [ + wio | < VSR}. (C.33)

By a standard inequality between |[|-||; and ||-||,,

\/szuﬂg + 12k + willy = —=lzelly + 20 + willy)

—
V=
=

Sl Sl

(U(zpy) + (21 +wpy)) — B

W1
—

= 1.002v2 "

where (i) is by Lemma [31]1, and (i7) is by definition of 7, in Eq. (4.19) and by definition of
Cre-

Combining with the inequality (C.33)),

—

_Ba

1
<1 ————r — B < VBR
H = {1.002\/§T'“ & }
~1 {r,w < 1.002V10R + 5}

<1 {r,w < \/113}, (C.34)
where the final inequality uses our assumption that 5 < 0.0001R. Thus,

w1 {re > Vi2R} <1 {n, < VIIR} 1 {r, > VI2R}
<1{[ry — ri| > 0.14R}.
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Taking expectations,

E [ 1{r, > VI2R}| <E[1{r, - riu| > 0.14R}]
(Z<') E[(rs — TkV)S]
= (0.14R)3
@ 2 [Jl2 — zuully + s — winly + 296
= (0.14R)® !

(C.35)

where (i) by Markov’s inequality, (i) can be verified by using Lemma [31]1 and some algebra.
Next, by the dynamics of z; we have that

s 8
lzs — zkl,||g = H/ wydt
kv 2

s
< (s— ko) [ w3t
kv

<25 = )" [l + [l (30
kv

Further by the definition of the dynamics of w; we get,

st - kaHS

<225 — k) ( / Judl+ IV U @)+ = U@ ) th)

8

2

A s 8
+ 21 / vt B 2”125jl / T,
(i1) ’
§23°(s—ku)7(/ Hut||§+||vt||2+ci|rytu§+ci e \dt)
8
g2 rap|| 122  dA
= %% . 2 A %% t )
(444 3 )
2 230<3_ku>7(/k Jull + el + HytH?+ Jops )
I ) S 8
+212ﬁ / vy dB, +2 T /%’_YtTdAt ; (C.37)
kv 2

where (7) is by the triangle inequality and Young’s inequality, (i) uses Assumption |(Al), and
(i) uses the fact that ¢, < 1.
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Therefore, summing the two inequalities above and taking expectations,

E [”Zs - ZkVHg + st - wkvng}

30 7 3 8 8 8 8
<& |20~ ) ([ foyggol]+ el s + il

8 8

1 s 1 s
+ E 212—4 / ’)/t’)/tTdBt + 212—4 / ’S/t’j/gjdAt
L kv 2 L kv 2
4
< 2%%(s —kv)*| R* + 4 +2%2. (s — kv)*- 1
> m L47

where the last inequlaity is by combining Lemma Lemma [57 and Lemma [46] and by noting

that by their definition in Eq. (4.15)), ||7|l, < 1 and |||, < 1 for all ¢, with probability one.
There exists C; = poly(R,d, =) and Cs = 1/poly(R,d, +), such that for all v < C3 and

for all s € [kv, (k4 1)v], the right-hand side of the inequality above is upper bounded by

E [ll2s = zelly + llws — wi lly] <v*Cr.

Combining the above with inequality (C.35]), we find that there exists Cy = poly(R, d, %)
and C3 = 1/poly(R,d, L), such that for all v < C5 and for all s € [kv, (k + 1)v]

E [uk -1 {rs > \/ER}] SM

(0.14R)®
<210E [[l2s = zuwll5 + llws — wi||5] + 2108
= (0.14R)
§V4CQ>

where [ is absorbed into C5 due to our assumption that 5 < 0.0001R.
O

Corollary 45 For < 0.0001R. There exists constants, Cs5 = 1/poly(L,1/m,d, R) and
Cy = poly(L,1/m,d, R), such that for all v < Cjs, for all positive integers k, and for all
s € kv, (k+1)v],

E |1 {r, > VI2R}r,| < \/E (1 {7y > VI2R}| VE[Z] < Cur®

Proof
Proof follows by combining the results of Lemma 43| and Lemma 0

Lemma 46 Let 7 be a d-dimensional adapted process satisfying ||vell, < 1 for all t > 0 with

probability one. Then
t 8
/ 7575 By
0

E < 22044,

2
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Proof
Let us define g, := fot vsyLdB,. Define the function I(8) := ||8||5 for this proof. The derivates
of this function are,

1(B)**B
(B)Y*1 + 481(8)**BB".

Vi(B)

=8
V2I(B) =8

By It6’s Lemma,

dl(B;) = <81(ﬁt)3/45t7 5tﬁtTdBt> + 4l(5t)3/4||7t||§dt + 24[(515)2/4((515, ’Vt>>2||’7t||§dt
< (8L(B)** By, BiBLAB:) + 41(B,)* dt + 241(8,)** || By || 3dlt
= (41(B)** By, BT dB:) + 281(B8,)*/ "dt.

Taking expectations,

9 g (8] <28E [1(8,)"] < 28E[(8)*

dt
Thus,
L i) < 28
dt t iy
= E[I(B)]"* <28t
= E[I(B)] <27,
as claimed. 0

Lemma 47 For allt >0, E[¢,] = 0.

Proof
By the definition of ¢, it is a martingale. Hence, E [¢;] = 0. O

C.4.5 Putting it all together

In this section, we combine the results from Appendices [C.4.2] [C.4.3| and [C.4.4] to prove
Theorem [0 The heart of the proof is Lemma [0, which shows that £, contracts with
probability one at a rate of —C,,. This lemma essentially combines the results of Lemmas [51],

(proved in Appendix [C.4.2) and Lemmas [53] [54] (proved in Appendix [C.4.3).

Proof of Theorem
From Lemma [50] we have,

1
< —Cmkv . ) )
L, <e Lo+ = exp (—Cout) (Bv+5)p (C.38)
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while from Lemma [49]

f(rry) < 200Ly,, + 4008k, + Ok + py + 4008.

Taking expectations,

E [f(rku)]

(@)

< 200E L] + 400E [k, 4 E [oky] + E [¢r,] + 4005

(i) 2000(v + 1)

< 200e”“"E [Lo] + 400E [&1,] + E [o,] + E [¢r,

< 200e [£o] + (€] + E [o0] + [¢k]+1—exp(—C’mu)
2000(v + 1)

1 —exp (=Cyv)
3000 +1)
1—exp(=Cpv)
where (i) is by Eq. (C.38) and (i7) can be verified from the initialization in Eq. (4.10) and
the definition of the Lyapunov function £; in Eq. (4.27]).

From Lemmas [39] 2] and [47]

= 200e” R [f(ro)] + 400R [&4y] + E [04] + E [fr] + B

< 200e~9"*E [r] 4+ 400E (€] + E [04] + E [d1] +

218¢, <R + \/d/_m)
Cm,

where C5 = poly(L,1/m,d, R,1/C,,) as defined in Lemma 42|
From Lemma our choice of xy = up = 0 in Eq. (4.10) and our definition of r; in

Eq. (4.19),
/d
E [ro] < 3E[|lyolly + [Jvolls) < 210 <R+ E) +38.

By plugging the bound on E [rq] and E [£,] into the bound on E[f(rg,)] above gives us that

28c. (R+\/d
E [f(ry,)] < e Crhvol® (R + \/%) Ls ( Jm) Loy 000 £ 1)

Chn 1—exp(—Cpv)

400E [gky] +E [Uku] +E [¢klj] < 0 - + 051/27

This inequality along with (F3) of Lemma , and Lemma .1 also implies that,
E{llzillo] < Elre] + 6

< 28 LB [f (r4a)] + B

19
m

Chn

1 —exp (—CmV)/B i ﬁ) '
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We can take v and [ to be arbitrarily small without any additional computation cost, so let

1/2
_ . _ 2 dcx(R++/d/m) _ . 2 »
o 10mm{é’ <€ e Cm ) }andﬁz2 De L e (R + \/d/m) - ;.

In particular, note that our assumption that v < e71°/C,, allows us to simplify 1/(1 —
exp(—Cyv)) < Cpr/2. We have thus shown that the sum of terms containing 8 and v are
less than the sum of terms which do not contain § and v.

219, (R+ d/m)

6LR?
e ) o

We can ensure that the second term ( ) is less than €/2 by setting

_Cm 1
R"— \/d/mcn.

We can ensure that the first term (eGLR2 . g~ Cmhv 919 (R + \/%)> is less than €/2 by setting

_ _ 2
§ — £9~20,—6LR

_ log 2 +6LR? +log (2% (R + 1))
> ol .

14

2 2
e~ 6LR e—6LR 1

Recalling the definition of C), := min {6000nLR2’ 51107 Tog (100) 72 3.10%2} in Eq. (4.9), and
¢ = 1/(1000k), some algebra shows that it suffices to let

. 6712LR2 . 2735 min 1 ’l )
LR? k

£
= — -
R+ \/d/m

The number of steps of the algorithm is thus

R+ 4\/d 1
n= %V > 260 %/m R LU maX{LRQ,m}Z- (logg + LR? + log (R2 + i))
m

-0 <ﬁ618LR2> '

€
This completes the proof. U

Lemma 48 With probability one, for all positive integers k,

kv 2
(1 =) - f(rw) < (1 — ) - Q(f(er) + c,{/ o~ (kv—t)

Proof
First, by Eq. (4.19) and Lemma |31}1,

(1= pu) -y =(1 = i) - (1 + 2¢0) (200 ) + £(200 + Wio))
<= ) - (1 +260) 20wl + 200 + wi|[) + 36
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Note that by Lemma [38 we have,

V== 1 {pp =0} = [ 1{m =0} = [T (0 =), (C.39)

iE€ESE €Sy
where S 1= {77’“, e k} Thus using this characterization of 1 — u we get,

(1= ) - (1 2¢) |20 lly + 200 + W []5)
(4)

< (1 ) 2/ oo} + ok + i

LR ((wizkurlz+||zky+wkyu2 V33 R) +\/_R>

where (7) is by defintion of ¢, in Eq. (| and (7i) inequality is by algebra. Unpacking this
further we get that:

(1= ) - (1 2¢) [zl + 20 + W [],)

(')
(1 — ) ( [Ta- Mz‘)) ' (\/||Zku||§ + {120 + wi|l5 — V2-2R> + VQ-QR)
1€Sy +
) % (kv
< (1= ) '2(<H(1 —Mi)> cem s (\/H%HQ + |2 + wrll; — V2 R) )
kv 2
(1= )2 IULWQ-%/ gﬂwﬂ%_xwﬂﬂt
, .

"

kv &2
+ (1 _ Mk) . Q(CR/ e~ 5 (kv=t) )
Tk
(i)
2 (1= )2Vl B+ 1+ un )
¥ R
— L (kv—t
ol [ )
(v) o a2
< (1— ) 2(m + (c/ e T, — | ‘“)) +35
Tk 2

where (i) is by Eq. (C.39)), (i7) follows by Lemma . applied recursively for i € { k;} while
C.39

(7i1) is again by Eq. (C.39)). The equality in (iv) can be verified as follows: By Lemma
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we know that 7, ,, = 73, which implies that \/\|sz|\; + ||z, + wTk\|§ > /5R based on the
dynamics of 73, in Eq. (£.17). Finally (v) is by definition of r, in Eq. (4.19).

Our conclusion thus follows from the concavity of f and the fact that f(0) = 0, so that
for all a,b,c € RT, f(4b) < 4f(b) and a < b+ ¢ implies that f(a) < f(b) + ¢

T g

kv 2
(1 — ) - fraw) < (1 — pg) - 2(f<7"m) + cn/ o~ 5 (kv—t)

Tk

it) + 65
2

Lemma 49 For all positive integer k, with probability one,
f(rry) < 200Ly, + 4008k, + Ok + Gp + 4008.

Proof
From Lemma (8]

kv 9
(1= )+ Fr0) £ 200 = ) Flr) 420 = ) - [ e F 0
Tk
where the last inequality is by Eq. (4.24).

We can also verify from the definition of y; in Eq. (4.18)) that p, =0 & kv < 73 + Tyype.
Thus,

Ty — xﬁjészth6ﬁ

(@)
(1= ) - e 2 (1= py) - e T

Z (1 - ,uk) - €Xp (_g : Tsync)

1

= (L= ) - 100" (CA41)

where (7) is by Eq. (4.9) and (i7) line is by Eq. (4.8]).
Combining the above with the definition of &, in Eq. (4.24)) we get,

SRR K
> (1= p)e g, (C42)

kv
(1 — /"Lk)ékl/ — (1 — Mk)e_Cm(kl/—Tk)é'Tk + / e—cm(kl/—s)cn

Tk



APPENDIX C. PROOFS FOR CHAPTER 128

Thus,

£y, 2 e (f () = &) + (1 = page) - =B (

f
(i)
> we(f(r) — &) + (1= pg) - e Cmbr=me) . (

(ii4) —Cm (kv—7)

D 1(F ) — &) + (1= pa0) - (—

2 f('rkzz> — 25161/ - 26) - (Uku + ¢ku)

(1v)
> pi(f(rew) — &) + (1 — ) - (Lf(ﬁw) — 28, — 25) — (O + Or)

200
(v)
= ﬁ%o(“k i) + (U= ) - f(ri)) — 28 + 0k + Gr) — 28
D L () ~ (26 + 000 + 1) — 28,

where (i) is by definition of £ in Eq. (4.27)). (i) is by Eq. (C.40)). (¢i7) is by Eq. and
the positivity of f, &, 8. (iv) is by Eq and the fact that f(r;) > 0 and & > 0 for all ¢.
The inequalities (v) and (vi) are by algebraic manipulations.

Rearranging terms gives

f(ri) < 200Ly, + 400&, + 0py + ¢ + 4003

OJ
Lemma 50 Assume that €% > 2. With probability one, for all positive integers k,
L, < €_Cmyﬁ(k_1)y + (31/ + 5)ﬁ
Applying this recursively,
k
Ly <e Lo+ (Bu45)3- ) e iOm
i=0
1
<e “mhvp - (3v+5)8.
=° 0+1—exp(—C’mv) (Bv+5)8
Proof
We get the conclusion by summing the results of Lemmas [51] 52 [53] and O

Below, we state the lemmas which are needed to prove Lemma

Lemma 51 Assume that e™X% > 2. For all positive integers k, with probability 1,

1{pe =1, -1 =0} - Ly <L{px = 1, ptj1 = 0} - € " Lyj_1), + 5.
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Proof

Given the definition of £; in Eq. (4.27) we find that 1 {p, = 1}Ls, = L{px = 1} f(rr,) and
L {1 = 0}Lk1yp = L{pm—r = O} (e Dm0 f ) — (1) + Gh-1)0))-
By the dynamics of ., we can verify that

pr =1 kv > 1+ Toyne
= kv #Tg
= Tk = Tk-1
= kv > 711+ Toyne.

We can also verify that
pr—1 =0= (k - 1)V < Tgp—1+ Tsync.

