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Abstract

We study the sample complexity of approximate policy iteration (PI) for the Linear Quadratic
Regulator (LQR), building on a recent line of work using LQR as a testbed to understand the
limits of reinforcement learning (RL) algorithms on continuous control tasks. Our analysis quan-
tifies the tension between policy improvement and policy evaluation, and suggests that policy
evaluation is the dominant factor in terms of sample complexity. Specifically, we show that to
obtain a controller that is within € of the optimal LQR controller, each step of policy evaluation
requires at most (n + d)3/e? samples, where n is the dimension of the state vector and d is
the dimension of the input vector. On the other hand, only log(1/¢) policy improvement steps
suffice, resulting in an overall sample complexity of (n + d)3e~%log(1/¢). We furthermore build
on our analysis and construct a simple adaptive procedure based on e-greedy exploration which
relies on approximate PI as a sub-routine and obtains T2/ regret, improving upon a recent
result of Abbasi-Yadkori et al. [3].

1 Introduction

With the recent successes of reinforcement learning (RL) on continuous control tasks, there has
been a renewed interest in understanding the sample complexity of RL methods. A recent line
of work has focused on the Linear Quadratic Regulator (LQR) as a testbed to understand the
behavior and trade-offs of various RL algorithms in the continuous state and action space setting.
These results can be broadly grouped into two categories: (1) the study of model-based methods
which use data to build an estimate of the transition dynamics, and (2) model-free methods which
directly estimate the optimal feedback controller from data without building a dynamics model as
an intermediate step. Much of the recent progress in LQR has focused on the model-based side,
with an analysis of robust control from Dean et al. [14] and certainty equivalence control by Fiechter
[19] and Mania et al. [28]. These techniques have also been extended to the online, adaptive setting
[1, 15, 13, 4, 31]. On the other hand, for classic model-free RL algorithms such as Q-learning,
SARSA, and approximate policy iteration (PI), our understanding is much less complete despite
the fact that these algorithms are well understood in the tabular (finite state and action space)
setting. Indeed, most of the model-free analysis for LQR [18, 26, 37| has focused exclusively on
derivative-free random search methods.

*Both authors contributed equally to this work.



In this paper, we extend our understanding of model-free algorithms for LQR by studying the
performance of approximate PI on LQR, which is a classic approximate dynamic programming algo-
rithm. Approximate PI is a model-free algorithm which iteratively uses trajectory data to estimate
the state-value function associated to the current policy (via e.g. temporal difference learning), and
then uses this estimate to greedily improve the policy. A key issue in analyzing approximate PI is
to understand the trade-off between the number of policy improvement iterations, and the amount
of data to collect for each policy evaluation phase. Our analysis quantifies this trade-off, showing
that if least-squares temporal difference learning (LSTD-Q) [11, 22| is used for policy evaluation,
then a trajectory of length O((n + d)3/e?) for each inner step of policy evaluation combined with
O(log(1/¢)) outer steps of policy improvement suffices to learn a controller that has e-error from
the optimal controller. This yields an overall sample complexity of O((n + d)3e~2log(1/¢)). Prior
to our work, the only known guarantee for approximate PI on LQR was the asymptotic consistency
result of Bradtke [12] in the setting of no process noise.

We also extend our analysis of approximate PI to the online, adaptive LQR setting popularized
by Abbasi-Yadkori and Szepesvari [1]. By using a greedy exploration scheme similar to Dean
et al. [15] and Mania et al. [28], we prove a O(T?/3) regret bound for a simple adaptive policy
improvement algorithm. While the T%/3 rate is sub-optimal compared to the T2 regret from
model-based methods [1, 13, 28], our analysis improves the O(T%/3+¢) regret (for T > C'/%) from
the model-free Follow the Leader (FTL) algorithm of Abbasi-Yadkori et al. [3]. To the best of our
knowledge, we give the best regret guarantee known for a model-free algorithm. We leave open the
question of whether or not a model-free algorithm can achieve optimal T/2 regret.

2 Main Results
In this paper, we consider the following linear dynamical system:
Tip1 = Az + Bug +wy, we ~ N(0,021), 20~ N(0,%0). (2.1)

We let n denote the dimension of the state x; and d denote the dimension of the input u;. For
simplicity we assume that d < n, e.g. the system is under-actuated. We fix two positive definite cost
matrices (S, R), and consider the infinite horizon average-cost Linear Quadratic Regulator (LQR):

T
1
Jy: = min lim E | = 2y Sz +ul Ruy| subject to (2.1) . 2.2
(uy()} Toroo th:; t t t t J ( ) ( )

We assume the dynamics matrices (A, B) are unknown to us, and our method of interaction with
(2.1) is to choose an input sequence {u;} and observe the resulting states {x}.

We study the solution to (2.2) using least-squares policy iteration (LSPI), a well-known approx-
imate dynamic programming method in RL introduced by Lagoudakis and Parr [22]. The study of
approximate PI on LQR dates back to the Ph.D. thesis of Bradtke [12]|, where he showed that for
noiseless LQR (when w; = 0 for all ¢), the approximate PI algorithm is asymptotically consistent.
In this paper we expand on this result and quantify non-asymptotic rates for approximate PI on
LQR.

Notation. For a positive scalar z > 0, we let x; = max{1,z}. A square matrix L is called stable
if p(L) < 1 where p(-) denotes the spectral radius of L. For a symmetric matrix M € R™*", we



let dlyap(L, M) denote the unique solution to the discrete Lyapunov equation P = LTPL + M.
We also let svec(M) € R™"+1)/2 denote the vectorized version of the upper triangular part of
M so that [|[M||% = (svec(M),svec(M)). Finally, smat(-) denotes the inverse of svec(-), so that
smat(svec(M)) = M.

2.1 Least-Squares Temporal Difference Learning (LSTD-Q)

The first component towards an understanding of approximate PI is to understand least-squares
temporal difference learning (LSTD-Q) for Q-functions, which is the fundamental building block of
LSPI. Given a policy Ky, which stabilizes (A, B), the goal of LSTD-Q is to estimate the parameters
of the Q-function associated to Keya. Bellman’s equation for infinite-horizon average cost MDPs
(c.f. Bertsekas |7]) states that the (relative) Q-function associated to a policy 7 satisfies the following
fixed-point equation:

A+ Q(I, u) = C(l‘, u) + Ez’wp(-|:p,u) [Q(‘r/’ W(‘T/))] . (23)

Here, A € R is a free parameter chosen so that the fixed-point equation holds. LSTD-Q operates
under the linear architecture assumption, which states that the @Q-function can be described as
Q(z,u) = q"¢(x,u), for a known (possibly non-linear) feature map ¢(x,u). It is well known that
LQR satisfies the linear architecture assumption, since we have:

Q(x,u) = svec(Q) Tsvec <m [ﬂT) , Q= [g g} + L;q V[A B],

T

V =dlyap(A + BKeval, S + K;,alRKeval) , A= <Q’UZ; [KI } [KI } > )
eval eval
Here, we slightly abuse notation and let () denote the Q-function and also the matrix parameterizing
the Q-function. Now suppose that a trajectory {(w,us, z¢41)}l, is collected. Note that LSTD-
Q is an off-policy method (unlike the closely related LSTD estimator for value functions), and
therefore the inputs u; can come from any sequence that provides sufficient excitation for learning.
In particular, it does not have to come from the policy Kaya. In this paper, we will consider inputs
of the form:

Ut = Kplayxt + Nty M~ N(Oa 0727[) ) (24)

where Kay is a stabilizing controller for (A, B). Once again we emphasize that Kplay 7# Keval in
general. The injected noise 7; is needed in order to provide sufficient excitation for learning. In
order to describe the LSTD-Q estimator, we define the following quantities which play a key role
throughout the paper:

¢t = ¢(l’t7ut) , Yy = ¢($t,Keva133t) s

I 11"

2 T T
:=svec | o , ¢ =x; Sxy +u, Ruy .
f ( v |:Keva1:| |:Keval:| ) ‘ ¢ ! t ¢

The LSTD-Q estimator estimates ¢ via:

T tor
q:= (Z dr(dr — er1 + f)T> > et . (2.5)
t=1 t=1



Here, ()T denotes the Moore-Penrose pseudo-inverse. Our first result establishes a non-asymptotic
bound on the quality of the estimator ¢, measured in terms of ||g — ¢||. Before we state our result,
we introduce a key definition that we will use extensively.

Definition 1. Let L be a square matriz. Let 7 > 1 and p € (0,1). We say that L is (7, p)-stable if
|LF| < 7pF, k=0,1,2,....

While stability of a matrix is an asymptotic notion, Definition 1 quantifies the degree of stability
by characterizing the transient response of the powers of a matrix by the parameter 7. It is closely
related to the notion of strong stability from Cohen et al. [13].

With Definition 1 in place, we state our first result for LSTD-Q.

Theorem 2.1. Fiz a é§ € (0,1). Let policies Kplay and Keva stabilize (A, B), and assume that both
A+ BKpjay and A+ BKeya are (7, p)-stable. Let the initial state xo ~ N (0,%X0) and consider the
inputs uy = Kplayws + 1 with g ~ N(0, O'%I). For simplicity, assume that o, < 0y,. Let P, denote
the steady-state covariance of the trajectory {x;}:

Py =dlyap((A + BK )", 001 + 02BBT) . (2.6)
Define the prozy variance > by:
72 = 72| ol + || Posl| + o3| BI* - (2.7)
Suppose that T satisfies:
~ 74 (n+d)* ,_
72 01 max {0+ 0%~ D 2 By | K AT+ 1B - (28)
p ( - P ) Oy
Then we have with probability at least 1 — 9,
. ~ 72 (n+d) _
lg—ql <0OQ) 7w || Kptay | 4[| EKeval 13- (1 AI* + | BI*)+ Q|| - (2.9)

(=) o2VT
Here the O(1) hides polylog(n, T, || Zoll, | Psoll, | Kplayll, T/6,1/0y) factors.
Theorem 2.1 states that:

TS@(M+@{10H%P>

4 2
077 9

timesteps are sufficient to achieve error ||g — ¢|| < & w.h.p. Several remarks are in order. First,
while the (n + d)* burn-in is likely sub-optimal, the (n + d)3/c? dependence is sharp as shown
by the asymptotic results of Tu and Recht [37]. Second, the l/af; dependence on the injected
excitation noise will be important when we study the online, adaptive setting in Section 2.3. We
leave improving the polynomial dependence of the burn-in period to future work.

The proof of Theorem 2.1 appears in Section A and rests on top of several recent advances.
First, we build off the work of Abbasi-Yadkori et al. [3] to derive a new basic inequality for LSTD-Q
which serves as a starting point for the analysis. Next, we combine the small-ball techniques of
Simchowitz et al. [35] with the self-normalized martingale inequalities of Abbasi-Yadkori et al. [2].
While an analysis of LSTD-Q is presented in Abbasi-Yadkori et al. [3] (which builds on the analysis
for LSTD from Tu and Recht [36]), a direct application of their result yields a 1/ ag dependence;
the use of self-normalized inequalities is necessary in order to reduce this dependence to 1/ 0';47.
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2.2 Least-Squares Policy Iteration (LSPI)

With Theorem 2.1 in place, we are ready to present the main results for LSPI. We describe two
versions of LSPI in Algorithm 1 and Algorithm 2.

Algorithm 1 LSPIvl for LQR Algorithm 2 LSPIv2 for LQR

Input: Kj: initial stabilizing controller, Input: Kj: initial stabilizing controller,
N: number of policy iterations, N: number of policy iterations,
T: length of rollout, T: length of rollout,
0727: exploration variance, ng exploration variance,

w: lower eigenvalue bound. w: lower eigenvalue bound.
1: Collect D = {(@g,uk, Tp+1)}i_, with in- 1: for t =0,..,N — 1 do

put ug = Koxg + n, mx ~ N (0, 072,]). 2: Collect Dy = {(m,(:),u,(f), ”31(31) le,
blori=0 N ddo o) K0+l ~ X0, 021
: t = Froj,(t A 3 Q= Proj,(LSTDQ(D, Ky)).
4: Kt+1 = G(Qt) [See (210)] 4 K . G(@ )
5. end for ' 1 b
6: return K 5 end for
i N 6: return Ky.
In Algorithms 1 and 2, Proj,(-) = argminy_xt.x», /| X — [[F is the Euclidean projection

onto the set of symmetric matrices lower bounded by p - I. Furthermore, the map G(-) takes an
(n+d) x (n+ d) positive definite matrix and returns a d X n matrix:

a([gi g;;]) — QL. (2.10)

Algorithm 1 corresponds to the version presented in Lagoudakis and Parr [22], where all the data
D is collected up front and is re-used in every iteration of LSTD-Q. Algorithm 2 is the one we will
analyze in this paper, where new data is collected for every iteration of LSTD-Q. The modification
made in Algorithm 2 simplifies the analysis by allowing the controller K; to be independent of
the data Dy in LSTD-Q. We remark that this does not require the system to be reset after every
iteration of LSTD-Q. We leave analyzing Algorithm 1 to future work.

