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Abstract
Instance-dependent Optimality in Statistical Decision-making
by
Wenlong Mou
Doctor of Philosophy in Engineering — Electrical Engineering and Computer Sciences
University of California, Berkeley
Professor Martin J. Wainwright, Co-chair

Professor Peter L. Bartlett, Co-chair

Data-driven and learning-based methodologies have been very popular in modern
decision-making systems. In order to make optimal use of data and computational
resources, these problems require theoretically sound procedures for choosing between
estimators, tuning their parameters, and understanding bias/variance trade-offs. In many
settings, asymptotic and/or worst-case theory fails to provide the relevant guidance.

In this dissertation, I present some recent advances that involve a more refined approach,
one that leads to non-asymptotic and instance-optimal guarantees. Focusing on function
approximation methods for policy evaluation in reinforcement learning, in Part I, I
describe a novel class of optimal oracle inequalities for projected Bellman equations, as
well as computationally efficient algorithms achieving them. In contrast to corresponding
results for ordinary regression, the approximation pre-factor depends on the geometry
of the problem, and can be much larger than unity. In Part II, I discuss optimal
procedures for estimating linear functionals from observational data. Our theory reveals
a rich spectrum of behavior beyond the asymptotic semi-parametric efficiency bound. It
also highlights the fundamental roles of geometry, and provides concrete guidance on
practical procedures and parameter choices.
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Chapter 1

Introduction

In recent years, applications of machine learning and data science have profoundly
changed people’s everyday life. While these technologies have achieved tremendous
success in lab environment, when applied to real-world decision-making problems, several
puzzles still remain unresolved. In particular, it has been observed that many important
choices are made in an ad hoc manner in practice, without principled guidance. These
practical challenges put statistical theory at a critical position — in the world of decision-
making, machine learning is not just about stacking more layers and tuning parameters.
Instead, theoretically well-grounded methodologies are needed, concerning structures in
the model, data, and the target. As the data in decision-making problems can be of low
quality, inter-dependent, and expensive to collect, novel machine learning algorithms
addressing these issues with optimal guarantees could lead to significant saving. Yet,
existing statistical and computational theories are still lacking in many aspects.

During my Ph.D. studies, the focus of my research is drawn on the theoretical
understanding into computational and statistical aspects of modern decision making
applications. A popular class of methodologies in decision-making is the learning-based
approaches, i.e., first learn a model or estimate some relevant functions, and then
compute the target value or optimal policy from the learned model. For example, in
Markov decision processes, this corresponds to reinforcement learning with function
approximation; and in causal estimation problems with observational data, this corre-
sponding to semi-parametric methods such as double machine learning. Though the
learning-based approaches offer lots of flexibility in modeling, it is observed in practice
that the classical principles in learning may fail for decision-making applications. This
naturally motivates the recurring theme in my research:

How to make learning optimal for decision-making?

In order to address this key question, I investigate the probabilistic and geometric
structures underlying the problems, on which a rich class of statistical theories and com-
putational methods are built. I aim at the fundamental questions about the possibility,
optimality, and computational efficiency of statistical estimation. Notwithstanding the
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seemingly simplicity, these questions lead to fruitful outcomes, which, not only facilitates
data-driven methods in decision-making, but also contributes to novel statistical theories.

Another important feature of the research results presented in this dissertation is
their instance-dependent optimality. Minimax optimality has been the golden criteria to
evaluate the performance of statistical estimation and learning algorithms. However, for
many decision-making applications including reinforcement learning and causal inference,
there are many methods that all achieve the global minimax optimality, but exhibit
extremely different practical performances. This is because the worst-case problem
instances within the problem class are usually too hard to solve with any practical sample
size, so that the worst-case optimality theory fails to guide the practical choice. By way
of contrast, in this dissertation, we adopt a more fine-grained criteria of optimality — the
estimator has to be minimax optimal not only globally, but also locally within suitably
defined neighborhood of any problem instance. In this way, we can obtain key quantities
that governs the complexity of estimation associated to any problem instance.

The notion of instance-dependent optimality dates back to the local asymptotic
minimax theory due to Le Cam and Héajek [117, 72]. However, in many modern decision-
making applications, taking the asymptotic limit with sample size going to infinity can
hide important finite-sample phenomena, especially when we are only able to model parts
of the environment instead of the entire data-generating process. With a complicated
model class and limited sample size, the asymptotic theory can be completely irrelevant.
In this dissertation, we discover novel instance-dependent quantities that govern the
non-asymptotic complexity, which are not covered by the classical local asymptotic
minimax theory. In order to make the estimators adaptive to these complexities, novel
statistical principles are revealed, which provide concrete guidance on practical choices.

The rest of the introduction is organized as follows: we first provide a high-level
overview of the results in this dissertation; then, we summarize some additional related
work of the author, which are not included in this dissertation; finally we introduce
notations used throughout this dissertation.

1.1 High-level overview of the results

In this section, we provide a high-level overview of the main results presented in this
dissertation.

1.1.1 Part I: reinforcement learning with function
approximation

Approximate dynamic programming (ADP) and reinforcement learning (RL) provides a
formalism of making optimal decisions in sequential settings. A central question in ADP
and RL is the estimation of value function, cast as the problem of solving a (linear)
Bellman fixed-point equation. In most practical applications, the state-action space
is enormous or infinite (for example, the game of Go has a state space of cardinality
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3361 and most control problems work with continuous states), so that direct plug-in

methods are impossible both computationally and statistically. A natural approach,
therefore, is to use a function class F to approximate the solution v*, and solve the
projected fized-point equations. Despite their extreme popularity in practice, statistical
guarantees for projected fixed-point methods, as well as their optimality properties, are
not clear. Drawing analogy to non-parametric estimation, for an estimator v,,, we seek
to establish oracle inequalities to characterize its trade-off between approximation and
statistical errors.

E[|[2, — v*||*] < Approximation factor x ianT |v — v*||* + Statistical error,,(F).
vE

Ideally, we would want a unity approximation factor and an optimal statistical error
depending on the localized complexities. Despite decades of efforts, however, such
a guarantee is not achieved. The theoretical gap also bewilders practical model and
parameter selection. This motivates our central question:

Can we establish optimal oracle inequalities for policy evaluation just as in
non-parametric regression?

The answer is “yes and no”: optimal oracle inequalities are established, but is qualitative
different, exhibiting a richer spectrum of instance-dependent behavior. In Chapter 2, an
instance-dependent approximation factor upper bound is established for projected fixed-
point, which can be much larger than unity, but surprisingly, is information-theoretically
optimal. In Chapter 3, optimal instance-dependent guarantees are established on the
statistical error (under Markovian data), with the optimal sample complexity and
efficient stochastic approximation schemes. The next two paragraphs describe these
results.

Instance-dependent optimality of the approximation factor: Focusing on a low-
dimensional linear subspace JF, the seminal work by Tsitsiklis and Van Roy establishes
an approximation factor bound for the projected fixed point, laying the foundations of
ADP with function approximation. Their bound depends on the effective horizon of the
problem, which is usually large in practice. As a result, even when the value function is
close to the class F, such an approximation error is amplified by a large factor, leading
to potentially poor solution. It is not clear whether this is unavoidable.

We start by showing an instance-dependent approximation factor upper bound for
the projected fixed-point approach, which depends on a notion of mixing in the projected
space. Such a bound recovers the horizon-based bound in the worst case, and improves
existing instance-dependent results.

What is most surprising, though, is that the approximation factor we established is
indeed information-theoretically instance-optimal, if we only have access to empirical
data. In particular, we show that for a moderate sample size, the local minimax risk
for estimation is lower bounded by the projection error inf,cx ||[v — v*||* multiplied by
exactly the same approximation factor as we established in the upper bound. This
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precisely characterizes the price of RL with function approximation: when the sample
size cannot support estimating the entire underlying MDP model, an approximate factor
must be paid.

Statistical complexity and stochastic approximation with Markovian data:
Turning to the statistical error, we consider the stochastic approximation (SA) scheme
in Euclidean space, where the data are from a Markov chain trajectory. This method is
known as temporal difference (TD) methods, a default building block in most practical
RL systems. Through a novel bootstrapping proof technique, my work establish risk
bounds for SA with optimal dependency on the problem dimension and the mixing time
of underlying Markov chain. Additionally, for the Polyak—Ruppert averaged iterates,
we show an instance-dependent and optimal error upper bound that achieves the exact
covariance of Markovian central limit theorem, again with an optimal sample complexity.

Interesting consequences are derived by combining the instance-optimal results
Chapters 2 and 3. In RL literature, a classical approach for addressing the trade-off
between approximation and statistical error is through a resolvent formalism of the
Bellman operator — leading to the class of TD(A) methods for A € (0,1). A long-standing
puzzle is the choice of the tuning parameter A\, and our instance-dependent results make
it possible to select \ optimally based on empirical estimates.

The main contents of this part is drawn, under minor modification, from the
following two papers: Chapter 2 is from the paper [152] “Optimal oracle inequalities
for solving projected fixed-point equations, with applications to policy evaluation”,
co-authored with Ashwin Pananjady and Martin J. Wainwright. Chapter 3 is from the
paper [153] “Optimal and instance-dependent guarantees for Markovian linear stochastic
approximation”, co-authored with Ashwin Pananjady, Martin J. Wainwright, and Peter
L. Bartlett.

1.1.2 Part II: off-policy estimation of linear functionals

The contextual bandit model provides a general framework for decision-making. In
many applications including causal inference, the learning algorithms are not allowed
to interactively explore the environment, and have access only to the observational
data generated from a given behavior policy. A central problem is to estimate a
linear functional, which covers various notions of treatment effects. This problem
exhibits a semi-parametric nature, where the target is a scalar functional of a potentially
complicated model.

The celebrated local asymptotic minimax theory by Le Cam, Héjek and Levit provides
a canonical measure of instance-dependent optimality with sample size n tending to
infinity. Applied to the off-policy estimation problems, the optimal efficiency bound
consists of two terms: the variance of the target functional under random state, and the
average of conditional variance in the observation re-weighted by the importance ratio.
Focusing on achieving the optimal efficiency bounds under different models, various



1.1. HIGH-LEVEL OVERVIEW OF THE RESULTS )

semi-parametric procedures are developed, which lays the foundations of modern theory
for causal effect estimation and inference.

Hidden behind the elegant and general asymptotic theory, however, is a diverse
spectrum of finite-sample behavior. In semi-parametric methodology, a function is
estimated and substituted into an identifying equation so as to obtain an optimal
estimator for the scalar. Due to mis-specification, complexity, and local geometry of the
function class, the estimation of the nuisance component may dramatically impacts the
non-asymptotic error, which are not captured by asymptotic theory of efficiency. Owing
to the theoretical gaps, in practice, the design and choices of estimators for the nuisance
components lack principled guidance. This motivates us to rethink semi-parametric
efficiency from non-asymptotic perspectives, and ask the question:

What is finite-sample instance-optimality for off-policy estimation? And how
to achieve it?

Part of the results in this dissertation pave the way towards a complete recipe for this
question. In Chapter 4, we show that the optimal risk is determined by how well we can
estimate the nuisance component in a weighted L2-norm, in addition to the classical
efficiency bound. When the efficiency bound itself is infinite, Chapter 5 shows that
instance-optimal estimation is made possible by exploiting geometric structures of the
function class.

Weighted L2-norm and optimal finite-sample efficiency: In practice, a class of
two-stage semi-parametric procedures known as Augmented Inverse Propensity Weighted
(AIPW) are widely used for off-policy estimation. In the first stage, the treatment
effect function, defined as the conditional expectation of the outcome conditioned on
the state-action pair, is estimated, so as to reduce the variance of the naive important
weight (IPW) method in the second stage. Two prominent questions naturally arise:
which estimator should be used in the first stage for optimal estimation of the scalar?
and since the estimation of a function can require a large sample size, is this necessary?

Focusing on the case with known behavior policy, we analyze such two-stage pro-
cedures, and establish a general finite-sample error upper bound. The risk is given by
the sum of the asymptotic efficiency bound, and the estimation error for the nuisance
function, measured under a re-weighted LL?-norm. The optimality of such procedure
is established in a strong sense, through a local non-asymptotic minimax lower bound
containing exactly the same weighted L2-error term. We also show the necessity of
the complexity-dependent sample size for achieving such bounds. Our results therefore
exhibits the equivalence between optimal estimation for the scalar and the function,
under the weighted L2-norm.

Optimal notion of efficiency beyond the /n rate: The semi-parametric efficiency
bound for off-policy evaluation involves certain moments of the importance ratio, which
can be infinite even for many natural applications. In causal literature, this corresponds
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to the lack of overlap assumption, a notorious situation where many classical principles
in the semi-parametric efficiency regime fails. However, infinite efficiency bound does
not rule out the possibility for estimating the target functional, if structural assumptions
are imposed on the treatment effect function.

Assuming that the treatment effect function belongs to a reproducing kernel Hilbert
spaces (RKHS), we characterize the instance-optimal risk with non-asymptotic upper
bounds and local minimax lower bounds, thereby exhibiting the correct notion of
efficiency in such regime. The resulting rate varies from the (near-)parametric y/n to
arbitrarily slow ones, depending on interplay between the geometry of the RKHS and the
behavior policy. Furthermore, the estimator is adaptive in a strong sense: no knowledge
about the policy is required, while the optimal risk is achieved under any policy.

The main contents of this part is drawn, under minor modification, from the following
two papers: Chapter 4 is from the paper [155] “Off-policy estimation of linear functionals:
non-asymptotic theory for semi-parametric efficiency”, co-authored with Martin J.
Wainwright and Peter L. Bartlett. Chapter 5 is from the paper [145] “Kernel-based off-
policy estimation without overlap: instance-dependent optimality beyond semiparametric
efficiency”, co-authored with Peng Ding, Martin J. Wainwright, and Peter L. Bartlett.

1.2 Related work not appearing in this thesis

In this section, we briefly summarize some other papers of the author during his Ph.D.,
which are closely related to the topics above.

e Efficient sampling algorithms and diffusion processes: High-dimensional
sampling is a fundamental computational task with a wide range of applications
in data science. In particular, it allows us to compute Bayes optimal estimators
efficiently, and quantify uncertainties in a Bayesian framework. Lying at the
heart of continuous-space Markov chain Monte Carlo (MCMC) algorithms is the
discretization of the Langevin stochastic differential equations (SDE). I have made
several contribution to design and analysis of efficient sampling algorithms for
large-scale learning and inference. In particular, in the paper [147], we provide a
near-optimal analysis for the forward Euler discretization of Langevin diffusion,
achieving near-optimal rates, polynomial dependence on the time horizon, and
linear dimension dependence simultaneously under mild conditions that allow
arbitrary non-convexity. In the papers [151] and [146], we develop sampling algo-
rithms with state-of-the-art non-asymptotic performances by exploiting structures
in learning problems. The analysis of Langevin diffusion processes also sheds light
on the non-asymptotic contraction behavior and shape of the Bayesian posterior.
In my work [148], we develop new tools for non-asymptotic contraction rates using
the diffusion approach, which leads to near-optimal rates in some challenging
setups.
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e Statistically optimal stochastic approximation algorithms: The instance-
dependent optimality guarantees for stochastic approximation methods presented
in Chapter 3 have also been established for other setups. In the paper [150], we
study Polyak—Ruppert averaged constant stepsize linear stochastic approximation
with i.i.d. data. A fine-grained instance-dependent behavior is characterized,
with an additional term in the covariance given by a Ricatti equation depending
on the stepsize. In the paper [121], we propose a new stochastic optimization
algorithm, ROOT-SGD, which achieves desirable instance-dependent guarantees
at a near-optimal sample complexity, in the classical strongly convex and smooth
setup. This algorithm is further extended to solve the fixed point of contractive
operators in general Banach spaces [149]. The resulting algorithm, ROOT-SA, non-
asymptotically achieves the optimal risk functional defined by the local asymptotic
minimax limit, with a sharp sample complexity.

¢ Reinforcement learning with general function approximation: Part |
of this dissertation focuses on establishing optimal oracle inequalities for policy
evaluation using approximation with linear subspaces. While this form of function
approximation is widely used in practice, other parametric and nonparametric
classes provide more flexibility. In the paper [154], we extend the optimal oracle
inequalities to general function classes under some geometric conditions in a
tangent cone. We further exhibit the necessity of such geometric conditions. In
an independent line of research, in the paper [156], we characterize the sample
complexity of policy optimization using the eluder dimension of the policy class.

e Causal estimation with high-dimensional data: In observational studies,
when the propensity score is unknown, a popular approach is to estimate the
propensity score using logistic models. High-dimensional covariates bring about
additional challenges in this semiparametric problem. Using a novel debiased pro-
cedure, in the paper [197], we establish asymptotic normality and non-asymptotic
bounds with an improved dependence on problem dimension.

1.3 Notation

Here we summarize some notation used throughout this dissertation.

Basic notations: For a positive integer m, we define the set [m] := {1,2,--- ,m}.
For any pair (X, Y) of real Hilbert spaces and a linear operator A : X — Y, we denote by
A* : Y — X the adjoint operator of A, which by definition, satisfies (Ax, y) = (z, A*y)
for all (z,y) € X x Y. For a bounded linear operator A from X to Y, we define its
operator norm as: [|Allx-y := sup,ex (o) %. We use the shorthand notation ||A|x
to denote its operator norm when A is a bounded linear operator mapping X to itself.
When X = R4 and Y = R% are finite-dimensional Euclidean spaces equipped with the

standard inner product, we denote by || Ao, the operator norm in this case. We also
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use || - || to denote the standard Euclidean norm, in order to distinguish it from the
Hilbert norm || - ||. Given a set A in a normed vector space with norm || - ||., we denote
the diameter diam.(A) := sup, e [|7 — yl|c-

For a random object X, we use £(X) to denote its probability law. For any x € S,
we use J, to denote the distribution that places all its mass on {z}, or equivalently,
the Dirac o-function at point x (defined as a tempered distribution). Given a vector
p € R and a positive semi-definite matrix ¥ € R4 we use N'(1,Y) to denote the
Gaussian distribution with mean p and covariance . We use U(2) to denote the
uniform distribution over a set ). Given a Polish space S and a positive measure p
associated to its Borel o-algebra, for p € [1,+00), we define LP(S,p) :== {f : § —

1/p
R, || flle == (fs |f\7’d,u> < +00}. When S is a subset of R? and p is the Lebesgue

measure, we use the shorthand notation LP(S).

Distance between probability measures: We let (S, p) denote a metric space. For
a pair (m, ) of probability distributions on S, let I'(m, 1) denote the space of all possible
couplings of p and 7. For any p > 1, the Wasserstein-p distance between 7 and p is
given by

. » 1/p
W)= {_int [ pagraren}” (L.1)
yel(m.n) JSx S

and the total variation distance between 7 and u by

drv(m, p) = sup m(A) = u(A)].

For any pair of probability distributions P and @) on the same space, we use P < )

to denote the fact that P is absolute continuous with respect to Q, and use £ to

aQ
indicate the Radon-Nikodym derivative. Given P < @), we define:

KL Divergence: Dy, (P || Q) :=Ep|[log %(X)},
x* divergence:  x* (P || Q) := Ep[5(X) — 1],

Max divergence: Dy (P||Q):= sup [log %(m)‘ :

zesupp(Q)

Matrices in finite dimensions: We use {ej}?zl to denote the standard basis vectors
in the Euclidean space R, i.e., e; is a vector with a 1 in the i-th coordinate and zeros
elsewhere. For two matrices A € R4*% and B € R%*%  we denote by A ® B their
Kronecker product, a dids x dads real matrix. For symmetric matrices A, B € R¥™?, we
use A < B to denote the fact B — A is a positive semi-definite matrix, and denote by
A < B when B — A is positive definite. For a positive integer d and indices i, j € [d], we
denote by E;; a d x d matrix with a 1 in the (7, j) position and zeros elsewhere. More
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generally, given a set § and si, 59, € S, we define E;, 5, to be the linear operator such
that Ey, 5, f(z) == f(s2)1l,—, forall f:S — R.

Given any matrix A = (a;;) € R™™, its vectorization is obtained by concatenating its
columns—viz. vec(A) := [an 21+ Qp1 Gia -+ Qpa -+ Ay - anm]T €
R™. We use Apax(A) and Apin(A) to denote the largest and smallest eigenvalue of the
matrix A, respectively. We use the following notation for matrix norms: for any matrix
A € R1*% we use the notation ||Allep, [|AllF and ||Alluue to denote its operator norm,
Frobenius norm and nuclear norm, respectively.

Infinite-dimensional matrices: Above definitions can be extended to the infinite-
dimensional setup. In particula, we define infinite-dimensional vectors and matrices
formally as mappings from integers (pairs) to reals. Given an infinite-dimensional matrix
A and a vector z, we define their product pointwise as

+o0
[Az]; = ZAmzj, for any ¢ € N,

i=1

assuming that each summation is absolute convergent.

Let £o(N) be the set of infinite-dimensional vectors with finite support, i.e., finitely
many non-zero entries. We say an infinite-dimensional symmetric matrix A is positive
semi-definite, denoted by A > 0, if

" Ax >0, for any z € £o(N).

Note that for any vector space V in which ¢(N) is dense, if the matrix A maps from
V to V*, the definition can be easily extended to ensure that 2" Az > 0 for any = € V.
Given this notation, we can furthermore define the positive semi-definite ordering A = B
it A—B > 0.

Similarly, we can define the inverse of infinite-dimensional matrix. We call B = A~}
if B-(Az) = A(Bx) = z for any x € {y(N). Once again, such definition can be easily
extended to larger vector spaces by density arguments, assuming that both A and B
are bounded linear operators acting on suitably defined spaces.

Empirical process tools: For any a > 0, the Orlicz norm of a scalar random variable
X is given by

1 X || g :=sup {u>0 | E[e(m/“)a] <1}.

The choices a = 2 and a = 1 correspond, respectively, to the cases of sub-Gaussian and
sub-exponential tails, respectively.

Given a metric space (T,p) and a set 2 C T, we use N(€2, p;s) to denote the
cardinality of a minimal s-covering of set {2 under the metric p. For any scalar ¢ > 1
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and closed interval [§, D] we define the Dudley entropy integral

Ty(2.p:16, D)) = / (log N (2, p: )]/ ds.

Given a domain S, a bracket [¢,u] is a pair of real-valued functions on S such that
l(z) < u(z) for any = € S, and a function f is said to lie in the bracket [¢,u] if
f(z) € [l(z),u(x)] for any = € S. Given a probability measure Q over S, the size of the
bracket [¢,u] is defined as [|u — £||L2(q). For a function class F over S, the bracketing
number N,,, (]—" , ]LQ(@); s) denotes the cardinality of a minimal bracket covering of the set
JF, with each bracket of size smaller than s. Given a closed interval [d, D], the bracketed
chaining integral is given by

To(F,LA(Q / Vg N,..(F,L2(Q); s) ds.
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Chapter 2

Optimal oracle inequalities for
projected fixed-point equations

Linear fixed point equations in Hilbert spaces arise in a variety of settings, including
reinforcement learning, and computational methods for solving differential and integral
equations. In this chapter, we study methods that use a collection of random observations
to compute approximate solutions by searching over a known low-dimensional subspace
of the Hilbert space. First, we prove an instance-dependent upper bound on the mean-
squared error for a linear stochastic approximation scheme that exploits Polyak—Ruppert
averaging. This bound consists of two terms: an approximation error term with an
instance-dependent approximation factor, and a statistical error term that captures
the instance-specific complexity of the noise when projected onto the low-dimensional
subspace. Using information-theoretic methods, we also establish lower bounds showing
that both of these terms cannot be improved, again in an instance-dependent sense. A
concrete consequence of our characterization is that the optimal approximation factor
in this problem can be much larger than a universal constant. We show how our results
precisely characterize the error of a class of temporal difference learning methods for
the policy evaluation problem with linear function approximation, establishing their
optimality.

2.1 Introduction

Linear fixed point equations over a Hilbert space, with the Euclidean space being an
important special case, arise in various contexts. Such fixed point equations take different
names in different domains, including estimating equations, Bellman equations, Poisson
equations and inverse systems [15, 110, 221]. More specifically, given a Hilbert space X,
we consider a fixed point equation of the form

v=Lv+b, (2.1)

where b is some member of the Hilbert space, and L is a linear operator mapping X to
itself.
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When the Hilbert space is infinite-dimensional-—or has a finite but very large
dimension D—it is common to seek approximate solutions to equation (2.1). A standard
approach is to choose a subspace S of the Hilbert space, of dimension d < D, and to
search for solutions within this subspace. In particular, letting Ilg denote the orthogonal
projection onto this subspace, various methods seek (approximate) solutions to the
projected fized point equation

v =Tlg(Lv +b). (2.2)

In order to set the stage, let us consider some generic examples that illustrate the
projected fixed point equation (2.2). We eschew a fully rigorous exposition at this stage,
deferring technical details and specific examples to Section 2.2.2.

Example 2.1 (Galerkin methods for differential equations). Let X be a Hilbert space of
suitably differentiable functions, and let A be a linear differential operator of order k,
say of the form A(v) = wov + Z?Zl wv | where v denotes the j™-order derivative of
the function v € X. Given a function b € X, suppose that we are interested in solving
the differential equation A(v) =b. This represents a particular case of our fized point
equation with L = I — A.

Let S be a finite-dimensional subspace of X, say spanned by a set of basis functions
{¢; ;l:l. A Galerkin method constructs an approximate solution to the differential
equation A(v) = b by solving the projected fixed point equation (2.2) over a subspace of
this type. Concretely, any function v € S has a representation of the form v = Z;l:l V;0;
for some weight vector ¥ € R:. Applying the operator A to any such function yields
the residual A(v) = Z;l:l V;A(¢;), and the Galerkin method chooses the weight vector
¥ € R such that v satisfies the equation v = Ig((I — A)v +b). In Section 2.2.2.2, we
describe in detail a specific version of the Galerkin method as applied to a second-order
differential equation that underlies the so-called elliptic boundary value problem. &

Example 2.2 (Instrumental variable methods for nonparametric regression). Let X
denote a suitably constrained space of square-integrable functions mapping RP — R, and
suppose that we have a regression model of the formY = f*(X)+e. Here X is a random
vector of covariates taking values in RP, the pair (Y, €) denote scalar random variables,
and f* € X denotes an unknown function of interest. For discussion of the existence
and uniqueness of the various objects in this model, see Darolles et al. [}0].

In the classical setup of nonparametric regression, it is assumed that E[e | X| =0, an
assumption that can be violated. Instead, suppose that we have a vector of instrumental
variables Z € R? such that E[e | Z] = 0. Now let T : X — X denote a linear operator
given by T(f) = E[f(X)|Z], and denote by r = E[Y'|Z] a point in X. Instrumental
variable (IV) approaches to estimating f* are based on the equality

EY — (X)) 2] = r=T(f7) =0, (2.3)

which is a linear fized point relation of the form (2.1) with L=1—T and b =r.
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Now let {¢;};>1 be an orthonormal basis of X, and let S denote the subspace spanned
by the first d such eigenfunctions. Then each function f € S can be represented as
f= Z;lzl V;¢;, and approzimate solutions to the fived point equation (2.3) may be
obtained via solving a projected variant (2.2), i.e., the equation f =Tls((I —T)f +r).

A specific example of an IV method is the class of temporal difference methods for
policy evaluation, introduced and discussed in detail in Section 2.2.2.5. &

In particular instantiations of both of the examples above, it is typical for the ambient
dimension D to be very large (if not infinite) and for us to only have sample access to
the pair (L,b). This chapter treats the setting in which n observations {(Li, bi)}:’;l are
drawn i.i.d. from some distribution with mean (L,b). Letting v* denote the solution to
the fixed point equation (2.1), our goal is to use these observations in order to produce
an estimate v,, of v* that satisfies an oracle inequality of the form

E|9, — v*|]? < a-inf |[v — v*|* + &,. (2.4)
vES
Here we use || - || to denote the Hilbert norm associated with X. The three terms
appearing on the RHS of inequality (2.4) all have concrete interpretations. The term
A(S,v*) == ing v — v*|]? (2.5)
ve

defines the approximation error; this is the error incurred by an oracle procedure that
knows the fixed point v* in advance and aims to output the best approximation to v*
within the subspace S. The term « is the approrimation factor, which indicates how
poorly the estimator v,, performs at carrying out the aforementioned approximation;
note that a > 1 by definition, and it is most desirable for a to be as small as possible.
The final term ¢, is a proxy for the statistical error incurred due to our stochastic
observation model; indeed, one expects that as the sample size n goes to infinity, this
error should tend to zero for any reasonable estimator, indicating consistent estimation
when v* € S. More generally, we would like our estimator to also have as small a
statistical error as possible in terms of the other parameters that define the problem
instance.

In an ideal world, both desiderata hold simultaneously: the approximation factor
should be as close to one as possible while the statistical error stays as small as possible.
As we discuss shortly, such a “best-of-both-worlds” guarantee can indeed be obtained
in many canonical problems, and “sharp” oracle inequalities—meaning ones in which
the approximation factor is equal to one—are known [172, 44]. On the other hand,
such oracle equalities with unit factors are not known for the fixed point equation (2.1).
Tsitsiklis and Van Roy [204] show that if the operator L is qyax-contractive in the norm
| - ||, then the (deterministic) solution © to the projected fixed point equation (2.2)
satisfies the bound

|7 — "> < ——5— inf [Jo — o°%. (2.6)
1 Y, veS
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Since Ymax can be arbitrarily close to one, the pre-factor in the bound (2.6) can be much
larger than one, in contrast to so-called “sharp” oracle inequalities for non-parametric
regression. One motivating question for our work is whether or not this bound can be
improved, and if so, to what extent.

Our work is also driven by the complementary question of whether a sharp bound
can be obtained on then statistical error of an estimator that, unlike v, has access only to
the samples {(Li, bl)}
on some notion of Corlﬂplexity within the subspace S, and not on the ambient space.
Recent work by Bhandari et al. [16] provides worst-case bounds on the statistical error
of a stochastic approximation scheme, showing that the parametric rate €, < d/n is
attainable. In this chapter, we study how to derive a more fine-grained bound on the
statistical error that reflects the practical performance of the algorithm and depends
optimally on the geometry of our problem instance.

. In particular, we would like the statistical error ¢, to depend

2.1.1 Contributions and organization

The main contribution of this chapter is to resolve both of the aforementioned questions,
in particular by deriving upper bounds and information-theoretic lower bounds on both
the approximation factor and statistical error that are instance-dependent. On one
hand, these bounds demonstrate that in general, it is not possible to obtain an oracle
inequality with a pre-factor equal to one, but that there are many settings in which the
optimal approximation factor is much smaller than what is suggested by the worst-case
bound (2.6). We also derive a significantly sharper bound on the statistical error of a
stochastic approximation scheme that is instance-optimal in a precise sense. In more
detail, the contributions of this chapter include the following:

e Theorem 2.1 establishes an instance-dependent upper bound of the form (2.4) for
the Polyak—Ruppert averaged stochastic approximation estimator, whose approxi-
mation factor a depends in a precise way on the projection of the operator L onto
the subspace S, and the statistical error €, matches the Cramér—Rao lower bound
for the instance within the subspace.

e In Theorem 2.2, we prove an information-theoretic lower bound on the approxi-
mation factor. It is a local analysis, in that the bound depends critically on the
projection of the population-level operator. This lower bound certifies that the
approximation factor attained by our estimator is optimal. To the best of our
knowledge, this is also the first instance of an optimal oracle inequality with a
non-constant and problem-dependent approximation factor.

INote that one can achieve an approximation factor arbitrarily close to one provided that n > D.

One way to do so is as follows: form the plug-in estimate that solves the original fixed point relation (2.1)
on the sample averages % >, L; and % >, b, and then project this solution onto the subspace S.

In this chapter, our principal interest—driven by the practical examples of Galerkin approximation and
temporal difference learning—is in the regime d < n < D.
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e In Theorem 2.3, we establish via a Bayesian Cramér-Rao lower bound that the
leading statistical error term for our estimator is also optimal in an instance-
dependent sense.

e In Section 2.4, we derive specific consequences of our results for several examples,
including problem of Galerkin approximation in second-order elliptic equations,
as well as temporal difference methods for policy evaluation with linear function
approximation. A particular consequence of our results shows that in a minimax
sense, the approximation factor (2.6) is optimal for policy evaluation with linear
function approximation (cf. Proposition 2.1).

The remainder of this chapter is organized as follows. Section 2.1.2 contains a detailed
discussion of related work. We introduce formal background and specific examples in
Section 2.2. Our main results under the general model of projected fixed point equations
are introduced and discussed in Section 2.3. We then specialize these results to our
examples in Section 2.4, deriving several concrete corollaries for Galerkin methods and
temporal difference methods. Our proofs are postponed to Section 2.5, and technical
results are deferred to the appendix.

2.1.2 Related work

Our study touches on various lines of related work, including stochastic approximation
and its application to reinforcement learning, projected linear equation methods, as well
as oracle inequalities for statistical estimation. Let us provide a brief discussion of these
connections here.

Stochastic approximation: Stochastic approximation algorithms for both linear
and nonlinear fixed-point equations play a central role in large-scale machine learning
and statistics [174, 114, 161]. See the books [11, 20] for a comprehensive survey of the
classical methods of analysis. In seminal work due to Polyak, Ruppert, and Juditsky [168,
169, 186], it was proposed to take the average of the stochastic approximation iterates,
which stabilizes the algorithm and ensures a Gaussian limiting distribution. In fact,
the averaged iterates are known to be asymptotically optimal in a local minimax
sense [55]. Non-asymptotic guarantees matching this asymptotic behavior have also
been established for other forms of stochastic approximation, as well as variance-reduced
variants thereof [157, 98, 150, 121].

Stochastic approximation is also a fundamental building block for reinforcement
learning algorithms, wherein the method is used to produce an iterative, on-line solution
to the Bellman equation from data; see the books [200, 14] for a survey. Such approaches
include temporal difference (TD) methods [198] for the policy evaluation problem and
the Q-learning algorithm [216] for policy optimization. Variants of these algorithms
also abound, including LSTD [24], SARSA [185], actor-critic algorithms [107], and
gradient TD methods [199]. The analysis of these methods has received significant
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attention in the literature, ranging from asymptotic guarantees (e.g., [27, 204, 205])
to more fine-grained finite-sample bounds (e.g., [16, 194, 115, 164, 211, 212]). Our
work contributes to this literature, since as a corollary of our general analysis, we
are able to establish finite-sample upper bounds for temporal difference methods with
Polyak—Ruppert averaging, as applied to the policy evaluation problem with linear
function approximation.

Projected methods for linear equations: In 1915, Galerkin [65] first proposed
the method of approximating the solution to a linear PDE by solving the projected
equation in a finite-dimensional subspace. This method later became a cornerstone of
finite-element methods in numerical methods for PDEs; see the books [60, 28] for a
comprehensive survey. A fundamental tool used in the analysis of Galerkin methods
is Céa’s lemma [35]; in this chapter, we derive more general upper bounds on the
approximation factor that capture this classical lemma as a special case. As mentioned
before, in the specific context of reinforcement learning, projected linear equations were
studied by Tsitsiklis and Van Roy [204], who first proved the upper bound (2.6) on the
approximation factor under contractivity assumptions. These contraction-based bounds
were further extended to the analysis of Q-learning in optimal stopping problems [205].
The connection between the Galerkin method and TD methods was observed by Yu
and Bertsekas [226, 15], and the former paper provides an instance-dependent upper
bound on the approximation factor. This analysis was later applied to Monte—Carlo
methods for solving linear inverse problems [171, 170].

The Bellman equation can be written in infinitely many equivalent ways—by using
powers of the transition kernel and via the formalism of resolvents—leading to a
continuous family of projected equations indexed by a scalar parameter A (see, e.g.,
Section 5.5 of Bertsekas [14]). Some of these forms can be specifically leveraged in other
observation models; for instance, by observing the trajectory of the Markov chain instead
of i.i.d. samples, it becomes possible to obtain unbiased observations for integer powers
of the transition kernel. This makes it possible to efficiently estimate the solution to
the projected linear equation for various values of A, and underlies the family of TD(\)
methods [198, 24]. Indeed, Tsitsiklis and Van Roy [204] also showed that the worst-case
approximation factor in equation (2.6) can be improved by using larger values of A.
Based on this observation, a line of work has studied the trade-off between approximation
error and estimation measure in model selection for reinforcement learning problems [13,
187, 158, 210]. Understanding precise trade-offs between approximation and estimation
error is crucial to model selection. However, unlike this body of work, our focus in this
chapter is on studying the i.i.d. observation model; a detailed investigation into the
Markov setting will be presented in Chapter 3.

Oracle inequalities: There is a large literature on mis-specified statistical models
and oracle inequalities (e.g., see the monographs [136, 105] for overviews). Oracle
inequalities in the context of penalized empirical risk minimization (ERM) are quite
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well-understood (e.g., [8, 104, 137]). Typically, the resulting approximation factor is
exactly 1 or arbitrarily close to 1, and the statistical error term depends on the localized
Rademacher complexity or metric entropy of this function class. Aggregation methods
have been developed in order to obtain sharp oracle inequalities with approximation
factor exactly 1 (e.g. [207, 31, 44, 172]). Sharp oracle inequalities are now available
in a variety of settings including for sparse linear models [32], density estimation [45],
graphon estimation [102], and shape-constrained estimation [10]. As previously noted,
our setting differs qualitatively from the ERM setting, in that as shown in this chapter,
sharp oracle inequalities are no longer possible. There is another related line of work on
oracle inequalities of density estimation. Yatracos [224] showed an oracle inequality with
the non-standard approximation factor 3, and with a statistical error term depending
on the metric entropy. This non-unit approximation factor was later shown to be
optimal for the class of one-dimensional piecewise constant densities [36, 23, 233]. The
approximation factor lower bound in these papers and our work both make use of the
birthday paradox to establish information-theoretic lower bounds.

2.2 Background

We begin by formulating the projected fixed point problem more precisely in Section 2.2.1.
Section 2.2.2 provides illustrations of this general set-up with some concrete examples.

2.2.1 Problem formulation

Consider a separable Hilbert space X with (possibly infinite) dimension D, equipped
with the inner product (-, -). Let £ denote the set of all bounded linear operators
mapping X to itself. Given one such operator L € £ and some b € X, we consider the
fixed point relation v = Lv + b, as previously defined in equation (2.1). We assume
that the operator I — L has a bounded inverse, which guarantees the existence and
uniqueness of the fixed point satisfying equation (2.1). We let v* denote this unique
solution.

As previously noted, in general, solving a fixed point equation in the Hilbert space
can be computationally challenging. Consequently, a natural approach is to seek
approximations to the fixed point v* based on searching over a finite-dimensional
subspace of the full Hilbert space. More precisely, given some d-dimensional subspace S
of X, we seek to solve the projected fixed point equation (2.2).

Existence and uniqueness of projected fixed point: For concreteness in analysis,
we are interested in problems for which the projected fixed equation has a unique
solution. Here we provide a sufficient condition for such existence and uniqueness. In
doing so and for future reference, it is helpful to define some mappings between X and
the subspace S. Let us fix some orthogonal basis {¢;};>1 of the full space X such that
S = span{¢y,...,¢4}. In terms of this basis, we can define the projection operator
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Py : X — R? via &4(z) := ((a:, gbj))j:l. The adjoint operator of &, is a mapping from
R? to X, given by

d

Ba(v) =Y ;5. (2.7)

j=1
Using these operators, we can define the projected operator associated with L—mnamely
M = o419} (2.8)

Note that M is simply a d-dimensional matrix, one which describes the action of L on
S according to the basis that we have chosen. As we will see in the main theorems, our
results do not depend on the specific choice of the orthonormal basis, but it is convenient
to use a given one, as we have done here.

Consider the quantity

k(M) = %Amax(M + MT>, (2.9)

corresponding to the maximal eigenvalue of the symmetrized version of M. One sufficient
condition for there be a unique solution to the fixed point equation (2.2) is the bound
k(M) < 1. When this bound holds, the matrix (I; — M) is invertible, and hence for any
b € X, there is a unique solution @ to the equation v = Ilg(Lv + b).

Stochastic observation model: As noted in Section 2.1, this chapter focuses on an
observation model in which we observe i.i.d. random pairs (L;,b;) for i = 1,... n that
are unbiased estimates of the pair (L, b) so that

E[L;]| =L, and E[b]=b. (2.10)

In addition to this unbiasedness, we also assume that our observations satisfy a certain
second-moment bound. A weaker and a stronger version of this assumption are both
considered.

Assumption 2.1(W). (Second-moment bound in projected space) There exist scalars
or,op > 0 such that for any unit-norm vector uw € S and any basis vector in {(bj}?:l we
have the bounds

E(¢;, (Li — L)u)* < of|lul®, and (2.11a)
E(¢;, bi — b)*> < o}, (2.11Db)
Assumption 2.1(S). (Second-moment bound in ambient space) There exist scalars

or,0p > 0 such that for any unit-norm vector u € X and any basis vector in {qu}]D:l we
have the bounds

E(¢;, (Li — L)u)* < o [lul*, and (2.12a)
E(¢;, bi — b)*> < o7 (2.12b)
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In words, Assumption 2.1(W) guarantees that the random variable obtained by projecting
the “noise” onto any of the basis vectors ¢q,...,¢s in the subspace S has bounded
second moment. Assumption 2.1(S) further requires the projected noise onto any basis
vector of the entire space X to have bounded second moment. In Section 2.4, we show
that there are various settings—including Galerkin methods and temporal difference
methods—for which at least one of these assumptions is satisfied.

2.2.2 Examples

We now present some concrete examples to illustrate our general formulation. In partic-
ular, we discuss the problems of linear regression, temporal difference learning methods
from reinforcement learning?, and Galerkin methods for solving partial differential
equations.

2.2.2.1 Linear regression on a low-dimensional subspace

Our first example is the linear regression model when true parameter is known to
lie approximately in a low-dimensional subspace. This example, while rather simple,
provides a useful pedagogical starting point for the others to follow.

For this example, the underlying Hilbert space X from our general formulation is
simply the Euclidean space R?, equipped with the standard inner product (-,-). We
consider zero-mean covariates X € R” and a response Y € R, and our goal is to estimate
the best-fitting linear model x + (v, ). In particular, the mean-square optimal fit is
given by v* := arg min,cgo E(Y — (v, X))? From standard results on linear regression,
this vector must satisfy the normal equations E[X X "|v* = E[Y X]|. We assume that the
second-moment matrix E[X X '] is non-singular, so that v* is unique.

Let us rewrite the normal equations in a form consistent with our problem formulation.
An equivalent definition of v* is in terms of the fixed point relation

1 1
u*:<1—-ﬂﬂXX*Dvﬁ+—EDcm, (2.13)

p B
where 3 := Apnax(E[X X T]) is the maximum eigenvalue. This fixed point condition is
a special case of our general equation (2.1) with the operator L = I — %E[XXT] and

vector b = %E[YX]. Note that we have

L p
WWWZW—EHXXWM§1_5<L

where j1 = A\pin(E[X X T]) > 0 is the minimum eigenvalue of the covariance matrix.

2As noted by Bradtke and Barto [27], this method can be understood as an instrumental variable
method [221], and our results also apply to this more general setting.
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In the well-specified setting of linear regression, we observe i.i.d. pairs (X;,Y;) €
RP x R that are linked by the standard linear model

YVi=({", Xi) +&, fori=12---n, (2.14)

where ¢; denotes zero-mean noise with finite second moment. Each such observation
can be used to form the matrix-vector pair

Li=1-57'XX], and b=p5"'XY,

which is in the form of our assumed observation model.

Thus far, we have simply reformulated linear regression as a fixed point problem. In
order to bring in the projected aspect of the problem, let us suppose that the ambient
dimension D is much larger than the sample size n, but that we have the prior knowledge
that v* lies (approximately) within a known subspace S of RP, say of dimension d < D.
Our goal is then to approximate the solution to the associated projected fixed-point
equation.

Using {¢; };;:1 to denote an orthonormal basis of S, the population-level projected
linear equation (2.2) in this case takes the form

E[(HSX)(HSX)T} i=E [Y : ng], (2.15)

Thus, the population-level projected problem (2.15) corresponds to performing linear
regression using the projected version of the covariates, thereby obtaining a vector of
weights U € S in this low-dimensional space.

2.2.2.2 Galerkin methods for second-order elliptic equations

We now turn to the Galerkin method for solving differential equations, a technique
briefly described in Section 2.1. The general problem is to compute an approximate
solution to a partial differential equation based on a limited number of noisy observations
for the coefficients. Stochastic inverse problems of this type arise in various scientific
and engineering applications [162, 5].

For concreteness, we consider a second-order elliptic equation with Dirichlet boundary
conditions.> Given a bounded, connected and open set 2 C R™ with unit Lebesgue
measure, let ) denote its boundary. Consider the Hilbert space of functions

K= ={v:0 R / Vo) [3dz < 00, vloe =0}
Q

equipped with the inner product (u, v)g = [, Vu(z)"Vo(z)dz.

3Tt should be noted that Galerkin methods apply to a broader class of problems, including linear
PDEs of parabolic and hyperbolic type [116], as well as kernel integral equations [171, 170].
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Given a symmetric matrix-valued function a and a square-integrable function f € L2,
the boundary-value problem is to find a function v : 2 — R such that

{V (a(x)Vou(x))+ f=0 inQ, (2.16)
0

v(x) = on Of).

We impose a form of uniform ellipticity by requiring that pl,, < a(x) < 51, for some
positive scalars p < 3, valid uniformly over x.

The problem can be equivalently stated in terms of the elliptic operator A :=
—V - (aV); as shown in Appendix A.8.3.1, the pair (A, f) induces a bounded, self-adjoint
linear operator A on X and a function g € X such that the solution to the boundary
value problem can be written as

v = (] — %E>U* + B 1g. (2.17)
By construction, this is now an instance of our general fixed point equation (2.1) with
L:=1- %/T and b := 7 'g. Furthermore, our assumptions imply that ||L|x <1 — E.

We consider a stochastic observation model that is standard in the literature (see,
e.g., the paper [69]). Independently for each i € [n], let W; denote an m x m symmetric
random matrix with entries on the diagonal and upper-diagonal given by i.i.d. standard
Gaussian random variables. Let w, ~ N(0,1) denote a standard Gaussian random
variable. Suppose now that we observe the pair x;,y; ~ U(€2); the observed values for
the i-th sample are then given by

(ai, fi) = (a(z;) + Wi, f(y:) +w))  with 2,5 ~U(Q). (2.18)

The unbiased observations (L;, b;) can then be constructed by replacing (a, f) with
(aiézi, fiéyi) in the constructions above.

For such problems, the finite-dimensional projection not only serves as a fast and
cheap way to compute solutions from simulation [130], but also makes the solution stable
and robust to noise [91]. Given a finite-dimensional linear subspace S C X spanned by
orthogonal basis functions (¢;)%,, we consider the projected version of equation (2.17),
with solution denoted by v:

7 = Ts(L5 + b). (2.19)

Straightforward calculation in conjunction with Lemma A.9 shows that equation (2.19)
is equivalent to the conditions © € S, and

(AB, ¢j)i = (9, §5)p for all j € [d], (2.20)

with the latter equality better known as the Galerkin orthogonality condition in the
literature [28].
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2.2.2.3 Temporal difference methods for policy evaluation

Our final example involves the policy evaluation problem in reinforcement learning. This
is a special case of an instrumental variable method, as briefly introduced in Section 2.1.
We require some additional terminology to describe the problem of policy evaluation.
Consider a Markov chain on a state space S and a transition kernel P : § x § — R.
It becomes a discounted Markov reward process when we introduce a reward function
r: S — R, and discount factor v € (0,1). The goal of the policy evaluation problem
to estimate the value function, which is the expected, long-term, discounted reward
accrued by running the process. The value function exists under mild assumptions such
as boundedness of the reward, and is given by the solution to the Bellman equation
v* = vPv* +r, which is a fixed point equation of the form (2.1) with L = vP and b = r.

Throughout our discussion, we assume that the transition kernel P is ergodic and
aperiodic, so that its stationary distribution ¢ is unique. We define X to be the Hilbert
space L%(S,€), and for any pair of vectors v,v" € X, we define the inner product as
follows

(v, V') = /Sv(s)v'(s)df(s).

In the special case of a finite state space, the Hilbert space X is a finite-dimensional
Euclidean space with dimension D = |S| and equipped with a weighted fy-norm.

We consider the i.i.d. observation model in this chapter. For each i =1,2,--- ,n,
suppose that we observe an independent tuple (s;, s;", R;(s;)), such that
s;~ &, si ~ P(s;,-), and E[R;(s;)|si] = r(s;). (2.21)

The i-th observation (L;,b;) is then obtained by plugging in these observations to
compute unbiased estimates of P and r, respectively.

A common practice in reinforcement learning is to employ function approximation,
which in its simplest form involves solving a projected linear equation on a subspace.
In particular, consider a set {11, 1, -+ 14} of basis functions in X, and suppose that
they are linearly independent on the support of £&. We are interested in projections onto
the subspace S = span(ty, ...,1,), and in solving the population-level projected fixed
point equation (2.2), which takes the form

v = Ig(yPv + ). (2.22)

The basis functions ); are not necessarily orthogonal, and it is common for the
projection operation to be carried out in a somewhat non-standard fashion. In order
to describe this, it is convenient to write equation (2.22) in the projected space. For
each s € S, let 1¥(s) = [t1(s) ¥a(s) ... wa(s)] denote a vector in R, and note that

we may write 0(s) = 1(s) "0 for a vector of coefficients ¥ € R?. Now observe that
equation (2.22) can be equivalently written in terms of the coefficient vector 9 as

Eynet)(5)0(5) 10 = VEume | Bgrnpiony ()0 (s ) 1|0 4+ Eunelr()u(s)). (2:23)
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Equation (2.23) is the population relation underlying the canonical least squares temporal
difference (LSTD) learning method [27, 24].

2.3 Main results for general projected linear
equations

Having set-up the problem and illustrated it with some examples, we now turn to the
statements of our main results. We begin in Section 2.3.1 by stating an upper bound
on the mean-squared error of a stochastic approximation scheme that uses Polyak—
Ruppert averaging. We then discuss the form of this upper bound for various classes of
operator L, with a specific focus on producing transparent bounds on the approximation
factor. Section 2.3.2 is devoted to information-theoretic lower bounds that establish the
sharpness of our upper bound.

2.3.1 Upper bounds

In this section, we describe a standard stochastic approximation scheme for the problem
based on combining ordinary stochastic updates with Polyak—Ruppert averaging [168,
169, 186]. In particular, given an oracle that provides observations (L;, b;), consider the
stochastic recursion parameterized by a positive stepsize 7:

V1 = (1 —n)vg + 77H§,(Lt+1vt + bt+1), fort=1,2,.... (2.24a)

This is a standard stochastic approximation scheme for attempting to solve the projected
fixed point relation. In order to improve it, we use the standard device of applying
Polyak—Ruppert averaging so as to obtain our final estimate. For a given sample size
n > 2, our final estimate v,, is given by taking the average of these iterates from time
ng to n—that is

1
Dy = > (2.24b)

Here the “burn-in” time ng is an integer parameter to be specified.
The stochastic approximation procedure (2.24) is defined in the entire space X; note
that it can be equivalently written as iterates in the projected space R%, via the recursion

Vi1 = (1 =)0y + 9(PqLi1 @0y + Pabii). (2.25)

The original iterates can be recovered by applying the adjoint operator—that is, v, = ®}v,
fort=1,2,....
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2.3.1.1 A finite-sample upper bound

Having introduced the algorithm itself, we are now ready to provide a guarantee on its
error. T'wo matrices play a key role in the statement of our upper bound. The first is the
d-dimensional matrix M := ®;4L®} that we introduced in Section 2.2.1. We show that
the mean-squared error is upper bounded by the approximation error inf,cg ||[v — v*||?
along with a pre-factor of the form

a(M,s) =1+ )\max<(] — M) N2 Iy — MMTY(I - M)—T), (2.26)

for s = [|L[lop. Our bounds also involve the quantity k(M) = 2 Aya (M + MT), which
we abbreviate by x when the underlying matrix M is clear from the context.

The second matrix is a covariance matrix, capturing the noise structure of our
observations, given by

5* = cov (@d(bl —b) + By(Ly — L)z‘;).

This matrix, along with the constants (o, 0,) from Assumption 2.1(W), arise in the
definition of two additional error terms, namely

trace ((I M) — M)*T>
En(M,X7) = , and (2.27a)

n

_ o dN\3/2/
Halor,00,0) = s () (IoiPod + o). (227h)

As suggested by our notation, the error H, (o, 0p,0) is a higher-order term, decaying
as n~%2 in the sample size, whereas the quantity &,(M, ¥*) is the dominant source of
statistical error. With this notation, we have the following:

Theorem 2.1. Suppose that we are given n i.i.d. observations {(L;,b;)}1, that sat-
isfy the noise conditions in Assumption 2.1(W). Then there are universal constants

o, C) such that for any sample size n > Cofidg log? —“”O__ﬂ‘zd , then running the algo-
(1—-k) 1-k
rithm (2.24) with

1

stepsize n = s

and burn-in period ng = n/2
yields an estimate v,, such that

[T~ 0| < (1+w)-a(M, Ll inf o~ P+ e(14 ) -{€a(M, %) 4 Halor, 00, D)},
(2.28)
valid for any w > 0.
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We prove this theorem in Section 2.5.1.

A few comments are in order. First, the quantity a(M, ||L|x) inf,es||v — v*||? is
an upper bound on the approximation error ||o — v*||* incurred by the (deterministic)
projected fixed point ©. The pre-factor a(M, || L||x) > 1 measures the instance-specific
deficiency of v relative to an optimal approximating vector from the subspace, and
we provide a more in-depth discussion of this factor in Section 2.3.1.2 to follow. Note
that Theorem 2.1 actually provides a family of bounds, indexed by the free parameter
w > 0. By choosing w arbitrarily close to zero, we can make the pre-factor in front of
inf,cs ||[v — v*||? arbitrarily close to a(M, || L||x)—albeit at the expense of inflating the
remaining error terms. In Theorem 2.2 to follow, we prove that the quantity «(M, || L||x)
is, in fact, the smallest approximation factor that can be obtained in any such bound.

The latter two terms in the bound (2.28) correspond to estimation error that arises
from estimating ¢ based on a set of n stochastic observations. While there are two
terms here in principle, we show in Corollary 2.1 to follow that the estimation error
is dominated by the term &, (M, ¥*) under some natural assumptions. Note that the
leading term &, (M, 3*) scales with the local complexity for estimating o, and we show in
Theorem 2.3 that this term is also information-theoretically optimal. In Appendix A.9.2,
we perform additional simulation studies on the statistical error terms, showing that the
actual performance of Polyak—Ruppert averaging estimator is accurately characterized
by the instance-dependent analysis.

In the next subsection, we undertake a more in-depth exploration of the approxima-
tion factor in this problem, discussing prior work in the context of the term a(M, || L||x)
appearing in Theorem 2.1.

2.3.1.2 Detailed discussion of the approximation error

As mentioned in the introduction, upper bounds on the approximation factor have
received significant attention in the literature, and it is interesting to compare our
bounds.

Past results: In the case where Ym.x = ||L]lx < 1, the approximation-factor
bound (2.6) was established by Tsitsiklis and Van Roy [204], via the following ar-
gument. Letting v := [Ig(Lv* 4 b), we have

17— "2 2 7 = 3% + 7 — v |2 = |Ts (LT + b) — H(Lv* + b)||? + |7 — v*]?
(i)
< Lo = Lo*|* + |7 - o7|?
(i) _ i
< Vil = P+ T =02 (2.29)

Step (i) uses Pythagorean theorem; step (ii) follows from the non-expansiveness of
the projection operator; and step (iii) makes use of the contraction property of the
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operator L. Note that by definition, we have a(M, ||L|lx) < (1 — || L|lx) 2%, and so the
approximation factor in Theorem 2.1 recovers the bound (2.6) in the Worst case. In
general, however, the factor a(M, ||L|x) can be significantly smaller. See Lemmas 2.1
and 2.2 to follow.

Yu and Bertsekas [226] derived two finer grained upper bounds on the approximation
factor; in terms of our notation, their bounds take the form

o = 1+ IEBE - A (1 = M) (1 = 20)7T),
oy =1+ [|(I - TsL) s LT |3

It is clear from the definition that a(M, || L|x) < aY but a(M, ||L||x) can often provide
an improved bound. This improvement is indeed significant, as will be shown shortly
in Lemma 2.1. On the other hand, the term a% is never larger than a(M, || L|x), and
is indeed the smallest possible bound that de%oends only on L and not b. However, as
pointed out by Yu and Bertsekas, the value of aYB is not easily accessible in practice, since
it depends on the precise behavior of the operator L over the orthogonal complement
St. Thus, estimating the quantity 04% requires O(D) samples. In contrast, the term
a(M, || L|x) depends only on the projected operator M and the operator norm || L]x.
The former can be easily estimated using d samples and at smaller computational cost,
while the latter is usually known a priori. The discussion in Section 2.4 to follow fleshes

out these distinctions.

A simulation study: In order to compare different upper bounds on the approxima-
tion factor, we conducted a simple simulation study on the problem of value function
estimation, as previously introduced in Section 2.2.2.3. For this problem, the approxima-
tion factor ao(M, ) is computed more explicitly in Corollary 2.5. The Markov transition
kernel is given by the simple random walk on a graph. We consider Gaussian random
feature vectors and associate them with two different random graph models, Erdos-Rényi
graphs and random geometric graphs, respectively. The details for these models are
described and discussed in Appendix A.9.1.

In Figure 2.1, we show the simulation results for the values of the approximation
factor. leen a Samgle from above graphs and feature vectors, we plot the value of
a(M,7), aYB and av against the discount rate 1 — v, which ranges from 1075 to 10795,
Note that the two plots use different scales: Panel (a) is a linear-log plot, whereas panel
(b) is a log-log plot. Figure 2.1 shows that the approximation factor a(M,y) derived in
Theorem 2.1 is always between ag(lé and aﬁ%. As mentioned before, the latter quantity
depends on the particular behavior of the linear operator L in the subspace S+, which
can be difficult to estimate. The improvement over a%, on the other hand, can be
significant.

In the Erdos-Rényi model, all the three quantities are bounded by relatively small
constant, regardless of the value of . The bound «(M,~) is roughly at the midpoint

(1)

between the bounds ayg and ozgé. On the other hand, the differences are much starker
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Approximation factor bounds in Erdos-Rényi random graphs Approximation factor bounds in soft random geometric graphs
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Figure 2.1: Plots of various approximation factor as a function of the discount factor
7 in the policy evaluation problem. (See the text for a discussion.) (a) Results for an
Erdos-Rényi random graph model with N = 3000, projected dimension d = 1000, and
a = 3. The resulting number of vertices in the graph G is 2813. The value of 1 — 7 is
plotted in log-scale, and the value of approximation factor is plotted on the standard
scale. (b) Results for a random geometric graph model with N = 3000, projected
dimension d = 2, and » = 0.1. The resulting number of vertices in the graph G is 2338.
Both the discount rate 1 — v and the approximation factor are plotted on the log-scale.

in the random geometric graph case: The bound improves over a% by several orders of

magnitude, while being off from ozgé by a factor of 10 for large . As we discuss shortly

in Lemma 2.1, this is because the approximation factor a(M,y) scales as O(#(M))

while a$é scales as O(W), making a big difference in the case where the constant
k(M) is large.

Some useful bounds on «(M, ||L||x): We conclude our discussion of the approxima-
tion factor with some bounds that can be derived under different assumptions on the
operator L and its projected version M. The following lemma is useful in understanding
the behavior of the approximation factor as a function of the contractivity properties of
the operator L; this is particularly useful in analyzing convergence rates in numerical
PDEs.

Lemma 2.1. Consider a projected matriz M € R¥™? such that (I — M) is invertible
and k(M) < 1.

(a) For any s > 0, we have the bound

a(M,s) <1+ (1 - M)7HG, - s* <1+
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(b) For s € [0,1], we have

2
M,s)<1+2(I =M, <1+ ——""——.
a(M, ) S 1+20(1 = M)l < 1+ 75

(2.30Db)
See Appendix A.7.1 for the proof of this lemma.

A second special case, also useful, is when the matrix M is symmetric, a setting
that appears in least-squares regression, value function estimation in reversible Markov
chains, and self-adjoint elliptic operators. The optimal approximation factor (M, Ymax)
can be explicitly computed in such cases.

Lemma 2.2. Suppose that M is symmetric with eigenvalues {)\j(M)}?:l such that
Amaz(M) < 1. Then for any s > 0, we have

a(M,s) =1+ max ﬂ (2.31)
’ j=ld (1 — \;)?

See Appendix A.7.2 for the proof of this lemma.

Lemma 2.1 reveals that there is a qualitative shift between the non-expansive case
IL]lx < 1 and the complementary expansive case. In the latter case, the optimal
approximation factor always scales as O((;), but below the threshold || L|x =

1—r(M))?
1, the approximation factor drastically improves to become O(m) It is worth
noting that both bounds can be achieved up to universal constant gactors. In the

context of differential equations, the bound of the form (a) in Lemma 2.1 is known
as Céa’s lemma [35], which plays a central role in the convergence rate analysis of
the Galerkin methods for numerical differential equations. However, the instance-
dependent approximation factor a(M, ||L||x) can often be much smaller: the global
coercive parameter needed in Céa’s estimate is replaced by the bounds on the behavior of
the operator L in the finite-dimensional subspace. The part (b) in Lemma 2.1 generalizes
Céa’s energy estimate from the symmetric positive-definite case to the general non-
expansive setting. See Corollary 2.4 for a more detailed discussion on the consequences
of our results to elliptic PDEs.

Lemmas 2.1 and 2.2 yield the following corollary of the general bound (2.28) under
different conditions on the operator L.

Corollary 2.1. Under the conditions of Theorem 2.1 and given a sample size n >
c0o7d 152 (Hvo—ﬂ\Qd).
g” (=)

(1—k)? 1-r

(a) There is a universal positive constant ¢ such that

L2 2 —2d
IS oo — o2 o (B olEl?) d

E|D, —v*||*? < ¢ — 5
| | {(1—I{(M)) veS (1—K(M)) n

} (2.32a)

for any operator L, and its associated projected operator M = ®,LP7.
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(b) Moreover, when L is non-expansive (||L|x < 1), we have
ot +oull) dy

Sinf llo — o*|12 o« e T ULIVN )2
inf || — °[[* + :

E|5, — v*||* < ¢
H 12 < e o en)?

1
T=+00 (2.32b)

See Appendix A.3 for the proof of this claim.

As alluded to before, the simplified form of Corollary 2.1 no longer has an explicit
higher order term, and the statistical error now scales at the parametric rate d/n. It
is worth noting that the lower bound on n required in the assumption of the corollary
is a mild requirement: in the absence of such a condition, the statistical error term

2 112
% % in both bounds would blow up, rendering the guarantee vacuous.

2.3.2 Lower bounds

In this section, we establish information-theoretic lower bounds on the approximation
factor, as well as the statistical error. Our eventual result (in Corollary 2.2) shows that
the first two terms appearing in Theorem 2.1 are both optimal in a certain instance-
dependent sense. However, a precise definition of the local neighborhood of instances
over which the lower bound holds requires some definitions. In order to motivate these
definitions more transparently and naturally arrive at both terms of the bound, the
following section presents individual bounds on the approximation and estimation errors,
and then combines them to obtain Corollary 2.2.

2.3.2.1 Lower bounds on the approximation error

As alluded to above, the first step involved in a lower bound is a precise definition of the
collection of problem instances over which it holds; let us specify a natural such collection
for lower bounds on the approximation error. Each problem instance is specified by
the joint distribution of the observations (L;,b;), which implicitly specifies a pair of
means (L,b) = (E[L;], E[b;]). For notational convenience, we define this class by first
defining a collection comprising instances specified solely by the mean pair (L, b), and
then providing restrictions on the distribution of (L;,b;). Let us define the first such
component. For a given matrix M, € R™? and vector hy € R¢, write

< ") <62, di =

Comlb b .83 = {1 | V55T, ABIZF, ) =Dy
In words, this is a collection of all instances of the pair (L, b) € £ x R whose projections
onto the subspace of interest are fixed to be the pair (My, hg), and whose approximation
error is less than 2. In addition, the operator L satisfies a certain bound on its operator
norm.

Having specified a class of (L, b) pairs, we now turn to the joint distribution over
the pair of observations (L;, b;), which we denote for convenience by P ;. Now define
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the collection of instances
Guar(op,0p) 1= {]P’L,b ’ (L;, b;) satisfies Assumption 2.1(S) with constants (O’L,Jb)}.

This is simply the class of all distributions such that our observations satisfy Assump-
tion 2.1(S) with pre-specified constants. As a point of clarification, it is useful to recall
that our upper bound in Theorem 2.1 only needed Assumption 2.1(W) to hold, and we
could have chosen to match this by defining the G, under Assumption 2.1(W). We
comment further on this issue following the theorem statement.

We are now ready to state Theorem 2.2, which is a lower bound on the worst-case ap-
proximation factor over all problem instances such that (L, b) € Cjpprox(Mo, ho, D, 6, Yimax)
and Pr, € Guar(or, 05). Note that such a collection of problem instances is indeed local
around the pair (Mg, hy). Two settings are considered in the statement of the theorem:
proper estimators when v, is restricted to take values in the subspace S; and improper
estimators, where ©,, can take values in the entire space X. We use Vs and Vx to denote
the class of proper and improper estimators, respectively. Finally, we use the shorthand
Capprox = Capprox(Mo, ho, D, 6, Ymax) for convenience.

Theorem 2.2. Suppose My € R¥? is a matriz such that I — My is invertible, and
that the scalars (o, 0) are such that o > Ymax and o, > §. If the ambient dimension
satisfies D > d + lw—Qn2 for some scalar w € (0,1), then we have the lower bounds

inf sup E|[D, — v*||*> > (1 —w) - (Mo, Ymax) - 6> and (2.33a)
@nGVS (L,b)GCapprox
Pr ,E€Gvar(0L,0)

inf sup  E[[5, —v*|* > (1 —w) - (a(Mo, Ymax) — 1) - 6% (2.33b)
Tn€Vx (L,b)ECapprox
]PL,berar(O'Lyo'b)

See Section 2.5.2 for the proof of this claim.

A few remarks are in order. First, Theorem 2.2 shows that the approximation
factor upper bound in Theorem 2.1 is information-theoretically optimal in the instance-
dependent sense: in the case of proper estimators, the upper and lower bound can be
made arbitrarily close by choosing the constant w arbitrarily small in both theorems.
Both bounds depend on the projected matrix M, characterizing the fundamental impact
of the geometry in the projected space on the complexity of the estimation problem.
The lower bound for improper estimators is slightly smaller, but for most practical
applications we have a(My, Ymax) > 1 and so this result should be viewed as almost
equivalent.

Second, note that we may also extract a worst-case lower bound on the approximation
factor from Theorem 2.2. Indeed, for a scalar ym.x € (0,1), consider the family
of instances in the aforementioned problem classes satisfying ||L]x < Ymax. Setting
My = ~2,.I; and applying Theorem 2.2, we see that (in a worst-case sense over this
class), the risk of any estimator is lower bounded by A(S,v*). This establishes

2
1_'7max

the optimality of the classical worst-case upper bound (2.6).
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Third, notice that the theorem requires the noise variances (o, 03) to be large
enough, and this is a natural requirement in spite of the fact that we seek lower bounds
on the approximation error. Indeed, in the extreme case of noiseless observations, we
have access to the population pair (L, b) with a single sample, and can compute both
v* and its projection onto the subspace S without error. From a more quantitative
standpoint, it is worth noting that our requirements o; > Y.« and o, > 0 are both
mild, since the scalars . and 0 are typically order 1 quantities. Indeed, if both of
these bounds held with equality, then Corollary 2.1 yields that the statistical error would
be of the order O(d/n), and so strictly smaller than the approximation error we hope to
capture®.

Observe that Theorem 2.2 requires the ambient dimension D to be larger than n?.
As mentioned in the introduction, we should not expect any non-trivial approximation
factor when n > D, but this leaves open the regime n < D < n?. Is a smaller
approximation factor achievable when D is not extremely large? We revisit this question
in Section 2.3.2.4, showing that while there are some quantitative differences in the
lower bound, the qualitative nature of the message remains unchanged.

Regarding our noise assumptions, it should first be noted that the class of instances
satisfying Assumption 2.1(W) is strictly larger than the corresponding class satisfying
Assumption 2.1(S), and so our lower bound extends immediately to the former case.
Second, it is important to note that imposing only Assumption 2.1(W) would in principle
allow the noise in the orthogonal complement S+ to grow in an unbounded fashion,
and one should expect that it is indeed optimal to return an estimate of the projected
fixed point v. As such, Theorem 2.2 constitutes a more meaningful lower bound,
since we operate instead under the stronger Assumption 2.1(S) and enforce second
moment bounds on the noise not only for basis vectors in S, but also its orthogonal
complement. Assumption 2.1(S) allows for other natural estimators: For instance, the
plug-in estimator of v* via the original fixed point equation (2.1) would now incur finite
error. Our lower bound—which operates under the stronger assumption and is thus more
challenging to establish—shows that the stochastic approximation estimator analyzed
in Theorem 2.1 is optimal even if the noise in S* behaves as well as that in S.

2.3.2.2 Lower bounds on the estimation error

We now turn to establishing a minimax lower bound on the estimation error that matches
the statistical error term in Theorem 2.1. This lower bound takes a slightly different
form from Theorem 2.2: rather than studying the total error ||v,, — v*|| directly, we
establish a lower bound on the error ||v,, — 7|| instead.

4As a side remark, we note that our noise conditions can be further weakened, if desired, via a
mini-batching trick. To be precise, given any problem instance P, € Gyar(or,0p) and any integer
m > 0, one could treat the sample mean of m independent samples as a single sample, resulting

in a problem instance in the class Gva,(%, \}'7%) The same lower bound still applies to the class
12,2, 2

Gr\,a,(%7 \;;’7), at a cost of stronger dimension requirement D > d + <Fn“m*~.
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Indeed, the latter term is more meaningful to study in order to characterize the
estimation error—which depends on the sample size n—since for large sample sizes,
the total error ||v,, — v*|| will be dominated by a constant approximation error. As we
demonstrate shortly, the term ||v,, — 9| depends on noise covariance and the geometry
of the matrix M in the projected space, while having the desired dependence on the
sample size n. It is worth noting also that this automatically yields a lower bound on
the error ||v,, — v*|| when we have o = v*.