By our choice of v, Ty,./v is an integer (see comment following Eq. (4.8))), and the inequalities
above imply that kv = 7,1 + Tsyn.. Thus,

1 {,LLk = 1,,uk,1 = 0} =1 {,U,k = 1,/ij,1 = 0} -1 {]{JV = Tip_1+ Tsync}. <C43)

To reduce clutter, let us define o := 1 {1y = 1, py—1 = 0} and o’ := 1 {kv = 731 + Tsync}-
Hence we have,

« - Eku Q a - (f(rku) - fku) — o (Uku + ¢ku>

Yoo (f(ri) — &) — - (00 + br)

(iii)
S - Oé, . e—Cstync (f(TTk—l) — 5’7’}@—1) — (O'k:y + gbk;y) + 55
Y o - e Cmlv=i 1) (f(TTk—l) — ng_l) —a - (O + o) +58

= - O{/ . e—lele_Cm((k—l)V—Tk—l) (f(er—l) — 577@—1) — Q- (Uk:u + ¢ku) + 5ﬁ

vi) a - e~ Cm?e=Cm((k—1)v—7i_1) (f(er_l) — 5Tk_1) —a - (0p + dr) + 50, (C.44)

where (i) is by definition of Ly, (ii) by Eq. (C.43)), (i) is by Lemma[34] (iv) is by the fact

that o = 1 {Tsyn. = kv — 741}, (v) is by algebra and finally (vi) is again by Eq. (C.43).
By definition of o; in Eq. (4.25)),

—~

kv
a-op =0 / pe) e T Ards
0

v

%

—
N

(k—1)v
O‘/ pps e drds
0

v

— ozefc’"”a(k_l)l,, (C.45)

where (i) is because o = 1 implies that Pls| = Mkl = 0 for all s € [(k — 1)v, kv).
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Similarly, by the definition of ¢, in Eq. (4.26)),

Q'd)ku

kv
_ () . Zs + Ws 4. ]Cx 4B, 1 T A,
a/o ML%J e f(rs)q (|‘Zs+w5’|2><” —|—’LU3H2 L VsVs + 2'7875

. (k—1)v 1

w . o~ Cm(kv=s) ¢/ / Zs 1+ Wy 4 C_ﬂ TdB iy 7TdA
a/o ML&J € f'(rs)q (||z5+w5||2) <H +ws“2 I YsYVs s+ 2%'}/5 s

= oge_Cm”(b(k_l)l,, (C.46)

=

where (i) is again because o = 1 implies that Ble] = M1 = 0 for all s € [(k — 1)v, kv).
Combining these results,

(@)
aly, < a-e OmreOnE=rmm) (£ Y — ¢ )

—a- (o + dw) + 506
(i) o- eicml,efcm((kfl)l/*ﬁcfl) (f(Tkal) - 577671)
—ae 9. (U(kfl)l/ + ¢(k*1)1’) +56

(T) a-e Cmv. /C(kfl)u + 5B7

where (i) is by Eq. (C.44) and (i7) is by Eq. (C.45) and Eq. (C.46). Inequality (zm) is by the def-
inition of £, in Eq , and because 1 {,uk 1= O}ﬁ(k e = {1 = 0}( ((k=1)v =7 l)f(rfkfl) — (O’(k_
as noted in the beginning of the proof. O

Lemma 52 For all positive integers k, with probability one,
1{r =0, 51 =0} - Ly, < T{pp, =0, 1 =0} - e L1y, + 58

Proof
Define oy, as and a3 to be indicators for the following events:

ar = 1{pup =0, -1 =0}, 00 :=1{kv =7} and g := L {kv = 71 + Tsync}-
By the definition of the Lyapunov function in Eq. (4.27) we find that

aq - ﬁkv =0 - (e_cm(kV_Tk)(f(er) - 57'1@) - (07431/ + ¢kl/)) anda
aq - £(k,1)y =qQq (G_Cm((k_l)V_Tk_l)(f(TTk—l) ng 1) - ( O(k—1)v + gb k—1) )) (047)

We now consider two cases: when kv = 7, and when kv # 75, and prove the result in both
of these cases.

Case 1: kv =1y
From the definition of 7, in Eq. , we know that kv = 7, = kv — 721 > Toyne-
Additionally, ptx—1 =0 = (k — 1)v — 741 < Tyyne. By our choice of v; Ty, /v is an integer
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(immediately below (4.8))). Thus it must be that kv = 7,1 + T§y.. Hence we have shown
that

a1 - Oy =0 + g~ (3. (C48)
Thus,

a1 -y L,

D 0y oy a - (e*CmUW*Tk)( fra) = &) = (00 + 62))

s s ag- (Frw) = &) = (00 + 1)

(? ar g ag - (e O T (F(r Y — &) = (04 + b)) + 5

(iv) g (e Ombr=Tome) (f(r, ) =&, ) — e (04 1y + dpryw)) + 55
(v)

= 041
= - Qg - Q3 - (6_ m”ﬁ(@ k,l)y)) + 54
Dy ay - (e L(0-ry)) + 58,
where (i) is by Eq. (C.48), (i) is because as = 1 implies 7, = kv, (ii7) is by Lemma [34]
Inequality (iv) is because a; = 1 implies 1 = 0, we can thus verify from Eq. (4.25) and
Eq. (4.26) that aq - (oky + Ory) = 1 - e*Cm”(a(k,l),, + gb(k,l)l,) (the detailed proof is identical
to proof of Eq. (C.45)) and (C.46]), and is not repeated here). (v) follows by our expression
for L(;-1), in Eq. (C.47) and (vi) is again by Eq. (C.48).

Case 2: kv # 73
In this case, by the definition of 7 (in Eq. (4.17))) that 7, = 7%_1. Thus,

aq - (1 — O[Q) . £ky
(@) —Com (kv—.
Zay-(1—ag)- e B (f(r) = &) —an - (1= aa) - (o + o)
(i) —Co (k75—
= aq - (1 - 042) € Om (k1 =7i—1) (f(TTk_1) - 57'1@_1) — Qg (1 - 012) ’ (Ukv + sty)
(i) —Co (kvr—7p— —Co
= Q- (1 - Oég) = Cmk=m) (f<TTk_1) - 57'1@_1) — Qi (1 - 012) e (U(k—l)u + ¢(k—1)u)
Y (1-ay)- e L1y,
where (7) is by the expression for Ly, in Eq. - i1) is because 7, = 7;_1. Inequality (7i7)
is because ay - (0, + ¢py) = a1 - e~V (o O(k—1) + Pe—1)r). The proof of this fact is identical
to proof of inequalities Eqs. (C.45)) and (C.46)), and is not repeated here. Finally (iv) is by
pulling out a factor of e=“"¥ and then using the equality in Eq. (C.47).

Therefore, summing the two cases, we get our conclusion that

1{r =0, 51 =0} Ly, < T{p, =0, 51 =0} - e L1y, + 58
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Lemma 53 For all positive integers k, with probability 1,
L{pe = Lopeo1 =1} Ly < L{p = 1, s = 1} - e L1y, + 5.

Proof
Let o denote the indicator of the following event, o := 1 {yy = 1, 1 = 1}. By the definition
of our Lyapunov function (see Eq. (4.27))) that

oLy =a- ((f(rkl/) - ng) - (Ukv + ¢ku))> and,
o L1y = ((fre-w) = Eg-1w) — (Oo-1) + S-1y0))- (C.49)
Thus we have,

o L Za (firi) — &) — (O + 61))

Do (el f ) = &) — (00 + D))
(i)
< a- (e (Fro—w) = Eg-1w) = (0-1p + 1)) + 56V
Ya. (e (f(rg—p) — Eomryw) — (Tm1yw + 1)) + 5BV
® a-e e

(k—1)v>

where (i) is by Eq. (C.49), (ii) is because a = «v - pu, (4i7) is by Lemma |33} (iv) is again
because o =a-pu and (v) is again by Eq. (C.49). O

Lemma 54 For all positive integers k, with probability 1,
1{pr =0, i1 =1} - Loy <U{pp = 0, pt—y = 1} - €L 31y, + 5BV

Proof
Let av:= 1 {pp = 0, ux_1 = 1}. We can verify using the definition of the Lyapunov function

in Eq. (4.27) that:

oLy =a- (e_cm(kV_Tk)(f<TTk) - 5@) - (Ukl/ + qﬁkl/)) and,
- Lig-1yy = a- ((f(r(kfl)u) - g(kfl)u) - (U(kq)y + ¢(k71)y)). (C.50)

Additionally, we can verify from Eq. (| - that p, = 0 implies that kv — Ty, < 7, and
that p—; = 1 implies thta (k — 1)v — Tysyn. > 7,—1. Putting this together, we get

Tk > kV - Tsync > (k - ].)V - Tsync Z Th—1-

Thus 7 > 7,—1. From the definition of u; (in Eq. (4.18))), we see that 7 is either equal to
Tr—1 or is equal to kv, so that it must be that

T = kv,
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when o = 1. In particular, this implies that

(e%% Ekzu =~ (e_cm(kV_Tk)<f(er) - €Tk) - (Uku + ¢k1/))
= a- (- (f(riw) = &) — Ok + Or))

< a- (e (Fra—miw) — Egw) — (O—1)0 + d—1))) + 58V
)
< a- (e (f(rgmw) — Eomtyw) — (gt + 1)) + 5BV

v

= oo e_c’"l’ﬁ(k_l)y + 50y,

—~

—
=

where (i) is by Eq. (C.50)), (ii) is by « - ux = o and because a = a- 1 {1, = kv}, (ii7) is by
Lemma [33] (iv) is again by a -y, = a and finally (v) is by Eq. (C.50). O

C.5 Properties of f

Lemma 55 Assume that e2/%F > 2%. The function f defined in Eq. (4.22)) has the following
properties.

(F1) £(0) =0, /(0) =1
(F2) For allr >0, %e_QO‘fR? < 2Y(r) < f(r) < 1.
(F3) For allr >0, %e_QO‘fR?T <3U(r) < flr) <U(r) <.

2
e—ZQfRf

(F4) For all0 <r <Ry, f"(r)+aprf'(r) < — R f(r)

(F5) For allr >0, f" is defined, f"(r) <0, and f"(r) =0 when r > 2R ;.
(F6) If 2a5R% > In2, for any 0.5 < s <1, f(sr) < exp (—%eﬁaﬂzf‘)f(r).
(F7) Forr >0, |f"(r)] <4o;R; + Rif

Proof
We refer to definitions of the functions ¥, ¥V, ¢ in Eq. (D.19) and the definition of f in

Fa. (29,
(F1)[ f(0) =0 and f’(0) =1 by the definition of f and .

(F2)] 231"6< \;;;(ri{)ie<d 121"((())1;11 the definitions, noting that 1 < g(r) < 1 and e 2R} <
f) > )~ .
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(F4)| To prove this property first we observe that f'(r) = ¢ (r)g(r) so
f(r) =4 (r)g(r) + ¢ (r)g'(r).
By the definition of ¢, ¢'(r) = —2ayry(r) if r < Ry, thus

1"(r) + 2ar f'(r) = =2aprp(r)g(r) + ©(r)g (r) + 2apr f' (1)

=(r)g'(r)

_ 1 h(r)\If(r)
2 f() i (s)

@ 1 f (7“)

S 2 fO \Il (s)

(i4) 2af722

S _e 47?,? f(’l”),

where (i) is because f(r) < U(r) and h(r) =1 for r < Ry.
(77) is because f(r) > 0 and

00 S 2Ry s 2Ry
/0 h(s)zéssds: /0 h(s)zés;dsg /O %ds<4?€2 204G

The first inequality above is by |(F2)] and the definition of h(s).

(F5)| f"(r) <0 follows from its expression f”(r) = ¢'(r)g(r) + 1(r)g'(r), and the fact that
¥(r) > 0 from g(r) > 1/2, ¢'(r) < 0 and ¥'(r) < 0 for all r. Forr > 2Ry,
Y'(r) = ¢'(r) = 0, so in that case f"(r) ='(r)g(r) + ¢ (r)g'(r) =

(F6)| For any 0 < ¢ < 1,

(14o)r
f((A+c)r)=f(r)+ / f(s)ds > f(r)+cr- %e_QafRi > (1 + %6_2%&?) fr),

where the first inequality follows from |(F2), and the second inequality follows from
(F3) Under the assumption that e **”f < 1 and using the inequality 1 + 2 > */2

for all x € [0,1/2], we get 1+ (¢/2)e 24RF > ele/a)e

—QQfR?C
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Thus, for any s € (1/2,1), let v’ := sr, so that r =
above with ¢ = % — 1, we get

(1 + (— — 1))7" Applying the

S

flsr) = f(r') < )f((l +o)r')

1
1+ $exp (—QOszfc
1

)f(f)

T 1+e cexp (—2a,R3
<exp< 1€ —20R} >f(7“)

= exp (—%e‘mfn?‘)f(r) < exp (—%e_zaﬂz?)f(r).

where we use the fact that —=2 < —(1 —s).

Recall that
fr(r) =" (r)g(r) +(r)g'(r)
Thus
()] < | (r)g(r)] + [ (r)g' (r)]
< 2a;7h(r) + [1(r)g'(r)]

From our definition of A(r ), we know that rh(r) < 2R;. In addition, since ¢ (r) is
monotonically decreasing, ¥(r) = [ 1(s)ds > ri(r), so that

(C.51)
Thus U(r)/r > r for all r. On the other hand, using the fact that i(s) <1,

= /07" P(s)ds < r. (C.52)

Combining the previous expressions,

h(r)¥(r)

1
9 AR YU(s)
2f0 f u(w(s( ds

[ (r)v'(r)] =

2R,

1
9 Ry U(s)
2fo ! (5) ds

1 2R,
QIRf sds

IN

IN

< —
_Rf
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where the first inequality is by the definition of h(r) =1 for r < Ry and h(r) = 0 for
r > 2Ry, and the second-to-last inequality is by (C.51)).

Put together, we get

4
" < 4arR —_
|f7(r)] < day f+Rf

C.6 Bounding moments

To bound the discretization error it is necessary to bound the moments of the random
variables zy, u; and y;, v;. The main results of this section are Lemma |56/ (which bounds the
moments of z; and u;) and Lemma [57| (which bounds the moments of y; and v;).

Lemma 56 For § <2 ¥¢,, and for all t > 0,
a4
E (ledl + o+ wlf] < 202+ 2
Lemma 57 For allt > 0,

d 4
E [llyelly + llye +vel§] < 2° <R2 N a) |

C.6.1 Proof of Lemma [56|

Let us consider the Lyapunov function I(z, u) := (||z4]|3 + || + w5 — 4R2):
By calculating the derivaties of [ we can verify that:

Vxl(:tt, Ut) = 8[(37,5, Ut)3/4(l‘t)

Vel (24, up) = 81(xy, u)® (s + uy)

Vil(xt, U’t) = 8[([[}, Ut)3/4] ‘I— 24[(1',5, Ut)2/4<l't + Ut)(l't ‘I— Ut)T.
The following are two useful inequalities which we will use in this proof:

]2+ llz + ull? < iz, w)/* + 4R?