Before we state our main finite-sample guarantee for Algorithm 2, we review the notion of
a (relative) value-function. Similarly to (relative) @Q-functions, the infinite horizon average-cost
Bellman equation states that the (relative) value function V' associated to a policy 7 satisfies the
fixed-point equation:

A+ V(@) = c(z, 7(2)) + By fam(ay) [V (@)] - (2.11)
For a stabilizing policy K, it is well known that for LQR the value function V(z) = 2"V with
V =dlyap(A + BK,S+ K'RK), A= (621, V).

Once again as we did for @-functions, we slightly abuse notation and let V' denote the value function
and the matrix that parameterizes the value function. Our main result for Algorithm 2 appears in
the following theorem. For simplicity, we will assume that ||S]| > 1 and ||R| > 1.



Theorem 2.2. Fiz a § € (0,1). Let the initial policy Ko input to Algorithm 2 stabilize (A, B).
Suppose the initial state zo ~ N(0,30) and that the excitation noise satisfies oy < 0,,. Recall that
the steady-state covariance of the trajectory {x¢} is

Py =dlyap((A+ BKo)",051 + 02BB").

Let Vi denote the value function associated to the initial policy Kq, and V, denote the value function
associated to the optimal policy K, for the LQR problem (2.2). Define the variables pu, L as:

w:=min{ Apmin (5), Amin(R) } ,
L := max{[|S|, || R][} + 2(I|A|]* + | BII* + 1)[| Vol + -

Fix an € > 0 that satisfies:

L 2 21 min\ Vx * §
5 (LY i fo, 280 ) I Lo en
f e 8% 1og ([IVoll / Amin (Vi)
Suppose we run Algorithm 2 for N := Ng + 1 policy improvement iterations where
21 Amin
Ny := {(1 + L/p)log ( og(Hvng/ (V*))>-‘ , (2.13)

and we set the rollout length T to satisfy:
T > O(1) max {(n +d)?,

L2 INY (n+ d)*
( ) O E D% 2 (150 + [Pooll + 021BI2),

(1—pu/L2 \p oy

1L I\*? (n+d)?® ,

S 5 |~ by P, 21B|1?) b . 2.14
2 (1= /L) (u) o1 o (X0l + || Pool + o3, || B )} (2.14)

Then with probability 1 — 0, we have that each policy K; for t = 1,...,N stabilizes (A, B) and
furthermore:

|Kny — Kyl <e.
Here the O(1) hides polylog(n, 7, |Zoll, || Psoll, L/, T/, No, 1/oy) factors.

Theorem 2.2 states roughly that T - N < 6((”?7;1)310g(1/e)) samples are sufficient for LSPI
to recover a controller K that is within € of the optimal K. That is, only log(1/e) iterations of
policy improvement are necessary, and furthermore more iterations of policy improvement do not
necessary help due to the inherent statistical noise of estimating the ()-function for every policy Kj.
We note that the polynomial factor in L/u is by no means optimal and was deliberately made quite
conservative in order to simplify the presentation of the bound. A sharper bound can be recovered
from our analysis techniques at the expense of a less concise expression.

It is worth taking a moment to compare Theorem 2.2 to classical results in the RL literature
regarding approximate policy iteration. For example, a well known result (c.f. Theorem 7.1 of

Lagoudakis and Parr [22]) states that if LSTD-Q is able to return Q-function estimates with error



L+ bounded by € at every iteration, then letting @t denote the approximate @Q-function at the t-th
iteration of LSPI:
tim sup |Q; — Qulloo € 2
t—r00 (1-17)
Here, ~ is the discount factor of the MDP. Theorem 2.2 is qualitatively similar to this result in
that we show roughly that € error in the Q-function estimate translates to ¢ error in the estimated
policy. However, there are several fundamental differences. First, our analysis does not rely on
discounting to show contraction of the Bellman operator. Instead, we use the (7, p)-stability of
closed loop system to achieve this effect. Second, our analysis does not rely on L, bounds on the
estimated @-function, which are generally not possible to achieve with LQR since the @Q-function is
a quadratic function and the states and inputs are not uniformly bounded. And finally, our analysis
is non-asymptotic.

The proof of Theorem 2.2 is given in Section B, and combines the estimation guarantee of
Theorem 2.1 with a new analysis of policy iteration for LQR, which we believe is of independent
interest. Our new policy iteration analysis combines the work of Bertsekas [8] on policy iteration in
infinite horizon average cost MDPs with the contraction theory of Lee and Lim [24] for non-linear
matrix equations.

2.3 LSPI for Adaptive LQR

We now turn our attention to the online, adaptive LQR problem as studied in Abbasi-Yadkori and
Szepesvari [1]. In the adaptive LQR problem, the quantity of interest is the regret, defined as:

T
Regret(T) := Z xSz +ul Ruy — T - Jy . (2.15)
t=1

Here, the algorithm is penalized for the cost incurred from learning the optimal policy K, and
must balance exploration (to better learn the optimal policy) versus exploitation (to reduce cost).
As mentioned previously, there are several known algorithms which achieve 5(\/T ) regret |1, 4, 31,
13, 28|. However, these algorithms operate in a model-based manner, using the collected data to
build a confidence interval around the true dynamics (A, B). On the other hand, the performance of
adaptive algorithms which are model-free is less well understood. We use the results of the previous
section to give an adaptive model-free algorithm for LQR which achieves 5(T2/ 3) regret, which
improves upon the 5(T2/ 3+¢) regret (for T' > C1/¢) achieved by the adaptive model-free algorithm
of Abbasi-Yadkori et al. [3]. Our adaptive algorithm based on LSPI is shown in Algorithm 3.

Using an analysis technique similar to that in Dean et al. [15], we prove the following O(T2/3)
regret bound for Algorithm 3.

Theorem 2.3. Fiz a 6 € (0,1). Let the initial feedback K©) stabilize (A, B) and let V©) denote
its associated value function. Also let K, denote the optimal LQR controller and let V, denote
the optimal value function. Let Ty = 1+ max{[|Al, | B, [V, [[Vill, [ KO, [ Kl Q1] [ BII}-
Suppose that Ty 1S set to:

Tmult 2 5(1)p01y(F*7 n7 d7 1/Amlﬂ(s)) N



Algorithm 3 Online Adaptive Model-free LQR Algorithm

Input: Initial stabilizing controller K ©), number of epochs E, epoch multiplier Ty, lower eigen-
value bound pu.
1: fori=0,...,F—1do
2: Set T; = Tmuthi.

3 Setol;=od (%) -
4: Set K(+1) = LSPV2(Ko=K®, N=0((i + OTy/p), T=Ti,00=0 ).
5. end for

and suppose i is set to p = min{Apmin(S), Amin(R)}. With probability at least 1 — &, we have that
the regret of Algorithm 3 satisfies:

Regret(T) < O(1)poly(Ty, n, d, 1/Amin(S)) T3 .

The proof of Theorem 2.3 appears in Section C. We note that the regret scaling as T2/3 in
Theorem 2.3 is due to the 1/0} dependence from LSTD-Q (c.f. (2.9)). As mentioned previously,
the existing LSTD-Q analysis from Abbasi-Yadkori et al. [3] yields a 1/ O',,87 dependence in LSTD-Q;

using this 1/ a,% dependence in the analysis of Algorithm 3 would translate into 7%/° regret.

3 Related Work

For model-based methods, in the offline setting Fiechter [19] provided the first PAC-learning bound
for infinite horizon discounted LQR using certainty equivalence (nominal) control. Later, Dean
et al. [14] use tools from robust control to analyze a robust synthesis method for infinite horizon
average cost LQR, which is applicable in regimes of moderate uncertainty when nominal control
fails. Mania et al. [28] show that certainty equivalence control actually provides a fast O(g?) rate of
sub-optimality where € is the size of the parameter error, unlike the O(g) sub-optimality guarantee
of [19, 14]. For the online adaptive setting, [1, 20, 4, 28, 13| give 6(\/?) regret algorithms. A
key component of model-based algorithms is being able to quantify a confidence interval for the
parameter estimate, for which several recent works [35, 16, 33| provide non-asymptotic results.

Turning to model-free methods, Tu and Recht [36] study the behavior of least-squares temporal
difference (LSTD) for learning the discounted value function associated to a stabilizing policy. They
evaluate the LSPI algorithm studied in this paper empirically, but do not provide any analysis.
In terms of policy optimization, most of the work has focused on derivative-free random search
methods [18, 26]. Tu and Recht [37] study a special family of LQR instances and characterize
the asymptotic behavior of both model-based certainty equivalent control versus policy gradients
(REINFORCE), showing that policy gradients has polynomially worse sample complexity. Most
related to our work is Abbasi-Yadkori et al. [3], who analyze a model-free algorithm for adaptive
LQR based on ideas from online convex optimization. LSTD-Q is a sub-routine of their algorithm,
and their analysis incurs a sub-optimal 1/ 0?, dependence on the injected exploration noise, which
we improve to 1/ 0;47 using self-normalized martingale inequalities [2]. This improvement allows us
to use a simple greedy exploration strategy to obtain 723 regret. Finally, as mentioned earlier, the
Ph.D. thesis of Bradtke [12] presents an asymptotic consistency argument for approximate PI for
discounted LQR in the noiseless setting (i.e. w; = 0 for all t).



For the general function approximation setting in RL, Antos et al. [6] and Lazaric et al. [23]
analyze variants of LSPI for discounted MDPs where the state space is compact and the action
space finite. In Lazaric et al. [23], the policy is greedily updated via an update operator that
requires access to the underlying dynamics (and is therefore not implementable). Farahmand et al.
[17] extend the results of Lazaric et al. [23] to when the function spaces considered are reproducing
kernel Hilbert spaces. Zou et al. [39] give a finite-time analysis of both Q-learning and SARSA,
combining the asymptotic analysis of Melo et al. [29] with the finite-time analysis of TD-learning
from Bhandari et al. [9]. We note that checking the required assumptions to apply the results of
Zou et al. [39] is non-trivial (c.f. Section 3.1, [29]). We are un-aware of any non-asymptotic analysis
of LSPI in the average cost setting, which is more difficult as the Bellman operator is no longer a
contraction.

Finally, we remark that our LSPI analysis relies on understanding exact policy iteration for
LQR, which is closely related to the fixed-point Riccati recurrence (value iteration). An elegant
analysis for value iteration is given by Lincoln and Rantzer [25]. Recently, Fazel et al. [18] show
that exact policy iteration is a special case of Gauss-Newton and prove linear convergence results.
Our analysis, on the other hand, is based on combining the fixed-point theory from Lee and Lim
[24] with recent work on policy iteration for average cost problems from Bertsekas [8].

4 Experiments

In this section, we evaluate LSPI in both the non-adaptive offline setting (Section 2.2) as well as the
adaptive online setting (Section 2.3). Section G contains more details about both the algorithms
we compare to as well as our experimental methodology.

We first look at the performance of LSPI in the non-adaptive, offline setting. Here, we compare
LSPI to other popular model-free methods, and the model-based certainty equivalence (nominal)
controller (c.f. [28]). For model-free, we look at policy gradients (REINFORCE) (c.f. [38]) and
derivative-free optimization (c.f. [27, 26, 30]). We consider the LQR instance (A, B, S, R) with

0.95 0.01 0 1 0.1
A= 1001 095 001| , B=10 01|, S=13, R=1,.
0 001 095 0 0.1

We choose an LQR problem where the A matrix is stable, since the model-free methods we consider
need to be seeded with an initial stabilizing controller; using a stable A allows us to start at
Ky = 02x3. We fix the process noise o,, = 1. The model-based nominal method learns (A, B) using
least-squares, exciting the system with Gaussian inputs u; with variance o, = 1.

For policy gradients and derivative-free optimization, we use the projected stochastic gradient
descent (SGD) method with a constant step size p as the optimization procedure. For policy
iteration, we evaluate both LSPIvl (Algorithm 1) and LSPIv2 (Algorithm 2). For every iteration of
LSTD-Q, we project the resulting @-function parameter matrix onto the set {Q : Q = ~I} with
v = min{Amin(S), Amin(R)}. For LSPIvl, we choose N = 15 by picking the N € [5,10,15] which
results in the best performance after 7' = 10° timesteps. For LSPIV2, we set (N,T) = (3,333333)
which yields the lowest cost over the grid N € [1,2,3,4,5,6,7] and T such that NT = 106.