We are now ready to prove a local minimax lower bound for estimating ¥ € S, which
is given by the solution to the projected linear equation v = Ilg(Lv + b). While our
objective is to prove a local lower bound around each pair (Lg, by) € £ x X the fact
that we are estimating ¢ implies that it suffices to define our set of local instances in
the d-dimensional space of projections. In particular, our mean parameters (L, b) are
specified by those pairs for which ®,L®} is close to My := ®,LyP}, and ®4b is close
to hg := ®4bg. Specifically, let 7y denote the solution to the projected linear equation
0o = Hs(LoTo + bo), and define the neighborhood

! / ! d / d
N(Mo, ho) = {(M ) IM = My|r < aL\/;, and ||B — holls < ab\/;}, (2.34)

which, in turn, defines a local class of problem instances (L, b) given by
Cest = { (L,6) | (@aL®}, @ab) € N(Mo, ho) }.

We have thus specified our local neighborhood in terms of the mean pair (L, b), and
as before, it remains to define a local class of distributions on these instances. Toward
this end, define the class

GCOV(EL, Zb7 oL, Ub)

= Gyar(01, 03) N {IPLJ, ‘ cov <<I>d(b1 - b)) <%, and cov <<I>d(L1 - L)ﬁo) ~ EL},
(2.35)

corresponding to distributions on the observation pair (L;, b;) that satisfy Assump-
tion 2.1(S) and whose “effective noise” covariances are dominated by the PSD matrices
EL and Zb-

Note that Assumption 2.1(S) implies the diagonal elements of above two covariance
matrices are bounded by o7 and o7 ||7y||?, respectively. In order to avoid conflicts
between assumptions, we assume throughout that for all indices j € [d], the diagonal
entries of the covariance matrices satisfy the conditions

(%)jg <oy and  (Ep);; < of]lto]l* (2.36)

We then have the following theorem for the estimation error ||v,, — U||, where we use the
shorthand Geoy = Geov (X1, X, 01, 0p) for brevity.
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Theorem 2.3. Under the setup above, suppose the matrix I — My is invertible, and
suppose that n > 1607 ||(I — Mo)~'||3,d. Then there is a universal constant ¢ > 0 such
that

inf  sup  E|0, — 9> > ¢ E( Mo, Xp 4+ 5p).
Un€Vx (L,b)ECest
PL,bEGcov

See Appendix A.4 for the proof of this claim.

The estimation error lower bound in Theorem 2.3 is the worst-case instantiation of
the statistical error term &, (M, ¥*) in Theorem 2.1 within the local problem class, up
to a universal constant. Indeed, in the asymptotic limit n — oo, the regularity of the
problem can be leveraged in conjunction with classical Le Cam theory (see, e.g., [209]) to
show that the asymptotic optimal limiting distribution is a Gaussian law with covariance
(I — M)7'2*(I — M)~T. (See the paper [98] for a detailed analysis of this type in the
special case of policy evaluation in tabular MDPs.) This optimality result holds in a
“local” sense: it is minimax optimal in a small neighborhood of radius O(1//n) around
a given problem instance (M, hg). Theorem 2.3, on the other hand, is non-asymptotic,
showing that a similar result holds provided n is lower bounded by an explicit, problem-
dependent quantity of the order o7 d||(I — My)~"||2,. This accommodates a broader
range of sample sizes than the upper bound in Theorem 2.1.

2.3.2.3 Combining the bounds

Having presented separate lower bounds on the approximation and estimation errors in
conjunction with definitions of local classes of instances over which they hold, we are
now ready to present a corollary which combines the two lower bounds in Theorems 2.2
and 2.3.

We begin by defining the local classes of instances over which our combined bound
holds. Given a matrix-vector pair (M, hy), covariance matrices (Xr,%,), ambient
dimension D > 0, and scalars 9, Vmax, 01, 0p > 0, we begin by specifying a collection of
mean pairs (L, b) via

(Cﬁnal(MOp h07 D7 57 'Vmax) = U Capprox(-]\4/7 hl? Da 67 erax)- (237)
(M’,1") €N (Mo, ho)

Clearly, this represents a natural combination of the classes C,pprox and Ceg: introduced
above. We use the shorthand Cg,, for this class for brevity. Our collection of distributions
Py, is still given by the class Geoy from equation (2.35).

With these definitions in hand, we are now ready to state our combined lower bound.

Corollary 2.2. Under the setup above, suppose that the pair (or,0,) satisfies the
conditions in Theorem 2.2 and equation (2.36), and that the matriz My satisfies || Mo]|op <
Ymax — 0L/ d/n. Moreover, suppose that the sample size and ambient dimension satisfy



2.3. MAIN RESULTS FOR GENERAL PROJECTED LINEAR EQUATIONS 35

n > 1607 (I — Mo)~'||2,d and D > d + 36n>, respectively. Then the following minimaz
lower bound holds for a universal positive constant c:

inf sup  E|7, —v*|* > c- {(oz(Mo,vmaX) —1) -8+ E (Mo, Sp + Zb)}.
ﬁnGVx (L’b)e(cfinal
PL,bEGcov

We prove this corollary in Appendix A.5. It is relatively straightforward consequence of
combining Theorems 2.2 and 2.3.

The combined lower bound matches the expression a/( My, Ymax )A(S, v*)+E, (Mo, X+
¥p), given by the first two terms of Theorem 2.1, up to universal constant factors. Recall
from our discussion of Theorem 2.1 that the high-order term H,, (o, 0y, U) represents
the “optimization error” of the stochastic approximation algorithm, which depends on
the coercive condition k(M) instead of the natural geometry I — M of the problem.
While we do not expect this term to appear in an information-theoretic lower bound,
the leading estimation error term &, (Mo, X1 + ;) will dominate the high-order term
when the sample size n is large enough. For such a range of n, the bound in Theorem 2.1
is information-theoretically optimal in the local class specified above. More broadly,
consider the class of all instances satisfying Assumption 2.1(S), with (M) < k and
IL||x < 1. Then the bound in Theorem 2.1 is optimal, in a worst-case sense, over this

class as long as the sample size exceeds the threshold %d.

2.3.2.4 The intermediate regime

It remains to tie up some loose ends. Note that the lower bound in Theorem 2.2 requires
a condition D > n?. On the other hand, it is easy to see that the approximation factor
can be made arbitrarily close to 1 when n > D. (For example, one could run the
estimator based on stochastic approximation and averaging—which was analyzed in
Theorem 2.1—with the entire Euclidean space X, and project the resulting estimate
onto the subspace S.) In the middle regime n < D < n?, however, it is not clear which
estimator is optimal.

In the following theorem, we present a lower bound for the approximation factor
in this intermediate regime, which establishes the optimality of Theorem 2.1 up to a
constant factor.

Theorem 2.4. Suppose My € R™? is a matriz such that I — My is invertible, and that
the scalars (o, 04) satisfy o > 1+ Ymax and o, > 8. If the ambient dimension satisfies

D > d+ 3gn**Y9 for some integer q € [2, logn A 1

\/m] , then we have the lower

bound

N M -1
iIli sup Ean o U*||2 Z Oé( 7’7111;)()
E)\'ILEVX (L,b)e(capprox 4q
IFDL,beC:var(a'Lva'b)

-2,
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See Appendix A.6 for the proof of this theorem.

Theorem 2.4 resolves the gap in the intermediate regime, up to a constant factor that
depends on ¢. In particular, the stochastic approximation estimator (2.24) for projected
equations still yields a near-optimal approximation factor. Compared to Theorem 2.2,
Theorem 2.4 weakens the requirement on the ambient dimension D and covers the
entire regime D > n. Furthermore, using the same arguments as in Corollary 2.2, this
theorem can also be combined with Theorem 2.3 to obtain the following lower bound in
the regime D > d + 3¢gn'*'/4, for any integer ¢ > 0:

—~ M sy /max) T 1
inf sup E|v, —v*||* > c- {Oé( 0 72 ) -52—|—€n(M0,ZL—|—Zb)}.
Un€Vx  (L,b)ECHinal q
Pr, 1 €Geov
— 1 log D,
q = 1My logn [27 OO) (17 2) (07 1)
Lower bound (Mo, Ymax) | €q - (Mo, Ymax) 1
Upper bound (Mo, Ymax) a(Moy, Ymax) 1

|0y, —v*

Table 2.1: Bounds on the approximation factor % for proper estimators in different

ranges of ambient dimension. Here, ¢, € (0,1) represents a constant depending only on
the aspect ratio q.

Let us summarize our approximation factor lower bounds in the various regimes.
Consider a sequence of problem instances (P(L"l),)zozl with increasing ambient dimension
D,,. Let the projected dimension d, noise variances (o, 03), oracle error ¢, projected
matrix ®4LM™®% = M, and the operator norm bound || L||x < Ymax all be fixed. Table 2.1
presents a combination of our results from Theorems 2.1, 2.2, and 2.4; our results suggest
that the optimal approximation factor exhibits a “slow” phase transition phenomenon.
It is an interesting open question whether the phase transition is sharp, and to identify
the asymptotically optimal approximation factor in the regime lim,,_, 2522 = 1 since

logn
our lower bounds do not apply in this linear regime.

2.4 Consequences for specific models

We now discuss the consequences of our main theorems for the three examples introduced
in Section 2.2.2. For brevity, we state only upper bounds for the first two examples; our
third example for temporal difference learning methods includes both upper and lower
bounds.
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2.4.1 Linear regression

Recall the setting of linear regression® from Section 2.2.2.1, including our i.i.d. observa-
tion model (2.14). We assume bounds on the second moment of ¢ and fourth moment
of X—mnamely, the existence of some ¢ > 0 such that

E{u, X)* <¢*' and E(e?) <¢*  forall u e SP-L (2.38)

These conditions ensure that Assumption 2.1(W) is satisfied with (o1, 03) = (87162, 71¢?).
Recall that the (unprojected) covariance matrix satisfies the PSD relations pl =

E[X X "] < 81, and define the d-dimensional covariance matrix ¥ := E|(®4X)(®;X)"

for convenience.
In this case, our stochastic approximation iterates (2.24a) take the form

Veys = U — n(HSXHlXtTHHSvt + YtHHSXtH), forallt=0,1,2,...,  (2.39)

and we take the averaged iterates v,, := %Z?:_Ti /o vy For this procedure, we have the
following guarantee:

Corollary 2.3. Suppose that we have n i.i.d. observations {(X;,Y;)}r_, from the
model (2.14) satisfying the moment conditions (2.38). Then there are universal positive

constants (c,co) such that given a sample size n > )\505?‘12) log® <§Hvo — 17H§d>, if the

stochastic approximation scheme (2.39) is run with step size n = v then the
averaged iterate satisfies the bound

o trace(Z7Y) - E(e?) 2 3
2 1-8) A8, )+ +2(mmva)

wn

E[[7,~v"[3 < (1+w)-a (L~

for any w > 0.
This result is a direct consequence of Theorem 2.1 in application to this model.

Note that the statistical error term 22 DEED 4 this case corresponds to the

classical statistical rates for linear regression in this low-dimensional subspace. The
approximation factor, by Lemma 2.2, admits the closed form expression

2
al I —2,1—E> = max LA +2/B(Aj_“),
<d B B jeld) A

where {);}9_, denote the eigenvalues of the matrix ¥. Since \; € [u, 8] for each j € [d],

the approximation factor is at most of the order O(/\L(E»

5Note that the stochastic approximation iterates are invariant under translation, and consequently
we can assume without loss of generality that v = 0.
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Compared to known sharp oracle inequalities for linear regression (e.g., [173]), the
approximation factor in our bound is not 1 but rather a problem-dependent quantity.
This is because we study the estimation error under the standard Euclidean metric || - ||2,

as opposed to the prediction error under the data-dependent metric || - ||2(py). When
the covariance matrix E[X X ] is identity, the approximation factor a([d — %, 1— %) is

equal to 1, recovering classical results. Another error metric of interest, motivated by
applications such as transfer learning [124], is the prediction error when the covariates X
follow a different distribution (). For such a problem, the result above can be modified
straightforwardly by choosing the Hilbert space X to be R, equipped with the inner
product (u, v) :=u" (Eq[XX ]) .

2.4.2 Galerkin methods

We now return to the example of Galerkin methods, as previously introduced in Sec-
tion 2.2.2.2, with the i.i.d. observation model (2.18). We assume the basis functions

@1, . .., ¢q to have uniformly bounded function value and gradient, and define the scalars
2 [f]le2 + 1

op =1+ —> maxsup (|[Vo:(z)|l2, and o4 := ————— maxsu (x)]. (2.40

vi= (14 3) maxsup [ V5 (0)] yim P macsup [6,(0)| - (240)

These boundedness conditions are naturally satisfied by many interesting basis func-
tions such as the Fourier basis®, and ensure—we verify this concretely in the proof of
Corollary 2.4 to follow—that our observation model satisfies Assumption 2.1(W) with
parameters (o, 0p).

Taking the finite-dimensional representation v = 9" ¢, the stochastic approximation
estimator for solving equation (2.19) is given by

Vep1 = Uy — 5_177(V¢(l‘t+1)Tat+1V¢($t+1)ﬁt - ft+1¢(yt+1)>7 fort=0,1,---

n—1
—~ 2 R
W, = - E %, and v, := 1?%.

n
t=n/2

6Tn the typical application of finite-element methods, basis functions based on local interpolation
are widely used [28]. These basis functions can have large sup-norm, but via application of the
Walsh-Hadamard transform, a new basis can be obtained satisfying condition (2.40) with dimension-
independent constants. Since the stochastic approximation algorithm is invariant under orthogonal
transformation, this modification is only for the convenience of analysis and does not change the
algorithm itself.
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In order to state our statistical guarantees for v,,, we define the following matrices:

M:=1,—-0" /qu 2)Vé(z)dw
s 512 / (V¢) ava(Vo)'aVe dr — o 52 (/ (V¢)TGV17 dx) (/ (ng)TaVT) dx)T
52/(%) [( 0)(Vo) " + diag(||Voll5 - (9;9)°) ](W)dx
1

Sim g | (0P + )o@te)” do— ([ f@ewi) ([ faowi) .

With these definitions in hand, we are ready to state the consequence of our main
theorems to the estimation problem of elliptic equations.

Corollary 2.4. Under the setup above, there are universal positive constants (c,co)

such that if n > Coi%) log (”UU_:Z"QM) and the stochastic approximation scheme s

run with step size n=_— \/%, then the averaged iterates satisfy
0oL

E[5, — o [; < (14 w)a(M,1 = §) inf o - v*[3
te(l+ L) (M, 51 + 5y) + Hul0r, 04, 7))
for any w > 0.

See Appendix A.8.3.2 for the proof of this corollary.
Note that the approximation factor a(M 1 — %) scales as O(f/u), which recovers

Céa’s energy estimates in the symmetric and uniform elliptic case [35]. On the other
hand, for a suitable choice of basis vectors, the bound in Corollary 2.4 can often be
much smaller: the parameter p corresponding to a global coercive condition can be
replaced by the smallest eigenvalue of the projected operator M. Furthermore, note that
our analysis does not require the symmetry and contraction condition of the operator L,
and so applies also to the case where the operator A is not uniformly elliptic.

It is also worth noting that the bound in Corollary 2.4 is given in terms of Sobolev
norm || - [lx = || - ||z, as opposed to standard L?-norm used in the nonparametric
estimation literature. By the Poincaré inequality, a Sobolev H!-norm bound implies an
L2-norm bound, and ensures stronger error guarantees on the gradient of the estimated
function.

2.4.3 Temporal difference learning

We now turn to the final example previously introduced in Section 2.2.2.3, namely that
of the TD algorithm in reinforcement learning. Recall the i.i.d. observation model (2.21).
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Also recall the equivalent form of the projected fixed point equation (2.23), and note
that the population-level operator L satisfies the norm bound

|||L|||X =7 - sup ||PU|| < Y ‘= Ymax;

vll<1

since £ is the stationary distribution of the transition kernel P.

2.4.3.1 Upper bounds on stochastic approximation with averaging

As mentioned before, this example is somewhat non-standard in that the basis functions
1; are not necessarily orthonormal; indeed the classical temporal difference (TD) learning
update in R? involves the stochastic approximation algorithm

Vi1 =0y — ﬁ<¢(3t+1)w(3t+1)Tﬁt — Y(si1)0(571) " — Rt+1(5t+1)¢(3t+1))- (2.41a)

The Polyak—Ruppert averaged estimator is then given by the relations

n—1
~ 2 .
U, = - t_E . Yy, and 0, := 1/9\,:1# (2.41b)

Note that the updates (2.22) are, strictly speaking, different from the canonical iter-
ates (2.25), but this should not be viewed as a fundamental difference since we are
ultimately interested in the value function iterates v,; these are obtained from the
iterates v,, by passing back to the original Hilbert space.

Nevertheless, this cosmetic difference necessitates some natural basis transformations
before stating our results. Define the matrix” B € R™ by B;; := (4, 1;) for i,j € [d];
this defines an orthonormal basis given by

[¢1 OSSR ¢d] = [wl (PR wd}B_lﬂ-

We define the min/mazx eigenvalues 1= Apax(B), and g := A\yin <B>, so that 8/u is
the condition number of the covariance matrix of the features.

Having set up this transformation, we are now ready to state the implication of our
main theorem to the case of LSTD problems. We assume the following fourth-moment
condition:

4
E [34(5)} < and E (uTB_1/2¢(3)> <t forallue st (2.42)

As verified in the proof of Corollary 2.5 to follow, equation (2.42) suffices to guarantee
that Assumption 2.1(W) is satisfied with parameters (o, 0,) = (262, 5%2/+/B). We also

"Since the functions v; are linearly independent, we have B > 0.
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define the matrices
M = yB™PE[ip(s)y(sT)T]B?, and
X = covg [3_1/21/1(3) <¢(S) —yh(st) — R(s))Tﬁ].

The following corollary then provides a guarantee on the Polyak-Ruppert averaged
TD(0) iterates (2.41).

Corollary 2.5. Under the set-up above, there are universal positive constants (c,co)

such that given a sample size n > M(?if?\j)ﬁ log? (Jl?f::l(‘]g\f;), and when the stochastic

approzximation scheme (2.41a) is run with step size n = m, the averaged iterates
0
satisfy the bound

E|o, —v*|)*> < (1 4+ w)a(M,7)A(S, v*)
+e(l+2) [En(M, )+ (1+ [19]) ((1_;?—54))“\/%)3} (2.43)

for any w > 0.

See Appendix A.8.1 for the proof of this corollary.

In the worst case, the approximation factor a(M,~) scales as ﬁ, recovering
the classical result (2.6). More generally, it gives a fine-grained characterization of
the approximation factor depending on the one-step auto-covariance matrix for the
feature vectors. By Lemma 2.1, we have a(M,~) < O(ﬁ(M))’ so intuitively, the
approximation factor is large when there are feature space directions in which the
Markov chain transitions slowly. On the other hand, if the one-step-transitions move
rapidly in all directions of feature space, then the approximation factor is much smaller.

The statistical error term &,(M, ¥*) matches the Cramér-Rao lower bound, and
gives a finer characterization than both worst-case upper bounds [16], as well as existing
instance-dependent upper bounds [115]. Note that the final higher-order term depends
on the condition number 2 of the covariance matrix B. This ratio is 1 when the basis
vectors are orthonormal, but in general, the speed of algorithmic convergence depends

on this parameter.

2.4.3.2 Approximation factor lower bounds for MRPs

We conclude our discussion of discounted MRPs with an information-theoretic lower
bound for policy evaluation. This bound involves technical effort beyond that in the
proof of Theorem 2.2, since any valid construction for MRPs must make use only of
operators L that are constructed using a valid transition kernel. To set the stage, we
say that a Markov reward process (P,~,r) and associated basis functions {9, }}1:1 are in
the canonical set-up if

e The stationary distribution £ of P exists and is unique.
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e The reward function and its observations are uniformly bounded. In particular,
we have ||r||o <1, and || R||c < 1 almost surely.

e The basis functions are orthonormal, i.e., E¢[t(s)(s) "] = 1.

The three conditions are standard assumptions in Markov reward processes.
Now given scalars v € (0,1] and v € (0, 1), integer D > 0 and scalar § € (0,1/2), we
consider the following class of MRPs and associated feature vectors:

(P,~,r,1) is in the canonical setup, |S| = D,
Cwmrp (Va7aD,5> = {(P,’Yaﬂ 'QD) ‘ A(S,U*) < (52, K<E€[¢(S>w(s+)—l—]> <. }

Note that under the canonical set-up, we have M = yE¢[1)(s)1(s7) "], and consequently,
a problem instance in the class Curp(v, v, D,0) satisfies k(M) < vy in the set-up

of Corollary 2.5. The condition ﬁ(Eg[w(s)w(sJ“)T]) < v can be seen as a “mixing”

condition in the projected space: when v is bounded away from 1, the feature vector
cannot have too large a correlation with its next-step transition in any direction.
We have the following minimax lower bound for this class, where we use the shorthand

Cmrp = Curp (V, v, D, 5) for convenience.

Proposition 2.1. There are universal positive constants (c,c1) such that if D >
c1(n® + d), then for all scalars v € (0,1] and v € (0,1), we have

inf sup |5, — v*||* > —C S2AL (2.44)
n€Vx  (Pr,r)ECuRp I —vy

See Appendix A.8.2 for the proof of this proposition.

A few remarks are in order. First, in conjunction with Corollary 2.5 and the second
upper bound in Lemma 2.1, we can conclude that the TD algorithm for policy evaluation
with linear function approximation attains the minimax-optimal approximation factor
over the class Cyrp up to universal constants, in the regime where the optimal error
is bounded by O(1). It is also worth noting that Proposition 2.1 also shows that the
worst-case upper bound (2.6) due to Tsitsiklis and Van Roy [204] is indeed sharp up to
a universal constant; indeed, note that for all v € (0,1), we have ﬁ = ﬁ, and that
the latter factor can be obtained from the lower bound (2.44) by taking v = 1.

Second, note that the class Cygrp is defined in a more “global” sense, as opposed to
the “local” class C,pprox used in Theorem 2.2. This class contains all the MRP instances
satisfying the approximation error bound and the constraint on (M), and a minimax
lower bound over this larger class is weaker than the lower bound over the local class
that imposes restrictions on the projected matrix. That being said, Proposition 2.1
still captures more structure in the Markov transition kernel than the fact that it is
contractive in the £&-norm. For example, when the Markov chain makes “local moves”
in the feature space, the correlation between feature vectors can be large, leading to
large value of v and larger values of optimal approximation factor. On the other hand,



2.5. PROOFS 43

if the one-step transition of the feature vector jumps a large distance in all directions,
the optimal approximation factor will be small.

Finally, it is worth noticing that Proposition 2.1 holds only for the i.i.d. observation
models. If we are given the entire trajectory of the Markov reward process, the
approximation factor can be made arbitrarily close to 1, using TD(\) methods [204].
The trade-off inherent to the Markov observation model is an important direction of
future work.

2.5 Proofs

We now turn to the proofs of our main results. The main proofs of Theorems 2.1 and 2.2
are given in this section, with some technical lemmas deferred to Appendix A. The
proofs of Theorems 2.3 and 2.4, Corollaries 2.1 and 2.2, as well as associated lemmas,
are presented in Appendix A

2.5.1 Proof of Theorem 2.1

We divide the proof into two parts, corresponding to the two components in the mean-
squared error of the estimator ¥,,. The first term is the approzimation error ||v — v*||?
that arises from the difference between the exact solution v* to the original fixed point
equation, and the exact solution v to the projected set of equations. The second term is
the estimation error E||v, — 9]|?, measuring the difficulty of estimating ¥ on the basis of
n noisy samples.

In particular, under the conditions of the theorem, we prove that the approximation
error is upper bounded as

17— v*||* < (M, || L]|x) inf [jv — v*|I?, (2.45a)
whereas the estimation error is bounded as

B[t —7ll° < c . MTETE

troco (L= MY = M) oo (D (ot + o).

(2.45b)

Given these two inequalities, it is straightforward to prove the bound (2.28) stated
in the theorem. By expanding the square, we have

E|[D, — v*||* = E|[t, — ||* + ||7 — v*||* + 2E(D, — 7, T — v*)

QW ., S
< E|[5, — 0l* + 15 = o"|* + 2V/E[[0, — 7] - |5 — v

(4) . _ _ . _ _
< Elftn — 0" + |7 — o*[* + JE[5, — 0" + wl|7 — 7|

=L+ w)lv = v + 1+ E[T, — 7]*
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where step (i) follows from the Cauchy—Schwarz inequality; and step (ii) follows from
the arithmetic-geometric mean inequality, and is valid for any w > 0. Substituting the
bounds from equations (2.45a) and (2.45b) yields the claim of the theorem.

The remainder of our argument is devoted to the proofs of the bounds (2.45a) and (2.45b).

2.5.1.1 Proof of approximation error bound (2.45a)

We begin with some decomposition relations for vectors and operators. Note that S is a
finite-dimensional subspace, and therefore is closed. We use

Sti={ueX | (u,v)=0]foralveS.}

to denote its orthogonal complement. The pair (S,S*) forms a direct product decompo-
sition of X, and the projection operators satisfy IIs + IIgi. = I. Also define the operators
Lss = lIsLlls and Ls | = IIsLIIs:. With this notation, our proof can be broken down
into two auxiliary lemmas, which we state here:

Lemma 2.3. The error |0 — v*|| between the projected fixed point v and the original
fixed point v* is bounded as

7= "2 < (14 00T = Log) " LsIE) inf o — o) (2.46)
Lemma 2.4. Under the set-up above, we have
I = L8) ™ Lo, 1 < Amas( (Ta = M)~ (ILWELa = MMT) (I = M) 7).

The claimed bound (2.45a) on the approximation error follows by combining these two
lemmas, and recalling our definition of «(M, L). We now prove these two lemmas in
turn.

2.5.1.2 Proof of Lemma 2.3

For any vector v € X, we perform the orthogonal decomposition v = vs + v, where
vs 1= IIg(v) is a member of the set S, and v, = g1 ¢ is a member of the set St. With
this notation, the operator L can be decomposed as

L= (s + g )L(Is + Mg ) = HsLIls + gLIlg: + Hgo LITg + g LT .
—— —— — ——

=:Lgs =:Lg 1 =L,gs =Ly,

The four operators Lss,Ls 1,L1s, L, 1 defined in the equation above are also
bounded linear operators. By the properties of projection operators, we note that Lgg
and L, s both map each element of St to 0, and Ls | and L, ; both map each element
of S to 0.
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Decomposing the target vector v* in an analogous manner yields the two components
v:=15(v*), and o' :=v"—7.
The fixed point equation v* = Lv* + b can then be written using S and its orthogonal
complement as

~ (a)

v = LS,Sg + L§7J_1)L +bs, and vt (:b) LJ_S’Q; + LJ_’J_’UJ_ +b,. (247)

For the projected solution o, we have the defining equation
U = Lsst + bs. (2.48)
Subtracting equation (2.47)(a) from equation (2.48) yields
(I — Lss)(v — ) = Lg v

Recall the quantity M = &4L®%, and our assumption that k(M) = %)\max(M+MT) <1
This condition implies that I — Lsg is invertible on the subspace S. Since this operator
also maps each element of S* to itself, it is invertible on all of X, and we have 7 — 7 =
(] — LS’S)ilL&LUl.

Applying the Pythagorean theorem then yields
17— v** = |5 =0l + [ = || = (I = Lss) ™" Ls v ||* + [l |2

< (1400 = Log) ™ Lo lF) - Il (249)

as claimed.

2.5.1.3 Proof of Lemma 2.4
By the definition of operator norm for any vector v € X such that ||v|| = 1, we have
LI > I Zoll* = | Lssvs + L, v ||* + 1 Losvs + Lo vi | > || Lssvs + Ls oL |

Noting the fact that Lssv, = 0 = Lg  vs, we have the following norm bound on the
linear operator Lgs + Ls | :

ILss + Ls 1 |lx = sup |[(Lss + Ls,.)v||

ol =1

= ”SIHlp | Lssvs + Ls 1o || < I L]x.
v||=1

By definition, the operator Lg | = Ilgi L*IIs maps any vector to S*, and the operator
Lss maps any element of S* to 0. Therefore, we have the identity LssLg, = 0. A
similar argument yields that Lg ; L§g = 0. Consequently, we have

ILI% > ILss + Ls. ol = I (Lss + Ls..)(Lss + Ls,1)"lIx
= [l LssLss + Ls. 1 Ls y |Ix- (2.50)

-G
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Note that the operator G can be expressed as G = Ilg (LHSL* + Lllgt L*)HS. From
this representation, we see that:

e For any vector x € X, we have Gx € S.
e For any vector y € St, we have Gy = 0.

Consequently, there exists a matrix G € R guch that G = @jlécbd. Since G is a

positive semi-definite operator, the matrix G is positive semi-definite. Equation (2.50)
implies that

Anax(G) = G llop = G llx < LI (2.51a)
Now defining 7 := ||(I — Lss) ' Ls 1 ||x, note that

7?2 =|(I = Lss) 'Ls1 L§ (I — Lig) ™" I (2.51b)

=H

Moreover, the operator H is self-adjoint, and we have the following properties:

e The operator Ls | maps any vector to S, and (I — Lgs)™! maps S to itself.
Consequently, for any = € X, the vector Hx = (I — Lsg) 'Lgs 1. <L§’L(I—L§7S)*1)x
is a member of the set S.

e The operator Lg | = Ilg1 L*IIs maps any vector from St to 0. Consequently, for

any y € S*, we have Hy = (I — Lgs) 'Ls.. <L§7L(I - L;S)*l)y ~0.

Given the facts above, there exists a matrix H € R such that H = (Pflﬁ]@d.

Since the operator H is positive semi-definite, so is the matrix H. Consequently, by
equation (2.51b), we obtain the identity 72 = ||H||x = || H [lop = Amax(H). In particular,
letting u € S*! be a maximal eigenvector of H, we have

H = 7uu’ (2.52)

Since M = ®,Lss®}; by definition, combining the above matrix inequalities (2.51a)
and (2.52), we arrive at the bound:

I La = G
-y (LS,SL;S + LS,LL;L) o
— ByLsslss®)
+ (@all = Los)®y) - (@all = Lss) Lo L, (T = Lig) @) - (@all = Li5)@))

— MM +(I—M)H(I-M")
= MM" +7%(I — M)uu" (I —M").
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Re-arranging and noting that u € S¢~!, we arrive at the inequality
2 <uT (1= M) (WL~ MMT)(T = M) |
< A (1 = M) (LWL = MMTY(I = M)T),

which completes the proof of Lemma 2.4.

2.5.1.4 Proof of estimation error bound (2.45b)

We now turn to the proof of our claimed bound on the estimation error. Our analysis
relies on two auxiliary lemmas. The first lemma provides bounds on the mean-squared
error of the standard iterates {v;}:>o—that is, without the averaging step:

Lemma 2.5. Suppose that the noise conditions in Assumption 2.1(W) hold. Then for

any stepsize 1 € (O, m% we have the bound

8
Ev — 3)? < e” 2R ||v — 72 + 1—77(H17H20%d + o7d) valid fort =1,2,....
—K
(2.53)
See Appendix A.1.1 for the proof of this claim.

Our second lemma provides a bound on the PR-averaged estimate v,, based on n
observations in terms of a covariance term, along with the error of the non-averaged
sequences {v; f4>1:

Lemma 2.6. Under the setup above, we have the bound

E|[3, — 9||* <

_3n trace ((1 M) — M)‘T>

+ ;0)2 Z E||[(I — M)"'®4(Lyy1 — L) (v — 9|5 +

(n—n

t=no

See Appendix A.1.2 for the proof of this claim.

Equipped with these two lemmas, we can now complete the proof of the claimed
bound (2.45b) on the estimation error. Recalling that ng = n/2, we see that the first
term in the bound (2.54) matches a term in the bound (2.45b). As for the remaining
two terms in equation (2.54), the second moment bounds from Assumption 2.1(W)
combined with the assumption that x(M) < 1 imply that

E|(I = M)~ ®a(Lesr — L) (v = D)3 < SEI®@a(Lest — L) (ve = 0)|3

_

(1-K)
<—§:E(¢- (L 1_L>(Ut_6)>2<M
T 1=k 7 - (1-k)

J=1
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On the other hand, we can use Lemma 2.5 to control the third term in the
bound (2.54). We begin by observing that

lvn = vag1* < 2llvn — B + 2lJvn, — 0] <4 sup Efjo, — 7]|*

no<t<n

If we choose a burn-in time no > 5 C?i) log (””O gl d) then Lemma 2.5 ensures that

16
sup Eljo, - o < = (||ol|*o}d + o7d).

no<t<n

Finally, taking the step size n = m, recalling that ng = n/2, and putting
together the pieces yields

E||9, — o]

sup E|lv; — 17||2

1 /12024 48
(=5 + )

< 1—2trace <(I — M)7'SH (I - M)_T> + (1— r)2

n n?n?

n no<t<n
12 e B A8ay, dN\3/2/,
< Xtraee (([—M) 12 ([—M) T) +m(ﬁ> (HUHQU%—FO’?),
as claimed.

2.5.2 Proof of Theorem 2.2

At a high level, our proof of the lower bound proceeds by constructing two ensembles
of problem instances that are hard to distinguish from each other, and such that the
approximation error on at least one of them is large. The two instances are indexed by
values of a bit z € {—1, 1}, and each instance is, in turn, obtained as a mixture over
2D=d centers; each center is indexed by a binary string e € {—1,1}”7¢. The problem is
then phrased as one of estimating the value of z from the observations; this is effectively
a reduction to testing and the use of Le Cam’s mixture-vs-mixture method.

Specifically, let v € S~ be an eigenvector associated to the largest eigenvalue of the
matrix (I — Mo) ™! (V2axd — MoMy ) (I — My)~". By the definition of the approximation
factor a( My, Ymax), We have:

(a(Mo, Ymax) — 1) - (I = Mo)uu" (I — My) " = 42 d — MoM, .

Based on the eigenvector u, we further define the d-dimensional vectors:

w = /My, Ymax) — 1 - (I — Mp)u, and y:= /a(My, Ymax) — 1-0u.  (2.55)
Substituting into the above PSD domination relation yields that

ww' + MM, <~2..I. (2.56)
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Now consider the following class of (population) problem instances (L%, b(&%) o7 )
indexed by a binary string ¢ € {—1,1}”~% and a bit 2 € {-1,1}:

My geanw o pgEpu V(= + (1 = Mo) o)
LE2) . — 0 0 .. 0 o \/52(56(1_,_1
0 0 R 0 \/§Z§€D

V2dhg

ﬁ255d+1

b2 = (I — L&)y (2.57)

\/§256D

We take the weight vector £ to be

| ... xr _xr 0 _1
€= |2 2d, 2(D—d) 2(D—d)]’

d (D" d)

and the weighted inner product (-,-) on the space X = R is defined via

D
(p, q) :== ijquj for each pair p,q € R”.
j=1

This choice of inner product then induces the vector norm || - || and operator norm || - [|x.
Next, we define the basis vectors via

b = V2de; fort=1,2,---,d, and
V2D —d)e; fori=d+1,---D.

By construction, we have ensured that ||¢;|| = 1 for each ¢ € [D]. We let the subspace S
be the span of the first d standard basis vectors, i.e., S := span(ey, eq, - ,€4).

For each binary string e € {—1,1}P~¢ and signed bit z € {—1, 1}, a straightforward
calculation reveals that the projected problem instance satisfies the identities

(I)dL(E’Z)(I); — MO) and q)db(fzz) = hy. (258&)

Also note that for any pair (g, z), we have by construction that

i (V2z0¢;)? = 82, (2.58D)

j=d+1

1
: * 2 —
inf [z, — ol = 5

(D —d)
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In words, this shows that the || - [|-error of approximating v}, with the linear subspace
S is always 4, irrespective of which ¢ € {—1,1}P~¢ and 2 € {—1,1} are chosen.

Next, we construct the random observation models for the i.i.d. observations, which
are also indexed by the pair (¢, z). In particular, we construct the random matrix LEE’Z)

and random vector b= via

vV 2dhyg
0
My O 0 \/EEme 0 0 :
L

e |0 0 () ._ 0

Li T : : ! b’ T \/g(D — d)Z§€T(¢)
: : ;

0 0 0 0

- 0 -

(2.59)
where the random indices Tjgf) and Tb(i) are chosen independently and uniformly at random
from the set {d + 1,d + 2,--- , D}. By construction, we have ensured that for each
ee€{-1,1}P~%and z € {1, 1}, the observations have mean

E[LEE’Z)] — L(s,z)7 and E[bga,z)] _ b(E’Z),

This concludes our description of the problem instances themselves. Since our proof
proceeds via Le Cam’s lemma, we require some more notation for product distributions
and mixtures under this observation model. Let ]Pé’? denote the n-fold product of
the probability laws of the pair (LEE’Z), bEE’Z)

product measures for each z € {—1,1}:

1
(n) . E (n
PV = 5D P

ee{1}P—d

). We also define the following mixture of

We seek bounds on the total variation distance drv (Pg"), ]P’(fl) .

With this setup, the following lemmas assert that (a) Our construction satisfies the
conditions in Assumption 2.1(S), and (b) The total variation distance is small provided

n<VvD—d.

Lemma 2.7. For each binary string e € {—1,1}P~% and bit z € {—1,1}:
(a) The population-level matriz L'&?) defined in equation (2.57) satisfies || ||x < Yimax-
(b) The random observations (LEE’Z), bEE’Z)) defined in equation (2.59) satisfies Assump-

tion 2.1(S), for any scalar pair (op,04) such that o, > Ymax and op > 6.
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Lemma 2.8. Under the set-up above, we have drv <P§n),]P’(_"1)> < }327_12.

See Appendices A.2.1 and A.2.2 in the supplementary fileAppendix A for the proofs of
the two lemmas, respectively.

Part (a) of Lemma 2.7 and equations (2.58a)—(2.58b) together ensure that population-
level problem instance (L, b) we constructed belongs to the class C,pprox(Mo, hos D, 0, Ymax)-
Part (b) of Lemma 2.7 further ensures the probability distribution Py, belongs to the
class Gyar(0or,0p). Lemma 2.8 ensures that the two mixture distributions corresponding
to different choices of the bit 2z are close provided n is not too large. The final step
in applying Le Cam’s mixture-vs-mixture result is to show that the approximation
error is large for at least one of the choices of the bit z. We carry out this step by
splitting the rest of the proof into two cases, depending on whether or not we enforce
that our estimator v is constrained to lie in the subspace S. Throughout, we use the

decomposition 7 = [% ], where 7; € R? and 7, € RP~?. Also recall the definition of the

vector y from equation (2.55).

Case I: v € S. This corresponds to the “proper learning” case where the estimator is
restricted to take values in the subspace S and v, = 0. Note that for any e € {—1,1}P~¢,
we have

Iz, = Bl* = flvz. = Ts(uZ ) + fJoz. — O] = 6% + Hm V2dzyll3.

Therefore, for any €,&’ € {—1,1}P~% the following chain of inequalities holds:

1 * -~ * -~
(2 =12 oty —017) = 02+ 1 (18 — V3l + [ + V3dyl3)

=&+ o (I3 + 2dl13)

2 52 + ||yHg = Oé(MOaIYmax) : 52-

By Le Cam’s lemma, we thus have

ian sup EH@\n - U*H2 2 a(M077max)62 . <1 - dTV(P(—n1)7P§n))>
Un€Vs (L,b)ECapprox
IP>L,b€G}var(0’L70'17)
(@
> (1 — OJ) : a(M077max) : 527

where in step (i), we have applied Lemma 2.8 in conjunction with the inequality
D>d+ 2
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Case II: v ¢ S. This corresponds to the case of “improper learning” where the
estimator can take values in the entire space X. In this case, for any pair ¢, €
{—1,1}P74 we obtain

-
loZy =2l = 1{2v2dy" 0 oo 0] I =2yl = 26/ (Mo, Ymax) — 1.
Applying triangle inequality and Young’s inequality yields the bound

Lo~ o, 1
FUT =02 P 10— w2 ") = 7

(7 = vzl + 117 = vZ 411)?

1 * *
> 1lezy = o2 P 2 (@(Mo, o) = 1) - 6%
By Le Cam’s lemma, we once again have

inf sup Bl = P 2 (a(Mo, Yae) = 1) - 0% (1= drv(TP))
UnEVx (L,b)€Capprox
Pr.5€Gvar(oL,0p)

>(1—w)- (a(MO,fymaX) — 1) 02

Putting together the two cases completes the proof.

2.6 Discussion

In this chapter, we studied methods for computing approximate solutions to fixed point
equations in Hilbert spaces, using methods that search over low-dimensional subspaces
of the Hilbert space, and operate on stochastic observations of the problem data. We an-
alyzed a standard stochastic approximation scheme involving Polyak-Ruppert averaging,
and proved non-asymptotic instance-dependent upper bounds on its mean-squared error.
This upper bound involved a pure approximation error term, reflecting the discrepancy
induced by searching over a finite-dimensional subspace as opposed to the Hilbert
space, and an estimation error term, induced by the noisiness in the observations. We
complemented this upper bound with an information-theoretic analysis, that established
instance-dependent lower bounds for both the approximation error and the estimation
error. A noteworthy consequence of our analysis is that the optimal approximation
factor in the oracle inequality is neither unity nor constant, but a quantity depending on
the projected population-level operator. As direct consequences of our general theorems,
we showed oracle inequalities for three specific examples in statistical estimation: linear
regression on a linear subspace, Galerkin methods for elliptic PDEs, and value function
estimation via temporal difference methods in Markov reward processes.

The results of this chapter leave open a number of directions for future work:
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e This chapter focused on the case of independently drawn observations. Another
observation model, one which arises naturally in the context of reinforcement
learning, is the Markov observation model. As discussed in Section 2.2.2.3, consider
the problem with L = yP and b = r, where P is a Markov transition kernel, 7 is
the discount factor and r is the reward function. The observed states and rewards
in this setup are given by a single trajectory of the Markov chain P, as opposed
to being drawn i.i.d. from the stationary distribution. It is known [204] that the
resolvent formalism (a.k.a. TD(A)) leads to an improved approximation factor
with larger A € [0,1). On the other hand, larger choices of A may lead to larger
variance and slower convergence for the stochastic approximation estimator, and
a model selection problem exists (See Section 2.2 in the monograph [200] for a
detailed discussion). It is an important future work to extend our fine-grained
risk bounds to the case of TD(\) methods with Markov data. Leveraging the
instance-dependent upper and lower bounds, one can also design and analyze
estimators that achieve the optimal trade-off.

e This chapter focused purely on oracle inequalities defined with respect to a subspace.
However, the framework of oracle inequalities is far more general; in the context
of statistical estimation, one can prove oracle inequalities for any star-shaped set
with bounds on its metric entropy. (See Section 13.3 in the monograph [213] for
the general mechanism and examples.) For all the three examples considered in
Section 2.2.2, one might imagine approximating solutions using sets with nonlinear
structure, such as those defined by /;-constraints, Sobolev ellipses, or the function
class representable by a given family neural networks. An interesting direction for
future work is to understand the complexity of projected fixed point equations
defined by such approximating classes.
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Chapter 3

Optimal and instance-dependent
guarantees for Markovian stochastic
approximations

Continuing the discussion in Chapter 2, we move on to the Markovian observation model.
In this chapter, we study stochastic approximation procedures for approximately solving
a d-dimensional linear fixed point equation based on observing a trajectory of length n
from an ergodic Markov chain. We first exhibit a non-asymptotic bound of the order
tmiX% on the squared error of the last iterate of a standard scheme, where t,,;, is a mixing
time. We then prove a non-asymptotic instance-dependent bound on a suitably averaged
sequence of iterates, with a leading term that matches the local asymptotic minimax
limit, including sharp dependence on the parameters (d, ) in the higher order terms.
We complement these upper bounds with a non-asymptotic minimax lower bound that
establishes the instance-optimality of the averaged SA estimator. We derive corollaries
of these results for policy evaluation with Markov noise—covering the TD(A) family of
algorithms for all A € [0, 1)—and linear autoregressive models. In combination with the
optimal oracle inequalities in Chapter 2, our instance-dependent characterizations open
the door to the design of fine-grained model selection procedures for hyperparameter
tuning (e.g., choosing the value of A when running the TD(\) algorithm).

3.1 Introduction

Linear Z-estimation problems—in which we are interested in computing the fixed
point of a linear system of equations—are widely used in many application domains,
including reinforcement learning and approximate dynamic programming [14, 200],
stochastic control and filtering [11, 20, 111], and time-series analysis [73]. In many
of these applications, the data-generating mechanism is modeled using an underlying
Markov chain. The resulting dependency among the observations presents challenges for
algorithm design as well as statistical analysis. In this chapter, our goal is to provide an
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instance-dependent statistical analysis—one that captures the difficulty of the particular
Z-estimation problem at hand—and to develop computationally efficient algorithms
that match these fundamental limits.

A linear Z-estimation problem in R? is specified by a fixed point equation of the
form

0 =L60+0, (3.1)

where the matrix L € R%“ and the vector b € R% are parameters of the problem. In
settings of interest in this chapter, the problem parameters (L, b) are unknown, and
we observe only a sequence (L, b;);>1 of noisy observations, generated according to a
Markov process in the following manner. The Markov process generates a sequence
(s¢)i>0 of states taking values in some underlying state space S. This chain is assumed
to be ergodic, with a unique stationary distribution £. The observed pair (L1, bi41) at
each time ¢ depends on the current state s;, and moreover, their expectations under the
stationary distribution £ are equal to their population-level counterparts (E, 6).

This general formulation includes a number of special cases of interest. In the
simplest setting, at each time ¢, we observe a matrix-vector pair of the form L;,; = L(s;)
and b,y = b(s;), where L : § — R¥? and b : § — R? are deterministic mappings such
that

E¢[L(s)] =L, and E¢[b(s)] =b. (3.2a)

Many applications involve additional sources of randomness beyond that naturally
associated with the Markov chain itself. In order to accommodate this possibility, we
can consider observations of the form

Lt+1 = Lt+1<8t), and bt+1 = bt+1(8t>. (32b)

Here the mappings L;,; and b;,; are now allowed to be i.i.d. random, independent of
s¢, but are required to be related to the deterministic mappings L and b via the relation

E[Li1(s)] = L(s), E[by(s)] =b(s), forallseS. (3.2¢)

By the tower property of conditional expectation, equations (3.2a) and (3.2¢) imply
that L;,1(s;) and b, (s;) are unbiased estimates of L and b, respectively.'

Stochastic approximation (SA) methods, dating back to the seminal work of [174],
are standard iterative procedures for using data to approximately compute 6. These
algorithms proceed in a streaming fashion: upon receiving each data point, an incremental
update is made and the (averaged or) final iterate is returned in a single pass. In this
way, each iteration of stochastic approximation incurs only mild computational and
storage costs. Given these attractive computational properties, it is natural to ask if
there are SA methods that also enjoy optimal statistical performance.

"However, equation (3.2c) does not require the observations to be conditionally unbiased.
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In this chapter, we analyze the SA procedure based on the updates

0t+1 = (1 — ?7)915 + n(LtH@t + bt+1), for t = 0, 1, . (33&)
n—1
~ 1
0, :— 6, forn=no+1,n+2,... 3.3h
n—nogt orn=mny+1,ny+ ( )

Equation (3.3a) describes a standard stochastic approximation update with constant
stepsize 1 > 0, whereas equation (3.3b) corresponds to an application of the Polyak—
Ruppert averaging procedure [169, 186] to the iterates, with burn-in period ny. When
each matrix observation L;,; has a constant rank independent of the dimension d—as
is the case for temporal difference learning methods in reinforcement learning (see
Section 3.2.2)—the SA method (3.3) can be implemented with O (d) computational and
storage cost per iteration.

There is an extensive body of past work on stochastic approximation methods
with Markov data. Here we provide an overview of the literature most germane to
our contributions, and defer a more detailed review to Appendix B.1. Asymptotic
convergence of SA procedures with Markovian data can be established using either the
ODE method [20] or the Poisson equation method [11]. [204] analyzes the asymptotic
convergence of SA in the specific context of temporal difference methods in reinforcement
learning. Although asymptotic guarantees provide helpful guidance, it is often most
useful to have non-asymptotic guarantees that account both for limited sample size and
scale of modern problems, and for these reasons, non-asymptotic analysis of Markovian
SA procedures has attracted much recent attention.

Assuming a mixing time bound on the Markov chain, a projected variant of linear
SA was analyzed by [16], who established non-asymptotic rates that are near-optimal
in their dependence on the sample size n. [194] analyzed the standard SA scheme
without the projection step used in [16], and obtained the same convergence rate
in both mean-squared error and higher moments. Under an appropriate Lyapunov
function assumption on the Markov chain, [56] proved finite-time bounds for linear
SA using stability properties of random matrix products. Variants and special cases
of SA procedures with Markov data have also been studied, including two-time-scale
algorithms [85], gradient-based optimization under Markov data [52], and estimation in
auto-regressive models [159, 109].

Despite this encouraging progress to date, two important questions still remain open,
and form the focus of this chapter:

e Sample complexity in high dimensions: The primary goal of non-asymptotic
analysis is to provide guarantees on the estimation error that have an explicit
dependence on the problem at hand, and that hold true for a reasonable range of
values of the sample size n. For instance, suppose the linear Z-estimation problem
in R? is driven by an underlying Markov chain of mixing time #,,;,. Then under
natural noise assumptions, one should expect the mean-squared error to scale
as O (tmixd/n), with this being the dominant term whenever n 2 t,xd. Such an
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error bound is particularly important for sieve estimators, where the problem
dimension d is adaptively chosen based on the sample size n. However, existing
analyses of linear SA do not provide such tight dimension-dependence. Using the
notation of this chapter, the estimation error bounds in the papers [194, 16] rely
on a uniform upper bound on the operator norm of the stochastic matrix L, 1(s;);
this quantity scales linearly with dimension d in many applications. Consequently,
the resulting bounds on the MSE have a sub-optimal dependence on dimension,
which is unsatisfactory for high-dimensional problems. Similarly, the bounds in
the papers [56, 108, 40] also exhibit a sub-optimal dependence on dimension. To
the best of our knowledge, the question of whether linear SA succeeds under
the minimal conditions on sample size—in particular, with n mildly larger than
d - tmix—Temains open.

e Instance-dependent optimality: While many estimators may exhibit near-
optimal statistical performance in the globally minimax (i.e., worst-case) sense,
some of them perform significantly better than others when applied to practical
problem instances. This phenomenon motivates the study of local (i.e., instance-
dependent) performance in the non-asymptotic regime. Such results have recently
been established for linear Z-estimation in the i.i.d. setting by existing litera-
ture [164, 122, 98] and Chapter 2 of this dissertation. In particular, Theorem 2.3
in Chapter 2 provides a non-asymptotic analogs of classical theory on local asymp-
totic minimaxity (c.f. [209]), which establishes lower bounds by looking at the
worst-case family of instances in a local neighborhood of a given problem. In
the Markov setting, two questions naturally arise: (1) What does it mean for an
estimator to be locally optimal in a non-asymptotic sense? (2) Does the linear SA
estimator (3.3) match the local lower bound for every problem instance?

3.1.1 Contributions and organization

The primary goal of this chapter is to resolve these challenges, and provide a sharp
analysis of (averaged) linear SA algorithms. These answers are not merely of theoretical
interest: they also provide important guidance for practice, such as in choosing algorithm
parameters including the burn-in period and stepsize. In more detail:

e We perform a fine-grained analysis of linear SA and produce an upper bound on
its statistical error that transparently tracks the dependence on problem-specific
complexity as well as step-size. Furthermore, our bound holds true provided
n 2 tmix - d, establishing that the algorithm does indeed attain a sharp sample

complexity guarantee in high dimensions.

e In a complementary direction to our upper bounds, we show a local minimax
lower bound with an appropriately defined notion of local neighborhood of Markov
chains. This lower bound certifies the statistical optimality of the linear SA
estimator, again in an instance-dependent sense.
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e We derive consequences of our general analysis for temporal difference methods
in reinforcement learning, demonstrating a key problem-dependent quantity in
matching upper and lower bounds.

One technical aspect of our analysis is noteworthy. En route to establishing bounds
with sharp dimension dependence, we introduce a careful “bootstrapping” argument:
starting with a loose bound, we progressively refine it via the repeated application of
certain self-bounding inequalities. We suspect that this method may be of independent
interest in providing sharp analyses of other stochastic approximation methods.

The remainder of this chapter is organized as follows. We complete this section by
introducing additional notation to be used throughout the chapter, and then providing a
more detailed discussion of related work. In Section 3.2, we provide the basic problem set-
up, discuss the underlying assumptions, and give some illustrative examples. Section 3.3
is devoted to the presentation of our main results, which include upper bounds on the
estimation error of stochastic approximation procedures, along with local minimax lower
bounds that apply to any estimator. In Section 3.4, we develop some consequences of
these results for specific models, including policy evaluation in reinforcement learning
and estimation in autoregressive models. Sections 3.5, 3.6 are devoted to the proofs of
Proposition 3.1, Theorem 3.1, respectively. We conclude with a discussion in Section 3.7.
The proof of Theorem 3.2 and some auxiliary results, as well as some corollaries, are
postponed to the appendix.

Additional notations: Throughout the chapter, we use F; := a((bi,Li,si)igt) to
denote the natural filtration induced by the Markov observations.

3.2 Problem set-up

Recall from our earlier set-up (cf. equation (3.1)) that we are interested in solving a
fixed point equation of the form # = L6 + b, based on noisy observations of the pair
(L,b), as defined by the Markov observation model (3.2). We require that the matrix L
satisfies the conditions

1 _ _ —
KR = 5/\max (L + LT) < ]_, and |||L|||0p S Vmax- (34)

3.2.1 Assumptions

We now introduce and discuss the remaining four assumptions that underlie our analysis.

3.2.1.1 Conditions on Markov chain

We first describe the conditions imposed on the underlying Markov chain in our observa-
tion model. Let {s;};>0 denote a trajectory drawn from a Markov chain with transition
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kernel P. We assume that this chain has a unique stationary distribution &, and impose
the following mixing condition in Wasserstein-1 distance:

Assumption 3.1. There exists a natural number t,i and a universal constant co > 1
such that for any x,y € S, for allt =0,1,2,..., we have the bounds

, (@1 (b)
Wi (8, P, 6, Pmix) < ép(x,y), and Wiy ,(6,P",6,P") < cop(,y). (3.5)

We assume throughout that the chain is initialized with a sample sy ~ ¢ from the
stationary distribution. Given that our mixing time bound guarantees exponential decay
of the Wasserstein distance, this condition is mild: it can be removed by waiting O (¢ix)
iterations for the process to mix.

3.2.1.2 Tail conditions on noise

In our observation model, the “noise” terms correspond to the differences Ly 1(s;) — L(s¢)
and L(s;) — L, along with analogous quantities for the vector b. Our second assumption
imposes conditions on these noise variables. We consider separate conditions on these
martingale L;y1(s;) — L(s;) and Markov L(s;) — L parts of the noise, as well as the
b-noise analogues.

Assumption 3.2. There exists an even integer p € [2,+00] and non-negative constants
o1, and oy, such that for any positive even integer p < p, scalar t > 0, vector u € S¥1,
and index j € {1,...,d}, we have

E[(ej, (Li+1(s) — L(s))uw)? | s] <plol, and E[{e;, bir1(s) — b(s))” | s] < plo},
(3.6a)

as well as
Eowe[(e;, (L(s) — L)u)?] <plo¥, and E,.¢[(e;, b(s;) — b)?] < ploy. (3.6b)

Note that this assumption is mildest for p = 2, and strongest for p = co. In the latter
case, when p = oo, the assumption requires L;,; and b;;1 to be sub-exponential random
variables in the standard coordinate directions (since log(p!) < plog(p/2) by concavity
of the log function). This condition covers, for instance, the case where Ly is the outer
product of sub-Gaussian random vectors, as in temporal difference learning methods.
In addition to accommodating this case, Assumption 3.2 also covers the heavier-tailed
setting in which only finitely many moments exist. In particular, when p = 2, the second
moment assumption coincides with Assumption 2.1(W) made in Chapter 2.

An important quantity in our analysis is the effective noise level given by

6= sup sup p~ (E[(ej, (Les1(se) - L)0 + (brsa(s) — 6)>pD1/p' (3.7)

P€[2,p] j€[d]

Note that under Assumption 3.2, we have the upper bound & < o||0||2 + 03
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3.2.1.3 Metric space conditions
For most of our analysis, we impose the following condition:
Assumption 3.3. The metric space (S, p) has diameter at most one.

Note that our assumption of unit diameter is arbitrary; boundedness suffices. In order
to accommodate the general case, it suffices to rescale the parameters oy and oy.

When applying our theory to unbounded spaces (e.g., S = R%), we use a truncation
argument to show that there is an event over a reduced state space on which this
condition holds with probability tending exponentially to 1. (See Appendix B.2 for the
details of this argument.)

3.2.1.4 Lipschitz condition

Finally, we place a Lipschitz assumption—under the metric p—on the mapping from
the metric space S to the stochastic operators. Given the Markov chain setup in the
metric space (S, p), it is alluring to assume a dimension-free Lipschitz bound on the
mappings (L, b;). However, as the space S has diameter bounded by 1, such Lipschitz
constants typically depend on dimension for practical problems. Concretely, view the
L-scale parameters (k, Ymax) as constants and assume that the observations Lyi(s;)
each have rank at most . We then have

] > E [ Lis1(s¢) e S trace(E [Li1(s4)]) _ trace(f).

B[l Les1(st)llop (3.8)

r r

The trace trace(L) typically scale as ©(d), even in the “easy case” when L is a constant
multiple of identity matrix.

So the Lipschitz constant for the mapping L; : S — R4 is at least Q(d). On the
other hand, as a d-dimensional standard Gaussian random variable has norm Q(v/d)
with high probability, it is natural to assume the Lipschitz constant for the vector-valued
mapping b, : S — R? to be of order at least Q(v/d). We therefore make the following
assumption:

Assumption 3.4. There exist constants or, 0, > 0 such that, almost surely for any
x,y €S, we have

IZi(x) = Lu()lop < o1d - pla,y)  and  ||bi(x) = bi(y)ll2 < oVd - plz,y)  (3.9)
forallt=1,2,....

Note that in Assumption 3.4, we explicitly rescale the RHS of the inequalities
with factors that depend on the problem dimension d, so that the pair (¢, 0;) should
indeed be viewed as dimension-free. The notation (o, 0;) is actually overloaded in
Assumptions 3.2 and 3.4. In practice, we can take the maximum of the bounds in the
two assumptions. Besides, as shown in Appendix B.2, for certain natural problem classes,
Assumption 3.2 indeed implies Assumption 3.4 with discrete metric, up to logarithmic
factors.
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3.2.2 Some illustrative examples

Our assumptions cover a broad range of ergodic Markov chains, and the fixed-point
equation (3.1) associated with their stationary distribution naturally arises from several
problems. In this section, we describe a few concrete examples of our general setup. We
first discuss the class of Markov chains satisfying our assumptions, and then describe
the linear Z-estimators associated with such problems.

3.2.2.1 Examples of Markov chains

By varying our choice of the metric p, we recover several important classes of Markov
chains that satisfy Assumptions 3.1 and 3.3.

e Consider a Markov chain defined on a countable state space S, and consider the
discrete metric p(z,y) := 1,»,. In this context, Assumption 3.1 corresponds to
mixing time bound in total variation—viz.

dpy (8, Pt §, Phmix) < % for all pairs z,y € S.

This mixing condition is satisfied for some finite ¢,,;, when the Markov chain is

irreducible, aperiodic and positive recurrent. Moreover, this metric space has unit

diameter, so that Assumption 3.3 holds as well.

e As another example, consider the state space S = B(0,1) C R? equipped with
the Euclidean metric p(x,y) = ||z — y|l2. We can define a Markov chain on
this space via the random evolution Xy = Ty1(Xk), where the random non-
linear operators {7} x>1 € 8% are drawn i.i.d. from some distribution. We
assume that the expected operator T := E[T;] satisfies the contraction condition
T (z) =T (y)ll2 < vl|x — yl|2 with some v < 1. Assuming the stochastic operator
T to be Lipschitz and to satisfy a second moment bound, this dynamical system
satisfies the Wasserstein contraction condition under the Euclidean metric.

3.2.2.2 Examples of linear Z-estimators

We now describe some interesting examples of linear Z-estimators, to which we will
return in later sections.

Example 3.1 (Approximate policy evaluation). We begin by considering the temporal
difference (TD) algorithm for approximate estimation of value functions. This problem
arises in the context of Markov reward processes (MRPs), which are Markov chains that
are augmented with a reward function r : § — R. A trajectory from a Markov reward
process is a sequence {(st, Rt)}>0, where {s;}:>o is the Markov trajectory of states,
and R, is a random reward, corresponding to a conditionally unbiased estimate (given
s¢) of the reward function value r(s;). Given a discount factor v € [0, 1), the expected
discount reward defines the value function v*(s) = E[ > ;2 7 R | so = s].
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This value function is connected to linear Z-estimators via the Bellman principle. Let
P denote the transition operator of the Markov chain, and let £ denote the stationary
distribution. Note that the P maps the space L*(S,¢) to itself. With this notation,
the value function v* is known to be the unique fixed point of the Bellman evaluation
equation

v=r~Pv+r. (3.10)

In general, this equation is non-trivial to solve, especially given a limited trajectory
length. In practice, it is standard to compute approximate solutions using linear basis
expansions [27, 204], and this approach underlies the family of TD algorithms.

Let {¢;}9_, be a collection of linearly independent real-valued functions defined
on the state space, and consider the linear subspace S of all functions of the form
Va(s) = Z?Zl 6,0;(s). This subspace defines the projected Bellman equation

v =1ls(vPo+7), (3.11)

where Ilg is the orthogonal projection operator under L3(S, €).

By definition, the projected fixed point © can be written in the form o(s) =
Z;l:l 0;¢,(s) for some vector § € RY. Denote the vector-valued mapping ¢ = (05191,
some simple calculations show that this parameter vector must satisfy the linear system

Y00 = 7510 + Egng [Ro(5)0(s)], (3.12)

where 3o = E,¢ [¢(s)d(s) "] is the second-moment matrix of ¢(s) under the stationary
distribution, and ¥; = E[¢(s)¢(s™) "] is the cross-moment operator of the Markov chain.
In defining this cross-moment, the expectation is taken over s ~ & and s ~ P(s, ).

This problem can be viewed within our framework by considering a Markov chain
on the augmented state space € = (s, 5.41). Equation (3.12) defines a fixed point
equation under the stationary distribution of this Markov chain. Define the minimum
and maximum eigenvalues 1 := Apin(20) and 5 := Apax(Xo), along with the observation
functions

b1 (§) = %Rt(st)cb(st), and Ly (§y) = Iq — %[qﬁ(st)(b(st)T - 7¢(5t)¢(5t+1)T]'
(3.13)

With these choices, the stochastic approximation procedure (3.3) is the widely used
TD(0) algorithm. On the other hand, for a stationary Markov chain (s;)¢cz, the fixed-
point equation 8 = E[L;y1(Q%)] - 0 + E [by1(9)] is equivalent to Eq (3.12). Note that
though the expression for the mappings b, and L;,; depends on unknown parameter
B, they can be absorbed into the stepsize choice, and the algorithm works well without
such knowledge.

Typically, the Euclidean norm ||¢(s)]|2 of the feature vectors scales as v/d, and under
the stationary distribution &, the variance of any coordinate of ¢(s) is of constant order.
Under these conditions, the cross-moment matrix ¥; has operator norm of constant order.
On the other hand, as for the random observations, we have the scalings || Li41[|op = O(d)
and ||beg |2 = O(Vd), so that Assumptions 3.2 and 3.4 are satisfied. &
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In the context of TD, it is natural to consider a sieve estimator. Given a collection
of basis functions {¢;}32,, we can define the nested family S, C S, C -+, where Sy
denotes the span of the sub-collection {¢, ;l:l. Here the choice of the sieve parameter d
is key: larger values reduce the approximation error at the expense of increasing the
estimation error. We discuss how this can be done in Section 3.4.

Another extension of the TD(0) algorithm—one that becomes feasible under the
Markovian observation model—is the TD(\) family of procedures. A fundamental
question is how well the solution of the projected fixed-point equation (3.11) approximates
the true value function V*. Theorem 2.1 in Chapter 2 analyzes this quantity, and
provides matching upper and lower bounds in the i.i.d. setting. However, the Markovian
observation model actually allows this approximation error to be reduced, albeit at the
cost of increased estimation error, as discussed in our next example.

Example 3.2 (Policy evaluation with TD(A)). The family of TD(A) algorithms is
motivated by the following observation: since the value function v* is the fixed point
of Eq (3.10), it is also the fixed point of the composition of itself. Concretely, for any
k > 1, we have:

k—1
v* = (yP)kv* + Z('yP)jr.
=0
For any A € [0, 1), we take the weighted average of the above (infinite) collection of

equations using exponentially-decaying weight (1, A\, A\?,---), and obtain the following
equation.

v=(1-2N) i N (yP)F Ly 4 i N (yP)Fr. (3.14a)

The solution v* to the equation (3.10) also solves Eq (3.14a).
Following the same route as TD(0), for a given subspace S of functions, we seek a
solution ™ to the projected fixed equation equation

0N = (1= X)) MIs(yP)* o™ + Y " MII(yP)*r, (3.14D)
k=0 k=0
in which the operator P has been replaced by the projection IIgP. Although the fixed
points of equation (3.14a) and the Bellman equation (3.10) coincide, the projected
version (3.14b) has a different set of fixed points.
Since the value function 7™ lies in the linear space S, it has a representation
of the form oW (s) = Z;l:l 9_](-)‘)@(3) for some coefficient vector /M € R?  From
equation (3.14b), this vector must satisfy a linear system of the form

e} o

(SO = [0 50110 + SO0 E[Ro(s0)é(s-)],  (3.15)

k=0 k=0 k=0
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where {s;}?2__ is a stationary Markov chain following the transition kernel P, and
we define 3, = E[¢(s_1)¢(s0) "] for each integer k. As it should, when we set A = 0,
equation (3.15) reduces to the TD(0) update from equation (3.12).

In order to use stochastic approximation methods to solve this equation, we consider
an augmented Markov process (sy;1, s, g )icz in the space S? x R?, which evolves as

St41 ™~ P(Sta ‘)7 and g; = ¢(5t) +YAGi-1- (3.16&)

If feature vectors ¢(s;) lie in a compact set almost surely, we have g; = >0 (YA)*é(s;_4).
Let 5 be the stationary distribution of this augmented Markov chain.? In terms of
an element Q) = (s,s™, ¢g) drawn according this stationary distribution, the fixed-point
equation (3.14b) admits the succinct representation

Ee[g6(s) 10 = 1Eg[go(s™)T]0™ + B[ Ro(s)g]. (3.16D)

By choosing the observation functions

Ligi() =Ii—v- (go(s)" —7900(si11) 7). bra () = v - Ri(s)é(sy),  (3.16¢)

for a scalar v > 0, this algorithm is a special case of our general set-up. In particular,
by substituting the infinite-sum expression for the random variable g, into Eq (3.16b),
we obtain the projected linear equation (3.15) under the low-dimensional representation.
See Section 3.4 for a more detailed verification of the assumptions needed to apply our
main results for this problem. &

For our last example, we turn to a different class of problems involving vector
autoregressive (VAR) models for time series [131].

Example 3.3 (Parameter estimation in autoregressive models). An m-dimensional
VAR model of order k describes the evolution of a random vector X; as a kth order

Markov process. The model is specified by a collection of m x m matrices {A* j—1, and
the random vector evolves according to the recursion
k
Xip1 = Z A Xy jy1 + e, (3.17)
j=1

where the noise sequence (gt) i>0 18 1.1.d. and zero-mean and supported on a bounded
set. -

Considering the (k + 1)-fold tuple €; = (X441, X4, -+, Xy—g11), the process (Qt>t>0
is Markovian. Under appropriate stability assumptions on the model parameter, the
process mixes rapidly under the (k + 1)m-dimensional Euclidean metric. Let £ denote

2Such a stationary distribution exists and is unique under suitable assumptions. See 3.4.2 for
details.
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its stationary distribution, and suppose for convenience that the chain is observed at
stationarity.

In order to estimate the model parameters, we consider the following set of Yule—
Walker estimation equations:

E[Xi1X, | = AE[X X, ] + BE[Xe X, ]+ + AE[ X X)), (3.18)

for{ =0,1,---  k—1.

These equations form a km?-dimensional linear system for estimating km?2-dimensional
parameters. Note that the parameters live in the space of matrix sequences, and so we
slightly abuse our notation for simplicity: L denotes a linear operator from RFxmxm
to itself, and b is an element in R¥*™*™ At the sample level, for any collection
A= {A;}r_ e RF™™ of system matrices, the stochastic observations are given by

(b1 ()], =v XX/, for£=0,1,...,k—1, and
k—1
(Lipa () [Ale = A —v Y A X X[, fort=0,1,.. k-1

j=0

Once again, the parameter v is a scaling constant needed to fit into the fixed-point
equation framework, and is absorbed into the stepsize choice of the algorithm. s

3.3 Main results

We now turn to the statement of our main results, beginning with our upper bounds in
Section 3.3.1, followed by lower bounds in Section 3.3.2.

3.3.1 Instance-dependent upper bounds

In this section, we begin by stating some upper bounds (Theorem 3.1) on the behavior of
the Polyak—Ruppert averaged SA scheme (3.3b). These bounds are instance-dependent,
in the sense that they are specified in terms of an explicit function of the operator L and
the fixed point #. We then state a second result (Proposition 3.1) on the non-averaged
iterates, which plays a key role in proving Theorem 3.1.

3.3.1.1 Instance-dependent bounds on the averaged iterates

For any state s € §, define the functions

ema(s) = (b1(s) — b(s)) + (Li(s) — L(s))d, and en(s) :=b(s) + L(s)0 — 0.