5+ lla +ully > Uz, )", (C.53)
Recall from the dynamics defined in Eq. (4.11]) and Eq. (4.12) that
d.Tt :'Ll/tdt

Cx [ Cp
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Thus by studying the evolution of the Lyapunov function I(z;, u;) we have:

d

S (1w, w)] = E |81 u) (G ue) + (o + u,—u = FVU()4,)))|

16¢,
+E |: I (l(ﬂft, ut)3/4d + 3l($t,ut)2/4||xt + UA’;)}

=) 8[(:13,5, ut)3/4<(xt, ut> + <33t + U, —Up — C_EVU<xt)>>

J/

-

=M

+E |8+ 7 Ui, u) ({1 + u, VU (@) = VU <xL§J6)>>J

N

L =:Q

16¢,
7 (l($taut)3/4d+3l($taut)2/4||xt"’UtHg)

N J/
-~

+E

We will bound the three terms separately. We begin by bounding é:

& = 8i(z, ut)3/4<<a:t, ug) + <:ct ¥ g, —uy — %VU(xt)>>
(i)
< —cil(my, Ut)3/4(\|l‘t||§ + ||z + UtH;)

(i2)
< —cil(mt, Ut),
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where (i) is by invoking Lemma 59 and (i) is by Eq. (C.53)). Next consider the term Q:
—8. . 3/4 ,
O =8 i) <<xt i, VU () = VU (x| 1 )>)

(2)
< 8¢l (zy, ut)?’ 4

Tt _xL%J‘S )
D)
< 8CHZ<I't,Ut)3/ (l(xt,Ut)1/8+2R)‘ Ty —$L§J5 )
(ii7)
< 80,.;[(@,%)”8’ Ty =T + 16051(a:t,ut 3/4R‘ Ty —a:LLJ H
(iv) 2 232 228
< gl(xtaut)"'a T\t H (g, up) + £ L ”
(©) 2 252 8 228 8
< < _ 28 258 , < || ‘
< 4l(xt,ut)+ & (‘xt |t 2>+2 . R° + @ Ty =T 1] ,

(v<i) Cil 28 2 8 s 8
_Z(mt,ut)—i-Q iR —O—E T2
8
(vii) (2 233 t
< C—”l(xt, ug) + 28RS+ ugds
4 " o ¢
K Lﬂ‘s 2

(Uzl) il( )+228 2R8+2_33 t — z ) 7/t H Hsd
< 4 Ty, Ug CH Cg 6 LtJ5 Ug 2 S

5

i 233 t
< Zl(l’mut) + 2% R® + w <57/LtJ5 HungdS>,
K 5

where (i) is by Cauchy-Schwarz and Assumption [(AT)] (i4) is by Eq. (C.53), (ii2) is again by
Eq. (C.53), (iv) is by Young’s inequality, (v) is again by Young’s inequality, (vi) follows by
an algebraic manipulation, (vii) is by the dynamics defined in Eq. , (viii) is by Jensen’s
inequality and finally (iz) is because t — [£]§ < 4. Also:

&= 16;” (L, ue)®*d + 31w, ue) || + we|3)
2 M;Cn (l(xt, ut)3/4d + 3l(xy, u )3 + 121(zy, ut)2/4R2)
(%) i—iﬁl(:ct?ut) + c;l;dLl fgl(l't, ug) + K—?i 12l(xt,ut) + 2162%R4
(g) %l(xt,ut) 4 9292 (d_4 i fi)
(iév) %l(wt,ut) e (% N R8>,
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where (i) is by Eq. (C.53)), (¢7) is by Young’s inequality, (i7i) follows by definition of ¢, in
Eq. (4.6) and (iv) is by Young’s inequality, and because m < L.
Putting together the upper bounds on #, ), &:

2 28 2 158 259 7 ! 8 c 30 2 d* 8
o) + 2GR+ (5 [ | s ) + it +2 (L w)

5

SR

E

IN

2

d4 933 t
< -SR]+ 292 (o ) + 207 [ B[] ds
& g

( >+—58<1.1E Kmeé 2 we s zﬂ +2(%)4>
&SRl + 2 (L ) + 8<E (o gsrug)s)] + B+ (%))
- )] + 26 (4 ) + SB[ )] (C54

where (i) is by Lemma [58] and (ii) is by Eq. (C.53) and Eq. (4.6] along with some algebra.
Consider an arbitrary positive interger k. By Gronwall’s Lemma applied over s €

ko, (k + 1)6),

IS

)

G 33,2
< 5 E [I(xs, ue)] + 2

—
=

IN

E [l(x(k+1)6a U(k+1)5]

< R [, wng)] + 6 - <234ci(i—t+R8> "‘]E[( 515 )D
< (1= 5 et ol + o (26 (5 + 1)+ FE (e o))

) 2 d4
S €7TéE [l(l'k(;, ukg)] -+ 23403(5 (234 (—4 + RS)) )
m

where (i) and (ii) use the fact that ¢20 < 75, along with 1 —a < e * <1 — £ for |a| < 15

Applying the above recursively, using the geometric sum, and Eq. (4.10)), we show that
for all positive integers k,

INE

—

d4
E [l(l‘kg, uk(g)] S 238 (% + R8) .

For an arbitrary ¢ > 0, we can similarly verify using the above result, Eq. (C.54)), and
Gronwall’s Lemma that

d4
E [l(:l:t, ut)] S 239 (W + R8> .
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This completes the proof of the lemma.
We now state and prove some auxillary lemmas that were useful in the proof above.

)] (2)

From the stochastic dynamics defined in Eq. (4.11)), Eq. (4.12)), Eq. (4.13) and Eq. (4.14), we
can verify that

Lemma 58 Assume that 6 < ——. Then for allt > 0,

1000

t

5

E ||z + [Jwl}] < 1.1E [(Hﬂ s

SFE (3 + )] 2 [l G + 8l (10,200 = 200G 1,0

8c,.d ¢  48c,
+ | 22 g+ 5 ]
8 d 6
ol [t
8 d\?
=G
where (i) is by It6’s Lemma, (i) is by Assumption [(Al), Young’s inequality and by the

definition of ¢, in Eq. (4.6]), and (ii7) is again by Young’s inequality and definition of c,.
Consider an arbitrary ¢ > 0, and let k := L%J Then for all s € [kd, (k + 1)), we have:

E [(||zl; + ||ut|!§)] !
» j)] T (MR 1) (E [meé j + (%) )

(44)
ZsE [nxtni el + el + B

(ii)
<48 [+ ] +E

<8 | ([l
< (1+1280)E KH 715 H +|[oe s )}+1285(%)4

= LI [(H%a)g ; )] vzl

where the final two inequalities are both by our assumption that 6 < —=— 1000 O

Lemma 59 For (z,u,) satisfying ||x||5 + ||z, + w5 > 4R?,

[\

Cr c:
(e, up) + <$t + U, —up — ZVU(xt)> < - E(H-It”g + ||z + ut”é)
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Proof
We first verify that
Cr
(s, uz) + <$t + U, —up — ZVU(Q:“,)>
Cr Ci
= —ljwll3 = 5 (e, VU () = (i, FVU() )
Ck Cx
= —[luell3 - T (2, VU (20)) — T (ue, VU(z))

sl = 5 G VUG) + 2l + S5 IVU @3 = 3 o+ EVU )|
= —Jlu|; — = (= T =|lu x5 — =||lw + —=VU(x
tll2 L ty t 92 tll2 2L2 t)ll2 9 t I t 5
1 2 Gk c 2
< —Slluelly = = (o, VU () + ZFllelly = b (C.55)
2 L 2
Now consider two cases:
Case 1: (J|z¢|l, < R) By Young’s inequality we get that,
2+ wall3 < 11l + 115
Furthermore, by our assumption that ||z||3 + ||lz¢ 4+ w5 > 4R?,
ey >[le + well5 = 11]|l3
>4R? — 2.1R?
>1.9R*
>1.9] 2[5 (C.56)

Thus in this case [|Ju||3 > = R?, and & can be upper bounded by
1 Cr c?
= — Sl = (2, FYU @) ) + Sl
@ 1 2 2, O 2
< Sl e+ e

@ 1 ) )
< = Slluelly + 2cellaelly

Gi) 1 )

< - 1||ut||2

(iv) 1 9 9
< - ﬁ(||ft||2 + flze + wl3),

where (7) is by L-Lipschitz of VU and Cauchy-Schwarz, (i7) and (#ii) are because ¢, =
m < ﬁ and by Eq. (C.56)), the (iv) is because
el + Nl 4 wells <35 + 2[|uel3
<30Juell2 + 2l[ue]2
<403,
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where the second inequality is by again by Eq. ((C.56]).
Case 2: (|||, > R

By Assumption |(A3), —% (z, Vi) < —%thllﬁ Thus we can upper bound # as follows:

1 Cr 2
h=- 5”7«%”3 7 (v, Vi) + EHQR\@
1 2 2 ? 2
< — Sllally = ezl + 5 el

2
2 C 2
= Mluelly = < llzell;

< —

w N

2 2
(elly + llze + well3)-

Putting the previous two results together, and using Young’s inequality:

L g
| /\

(||9Ut||2 + [ + ey )

(lell3 + e + wll3)

/\ /\
®|§M oo|§w oo|§w

(lelly + e + wll3).

C.6.2 Proof of Lemma [57

Let us consider the Lyapunov function I(y,, v;) := (||yell3 + [|ve + vell3 — 4R2)i.
By calculating its derivatives we can verify that

le(yt, Ut) = 8l<yt7 v )3/4(%)
Vul(ye, vi) = 8l(ys, v )3/4(.% + )
Vil(yt, Ut) = 8l(yt, Ut)3/4[ + 241(3/15, Ut)2/4(yt + Ut)(% + Ut)T-

Recall the dynamics of the variables y; and v,

dyt =Vt dt

Ci [ C
d’Ut = — 2/Ut — EVU(xyt)dt +2 det
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By Ito’s lemma we can study the time evolution of this Lyapunov function:

Cx
dl(ye, ve) = 8l (s, Ut)3/4<<yta vy + <yt + Vg, =0 — ZVU(yt)>>dt
16¢,
L

+ 16\/Zl(yt,vt) ((%y%) + (Y + vy, dBy))

+ (l(yt,vt)3/4d+l(yt,vt)2/4||yt +Ut||§)dt

(2) c2
< 8Z<yt,vt>3/4(——ﬂ(nyt||2 e+ w2 ))

16¢,

(l(ym Ut)3/4d + 1y, vt)2/4||yt + Ut”;)dt

+ 16\/Zl(yt, Ut) ((ytﬂ)t> + (Y + vy, dBy))

(i2)

< —Cl(yg, vy)dt

32¢ (l(y?57 Ut)3/4d) dt +

L
+ 16\/ Ll<ytavt) /4(<ytﬂ)t> + (yr + vi, dBy))

64c,
_I_

(l(yt, 'Ut)2/4R2) dt

< —Cl(yy, vy)dt
02 25 74 2 16R4
+ ?l(yt,vf)dt‘i‘ 2L4 dt"’ gl(yt,vt)dt—i— L

Cr
+ 16\/ fl(yt, vt)3/4((yt,vt) + (Y + vy, dBy))

2 4
Ck 26 d
S —El(yt,vt)dt—}-Q ( 2L

7T CQRS) dt

+ 16\/ Ll(ynvt) 4y ve) + (Yo + v, dBLY),

where (i) can be proved by an argument similar to the proof of Lemma , and is omitted,
while (i7) follows because

ly + o2 < Uy, v)* +4R%  and, |yl + |z + |3 > (y,v)"*

by the definition of I(z,u). Taking expectations on both sides, the term involving the
Brownian motion, dB;, goes to zero. Note also that (y;, v;) is distributed according to the
invariant distribution p* for all ¢ > 0, therefore,

0= 2K [i(y, )] < — %]E [1(ye, ve)] + 226< a4

C2L4 +C2R8)

< — SRy, v,)] + 222 (1012 d4 + R8)
m
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Thus

d* d 4
E [I[(ye,vr)] < 227<1012—4 + RS) < 966 (_ i R2> _
m m
This completes the proof of the lemma.

We now state and prove some auxillary lemmas that were useful in the proof above.

Lemma 60 Let x; be evolved according to the dynamics in Eq. (C.3). Then for allt > 0,

d
E [[|z]3] < 2(1%2 + E)'

Proof
Let ), ~ N(0,1) then we have,

2
el < R el = 1 orsll, < BY - s = 59U @r) + V350,
< 1{||zgslly < R} - ||zks — 5VU(5Ck)H§
2
+1{lauall, < B - || V250

+ 1 {lonslly < B} -2 (a5 — 0VU (), V200

Counsider two cases:
If ||zks]|, > R, then

lzxs = OVU (i)l = llwwslls — (was, 20V U () + 6% VU () I3

—
N |/\@
<

Nt

(1 = 20m)as ]l + 0% VU () I3

)

INE

(1 —20m + 62L?) ||k 3

(1 — dm)|lzslz,

<0
S
S5

INE

where (i) is by Assumption [(A3)} (i) is by Assumption |(Al), and (¢i7) is by our assumption
that § < -
While I=if ||zys]], < R, then

lzks — OV U (k)5 = |2nslly — (@rs, 20VU (2)) + 62| VU ()|[5
(%)
< (14 25L + 82L%) ||l2f5
(i)
< (14 35L)||zll5,

where (i) is by Assumption [(A1)| and (i) is by our assumption that § < -
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Thus for both cases we have,

145

lzxs = VU (@)l <1 {llnslly > R} — dm)llanslly + 1 {l|zaslly < RY(L+36L)|ll;

<lzxslls — omllslly + 1 {llzxslly < R} - (30L + 6m)|ps5-
Thus we have:
2 2
L{llzrslly < BYzks = 0VU () ll; <1 {llarslly < BT = 0m)|[zpsll5-
By taking expectations with respect to the Brownian motion we get,
2 2
E [1 {lzusll, < RHzenells] < (L= m)E [1 {Jlzusll, < Rl

+E |1l < 7| VEai

< (1= 0m)E [1{[lzsly < R}|lwnslls] + 20d.

Applying this inequality recursively over k steps we arrive at,

20d

E 1 {lewsll, < BY[osnslls] <e™E [1{llzlly < RH|zwrnslly) + 5
2d
<—.
m

Thus we get that,

d
B [lloasnsll] < 2(72+ ).

Lemma 61 Let y ~ p*(y) oc e YW, Then

d4
B (1) <255+ 7).

Proof A
Let l(y) := (||y||§ — R?) .- We calculate derivatives and verify that

Vi(y) = 8l(y)** -y
V2I(y) = 481(y)** - yy" + 8l(y)**1,

where [ is the identity matrix. By It0’s Lemma:

@) = V1), ~VU ) de + (Vily), VBB, ) + 5r(V()).

(C.57)



APPENDIX C. PROOFS FOR CHAPTER 146

We start by analyzing the first term,
(Vi(y), =VU (1)) = (8Uye)** - 9, =V U (1))
(1)
< L{llell, > RY(8U()*"*) (=mllyell:)
+ 1 {lyell, < R} (81(y)* "y, —VU ()

2 (81 ) (—mllwel3)
< —8ml(y,),

where (i) is by Assumption [(A3), and, (i) is because 1{||yll, < R} - I(y;) = 0 and

1{||yell, > R} - l(y) = l(y:) by definition of I(y;).
Consider the other term on the right-hand side of Eq. (C.57)):

tr(Vzl(yt)) = 48l(yt)2/4||yH2 + Sl(yt)3/4d
(@)
< 481(y,)** + 81(y,)**d + 481 ()Y * R?
S 64l(yt)3/4d+ 48l<yt>2/4R2

(i7) d4
< 2ml(yt) + 221—3 + 2ml(yt) + 211—
m m

4
(#i4) d*
< dml(y;) + 2* ($ + mRS),

where (7) is by definition of I(y), while (i) and (iii) are by Young’s inequality.
Put together into Eq. (C.57)) and taking expectations,

B ()] < — SmE (1)) + dmi(yy) + 27 (i— i mpf)
< —4mE [I(y;)] + 2% (i—t + mRS).

AR [I(y;)] = 0, thus we get,

Since y; ~ p* for all £, +
20 d 8
E[l(y)] <2 (m4+R).

C.7 Existence of Coupling

Proof of Lemma [15]
We prove the existence of a unique strong solution for (zy, us, i, vy, 7| J) inductively: Let
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k be an arbitrary nonnegative integer, and suppose that the lemma statement holds for all
s € [0, kv]. We show that the lemma statement holds for all s € [0, (k + 1)v].
First, we can verify that for ¢ € [kv, (k + 1)v),

TLLJ = Tk,
that is, 7| is a constant, and so

7 ]
Next, we find that for ¢ E [ (k: + 1)v), the following is algebraically equivalent to
dynamlcs described by Egs.(4.11)—(4.14]):

L] = Mk is also a constant.

dx; = udt,

Ck Cx
du = =2udt = VU ()4 |, )b+ 20/ FdB,
dyt = Utdt

dvy = —2v; — ZVU(?Jt)dt + 2\/ 7 —dB; — py, - ( \/ vy, dB + 2\/ WﬁtTdAt)

where we use the fact that p, takes on a constant value over ¢ € [kv, (k + 1
We proceed by applying Theorem 5.2.1 of [66], which states that if the following holds:

Lo E [l ll; + lynolls + s ll5 + low 5] < 00
2. For all z,y € R, |VU(z) — VU(y)|l, < D||z — yl|, for some constant D > 0.