Figure 1 contains the results of our non-adaptive evaluation. In Figure 1, we plot the relative
error (J(K) — J,)/J, versus the number of timesteps. We sce that the model-based certainty equiv-
alence (nominal) method is more sample efficient than the other model-free methods considered.
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Figure 1: Plot of non-adaptive performance. The shaded regions represent the lower 10th and upper 90th
percentile over 100 trials, and the solid line represents the median performance. Here, PG (simple) is policy
gradients with the simple baseline, PG (vf) is policy gradients with the value function baseline, LSPIv2 is
Algorithm 2, LSPIv1 is Algorithm 1, and DFO is derivative-free optimization.

We also see that the value function baseline is able to dramatically reduce the variance of the policy
gradient estimator compared to the simple baseline. The DFO method performs the best out of all
the model-free methods considered on this example after 10° timesteps, although the performance
of policy iteration is comparable.

Next, we compare the performance of LSPI in the adaptive setting. We compare LSPI against the
model-free linear quadratic control (MFLQ) algorithm of Abbasi-Yadkori et al. [3], the certainty
equivalence (nominal) controller (c.f. [15]), and the optimal controller. We set the process noise
ow = 1, and consider the example of Dean et al. [14]:

1.01 0.01 0
A= 1001 1.01 00l|, B=1I;3, S=10-I3, R=1I5.
0 0.01 1.01

Figure 2 shows the results of these experiments. In Figure 2a, we plot the regret (c.f. Equa-
tion 2.15) versus the number of timesteps. We see that LSPI and MFLQ both perform similarly
with MFLQ slightly outperforming LSPI. We also note that the model-based nominal controller
performs significantly better than both LSPI and MFLQ, which is consistent with the experiments
of Abbasi-Yadkori et al. [3]. In Figure 2b, we plot the relative cost (J (K) — J,)/J, versus the
number of timesteps. This quantity represents the sub-optimality incurred if further exploration
ceases and the current controller is played indefinitely. Here, we see again that LSPI and MFLQ
are both comparable, but both are outperformed by nominal control.

10



(a) Regret Comparison (b) Cost Comparison

17500 1 — optimal
nominal \
15000 1 —— Lspr
—— MFLQ
12500 o
PP g 1072 4
_. 10000 - =
B =
&l <]
27500 A E]
5000 8 10-3 4
2500 nominal
LSPI
[ I e e e e - s e L N —— MFLQ
0 2000 4000 6000 8000 10000 0 2000 4000 6000 8000 10000
timesteps timesteps

Figure 2: Plot of adaptive performance. The shaded regions represent the median to upper 90th percentile
over 100 trials. Here, LSPI is Algorithm 3 using LSPIvl, MFLQ is from Abbasi-Yadkori et al. [3], nominal is
the e-greedy adaptive certainty equivalent controller (c.f. [15]), and optimal has access to the true dynamics.
(a) Plot of regret versus time. (b) Plot of the cost sub-optimality versus time.

5 Conclusion

We studied the sample complexity of approximate PI on LQR, showing that order (n-+d)3c~2log(1/¢)
samples are sufficient to estimate a controller that is within € of the optimal. We also show how to
turn this offline method into an adaptive LQR method with 72/3 regret. Several questions remain
open with our work. The first is if policy iteration is able to achieve TV/2 regret, which is possible
with other model-based methods. The second is whether or not model-free methods provide advan-
tages in situations of partial observability for LQ control. Finally, an asymptotic analysis of LSPI,
in the spirit of Tu and Recht [37], is of interest in order to clarify which parts of our analysis are
sub-optimal due to the techniques we use versus are inherent in the algorithm.
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A Analysis for LSTD-Q

We fix a trajectory {(z¢, us, v441)}l.q. Recall that we are interested in finding the @ function for a
given policy Keval, and we have defined the vectors:

b = d(xe, ue) , Ve = o(xy, KevalTt)

I 11"

2 T T
=svec | o , ¢ = x; Sy + uy Ruy .
f ( v |:Keval:| |:Keval:| ) ! ¢ ! ¢ !

Also recall that the input sequence u; being played is given by u; = Kplay@i+n¢, with 1, ~ N(0, O'%I ).
Both policies Keyal and Kplay are assumed to stabilize (A, B). Because of stability, we have that P
converges to a limit Po, = dlyap((A + BKplay) T, 021 + U%BBT), where P; is:

t—1
Pri= " (A+ BKpiay)* (021 + 0y BBT) (A + BKyray) )"
k=0

The covariance of x; for t > 1 is:
Cov(zy) = Xy := Py + (A + BKplay) ' So((A + BEpiay) ") .
We define the following data matrices:
ol - ] e
: , Uy = : , c=(c1,.yer), F= :
~43- ~F - i

With this notation, the LSTD-Q estimator is:

@:

1_
= (@T(cp 0+ F)) o7,
Next, let = be the matrix:

_E[¢($2a KevaISUQ) |551a Ul]T_

(11
I

~E[p(z741, Kevarzrs1) |27, ur] T —

For what follows, we let the notation ®4 denote the symmetric Kronecker product. See Schécke [34]
for more details. The following lemma gives us a starting point for analysis. It is based on Lemma
4.1 of Abbasi-Yadkori et al. [3]. Recall that ¢ = svec(Q) and @ is the matrix which parameterizes
the Q-function for Keya.

I

Lemma A.1 (Lemma 4.1, [3]). Let L := [
Keval

and that

] [A B]. Suppose that ® has full column rank,

[(@Te)"2eT(Z - v, )|
Umin(q))amin(l — L ® L)

<1/2.

Then we have:
[(@T®)~/20T (2 — W, )q]

q— <2 .
Hq qH - o'min(q))o'min(l — L ®s L)
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Proof. By the Bellman equation (2.3), we have the identity:
Pg=c+(E—-F)q
By the definition of ¢, we have the identity:
g = Py(c+ (V4 — F)q),

where Py = ®(®T®)7'®T is the orthogonal projector onto the columns of ®. Combining these two
identities gives us:

Pp(®—E+F)(qg—q) = Po(E— V)7

T
+ 02 I I
YK eval K eval

Next, the i-th row of & — =+ F' is:
T T
ZT; xT; I ~~T I :|
svec —-E TT
<|:Uz:| |:uz:| |:Keva1:| |:Keval
xT; xX; T xT; xX; T
<o ([ [ [T )

Li, Uj

Therefore, ® — =+ F = ®(I — L ®4 L)". Combining with the above identity:
(I - L®s L) (¢—7) = Po(E—T)7.
Because ® has full column rank, this identity implies that:
(I—L®,L)T(g—a) = (®7®) 1T (Z— 0,)7.
Using the inequalities:
I(I = L&s L) (¢ = @)l > omin((I = L®s L))lg — 7l ,
__l(@Te) ' *eT(=E— vy )g| _ |I(@T®)"2eT(E ~ ¥, )|

((I)T(I))*l(I)T(E N le+)q - )\min(((I)T‘I))_l/z) O'min((I)) |

we obtain:

[(@T®)" /20T (2 - v, )q]|
O'min(q))o'min(] — L ®; L)

lg =gl <

Next, let A = ¢ — ¢. By triangle inequality:

[(@T®)"2eTE - v |A] | [[(@Te)"2eT(E - ¥, )|
Umin((I))Umin(I — L ®s L) O'min(q))amin(l — L ® L) ’

IA] <

The claim now follows. O

In order to apply Lemma A.1, we first bound the minimum singular value o, (®). We do this
using the small-ball argument of Simchowitz et al. [35].
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Definition 2 (Definition 2.1, [35]). Let {Z:} be a real-valued stochastic process that is adapted to
{Fi}. The process {Z;} satisfies the (k,v,p) block martingale small-ball (BMSB) condition if for
any j > 0 we have that:

k
SOP(1Zi4] > v|F) > p s
=1

| =

With the block martingale small-ball definition in place, we now show that the process (¢, y)
satisfies this condition for any fixed unit vector y.

Proposition A.2. Given an arbitrary vector y € S"T9=1, define the process Zy = (¢y,y), the

I O lowl O .
Koty I] [ 0 0,7[]' Then (Zy)i>1 satisfies
the (1,02, (C),1/324) block martingale small-ball (BMSB) condition from Definition 2. That is,
almost surely, we have:

filtration Fy := o ({u;, wi—1}_y), and matriz C' = [

B(|Zes1| = 020, (C)|F0) > 1/324.

Proof. Let Y := smat(y) and p; := Axy + Bus. We have that:

|: t 1:| [ Y] |: y :| [ . :|
Ut+1 lcpla ! lfpla 1 t+1 .
Therefore:

o ] ¥

Ut+1 Ut+1

“( s ) (i) i, L))
Kplay it Kplay I] |ne41 Kplay e Kplay I |ne41 ’

which is clearly a Gaussian polynomial of degree 2 given F;. Hence by Gaussian hyper-contractivity
results (see e.g. [10]), we have that almost surely:

E[| Z1 |4 F) < S1E[| Zyy1 [P 7).

Hence we can invoke the Paley-Zygmund inequality to conclude that for any 6 € (0,1), almost
surely we have:

E[|Zt+1|2|~; t]Q (1 - 9)2
P(|Z > /OE[|Zy1112| F|F) > (1 —6)? > :
(\ t+1| = H t+1| | t” t) = ( ) E[|Zt+1’4|ft] 81

We now state an useful proposition.

Proposition A.3. Let u,C,Y be fized and g ~ N(0,I). We have that:
E[((1+Cg)TY (n+ Cg))*] > 2|CTY O} .

Proof. Let Z := (u+Cg)TY (u+Cg). We know that E[Z?] > E[(Z —E[Z])?]. A quick computation
yields that E[Z] = u"Y u + tr(CTYC). Hence

Z-E[Z]=¢"CTYCg—tr(CTYC)+2u"YCy.
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Therefore,
E[(Z - E[Z])?] > El(g"CTYCg — tx(CTY C))?] = 2| CTY %
O
Invoking Proposition A.3 and using basic properties of the Kronecker product, we have that:
E[Z} 0| F] 2 2|CTY O} = 2/(CT @ CT)y|* 2 200, (CT © CT) = 207,(C) -
The claim now follows by setting 6 = 1/2. O

With the BMSB bound in place, we can now utilize Proposition 2.5 of Simchowitz et al. [35] to
obtain the following lower bound on the minimum singular value oy, (P).

Proposition A.4. Fiz § € (0,1). Suppose that o, < 0y, and that T' exceeds:

20736/3 (1 + || Kpay |1*)*(720%n| [ Zo| +tr(P°°))> +log(2/5)> :

T > 3242 d)?log | 1
>3 8<(n+) og<+ 7 52

(A.2)

Suppose also that A+ BKpay is (T, p)-stable. Then we have with probability at least 1 — 6,

o2 1
Omin(P®) > 1 \/T
min (%) 2 1296v/8 1 + || Kplay |2

We also have with probability at least 1 — 6,

127
leT || < — 1+ 1K ptay )2 (7% 0% 0| S]] + tr(Px))? .

Proof. We first compute a crude upper bound on [|®| using Markov’s inequality:

EAnax (®T®)]

tr(E[®T®])
2 '

B(|o]? > ) = 2

<

Now we upper bound E[||¢¢||?]. Letting z; = (z¢, u¢), we have that E[||é¢||?] = E[||z¢]|*] < 3(E[|2¢/|?])%.
We now bound E[[|z[|?] < (1 4 [|[Kplay||?) tr(3¢) + 07d, and therefore:
Ef¢e?] < V3((1 + | Kptay[|?) tr(Ze) + o)
< VB((L+ [ Kplay %) (7 01l [Sol| + tr(Pec)) + 07d)
< 2V3(1 + | Eptay 1) (72 p*nl| o | + tr(Px)) -

Above, the last inequality holds because O’%d < 02n < tr(Py). Therefore, we have from Markov’s
inequality:

I3 <H<I>H > \\/g%/g(l + | Kptay %) (72 p*nlSo | + tr(Poo))> <9.
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Fix an ¢ > 0, and let A'(¢) denote an e-net of the unit sphere S(+d)(n+d+1)/2=1  Next, by Propo-
sition 2.5 of Simchowitz et al. [35] and a union bound over N (e):

o2 ((j) 2 __T
P Gol| > Tmin' =) /) > 1 (1 4 2/6)n+ D% o s
(min o] 2 T2 VT 2 1 (14 2y

Now set

_ \/S 012111n(c)
5184v/3 (1 + [ Kpiay[I*) (20?20 + tr(Pec)) *

and observe that as long as T exceeds:

1 Kay27'22n2 r(Pso
T23M;80n+@%%<y+w%?@<+nplngéiglﬂ+t< ”>+mawa>,

we have that P <m1nveN | v > Tain(©)

YN \/T) >1— /2. To conclude, observe that:

Omin(®) = inf [|[Pv]| > min ||‘I”UH |®lle ,
[[v]|l=1 veEN (e
and union bound over the two events. To conclude the proof, note that Lemma F.6 in Dean et al.