Note that for a fixed state s, the quantity eyg(s) depends on the random variables
bi(s) and Ly(s), and so is a random vector, whereas by contrast, the quantity ey (s)
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is deterministic. Letting (5;){2_ . be a stationary Markov chain under the transition

kernel P, we then define the matrices

o0

Z*MG = ]Eé[COV (EM(;(S) ’ 8)}, and E*Mkv = Z E[é‘Mk\,(gt)SMkv(go)T}. (319)

t=—00

Overall, the performance of our algorithm depends on the matriz sum ¥* := ¥*yq +
Y*Miv, as well as the effective noise variance 62 defined in Eq (3.7). In terms of these
quantities, we have the following guarantee:

Theorem 3.1. Under Assumptions 3.1-3.3, suppose that we set the stepsize n and

-1/3 1

burn-in parameter ng as 1 = (c(03d + Yu) (1 — £)1%tix) and ng = 3n, where c

s a suitably chosen universal constant. Then for any sample size n satisfying log#n >

% log(cod), the Polyak-Ruppert estimate (3.3b) has MSE bounded as
E[|6, — 03] < £Te(( — L)™' (S'me + S (I = L)77) + ¢/ (5%3x) " log? n.
(3.20)

See Section 3.6 for the proof of this theorem.

A few remarks are in order. First, and as shown in the next section, the first term
n'Tr((I — L)~'2*({ — L)"') is optimal for the Markovian stochastic approximation
problem in an instance-dependent sense. This term appears in existing central limit
results for Markovian stochastic approximation [61], whereas our bound captures this
dependence in a non-asymptotic manner. When the Markov chain is uniformly geomet-
rically ergodic, a central limit theorem for the averaged iterate 6,, directly follow from
classical Markovian CLT (see [143], Chapter 17).

The first term can always be upper bounded by ¢ ﬁtmixd -log*(cod).> On the
other hand, disregarding dependence on (o, 03) and logarithmic factors in the sample
size, the second term in the bound scales as O((%
polylogarithmic factors, we have

)4/ 3). Consequently, up to

2t mixd

~ 2] < O tmix@
E[Hen 0”2] ~ (1 . /€)2TL'

(3.21)
Thus, at least in a worst-case sense, the second term is always dominated by the first
term.

We note that Theorem 3.1 makes two types of tail assumptions on the random
observations: Assumption 3.2 with p = 2 requires dimension-free second moment bounds

3This can be easily seen from exponential decay of the correlation; in particular, see equation (3.75)
in the proof of the theorem.
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in any coordinate direction, whereas the Lipschitz condition (Assumption 3.4) together
with Assumption 3.3 (boundedness of the domain) imply a (dimension-dependent)
uniform upper bound on the noise. The two assumptions play very different roles
in the analysis of high-dimensional problems. As we will see in Proposition 3.3, such
assumptions are naturally satisfied in the context of sieve estimators, for which dimension
d of the problem is selected adaptively based on sample size n.

Finally, we also note that the requirement on the sample size n is nearly optimal,
since we require n = Q( (irfj;?z) to make the estimation error (3.21) less than a constant
(by seeing o, and Ymax as constants). Up to an additional O (t.,;,) factor, the sample
size requirement in Theorem 3.1 also matches that of linear stochastic approximation
in the i.i.d. setting established in existing literature [115, 150] and 2. This additional
O (tmix) factor is unavoidable, which can be seen from the following reduction from the
Markov to the i.i.d. setting. Consider a problem instance in the i.i.d. setup, given by a
probability distribution P over R%*¢ x R?. Defining the state (L;,b;), consider a lazy
Markov chain that remains at the same state with probability 1 — ﬁ, and jumps to

an independent state drawn from P with probability . A Markov trajectory of size
n in this lazy Markov chain is approximately equivalent to O (n /tmix) samples in the
i.i.d. model, and results in a multiplicative blow-up of O (i) in the sample complexity
requirement for the Markov case.

3.3.1.2 Bounds on the non-averaged iterates

The proof of Theorem 3.1 involves first analyzing the non-averaged iterates. Since the
upper bound established in this step is of independent interest, we state and discuss it
here:

Proposition 3.1. Under Assumptions 3.1—3.3, there are universal positive constants
(co, 1) such that for any integer p € {1} U [logn,p/2], scalar T > 2ptyix log(cod), and

positive stepsize n € (O, 26})3(021;—%2)7} , we have
L max
3
- - c
(E[|6, — 8]12) 7" < e~ 51091 (E 10, — 8]12) """ + —fii(r%d (3.22)

forallt=1,... n.

See Section 3.5 for the proof of this proposition.

Note that the guarantees on the unaveraged iterates in Proposition 3.1—unlike those
of Theorem 3.1 for the averaged iterates—do not match the optimal instance-dependent
behavior. This is to be expected, since at least asymptotically, the unaveraged sequence
converges to a Gaussian random vector with covariance specified by the solution of a
Riccati equation. (For details, see Section 4.5.3 of [11]). This covariance term need not
match the optimal statistical error.

On the other hand, by choosing n =< (ll‘igﬂgln, the bound in Proposition 3.1 matches

the worst-case bound in equation (3.21), up to log factors. We also note that in
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Proposition 3.1, the exponent p can take values in two ranges: regardless of the value of
P € [2,00], one can always take p = 1 and obtain an upper bound on the mean-squared
error E[[|6; — 0|3]. This bound only requires Assumption 3.2 to hold true with p > 2,
which covers many important examples (see Section 3.4). On the other hand, when
Assumption 3.2 is satisfied with p > 2logn and a stronger moment assumption is
imposed, one can obtain a p-th moment bound for any p > [2logn,p|. This bound
can be readily converted into a high-probability bound for the last iterate of stochastic
approximation. It is worth noting that we study these two cases separately, using slightly
different proof techniques.

It is worthwhile making some comparisons between Proposition 3.1 and existing
results on the unaveraged forms of Markovian stochastic approximation. As we have
noted in our examples, in many cases, the quantities (o, 03, @) do not depend on the
dimension, in which case the error bound in Proposition 3.1 grows linearly with dimension
d. In comparison, in terms of our notation, the error bounds in the papers [16, 194] both
exhibit quadratic dependency on the quantity w. As we noted previously
in equation (3.8), this quantity scales linearly in dimension when the observations have
a constant rank (independent of dimension), so that (even after optimal parameter
tuning), the bounds from these parameters scale at least proportionally to %. This
scaling should be contrasted with the O(d/n) guarantees from our bounds. On the other
hand, the analysis in [56] involves a different mixing assumption, and so is not directly
comparable to our results. However, it is worth noting that their bound ||, — 8]/, also
has an explicit O (d/+/n) term (cf. equation (32) in their paper), showing that the MSE
bound grows quadratically with dimension.

3.3.2 Local minimax lower bounds

Thus far, we established instance-dependent upper bounds for the averaged SA scheme
with Markov noise. It is natural to wonder whether these bounds can be improved.
Answering this question requires the development of local minimax lower bounds, which
we describe in this section.

3.3.2.1 Set-up and local neighborhoods

We begin with the set-up and the definition of local neighborhoods for our lower bounds.
Let P be an irreducible Markov transition kernel on a finite state space S with associated
stationary measure {p. Consider the solution #(P) to the following fixed-point equation

0(P) = Ee, [L(s)] - 6(P) + Ee, [b(s)]. (3.23)

where the maps b and L are known to the estimator, whereas the Markov transition
kernel is unknown. For some fixed F, with stationary measure &, we would like to
lower bound the number of observations required to estimate 6(F,) to a given accuracy.
In order to obtain such a lower bound, we consider the fixed point problem (3.23)
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over a local neighborhood” of the pair (P, &). We assume that the estimator is based
on a Markov trajectory {s;}!",, with initial state sy drawn according to the original®
stationary distribution &y, and successive states evolving according to the transition
kernel P.

In order to quantify the complexity of estimation localized around the Markov
transition kernel P, we define the following two notions of local neighborhood:

Norob (Por€) 1= {P: > &) - x* (P(x,") || Po(x,-)) <€}, (3.24a)
zeS
Nissi (Pos€) = {P: |0(P) — O(Py)|2 < €} (3.24D)

The two notions of neighborhood focus on different types of locality restrictions on the
model class: the local problem class 9p,o, contains all the Markov transition kernels
that are “globally close” to a given kernel Py, measured by a weighted x? divergence.
It is worth noting that this weighted y? divergence has an operational interpretation.
Suppose we draw = ~ &y, and then draw the next state y ~ Py(z,-) accordingly the
original Markov kernel Py, as well as 3/ ~ P(z,-) under the kernel P. Then the weighted
x? divergence is the y? divergence between the joint laws of (z,y) and (z,y’).

On the other hand, the local class gy contains Markov transition kernels P such
that the solution §(P) to the fixed-point equation (3.23) lies in a local neighborhood
of the given solution §(F,), measured by the Euclidean distance. This problem class
captures the complexity specifically for solving the fixed-point equation, without the
need to estimate the entire transition kernel. In particular, it is easy to construct a
Markov kernel P such that the solution #(P) is very close to 6(F,), but the distance
between the transition kernels P and P, (e.g. measured in weighted x? divergence) is
arbitrarily large.

3.3.2.2 Instance-dependent lower bound

Our lower bound is proved on the smallest worst-case risk attainable over the intersection
of Mprop and Nps. We use the shorthand notation L := Ee, [L(s)} Also recall
the covariance matrix X\ = » 0 E [eMkv (§t)5Mkv(§0)T], as previously defined in
equation (3.19), for a stationary trajectory (S;)icz under the transition kernel P. Our
bound depends on the local radius

en =n" 12 \/trace (I = LO) 15\ (I — LO)=T), (3.25)

which is the contribution of Markovian noise to the upper bound stated in Theorem 3.1.
We are now ready to state our lower bound. Recall that we have assumed that
the kernel Py is irreducible and aperiodic. We also assume the mixing condition

4Doing so is necessary to rule out trivial estimators, and the possibility of super-efficiency.

5In our construction, both kernels Py and P are rapidly mixing and their stationary measure are
sufficiently close in TV distance that the choice of initial distribution does not affect the result. Drawing
so ~ &o is made for theoretical convenience.
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(Assumption 3.1) holds with the discrete metric p(x,y) = 152, and mixing time ¢y,
and that supp(Py(s,-)) > 2 for all s € S.

Theorem 3.2. Under the assumptions stated above, there exist universal positive
constants (c, ¢y, ¢y) such that for any sample size n lower bounded as

ctﬁﬁXUde log?d 2 92 2c(1+02)62tfmxd2 6 d
n > —memlle=—,  and n'e, > =<5 log (msinfo(s))’ (3.26a)

we have the minimaz lower bound

inf sup E[[|6, — 6(P)[|2] > cpe2, (3.26D)
0, PeY

where N := Norey (Po, 1/ ) 0 Mt (P, c16,).

See Appendix B.5 for the proof of this theorem.

A few remarks are in order. First, note that the minimax lower bound is with respect
to the problem class 91p,op (Po, c1 \/g ) NNgst (Po, ¢1€,), which requires both the transition

kernel P and the solution #(P) to be close to the given problem instance (P, 0(Fp)).
The size of the weighted x? neighborhood scales with the standard parametric rate
\/d/n, as desired in such problems. On the other hand, the size of the neighborhood
around @(P,) is proportional to the local radius ¢, that appears in the lower bound.
Operationally, this result indicates that even if the estimator knows in advance that
O(P) lies in the ball B(A(P,), c1&,), one cannot do much better than simply outputting
an arbitrary point in this ball without looking at the data.

Second, it should be noted that quantity €2 matches (up to a constant factor) the
optimal mean-squared error given by the local asymptotic minimax theorem [209, 70]. In
contrast to such asymptotic theory, however, Theorem 3.2 applies when n is finite, and
does not impose any regularity assumptions on the estimator. Furthermore, the radius
e, that is used to define the local neighborhood Mg (P, €,,) is optimal in the following
sense. On the one hand, since the plug-in estimator is asymptotically normal [70], for
any decreasing sequence ¢/, such that £/, > ¢, and £/, — 0%, the minimax risk within
the neighborhood Mg (P, €!,) behaves asymptotically as 2 up to constant factors. On
the other hand, for any decreasing sequence €/, such that €/, < g, the minimax risk in
the neighborhood Mg« (Fy, €),) is at most £/, In the latter case, the neighborhood is so
small that it provides more information than the data provides.

Theorem 3.2 matches the Markov noise term in Theorem 3.1, establishing its optimal-
ity when the martingale part of the noise vanishes, i.e., L;(s) = L(s) and b;(s) = b(s).
The lower bound does not capture the martingale part of the noise because we assume that
the functions L : S — R%? and b : S — R? are known to the estimator. In the setting
where these functions are also observed only through noisy i.i.d. data (L, b;), Theorem 2.3
in Chapter 2 implies a lower bound of the form con ™! trace ((I—L®) ™ 'S*yc(I—L@)~T).
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Combining it with Theorem 3.2 implies a minimax lower bound involving the term
dyn~ttrace (I— L) (S wviw + Z*mc) (I — L)~ T) in a properly defined local neighbor-
hood, thus establishing the optimality of Theorem 3.1. Finally, we note that Theorem 3.2
requires the sample size to be at least 2. d?, which is more stringent than the O (tp.d)
requirement in the upper bound. While Theorem 3.1 holds true with a linear sample-size
n = O (d), it is only shown to be instance-optimal for larger n = (d?). This mismatch
is due to the fact that small perturbations of the Markov transition kernel in certain
directions can destroy its fast mixing property. That being said, Theorem 3.2 is still a
finite-sample result, with polynomial dependency on the quantities (tmix, d, ﬁ), and
poly-logarithmic dependency on the smallest stationary probability.

3.4 Some consequences for specific problems

In this section, we specialize our analysis to the examples described in Section 3.2.2,
namely approximate policy evaluation using TD algorithms, and estimation in autore-
gressive time series models. By verifying the conditions needed to apply Theorem 3.1
and Proposition 3.1, we obtain some more concrete corollaries of our general theory.

3.4.1 TD(0) method

Recall the TD(0) algorithm for policy evaluation, as previously described in Example 3.1.
We are interested in estimating the solution v* of the Bellman equation (3.10), and an
approximation scheme is employed using the basis functions (qu)?zl. Using the shorthand

0, ¢(s)) = 2?21 0;¢;(s) for the Euclidean inner product in R, with observation model
(Ly41(82),bi11(€2)) defined in Eq (3.13), the averaged SA procedure (3.3) is given by:

n—1
Ot 2 0, — n{(Bst) — 76(5111), 00) — Resa(s)}6(se), and 0, 2 23",

t=no

(3.27)

To be clear, the update (3.27)(a) is the standard TD(0) algorithm with stepsize 7,
whereas the addition of the averaging step (3.27)(b) yields the Polyak-Ruppert averaged
version of the scheme. Note that we re-scale the stepsize 1 by a factor of § for notational
convenience. In the following subsections, we derive corollaries of our general theory for
the averaged scheme under different mixing conditions on the underlying Markov chain.

3.4.1.1 Markov chains with mixing in total variation distance

We first assume that the Markov chain satisfies a mixing condition (cf. Assump-
tion 3.1) in the discrete metric: i.e., after ty;, steps, we have dpy (9, Pmix, §y Phwix) < %
for any pair s,s" € S. Let £ denote the stationary distribution of the Markov chain
that generates the trajectory {s;}+>o, and let P denote its transition kernel. Note that
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the augmented state vector Q, = (s, $411) evolves according to a Markov process with
mixing time ¢, + 1. Moreover, the stationary distribution of the pair Q = (s, s*) has
the form s ~ &, st ~ P(- | s). We denote the stationary covariance of the feature vec-
tors as B := E,.¢[¢(s)d(s) "], and also define the minimum and maximum eigenvalues
pi= Amin(B) and B := Apax(B). We assume that

(a) (0)
|B=Y24(s)|]2 < ¢Vd and |Ry(s)] << forallse S, and (3.28a)
E¢[(B712¢(s), u)!] <<¢* for all u € ST (3.28b)

In order to state our result, we define the following quantities:

M := 7371/2 “Ege,st~P(s,) [¢(5>¢(5+)T] : 371/2;
entie(8,57) 1= B2 (9(5) 70 = 1(s7) 10 — r(s)) d(s),
ema(s) == B7V2(R(s) — r(s))o(s)

We also define the following covariance matrices according to Eq (3.19):

oo

Y Mky = Z E [enti (51, Se41)enike (50, 51) ],

t=—00

2*ma = Eoe [Elema(s)ema(s) " | s]].

Finally, we define the quantity

6% = \JE[(6(50)T0 — 7 (51:2)0 — R(s:)) ], (3.29)

and let x := %)\maX(M + MT). Tt is easy to see that k < v < 1. Assuming that p > 0,
we are then ready to state our main result for the TD(0) method.

Corollary 3.1. Under the setup above, take the stepsize 1 and burn-in period ng as

_ 1 1
N = T and ny = 3n, (3.30)
and suppose that log’én > Ztm("l‘(_i;i)zdﬁ *. The estimator v, = §n¢ obtained from the

Polyak—Ruppert procedure (3.27) satisfies the bound

E[Hﬁn — 77"]%2(5,5)} < ﬁTr{([d — M) (S vy + Y ne) (g — M)*T}
+ c( 5252 diris )4/3 log? n, (3.31)

1W2(1—r)2n

where v is the solution to the projected fixed-point equation (3.11) and ¢ > 0 is a universal
constant.
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See Appendix B.6.1.1 for the proof of this corollary.

A few remarks are in order. First, we measure the estimation error in the canonical
| - ll2(s,e) norm, instead of the Euclidean distance in R%. Consequently, the proof of
this corollary actually uses a generalized version of Theorem 3.1 proved for weighted ¢2
norms. On the other hand, we note that the error bound (3.31) is with respect to the
solution v to the projected fixed-point equation. In the well-specified case where v* € S,
this solution coincides with the value function v*. In general, the approximation error
needs to be taken into account, and was the focus of Chapter 2. In conjunction with
this result, Corollary 3.1 implies the error bound

E[[[0n — v*[f2(s.)]
< e[+ Amax ((Ja = M) (P Lg = MM ") (Ig — M)~ 7)) inf [jv — v 1250

+<Te{(Ig — M) (St e + D)) (s — M) T} + ¢ (%) Plog?n.  (3.32)

In Section 3.4.2 to follow, we provide a general recipe to trade off approximation and
estimation errors to choose the value of A in the class of TD(A) algorithms. Before that,
we discuss two extensions of Corollary 3.1.

3.4.1.2 Markov chains with mixing in Wasserstein metric

Note that for Corollary 3.1, the mixing time condition is imposed with total variation
distance. When the state space S is continuous, e.g., the set S is a subset of R™, mixing
in Wasserstein distance could capture the geometry of the underlying metric better.
In this section, we extend our analysis to such settings, highlighting the dimension
dependency in the sample complexity.

Concretely, we consider a Markov chain (s;);>0 on a compact domain & C R™, and
a feature mapping ¢ : S — R?. We assume that the Markov chain admits a unique
stationary measure £, and the mixing time assumption holds in Wasserstein-1 distance,
so that W (0, Pmix, §, Plmix) < 1|z — yl|» for all 2,y € S. For the sake of normalization,
we assume that S C B(0, 1) and ¢(0) = 0. On the feature mapping ¢, we assume the
following;:

I, 8>0, ply = B:=E,([¢(s)(s)"] =< Bla, (3.33a)
Vr,y €S, |B7V(¢(x) - 6(v))ll> <<f||x—y||2, (3.:33b)
Vu e ST, Eye[(u, B 24 (s5))4 ] <, (3.33¢)
Vs, € S, t>1, |Ri(s) — Ri(s)| <slls — &||a, |Ri(s)] < as. (3.33d)

Here, we regard the parameters (<, i, 5) as dimension-independent positive constants.
Since the state space S has diameter bounded by 2, the feature mapping ¢ satisfying

equation (3.33a) necessarily has Lipschitz constant of order O (\/ZZ) For a simple

example, take the state x itself as the feature vector (after appropriate re-scaling), which
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corresponds to the case of m = d and ¢(z) = Vd - .

With this set-up, we have the following guarantee:

Corollary 3.2. Assuming the conditions in equation (3.33), taking stepsize and burn-in
period as equation (3.30), for the Polyak—Ruppert averaged stochastic approximation
procedure (3.27), the bound (3.31) holds.

See Appendix B.6.1.2 for the proof.

Corollary 3.2 shows that the same instance-dependent bound holds true for a
continuous state space setting. Such a bound is useful for many applications, one
of which is the case of quadratic value functions, where the dimension satisfies the
relation d = m? the mapping ¢ takes the form ¢ : o — m - z2'. Assuming that the
process (s;)i>o is supported in a unit ball B(0, 1) and has well-conditioned stationary
covariance, it is easy to verify that Assumptions (3.33) are satisfied with dimension-free
constants (s, i, #). This example is particularly useful for policy evaluation in Linear
Quadratic Regulators (LQR). Nevertheless, our results hold more generally for any
random dynamical system that is rapidly mixing in the W, distance.

3.4.1.3 Analysis of a sieve estimator

The optimal dimension dependency in Theorem 3.1 allows us to obtain optimal estimators
for various classes of non-parametric problems, in which the dimension is a parameter to
be chosen. In particular, sieve methods are a class of non-parametric estimators based
on nested sequences of finite-dimensional approximations. In this section, we analyze
the behavior of a stochastic approximation sieve estimator in the Markovian setting.
The optimal dimension dependence in our theorem recovers the minimax optimal rates
for estimation, while our instance-dependent bounds help in capturing more refined
structure in the problem instance.

Concretely, assuming that the Hilbert space L*(S, ) is separable, let (¢;)32, be a
set of (not necessarily orthogonal) basis functions. We consider the case where the
mixing condition holds true with total variation distance®. The following assumptions
are imposed on the basis functions:

Vj e NT, suplo;(z)] <, (3.34a)
€S

Vd e N, puly < [Eqe (qﬁj(s)@(s))}j’ v < Bla, (3.34b)

Vi > 1, sup|Ri(z)| <s. (3.34c¢)
€S

The first assumption is standard in nonparametric regression, and satisfied by many
useful basis functions such as the Fourier basis and Walsh-Hadamard basis. The second

6By following the approach in the previous subsection, the analysis can also be extended to the
case of mixing in Wasserstein distance.
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assumption relaxes the orthogonality requirement on the bases, by only requiring the
Gram matrix to be well-conditioned.
We define the noise level & using the second moment:

= 2 \JE[(3(s) — v0(s141) — Ru(s1))?]. (3.35)

Once again, we run the averaged stochastic approximation procedure (3.27) on this
problem. A crucial point of departure from the parametric models discussed above is
that the number of basis functions d,, in sieve estimators is chosen based on the problem
structure and sample size. Let S(d,) := span(¢q, ¢o, -+ ,¢q,) denote the subspace
spanned by the first d,, basis functions. The following result is a direct corollary of our
theorem, and covers the case of fixed d,,; we discuss the trade-off between approximation
and estimation error in the choice of d,, presently.

Corollary 3.3. Assuming the conditions in equation (3.34), take the stepsize and burn-
in period as in equation (3.30). Assuming that p, 3, < 1, the Polyak—Ruppert averaged
stochastic approximation procedure (3.27) satisfies the bound (3.31) with d = d,,.

See Appendix B.6.1.3 for the proof.

Recall that by taking into account the approximation error, the error for estimating
the true value function v* takes the following form:

E[Wn - U*H]Zﬁ(s,g)]
< e[1+ Amax (I = M) TN (2 Ly = MM )T — M)~ T)] inf [lo —v[[Ea(s.g)
4 Tr((I = M) (S iy + Smia) (I = M)™T) +c((m—'xdn) P 1og?n.

1-k)%n

Let {¢;}72) be an orthonormal basis of L*(S,&) such that span(¢y,--- 1) =
span(¢y, - - ,qbd) for any d > 1. (For instance, one can let {LZJ]}J“X’ be the Gram-Schmidt
orthonormalization of the original basis functlons) Given a non-increasing sequence
{152, of positive reals such that lim; o, aj = 0, we first let Ho be a linear subspace of
L2 (S €), consisting of all the finite linear combination of basis vectors {¢;} =}, equipped
with the following inner product:

o

Yu,v € Ho, (u, v)y Z% ) - (v, ¥y).

Note that the summation shown above is actually finite, since both both sequences
((u, ¥3));2%, ((v, ¥5));25 only have finite non-zero entries. We then define the inner
product space (H, (-, -)) as the completion of (Ho, (-, -)3;,). It is easy to see that H is
a Hilbert space, and a linear subspace of L*(S, £).

For any v* € H, the estimation error is at most (in the worst-case)

o~ * c * 05'2 nlmix
E[|[0n — v*|[Fas.e)] < 15 - aanllv” |17 + Gz, (3.36)
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For example, when the eigenvalues of Hilbert space H decay as a; =< j~** for some
s > 0, the estimator achieves a rate of O((tmix/ n)227+1), which matches the minimax
optimal rate proved by [54] in the i.i.d. setting, but with a multiplicative correction
to the effective sample size by a factor t,,;; to accommodate Markovian observations.
Furthermore, since one can estimate the quantities (M, X* iy, 2*mc) in the bound (3.31)
using O (d) samples, instance-dependent model selection can in principle be conducted.
Bounds of the form (3.36) thus open the door to asking important questions of this

type.

3.4.2 TD()\) methods

Now we turn to stochastic approximation methods for the TD(A) projected fixed-point
equation (3.14b), with some given A € [0, 1). With observation model (L;y1(€2), by11(€2))
given by Eq (3.16¢), the averaged SA procedure (3.3) can be written as

Opp1 = 0, — T}{<¢(St) — vd(s541) 7, 0,) — Rt(st)}gt, where (3.37a)

9t = YAGi—1 + ¢(s;)  and, (3.37b)
n—1

O == 0. (3.37¢)
t=ng

The update on g; is the so-called “eligibility trace” in the TD()\) algorithm. As before,
we assume the two bounds in equation (3.28a), and assume that the mixing time
condition 3.1 holds true for the chain (s;);>1, with discrete metric and mixing time ;.
We consider the augmented Markov chain €2; := (st, Sti1, ;—/_Z%gt) € 8? x B(0,1) and
begin by establishing mixing conditions on this augmented chain.

Proposition 3.2. Under the setup above, consider the metric

p((Sh s9, ), (81, 85, h,)) = %1(131755’1 + Lozs, + Ih — h/H?)' (3.38a)

Taking T = 4(tmix + ;), the augmented chain {Qt = (8¢, St41, i:/—g%gt)}

= satisfies the
mixing bound

t>0

Wil (£(2,), £(%)) < (0, %) (3.38b)

for two chains (4)i>0 and ()0 starting from Qo and €Y, respectively. In particular,

the stationary distribution & of the chain ()i>0 exists and is unique.

See Appendix B.6.2.1 for the proof of this proposition.

Taking this proposition as given, we are now ready to present our main corollary for
TD(A) procedures. We consider the following instantiation of quantities in Theorem 3.1:
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The projected linear operator (1 — A) Y% M (yIIgP)**! in the equation (3.14b) can
be represented in the orthonormal basis of the subspace S as

My 1=l = BTPE 1) gl90(s) T —190(s) "] B2

=(1- A)B_l/Q Z )\t7t+1E[¢(30>¢(3t+1)} B2

t=0

The Markovian and martingale part of the noise (in the low-dimensional subspace S)
takes the following form:

Eniv (5,57, lg\_/ﬁl;g) = B?(¢(s)"0 — vo(sT)0 —r(s))g,

1—9A
+
8MG,)\(878 ) g\/m

Finally, we define the covariance matrices ¥*\n n and 3*yq x according to Eq (3.19):

g) = B™2(Ro(s) = 1(s))g

[e.o]

1—~A 11—~
Y Mk 1= tz_;O]E [entkvn (56, Se41, ﬁgt)f‘:Mk\/,)\ (s0, 51, ﬁgo)w,

S ucn = Eove [Elemen(s)eman(s) " | s]].

As before, we let f := Apax(B), it := Anin(B) and k), : /\maX(M)\ + M), and define
the quantity ¢ according to equation (3.29). Note that a straightforward calculation

reveals that k) < (1 ’\)7 < 1. Assuming that p > 0, we are then ready to state our main

result for TD(\) methods

Corollary 3.4. Under the setup above, take the stepsize and burn-in period as

(10?3 —
e (-0 (e 5))

n= and ng = 3n, (3.39a)

2(tmix+ Toy) (c4d+1)52
N (1=kx)2(1=yA)?p?
(O, ¢(s)) obtained from the Polyak-Ruppert procedure (3.37) has MSE bounded as

and suppose that logng,n > . Then the value function estimate v,(s) :=

E[”i}\n — 'l_}()\)‘|]%2($7§):| S cnilTr(([d — M)\)il(E*Mkv -+ E*Mg)<Id — M/\)iT)

2=2
_’_C(ﬁ (1d}g;;l?fl,y)’\y)é?l)Ll/BlOan, (339b)

where 0™ is the solution to the projected fized-point equation (3.11).

See Appendix B.6.2.2 for the proof of this corollary.
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A few remarks are in order. First, using the same argument as in Corollaries 3.2
and 3.3, one can extend the results for TD(A) to the cases of continuous state spaces
with Wasserstein mixing, as well as to nonparametric sieve estimators. As is well-known,
different choices of the tuning parameter A interpolate the “temporal difference” method,
in which we aim at solving the Bellman equation, and the “Monte Carlo” method, in
which the value function is estimated directly by averaging the rollout of a Markovian
trajectory. For example, on the one hand, letting A = 0 recovers the instance-dependent
upper bound for TD(0) method in Corollary 3.1. On the other hand, by taking A = ~,
we have k) < % < %, and the dependence on the discount factor v appears only
through the variance of the noise, instead of through the conditioning of the matrix M.
In the next section, we sketch a recipe for the instance-dependent selection of A that
also takes the approximation error into account.

3.4.2.1 Using instance-dependent results to select \

Recall that the TD()) algorithm aims at estimating the solution 7™ to the projected
fixed-point equation (3.14b). The linear operator in the unprojected fixed-point equa-
tion (3.14a) satisfies the norm bound

o0 [e.9]

I =) NP s g asie < (1= ) D AyFH = G0
k=0 k=0

Consequently, invoking Theorem 2.1 of Chapter 2, the approximation error satisfies the

bound

bl A * 1—)\ . *
0% = "o < (M, G552 - inf [lo — 0" [Fags .
where a(M, z) := 14 Apax (Ia — M)~ (221 — MM ")(I; — M)~ T) is the approximation
factor. Combining with Corollary 3.4, we obtain the following bound on the distance to
the true value function:

o~ * 1—X . * 5262d tmix“l’% 4/3
E[[0, —v H]?F(S,&)} < ca (M, (1—A)7W) }}gg lv—wv ||12L2(8,£) +C(p2(1—£>\)2(1—1~/;)>\221) log”n

+ £Tr((Ls — M) (S miw + E¥wie) (Lo — My) ™) (3.40)

for a universal constant ¢ > 0.

It can be seen that a(M A qii)j) </ 11:)‘7”’ for a universal constant. We also recall
that k) < % If we take the parameters (u, 5,<) to be of constant order, in the
worst case, the upper bound (3.40) takes the simplified form

1)y (fmix + 753)d

E[”i}\n - U*”]%Z(S,ﬁ)] <c 112 — 7)3711

1 —7y ves lias ¢ (1
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From such an upper bound, it may appear that the optimal choice of A is always
A=A (1—1/tn), so that the approximation factor is minimized and the variance
remains controlled. However, this choice could be overly conservative, since the actual
variance with small A can be significantly smaller, with the feature vectors still having
bounded one-step cross-correlation. Choosing the parameter A\ close to 1 cannot take
advantage of small one-step correlation. On the other hand, a fine-grained bound of the
form (3.40) can be used to perform instance-dependent model selection, as follows:

e Construct a uniform finite grid 0 = \; < Ay < --- < A\, = 7 for possible values of
A

e For each ¢ € [m], compute the TD()\;) estimator, and construct empirical plug-in
estimates (M)\,n;E*Mkv,)\,naz*MG,)\,n) for the matrices (M)\,Z*Mkv,)uE*MG,)\) by
replacing the expectations by empirical averages. Similarly replace 8 by 6,,.

e Estimate the approximation factor oz(MA, (1::\\)77) and the covariance (I —

M) S v + S*me)(lg — M)~ by plugging in the estimated matrices de-
scribed above, for each A = A\, with ¢ € [m]. Based on prior knowledge about the
scale of the optimal approximation error inf,es |[v — v*[|2, (S.€) select A\, in the grid
that minimizes our estimate of the total error according to equation (3.40).

Note that the procedure above is simply a sketch; a formal proof of correctness
would show bounds that are uniform over all m estimators. It is an important direction
of future work to provide sharp non-asymptotic analysis of such a model selection
procedure.

3.4.3 Autoregressive models

Next, we turn to Example 3.3, the multivariate auto-regressive model. We study the
stochastic approximation procedure in which, for any i € [k], we have

k—1 n—1
i i j A 1 :
Al = AP —n( > AVX X - XX, ), and AD = P > A,
7=0 t=no

The first step in our analysis is to establish necessary and sufficient conditions for
the existence and uniqueness of the stationary distribution of the process (3.17). The
following km x km matrix plays a crucial role in this context:

[Ax A - Ar
I, 0 .- 0
R=|0 L, 0 - 0
0 0
| 0 0 In 0]
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In the noiseless case, the stability of the linear dynamical system is equivalent to the
following Lyapunov stability condition (see e.g. [160], Section 3.3):

3P, = 0,Q, = 0, such that R P,R, = P, — Q.. (3.41)

Clearly we have P, = Q.. We let 8 = Apax(Ps) and p := Apin(Q.). Based on
stability theory for discrete-time linear systems [29], condition (3.41) is necessary for
the stationary distribution to exist. In the following proposition, we show that this
condition is also sufficient, with a concrete mixing time bound.

Proposition 3.3. Under the Lyapunov stability condition (3.41) and assuming that
the noise has bounded first moment E[||e||2] < oo, the stationary distribution ¢ for the
sliding window Q; = (X411, Xt, -+, Xy—gs1) of the auto-regressive process (3.17) ewists
and is unique. Furthermore, the mixing assumption 3.1 is satisfied with Wasserstein
distance in RETD™ gnd g mizing time bound tyi = ck + cg(l + log g)

See Section B.6.3.1 for the proof of this claim.
In addition to this mixing guarantee, we also make the following assumptions on the
noise:

Ele)] =0, sup E[{u, &)?] <<, and el < sv/m, as. (3.42)

ueSd—1

We are now in a position to consider the problem of parameter estimation us-
ing stochastic approximation. Consider the vectorized version of the parameter
0 = vec( [AW; A®); ... . AW]) € R*™* . The population-level Yule-Walker estimation
equation (3.18) can be written as

( [Fj,i} el ®Im)0 = Vec( [Fl; Iy;--- ;Fk]), (3.43)

—_——
H*

where I'; := E[XiX(ﬂ e R™*™ for ¢ € Z. We assume that

1
§<H* + (H*)T) = h*I,,, for some h* > 0.

In order to state the main corollary of Theorem 3.1 to auto-regressive models, the
following quantities are relevant:

k-1
€Mkv(Qt) = VeC((ZAij)Xt—j - Xt+1) : [Xzf—il Xt—[2 o XtT—k] )
j=0

[e.e]

Y Mky = Z E[SMkv(Qt>€Mkv(QO)T}-

t=—00
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Corollary 3.5. Under the setup above, take the stepsize and burn-in period as

1
c(nz (% log g) (h*)2§4k3m258/us)

n= 75, and Ny = %n, (3.44a)

log®n

and suppose that —— > (k+ g log §)§4k3m2ﬁ;)2. Then the Polyak-Ruppert estimator
(ﬁﬁf))je[k] satisfies

k
STE[IAY — A32] < £Tr((H* @ L) S (H* ® L) )

J=1

+ {kmz.kmm(E [if:;z(zo)aMkV(so)T]) (k+ b log ﬁ) }4/3 log®n. (3.44b)
T
A few remarks are in order. First, the leading-order term in the bound (3.44b)
matches the variance of asymptotic efficient estimators for AR(m) models, up to a
constant factor (see [29], Section 8). This simply follows from the fact that the plug-in
Yule-Walker estimator is asymptotically efficient for auto-regressive models. On the
other hand, Corollary 3.5 is completely non-asymptotic, holding true for any reasonably
large sample size. Note that the sample complexity lower bound exhibits an O (3°/u°)
dependency on the conditioning 5/u of the Lyapunov stability certificate (Ps, @.). In
particular, a term linear in 3/ arises from the mixing time 5 log g, and all other factors
are from the almost-sure bounds on || X;|» and moment bound sup,cgm-1(u, X;)*. If we
instead assumed these quantities were bounded explicitly as in some prior work [109],
the factor 3%¢*k?/u® in the sample size requirement and stepsize choice can be replaced
by such a bound.

3.5 Proof of Proposition 3.1

We begin by proving the bound on the last iterate claimed in Proposition 3.1. Define
the error term A; := 0; — #, as well as the noise terms

Ziy1 = Ly — L(sy), Cer1 = (Ligr — L(s¢))0 + (b1 — b(sy)), (3.45a)
Ny := L(s;) — E, v = (L(s;) — E>é+ (b(se) — 6) (3.45b)
Using this notation, we have the recursion
A1 = (I =n(I = L)Ar +0(Ny + Zi1) Ay + (v + Ggr)- (3.46)
Taking squared norms on both sides yields the bound [|A; 1|3 < 21, T}, where
Ty = [|(I = n(I — D)) Adl3,
Ty :=2n((I —n(I — L))As, NeA + 1),
T3 = 277((] — 77(] — [_/))At, (Zt+1At + <t+1)>, and
Ty =40 (INAS + 1 Zea Acll3 + G ll3 + Nlvell3).-
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Beginning with the term 7T}, expanding the square and then invoking the condi-
tion (3.4) yields
Ty = [[Adl* = 20(Ay, (I = L)Ay) +17°([(1 = L)A?
< (1= 20(1 = K) + 2% (1 + ) 1A

As for the cross terms involved in T and T3, we note that

I —

Adlz +llvellz < 200+ vma) 1Az + [[22ll3,
L)AL + 1Ze1 Al < 200 + o) A2 + 1 Ze1 A3,

3+ 11Gl3 < 201 + 12l A3 + [1Cerall3-

2((I — DA, N,A,

) 2+ INGAE < 200+ mad [AS + VA3,
2((I — L)Ay, vy)

)

)

»\.

2((I = L)Ay, Zia A
2((I — L)Ay, G

e —
'\(

L)A
L)
L)
L)A

ININ IA A
'\4

We collect the above bounds on the sum Z?ZIT,- and use the stepsize bound

n < m which results in the recursive inequality

1Ac]5 < (1= n(1 = ) [AS + 20 ((Ar, NeAs) + (A, 1))
) =\ (1)
+2n ((Atv Zt-i-lAt) + <At> Ct+1>)
) —Ha(t) ’
+ 8772\(||NtAt||§ F 1 Zer A3 + G ll5 + H’#H%)J‘

-~

::Hg(t)

Multiplying both sides by e"=®(*1) and using the fact that (1 —n(1 — k)) < e 707",
we have

en(1=r)(t+1) ||At+1 ||§ < en(l—n)tHAt |]§+2ne"(1_“)(t+1) (H1 (t)+H2(t)) +8n26”(1_“)(t+1)H3(t).

Unrolling this expression yields

n—1 n—1
e”(l_’“‘)”HAan < HAOH% 4 2772677(1—5)(&1) (Hl(t) + Hg(t)) + 8n2zen(1—n)(t+1)H3(t)’
t=0 t=0

(3.47)

which is the key recursion underlying our analysis.

3.5.1 Analyzing the recursion (3.47)

Note that the running sum My(n) := 31— =% Hy(t) is, by construction, a martingale
adapted to the filtration (F}):>o. In contrast, the analogous quantity defined in terms of
the process H; is not an adapted martingale. In order to circumvent this obstacle, our
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proof is based on introducing a surrogate version ffl of the process Hi, such that the
running sum

n—1
M (n) = Z M= I (t 4 7)
=0

can be decomposed as a sum of 7 martingales. See the proof of Lemma 3.1 for the
details of the construction of H;. This decomposition allows us to apply standard
maximal inequalities for martingales. Of course, we also need the bound the moments
of the differences H;(t) — Hi(t); see Lemma 3.1 for the bound that we provide on this
difference.

We prove the MSE bounds and higher-moment bounds using slightly different analysis
tools. In order to study the mean-squared error (the case p = 1), we note that both
M, (t) and Hs(t) have zero expectation for any ¢t > 0. Taking expectations on both sides
of equation (3.47), we obtain the bound

n—1

B8] < [0l + 203 et VB |Hi(0) — (o)
t=0

n—1

+ 87 ) | "IHDR [ Hy ()] (3.48)

t=0

For higher moments, our analysis of the recursion (3.47) is based on a Lyapunov
function ®,, and auxiliary function A,, given by

sup e"OPAZ])P and A, = max e ",
0<t<n te{0,1,...,n}

b, = (E[

By applying Minkowski’s inequality to the recursion (3.47), we obtain the upper bound

n—1
D, < Do+ 4n(E sup [My(8)]?)""” + an(B( D" | Hy (1) — Hy(8)])")"”
0<t<n —
n—1
+4n(E sup |Ma(t)]")"7 + 1602 (B( D e Hy (1)) 7. (3.49)
0<t<n p_—

In order to complete the proof, we need to control each of the terms on the right-
hand side. The following auxiliary results provide the needed control; in all cases, the
quantities (¢, cp) etc. denote universal constants; the number n in the following lemmas
is seen as a general iteration index, instead of the total sample size in the final statement
of the theorem. _

Our first auxiliary result guarantees the existence of the surrogate variables H;(t)
with desirable properties:
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Lemma 3.1. There is a surrogate version { Hy(t)}1so of the process {Hy(t)}is0 such that
E[H(t)] =0 for anyt > 0, and for any integer p € [1,p/2|, scalar T > cptpmix 10g(Cotmixd)

and stepsize 1 < m we have the following bounds for any n > 0:

E[|Hi(n) = Huo)| )" < enpr((do} +22) - (Bl Aw ol ¥)7 + %), (3.502)

and for any p > 2, we have that
AR cp/?
(E sup |M;(t)]P)"" < ——— (0, Vd®,, + 5/ en1=0n,,d). (3.50b)
0<t<n n(l—k

See Section 3.5.2 for the proof of this claim. We note that it is especially challenging to
prove the bound (3.50a).

Our second auxiliary result is a more straightforward bound on a martingale supremum:

Lemma 3.2. The process My is a martingale adapted to the filtration (Fi)i>o. Further-
more, for each p € [1,p/2], T > 2ptmix log(cod) and n < m, for any n >0, we
have that

3/2.,1/2
1 C
(E sup [My(t)P)"/" < pl—

0<t<n n(l — k)

(0LVd®, + 5/ eni=and, d). (3.51)

See Section 3.5.3 for the proof of this claim.

Finally, our third auxiliary result provides control on the process Hs(t):
Lemma 3.3. There is a universal constant ¢ such that given T > cptyix 10g(cotmixd) and

stepsize n < L for any p € [1,p/2], we have

Ctmix ('Ymax +or d) ’

(E[Hs (1)) < c(pP03d + 1) B[l A—rollF]) " + cp?o?d. (352)

See Section 3.5.4 for the proof of this claim.

We now use these three lemmas to complete the proof of Proposition 3.1. We prove
the case of p =2 and p > logn separately.

Proof in the case of p = 2: By Lemma 3.1 with 7 = c¢tyix log(cotmixd) and Cauchy—
Schwarz inequality, we have that

n—1
B[S ey (1) — Hy <cn726”1“ (72 + 22 E[IArollZ] + %)

n—1

=R o cenr(o2d +~2,.) Ze”l ’”E [1A3]-
=0

cra?d

—1—-x5
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Similarly, by applying Lemma 3.3 to the last term of equation (3.48), we obtain the
bound

n—1 _9 n—1
(1—k)(t+1) co-d (1-k)n 2 2 (1—r)t 2
;67] E[Hg)(t)} S —(1 — li)’f]en +C€(O-Ld+7max);en ]E[||At||2]

Combining them with the decomposition (3.48), for any n = 1,2,---, we find that
e"="nE[||A,||3] is upper bounded by
2 nra’d g 2_( 2 2 — 1 2
[Aoll5 + Cmen( T e’ (07 d 4 Vo) Z MR A3]. (3.53)
t=0
In order to exploit this recursive upper bound, we define the partial sum sequence
Sp =Y 1o €"ME[||A]|3]. Equation (3.48) implies that

Sy < 50 + 071702’5677(1_5)” + (1 + e 7(07d + Vax)) St
<8, Z PO At CTEZS . g (om0 b ) (1) (1)
< ﬁenuﬂ)n/z So + % n(1-r)n
Substituting back into the recursion (3.53) yields
E[|A2] < ﬁe"(ln)n/:}\]AoH% + T (o ) %

nTaid
1—k’
which completes the proof of the MSE bound.

< eI A3+

Proof in the case of p > logn: Now we turn to prove the p-th moment bound under
Assumption 3.2 with p > logn. Recall that we analyze the growth of the Lyapunov
function ®,,, and we start from the decomposition (3.49).

The first term in equation (3.49) is simply [|Ao]|3, and the second term is controlled
using equation (3.50b) in Lemma 3.1. In order to bound the third term, we apply
Holder’s inequality, and obtain the bound

—_

E( S li-wr

t

—_

n—

n—1
)P < (ST S ‘Hl ﬁl(t)‘p}.

t=0 t

1(t) — Hy(t)

Il
o
Il
o

By equation (3.50a) in Lemma 3.1, this quantity is at most

[y

n—

(7](1 _ R))lfpen(l—;)pn enp(l;n)t (cT(p20'id+ ’Vr2nax>( [HAt -r\/OH ]) + CTp & d)p'

~+
Il
o
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We then obtain the inequality:

E(Y e By () - Bu(n)]))”
t=0
< ch —677(1_[{)” a2rd + c(p202d + 72 )7’
= 77(1 _ /43) L max
< cp2ﬂ527'd +c(p’ord + Vi) T
— 77(1 . Ii) L max
) en(l—n)n ) J d
< e
=~ Cp 77<1 _ /Q)O- T + C<p UL +’ymax)

86

eénp(l—n)tE [HAt ng} ) 1/p

e*%mﬂ(lfﬁ)tqyf) 1/p

Similarly, the fourth term on the right hand side is controlled using Lemma 3.2, and
the bounds for the last term are based on Lemma 3.3 and the same strategy as above.
Concretely, combining Holder’s inequality with the bound (3.52) yields

n—1

n—1
E( Z 6’7(1—H)tH3<t>)p < ( Z e"é};ﬂg’t )p,
t=0

t=0
This quantity is at most

n(1—k)pn X np(1—k)t
_ n(1— Hpn npl k)t
G D

t=

(n(1 - k)

Noting that each term satisfies the inequality e™ 2
t € [0,n]. We conclude that the moment (E(

by

en(l—n)n

n(l— k)

Cp2

Uid‘F%iax)( [”At rv0||2 ])

62d + C(p20-%d + r)/rgnax) e(—

n—1
1 Z np(1—k)t
. 6 2

t=0

E[H;(1)"].

+ cp*a d)p.

np(l—r)t

(E[I Aol < A, for

Y e”(l_“)tHg(t))p)l/p is upper bounded

sn(1—r)n
’ n'/PA,,.
n(l — k)

Collecting the above bounds and substituting into the decomposition (3.49), we note

3
Do < By + )| T (00 VdB, + 5/, d)

that

p e, d (2 274 ~2 )eén(l_ﬁ)n 1/pp
+ep"———=0Td+ (P0LAd+ Vax) 77— TN
(1 = x) - (1= k)
I
AT ni-r)

/ d 1
< @y + 4coy, Zi”? P, +4(I> —i—cnl

) en(lfn)n
+cpn -

- Fird + cn (p2aid + %2nax) S

1—x
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In the last step, we apply Young’s inequality to the term +/e?1=%)n®, d, and use the
condition p > logn to the last term so that n'/? < e.
Taking the stepsize n < we arrive at the following bound valid for any

€ [1,e”]:

640202 po3 )

(i n(l—k)n

. d
e >q> <2¢>0+cpn61—07d+cnm/\
K

1—kr
Note that the right-hand-side of above expression is monotonic increasing in the index
n. For any integer pair (¢,n) such that 0 <t <n < eP, we have the inequality:

n(l-k)t 2
e q)t<2q)0—|—0p 776—0' 7'd—|—cnpo-L—+,ymax A,
1 K 1—
n(l—k)n 21
<2(I)0—|—cp 776—0— Td+C77 UL +7max A
-k 1-x
Given the value of n fixed and taking supremum over ¢ € {0,1,2,--- ,n} in the left-
hand-side, we arrive at the conclusion:
sn(1—r)n 2524
An = sup e < 2(1)0 —+ cp 776—0- Td—|— CT] op + ’Ymax A
te{0,1, ,n} 1—k 1—k

11—k

m, we arrive at the bound

Given the stepsize n <

3
(EHAtHg)l/P <e Fn(1- n)nA < 675" (1- HH(EHAO” )1/p 1Cp Ui 5’27'd,
— R

which completes the proof of the theorem.

It remains to prove our three auxiliary lemmas.

3.5.2 Proof of Lemma 3.1

We break the proof into three steps. In the first step, given in Section 3.5.2.1, we
construct the surrogate process, whereas the remaining two steps are devoted to the
proving the bounds (3.50b) and (3.50a), as detailed in Sections 3.5.2.2 and 3.5.2.3
respectively.

3.5.2.1 Construction of the surrogate process

We first claim that for any t = 1,2,... and any 7 € {0,...,t}, there is a random variable
S¢ € S such that s, | Fy_, ~ &, and

(]E [p(st,gt)p | E_T})I/p < ¢pexp ( — == ) for each p > 2. (3.54)

2tmixp

Here ¢y is a universal constant.
Our construction is based on the following bound on the Wasserstein distance:
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Lemma 3.4. Under Assumptions 3.1 and 3.3, the Wasserstein distance is upper bounded
as

WLp((SmPT,f) < 0027LEJ’
valid for any x € S and T > 0.

See Appendix B.3.1 for the proof of this claim.

We now use Lemma 3.4 to construct the desired process. We begin by constructing
a coupling conditionally on the o-field F;_,: let s; be a state whose conditional law is &,
satisfying the identity:

E[p(s1,30) | Fier] = Wip(L(st | Fir),€). (3.55)

The existence of such s; is guaranteed by the definition of Wasserstein distance. We
now bound the relevant quantities based on this construction.

Combining the identity (3.55) with Lemma 3.4 yields
E[p(st,5) | Fier] < co- 2 b, Applying Cauchy—Schwarz inequality and invoking
Assumption 3.3, we find that

(E [P(Stagt)p | ]:t—TDl/p < ( [ st,5t) | Fir Di ‘ (E[P(Stvgt)zp_l | ]:t—TDﬁ
< ( [ St,St | Fi- T})%
< cp- 2" Ter, (3.56)

which establishes the claim.

We now use the sequence of random variables s; just constructed to define the
extended filtration F; := U((Sk)ogk§t7 (Sk)o<k<t ((Lk, bk)) as well as the surrogate
quantities

0§k§t)7

U= (L(3;) — L)0 + (b(5;) — b), and
Hi(t) = (Ao, 71) + (Do, (L) — L) Ap—ryvo)-

Note that by definition, we have E[ﬁl (1) | ﬁ(t—’r‘)\/o} =0 foreacht=0,1,2,....

3.5.2.2 Proof of the bound (3.50b)

We first perform a decomposition on the process M, 1. In particular, for ¢ € {0,1,--- ,7—
1}, we define the stochastic process M?(n) := S =R (¢ 4 7)1t mod r=1}-
Clearly, we have M (n) = i Mff)(n) for any n > 0. Furthermore, we note for any
t > 0, we have the relations:

E[Hi(t+7) | F] =0, and H(t) € F.
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So for each ¢ € [0,7 — 1], the process Mf’f) is a martingale adapted to the filtration
(ft)t>0
By the BDG inequality, we have the maximal inequality (E SUPg<<p | M) Z)( )|p)1/ P <

c (IE([]WI(Z ]n)p/Z)l/p7 valid for all £ = 0,1, ...,7—1. Similarly, for the quadratic variation
term [Ml(e)]n, we have that

=
E[([]’\Zl(f)]n)p/ﬁ _ E[( Z en(l_“)(kT"'TM)Hﬁl(kT—|—€)||§)p/2}

k=0
nlJ

Z 677(1 K)p kr-i—r-‘rZ [HHl(kT“'g || Ze 2p 7Tn(1—k)t

which is at most

-1

(=) 5 Y 2 (G0 = D)

+ E[ |2<,7jt7 A15—7-> |p ] ) 1{tmod’r:€}'

Invoking the tail condition in Assumption 3.2 under the stationary distribution, we have
that

HQ At T ( ( ) At T {p|]'—t T] < (pUL\/_ ||At T|| ) and
]E“(Vt, At77>| ’-thr] < (pa\/_~ HAthH2) .

Substituting into the moment bounds for [Ml(z)]n and combining the results for ¢ =
0,1,---,7 — 1 using Minkowski’s inequality, we arrive at the bound

(E sup |M;(1))""

0<t<n
T—1 N

(E sup |27 (1)) "
=0 0<t<n

o 21 § {pou v g [ (B A1) ]
nT(l —k i
n(l—r)n

+ T peVd d max [e"1=2(E]|A, |3 )7}

0<t<

_™
n(l— k)

which completes the proof of this lemma.

< (popVd®, + pa/ent=mnd,d),
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3.5.2.3 Proof of the bound (3.50a)
By  Minkowski’s  inequality, we can upper bound the error as
(E[(Hy(t) — Hy()P]) " < 328_, Ji, where
D= (BB =) gy = (B[O (B~ Lis)) D)
Ty = (E[(Ay = A, )PP Jyi= (B[(A — A, NA)P])Y?
Js = (E[<At> Ni(A¢ — At—v)ﬂ)l/pa Jo := (]ERAt — A7y Ni(Ay — At—r»p])l/p

The terms J; and J3 can be controlled using the bound on p(s;,s;) and the Lipschitz
condition (3.4); doing so yields the bound

Ji < Gd(E[|A— |15 - Elp(se, 5)" | .E_TH)UP < 2c05d (E|| A THp)l/p -9 e and
J3 < aLd(E[HAt_Tng E[p(st, 5:) | ]—"t_TH)l/p < 2co0d(E[| A T||2p)l/p 0™ Wmix .

Given the time lag parameter 7 > cptpix 10g(Cotmixd) > 2ptmix log (%), we have the
bound

Ty < naVA(E|A B, and Js < o VA(E|AL PP (3.57)

Turning to the J, term, applying the Cauchy—Schwarz inequality yields

B < (B = A 2)% - BIlZ)® £ (1A - A 2)% povd. (359)

where step (i) follows from Assumption 3.2.
The terms J; and J5 can be controlled via once again replacing s; with its surrogate
$¢. First, by Cauchy—Schwarz inequality, we note that

Jo < (BllA = A [57) - (EHNtAt—ngp)%a
1
J5 < (Bl A= Arr|2) - (BN A |2) %
Using the decomposition N, = (L(3;) — L) + (L(s;) — L(3;)), we note that

(BINA )7 < (BI(LGE) — DA )7 + (BI(L(s) — LE)A—|F)

We bound the conditional expectations of the quantities above. The first term can be
controlled via Assumption 3.2:

E[(L(5) = D)A157 | Foer] < (0rpVd)?| Arr 17
and the second term is controlled using the Lipschitz condition 3.4:

E[|(L(s) — LE) A 2| Ficr] s<ach>2p-E[p<st,a>2prﬂ A A
< (o0d)® - co -2 T - A2
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Consequently, taking 7 > 2t,,;plog(cod), we have the bounds

W)

(EINA57)> < orpVd- (B|A[57)>, and

1 1
(BN A7) < orpVd- (B A |37)>
Putting together the pieces, we arrive at the bound

T+ Js < 2(E|| A — A |32) % - orpVd - (Bl A |37) . (3.59)

By the Lipschitz condition (3.4) and the assumed boundedness (3.3) of the metric space,
the term Jg admits the simple upper bound

B =
S

Jo < (E[INIE 180 — A |Z])7 < ond(E[A, — A7) (3.60)

From all of these bounds, we see that the remaining crucial piece is to bound E||A; —
Ay ||, In order to do so, we require the following two helper lemmas

Lemma 3.5. Given p > 2 and { > 0, the iterates (3.3a) with stepsize n < (6(Ymax +
aLd)E)_l satisfy the bound
E[1Are — AB])” < enf(max + ord) (B[1AE]) 7 + 3nptV/da, (3.61a)

and consequently,

1
§(IE[HAtH§D1/p — 6nptVde < (E[|Ar]8) " < e(B[|AJE]) Y + 6npey/ds. (3.61D)

See Appendix B.3.2 for the proof of this claim.

Our second auxiliary result is of a bootstrap nature: it is based on assuming that
for some given an integer p > 2, fix any integer 7 > 2t plog(cod), there exist positive
scalars wp, 3, > 0 such that

1 1 _
B[ A — AP < - (B[IANE]) Y + 08,0 (3.62)
forany t > 0, n < m and £ € [0,7]. We then have the following guarantee:

Lemma 3.6. When the condition (3.62) holds, then, for anyt >0, n < m,
and ¢ € [0, 7], we have

(E[IAwe = AdB]) " < n(12(pVdos + ) €+ L) (EIA]E) +mp(r + ) Vo)

+(2ptVd + %ﬂp)a. (3.63)
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See Appendix B.3.3 for the proof of this claim.

We now complete the proof of the bound (3.50a) by using a bootstrapping argument
in order to obtain a sharp bound on E||A; — A,_.||5. Let W = e (Ymax + 01.d) and

51(70) .= prv/d, and define the following recursion:

Wit = Lol £ 12(pVdoL, + Ymax) T
Bty = §Bp + 2pTVd + 277(12(2?\/3@ + e )T + 33 )PV,

It can be seen that as ¢+ — oo, the sequence (wl(f), ﬁl(,i)) converges to a unique limit
(wy, By); this limit is the unique fixed point of the iterates defined above.
By Lemma 3.6, if the iterates satisfy the bound (3.62) with constants (wp ,B ),

then it also satisfy the bound with constants (wl(fﬂ), }(,ZH))

. By Lemma 3.5, the iterates
satisfy bound with constants (wp , 6 ) An induction argument then yields the bound

for any (wp ,Bp ) In particular, the bound is satisfied by the fixed point (w;, B;).
Solving directly for the fixed-point equation, we find that

Wy = 24(p\/30L + ’ymax)r, and 8, = 4p7'\/;i -+ 967 (p\/;loL + vmax)erE.

1

m, we arrive at the bound
max

Taking the stepsize n <

(E [HAtJrg — At||’2’])1/p < 24nt (p\/EO'L + %nax) (E||At||72))1/p + 677p7'\/g6, (3.64)

for any ¢ > 0 and ¢ € [0, 7].
Collecting the bounds (3.57), (3.58), (3.59), (3.60) and (3.64) and taking the stepsize

n < Topoay We arrive at the bound

(B[(H:(t) = Hi())'])"" < enp?r((do? +9200) - (B ABP)? +5%d),
thereby completing the proof of the bound (3.50a).

3.5.3 Proof of Lemma 3.2

By the BDG inequality, we have (Esupy<;,<, |M2(t)]p)1/p < cp(E([Ma), )p/2) , valid
forall {=0,1,...,7 — 1.
As for the quadratic variation [Ms],, applying Holder’s inequality yields

n—1

E[([Mﬂn)pm} —E[( Z en(l—n)tHH2<t)||§)p/2}
< (X ) - (e F0)

i
L

BN (B [2(Ay, Zin AP ] + E[ 201, A)P])-

.
I
o
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For the moment terms above, we invoke Assumption 3.2, and obtain the following
bounds:

E[[(At, Zep AT | F] < ||At||§'E[(Z<€ja Zi11A¢) ) | F] < (porvVd- A3,
E[[{G1, AP | F] < ||At||§'E[(Z<€j, Ct+1>2)p/2 | F] < (pavVd- || Adl2)".

Substituting into the bound above, we find that

(E[([Mz] )”2})””

< (n(1=k)) P -nP “Fnb {pO'L\/_ maX [677(1 ”)t(EHA H2p)1/P]
. ;ﬂ;)"pmf d max [P0 @A) 7}

0<t<

(paL\/_CD + pay/en1=9nd, d).

<

n()

3.5.4 Proof of Lemma 3.3

Recall the definitions (3.45a) and (3.45b). By Minkowski’s inequality, we have the upper
bound

(E[Hs&))) " < (EINANP)Y + (B Zea A Z) " + (El|Cear|2) 7 + (B2 t||22°)”p,)
3.65

For the martingale part of the noise, we note that Assumption 3.2 implies that
1 1 _
(B Zen Al | 7)< pPojd- A3, and (ElGall3)” < po%d

For the additive Markov noise, applying Assumption 3.2 yields (E||1/t||§p )1/ P < p?52d.

For the Markov part of the multiplicative noise, we make use of the construction
given in Section 3.5.2.1, where we showed that for a given 7 > 0, there ex1sts a random
variable s; such that s; | F;_, ~ &, and E[pp(st,gt) | ]-"t_T] < ¢y - 2" Tmix. Observe the
decomposition

NtAt = (L(St) — L<§t))At—T + (L(gt) — I_z) At—T + Nt (At — At—T)‘
Using the Lipschitz condition (3.4), we have that
E[[|(L(s:) = L)) Aer ¥ | Fis] < 2"

For any 7 > 2pt ik log d, we have the bound

(B[ (L(s:) = L(G) Av-1Z]) 7 < pPo2d - (Bl A2)"7.

i (o d)| Ag_r|2)
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By the moment bounds (3.2) on the stationary distribution, we have
E[I(LG) = L) Acr 3| Fier] < (2pov/d|Arrlln)™

For the last term, we use the Lipschitz condition 3.4 as well as the boundedness
condition 3.3 of metric space. In conjunction with the inequality (3.64), for 7 >

2pt mix log(cod) and stepsize n < m, we arrive at the bound

(E[INV(A = A [37])

<ot (B[lA, - A F])"”

< e’or d* T (PPotd + Yae) (B[l A< 157]) Yy en’proiaidit?
< c(pPord + ) (B[ A1) + cp?ad,

for a universal constant ¢ > 0.
Collecting the bounds above and substituting into our initial bound (3.65), we find
that

(E[Hs (1)) < c(pPod + ) (B[1A137]) " + cp*a™d,

as claimed.

3.6 Proof of Theorem 3.1

From the defining equations (3.3a) and (3.3b), we have the telescoping relation

n—1

[ NN o

’r](n—n(?) = n_lno E (et - Lt—l—let - bt+1) = (I - L)(en - 0) + n_lno \Ijno,n + n_lno Tno,n
t=no

(3.66)

where \on’n = p ?:_nl() (Lt-i-let +bt+1 —E [Lt-f—let +bt+1 |~Ft]) and Tno,n = ?:_T:LLO (L(St)gt +
b(s;) — L6, — b). Some algebra yields

I RIS BT R

0, — 0

1Tnoﬂl = [1 + IQ -+ [3 (367)

n(n—no) n—no n—no

From the triangle inequality, it suffices to bound the norms of I, I, and I5.
In the following, we prove a slightly stronger claim, which gives bounds on an
arbitrary quadratic loss functional. In particular, given a matrix ( > 0, we seek bounds

on the Q-norm [, — Allq := /(B — 0)TQ(B, — 0).

3.6.1 Bounding the three terms

We now bound each term in the decomposition (3.67) in turn.
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3.6.1.1 Bounding the term I,

The bound for term I follows directly from Proposition 3.1. In particular, given a
sample size n > ( 5 log (|60 — ]|2d/n) and burn-in period ng = n/2, we have

E[)6, — 0]2] < 1“7 o2rd, and R[||0,, — 0)3] < 10" 52rd.
— R — K

Noting that [|(I — L)™!lop < (1 — &)1, we conclude that

E[I113] < Amas(@E[[I11][3] € Ana( @) - 77558 (3.68)

3.6.1.2 Bounding the term I

For the term I, note that the process (U;)i>n, is a martingale adapted to the natural
filtration. Its second moment equals the quadratic variation:

E[ILI3] = SE[Q"(T — 1) 0),,,]
= % X_: E[H(I - E)il((LtH - L<St))9t + b1 — b(St)) HZ;}

By the Cauchy—-Schwarz inequality, we have the bound

n—1 n—1
E[lLl5] < &) BT - L) 'Gully] + & D E[II — L)' Zin Adj3)]
t=no t=no

IN

BT (Q(I = D) 'Srwa(I = L) T) + 16”L*I:“Q>dZEHAtH

t=ng

< OT((1 = L) 'S e = L)) 4 A (Q) - oLl cndrg2(3.69)

(1-k)2n  1-k

3.6.1.3 Bounding the term I3

Applying the Cauchy-Schwarz inequality yields

E[I( = L) Tonllz] < 2E| z_:(f — L)"') +2E [ 2(1 — L)' NA[3]- (3.70)

We make use of the two auxiliary lemmas in order to control the terms in the decompo-
sition (3.70).
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Lemma 3.7. Under the setup above, for a sample size n satisfying the bound @ >
2t mix log(cod), there exists a universal constant ¢ > 0 such that

E[|l 2_:(1 —L)'u3] £ (n—mno)  Tr(QU — L) 'S miw(I = L)™7)

t=ng

ct? . o2d
+ Amaa(@) - 0-rpe log®(cod).

See Section 3.6.2.1 for the proof of this claim.

Lemma 3.8. Under the above conditions, there exists a universal constant ¢ > 0s such
that for cmy scalar T > 3ty log?(codn), stepsize n e (0 W} and burn-in time

no 2T+ G, H)n log(nd), we have ]E[|| Zt o VA3 } < P2 d2ol 5.

See Section 3.6.2.2 for the proof of this claim.

We now exploit the preceding two lemmas to upper bound the term I3. We have

E[l| ]3] (3.71)
n—1 n—1
B[ (I-L)y"'ulp] + e Ell > (I=L)'NA]
t=ng t=ng
8T (QU-L) 15y (1-L) ) o2, 0% P2 do? 52
< n + )\max(Q) (1 (1—r)2n2 log (COd) Amax(Q) T (A-k)2
(3.72)

Collecting the bounds (3.68), (3.69), and (3.72), we find that

E[[16, —6llp] < £T(QU — L)™' ("6 + Z'w) ([ = L))
0%t mixd 1602d  cndty,;
)\maX . mix L . mix _92
- (@) [7](1 — K)3n? * (1—-k)2n 1-—k 7]
ct? . o2d en?t2 d20%62}

+ AmaX(Q) : [ﬁ log (Cod”) (imi 5)2

. 2 2
For a sample size n lower bounded as log’én > 2tm"‘gfiyma") log(cod), we can take the

~3 With this choice, we have

optimal stepsize n = [c((l — ff)thmix(o%d + ’ernax)”

E[6, — 03] < £Tr(QU — L) (X" e + ¥ i) (I — L)77)

2 .
+ C)\max(@) ' ( ULdtle )4/3

2

Setting () := I; completes the proof.
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3.6.2 Proof of auxiliary results

In this section, we prove the two auxiliary results used in the proof of Theorem 3.1:
namely, Lemma 3.7 and Lemma 3.8.

3.6.2.1 Proof of Lemma 3.7

Given an integer k > 0, we define the k-step correlation under the stationary Markov
chain as

b = By opis, [(Q2(I = D)~ w(s), QY2(1 = L) 'w(s))].

Clearly, we have pg > 0, and by Cauchy—Schwarz inequality, for any k& > 0, there is:

] < fBunel(T = D) 0(6) Bt = Do), = o

The desired quantity can be written as Tr(Q'*(I — L) 'S*wio (I — L)~ TQY?) = po +
2 sz 1. Expanding the squared norm yields

B 2 QU =D w3 = Y, E[QVAI D) 'w(sn), QY = L) 'w(sn))]

t=ng no<ti,to<n—1
n—mo—1
= (n —no)po + 2 Z (n —ng — k).
k=1

We claim that the cross-correlations p;, satisfy the bound

* Q o d? 1—5 -k
J! _”‘52 ol (3.74)

We return to prove this fact momentarily. Taking it as given, this inequality, in
conjunction with the bound |ug| < o, can be employed to bound the tail sums needed
for the proof. We have

|| < co

S ] €S il S Bl < 72 20 G St
T T C . mix |,
Hi| > Mk Hil > T Ho 0 (1— k)2
k=1 k=1 k=1+1 k=741
With the choice 7 := 2t log(cod), simplifying yields
n—no—1 2-2 =2 72
Tad| Qo o d*|| QI —id
k| < P +2 L 2 mix 1+ 2tpiy) - 27 mix
2 b S T R R 2
2725%d
< 5 1Qlop,

(1—r)?
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and for n satisfying 1 —~ > 2log(codtmix), we have:

o0

7 d| Q. 1l
Do el <2007 T Y2 T < 200 TN 97T < 20 2 Qo

k=n—ng

Putting together these bounds yields

n—1 n—ng—1
E[ Y (- D) 'wl3] = (n - no) NO”ZM —2(n — ng) Z iy, — 2 Z kpu
t=ng k=n—ng
= 1 = _1 3r25%d
<(n—mno) Tr((I —L)'Swe(I — L)1) + 5 1Qllop

(1—r)?

which completes the proof of the lemma.