3. For all (z,y,u,v), (z',y,u' V),

97" =, + 133 =77, < DAl = 2"y + lly =/ lly + = lly + [l = '[ly),

for some constant D (where v and 7 are functions of (z,y,u,v), as defined in Eq. (4.15)),
similarly for 4/, 4 and (2, 3/, 4, v")),

then there is a solution (¢, y¢, ur, vy) for t € [kv, (k + 1)v] with the properties:
(a) (x¢, ys, ug, vy) is unique and t-continuous with probability one.

(b) (4, ye, ug, vy) is adapted to the filtration F; generated by (zr,, Yy, Uky, Vk,) and dB;
and dA; for t € [kv, (k+ 1)v).

T 2 2 2 2
) Jo B {lelly + llgelly + luelly + lloellz] dt < oo.

We can verify the first condition holds by using Lemma [56] and Lemma [57 Condition 2
holds due to our smoothness assumption, Assumption |[(A1)|
We can verify that Condition 3 also holds using the argument below:

From the definition of M in Eq. (4.15), we know that [M(r)’| < $|sin (r - 27 /)| - %’r <

I
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By definition of v, in Eq. (4.15)),

(2 +wy) (2 + wy)"

Yy = M(|lz 4+ will,) - 2
|2 + wel];

To simplify notation, consider an arbitrary z,y € R?, and assume wlog that ||z, < ||yll,.
We will bound

2T
yy
M(2]l) s = M(llyll) 25| < Dl = ylla,
EE EHR
for some D, which implies condition 3.
By the triangle inequality,
2T
yy
M(Jlzll) = = M(llyll,) 2
lll; lyll3 |l
ax” yy” yy"
<Mzl —= = | + (M(lllly) = M([[yll,)]
=iz iz ]l, ~ lyllz ),
zxl gy’
< Mllzlly) ||z — || + MUlzlly) = MlyllL)] (C.58)
ezl llyllz |,

The second term can be bounded as

(M([Jll2) = M([lyll,)] < BH\»’UHQ Hsz\QS%Hx—sza

where we use the upper bound we established on | M’ (7).
To bound the first term, we consider two cases:

If ||z, < B/2, M(||z]],) = 0 and we are done.
If ||z||, > B/2, we verify that the transformation 7'(z) = T, has Jacobian VT(z) =

m( Tl ) so that | VT'(z)||, < H:vll By our earlier assumption that ||z, < ||y|l,, we
know that |az + (1 — a)y||, > 8/2 for all a € [0, 1]. Therefore,

T
lzll, Hsz

2
Q—H (z) = ()Hg_H H2|| —ul =3
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By the triangle inequality and some algebra, we obtain:

zxt gyt
2 2
=z lyllz]],
x x
< + 2 -
lzlly  Nylly ol lzlly  Nylly ]l
SQ‘L_L
zlly  Mlylly 1],
<o -yl
> ST — Yl
6 2

where the first two inequalities are due to the triangle inequality. Combined with the fact

that M(r) <1 for all r, we can bound Eq. (C.58) by %HCU = ylly-
1/2

A similar argument can be used to show that 7; is Lipschitz. Let N (z) := (1 — (1 — 2./\/l(||x||2))2) .
Then we verify that

1, for r € [B, 00)
N(r):=< sin (7’ . %), for r € [8/2, 5]
0, for r € [0, B/2]
- 2 AT W
Y =N (|2 + well,)) 2 + well,

The proof is almost identical to the proof of (C.58)), so we omit it, but highlight two
crucial facts:

1. N(r) € [0,1] for all r

2w
2. N ()] < =
B
Thus we find that Condition 3 is satisfied with D = 1’76, and in turn show that (a)-
(c) hold for t € [kv,(k + 1)v]. From Eq. (4.17) we know that 7(;11), is a function of
(x(kﬂ)y, Uk+1)vs Y(k+1)vs V(k+1)vs 7). Thus we have shown the existence of a unique solution
(x4, Yp, uy, vt,TPJ) for t € [kv, (k + 1)v], where (x4, y;, ug, v¢) is t-continuous.

for all r.

The proof of the lemma now follows by induction over k. 0

Lemma 62 Let B; and A; be two independent Brownian motions, and let F; be the o-algebra
generated by B, Ag; s <t, and (xq, ug, Yo, Vo).

For allt > 0, the stochastic process ¢; defined in Eqgs. has a unique solution such
that ¢y is t-continuous with probability one, and satisfies the following, for all s > 0:

1. ¢; is adapted to the filtration Fy.
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2. E[lléxl5] < oo.

Proof
The proof is almost identical to that of Lemma The main additional requirement is
showing that there exists a constant D such that for any (x,y,u,v) and (2’ ¢, v/, '),

[V f ()" = Vur £ )Y, (C.59)

with 7 (resp 7') being a function of (z,y,u,v) (resp ') as defined in (4.15). and r being a
function of (z,y, u,v) as defined in (4.19). In the proof of Lemma 15| we already showed that
vyT and v/4'T are uniformly bounded and lipschitz, thus it is sufficient to show that

L [V () = Vur S, < Dlle = a'lly + lly — o/l + o — ol + o = /1]
2. Vs (), < D. (C.60)

The second point is easy to verify:
Vol (r) = f(r)Ver = f'(r)(Vul(z + w))

Thus ||V, f(r)|l, < 1 using item (F2) of Lemma 55/ and item 2 of Lemma [31]
To prove the first point, we verify that

Vil () = ['(1)(Vul(z + w) + f/(r) (Vil(z + w)).
Using item (F7) of Lemma [55| and item

4 8

V2, 4R+ — + —;

IVat(lly < dasRys + 2=+ 3
this implies which in turn implies (C.59). Note that ||w —w'||, < [Ju — o[, + |Jv — V']
0

C.8 Coupling and Discretization

Proof of Lemma [14]
Let us define

t
Bt = / (dBt — ]1 {kl/ Z TLLJ + Tsync} . (2’}/t’}/;rdBt + ’Vt’?;rdAt)) .
0 v

We will show that B; is a Brownian motion by using Levy’s characterization. The conclusion
then follows immediately from the dynamics defined in Eq. (3.1)).
Since B; and A; are Brownian motions, B; is also a continuous martingale with respect
to the filtration F;. Further the quadratic variation of B, over an interval [s, s'] is
s’ 2
/ (I —21 {ky > TLLJ + Tsync}%fy?) +1 {ky > TLLJ + Tsync}(,—},t,—ytT)2 dt.

~~

=M
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If1 {Iw > TLLJ + Tsync} = 0, then the above is clearly the identity matrix — I.

If, on the other hand, 1< kv > TPJ +Tsync} = 1, define ¢; := z; + wy; then by the
-D

definition of v; and 74; in Eq. (4.15]), we find that

¢ i N
o= (1—2M(le],) 5 ) + (1= (1 —2M(lleelly)’) —5
| t”z HCt||2
(@) tht 2 thgp 2 CtCtT
=TI ———5+ 1 =2M([lcll) 5 + (1 = (1 = 2M([|ee]],)7)
l[exll; el el
= ]7

2
where (i) follows by the eigenvalue decomposition of the matrix (I — 2M(J|exll, )ﬁfﬁi) .

Thus the quadratic variation of B, over the interval [s, s] is (s’ — s)I, thus satisfying
Levy’s characterization of a Brownian motion.

O
Proof of Lemma [32]
Using similar steps as Lemma [14] we can verify that
t
By = / V2dB; — 2V2y7] dB; + V27,77 dA:.
0
is a Brownian motion. The proof follows immediately. 0

Lemma 63 Given (xys,uks), the solution (xy,uy), for t € (ké,(k + 1)6], of the discrete
underdamped Langevin diffusion defined by the dynamics in Eq. . 8

K 4 FCp
u = uk5e—2(t—k§) _ C_ </ —2(t— S)VU xké ) % / 2(t—s) (061)
L \Jks V

t
Ty = Tps —I—/ Usds.
ko

Proof
It can be easily verified that the above expressions have the correct initial values (xs, turs)-
By taking derivatives, one can also verify that they satisfy the stochastic differential equations

in Eq. (4.7)). O

Lemma 64 Conditioned on (T, uks), the solution (T11ys, Wk+1)s) of Eq. (4.7)) is a Gaussian
with mean,

E [wgs1)s] = urse™ ™ — ﬁ(l — e )V f(xrs)

1
E [x(k+1)6:| = Tps + 5(1 —e 5)uk5 — ﬁ (5 — 5 ( - _26)) VU<$k5)
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and covariance,

r 7 ” 1 3
E _($(k+1)5 — E [zg41)5]) (zgesnys — E [x(k+1)5])T_ = % o — 1€ 8 1 +e 2| Iyva
E :(U(lﬁ-l)é — E [ugs1ys]) (wsns — E [U(k—i-l)é])T: = %(1 — e ) Iixq
E | (vesns — E [s15)) (uierns = E [uesns]) | = 55 [1+ €7 = 267] - Lpea.

Proof
Consider some ¢t € [kd, (k+ 1)0).

It follows from the definition of Brownian motion that the distribution of (z,u;) is
a 2d-dimensional Gaussian distribution. We will compute its moments below, using the
expression in Lemma [63] Computation of the conditional means is straightforward, as we
can simply ignore the zero-mean Brownian motion terms:

E [ug] = ugse ™) — (1= 270 T () (C.62)
1 " 1 o(—
E [SBt} = Tps + 5(1 - e_z(t_k‘s))uk(g — QC_L (t — ko — 5 (1 — € 2t k(S))) VU([L’k(s) (063)

The conditional variance for u; only involves the Brownian motion term:
T 46/{
E [ (w — E [u]) (u — Efw])"| = °E

t t T
(/ 6—2(t—s)st> </ e—2(s—t)st)
L ko ko
4c L
=== “At=ds ) LT
2 ([em) o

_ %(1 . 6—4(t—k5))

L

The Brownian motion term for z; is given by

t r 4 N t t
\/ Zlﬁ/ (/ 62(’”5)st> dr = \/i/ e (/ eQrdr> dB,
L Jrs \Js L Jrs s
¢ / ! 2t ))
= /= 1—e ") dB;.
L Jxs (
Here the second equality follows by Fubini’s theorem. The conditional covariance for z; now
follows as
t t T
(/ (1 . 6—2(t—s)) dBS) (/ (1 _ 6—2(15—5)) dBS>
ks ks

t
= o [/ (1- (3_2@_5))2 ds] Lixa
L ks

. 1 3
_ % [t ks — 16—4@—1@5) - i 6—2(t—k6):| ey

WENPE

Cx

E|(z; — E[z)]) (¢ — E [mt])ﬂ - =E




APPENDIX C. PROOFS FOR CHAPTER 153

Finally we compute the cross-covariance between x; and wuy,

t t T
</ (1 - 6_2(t_s)) st) (/ e_z(t_s)st>
ks ks

2¢y, ' —2(t—8)\ [ ,—2(t—s)
=7 (1—e )(e Yds| - Iyxa
k

)

c
= 5[] 4 g4tk _ 26—2(t—k6)]
a1 |

2c¢,.

E|(z: — E[z)) (us — E [utﬂ =

“Taxa.

We thus have an explicitly defined Gaussian. Notice that we can sample from this distribution
in time linear in d, since all d coordinates are independent. U
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Appendix D
Proofs for Chapter

D.1 Proofs for Convergence under Gaussian Noise
(Theorem |10

D.1.1 Proof Overview

The main proof of Theorem [10]is contained in Appendix [D.1.4]
Here, we outline the steps of our proof:

1. In Appendix we construct a coupling between (5.3]) and (5.2]) over a single step
(i.e. for t € [kd, (k + 1)d], for some k and ¢).

2. Appendix [D.1.3] we prove Lemma which shows that under the coupling constructed
in Step 1, a Lyapunov function f(zr — yr) contracts exponentially with rate A, plus a
discretization error term. The function f is defined in Appendix [D.5 and sandwiches
|27 — yrll,- In Corollary [66] we apply the results of Lemmal[65 recursively over multiple
steps to give a bound on f(zxs — yrs) for all k, and for sufficiently small 4.

3. Finally, in Appendix |D.1.4] we prove Theorem [10] by applying the results of Corollary
66l together with the fact that f(z) upper bounds ||z||, up to a constant factor.

D.1.2 A coupling construction

In this subsection, we will study the evolution of (5.3 and ({5.2)) over a small time interval.
Specifically, we will study

dxy = — VU (zy)dt + M (z4)d By (D.1)
dyy = — VU (yo)dt + M (yo)d B, (D.2)

One can verify that (D.1)) is equivalent to (5.3), and (D.2) is equivalent to a single step of
(5.2) (i.e. over an interval ¢ < ¢).
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We first give the explicit coupling between (D.1)) and (D.2): ( A similar coupling in the
continuous-time setting is first seen in [39] in their proof of contraction of (5.3)).)
Given arbirary (g, yo), define (x4, y;) using the following coupled SDE:

t t t
Ty =T +/ —VU(xs)ds +/ CmdV +/ N(zs)dW; (D.3)
0 0 0

t t t
v =y + / VU (yo)dt + / en (I — 274T)dV, + / N (yo)dIV,
0 0 0

where dV; and dW, are two independent standard Brownian motion, and

x —_
o= I 1 {Jlay = wils € 26,R,)} (D.4)
Iz — vl

By Lemma , we show that (D.1)) has the same distribution as z; in (D.3)), and (D.2
has the same distribution as g, in (D.3|). Thus, for any ¢, the process (zy,y;) defined by (D.3
is a valid coupling for (D.1)) and (D.2)).

D.1.3 One step contraction

Lemma 65 Let f be as defined in Lemma with parameters € satisfying € < — 77;"2“.
q’q

Let x; and y; be as defined in (D.3). If we assume that E [||y0||§} < 8(R%*+ ?/m) and

<mnd&e e
T_m1n{52,6L\/m}, then

E[f(zr —yr)] < e ME[f(zo — yo)] + 3T (L + L3 )e.

Remark 14 For ease of reference: m, L, Lgr, R are from Assumption [A], ¢, 8 are from
Assumption@ oy, Ry L, A are defined in (5.7)).

Proof of Lemma [65]
For notational convenience, for the rest of this proof, let us define 2, := z; — y, and V,; :=
VU(xy) — VU (y), Ay :=VU(yo) — VU (ys) Ny := N(xp) — N(yy).

It follows from (ID.3]) that
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Using Ito’s Lemma, the dynamics of f(z;) is given by

df (z¢)
=(V f(z), dz) + 25t (V2 f (20) (3 ) )dt + %tf(VQf(zt)(Nt + N(y) — N(yo))*)dt
AV F(2), Vi) dt + (V (), Ar) dt + (V f(20), 2¢707 dVi + (N + N(ye) — N(yo))dW,)
@ @ ®
28,8 (V2 () (3])) dt 4 0(9 () (N N () — Nwo))?) i (D.6)
@ ‘ 5

(3) goes to 0 when we take expectation, so we will focus on (1), (2), (@), (®). We will consider
3 cases

Case 1: ||z]]2 < 2¢
From item 1(c) of Lemma [82] ||V f(2)]|, < 1. Using Assumption [AJ1, [|[V,| < Li|z|,, so that

@ < |[Villy < Lllzl, < 2Le.
Also by Cauchy Schwarz,
@ =(Vf(z), Ay < 1Ay < Lllye = woll,

Since v; = 0 in this case by deﬁmtlon in (D-4), @ = 0.
Using Lemma 82 EQ c. [[V2f(z)ll, < 2, so that

@sa“W?HWW—N@”ﬁ

<2 (1 (N?) + (V) —~ N (o))

204

2 2
(Nzellz + llve — woll2)

912
<412 EN v — yoll3,

where the second inequality is by Young’s inequality, the third inequality is by item 2 of
Lemma , the fourth inequality is by our assumption that ||z, < 2e.
Summing these,

212
<Q+@+@+C&4@+ﬁ&+MM—mm+5“@—%%

Case 2: ||z|2 G (2¢,R,)
In this case, 14 = Let ¢ be as defined in (D.20) and g be as defined in Lemma E By

HZ T
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items 1(b) and 2(b) of Lemma [82| and items 1(b) and 2(b) of Lemma

Vf(2) :q'(g(zt))Vg(zt)

:q/(g(zt))m
V2 f(z) =¢"(9(2))Vg(z)Va(z)" + ' (9(2))V?g(2)
" ﬁ / P 1 . ZtZtT
i ate0) T+ o) (1 5 ).