[15] yields that o2, (C) > 7 ik since oy, < 0. O

( Inp__ 1
min 2 1+||Kpla

We now turn our attention to upper bounding the self-normalized martingale terms:
I(@T®) '@ (E~ ¥y)| and [(2T@)'®T(E~ Ty )q] .
Our main tool here will be the self-normalized tail bounds of Abbasi-Yadkori et al. [2].

Lemma A.5 (Corollary 1, [2]). Let {F;} be a filtration. Let {x;} be a R% process that is adapted
to {F:} and let {w} be a R®™ martingale difference sequence that is adapted to {Fi}. Let V be a
fized positive definite dy x dy matriz and define:

t t

% T T

V},:V—i—g TsTg s Stzg TsWgyq -
s=1 s=1

(a) Suppose for any fived unit h € R% we have that (wy, h) is conditionally R-sub-Gaussian, that
18!
A2R2

VAeR,t>1, E[eMurth|F] <e 2

We have that with probability at least 1 — 6, for all t > 1,

_ 77 \1/2 —1/2
1V, 1/28,)|? < 8R? <d210g5+log (det(vt) det(V) )) .

4]
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(b) Now suppose that § satisfies the condition:

T+1

> P(|ws| > R) <35

s=2

Then with probability at least 1 —8 — 6, for all1 <t < T,

det(V;)1/2 det(V)1/2>)
; .

H‘Zt_l/QStHQ < 32R? (dQ log 5 + log <

Proof. Fix a unit h € R%. By Corollary 1 of Abbasi-Yadkori et al. [2], we have with probability at
least 1 — 4,

— det(V;)1/2 det(V)~1/2
v, 1/257sh||2§21%210g< et(Ve) 56 W) ) 1<t<T.

A standard covering argument yields that:

IV, 28,2 <4 max ||V, 28,h2 .
heN(1/2)

Union bounding over N (1/2), we obtain that:

”‘_/t_l/QStH2 < 8R?log <5d2 det(V7)!/? det(V)—1/2>

J

7\1/2 —1/2
= 8R? <d2 log 5 + log (det(Vt) ;iet(V) >> .

This yields (a).
For (b), we use a simple stopping time argument to handle truncation. Define the stopping time
= inf{t > 1 : ||w|| > R} and the truncated process w; := w;1,;>;. Because 7 is a stopping time,
this truncated process {w;} remains a martingale difference sequence. Define Z; = Zt 1 TsW 5T+1
For any ¢ > 0 we observe that:

PEL<t<T: |V, 28, > 0)
<P{31<t<T: |V, 28| > 3 n{r>T+1}) +P(r <T+1)
=P <t<T: |V,2Z) >0n{r>T+1)+P(r <T+1)

<PEt>1: ||V, P2 > )+ P(r < T +1)
B T+1
<PG3t>1: [V, 22z > 0+ Y P(lws| > R)
s=2

<P@Et>1: |V, 2| >0 +56.

Now set £ = 32R? (dg log 5 + log (det(\%)l/? get(v)71/2 )) and using the fact that a R bounded random

variable is 2 R-sub-Gaussian, the claim now follows by another application of Corollary 1 from [2]. O

19



With Lemma A.5 in place, we are ready to bound the martingale difference terms.

Proposition A.6. Suppose the hypothesis of Proposition A.4 hold. With probability at least 1 — 6,

I(@T®) 20T (E ~ ¥y )g| < (n+ d)aw\/72p4|!20|| + 1 Pooll + a3 BIIP(1 + | Keval[*) QL2
x polylog(n, 7, [[Xoll, | Peoll, | Kpiay I, T/0, 1/ o) ,
I(@T®) " 2eT(E - 04| < (n+ d)QUw\/TQP“HEoII + | Pocl + o2 BI2(1 + | Kevan|*)
x polylog(n, 7, [[Xoll, | Peoll, | Kpiay ll, T/0, 1/ o) -

Proof. For the proof, constants ¢, ¢; will denote universal constants. Define two matrices:

0.4

Vii=c L T-1,
T [ Kplay 2)2

T
Vs i= amp (1+ [ Kt |)2(20%l|So | + tr(Poc))? - 1

By Proposition A.4, with probability at least 1 — §/2, we have that:
VizoTe <V,

Call this event &;.
Next, we have:

E[$t+1th+1|$t7 ut] — $t+1=75tT+1
= E[(Axy + Buy + w)(Azy + Buy + wt)T|:Et, uy] — (Azy + Buy + wy)(Axy + Buy + wt)T
= (Azy + Bug)(Azy + Bug) " + 021

— (A + Buy)(Axy + Buy) T — (Azy + Bug)w] — wi(Azy + Bug) ' — wpw]

= a?ul — wtw;r — (Azy + But)w;r — wy(Axy + But)T .
Therefore,

E[ei1]|e, ut] — Y41
I 11"
= svec [ ] (021 — wyw! — (Azy + Bus)w] — wy(Azy + Buy)') [ ] .
Keval Keval
Taking the inner product of this term with ¢,
(Eltperalae, ue] — 1) g

-
—tr <(gg)[ — wtth — (Azy + But)th — wy(Azy + But)T) [KI j Q [KI ID

_af@i-wa [ 2] o[ f DNzt [ 2] 0 2 ] hwit B
- Tw Wy Keval Keval we Keval Keval o ) -
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By the Hanson-Wright inequality (see e.g. Rudelson and Vershynin [32]), with probability at least

1—6/T,
T
ORI EA IR

Now, let Lpjay := A + BKpjay. By Proposition 4.7 in Tu and Recht [36], with probability at least
1-9/T,

< 10 (1 + [ Kevat|) QI 7 10g(T/5) -

[T TQ I 7 tw s n
we Keval Keval ( et Ut)

< 10w (1 + [ Kevall*) \/IILthl 0 (L) Tl + [ Lptay P Ly || + 03[ BI2(| QL log(T/6)

play play

< 10w (Lt [ Kol ) /7202 D[S0 + | Pl + 031 BIPI QU log(T/5)

where the inequality above comes from P; = Py, and Lpjay Poo LT < P.. Therefore, we have:

play —

(e 1]as, ue] — es1) ol
< 02(0'121; + Uw\/’]‘?p?(t—i-l)HE()H =+ HPOOH + 0—727HBH2)(1 + HKevalHQ)HQHFlog(T/(S)

< 03%\/72/)2(”1) ISoll + | Pool + o1 BIP(1 + || KevalI*) | Qll 7 log(T/5) -

The last inequality holds because Ps, = 021 and hence o, < ||Psol||'/2. Therefore we can set

R = ¢y [7200[Soll + | Po | + 02 BIE(L + | Kevat )@ log(T/3)

and invoke Lemma A.5 to conclude that with probability at least 1 —¢§/2,

|(V+ @7 ®) 20T (2 — 0. )ol| < caln + d)R + csRy log(det(Vi + DTO)V;)1/2/6).

Call this event &;.

For the remainder of the proof we work on & N &, which has probability at least 1 — 4.
Since ®T® > Vi, we have that (®T®)~! < 2(V; + ®T®)~!. Therefore, by another application
of Lemma A.5:

l(@T2)"2eT(= — wy)|
< V2I|(Vi+ 2T 2) 2T (E — vy )|

<cg(n+d)R+ C7R\/log det((Vi 4+ ®T®)V,71)1/2/5)

<cs(n+d)R+ C7R\/log(det((V1 + Vo)V H1/2/6)

1+ (| Kypal[2)? (72020 P..))2
SCG(n+d)R+csR(n+d)\/log<( +l 5"””) o] Oﬂftr( - )

n
S C(n + d)Rp()lleg(nv T, HE()”a HPOO||7 HKpla}’H? 1/57 1/071) .
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Next, we bound:

E[tig1|2e, ue) — Y|

T
I ) I I
|:Keva1:| (JwI C ) |:Keval:| P * |:Keval

< (L4 [|Keval) (|05 ] — wewf |7 + llwe(Aze + Bur) | r) -

<

117
] wy(Axy + But)T {K 1]

Now, by standard Gaussian concentration results, with probability 1 — /T,
lo21 = wewf | < co?(n+log(T/5))
and also
[wi(Aze + Bug) ||
< co (v + V108(T/0)) (1 tr (L So (L4 ) T) + tr( Lpiay LT,y ) + 02| B3
+ I S0 (LTI + [ Lptay P LTy | + 021 B2/ 108(T/5))

< cou(n+d) /720 [So || + |[Pacll + 02| B log(T/5) .

Therefore, with probability 1 — 6 /T,

E{wep1|ze, we) — Yega ||
< (14 [ Keval|*)(n + d)Uw\/72P4||ZO|| + || Poo| + 02| B|? log(T'/5) .

O

We are now in a position to prove Theorem 2.1. We first observe that we can lower bound
Omin(I — L ®s L) using the (7, p)-stability of A + BKeya. This is because for k > 1,

eva

\LkH_'H }(AJrBKeval)k‘l (A B]H

< 2HKevalH+H [A B] ”Tpk_l

< A Fevar]l max{l, I AI* + || BI%} o

P

2|| Kevan|l+ max{1,\/||A||>+[|BI[*}

Hence we see that L is ( T, p)-stable. Next, we know that opin(l — L ®s

L) = m Therefore, for any unit norm v,
I(I = L&s L) "] = [[(I = L ®;s L) 'svec(smat(v))|| = [|dlyap(LT, smat(v))|| r
< UlEeval 2 (AN + [1B]*) 7
p*(L = p?)
Here, the last inequality uses Proposition E.5. Hence we have the bound:

2(1_ 2)
~ A Eevall 2 (1417 + 11B]12)+72

Omin(I — L ®g L) >

22



By Proposition A.4, as long as T > O(1)(n + d)? with probability at least 1 — §/2:
2

Omin(®) > c— VT,
e HKplayHi

By Proposition A.6, with probability at least 1 — §/2:

I(@T@)~/2eT(E — Wy)ql| < (n + d)Uw\/TQP“HZoH + || Pl 4 02| BI2| Keva |2 [Q | <O(1) ,

I(@T@)~2eT (=~ ¥y < (n+ d)QJw\/T%‘*IIZoH + || Poc| + 2| BII2 Kevar |5 O(1) -

We first check the condition

Te\-1/26T(= _
I(@T0) T E vy
O'min(q))o'min(] —L ®s L)

from Lemma A.1. A sufficient condition is that T satisfies:

~ I Epay 3
T> 0(1)72? £ (n+d)*on (T2 p*| S0l + || Pl + 02| BI|*)
n
% ||K H4 . HKeval”i(HA’P + HB||2)?FT4
ellt T
4 4
~ T (n+d)
=0(1) oo (T2 p* S0l + || Psoll + o2 || BI|?)

-7 o
| Koty I Kl LA + 1B

Once this condition on T is satisfied, then we have that the error || — ¢|| is bounded by:

~ K 2

O(l)H §layH+
2T

X [ Kevall I3 1Q% |

~ T2 (n+d)
=0(1 Ow
( )02(1 —p*) o2VT
X Bptay 131 Kevatll3 (LA + | BI?) 4 Q= | -

(0 + ) 72040 | + | Pocl] + 02| B2

K evatl 2 (1AI% + [1B]*)+7
p*(1—p?)

V720 Zoll + | P | + 021 B2

Theorem 2.1 now follows from Lemma A.1.