Proof of equation (3.74) Let so ~ £ and (s;):>0 be a stationary Markov chain starting
from sy. By the construction given in Section 3.5.2.1, there exists a random variable sy,

k
such that 5 is independent of so, 5, ~ &, and such that E[p(sk, 5%) | so] < ¢o - 2 T
We then obtain the bound

el = [E[(QY(1 — L) 'w(s0), QY*(I — L) "w(s1))]
(

< [E[Q*( — L)' v(s0), E[Q'?(I — L) <sk>| | SODH
+ [E[QV((I - L)' ( 0), E[Q2(I = L)7 (v(s) — v(5k)) | 50])]]
<0+ wﬁz |QU2(I — D)~'w(so) 3] - \/E[IQV2(I — L)~ ( < o) = v(E)I13]
p(sk, 51)2 - (o]|0l2 + 03)2d?]
fl (3.75)

On the other hand, applying the moment condition (3.2) yields pg < ﬁ :
E[[[v(s0)ll3] < (1_2‘;[22 IQllop- Substituting this bound into our previous inequality (3.75)

completes the proo

3.6.2.2 Proof of Lemma 3.8

The proof of this claim relies on a bootstrap argument: we bound the summation of
interest by a more complicated summation that involves product of noise matrices.
Recursively applying the result for m = logd times yields the desired bound.
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Lemma 3.9. Gwen any integer m > 0, deterministic sequence 0 = ko < k1 < --- <
ky < mg, and scalar T > 3mitiplog(codn), we have the second moment bound

||Z HNt k) Ak 3]

t=ng j=0
km~+T n m—+1
< oot dtyot + 4t Y E[IY ] Yok et
L=n km+1=km+1 t=ng
km~+T
+dn'r Z H Z {HNt kj Vt [ e km+1+1)}|| } (3.76a)
km+1=km+1 t=ng

and in the special case m = 0, we have

n—1
B[] NA3]

t=ng

< cord- (nt +n’noidr?) %dtmixﬁ + 4n*r Z E[]l Z NNy Ay |I3]

ki=1 t=ng

+ 4n*r Z E[|l Z Ny (Vieky + Goir) [13]- (3.76b)

ki=1 t=ng
See Appendix B.4.1 for the proof of this lemma.
The following lemma controls the last term of the bound (3.76a):

Lemma 3.10. Under the setup above, there exists a universal constant ¢ > 0, such that
for any integer m > 0 and deterministic sequence 0 = ko < k1 < -+ < k,, < ng, we
have:

n—1 m-—1

B (T Neet,) =t + Gmts1) 3] < c(n® + nd(ki + tunix log(cod))) 07" d>" 5>,

t=ng j=0

See Appendix B.4.2 for the proof of this lemma.

Taking these lemmas as given, we now proceed with the proof of Lemma 3.8. Given
the scalar 7 := 3t logz(codn), we define

Hmi=  sup ||Z HNt k) A |I2]

0=ko<k1<--<km<T t—no  j=
form=0,1,2,--- /logd. By equation (3.76b) and Lemma 3.10, we have the bound
530 S CO'%d . (77,7_ + n n ULdT )—dtmlx + 47]272‘61

+ 4en®7* (n® + nd(T + tmix log(cod)) ) o7 d*6°
< 47727'2.61 + c’n2n272d20i62
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In deriving the last inequality, we used the inequalities n < —=* and n > [ n)n

By equation (3.76a) and Lemma 3.10, we have the recurswe relatlon

2m+2 7710g n—2
%0 T °
<A’ Oy + cn’oimdP ™G - log® n.

2m+2d2m+2 2

O < AT O i1 + > 1o + en*m*nlo

Recursively applying these bounds yields

m—1
90 < (4A°73) " O + en*n’*r’d’o7 6 + ¢ - 2(47)27' 12020 d%15>
q=1

< (4n272)m5§m + 307727127'26[20%62

In order to control the term $,,, we employ the coarse bound

||Z HNtk At ka <”ZEH HNt k; At km“]

t=ng j=0 t=no
< n2(gyd)pmt? . MmixdT”
- 11—k
Taking the supremum and noting that n < 1= < cenfoimd*m g,
L

2m+2

Consequently, we have established that 99 < 3en’n 2Ol2 Y [ + (QnToLd) }
=—, we have (2777’0’Ld o )2m < 1, and thus $H, <

6en’n2r2d*o? o? log® n, which completes the proof of this lemma.

Taking m = [logd] and n < 67'0

3.7 Discussion

In this chapter, we established sharp instance-optimal guarantees for linear stochastic
approximation (SA) procedures based on Markovian data. Under ergodicity along
with natural tail conditions, we proved non-asymptotic upper bounds on the squared
error of both the last iterate of a standard SA scheme, as well as the Polyak—Ruppert
averaged sequence. The results highlight two important aspects: an optimal sample
complexity of O(tnixd) for problems in dimension d with mixing time ¢,,;,; and an
instance-dependent error upper bound for the averaged estimator with carefully chosen
stepsize. Complementary to the upper bound, we also showed a non-asymptotic local
minimax lower bound over a small neighborhood of a given Markov chain instance,
certifying the statistical optimality of the proposed estimators. Our proof of the upper
bounds uses a bootstrapping argument of possibly independent interest.

Throughout the chapter, we have introduced novel techniques of analysis and mo-
tivated several open questions. In the following, we collect a few interesting future
directions:
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e Nonlinear stochastic approximation and controlled dynamics: This chap-
ter focuses on linear Z-equations where the underlying Markov chain does not
involve a control. Though this setting already covers many important examples (as
described in Section 3.2.2), its applicability to practical problems is still relatively
restricted. To set up a general framework, one could consider a controlled Markov
chain (s;);>0 where the transition is given by s;11 ~ P(:|s, 0;). For any 6 € R?,
let & be the stationary distribution of the Markov chain P(-|-,6) induced by the
control #. Given a non-linear operator H : S x R? — R?, suppose that we wish
to solve the equation E, ¢() [H (0; 3)] = 0; see [11] for a summary of classical
asymptotic theory for such problems. The analysis tools introduced in this chapter
provide an avenue by which one could obtain optimal sample complexity bounds
(especially in terms of dimension dependency) and instance-dependent guarantees
for such problems.

e Online statistical inference: By carefully choosing the burn-in period, one can
show that the Polyak-Ruppert estimator 6,, is asymptotically normal and locally
minimax optimal. In particular, under suitable conditions, the following limiting
result holds true (see [61] for details):

\/ﬁ(an —0) LN N((Id — L) (C*e + S we) (L — L) T)- (3.77)

In order to construct confidence intervals for the solution 8 with streaming data,
it suffices to estimate the asymptotic covariance in equation (3.77). In the i.i.d.
setting, online procedures have been developed to estimate such covariances, with
non-asymptotic error guarantees [39]. The problem becomes more subtle in the
Markovian setting, as the matrix ¥X*\q, involves auto-correlations of the noise
process. It is an important open direction to construct online estimators of this
matrix to enable inference in a streaming fashion.

e Model selection and optimal methods for policy evaluation The policy
evaluation problem involves manual choice of two important parameters: the
feature vector dimension d and the resolvent parameter A in TD(A). In Sec-
tion 3.4.1.3 and 3.4.2, we provide optimal instance-dependent guarantees on both
the approximation factor and the estimation error, for a fixed choice of d and .
An important direction of future research is to select such parameters adaptively
based on data, possibly under a streaming computational model. Ideally, we
want the risk of such estimator to attain the infimum of the right hand side of
equation (3.39b), over A € (0,1) and d € N;. A possible candidate approach
towards such a model selection problem is the celebrated Lepskii method for
adaptive bandwidth selection [118].
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Part 11

Off-policy estimation of linear
functionals
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Chapter 4

A non-asymptotic theory for
semi-parametric efficiency

The problem of estimating a linear functional based on observational data is canonical in
both the causal inference and bandit literatures. We analyze a broad class of two-stage
procedures that first estimate the treatment effect function, and then use this quantity
to estimate the linear functional. We prove non-asymptotic upper bounds on the
mean-squared error of such procedures: these bounds reveal that in order to obtain non-
asymptotically optimal procedures, the error in estimating the treatment effect should
be minimized in a certain weighted L?-norm. We analyze a two-stage procedure based
on constrained regression in this weighted norm, and establish its instance-dependent
optimality in finite samples via matching non-asymptotic local minimax lower bounds.
These results show that the optimal non-asymptotic risk, in addition to depending on
the asymptotically efficient variance, depends on the weighted norm distance between
the true outcome function and its approximation by the richest function class supported
by the sample size.

4.1 Introduction

A central challenge in both the casual inference and bandit literatures is how to estimate
a linear functional associated with the treatment (or reward) function, along with
inferential issues associated with such estimators. Of particular interest in causal
inference are average treatment effects (ATE) and weighted variants thereof, whereas
with bandits and reinforcement learning, one is interested in various linear functionals
of the reward function (including elements of the value function for a given policy).
In many applications, the statistician has access to only observational data, and lacks
the ability to sample the treatment or the actions according to the desired probability
distribution. By now, there is a rich body of work on this problem (e.g., [178, 177, 41, 4,
215, 133]), including various types of estimators that are equipped with both asymptotic
and non-asymptotic guarantees. We overview this and other past work in the related



4.1. INTRODUCTION 104

work section to follow.

In this chapter, we study how to estimate an arbitrary linear functional based on
observational data. When formulated in the language of contextual bandits, each such
problem involves a state space X, an action space A, and an output space Y C R.
Given a base measure A on the action space A—typically, the counting measure for
discrete action spaces, or Lebesgue measure for continuous action spaces—we equip each
x € X with a probability density function 7(x,-) with respect to A. This combination
defines a probability distribution over A, known either as the propensity score (in causal
inference) or the behavioral policy (in the bandit literature). The conditional mean of
any outcome Y € Y is specified as E[Y | z,a] = p*(z, a), where the function p* is known
as the treatment effect or the reward function, again in the causal inference and bandit
literatures, respectively.

Given some probability distribution £* over the state space X, suppose that we
observe n ii.d. triples (X;, A;,Y;) in which X; ~ £*, and

Ai ‘ Xz N7T(X,L','), and E[K ’ X’LaAz] :IM*(X“AZ), for i = 1,2,...,71,. (41)
We also make use of the conditional variance function
o*(z, a) ::E[(Y—u*(X,A))2 | X =2,A=al, (4.2)

which is assumed to exist for any z € X and a € A.
For a pre-specified weight function g : X x A — R, our goal is to estimate the linear
functional

= (T = /A B [9(X, ) (X, )| dA (), (4.3)

With this set-up, the pair Z* := (&*, u*) defines a particular problem instance.
Throughout the chapter, we focus on the case where both the propensity score 7 and
the weight function g are known to the statistician.

Among the interesting instantiations of this general framework are the following:

e Average treatment effect: The ATE problem corresponds to estimating the
linear functional

7 = K. [u*(x, 1) — (X, 0)].

It is a special case of equation (4.3), obtained by taking the binary action space
A = {0,1} with A being the counting measure, along with the weight function
g(x,a) = 2a—1.



4.1. INTRODUCTION 105

e Weighted average treatment effect: Again with binary actions, suppose that
we adopt the weight function g(z,a) := (2a — 1) - w(x), for some given function
w : X — Ry. With the choice w(x) := 7(z,1), this corresponds to average
treatment effect on the treated (ATET).

e Off-policy evaluation for contextual bandits: For a general finite action
space A, a target policy is a mapping x — 7" (x, -), corresponding to a probability
distribution over the action space. If we take the weight function g(x, a) := 7" (x, a)
and interpret p* as a reward function, then the linear functional (4.3) corresponds
to the value of the target policy 7. Since the observed actions are sampled
according to m—which can be different than the target policy n**—this problem is
known as off-policy evaluation in the bandit and reinforcement learning literature.

When the propensity score is known, it is a standard fact that one can estimate 7(Z) at
a y/n-rate via an importance-reweighted plug-in estimator. In particular, under mild
conditions, the inverse propensity weighting (IPW) estimator, given by

/\IPW gXZ’A
= Z (XA (4.4)

is \/n-consistent, in the sense that 7."" — 7 = O,(1//n).

However, the problem is more subtle than might appear at might first: the IPW
estimator 77" fails to be asymptotically efficient, meaning that its asymptotic variance
is larger than the optimal one. This deficiency arises even when the state space X and
action space A are both binary; for instance, see §3 in Hirano et al. [76]. Estimators
that are asymptotically efficient can be obtained by first estimating the treatment effect
p*, and then using this quantity to form an estimate of 7(Z). Such a combination leads
to a semi-parametric method, in which p* plays the role of a nuisance function. For
example, in application to the ATE problem, Chernozhukov et al. [41] showed that any
consistent estimator of p* yields an asymptotically efficient estimate of 7,(Z); see §5.1
in their paper. In the sequel, so as to motivate the procedures analyzed in this chapter,
we discuss a broad range of semi-parametric methods that are asymptotically efficient
for estimating the linear functional 7(Z).

While such semi-parametric procedures have attractive asymptotic guarantees, they
are necessarily applied in finite samples, in which context a number of questions remain
open:

e As noted above, we now have a wide array of estimators that are known to
be asymptotically efficient, and are thus “equivalent” from the asymptotic
perspective. It is not clear, however, which estimator(s) should be used when
working with a finite collection of samples, as one always does in practice. Can we
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develop theory that provides more refined guidance on the choice of estimators in
this regime?

e As opposed to a purely parametric estimator (such as the IPW estimate),
semi-parametric procedures involve estimating the treatment effect function p*.
Such non-parametric estimation requires sample sizes that scale non-trivially with
the problem dimension, and induce trade-offs between the estimation and approxi-
mation error. In what norm should we measure the approximation/estimation
trade-offs associated with estimating the treatment effect? Can we relate this
trade-off to non-asymptotic and instance-dependent lower bounds on the difficulty
of estimating the linear functional 77

The main goal of this chapter is to give some precise answers to these questions.
On the lower bound side, we establish instance-dependent minimax lower bounds on
the difficulty of estimating 7. These lower bounds show an interesting elbow effect,
in that if the sample size is overly small relative to the complexity of a function class
associated with the treatment effect, then there is a penalty in addition to the classical
efficient variance. On the upper bound side, we propose a class of weighted constrained
least-square estimators that achieve optimal non-asymptotic risk, even in the high-order
terms. Both the upper and lower bounds are general, with more concrete consequences
for the specific instantiations introduced previously.

Related work: Let us provide a more detailed overview of related work in the areas
of semi-parametric estimation and more specifically, the literatures on the treatment
effect problem as well as related bandit problems.

In this chapter, we make use of the notion of local minimax lower bounds which,
in its asymptotic instantiation, dates back to seminal work of Le Cam [117] and
Héjek [72]. These information-based methods were extended to semiparametric settings
by Stein [196] and Levit [119, 120], among other authors. Under appropriate regularity
assumptions, the optimal efficiency is determined by the worst-case Fisher information
of regular parametric sub-models in the tangent space; see the monograph [17] for a
comprehensive review.

Early studies of treatment effect estimation were primarily empirical [6]. The
unconfoundedness assumption was first formalized by Rosenbaum and Rubin [182],
thereby leading to the problem setup described in Section 4.1. A series of seminal
papers by Robins and Rotnitzky [178, 177] made connections with the semi-parametric
literature; the first semi-parametric efficiency bound, using the tangent-based techniques
described in the monograph [17], was formally derived by Hahn [71].

There is now a rich body of work focused on constructing valid inference procedures
under various settings, achieving such semiparametric lower bounds. A range of meth-
ods have been studied, among them matching procedures [184, 1], inverse propensity
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weighting [71, 76, 79, 214], outcome regression [38, 78], and doubly robust methods [177,
41, 135, 62]. The two-stage procedure analyzed in the current chapter belongs to the
broad category of doubly robust methods.

In their classic paper, Robins and Ritov [176] showed that if no smoothness assump-
tions are imposed on the outcome model, then the asymptotic variance of the IPW
estimator cannot be beaten. This finding can be understood as a worst-case asymptotic
statement; in contrast, this chapter takes an instance-dependent perspective, so that
any additional structure can be leveraged to obtain superior procedures. Robins et
al. [179] derived optimal rates for treatment effect estimation under various smoothness
conditions for the outcome function and propensity score function. More recent work
has extended this general approach to analyze estimators for other variants of treatment
effect (e.g., [96, 4]). There are some connections between our proof techniques and the
analysis in this line of work, but our focus is on finite-sample and instance-dependent
results, as opposed to global minimax results.

Portions of our work apply to high-dimensional settings, of which sparse linear models
are one instantiation. For this class of problems, the recent papers [25, 26, 214] study
the relation between sample size, dimension and sparsity level for which y/n-consistency
can be obtained. This body of work applies to the case of unknown propensity scores,
which is complementary to our studies with known behavioral policies. To be clear,
obtaining /n-consistency is always possible under our set-up via the IPW estimator;
thus, our focus is on the more refined question of non-asymptotic sample size needed to
obtain optimal instance-dependent bounds.

Our work is also related to the notion of second-order efficiency in classical asymp-
totics. Some past work [43, 43, 34] has studied some canonical semi-parametric problems,
including estimating the shift or period of one-dimensional regression functions, and
established second-order efficiency asymptotic upper and lower bounds in the exact
asymptotics framework. Our instance-dependent lower bounds do not lead to sharp
constant factors, but do hold in finite samples. We view it as an important direction for
future work to combine exact asymptotic theory with our finite-sample approach so as
to obtain second-order efficiency lower bounds with exact first-order asymptotics.

There is also an independent and parallel line of research on the equivalent problem
of off-policy evaluation (OPE) in bandits and reinforcement learning. For multi-arm
bandits, the paper [123] established the global minimax optimality of certain OPE
estimators given a sufficiently large sample size. Wang et al. [215] proposed the “switch”
estimator, which switches between importance sampling and regression estimators; this
type of procedure, with a particular switching rule, was later shown to be globally
minimax optimal for any sample size [133]. Despite desirable properties in a worst-case
sense, these estimators are known to be asymptotically inefficient, and the sub-optimality
is present even ignoring constant factors (see Section 3 of the paper [76] for some relevant
discussion). In the more general setting of reinforcement learning, various efficient off-
policy evaluation procedures have been proposed and studied [83, 225, 227, 90]. Other
researchers [232; 229, 7, 227] have studied procedures that are applicable to adaptively
collected data. It is an interesting open question to see how the perspective of this
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chapter can be extended to dynamic settings of this type.

Additional notation: Here we collect some notation used throughout the chapter.
Given a pair of functions hi, hy : A — R such that |hyhy| € LY(N), we define the inner
product

() o)y = / ha(a)ha(a) dA(a)

4.2 Non-asymptotic and instance-dependent upper
bounds

We begin with a non-asymptotic analysis of a general class of two-stage estimators
of the functional 7(Z). Our upper bounds involve a certain weighted L?-norm—see
equation (4.8a)—which, as shown by our lower bounds in the sequel, plays a fundamental
role.

4.2.1 Non-asymptotic risk bounds on two-stage procedures

We first provide some intuition for the class of two-stage estimators that we analyze,
before turning to a precise description.

4.2.1.1 Some elementary intuition

We consider two-stage estimators obtained from simple perturbations of the IPW estima-
tor (4.4). Given an auxiliary function f: X x A — R and the data set {(X;, 4;,Y;)},,
consider the estimate

ﬁ:lz;g%%%n—ﬂxﬂuuﬂ&»mafm} (4.5)

By construction, for any choice of f € L?(¢* x =), the quantity 7/ is an unbiased
estimate of 7, so that it is natural to choose f so as to minimize the variance var(7}) of
the induced estimator. As shown in Appendix C.1.1, the minimum of this variational
problem is achieved by the function

Py = SR (o) e (1.60)

where in performing the minimization, we enforced the constraints (f(z,-), w(z,))x =0
for any = € X. We note that this same function f* also arises naturally via consideration
of Neyman orthogonality.
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The key property of the optimizing function f* is that it induces an estimator 7,
with asymptotically optimal variance—viz.

V2 = var ((g(X-), w(X, )>)\> + /AEE* [%ﬁ(X, a)|dX(a), (4.6Db)

where 0%(z,a) := var(Y | x,a) is the conditional variance (4.2) of the outcome. See Ap-
pendix C.1.1 for details of this derivation.

4.2.1.2 A class of two-stage procedures

The preceding set-up naturally leads to a broad class of two-stage procedures, which
we define and analyze here. Since the treatment effect p* is unknown, the optimal
function f* from equation (4.6a) is also unknown to us. A natural approach, then, is
the two-stage one: (a) compute an estimate 1 using part of the data; and then (b)
substitute this estimate in equation (4.6a) so as to construct an approximation to the
ideal estimator 7/". A standard cross-fitting approach (e.g., [41]) allows one to make
full use of data while avoiding the self-correlation bias.

In more detail, we first split the data into two disjoint subsets By := (X, 4;, Y,)?ﬁ

and By = (X;, A, ;) Ja41- We then perform the following two steps:

Step I: For j € {1,2}, compute an estimate ﬁg/)Q of p* using the data subset B;, and
compute
~(7)
g(JJ, a)un/Q(xu a’) A(j)
fn/Q( ) = W(l’, a) - <g(l’, ')a l’[’n/z(xa )>)\ (478‘)

Step II: Use the auxiliary functions ]‘“}L}é and ﬁ% to construct the estimate

T Z{ i((:ﬁ f”/2(Xi’Ai)} * %¢:§;+1 {% fn/z(Xz‘aAi>}'

(4.7b)

As described, these two steps should be understood as defining a meta-procedure, since
the choice of auxiliary estimator ﬁgﬁ can be arbitrary.

The main result of this section is a non-asymptotic upper bound on the MSE of any

such two-stage estimator. It involves the weighted L?*-norm || - ||, given by
X, a)
P2 = [ Be | T ZCSIPRIS P 4.8
e R e ] O} (4.80)

which plays a fundamental role in both upper and lower bounds for the problem. With
this notation, we have:
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Theorem 4.1. For any estimator [i, )2 of the treatment effect, the two-stage estima-
tor (4.7) has MSE bounded as

-~ * 1 -~ *
B 1f0 =71 | < — {2+ 2B [y — 2] }- (4.8b)
See Section 4.4.1 for the proof of this claim.

Note that the upper bound (4.8b) consists of two terms, both of which have nat-
ural intepretations. The first term v2 ; corresponds to the asymptotically efficient

semi

variance (4.6b); in terms of the weighted norm (4.8a), it has the equivalent expression
02 = var ({g(X), (X, ) + [l 2. (4.80)

The second term corresponds to twice the average estimation error E[Hﬁn/Q - M*Hi]a
again measured in the weighted squared norm (4.8a). Whenever the treatment effect
can be estimated consistently—so that this second term is vanishing in n—we see that
the estimator 7,, is asymptotically efficient, as is known from past work [41]. Of primary
interest to us is the guidance provided by the bound (4.8b) in the finite sample regime:
in particular, in order to minimize this upper bound, one should construct estimators jz
of the treatment effect that are optimal in the weighted norm (4.8a).

4.2.2 Some non-asymptotic analysis

With this general result in hand, we now propose some explicit two-stage procedures that
can be shown to be finite-sample optimal. We begin by introducing the classical idea of an
oracle inequality, and making note of its consequences when combined with Theorem 4.1.
We then analyze a class of non-parametric weighted least-squares estimators, and prove
that they satisfy an oracle inequality of the desired type.

4.2.2.1 Oracle inequalities and finite-sample bounds

At a high level, Theorem 4.1 reduces our problem to an instance of non-parametric
regression, albeit one involving the weighted norm || - ||, from equation (4.8a). In non-
parametric regression, there are many methods known to satisfy an attractive “oracle”
property (e.g., see the books [206, 213]). In particular, suppose that we construct an
estimate 1 that takes values in some function class F. It is said to satisfy an oracle
inequality for estimating p* in the norm || - ||, if

E[I7i - w(12] < e inf {llu— w12 + 525 F) (4.9)
for some universal constant ¢ > 1. Here the functional p — 62(u; F) quantifies the || - |-

error associated with estimating some function p € F, whereas the quantity ||u — u*||?
is the squared approximation error, since the true function p* need not belong to the
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class. We note that the oracle inequality stated here is somewhat more refined than the
standard one, since we have allowed the estimation error to be instance-dependent (via
its dependence on the choice of p).

Given an estimator fi that satisfies such an oracle inequality, an immediate conse-
quence of Theorem 4.1 is that the associated two-stage estimator of 7* = 7(Z) has MSE
upper bounded as

- . 1 . .
B[ = 7] <~ (v + 20 i0f {12 = 13 + 6201 F) }). (4.10)

This upper bound is explicit, and given some assumptions on the approximability of
the unknown p*, we can use to it choose the “complexity” of the function class F in a
data-dependent manner. See Section 4.2.4 for discussion and illustration of such choices
for different function classes.

4.2.2.2 Oracle inequalities for non-parametric weighted least-squares

Based on the preceding discussion, we now turn to the task of proposing a suitable
estimator of p*, and proving that it satisfies the requisite oracle inequality (4.9). Let
F be a given function class used to approximate the treatment effect p*. Given our
goal of establishing bounds in the weighted norm (4.8a), it is natural to analyze the
non-parametric weighted least-squares estimate

1 & (X, A)

~ . . 9 Ay i) ' N ‘2
:um T argglel]l-'l{m — WQ(XZ,AZ) {M(X”L?Al) }/;} }7 (4]‘1)

where {(X;, 4;,Y;)}™, constitute an observed collection of state-action-outcome triples.
Since the pairs (X, A) are drawn from the distribution £*(z)m(x,a), our choice of
weights ensures that
2 2
g (XaA) 2 2 g(XvA) 2
B[ LA (i ) v = - e+ B[S a0 4)

L ) =Y Y] = =i+ B[ (6. )
so that (up to a constant offset), we are minimizing an unbiased estimate of || — p*[|2.
In our analysis, we impose some natural conditions on the function class:

(CC) The function class F is a convexr and compact subset of the Hilbert space 2.

We also require some tail conditions on functions h that belong to the difference set

OF ={fi— fo| fi,fo € F}.

There are various results in the non-parametric literature that rely on functions being
uniformly bounded, or satisfying other sub-Gaussian or sub-exponential tail conditions
(e.g., [213]). Here we instead leverage the less restrictive learning-without-concentration
framework of Mendelson [138], and require that the following small probability condition
holds:
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(SB) There exists a pair (aq, as) of positive scalars such that

Pl

fr(())?,ﬁ%h(Xv A)‘ > quhHw} > g for all h € OF. (4.12)

If we introduce the shorthand h = 2h, then condition (4.12) can be written equivalently
as P[|h(X, A)| > au|lh]l2] > s, so that it is a standard small-ball condition on the
function iL; see the papers [106, 138] for more background.

As with existing theory on non-parametric estimation, our risk bounds are determined
by the suprema of empirical processes, with “localization” so as to obtain optimal rates.
Given a function class H and a positive integer m, we define the Rademacher complezxities

S2(H) = E[sup {% Z Z‘ZL“A;)(Y; — (X, Ai))f(Xi, Ai)}2], and (4.13a)
Ron(H) := E[supizwf()(i,fli)], (4.13b)

where (&)1, are i.i.d. Rademacher random variables independent of the data.

With this set-up, we are now ready to state some oracle inequalities satisfied by the
weighted least-squares estimator (4.11). As in our earlier statement (4.9), these bounds
are indexed by some p € F, and our risk bound involves the solutions

18, ((F— ) NBy(s))

s and (4.14a)
R (F ) B < 2

102 (4.14b)

Let $,,,(p) and 7,,(u), respectively, be the smallest non-negative solutions to these
inequalities; see Proposition C.2 in Appendix C.1.2 for their guaranteed existence.

Theorem 4.2. Under the convezity/compactness condition (CC) and small-ball con-
dition (SB), the two-stage estimate (4.7) based on the non-parametric least-squares
estimate (4.11) satisfies the oracle inequality

~ 1 )
E[(70 = )] £ {02 +cin (= w2+ 62w 7))} (4150)
n HeF
where the instance-dependent estimation error is given by

0n (1 F) 1= 85 (1) + 755 (1) + = diam (F U {p"}), (4.15b)

for a pair (¢, ') of constants depending only on the small-ball parameters (aq, as).
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See Section 4.4.2 for the proof of this theorem.

A few remarks are in order. The bound (4.15a) arises by combining the general
bound from Theorem 4.1 with an oracle inequality that we establish for the weighted
least-squares estimator (4.11). Compared to the efficient variance v2_;, this bound
includes three additional terms: (i) the critical radii s,/2(p) and 7,/2(p) that solve
the fixed point equations; (ii) the approximation error under || - ||, norm; and (iii) an
exponentially decaying term. For any fixed function class F, if we take limits as the

sample size n tends to infinity, we see that the asymptotic variance of 7,, takes the form
2 : * |12
Usemi+cl11€1£||u_u ||w

Consequently, the estimator may suffer from an efficiency loss depending on how well
the unknown treatment effect p* can be approximated (in the weighted norm) by a
member of F. When the outcome noise Y; — u*(X;, A;) is of constant order, inspection
of equations (4.14a) and (4.14b) reveals that—as n tends to infinity—the critical radius
Sn/2(pt) decays at a faster rate than r,,/5(jt). Therefore, the non-asymptotic excess risk—
that is, any contribution to the MSE in addition to the efficient variance v2, ;—primarily
depends on two quantities: (a) the approximation error associated with approximating
w1 using a given function class F, and (b) the (localized) metric entropy of this function
class. Interestingly, both of these quantities turn out to be information-theoretically
optimal in an instance-dependent sense. More precisely, in Section 4.3, we show that an
efficiency loss depending on precisely the same approximation error is unavoidable; we
further show that a sample size depending on a local notion of metric entropy is also
needed for such a bound to be valid.

4.2.3 A simulation study

We now describe a simulation study that helps to illustrate the elbow effect predicted
by our theory, along with the utility of using reweighted estimators of the treatment
effect. We can model a missing data problem by using A € A := {0,1} as a binary
indicator variable for “missingness”—that is, the outcome Y is observed if and only if
A = 1. Taking £ as the uniform distribution on the state space X := [0, 1], we take the
weight function g(x,a) = a, so that our goal is to estimate the quantity E¢[p* (X, 1)].
Within this subsection, we abuse notation slightly by using u to denote the function
w(+, 1), and similarly p* for p*(-,1).

We allow the treatment effect to range over the first-order Sobolev smoothness class

Fim{£:00 =R | £0 =0, Iflf = [ (7@)’dr <1},

corresponding (roughly) to functions that have a first-order derivative f’ with bounded
L?norm. The function class F is a particular type of reproducing kernel Hilbert space
(cf. Example 12.19 in the book [213]), so it is natural to consider various forms of kernel
ridge regression.
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Three possible estimators: So as to streamline notation, we let S,,, C {1,...,m}
denote the subset of indices associated with observed outcomes—that is, a; = 1 if and
only if i € S,,,. Our first estimator follows the protocol suggested by our theory: more

precisely, we estimate the function p* using a reweighted form of kernel ridge regression
(KRR)

~ g 2 2
fimes = axg i {ZSE {Y pXi) )+ )‘mHUHHl} : (4.16a)
where \,, > 0 is a regularization parameter (to be chosen by cross-validation). Let 7,
be the output of the two-stage procedure (4.7) when the reweighted KRR estimate is
used in the first stage.

So as to isolate the effect of reweighting, we also implement the standard (unweighted)
KRR estimate, given by

fimL2 i=arg min {Z {Y; — u(X } +)\m||u||12ml}. (4.16b)

nel2([0,1])

Similarly, we let 7,12 denote the estimate obtained by using the unweighted KRR
estimate as a first-stage quantity.

Finally, so as to provide an (unbeatable) baseline for comparison, we compute the
oracle estimate

?n,oracle = % Z { <Y; ;éé:-f;)?)))Az + ,U* (Xz)} (4160)

Here the term “oracle” refers to the fact that it provides an answer given the unrealistic
assumption that the true treatment effect p* is known. Thus, this estimate cannot be
computed based purely on observed quantities, but instead serves as a lower bound for
calibrating. For each of these three estimators, we compute its n-rescaled mean-squared
error

n-E[|[fe— 7'*\2} with ¢ € {w,L? oracle}. (4.17)

Variance functions: Let us now describe an interesting family of variance functions o
and propensity scores . We begin by observing that if the standard deviation function o
takes values of the same order as the treatment effect p*, then the simple IPW estimator
has a variance of the same order as the asymptotic efficient limit v2_.. Thus, in order to
make the problem non-trivial and illustrate the advantage of semiparametric methods,
we consider variance functions of the following type: for a given propensity score m and
exponent y € [0, 1], define

o?(z,1) := op [m(z,1)]", (4.18)



4.2. NON-ASYMPTOTIC AND INSTANCE-DEPENDENT UPPER BOUNDS 115

where oy > 0 is a constant pre-factor. Since the optimal asymptotic variance vgem;
‘(X1
m(X,1)

contains the term IE[ }, this family leads to a term of the form

ot | e

showing that (in rough terms) the exponent 7 controls the influence of small values of
the propensity score m(X,1). At one extreme, for v = 1, there is no dependence on
these small values, whereas the other extreme v = 0, it will be maximally sensitive to
small values of the propensity score.

Propensity and treatment effect: We consider the following two choices of propen-
sity scores

— 7Tmm) n(rzx), and (4.19a)
— Tin) Sin(7x/2)}, (4.19b)

T\, 1) =

N
D= D=
l\DI»—A DO [—=

{
where 7, := 0.005. At the same time, we take the treatment effect to be the “tent”
function

mo(x,1) :=

piz) == — |z =3 for = € [0, 1]. (4.20)

Let us provide the rationale for these choices. Both propensity score functions take
values in the interval [myn, 0.5], but achieve the minimal value 7, at different points
within this interval: z = 1/2 for m; and at x = 1 for m. Now observe that for the
missing data problem, the risk of the naive IPW estimator (4.4) contains a term of

the form E[~ ((X 1))] Since our chosen treatment effect function (4.20) is maximized at
x = 1/2, this term is much larger when we set m = 7y, which is minimized at z = 1/2.
Thus, the propensity score 7 serves as a “hard” example. On the other hand, the
treatment effect is minimized at x = 1, where my achieves its minimum, so that this

represents an “easy” example.



4.2. NON-ASYMPTOTIC AND INSTANCE-DEPENDENT UPPER BOUNDS

Normalized MSE for t=m; and y=0

X —e— Risk for the oracle Ty, oracte
16 \ -4~ Risk for the estimator ¥, .,
\ —#- Risk for the estimator 7, 2
\
1.4 K
\
w \
1.2
2 \
FI N
N 1.0 A Iy
T \ .
£ NN
\ .
Sos8 ' R —
Ss ~.
e \._._.*./,/k_\"
0.6 B S . ——
SN AT T
A ~~-a
0.4
0.2 T T T T T T T T
250 500 750 1000 1250 1500 1750 2000
Sample size n
(a) y=0, m=m
Normalized MSE for m=m and y=0.5
X —e— Risk for the oracle T, oracte
1.2 \ —&- Risk for the estimator %, ,,
\ —#- Risk for the estimator ;>
\
1.0 '\
4 \
Sosq A\
K vy
2 N
[ N\
g 0.6 \\\ N
= A N *,
0.4 A S
Ss. .
A - TS—— -
-—‘-\\‘_ ~— e —
0.2 T
Ay —Am——y
-~ e
0.0
250 500 750 1000 1250 1500 1750 2000
Sample size n
(¢)y=05 7=m
Normalized MSE form=m; and y=1
1.0
X —e— Risk for the oracle Ty, oracte
\ —&- Risk for the estimator T, .,
\ —k- Risk for the estimator 7,2
0.8 3 %
\.
\.
w \
2067 A M
o 3, ~.
2 \ ~
N 3 N\
2 \ .
2 \ \4\'
o4 \
2 . Ny
Sao W
- it
Ao S -
0.2 R v T~
S
ae,
0.0 T T T T T T T T
250 500 750 1000 1250 1500 1750 2000

Sample size n

(e)y=1, m=m

Normalized MSE

Normalized MSE

Normalized MSE

1.0

o
®

o
EY

0.4

=
oS
&

=
I
o

=
N
¥

Iy
o
)

o
3
&

=4
I
o

o
N
[+

o
o
)

Normalized MSE for t=m, and y=0

z —8— Risk for the oracle T, oracle
\‘\‘ —4&- Risk for the estimator T,
Y —#- Risk for the estimator %, ;2
\\
W\
Y
\
N
\\‘ N
N\,
A v
s T
N \‘\s.\
SN e——a
~ ~_
Y —
Aela - —
B s Ty
—eo o —"— o —
250 500 750 1000 1250 1500 1750 2000

Ssample size n

(b) v =0, m=mo

Normalized MSE for m=m, and y=0.5

~—y —e— Risk for the oracle T, oracie
A \, —A- Risk for the estimator %, .,
AS \.\ —#- Risk for the estimator T, ;2
N
N 3
AN \
AN
\ ~
\\\ .,
N
K
a AN
S~ K S
b .
A ~.
\\‘ \—-_4.,._._,\\
—AL ~
A
A
250 500 750 1000 1250 1500 1750 2000

Sample size n

(d)y=0.5, 7 =my

Normalized MSE form=m, and y=1

—e— Risk for the oracle T, oracle

A N\ -k~ Risk for the estimator T,,,
\ \.\ —- Risk for the estimator %,

Y
NN
\\\ \A\
Ax
AN \,
AN \,
A \
A .
\N “i\_
N S
- il
A it S Trwe——
~A ~.
——— -
Bk ST

~-A
250 500 750 1000 1250 1500 1750 2000

Sample size n

f)y=1, m=m

116

Figure 4.1: Plots of the normalized MSE n - E[|7,,, — 7*|] for ¢ € {w,L? oracle} versus
the sample size. Each marker corresponds to a Monte Carlo estimate based on the
empirical average of 1000 independent runs. As indicated in the figure titles, panels
(a—f) show the normalized MSE of estimators for combinations of parameters: exponent
v € {0,0.5,1} in the top, middle and bottom rows respectively, and propensity scores
m1 and 7y in the left and right columns, respectively. For each run, we used 5-fold cross
validation to choose the value of regularization parameter \, € [1071, 10%].
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Simulation set-up and results: For each choice of exponent v € {0,0.5,1} and
each choice of propensity score m € {m, T2}, we implemented the reweighted estimator
Tnw, the standard estimator 7,12 and the oracle estimator 7, oracle. For each simulation,
we varied the sample size over the range n € {2000, 4000, ...,18000,20000}. For each
run, we use H-fold cross validation to choose the value of regularization parameter
A, € [1071,10%]. For each estimator and choice of simulation parameters, we performed
a total of 1000 independent runs, and used them to form a Monte Carlo estimate of the
true MSE.

Figure 4.1 provides plots of the n-rescaled mean-squared error (4.17) versus the
sample size n for each of the three estimators in each of the six set-ups (three choices of
7, crossed with two choices of propensity score). In order to interpret the results, first
note that consistent with the classical theory, the n-rescaled MSE of the oracle estimator
stays at a constant level for different sample sizes. (There are small fluctuations, to be
expected, since the quantity 7, oracle itself is an empirical average over n samples.) Due
to the design of our problem instances, the naive IPW estimator (4.4) has much larger
mean-squared error; in fact, it is so large that we do not include it in the plot, since
doing so would change the scaling of the vertical axis. On the other hand, both the
reweighted KRR two-stage estimate 7, ,, and the standard KRR two-stage estimate 7,, 12
exhibit the elbow effect suggested by our theory: when the sample size is relatively small,
the high-order terms in the risk dominate, yielding a large normalized MSE. However,
as the sample size increases, these high-order terms decay at a faster rate, so that the
renormalized MSE eventually converges to the asymptotically optimal limit (i.e., the risk
of the oracle estimator 7, oracle). It all our simulation instances, the weighted estimator
Tnw, Which uses a reweighted non-parametric least-squares estimate in the first stage,
outperforms the standard two-stage estimator 7,12 that does not reweight the objective.
Again, this behavior is to be expected from our theory: in our bounds, the excess MSE
due to errors in estimating the treatment effect is measured using the weighted norm.

4.2.4 Implications for particular models

We now return to our theoretical thread, and illustrate the consequences of our general
theory for some concrete classes of outcome models.

4.2.4.1 Standard linear functions

We begin with the simplest case, namely that of linear outcome functions. For each
j=1,...,d, let ¢; : X x A = R be a basis function, and consider functions that are
linear in this representation—viz. fy(x,a) = Z;l:l 0;0;(z,a) for some parameter vector

6 € R%. For a radius' Ry > 0, we define the function class

F={h| 162 < Raf.

'We introduce this radius only to ensure compactness; in our final bound, the dependence on R; is
exponentially decaying, so that it is of little consequence.
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Our result assumes the existence of the following moment matrices:

S i=F {qu(x A)p(X, A) 1 and

)
X, A)
X, (X, Ao, A

With this set-up, we have:

Corollary 4.1. Under the small-ball condition (SB), given a sample size satisfying the
lower bound n > co{d + log(Rg)\mM(Z))}, the estimate 7, satisfies the bound

1
B[~ ] < 5 { st e = f 4 e (570), @2
n HEF n

where the constants (co, c) depend only on the small-ball parameters (ay, as).

See Appendix C.2.1 for the proof of this corollary.

A few remarks are in order. First, Corollary 4.1 is valid in the regime n 2 d,
and the higher order term scales as O (d/n?) in the worst case. Consequently, the
optimal efficiency v2,; 4+ inf ez || — p*||2 is achieved when the sample size n exceeds
the dimension d for linear models.?

It is worth noting, however, that in the well-specified case with p* € F, the high-
order term -5 trace(X'I';) in equation (4.21) does not necessarily correspond to the
optimal risk for estimating the function p* under the weighted norm || - ||,,. Indeed, in
order to estimate the function p* with the optimal semi-parametric efficiency under
a linear model, an estimator that reweights samples with the function m is
the optimal choice, leading to a higher order term of the form 5 trace(Zflz), where
Y :=FE [02 X H(X, A)p(X, A)T|.3 In general, the question of achlevmg optimality with
respect to both the approximation error and high-order terms (under the || - [|,-norm) is
currently open.

4.2.4.2 Sparse linear models

Now we turn to sparse linear models for the outcome function. Recall the basis function
set-up from Section 4.2.4.1, and the linear functions f, = ijl 0,0;(x,a). Given a
radius R; > 0, consider the class of linear functions induced by parameters with bounded
{{-norm—viz.

= {fo 1 161 < Ru}.

2We note in passing that the constant pre-factor ¢ in front of the term n=!inf,c 7 ||p — p*||? can
be reduced to 1 using the arguments in Corollary 4.5.
o(X, A)716(X, A)

r X
3Note that [ } =
orethiat 1y 1, COV( WEX,@ (X, A)p(X, A)

obtain that I', = XX ~!%, which implies that trace(3~1T,) > trace(S~1X).

) > 0. Taking the Schur complement we
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Sparse linear models of this type arise in many applications, and have been the subject
of intensive study (e.g., see the books [75, 213] and references therein).

We assume that the basis functions and outcome noise Y — p*(X, A) satisfy the
moment bounds
¢

E[ fr(é i; (Y — (X, A)) } < (3V0)', forany £=1,2,... and (4.22a)
)4
jg?de[ ‘ig& i; o (X, A)‘ } < (oV0), forany (=1,2,.. .. (4.22b)

Under these conditions, we have the following guarantee:

Corollary 4.2. Under the small-ball condition (SB) and the moment
bounds (4.22), for any sparsity level k = 1,....d and sample size n such that

n > co{% + log?(d) + log(R; - )\mm(Z))}, we have

cermi ; 7°[|0]lo log(d)  o?
E|:An_ *2i|<vsem1 E : f * 9’ “ 2 g . 7
[To =77 = =2 4 o [ =10, o(, NIl + - G5
8llo<k

where the constants (co,c) depend only on the small ball parameters (ay, az).

See Appendix C.2.2 for the proof of this corollary.

A few remarks are in order. First, the additional risk term compared to the
semiparametric efficient limit v2_./n is similar to existing oracle inequalities for sparse
linear regression (e.g., §7.3 in the book [213]). Notably, it adapts to the sparsity level
of the approximating vector §. The complexity of the auxiliary estimation task is
characterized by the sparsity level ||0]|o of the target function, which appears in both the
high-order term of the risk bound and the sample size requirement. On the other hand,
note that the || - ||,-norm projection of the function p* to the set F may not be sparse.
Instead of depending on the (potentially large) local complexity of such projection, the
bound in Corollary 4.2 is adaptive to the trade-off between the sparsity level ||d]|, and
the approximation error ||u* — (6, ¢(-, )|l

4.2.4.3 Holder smoothness classes

Let us now consider a non-parametric class of outcome functions. With state space
X = [0,1]% and action space A = [0, 1]%, define the total dimension p := d, +d,. Given
an integer order of smoothness k£ > 0, consider the class

Fi = {,u (0,17 =R |  sup [0%u(x,a)] <1 for any aNP satisfying ||a|; < k;}
(z,a)€[0,1]7

Here for a multi-index o € NP the quantity 0“f denotes the mixed partial derivative
p aaj
0% f(x,a) == (H W)f(% a).

j=1 "7
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We impose the following assumptions on the likelihood ratio and random noise

E[ ig{ ’;g (Y — (X, A)) ] < (aV0)* and (4.23a)
¢
E[ ii))&i; ] < (oV0)*, for any ¢ € N,. (4.23b)

Additionally, we impose the Ly — L, hypercontractivity condition

\/E[(Zg’,i% FX, )] < Mo B (S50 1(X,A)°] forany f e F,  (428¢)

which is slightly stronger than the small-ball condition (SB).
Our result involves the sequences 7, := ¢y p/ n=*/Plogn, and

n” T if p <2k
Sn 1= Copk0 - { N4 logn if p = 2k,
n" if p > 2k,

where the constant ¢,/ depends on the tuple (o,p/k, Ms_,4).
With this notation, when the outcome function is approximated by the class Fy, we
have the following guarantee for treatment effect estimation:

Corollary 4.3. Under the small-ball condition (SB) and the moment bounds (4.23)(a)-
(c), we have

1 c
~ *|2 . * = —
B[ -] < 5 {ud e -2} + S22}

where the constant ¢ depends only on the small-ball parameters (o, o).

See Appendix C.2.3 for the proof of this corollary.

It is worth making a few comments about this result. First, in the high-noise regime
where ¢ 2 1, the term 5, is dominant. This particular rate is optimal in the Donsker
regime (p < 2k), but is sub-optimal when p > 2k. However, this sub-optimality only
appears in high-order terms, and is of lower order for a sample size* n such that logn >
(p/k). Indeed, even if the least-square estimators is sub-optimal for nonparametric
estimation in non-Donsker classes, the reweighted least-square estimator (4.11) may still
be desirable, as it is able to approximate the projection of the function p* onto the class
Fi, under the weighted norm || - [|,.

4In fact, this lower bound cannot be avoided, as shown by our analysis in Section 4.3.2.1.
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4.2.4.4 Monotone functions

We now consider a nonparametric problem that involves shape constraints—namely, that
of monotonic functions. Let ¢ : X x A — [0, 1] be a one-dimensional feature mapping.
We consider the class of outcome functions that are monotonic with respect to this
feature—mnamely, the function class

F = {(x,a) — f(¢(z,a)) | f:[0,1] = [0,1] is non—decreasing}.

We assume the outcome and likelihood ratio are uniformly bounded—specifically, that

g(Xi’ Az)
W(XZ,AZ)

Under these conditions, we have the following result:

Y:| <1 and ‘ < b almost surely fori=1,2,...,n. (4.25)

Corollary 4.4. Under the small-ball condition (SB) and boundedness condition (4.25),
we have

b2\ 2/3
—> : (4.26)

~ 1 :
B[ 17— 7] < 5 { kst eint -l + £
n HEF n\n
where the constants (co,c) depend only on the small-ball parameters (aq, as).

See Appendix C.2.4 for the proof of this corollary.

Note that compared to Corollaries 4.1 4.3, Corollary 4.4 requires a stronger uniform
bound on the likelihood ratio g/m: it is referred to as the strict overlap condition in the
causal inference literature. In our analysis, this condition is required to make use of
existing bracketing-based localized entropy control. Corollary 4.4 holds for any sample
size n > 1, and we establish a matching lower bound as a consequence of Proposition 4.1
to be stated in the sequel. It should be noted that the likelihood ratio bound b might
be large, in which case the high-order term in Corollary 4.4 could be dominant (at least
for small sample sizes). As with previous examples, optimal estimation of the scalar 7*
requires optimal estimation of the function p* under || - || ,-norm. How to do so optimally
for isotonic classes appears to be an open question.

4.2.5 Non-asymptotic normal approximation

Note that the oracle inequality in Theorem 4.2 involves an approximation factor depend-
ing on the small-ball condition in Assumption (SB), as well as other universal constants.
Even with sample size n tending to infinity, the result of Theorem 4.2 does not ensure
that the auxiliary estimator 71,2 converges to a limiting point. This issue, while less
relevant for the mean-squared error bound in Theorem 4.2, assumes importance in the
inferential setting. In this case, we do need the auxiliary estimator to converge so as to
be able to characterize the approximation error.
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In order to address this issue, we first define the orthogonal projection within the
class

—— in g — L. 427
i = argmin |1 — | (4.27)

Our analysis also involves an additional squared Rademacher complexity, one which
involves the difference p* — ji. It is given by

D;.(H) = E[?gg {% ;&% [ (X, Ai) — (X5, A)] (X Ai)}?- (4.28a)

We let d,,, > 0 be the unique solution to the fixed point equation
1D, ((F = 1) NBu(d)) = d. (4.28b)

The existence and uniqueness is guaranteed by an argument analogous to that used in
the proof of Proposition C.2.
In order to derive a non-asymptotic CLT, we need a finite fourth moment

My = E[{%(Y — (X, A)) + (g(X, ), Al(X, -)>A}4]

The statement also involves the excess variance

V() == E[Var (ig‘:i (X, A) = (X, A)} |X)]

With these definitions, we have the following guarantee:

Corollary 4.5. Under Assumptions (CC) and (SB), the two-stage estimator (4.7)
satisfies the Wasserstein distance bound

1 /
~ 4\/ﬁ . * —c'n
W1(\/ﬁ7'n, Z) S m ﬁ + C{’/’n/g + Sn/2 + dn} + dlamw(fU {,u }) - € >
(4.29)

where Z ~ N (0,02, +v*(i1)), and the pair (c,c) of constants depend only on the

) Ysemi
small-ball parameters (o, as).

See Section 4.4.3 for the proof of this corollary.

A few remarks are in order. First, in the limit n — 400, Corollary 4.5 guaran-
tees asymptotic normality of the estimate 7,,, with asymptotic variance v2; + v?(j).
In contrast, the non-asymptotic result given here makes valid inference possible at a
finite-sample level, by taking into account the estimation error for auxiliary functions.
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Compared to the risk bound in Theorem 4.2, the right-hand-side of equation (4.29) con-

2
tains two terms: the first term —— 4 is the Berry—Esseen error, and an additional
(Usemi'i'v(/j/))\/ﬁ

critical radius d,,/; depending on the localized multiplier Rademacher complexity. When
the approximation error p* — fi is of order o(1), the multiplier Rademacher complexity
D,,/> becomes (asymptotically) smaller than the Rademacher complexity S, /2, resulting
in a critical radius d,,/o(j7) smaller than s, >(jz). On the other hand, the efficiency loss
in Corollary 4.5 is the exact variance v?(jz) with unity pre-factor, which exhibits a
smaller efficiency loss compared to Theorem 4.2.

Excess variance compared to approximation error: It should be noted that the
excess variance term v?(fi) in Corollary 4.5 is smaller than the best approximation error

infex || — p*||2. Indeed, the difference A := || — p*||2 — v?(f) can be written as
X, A . 2 X, A .
A:E[(%~(u —u)(X,A)) ]—]E[Var(%-(,u —,u)(X,A)\Xﬂ
= Ee [(9(X, ), (0" = A)(X,))3]- (4.30)

When considering minimax risk over a local neighborhood around the function u*,
the difference term computed above is dominated by the supremum of the asymptotic
efficient variance v2 ; evaluated within this neighborhood. Consequently, the upper
bound induced by Corollary 4.5 does not contradict the local minimax lower bound
in Theorem 4.3; and since the difference ||@ — p*||2 — v*(@z) does not involve the
importance weight ratio g/, this term is usually much smaller than the weighted norm
torm || — 2.

On the other hand, Corollary 4.5 and equation (4.30) provide guidance on the way
of achieving the optimal pointwise exact asymptotic variance. In particular, when we
choose a function class F such that (h(z,-), g(z,-))x» = 0 for any h € F and z € X the
expression (4.30) becomes a constant independent of the choice of 7. For such a function
class, a function fi that minimizes the approximation error ||z — p*||2 will also minimize
the variance v?(u). Such a class can be easily constructed from any function class H
by taking a function h € H and replacing it with f(z,a) := h(x,a) — (h(z,-), g(x, ).
And the optimal variance can still be written in the form of approximation error:

v() = | = i lle,  where p*(x, a) == p*(z,a) = (" (x,-), gz, ).

Indeed, the functional v can be seen as the induced norm of || - ||, in the quotient space
generated by L2 modulo the subspace L?(£*) that contains functions depending only on
the state but not action.

4.3 Minimax lower bounds

Thus far, we have derived upper bounds for particular estimators of the linear functional
7(Z), ones that involve the weighted norm (4.8a). In this section, we turn to the
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complementary question of deriving local minimax lower bounds for the problem.
Recall that any given problem instance is characterized by a quadruple of the form
(&, m, 1", g). In this section, we state some lower bounds that hold uniformly over all
estimators that are permitted to know both the policy m and the weight function g.
With (7, g) known, the instance is parameterized by the pair (£*, u*), and we derive two
types of lower bounds:

e In Theorem 4.3, we study local minimax bounds in which the unknown probability
distribution £* and potential outcome function are allowed to range over suitably
defined neighborhoods of a given target pair (£*, u*), respectively, but without
structural conditions on the function classes.

e In Proposition 4.1, we impose structural conditions on the function class F used
to model p*, and prove a lower bound that involves the complexity of F—in
particular, via its fat shattering dimension. This lower bound shows that if the
sample size is smaller than the function complexity, then any estimator has a
mean-squared error larger than the efficient variance.

4.3.1 Instance-dependent bounds under mis-specification

Given a problem instance Z* = (£*, u*) and an error function ¢ : X x A — R, we consider
the local neighborhoods

N () = {u | Inle,0) = ' (@,0) < 6(z,0) for (v,0) EXx A}, (431a)
(e = {¢ | Da(ell€) <L} (4.31b)
Our goal is to lower bound the local minimax risk

My(Cs(Z7)) :=1inf sup E|r— 7o|? where Cs(Z*) := {(& 1) € M(€%) } x Ny ().

Tn TeCs(T%)

(4.32)

Let us now specify the assumptions that underlie our lower bounds.

Assumptions for lower bound: First, we require some tail control on certain random

variables, stated in terms of the (2,4)-moment-ratio |Y |24 := —M.

(MR) The random variables

(X, A)g(X, A)

Z(X,A) = XA

and  Z'(X, A) = (5 (X, ), g(X, ) — 7(T°)
(4.33)

have finite (2, 4)-moment ratios My 4 := || Z]|a—4 and M}_,, := || Z']|2—4-
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Second, we require the existence of a constant ¢, > 0 such that the distribution &*
satisfies the following compatibility condition.

(COM) For a finite state space X, we require £*(x) < cpax/|X| for all z € X If X is
infinite, we require that £* is non-atomic (i.e., £*({z}) = 0 for all x € X), and set
Cmax = 1 for concreteness.

Finally, we impose a lower bound on the local neighborhood size:

(LN) The neighborhood function ¢ satisfies the lower bound

Vvné(z,a) > gﬁ;ilﬁl(f'ij) for any (z,a) € X x A. (4.34)

In the following statement, we use ¢ and ¢ to denote universal constants.

Theorem 4.3. Under Assumptions (MR), (COM) and (LN), given a sample size
lower bounded as n > ¢ max{(M,_,)?, M2.,,}, the local minimax risk over the class
Cs(Z*) is lower bounded as

M, (C5(T7)) >

3o

2 ; > X
{Useml an = Cmax (435)

v+ I0l12 otherwise.

We prove this claim in Section 4.5.1.

It is worth understanding the reasons for each of the assumptions required for this
lower bound to hold. The compatibility condition (COM) is needed to ensure that
no single state can take a significant proportion of probability mass under £*. If this
condition is violated, then it could be possible to construct a low MSE estimate of
the outcome function via an empirical average, which would then break our lower
bound. The neighborhood condition (LN) ensures that the set of problems considered
by the adversary is large enough to be able to capture the term [|||? in the optimal
variance v2, .. Without this assumption, the “local-neighborhood” restriction on certain
states-action pairs could be more informative than the data itself.

Now let us understand some consequences of Theorem 4.3. First, it establishes
the information-theoretic optimality of Theorem 4.2 and Corollary 4.5 in an instance-
dependent sense. Consider a function class F that approximately contains the true
outcome function p*; more formally, consider the d-approximate version of F given by

Fs = {ﬁ € L2 | 3p € F such that |u(z,a) — fi(x,a)| < §(z,a) for all (z,a) € X x A},

and let us suppose that pu* € Fs. With this notation, Theorem 4.3 implies a lower
bound of the form

. N c

inf sup  E[|r— 7] > S supvar (90X, ), w(X 0+ loll2+ 1013} (4.36)

n HEFs n\uer
gem (%)



4.3. MINIMAX LOWER BOUNDS 126

Thus, we see that the efficiency loss due to errors in estimating the outcome function
is unavoidable; moreover, this loss is measured in the weighted norm || - ||, that also
appeared centrally in our upper bounds.

It is also worth noting that for a finite cardinality state space X, Theorem 4.3
exhibits a “phase transition” in the following sense: for a sample size n > |X|, the lower
bound is simply a non-asymptotic version of the semi-parametric efficiency lower bound
(up to the pre-factor’ ¢ > 1). On the other hand, when n < |X|, then the term ||§]|? /n
starts to play a significant role. For an infinite state space X without atoms, the lower
bound (4.35) holds for any sample size n.

By taking p* = 0 and 6(z,a) = 1 for all (z,a), equation (4.35) implies the global
minimax lower bound

2

inf  sup  E[lr—7[] > / Ee. [M} d\(a), (4.37)
T llulloo<1, £=¢* nfy - Lr(Xa)

valid whenever n < |X].

The y%-type term on the right-hand side of this bound is related to—but distinct
from—results from past work on off-policy evaluation in bandits [215, 133]. In this past
work, a term of this type arose due to noisiness of the observations. In contrast, our
lower bound (4.37) is valid even if the observed outcome is noiseless, and the additional
risk depending on the weighted norm arises instead from the impossibility of estimating
w* itself.

4.3.2 Lower bounds for structured function classes

As we have remarked, in the special case of a finite state space (|X| < co), Theorem 4.3
exhibits an interesting transition at the boundary n < |X|. On the other hand, for an
infinite state space, the stronger lower bound in Theorem 4.3—mnamely, that involving
|6]|2—is always in force. It should be noted, however, that this strong lower bound
depends critically on the fact that Theorem 4.3 imposes no conditions on the function
class F of possible treatment effects, so that the error necessarily involves the local
perturbation 9.

In this section, we undertake a more refined investigation of this issue. In particular,
when some complexity control is imposed upon F, then the lower bounds again exhibit
a transition: any procedure pays a price only when the sample size is sufficiently small
relative to the complexity of F. In doing so, we assess the complexity of F using the
fat-shattering dimension, a scale-sensitive version of the VC dimension [95, 3].

(FS) A collection of data points (s;)Y, is shattered at scale § by a function class
H : X — R means that for any subset S C {1,..., N}, there exists a function
f € H and a vector t € RY such that

f(si)>t;+0 forallieS,and f(s;) <t;—¢ foralli¢gs. (4.38)

SUsing slightly more involved argument, this pre-factor can actually be made arbitrarily close to
unity.



4.3. MINIMAX LOWER BOUNDS 127

The fat-shattering dimension fats(#) is the largest integer N for which there exists
some sequence (s;)Y, shattered by H at scale 4.

In order to illustrate a transition depending on the fat shattering dimension, we
consider the minimax risk

Mo(F) = inf sup E[ |7, —7(& )],
™ peF
£eP(X)
specializing to the case of a finite action space A equipped with the counting measure \.
We further assume that the class F is a product of classes associated to each action, i.e.,
F = Qe Fa, With F, being a convex subset of real-valued functions on the state space
X. We also assume the existence® of a sequence {s; }le that, for each action a € A, is
shattered by F, at scale d,. Analogous to the moment ratio assumption (MR), we need
an additional assumption that

9(X, A)

My = Hﬂ'(X A)

Sall2asa < +oo, for X ~U({z;}2,) and A ~ 7(X,-).  (4.39)
Proposition 4.1. With the set-up given above, there are universal constants (c,c’) such
that for any sample size satisfying n > M3, and n < ¢ D, we have the lower bound

MF) =~ {% > %(ﬁ}. (4.40)

j=1 acA

See Section 4.5.2 for the proof of this claim.

A few remarks are in order. First, if we take £ to be the uniform distribution over
the sequence {z;},, the right-hand-side of the bound (4.40) is equal to £||6]|2. Thus,
Proposition 4.1 is the analogue of our earlier lower bound (4.32) under the additional
restriction that the treatment effect function p* belong the given function class F. This
lower bound holds as long as n < ¢’ D, so that the fat shattering dimension D as opposed
to the state space cardinality |X| (for a discrete state space) demarcates the transition
between different regimes.

An important take-away of Proposition 4.1 is that the sample size must exceed the
“complexity” of the function class F in order for the asymptotically efficient variance
v2 . to be dominant. More precisely, suppose that—for some scale § > 0—the sample
size is smaller than the fat-shattering dimension fats(F). In this regime, the naive
IPW estimator (4.4) is actually instance-optimal, even when there is no noise. Observe

E[f(())((,f))}» which is not present in the

that its risk contains a term of the form )

asymptotically efficient variance v2 .

By contrast, suppose instead that the sample size exceeds the fat-shattering dimension.
In this regime, it is possible to obtain non-trivial estimates of the treatment effect, so

acA

6Thus, per force, we have D < fat;, (F,) for each a € A.
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that superior estimates of 7 are possible. From the point of view of our theory, one can
use the fat shattering dimension fats(F) to control the d-covering number [140], and
hence the Rademacher complexities that arise in our theory. Doing so leads to non-trivial
radii (s,,/2,75/2) in Theorem 4.2, and consequently, the asymptotically efficient variance
will become the dominant term. We illustrate this line of reasoning via various examples
in Section 4.2.4.

It should be noted that a sample size scaling with the fat-shattering dimension is
also known to be necessary and sufficient to learn the function p* with o(1) error [95, 9,
3]. These classical results, in combination with our Proposition 4.1 and Theorem 4.2,
exhibit that necessary conditions on the sample size for consistent estimation of the
function p* are equivalent to those requiring for achieving the asymptotically efficient
variance in estimating the scalar 7*.

Worst-case interpretation: It is worthwhile interpreting the bound (4.40) in a
worst-case setting. Consider a problem with binary action space A = {0,1} and
g(x,a) = 2a — 1. Suppose that we use a given function class H (consisting of functions
from the state space X to the interval [0, 1]) as a model” of both of the functions p*(-,0)
and p*(-,1). Given a scalar my, € (0,1/2), let II(7min) be the set of propensity score
functions such that 7(z, 1) € [Tpin, 1 — Tmin| for any z € X. By taking the worst-case
over this class, we find that there are universal constants ¢, ¢ > 0 such that

+

52
for n < fatz(F),
M min (4.41)

otherwise,

1
sup inf sup E[ |7, —7']2] >c ¢
n

for any § € (0,1). The validity of this lower bound does not depend on noise in the
outcome observations (and therefore applies to noiseless settings). Since my, € (0,1),
any scalar 6 > V/Tmin yields a non-trivial risk lower bound for sample sizes n below the
threshold fats(F).

Relaxing the convexity requirement: Proposition 4.1 is based on the assumption
each function class F, is convex. This requirement can be relaxed if we require instead
that the sequence {x;}2, be shattered with the inequalities (4.38) all holding with
equality—that is, for any subset S, there exists a function f € H and a vector ¢t € RP
such that

f(si)=t;+d forallie S, and f(s;))=t;—9 foralli¢sS. (4.42)

For example, any class of functions mapping X to the binary set {0, 1} satisfies this
condition with D = VC(F) and 6 = 1/2. In the following, we provide additional
examples of non-convex function classes that satisfy equation (4.42).

"We write u* € H as a shorthand for this set-up.
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4.3.2.1 Examples of fat-shattering lower bounds

We discuss examples of the fat-shattering lower bound (4.40) in this section. We first
describe some implications for convex classes. We then treat some non-convex classes
using the strengthened shattering condition (4.42).

Example 4.1 (Smoothness class in high dimensions). We begin with a standard Holder
class on the domain X = [—1,1]P. For some index k = 1,2, ..., we consider functions
that are k-order smooth in the following sense

Flie) . { S=1L1]P - R | su max 0°f(x)] < 1}. 4.43

= L SR s max (07 (@) < (4.43)

By inspection, the class F is convex. We can lower bound its fat shattering dimension
by combining classical results on L2-covering number of smooth functions [103] with the
relation between fat shattering dimension and covering number [140], we conclude that

fat, (]—',gLip)) > 2P/k  for a sufficiently small scale t > 0. (4.44)

Consequently, for a function class with a constant order of smoothness (i.e., not scaling
with the dimension p), the sample size required to approach the asymptototically optimal
efficiency scales exponentially in p. [ )

Example 4.2 (Single index models). Next we consider a class of single index models
with domain X = [—1, 1]P. Since our main goal is to understand scaling issues, we may
assume that p is an integer power of 2 without loss of generality. Given a differentiable
function ¢ : R — R such that ¢(0) = 0 and ¢'(x) > ¢, > 0 for all z € R, we consider
ridge functions of the form gg(z) := ¢((8, z)). For a radius R > 0, we define the class

Fi={gs | 182 < R}. (4.45)

Let us verify the strengthened shattering condition (4.42). Suppose that the vectors
{z;}}_, define the Hadamard basis in p dimensions, and so are orthonormal. Taking
t;=0for j =1,...,p, given any binary vector ¢ € {—1,1}?, we define the p-dimensional
vector

Z(p gjaR xj,

Given the orthonormality of the vectors {z;}"_;, we have

Jj=D

(B(C), ) = ¢ (CaR) foreach £ =1,...,p,

and thus gg)(s¢) = ¢eaR for each ¢ = 1,2,...,p. Consequently, the function class
Fi satisfies the strengthened shattering condition (4.42) with fat shattering dimension
D = p and scale § = aR. So when the outcome follows a generalized linear model, a
sample size must be at least of the order p in order to match the optimal asymptotic
efficiency. &



4.4. PROOFS OF UPPER BOUNDS 130

Example 4.3 (Sparse linear models). Once again take the domain [—1, 1]P, and consider
linear functions of the form fg(x) = (5, z) for some parameter vector 5 € RP. Given

a positive integer s € {1,...,p}, known as the sparsity index, we consider the set of
s-sparse linear functions
Frwe =L fs | supp(B) < 5, and [l <1}, (4.46)

As noted previously, sparse linear models of this type have a wide range of applications
(e.g., see the book [75]).

In Appendix C.2.5, we prove that the strong shattering condition (4.42) holds with
fat shattering dimension D =< slog (%) Consequently, if the outcome functions p*

follow a sparse linear model, at least Q(s log (%)) samples are needed to make use of
this fact. &

4.4 Proofs of upper bounds

In this section, we prove the upper bounds on the estimation error (Theorem 4.1
and Theorem 4.2), along with corollaries for specific models.

4.4.1 Proof of Theorem 4.1

The error can be decomposed into three terms as 7,, — 7* = T, — T} — T, where

n

1 » L

n =1
1 n/2
hh=— Y (FE(X0 A = f7(X, A)),
=1
1 n
Iy =~ > (ﬂ})Q(XuAi) — f1(Xi, 4)).
i=n/2+1

Since the terms in the summand defining T}, are i.i.d., a straightforward computation

yields

’U2

E[T?] = %E[(Q(Xi,Ai)}/; o f*<Xi7Ai)>2i| — Jsemi

w(X5,A;) n

corresponding to the optimal asymptotic variance. For the cross term E[T}75], applying
the Cauchy-Schwarz inequality yields

EIT\T)| < \/EITA - EIT) < SB[l — 1],

Consequently, in order to complete the proof, it suffices to show that
E[Tt] = E[T5] = 5:E[|fin — #*[%], and (4.47a)
E[T\T.] = E[T>T,] = 0. (4.47Db)
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Proof of equation (4.47a):  We begin by observing that E[T7 | B,] = H n/2 —lEn

Now recall equations (4.6a) and (4.7a) that define f* and ﬂ% respectlvely. From these
definitions, we have

17 = r IEX~£[VarA~w<X,~>< g( i))( L(X,A) = (X, A)) |X> !Bz}

2
< Egxrsn | g (a6 A) = 10X AN | Ba) = 10, — w2

Putting together the pieces yields E[T{] < ;-E [Hﬁff/2 p*||2] as claimed. A similar
argument yields the same bound for E[T%].

Proof of equation (4.47b): We first decompose the term T, into two parts:

nj/2
1 4 9(X;, A) .
T*’j = - E {WY—T —f (XZ,A)}, fOI‘jE{l,Z}
=n(j—1)/2+1

Since for any = € X, the functions f*(z,-) and fm) (x,-) are both zero-mean under
7(x,-), we have the following identity.

n/2

E[T.T | By] = ZE[*Q P2 (X0, Ai) = (X, A3) | Xi] | Ba] = 0

Similarly, we have E[T*JTQ} = (. It remains to study the terms ]E[THT]} for j € {1,2}.
We start with the following expansion:

n/2

T Ti= 3 { S Y O AN} (R A) — 5 (X 4)

1 3 i * * *
T > RS T - S (Xn A} (X A — 7 (Xe AY)).

1<i0<n /2

For i # £, by the unbiasedness of T, we note that:

E[{ii))z’,jz;ﬁ -7 = f*(XiaAi)} (F20(Xe, Ap) = (X0, Ar)) | BQ’XZ] =0

So we have that:

B[7.7] = 2E[{ X2 (x ) - - ) - (F20x,4) - £, 4)]

= 2E[((9X ), 1 (X, ) = 77) - (FX A4) = (X, 4) |
= 2E[({9(X, ), 1 (X, ) = 7) - E[I4(X, A4) = (X, A) | X, Bu]] =0
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4.4.2 Proof of Theorem 4.2

Based on Theorem 4.1 and the discussion thereafter, it suffices to prove an oracle
inequality on the squared error E[||f, — p*[|2]. So as to ease the notation, for any pair
of functions f, g : X x A — R, we define the empirical inner product

93 (Xi, Ay)
Z (X, Ay Ko A)g(Xi, A,

and the induced norm || f||,, :== /{f, [)m

With this notation, observe that our Weighted least squares estimator is based on
ﬂQ(X A (Y (X, A; )) where we have
slightly overloaded our notation on Y— viewing it as a functlon such that Y'(X;, A;) = Y;
for each 1.