EA P kAl

Once again, by Assumption [A]3,

D < q gDV, < d'(9(z0)) - Lr - [|2ella <L - q'(9(z))g(z) + 2Le,

where the last inequality uses Lemma [84]4. We can also verify that

@ < Lllye — yoll,-

Using the expression for V2 f(z),

@ = 2¢te (V2 f(z)my! ) = 2¢%, - ¢"(9(20)).

Finally,

®

—

Il
QL ONR NN
-+
[
7~ N 7 N

V2f(2) (Nt + N(y:) — N(yo)))

ZtZtT 2t Z;T

(00758 + e (1= 0 ) ) Ve ) = )
(ot (1= 720 ) ¥ M) = M)

ol T
2(g()
EIE

<d'(9(z) - Lillzell2 +

-+
—

IN

(e (V) + (N () — N(0))?))

L?v“yt - y0||§
2e
L?vat - y0||§

e +2L%e.

<q'(g(z)) - Lyg(z) +

The above uses multiples times the fact that 0 < ¢ <1 and ¢’ < 0 (proven in items 3

and 4 of Lemma . The second inequality is by Young’s inequality, the third inequality is
by item 2 of Lemma [80] the fourth inequality uses item 4 of Lemma [34]
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Summing these,

D+ @+ @ +® <(Ln+ L) (g()ger) + 22" (glz2)) + 2l —wolls o p p2ye

2e

2¢2 exp (—%) L% 2

m ye — woll3 2
< — —NAT 2 L 9(L+ L
> 32Rq2 Q(g(zt)) + % + ( + N)E:

L2 _ 2
<~ Mqlo(e) + I oy )
L2 _ 2

= A f(e + Il o 2 b Ly ol

where the last inequality follows from Lemma and the definition of X in (5.7)).
Case 3: ||z]|a > R,
In this case, 74 = 0. Similar to case 2,

Vi(z) = (9(2))

Thus by Assumption [A]3,

D= <q'<g<zt>>Hjﬁ, —Vt>
< - mq/<g<zt))HZtH2’

where the inequality is by Assumption [A]3.
For identical reasons as in Case 1, 2) < Lglly; — yol|y, and @) = 0. Finally,

® =, (V2 (=) (ot Nl - N(w))?)

(i g - ) v)
<3t g( Hthz (I‘rfifﬁg))(Nt+N(yt)‘N<y”)>2)

q

where the first inequality is because ¢” < 0 from item 4 of Lemma the second inequality
is by Young’s inequality. (These steps are identical to Case 2). Continuing from above, and
using item 2 and 3 of Lemma [80]

® <q(9(=) - (852“ - Ll = %H%)

Cm

<date0)- () + ootz - (Bl =212,
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where the second inequality is by our definition of R, in the lemma statement, which ensures
832L
that 258 < R < 1|z,
Thus

D+Q+@+®

m L |lye — woll3
< = (gl + Lalle = oll, + 54 Gl + o o) - (L=l

£

m L?\f 2
< = 5@ (gCz)lzllz + —lye = volly + Lllye = woll

L2
S—Aﬂ%%+;¥mr—m@+41%—yﬂw

where the second inequality uses ¢’ < 1 from item 3 of Lemma [85] the third inequality uses

our definition of A in (5.7)).
Combining the three cases, can be upper bounded with probability 1:

L2
df (z) < — Mf(z) + ?NHyt —voll3 + Lllye — volly

+ (Vf(21), 2emyyl dVi 4+ (N + N (1) — N(yo))dWr) -

To simplify notation, let us define G; € R'*2?? as
Gy = [Vf(z) 27!, Vf(2)T(N: + N(y:) — N(yo))], and let A; be a 2d-dimensional

. . ) t
Brownian motion from concatenating A, = . Thus

W,

L2
() < MG+ (= lf + Dl =l ) + Gt

We will study the Lyapunov function

t s L2 t CN\(f—s
Loi= f(z) - / e >(?Nuys—yo||§+LHys—yo||2)ds_ / NG dA,,
0 0

By taking derivatives, we see that

LQ
dL, < — Af(z)dt + (?NHyt — yng + Ly — yOH2) dt + G dA,

t L2
n( [ e (B =l Lo = ol s )
0

LQ
= (F2 ol + Dl = el )

t
+ A ( / eWS)GsdAS) dt — G,dA,
0



APPENDIX D. PROOFS FOR CHAPTER@ 160

We can then apply Gronwall’s Lemma to £;, so that
Ly <e ML,

which is equivalent to

T 2 T
aT—s) [ L CA(tes _
e ] e T A A )
0 0

Observe that (G4 is measurable wrt the natural filtration generated by A, so that fo MT=9)G dA,
is a martingale. Thus taking expectations,

2

B[f(er)) < B G+ [ 2B = 3] + ZE . — ol s

By Lemma 78, E [[ly: — voll] < 2L°E [|lyoll3] + ¢52, so that

L2 T3L2L2 2L2
/ONE[||ys—yo||]ds< E (laoll] + 26"

LE [|lys — yoll,) < T?L*/E [||y0||§] L TRLB,

Furthermore, using our assumption in the lemma statement that 7" < min {i ;}

B2’ 6L+/R2+82/m
and E [||y0||§} < 8(R? + 3*/m), we can verify that

L3 1
[ B (- k2] ds < r13e + 713
1
LE [Hys - yOHQ} < §TL€ + T Le.

Combining the above gives

E[f(zr)] < e ME[f(20)] 4+ 3T (L + LY)e.

O
Corollary 66 Let f be as defined in Lemma. wzth parameter € satisfying € < —QH
. _ _
Let 6 < min {62’ —BL\/W}’ and let Ty and g, have dynamics as defined in (5.3)) and

(5.2)) respectively, and suppose that the initial conditions satisfy E [||£0||§} < R*+ ?/m and
E [||gj0||§} < R?>+ 3?/m. Then there exists a coupling between T; and y; such that

E /(@ — )] < e E (@0~ go)] + 5 (L + L)<
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Proof of Corollary |66
From Lemma and |7 2 our initial conditions imply that for all ¢, E [||7:]|3] < 6<R2 + 8 2)

and E [| s 3] < 8(R2 +2)
Consider an arbitrary k, and for ¢ € [kd, (k + 1)¢), define

Ty = Tpor  and Yy 1= Ypsie-

Under this definition, z; and y;, have dynamics described in (D.1)) and (D.2). Thus the
coupling in (D.3|), which describes a coupling between x; and y;, equivalently describes a
coupling between z; and g, over t € [kd, (k + 1)J).
We now apply Lemma [65 Given our assumed bound on ¢ and our proven bounds on
2 2
E [[|z]l;] and E [[1gl3],

E [f(Z(gs1)s — Yoer1)s)]
=E[f(z5s — ys)]
<e ME[f(xo — yo)] + 66(L + L%)e
_67/\6]]3 [f(.f’k(; — gjk(;)] + 65([/ + L?V)E

Applying the above recursively gives, for any 4

E[f(@is — i) < ¢ B [f(70 — go)] + 5 (L + L3)e.

D.1.4 Proof of Theorem 10

For ease of reference, we re-state Theorem [10| below as Theorem [13| below. We make a minor
notational change: using the letters z; and 7; in Theorem , instead of the letters z; and y;
in Theorem [I0] This is to avoid some notation conflicts in the proof.

Theorem 13 (Equ1valent to Theorem (10| . Let x; and iy, have dynamics as deﬁned m
and respectively, and suppose that the initial conditions satisfy E [||:L’0|| ] <

2
R2+5%/m and E [HQOHQ} < R*+%/m. Let ¢ be a target accuracy satisfying € < (M) .

exp (Ta,Ry/3) - Let 0 be a step size satisfying

—2+1
\2g2?
14aqRq2
51282(L2+ LY ) exp (%)

20é

(L*+LY, ) exp (iﬂ )\/m

6 < min
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If we assume that To = 1o, then there exists a coupling between T, and y; such that for
any k,

ElZrs — grslly) < €.

Alternatively, if we assume k > 3aq;2"2 log R2+§2/m, then
Wi(p", prs) < 2¢,
where p} := Law (7).
Proof of Theorem [13]

Let ¢ := W exp (—7aq§q2)é. Let f be defined as in Lemma |82 with the parameter
N

2 2
<2exp (7%;2(1 )E [f(Zis — is)] + 2 exp (7%;3(1 >€
2 2
“rexp <7aq72q ) (e—AzéE [f(Zo — 50)] + g(L + L?V)s) + 2exp ( aquq )
2 ) 1 L LQ 2
<2exp (%)E (o — o)) + oI (“qfq ) e (D7)

where the first inequality is by item 4 of Lemma [82] the second inequality is by Corollary
(notice that ¢ satisfies the requirement on 7" in Theorem [10] for the given £). The third

. . L+12
inequality uses the fact that 1 < L/m < M

The first claim follows from substituting zo = gy into (D.7)), so that the first term is 0,
and using the definition of €, so that the second term is 0.

For the second claim, let Ty ~ p*, the invariant distribution of ([5.3). From Lemma ﬂ, we
know that z satisfies the required initial conditions in this Lemma. Continuing from (D.7)),

E{[|1Zis — isll,]

To R Y _ _ 6
<zexp (1050 ) (269 [Jaulf + mlE] + 5 (2 + 1R)e) +2

<2exp (704(1773(12) (2€_M6 (R2 + 52/m)) + % exp <27quTRq2> (L + L?V)g

2
=4 exp (%) (ef)\ié (R2 + 52/771)) +é.

By our assumption that ¢ > % . 3aqRq2 log w, the first term is also bounded by £, and

this proves our second claim. O



APPENDIX D. PROOFS FOR CHAPTER@ 163

D.1.5 Simulating the SDE
One can verify that the SDE in (5.2) can be simulated (at discrete time intervals) as follows:

Ye+1)s = Yrs — OV U (Yrs) + VM (ys) 0,

where 6, ~ N (0,I). This however requires access to M (yxs), which may be difficult to
compute.
If for any y, one is able to draw samples from some distribution p, such that

1. E&pr [f] — 0
2. By, [667] = M(y)
3. |I€]l, < B almost surely, for some /3,

then one might sample a noise that is § close to M (yrs)Or through Theorem |1
Specifically, if one draws n samples &;...&, ~ “ Py, and let S, f > & Theorem l

guarantees that Wy (S, M(y)0) < (6\/_5\/10g n) /v/n. We remark that the proof of Theorem

can be modified to accommodate for this sampling error. The number of samples needed
to achieve ¢ accuracy will be on the order of n & O(de)™2 = O(e79).

D.2 Proofs for Convergence under Non-Gaussian
Noise (Theorem (11

D.2.1 Proof Overview

The main proof of Theorem [11]is contained in Appendix [D.2.4]
Here, we outline the steps of our proof:

1. In Appendix |D.2.2] we construct a coupling between ([5.3) and (5.1) over an epoch
which consists of an interval [kd, (k + n)d) for some k. The coupling in (D.2.2)) consists

of four processes (x, yi, vy, wy), where y, and v; are auxiliary processes used in defining
the coupling. Notably, the process (x4, y;) has the same distribution over the epoch as

D).

2. In Appendix[D.2.3] we prove Lemma[67]and Lemma 68, which, combined with Lemma
from Appendix [D.1.3] show that under the coupling constructed in Step 1, a Lyapunov
function f(zr — wr) contracts exponentially with rate A, plus a discretization error
term. In Corollary [69] we apply the results of Lemma [65, Lemma [67] and Lemma
recursively over multiple steps to give a bound on f(zrs — wys) for all k, and for
sufficiently small §.

3. Finally, in Appendix [D.2.4] we prove Theorem [11] by applying the results of Corollary
[69] together with the fact that f(z) upper bounds ||z||, up to a constant.
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D.2.2 Constructing a Coupling

In this sectopn, we construct a coupling between (5.1)) and (5.3]), given arbitrary initialization
(20, wp). We will consider a finite time 7" = nd, which we will refer to as an epoch.

1. Let V; and W, be two independent Brownian motion.

2. Using V; and W;, define
t t t
Ty =T +/ —VU(xs)ds +/ CrndV +/ N (wp)dW. (D.8)
0 0 0
3. Using the same V; and W; in , we will define y; as

t t T
Yr =Wo +/ —VU (wp)ds —l—/ Cm (I — 2787§)d1/; +/ N(xg)dWs, (D.9)
0 0 0

where v, 1= =2 T {||ay — well2 € [26,Ry)}. The coupling (z¢,y;) defined in

T lme—yell2

and is identical to the coupling in (D.3]) (with yo = wy).

4. We now define a process v for k = 0...n:
k—1 k—1
Uks =Wo + Z —0VU(wo) + \/SZf(woa i), (D.10)
i=0 i=0

where marginally, the variables (7o...77,—1) are drawn 7.i.d from the same distribution
as in (j5.1)).

Notice that yr — wy — TVU (wy) = fOT CcmdBy + fOT N (wo)dWy, so that Law(yr — wo —
TVU (wp)) = N(0, TM(wp)?). Notice also that vp—we—TVU (wo) = V8 31—y &(wo, ;)

By Corollary , Wa(yr — wo — TVU (wy), v — wy — TVU (wg)) = 6V déS+/logn. Let
the joint distribution between (D.10) and be the one induced by the optimal
coupling between yr — wy — TVU (wy) and vy — wy — TVU (wy), so that

VE [llyr —vrl2]

:\/E [lyr — TVU (wo) — vy + TVU (wy)|[3]
:W2(Z/T — Wy — TVU(UJ()), Ur — Wo — TVU(UJO))
<6v/dsS/logn, (D-11)

where the last inequality is by Corollary [88]




APPENDIX D. PROOFS FOR CHAPTER@ 165

5. Given the sequence (7p...n,—1) from (D.10)), we can define
k—1 k—1
Wgs =Wqo + Z —(5VU(U)Z5) + \/SZ §(wi5, T]Z'), (D12)
i=0 =0

specifically, (wg...wy,s) in (D.12)) and (vg...v,s) in (D.10]) are coupled through the shared
(no...mn—1) variables.

For convenience, we will let v; := v;5 and w; := w;s, where 7 is the unique integer satisfying
t € [io, (i + 1)0).

We can verify that, marginally, the process x; in has the same distribution as ,
using the proof as Lemma [70 It is also straightforward to verify that wys, as defined in
, has the same marginal distribution as , due to the definition of 7; in (D.10)).

D.2.3 One Epoch Contraction

In Lemma |67, we prove a discretization error bound between f(zr — yr) and f(xr — vr), for
the coupling defined in (D.8)), (D.9) and (D.10).
In Lemma[68] we prove a discretization error bound between f(z7 — vr) and f(zr — wr),

for the coupling defined in (D.§)), (D.10) and (D.12)).

Lemma 67 Let f be as defined in Lemma @ with parameter € satisfying € < §++1 Let
Qq/iq

e, Yy and vy be as defined in (D.§)), (D.9), (D.10). Let n be any integer and & be any step
size, and let T :=nJd.