B Analysis for LSPI

In this section we study the non-asymptotic behavior of LSPI. Our analysis proceeds in two steps.
We first understand the behavior of exact policy iteration on LQR. Then, we study the effects of
introducing errors into the policy iteration updates.
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B.1 Exact Policy Iteration

Exactly policy iteration works as follows. We start with a stabilizing controller K for (4, B), and
let Vj denote its associated value function. We then apply the following recursions for t = 0,1, 2, ...:

Kiy1=—(S+B"V;B)"'BTV;A, (B.1)
Vi1 = dlyap(A + BK41, S + K RE 1) - (B.2)

Note that this recurrence is related to, but different from, that of value iteration, which starts from
a PSD V{ and recurses:

Vie1 = A"V,A— ATV,B(S+B"V,B)'BV,A+ S

While the behavior of value iteration for LQR is well understood (see e.g. Lincoln and Rantzer [25]
or Kailath et al. [21]), the behavior of policy iteration is less studied. Fazel et al. [18] show that
policy iteration is equivalent to the Gauss-Newton method on the objective J(K) with a specific
step-size, and give a simple analysis which shows linear convergence to the optimal controller. In
this section, we present an analysis of the behavior of exact policy iteration that builds on top of
the fixed-point theory from Lee and Lim [24]. A key component of our analysis is the following
invariant metric d, on positive definite matrices:

5o(A, B) i= [[log(A~Y2BA ).

Various properties of do, are reviewed in Appendix D.
Our analysis proceeds as follows. First, we note by the matrix inversion lemma:

S+ATBR BT+ Vv ) 1A=5+A"VA-ATVB(R+B'VB) 'B'VA=F(V).

Let V, be the unique positive definite solution to V' = F(V'). For any positive definite V' we have
by Lemma D.2:

Soo(F(V),V3) € — <

= mém(‘/’%) ) (B.3)

with @ = max{Amax(ATVA), Amax(ATViA)}. Indeed, (B.3) gives us another method to analyze
value iteration, since it shows that the Riccati operator F/(V') is contractive in the do metric. Our
next result combines this contraction property with the policy iteration analysis of Bertsekas |[§].

Proposition B.1 (Policy Iteration for LQR). Suppose that S, R are positive definite and there
exists a unique positive definite solution to the discrete algebraic Riccati equation (DARE). Let K
be a stabilizing policy for (A, B) and let Vo = dlyap(A+ BKy, S + K4 RKj). Consider the following
sequence of updates fort =0,1,2,...:

Ki1=—(R+B"W;B)"'B™V;A,
Vis1 = dlyap(A + BKy41,S + K, | RK 1) -

The following statements hold:
(i) K stabilizes (A, B) for allt =0,1,2, ...,
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(ii) Vi X Vig1 Vi forallt =0,1,2,...,

.
(111) Ooo(Vit1, Vi) < p-0oo(Vi, Vi) forallt =0,1,2, ..., with p := /\min()‘s‘gi‘iﬁaﬁﬁ%m. Consequently,
800 (Vi, Vi) < pt - 000 (Vo, Vi) fort =0,1,2, ...

Proof. We first prove (i) and (ii) using the argument of Proposition 1.3 from Bertsekas [8].
Let c(z,u) = 278z + u' Ru, f(z,u) = Az + Bu, and VE(z1) = 300, c(y,up) with x41 =
f(xs,us) and vy = Kxy. Let V; = VEt. With these definitions, we have that for all a:

Kz = argminc(z,u) + Vi(f(z,u)) .
Therefore,

Vi(x) =¢

C

z, Kix) + Vi(f(z, Kix))

z, Ki1x) + Vi(f (@, Kiq12))

z, Ki12) + o f (2, Kix), Ko f (2, Kipiz)) + Vi(f(f (2, Kia2), K f (2, Kepiz))

z, Kiniz) + o(f(z, Kipiz), Ko f (2, K w)) + Vi(f (f (2, Kia2), K f (2, K@)

v

~~ I~

c
>c

> Viya(z) .

This proves (i) and (ii).
Now, observe that by partial minimization of a strongly convex quadratic:

C(.ZL‘, Kt-l-lx) + W(f(xaKt-l—lx)) = mvjnc(:c,u) + V;f(f(wa u))
=2 (S+A"V;A— ATV;B(R+ B"V;B)"'B"V;A)z
=z F(V)x.

Combined with the above inequalities, this shows that V;11 < F(V;) < V;. Therefore, by (B.3) and
Proposition D.4,

Ooo (Vig1, Vi) < 0o0(F(V2), Vi)
= 0oo(F(V2), F(V4))
Qi
< — 60 (Vi, Vi),
o )\mm(Q) + oy ( ! )
where oy = max{Apnax(ATV;A), Anax (ATViA)} = Amax(ATVA), since V, < V. But since V; < Vj,
we can upper bound a; < Amax(ATVoA). This proves (iii). O

B.2 Approximate Policy Iteration

We now turn to the analysis of approximate policy iteration. Before analyzing Algorithm 2, we
analyze a slightly more general algorithm described in Algorithm 4

In Algorithm 4, the procedure EstimateQ takes as input an off-policy trajectory D; and a policy
K;, and returns an estimate @Q; of the true @ function ;. We will analyze Algorithm 4 first
assuming that the procedure EstimateQ delivers an estimate with a certain level of accuracy. In
order to do this, we define the sequence of variables:

25



Algorithm 4 Approximate Policy Iteration for LQR (offline)
Input: Initial stabilizing controller Ky, N number of policy iterations, T length of rollout for
estimation, 0,27 exploration variance.
1: fort=0,...N—-1do
2: Collect a trajectory D; = {(x,(f),ug), x,(fj_l) 5:1 using input u,(f) = Kozcg) + 77,(5), with 77](:) ~
N(0,021).
@t = EstimaAteQ(Dt,Kt).
Kt+1 = G(Qt) [Cf (210)]
end for
return Ky.

(i) @ is true state-value function for Kj.

)
(ii) V4 is true value function for Kj.
(ii)) K41 = G(Qu).
(iv) V is true value function for K.

The following proposition is our main result regarding Algorithm 4.

Proposition B.2. Consider the sequence of updates defined by Algorithm 4. Suppose we start with
a stabilizing Ko and let Vy denote its value function. Fiz an € > 0. Define the following variables:

pi=min{Ayin (5), Amin(R)}
Quax := max{[| S|, [| R} +2(|A|* + | BII*) Vo]l
__2lAPYoll
f -+ 2[| Al Vol|

No = [ l0g(26 (V0. V2)/2)].

_ 2Vl
T=
m
=4/1-1/72,

Avg(p,1) .

I

D

Let N1 > Ny. Suppose the estimates @t output by EstimateQ satisfy, for all0 <t < Ny —1, @t = ul
and furthermore,

) (vl }(u (1 -7 | 3 )
— <min ¢ —,ep(l — — .
1@ =l < { N B B max (15T, BT} @

Then we have for any N satisfying Ng < N < Nj the bound 00 (Vn, Vi) < e. We also have that for
all0 <t < Ny, A+ BKy is (1,p)-stable and || Kt|| < 2Qmax/ -
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Proof. We first start by observing that if V,V, are value functions satisfying V' < V4, then their
state-value functions also satisfy () < Q9. This is because

S 0 AT
Q= [0 R] + [BT}V[A B]
S 0 AT
[0 B+ [ar] Wi m-a
S 0
0 R|
The proof proceeds as follows. We observe that since V1 < V; (Proposition B.1-(ii)):

From this we also see that any state-value function satisfies ) > [

Vi=Vi—Vi+Vi—=Via+Vig Vi =V + V.

Therefore, by triangle inequality we have |V;| < [|[V; — V|| + [|Vi—1]|. Supposing for now that we
can ensure for all 1 <¢ < Ny:

— \%
v v < 00 (B.4)

unrolling the recursion for ||V;|| for Nj steps ensures that [[Vi]| < 2|V for all 0 < t < Nj.
Furthermore,
1Qell < max{|[S|I, [[RI} + I[A B]II*[Val]
< max{|[S||, [|RII} + 2 A1 + [ BII*) | Voll
= Qmax .
for all 0 <t < NVj.
Now, by triangle inequality and Proposition B.1-(iii), for all 0 <t < Ny — 1,
Oo0(Vir1, Va) < 0o (Vi 1, Vi) + 000 (Viegn, Vi)
S 600(‘/15+17Vt+1) + v 600(%7 V*)

Vig1 =V
< HmlutJrlH +v- 500(‘/ta V*) s (B‘5)

2 A2 Vo
P2 ATVl

Vigr = pd and Vi = pl. o o
We now focus on bounding ||Vi+1 — V¢41]|. To do this, we first bound || K41 — K+1]|, and then
use the Lyapunov perturbation result from Section E. First, observe the simple bounds:

where v = and the last inequality uses Proposition D.3 combined with the fact that

> ||QtH Qmax
Kol = lc(Q0)] < 190 o Qmax
Kenll = G0 < 1940 < ©n
o A+ max 2 max
1K)l = lle@) < 1900 < f m Q/j .

where the second bound uses the assumption that the estimates @t satisfy @t = ul and H@t —Q <
A with

A < Qmax - (B.6)
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Now, by Proposition E.3 we have:

||Kt+1 - ?t—&-lH = ||G(©t) - G(Qt)”
_ A+ K@ - @l

1
< (14 Qmax/1)A
W
S 2QmaXA .

112

Above, the last inequality holds since Qmax > p by definition.
By Proposition E.4, because V1 < V;, we know that K, satisfies for all k > 0:

__ Vi
04+ BRe ] < 4[5 )
< 2Vl f; &
0 2(Voll
Let us now assume that A satisfies:
2Qmax 1-—- 1%
A< ———— (B.7)

u? 27| B

Then by Lemma E.1, we know that ||(A + BK41)*|| < 7-p*. Hence, we have that A + BK, is
(7, p)-stable.

Next, by the Lyapunov perturbation result of Proposition E.6,
Vi1 — Vi |
— 7T —
= Hdlyap(A + BKi41,S + K[ RKy1) — dlyap(A + BE 41, S + Ky RK41)|

<

T -
ST p2 IK  RE 1 — Ky RE |

. — — —T  —
+ WHB(KM = K )|([A + BE || + [A+ BEea DS + Ky RE |-

We bound:

7T J— J— J—
1K RE 1 — Ky RE || < BRIt — K|l (1K l| + [ K el
6] =||Q

< maXA
w3
|B(Ki11 — Ki1)]| < QHB/%?IH&XA’
max{||A + BKy1||,||A+ BK 1|} < 7,
IS + Ky RE | < IS + IR Hj?max
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Therefore,

v T SIRIQS - ;
Vigr = Vil < — MaxX A 4 8 — Bl| max{||S]|, | R||} =2 A
Wir = Venll < 1120 B max{S1. 1) 2

L) 6lRQ2 s b
=— — max 4 g8 —— || B|| max{||S], || R|| } ==2%X | A
(o e s T max(ls,

14 70 3
< ————||B]||+ max{||S]|, | R|| } "2 A .
p (1—,02)2" |+ max{|[|S]], || =]} 3

Now suppose that A satisfies:

b (1= ) i 5k )
14 Bl max{|[S]], | BRI} @fax
S T it : b

28 1Bl max{|[S], || RII} @3

max

A< %w(l—v) <

(B.8)

we have for all t < N; — 1 from (B.5):
Ooo(Ver1, Vi) < (1 =7)e/2 47+ 600(Vi, Vi) -
Unrolling this recursion, we have that for any N < Ny:
Soo (Vs Vi) 4N - 000 (Vo, Vi) + £/2.
Now observe that for any N > Nj := [ﬁ log(2000(Vo, Vi) /€)1, we obtain:

The claim now follows by combining our four requirements on A given in (B.6), (B.4), (B.7), and
(B.8). O

We now proceed to make several simplifications to Proposition B.2 in order to make the result
more presentable. These simplifications come with the tradeoff of introducing extra conservatism
into the bounds.

Our first simplification of Proposition B.2 is the following corollary.

Corollary B.3. Consider the sequence of updates defined by Algorithm 4. Suppose we start with a
stabilizing Ko and let Vy denote its value function. Define the following variables:

= min{ Amin (S), Amin(R) },
L == max{||S|, |RII} + 2 AI* + | BI* + DI[Voll+ ,
No o= [(L+ L/ ) log(260(Vo, V2) 2]

Fiz an N7 > Ny and suppose that

1 L\ Vol
e<—(1+=) 5. B.9
u< M> N (BS)

29



Suppose the estimates @t output by EstimateQ satisfy, for all 0 < t < Ny — 1, Cjt > ul and
furthermore,

~ I " (M 19/2
_ PO o ) )
10 - @l < 35557 (F)
Then we have for any Ng < N < Nj that 000(Vn, Vi) < €. We also have that for any 0 <t < Ny,
that A+ BKy is (\/L/u,Avg(+/1 — pu/L,1))-stable and ||K;|| < 2L/p.