By the convexity of Q and the optimality condition that defines i,,, for any function
1 € F and scalar 8 € (0,1), we have ||Y — pl|2, < ||Y; — (tp+ (1 — t)fi) ||%,. Taking
the limit ¢ — 07 yields the basic inequality

minimizing the objective ||Y — u||?, = £ LS

1Amlln < " =Yy D + (B B, (4.48)

where define the estimation error ﬁm := i, — i, and the approximation error A = W .
By applying the Cauchy—Schwarz inequality to the last term in equation (4.48), we find
that

By B < NB ol 18] < S 1Bl + SIAJ,

Combining with inequality (4.48) yields the bound

N g X’L)A N N
1Bl < 25 WG AR, (%, 4) + I, (449

where W, := p*(X;, A;) — Y; is the outcome noise associated with observation i.
The remainder of our analysis involves controlling different terms in the bound (4.49).
There are two key ingredients in the argument:

e First, we need to relate the empirical L>-norm |||, with its population counterpart
|| - ||o- Lemma 4.1 stated below provides this control.

e Second, using the Rademacher complexity S, from equation (4.13a), we upper
bound the weighted empirical average term associated with the outcome noise
W; = p*(X;, A;) — Y; on the right-hand-side of equation (4.49). This bound is
given in Lemma 4.2.
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Define the event

= {171 = 1 for ol £ € P\ Bulr) (4.50)
The following result provides tail control on the complement of this event.
Lemma 4.1. There exists a universal constant ¢ > 0 such that
P(&5) <exp(— O;—,gm) (4.51)

See Section 4.4.2.1 for the proof.

For any (non-random) scalar r > 0, we also define the event

r) = {[|An]l, > 7}.

On the event &, N &(ry,), our original bound (4.49) implies that

6 ~
1AL (4.52)

af

X, A;) ~
ZWMAm(XiaAi)‘I'

2
I3l < (X A)

o) alm

In order to bound the right-hand-side of equation (4.52), we need a second lemma
that controls the empirical process in terms of the critical radius s,, defined by the fixed
point relation (4.14a).

Lemma 4.2. We have
E|1s0, Z SRR (X, A)| < s E[I1Bm]2]. (4.53)
See Section 4.4.2.2 for the proof.

With these two auxiliary lemmas in hand, we can now complete the proof of the
theorem itself. In order to exploit the basic inequality (4.52), we begin by decomposing

the MSE as IE[HﬁmHUﬂ < Z?:l T}, where

T1 = E[|AnlZ1sns0mnston]
Ty = E[|Anl emnenr],  and T = E[|A[31s].

We analyze each of these terms in turn.
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Analysis of 77: Combining the bound (4.52) with Lemma 4.2 yields

XwA N A
T < 2By Zmﬁ%m,m] + 25 E[|A)2]
< o B[R] + Z5E(IAIR,
= 2o B[R] + 22112, (4.54)

where the final equality follows since IE[HZH%L] — ||A]|2, using the definition of the

empirical L?-norm, and the fact that the approximation error A is a deterministic
function.

Bounding T5:  On the event [&(r,,) N & (sm)]¢ = E(rm) U E(s,y,), we are guaranteed
to have ||A,,]|2 < s2, + 2, and hence

Ty < s, + 12 (4.54b)

Analysis of T3: Since the function class F is bounded, we have
Ty < diam? (F U {p*}) - P(&S) < diam’ (F U {u*}) - eeosm (4.54c¢)

for a universal constant ¢ > 0.

Finally, substituting the bounds (4.54a), (4.54b) and (4.54c) into our previous
inequality E[[|A,,[12] < Z?:l T; yields

L6 A2 + (82, 4 72,) + diam? (F U {p*}) - e~cd™,

a0y

E[IIAZ )] < 2oy /E[||A)12] +

— aga

Note that this is a self-bounding relation for the quantity IE[HA lo]. With the choice
= n/2, it implies the the MSE bound

Bl = 41E] < 28 s = ] + 22150l
< (24 Z)AI2 + ofagss + 2grlye + diam? (F U {}) - e=ee8/2,

ajog

for a pair (¢, ¢) of positive universal constants. Combining with Theorem 4.1 and taking
the infimum over u € F completes the proof.

4.4.2.1 Proof of Lemma 4.1

The following lemma provides a lower bound on the empirical norm, valid uniformly
over a given function class H C {h/||h|l, | h € F*\{0}}.
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Lemma 4.3. For a failure probability € € (0,1), we have

sl

inf ||h||2

jof — 4a1Rm(H) — CO[% . { log(1/e) + IOg(l/E)} (455)

with probability at least 1 — €.
See Appendix C.1.3 for the proof of this lemma.

Taking it as given for now, we proceed with the proof of Lemma 4.1. For any
deterministic radius r > 0, we define the set

H, = {h/lhlls | heF, and ]l > r}.

By construction, the sequence {#,},~o consists of nested sets—that is, H, C H, for
r > s—and all are contained within the set {h/||h|l, | h € F\{0}}. By convexity of the
class F, for any h € F such that ||h||, > r, we have r h/||h||, € FNB(r). Consequently,
we can bound the Rademacher complexity as

e P D s s P Z&

heF*NBy, (r
1

By combining this inequality with Lemma 4.3, we find that

1fIl5,  cead 4oy . 9 log(1/e) | log(1/e)
> — _ .
fejg{lgw(r 7 = 4 Rm(}" ﬂIB%w(T)) cay { - + - }

(4.56)

with probability at least 1 — . This inequality is valid for any deterministic radius
r > 0.

By the definition (4.14b) of the critical radius r,,, inequality (4.14b) holds for any
r > r,. We now set r = r,, in equation (4.56). Doing so allows us to conclude that
given a sample size satisfying m > % log(1/e), we have

da . apa? log(1/e)  log(1/e) o0
_1R (F NBu(rm)) < i(jl’ and Cag.{ 5 B }S i61'

Comblnmg with equation (4.56) completes the proof of Lemma 4.1.

4.4.2.2 Proof of Lemma 4.2

Recall our notation W; := p*(X;, A;) — Y; for the outcome noise. Since the set (2 is
convex, on the event &(s,,), we have

2(X;, Ay) LK A
VVz - X, A) <+ Wi h(X;, Ay).
- Z 2 XZ,A) Bn(Xio 4 < 5 heffml?i(sm); (%, 4)" A

(4.57)
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Define the empirical process supremum

P(X, A,
Zin(Sm) == sup ZW 2(X, A; (X, Aq).

heF*NBy, (sm)

Since the all-zeros function 0 is an element of F* N B, (s,,), we have Z,,(s,) > 0.
Equation (4.57) implies that

<u[lfeley, )] < VEIRAE] - /5B RG] (459

where the last step follows by applying the Cauchy—Schwarz inequality.
Define the symmetrized random variable
1 & 92 (Xiv A)

Zy(8m) = sup — ) et (X, A hXo A,
(o) hEF* (B (sm) 1T 4 WQ(XivAi)( ( ) —Y;)h( ),

where {&;}, is an i.i.d. sequence of Rademacher variables, independent of the data. By
a standard symmetrization argument (e.g., §2.4.1 in the book [213]), there are universal
constants (¢, ') such that

P(Zn(sm) > t] < P|Z) (sm) > ct], for any t > 0.
Integrating over ¢ yields the bound
E[Z2 ()] < E[Z2(5,)] = 2 S2 (51) O 2 ds?,

where equality (i) follows from the definition of s,,. Substituting this bound back into
equation (4.58) completes the proof of Lemma 4.2.

4.4.3 Proof of Corollary 4.5

Define the function f(z,a) := fr((zz))ﬂ(x, a) — (g(x,-), a(zx,-))r, which would be optimal

if 1 were the true treatment function. It induces the estimate

?n,fziz{%o/ (X0 AD) + {9(X;, ), (X0

*

2] = v2 . + v*(fi), where vZ , is the

which has (n-rescaled) variance n - E| ‘A F—T

efficient variance, and v?(ji) := var (9((X A)) (w* — ) (X, A)) Let us now compare
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two-stage estimator 7,, with this idealized estimator. We have

n/2 n

E[[7 — 7l [\Z D)6 AN] 4 2E] Y (F- R 4]

i=n/2+1
—E{ |72 — Al12].

Thus, we are guaranteed the Wasserstein bound

Wi (Vi Vi 7) < Wa(Viu, Vit 7) < 20/E[l[inye — 2]

Consequently, by the triangle inequality for the Wasserstein distance, it suffices to
establish a normal approximation guarantee for the idealized estimator 7, 7, along
with control on the error induced by approximating the function j using an empirical
estimator.

~

Normal approximation for 7,
central limit theorem:

We make use of the following non-asymptotic

Sy

Proposition 4.2 ([183], Theorem 3.2 (restated)). Given i.i.d. zero-mean random vari-
ables {X;}I, with finite fourth moment, the rescaled sum W, :=>"" | X;/\/n satisfies

the Wasserstein bound

Wi (W, Z) < \/LE{E]Q[);%? + f}?{f{?}} where Z ~ N(0,E[X?]).

Since we have E[|X;[*] < /E[X7] - E[X{], this bound implies that Wy (W,,, Z) <
\/iﬁ -/E[X1]/E[X}]. Applying this bound to the empirical average 7, ;7 yields

Wl (\/ﬁ?n,fa Z) < \/Lﬁ : 2 %tQ(ma
as claimed.

Bounds on the estimation error ||fi,;2» — fil|,: From the proof of Theorem 4.2,
recall the basic inequality (4.48)—viz.

> 1 m 2 X, A; -~ ~ ~
|Amll7, < — Y WGSBS A (X, Ai) + (A, A, (4.59)
i=1
where W; = u*(X;, A;) — Y; is the outcome noise.
As before, we define the approximation error A := p* — i. Since i = argminger ||h—
1" is the projection of u* onto F, and fi,, € F is feasible for this optimization problem,
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the first-order optimality condition implies that (ﬁm, Z>w < 0. By adding this inequality
to our earlier bound (4.59) and re-arranging terms, we find that

m

Bl < D7 B (X, A = Y) B (50, 4) + (B, By = (B, B

2 (X, A;) \H
i=1

Now define the empirical process suprema

1 = QQ(Xia Az)

Zn(r):= su X;, A; h(X;, A; and
(r) hef*ﬂgw(r) m < 7T2(Xi7 A;) ( K )~ ) ( )
1 9 (X, Ai) X X
7' (s) = su — ) Xqu A X”Az — A, h w -
m< ) hE]—'*ﬁgw(s) m 121 (WQ(Xi,Az‘) ( ) ( ) < > >

From the proof of Theorem 4.2, recall the events

= {11, > 228 72, for any f € F\Bu(ra) b, and £() = {JBnll > 7).

Introduce the shorthand u,, = max{r,,, Sy, dn}. On the event &, N & (u,y,), the basic
inequality (4.60) implies that

2 ~ (@) ~ ~
[65]0%
s 12ml% < 1Anl5 < Zn(1An]lw) + 251 Am]l)
(@) 8m w 3m w
D 1Bl oy BBl
T'm Sm

where step (ii) follows from the non-increasing property of the functions 7 — r=1Z,,(r)
and s — s71Z' (s).
So there exists a universal constant ¢ > 0 such that
c

o] [N s P }<—{—EZ2 D]+ SE[{Z ()} 3
H ”w EoNE (um) | = OJ%O/I’L 82 [ (S )} + d2 [{ m( )} }

Via the same symmetrization argument as used in the proof of Theorem 4.2, there exists
a universal constant ¢ > 0 such that

E[Z%(sm)] < ¢S%(F* N By(sm)), and ]E[(Z,’n(dm)ﬂ < D2 (F* NBy(dy)).
By the definition of the critical radius s,,, we have
iSm (.7-"* N Bw(sm)) = Sm, and ipm (.7:* N Bw(dm)) =d,,.
Combining with the moment bound above, we arrive at the conclusion:
ElIAmlZ] < E1AmlE e ns 0] + EIAm I swn] + E[1Am]5 1]
< ( 46&%> (rl sk +dr) + diam? (F U {u*}) - P(&)

<

Substituting into the Wasserstein distance bound completes the proof of Corollary 4.5.

422> . (r,zn + sfn + dfn) + diami(]:) . emeaam,
1
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4.5 Proofs of minimax lower bounds

In this section, we prove the two minimax lower bounds—mnamely, Theorem 4.3 and
Proposition 4.1.

4.5.1 Proof of Theorem 4.3

It suffices to show that the minimax risk .#,, = 4, ((C(;(I*)) satisfies the following three
lower bounds:

o

My > EV&I‘&* (<g<X» ')7 M*(Xa )>>\) for n > 4<Méﬁ4>27 (461&)

My > S\ol2 for n > 16, (4.61b)
n

My > 5|5 for n€ [MZ,4, ¢[X]/Cmax) . (4.61c)
n

Given these three inequalities, the minimax risk .4, can be lower bounded by the
average of the right-hand side quantities, assuming that n is sufficiently large. Since c is
a universal constant, these bounds lead to the conclusion of Theorem 4.3.

Throughout the proof, we use P, ¢ to denote the law of a sample (X, A,Y’) under
the problem instance defined by outcome function p* and data distribution £. We
further use P" ¢ to denote its n-fold product, as is appropriate given our L.i.d. data

(Xi7 Ai7 }/Z):L:l 7

4.5.1.1 Proof of the lower bound (4.61a)

The proof is based on Le Cam’s two-point method: we construct a family of probability
distributions {{; | s > 0}, each contained in the local neighborhood 9t*(£*). We
choose the parameter s small enough to ensure that the probability distributions Pg’f“*
and P?i"m are “indistinguishable”, but large enough to ensure that the functional values

)

7(&s, p*) and 7(€*, u*) are well-separated. See §15.2.1-15.2.2 in the book [213] for more
background.

More precisely, Le Cam’s two-point lemma guarantees that for any distribution
& € M (£), the minimax risk is lower bounded as

1 n n * % x\12
= {1 = oo (B2 P ) b {r(G) = m(€n)}Y (462)
Recall that throughout this section, we work with the sample size lower bound
n > 4(M,;_,,)°. (4.63)

Now suppose that under the condition (4.63), we can exhibit a choice of s within the
family {&; | s > 0} such that the functional gap satisfies the lower bound

7(587 :U'*) - T(é*a :U'*) > ﬁ\/var (<g(X7 ')7 :U’*(Xv '>>>\)’ (464&)
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whereas the TV distance satisfies the upper bound

1
Xn &n
dry (PSPl ) < <. (4.64D)

These two inequalities, in conjunction with Le Cam’s two point bound (4.62), imply the
claimed lower bound (4.61a).

With this overview in place, it remains to define the family {{; | s > 0}, and prove
the bounds (4.64a) and (4.64b).

Family of perturbations: Define the real-valued function

h(ﬂ?) = <,u*(a:’, ')7 g(&?, )>)\ - E&* [</’L*(X7 ')7 g(X7 ')>)\}7
along with its truncated version

h(x) if |h(x)| < 2M5_ 4 - /Ee[h2(X)], and

he () :=
+l sgn(h(x)) - y/Ee [2(X)] otherwise.
For each s > 0, we define the tilted probability measure
&(x) == Z7'¢ () exp (shy,(z)), where Zy ="y () exp (sh,(2)).

It can be seen that the tilted measure satisfies the bounds

. ()

whereas the normalization constant is sandwiched as

< exp (]|l oo) for any x € X,

exp (= sl lloc) < Ze < exp (s]lhul).

Throughout this section, we choose

§i= (4”htrHL2(§*)\/ﬁ>_l7 (4.65a)
which ensures that
1 holle @ 1 2M|Ih||L2ge @) 1
Sl = - ele @ L 2MalMizey @1 gy
4y hellzes ~ V8 I[hllLeeen 8

where step (i) follows from the definition of the truncated function h,,, and step (ii)
follows from the sample size condition (4.63).
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Proof of the lower bound (4.64a): First we lower bound the gap in the functional.
We have

(&, 1) = 7(67, 17) = Ee, [(0 (X, ), 9(X,))a] — Ee [0 (X, ), 9(X, )]
— E.. [h(X)eshtr<X>] / Ee. [eshw@f)] (4.66)

Note that |sh,,(X)| < 1/8 almost surely by construction. Using the elementary inequality
le? — 1 — 2| < 22, valid for all z € [—1/4,1/4], we obtain the lower bound

Ee. [h(X)eSMX)} > e [W(X)] + sEe: [A(X)h,, (X)] — $*Ee [

h(X)| - [he (X))
(4.67)
Now we study the three terms on the right-hand-side of equation (4.67). By definition,

we have E¢«[h(X)] = 0. Since the quantities 2(X) and h,(X) have the same sign almost
surely, the second term admits a lower bound

Ee- [h(X)h,(X)] > E[h(X)] >

where the last step follows from Lemma C.2.
Focusing on the third term in the decomposition (4.67), we note that Cauchy-Schwarz
inequality yields

B ()] - 1ho (X)) < \JE[R2(X)] - \JB[00)] < VAT, - {E[Re0] )

where the last step follows from the definition of the constant M . ,.
Combining these bounds with equation (4.67) and substituting the choice (4.65a) of
the parameter s, we obtain the following lower bound on the functional gap

Ee- [h(X)eSh“‘(X)] > s[|AlI2ee) — 5PV ME 4|l RlI32 eny

1 /M
> ——||Allaen —

16n

1Pllzen)

3
> " Al 2
- 32\/ﬁ” ey,

where the last step follows because n > 4(M}_,,)%.

On the other hand, since |sh,,(X)| < 1/8 almost surely, we have E¢. [e*"r(X)] < 3/2.
Combining with the bound above and substituting into the expression (4.66), we find
that we find that

1

3
: *\ R > h . E.. shr(X) p— ) «

which is equivalent to the claim (4.64a).



4.5. PROOFS OF MINIMAX LOWER BOUNDS 142
Proof of the upper bound (4.64b): Pinsker’s inequality ensures that

1
n Qn KXn
drv (Pu £s ’Pu*é*) < \/2 (Pu £s

so that it suffices to bound the y2-divergence. Beginning with the divergence between
& and £* (i.e., without the tensorization over n), we have

| Pl ), (4.68)

X (6 11 €) = vare (&(X)/€°(X)) = 75 vare: (e — 1)

< exp (25| 1) - e [Je
< exp (45| hi[|oo) + 8°Ee- [R7(X)]. (4.69)

shir(X) 1|2:|

where the last step follows from the elementary inequality |e* — 1| < el®l . |z|, valid for
any = € R. Given the choice of tweaking parameter s, we have exp (4s||h, [) < 2.

The definition of the truncated function k,, implies that Ee [h2 (X)] < E¢-[R?(X)).
Combining this bound with our earlier inequality (4.69) yields

. 1
X (& [1€7) = 26°Be [ (X)] < -,

which certifies that £, € 9t (£*), as required for the validity of our construction.

Finally, by the tensorization property of the y2-divergence, we have

n n 1 "
X (B, |l B s*)§<1+8—n) —1

Combining with our earlier statement (4.68) of Pinsker’s inequality completes the proof
of the upper bound (4.64b).

3

20°

IA

4.5.1.2 Proof of equation (4.61Db)

The proof is also based on Le Cam’s two-point method. Complementary to equa-
tion (4.61a), we take the source distribution £* to be fixed, and perturb the outcome
function p*. Given a pair fiy), ji(—s) of outcome functions in the local neighborhood
Myl Le Cam’s two-point lemma implies

1
ﬂn 2 4{1 — dTV<]P>®") 5*’P®n o )} . {7—(5*:/1(5)) i T(f*,ﬂ(—s))}2, (470)

With this set-up, our proof is based on constructing a pair (ji), j(—s)) of outcome
functions within the neighborhood 9%%(u*) such that
(€ 1) = (€7 1-9) 2 5=llollw,  and (4.71a)

dTV<]P P )g (4.71b)
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Construction of problem instances: Consider the noisy Gaussian observation
model

Y, | Xi,Ai~N(M*(Xi,A,-),02(XZ-,AZ-)> fori=1,2,....n. (4.72)

We construct a pair of problem instances as follows: for any s > 0, define the functions

“?8)(% (Z) - /L*(.CE,CL) + SMJQ(:L‘,@), and /f(k_s)<x,a) = ﬂ*(l}@) - S

w(z,a)

g(z,a)

m(z,a) 02(37> a)

for any (z,a) € X x A.
Throughout this section, we make the choice s := m. Under such choice, the
compatibility condition (4.34) ensures that

|M(28)(x7a)_:u*(x7a)| =S o (ZL’,Q) S(S(ZL’,Q),
for any (z,a) € X x A and z € {—1,1}

This ensures that both p) and p_,) belong to the neighborhood vl (pr). Tt
remains to prove the two bounds required for Le Cam’s two-point arguments.

Proof of equation (4.71a): For the target linear functional under our construction,
we note that

g(X7')
7(X,")

T(€" 1s) — 7§55 p—s)) = 25E¢ [(
which establishes the bound (4.71a).

Proof of the bound (4.71b): It order to bound the total variation distance, we study
the KL divergence between the product distributions IP’S(’;),? for z € {—1,1}. Indeed,
we have

KXn
Dy, (P.U‘(s)ug*

® (1)
IEDM(”,Q,&*) - nDKL (]P):u(s)af* H ]P):U‘(—s)vg*>

(i)
< | Dt (L0 1 X, Al I £07 1 X A ,) |0 (473)

where in step (i), we use the tensorization property of KL divergence, and in step (ii),
we use convexity of KL divergence. The expectation is taken with respect to X ~ &*
and A ~ (X, ).

Noting that the conditional law L(Y | X, A)
instances, we have

|u(..y 18 Gaussian under both problem

4s’g%(z,a) ,

| L(Y | a:,a)ws)) _ T 200 a),

Dxy, (E(Y | ,a) w2 (x,a)

H(s)
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Substituting into equation (4.73), we find that Dyp, <P§(’;‘)7§* PSZS),&) < 4ns?||o|>.

For a sample size n > 16, with the choice of the perturbation parameter s = W,
an application of Pinsker’s inequality leads to the bound

1
Xn &n QN
dry (Pu(s),ﬁ*’Pu(—s»E*) < \/QDKL (PMS:E*

which completes the proof of equation (4.71b).

Kn
P

1
Co e ) ST 4.74
)€ ) 2\/5 ( )

4.5.1.3 Proof of equation (4.61c)

The proof is based on Le Cam’s mixture-vs-mixture method (cf. Lemma 15.9, [213]). We
construct a pair (Qq,Q_;) of probability distributions supported on the neighborhood
Ny (1*); these are used to define two mixture distributions with the following properties:

e The mixture distributions have TV distance bounded as

* n * 1
dw(/®%¢@ﬂ%/®ﬁ#@ﬂ@>éz- (4.75)
See Lemma 4.4 for details.

e There is a large gap in the target linear functional when evaluated at functions in
the support of Q7 and Q. See Lemma 4.5 for details.

For any binary function ¢ : X x A — {—1,1}, we define the perturbed outcome
function

pe(z,a) == p*(z,a) + ((z,a) - 6(x,a) for all (z,a) € X x A.

By construction, we have p. € 9y (p*) for any binary function (. Now consider the
function

9(@,a)d(z,a) |g(x,a)|d(z,a)
p(z,a) =4 |0llum(z,a) m(z,a)
sgn (g(w, a)), otherwise.

< 2My 40,

It can be seen that E[p?(X, A)] < 1 where the expectation is taken over a pair X ~ &*
and A ~ 7(X,-).

For a scalar s € (0
distribution

1

, m} and a sign variable z € {—1, 1}, we define the probability

QF :=L(ue), where (¢~ H Ber(%p(l;’a)) (4.76)

zeX,a€A

Having constructed the mixture distributions, we are ready to prove the lower
bound (4.61c). The proof relies on the following two lemmas on the properties of
the mixture distributions:
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Lemma 4.4. The total variation distance between mizture-of-product distributions is
upper bounded as

dTv(/Pf?Z*in( ) /P?Z*d@sl(ﬂ)) < 2sy/n+4-e M4 (4.77)

Lemma 4.5. Given a state space with cardinality lower bounded as |X| > 128¢pay /5%,
we have

Pugr{r(€0) 2 7€) + 2101} 2 1-2 et and  (478a)
Pu~as, { (&) <7 p) - §||5||w} >1—2-e* (4.78b)

We prove these lemmas at the end of this section.
Taking these two lemmas as given, we now proceed with the proof of equation (4.61c).
Based on Lemma 4.5, we define two sets of functions as follows:

&= {ne | ¢ (=11, (€' e, ) 2 7€) + 5ol }, and
Evi={e | Ce{=L 1Y%, 7€) < 7(€ ) = Il -

When the sample size requirement in equation (4.61c) is satisfied, Lemma 4.5 implies
that Q3(&,) > 1 —e* for z € {—1,1}. We set s = 161/5, and define

Q::=Qjl&., for z € {-1,1}. (4.79)

By construction, the probability distributions Q7 and Q*; have disjoint support, and
for any pair u € supp(Q3) C & and y' € supp(Q*,) C &4, we have:

[16]] 161]
128/n’ 128\/n"

Furthermore, combining the conclusions in Lemma 4.4 and Lemma 4.5 using Lemma C.1,
we obtain the total variation distance upper bound:

dTv</ P2 dQj (1 )/W dQ* | (u )>
1
= dev( / Ple-dQi (), / IP’;‘?@QL(M) +4-¢7

1/8 4+ 4. e /4 , 1
< 4-e7t< =
ST1o2..0 T OSTD

T(&p) > T(E ) +

and T(§*7M/) < 7—(5*7:“’*) -

(4.80)

which completes the proof of equation (4.75).
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Combining equation (4.80) and (4.75), we can invoke Le Cam’s mixture-vs-mixture
lemma, and conclude that

1 Rn * XM * : * * n12

itz {1 = are( [ BoraQi, [P0t ) ) it (€ - @]
w €supp(Q—1)

_ ol

n

9
for a universal constant ¢ > 0. This completes the proof of equation (4.61c).
Proof of Lemma 4.4: Our proof exploits a Poissonization device, which makes the

number of observations random, and thereby simplifies calculations. For z € {—1,1},
denote the mixture-of-product distribution:

We construct a pair (QgS’POi), Q(_S’IPOi)) of mixture distributions as follows: randomly draw
the sample size v ~ Poi(2n) independent of ¢ and random sampling of data. For each

z e {=1,1}, we let Q¥ be the mixture distribution:

“+o00
Qgs,Poi) — Z Qgs@k) .[[D(y — k)
k=0

By a known lower tail bound for a Poisson random variable (c.f. [22], §2.2), we have

Plv>n]>1—em* (4.81)

=:6n

We note that on the event &,, the probability law Q%"®™ is actually the projection of
the law QES’POD g”n on the first n observations. Consequently, we can use Lemma C.1 to
bound the total variation distance between the original mixture distributions using that
of the Poissonized models:

dTV <(@gs,®n)7 Q(_S,l®n)) < dTV <Qgs,Poi) |(§m Q(_s,lPoi) |(;5n> + 4]}13((;5;)

1 s,Poi) (s,Poi) —n/4
< —= dTV(@(’ , Q5 >+4-e n/
< 2dpy (@gs’l")i), QﬂsiPOi)) 4. (4.82)

valid for any n > 4.
It remains to bound the total variation distance between the Poissonized mixture
distributions. We start by considering the empirical count function

M(zx,a) ::il{Xi:x, Ai:a} for all (z,a) € S x A,

i=1
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Note that conditionally on the value of v, the vector (M (x,a)),ex aea follows a multino-
mial distribution. Since v ~ Poi(2n), we have

VzeX, a€A Mz, a)~Poi(2n&*(z)m(z,a)), independent of each other.

For each (z,a) € X x A and z € {—1,1}, we consider a probability distribution Q’(z, a)
defined by the following sampling procedure:

(a) Sample M (z,a) ~ Poi(2n&*(z)m(z, a)).

(b) Sample ((x,a) ~ Ber(%"(%a))‘

(c) Generate a (possibly empty) set of M (z,a) independent observations from the
conditional law of Y given X = x and A = a.

By independence, for any z € {—1, 1}, it is straightforward to see that:
Qgs,Poi) — H Q;(ZL‘, CL),
(z,a)eSXA

Pinsker’s inequality, combined with the tensorization of the KL divergence, guarantees
that

s,Poi s,Poi 1 s,Poi s,Poi
i (@7, 007) <[ i (007 | @)

= /5 ¥ D (@0 Q). (48

zeX,a€A

Note that the difference between the probability distributions Q'(x,a) and Q' (z,a)
lies only in the parameter of the Bernoulli random variable ((x,a), which is observed if
and only if M(z,a) > 0. By convexity of KL divergence, we have:

Dy, (@ll(x,a) [ Q’_l(%@))
< ]P’(M(a:,a) > O) - Dk, (Ber(%@’a}) I Ber(%))

< 4(1 . 672n£*(m)7r(m,a)) . 82/)2(]3,CL)
< 8ng* (@) (r, )50 (2)

g(z,a)0*(z,a)

2 *
< 8ns*€*(x) m(z,a)||d]3

Substituting back to the decomposition result (4.83), we conclude that

2(x,a)0?(x, a)
(2, a)|[0]|2,

s,Poi s,Poi 1
dTv(Qg P ),@(,ip )) < 3 Z 8n$2§*(a:)g < 2sv/n.

zeX,acA

Finally, combining with equation (4.82) completes the proof.
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Proof of Lemma 4.5: Under our construction, we can compute the expectation of
the target linear functional 7(Z) under both distributions. In particular, for z = 1, we
have

MNQS[ (§ ,u)]
— () 4 D R [/A(S(X, a)g(X, a)p(X, a)d\( )}

2
- s 0*(X, A)g(X, A)? _(lg(X, A)|6(X, A)
2 7(E 1) + 5 E| (X, 4) 1 (X, A)

< 2M2—>4l|6||w}]7
where the last expectation is taken with respect to X ~ &* and A ~ 7(X,-).
Applying Lemma C.2 to the random variable g(X, A)d0(X, A)/m(X, A) yields

52(X, A) (X, A)
)

0*(X, A)g*(X, A) 1{ |9(X, A)|5(X, A)

E| (X, A) (X, A) §2M2*4||‘5||w}]> ot

2

Consequently, we have the lower bound on the expected value under Q3

Eugs [T(E5, 1)) > (6%, 1) + ZHéllw. (4.84a)

Similarly, under the distribution Q%,, we note that:

Epmgr, [1(€ )] < 7(7, 1) = 510 (4.84D)

We now consider the concentration behavior of random function p ~ Qf for each
choice of z € {—1,1}. Since the random signs are independent at each state-action
pair (z,a) € X x A, we can apply Hoeffding’s inequality: more precisely, with with
probability 1 — 2e~2, we have

‘T(f*aﬂ)_EuNQs[ (&, ) ‘< Z 5*2 g*(x,a)6?(z, a)

zeX,a€A
tcmax * 2 2 - Cmax
zeX,a€A

where in step (i), we use the compatibility condition £*(z) < Cma" for any z € X.

Given a state space with cardinality lower bounded as |X] > 128¢max /8%, We can
combine the concentration bound with the expectation bounds (4.84) so as to obtain

Punai {7(6 1) 2 7€, 1) + 5y /350l } = 1= 2-¢7, and

Punge, {7(€5 1) S 7(6" %) — sy /gislol} = 1 -2 7

Setting ¢ = 2 completes the proof of Lemma 4.5.
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4.5.2 Proof of Proposition 4.1

Let the input distribution £* be the uniform distribution over the sequence {z; }le. It
suffices to show that

inf sup E[ |7, —T(f*,u)|2} > < {%22%52} (4.85)

T n
n peF j=1 acA

Recall that we are given a sequence {xj}le such that for each a € A, the function
class F, shatters it at scale d,. Let {t;,}7; be the sequence of function values in the
fat-shattering definition (4.38). Note that since the class F is convex, we have

R Rty — bt + 8] € @ {fule)yetr | fu € Fu.

j=1 acA a€h

Note that this distribution satisfies the compatibility condition with ¢, = 1 and the
hyper-contractivity condition with a constant My_,4 = ||g(X, A)da/m(X, A)||24. Invok-
ing equation (4.61c) over the local neighborhood 9ty (¢) yields the claimed bound (4.85).

4.6 Discussion

We have studied the problem of evaluating linear functionals of the outcome function
(or reward function) based on observational data. In the bandit literature, this problem
corresponds to off-policy evaluation for contextual bandits. As we have discussed,
the classical notion of semi-parametric efficiency characterizes the optimal asymptotic
distribution, and the finite-sample analysis undertaken in this chapter enriches this
perspective. First, our analysis uncovered the importance of a particular weighted
L2-norm for estimating the outcome function u*. More precisely, optimal estimation
of the scalar 7* is equivalent to optimal estimation of the outcome function p* under
such norm, in the sense of minimax risk over a local neighborhood. Furthermore, when
the outcome function is known to lie within some function class F, we showed that a
sample size scaling with the complexity of F is necessary and sufficient to achieve such
bounds non-asymptotically.

Our result lies at the intersection of decision-making problems and the classical
semi-parametric theories, which motivates several promising directions of future research
on both threads:

e Our analysis reduces the problem of obtaining finite-sample optimal estimates for
linear functionals to the nonparametric problem of estimating the outcome function
under a weighted norm. Although the re-weighted least-square estimator (4.11)
converges to the best approximation of the treatment effect function in the
class, it is not clear whether it always achieves the optimal trade-off between the
approximation and estimation errors. How to optimally estimate the nonparametric
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component under weighted norm (so as to optimally estimate the scalar 7* in
finite sample) for a variety of function classes is an important direction of future
research, especially with weight functions.

e The analysis of the current chapter was limited to i.i.d. data, but similar issues
arise with richer models of data collection. There are recent lines of research on
how to estimate linear functionals with adaptively collected data (e.g. when the
data are generated from an exploratory bandit algorithm [228, 189, 97]), or with
an underlying Markov chain structure (e.g. in off-policy evaluation problems for
reinforcement learning [83, 225, 90, 227]). Many results in this literature build
upon the asymptotic theory of semi-parametric efficiency, so that it is natural
to understand whether extensions of our techniques could be used to obtain
finite-sample optimal procedures in these settings.

e The finite-sample lens used in this chapter reveals phenomena in semi-parametric
estimation that are washed away in the asymptotic limit. This chapter has
focused on a specific class of semi-parametric problems, but more broadly, we
view it as interesting to see whether such phenomena exist for other models in
semi-parametric estimation. In particular, if a high-complexity object—such as
a regression or density function—needs to be estimated in order to optimally
estimate a low-complexity object—such as a scalar—it is important to characterize
the minimal sample size requirements, and the choice of nonparametric procedures
for the nuisance component that are finite-sample optimal.
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Chapter 5

Beyond semi-parametric efficiency: a
kernel-based analysis

Continuing the discussion in Chapter 4, we study optimal procedures for estimating a
linear functional based on observational data. In many problems of this kind, a widely
used assumption is strict overlap, i.e., uniform boundedness of the importance ratio,
which measures how well the observational data covers the directions of interest. When
it is violated, the classical semi-parametric efficiency bound and the bounds in Chapter 4
can easily become infinite, so that the instance-optimal risk depends on the function class
used to model the regression function. For any convex and symmetric function class F,
we derive a non-asymptotic local minimax bound on the mean-squared error in estimating
a broad class of linear functionals. This lower bound refines the classical semi-parametric
one, and makes connections to moduli of continuity in functional estimation. When F
is a reproducing kernel Hilbert space, we prove that this lower bound can be achieved
up to a constant factor by analyzing a computationally simple regression estimator. We
apply our general results to various families of examples, thereby uncovering a spectrum
of rates that interpolate between the classical theories of semi-parametric efficiency
(with y/n-consistency) and the slower minimax rates associated with non-parametric
function estimation.

5.1 Introduction

Estimation and inference problems based on observational data arise in various applica-
tions, and are studied in the fields of causal inference, econometrics, and reinforcement
learning. An interesting subclass of such problems are semi-parametric in nature: they
involve estimating the value of a linear functional in the presence of one or more unknown
non-parametric “nuisance” functions.

More concretely, suppose that we observe n i.i.d. triples of the form (X, A;,Y;),
where each triple is drawn according to the following procedure

e the state variable X; is drawn from some distribution £* over the state space X.
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e the action variable A; is drawn with conditional distribution A; | X; ~ 7 (- | X3),
where 7 is a behavioral policy, also known as the propensity score in the causal
inference literature.

e the response or outcome variable Y; has conditional expectation E [Y; | X5, Ai] =
1w (X;, A;), where p* is the regression function, also known as the treatment effect.

The distribution £* and regression function p* are both unknown, and we would like
to estimate a known functional that depends on both of them. More precisely, given
a known family of functions {w(- | z) | z € X}, where each w(- | z) is a signed Radon
measure over the action space A, consider the functional

1. 7+ Luln8) = Bt | [ Xaasta | 0| = [ [ o) dota ) asto
(5.1)

Our goal is to estimate 7% := &£, (u*, £*)—the value of this functional at the unknown
pair (u*,£*). The behaviorial policy 7 is also unknown, and it plays the role of another
non-parametric nuisance, since it affects the joint distribution of the samples (X;, A;)
that we observe. Special cases of this set-up include estimating the average treatment
effect (ATE), and off-policy evaluation for contextual bandit problems. We also consider
a variant in which, instead of taking the expectation over X ~ &, we evaluate at a fixed
state sg. This latter set-up is appropriate for the conditional average treatment effect
(CATE).

There are a variety of settings—involving particular assumptions on the regression
function and behavioral policy—under which estimates of 7* based on n samples are
consistent at the classical \/n-rate. Moreover, via the classical notion of semi-parametric
efficiency [120], we have a refined understanding of the optimal instance-dependent
constants that should accompany this y/n-rate [71]. However, there are also various
settings—of interest in practice—in which the efficiency bound is infinite, and the
classical y/n-convergence no longer holds. This issue is not only theoretical in nature:
when applied to problems of this type, many standard estimators for 7*—being motivated
by classical considerations—mno longer perform well.

At a high level, there are at least two types of phenomena that can invalidate classical
v/n-consistency. First, if both the regression function and behavioral policy need to
be estimated from classes with high complexity, the difficulty of doing so—as opposed
to only the fluctuations intrinsic to the target functional-—can become dominant. For
instance, the paper [179] studies a variety of such cases involving Holder classes; see
also the paper [96] for related results on CATE estimation. Second, the semi-parametric
efficiency bound involves certain moments of the ratio g—i. This so-called importance
ratio measures how well the observational data, as controlled by the behavioral policy
m, “covers” the regions of space relevant for estimating the functional. If this coverage
is especially bad, then the importance ratio need not have finite moments. This latter
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cause of breakdown in semi-parametric efficiency is the primary motivation for the
theory and methodology put forth in this chapter.

In the literature on causal inference with observational studies, it is common to
impose the so-called strict overlap condition [76, 41, 197]. The strict overlap condition
amounts to imposing a uniform bound on the importance ratio, and so precludes the
possibility of infinite moments. Such uniform boundedness conditions also appear
frequently in the closely related literature on bandits and reinforcement learning. On
one hand, this condition is known to be necessary in a worst-case sense: as shown by
Khan and Tamer [100], when neither strict overlap nor structural conditions on the
regression function are imposed, then it is no longer possible to obtain \/n-consistency.
It should be noted, however, that the uniform boundedness condition can be quite
stringent. For instance, in some recent work, D’Amour et al. [42] show that it rules
out many interesting cases of practical interest, especially when the model involves
high-dimensional covariates. Motivated by this dilemma, there is a line of past and
on-going work (e.g., [38, 78, 134]) that proposes estimators that exploit some kind of
structure in the regression function. Despite this progress, we currently have a relatively
limited understanding of optimal methods for estimating linear functionals based on
observational data without imposing the strict overlap condition.

With this context, the main contributions of this chapter are to provide some insight
into the nature of optimal methods for estimating linear functionals without (strict)
overlap. Our first main result is a general non-asymptotic lower bound on the mean-
squared error of any estimator. This lower bound involves a novel variance functional,
which depends both on the function class F used to model the regression function and
the behavior of the importance ratio. Turning to upper bounds, we focus on the class of
reproducing kernel Hilbert spaces (RKHSs) as models for the regression function, and
provide a computationally simple procedure that achieves our local minimax lower bound.
Thus, for RKHS-based models of the regression function, we are able to identify the
instance-dependent and non-asymptotic local minimax risk up to a constant pre-factor.
As we illustrate by a range of examples, this mean-squared error can exhibit a range
of scalings, from the classic y/n-consistency for well-behaved problems to much slower
non-parametric rates in cases where the importance ratio is badly behaved.

5.1.1 An illustrative simulation

So as to provide intuition for the results to follow, let us consider a simple family
of problems for which the strict overlap assumption is violated, and compare the
performance of the estimator proposed in this chapter to other alternatives. More
specifically, we consider a missing data problem where the action a € A = {0, 1} is
an indicator of “missingness”. With the state space S = [0, 1], we construct a weight
function g and behavioral policy 7 for which the importance ratio takes the form

dg

d
d—(O |z) =1, and d—g(l |z) ~(1—a)™ where o > 0 is a parameter. (5.2)
T m
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The parameter a controls the heaviness of the tails exhibited by the importance ratio:
when « = 0, the importance ratio is simply a constant, whereas as « increases, its tails
become increasingly heavy. Above o > 1, it no longer has a finite second moment, and
this transition point turns out to be interesting.

MSE vs. sample size: a=0.5 MSE vs. sample size: a=2.0
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(a) Light tails: o = 0.5 (b) Heavy tails: a = 2.0

Figure 5.1: Log-log plots of mean-squared error versus sample size n for four different
estimators fo 7*: procedure Opt-KRR is analyzed in this chapter, whereas CV-KRR
is a related method with regularization parameter chosen by cross-validation. We also
compare to the classical [IPW estimate along with a truncated version of IPW. (a) Setting
a = 0.5 yields a propensity score with light tails, and our theory predicts classical
n~!-decay of the MSE for Opt-KRR. (b) Setting o = 2.0 yields a heavy-tailed problem,
and our theory guarantees consistency of Opt-KRR at the rate n=%/%.

In Figure 5.1, we compare the performance of four different methods: the classical
Inverse Propensity Weighting (IPW) estimator [181] (we review this estimator in Sec-
tion 5.4), a truncated version of IPW [100], the optimal kernel-based procedure proposed
in this chapter (Opt-KRR), as well as a sub-optimal kernel-based procedure where the
regularization parameter is chosen by cross validation (CV-KRR). In each panel and for
each estimate 7,,, we plot the mean-squared error E[(7,, — 7*)?] versus the sample size n
on a log-log scale. Panel (a) corresponds to the setting o = 0.5: in this case, our theory
predicts that the minimax mean-squared error should decay as n!, as expected for MSE
in the classical regime of \/n-consistency. All four methods are relatively well-behaved
for this problem; for our proposed method (Opt-KRR), performing a linear regression of
log-MSE on logn gives a slope estimate of —1.00 & 0.01. Panel (b), in contrast, exhibits
very different behavior: by setting o = 2.0, we obtain a much harder problem. Here
the IPW performance is very erratic due to the heavy tails of the importance ratio; the
truncated version is better behaved, but still has larger error than Opt-KRR. In fact,
the theory given in this chapter, when specialized to this family, predicts that for any
a > 1, the optimal mean-squared error should decay at the rate n-ate, Thus, if we set
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a = 2, then we expect to see an error decay with exponent —3/4. In order to estimate
the decay rate of Opt-KRR, we again perform a linear regression of the log MSE on
log(n), and obtained an estimated slope —0.76 4+ 0.01. Once again, we see excellent
agreement with the theory.

5.1.2 Owur contributions

We summarize the contributions made in the remainder of the chapter.

e First, working in the setting where the regression function belongs to a known
function class, we establish a general non-asymptotic local minimax lower bound
for estimating linear functionals from observational data. The lower bound is
defined by a variational problem the captures the interplay between the geometry
of the function class and the importance ratio. As the proof is based on Le Cam’s
two point approach, portions of the bound involve a certain modulus of continuity.

e Second, specializing to the regression function belonging to a ball within a repro-
ducing kernel Hilbert space (RKHS), we analyze a class of multi-stage outcome
regression estimators. Under certain regularity conditions on the RKHS and the
conditional covariance function, we establish a non-asymptotic upper bound that
matches our minimax lower bound (up to a constant factor).

e Third, we illustrate our general result by applying it to a range of problems, thereby
obtaining a variety of novel minimax rates. For treatment effect estimation when
the importance ratio diverges at certain points, we show that minimax risk depends
on the interaction between this singularity and the geometry of the Hilbert space.
In the setting of contextual bandits with continuous states and actions, we give
results on off-policy evaluation of deterministic policies, thereby obtaining novel
minimax rates that are adaptive to the complexity of the state-action space.

Notably, our multi-stage kernel-based estimator requires no knowledge of the un-
derlying behavioral policy or propensity score 7. This property is very attractive from
the implementation point of view. At the same time, its performance in terms of MSE
matches our minimax lower bound, which applies to a broader family of estimators
including those that know the behavioral policy. Thus, we see an interesting implication
of our results: as long the regression function is a member of a RKHS, knowledge of
the behavioral policy plays no role in determining the minimax risk rate. This is in
sharp contrast with Holder classes of the non-Donsker type, where both parts of the
model play an important role [179, 96]. Finally, although the value of minimax risk itself
depends on the behavioral policy, the tuning parameter in our kernel-based estimator
does not.
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5.1.3 Related work

Now let us discuss various bodies of related work so as to situate our work within a
broader context.

Instance-optimality for non/semi-parametric estimation: For regular para-
metric models, the classical local asymptotic minimax (LAM) framework of Le Cam
and Hajek [117, 72] specifies the instance-optimal behavior of estimators as n — oc.
Levit [120] extended this framework to semi-parametric settings by considering the
collection of all finite-dimensional sub-models. For the specific class of linear functional
estimation problems considered here, Hahn [71] laid out the asymptotic lower bounds,
whereas Chapter 4 studies the same question within a non-asymptotic framework.

Beyond the classical \/n-regime, instance-dependent optimality for semi-parametric
and non-parametric estimation have been established under various settings. In the
literature, exact local asymptotic minimax risks are obtained for Sobolev space regres-
sion [167, 30], spectral density estimation [101], and shape-constrained estimation [74].
For estimation problems involving linear functionals, Donoho [53] establishes information-
theoretic optimality (up to constant factors) of certain class of minimax linear estimators;
in the regression setting, this framework applies to fixed design problems as opposed
to the random design setting of interest here. Also studying fixed design regression
using spline methods, the unpublished work of Speckman [193] is based on a class of
under-smoothed estimators. These spline-based estimators are a special case of the more
general RKHS set-up considered here for the random design setting, and we also find
that a form of under-smoothing is optimal. While all the preceding results are stated
as global minimax risks, due to the location-family structure of the underlying model
and simplifying noise assumptions, the bounds are also instance-optimal, albeit in a less
refined manner.

Overlap and coverage assumptions for off-policy estimation: The overlap
assumption, first proposed by Rosenbaum and Rubin [182], requires that the behavioral
policy or propensity score takes value within the open interval (0,1)." In our general
set-up, the overlap assumption is equivalent to requiring that the importance ratio j—fr
exists everywhere. Such a condition, along with the unconfoundedness assumption,
together imply identifiability of the average treatment effect [182], but could lead to
arbitrarily slow rates. In the literature, a popular choice is the much stronger strict
overlap assumption [76, 41], which requires the importance ratio to be uniformly bounded.
Khan and Tamer [100] shows that strictly overlap is a necessary condition for uniform
v/n-consistency in the worst case. On the other hand, recent work [42] revealed that
the strict overlap condition can be stringent in some natural high-dimensional problem
setups. By making stronger assumptions about the regression function, the strict overlap

n the classical binary treatment setup, the action space is A = {0,1}, and the propensity score is
defined as 7(z) :=P(A = 1|X = x).
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condition can be relaxed [38, 80], while still achieving the semi-parametric efficiency
bound in the y/n regime. The case of infinite semi-parametric efficiency bound, known
as the irreqular identification regime, has been studied by prior works [100, 134], where
truncated versions of IPW estimators are proposed and analyzed in some special cases.
Moreover, instability in the behavior of these estimators has been documented in both
simulation and real-data experimental studies [129, 92, 63].

Uniform boundedness of the importance ratio is also a canonical assumption in the
bandit and reinforcement learning literature. Focusing on off-policy evaluation for bandit
algorithms, Wang et al. [215] proposed a “switch estimator” that involves truncating
the importance ratio. Ma et al. [133] showed that this procedure is worst-case optimal
for multi-arm bandits. For off-policy reinforcement learning problems, uniform bounds
on the importance ratio, known as coverage or concentrability coefficients, appear in
various papers [89, 225, 222|. Most closely related to our results are the bounds in the
paper [227], which apply to MDPs with linear function approximation and involve a
finer-grained measure of the overlap between the behavioral and target policies.

Kernel and nonparametric methods for off-policy estimation: There is also
a line of past work on studying various non-parametric procedures for estimating the
average treatment effect under different structural conditions. Under the strict overlap
condition combined with Holder conditions imposed on both the importance ratio and
regression function, minimax rates for ATE estimation have been established [179, 175],
albeit with pre-factors depending on the instance that need not be optimal. In the
Donsker regime considered here, these minimax rates coincide with the classical /n-rate,
due to the presence of strict overlap. Our results reveal different phenomena that
can arise without strict overlap—more specifically, the optimal rate is determined not
only by the complexities of the importance ratio and the regression function classes,
but also by any singularity in the importance ratio, and how it interacts with the
functional to be estimated. Additionally, our results also apply to estimation of one-point
linear functionals, a generalization of conditional or heterogeneous average treatment
effects. Again with the focus on Holder classes, some recent work [66, 96] has exhibited
rate-optimal non-parametric procedures. In recent years, due to their flexibility and
computational tractability, kernel-based approaches have been the focus of research in
the causal estimation literature [191, 192, 163], where kernel-based estimators have been
developed for various functionals.

Recent work on off-policy estimation has explored the use of minimax linear esti-
mators. In the fixed-design setup, the papers [4, 87, 88| apply the classical framework
of minimax linear estimators [53, 193] to the estimation problem for the sample av-
erage treatment effect (SATE), and establish guarantees of both the asymptotic and
non-asymptotic flavors. Hirshberg et al. [77] studied a minimax linear estimator for the
treatment effect when the regression function belongs to an RKHS; as in the classical
work [193], this estimator can be reformulated in terms of a standard kernel ridge
regression estimate, as can the two-stage procedure that we analyze in the simpler
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homoskedastic setting. Under the strict overlap condition and some additional regularity
assumptions, they prove asymptotic efficiency as well as non-asymptotic bounds on the
empirical loss function. In a more general set-up with general function classes, Hirshberg
and Wager [78] proposed an augmented minimax linear estimator andestablished non-
asymptotic normal approximation results. When specialized to off-policy estimation,
their results yield non-asymptotic normal approximation in the classical regime with
finite semi-parametric efficiency bound, but independent of the strict overlap assumption.
An important contrast with our results is that these bounds involve both error and
approximation error associated with the importance ratio (via the Riesz representer); in
contrast, such terms do not arise in our approach.

5.2 Problem set-up and preview

We begin in Section 5.2.1 with a precise formulation of the problem and discussion of
some examples. In Section 5.2.2, we describe the classical semi-parametric efficiency
bound, and detail how our analysis moves beyond it.

5.2.1 Problem set-up and some examples

Given some probability distribution &* over the state space X, suppose that we observe
n ii.d. triples (X;, A;,Y;) in which X; ~ £*, and

Ai ‘ Xl ~ 7T(' ‘ Xz), and E[K | XzyAz] = /.L*(Xl,AZ), for i = 1, 2, e, . (53)

In addition to the regression function p*, our analysis also involves the conditional
variance function

o2(z, a) ::]E[]Y—u*(X,A)]2|X:a:,A:a , (5.4)
which is assumed to exist for any pair (z,a) € X x A.
As previously described, given a collection of signed Radon measures w(- | x) over

the action space A, one for each x € X, our goal is to estimate the value 7 = £, (u*, £¥)
of the bilinear functional

(1.6) 5 L(1.€) 1= /S / (i, a)dw(a | )dé(x) (5.5)

evaluated at the pair p = p* and £ = £*. We require that the signed measures defining
Z,, satisfy the condition

/d lw(a | z)| <1 for each z € S. (5.6)
A

This holds automatically when each w(- | z) is a conditional probability distribution, as
in off-policy evaluation for contextual bandits.

Various types of weight functions g arise in practice:
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Average treatment effect (ATE): This linear functional arises with the binary ac-
tion action space A = {0,1}, and weight function w(a | z) = a — 3 for all . With
this choice, we have

1
" = §EX~§* M*(X7 1) - :U’*<X7 0) )

so that 7* is proportional to the usual average treatment effect (i.e., equal up to
the pre-factor 1/2 that arises from our choice of normalization).

Off-policy evaluation for multi-arm contextual bandits: In the multi-arm set-
ting of a contextual bandit, we have a finite action space A, and each weight
function w(- | ) defines a conditional probability over the action space, which can
be interpreted as a stochastic policy. We say that the weight functions ¢ define the
target policy whereas the conditional distributions m define the behavioral policy.

Contextual bandits with continuous arms: In this case, we take the action space
A to be a compact subset of R%. For a deterministic target policy 7 : X — A, we
let w(- | ) be the unit atomic mass at T'(x).

Also of interest—in addition to the functional (5.5)—is the variant obtained by
replacing the expectation over X ~ £* with evaluation at a known state xp—mnamely

L1 0y) = /Ap*(xo,a)dw(a | o), (5.7)

where ¢,, can be thought of as a point mass at x,. While the functional is determined
by d,,, the samples X; themselves are still drawn from the distribution £* over the state
space.

Particular examples of the functional (5.7) include the conditional average treatment
effect (CATE) in the causal inference literature, whereas in off-policy reinforcement
learning, it includes the problem of evaluating the policy at a fixed state xo based on
off-policy observations.

5.2.2 Moving beyond classical semi-parametric efficiency

In this section, we explain how this chapter moves beyond classical semi-parametric
efficiency.

Recap of classical results: We begin by explaining the usual semi-parametric
efficiency bound, which is meaningful when the importance ratio g—i exists and has
suitably controlled moments. Under these conditions, it is possible to obtain estimates
7, of 7* that converge at a \/n-rate. We can thus ask about the variance associated with

the rescaled error v/n(7, — 7*), and in particular the smallest one that can be achieved.
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For estimating 7% = £, (u*, £*), it is known [71] that the smallest variance achievable,
in the sense of semi-parametric efficiency, is given by

07, ) = varve ([ (Xapdiate] ) + Be{ [#204] ] (X, 4) ),

/

. / ~~

* d
VE (1) v2(5)

(5.8)

where E¢«.. denotes expectation over a pair X ~ {* and A ~ 7(- | X).

This optimal variance consists of two term. The first term Vg* (u*) captures the
fluctuations in an estimate of 7* due to the randomness in sampling the states from &*.
This term depends on the regression function p*, but not on the conditional variance
function o?. In contrast, the second term Vf(j—fr) depends on both the importance
ratio g—fr and the conditional variance function o2 but not on the regression function: it
captures the interaction between the noise and the importance ratio j—fr. It is this latter
term that can diverge if the importance ratio is ill-behaved, and accordingly, it is the
term that takes a more refined form in our analysis.

Non-asymptotic bounds: With this context, our main contributions are to move
beyond classical (asymptotic) semi-parametric efficiency in the following ways:

e We use Le Cam’s method to prove a general non-asymptotic minimax lower bound
on estimating functionals from observational data without the overlap condition,
but with p* belonging to a convex function class F.

e When F is a reproducing kernel Hilbert space (RKHS), we show that this lower
bound can be achieved by a four-stage kernel regression procedure, and we compute
an explicit representation of the minimax risk (sharp up to constant pre-factors).

Let us describe our explicit representation of the non-asymptotic minimax risk in the
RKHS setting. Consider an RKHS J# that is a subset of L?(£* - 7), and suppose that
the regression function p* belongs to the Hilbert ball B, (R) of radius R in this space.
We show that the non-asymptotic minimax risk replaces the second term Vf(j—fr) in the
classical semi-parametric efficiency bound (5.8) with a novel quantity associated with the
eigenvalues and eigenfunctions associated with the RKHS. More precisely, any RKHS
of the Mercer type is associated with a sequence {);}32, of positive eigenvalues, and
associated eigenfunctions {¢;}52,. We let A = diag{);}32; be a diagonal matrix defined
by the eigenvalues, and using the eigenfunctions, we define an infinite-dimensional vector
u = u(&*) with elements

(@); == EXNg*[A¢j(X, a)dw(a | X)] for j =1,2,..., (5.92)
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along with the infinite-dimensional matrix I', with elements
ol = Ben | 7ok &3(X, Aon(X, 4)| - forj k=12, (5.9b)

We prove that when the regression function p* lies within a ball of radius R within
this RKHS, then the minimax mean-squared error for estimating 7* is proportional to

VAW + szz,n(ﬂvg;ij(R))}, where
> . L _T 1 1 —1_
V2, g:Br(R)) =u' (T, + #A i (5.10)

Note that Vﬁn(ﬂ, g;Br(R)) depends (among other quantities) on the sample size n, and
it can actually diverge as n — oo. This type of divergence leads to non-parametric rates
for estimating the functional 7*. Indeed panel (b) in Figure 5.1 provides an illustration
of this phenomenon in one particular setting.

Connection to classical semi-parametric efficiency: To understand the connec-
tion between our result and the the classical semi-parametric efficiency bound (5.8), let
us consider? the following special case:

e The importance ratio 3—fr exists, and the classical semi-parametric efficiency bound
is finite.

e The problem is homoskedastic, with constant conditional variance function
o?(x,a) = o2 for all pairs (z,a).

Under homoskedasticy, the matrix I', is diagonal with 5—12 along its diagonal, using the
fact that the eigenfunctions are orthonormal in L?(£* - 7). Since the matrix A~ is also
diagonal, we find that

00 —9 00
~ us
V2, (7, 9:Bar(R)) = Z H—Jl < Z ;. (5.11a)
j=1 72 R2n; j=1
When the importance ratio g—fr exists, we can write
[ = Exne- [/Ad)j(X, a)dw(a | X)] = Eer [9(X, A) (A ] X)], (5.11b)

so that u; is the basis coefficient of j—fr when expanded in the eigenbasis {¢;};>1. Thus,
by Parseval’s theorem, we see that equation (5.11a) implies that

V2. (m, g:B(R)) SE@‘W[(ZQ(A | X))Zﬂ = V2(%), (5.11c)

_7.[. dm

2Note that our theory does not require these assumptions, but imposing them makes clear the
connection to classical semi-parametric efficiency.
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so that the Hilbert-restricted functional is always upper bounded by the classical semi-
parametric quantity Vf(g—z). In fact, when the semi-parametric efficiency bound is finite

and the RKHS is suitably rich—that is, “universal”—then f/a%n(ﬁ, g; By (R)) converges

to Vf(g—fr) as n tends to infinity. All of these facts hold more generally for heteroskedastic
noise, as we detail in Propositions 5.1 and 5.2 to follow in Section 5.3.1.2.

5.3 Main results and their consequences

We now turn to precise statements of our main results, along with discussion of their
consequences for various examples. In Section 5.3.1.1, we state and prove non-asymptotic
lower bounds that hold for any convex and symmetric function class F used to model
the regression function. We specialize these lower bounds to reproducing kernel Hilbert
spaces in Section 5.3.1.2; where we derive the functional (5.10) discussed in the previous
section.

In Section 5.3.2, we turn to the complementary question of deriving upper bounds
for reproducing kernel Hilbert spaces. We begin with the simpler homoskedastic case
in Section 5.3.2.1 before turning to the more challenging heteroskedastic case in Sec-
tion 5.3.2.2. Finally, Section 5.3.3 is devoted to the consequences of these results for
various specific examples.

5.3.1 Non-asymptotic lower bounds

Suppose that we model the regression function p* using a class F of real-valued functions
defined on the state-action space S x A. In this section, we prove some non-asymptotic
minimax lower bounds for both the averaged quantity 7* = £, (u*, £*) and the one-point
quantities 7 = Z, (1", 6z,). In order to cover both cases in a unified way, for any
distribution v over the state space S, let us define?

2
Voulv,m g; F) := \/ﬁ?cug {fw(f, v) | Eg*.ﬂ[({Qg:ﬁ;] < ﬁ} (5.12)
€

5.3.1.1 General lower bounds

Local minimax bounds describe the behavior of optimal estimators in a local neighbor-
hood of a given instance. For the problem at hand, we define a given problem instance
via the pair Z* = (u*,£*). The behavioral policy 7, conditional variance function o2,
and the weight function g are shared across all instances. Our local neighborhood of a

given instance Z* is given by

=2

N, (1", €)= {5 st 7€ €) < and pe Fst. [l — p¥|fageen < %}> (5.13)

3To explain our notational choices, in the special case that v = {* and F = B (R), this functional
is proportional to the quantity V(fm,(w, ;B (R)) that we defined previously, as shown in the sequel
(cf. Proposition 5.1 in Section 5.3.1.2).
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and it defines the local minimax risk

My (L7 F) = inf sup E[|7 — ,,%w(,u,f)|2}, and (5.14a)
™ (1,8 €M (1*,€")
My (TF g, F):=inf  sup  E[|7, — Lk, (5:,30)\2}. (5.14b)

n #Gmn (/J'* ’g*)

With a slight abuse of notation, in the definition (5.14b), we have written p € M, (u*, &)
to mean (1, £*) € M, (¥, &*). For the rest of this chapter, we will drop Z* in the notation
when it is clear from the context.
In stating lower bounds for estimating £, (u*, £*), we require that the effective noise
in the observations—namely Z(X) := ( [, p*(X,a)dw(a | X) — 7*) for X ~ &*—has a
bounded kurtosis:
E[Z4]

||Z||2_>4 = W < M2_>4<€*) < Q. (515)

With this condition in place, we are ready to state a lower bound.

Theorem 5.1. There exists a universal constant ¢ such that for any problem instance
I = (u*, &) with p* € LF:

(a) Under the moment condition (5.15) and given a sample size n > 16 M3, ,(£*), the
local minimaz risk (5.14a) is lower bounded as

My (T F) > %{Vg(,u*) + Vf’n(f*,w,g;f)}. (5.16a)

(b) Given a sample size n > 16, the local minimax risk (5.14b) is lower bounded as

AT 00 F) 2 V762, 5 F). (5.16b)
See Section 5.5.1 for the proof.

The lower bound (5.16a) consists of two terms. The first term Vi (u*) captures
uncertainty induced by not knowing the distribution £*; in our lower bound, we obtain
it by applying the Le Cam argument to allowable perturbations of £*. The second term
captures the effective noise induced by a combination of the additive noise, and potential
lack of coverage of the behavioral policy 7.

The reader should observe the contrast between the bound (5.16a), applicable to a
&*-averaged functional, and the bound (5.16b) that applies to a one-point functional.
The latter bound takes a similar form, except that the term V«EQ* (1*) no longer appears.
Here knowledge of £* is irrelevant, because the functional to be estimated is known, and
does not depend on it.
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It is worth emphasizing that Theorem 5.1 and its corollaries are all stated for a fized
behavior policy 7. Accordingly, the stated lower bounds apply even to “oracle” estimators
that know the behaviorial policy. In practice, this function often not known, especially
for observational studies in causal inference. However, as we show in the following section,
when we specialize to reproducing kernel Hilbert spaces (cf. Theorems 5.2 and 5.3 to
follow), this lower bound can achieved (up to universal constants) via a simple procedure
that operates without any knowledge of the policy 7. Thus, a surprising consequence of
our theory is that, at least for the RKHS case, knowledge of the behavioral policy 7 has
no effect on the minimax risk. This statement is not true in general, as demonstrated
by past work on Holder classes [179, 96].

We also note that the lower bounds in Theorem 5.1 are related to past work for
estimating linear functionals in fixed design regression (e.g., [193, 195, 53]). As in this
work, the quantity (5.12) can be seen as a modulus of continuity for the functional
f— Z,(f,v). Our work deals instead with a random design setting, so that the proof
techniques are different. Moreover, it is not always possible to achieve the lower bounds
in Theorem 5.1; in particular, as we noted above, for certain types of Holder classes
and unknown behavioral policies, sharp lower bounds require an argument that involves
mixtures (as opposed to the two-point Le Cam argument that underlies Theorem 5.1).

5.3.1.2 Explicit representation for reproducing kernels

As noted in Section 5.2.2, when F is a reproducing kernel Hilbert space (RKHS), our
minimax lower bounds are sharp (up to a constant pre-factor), and the optimal risk
has an explicit expression. To set up the problem, we consider functions belonging to a
subset of L?(P*) where dP*(z,a) = d¢*(x)dn(a | x) is a distribution over U := S x A. In
particular, let I be a real-valued kernel function defined on the Cartesian product space
U x U. We assume that the kernel function is continuous and positive semi-definite, and
we let H be the associated reproducing kernel Hilbert space (RKHS). Associated with
the kernel function is the kernel integral operator

f=K(f)(z):= /UIC(u,u’)f(z’)dP*(u/)

By Mercer’s theorem [141], under mild regularity conditions, this operator has real
eigenvalues {);}32,, all of which are non-negative due to the assumption of positive
semidefiniteness, along with eigenfunctions {¢;}52, that are orthonormal in L*(P*).
Under such notations, the minimax risk can be represented in terms of these sequences.

Recall the definition (5.12) of the quantity V, (v, 7, g; F), where v = £* or v = 0y,
are the two cases of primary interest in this chapter. For any distribution v over the
state space, we define the infinite-dimensional vector @(v) with components

u;(v) == EXNV[/AQSJ-(X, a)dw(a | X)|. (5.17a)
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This vector is a generalization of our previous definition (5.9a), which was specialized
to v = &*. We also recall from equation (5.9b) the infinite-dimensional matrix I', with
elements

[Tolih = Bevr | 72k s (X, A)or(X, 4) . (5.17b)
and the diagonal matrix A = diag{;}32,. With these definitions, we have
Proposition 5.1. For the RKHS ball By (R) == {f | ||fllu < R} and any distribution

v over the state space, we have

1 (a) -1 ()
S VA7, g B (R)) < 0 (0) (Lo + AT ) () < 4 V2, (0,7, 05 Bor(R)). (5.18)

See Section 5.5.2.1 for the proof.

As discussed in Section 5.2.2, the functional is closely related to the classical semi-
parametric efficiency bound. The following result makes this connection precise:

Proposition 5.2. Under the setup of Proposition 5.1, if the RKHS H is dense in

L2(&* - ) and vemi (1", j—j’,) < 400, then we have

nh_g}o Vol m, g; By (R)) = %\/ g*-n[(j—i(A | X))2 o (X, A)}

See Section 5.5.2.2 for the proof.

5.3.2 Achieving the lower bounds for kernel classes

We now show how the lower bounds in Theorem 5.1 can be achieved when the regression
function p* is assumed to lie within some reproducing kernel Hilbert space (RKHS). The
setup for RKHS can be found in Section 5.3.1.2. Our theory involves these eigenvalues
and eigenfunctions via the following notion of effective dimension:

P N2
D(p) — sup >\J¢j ($,Cl>

Lo, S for any scalar p > 0. (5.19)
x,a)ed X j=1 ¥l

Similar notions of effective dimension have been used in past work [230, 33]. Roughly
speaking, the quantity D(p) provides a characterization of the global complexity of the
RKHS at the scale p > 0.

5.3.2.1 Homoskedastic case

Let us warm up by describing a simpler (but possibly sub-optimal) bound that ignores
any possible heteroskedasticity. More specifically, we suppose that the conditional
variance function is uniformly bounded as %(z,a) < & for all pairs (x,a), and prove
results in terms of .

In this case, the procedure is very simple to describe, and consists of two steps.
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Two-stage procedure: Given a data set of size 2n, we split it evenly into two sets
(X, AP Y iepm and (X", AP Y")cr), each of size n. Each step in our procedure

A R it A

uses one of the data splits.

Stage I: Given a regularization parameter p, > 0, compute the kernel
ridge regression (KRR) estimate on data split I:
1 n
fin = argmin { = 37 (V" = F(X, AN)" + pul FIE ] (5.20a)

fed tn

1=

Stage II: Use the estimate j1,, and split II to compute the empirical average

1 n
T = — (X", a)d X" 5.20b
: n;{Au<z,a>w<a|z>} (5.20)

In practice, so as to make most efficient use of the data, one could also perform a
form of cross-fitting (e.g., [41]). However, given that our main goal is to show that the
lower bounds from Theorem 5.1 are achieved up to constant factors, it suffices to focus
attention on the simpler procedure given here.

Assumptions: In our analysis of this method, we assume that the kernel function I
is k-uniformly bounded:

sup  K((z,a),(z,a)) <K (Kbou(k))
(z,a)EXXA

This condition is frequently used in the literature on kernel methods. It is satisfied, for
instance, for any continuous kernel function I on a compact domain X x A.

In addition, we assume that the zero-mean noise variables W(z,a) :=Y — p*(z, a)
are uniformly o-sub-Gaussian, meaning that for all pairs (z,a), we have

t2 0'2

E[etW(x,a)} <e for all ¢ € R. (subG(o))

We are now equipped to state our first main upper bound. It requires that the ratio
of sample size and effective dimension at scale p, is lower bounded as

n o? nRk ]
D(py,) > C; log (_6(5 ) .IOgZ(n) where p,, = ﬁ’

(5.21a)

for a universal constant ¢ > 0. We discuss this condition at more length following the
statement.
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Our result involves the higher-order term

Hn(6) :=c log(l/(S { R+ o+/D(pn)log(n } (5.21Db)

where § € (0,1) is a user-specified failure probability. It can be verified that under the
sample size condition (5.21a), we have H,(6) = o(n~'/?), so this term is of higher order
in the analysis. Finally, the dominant term in our upper bound is the quantity

Aj a2
Von(§m 0 Bar(R Z N (5.21c)
R2

Theorem 5.2. Under the (Kbou(k)) and (subG(e)) conditions, suppose that p* €
Bs(R), there exists a universal constant ¢ > 0, such that for any 6 € (0,1) and sample
size 2n satisfying the bound (5.21a). Then the two-stage estimate 7, computed with
reqularization p, = % satisfies

7o = 71 < e Ve (") + Vo €7, 05 Bor (R) J/ 202 4 34,(0),  (5.22)

with probability at least 1 — .
See Section 5.5.3 for the proof.