IFE [llzoll3] < 8(R? + 8*/m), E [lyoll3] < 8(R? + 82/m) and T < min { gz, o |

16L° 8L2(R2+52%/m)

and

Te%L Te*L?
3632 log (%) " 914484 10g (ﬁj‘i@“) ’

0 < min

Then

E[f(vr —vr)] = E[f(vr —yr)] < 4T Le,

Proof
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By Taylor’s Theorem,

E[f(zr — vr)]
=E [f($T — 'yT) + <vf(xT - yT)? Yr — UT>]

IR [ / 1 / (VP f(r — g+ s(ur — o), (ur — vr) (e — vr)T) dsdt

=E | f(zr —yr) +Svf($0 —Y0), Yr — UTZ+SVf(xT —yr) — V(o —yo), yr — UTZ

n'g

@ @

+E /0 /0 (V2 f(xr — yr + s(yr — vr)), (yr — vr)(yr — vr)7) dsdt

(. 4
~\~

®

We will bound each of the terms above separately.

E [@)]
=E [(Vf(zo — y0),yr — vr)]
=E [(V f(xo — yo),ndVU (yo) — ndVU (vp))]

<Vf($o—y0),/o —VU(wo)dt+/O Cmd‘/%-i‘/o N(wo)th+i\/g§(U0,Uz)>]

=E[(Vf (20— 40),nVU (yo) = ndVU (vp))]
=0,

+E

where the third equality is because fOT dB;, fOT dW; and Zleg (vo,m;) have zero mean
conditioned on the information at time 0, and the fourth equality is because yy = vg by

definition in and .
E @]

=E[(Vf(zr —yr) — Vf(x0o — %), yr — vr)]
<VEIVHr —yr) — Vi (o~ w2V [lur — vrll]
<2 \2E [lar — wolld + lyr — ol /B [y — erll]

§§ VE2TF + 4T - (6VddBlogn)

S%ﬁBQ : (\/%logn),
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where the second inequality is by |[V2f]|, < 2 from item 2(c) of Lemma [82] and Young’s
inequality. The third inequality is by Lemma and Lemma 75| and (D.11)).
Finally, we can bound

E Q)]

1 s
S/ / K [HVQf(xT—?JTJrS(yT_“T))HQ”yT_UTHg] dsdt
0 0

2
SEE [lyr — vr|l3]

- 72d6 32 1og? n

€

where the second inequality is by |[V2f|, < 2 from item 2(c) of Lemma , the third

inequality is by (D.11]).
Summing these 3 terms,

E [f(ﬁT —ovr) — f(rr — ?JT)]
128 \/—52 (\/—\/@> 36d55 logn

T

3

Let us bound the first term. We apply Lemma 89| (with z = % and ¢ = 214dﬁél) which
shows that

T 214 4 214 4 T 1 214 4 12
— dp log( dﬂ) = > dp = 8\/_52 (\/_log )STLe.

55 eil? glog% G

For the second term, we can again apply Lemma |89 (z = ==, which shows

that

- > =57 > <TlLe.

T _ 36d3? 36d3? N T 1 36d3? N 36d53> log%
0 — e2L o log% - 2L €
The above imply that

E[f(zr —vr) — f(zr — yr)] < 2T Le.

O

Lemma 68 Let f be as defined in Lemma@ with parameter € satisfying € < RQH Let

Xy, vy and wy be as defined in (D.§), (D.10]), (D.12)). Let n be an integer and § be a step size,
and let T := nd.
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If we assume that E [HZL‘()Hg]  E [||v0||§] , and E [||w0|]§} are each upper bounded by 8( R* + 5% /m)
and that T" < min { }, then

1 e g? 54L?\7
16L° 32+/LS’ 128327 214322

E[f(zr —wr)] = E[f(zr — vr)] < AT(L + Ly)e.
Remark 15 For sufficiently small €, our assumption on T boils down to T = o(g?).

Proof
First, we can verify using Taylor’s theorem that for any z,y,

fly) =f(z) +(V[f(z),y —z) + /O /O (V2 f(zx+s(y — ), (y — 2)(y — 2)7) dsdt,

(D.13)
Vi(y) =Vf(z)+ <v2f($)a y— $> + /o /OS <V3f(x +s(y—x)),(y—z)(y — x)T> dsdt.
(D.14)
Thus
E[f(rr — wr)]

=E [f(zr —vr) + (Vf(xr — v1), 07 — wr)]

+E [ / 1 (7 = vr t sor = wr)) (or = wr)(er = )" dsat

:E f(IT — UT) + <Vf(l'0 — UQ), v — ’LUT>J+ <Vf(l‘T — ’UT) — Vf(l‘o — Uo), U — U}T>J

N

-~ -~

@ ©)

+E /0 /OS (V2 f(zr — vr + s(vr — wr)), (vr — wr)(vr —wr)") dsdt

J/

-~

®
Recall from (D.10]) and (D.12) that

n—1 n—1
Ups =Wo + Z5VU(U/0) + \/525<w0777i>7
i=0 i=0

n—1 n—1
Wy =wo + Y OVU (wig) + V8 > E(wis,m;).
i=0 i=0
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Note that conditioned on the randomness up to time 0, E [Z?:_ol &(wy, 771)] =K [Z?:_()l & (wys, nz)} =
0, so that

E (@]
=E [(V f(xo — vp), vr — wr)]

—0F <Vf(x0 — ), nivwwo — VU (wys) ]
iz
+VOE <Vf(:co — vp), gf(wo, m) — 7?_0 5(wi6777i)>]
=E <v Flzo — vo), ni; VU (wo) — VU <ww)>]
§5§LE[HWO — Wis]]
gTZL(\)/Z’ﬁTB? < 8T32LB,

where the third equality is becayse £(-,7;) has 0 mean conditioned on the randomness at time
0, and the second inequality is by Lemma [77]
Next,

E @)
=E[(Vf(zr — vr) — V(20 — v0), 07 — wr)]
<E[|Vf(zr = vr) = Vf(zo = vo) [l lor — wrl]

4
<=VE [llor — 2ol + lor — woll3] - {/E [Jor — wr ]
<§\/16T52 + 2732 - \/32 (T2L% + TLE)TB?

<@Tﬁ2 (VTLe+TL),

where the second inequality is because |[V2f]], < % from item 2(c) of Lemma |82 and by
Young’s inequality. The third inequality is by Lemma Lemma [76| and Lemma
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Finally,

E[®)]
— [/01 /0 (V?f(zr — vr + s(vr — wr)), (vr — wr)(vr — wr)") dsdt

B 0 e — Pt

1
<ZE [Jlor - wrll3]
§3€—2(T2L2 +TL{) TP,

where the second inequality is because [|[V>f||, < 2 from item 2(c) of Lemma [82) and by
Young’s inequality. The third inequality is by Lemma
Summing the above,

E [f(xT - wT) - f(IT - UT)]

3/2 128 2 32 2712 2 2

<8T*2LB + ~2°18 (\/TLg + TL) + (TP + TLA) TR
19 g

<73,

where the last inequality is by our assumption on 7', specifically,

62

= 12872
< %QBQ = 13—8T2L62 < TLe

< 32;35 N 36—2(T3L262) < TlLe

= 21544552% ” 1§8T3/252L£ < TLye

e e S2rer2ge < pp2
— — 5
~ 12832 = 1282, T e YT SN

= T32LB3 < TLe

where the last line uses the fact that 8 > ¢2,.

Corollary 69 Let f be as defined in Lemma with parameter € satisfying € < Ry

agRg2+1"
— i 1 B2 £ g2 Ly
Let T = mln{wL, STERETAT/m) " 33VE5 12857 S0, and let

6 < min Te’L Tell? . Assume additionally that n = T/ is an integer.
= 36452 log (22422 " 214a4 log (2145 ) Y / g
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Let 7, and w; have dynamics as defined in (5.3) and (5.2)) respectively, and suppose that the
initial conditions satisfy E [||f0||3} < R*+ 3?/m and E ||w0||§] < R?+ 8?/m. Then there
exists a coupling between x; and w; such that

E [f (7 — )] < e B [z — wo)] + (L + I3)e

Proof
From Lemma (71| and , our initial conditions imply that for all ¢, E [||7:]|3] < 6<R2 + %)

and E [ a5 3] < (B2 + 2).
Consider an arbitrary k, and for ¢ € [0,T), define

Ty = fkT+t and W ‘= U_)kTth (D15)

Notice that as described above, x; and w; have dynamics described in and . Let
x¢, wy have joint distribution as described in and , and let (y;, v;) be the processes
defined in and . Notice that the joint distribution between x; and w; equivalently
describes a coupling between z; and w, over t € [kT, (k+ 1)T).

First, notice that the processes (D.8) and (D.9) have the same distribution as (D.3). We
can thus apply Lemma |65}

E[f(zr —yr)] <e ME[f(zo — yo)] + 6T(L + Liy)e
By Lemma 67
E[f(zr —vr)] = E[f(zr — yr)] < 4T Le
By Lemma 68,
E [f(zr — wr)] — E[f(zr —vr)] < 4T(L+ Ly)e
Summing the above three equations,
E[f(ar —wr)] < e VE [f(zo — wo)] + UT(L + L)

Where we use the fact that yo = wg by construction in .
Recalling (D.15)), this is equivalent to

E [f(Zk i1y — Oppayr)] < e VE[f(Zer — @pr)] + 14T (L + L)
Applying the above recursively gives, for any ¢

E [f('sz — ’U_J@T)] S €_MT]E [f(.f‘o — U_Jo)] + % (L -+ L?V)éf
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D.2.4 Proof of Theorem [11]

For ease of reference, we re-state Theorem (11| below as Theorem [14] below. We make a minor
notational change: using the letters Z; and ; in Theorem [14] instead of the letters z; and y;
in Theorem [I1] This is to avoid some notation conflicts in the proof.

Theorem 14 (Equivalent to Theorem |1 . Let z; and w; have dynamics as deﬁned m
(-3) and (B.1)) respectively, and suppose that the initial conditions satisfy E [||x0|| ] <

2
R*+%/m and E [H?I)OHQ} < R*+3?/m. Let ¢ be a target accuracy satisfying & < (M
exp (Ta,Ry/3) - —2+1 Let ¢ := 6(+LQN)€XP< 7aq;2q )5 Let
, 1 (2 £ g2 el
T := min , , , ,
16L° SL2(R2 + 2/m)’ 32vL3 12832 214322,

and let § be a step size satisfying
Te2L Te'L?
36482\’ 214434
36432 log (—L) 914434 log< 1dp )

If we assume that To = wy, then there exists a coupling between T; and w; such that for
any k,

6 < min

~

E[l7rs — wislly) < &

3aqRq

Alternatively, if we assume that k >

-log w, then

Wi(p*, prs) < 2€,

where py’ = Law(wy;).

Proof of Theorem [14]
Let f be defined as in Lemma [82| with parameter ¢.
E[[|Zis — wz&”z]
2 2
<2exp (7%;%(1 )E [f(Zis — wis)] + 2 exp <7a 3Rq )5
Ta, R, : 6 Ta, R,
<2exp ( aq3 g ) (e"\“SIE [f (T — wo)] + X(L+L2 ) ) + 2 exp ( qu3 g )5
Ta, R, : 16(L + L3 Ta, R,
§2exp( aq3 g )e_)‘“SIE [f(Zo — wo)] + ( ;\_ ) exp( aq3 g ) £ (D.16)
2
=2exp (704(1373(1 )B_Ai‘SE [f (g — wo)] + €,
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where the first inequality is by item 4 of Lemma [82] the second inequality is by Corollary

(notice that ¢ satisfies the requirement on 7" in Theorem [L0} for the given ¢). The third

2
inequality uses the fact that 1 < L/m < M

The first claim follows from substituting zy = wy into , so that the first term is 0,
and using the definition of ¢, so that the second term is 0.

For the second claim, let Zg ~ p*, the invariant distribution of . From Lemma ﬂ, we
know that Z, satisfies the required initial conditions in this Lemma. Continuing from ,

E [[|Zis — wWis]|5)

2
<Dexp (7ozqRq 6

) (27 Dl + ol + (24 230 ) + =
Ta R, Y 16 Ta,R,>
<2exp (%) (26 A 5(R2 + ﬁz/m)) + ~ eXP (2%) (L + L?V)g

=4 exp (M‘IT,R‘IQ) (efkié (RQ + BQ/m)) + &

>

By our assumption that i > % : 3aqRq2 log w, the first term is also bounded by £, and
this proves our second claim. 0

D.3 Coupling Properties

Lemma 70 Consider the coupled (x4, vy;) in (D.3). Let p; denote the distribution of x;, and
q: denote the distribution of yi. Let p}, and q; denote the distributions of (D.1) and (D.2]).

If po = pfy and qo = q|, then py = p, and g = q; for all t.

Proof
Consider the coupling in (D.3)), reproduced below for ease of reference:

t t t
Ty =T —|—/ —VU(z4)ds —|—/ CrmdV —|—/ N(zs)dW;
0 0 0

t t t
st [ VUG + [ el = 2ual)aver [ Nn)dW,
0 0 0

Let us define the stochastic process A; 1= f(f M(zy) e, dVy + fot M (z,) N (z,)dW,. We
can verify using Levy’s characterization that A; is a standard Brownian motion: first, since V;
and W, are Brownian motions, and N(z) is differentiable with bounded derivatives, we know
that A, has continuous sample paths. We now verify that AiA] — 1 {i = j}¢ is a martingale.

Notice that dA; = ¢,,dV; + M (z,) ' N(xs)dW,. Then

dAjA] =dAT (eie]) Ay
=Ay(e;€?) (cndVi + M(z,) "IN (2,)dW,)" + (cmdV; + M (2) " N (2,)dW,) (ejel )al
1
+ Etr((eief +eje] ) (e, M(we) ™ 4+ M ()T N (w,)* M (2,) 7)) dt,
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where the second inequality is by Ito’s Lemma applied to f(4;) = Aleje €; TA,. Taking
expectations,

0B [434]) =E | Lr((exc] + el (2 M1 (z)" 2+M<xs>1N<:cs>N<xs>T(M<ws>T))]dt
=& [Jin{(es] + el ) (M) (G + N ) M) )|

5| Lr((ese? + ) (M(a:s)_l(M(xs)z)M(xS)‘l))} at

_E :%tr((ee e Z))} it

—1{i = j}dt.

This verifies that AiA{ — 1{i = j}t is a martingale, and hence by Levy’s characterization,
Ay is a standard Brownian motion. In turn, we verify that by definition of A;,

t t t
Ty :azo—l—/ —VU(a:s)ds—l—/ cdes—l—/ N(zs)dW;
0 0

_xo+/ —VU (s ds+/ M (z5) (M (25) " (cmdVs + N(z5)dWs))

—xo—i-/ VstdS—i—/st

Since we showed that A; is a standard Brownian motion, we verify that x; as defined in (D.3))
has the same distribution as .

On the other hand, we can verify that A} := fOT(] — 29,41V, is a standard Brownian
motion by the reflection principle. Thus

/Ot e (I = 29570)dVs + /Ot N (yo)dW, ~ N(0, (¢, I + N(yo)?)) = N(0, M (yo)?)

where the equality is by definition of N in (5.6)).
It follows immediately that y; in (D.3]) has the same distribution as y; in ([5.2)).