Proof. First, observe that the map =z — ﬁ is increasing, and therefore v <

that 1 —~ > #J%L Therefore if € < % <1 + %) w holds, then we can bound:

-
min{w,su(l - 7)} > ep <#f:L> :

L . . .
e which implies

Next, observe that

L= = (141 -5) = 1+ 1/24 p/2)(1/2 - p/2) > (L+ p)(1 - p)/4 = (1 - p*)/4.

Therefore,
(1= 72 > (1— (1= pu/L))2/16 = (1/16)(1/L)?

We also have that 7 < \/% . This means we can bound:

(1 — p%)? 1 13 . (M/L)5/2+2’u—3 _ 1 (ﬁ)”ﬂ
28 70 || Blly max{||S], [ RII} @ax — 28-16 L5 48L\L)
Therefore,
[V } p (1 —p2)? 1 w3 e ( M ) (M)19/2
min § ——,ep(l — — > ([—— ) (= .
VR et =) e S e i > 1 ) (2
The claim now follows from Proposition B.2. O

Corollary B.3 gives a guarantee in terms of o (Vy, Vi) < &. By Proposition D.5, this implies a
bound on the error of the value functions ||V — V,|| < O(e) for ¢ < 1. In the next corollary, we
show we can also control the error | Ky — K, || < O(e).

Corollary B.4. Consider the sequence of updates defined by Algorithm 4. Suppose we start with a
stabilizing Ko and let Vi denote its value function. Define the following variables:

= min{ Amin (S), Amin(R) }
L = max{||S|, | R} + 2(||Al]* + | B> + 1)[|Voll+ ,

No o {(1 o L) log (2log<\|vo||/Amm<v*>>ﬂ |

3

Suppose that € > 0 satisfies:

1, 2108(IVo]l/ Aumin(V2)) VAl }

€ < min ,
- { € 82 log([Voll/ Amin(V4))
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Suppose we run Algorithm 4 for N := Ny + 1 iterations. Suppose the estimates @t output by

EstimateQ satisfy, for all 0 <t < Ng, Q¢ = ul and furthermore,

(192
1Q: — @il < 448,u+L (L) . (B.10)

We have that:
N2
Ky =Kl <5 (5] e
o
))-stable and | K| < 2L/u for all0 <t < N.

and that A+ BK; is (\/L/u, Avg(y/1 —p/L, 1

Proof. We set N7y = Ny + 1. From this, we compute:

1Kn, — K| = |1G(@x,) — G(Q)
%“*Wi@”M@M—@w

G(Qx )
< LI 14, - Q1+ 10, — .1

) (1+||GM(Q*)H) (H@No —Oomll+ H [éq (Vw~ Vi) [A B H)

ggiﬂﬂ@ﬁM@%—Q%wwm,MWmm—mm

®) (1+G(Q.

SHLL(C?”D<448M+L< ) 1[4 Bl Vi, — ‘&H)

) (1+ HG Q)

< <448M+L ) e(|Al1” + |B|? )IIV*He)
oL [ 1 p 19/2

=2 <448u+ ( ) +2L>

(224u2+L</£)17/2 ( >)5
(-

Above, (a) follows from Proposition E.3, (b) follows from the bound on [|Q No
lary B.3, and (c) follows from Proposition D.5 and the fact that 6 (Va,, Vi) < € from Corollary B.3

— Qn, || from Corol-

Next, we observe that since V = V.

800 (Vo, Vi) = log (Vi * VoV 2 11) < 1og([Voll /Amin (Vi) -

Hence we can upper bound Ny from Corollary B.3 by:
No = 2(1 + L/ ) log(2log (|| Foll/ Amin (Vi) /) -
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From (B.9), the requirement on ¢ is that:

Vol 1 1
21 1og (210g(||V0||é>\min(V*))> )

e < min

We will show with Proposition F.3 that a sufficient condition is that:

: 210g([[Voll/Amin (V4)) IVa? }
€ <minx« 1, ,
B { € 82 log ([ Voll/ Amin(V4))

With Corollary B.4 in place, we are now ready to prove Theorem 2.2.

Proof of Theorem 2.2. Let Lo := A+ BKj and let (7, p) be such that Lg is (7, p)-stable. We know
we can pick 7 = \/L/p and p = /1 — pu/L. The covariance 3; of x; satisfies:

Yy = LESo(LE)T + P < 72p%|S0 |1 + Pso -

Hence for either t = 0 or ¢t > log(7)/(1 — p), [|Z¢]] < ||Zo]| + || Psoll- Therefore, if the trajectory
length T' > log(7)/(1 — p), then the operator norm of the initial covariance for every invocation of
LSTD-Q can be bounded by ||¥¢]| + || Px||, and therefore the proxy variance (2.7) can be bounded
by:

7 < 720 [So ]| + (1 + 720" | Pxc| + o || BI?
< 2(L/w) (130l + || Psol| + o3| BI?) -

By Corollary B.4, when condition (B.10) holds, we have that A + BK; is (7, Avg(p, 1)) stable,
| K|l < 2L/p, and ||Qq]| < L for all 0 <t < Ny + 1. We now define & := 5(L/u)?%e. If we can ensure
that

N 1 m [N 23/2 _
_ < - = = .
then if
L 2 . { 210%(”‘/0”/Amin(v*)) HV*H2 }
e<5|— | minql, , )
(u) e 82 log (|| Voll/ Amin (Vi)

then by Corollary B.4 we ensure that |[Ky — K| <& By Theorem 2.1, (B.11) can be ensured by
first observing that Q); = I and therefore for any symmetric ) we have:

IProj,, (Q) — Q¢ll < [IProj, (@) — Qllr < 1Q — Q:llF -

Above, the last inequality holds because Proj u() is the Euclidean projection operator associated
with ||-|| onto the convex set {Q : Q = ul, Q@ = QT}. Now combining (2.9) and (2.8) and using
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7_2
the bound Z0=7) < g /u/)L

T > 5(1)max{(n—|—d)2,
iz () et + Il + o215,

1 LA L\" (n+ d)?
iz (i) bzl + 1Pl + B |

Theorem 2.2 now follows. O

C Analysis for Adaptive LSPI

In this section we develop our analysis for Algorithm 3. We start by presenting a meta adaptive
algorithm (Algorithm 5) and lay out sufficient conditions for the meta algorithm to achieve sub-linear
regret. We then specialize the meta algorithm to use LSPI as a sub-routine.

Algorithm 5 General Adaptive LQR Algorithm

Input: Initial stabilizing controller K ©), number of epochs E, epoch multiplier Tyt
1: fori=0,..,.F—1do
2: Set T; = Tmult2‘
2 ( )1/(1+Oc)
21

3 Set 072”~ =0},
4 Roll system forward T; steps with input ugi) = K(i)xgi) + 7]( D where nt ~ N(0, 0727 ).
5 Let D; = {(2), w2 ()},

6 Set K(+1) = EstimateK(K(®), D;).

7: end for

Algorithm 5 is the general form of the e-greedy strategy for adaptive LQR recently described
in Dean et al. [15] and Mania et al. [28]. We study Algorithm 5 under the following assumption
regarding the sub-routine EstimateK.

Assumption 1. We assume there exists two functions Creq, Cerr and o > 1 such that the following
holds. Suppose the controller K that generates D; stabilizes (A, B) and V@ s its associated

value function, the initial condz’tion x(()i) ~ N(O,Z(()i)), and that the trajectory D; is collected via
u,gl) = K(i)xgl) + 7775) with 77 ~ N(O,U%ZI) For any 0 < ¢ < Creq(|[VP|) and any § € (0,1), as
long as |D;| satisfies:

Core (VO[5 1

|DZ’ > o2

o polylog(|D;|, 1/0772,1/5,1/5), (C.1)
17’

then we have with probability at least 1§ that | KUY — K, || < . We also assume the function Cyeq
(resp. Cerr) is monotonically decreasing (resp. increasing) with respect to its arguments, (md that the
functions are allowed to depend in any way on the problem parameters (A, B, S, R,n,d,oZ, K, Py)

7w7
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Before turning to the analysis of Algorithm 5, we state a simple proposition that bounds the
covariance matrix along the trajectory induced by Algorithm 5.

Proposition C.1. Fiz a j > 1. Let E(()j) denote the covariance matriz of x[()j). Suppose that for all
0 <i < j each KO stabilizes (A, B) A+ BKY is (,p)-stable. Also suppose that o,; < 0y and

that
1 nr?
Tt > ——— 1o .
=R g<p >

We have that:
te(2F)) < o2 (1+[|B)n
Proof. Let L; = A+ BK®. We write:

E[lla§’ %) = E[E[]|z |2} n
= E[Etr(ah(xh) ]ay ]

< Eftr(L, lexél e Ef 1))T(L;TF511)T)] + (o0 +op 1||BH2)n1 i2p2
< 7 Pl + of (14 1B fp? |
We have that :U((JO) = 0. Hence if we choose T}y such that nr2p?Tmue < p2 we obtain the recurrence:
Elllzg” [ < p*Ellzy 7] + on(1 + HBHZ)%iz’
and therefore EH|3¢¢(JZ)H2] ( + HBH n 7) for all 2. This is ensured if

1
T > ——— log(nr2/p?) .
lt_2(1_p) Og(nT /p)
O

Next, we state a lemma that relates the instantaneous cost to the expected cost. The proof is
based on the Hanson-Wright inequality, and appears in Dean et al. [15]. Let the notation J(K;X)
denote the infinite horizon average LQR cost when the feedback u; = Ky is played and when the
process noise is wy ~ N(0,Y). Explicitly:

J(K;%) = tr(ZV(K)), V(K)=dlyap(A+ BK,S + K"RK). (C.2)
With this notation, we have the following lemma.

Lemma C.2 (Lemma D.2, [15]). Let g ~ N(0,X¢) and suppose that vy = Kxy + n with A+ BK
as (1, p)-stable and ny ~ N (0, U%I). We have that with probability at least 1 —§:

T
Z af Qs+ uf Ruy < TJ(K; 021 + O'%BBT)
t=1

2
-
+cv RTW(”EOH + o5, + 07| BI)IQ + KTRK || log(1/5) .
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Finally, we state a second order perturbation result from Fazel et al. [18], which was recently
used by Mania et al. [28] to study certainty equivalent controllers.

Lemma C.3 (Lemma 12, [18]). Let K stabilize (A, B) with A+ BK as (1, p)-stable, and let K, be
the optimal LQR controller for (A, B,Q, R) and V, be the optimal value function. We have that:

J(K) - J, < o2

S alR+ BTVBIE - K

With these tools in place, we are ready to state our main result regarding the regret incurred
(c.f. (2.15)) by Algorithm 5.

Proposition C.4. Fiz a 6 € (0,1). Suppose that EstimateK satisfies Assumption 1. Let the
inatial feedback K©) stabilize (A, B) and let VO denote its associated value function. Also let
K, denote the optimal LQR controller and let V, denote the optimal value function. Let I'y =
L max{ [ AL, [|BI|, [V VAl IE QYL KL QL 1R} Define the following bounds:

Knax =T ,
1‘*5
Vinax = 4——2——,
e )\min(S)Q
F4
Ymax = 4 —_—
ma; an}\mm(S)Q
Suppose that Ty satisfies:
s 1 C2 (V4 Y max)
Tt > 1 x erry AR TE pol lylog(1 E/6).
ult = IMax { 3 )\min(S)4, leleq(vmax) } 0_;40 po Y(a) poly Og( /Uw, / )

With probability at least 1 — §, we have that:

T+1

r? o2
Tmult

E) VmaX7 EInax
e O )
Tmult >

/(a+1)
Regret(T) < ¢2(1=%)¢ ) polylog(T/9)

+ Tmultrz J* <

O1)n**VTo? 1 log(T/8) + or(1) .

w)\mln(S)
Proof. We state the proof assuming that T is at an epoch boundary for simplicity. Each epoch has
length T; = T2 Let To + Ty + ... + Tg_1 = T. This means that E = logy((T + 1)/ Tomut)-

We start by observing that by Proposition E.4, we have that A + BK© is (7, p)-stable for
=/ [VO /)\min( ) and p = /1 — Amin( /Hv<0>\| We will show that A + BK® is (1,7)-
stable for ¢ = 1 — 1 for p := Avg(p,1). By Lemma E.1, this occurs if we can ensure that
KO - K,|| < & ”B{‘ fori=1,..,FE—1.

We will also construct bounds Kpax, Vinaxs Zmax such that HK(’)H < Kinax, ||V(i)|| < Vinax, and
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|2 < Bpax for all 0 <i < E — 1. We set the bounds as:
Knax := max{|| K], HK*H +1},
Vinax = maX{HV(O)ll (||Q||+||R|| Ko}

,7_2
Yimax (=0 ( + HBH ) ﬁ2 .