Let us make a few comments about this result, and its connection to our lower bounds.

Comparison with Theorem 5.1: As noted, the dominant term in the bound (5.22)
is the first one. When the noise is homoskedastic (i.e., constant conditional variance),
then this first term matches the lower bound given in Theorem 5.1 up to constants
and the logarithmic factor® in the failure probability 6. When the conditional variance
function is not constant, then our bound (5.22) no longer matches Theorem 5.1. We
rectify this shortcoming in Section 5.3.2.2, where we analyze a more refined four-stage
procedure that adapts to heteroskedasticity.

It should be emphasized that the two-stage estimator analyzed in Theorem 5.2 does
not require any knowledge of the behavioral policy 7. At the same time, as we just
described, for homoskedastic noise, it matches the lower bound from Theorem 5.1, which
applies even to oracle estimators that know the policy. Thus, we conclude that at least
in the special case of an RKHS, knowledge of the behavior policy does not alter minimax
risks (apart from possibly in constant factors).

4“While we have stated a high probability guarantee, a simple modification yields an estimator
with mean-squared error guarantees. In particular, since |7*| < sup, , |u*(z,a)] < R+/k by the
Cauchy—Schwarz inequality, we can construct a truncated estimator

Tn :=sgn(7,) - min {|7,|, RV/k}.

By construction, we have |7,, — 7*| < |7, — 7*| almost surely, and since 7, is a bounded random variable,
the high-probability bounds established in Theorem 5.2 can be converted to a MSE bound whose
leading term matches Theorem 5.1 up to a constant factor.
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Tuning parameter: The only tuning parameter in the estimator is the regularization
weight p, = g—;. This choice depends on the signal-to-noise-ratio, as measured by the
ratio R%/52, but does not depend on kernel eigenvalues or other aspects of the problem.
We note that this choice also appears in the classical work on linear functional estimation
in fixed design settings [193, 195], but the analysis leading to it in our random design
setting is quite different.

The decay rate p, < n~! of the regularization parameter is much faster than the
standard one required to achieve optimal mean-squared error when estimating the full
regression function (c.f. [213], Chapter 13). Consequently, the first stage of our procedure
outputs an under-smoothed estimate of the regression function p*, and using this estimate
in the second stage produces an optimal estimate of the functional. This difference
arises because the bias-variance trade-off that underlies estimating the functional of y*
is very different from that associated with estimating the full regression function p*. In
particular, when estimating a functional, we pay for variance only at the direction of
the target functional, whereas the bias induced by regularization wholly appears in the
estimation error.

Lower bound on sample size: Finally, let us comment on the required lower
bound (5.21a) on the sample size. There are various conditions that ensure (5.21a). For
example, in various examples, it is possible to show that the effective dimension satisfies

the bound
D,
pl—w

D(p) < for some scalar w € (0, 1]. (5.23)

In Section 5.3.3, we discuss various concrete applications in which this growth condition
holds. Under the bound (5.23), the sample size condition (5.21a) is satisfied as long as

n

IOgS/w (an)

)

Vw2 9 2 o 4
ZcDo/wa lougto,

In Appendix D.1, we present various conditions under which the effective dimension
satisfies a growth condition that ensures the sample size condition (5.21a) can be satisfied.
Moreover, in Appendix D.2, we present alternative guarantees that do not rely on any
additional growth conditions.

5.3.2.2 Extension to heteroskedasticity

We now turn to the more challenging problem of achieving the minimax optimal risk in
the heteroskedastic case. In this case, we propose and analyze a four-stage procedure.
Since the conditional variance function is non-constant and unknown, we need to estimate
it, and the first two steps of our four-stage procedure are devoted to this task.

Let us provide a high-level perspective. The first stage generates a rough estimate ji,,
of the regression function p*. In the second stage, we first use i, to compute estimates
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Z; = {Yi — (X5, Ai)}2 of the squared noise associated with a new set S of triples
{(Y;, X, A;) bies. We then compute an estimate of the conditional variance function of
the form

Gn = A({(Xz‘,Astz')}ies>, (5.24)

for a suitably chosen estimator A. We allow the conditional variance estimator A to take
different forms depending on the application, so our set-up provides a family of possible
procedures, indexed by this choice. In our theory, we require only a relatively mild form
of accuracy from the estimator, which we refer to as robust pointwise accuracy.

Now let us specify all four stages in more detail. Given sample size 4n, we split the
data evenly into four pieces, and perform the following four steps:

Stage I: Using the first dataset (X", Ay, Y,")", and regularization pa-
rameter p, > 0, compute the pilot estimate

~ 1
fin 1= argmin { = > (V" = u(X0, AN + gl (5:259)

peH

Stage II: Using the second dataset (X", A", Y;"")2_, and the procedure
A, compute the squared noise estimates Z," = (V" — f1,,(X;", A'"))? based
on the pilot estimate (5.25a), and then compute the estimate

(2 1 )

o2 = A({Xé”), Al Zé“)} [ ]> of the conditional variance function. (5.25b)
S

Stage III: Using the third dataset (X", AM™ Y,"")" regularization pa-
rameter p" > 0, and the estimated functlon 0,21, compute the weighted

regression estimate

fin = angmuin { © ZAQ gy (4 = K AP ol (5.250)

peH

Stage IV: Using the fourth dataset (X", A" V")2 | and the weighted

regression estimate (5.25c), compute the empirical average

= —Z/ﬂn a)dw(a | XM (5.25d)

We remark that the idea of re-weighting with estimated conditional variance has
been utilized in literature, in the context of parameter estimation for linear models.
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See the paper [180] and references therein for detailed discussion. We now turn to the
analysis of the 4-stage procedure. Rather than analyze a particular estimator A of the
conditional variance function, let us lay out an abstract condition that handles a variety
of different estimators

Robust pointwise variance estimators: This property is a way of certifying that
the estimator A provides an e-accurate estimate in a pointwise sense: for any fixed pair
(S0, ag), with probability at least 1 — d, we have

‘A({Xi, A, z,-}iew)(so, a0) — 0%(s0, a0)| < e. (5.26)

The key is to quantify how errors in the inputs Z; as approximations of the squared
noise (Y; — u*(X;, A;))? affect this guarantee. We do so via a pair of functions on the
inputs (e, ), known as the tolerance function ¢ and sample threshold M respectively.

Definition 1. The procedure A is (t, M)-pointwise-robust if for any pair (£,9) € [0,1]?,
any dataset {Z;}"_, of sizen > M(e,0), consisting of variables such that for each i € [n]®

E[Z; | X;, Ai] — 0*( X, A)| < t(e,6) and || Z; | Xi, Ailly, < 4(0” +t(,6)), (5.27)
then for any fized pair (xq,ap), the bound (5.26) holds with probability 1 —§.

There are various estimators that satisfy the robust pointwise risk property; see Ap-
pendix D.4 for further discussion.

In order to analyze the 4-stage procedure, we require one additional condition on
the conditional variance function: there are scalars 0 < ¢ < ¢ < 0o such that

o(z,a) € [g,a] for all (z,a). (0-INT)

We also require that the sample size satisfies the lower bounds

n o? nRK 9
" >l /. i
D) = {cg2 log ( p; ) - log n}, (5.28a)
n 1
n>M(a/2,0/(2n)) and - > — : (5.28Db)
( ) oD (pn)log(n/d) ~ ¢(%, L)

With this set-up, we are now ready to state a guarantee on our 4-state procedure.
Note that it has two tuning parameters: the regularization parameter p! from the first
stage regression, and the regularization parameter p!” from the weighted regression in
the third stage. Our guarantee applies to the procedure using the parameters

(I) 6-2 d (I11) 1 5 29

P = gy nd o= (5:29)

°In the definition (5.27), the quantity o is the sub-Gaussian parameter (cf. condition (subG(c))),
whereas || - ||y, is the Orlicz(1)-norm, or sub-exponential parameter.




5.3. MAIN RESULTS AND THEIR CONSEQUENCES 171

Theorem 5.3. In addition to the assumptions of Theorem 5.2, suppose that the con-
ditional variance function satisfies the interval condition (o-INT), the estimator A is
(t, M)-robust, and the sample size 4n satisfies the lower bounds (5.28a) and (5.28b).
Then using reqularization parameters from equation (5.29), the 4-stage procedure yields
an estimate T,, such that

= 71 < e Ver ) 4 Vol m g Bor () 12D 2, 5), (5.30)

with probability 1— 0, where the higher-order term H.,,(8) was previously defined (5.21b).5

See Section 5.5.4 for the proof.

A few remarks are in order. First, Theorem 5.3 is adaptive to the heteroskedastic
nature of the observation noise — the term V2, (£*, 7, g; F) involves the actual conditional
variance o, instead of its uniform upper bound . With such a fine-grained variance,
the bound (5.30) achieves the instance-dependent optimality result in Theorem 5.1, up
to universal constants and high-order terms. (See footnote 4 for the connection between
high-probability bounds and mean-squared error bounds.)

We note that the sample size condition (5.28a) is slightly stronger than the condi-
tion (5.21a) used in Theorem 5.2, with the variance upper bound 2 in the denominator
replaced by the lower bound ¢?. Theorem 5.3 further requires an additional sample
size condition (5.28b), which comes from the sample complexity of the robust pointwise
estimator 7,,.

Extension to estimating one-point functionals: Now we extend our results to
estimating the one-point functional 7*(x¢) := £, (1", 04,). In this case, the target
functional is known, so that the fourth stage of the four-stage procedure is not necessary.
It suffices to split the data into three folds in total, and we plug in the regression function
i, directly to obtain the estimate

To(x0) = Lo(Jin, 0zy) = /Aﬁn(xo,a)dw(a | ). (5.31)

This estimate satisfies optimal guarantees matching Theorem 5.1(b) up to a constant
factor. In particular, under the setup of Theorem 5.3, for any xy € X, we have

7 (o) = 77 (20) < ¢ Von(dug, 7, 95 B (R)) lall/o) (5.32)

n

with probability 1 — §. See Section 5.5.4.4 for the proof.

A few remarks are in order. First, the upper bound in equation (5.32) matches the
local minimax lower bound in Theorem 5.1(b) up to universal constant factors, exhibiting

SWe take p, = pi in its expression.
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its optimality in an instance-dependent sense.” As opposed to Theorems 5.2 and 5.3,
the optimal instance-dependent risk is achieved (up to universal constants) without
additional high-order terms. The choice of parameters and sample size requirement
in (5.32) is exactly the same as the one in Theorem 5.3, and does not depend on the query
point xg. Such an adaptive property makes the estimator useful in practice, allowing
for a plug-and-play approach: one only needs to run stages I-III of the four-stage
framework (5.25), and generate an estimator fi,,. By substituting such an estimator in
equation (5.25d) using another fold of data, or in equation (5.31) for any query point
xo, optimal and adaptive guarantees can always be achieved.

5.3.3 Consequences for some concrete examples

In this section, we develop some consequences of our general theory for some specific
classes of problems, including the missing data problem without overlap (Section 5.3.3.1),
for which we presented an illustrative simulation in Section 5.1.

5.3.3.1 A missing data example without overlap assumption

Consider the classical missing data setting, where the action space is A = {0, 1} and the
weight is given by w(a | ) = a for any x € X. Assume without loss of generality that
Y = 0 whenever A = 0. We slightly abuse the notation to use p* : X — R to denote the
outcome function p*(-, 1) and use 7 : X — [0, 1] to denote the propensity score 7(1 | -).
Similarly, we use K(x,z’) to denote IC(z, 1), (2',1)), and let the kernel function be 0 if
one of the arguments has action equal to 0. Under this simplified notation, the inner
product of L?(¢* - ) takes the form

i fo) = / f1(2) fala)m () de* (),

and we are interested in estimating the average treatment effect and its conditional
analogue

T =K [0 (X)], and ZL(p*,04) = p* (o).

For concreteness, we let the state space be a unit interval X = [0, 1] and take the input
distribution £ be the uniform distribution on X. In order to illustrate the effect of the
lack of the overlap condition on the risk, given a scalar a > 0, we construct the following
propensity score function

7w(z) = (1—x)* for any x € [0,1]. (5.33)

Our goal is to understand the effect of a singularity in the importance ratio with
local a-th order polynomial growth. The specific location of such singularity, and any

"Following the discussion in footnote 4, the high-probability bound can be readily converted into a
mean-squared error bound using a simple truncation method.
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properties apart from the existence of this a-th order singularity are not germane to our
comparison, so that we have chosen the particular form (5.33) for technical convenience.

We consider an RKHS H corresponding to the first-order Sobolev space on [0, 1]
(see [213], Chapter 12). Its kernel function is given by K(z,z) = min{x, 2}, and the
corresponding RKHS H consists of functions f satisfying f(0) = 0, and

1N = /0 (f'(z)) dz < +oc.

We assume that the regression function p* : X — R belongs to this RKHS, with
|p*|lm < 1/2. Finally, we take the conditional variance as o?(x,a) = 1 for any state-
action pair (z,a), and assume that the sub-Gaussian parameter o is of order one.

With this set-up, we are ready to compute minimax rates for various linear functionals.
Throughout this section, we use the notation a, =< b, to denote that the ratio a,/b,
satisfies finite positive upper and lower bounds depending on the constants (o, xy) but
independent of n. As mentioned before, we omit the problem instance Z* in the notations
My, (I*, .7:) and 4, (I*, Xo; .7:) for minimax risk rates.

Corollary 5.1. Under the above set-up, for any function pu* € By(1/2), the minimaz
risk for estimating the linear functional T is given by

n~1 a <1,
My (Bu(1)) < Sn~tlogn a=1, (5.34a)
n~wr a>1.

For the one-point functional Z,(u*,d,,), we have

0 Ty = 0,
My (20;Bu(1)) < ¢ n V2 3y € (0,1), (5.34b)

—1
nzte  xo =1,

See Appendix D.5.1 for the proof.

A few remarks are in order. For the average treatment effect 7*, the optimal rate of
estimation exhibits a phase transition depending on the local growth exponent . In
the regime « € [0, 1), the importance ratio is sufficiently well-behaved that the classical
quantity vem; is finite, so that we obtain convergence at the classical y/n-rate. Slower
rates arise once a > 1, where the variance v2, ; is infinite. A large value of « yields
fewer observations in the neighborhood of z = 1, which in turn leads to slower rate
of convergence. Note that even if the target 7% is defined as a global average over the
interval [0, 1], the optimal rate of convergence is still affected by the singularity within

the interval.® Finally, we note that although Corollary 5.1 exhibits a wide spectrum of

8The proofs in Appendix D.5.1 can be easily extended to propensity score functions with zeros at
any finite subset of [0, 1], with arbitrary behavior except for the local growth conditions around the
ZEros.
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rates, they all can be achieved adaptively—that is, using an estimator that requires no
knowledge of the behavioral policy 7 nor the exponent a.

Let us make a few comments on the conditional average treatment effect 2, (1", d., ).
In this case, the problem becomes trivial at xq = 0, as the functions in the Sobolev space
H satisfy 1*(0) = 0. The optimal rate is n='/2 for any zy € (0, 1), which corresponds to
the minimax one-point rate for Sobolev regression in literature [206]. A much slower
minimax rate is observed at xo = 1, where the scarcity of outcome observations is
controlled by the exponent . These rates, just as in the ATE case, can be achieved
using an estimator without any knowledge of the function 7.

5.3.3.2 Off-policy evaluation with continuous actions

Now we consider a continuum-arm bandit setup. For simplicity, we work with the state
space X = [0, 1]% and the action space A = [0,1]% and let the distributions &, 7 (- | x)
be the uniform distribution on the spaces X and A, respectively, for any x € X. Given a
scalar s > (d, + d,)/2, we let the RKHS H = H* be the Sobolev space of order s, with
periodic boundary conditions (so that the state-actions spaces are seen as tori).

Under this setup, the eigenfunctions are given by the standard (complex) Fourier
bases on the torus T¢ %%  which can be written in a product form

{@a) o o)}
where {¢;};>0 and {¢x }x>0 are the Fourier bases on the tori T% and T% respectively.
Note that these eigenfunctions are uniformly bounded in sup norm.

Throughout this section, we view the problem parameters (d,,d,, s) as universal
constants, and suppress any constant factor depending only on them. For the Sobolev
space H*, let A;; be the eigenvalue associated to the eigenfunction indexed by 7, k, which
satisfies the decay condition (see [12])

Ajp < min { sl k*QS/da}. (5.35)

Combining the eigendecay assumption and the boundedness condition on the eigenfunc-
tions, we can verify that condition (Kbou(x)) holds; in particular, we have

K2 = sup > AjpdR(a)vE(a) <sup D Ak < o0,

k>0 D k>0

where the last inequality follows from the fact s > (d, + d,)/2.
Given a deterministic target policy 7' : X — A, we let w(- | z) be the atomic measure
on T'(z) for z € S, so that the linear functionals of interest take the following form:

T* :—/Xu*(:v,T(x))dx, and 2, (u*,0y,) = p*(xo, T(x0)).
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Finally, we let the conditional variance function be unity o2 = 1, and assume that the
sub-Gaussian parameter o is of order one. Let pu* be any function lying in the Hilbert
ball By(1/2).

Note that in this example, the importance ratio j—i is not well-defined, as the measure
w(- | x) is atomic, for any x € S. Nevertheless, estimation is still possible, and our
general frameworks provide precise characterization of the minimax risks, stated as
follows.

Corollary 5.2. Under the above setup, we have

My (Bry(1)) = % (X, T(X)) +y [0, Yo T)I (5.362)

i2s/dy 2s/dg’
n i +J +k

dg+dg
2s

My (20;Bu(1)) < n L for any zy € T%. (5.36b)

Furthermore, under the worst-case target policy, we have

dq -1

sup Ay, (Bu(1)) < n2 (5.36¢)
T

See Appendix D.5.2 for the proof.

A few remarks are in order. For the one-point functional Z,(u*, d,,), the optimal
rate given by equation (5.36b) is exactly the optimal rate for estimating a (d, + d,)-
dimensional Sobolev function at the point (zg, T(x)). For the averaged functional 7*,
in the worst case, we only need to pay for the dimension d, of the action space, due to
the averaging effect in the state space. Moreover, the precise complexity for estimation
is characterized by equation (5.36a), which depends on the behavior of the target policy
T'. Such an instance-optimal risk is achieved by the estimator 7,,. Finally, we remark
that though the statement of Corollary 5.2 is for a deterministic target policy 7', the
result naturally extends to general randomized target policies.

5.4 Simulation studies

In this section, we present the results of some simulation studies in which we compare
our procedures with other methods. In particular, we perform experiments on two
classes of missing data problems, one defined by the family of singular importance
ratios discussed in Section 5.3.3.1 and the heavy-tailed example proposed by Khan and
Tamer [100], with some generalizations. These two examples allow us to explore two
different ways in which unbounded importance ratios can arise.

Concretely, we perform experiments in which the goal is to estimate the treatment
effect based on missing data. Let the state space be the real line X = R, and let the
action space be binary, A = {0, 1}. We use the action a € A to model missingness, so
that we only observe the outcome Y if and only if A = 1. For simplicity, we slightly
abuse notation, and let u* denote the function p*(+, 1). Similarly, we use 7 to denote the
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function 7(1 | -). The goal is to estimate the linear functional (5.1) with w(a | z) = a,
ie.,

7" = Ee¢ [,u*(X)}

Throughout this section, we consider the homoskedastic case with o%(z,a) = 1. By
equation (5.8), the semi-parametric efficiency bound for this problem takes the form

Usemi = varg* (,U ( )) —+ . %d.’ﬂ, (537)
which may or may not be finite.
For the rest of this section, we describe and discuss the construction of simulation
problem instances, as well as various choices of estimators under our consideration. We
then present the simulation results.

Four possible estimators: We compare the performance of four possible estimators
for the average treatment effect — two of which are based on inverse propensity weights,
while the other two (including our estimator) are based on outcome regression.

First, we consider the naive inverse propensity weighting (IPW) estimator, defined
as

1 <~ YA,
Aniw:_ - l- 5.38
Typ n;’ﬂ(Xl) ( )

Note that the estimator 7, ;,w always has finite expectation, with E[7,, ipw] = 7%. Assum-
ing that the outcome functions are bounded, the variance of 7, i, if exists, is given

by

~ .2 —1(, 2 (0P R
E[|Tipw — 77 ] < n (Usemi‘i‘EE[%D X%/m%dz'

In general, if the second moment does not exist, the naive IPW estimator may converge
to a heavy-tailed stable law, at a rate slower than \/n. (c.f. [86], Chapter 14)

Khan and Tamer [100] suggested improving the naive IPW by removing data with
extremely small propensity scores. Given a truncation level v,, we define the estimator

1 Yi4,
~ _ = i41i 1 X)) > '
Tn,trunc n ; 7T<X,L> [7T( z) = 771]7 (5 39)

where 1[7(X;) > 7,] is equal to 1 when 7(X;) > 7,, and zero otherwise.

Now we turn to the outcome-regression estimators based on kernel ridge regression,
as defined in the two-stage framework (5.20). In order to improve the universal constant
factors (which are not covered by our theory), we use a cross-fit procedure, i.e., we gen-
erate an estimator 7V from the framework (5.20). By switching the role of (X", A, Y;")

R Rt A 1
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and (X", A" V") and applying the same two-stage framework, we obtain another

estimator 7., and the final estimator is given by

1
Tn = 5(%;” +7). (5.40)

In terms of the regularization parameter p,, we consider two possible choices:

e Optimal choice: based on the optimal theoretical prediction in equation (5.21a),
we set p, = % for any n > 0. We call this estimator 7,, opt.-

e Cross validation: for each sample size n, we use cross validation to find the
regularization parameter that minimizes the mean-squared error in predicting p*.
We call this estimator 7, cy.

It is worth noticing that the optimal choice of the regularization parameter p, for
estimating the scalar 7* does not correspond to the optimal choice in estimating the
regression function p*. Indeed, as we will see in the simulation results, the common cross-
validation approach in non-parametric estimation leads to sub-optimal semi-parametric
performance under our framework, and under-smoothing is crucial to the optimal
guarantees.

5.4.1 Simulation results with heavy-tailed covariates

We first present the simulation setup and results on the heavy-tailed covariate examples
proposed by Khan and Tamer [100].

Model set-up: We consider the following choices for the distribution £* over data:

1
Standard normal: &N(z) = exp (— 22/2),
£ (x) Nor: p(—2°/2)
Standard logistic: ¢%(z) = (ef'?/2 + e—x/2)—2’
1

Standard Cauchy: &€(z) = ———.
S gy
Among these choices, the normal distribution possesses the lightest tail, while the tail
of the Cauchy distribution is the heaviest.
We carry out our simulation studies using the regression function

p*(z) =1+ cos(z) forxzeR.

This specific choice is not essential to our study; we have simply chosen a bounded and
smooth regression function. Note that many estimators under our consideration involve
shrinkage, regularization, or truncation steps, which make the output contract towards 0.
In order to ensure a fair comparison, we include offset 1 so that the regression function
is non-negative, and the target functional is bounded away from zero.
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Figure 5.2: Plots of the mean-squared error E[ |7, — T*|2] versus sample size n. Each
curve corresponds to a different algorithm ¢ € {ipw, trunc, opt, CV}. Each marker corre-
sponds to a Monte Carlo estimate based on the empirical average of 2000 independent
runs. For the cross-validated estimator 7, ., the choice of regularization parameter is
based on averaging the cross validation results of the first 50 runs. As indicated by the sub-
figure titles, each panel corresponds to a problem setup (¢, 7) € {&&, &N, €9} x {=", 7N}
Both axes in the plots are given by logarithmic scales. Some of the curves may overlap
with each other.
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In order to implement the kernel-based procedures, we use a Laplacian kernel
K(u,w') :==exp (—2ju—1[), foruu €R.

For the behavioral policy m, we use the cumulative distribution functions of logistic and
normal distributions, respectively.

B 1
o 14em

™ (z) = /x \/12_7T exp (—y*/2)dy, and 7"(z)

Note that for both choices, the value 7(z) approaches 0 as z increases; the rate of decay
is faster under the normal model than the logistic model.

The paper [100] considers the density function £ = £~ along with propensity score
functions © € {7TN,7TL}. Under both setups, the semi-parametric efficiency bound
derived in equation (5.37) are infinite, while certain rates of convergence are still
achieved via truncation-based estimators (see Section 4.1 of [100] for details). Khan and
Tamer proposed truncating at the threshold X; < v/logn for 7 = 7V, and X; < logn
for 7 = 7. Indeed, they are the thresholds that ensures that the truncated inverse
propensity weight is uniformly bounded by a polynomial of n, under propensity scores
7 and 7V, respectively. In our simulation studies, we consider all possible combinations
of £ € {&N, &8¢} and 7 € {xN, 7}, We choose v, = 7(logn) under the logistic
propensity score 7", and ~, = 7(y/logn) under the normal propensity score 7, which
yield near-optimal truncation levels, regardless of the choice of data distribution &.
Intuitively, heavier tail of the distribution £ and lighter tail of the propensity score 7
together lead to less regular behavior for estimators based on important weighting.

Among our simulation setups, the only case that yields finite vy is that of (7 =
7l € = €N); other recent work [197, 82] has also studied this particular configuration.
For the other five setups, the classical theories for y/n-consistency and semi-parametric
efficiency are not available, due to the singular behavior of propensity scores.

Simulation results: In Figure 5.2, we demonstrate the simulation results for different
estimators under aforementioned setups. The sample size varies within the range n €
{50, 100, 200, 400, 800, 1600, 3200, 6400, 12800}, and the mean-squared error is estimated
through empirical average over 2000 independent runs.

From our simulation results, it can be observed that our estimator 7, o consistently
outperforms other three baselines. When tuning the regularization parameter using
cross validation, however, the estimator 7, ., performs significantly worse, over all the
simulation instances. This shows that under-smoothing is crucial to the performance of
outcome-regression estimators, and that the optimal bias-variance trade-off in function
and scalar estimation problems are drastically different. The truncated IPW estimator
also yields a reasonable and robust performance, but in most settings, its rate of
convergence (represented as the slope of the curve in log-log plot) is worse than 7, opt.-
The naive IPW estimator, on the other hand, can be highly unstable, especially for
heavy-tailed data distributions &“ and £°. Finally, we remark that the two classes



5.5. PROOFS 180

of estimators are not comparable in general, as they use different information — the
[PW-based estimators 7,, ipw and 7, trunc Use the information of the true propensity score
m, which is not needed for 7, ot and 7,,v; on the other hand, the outcome regression
estimators 7,, opt and 7, v require the treatment effect function to lie in an RKHS, while
the truncated IPW estimator 7, tyunc Only requires it to be bounded.

It is also useful to discuss the difference in the performance of estimators under
various setups. In the classical y/n-regime with 7 = 7% and & = £V, the truncation does
not happen with high probability, and the naive IPW estimator yields the same MSE as
the truncated one, as shown in Figure 5.2(c). In other five cases, the estimation error
of T,,ipw 1s unstable, and worse than the truncated analogue. It can be observed from
that the slopes of the green curves are around 1 in the log-log plots in panels (a)—(d) of
Figure 5.2, but are much flatter in panels (e) and (f). This observation suggests that
the optimal rate of convergence may be near-parametric under the logistic and normal
model, while a slower minimax rate could be unavoidable in the Cauchy setting.

5.4.2 Simulation results with singular importance ratio

In this section, we report complete simulation results for the missing data prob-
lem, but with singular importance ratios, as previously described in Section 5.1.1—
in particular, see equation (5.2). We run the four estimators discussed above, and
compare their performance. The simulation setup is essentially the same as Sec-
tion 5.4.1, with the only difference being that the sample size varies within the range
n € {100,200, 400, 800, 1600, 3200, 6400, 12800}.° In defining the truncation-based es-
timator 7, trunc, We use the truncation level v, = 1/4/n; this choice yields the optimal
rate of convergence among truncated IPW estimators.

In Figure 5.3, we present the results of our simulations. The problem instances are
generated from the family of singular models (5.2) with exponents o € {0.5,1,2,3}. Tt
can be seen that the simulation results match well with our theoretical prediction: in
the classical regime with o = 0.5, all the four estimators yield the same rate, while 7,, opt
achieves slightly better instance-dependent behavior; in the critical regime o = 1, the
four estimators start to exhibit diverging behavior; in the harder regimes of « € {2, 3},
the optimal estimator 7, opy achieves the sharpest slope, significantly outperforming the
other three alternatives.

5.5 Proofs

In this section, we collect the proofs of our main results, with some auxiliary results
deferred to the appendices.

9We made this slight modification so as to avoid the rare event that no outcome is observed.
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Figure 5.3: Plots of the mean-squared error E[ |7, — T*|2} versus sample size n for
o€ {ipw, trunc, opt, cv}. The simulation parameters are exactly the same as Figure 5.2,
except for the underlying problem instances. As indicated by the sub-figure titles, each
panel corresponds to an exponent « € {0.5,1,2,3}. We have already presented part of
the results (the cases of @ = 0.5 and a = 2) in Section 5.1.

5.5.1 Proof of Theorem 5.1

Throughout this section, we adopt the shorthand ., (Z*, F) = 4, (F), since Z* remains
fixed throughout.

5.5.1.1 Proof of Theorem 5.1(a)

This proof exploits some techniques introduced in Chapter 4. Recalling that ¢ is a
universal constant, it suffices to prove the following two claims:

(a) (b)
%n(z*,ﬂz%v{%(u*), and ///n(z*,f)zgvjn(g*,w,g;f). (5.41)
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Beginning with the bound (5.41)(a), we first observe that the minimax risk over
the class M, (u*, &) is lower bounded by the risk with fixed outcome function p* and
underlying distribution in the neighborhood of £*, i.e.,

Mo (F) Z My({p}) =inf  sup  E[[7, —(n" O]

(&) EN (¥ ,E)

But by Theorem 4.3 in Chapter 4, this minimax risk is lower bounded by £VZ(u*),
which establishes the claim.

We now turn to proving the bound (5.41)(b), and we do so via a version of Le
Cam’s two point lower bound. More precisely, for a fixed underlying distribution
&*, we construct a pair (pu4, 1—) of outcome functions within the neighborhood { :
|t = p*||L2(erm) < %2} N F such that if we let P, ¢ be the distribution of observations
under the ground truth (u,§), there is

(@) 1

c
Xn Xn
drv (Pu+7€*’Pu—,£*> < >

®)
and fw(ﬂ+,§*) _gw(ﬂ—,g*) > %an(g*,ﬂ',g;f)
(5.42)

Le Cam’s two-point lemma (see e.g. [213], Chapter 15) then implies

1
Al F) 2 {1 = e (P P ) b Ao €) = Zula €0
02 2 * .
Z %VU,TL(g ,W,g,f),

completing the proof of equation (5.41)(b)
In order to prove the two bounds in line (5.42), we first need to specify the problem
instances.

Construction of problem instances: We consider the noisy observation model
Yi | Xi, A ~N<u*(Xi,Ai),02(Xi,Ai)) fori=1,2,... n. (5.43)

We may assume that V,,,(£*, 7, g; F) > 0 without loss of generality (otherwise the lower
bound is trivial). By the defining equation (5.1) and (5.12), and the symmetry of the
function class F, there exists a function ¢y : X x A — R such that

Be | [ X a)dgla] X)) 2 =620, o
A

5 (X,A)
B e F, B854 <L

Using this function, we construct the outcome functions

*

po =00+ 5 =g, and  po =t = 5ieqo.
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Since p* € %}" and ﬁqe € %]—”, we have p,,pu_ € F by convexity and symmetry. On
the other hand, we have the distance bound

1 o @ (X, A) o
Y — 2 * :—E *or 2XA <—E *.7|—|: 0 ’ ] < .
||/’L /’L"FHLQ(ﬁ -Tr) 4in 13 |:q0( ) )] = 4n 13 0'2<X, A) ~ 16n

Consequently, we have p, € 9M(p*) N F. Similarly, we also have p_ € 9 (u*) N F.

Proof of equation (5.42)(a): We bound the KL divergence between the product
measures. Let £(Y|X, A) denote the conditional law of Y given the pair (X, A), we
note that

DKL (P®n

Ht,E*

P®n ) @ n- DKL (P#J“g*

H—,E*

Puﬂﬁ*)
<nB[Da (v, ), I covix. )], )]

.t E[QS(X7A>]<1 N

an o Le2(X,A)] T

where we use tensorization of KL divergence in step (i), and use convexity of KL
divergence in step (ii).
Applying Pinsker’s inequality yields

1 1
Xn @n &n n
dry <Pu+7£*’Pu—,£*) = \/§DKL (Pu+,£* I Pu—i*) = 22
which proves equation (5.42)(a).

Proof of equation (5.42)(b): Straightforward calculation yields

Lofpies) = L€ = =B [ [ X, a)data | X)] 2 Vo€ w0,

5.5.1.2 Proof of Theorem 5.1(b)

Similar to the proof of Theorem 5.1, we use Le Cam’s two-point lemma. By the
definition (5.12) of the variance functional V, ,,(04,, 7, ¢;F), there exists a function
go : X x A — R, such that

Vou(day, ™, 95 F) 4o %X, A)) _ 1
> — — * < —.

Using this function, we construct the outcome functions

1 1
=ut+ — d p_=p" — )
My 1% + 2\/5(107 al 1% 1% Qﬁ%
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Under the construction (5.43), following the derivation of equation (5.42)(a), we have

1
&n
drv (Pu+ e Pl 5*) 92

On the other hand, the gap satisfies
1 1
Loy s Oy) — Lol 0ny) = % /AQO(%,a)dg(a | 7o) > mvo,n(éxoaﬂ7g;‘7)'
Applying Le Cam’s lemma yields the claim.

5.5.2 Proof of Propositions 5.1 and 5.2

In this section, we prove our two propositions that characterize the variance functional
in the case of an RKHS.

5.5.2.1 Proof of Proposition 5.1

The claim consists of two inequalities, and we split our proof accordingly.

Proof of inequality (5.18)(b): By definition, we have

Va’,n(l/a T, 9, Byf(R))

— ‘/ﬁﬁ;l}; /f (X, a)dg(a | X ‘ | Ifllz < R and Ee- ., [Jgg;] < ﬁ}
> sup {2, [ a0 adota | )] | 1o + 4B [£65] <1}, (5.4
qEH A

where we have made the change of variable f = q/+/n.

Any function ¢ € H has a basis expansion of the form ¢ = >~ 6;¢;, whence

]EV[/AQ(X, a)dg(a | X)] = (0, @)z, where u = u(v), and

llally + 4B [ ZEA] = 0T (R2n) A + 4T o,

where we use the eigen-value representation ||q||% = 0T A~'0.
We make the choice

0 = {(R?n) "' A~ 44T, } ""a/||{ (R?n)"A~! 4 4T, )

1/2
il e

Substituting this choice into equation (5.44) yields
_ 1 _
V2 g B (R)) = ' {(RPn) AT 4T} M = {(Rn) AT 4+ T}

which establishes inequality (b).
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Proof of inequality (5.18)(a): Turning to the other inequality in the claim, the same
change of variable and followed by basis expansion yields

Va,n(ya T, g5 BX(R))

= sup { |6, [ atx.adiata 1 )] | sl < 1, B [5354] < 1)
qeH’ A
2
gam{m{/axﬂmmwxﬂ | s llalf + Ber | 554 < 3
qeH’ A

~ sup {<‘97 De | 0T<(R2n)’1A71 + I‘U)G < %}

el

< \/75 . \/ﬂT{(RQn)_lA_l + F(,}‘la
which completes the proof of inequality (a).

5.5.2.2 Proof of Proposition 5.2

Throughout this proof, we use || - ||2 as a shorthand for the L?(¢* - m)-norm. The
variational formulation (5.12) can be re-written as

Vonl€',7, ;B (R) = sup {{, 42) | Eern[54]) < 4, Il < RVRJ.  (5.45)

Clearly, the function n +— V(" 7,¢9;Bx(R)) is non-decreasing, and since

Vsemi (14 g—fr) < 400, it is uniformly bounded from above. Therefore, by taking n — +o0,

the limit exists. Moreover, we have

i Vo€, B () < 3y B (22041 X))° o2, )]

Now the function (z,a) — o(z,a) g—fr(a | ) belongs to L2(¢* - 7). Combined with the
uniform upper bound sup, , 0*(z, a) < 2, it follows that the function o j—g also belongs
to L2(¢* - 7). Since the Hilbert space H is universal (and hence dense in L?(¢* - ), it
follows that for any € > 0, we can find a function h. € H such that ||h. — azg—i||2 <e.

Now define the rescaled function ¢, := h./ (2||adg ||2). With this definition, we have

) he 02d9
B[ 264] < 4ot 2B [{ [o(x. ) 2204 3)| + LT ()]
14e 2 dg 2 1 he=o ddfr 2
< oI { BB (X, A) - (2041 X)) + B[ )’ (x, 4)] |
1+e ¢
S A +Ea

along with the bound ||g:||m < Ha 5" el < oc.
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We now define the rescaled function ¢ := ﬁ—% Given a sample size lower
+et

bounded as n > || h.||%/ (R2||0 ||]L2 (¢+.m))> the above inequalities imply that the rescaled

function ¢ satisfies the constraints in the optimization problem (5.45). Substituting this
choice into the objective function, we find that

Ee. | /A ¢(X,a)dg(a | X)] > 1_23(7;45/"21@&[ /A he(X, a)dg(a | X)]
> S {1l - B[ (k- 0%) 22041 )]

The Cauchy—Schwarz inequality implies that

dg dg 1
24 2 d
E|(h— 0" 8) - (A X)] < he 0"l o2l
where we have used the fact that o(z,a) > ¢ for all pairs (z,a).

Combining the two bounds together and taking the limit, we conclude that

1211 Va,n(g*vﬂagv]BJf(R)) 2 EE* [/ Q(Xa a)dg(a|X)
n—00 A
> 1-e- 5/0 H H l—e— e/a £

Since the choice of ¢ is arbitrary, this concludes the proof of this proposition.

5.5.3 Proof of Theorem 5.2 and variants

Let us first introduce some notation used in the proof. Our proof involves the diagonal
operator A1 := diag({)\;'}72,), and the weighted ¢*>-norms

12113 —Z)\j z, and |z[3 ::Z/\j_lz]z. (5.46a)
=1

5.5.3.1 Set-up for auxiliary results

We define the empirical feature vector @, := 13" | [, ¢( a)dg(a | X;"). By the
kernel boundedness assumption Kbou(k), we have iy < oo and ||tn|[x < co almost
surely. We also define a linear operator ¥ from the Hilbert space H to the sequence space
? with components [U(f)]; = (f, ¢j)r2(e=m). Since p* and 7, belong to the Hilbert
space H, it is meaningful to define

B, :=(u), and B, := V().
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Note that for any function f € H, we have

1 fI3- = ZA (f, 00 tagermy = D U VA% = IfIIf < o
7j=1

Consequently, the inner products (u, 8) < ||ul[x - ||B]|x-1 are well-defined for v € {u,u,}
and B € {f.,B,}. Fubini’s theorem guarantees that target functional 7* and the
estimator 7,, can be written as

o

= Z<N*, ¢k>]142(£*,7r) - B {/ or(X,a)dg(a | X)} = (@, B.), and
k=0

_nlzun’¢kL2E* Z/¢ dga|X):<ﬁn,Bn>
We therefore have the following error decomposition:

The rest of this section is devoted to bounds on each terms appearing in this decompo-
sition. In particular, we require two auxiliary results. Recall the shorthand notation

V() = varxee ([, f(X;a)dw(a | X)).

Lemma 5.1. Under Assumptions (Kbou(k)) and (subG(e)), for any function f € H,
we have

log(l/é)

+ 65| f e

with probability at least 1 — §. Furthermore, given a sample size n > log(1/d) and a
scalar p > 0, we have

log(1/0) (5.482)

|(tn — 1, Wf)] < 2Ve-(f)

1+ oA 2~ ) e < 2 1010 (5.48b)
with probability 1 — 0.
See Section 5.5.3.3 for the proof.
Lemma 5.2. Suppose that the kernel bound (Kbou(k)) and tail condition (subG(o))

are in force. Then for any infinite-dimensional vector z and scalar § € (0, 1), with the

reqularization parameter p, = g—;ﬂ, and under the sample-size condition (5.21a), we have

< CH([JFpnA—1)—1/2ZH£2 . { log( 1/5 +o/Dlp)- log(1/6) logn}
(5.49)

[z B = )

with probability at least 1 — 6.
See Section 5.5.3.4 for the proof.
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5.5.3.2 Main argument

Taking these two lemmas as given, we now prove Theorem 5.2 by bounding each term
in the decomposition result (5.47). First, recalling that 5, = Wu*, we can apply the
bound (5.48a) to find that

|y, — @, Bi)] < 2Ves (1) +6kR

log(1/9) (5.50)

log(1/6)

with probability at least 1 — /3. Second, by the boundedness of basis functions, we
have u € £*°, so that Lemma 5.2 can be applied to obtain

‘(a, By — B.) < (I + paA™h)” V2 { [log(1/0) 1/5 o /D log( 1/5)1ogn}
< 2CH(I + pnA_l)_l/QﬂHpa' w’ (551)

with probability 1—4§/3, where the last step follows from the sample-size condition (5.21a),

as the condition ensures that o/ D(p,) - M < a4/ M'

Next, we apply equation (5.48b) in combination with Lemma 5.2, and obtain the
following inequality with probability 1 — ¢/3

’<an—l_b, B\n_ﬁ*>
< | (T+ paA~t)” 1/2(Un—u)H {6 log 1/(5 +o/Dipn) log(1/9) logn}

< c\/D(p”) g(1/5) - { log( 1/5 \/7 log(1/0) logn}
2 wa{l . ¢D<pn> 1og<1/6>}

< co
n

(i)
< QCax/D(pn)m. (5.52)

where step (i) follows from the relation & < o, whereas the final step follows from the

sample size condition (5.21a), as it ensures w <1
Combining the inequalities (5.50), (5.51), and (5.52) completes the proof of Theo-
rem 95.2.

5.5.3.3 Proof of Lemma 5.1

We simplify notation by omitting the superscript ™, and using (X;, 4;,Y;) to denote
the data.
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Proof of the directional bound (5.48a) : By definition, we have
(Up, Uf) = Z/ (Xi,a), ¥fdw(a | X;)
ZEZZ" where Z; := [, f(X;,a)dw(a | X;).
=1

Similarly, the population-level vector u satisfies (u, U f) = E¢[Z], so that our prob-
lem amounts to bounding the fluctuations of the sample average - ZZ 1 Z; around
its mean. Our approach is via Bernstein’s inequality, and applylng it requires
control on both the variance and absolute value of Z;. By inspection, we have
var(Z;) = VA(f) = var ([, f(X,a)dw(a | X)) and moreover, we claim that

1Zi] < k- | flle- (5.53)

With these two bounds in hand, invoking Bernstein’s inequality (see e.g. [136]) yields

2
P([(u, — @ Vf)| > t) <2exp (2‘/62*(f) fg,@||f||Ht> ’

setting the right hand side as § and solving for ¢, we complete the proof of the directional
bound (5.48a).

It remains to prove the claim (5.53). Using our boundedness condition (5.6) on g,
we have

sup [ f(x,a)|
(z,0)eSXA

7] = \ [ 1 aata] %) <

(4)
< sup Y Meldw(w,a)l - |(f, dn)ml

(z,a)eSXA >1

sup (Z)\kcbk T, a) >1/2' (Z)\Mf, ¢k>1%1>1/2

(z,0)ESXA k>1 k>1

where step (i) follows by expanding f into a basis representation f = >, M\o(f, dx)ucdk;
and step (ii) follows from the Cauchy—Schwarz inequality. Now by Mercer s theorem, we

have the relation

(S NE 003) Y = 11l

k>1

whereas the boundedness condition (Kbou(x)) implies that >, ; Mgi(z,a) <
K((z,a),(z,a)) < k% for any (z,a) € X x A. Putting together the pieces yields
the claimed bound (5.53).
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Proof of the preconditioned bound (5.48b): Defining U; := [, ¢(X;, a)dw(a | X;)
so that u, = % >, Us, the norm on the left-hand-side of Eq (5.48b) can be equivalently
written as an empirical process supremum

n

1
(I + pA=HV2(T, — @) || = sup -y (U —a) = H,
( ) 2T (I+pA—1)z<1 T 22:1:

In order to bound the expected supremum, we simply use the Cauchy—Schwarz inequality
to arrive at the bound

Bl < {E[10+ oA 2y @ miz] ) < e oA ],

i=1

where the second inequality comes from the fact that U;’s are i.i.d.
In order to bound this quantity, we use Talagrand’s concentration inequality (c.f. [213],
Theorem 3.8 and remarks). With probability 1 — §, we have

1/2
B[] o sp BT my)
2T (IT+pA—1)2<1

to sup (14 pAT) M 2p(z,a) e - U (5.50)

(z,a)EXXA "

Since the Radon measure g satisfies the bound (5.6), the summand U; satisfies the
almost sure upper bound

I+ pA 20l < sup I+ ™) 00zl = /D)
x,a)ES X

The bound (5.54) then becomes

H, <c D(p)-{ log(1/4) +10g(1/5)}7

n n

which completes the proof of equation (5.48b).

5.5.3.4 Proof of Lemma 5.2

For notational simplicity, we omit the supscript ® in (Xj, A;,Y;). Using the basis
expansion ft = Y, -, B(k)¢y, we have the equivalence

~

1 < 2
W= Weargmin { - 3 (Vi - u(Xi, 40)" + pallullE |
B arg min nZ( (X, A))” + pallullz

n

1
= arg min {37 (¥~ (8, 0(X0 A0)" + pull Bl .
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Define the noise variable ¢; := Y; — p*(X;, A;) along with the empirical covariance
operator I, := %Z:’L:l o( Xy, A)o( X, l) . Using this notation, we can write

n

B Bo= (Bt ped ™) S ci0(X A) — pub .}

=1

Our approach to controlling the projection of this quantity in any fixed direction z
consists of two steps:

e First, conditionally on the state-action pairs (X, A;)",, we exhibit a high-
probability upper bound on the error z " (En — 5*) with respect to the randomness
in the outcomes Y;. The bound depends on the behavior of the empirical covariance
operator I',, of feature vectors; see Lemma 5.3 for details.

A~

e Second, we relate the empirical covariance operator I',, with its population
analogue (which is the identity operator I, since (¢;)52, forms an orthonormal
basis). The form of infinite-dimensional concentration results is exactly the form
required in the first step. See Lemma 5.4 for details.

Let us give precise statements of the two auxiliary results needed in the proof:

Lemma 5.3. Conditionally on the state-action sequence (X;, A;)y, for any z € (>°(N),
we have

2T (B = 8] < ell (Bt o) 22

O — _1 2 (0] ogn
{ ol + /1g1/5) +osup H( ot A 1) /¢<w’a)”€2.%}7 (5.55)

(z,a)

with probability at least 1 — 6.

See Appendix D.3.1 for the proof.

Our next auxiliary result relates the sample covariance operator f‘n with the popula-
tion one. Here we state a somewhat general result, since we use it both here and in our
later proof of Theorem 5.3.

Consider a weight function (z,a) + q(z,a) € [g,q], where (¢,q) are a pair of positive
scalars. Define the empirical operator

=n" Z (Xi, A o( Xy, A)p( X, Ai) T,

along with its its population version I', ;, := E [f‘n,q] For the current proof, it suffices to
take q(z,a) = 1.
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Lemma 5.4. For scalars 6,w € (0,1), consider a regularization parameter p, satisfying
the relation

(7/q) log (£5) - Dlontt) < (5.56)

n =16
Then we have
(1 —w)(Thg+ paA™) =< f‘n,q + oA 2 (1 +w)(Tag + puA™) (5.57)
with probability at least 1 — .
See Appendix D.3.2 for the proof.

Taking these two lemmas as given, we now proceed with the proof of Lemma 5.2.
We define the event

& = {fn + At = LT+ pnA’l)}.

With the given choice p,, = for a sample size n satisfying the requirement (5.21a),

we have

R27

K\ D(pa) _ 1
IOg(pnd) n §32'

By applying Lemma 5.4 with ¢(z,a) = 1, we are guaranteed that P(&) > 1 — .
Conditioned on the event &, the definition of effective dimension guarantees that

= _1\—1/2
sup ||(T + puA™Y) 0 (2,a) 2
(z,a)eSXA

<V2 sup [T+ paA) 0(x,a) e < V2D (pn).

(z,a)ESXA
Consequently, conditioned on the event &, Lemma 5.3 guarantees that
‘ZT (ﬁn - B*)
< |-+ paA™) 2l - { Bl + 7/ 1 0/, - itiaoen
< 2|1+ pul ™) 2l - { ol s+ 04/ 2 4 5/ D(p,) - aliDlen L

with probability at least 1 — 9.
Substituting the choice p, = g—;ﬂ, we note that /p.||p*ln < V/pnR < " —, leading to
the bound with probability 1 — ¢

< 20”([ + pnAil)_l/QZHp ) {5_ /log(;/é) +o D(pn) . log(l/z)logn},

which completes the proof of Lemma 5.2.

|27 (3. - 8.)
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5.5.4 Proof of Theorem 5.3 and corollaries

The proof consists of three parts: we first establish guarantees on the auxiliary estimators
fin and 72 and then use these guarantees to bound the error of the two-stage estimator
Tn- Concretely, we prove the following claims in turn.

e For any fixed state-action pair (sg,ap) and any ¢ € (0, 1), the first-stage estimator
11, satisfies the bound

(1)
|fin (S0, a0) — 1" (80, a0)| < ca\/% log(1/6), (5.58a)

with probability 1 — §. See Section 5.5.4.1 for the proof.

e For any fixed state-action pair (sg, ag), the second-stage estimator &, satisfies the
bound

L, ~2 2

4 (S0, a0) < TS0, a0) < 20°(s0, ap), (5.58b)

with probability 1 — §/n. See Section 5.5.4.2 for the proof.

e Using an approach analogous to that in the proof of Theorem 5.2, we represent
the target functionals using basis functions, and recall the error decomposition

P — 7" = (U — @, B) + (T, B — Ba) + (T — 1, B — Ba), (5.58¢)

where we denote (8, := Uu* and B\n := U,. The errors in the sample average
feature vector , can be controlled using Lemma 5.1 just as in the proof of The-
orem 5.2, while bounding the error for the weighted least-square estimator 3,
requires new ingredients; see Lemma 5.5 to follow.

Lemma 5.5. Under the conditions of Theorem 5.3, with probability 1 — &, for any
infinite-dimensional vector z, we have

— /1 1
SCH(I‘U-FPQH)A_I) 1/22”[2 W’ (5_59)

where ¢ > 0 is a universal constant.

27 (B - 5)

See Section 5.5.4.3 for the proof.

Having set up the basic ingredients, we are now ready to prove the main claims
of Theorem 5.3. We bound each terms in the decomposition result (5.58¢) as follows.

Applying the bound (5.48a) from Lemma 5.1 with f = p*, with probability 1 — 4,
we have

|(Un — @, Bi)| < 2Ve (") w + GKRM. (5.60)
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Applying Lemma 5.5 with z = u yields the bound

(T, B = B.)] < el (T + ™A 200|280 < 20, (7,7, g; By (R)) 1/ 220L),

(5.61)

valid with probability 1 — §. Here the second step follows from Proposition 5.1.

Finally, applying Lemma 5.5 with z = @, — @,'° as well as equation (5.48b)

in Lemma 5.1, with probability 1 — 9, we have the upper bound

(=, B = )] < ll (o oM7) 20— ) 2L
< (1 + oA ) @ - 1)y 2L
<co D(&%S}D)M
N D(p%w- (5.62)

Combining equations (5.60), (5.61), and (5.62) completes the proof of Theorem 5.3.

5.5.4.1 Proof of equation (5.58a)

Define the infinite-dimensional vectors
En =Vpu, and S, :=WYu".

The error can be written in the form of the basis function representation

ﬁn(Smao) - M*(Smao) = <ﬁn — B, ¢(So7ao)>-

Invoking Lemma 5.2 with z = ¢(sg, ag), we have
‘<¢(307 aO)a //8\71 - 6*>

<l + o A) (50, an)le - oy ELL) 4 01Dl - L0,

holding true with probability 1 — 4.
Recall the definition (5.19) of effective dimension, we have the uniform upper bound

(1 + oA™Y 2820, a0)l| 2 < sup |[(I + pA™Y) "2 6(x,a)||2 < \/D(p)
(z,a)

Substituting back and using the sample-size condition (5.28a) completes the proof of
equation (5.58a).

ONote that the vector i, is independent of (XEHI), Agm), Yiam)?:l, so that Lemma 5.5 is applicable.
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5.5.4.2 Proof of equation (5.58b)
Define the o-field By := o ({X;", A", Y;"}7,). Clearly, the first-stage regression function

R (2
fin is measurable in B;. Since each data-point (X", A" Y,") at the second stage is

7
independent of By, equation (5.58a) guarantees that

~ a4 %/ ) 4D D (p(rll)) 0
P (XM AP — (X, A)| > 2c0 . log(n/d) p < o2

Applying union bound and the tower property yields

D(py
E IP’{ max |1, (X", A®") — p* (X", A")| > 200\/M log(n/(?)} | By
n

(2
i€[n]

- N D(pY )
s}jp%mxwm4%—uww%MwZJwJ—%imgwa}s—a (5.63)
=1

For the noisy observation we construct in this step, the conditional expectation takes
the form

E[(Y" — fin (X, AP | X, AP, B)] = 02(X, AP) + (i — (X0, AD)

)

-~

=(x" A1)

We further note that for any p > 0, we have

B | (V" = (X", A"

’ XZH ) Bl]

(11)
3 |X b 17

< PP 4 PP (X, AP,

K3 7

<27 [ |(v" - (X", AP))?

DB 2 (X, AP - (X, AP

which verifies the tail assumption ||V, — 7z, (X" ,zﬁlfL»m))Ql\w1 < 4(0? + b(X", AM))
conditionally on X", A" and B;.

Having verified the observation assumption (5.27), we are ready to apply the robust
pointwise risk property satisfied by the estimating procedure A. By definition, given a
sample size n > m(g?/2,6/(2n)), for any € > 0 and § € (0,1), we have

P{ [62(s0, a0) = 0*(s0,0)| < 0*/2] B}
)

> IP’{ max [b(X", A™)| < b(a?/2,5/(2n)) | 5’1} — 2 (5.64)

i€[n] 2n

almost surely.
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Given a sample size satisfying the requirement in equation (5.28b), we have

p{ max [o(X,", A)| < b(a”/2,6/(2n)) | B}

i€[n]

D
> IP’{ m?}]{mn u>’A§u)) - ,u*(X;H),A;ID)‘ < ca\/ﬂ log(n/5) | [51}’ (5.65)
t€ln n
almost surely.
Combining equations (5.63), (5.64), and (5.65) and taking expectations with respect
to (X", A Y"), we conclude that

7 )

IP’{ "a\n(so,ao) -0 (so,ao)’ < g2/2}
_E [p{ 152 (50, a0) — 02 (s0, a0)| < 02/2 | BlH

a4 %/ ) 4D D (p(TIL)) 0
>k P{max}unX VAP = (XM A = 2c0 log(n/d)}]l’)’l ~ 5
i€ n n
>1-2
n
On the event |2 (sg, ag) — 0%(s0, a0)| < 0?/2, we have

1 ~
502(507%) < 0%(s0,a0) — 0 /2 < G2 (s0,a0) < 0%(50,a0) + /2 < 20°(s0, ap),

completing the proof of equation (5.58b).

5.5.4.3 Proof of Lemma 5.5

First, by the guarantee (5.58b) from the second stage and a union bound, we have

P{Hi e [n), i—é(XgIm,A;HD) ¢ (1,2)} < zn:n»{a (X, A ¢ (1,2)} <5 (5.66)

1=

Defining the event
g [0 (X0, AR < GAX, AP < 202X, AP), for any i € [n] ),

we have (éa “”) > 1— 0, with respect to the randomness of both the state-action pairs
(X", AR and the function G2

The remainder of the proof is analogous to that of Lemma 5.2. For notational sim-
plicity, we omit the supscript ™ in (X, A;,Y;). Under the basis function representation,

we have

B\ =U. argmm{ Z (Xi, Ay) Y—M(Xi,Ai)) ‘f’PrILHHMH?HI}

peH

= min { ZA_Q X’L7A — (B, ¢(Xi>Ai)>)2 +P$”Hﬂ”§rl}'

6622
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Defining the noise ¢; :=Y; — pu*(X;, A;) and the empirical covariance operator
1
=— 2(Xi, A (X, A)o(Xi, Ai)T,
NS ol A1)

the error vector admits the representation

B\n — B, = (Fa —|—pﬁ”A 1)_1%2{8n25i¢(XZ,A) (am A 1B*}

=1

We can bound such an error conditionally on the state-action pairs (X;, 4;)" ; and the
estimated conditional covariance function o, as stated in the following lemma.

Lemma 5.6. Under the set-up above, conditionally on the function &, and the state-
action pairs (X;, A;)i, such that the event &™ happens, with probability 1 — §, we have
the upper bound

2T (B = 5] < el (B + puoA ™) 2
log(1/6)  lognlog(1/d - .
X{2 SO RO wup (7 + oA ) ”"’¢<x,a>uez} (5.67a)

See Appendix D.3.4 for the proof.

Taking this lemma as given, we proceed with the proof of Lemma 5.5. Define the
truncated variance function and the corresponding reweighted operator.

52 if 49 ¢ (1/2,2
on(z,a) = Oule,0) H a (1/2:2). and
o%(z,a) otherwise
~ I & 1
I .= — = Xz Az Xz,AZ T.
= Dy A )

Conditioned on the event &"", we have f‘g = f‘g On the other hand, we invoke
Lemma 5.4 with the weight function ¢ = 7,2 and w = 1/2. Note that the condition (5.56)
becomes

B K2 D(phg? 1
(02/Q2) log (p%m5) ) ( n ) < @7

which is satisfied under the sample size requirement (5.28a) and regularization parameter
choice (5.29). Therefore, on the event &™) with probability 1 — §, we have

(T, + oA™Y < T7 4 piWA~ =T7 + pA~! < 2(Cy + pi"ATH). (5.68)

N —
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Substituting equation (5.68) into the guarantee from Lemma 5.3, we find that

_ log(1/6
< 4el|(T, + A7) ”Qzup-{ toslL/0)

<Za B\n - B*>

1 log(1/0 -
| lognlog(1/o)a i p, 4 pma-1) ”%(x,a)u@}-

2 n
na (z,a)

By the definition (5.19) of effective dimension, we have

sup || (FU + p%‘”A_l)fl/%(x, a)||ee < 7 sup || (I + 62p§i“)A_1)71/2gb(a:, a)|lee = a1/ D(py).

(z,a) (z,a)

Moreover, given the condition (5.28a) on the sample size, it follows that

L) > toanlosGe [D(pi) > R sup (T, + )" AT (w, a) e
- B (z,a)

_ log(1/6
< 80T, + A My [ OEUL)
n

with probability 1 — ¢, with establishes the claim in Lemma 5.5.

Thus, we conclude that

-~

<Z> ﬂn - /B*>

5.5.4.4 Proof of equation (5.32)
Recall the definition (5.17a) of the infinite-dimensional vector u(dy,)

@(3s,) = / 6(zo, a)dw(a | o).
A
Using this definition, the estimation error admits a basis-function representation
Tn(2o) — 7" (20) = (B — Bs, (o)),

where the vectors B\n and [, are defined in Section 5.5.3.1.
Applying Lemma 5.5 with z = u(x,) yields

_1/2._ log(1/6
< o (T + P AY) (o) | 2 # (5.69)

(o), B, — 5.)

By Proposition 5.1, we have
r'; + P“IUA*I _1/217 Zo L=u 7o) (L's + A" _117 < 4V2 (6, T 95 F).
n 4 R2n o,n 0

Substituting back completes the proof of the claim (5.32).
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5.6 Discussion

In this chapter, we studied the problem of estimating linear functionals based on
observational data. Our main focus was the challenging setting in which the importance
ratio is poorly behaved. In such settings, the classical semi-parametric efficiency
bound—based on a presumptive \/n-rate of convergence—can be infinite, and so fail
to characterize the problem. So as to remedy this deficiency, the main contribution of
this chapter was to propose a modified risk functional, defined as the optimal value of
a variational problem that respects the geometry of the function class. The resulting
minimax risks interpolate between the classical regimes of semi-parametric efficiency
with the y/n-rate, and nonparametric rates for functional estimation. Focusing on the
case of RKHS, we analyze an outcome-based regression estimator, and showed that it
achieves our instance-dependent lower bound (up to a universal constant pre-factor).
This estimator is attractive in not requiring any knowledge of the behavioral policy.
Nonetheless, despite its agnostic nature, it matches our lower bound that applies even
to oracle estimators that have full knowledge of the policy. When applied to various off-
policy estimation problems with singularities in the importance ratio, our results uncover
a novel class of minimax rates, as well as instance-dependent optimality, adaptively
achieved by our estimators.

While this chapter takes an initial step in characterizing instance-dependent opti-
mality for off-policy estimation beyond semi-parametric efficiency, there are many open
directions.

e Our optimality results impose assumptions on the conditional variance function
o?. We either require it to be uniformly bounded (for achieving the worst-case
variance bound Vf(g—i)), or require additional structure that allows for consistent
estimation (for optimal adaptation to the conditional variance structure). It
is not clear if such requirements are necessary. In the classical y/n-regime of
semi-parametric efficiency, regime, AIPW estimators adapt to the conditional
variance structure without knowledge of o?; for instance, see the paper [41]. An
important open question, therefore, is whether such adaptivity is possible in the
more challenging regime considered by this chapter without additional assumptions
on the conditional variance.

e In this chapter, we established achievability of our lower bounds only for repro-
ducing kernel Hilbert spaces. Thus, an important question is to what extent our
results can be extended to more general function classes. We conjecture that the
minimax linear estimation strategy [53, 78] could yield an optimal estimator—in
the same sense as the results presented in this chapter—for any function class
F satisfying the Donsker property. For non-Donsker classes, it is known from
past work [179] that knowledge of the behavior policy plays a role. An important
direction of future research, therefore, is to identify the optimal risk for estimation,
jointly determined by the structural assumptions on the treatment effect function,
the behavior policy function, and singularities in the importance ratio function.
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e Our results focus on the classical off-policy contextual bandit setup, where the
data (X;, A;, Y;)!, are independent and identically distributed. However, many
decision-making problems involve collecting data in an adaptive manner (e.g., by
running a bandit algorithm), or following a Markov chain (e.g., in reinforcement
learning). The importance ratio can easily grow unbounded in these settings,
leading to practical challenges [225, 97]. Being optimally agnostic to the singular
behavior of the importance ratio, we suspect that our estimation framework and
risk functional should be helpful for problems of this type.
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Appendix A

Proofs and discussion deferred from
Chapter 2

A.1 Proofs deferred from Section 2.5.1

In the following subsections, we prove Lemmas 2.5 and 2.6, the two technical lemmas
used in the proof of the bound (2.45b).

A.1.1 Proof of Lemma 2.5

Recall that Lemma 2.5 provides a bound on the error of the non-averaged iterates
{v: }1>1, as defined in equation (2.24a). Using the form of the update, we expand the
mean-squared error to find that

El|vi1 — 9> = E||(I — I + nlsL)(v; — ©) + nlls(Lit1 — L)v, + nlls (b1 — )]|?
O R|\(1 = nI +nTIsL) (v, — 5| + n?E|Ts(Less — L)vy + g (b — )|
(i)
< (1= (1 — K)Ellv, — 5[] + 27°E|s(Lypy — L) (v, — 0)|?
+ 2772E]|HS(LH1 — L)ﬁ + HS(th — b)HQ. (A.l)

In step (i), we have made use of the fact that the noise is unbiased, and in step (ii), we
have used the fact that for any A in the subspace S and any stepsize n € (O, T Jillli LH\H ),

X
we have

17 =+ nU LA = (1= A + 72 TsLAJ 4+ 2(1 = n)(A, TsLA)
< {1 -2+ 72+ 2L + 200 — mpms A
< (L= -m)AJ*
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Turning to the second term of equation (A.1), the moment bounds in Assumption 2.1(W)
imply that

d
E[[Ts(Lsr — L) (v — 0)|* = ZE<¢]" (Ler1 = L) (v — 0))* < Eflve — 307 d.

Jj=1

Finally, the last term of equation (A.1) is also handled by Assumption 2.1(W), whence
we obtain

d
E|s(Lest — L) + (b — b)) < 23 E(6, (Liws — L))
j=1

d
+2 By, b — b < 2ol Podd + 207
j=1

11—k

) 4a§d+1+|||L|||§)= we have

Putting together the pieces, we see that for any stepsize n € (O
Ellvs — 32 < (1= (1 = #) + 20202 d)E v, — 31| + (|5 02d + o2d)
< (1 - M)Euvt — 3| + 42(||5]?02d + o2d).
Finally, rolling out the recursion yields the bound
E|lv, — 9> < e” U™ 2E |l — o]* + i—nﬁ(l\ﬁllzaid +oyd),
which completes the proof.

A.1.2 Proof of Lemma 2.6

Recall that © satisfies the fixed point equation © = [IgLo + IIgb. Using this fact, we can
derive the following elementary identity:

n—1
Uno — Un 1
° = Z <Ut — s Lys1ve — Hsbt+1)
nn—ng) n—mng =
1 n—1
= (I = UsL)(D, = 1) + —— > s(Lisr — L) (v — D)
- t=no
A
1 n—1
— > Ts((Liga = LYo+ by — b) . (A2)
AL t=ng

::‘11%2)
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Re-arranging terms and applying the Cauchy—Schwarz inequality, we have

PO 3 -
[, —3]|* < m”(l — s L) ™" (vn — v, )|1?

3
— (I = T L) V|2 4 (I — T L)o@ 2>,
i (10 = TIs L) W0 2 (7 = Tl w2

Note that the quantities o and U2 are martingales adapted to the filtration
Fni=0({Li, b} ), so that

n—1
~ 3 - _
E|[5, — 0| < (77,——77,0)2 § E((I = ML) 'Mg(Liyy — L) (v, — 0)|1?

t=ng
3 n—1
~1 - 2
+ m%EH(I —TsL) s ((Ligr — L) + byyr — D) ||
3
———FE|(I — OsL) (v, — v |I*.
+ B (7 = Ts L) (0 = )|
We claim that for any vector v € X, we have
(I —TIsL) 5o = cb;;((] - M)_1<I>dv>. (A.3)

Taking this claim as given for the moment, by applying equation (A.3) with v =
(Lyy1 — L)(vy — 0) and v = (L4 — L)0 + b1 — b, respectively, we find that

E|l(I = L) Ms(Lust — L) (v — ) = Bl = M) ®ul Ly — L)(ve— )],
and
BN = L) W ((Let — L5+ bis = B)1I? = EI(I = M)™ul(Lis — L)7 + buss — b) 3
Putting together the pieces, we obtain

3
E|[5, — 3% < trace ((1 — M) cov (@a(by — b) + Dg(Ly — L)) - (I — M)‘T>
— 10
3 u _ _ 3E[lv, — vy, H2
+—— N E|(I - M) ®y(Lsq — L)(vy — )|+ 0 ,
g 2 I = M) Ly = D)= )+ o
as claimed.

It remains to prove the identity (A.3).

Proof of claim (A.3): Note that for any vector v € X, the vector z := (I —IIgL) 'Tgv
is a member of S, since z = lIgLz + Ilgv. Furthermore, since {¢; }?:1 is a standard basis
for S, we have z = llgz = ®;®4z, and consequently,

q)dZ = q)dLZ + (I)dU = (q)qu)Z)q)dZ + (I)dU = M(I)dZ + CIde.

Since the matrix M is invertible, we have ®42 = (I; — M)~*®40. Consequently, we have
the identity 2z = ®%®,2 = ®%(1; — M)~ '®4v, which proves the claim.
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A.2 Proofs deferred from Section 2.5.2

In the following subsections, we prove Lemma 2.7 and 2.8, the two technical lemmas
used in the proof of Theorem 2.2.

A.2.1 Proof of Lemma 2.7

We prove the two parts of the lemma separately. Once again, recall our definition of the
pair (w,y) from equation (2.55).

Proof of part (a): In order to study the operator norm of the matrix L) in the
Hilbert space X, we consider a vector p = [zg;} € R?, with p® € R¢ and p® € RP—4,

Assuming [|p|| = 1, we have
s 1 Vi L 2
ILEp)? = =l Mop™ +w- == > e
j=d+1

By the Cauchy—Schwarz inequality, we have

\/a D @ d D
|D——dj§1€jpj2 <moar 2 5

2
@y2) _ _d 2) (12
(Pj ) ) = D——de( )HQ'

j=d+1 j=d+1
Define the vector a; := —~p) € R? and ay := L__|Ip@®|y. Clearly, we have
Vad \V/2(D—d) ’

1= HPH2 = Halllg + a%, and so

1
151" < gg - Jup IMop™ + V2dastu]
te[-1,1

S8

1
= gg max (I106p™ + V2dazwl3, | Mop) — V2dazw]3)

= max (|| Moar + asw|f3, | Moar — asw||3)

< | [Mo w] 2,

Equation (2.56) implies that || [Mo w] |2, = Amax <]\40]\40T + wa> < 72, and
therefore, for all e € {—1,1}P~% and 2 € {—1,1}, we have

ILED N = sup [ILpl| < o
Ipll=1

as desired.
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Proof of part (b): Consider any pair of vectors p, ¢ € R such that ||p|| = ||q|| = 1.
Using the decompositions p = [ig;] and ¢ = [Zg;], with pM ¢ € Re, p@ ¢ ¢

RP=? we have

£,%2 £,2 1 2
Efp, (L) = LE9)q) < B (Vider, g fu )

1 1
—lpM2 2
SOl — a3

< Jlwll - llpll* - llall* < llwlf3.