D.3.1 Energy Bounds
Lemma 71 Consider x; as defined in (5.3). If xo satisfies E[||xo]|3] < R? + %2, then Then

for all t,
E [||z:|l3] < 6(R2 52)
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2] < 4(R2 ’82)
Proof

We consider the potential function a(z) = (||z||s — R)i We verify that

We can also show that

Ep* [

vmm:mﬂh—m+ﬁt

OMb—Rh(I_gf)'

[E4P 1[5

T
VQCL(.T) =1 {HZEHQ > R}||IE||2 +
2

Observe that
L [V2a(z)]l, <21 {[lz]l > R} <2

2. (Va(z),—VU(x)) < —ma(x). This can be verified by considering 2 cases. If ||z|]» < R,
then Va(z) = 0 and a(z) = 0. If ||z]|2 > R, then by Assumption [A]

(Va(z),=VU(z)) < =m(|lzllz = R), |wlls < =m(]|z]; = R)} = —m - a(z).

3. a(z) > 3||z|3—2R*. One can first verify that a(z) > (||z|,— R)*—R*. Next, by Young’s
) : 2 2
inequality, (||l — R)* = |lz[l;+ B> —2[[l|l,R > |lell5+R* — 3 |l«ll; — 2R* = 5|zl — R*.

Therefore,

(ZE[ (2)] = E[{Va(x;), —VU (z;)dt)] + %]E [tr(M(l‘t)Qan,(,I‘))] < —mkE [a(zy)] + B
= K (E [a(xy)] — %) < —-m (]E [a(xy)] — %)

dt
:> %@WWVRZiD<r%MWM—W—§)

Thus if E [||z]13] < B> + £, then E [a(z)] < R* — 2 then (E [a(z0)] — R? — %) <0,
and (E la(x,)] — R* + > <e ™ .0 <0 for all £. This implies that, for all ¢,

B (e8] < B 2ate + 45] <62+ ).

For our second claim that [E,- [ ;] < R?+ ’%2, we can use the fact that if zy ~ p*, then
E [a(z;)] does not change as p* is invariant, so that

0= ZEla(w)] < —mEfa(r)] + 5
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Thus

Again,

p*[

]2 = E [llzel2] < 2E [a(xy)] + 4R® < 4(Rz g )
O

Lemma 72 Let the sequence ygs be as defined in (5.1). Assuming that 6 < m/(16L?) and
E(lyol3] < 2(R* +2) Then for allk,

E [lyrsll3] < 8<RQ 52)

Proof
Let a(w) := (JJw|]2 — R)i We can verify that
w
Va(w) =([[wlls = R) ;7
? T lwlla
wwT 1 wwT
Va(w) =1 {||w|ls > R}—— + (|Jw||2 — R) —<]— —)
(w) =t twl 2 B e+ (el = B e A= s

Observe that
L [V2a(w)l, < 21 {jjull > B} <2
2. (Va(w), =VU(w)) < —ma(w).
3. a(w) > Hllwl} - 272

The proofs are identical to the proof at the start of Lemma [73] so we omit them here.
Using Taylor’s Theorem, and taking expectation of y(41)s conditioned on yys,

E [a(y(r11)s)]
=E [a(yrs)] + E [{Va(yrs), Yr+1)s — Yrs)]

+E { / / (V2a(yrs + 5(Yrr1)s — Yks)s (Yokr1)s — Yrs) (Yekr1)s — Yks) >dtd8]
<E [a(yrs)] + E [(Va(yrs), yor1)s — Yns)| + E [H Y(k+1)5 — Yks HQdS]
<E [a(yrs)] + E[{Va(yrs), —0VU (yrs))] + 252HVU(Z/k5)H§ + 20E [tf(M(yk(s)?)}
SE [a(yk(;)] molE [a(yk(;)] 2(52 [|]VU(yk5) H;] + 20E [tl"(M(yk(;)Q)}
<E [a(ys)] — mOE [a(yks)] + 20°L°E [[lyxs|3] + 205>
<E [a(yrs)] — mOE [a(yrs)] + 40°L°E [a(yps)] + 86 L*R* + 2652
<(1 —mé/2)E [a(yrs)] + méR* + 263,
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where the first inequality uses the upper bound on ||[V2a(y)||, above, the second inequality

uses the fact that ygi1)s ~ N (Yes — OVU (Yrs), 0M (yxs)?), the third inequality uses claim

2. at the start of this proof, the fourth inequality uses item 2 of Assumption [Bl The fifth

inequality uses claim 3. above, the sixth inequality uses our assumption that ¢ < 3g75.
Taking expectation wrt ys,

E [a(yxs10)] < Ela(y)] = md (E [a(yrs)] — 2R +26%/m)
= E[a(yuss)] — (2R*/2+26%/m) < (1 — md)(E [a(yrs)] — (2R* + 26%/m).

Thus, if E{||yo||3] < 2R? + 2%/m, then E [a(yy)] — (2R? + 28%/m) < 0, then E [a(yps)] —
(2R?* +23?/m) < 0 for all k, which implies that

E [llyrslla] < 2E [a(yrs)] + 4R < 8(R? + 8%/m)
for all k. O

Lemma 73 Let the sequence wys be as defined in (5.1)). Assuming that § < m/(16L?*) and
E [|[wo|2] < 2(R2 + %) Then for all k,

m

E [[Jws]3] < 8(R2 - 5—)‘

Proof
The proof is almost identical to that of Lemma |72 Let a(w) := (||lwl|s — R)2+ We can verify
that

w
Va(w) =(|jwl]2 — RMM
ww?l 1 ww?l
V2aly) =1 {lwls = B} + (wls - R) (J - )
22 Rhpe + ol = R e = o

Observe that
L [V2a(w)ll, < 21 {Jlw[ls > R} <2
2. (Va(w), =VU(w)) < —ma(w).
3. a(w) > gllwl3 - 2R,

The proofs are identical to the proof at the start of Lemma [73] so we omit them here.
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Using Taylor’s Theorem, and taking expectation of w41)s conditioned on wys,

E [a(wki1)s)]
=E [a(wgs)] + E [(Va(wis), Wirs1)s — Wis)]

1 t
+E {/ / (V2a(wys + s(Wik1)s — Whs)s (Wikt1)s — Wes) (Wikt1)s — Wes) ") dtdé}

E [a(wks)] + E [{(Va(wys), wer1ys — wis)] + E [H Wt 1)s — Wes) |5 ds}
E [a(wis)] + E (Va(ws), =6V U (wis))] + 26% VU (wis) |15 + 20E [[I€ (wgs, me) 5]
<E [o(uws)] — miE [alurs)] + 208 VU s ] + 208 [ (s, me) ]
<E [a(wgs)] — mOE [a(wys)] + 20°L°E [Hwk(;Hg} + 2632
<E [a(wps)] — mE [a(wps)] + 20° L2 a(wps) + 262 L* R? + 203>

<(1 — mb/2)a(wgs) + mOR? + 2532,

where the first inequality uses the upper bound on ||V?a(y)||, above, the second inequality
uses the fact that wg1s = (Yes — OVU (yrs) = E(wrs, i), and E [€(wrs, i) |wis] = 0, the
third inequality uses claim 2. at the start of this proof, the fourth inequality uses item 2 of
Assumption [B] The ﬁfth inequality uses claim 3. above, and the sixth inequality uses our
assumption that ¢ < 5.

Taking expectation wrt wyg,

E [a(wgs1)s)] < Ela(wy)] — mé (E [a(wys)] — 2R* + 26 /m)
= E [a(wi1ys)] — (2R*/2 42587 /m) < (1 — md) (E [a(wks)] — (2R* +26%/m).

Thus, if E [|Jwol|3] < 2R%+25%/m, then E [a(wy)] — (2R* + 25%/m) < 0, then E [a(wys)] —
(2R?* +2?/m) < 0 for all k, which implies that

E [||wk5|\§] < 2F [a(wis)] + 4R* < 8(R* + %/m)

for all k. 0

D.3.2 Divergence Bounds

Lemma 74 Let x; be as defined in (D.1)) (or equivalently (D.3)) or ), initialized at xq.

Then for any T < —= 16L,

E [|zr — 2oll3] < 8(T8* + T?L7E [||zo]13]).

If we additionally assume that E [onHg] <8(R*+ 32/m) and T < then

52
BL2(R2+ 57 m)’

E [|ler — aoll3] < 16T,
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Proof
By Ito’s Lemma,

d
E]E [||$t||§]

=2E (VU (21), v — w0)] + E [tr(M(2))]
S2LE [[[lyl|e — oll,) + 5
<2LE [|lz; — @oll3] + 2LE [[|zo|l, |z — zoll,] + 52

|
<2LE |l — woll3] + L*TE [wol3] + ZE [l — o] + 6°

2
<ZE [lloe = woll3] + (LTE [Jaol3] + 62),

where the first inequality is by item 1 of Assumption [A] and item 2 of Assumption [B] the
second inequality is by triangle inequality, the third inequality is by Young’s inequality, the
last inequality is by our assumption on 7.
Applying Gronwall’s inequality for ¢ € [0, T7,
(E [l — woll5] + L*T°E [|lao][5] + T5%)
<e*(E [|lwo — woll] + L*T°E [|loll5] +T5%)
<SL*T°E [||zol)3] + T8>

This concludes our proof. 0

Lemma 75 Let y; be as defined in (D.2) (or equivalently (D.3)) or (D.8)), initialized at yo.
Then for any T,

E [llyr — wolls] < T*L°E [llyoll3] + 757

If we additionally assume that E [Hyoﬂg] < 8(R*+ 3?/m) and T < then

B2
SL2(R*+5/m)’
E [|lyr — wll3] <276

Proof

Notice from the definition in (D.2)) that yr — yo ~ N(=TVU (yo), TM (y0)?), the conclusion
immediately follows from item 1 of Assumption [A] and item 2 of Assumption [B] and the fact
that

tr(M(2)?) = te(E [£(z,m)é@,n)T]) = E [z n)]5] -
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Lemma 76 Let v, be as defined in (D.10)), initialized at vyg. Then for any T = nd,
E [[lor = voll3] < T*L?E [|Jvoll5] + T5%.

If we additionally assume that E [||UO||§] <8(R*+ 3%/m) and T < 5 then

62
8LZ(R2+B%/m
E [[lvr — wl?] < 2752

Proof
From (D.10),

n—1
vp —vg = —=TVU(vg) + \/525(1}0, n;)-

1=0

Conditioned on the randomness up to time ¢, E [£(vg, 7;+1)] = 0. Thus

E [[lor — voll3)]

n—1

=T°E [|VU (v)|2] +6 > E [|l¢(vo, 1:)|I2]

=0
<T2L’E [||vo|l3] + T8,

where the inequality is by item 1 of Assumption [A] and item 2 of Assumption [B] O
Lemma 77 Let w; be as defined in (D.12)), initialized at wg. Then for any T' = né such that
T<t

— 2L7

E [lwr — woll3] < 16(T?LE [|lwoll5] + T8%).

If we additionally assume that E [||w0||§] < 8(R?*+ B*/m) and T < ;. then

BQ
8L2(R2+B%/m

E [[|lwr — woll3] < 3275

Proof

E [geens = w2

=K |:Hwk5 — 5VU(wk5) + \/gf(wk(s, nk) — Wy

i

=E [|lwis — 0V U (wis) — wolly] + OE [1€(wes, 1e) 2] (D.17)
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We can bound SE [||€(wys, nk)”g} < §/3? by item 2 of Assumption

E [||wk5 — 5VU(wk5) — w0||§]
<E [(lwrs — wo — 6(VU (wys) = VU (wo)) |y + 8| VU (wo)5)°]

< (1 + %)E [[lwes — wo — 6(VU (wis) — VU (wo))|l3]

+ (L +n)d%E [||[VU (wo) 3]
< (1 + %) (1+ 6L)’E [[lwys — woll3] + 2n6* L*E [[|woll3]
<eM"BLE [|lwys — woll5] + 2n6?L2E [||woll]

where the first inequality is by triangle inequality, the second inequality is by Young’s
inequality, the third inequality is by item 1 of Assumption [A]
Inserting the above into (D.17)) gives

2 n
E |:”w(k+1)5 - UJOHQ] < el/ntBLE [|wrs — woﬂg] + 2nd*L°E [HwOH;] + 52
Applying the above recursively for k = 1...n, we see that
E [||wns — woll5]

n—1

e R (/mt2L) (9062 2R [||wol|] + 65%)

| /\

k=
<1 ( 82 L7E [|Jwoll5] + ndpB?)

=16(T*LE [||wo|3] + T5%).

D.3.3 Discretization Bounds

Lemma 78 Let Uks and wys be as defined in (D.10) and (D.12). Then for any d,n, such

that T :=nd < 16L,

E [|lor — wrl3] < 8(2T°L*(T*L°E [|lvoll3] + T8%) + TLE(16(T*LE [||wo|l3] + T5?)))
If we additionally assume that E [||v0||§} < 8(R*+ */m), E [||w0||§} < 8(R* + */m) and
T < - then

B
S SRR

E [[lor — wrl3] < 32(T*L? + TLE) TS
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Proof
Using the fact that conditioned on the randomness up to step k, E [ (vo, nrs1) — & (wis, Mka1)] =
0, we can show that for any k < n,

L [HU(HU& - w(k+1>6”ﬂ
= [Hvké — 6V U (vg) — wis + 6V U (wis) + VO& (wo, i) — V& (wis, Uk)“j
=E [||lves — 6VU (v0) — wis + 6VU (wis) 3] + OE [[I€(wo, i) — &(wis, i) 3] (D.18)

Using Assumption [B] and Lemma [76] we can bound
O [[|€(wo, i) — &(wrs, ) 3]

<SLZE [||lwes — woll5)
<SLZ(16(T*LE [|lwo|3] + T5%))

We can also bound
E [[[ks — 6V (v0) — ws + 6V (wis)|17]

< (1 + %)E [lves — VU (vks) — wis + SVU (wis) 3] + (1 + n)6°E [ VU (vks) — VU (v) 3]

1
< (1 + E) (1 + 5L)2E [Hvk(; — wk(;Hg} + 2n(52L2E [H?)k(; — U[)Hg]

Sel/”+26LE||Uk5 - wk5||§ +2n6° L’E [HUM - UOH%}

Sel/n+26LE||Uk5 . wk&”g + 2n52L2 (T2L2E [HU()HQ + TﬁQ)a

where the first inequality is by Young’s inequality and the second inequality is by item 1 of
Assumption [A] the fourth inequality uses Lemma

Substituting the above two equation blocks into (D.18)), and applying recursively for
k=0..n—1 gives

E [|lor — wrll3)]
=E [ané - wné”i}

<! (2n?6° L (T LE [[|volly) + T8°%) + ndLZ(16(T°L°E [||wo|l3] + T5%)))

<8(2T*L*(T°L°E [||vo|l3] + T5%) + TLE(16(T*LE [||lwoll5] + T5?))).

The last inequality is by noting that 7" = nd < ﬁ. 0
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D.4 Regularity of M and N

Lemma 79

Proof
In this proof, we will use the fact that £(-,n) is L¢-Lipschitz from Assumption
The first property is easy to see:

We now prove the second and third claims. Consider a fixed  and fixed y, let u,, := £(x,n),

vy = &(y,m). Then

(M)~ M(w)°)°
:tr((En [ty — Un“ﬂ )2>
=tr(E,,, [(unuf — vnvg) (un/UZf - Un’vv?/)})

=, [tr((unug — vnvg) (un/ Z/ — vnxvg))} .