In what follows, we will use the shorthand Creq = Creq(Vinax) and Cerr = Cerr(Vinax, Lmax)-
Before we continue, we first argue that our choice of Ty, satisfies for all ¢ =1,..., E — 1:

B2 1 Cen
27 CQ 0.204 p01y10g< i—1 1/0-1 Kk 1/Uw7E/5) . (C?))

T;—1 > max{l,
" (1 p) req 1,0

Rearranging, this is equivalent to:

B> 1 1 :
Thouls = l, — 2C 10,2 —————— polyl aie2?, (29204 1 /g E/6)
1t > max{1, 4(1 )27 CrQeq} w (21)1/(1+ ) polylog(Timui2", (2*) ,1/ow, E/d)

We first remove the dependence on i on the RHS by taking the maximum over all <. By Proposi-
tion F.2, it suffices to take Ty, satisfying:

B> 1 | Cex
( )2702 } 2 P01Y( )p01y10g( mult;l/UwaE/(s)

req

Ty > max{1,

We now remove the implicit dependence on Th. By Proposition F.4, it suffices to take Ty
satisfying:

B> 1 | Cen
Toat = max{l 4( )27 Cr2eq}

X poly(a) pOlYIOg(l/Jwv E/57 T, ||BH7 1/(1 - p)? 1/Creq> Cerr) :

We are now ready to proceed.
First we look at the base case ¢ = 0. Clearly, the bounds work for ¢ = 0 by definition. Now we
look at epoch ¢ > 1 and we assume the bounds hold for £ =0, ...,i — 1. For ¢ > 1 we define ¢; as:

g; = inf {6 €(0,1): T;1 > ierr éa polylog(Ti-1,1/0y,;, E/S, 1/5)} .
i
By Proposition F.1, we have that as long as
Ty > O ﬁa polylog(T;_1,1/0%;, E/3) (C.4)
T,
then we have that ¢; satisfies:
g2 < Tz_f;??o; polylog(Ti-1,1/0y,;, E/6) . (C.5)
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But (C.4) is implied by (C.3), so we know that (C.5) holds. Therefore, we have | K — K,|| < ;.
Now by (C.5), if:

(1-p) y
4r2| B>’ Cre

polylog(T;—1,1/0y;, E/6) < min{1, (C.6)

2
T‘lm

then the following is true:
ei <min{l, (1 —7)/(27 B]), Creq} -
However, (C.6) is also implied by (C.3), so we have by Assumption 1:
1KY — K.|| < min{1, (1 - p)/27| B|))} -
This has several implications. First, it implies that:
KO < K+ 1 < Koo -

Next, it implies by Lemma E.1 that A+ BK® is (7, p)-stable. Next, by Proposition C.1, it implies
that || 2| < Ypax. Finally, letting L; := A + BK®, we have that:

VOl => (L KD TREW)(L])
Z:
<7 (HQH+IIRH Ko
Svmax-

Thus, by induction we have that |[K®| < Kupax, V@] < Vinax, and |20 < Spax for all
0<i<E-1
We are now ready to bound the regret. From (C.2), we see the relation J(K; o021 + U%BBT) <

0.2 2
(1 + %) J(K;02 1) holds. Therefore by Lemma C.2 and Lemma C.3,

T 2 2
S o7 Qs+ ul R - TJ*§T<1+ 7l 51 )(J* wh R+ BTRB| K — Kol - 7.
— w

+CF( P 3 (1Poll + o7, + o3| BI*)|Q + KT RE | log(1/)

7 H2

;|8
ST(JfUJrU%HBIIQ)l — (IRl + 1PN BIP)IK — KllF +T "U

w

2
+ cﬁ(li*ﬁ)zﬂu?on + 02 + 2B (1Q] + | K[ RI) log(1/5) .
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Using the inequality above,

E-1 T;

Regret(T) = ZZ NTQ) + W TRW) — T,

0 t=1

.
I

S|
_

72 H I”,
< Tidi(1+HBH2>1_pg(HRH+HV*HHBH?)HK( ~ KT

0 UJ

)

7_4
+ey/nTiog (1+]|B*)n (1_4)4(!\@”+Kr2nax||RH)10g(E/5)

+Za 1+HB||)

H I
T 7770- *

w

(HR||+||V*||HBH )Ce, erro_za polylog(E/d,1/0y.)
777

4

-

+ev/nTion(1+ HBllz)nm(HQll + K| BII) log(E/6)
E— 2

Z (14 1B

=1
+ Tmult(QZ)a/(1+a) ||BH J*

(HRII+||V*IIIIBH )Cerr(2)*/0F) polylog(E/6,1/,,)

4
eV 1+ VB (1Ql + K1) lor(E/8) + O(1)
Con dr? a+1 (T+1\0CH
< o2 (L4 1B T Rl + IVIBIPICE (T 1t> polylog(//6)

+ TmultHBHQJ*

a+1 (T+1)°‘/(°‘+1)

Tmult
4

+ O(1)VnTo? (1 + ||B\\2>n(1f*w<nw + K2 || R|) log(T/8) + O(1) .

The last inequality holds because:

= af(a+1

21 a/(14+a) < 9T a/(14+a) dr < 1 a+1 2E a/(a+1) _ 1 a+1/T+1 /(a+1)
> @) ") <O eh) L L |
i=1 1 og «Q og « mult

Now observe that we can bound
Kmax S F* bl

T 3
Vmax S 41_7p2F* I
Srmax < 4ainr3177

*

< .
1—p2 7 Amin(5)?
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Therefore:

7 o2

Regret(T) < ag}(l_o‘)d)\mm(s) o

T o/(a+1)
< + ) polylog(T'/0)
Tmult

T 1 a/(a+1)
+ Tmultrzj* (;)

mult

O(1)n**VTo? < log(T/5) + or(1) .

Y )\mm(S)
O

We now turn to the proof of Theorem 2.3 and analyze Algorithm 3 by applying Proposition C.4
with LSPI (Section B) taking the place of EstimateK. To apply Proposition C.4, we use Theo-
rem 2.2 to compute the bounds Creq, Cerr that are needed for Assumption 1 to hold. The following
proposition will be used to work out these bounds.

Proposition C.5. Let P; = dlyap(L, My) and Py = dlyap(LT, My), and suppose both My and My
are n X n positive definite. We have that:

|| M|
Pl <n—————| P
1Pl < n P
Proof. We start with the observation that tr(MaP;) = tr(M;P). Then we lower bound tr(MyP;) >
Omin(M2) tr(P1) > omin(M2)||P1||, and upper bound tr(M; Py) < || M| tr(P) < n|| M| P O

We use Proposition C.5 to compute the following upper bound for P:

ow + o3l BI? I3
Pyl < n——1 < o2 *
H ” =n )\mln(S) HV*H — an)\min(s)
We first compute the Cpeq term from (2.12):
b € " 812 1og (VO ||/ Amin (V4))

We see that Cieq is monotonically decreasing in [[V@].
Next we compute Cgpy from (2.14). First we see that o = 2. Observing we can upper bound
L <T2||[V@|,, we have that:

e Vo s o (1 o
(1—M/(F§HV*H+))2 143 (n+d)°o, <]20 | +oan

Cone (VO [£9]) = +02r2)

)\mm(S)

We see that Cg, is monotonically increasing in both |[V®]|| and \\E(()i)H. This gives the proof of
Theorem 2.3.
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D Properties of the Invariant Metric

Here we review relevant properties of the invariant metric doo (A4, B) = |log(A~Y2BA=Y2)|| over
positive definite matrices.

Lemma D.1 (c.f. [24]). Suppose that A is positive semidefinite and X,Y are positive definite. Also
suppose that M is invertible. We have:

(i) 000 (X,Y) = 6o (X1, Y1) = oo (MXMT,MYMT).
(11) 0o(A+ X, A+Y) < ﬁéo@(X, Y), where a = max{Amax(X), Amax(Y)} and 8 = Anin(A).

Lemma D.2 (c.f. Theorem 4.4, [24]). Consider the map f(X) = A+ M(B + X"Y)"'MT, where
A, B are PSD and X is positive definite. Suppose that X, Y are two positive definite matrices and
A is invertible. We have:

5 (FX), F(V)) < — max{A(MXMT), M (MY M)}

> )\min(A) + maX{)‘l(MXMT),Al(MYMT)}(SOO(X’ Y) .

Proof. We first assume that M is invertible. Using the properties of o, from Lemma D.1, we have:

0o (f(X), f(Y)) = doc(A+ M(B+ X"H)TIMT A+ M(B+Y™")"'MT)
S oA oM B XTHTIMLM(B YT IMT)

= (BT L (BAY )T

= 5. B+X ' B+Yv!
(A £ o =B XL B4V

IN

—1 —1
7)\min(A)+a600(X Y 7O)
(6
= 0(X,Y),
)\min(A)‘i‘de ( )

where o = max{Apax (M (B 4+ XD IMT), Apax (M (B + X171 MT)}. Now, we observe that:
B+X'-X'le B+XH <X,

This means that M(B + X )™'MT < MXM?" and similarly M(B +Y ") 'MT < MYMT.
This proves the claim when M is invertible. When M is not invertible, use a standard limiting
argument. O

Proposition D.3. Suppose that A, B are positive definite matrices satisfying A = ul, B >= pul. We
have that:
A-B
5ro(d, B) < A= B
7
Proof. We have that:

B-—A
HA—I/QBA—I/QH _ HA—I/Q(B _A)A—1/2 —|—I|| <1+ H H .
I
Taking log on both sides and using log(1 4+ z) < z for x > 0 yields the claim. O
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Proposition D.4. Suppose that B < A1 < As are all positive definite matrices. We have that:
000 (A1, B) < bo0(A2, B) .
Proof. The chain of orderings implies that:
I < B Y2A,B~Y/2 < B1/24,B~1/2
Therefore:
Jo0 (A1, B) = 10g Anax (B2 A1 B7Y?) < log Anax(B™ Y24, B71/?) = 6,5(A2, B) .

Each step requires careful justification. The first equality holds because I < B~1/24,B~Y2 and
the second inequality uses the monotonicity of the scalar function z — logz on Ry in addition to

B~124,B7Y2 < B~1/24,B71/2, O
Proposition D.5. Suppose that A, B are positive definite matrices with B = A. We have that:
1A = B| < [[All(exp(dc (4, B)) — 1) -
Furthermore, if 6oo(A, B) < 1 we have:
IA = Bl < el|Al|do (A, B) -

Proof. The assumption that B = A implies that A~/2BA~1/2 = I and that |A—B|| = Amax(B—A).
Now observe that:
|A = Bl = Amax(B — A)
_ AmaX(A1/2<Afl/QBA71/2 o I)A1/2)
< A Amax(A~Y2BATY2 — 1)
= | A (Amax(A™2BATZ) — 1)
= [|[All(exp(6sc(A, B)) — 1) .

This yields the first claim. The second follows from the crude bound that e* < 1 4 ex for x €
(0,1). O

E Useful Perturbation Results

Here we collect various perturbation results which are used in Section B.2.

Lemma E.1 (Lemma B.1, [37]). Suppose that Kq stabilizes (A, B), and satisfies ||(A + BKg)¥|| <
ToF for all k with T > 1 and p € (0,1). Suppose that K is a feedback matriz that satisfies || K — Ko|| <

7;[5”. Then we have that K stabilizes (A, B) and satisfies ||(A + BK)kH < TAvg(p, l)k,

Lemma E.2 (Lemma 1, [28]). Let f1, fo be two p-strongly convex twice differentiable functions. Let
x1 = argmin, fi(x) and xe = argmin, fa(x). Suppose ||V fi(z2)|| < e, then ||z1 — x2|| < i
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Proposition E.3. Let M = ul and N > ul be a positive definite matrices partitioned as M =

[erl Mu] and similarly for N. Let T(M) = —M2_21M£'—2. We have that:
Myy Moo

A+ [TV IDIM - NI

(M) = T(N)[| < .

Proof. Fix a unit norm x. Define f(u) = (1/2)x" Mz + (1/2)u’ Maou + 2T Misu and g(u) =
(1/2)x" Nyyx + (1/2)u” Nogu + 2T Nigu. Let u, = T(N)z. We have that
Vf(u) = Vf(u) = Vg(u,) = (M — Nag)u, + (Miy — Nig) T .

Hence, ||V f(us)|| < [[Miz — Nig|| + [|Mag — Naall[Jus]|. We can bound [lu[| = [T(N)z| < [[T(N)]-
The claim now follows using Lemma E.2. O

Proposition E.4. Let K, Ky be two stabilizing policies for (A, B). Let V,Vy denote their respective
value functions and suppose that V- <Vy. We have that for all k > 0:

/\max(‘/O)

A+ BEM < [0

(1= Aumin (Vg 19))*/2.