Recall that MoM, + ww™ < 42, I; by equation (2.56). Consequently, we have
w3 < [|My w3+ |lw|l3 < ¥2..]lwl|3, which implies that ||w]|s < Ymax. Therefore, the
noise assumption in equation (2.12a) is satisfied with parameter o7, = Ypax-

For the noise on the vector b, we note that

1
(o) _p y2 o )
EGC) ~0.9)" < g d)ZIE(\/_(D d)=0 o p m)

5?2 9 52
< —E( (),) < — @12 < 52|1p||?
<SEre) =S5 po dHP 13 < &%||pll* =

showing the the the noise assumption (2.12b) is satisfied with o, = .

A.2.2 Proof of Lemma 2.8

Recall that Téi), Tb(i) are the random indices in the i-th sample. We define & to be the

event that the indices (TS))” (Tb(l))i:l are not all distinct, i.e.,

& = {Elil,ig € [n], s.t. 7'(“) = Tém} U {31'1 # 12, s.t. T(“) = 7'£Z2)}
U {Elz'1 iy, st = Tl)(iQ)}.
We claim that
P(M|£C = P")| &€ (A.4)

Assuming equation (A.4), we now give a proof of the upper bound on the total
variation distance 9. We use the following lemma:

Lemma A.1. Given two probability measures Py, Py and an event & with P1(&),Py(&) <
1/2, we have

doy (P1,Po) < dpy(Py|EY9, Py|EC) 4 3P (&) + 3Py (&).
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In order to bound the probability of &, we apply a union bound. Under either of
the probability measures Pgn) and IP’(_nl) , we have the following bound:

; . 2 2
P(&) < Z ]P)(Tij) = Tb(])> + Z IP’(T,SH) = T£22)> + Z P(Tb(“) = Tb(”)> < Di 7

1,j€[n] 11<t2 11<42

Applying Lemma A.1 in conjunction with equation (A.4) yields

12n?

dry (P P1)) < 5.

(A.5)

It remains to prove claim (A.4) and Lemma A.1.

Proof of equation (A.4): For D > 2n+d, we define a probability measure Q through
the following sampling procedure:

e Sample a subset S C {d + 1,---, D} of size 2n uniformly at random over all
possible ( ) possible Subsets

e Partition the set S into two disjoint subsets S = S U Sy, each of size n. The
partition is chosen uniformly at random over all ( ) possible partitions. Let

Sp = {%}”,%}),---,%}m} ands,,;:{%,f”,%;f?),---,%;f’”}.

e For each i € [n], sample two random bits §L ,Cb ) UH{-1,1}).

o Let Q be the probability distribution of the observations (L;,b;)?_,, that are
constructed from the tuple (TL ,Tb ,C 7 ,Qb ) defined above. Specifically, we let

V2dhg
_ . - 0
My 0 -+ 0 VdcPw 0 0
0 0--0 0 0 0
Li=|0 0 0, b= 0 ,
V2(D — d)¢§,'
[0 0 0 0
L. 0 -

where the vector \/Efg)w appears at the ?g)-th column of the matrix L;, and the
scalar v/2(D — d)ClEl)(S appears at the ?lfl)-th row of the vector b;.
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For either choice of the bit z € {£1}, we claim that the probability measure p ’@@c
is identical to the distribution Q. To prove this claim, we first note that conditioned
on the event &¢, the indices (Té), T,f ))?:1 actually form a uniform random subset of

{d+1,---, D} with cardinality 2n, and the partition into (Tii))?zl and (Tb(i))?:1 is a
uniform random partition, i.e.,
(Té),Tb(l)> s 4 (NS),?&,}U)) . under both P and P""). (A.6)
i=1 i=1

Given an index subset (t(Ll), t(l)) C {d+1,---,D} that are mutually distinct,
conditioned on the value of (TL ,Tb(l)). (t(Ll), t(l)) , the observed random bits under

the probability distribution P are given by
67151) > 57_£2>, te ,ETén), 2’67151), fee ,Z€Tl§n),

which are 2n independent Rademacher random variables.

On the other hand, the random bits Q”,(f), e ,gﬁ”’,g,f”, C(§2), cee ,S") are also
2n independent Rademacher random variables. Consequently, for any index subset
(t(LZ) , t,(f))j:l C{d+1,---, D} that are mutually distinct, we have the following equality-
in-distribution:

n
E (1), RE (i
( Té)’ 715))1':1

Putting equations (A.6) and (A.7) together completes the proof.

( 2 _t(L)v © _t( ))z 1 <<L 7<b ) ‘(N(Z) t(L)7 7 t(Z))z 1

(A7)

Proof of Lemma A.1: Given a function f with range contained in [0, 1], we have

[ f@in) - [ f@pa()
<| [ r@pian|+| [ rapaan)| +| [ s@pidn - [ rwpn)
< P\(£) + Py(&) + Py () - |dze ] o ;;1)(“) Jee ﬁfﬁiz)(dx)
< Py(E) + Py(&) + dpy (P1|EC, Po|EC) + 2|P1 (&) — Po(&)|

< 3(P1(E) + Po(&)) + dry (P16, Po|€°),

which completes the proof.

[Py (£9)—Py (6|
4 B PQ(g’CQ)

A.3 Proof of Corollary 2.1

We begin by applying Theorem 2.1 with w = 1. Applying Lemmas 2.1 and 2.2 yield the

desired bounds on the approximation error in parts (a) and (b). We also claim that

(0Ll + op)d
(1—k)?n
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and that given a sample size such that n > (fUL) log? (“Uol__ﬂ‘2d> > (fiic)lm we have
L or |d (of]|o]* +op)d _ (of]|0]* + 07)d
n 9 ) < - < 5 A8b
Hal(01,00,0) < 1—/1\/; (1-kr)2n = (1—kK)?n ( )

Combining these two auxiliary claims establishes the corollary. It remains to establish
the bounds (A.8).

Proof of claim (A.8): Let us first handle the contribution to this error from the noise
variables b;. We begin with the following sequence of bounds:

trace ((I — M)~ cov(®y(by — b)) (I — M)7T>
= trace ((] —M)"" (I — M) cov(Pg(by — b)))

< 1T = M)~ (I = M) Hlop - | cov(@a(br = b)) e
< (I = M)~H)Z, trace ((cov(Pa(by — b))).

By the assumption x(M) < 1, for any vector u € R?, we have that

(1= m)llullz < (I = M)u, u) < |(I = M)ullz - [|ull2.

Consequently, we have the bound [[(I — M) o < 1_,3(M). For the trace of the

covariance, we note by Assumption 2.1(W) that

d
trace (COV((I)d (by — b)) Z bj, by — b)? < ofd.
7=1

Putting together the pieces yields trace ((I — M)~ cov(®q(by — b))(I — M)~ ") < %.
Turning now to the contribution to the error from the random observation L;, we

have

trace ((I — M)t eov(®4(Ly — L)D) (I — M)_T>
< I - M)_1|||3p trace (COV(CDd(Ll - L)z‘z)).

Once again, Assumption 2.1(W) yields the bound

trace (cov(®q(Ly — L)7)) = Z(qf)j, (L1 — L)0)* < o7 ||9)*d,

J=1

and combining the pieces proves the claim.
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Proof of claim (A.8b): The proof of this claim is immediate. Simply note that for

co2d 2 —v|12d co2d
n > (12)2 log (””01:;” ) > (12)2, we have

o on fd (of|[o]® +o7)d _ (op||v]* + op)d
< —. < .
(o1, 00,0) < 1— li\/; (1—rk)?n  — (1—k)2n

A.4 Proof of Theorem 2.3

In order to prove our local minimax lower bound, we make use of the Bayesian Cramér—
Rao bound, also known as the van Trees inequality. In particular, we use a functional
version of this inequality. Before stating the result, it is useful to introduce the general
setup and basic notation for parametric models. Given a family Pg = (IP’77 'n € @)
of probability distributions of sample X € X, parameterized by n € ©, where O is an
open subset of R?. Assume that each element in this family is absolute continuous
with respect to a base measure A over X, and denote the Radon—Nikodym derivative
by p, = %. Assuming differentiability and integrability of relevant quantities, for any
n € O, we define the Fisher information matrix Io(n) for a single sample as

Io(n) == n - Exp, [V,log p,(X)V, logp,(X)"] € R

For i.i.d. samples of size n, the Fisher information is given by I,(n) := n - Iy(n).
Now we are ready to state the Bayesian Cramér—-Rao lower bound.

Proposition A.1 (Theorem 1 of [68], special case). Given a prior distribution p with
bounded support contained within O, let T : supp(p) — RP denote a locally smooth
functional. Then for any estimator T based on sample X and for any smooth matriz-
valued function C' : RY — RP*? we have

2
N (ftrace (C(n)%(n)) p(n)dn>
E E NTXD-TWIE] = |
TiropX ~py [ trace (C(n)l(n)c(n)T>p(n)dn+f||V-C(n)+C(n)-Vlogp(ﬁ)H%P(n)dn

Recall that our lower bound is local, and holds for problem instances (L,b) such
that the pair ($4LP}, $4b) is within a small /5 neighborhood of a fixed pair (Mg, hy).
We proceed by constructing a careful prior on such instances that will allow us to apply
Proposition A.1; note that it suffices to construct our prior over the d x d matrix ®,L®
and d-dimensional vector ®;b. For the rest of the proof, we work under the orthonormal
basis {¢;}9_,. We also use the convenient shorthand Zg := ®47,.

As a building block for our construction, we consider the one-dimensional density

function pu(t) := cos? (%t) - L4e—1,1), borrowed from Section 2.7 of Tsybakov [206]. It

can be verified that p defines a probability measure supported on the interval [—1, 1].
We denote by u®¢ the d-fold product measure of p. Let Z and Z’ denote two random
vectors drawn i.i.d. from the distribution p®?.
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We use an auxiliary pair of R-valued random variables (1, \) given by

1 1 1 _1
Our choice of this pair is motivated by the fact that the Fisher information matrix of
this distribution takes a desirable form. In particular, we have the following lemma.

Lemma A.2. Let p: R?*? — R, denote the density of (1, \) defined in equation (A.9).
Then
xS0

We now use the pair (1, A) in order to define the ensemble of population-level problem
instances

MO = My + ||Zoll"M@0) T and O = kg + 0. (A.10)

In order to define the problem instance in the Hilbert space X, we simply let LY =
PrMPNd, and b 1= ®LRPN | for a given basis (¢;)%, in the space S.

The matrix-vector pair (L®M b#) induces the fixed point equation Z,, =
M®@Nz, \ + ¥ and its solution is given by

Tya = (L = MUV IR = (I — My — [|z0]l,*A(@o) ")~ (ho + ).

Note that by construction, the Jacobian matrix formed by taking the partial derivative
of 7, with respect to ¢ and A is given by

ViaZya = [(I = MYV 2ol *(30) T (1 — MUWN) " ho +4b) - (T = MWN) ]

Now define the observation model via L := CIDZMZ.(w”\)fbd and bzw”\) = <I>j§h£w”\)

7 )
where

M = MWN 4|70 7%wi(Z) T and AN = N 4, (A11)

7

where w; ~ N(0,%.) and w} ~ N(0,3) are independent.
The following lemma certifies some basic properties of observation model constructed
above.

Lemma A.3. Consider the ensemble of problem instances defined in equations (A.10)
and (A.11). For each pair (1, \) in the support of p, each index j € [d] and each unit
vector u € S¥1, we have

d d
|||M(¢’>\) — MOI"F < O'L\/;, and ||h(¢7>\) — h0||2 < O'b\/;, (A12a)
cov ((Ml(w’/\) - M(¢’A)):EO> =X, and cov (hﬁw’” — h(w’)‘)) =, (A.12b)

2 2
]E(e].T(Ml(W) - Mw’”)“) <oj, and E(@Ihgw’” - hw’”) < o} (A.12¢)
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Lemma A.3 ensures that our problem instance lies in the desired class In particular,
equation (A.12a) guarantees that the population-level problem instance (LW’A), b(w”\))
lies in the class Cegt; on the other hand, equation (A.12b) and (A.12c) guarantees that
the probability distribution P, we constructed lies in the class Geoy.

Some calculations yield that the Fisher information matrix for this observation model
is given by

1
LN =nw N =n %

for any 1, A\ € R%.
We will apply Proposition A.1 shortly, for which we use the following matrix C"

C(¢, )\) = V%}\jw)\‘((),o) . [0(¢, )\)_1 = [(I — Mo)_lzb ([ — Mo)_lzL} .

Note that by construction, the matrix C' does not depend on the pair (¢, \).
We also claim that if n > 1607 ||(I — M)~ '||Z,d, then the following inequalities hold
for our construction:

T, :=E, [trace ((I — Mo)'Sy(1 — Mwm)_T)]

> %trace ((I — My) 'S, (1 — MO)*T) and (A.13a)
o [(@0) Ty -1 WA=
T, =E, [W trace ((1 — Mp)"'Sp (I — M) )]
1
> = trace ((1 M) (] — MO)—T). (A.13b)

Taking these two claims as given for the moment, let us complete the proof of the
theorem. First, note that

E, [trace (C(¢, A) - Vw,\f;)\)}
=E, [trace ((I — M) 'Sy (1 — M(w’/\))_Tﬂ

— T_
5, [0 e (- 35301 210 7)]
.TO 2

)
> 2 trace ((1 — M)y (1 — MO)—T>. (A.14)
Second, since I,,(-,-) and C(-,-) are both constant functionals, we have that

E [trace (C(;p, N1 (1, N (2, A))] — trace (([ — My) N + Sy (I — MO)-T>.
(A.15)
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Additionally, Lemma A.2 yields
= trace (C’(O, 0)-E [V log p(v, \)V log p(1, )\)T} (o, O)T>

— i - trace ((1 — M) N(Z + ) (I — Mo)—T). (A.16)

We are finally in a position to put together the pieces. Applying Proposition A.1
and combining equations (A.14), (A.15), and (A.16), we obtain the lower bound

trace ((I — M) H(ZL+ %) — Mo)fT)

91+ m)n (A’ .

/ B, (L3, ) — ZyalZo(d, dN) >

for any estimator 7,, that takes values in R
For the problem instances we construct, note that

N = (I — g LM Igh®N = (I — MW 1A = DTy 2
For any estimator 0, € Vx, we note that
15 =G, [1? = [T (8% = 0,) |2 = [|@aBn — Ty all3-

Recall by Lemma A.3 that on the support of the prior distribution p, the population-
level problem instance (L, b®"V) lies in the class Cest, and that the probability
distribution Pz, we constructed lies in the class Geo,. We thus have the minimax lower

bound

inf sup  E|G,(L5,00) — 0| >inf  sup  E[F(L1,0}) — Tyl
Tn€Vn ]%)L,b)eé:est Tn (,X)€supp(p)
L,be cov

trace ((1 ~ M) (I — Mo)—T>

> [ BIE L3 0) ~ sealpldn, ) 2 ¢

n

for ¢ = ﬁ > 0, which completes the proof of the theorem.

A.4.1 Proof of Lemma A.2

We first note that A is independent of ¢, and consequently p = p, ® p,, where py, pr are
the marginal densities for 1) and \ respectively. Since the Fisher information tensorizes
over product measures, it suffices to compute the Fisher information of p; and p,
separately.
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By a change of variables, we have

=

pr(N) = n3 det(S)" 3 - M®d(\/ﬁzgl/ﬁ).

Substituting this into the expression for Fisher information, we obtain
Ip2) = [ (9108 pLOV)(V 1og pu(0) (N

= / (Vs 2V log u#(y)) - (ﬁzﬂzv1ogu®d<z>)%®d<z>dz

=0 By e (Vlog 154(2)) (Vog 15(2)) | 3,1

J/

1(ue0)

Finally, since u®?¢ is a product measure, we have I(u®d) = I(p) - Iy = wly, and

hence I(py,) = mn¥;"'. Reasoning similarly for p,, we have that I(p,) = mnX;'. This
completes the proof.

A.4.2 Proof of Lemma A.3

We prove the three facts in sequence.

Proof of equation (A.12a): Note that the scalars o and oy, satisfies the compatibility
condition (2.36), we therefore have the bounds

L _ o d

I M@ — Myllp = [|Zoll3" - A2 < n 2| Zol3 " - V/trace(Sg) < UL\/;,
d
Hh(w’)‘) — holl2 = [|[¥]|2 < v/nttrace(3,) < ab\/;,

which completes the proof of the first bound.

Proof of equation (A.12b): Straightforward calculation leads to the following identi-
ties

cov ((Ml(w’/\) — MW”\))EO> = cov <||:i0||2_2w1:f0Tf0> = cov(wy) = Xy,

cov <h§¢’)\) - h(w”\)> = cov(w)) = %y
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Proof of equation (A.12c): Given any index j € [d] and vector u € S*!, we note

that:
2 1 2
T(ag@A) A _ T =T
E(e] (M"Y = MUV)u) WE(%wl-%U)
< E(cJun) = - cISe, < o2
R

where the last inequality is due to the compatibility condition (2.36).
Similarly, for the noise hW) — b we have:

2
E(ejT (h?”) — hw”\))) E(e w1> = ejTZbej < o,

which completes the proof of the last condition.

A.4.3 Proof of claims (A.13)

We prove the two bounds separately, using the convenient shorthand I, for the LHS of
claim (A.13a) and I, for the LHS of claim (A.13b).

Proof of claim (A.13a): We begin by applying the matrix inversion formula, which
yields

1

I — MWL = (T — M)~ —
( S = M T ) T = Mo

(I — Mo) ™" Mzo) " (I — Mp)~™"

v~

For n > 160%d, we have

d 1
|(Z0) "(1 — Mo)A| < 2[[Zo 2 - IM]|2 < 2| Zol2y/n trace(Ey) < 20LH930H§\/; < §Hf0\|§,

To bound T} from below, we note that

Ty = trace ((1 Mo)~t5(1 — MO)—T> — trace ((1 - MO)‘leIE[HTD
> trace (( YIS (I — M)~ )
—[Ir - ) lzb(I Mo)™ e - 1T = Mo) "E[H] o

:trace<(l Mo)~15(1 — M)~ >~<1—|\|E[H](I—MO)|||OP>.
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When n > 40%d, we have

(To) " (I — My)A

1Zoll3

) (= M)Al

k

: I~ M)Az

1Zoll3

IE(1( = Mol < 3 =
k=0 2
(30) (L~ M)
N

oo]E<
d

< 207 (1 = Mo) ™ lop

<

k=1

Therefore, for n > 1607 ||(I — Mo)™|opd, we obtain the lower bound
1 -1 -7
T > 5 trace ((1 ~ M) IS (] — M) )

as desired.

Proof of claim (A.13b): We note that
f%,\ — Zfo — Hho —|— (I - M0)¢ —_— H@ZJ
Consequently, we have

Zg (Tg — Hho + (I — My)y — Hip)

|Zoll3

T = E[ trace (I — Mo) "So((I — M)~ T — HT))} .

Since A is independent of ¥ and H is dependent only upon A, by taking expectation
with respect to 1, we have that

— T — _
T, — E[(‘”O) (@0 — Hho) 4 ace ((I = My) S (I — My) T — HT)H .
1Zoll3
We note that
|(Z0) " H |(20) (I = M) ™"\ -1 \/E
_ < 21 = Mo) Yopory/ 2.
el Tl — o (1 =ty = 1~ M ey

Therefore, for n > 1607 ||(I — Mo)~*||2,d, we have the bound
consequently, we have

_ \NT/=
< (20 _fo fho) < 3 and

1
2 [ENE:

1
Tp > = trace ((1 — M) (I — MO)—T> _3g ‘trace ((1 - MO)—lzLHT> ‘
2 2
1
> - trace ((1 ~ M)t — MO)*T)
3 . .
= 5l = M) (I = Mo)™ e - EIIH (I = Mo)lop

> 5 trace (1= My) 5,1 = M) ™T) - (1= BELH(T = Mo)lley).
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For the matrix H(I — M;), we have the almost-sure upper bound

2 Ciys
IH (1 = Mo)llop < 57— 1T = Mo) ™" A(@0) " flop

1Zo]l3

2
< —
1Zo||2

_ _ d
I = Mo) ™ A2 < 2[I(1 — Mo) 1\Hop0L\/;-

Thus, provided n > 1807 [|(1 — Mo)~"||2,d, putting together the pieces yields the lower
bound

1
Ty >  trace ((I — My) 'S, (1 — MO)*T>.

A.5 Proof of Corollary 2.2

Define the terms A := %O{(Mg,’ymax)52 and Ay := c- &,(My, X + ;). We split our
proof into two cases.

Case I: if A; < Ay. Consider the function class:

(E = U Capprox(M/ah,>D7077maX>'
(M',h")eN(Mo,ho)

Clearly, we have the inclusion C C Cfnal- Moreover, for a problem instance in ((N:, we
have A(S,v*) = 0, and consequently v* = ©. Note that the construction of problem
instances in Theorem 2.3 can be embedded in X of any dimension D, and the linear
operator L constructed in the proof of Theorem 2.3 satisfies the bound

d
ILO i < PO o < [ Molop + aL\/; <

Consequently, the class C contains the population-level problem instances (M) p(¥:N)
constructed in the proof of Theorem 2.3, for any choice of ¥, A € R?. Invoking Theo-
rem 2.3, we thus obtain the sequence of bounds

inf sup E|v, —v*||*> inf  sup E|v, —v*|*= inf sup E|v, — |
5,EVx  (L,0)€Csinal n€Vx  (Lb)eC n€Vx  (Lb)eC
IPjL,bEG"cov PL,bEGcov PL,bEGcov

= inf  sup E|v, — 7|
Tn€Vx  (L,b)ECest
II?)L,bec;cov

> As.
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Case II: if A; > A,. In this case, we consider the class of noise distributions

é = Gcov(oa 0,0L, O-b)~
Clearly, G is a sub-class of Gey. Note that the observation model (LEE’?’), bge’y))?zl
constructed in the proof of Theorem 2.2 satisfies the following identities almost surely:

(I)dLgs,y)q)z — ‘I’dL(E’y)CDZZ, (I)db(e,y) — D bW,

So the problem instances constructed in the proof of Theorem 2.2 belongs to class G.
Invoking Theorem 2.2, we obtain the bound

2
inf sup E|v, —v*||* > inf sup  E|7, — o> > Z(a( Mo, Ymax) — 1)0% = Ay
Un€Vx  (L,b)ECHnal Un€Vx  (L,b)ECHnal 3
IEDL,bEGR:ov IPL,beé

Combining the results in two cases, we arrive at the lower bound:

inf sup E|v, — U*H2 > max(Ag, Ay)
Un€Vx  (L,b)ECHnal
]P’L’bGGcov

1 1 1 c
> §A1 + §A2 > g(Oé(Moﬁmax) —1)6* + §5n(M, Y+ %),

which completes the proof of the corollary.

A.6 Proof of Theorem 2.4

We begin by defining some additional notation needed in the proof. For a non-negative
integer k, we use Hj, € R2**2" to denote the Hadamard matrix of order k, recursively
defined as:

Hyy Hpy
Hy:=1, H:= , for k>1
0 g {Hk—l _Hk—1‘|
For any integer ¢ > 2, we define
[0 1 0 0]
00 1 0
Jq = . )
00 -~ 0 1
00 - 0 0]

which is a ¢ X ¢ Jordan block with zeros in the diagonal.
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Now we turn to the proof of the theorem. We assume that D is an integer multiple of
q, and that m := %l is an integer power of 2; the complementary case can be handled
by adjusting the constant factors in our bounds. Similarly to the proof of Theorem 2.2,
we let © € ST! be an eigenvector associated to the largest eigenvalue of the matrix

(I — Mo) ™ (v2axd — MoMy ) (I — M)~ T, and define the d-dimensional vectors:

w = \/a(M()),YmaX) -1 (I - MO)U,, and Y = \/a(M07’7max) —1-du.

We first construct the following (D — d) x (D — d) block matrix, indexed by the bits

Il il R

[1,, diag(ey; - €95)TLy 0 o 0 X -
0 I, diag(ey; - €35)7, 0 0
JE = : e ’ '
0 0 .. I, diag(eg-1; - 5qj);'n:1
- 0 0 e 0 L,

(A.18a)

Each submatrix depicted above is an m x m matrix, and the diagonal blocks are given
by identity matrices. We use this construction to define the population-level instance
(L2 bE2)) as follows:

i V)2 V)2 V)2 7
M, .. e 0

D—d ZE11W D—d ZE1W D—d ZE1mW 0
0

=10 , and
1 7(e
5J()

L(E,Z)

L 0
" /3]
0

—1 0 |. (A.18h)

5
| V2%am |

It can then be verified that the solution to the fixed point equation v}, = (I — LE2))71p(E2)
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is given by

Yy +v/2d(1 — Mo) " ho |
\/55511

\/55512

vl = : . (A.18¢)
\/§5€q1

V204

Similarly to the proof of Theorem 2.2, we take the subspace S to be the one spanned by
first d coordinates, and take the weight vector be

- ... r 1 0 _1
§= |2 2 300 )

-

4 ) d
The inner product is then given by (p, p') = fol pj)fjp;- for vectors p,p’ € RP.
It remains to define our basis vectors. For j € [d], we let ¢; := V2de;. For the
orthogonal complement S*, we use the basis vectors

0
(Gas1 Pare -+ Parqm] = { VG Higym © Iq} .

Recall that H, € R?"*?" denotes the Hadamard matrix of order k, and ® denotes
Kronecker product. The first d rows of the matrix are zeros, while the following
D — d = mgq columns are given by the Kronecker product. By the definition of
Hadamard matrix, we have ||¢;|| =1 and (¢;, ¢;) = 0 for i # j.

As before, the construction of equations (A.18a)-(A.18c) ensures that for any choice
of the binary string € € {—1,1}™? and bit y € {—1, 1}, the oracle approximation error
is equal to

qg m

1
* : * 2 Y 2
A(S? Ua,z) ql)Ielg Hva,z UH 2(D l) E E (\/565”) =0~ (A19a)

i=1 j=1

Furthermore, straightforward calculation yields that the projected matrix-vector pair
takes the form

D LEDDY = My, and b = hy. (A.19b)

Now, we construct our observation model from which samples (LEE’Z), bz(g’z))?_l are

generated. For each i € [n] and j € [m], we sample independently Bernoulli random
variables X(()?,Xg?, e ,Xfl? £ Ber(1/m). For k =1,2,--- ,q — 1, define the random
matrix

m

Z,gg) = diag(mxé?_l)je(k,l)jekj> ) (A.20a)
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The random observations are then generated by the random matrix

(1, 729 0 -~ 0 0]
0 I, Z& - 0 0
J© = S e (A.20b)
o 0 - Ln 79,
0o 0 - 0 I |

where once again, the diagonal blocks correspond to m x m identity matrices. We use
this random matrix to generate the observations

[ N NZ N T
Mo X q/ ZENW  Xoz q/ ZERW  c Xom q/ 2w 0 - 0
0
Ll(e,z): 0
: 1 7(e)
; o
- (A.20¢)
and
.
b = [V2dhy 0 -+ 0 qul%gql qum%gqm . (A.20d)
D—d-—

This concludes our description of the problem instances themselves. As before,
our proof proceeds via Le Cam’s lemma, and we use similar notation for product
distributions and mixtures under this observation model. Let ]Pé’? denote the n-fold
product of the probability laws of (L{"*, b)), We also define the following mixture of
product measures for each z € {—1,1}:

n 1 n
PY = o5 D, PO

ee{t1}mxq

We seek bounds on the total variation distance
A = dTV (]P)gn) s P(_nl)) .

With this setup, the following lemmas assert that (a) Our construction satisfies
the operator norm condition and the noise conditions in Assumption 2.1(S) with the
associated parameters bounded by dimension-independent constants, and (b) The total
variation distance A is small provided n < m!'*1/4,

1 _1. 1ymxaq —
Lemma A.4. For g € [2, TR )’ and any € € {—1,1} and z € {—1,1},
(a) The construction in equation (A.18b) satisfies the bound || L& |lx < Ymax-

(b) The observation model defined in equation (A.20a)-(A.20d) satisfies Assump-

tion 2.1(S) with 0, = Ymax + 1 and o, = §/q.
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Lemma A.5. Under the setup above, we have

12net!

ma

A<

Part (a) of Lemma A.4 and equation (A.19a)-(A.19b) together ensure that
population-level problem instance (L,b) we constructed belongs to the class
Capprox(Mo, ho, D, 0, Ymax). Part (b) of Lemma A.4 further ensures the probability distri-
bution Py, belongs to the class Gya (o, 05). Lemma A.5 ensures that the two mixture
distributions corresponding to different choices of the bit z are close provided n is not
too large. The final step in applying Le Cam’s mixture-vs-mixture result is to show that
the approximation error is large for at least one of the choices of the bit z.

Given any pair €, € {—1,1}9*™ we note that

. T, V2 V2
[ v (= | [2 gyT 0 --- 0} | = 7”9”2 = 7\/Q(M0a7max) —1-0.

Applying triangle inequality and Young’s inequality, we have the bound

1

SUT =02 [P 117 = w2 ) = 2018 — w2y [l + 17— o2, ])°

1 * * CY(Mo,’}/ma}J B 1
> Z_LHUE’I - Us’,—lHQ > 2q2

A

5.

Finally, applying Le Cam’s lemma yields

R M, —1
inf swp E|5, — o] > 0 )
Tn€V%  (L,b)ECapprox 2q
P 4€Guar(oL,0p)

52 (1= drv (BT, )

and using Lemma A.5 in conjunction with the condition D > d + 3¢gn'*/9, we arrive at
the final bound

62

R M, —1
iﬂi sup EH'Un _ 'U*HZ > a( 0771r12aX)
Tn€V%  (L,b)ECapprox 2q
PL,beral’(ULvo-b)

as desired.

A.6.1 Proof of Lemma A.4

We prove the two parts of the lemma separately.
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Proof of part (a): We first show the upper bound on the operator norm. For any
vector p € RP, we employ the decomposition p = [ EQ)] with p) € R? and p® € Ro™.

Assuming that |[p[|> = 5[[p™ I3 + [p?]|2 = 1, we have that

1
2(D—d)

4 \/_
|LCp))2 = HMWU+“’5__§:&W I3+ 573

2(D d)'"2

Define the vector a; : rp and scalar as : m” p'#||5 for convenience; we have

the identity ||a1 |3+ a3 = 1. Following the same arguments as in the proof of Lemma 2.7,
we then have

(1) (2)12
Sl - 2V d el

1 \/3
< — sup || Mop™V + —aytw]|?
2d te[-1,1] q

1 1
gmax< Moa; + —=asw||?, || Moa; — —=asw 2)
[ Moay ok 12, [[Moas ok I3
1
<U Mo w] I3, (llarli3 + 5 503).
q
By the definition of the vector w, we have the bound
1Mo w] 2, = Aax (Mol + w007 < 7

On the other hand, note that
L Lo,z 1

—|=J < O @2 7©
20— alla? P = g 1 e - I = TO2,03
and consequently, that
- 1 .
12217 < s (ol + 5 503) + OR, - (A.21)

In order to bound the operator norm of the matrix J©), we use the following fact about
operator norm, proved at the end of this section for convenience. For any block matrix
T = [Tij]1<ij<q, With each block T;; € R™*™, we have

(A.22)

IZs1<ii<allon < NI Tiillon] 1 <; i<, Nop-
Applying equation (A.6.1) to matrix J yields the bound

17 Mop < g+ Tyllop-
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Recall that J, is the Jordan block of size g with zeros in the diagonal. Straightforward
calculation yields the bound

1 0 - 00
1 1 - 00
(Iq + Jq)(]q + Jq)T = : : =: Cy.
0 0 1 21
_O 0 0 1 2_

Note that C, is a tridiagonal Toeplitz matrix, whose norm admits the closed-form
expression

s 4
ICallop =2+ 208 (57 ) <4 -

Therefore, we have [|J]lop < \/[Cqllop < /4 — 4/¢%. Substituting into equation (A.21),
we obtain

. 1 1
12217 < A (el + 5 503) + (1= ) - ad

1

Invoking the condition ¢ < —————
2(1-1AYmax)

, we have the bound

2
&

g,z 1
12907 < e (Jaal + 52 ) + (1= )03 < Aol + ) =

Since the choice of the vector p is arbitrary, this yields

IZE s < Aina,

which completes the proof.

Proof of part (b):
a vector p € X such that ||p|| = 1, denote it with p =
p» € RP~% We have the identity - [p™"||3 + 54

3(D—d)
For the noise =% — b2, we note that

Next, we verify the noise conditions in Assumption 2.1(S). For
[igz}, where p) € R¢ and

Ip@1|3 = 1.

1 = o 2 2
E b(s,z) e« E E( 1) — ) (2) ,
. b "= i ap 2 B e D) Gt

mo? 52
< : @12 < 2,

Consequently, equation (2.12b) is satisfied for o, = 6/q.
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In order to bound the noise in the L component, we consider the first d basis vectors
and the last (D — d) basis vectors separately. First, note that for each & € [d], we have

1 //d/2 & ; 2
E(¢x, ( i —Le Z))p> d2E<D—_/d Z Z(mxgj) - 1)51jp§'2) : \/Zsze,)

4 =
< —Hsz'mZ(m )
=1
< Nl
<

Following the derivation in Lemma 2.7, we have ||w|2 < Ymax, and consequently, we
have the bound

E<¢k, (Lz(s,z) _ L(z—:,z))p>2 < %2nax.

On the other hand, for £ > d + 1, the basis vector ¢;. is constructed through the
Hadamard matrix. Let ¥*) := (2¢)7'/2 . ¢, and note that the entries of ¥*) are
uniformly bounded by 1. Letting k — d = (ko — 1)m + k; for some choice of integers
ko € [q] and ky € [m], we have

E{gx, (L7 — LE)p)?

1 S % 9 2
= A(D— d)2E<Z(le(co)j Deroje o+~ V2 ¢d+ ko—1)m-+3 pl(go)m+]>

j=1
=~ 2 /(2 2
§ QZ der ko— 1m+]) '(pkom-l-j)
7j=1
1
e @R @<
< 3 d)up 12 = IO <

This verifies that equation (2.12a) is satisfied with parameter o, = Ypax + 1.

Proof of equation (A.6.1): For any vector € R™?, consider the decomposition

" =[zf - ] with z; € R™ for each j € [¢]. We have the bound
T} = Z H Z il < Z (Z Tl 1)
= ” |:||| ij”|0P:| 1<4,j<q ’ [H jHZ] 1§j§q”2 = ”| U” ij|”0p] 1§i,j§q”|0p ’ HxH27

which proves this inequality.
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A.6.2 Proof of Lemma A.5

For each j € [m], define the event

)

& = { for all i € {0,1,--- ,q}, there exists ¢; € [n] such that x\'*) = 1}. (A.23)

Let & :=Jj_, &. We note that under both IPS”) and IP’(,nl) , we have the inequality

m

ip(@) — Zﬁ{1 —P<X§j> —1forallle [n]>}

j=1 i=0
m — 1ym\etl  pitt

m (1= (50) ) <
m m4

As before, our choice of the event & was guided by the fact that the two mixture
distributions are identical on its complement. In particular, we claim that

P(&)

IN

PM|&C = P™)|6°. (A.24)

Taking this claim as given for the moment and applying Lemma A.1, we arrive at the
bound

12n9t!

ma

dry (P, P1) <
This completes the proof of this lemma. It remains to prove equation (A.24).

Proof of equation (A.24): We first note that both Pgn) are IF’(fl) are m-fold
i.i.d. product distributions: given z = 1 or z = —1, the random objects

<(€Z'j)1§i§q,(Xg))ggig%lgggn)' are independent and identically distributed. Now

for each j € [m], let @Sf} be the joint law of the random object (p¥)7_,, where

p(e) = (zx(()?alj, X§§)€1j€2j, e ,ngll)js(q,l)jsqj, X((I?aqj). It suffices to show that
vielml, Q)16 =Q |60 (A.25)

To prove equation (A.25), we construct a distribution Qi’fj), and show that it is equal to
b(ztgl of the conditional laws above. In analogy to the proof of Theorem 2.2, we construct
Q. according to the following sampling procedure:
e Sample the indicators (ng))OSiSq,lgggn, each from the Bernoulli distribution Ber(1/m),
conditioned! on the event éajc.

!Note that ]P’(@@jc) > 0 in this sampling procedure. So the conditional distribution is well-defined.
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e For each i € {0,1,--- ¢}, sample a random bit () ~ 2/({—1,1}) independently.

e For each ¢ € [n], generate the random object
pt) = (Xéi-)C(O),X(l?C(”,--- ,ng,),l)jC(q‘”,xé?é(‘”)-

(n)

In the following, we construct a coupling between QZW;C and Q, ;,

{—1,1}, and show that they are actually the same.

for any z €

First, we couple the random indicators (ng))ogig%lgggn under Qiﬁ”éaf and fofj)
directly so that they are equal almost surely. By the first step in the sampling procedure,
we know that the conditional law of these indicators are the same under both probability
distributions.

By definition (A.23), we note that

C _ s ot q 0 _
& = {there exists ¢ € {0,1,--- , ¢}, such that x;;’ =0 for all £ € [n]}
Let the random variable ¢ € {0,1,--- , ¢} be the smallest such index? i. We construct
the joint distribution by conditioning on different values of ¢. First, note that the value
of the random variable () is never observed, so we may set it to be an independent
Rademacher random variable without loss of generality, and this does not affect the law
of the random object (p¥)7_, under consideration. Now consider the following three
cases:

Case I: « = 0: In this case, we have X((f;-) = 0 for all ¢ € [n]. So the first coordinate

of each p' is always zero. We define the following random variables in the probability
space of (g;5)i;:

C(q)

Since (g45)f, are i.i.d. Rademacher random variables, it is easy to show by induction
that the random sequence (¢ (i)/)le

!/

=g, and (D= eyepiny; forie {1,2,-- ¢ — 1}

is also i.i.d. Rademacher, which has the same law
as (¢™)Z . Consequently, we can construct the coupling such that (g (i))?zl = (C (i),)jzl
almost surely. Under this coupling, when ¢ = 0, the random objects (p(¥)7_, generated
under both probability distributions are almost-surely the same.

Case IT: 1 € {1,2,--- ,¢—1}: In this case, we have Xfﬁ) =0 for any ¢ € [n]. We define
the following random variables in the probability space of (g;;)7;:

{(0)/ = zeyj, and C(i)/ = gijeapny; fori e {1,2,--- ,¢—1}\ {¢}, and C(‘I)/ = €45

Note that the tuple of random variables (¢ (i)l)é;(l) lives in the sigma-field o(eq;,- -+ ,&,5),
and (C(i),);?:LH, on the other hand, lives in the sigma-field o(g(,41)j, - ,€4;), s0 these

2Note that under the joint distribution we construct, ¢ is well-defined almost surely.
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two tuples are independent. For any fixed bit z € {—1,1}, it is easy to show by
induction that (C (i),);;é is an i.i.d. Rademacher random sequence. Similarly, applying

the induction backwards from ¢ to ¢ + 1, we can also show that (C (i),);; L I8 also

an i.i.d. Rademacher random sequence. Putting together the pieces, we see that the

random variables (C (i)/)o cicqiz, A€ i.i.d. Rademacher, and have the same law as the

tuple (C (i))o cicqite’ We can therefore construct the coupling such that they are equal

almost surely. Under this coupling, the random objects (p))7_, generated under both
probability distributions are almost-surely the same.

Case III: . = ¢: In this case, we have Xff) = 0 for any ¢ € [n]. We define the following
random variables in the probability space of (e;;)i_;:

C(O), = 2¢€yj, and C(l), = EiE(i41)5 for ¢ € {1,2, e, q — 1}

Note that (g;5)i_, are i.i.d. Rademacher random variables. For each choice of the bit
z € {—1,1}, we can show by induction that the random sequence (5(i)/)3:1 is also

i.i.d. Rademacher, which has the same law as the tuple (¢®)%_,. Making them equal
almost surely in the coupling leads to the corresponding random object (p()7_, being
almost-surely equal.

Therefore, we have constructed a coupling between Qi"ﬂéajc and Qinj) so that the
generated random objects are always the equal, for any z € {—1,+1}. This shows that

Qiylef =@l = Q167

which completes the proof of equation (A.25), and hence, the lemma.

A.7 Proof of the bounds on the approximation
factor

In this section, we prove the claims on the quantity a(M, Ymax) that defines the optimal
approximation factor.

A.7.1 Proof of Lemma 2.1
Recall that

a(M,s) =1+ )\max<(1 — M)N(s2L, — MM (I — M)—T>. (A.26)

In the following, we prove upper bounds for the two different cases separately.
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Bounds in the general case: By assumption, we have ||M ||, < s, and consequently,
0=sIy— MM" =<
Thus, we have the sequence of implications
a(M,s) — 1= Amax<(l ~ M) Y2 — MM — M)‘T)
=17 = M)™H(s*T = MM )T = M)™ " lop

< T = M) lop - Ns* Lo = MM o - 11 = M) flop
<7 = M)~"G, - 5*,

which proves the bound.

Bounds under non-expansive condition: When s < 1, we have
ST—MM" <T—-MM'" = %(I —M)(IT+MT")+ %(1 + MY —MT).

Consequently, we have the chain of bounds

a(M, ) = 1 < A (1= M) (1 = MMT)(T = M)"T)

IA

SIT+ M) (= M) g+ T = M) (T + M)y

< T = M) Hlop + 0T = M) lop

=2[(I — M) Hop-
Finally, we note that if x(M) < 1, then for any u € R, we have
(L= s(M))ulls < (T = M)u, w) < ||(I = M)ulls - ||ulls-
(

Consequently, we have [|[(I — M) o, < which completes the proof of this

lemma.

1
1-k(M)>

A.7.2 Proof of Lemma 2.2

Once again, recall the definition

a(M,s) =1+ )\max((l — M) (s, — MMTY(I - M)*T>.
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Since M is symmetric, let M = PAPT be its eigen-decomposition, where A =
diag(A1, Ao, - -+, Ag), and note that

a(M,s) =1+ Amax (P(I C A2 — AN - A)—1PT>
(1= 8)2(s2 =A%)
—\2

,.}/2
=1 o (255)

=1+ >\max

which completes the proof.

A.8 Proofs for the examples

In this section, we provide proofs for the results related to three examples discussed in
Section 2.4. Note that Corollary 2.3 follows directly from Theorem 2.1. Moreover, the
proof of Corollary 2.4 builds on some technical results, and so we postpone the proof
of all results related to elliptic equations to Appendix A.8.3. We begin this section
with proofs of results related to temporal difference methods, i.e., Corollary 2.5 and
Proposition 2.1.

A.8.1 Proof of Corollary 2.5

Recall our definition of the positive definite matrix B, with B;; = (¢;, ¢;). Letting
0, := BY?9,, the iterates (2.41a) can be equivalently written as

0ps1 =0, —nB - <¢(St+1)¢(3t+1)T9t — ¥P(s141)(s711) T0r + Rt+1(8t+1)¢(3t+1)>a
(A.27)

and the Polyak—Ruppert averaged iterate is given by 5n = Zt )2 0;. We also define

0 := &40, which is the solution to projected linear equations under the orthogonal basis.
Clearly, we have 6§ = B'/29.

We now claim that if n > M(CLC“ g (M’—W>, then

M))? p(1=r(M))
@50 — v*||* < a(M,7)A(S,v*), and (A.28a)
n N2 * —112 §25 d 3
E[[6, — 01 < e&a(M, 2 + (L4 1917) (= canV ) (A.28D)

Taking both inequalities as given for now, we proceed with the proof of this corollary.
Combining equation (A.28a) and equation (A.28b) via Young’s inequality, we arrive at
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the bound
E|v, — v*?

E) * 1 ) %)
< (L+w)lj @30 — v + (1+ = )EIG, — 0l

< (1+w)A(S,v*) + c(l + é) [SH(M, ) + (14 [|9]?) (u_f%\/g)z‘]

which completes the proof of this corollary.

Proof of equation (A.28a): By equation (2.23) and the definition of 6, we have
0 = /M8 + Ee[R(5)6(5)).

It is easy to see that @40 solves the projected Bellman equation (2.22). Note furthermore
that the projected linear operator is given by

D LD% = 7D PO, = M.
Invoking the bound in equation (2.45a), we complete the proof of this inequality.
Proof of equation (A.28b): Following the proof strategy for the bound (2.45b), we
first show an upper bound on the iterates E||¢; — 9||? under the non-orthogonal basis
(¥;)jea), and then use this bound to establish the final estimation error guarantee under

| - ||-norm.
Recall the stochastic approximation procedure under the non-orthogonal basis:

Vi1 =0 — ?7<¢(5t+1)¢(8t+1)T19t — Y(se4) ¥ (si0) " — Rt+1(5t+1)¢(3t+1)>-

Let M := I — 3B/ (1 - M) BY2 and T := LE[R(s)¥(s)]. We can view equa-
tion (2.41a) as a stochastlc approximation procedure for solving the linear fixed-point
equation ¥ = M M9 + h with stochastic observations

Mt =15 — 6_1 <¢(St)¢(3t)T - 7@/}(st)¢(s:)T>, and Ef = 5_1R(St)¢(3t)-

To verify Assumption 2.1(W), we note that for p,q € S¢1, the following bounds directly
follows from the condition (2.42):

E(p" (M, - M)q)
< 25775 (0 9(50) - (0ls0) )+ 2677 E (0 0(50) - (0ls7) )
< 2B‘2\/E pTU(s)) 4-E(wsmq)"‘+2ﬂ—2\/E(pw(st>)4-E(z/z(sfﬁqf

IIB”ZpIIQ 132413 <4<,

62
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and

B(" _E))2 < E(R(s,) - pW(so)Q

< 5—2\/1@ [R(st)ﬂ -E(pTBl/2¢(3t)>4 <¢1/B.

Consequently, for the stochastic approximation procedure in equation (2.41a), Assump-
tion 2.1(W) is satisfied with o, = 2¢% and o, = ¢*/+/B.

—

To establish an upper bound on (M), we note that

—~ 1 M+ MT
1 — k(M) = B)‘min (B _ 31/2+T31/2>
_ 1 1/2,\T M+MTN L
= inf (B (1 - =) (B
M+ MT
ZH inf uT<Id——+ >u2H<1—m(M)>.
B ueSd-1 6

Invoking Lemma 2.5, for n < W, we have

%(Hﬁ“%&dJr&d/ﬂ). (A.29)

On the other hand, applying Lemma 2.6 to the stochastic approximation procedure (A.27)
under the orthogonal coordinates, we have the bound

E|[v; — 9|5 < e~ 207 ODE||gy — |3 +

6
E|[5, — 0]]* < t I—M)'S*(I—M)""
[ =0 < = race (7 — M) (1 = )T

6 - — e ~ o~ .
g 2 Bl = BYMBTY B My — M)BA6, = )
t=ng

T N —1
3E||(Ia — BY2MB™2) " (6, — 0,3
77252(71 _ n0)2 :

(A.30)

Straightforward calculation yields
E|(I — BY*MB™") 7' B'(M,, — M)B~'(6, - )13
= BB = M) BT (Myy — M)(0: = D).
For any vector p € RY, using condition (2.42), we note that
E||B~Y/*(M, — M)pll3
< 267°Ellé(s0)¢(s) " B'*pll3 + 267 E ¢(s1)o(s) B *pll3
_ 4 _ 4
< 2872 [E|lo(s0) 13- /E(0(s0) BY2p)* + 2872 [Ellg(s) [ - \/E(0(sF)T BV2p)
< 4p7 .
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Substituting into the identity above, we obtain

4B¢*d -
SEl[0; — 5.

E||(I — BY*MB™V*) 7' BY*(Myyy — M)B™V2(60, - 0)|3 < ————
(1 — /{(M))

For the third term in equation (A.30), we note that

E||(I — BYV2MB2) 7 (6, — 0,0) 13 = B2E|| (I — M) B~*(8,, — 0, |2
2

< 28 5

n(1— k(M))

Putting together the pieces and invoking the bound (A.29), we see that if ny >
Co—r ) log (u(‘lii)), then

(BN, — 013 + B9, - 9113).

pn(l—k
N 248¢*d 48 -
E|[G, — 3|2 < 66,(M, ") + [ ped__ . } sup E[|9; — 9|2
(1—r(M))n  p(l—rK(M)) PPn2d no<i<n
53 §477d 1 112 -4 4
<6E,(M,X%) + ¢ + V|3557d +<7d/B).
(M, ") ;ﬂa—mw@f[n ) (113 /8)

Now note that ||9]|2 = ||[B~/20||2 < x~"||9||?, and so choosing the step size 7 := m
yields

63§6 g 3/2
M?’(l—'f(M))B() '

E|9, — 0]|* < 6E,(M,¥*) + ¢
n
This completes the proof of equation (A.28b), and thus the corollary.

A.8.2 Proof of Proposition 2.1

Our construction and proof is inspired by the proof of Theorem 2.2, with some crucial
differences in the analysis that result from the specific noise model in the MRP setting.
Letting D and d be integer multiples of four without loss of generality, we denote the
state space by S = {1,2,---, D}. We decompose the state space into S = Sy U S; U Ss,
with S :={1,2,---,2d}, Sy :={2d+ 1,--- ,d+ 2}, and Sy .= {d+ 2 + 1,--- , D}.
Define the scalars p = min(y,v) € (0,1) and 7 := 2(51_[)) A 1. In the following, we
assume that 6 < 1/2(1 — p). When 6 > 1/2(1 — p), the lower bound for a smaller class
Cwmre(v,7, D, 1/2(1 — p)) directly applies to the original class Cyrp (v, 7, D, 9).

Given a sign z € {—1,1} and subsets I'; C S; and T’y C S, such that |I;| = £|S;| for
each i € {1,2}, we let I'; := S§; \ I'; for ¢ € {1,2}. We then construct Markov reward

processes (PU1:T2:2) p(2:2)) and feature vectors (1 (122)(s;))2 | indexed by the tuple
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Figure A.1: A graphical illustration of the MRP instance constructed above. For this
instance, we let d = 1, |S1| = 4 and |S2| = 4, so that the total number of states is
D = 10. In the graph, solid rounds stand for states, and arrows stand for the possible
transitions. The numbers associated to the arrows stand for the probability of the
transitions, and the equations r = - - - standard for the reward at a state. The sets Sy,
S; and S, are separated by red dotted lines, and the sets I'y, I'y, I'y, and T'y are marked
by transparent rectangles. A blue round stands for a state with positive value function,
and an orange round stands for a state with negative value function.

(T'1,T9, 2). Entry (i, j) of the transition matrix is given by

(p i=jeS,
2 ijeS, li—il=d

P(phrw)(i,j) . ? (z:,]:) e ({1,---,d} x F1> Uﬁ {d+1, - ,2d} x f1>’
5 (6J) € F1><F2>U(P1><P2 :
é (4,7) € FzX{1,27...,d})u(f‘zx{d+1’...72d}>
L0 otherwise.

(A.31a)
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The reward function at state ¢ is given by

2T 1e1I'q,
rInl22 () = { —2r ey, (A.31b)
0 otherwise.

This MRP is illustrated in Figure A.1 for convenience. It remains to specify the feature
vectors, and we use the same set of features for each tuple (I';, 'y, z). The i-th such

feature vector is given by
\/ S2de; ie{1,2,--,d},
(i) = —\/358de; g i€ {d+1,---,2d}, (A.31c)

0 otherwise.

It can be verified that for any tuple (z,I'1,['3), the Markov chain is irreducible and
aperiodic, and furthermore, that the stationary distribution of the transition kernel
PIT22) s independent of the tuple (I'y,T's, 2), and given by

£ = _1 1 1—p . 1-
= | B8=p)d (3—p)d ~ (3—p)(D—2d) (3—p)(D—2d) |-

Vv TV
2d D —2d

By construction, we have E¢[1)(s)1(s)"] = I; under the stationary distribution. For
the projected transition kernel, we have

3 — 1—
E[(s)p(sT) 7] = Tp : (p . Tp)zd < ply < v, (A.32)
Given the discount factor v € (0,1), let ¢ := l—v(p—g:ﬁ ;{12_72) 77 for convenience.

Straightforward calculation then yields that the value function for the problem instance
<P(F1’F2’Z), T(FI’F2’Z)> at state ¢ is given by

(cozT ie{l,2,--- d},
—Co2T ie{d+1,---,2d},
(1+~2%co)2r i €Tly,
—(1+~%cp)2T i€y,

YCo2T 1 €1y,

UF‘1,F2,Z(7:) -

[ —YC02T 1 E f‘Q.
For p > 1/2, we have the bounds

1 1- 1-— 1 1-—
cy > — p> p >—, and ¢y < P

. <1
T4 1y T A —p?) T L—1p




A.8. PROOFS FOR THE EXAMPLES 251

Consequently, we have |vp, 1, (i) < [vf, p, .(j)] for each pair (4, j), where < denotes an
equivalence up to a universal constant factor.
Note that by our construction, the subspace S spanned by the basis functions

$(1),9(2),- -+, ¥(2d) is given by
S = {v € L3(S,€) :v(s) =0 for s ¢ Sy, and v(i +d) = —v(i) for all i € [d]}
Consequently, we have

inf [0 = v, e P = 5= (G042 + 5%) <201 p)r = o (A39)
Putting the equations (A.32) and (A.33) together, for any tuple (I'y, 'y, 2), we con-
clude that the problem instance (P(t:T2:2) p(Mul2:2) o ) ((MF2.2)) helongs to the class
Cwmre (v,7, D, 9).

Having verified particular properties of our MRP construction, we are now ready
to carry out the lower bound argument via Le Cam’s lemma, as above. We define the
following mixture distributions for each z € {—1,1}:

]P(n) o |Sl| 2 Z P@n
“ = s

r1Cs81,I'2CSy
IT1|=|T2|=1|51]

where Pr, r,. is the law of an observed tuple (s;,s;,r(s;)) under the MRP
(PTT22) oy pel22)) fand PR, . denotes its n-fold product. Our next result gives a

bound on the total variation distance between IP’Y”) and IP’(_nl) .

Cn?

Lemma A.6. Under the set-up above, we have drvy (Pﬁ"’,l@@) < 554

Taking this lemma as given, we now turn to the proof of the proposition. Consider
any estimator v for the value function. For any pair I'1, 'y and '}, [}, we have

~

v — UFl,F2,1|

2>5—2
~64(1—p)

1
[ U;g,rg,flnz > 5637

N | —

e "UI**'I,F'QAHQ >

Let C denote the constant appearing in Lemma A.6, and suppose that D > 2C(n? + d).
Invoking Le Cam’s lemma yields the lower bound

/

inf  sup > LY <1 — dTv(]P)gn), ]P)(_n1))> 2

52,
Un (P777T7¢)€(CMRP 1 - p

1—vy

which completes the proof.
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A.8.2.1 Proof of Lemma A.6

Our argument is spiritually similar to the proof of Theorem 2.2, but involves some
delicate technical work owing to the nature of the sampling model. In contrast to the
proof of Theorem 2.2, the underlying mixing components here are indexed by random
subsets of a given size, instead of random bit strings. This sampling procedure introduces
additional dependency, so that the arguments in the proof of Theorem 2.2 do not directly
apply. Instead, we use an induction-type argument by constructing the coupling directly.

Similarly to before, we construct a probability distribution Q™ and bound the total
variation distance between Q™ and IP’,(Zn) for each z € {—1,1}. In particular, for k € [n],
we let Q™ be the law of k independent samples drawn from the following observation
model:

o (Initial state:) Generate the state s; ~ &.

e (Next state:) If s; € S1, then generate s ~ U(S2). If s; € Sa, then generate s;” ~ U(Sp).
On the other hand, if s; € Sy, then generate S ~U(S;) and let?

S - Py
st =14 (s; +d) mod 2d L

i W.p. (A.34)
S w.p. %’).

I

e (Reward:) If s; € Sy, randomly draw R; = ¢ ~ U({—1,1}), and output ()7 as the
reward. Otherwise, output the reward R; = 0.

To bound the total variation distance dpy(Q™, Pgn)), we use the following recursive
relation, which holds for each £ =0,1,--- ,n — 1:

dTV (@(k+1)7 ng—i_l)) S dTV (Q(k)7 ng)>

+ sup dTV (Q (kt1 )|(817 j_vR )z I,P(k+1)|(8“ S; 7R )z 1> (A35)

(Sivsiji)?zl

Owing to the i.i.d. nature of the sampling model for Q*+Y note that we have the
equivalence (Sp41, 1, Rir1)|(si, 57, Ri)iy 2 (Skt1, Si1> Riosr)-

At this juncture, it is helpful to view the probability distributions ]P’gk) and IED(_kl) via
the following two-step sampling procedure: First, for j € {1,2}, sample the subsets
I'; € S, uniformly at random from the collection of all subsets of size |S;|/2. Then,
generate k i.i.d. samples (s;, s, R;)*; according to the observation model (A.31a)-
(A.31Db). Consequently, for the rest of this proof, we view I'y and I'y as random sets.

With this equivalence in hand, the following technical lemma shows that the posterior
distribution of the subsets (I';, T'y) conditioned on sampling the tuple (s;, s;", R;)¥_, is
very close to the distribution of subsets chosen uniformly at random.

3The expression ¢ mod b denotes the remainder of a divided by b, when a and b are integers.
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Lemma A.7. There is a universal positive constant ¢ such that for each bit z € {£1}
and indices j € {1,2} and k € [n], the following statement is true almost surely. For each

Y Rk, in the support of ng), the posterior distribution of I'; conditioned on
(si, 5, R)", ~P®) satisfies

70

tuple (s, s

A

1 ck
max P<F'98 Siasiji§—>__’_ .
s€S\UE {si5]} ’ ’ A = 2 D—d

In words, for any “observable” tuple (s;, s;", R;)¥_; and each state s € S;\UF_; {s;, s},
the posterior probability of the event {I'; 5 s} conditioned on observing the tuple
(84,87, Ri)k_, is close to 1/2 provided D — d is large relative to k. In addition to the sets
I';,7 = 1,2 being close to uniformly random, we also require the following analog of a
“birthday-paradox” argument in this setting. For convenience, we let 7}, := Ule{si, s}

denote the subset of states seen up until sample k.

Lemma A.8. There is a universal positive constant ¢ such that for each k € [n] and

each distribution M*+1) ¢ {]P’(_kfrl),IP’(_kfrl), Q(k“)}, the following statement holds almost

surely. For each tuple (s;, si, Ri)fill in the support of M+ | the probability the tuple
R)¥_, ~ M® satisfies

70

of states {skﬂ, i1 ¢ conditioned on (s;,s;

k
IP( {sm, s;;l} NTiN(SIUS) # @ | (si, s, Ri)g;l) < (A.36)

~D-d

=

In words, Lemma A.8 ensures that if D — d is large relative to k, then the states
seen in sample k + 1 are different from those seen up until that point (provided we only
count states in the set S; U Sy). Lemmas A.7 and A.8 are both proved at the end of
this section; we take them as given for the rest of this proof.

Now  consider tuples  (Spi1, 8,1, Rit1) ~ ]P’gkﬂ)|(si, sy R)Y, and
Gri1s 55y Rer1) ~ QMHD|(s;, 57, Ri)E 3 we will now construct a coupling be-
tween these two tuples in order to show that the total variation between between the
respective laws is small. First, note that under both ]P’gkﬂ) and Q¥+ the initial
state is drawn from the stationary distribution, i.e., spy1, Spr1 ~ &, regardless of the
sequence (s;, s, R;)*_ ;. We can therefore couple the two conditional laws together so
that sxy1 = Sgy1 almost surely. To construct the coupling for the rest, we consider the
following three cases:

Coupling on the event s; 1 € Sp:  We begin by coupling the reward random variables;
we have Rp.1 = Ry,1 = 0 under both conditional distributions, so this component of the
distribution can be coupled trivially. Next, we couple the next state: By construction of
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the observation models (A.31a) and (A.34), we have

P(S}Ll = 3k+1|3k+1) = P(gﬁrl = §k+1|§k+1) =p, and
- ~ - 1—
P(sf ;= sks1+d mod 2d | spy1) =P(5{,, =351+ d mod 2d | 5p41) = Tp,
and so these two components of the distribution can be coupled trivially. It remains to

handle the case where s, € Sy and szﬂ € §;. By the symmetry of elements within
set S, we note that on the event ((5",&)1)0, both random variables 5, ; and s/, are

uniformly distributed on the set S; \ 7. Consequently, on the event (é"k(}r)l)c, we can
couple the conditional laws so that s;;rl = §;+1 almost surely.

Coupling on the event s, € §;:  As before, we begin by coupling the rewards, but

first, note that on the event (éak(}r)l)c, we have sp1 € 81\ 7. Invoking Lemma A.7,

under IP’gk) and conditionally on the value of s;.1, we have the bound

1 ck
p( Dy | (sivsts R)EL ) = 5| < .
B(sin € T (s ROS) — 5 < 5oy
Now the reward function (A.31b) satisfies r(s) = z7 for s € I'y and r(s) = —z7 for

s € I';. On the other hand, under Q**V), the reward Ry, takes value of 7 and —7,
each with probability half. Consequently, there exists a coupling between Ry, and
Ry.1 such that

ck
D—d

IP)<Rk+1 # Ek+1; Sk+1 € Sg| (si,sf,Ri)le) <

=3

Next, we construct the coupling for next-step transition conditionally on the current step.
By the symmetry of elements within set Sy, we note that under (flfi)l)c, both random
variables 5, ; and s;[,; are uniformly distributed on the set S, \ 7. Consequently, on

the event (é"k(}r)l)o, we can couple the conditional laws so that sgﬂ = §;+1 almost surely.

Coupling on the event s;,; € S;:  In this case, we have Ry 1 = §k+1 = 0 under
both conditional distributions, so this coupling is once again trivial. It remains to
construct a coupling between next-step transitions s, ; and 57, ;. On the event (@“}Sr)l)c,

we have sgp11 € So \ Tg. Under ]P’gk) and conditionally on the value of s, 1, Lemma A.7
leads to the bound

1

k
‘]P)(Sk-&-l S F2 | (3ia5j7Ri)§:1> - 5' S ‘

D—d
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By definition, under P, we have that Sy~ U{L,2,---,d}) when s,4 € Ty,
and sf,., ~ U({d+ 1,---,2d}) when sp; € T Under Q™, we have §f,, ~
U{1,2,---,2d}). Consequently, there exists a coupling such that

ck
D—d

P(\S;-H # §;+1= Sk+1 € S%’ (SiaSZFaRi)fﬂ) <

_s®

Putting together our bounds from the three cases, note that for any sequence
(55,57, R;)¥_, on the support of Q) and ng), we almost surely have

1

drv (5 [(3k+173?+173k+1) | (Sz‘»SﬁRi)%} ,E[(%l,?ﬁ“ﬁm) | (Siasf»Ri)flb

<ZIP( v | (siys 5T, Rk 1) SDC/_kdy

where the final inequality follows from applying Lemma A.8. Substituting into the
recursion (A.35), we conclude that for any z € {—1,1}, we have

n—1 3 /002

dTV( P(n) ZZ Sup <@@k:(i)1 | (sir 57, Ri)i 1) < Dcﬁ Fh

k=0 j=1 (sis] Ri)k_,

which completes the proof of this lemma.
It remains to prove the two helper lemmas.

Proof of Lemma A.7: Given z € {1}, we define the sets

Zi={siricM.sie S Ri=2r} o= ({s}ewN§)\ 2, and

Ty = {si i€ [k],si € Sayst € [d]}, Zy = ({si}iew N S2) \ Zo

By the reward model (A.31b) in our construction, for any valid pair of subsets
(I'1,Ty), under the law ]P’l@ﬁrw, the observations (s;, s;7, R;)¥_, have positive probability
if and only if Z; C 'y and I'; N Z; = @. Furthermore, by the symmetry between the
elements in I'y, for any I'; such that Z; C I'y and 'y N Z; = @, the probability of

observing (s;, s, R;)¥_; under P?ﬁrw is independent of the choice of I';. Consequently,
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the probability under the mixture distribution P¥) can be calculated as

P(Fl > s | (si,s;L,Ri)f:1>
> P((si 57, o)y | Ty = T7) - P(Ty = T)
ser’ P((‘Si? Sz—‘i_v Ri)i‘g:l)
T |=[811/2

{F’QSl: =S|, ZCT, ZNT' =2, ser'}

Hrf CS: =18, Z CIV Z NI = @}‘

_ (|31| —|Z1] - |Zl|>_1(|51| — 21| = 21| - 1)
S11/2 — | Z4] 1S11/2 = |Z1] =1

__Sl/2=140
|81l = 20| = [ 24|
By definition, we have |Z;| + |Z1] < k, and |S;| = 2524, For D > d + 8k, this yields
1 4k 8k
P(T b5t R — 5| < < .
’ 138l (st i ) = 3| < T3 < pod

Similarly, by the transition model (A.31a) in our construction, for any I's C Sy with
T3] = 3|Ss/, under the law PR, the observations (s;, s;7, R;)%_; have positive proba-
bility if and only if Z, C 'y and 'y N Zy = @. Following exactly the same calculation as
above, we arrive at the bound

1 8k
‘P(Fg S5 | (si,s;L,Ri)fﬂ) - 5‘ < D_d’

as desired.

Proof of Lemma A.8: Under the conditional distribution M*+Y|(s;, s, R;)E_, | for
each s € §; US,, we have

2 2
]P(s = s) < —, and P(S+ = S) < —.
k+1 |Sl| k+1 |Sl|

Applying the union bound yields
P<gk(}r)1 | (Si7sz—'i_7Ri)§:1>

< ¥ <P<3k+1:si>+P<s;§H:si>>+ 3 (P(sk+1=s?>+P<s;§+1=sT>>

i€lk] i€ (k]
$; €ES1US2 $; €S1USo
8k 32k
<o <S5
[Sil = D—d

which completes the proof.



A.8. PROOFS FOR THE EXAMPLES 257

A.8.3 Proofs of results for elliptic equations

In this section, we prove our results for the elliptic equation example in Section 2.2.2.2,
splitting the section into proofs of technical results and Corollary 2.4.

A.8.3.1 Technical results from Section 2.2.2.2

The main technical result that was assumed in Section 2.2.2.2 is collected as a lemma
below.

Lemma A.9. There exists a bounded, self-adjoint, linear operator Ae anda function
g € H' such that, for all u,v € H*,

<u7 AVU>H1 = <u7 AU>IL27 (A37a)
<U’7 g>H1 = <U, f>]L27 (A37b)

and such that
pllull?y < (u, Auyg < Bllull,. (A.37¢)

We prove the three claims in turn.

Proof of equation (A.37a): For any pair of test functions u,v € H!, integration by
parts and the uniform ellipticity condition yield

(1, Av)ye = —/Qu(x)v- (a(2)Vo(a))de = /QVuTaVvdm < Bllulls - o]l

Now given a fixed function v € Hl, the above equation ensures that (-, Av)i2 is a
bounded linear functional. By the Riesz representation theorem, there exists a unique
function v € H' with |[v'[|zn < B||v|lg: such that

Vu e HY,  (u, Av)e = (u, ')

Clearly, the mapping from v to ¢’ is linear, and we have ||v/||;1 < B||v||g for any v € H.
Thus, the mapping v — v’ is a bounded linear operator. Using A _to denote this operator,
equation (A.37a) then directly follows. It remains to verify that A is self-adjoint. Indeed,
for u,v € H!, we have the identity

(u, AVU>H1 = (u, Av)p2 = / Vu'aVudr = — / vV - (aVu)dr = (v, Au)r2 = (v, Avu)Hl,
Q Q

which proves the self-adjoint property.
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Proof of equation (A.37b): Since the domain 2 is bounded and connected, there
exists a constant pp, depending only on 2, such that the following Poincaré equation
holds:

1 .
vl < p—P||v||§H1 for all v € H. (A.38)

For any test function u € H', equation (A.38) leads to the bound
1
(u, ez < [[fllez - fullee < p—PIIfIIL2 Ml

So (-, f)r is a bounded linear functional on H'. Again, by the Riesz representation
theorem, there exists a unique g € H' such that (u, f)r2 = (u, g)g for all u € H',
which completes the proof.

Proof of equation (A.37c): For any test function u € H!, we note that

T

(u, ﬁu)Hl = (u, Au)p2 = /Q (Vu(z)) a(z)(Vu(z))dz.

From our uniform ellipticity condition, we know that ul,, < a(x) < 81, for any = € Q.

Substituting this relation yields ullul|%, < (u, Au)Hl < Bllull%,, as claimed.

A.8.3.2 Proof of Corollary 2.4

The matrices M, 3, %, for the projected problem instances can be obtained by straight-
forward calculation. In order to apply Theorem 2.1, it remains to verify the assumptions.

By Lemma A.9, the operator L is self-adjoint in X, and is sandwiched as 0 <
(u, Luygp < (1 - %) [ul|%, for all u € X. This yields the operator norm bound [|L[|x <
1-—£,

B
Now we verify the conditions in Assumption 2.1(W). For any basis function ¢; with
j € [d] and vector v € H!, we have

<¢]7 i )U>2
/ 50,V i(2) T a(;) Vu(z )dm) + BQE( /Q 5xiv¢j(x)TWivu(x)dx)z

52/ (V¢J( ) a(z)Vu(z )) dw—t—E/ <V¢J<x)TWiVU(x)>2dx

= @/ﬂ|IV¢j(x)||§|Ha(x)|!|§pllw(w)||2dfv+—/ IV (@13 - I Vu(a)|f3d

2
< e 2
< (1+52>m?xsup||V¢J||2 /||Vu )|I3da

| 2eQ
< o [lullf,
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and

<¢J7 i 1 = /(Syz(bj yz dy) + E /5yz¢1 gzdy)

/% y) dy + — /% 9

ﬁ? sup 6, / (F@)? +1)dy

HfHIL2 +1
= ——— IMaxsu .
52 el aeh 041

Therefore, Assumption 2.1(W) is satisfied with constants (o, 03). Invoking Theorem 2.1
completes the proof.

A.9 Additional simulation studies

In this appendix, we present additional details of simulation related to the optimal
oracle inequalities. We first describe the simulation setup in the simulation studies

shown in Figure 2.1, and then present simulation results related to the statistical error
term &, (M, X*).

A.9.1 Models underlying simulations in Figure 2.1

The simulation results shown in Figure 2.1 are generated by constructing random
transition matrices based on the following random graph models:

Erdos-Rényi random graph: Given d, N € N, and a > 1, we consider the following
sampling procedure. Let G be an Erdos-Rényi random graph with IV vertices and
edge probability p = <, and take G to be its largest connected component. (When
¢ > 1, the number of vertices in G is of order ©(N). See the monograph [57] for
details.) For each vertex v € V(G), we associate it with an independent standard
Gaussian random vector ¢, ~ N(0, I;). Let V(G) be the state space and let the
Markov transition kernel P be the simple random walk on G.