For any fixed n and 7/, let’s further simplify notation by letting w,u’,v,v" denote
Upyy Upy , Uy, Vyy. Thus

tr((uu’ —ov') (u'u™ = "))

=tr(((u—v)o" +v(u—0)"+ (u—v)(u—20)")(( =W +0'(W =)+ W =) —)"))

=tr((u —v)v" (v — V)" + tr((u — v)o V' (v — V) ) + tr((u— )" (v — V) (' — "))
+ tr(v(u — U)T(u V') ) + tr( (u U)Tv’( ) + tr(v(u — o) (o =0 (W = )T)
+tr((u—v)(u—v)" (v — ) + tr((u — — )T (0 = "))
+tr((u—v)(u—v)T(u'— N —)7")

< min {1682L||z — y|%, 3253Lg\|:v —yll2},

where the last inequality uses Assumption [Bl2 and [B]3; in particular, |[v]|, < 8 and
|lu — v, <min{25, L¢||Jx — y||2}. This proves 2. and 3. of the lemma statement. O
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Lemma 80 Let N(z) be as defined in (5.6) and Ly be as defined in (5.7). Then
L. tr(N(z)%) < B
2. tr((N(z) = N(9))*) < Lz = yll;
2y _ 88
(z) = N(®))") < —— - Llz = yll,

m

3. tr((N(z)

Proof of Lemma
The first inequality holds because N(z)? := M (z)? — 2,1, and then applying Lemma [79]1,
and the fact that tr(M(z)? — ¢2,1) < tr(M(z)?) by Assumption [B]4.

The second inequality is an immediate consequence of Lemma [81], Lemma [79/2, and the
fact that A (N (2)%) = Apin(M (2)? — ¢2,) > ¢2, by Assumption [BJ4.

The proof for the third inequality is similar to the second inequality, and follows from
Lemma [79 and Lemma [811

O

Lemma 81 (Simplified version of Lemma 1 from [35]) Let A, B be positive definite
matrices. Then

tr<(\/2 — \/E)Q) < tr((A— B)?A™)

D.5 Defining f and related inequalities

In this section, we define the Lyapunov function f which is central to the proof of our main
results. Here, we give an overview of the various functions defined in this section:

1. g(2) : R — RT: A smoothed version of ||z||,, with bounded derivatives up to third
order.

2. q(r) : RT — R™: A concave potential function, similar to the one defined in [32], which
has bounded derivatives up to third order everywhere except at r = 0.

3. f(z) = q(g(2)) : RY —» R, a concave function which upper and lower bounds | z||,
within a constant factor, has bounded derivatives up to third order everywhere.

Lemma 82 (Properties of f) Let e satisfy ¢ < ggﬂ. We define the function
Qq/iq

f(z) = q(g(2))
Where q is as defined in (D.20) Appendiz and g is as defined in Lemma (with

parameter €). Then

1. a) Vf(z) = q(9(2) - Vg(2)
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) For 2l > 22, V£(2) = (9(2)) 2
c¢) Forall z, |V f(2)], <1

2. a) V2f(2) = ¢"(9(2))Vg(2)Vg(2)" +Q'(9( ))V2g(2)
b) Fory > 22, V2f() = ¢"(9(2) & + ¢ (9()) i (1~ 2
¢) For all z, |V?f(2)]l, < 2
d) For all z,v, v'V%f(z)v < wﬁgﬁz))

3. Forany z, [[V2f(2)ll, < &

4. Foranyz, f(2) € [Lexp (=T g(lz12), g(ll2I1) | € [§exp (=45 ) (|12 — 2¢), 1211

Proof of Lemma [82]

1. a) chain rule
b) Use definition of Vg(z) from Lemma

¢) By definition, Vf(2) = ¢'(g ( ))Vg(z). From Lemma [F] |¢'(g(z))] < 1. By
definition, Vg(z) = '/ (HzH )7=—. Our conclusion follows from A’ < 1 using item 2

llzll5
of Lemma [R3

2. a) chain rule

b) by item 2 b) of Lemma
¢) by item 1 ¢) and item 2 d) of Lemma [84] and item 3 and item 4 of Lemma

. R
< q
and our assumptlon that £ . ,qu 1

d) by item 4 of Lemma[g5)), and items 2 ¢) and 2 d) of Lemma[84] and our expression
for V2 f(2) established in item 2 a).

3. It can be verified that
Ve f(2) =q"(9(2)) - Vg( )®3 +4"(g ®V2 (9(2)V?g(2) Q) Vg(2)
+4q"( ®V2 9(2))V?q(z )

Thus

IV 1), <la" (9N NV a2l + 30" (9N Vo) L[| V29(2)], + ¢ (9(2)) [V 9(2)]
§5<aq+%)(aqnq2+1)+3(&%&+%) 1L

e g2

mwl Ne)
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Where the first inequality uses Lemma [85] and Lemma [84] and the second inequality

q
assumes that ¢ < TR

e e [3emw (R0 Y gtlatag atlel)] € [ e (~252 ) el - 221 kel

The first containment is by Lemma . s exp (—MQTRQQ> cg(2) < q(g(2) < g(2).
THe second containment is by Lemma [8414: g(]|z]|2) € [||z]|2 — 2¢, ||2||2]-

O

Lemma 83 (Properties of h) Given a parameter €, define

w

oz forr € 0,¢]
h(r) := £4Is=4 “’;?2 - (7"6_6‘2)3, forr € [e,2¢]
T forr > 2¢e

1. The derivatives of h are as follows:

(

%7 forr €0, €]
W(r)=q 5+ - S5, forrele 2]
1 forr > 2¢
( z, forr € [0,¢]
w0 =) 1o, rrelen
Lo, forr > 2e
( 5%7 forr € 0,¢]
W'(r) =\ —%, forr€le2e
0, forr>2e

\

2. a) h' is positive, motonically increasing.
b) W(0) =0, h'(r)=1 forr>e¢
c) @ < min{%, %} for all r

3. a) h'(r) is positive
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b) B'(r) =0 forr =0 and r > 2¢
¢) W'(r) <1

Proof of Lemma [83]
The claims can all be verified with simple algebra. O

Lemma 84 (Properties of g) Given a parameter ¢, let us define

9(2) := h([|2[l2)
Where h is as defined in Lemma |85 (using parameter ). Then
1. a) Vg(z) = K(|lzll2) 12
b) For ||z||; > 2¢, Vg(z) = =

EREES

c) For any ||z||2, [Vg(2)]l, <1

2 0) V9(a) = Wzl 5 + W (lzll) s (7 - )

12112

b) For |z|l, > 2e, V?g(z) = ||zl||2 (I - IIZZZHT%>

¢) For|z|l, > 2, [|[V2g(2)|, = ||z1\|2
d) For all z, ||V29(2)||2 < %

3. Vi), < 3
4 zll2 = 2e < g(2) < |[|z]J2.

Proof of Lemma
All the properties can be verified with algebra. We provide a proof for 3. since it is a bit
involved.

Let us define the functions x!(z) = V(||z||2), £%(2) = V2(||2]l2), x*(2) = V3(||z]|2). Specifi-
cally,

1 _ yA
") =L
1 T
K (2) = (I - i?)
ERREE

T

0= R @ - 1) (Fr ®7 0 0 @ )

1]]2
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It can be verified that

9 B 1
eI, =
3(,)|| — 1

It can be verified that V?¢(2) has the following form:

Vig(z) = 1"(12l) (5 (2) % + W' ([|2]l2) (2) Q) #2(2) + 1 ([12]12)5%(2) ) ' (2)
+ 0 (|l2ll2)K°(2) + R (| 2ll2)% (X)ff

Thus
h"(lzl2) , Wdlzll) _ 5
Vig(2)[|, < IR (l2]12)] + 3 + <3
[Vl R
Where we use properties of A from Lemma
The last claim follows immediately from Lemma [83[4. 0

D.5.1 Defining q

In this section, we define the function ¢ that is used in Lemma [82] Our construction is a
slight modification to the original construction in [32].

Let a, and R, be as defined in (5.7). We begin by defining auxiliary functions ¢(r), ¥(r)
and v(r), all from R* to R:

—agT(r ’ 1 f S(S
Y(r) = e ™™ U(r) ::/0 P(s)ds, vir):=1- 5 f4Rq e (% ,  (D.19)

Where 7(r) and p(r) are as defined in Lemma [86 and Lemma [87 with R = R,,.
Finally we define ¢ as

= /Orw(s)y(s)ds. (D.20)

We now state some useful properties of the distance function ¢.

Lemma 85 The function q defined in (D.20) has the following properties.

2
TagR
exp ( — 22X

1. For allr < Rq; q”(?“) + aqq’(r) cr < —W(](T)

2
_TagRq

exp
2. For all r, M'Tﬁ(](’/’) <r

2
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ex (—7‘171‘1 )
8. Forallr, ———%+ <q'(r) <1

4. Forall v, q"(r) <0 and |q"(r)] < (224F2 + 2L

5. Forallr, |¢"(r)| < 5ay + 204 (agRy* + 1) + %";H)

Proof of Lemma [85]

Proof of [1.] It can be verified that

Y (r)(=ag'(r))

W) =) (g7 (1) + agr"(r))
1 u(;)(‘lf)(r)
v (7“) == §fO4Rq M(fp)(f)(S) ds

ASS
—~
=
N~—
I

For r € [0, R,], 7/(r) = r, so that ¢/(r) = ¢ (r)(—ay,r). Thus
(

q'(r) =¢(rjv(r)

q"(r) =¢'(r)v(r) +¢(r)v/'(r)
=y (r)v(r)(—agr) + ¥ (r)v/(r)
I—%TV'( )+1/1( ) (r)
q"(r) + agrd (r) = (r)v'(r)

L p(r)o(r )
- 2 ARq p(s)¥(s)
f P(s)
1 \If(r)
T 9 (AR, p(5)¥(s)
f T(s)

Where the last equality is by definition of p(r) in Lemma [87| and the fact that r < R,.
We can upper bound

R yu(s)W(s) Rag(s) _ Jo tsds _ 16R,? ) (quf)
L s e S amy = wimy <R o (1

Where the first inequality is by Lemma the second inequality is by the fact that i (s) is
monotonically decreasing, the third inequality is by Lemma
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Thus
TagRq>
")+ ogrg (r) < — | o (4 w(r)
T AT T — = T
E =" 16R,
( 7aq7?,q2>
exp 3
< R, q(r)

Where the last inequality is by ¥(r) > q(r).
Proof of |2.| Notice first that v(r) > £ for all 7. Thus

Where the last inequality is by Lemma [36]
Proof of [3.] By definition of f, ¢'(r) = ¢(r)v(r), and

TagRq?
exp <——O‘q3 g )

5 <Y(rjv(r) <1

Where we use Lemma |86/ and the fact that v(r) € [1/2,1]
Proof of [4.] Recall that

q"(r) = ' (r)p(r) + ¢(r)v'(r)

That ¢” < 0 can immediately be verified from the definitions of ¢) and v.
Thus

" ()] <[ (r)w(r)] + [ (r)/ (r)]
<agr'(r) + [ (r)v/(r)|

From Lemma , we can upperbound 7/(r) < 5Rq In addition, W(r fo ) >ri(r), s
that

o)

o(r)
(Recall again that 1(s) is monotonically decreasing). Thus W(r)/r > r for all r. In addition,
using the fact that ¢(r) <1

(D.21)

= Arw<3)d3 <r (D.22)
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Combining the previous expressions,

1 pu(r)¥(r)
(s
P RETCLIO

() (r)] =

i _plor
BN w((sgds
< 1 4R,

N Qqu sds

Rq

Where the first inequality are by definition of u(r) and ( , and the second inequality is
by (D.21)) and the fact that pu(r) = 0 for r > 4R,,. Comblnlng with our bound on ¢/ (r)v(r)

gives the desired bound.
Proof of 5.

q¢"(r) = " (r)v(r) + 20" (r)v/'(r) + ¢ (r)v"(r)

We first bound the middle term:

[ (r)v'r)| =[o(r) (agT' (1))
<a |7 (r)| [ (r)r)]

5a,R, 4

1 R,

<bay,

IN

Where the second last line follows form Lemma [86| and our proof of
Next,

W"(r) = (r) (a7 (r)* — agm"(r))
Thus applying Lemma [86]1 and Lemma [86]3,
" (r)v(r)] <205R,* + oy
Finally,

1 d

4R s)W(s C
2f0 q #(1[;)(5)( )dS dr

V() =

p(r) W (r) /4(r)
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Expanding the numerator,

oy 2T) A Z()y(r)ag'(r)
='( )w(m + p(r) + p(r) EE
Thus
() (r) = L (W () (r) + p(r)(r) + pr)Y(r)a,r (r)

2f4Rq I s)\I/ s) ds

Using the same argument as from the proof of [f] we can bound

1 1
<
AR s U (s — R
2f0 q%ds 2f0qsds
§—12
R,

Finally, from Lemma , |/ (r)] < R, SO

2
4
|1/J<T’>V”<7’)| 7T/6+17—;5201q q /

Lemma 86 Let 7(r) : [0,00) — R be defined as

<

(2
forr <R

Y

3 ol

r—R)? r—R)3
) —73 +R(r—R)+ ( 5 " 372) , forr € [R,2R]
5R2 (r—2R)? (r—2R)3
K+ R(r—2R) — S5 + S, forr € 2R, 4R)]
2
s for r > 4R]

Then
1. 7'(r) € 0, 28], with mazima at r = 2%. 7'(r) =0 for r € {0} 4R, c0)
2. As a consequence of 1, T(r) is monotonically increasing

3. 7(r) € [-1,1]
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Proof of Lemma
We provide the derivatives of 7 below. The claims in the Lemma can then be immediately
verified.
( T, forr <R
) R+(r—R)-— (T_§)27 for r € [R,2R]
T'(r) =
r— 2
R—(r—2R)+ %, for r € [2R,4R]
L 0, for r > 4R]
(
1, forr <R
") 1-— 2(T7;R), for r € [R,2R]
T'(r) =
—1+ 528, forr € 2R, 4R]
L 0, for r > 4R]
O
Lemma 87 Let
1, forr <R
u(r) =19 3+ 5 cos (”(Z%R)» forr € [R,4R]
0, forr > 4R
Then
0, forr <R
f(r) =4 —Zsin <”(T7;R)), forr € [R,4R]
0, forr > 4R
Furthermore, 1/ (r) € [~g5, 0]

This lemma can be easily verified by algebra.

D.6 Miscellaneous

The following theorem, taken from [35], establishes a quantitative CLT.
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Theorem 15 Let X;...X,, be random vectors with mean 0, covariance 3, and || X;|| < B
almost surely for each i. Let S, = \/%7 Yor . Xi, and let Z be a Gaussian with covariance X,
then

6v/dB/Togn
Wa(s, 2) < ESLER

Corollary 88 Let X;...X,, be random vectors with mean 0, covariance ¥, and | X;|| <
almost surely for each i. let' Y be a Gaussian with covariance nY. Then

Wiy (Z X, Y) < 6Vd3+/logn.

This is simply taking the result of Theorem and scaling the inequality by y/n on both
sides.
The following lemma is taken from [19] and included here for completeness.

Lemma 89 For any ¢ > 0, > 3max {% log %, O}, the inequality

1

-1 <

. og(x) <=z
holds.

Proof
We will consider two cases:
Case 1: If ¢ > %, then the inequality

log(z) < cx

is true for all z.

Case 2: ¢ < 1.

In this case, we consider the Lambert W function, defined as the inverse of f(z) = xe®.
We will particularly pay attention to W_; which is the lower branch of W.

We can lower bound W_;(—c) using Theorem 1 from [13]:

Yu > 0, W_l(—e_“_l) >—u—vV2u—1

1 1
equivalently Ve € (0,1/e), —W_i(—c) < log (E) +14 \/2 <log (E) — 1) -1

SIORECIOR)

1
< 3log —
c
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Thus by our assumption,

then W_;(—c) is defined, so

1
T > - max {—W_;(—c), 1}

=(—cx)e” ™ > —c

=re @ <1

=log(x) < cx
The first implication is justified as follows: W= : [, 00) = (=00, —1) is monotonically
decreasing. Thus its inverse W' (y) = ye¥, defined over the domain (—oo,—1) is also
monotonically decreasing. By our assumption, —cx < —3log% < =3, thus —cx € (—o0, —1],
thus applying W~} to both sides gives us the first implication. U
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