Proof. This proof is inspired by the proof of Lemma 5.1 of Abbasi-Yadkori et al. [3]. Since V is the
value function for K, we have:

V =(A+BK)'V(A+ BK)+ S+ K'RK
= (A4 BK)"V(A+BK)+S.

Conjugating both sides by V~1/2 and defining H := V/2(A + BK)V~1/2,

I=V Y24+ BK)'V(A+ BK)V Y2y y-l/2gy-1/2
=H'H+ VY2572,

This implies that |H|> = [[HTH| < |[I — V7Y28V=12) = 1 — A\ (SV2V18Y2) < 1 —
Amin (S1/2V;1S1/2). The last inequality holds since V' < Vg iff V=1 = V; !, Now observe:

IVY2(A+ BE V2| = |H*| < [HIF < (1= Ain(Vy 15))H2

Next, for M positive definite and N square, observe that:

|IMNM™Y| = \/ Amax(MNM—2NT M)

> i (M)A (MNNTM)

=\ Munin (M) A (NTAL2N)

>/ Amin(M=2) Anin (M2) | N2
v
k(M)

42



Therefore, we have shown that:

>\maX V —
4+ B < VRTI = dain(V5 )2 < 4[5 1 (119472
O
Proposition E.5. Let A be a (7, p) stable matriz, and let |||-|| be either the operator or Frobenius
norm. We have that:
-2
lldlyap(A, M)|| < 7 e A (E.1)

Proof. It is a well known fact that we can write P = Y 22 (A¥)TM(A¥). Therefore the bound
follows from triangle inequality and the (7, p) stability assumption. O

Proposition E.6. Suppose that Ay, Ay are stable matrices. Suppose furthermore that || AF|| < 7p*
for some 7 > 1 and p € (0,1). Let Q1,Q2 be PSD matrices. Put P; = dlyap(A;, Q;). We have that:

2 4

ipg”Ql QQH + ( )

Proof. Let the linear operators Fy, F5 be such that P; = FZ._I(QZ»)7 ie. Fj(X)=X-A] XA;. Then:

1P = Pyl < =5z 141 — Aaf[([[ Al + [[ A2 [[ Q2] -

Py — Py =F7 Q1) — F51(Q2)
Q1 — Q2) + FTH(Q2) — FyH(Q2)
D@1 — Q)+ (FT' = Fy)(Q2) -
Hence [Py — Po|| < [[Fy Q1 — Q2| + [|1Fy " — F5 '[]|Q2|. Now for any M satisfying || M| < 1

ZAT kMAk
k=

1 (M) =

1—p

Next, we have that:

4

_ _ _ _ _ _ T
IF = By = 1R (Fe = FOF | < IFCHITES R — B < mllﬂ — .
Now for any M satisfying || M| <1,
[FL(M) — Fo(M)|| = | A3 M Ay — AT M A, ||
= ||[(Ag — A1) TM Ay + AT M(As — Ay)||
< [|[Ar = Aof|([l A1 + [|A2]]) -
The claim now follows. O

43



F  Useful Implicit Inversion Results

Proposition F.1. Let T > 2 and suppose that o > 1. Define € as:

1
¢ = inf {e €(0,1): T> 62loga(l/e)} ,

then we have

log(a+1)/2 (T)
VT '

€<
As a corollary, if T > 2C then if we define € as:

¢ = inf {5 €(0,1): T> Ec;loga(l/e)} ,

then we have

e </ % logl®tV/2(T/C) .

Proof. First, we know that such a ¢ exists by continuity because lim,_,;- E% log®(1/e) = 0.

Suppose towards a contradiction that £ > log? (T)/v/T where 26 = a + 1. Note that we must
have log?(T)/v/T < 1, since if we did not, we would have

1>¢e>1og?(T)/VT > 1.

Therefore, by the definition of ¢,

T
T < —5—log®(VT/log"(T)) <
log

T (07
() o) 8 VD)

This implies that:
log? (T) < log®(VT) = —= log®(T) .
Using the fact that 28 = a + 1, this implies:
log(T) <1/2% =T < exp(1/2%) <exp(1/2).

But this contradicts the assumption that T > 2.
The corollary follows from a change of variables T+ T'/C. O

Proposition F.2. Let C' > 1 and o > 1. We have that:

1 .
Sup polylog(C2*) < poly(«) polylog(C) .
i=0,1,2,... (20)1/e
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Proof. Let 8 > 1. We have that:

(2;/ log?(C2') = <2i)11/a<10g<0> +log(2)?
B—1 ,
< (;)1 7o (log?(C) +1og” (27))
iB
< 277 10g%(0) + 27 e log” ()

Next, we look at:

. if
i) = (20)1/a
We have that:
d . IS 1
— 1 = B—
g% f0) =005,

Setting the derivative to zero we obtain that i = a3/ log2. Therefore:

an s (22)

i=0,1,2,... log 2

The claim now follows. O

Proposition F.3. Let C > 0. Then for any ¢ € (0, min{1/e, C?}), we have the following inequality
holds:

elog(l/e) < C'.
As a corollary, let M > 0, then for ¢ € (0,min{M /e, C*/M}) we have that:
elog(M/e) < C.

Proof. Let f(e) := elog(1/e). We have that lim,_,o+ f(¢) = 0 and that f’(¢) = log(1/e) — 1. Hence
f is increasing on the interval € € [0,1/e], and f(1/e) = 1/e. Therefore, if C' > 1/e then f(e) < C
for any € € (0,1/e).

Now suppose that C' < 1/e. One can verify that the function g(x) := 1/z + 2logx satisfies
g(x) >0 for all x > 0. Therefore:

g(C) > 0<=1/C+2logC >0
— 1/C > log(1/C?)
— C > C?log(1/C?)
— f(CH <.
Since C' < 1/e we have C? < C and therefore f(g) < f(C?) < C for all € € (0, C?). This proves the

first part.
To see the second part, use the variable substitution e < /M, C < C'/M. O
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Proposition F.4. Let > 1 and C > (e/B)". Let x denote the solution to:
x = Clog?(x).
We have that z < el@=DBBB . C'log? (BCYP), where o = 2 — log(e — 1).

Proof. Let W(-) denote the Lambert W function. It is simple to check that z = eXp(_ﬁW(_W))

satisfies = C'log? (). From Theorem 3.2 of Alzahrani and Salem [5], we have that for any ¢ > 0:
W(—e 1> ~log(t+1)—t—a, a=2—logle—1).

W (~gams) =w (")
—w (_e—log(ﬁcl/f3>)

=W(—eT"71), t=1log(BCHF) -1
> —log(t+1)—t—a.

We now write:

where the last inequality uses the result from Alzahrani and Salem and the assumption that C' >
(e/B)P. We now upper bound x:

)

< exp(Blog(t+ 1)+ pt + ap)
= exp(Blog log(BC*7)) exp(Blog(BCY?)) exp((a — 1))
= exp((a — 1)8)B°Clog? (BCVP) .

G Experimental Evaluation Detalils

In this section we briefly describe the other algorithms we evaluate in Section 4, and also describe
how we tune the parameters of these algorithms for the experiments.

Define the function J(K; W) as:

T
1
J(K; W) = Th_r}réoIE T Z%ISI} + uy Ruy (G.1a)
t=1
st. 1 = Axy + Bug +wy, ug = Koy, wy ~ N(0, W) . (G.1Db)

Certainty equivalence (nominal) control uses data to estimate a model (4, B) ~ (A4, B) and
then solve for the optimal controller to (G.1) via the Riccati equations. On the other hand, both
policy gradients and DFO are derivative-free random search algorithms on J(K;W). For policy
gradients, one uses action-space perturbations to obtain an unbiased estimate of the gradient of
J(K;02 T+ U%BBT). For DFO, random finite differences are used to obtain an unbiased estimate of
the gradient of J,, (K) := E¢[J(K + 0,,¢;021)], where each entry of £ is drawn i.i.d. from N(0,1).
Below, we describe each method in more detail.
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Certainty equivalence (nominal) control. The certainty equivalence (nominal) controller
solves (G.1) by first constructing an estimate (A, B) ~ (A, B) and then outputting the estimated
controller K via:

R—(B"PB+RBTPA,
P =dare(A, B, S, R) .

The estimates (A B) are constructed via least-squares. In partlcular N trajectories each of length
T are collected {xtl)}t 11 using the random input sequence u,g ~ N(0,021), and (A B) are
formed as the solution to:
1A Lo 6 (i) )
(A, B) = arg &HE) 5 Z Z\\xﬁl — Az} — Bugl 2.
i=1 t=1

For our experiments, we set o, = 1.

Policy gradients. The gradient estimator works as follows. A large horizon length T is fixed.
A trajectory {z;} is rollout out for T timesteps with the input sequence w, = Kuxy + n, with
N ~ N(0,0’%I). Let 754 = (s, Us, Ts41,Ust1, .-, Tty uy) denote a sub-trajectory, and let ¢(7s:)
denote the LQR cost over this sub-trajectory, i.e. ¢(7s¢) = ZZ:S z] Szg + uf Rug. The policy
gradient estimate is:

Q)

1 T e
Z ’I’]td?t.

t:l

Of course, one can use a baseline function b(7y.4—1, a:t) for variance reduction as follows:
T

~_ l Z C(Tt:T) - b(let—la xt) T

t Ly .
2 U
t=1 n

DFO. We use the two point estimator. As in policy gradients, we fix a horizon length T'. We first
draw a random perturbation &. Then, we rollout one trajectory {z}]_; with u; = (K + 0,,€)a¢, and
we rollout another trajectory {x;}]_; with u} = (K — 0,¢)x}. We then use the gradient estimator:

T T
% D1 Ct — % D=1 (e

209,

g= £, ¢ =a Sz +ul Ruy, ¢, = ()7 Sz, + (u}) " Ruj .

MFLQ. We update the policy every 100 iterations and do not execute a random exploratory
action since we found that it negatively affected the performance of the algorithm in practice. In
terms of the parameters described in Algorithm 1 of Abbasi-Yadkori et al. [3] we execute v2 of the
algorithm and set Ty = oo and T, = 100. We also chose to use all data collected throughout an
experiment when updating the policy.

Optimal. The optimal controller simply solves for the optimal controller to G.1 given the true
matrices A and B. That is, it uses the controller

K=—-(B"PB+R)"'B'PA,
P =dare(A,B,S,R) .
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Offline setup details. Recall that we use stochastic gradient descent with a constant step size p
as the optimizer for both policy gradients and DFO. After every iteration, we project the iterate K
onto the set {K : |[K||r < 5|/ K4||r}, where K, is the optimal LQR controller (we assume the value
|| K« || F is known for simplicity). We tune the parameters of each algorithm as follows. We consider a
grid of step sizes p given by [1072,107%,107°,107%] and a grid of o,’s given by [1,107%,1072,1073].
We fix the rollout horizon length 7" = 100 and choose the pair of (o, 1) in the grid which yields the
lowest cost after 10° timesteps. This resulted in the pair (o,, ) = (1,107°) for policy gradients and
(o, ) = (1073,107%) for DFO. As mentioned above, we use the two point evaluation for derivative-
free optimization, so each iteration requires 27" timesteps. For policy gradient, we evaluate two
different baselines b;. One baseline, which we call the simple baseline, uses the empirical average
cost b = % EtT:l ¢ from the previous iteration as a constant baseline. The second baseline, which we
call the value function baseline, uses b(x) = x"V (K )x with V(K) = dlyap(A + BK, S+ KT RK) as
the baseline. We note that using this baseline requires exact knowledge of the dynamics (A, B); it can
however be estimated from data at the expense of additional sample complexity (c.f. Section 2.1).
For the purposes of this experiment, we simply assume the baseline is available to us.

Online setup details. In the online setting we warm-start every algorithm by first collecting 2000
datapoints collected by feeding the input Kz, + 7, to the system where K is a stabilizing controller
and 7 is Gaussian distributed additive noise with standard deviation 1. We then run each algorithm
for 10,000 iterations. In the case of LSPI we set the initial number of policy iterations N to be 3
and subsequently increase it to 4 at 2000 iterations, 5 at 4000 iterations, and 6 at 6000 iterations.
We also follow the experimental methodology of Dean et al. [15] and set T; = 10(i + 1) and set

2/3
o2.=0.01 <i) where i is the epoch number. Finally we repeat each experiment for 100 trials.

7,8 i+1
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