In Figure 2.1 (a), we take the number of vertices to be N = 3000 and the feature
dimension to be d = 1000. The edge density parameter is chosen as a = 3. The
resulting giant connected component contains 2813 vertices.

Random geometric graph: Given a pair of positive integers (dy, N) and scalar r > 0,
we consider the following sampling procedure. For each vertex i € [N], we associate
it with an independent standard Gaussian random vector x; ~ N (0,1). The
graph G is then constructed such that (i,j) € E(G) if and only if ||z; — x| < r.

(See the monograph [166] for more details of this random graph model.) Take G
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to be the largest connected component of G. We take V(G) as the state space,
and for each v € V(G), we let the feature vector be ¢, = z,. Finally, we let P be
the simple random walk on G.

In Figure 2.1 (b), we take the number of vertices to be N = 3000 and the feature
dimension to be dy = 2. The distance threshold is chosen as r = 0.1. The resulting
giant connected component contains 2338 vertices.

Despite their simplicity, the two random graph models capture distinct types of
the behavior of the resulting random walk in feature space: in the former model, the
transition kernel makes “big jumps” in the feature space, and the correlation between
two consecutive states is small; in the latter model, the transition kernel makes “local
moves” in the feature space, leading to large correlation. This is reflected by the fact
that the parameter x(M) in Lemma 2.1 is smaller in the former case and larger in the
latter ease.

A.9.2 Simulation results on the statistical error &, (M, ¥")

We also conduct simulation studies on the statistical error &,(M, >*) in Theorems 2.1
and 2.3. We consider the averaged stochastic approximation procedures applied to
policy evaluation with linear function approximation, resulting in the TD(0) algorithm
discussed in Section 2.4.3 . As in the approximation factor studies, the simulations for
statistical error are based on Markov reward processes defined by random walks over
two types of random graphs: the Erdos-Rényi graphs and the geometric random graphs;
see Section A.9.1 for details. We make the following additional setup:

e Let d be the dimension of feature vectors ¢,. Given a vector 3, € R? and a positive
scalar h, we sample the reward function r as follows:

r(v) ~ N (¢} B,,h?), independently for each v € V(G),
and the noisy reward is further given by R(s) ~ N (r(s),c?), for some o > 0.

e For the geometric random graph, we augment the feature vectors using low-
dimensional polynomials. Concretely, instead of taking the feature vector ¢, to be
the vector z, itself, for any integer k > 0, we let:

do

o
Oy 1= | | x J] :
[ Y laeNd, |afi<k

Jj=1

Note that due to the “curse-of-dimensionality”, under our setup, the locality
behavior of geometric random graph is relevant only if the dimension of the
feature vectors is low. Such augmentation in the feature space turns the stochastic
approximation problem into a high-dimensional one, thereby rendering it a non-
trivial problem.
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Estimation errors in Erdos — Rényi random graphs Estimation errors in geometric random graphs
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Figure A.2: Plots of empirical MSE and theoretical bounds as a function of the discount
factor v in the policy evaluation problem. (See the text for a discussion.) (a) Results
for an Erdos-Rényi random graph model with N = 3000, projected dimension d = 100,
and a = 30. The resulting number of vertices in the graph G is 3000. The value of 1 —~
is plotted in log-scale, and the value of approximation factor is plotted on the standard
scale. (b) Results for a random geometric graph model with N = 3000, projected
dimension dg = 3, k = 4, and » = 1. The resulting number of vertices in the graph G is
2991 and the resulting feature dimension is d = 31. Both the discount rate 1 — v and
the approximation factor are plotted on the log-scale. The fluctuations in the plot are
due to randomness of the estimators.

In our simulation, we generate the Markov reward process as above, on which we
run the Polyak—Ruppert averaged stochastic approximation procedure (2.41) and obtain
the value function estimator v, pry. In our simulation, we take stepsize n =1/ Vidn and
burn-in period ng = n/5.

We also consider the plug-in solution v, pe defined as:

Fuue = (3 (@050 = 10(ss)7)) - (30 Reiton)), and

t=1
~ . aT
Un,plug += ﬁn,plug,lvb'

To illustrate how well the theoretical predictions match the actual performance, we
measure their error of estimating the projected fixed-point . In particular, we empirically
evaluate the MSE for the estimators v, pry and vy, g by averaging the squared error
|0, — ©]|* over m independent experiments. We also compute the risk functional
En(M, ) for each problem instance, as well as its worst-case upper bound 7, worst =
n ' Tr(X%) /(1 — x(M))%

In Figure A.2, we demonstrate the simulation results of empirical MSE and theoretical
risk functionals for above problem instances, as a function of the discount rate 1 — ~.
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The discount rate ranges from 10~ to 107%?, and the reward model described above is
generated by setting 8, ~ N(0,I3/d), h = 0.5 and ¢ = 1. We take the number of trials
m to be 10.

It can be seen from Figure 2.1 that, under both models, the theoretical bound
E,(M, ¥*) is matched well by both the plug-in estimator vy, p1,e and the estimator U, pry
produced by Polyak-Ruppert averaging, while the latter is off by a constant factor. This
is because the burn-in period discards a constant fraction of initial iterates. In both
cases, the statistical risks increases with discount rate getting close to 0. However, the
variation is within a small range (by factor of 2) for Erdés—Rényi graphs, while being
significant (by a factor of 20) in geometric random graphs. This phenomenon is similar
to that of approximation factor, as both of them are related to the one-step correlation
matrix M — with a Markov chain having higher one-step correlation in the feature
space, the matrix M becomes closer to the matrix v/;, making both the approximation
factor and the statistical rate large for discount factors close to 1. Finally, we note that
the worst-case statistical rate r, worst €xisting in many previous analysis (see e.g. [115])
is an accurate prediction of the actual performance in the Erdos—Rényi, while being
off by a factor of 10 in the geometric random graph case. This illustrates the value of
establishing instance-dependent bounds for the statistical error in these problems.
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Appendix B

Proofs and discussion deferred from
Chapter 3

B.1 Additional related work

Chapter 3 analyzes stochastic approximation algorithms based on Markov data, and
has consequences for reinforcement learning. So as to put our results into context, we
now provide more background on past work in these areas.

B.1.1 Statistical estimation based on Markov data

There is a large body of past work on statistical estimation based on observing a single
trajectory of a Markov chain; for example, see [18] for an overview of some classical
results. For the problem of functional estimation under the stationary distribution,
the asymptotic efficiency of plug-in estimators! has been established for discrete-state
Markov chains [165, 70] and It6 diffusion processes [113]. In Chapter 3, we provide
non-asymptotic bounds, both upper and lower, that depend on a certain instance-
dependent functional that also appears in an asymptotic analysis. More recent work has
seen non-asymptotic results for statistical estimation with Markovian data, including
the estimation of transition kernels [220, 126], mixing times [81], the parameters of
Gaussian hidden Markov models [223], as well for certain testing problems [47]. These
papers can be roughly divided into two categories. Papers in the first category focus on
estimating parameters for each individual state of the Markov chain (e.g., transition
kernels), and thus require sample sizes that scale with the complexity of the state space
(e.g., its cardinality in the discrete case). By contrast, papers in the second category
are concerned with estimating properties of the Markov chain (e.g., the expectation
of a functional under the stationary distribution), and the sample complexity of such
problems need not depend on the size of the state space. Our results in Chapter 3 falls
within the second category.

IThese papers refer to such methods as “empirical” estimators.
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B.1.2 Stochastic approximation methods

The use of recursive stochastic procedures for solving fixed point equations dates back
to the seminal work of [174]; see the reference books [20, 11, 111] for more background.
By averaging the iterates of the SA procedure, it is known that one can obtain both an
improved convergence rate and central limit behavior [169, 186]. A variety of stochastic
approximation procedures now serve as the workhorse for modern large-scale machine
learning and statistical inference [161, 21], and many algorithmic techniques are known
to accelerate their convergence [67, 84, 121]. In particular, non-asymptotic bounds
matching the optimal Gaussian limit have been established in a variety of settings [157,
64, 50, 150].

While the instance-dependent nature of this line of investigation aligns with the
objective of our work, prior work either assumes an i.i.d. observation model or imposes a
martingale difference assumption on the noise.? The first study of SA procedures without
a martingale difference assumption was initiated by [112], who give a general criteria for
convergence, as well as [127, 128], who analyzed linear problems motivated by control and
filtering. [142] analyzed general SA problems for controlled Markov processes by applying
the Kushner—Clark lemma. In addition to this classical work, stochastic approximation
in the Markov setting has attracted much recent attention. [37] provides finite-sample
error bounds on the averaged iterate of Markovian linear stochastic approximation,
with an optimal leading-order term. Central limit theorems [61] and non-asymptotic
convergence rates [93] have been established for controlled Markov processes. In addition
to the papers discussed in Section 3.1, several recent works have considered particular
aspects of SA with Markov data, including two-time-scale variants [52, 94|, observation
skipping schemes for bias reduction [108]|, Lyapunov function-based analysis under
general norms [40], and proving guarantees under weaker ergodicity conditions [49].

B.1.3 Application to RL problems

Markovian observations arise naturally in the context of stochastic control and rein-
forcement learning (RL). See [11] for a historical survey of algorithms for stochastic
control and filtering with Markovian stochastic approximation, and the books [14, 200]
for more background on the RL setting. In RL problems, SA algorithms are typically
used to solve Bellman equations, a class of linear or non-linear fixed-point equations. In
policy evaluation problems, temporal difference (TD) methods [198] use linear stochastic
approximation to estimate the value function of a given policy, with asymptotic conver-
gence guarantees [48, 204, 24] and non-asymptotic bounds [16, 98]. In the non-linear case,
the Q-learning algorithm [216] is a stochastic approximation method that estimates the
Q-function of a Markov decision process from data. There is a long line of past work on
this algorithm, including convergence guarantees [203, 201, 59], results on linear function
approximation for optimal stopping problems [205, 16], and non-asymptotic rates under

’In the linear equation setup, the martingale difference noise assumes that E[L;1; | F] = L and
E[bi41 | F¢] = b, which does not cover the Markov case.
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general norms in both the i.i.d. setting [211, 19] as well as the Markovian setting [40]. A
class of variants of TD and Q-learning are also studied in literature, including actor-critic
methods [107], SARSA [185], and methods that employ variance-reduction [190, 98,
212, 99]. A concurrent preprint to this manuscript [125] proves lower bounds on the
oracle complexity of policy evaluation with access to temporal difference operators, and
develops an acceleration scheme with variance reduction to achieve these lower bounds
while retaining the optimal sample complexity.

It should be noted that an important feature of reinforcement learning is function
approximation, i.e., using a given function class (e.g. a linear subspace) to approximate
the solution to the Bellman equation of interest. This method enables estimation with
a sample size depending on the intrinsic complexity of the function class, instead of
the cardinality of state-action space. On the other hand, an approximation error is
induced by projecting the Bellman equation onto this function class. This trade-off is
central to the class of TD algorithms, as studied in a line of past work [204, 226, 15,
158]. Chapter 2 of this dissertation focuses on the i.i.d. setting, and shows that projected
linear equations have a non-standard tradeoff between approximation and estimation
errors. The results in Chapter 3 is complementary in nature, building on this work by
analyzing the more challenging setting of Markov observations. Among the concrete
consequences of Chapter 3 are an instance-optimal analysis of TD algorithms in the
Markov setting with linear function approximation. This analysis provides the basis for
a principled choice of the parameter A in the broader class of TD(\) algorithms.

B.2 Auxiliary truncation results

In this section, we present two auxiliary results on the relations between assump-
tions 3.2, 3.3, and 3.4. These results are based on truncation arguments.

B.2.1 Assumption 3.2 (almost) implies assumption 3.4 under
discrete metric

For the discrete metric p(z,y) := 1,4,, the Lipschitz assumption 3.4 is equivalent to
the following uniform upper bounds:

IZesi(s0) = Lllop < o2d and  [[brsa(s,) = Bll: < oy V.

The following proposition provides uniform high-probability upper bounds on such
quantities based on the moment assumption:

Proposition B.1. Under Assumption 3.2 with p = +o00, there exists a universal
constant ¢ > 0, such that for any > 0, the following bounds hold true uniformly over

t=1,2,---  n, with probability 1 — d:
_ nd _ nd
I Lis1(s:) — Lllop < cd - oplog — and ||bysr(s;) — bl < eVd - 03 log =

; (B.1)
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We prove this proposition at the end of this section.

When the random observations (Lii1,b:41) are not almost-surely bounded, but
satisfies the moment assumption 3.2 with p = 400, we can apply our theorems on the
event that Eq (B.1) holds true, and the main theorems hold true conditionally on such
an event, with constants (o, 03) inflated with a factor log(nd/d).

Proof of Proposition B.1: For a given ¢ € [n|, we note that:

d
— — _ 2
Woon = DI, < Lo = LI = D [e] (Lt = D)ee]

=1
For each pair j, ¢ € [d], Assumption 3.2 implies that:

o
~ 2d®n
Taking union bound over all the coordinate pairs (j,¢) and substituting into above
expansion, we have that:

P (| Lis1 — Lllop > cd - o1 log(nd/8)) < §/(2n).

P (le] (Lis1(se) — L)eg| > coplog(nd/d)) <

Similarly, for the vector-valued observations b;,1, we have the following bounds with
probability 1 —¢/n:

d
b1 — |2 < Z (b — 0))* < cobd - log?(nd/é).
Taking union bound over ¢t =1,2,--- ,n, we complete the proof of this proposition.

B.2.2 On the stationary tail and boundedness assumption 3.3

Note that in many applications, the Markov chain (s;):>o lives in an unbounded state
space. However, as long as the stationary distribution & of P is sufficiently light-tailed,
a simple truncation argument applies, which we illustrate for completeness. Concretely,
suppose that there exists a constant o, > 0, such that the following bound holds true
for any p > 2:

Ese [p(s, so)p} <p!-ob. (B.2)
Given a stationary Markovian trajectory {s;}-,, consider the event
Ens = {Vt € [1,n],p(s0, ) < 20,log %}

By the tail assumption (B.2) and a union bound, it directly follows that P(&, ) > 1—4.
Consider a truncated Markov transition kernel P’ defined as

P'(z,Z) == P(z,Z NB(0,20,log(n/d))) + P(z,B(0,20,log(n/8)) ) 1sez,
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forxr €e Sand Z C S.

In words, the Markov chain P’ attempts to make the transition from s; to s;41
according to the transition kernel P’. If the state s; ;1 lies in the ball ]B%(O, 20, log(n/é))c,
we keep it as is; otherwise, we let the next-step transition be deterministically sg.

Given a trajectory {s;}7_, of the Markov chain P’, there exists a coupling such that

P({St}?:l # {5;}?:1) < P( nc,é) <.

One can then proceed by working on the high probability event &, s, where the Markov
chain has a effective diameter of O(ap log %)

B.3 Auxiliary results underlying Proposition 3.1

This appendix is devoted to the proofs of auxiliary lemmas that are used in the proof of
Proposition 3.1.

B.3.1 Proof of Lemma 3.4

Throughout the proof, we let + € § be an arbitrary but fixed state. Note that any
positive integer 7 can be represented as 7 = ktyix +q with £ € Ny and 0 < ¢ < ¢, — 1.
We show the desired claim by induction over k > 0.

Base case: When k = 0, Assumption 3.3 implies that
Wi (0. P7,§) <supp(s,s’) <1< e,

so that the base case (k = 0) holds for our induction proof.

Induction step: At step k of the argument, the induction hypothesis ensures that
Wi, (8, PHmta €) <cg-27% for g =0,1,+ , tyix — L. (B.3)

We now need to show that the result holds for any 7 = (k + 1)tnix + ¢, where ¢ €
{0,1,... tmix — 1} is arbitrary. We do so via a coupling argument. Take a random
initial state y ~ &, and consider two processes {s;};>0 and {s,};>o starting from x
and y, respectively. Their joint distribution is defined as follows: choose the coupling
between the law of s, +q and 3, . to satisfy the identity E[p(Skt,tq: ke, 1q)] =
Wi, (8, PFimixte ) Conditionally on (se, +¢> Sk . +o); Assumption 3.1 guarantees the
existence of a coupling between d,,, . P and sp, . P such that

Sktmix

E[p(s(k+1)tm1x+q7 8/(k+1)tmix+q) ’ (Sktmix+q7 S;Ctmix-‘rq)] S %p(sktmix‘i’q? S;ﬂtmix‘i—q)'

Taking expectation on both sides and substituting with equation (B.3), we find that
WLP (5$P(k+1)tmix+q’ 5) S E [p<8(k+1)tmix+qv 52k+1)tmix+q)] S Co - 2_(k+1),

which completes the proof of the induction step.
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B.3.2 Proof of Lemma 3.5

Our proof is based on the following intermediate claim

(Bl A" < e(B[IANE]) " + 6npeVd(or ]l + o). (B.4)

This bound, which we return to prove at the end of this section, is a weaker form of the
claim in the lemma.

We now use the bound (B.4) to prove the lemma. Applying Minkowski’s inequality
to the recursive relation (3.46), we find that for any p > 2, the p'* moment is upper
bounded as

(B[ Aresr — A3])”
< B[ Ae— AJED" 4 nE [ Lerr Al 2P + n(E[vre + Crria|Z]) 7.

For the martingale part of the noise, we take the decomposition L;;¢11 = L(si40) +
Ziror1. By Assumption 3.2 and Holder’s inequality, we have the bounds

d
E[| ZererrAselly | Fi] < d> ZER@]" Ziro1Deee)? | Fi] < (porVa) E[|| Al | F],

j=1

d
E[||Ct+£+1||g | ft] < dz ZER% Cees1)” | ]:t} < (p\/a)p‘ (0L||9_||2 + Ub)p'

j=1
Similarly, for the Markov part of the noise, we have:
E[|[viresils] < (pVa)P - (orllflls +0s)".

On the other hand, the Lipschitz condition (3.4) and the boundedness condition (3.3)
of the metric space imply that

I Lives1(s) — Lllop < ord, and ||b(s) — blly < 0pVd forall s € S.
Substituting into the decomposition above, we arrive at the bounds

(E[HLt+£+1At+ZHIQ)])1/I) < (Ymax + orpVd + 01.d) (E[HAH[HQDI/’J, and
(E[Hl/t+€ + Ct+£+1H§] )l/p < 2p\/E(O'LH§H2 + Ub)-

Applying equation (B.4) yields

E| A1 — MDY < (B[ Avse — AE]) Y + enmax + ord) (B[ A12])
+2(1 + 6n0)npVd(op|0]|2 + o).
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Solving this recursion leads to the bound

(Bl A — AdB])” < entlyma + ozd) (E[|AE]) 7 + 3npeVd(or |02 + o),

which establishes the first claim.

Since the stepsize is upper bounded as n < (26776(%13)( + JLd))fl, we have the lower
bound

E[AAB) " > E[IAND Y = E[| A — AJE])
> LE[| AN = 3npeVd(oL]|82 + o),

which, in conjunction with the bound (B.4), establishes the second claim.

Proof of equation (B.4): Applying Minkowski’s inequality to the recursive rela-
tion (3.46) yields (for any p > 2) a bound on the p* conditional moment:

E[ A [E)? < BT = nLicer) Arel B + 0 (E[vrre + GrenlB]) 7. (B.5)

Our next step is to bound the two terms above.
Substituting into the recursive relation (B.5), and applying Minkowski’s inequality,

we find that the moment (E[||At+g+1||§})l/p is upper bounded by

(14 7Yme) (B[ ArellE)) 7 + nord (B[ A 13])) 7 + 2npVd (01|02 + o).

Solving this recursive inequality leads to

(E[Anel8])""” < exp (0 (Ymax + o2d)) (E[IANE]) " + 20p0Vd (01102 + o))

For any stepsize n € (O, i L ], we have

'Ymax+ULd)f
(E[IAwelB])"” < e@[IANE]) " + 6npVd (o102 + o),

which establishes the claim.

B.3.3 Proof of Lemma 3.6

For notational simplicity, we extend the process (A;);>o to the entire set Z of integers, in
particular by defining A; := Aq for negative integer ¢t. Note that under our assumption,
Lemma 3.5 and the assumed bound (3.62) both hold true for the extended process, with
index set t € Z. Moreover, as in the proof of Lemma 3.5, for each p > 2, we have the
moment bound

B[ A1 — MDY < (B[ Avse — AJB)D)Y? + n(E[[| Liserr AyelZ])
+ U(E[HW% + Ct+€+1||§])1/p-
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Our next step is to exploit the coarse bound (3.62) so as to obtain upper bounds

on the second term (E[HLHEHAH@HQ])UP. Given the time lag 7 > 0, we take the
decomposition Ay p = Ayyp s + (Ape — Apyer), and by Minkowski’s inequality, we
have that

(B LererderelB]) ' < (B[ LeresrDeserlB]) ' + (B[ Leress(Are - At“”)”g(])l/:'
B.6

The latter term of the bound (B.6) can be controlled through Assumption 3.4:

”Lt+6+1(5t+f>(At+€ - At+efr)|’2 < (’Vmax + ULd>||At+Z - At+z77||2, a.s.

The distance ||Ayrp — Apior||2 is controlled via the coarse bound (3.62). Putting
together the pieces, we find that

(E[”LtHH(AtH - At%#)”g})l/p < U(’Ymax + O’Ld) : (wp (E[HAHequ])l/p =+ ﬁp?)- )
B.7

In order to bound the former term (]E[||Lt+g+1At+4_T||§})1“’ in the bound (B.6), we
invoke Lemma 3.4, and obtain a random variable s;,, such that

T

- ~ 1 1—5—"—
Stre | Feremr ~ & and  (E[p(Sp40, Stre—r)? | Firo—r)) P <y - 2" D, (B.8)
By Assumption 3.2, we have the bounds

E[| ZeererDerr—r [} | Frars] < (pVdor) | Arserllf and  (B.92)
E[(LGee—r) ~ L) - Averll} | Frrmr] < (0Vdon)?| A (B.9b)

IN

Invoking the moment bound (B.8) and using the Lipschitz condition (3.4), we find that

E[H (L(gthT) - L(5t+£fr)) A5 | ]'—tHfr}
S E[ILGite-r) = L(stre-r) By | Frre—r] - [|A0se— 5

< (opcod - 2" 2mist | Ay ||2)" (B.9c¢)
Finally, we have the operator norm bound
ILA e llo < Ymaxl| Avrer 2 (B.9d)

Collecting the results from equations (B.9)(a)—(d), we arrive at the bound

T

(B[ LtserrDrser| | }—tM—T})l/p < (2pVdor, + Yamax + or0od - 2" 20misd ) || A o2
(B.10)
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According to Lemma 3.5, given a stepsize bounded as 17 < (6(Ymax + O'Ld>7')_1, we have

1 1 =
(Bl Arse-18)"7" < 2(Bl|Awllf) " + 120p7 V(o1 |]]> + 05).
Collecting the bounds (B.7) and (B.10), and substituting into the decomposi-
tion (B.6), for 7 > 2t,,ixplog(ced), we arrive at the inequality:

(B[l eresa el 8])
S 2((p\/C_ZUL + ’Vmax) + 77Wp (,}/max + ULd)) . <<E||At+g||g) p + in\/a(T)
+ n(’Ymax + ULd> /Bpa-'

By following the derivation in the proof of Lemma 3.5, we can show that the third
term is upper bounded as

(Elvrse + Grenallf)) " < 2pVd(o1 |02 + ).

Substituting back into the original decomposition, we find that the difference in moments

D := (E{”AHZH — At||’2)})1/p — (E[HAH-K — At||§})1/” is bounded as

D< 277{ (PVdor + Ymax) + 1w (Ymax + aLd)} (Bl Aw5) " + npr/da)
+ (277]7\/3 + 772 <’Ymax + ULd) Bp)

Lemma 3.5 implies that (E[||Ag|f5] )1/p < e(E[|A] )Up + 6npl+/d and solving the
recursion, we arrive at the bound
(B[ A0 — A"
< 1200((pVdoL + Yonax) + 199 (Yonax + 71d)) - (EJANB)"? + mp(r + 0)Vdor)
+ (20pVd + 7 (Ymax + 01d) B,) €0
< n(12(pVdos + Ymax )£ + 22) (B AE) P + np(r + OVdo) +n(2ptVd + 18,)5,

for any 7 > 2t plog(ced) and stepsize choice n < m.

B.4 Auxiliary results underlying Theorem 3.1

In this appendix, we prove two auxiliary lemmas that were used in the proof of Theo-
rem 3.1.
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B.4.1 Proof of Lemma 3.9

According to Lemma 3.4, given 7 > 0 fixed, for any t > 7 + k,,, there exists a random
variable s,y such that 5y, | Frg,,—» ~ & and E[ (St—kpys St—ky) | Fore km] <
¢o -2 tw . By Assumption 3.1, conditionally on the pair of states (St—kys Stk )y WE
have the following bound for j € [m]:

Wp,l(ij_kj”é Pki=hi- o5, )< co - p(st k) , Sy k) a.s.

St—k‘ Y

Consequently, there exists a sequence of random variables (5;_,)o<j<m—1, such that the
following relations hold true for j =1,2,---  m:

~ kj—k;
St—k; 4 ’-Ft—km ~ PR

AP and

]E[p(gt—k‘j_w St—kj_l) | }_t+k—1z} < Cgﬁl_j ) P(St—kmagt—km)-

Based on above construction, we consider the following decomposition:

m

(HNt—kj)At—km: (ﬁN(St k ﬁN (5 k))At . _T_+_(

=0 §=0

s

N(Si-1,)) - Dipyyr

Il
o

4 (HN(st k; )) (At ke, — Atf‘rfkm) = Q1 (1) + Qa2(t) + Qs(1).
(B.11)

In the following, we bound the moments for the summation of the three terms above,
respectively. For the first term, we note the telescoping equation:

HN(St—kj) - H St k Z HN St k; )(L(St—kq) - L(:Svt—kq))( H N(gt—k]-))-
Jj=0 j=0 q=0 j=0 Jj=q+1

Note that each matrix in the product has operator norm uniformly bounded by o d.
We can then use the Lipschitz condition 3.4 as well as the bound on the distance
p(S¢—,s 51—k, ), and obtain the bound

||| HN St k' HN St— k' |||0p | ‘E km— 7—:|
7=0

< (m+ 1) (opd)™ SO B[IL k) — LGBy | Frotor ]
q=0

T

< (m + 1)2(coord)™ - 2 fie
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Applying the bound on ||A;_||2 in Proposition 3.1 and taking 7 > 3mituixp log(codn),
we find that

E[llQ:(®)] H\HN St—k;) H Gen oy | Froter—r] - 1807, [I2]
_T oMl
< (m+ 1)*(coopd)™ ! - 27 tmix 002"7“1”0,% no< g2 (B.12)

Now we turn to bounding the term (5(t). First, we note that

m—1
E[|Q@)II3] <E[ [T NGior)lIZ, - INGirn) Db —l13]
=0
< (0L d)"E[|N Gimt) Atotr—rll3] < (02d)*™ - 07d - E[[|Ar, 3]

By Proposition 3.1, for ¢ > ng and ng > 2(7 + k), we have: E[[|A_y, —-[3] <
&tmixd#. If m = 0, we have that E[N(§t+7) ] .7-}} = 0 almost surely for each t > ny.
For m > 1, the conditional unbiasedness does not hold true, but we still have the
following upper bound on the bias

m

IE[] [ N Gertntr—is) | Felllop

§=0
= sup E[<U7HN(§t+km+T—kj>v>:|

u,veSi—1 j=0

m—1

< sup B[N Geg,r) a2 | LI NG )llop - 1N (BerJoll2]

u,ve j=1
< ()" sup \JEIN Gronysr) Tull3 - EIN G0l

u,VES

< (oLd)™ ' oid.

Denote Y, := HT:O N(si—r,) and Y, = H;n:o N (8i—y,) for any t > k,,. We have the
expansion:

IIZQz )iz] < 2E] HZEYt A, —rll2] +2E [ IIZ (Y = EYA]) - Avpn—13]

t=ng t=no t=no

< 2n(deZ"H)2 Z El|l A, —- I3

t=no

+2 Z EK(}Z - E[ﬁ]) ' Atfkm7T7 (}78 - E[i]) ’ Asfkmeﬂ'

no<s,t<n—1
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Note that in the special case of m = 0, we have E[fft] = 0 so that the bound holds
without the first term on the RHS.

For t > s + 7 + k,,, we have the relations
E[(?t - E[Z]) AVENR -f.t—km—T:| =0, and (i/; - EDN/S]) Ay —r € j':t—km—m

meaning that the product term vanishes when |s —t| > 7 4 k,,,. Therefore, we arrive at
the bound

E[lS 0]

t=no

- {(2n2 (dmaZ”rl)2 +4n(km + 1) - (00d)*™ - 0}d) - ZLdtyix6? m > 1,

1-k

(B.13)

AnToid - 7L dtpix0? m = 0.

Now we turn to the last term in the decomposition (B.11). We start with the decompo-
sition:

A=A ;=1 Z (Lt—£+1<5t—£)At—£ + Vg + Ct—z+1)-
=1

We therefore have the following decomposition:

E[IS Qs0)2]

t=ng

< B[]S (v, @Zt_km_mt_km_g)mg] LR[S (- (iiAt_km_a}uz}

t=ng t=ng

+ 4n°E[]] i {v, - (i Nyt —Dt—t—0) H3]

+ 4n°E]|| Z {y;- (Z(thkmfﬁ + Cimtp—t+1)) HI3]

t=ng (=1

For the martingale component of the noise, note that each term H;.n:[) N(s¢_p,) -
Zy_p+1(84—¢) has zero conditional mean conditioned on F;_,. We have that

n n—1
B YiZi k-1 (St—tn) Drtr—ll3) =D B[ Zt—ty—rs1 (S1—k—t) De—iy—cl3]
t=ng t=ng

n—1
< (00d)* ™ "B Zickyy 41 (S1—t—0) Doty —ell3] < 070 Lty 67,

t=ng
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From the Lipschitz condition (3.4) and the boundedness condition (3.3) on the metric
space, it follows that ||Y;[lop < (0d)™ "' almost surely. Using this fact, the second term
can be bounded as

E| Z {v:- LZAt knt) f1I2] < n7(ord) 2m+2%2naxZZEHAt k3

t=no t=no (=1
<P (00d)*" P T dbix G
Collecting equations (B.12) and (B.13) as well as the above bounds for @3, we arrive at
the upper bound E[|| Z:fnlo (H;n,o Nioi,) A, 3] < Z] T, where
T, = n*d*"c 2m+2(1 + 0?2 dPot 7'2d3crL/n) ] dtmma

= 4°E]|| Z {vi( ZNt bm—tDt—kr—e) HI3],  and

tn()

= 4°E]|| Z {vi( Z Vikom—t + Gk —t1)) }13]

t=ng

In the special case of m = 0, we have:
n—1

E[|l Z NA3) < cojd- (nT + n’p’ordr’ )1—dtmlxa

t=no

H4PT Y R NN A |13

k1=1 t=ng

+ 47727- Z E[H Z N, (l/t—lm + thlirl) Hg} :

k=1 t=ng

which completes the proof of this lemma.

B.4.2 Proof of Lemma 3.10

We study the bias and variance of the summation separately. For the bias term, we
have:

m—1
||E[( H Nt—kj) (Vt—km + Ct—km+1)] |2
j=0
m—1
= sup H Ny kj l/t ke, + Cim ka) z>]
z€Sd—1 =0
(%) m—1
2 sup EINTIE (BT Moot 0+ )12
zeN4™

j=1

(i)
< opVd - (opd)™ - 26Vd = 2(o1d)"7, (B.14)



B.4. AUXILIARY RESULTS UNDERLYING THEOREM 3.1 276

where step (i) uses the Cauchy—Schwarz inequality, and step (ii) follows by invoking the
moment assumption 3.2 as well as the Lipschitz assumption 3.4.
For t € [ky,,n], we define

H

m— m—1

A = Ni—i;) (Victo + Gimto+1) H Ni—k;) (Vi + Gimtoms1) |-
J=0 7=0

We have

B3] < E[CTTINk 1) - 1k + Gnmsall3] < (02d)™™ - E[vr + Gonrall3]

S d2m+10_%m62‘

For integers ¢t > 0 and ¢ > k,,, by Lemma 3.4, there exists a random variable s;,4 g, ,

Lk
such that 5,0, | F: ~ &, and that E[p(stﬁ,km,gt%,km) | .7-}} < co- 2 e By
Assumption 3.1, conditionally on the pair of states (S;is g, ,St1e—k, ), We have the
following bound for j € [m]:

kj—ki_ kj—k; ~
Wp,l(P ) Py, j ) < CO'p(St—l-Z—k]-uSt—l—Z—kj)? a.s.

3t+27k )

Consequently, there exists a sequence of random variables (§t+g_kj)0§j§m_1, such that
the following relations hold true for j =1,2,--- ,m:

ki—k;
Stit—tyy | Fetaty ~ P 797105 and

St4+L— kj;?
E[P(Stwfkj,u 5t+£fkj,1) | -FtJréfkm] < C(r)nﬂij ‘ P(Stkam,gtkam)-

Given the random variables constructed above, we can then construct the proxy random
variable for A\, :

m—1
Mie = (] NGise)) (vGrrein) + Gornr Giresn)
7=0

m—1

- E[( H Nt—kj) (Vt—km + Ct—km+1)]-

j=0

By stationarity, we have [XHz | .7-}] = 0 almost surely. In order to bound the difference,
we note the telescope relation: Ay — A\pp = Z;”:_Ol E(gmm) + Emiz) wwhere

E = (] Nstves) (LGrrer,) = L(siro4,)) H N(Sere-r;)

j=0 Jj=q+1

- (VBtt—tm) + Corttmnt1(Stro—to))
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and

Emie) . H N St+£ k

: <V(8t+e—km) + Gt t1 (St ) — V(St40—k) + Ct+e—km+1(3t+£—km)>~

Using the Wasserstein distance bounds and Lipschitz condition 3.4, we find the
conditional expectation A = E[||E(§m””)||2 | ;] is bounded as

A < (o0 d)" " E[| L(stre-k,) — L(Gse-1)lop - 1V (Stse—r) + Cororrr Seei) |2 | ]T“t]

< (o \/IE P(Stto—ty, Stro—ty)? | Fi - \/E N Grser) + vt Grre—i) 13 | Fi]

L—kq

< (opd)™co - 2! 2k - 2d5,

and the conditional expectation B = E[||E™®)]|, | F] is bounded as

B < (ULd)m\/E[||Ct+e—k+1(8t+L/—k) — Gttt (Brae—i) |13 | Fi

+ (O-Ld)m\/E[HV(SH_g_k) — V(S5 | }-t]

S (JLd)md600 . 21 2tmlx .

Consequently, we can bound the cross term as
E[(A Mved] = B[, E[hre | F])] +E[, E[Ase = Aeve | )]
<O+E[Mell2 - ElAese — el | 7]
< 1260d™ 0™ G - 2 T -\ JE|[ A2

kK
< 12¢od*™ 20752 - 27 2tmix

Taking 7 = 16ty log(cod), we can control the cross terms in two different ways:

VEIMIE - VE[Ael3 = " Hofno®, 0 <l <kt
£—

12¢cod? ™ 203mG2 - 27 B < d?moime? 0> ky + T

E[O\t, )\t+£>] > {

Summing them up these terms yields

EIS M = SEME 2 S E[ A)]

t=ng t=ng no<t1<to<n-—1

<(k+T71+ 1)nd2m+10%’"02 + n2d2m02m02
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Combining with the bound (B.14), we find that

n—1 m-—1
E[l Z H Nit;) (Vb + Cmt1) [13]

t=ng Jj=
= HZE HNt k) (Vimton + Comtnr1) |3+ E HZM\
t=no t=no

<c(n®+ (km + 7)nd) o7 d*" 5,

for a universal constant ¢ > 0.

B.5 Proof of Theorem 3.2

Our strategy is to prove a Bayes risk lower bound. We construct a prior distribution
over transition kernels by perturbing the base matrix F, appropriately. We then apply
the Bayesian Cramér-Rao lower bound to obtain our result.

Let us describe the construction in more detail. For each s € S, suppose we have a
perturbation vector h, € RS. Use these to define the perturbed transition kernel

2y el (®)
Py(z,y) := ZZZ(;(P’:()LZ)GZI(Z) for each z,y € S.

Note that by construction, for any * € S and any h, € RS, we have
supp(Ph(:U, )) = supp(Po(x, )) Since Py is irreducible and aperiodic, so is P,. There-
fore, the stationary distribution &, of P, exists and is unique. When the perturbation is
small enough, a quantitative perturbation principle can be obtained, which we collect in
Lemma B.1 below.

It remains to specify how the perturbation vectors are generated. We parameterize
h with a linear transformation, writing A = Qw for a linear operator () to be specified
shortly, and a random vector w € R? drawn from a distribution p. In particular,
given a collection of vectors {¢.(y)}zyes € R?, we consider the linear transformation
Q : R? — RS given by w — [(w, qx(y)ﬂxyes.

Next we specify the prior p, and alon;g)r with some associated notation. Define
the subspace Hj, := {f € R : E¢,[f(s)] = 0}, and note that P, maps Hj, to itself.
Furthermore, since P, is irreducible and aperiodic, the mapping (I — P},) is invertible on
Hj;,. Consequently, for any function f : S — R, the following Green function operator is
well-defined:

Anf = (I = P) 7y - (f —Eg[f]) € RS
We also define an operator P;, on the space of real-valued functions on S as follows:

Prf(z) == Eyp, @) f(Y)]
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Importantly, Pj, is an operator mapping functions to functions, and distinct from the
matrix P,. It is straightforward to see that the operator P, commutes with the operator
Ay, for any perturbation matrix k. Finally, for any h € RS*® and for all z € S, we
define

gn(x) = (Lg — Be, [L(s)]) ™ (AnL(2) - 0(Fy) + Apb(z)). (B.15)

Since the proof works under the perturbed probability transition kernel P, it is
useful to study the effect of small perturbation on its stationary distribution. The
following lemma provides non-asymptotic bounds on the mixing time of perturbed
Markov chain and its stationary distribution &;,, which will be useful throughout the
proof.

1

Lemma B.1. Under the setup above, suppose that humax = maXees ||helloo < 55—

Then the perturbed transition kernel satisfies the following.

e The Markov transition kernel P, satisfies the mixing condition (Assumption 3.1)
with the discrete metric and mixing time 4t .

e The stationary distribution &, satisfies the bound

S

En(s

maX { log L log gh(s } < tmix (2 + log hmaX + log @ ))hmax-

ming Eo

See Section B.5.1 for the proof of this lemma.
With this notation in hand, we are ready to construct the prior distribution on w.
We begin with the following one-dimensional density function, taken from [206]:

p(t) == cos® (Z) - Liep1,1- (B.16a)

Also, define the positive-definite matrix A := Ex.¢, [COVYNPO(X7.) (go(Y) | X)}, and let
A =UDUT denote its eigen-decomposition. For a random variable 1) ~ u®¢, define the
perturbation parameter

= J-UD™ 2y, (B.16b)

and let its density denote the prior distribution p. Note that for any w € supp(p), we
have

|Aw||s = [[UDY?4)]|y = ||[DY?1)]||y < v/trace(D)/n = /trace(A) /n. (B.16¢)

The final ingredient in our construction is to specify the linear transformation ). For
each z,y € S, we set

%:(Y) = go(y) — Ewry(a) [9o(5)], (B.16d)
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where the Green function g is defined in equation (B.15). Recall that h = Qw for w ~ p.
This specifies our prior over transition kernels, and concludes the construction.

Next, we state a Bayesian Cramér-Rao lower bound used in the proof. Consider a
class Pg = (]P’77 'n e @) of probability distributions of sample X € X, parameterized by
n € ©, where O is an open subset of R?. Recalling Proposition A.1 from Appendix A
implies that

2
=~ (ftrace (ﬂ(n))p(n)dn)
E E |T(X)-Tml; > o1 Pav——
n~p Xy [ trace (I(n)) p(n)dn+ [ [V log p(m)13p(n)dn
In order to complete the proof, we provide non-asymptotic estimates on the three
quantities involved in the right-hand-side of Eq (B.17). These require a few technical
lemmas, whose proofs can be found at the end of the section.

(B.17)

Bounds on the term trace (Vwé): We state two technical lemmas that are helpful in
bounding this quantity. The first computes the Jacobian matrix of the desired functional
6(h) with respect to the parameter w.

Lemma B.2. Under the given set-up, for any w € R?, we have

Vul(Pi) = Exeg, | covyer, i {1(Y) = Pugn(X),90(Y) = Pogo(X) | X} | (B.18)

See Section B.5.2 for the proof of this lemma. Next, we control the RHS of equation (B.18)
by replacing g; with go.

Lemma B.3. Under the given set-up and for a sample size lower bounded as n >
ct? a%d2 log? d

CmixZLC 06 © 1
mix
(1-r)2 and maxes ||hzlloo < st We have

c(1402)32t: . d?
Ezve, [191(2) — g0(2)[3] < DT w1566 __d

(1—k)%n ming &o(z)

Furthermore, for any w in the support of p, we have

16(P2) = (o)l < §/trace(R)/n + /SR hog s

(1—k)4n2 ming &o(z) °

See Section B.5.3 for the proof of this lemma.

Combining these two lemmas yields
trace (Vwé)
Z EX~§h [Varprh(Xy.) (go(Y) - POQO(X) | X)]
— Exwg, [\/Vaprh(x,-) (90(Y) — Pogo(X) | X)] - \/Ezwh 1gn(2) — go(2)|3]

> trace (A) — y/trace (A) - ctor)oty,d log® —4

(1-k)2y/n ming &o(z) *
. . ct?; 02 d? log2 d 2c(1+02)52td  d? 6 d
Now given a sample size lower bounded as n > (EE 1=y trace(A) log i £ (D)

we can conclude that

trace (V,,0) > 1 trace(A) for any w in the support of p. (B.19)
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Bounds on the Fisher information I (w): We now state an upper bound on the
Fisher information of the observed trajectory:

Lemma B.4. Under the given set-up, for any w € RY, if hyay := max, ||h||s satisfies
the inequality hyl, > ctuix(log hyly + log(min &)™), we have

max

I (w) := By [V log Py (s7) Vi log P (55) '] < BExe, [ covymn,x.) (ax(Y) | X)].

See Section B.5.4 for the proof of this lemma.

In order to apply the preceding lemma, we must verify the condition on A,y for our
setting. Under our construction, we have max,es || hz||oo = max, yes(go(y) —Pogo(x), w).
Note that Assumption 3.2 and Lemma B.7 in Section B.5.7 together imply the following
bound for any § > 0:

&o(s 1 [{go(s), w)| < Cuixlwlz jogd 4y > 1 — 4,

Taking 0 := mlnseg o(s) > 0, we have the uniform bound
< cTtmix||w]|2 .
mas [{go(s), w)] < T2l og? (4 min go(s)).

Note that Py is a probability transition kernel, for any s € S, the vector Pygo(s)
lies in the convex hull of (go(s’))s,es. So we have the bound maxges [(Pogo(s), w)| <

maxges [(go(s), w)| < % log” (d/ min, &(s)). Putting them together leads to the
bound

max 1P]|o0 < 2¢Gtmix|[w]2 log® (d/ minf'g(s)).
xe S

Now given a sample size

n > ctd. 5% trace(A) - log® #{0(5)’ (B.20)
we have that max, ||h.]|e < 75— This satisfies the condition in Lemma B.1 in the

128 mix
appendix. Applying this lemma, we see that the condition

Prnase = Clmix (10g hop + log (min &) ™!
is satisfied, so that Lemma B.4 guarantees that

trace ([(n) ('UJ)) j %EXN&L [Varprh(X7.) (g[)(Y) - Pogo(X) | X)}

< (3)°n - Bxeg [vary-pyx.) (90(Y) | X)]
- % trace (A) (B.21)

The last inequality follows because &, =< 3& Py(z,-) = $Py(z,-) for all z € S.
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Bounds on the prior Fisher information: From Lemma A.2 in Appendix A, the
density p of w has Fisher information

I(p) = UDY?I(u®)D'2UT = nrA. (B.22)
Consequently, we have [ ||V log p(w)|3p(w) dw trace (I(p)) = nr - trace(A).

Putting together the pieces: Combining the bounds (B.19), (B.21), and (B.22)
and applying Proposition A.1, we obtain the lower bound

ig}f /d Exrpo., [Hé\n — 0(Pguw) 3] p(dw) > m trace(A). (B.23)

n R

It remains to relate the matrix A to the local complexity ¢, in the theorem. In order to

do so, we require the following lemma.

Lemma B.5. Under the setup above, for any function f:S — R such that E¢,[f(s)] =
2 00

0, we have Ex. g vapy(x,) [(Aof(y) - Pvof(X)) } = Zk:_ooE[f(So)f(Sk)]; where

(Sk)kez s a stationary Markov chain following Fj.

See Section B.5.5 for the proof of this lemma.

Applying Lemma B.5 with f;(s) = ((Ls — L) (L(s)0(P) + b(s)), e;) for j =
1,2,--- ,d respectively, we arrive at the chain of equalities

trace(A ZEXNgO yero(x,) [ (Aofi(Y) — POAij(X))2]

= Z Z f] so) f; sk)] = trace(([ — E(O))’lE*Mkv(I — E(O))’T) =ne2.

=1 k=—

Thus, the right-hand-side of equation (B.23) is exactly ; e +7r)
It remains to bound the size of the neighborhood. Given a sample size n satisfying

the bound (B.20), Lemma B.3 implies that ||0(P,) — ()2 < 4/ % Consequently,
for any w on the support of p, we have Py, € Mpst(Fo, 265).

On the other hand, for any w € supp(p) and any = € S and perturbation h = Qu,
we have

X* (Pulz, ) || Po(z,-)) = Ey~py@,) [(%Ejg — 1)2]

= VarYNPO(x,-) <2268 pZ?;T;)ehx(2)>
(4)

S VarY"/PO(*Tv') (ehZ(Y))

< EYwPo(a:,-) [(ehx(Y) - 1)2}

(49)
< e Eyop(a,) [hx(y)QL
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where step (i) follows by using Jensen’s inequality to assert that
3 Py(, 2)ehe®) > Sees Ploahes) = 1,
z€S

and step (ii) follows from the inequality |e” — 1| < e - |z|, valid for = € [-1, 1].
Accordingly, the average y?-divergence admits the bound

> &) z,) || Polw,") < e Exgy~rix, [(w, g0o(Y) = Pogo(X))?]

€S
<e-w Aw< %d.

For any w on the support of p, we thus have Py, € Mpron(Fo, € \/7 ), as claimed. The
Bayes risk lower bound (B.23) then implies the desired minimax lower bound.

B.5.1 Proof of Lemma B.1

The proof relies on a total variation distance bound on the transition kernel. In particular,
for each s € S, we have

dry (Po(,- \/ X2 (Po(z,-) || Pu(x ZPO ,y) Ph(w,y) _ 1)2

(z,y)
yeS

(1) 2 (1)
1
< il 1) < e max [l (B.24)

In step (i), we use the fact

Ph(‘r7y) _ ehz(y)
Po(z,y) Y. cs Polw,y)eh=)

and in step (i), we use the fact ||h,]lo < 1.

Next, we turn to proofs of the two claims. We first prove the mixing time bound.
Note that the non-expansive condition (3.5)(b) is automatically satisfied with ¢q = 1
for total variation distance (by a naive coupling). Given a fixed pair z,y € S, invoking
Lemma 3.4 with 7 = 4t,,;, yields the existence of a joint distribution over the random
sequence {xy}o<k<r and {yx}o<r<r, such that {zx} and {yx} follows the Markov chain
Py, starting from xy = = and yo = y, respectively. Furthermore, we have the bound
P(z, # yr) < §-

Now we construct a coupling between the original chain and perturbed chain. Taking
the initial point Ty = x, we iteratively construct the sequence {Zy}o<r<, as follows:
given 7 and xy, we construct the conditional distribution of 7., as follows:

€ [e el elitell].

o If T = fk, we let P(f}ﬁ_l 7& Tht1 | l’k,.’fk) = dTV(PO(xk; -),Ph(ZL‘k, ))
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o If xy # Ty, we simply take 7; 1 and 41 to be conditionally independent, following
their respective transition kernels.

We construct the sequence {y bo<k<, in a similar fashion.
By the union bound, it follows that

P(, £ 7,) < EE[H»(M £ T | oy =5)] = iE[dTv(Pom, ), Palz, )]
k=0 k=0
< 1

4etmiyx - max ||helloo < g
€S
In the last step, we have used the total variation distance bound (B.24).
Similarly, the process {y;} satisfies the bound ]P’(yT #* gjf) < %. Putting together the

pieces, we conclude that

dry (0. P;, 6,F7) < P(Z- # §r) < P(T- # 22) + P(2- £ yr) + P(yr # Ur)
1 1 1 __ 1
<sTit§sT3

?

which shows that the perturbed chain P, satisfies the condition (3.5)(a) with mixing
time 7 = 4t

Next, we prove the perturbation result for the stationary distribution. Given any
fixed initial distribution 7, note that for any deterministic sequence (xg, za, -+ ,x,),
we have the following expression for the Radon-Nikodym derivative:

n—1 n—1

dPn (mo’ml""’m") _ Pp(zk, k1) _ H eher (@ht1)
B by

Po(zp,pq1) hay (v) p :
dP T, Tht e (Tr,y)
O(w() 1 wn) k=0 k=0 €S

We then have the max-divergence bound

Do (Pi(2) || Po(5)) := sup logw

< n-max [|hy|co-
ahesSn dPo (960,961 yo ,xn) x

Taking the marginal distribution, we see that the bound Du (mo P || m0FP§) < 1+ Amax
holds for any initial distribution 7y and any n > 0.

To obtain the desired claim, we take the initial distribution to be the stationary
distribution &, of the chain Py, and let n = t,,;, log (m) Note that £, P! = &,
in such case. On the other hand, by Lemma 3.4, the total variation distance can be
upper bounded as drv (fthL, 50) < 2" i < Nmax - Minges §o(x). Therefore, for any
x € S, we have
Sl | < avlorpe) o, 1

50(33) — max .

minges éo(z) — 2

Invoking the inequality |log z| < 2|z — 1| for |z| < 1/2, we can translate the bound into
a max-divergence bound

P (x
Do (€ || €9) = mas [log S| < 2.

§o(z)
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Finally, applying the triangle inequality yields

Do (&n Il €0) < Doo (€n P [| €aF5') + Do (€a 55" 1] €0)

< (N +2)hmax < i (2 + log hypsy + log = ))hmax,

ming Eo

which proves the second claim.

B.5.2 Proof of Lemma B.2

We first consider the functional h — 6(P,) := (I — E, [L(s)])_lEgh [b(s)]. Note that the
stationary distribution &, satisfies the identity &, P, = &;,. Taking derivatives, we obtain
the following equality for all z,y € S:

agh . oP h
() T =0 Gy

= fh(ﬂU)Ph(%y) ) [1z:y - Ph(x’ Zﬂzes

Note that the linear operator (I — P,) is invertible on the subspace Hj,. For any
f € Hy, we have

(9 s _ (%h(z) ) s
0hx(y)E€h /)] = Oha(y) fls)

= &(@)Pu(w,y) - [Lomy — Pule,2)] - (T = P0) [, - f

In the above expression, the notation (I — Ph)_1 |Hh denotes the inverse of the operator
I — Py, within the subspace Hj,, a bounded linear operator on this space. Note that the
derivative is invariant under translation. For any f € RS, define the auxiliary function
[ = f—Eg|[f], and write

0
D (y) e [f(s)]
- 8hf(y)E5h [fN(S)] = fh(m)Ph(l’,y) : [1z:y - Ph(ac, Z)LGS : (I - Ph)_1|Hh . ]?
= (@) Pu(,y) - [1amy — Pul,2)] g (I = Ph)fl‘Hh - (f = Eg,[f])
= & (@) Pa(e,y) - (Anf(y) = D Pulw, 2) Anf(2)). (B.25)

On the other hand, we can express the desired functional 0(P,) in the form above. In
particular, setting L™ := E¢, [L(s)] and b := Eg, [b(s)], we see that for any z,y € S,
we have
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Following the formula (B.25), we conclude that

90(Py)
+(Y)

= & (z) Pz, y) (I — E(h))_l [AL(L(y)0(P,) + b(y))]
—fh@)Ph(%y)ZPh(ﬂ%Z) ([ ) [Ah( (2)0 (Ph) +b(z ))} (B.26)

zZ€S

S5
>

Recall the shorthand notation from before, where for each s € S, we defined

gn(s) = (I — L) ' [AL(L(5)0(Py) + b(s))].

Given w € R?, if we parameterize the perturbation as h = Qw, the chain rule yields
Vu0(P,) =Q" - vhé(Ph)

— S 6@ (Y P g — (2 Pule g ) (3 Pl )gn(@)as) )

zeS yeS yeS yeS

= Ex~g, [COVprh(X,.) (gh(Y) = Prgn(X),qx(Y) | X)];

as claimed. O]

B.5.3 Proof of Lemma B.3

The following technical lemma is used throughout the proof, and proved in Section B.5.6.

Lemma B.6. Given a perturbation vector w satisfying ||w||2 < = , for
2¢tmixoL \/d ‘HAH‘ op logd

h = Qu, the matriz I — L™ is invertible, with || (I — EW)_lHlop < A

—K

Before proceeding with the proof, we note two direct consequences of Lemma B.7
from Section B.5.7. First, by taking f(x) := (e;, L(z)u) and f(x) := (e;, b(x)), applying
the tail assumption 3.2 and the boundedness assumption 3.4, we have the following
second moment estimate for any v € S ! and j € [d]:

Ex~g,[(¢j: AnL(X)u)’]
EXNgh [<€j, Ahb(X»Q}

Second, by taking f;(z) := (e;, L(x)0(P,) + b(x)), for any integer p > 1 and K > 0,
Markov’s inequality yields the bound

o2log?d, and (B.27a)
ol log®d. (B.27Db)

le

<c
<c

le

wagh [Ahf](X) 2 K] S K_QPEXN&L [Ahfj(X)2p] S (Cp2tmix(O'L||I9(“2+0'b)logd)Qp'

By taking K = 2cp*tmix(01]|0||2 + o) logd and p = —2log min,cs &o(x), we find that

_ 1 . .
PXwﬁh |:.Ahf](X) > SCtmiX(O-L”QHQ + Ub) 10g3 (#)} < 5 T:glelgl fo(x) < Ia:ﬂelggh(x)u

minges &o(x)
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Since &, is a discrete measure, this high-probability bound implies a deterministic bound

Anfi(@) < Sctumix(ap||0]|2 + o) log® (%) forall z € S.

min /¢ g &o(x’
Combining the estimates for all j coordinates yields the bound

1 Ctmix(U ”9_” +0o )\/a 3 d
rgggc\lgh(aﬁllz < mrgggHAh [fj(x)]je[d]HZ < L2V e 1o (m)

(B.28)

Given the two lemmas and facts derived above, we now proceed to the proof of
Lemma B.3. Taking derivatives on both sides of equation (B.15), we obtain

Vugn(z) = (zd_ﬂh))*l-AhL( ) - Vo0(Py)
+ (L, — L™ >) (v Ap) (L(2)0 Ph)+b( )
— (I = W) 'V (W) (I — IW) T (ALL(2) - 0(P,) + Aub(2))
=: Ji(h, z) + Ja(h, 2) + J5(h, 2).

We then have the integral relation

gn(z) —go(z) = /0 Vuwgsn(z) - w ds = /o (Ji(sh, 2) + Ja(sh, z) + J3(sh, z)) - w ds.

It thus suffices to prove individual upper bounds on the terms Ji(sh, z) - w, Ja(sh, z) - w

and J3(sh, z) - w

Bounds on the term J(sh, z) - w: Invoking Lemma B.2, we have

Vaul(Ph) = Exeg vpx) [(91(Y) = Pugn(X)) (90(Y) — Pogo(X)) ']

Consequently,

IVl (Pr)wll

<l COV X g, Y~ Py (X, ) (go(Y) - P090<X>) “wlf

+ [[Exng, [ coVymn,x) (9n(Y) = go(Y) = Pogo(X) + Pogo(X), go(Y) — Pogo(X))]wll2.

For perturbation matrix h satisfying the condition max 1hlloo < Lemma B.1
TE

1
= 128y ?
implies the sandwich relations

%50 <&, < %&)7 and %Po(x) = Pu(z,-) = %P (x), forallzesS.
For the first term in above decomposition, we have

| COVxmg, Y rP,(X,) (QO(Y) - Pogo(X» ~wf
< %H COV X nto, Y ~Po(X,) (QO(Y) - POQO(X)) ~w[
= 3{|Awl> < 3/trace(A)/n,
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where the last inequality is due to the bound (B.16c¢).
For the second term in the decomposition, we have

||E[cov (gh(Y) —g0(Y) — Pogo(X) + Pogo(X), go(Y) — Pogo(X) | X)] cwlla
— sup E[(gn(Y) = go(Y) — Pogo(X) + Pogo(X)) v+ (go(Y) — Pogo(X))  w]

veSd—1

< sup \/IE ((gn(X) — \/E ((90(Y) = Pogo(X ))Twﬁ

veSa—1
§§WNMW@MWW—%@N%

where X ~ &,,Y ~ P,(X, ).
By equation (B.16b), on the support of the prior density, we have the bound
wTAw =n"" T D V2UTAUD /2y < 4. Consequently, we have the upper bound

IVuf(Br)uwlls < §1/ "0 184 /4 B g, [lgn(X) — go(X) 3 (B.29)

Collecting the bounds above and 1nvok1ng equation (B.27) and Lemma B.6, we
obtain the following bound on the desired term:

Ey g, [II.]1(¢h, Y)wllﬂ

I(Za = Z) N2, - Eyeg, [lABL(Y) - Vi(Pa)w|3]
ﬁ BBy gy [IARL(Y) - Vol (Pon)wlf3]

o - ctr 07 dlog® d - ||V, 0(Pa)wll;

t2. 02dlog®d  trace(A 12, 02d%log?d
il )y SRS sup Exg, lgn(X) — a0l

IA A

I/\

IN

Bounds on the term Jy(sh, z) - w: For any function S — R? and z,y € S, we note
that

srogyAnf = (I = Pu) i, - groty - (L= Pa) s, f
:_Ah'[sxphxy ( s'= —Ph.TS))]
- _Ah ' [ s= xPh ZL’ y (

ssES'Af
ZPh x,8)Anf(s ))]863.

We can then derive the formula for derivative with respect to the parameter w, as

(Vo)1) = 3 (5o @) )]

z,yeS

= — Z Py(z,y)Ap1.(2) - (Anf(y) — PeAnf(z)) - (go(y) — 73090($))T

z,yeS

= — Z Z (P;;(Z, 93) - 5h($))Ph(x,y) (Ahf(y) — PhAhf(x)) (go(y) _ POQo(:L‘))T.

z,yeS t=0
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Substituting f(z) = L(2)0(P,) + b(z), we note that A, f = gp,, and consequently,

(VuAn) (L(2)0(Py) + b(2))

[
—
=
>
14
=3
R
~
4
=
=
—
S
=
=
|
Ay
Q
=
>
=
—
S
S
>
I
Ay
Q
=
>~
=
I__l‘

- EXwgh,YNPh(X,-) [(Qh(y) - Phgh(X)) (QO(Y) - POQO(X))T])

=Y Di(2).

Next, we estimate the difference term above in two different ways, depending on the
value of . On the one hand, note that

.
Ezmen IExmpt (29, ~pn (.9 [ (G0 (Y) = Prgn(X)) (9o(Y) — Pogo(X)) Jwll3
< sup [lgn(y) — Pugn(@)[[5 - Exne, yor,x,) [(w, go(Y) — Pogo(X))?]

z,yeS
< 45 llgn(@)3 - Ex~gy 00 [(10, 90(Y) = Pogo(X))7],
TEe

where the bound for the factor sup,cs ||gn(z)]3 follows from equation (B.28). For the
latter term in the display above, we note that

]EXwgh,YwPh(X,-) [(lU, QO(Y) - POQD(X»Q] < 2EX~50,Y~PO(X,-) |:<w7 QO(Y) - POQO(X)>2]
<2w'Aw = %d.

Putting together the pieces yields the first estimate

Ezng, [ D(Z)w]lZ] < Dt 10g° (mtes).

minges &o()

On the other hand, given z € § and the Markov chain (s;);>o starting from sy =
z, for any t > 0, there exists a random state s; such that s, ~ &,, and we have

i ~ L~
IP’(’S} =+ st) < 9ltmix!). Define a random variable Siy1 by setting 5,41 = s;41 whenever
s; = Sy, and drawing s;.1 ~ P(s, ) otherwise. From this construction, we have

1Dl < sup {E[uT(mw  Pagn(s0) - 0 (gols1e1) — Pogols)) | 2]

ueSd-1

- E[UT (gh(gtJrl) - Phgh(gt)) ‘' (go(gtﬂ) - Pogo(SNt)) | 2} }
< sup E[u’ (gn(ser1) — Prgal(se) -w' (go(ser1) — Pogo(s:)) Loz, | 2]

ueSd—1

+ sup E[u’ (gn(5i41) — Pugn(5)) - w (go(5e1) — Pogo(51)) Le, 5, | 2]

ueSd—1
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Applying the Cauchy—Schwarz inequality twice yields

Ezee, [ Di(Z)w])3]
< E[|gn(scs1) — Pagn(so) 1] 172 E[w' (go(ses1) — Pogo(st))s} v E[125]

1/4

~ 1/2 ~ ~\\871/4 1/4
+E[”gh(3t+l) _Phgh(st)”g} / 'E[wT(go<3t+l) _POQO<St>) } / 'E[lsﬁé‘s}} /
thmx _ 1——t

< o el dog” d - 27

corresponding to the second estimate
Finally, setting 7 = ctmix log bunixd < yields

Esme, ||ZDt Ywl2] < (Ze—f) (Y By, [ID(2)w]2])

4 2
Ctmlxa d d

< e log” (i Sem)

so that

]EZN&L [”JQ(Ehv Z)U)”%} = C(imx,{ 1, 1 og (#)

minges £o(x)

Bounds on the term Js(sh,z)-w: By equation (B.25), for any vector u € S* !, we
have

Z En(z) Py(x,y) (AhL(h (y) — ZPh(x,z)AhE(h)(z))u g ()7

z,yeS z€S

For any z € S, we obtain

IV (L) gn(2)wll2
= sup Ex.g, vop,(x,) [UT(AhE(h)(Y) —PhAhE(h)(X))Qh(Z)QX(Y)Tw}

ueSd—1

< sup \/E uT (A, LY )—PhAhE(h)(X))gh(z))2~\/E[(QX(Y)TW)2]

ueSd—1

Chuisrs lgn(2)[ logd - /2,

where the final inequality is due to equation (B.27). Combining with Lemma B.6, we
have the bound

c 2
Ezve, [ J3(th, Z)w|3] < %55 - taoi log” d - Bz, [gn(Z)]I2]

coL 2tﬁmxd 10g d.

(1—-k)*n

IN
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mleL 2d2log?d

Finishing the proof. Collecting the bounds for J;, Jy and Js, for n > e

we have

c(1+o 524 . d?
Os<up EZNEh[||9€h( ) —go(Z )|” 1L)n T log” (minzdﬁo(z))

+ % sup Ezg, [90(Z) — g0(2) ]3],
0</<1

which completes the proof of the first claim of the lemma.
For the second claim, we combine the first claim with equation (B.29) and obtain

A race( c(1+02 2t4 d3
IVub(Pwly < 3/ 4 ool o0 (__d__y

Taking the integral yields

H9(Ph)—9(Po)Hz§/ IV0(Pen)wl|2d

3 /trace(A) (1402)52td . d3 6 d
S 5\/ + \/ L,‘-c 4n2 log (minxgg(z))’

which proves the second claim.

B.5.4 Proof of Lemma B.4

We first compute the Fisher information with respect to the perturbation vector h, and
then transform this via chain rule into a formula that holds with respect to the parameter
w. We are interested in the matrix 1™ (k) := Ej, [V, log Py(s5) Vi log Pr(sy)T]. When
the Markov chain P, is run under the initial distribution &y, the joint distribution
of the observed trajectory (s;)i_, can be factorized as Py (so, 51, ,8n) = &(so) -

[ Palse-1,s0).
Let us now study the Fisher information matrix. For any pair x,y € S with
P(z,y) > 0, performing some algebra yields the expression

8hf(y) log P (50, 81,7+, 80) = Z Loy i=e (Lomy = Pa(@, ).
t=1

Consider the natural filtration F; := o(sg, s1,* -, S¢). Note that under the transition
kernel Py, we have the identity

En [1st,1:m(1st:y - Ph(l', y)) | ‘Ft—l} - 1St—1:$ ’ (Eh [lst:y | St—1 = ZL‘] - Ph(x’y)) = 0.

Therefore, the process {V,logPp(so, S1,- -, Sn)}n>0 18 @ martingale adapted to the
filtration {F;}i>0. Its second moment is given by

S = E[Vh log P, (sg) - V; log Py ( 50 ZE Vh log Py(s¢_1, ;) - V} log Py(s,_ 1,5t)]

t=1
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We find that

S = [laymar - > _E[ly—s, - (1
t=1

=Y diag({Pn(st-1 = 7) - Pal,9)} )

t=1

si=y1 Ph(ZEh yl))] ) (15t:y2 - Ph(x%y?))}(

z1,91),(22,y2)

=3 (B =) Pl Pt

x,y1)7(1’,y2) ’
t=1

Consequently, the Fisher information matrix is a block diagonal matrix I (h)
diag({l(n) h)},es)s where each block matrix I (h) € RS*S takes the form

I™(h) = Z[@h(st_1 =) - [diag({Pu(w,9)} 5) = [Pal@,9)] _s[Palz, y)]yes]

By Lemma B.1, for hp.. satisfying the inequality hmax > ctmlx(log hl +
log(min &)™) for some constant ¢ > 0, we have the bound 1¢&, =< & =

) gh and
26h;
hence $PF€, < PF&y < 3PfE, for each k= 0,1,2,.... From this sandwiching, we find
that

ZPt e (x dlag({Ph x,y }yGS) — [Ph(a:,y)}yes [Ph(x y)}yes}

%’fh(:c [diag ({Pu(2,9)},cs) — [Pu(e,0)] s [Pal.9)] ).
Turning to the Fisher information, we compute

I™(w) = Q" I™(h)Q
<IN @) (O] Pule ) a)a)" = (D P, 9)¢:(y

€S yeS

W) (Y Pule.y)a.(y) ")

yeS yeS

= LBxng, [Eyer,x.)[ax(V)ax (V)] -

Eyopx) [ax (V)] - Eyapyxy [ax(Y)] ']
= %Ewah [COVph(X7,) (qX(Y) ’ X)]

B.5.5 Proof of Lemma B.5

For each k € Z, by the definition of the Green function, we note that
f(se) = Aof(sk) — E[Aof (sk41) | 6] = Aof (sk)

— PoAof(sk)- (B.30)
By stationarity, we have
ST OE[f(si)f(s0)] = ELf2(s0)] +2 > E[f(s)f(s0)]
k=—00 k=1
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where step (i) makes use of the dominated convergence theorem, in particular by noting
that [E[f(sk) | so]| < [|f]lec - 2 7%/t from Lemma 3.4. Consequently, we can write

o0

S E[f(s)f(s0)]

k=—o00

—E[f*(s0)] + 2E[f (s0) - Ao (50)]
2 E[(Aof (s0) — PoAof (50))°] +2E[(Aof (s0) — PoAof(50)) - Aof (s0)]
= E[(-Aof(so)) } - E[(Pvof(So))Q};

where step (ii) follows from equation (B.30).
With E denoting expectation over X ~ &, Y ~ Py(X,-), we have

E[(Aof(Y) — PoAsf(X))’]

—~

=E[(Aof(s1) — P Aof(so)) ]

= E[(Aof(50))] + E[(Podof(0))"] = 2E[(Aof (51)) - (Podof(s0))]
= E[(Aof(so)) } +E[(770Aof(30)) } —2E [E [A()f(31> | 30} : (Pvof(So))}
ZE[(Aof(So)) | - [(Pvof(So)) 1,

and combining the pieces completes the proof of this lemma.

B.5.6 Proof of Lemma B.6

By following the derivation of equation (B.25), we find that

e L = &nlz )Ph(fay){AhL — ) Pu(x,2)AL(z )}

z€S

Consequently, for any u € S9!, we have the bound

IV (L®) o

= SE%EI\/EY% 2T ALL(Y) )2]'\/EX~£h,Y~Ph(X,->[((90(Y)—7’090(){))”’)2}

3
< Sup \/EY~§h ALY )ul3] - 5\/]EXN§07Y~P0(X,‘) [((go(Y) — Pogo(X))Tv)]
vesd-1

< ctuixorr/d - [|Allop log d.

We thus obtain

1
20 = ZOy < sup [(E® = ZO)ula < [ sup [Vu(E60) - wlads
0

ueSd— ucSd—1

< Ctmixopy/d - trace(A) logd - [|w]]s.
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1—k
mixoz/d [ Aflop logd’

Now given a perturbation vector satisfying the bound ||w||s < ™
C

have the following bound for any u € S
I(Z = L®)ally 2 [I(1 = L)ullz = (LW = LO)ulls 2 (1 = &) = L — Lo, > 15=

which implies that || — L")y, < 12, as claimed.

B.5.7 A useful moment bound

Finally, we state and prove a moment bound that is useful in multiple proofs. Recall
that the operator Py, is a the perturbed probability transition kernel under perturbation
matrix h, and the operator A, is the Green function operator associated with this
transition kernel.

Lemma B.7. Consider a bounded function f :S — R, and a perturbation vector h
satisfying the condition in Lemma B.1. There there exists a universal constant ¢ > 0,
such that for any integer p > 1

27\ 5 | 2 }1 (1
Ex~ X P < mix | Ex X)) 1 — e
( X 5h[(-’4hf( )) D < cpt X éh[f( ) } 0og Ex-e, [f(X)QP}

The proof is similar to that of Lemma 3.7. For any function f : & — R such that
Ee,[f(X)] = 0, we first observe that A, f(s) = > oy Prf(s) for all s € S. Note that
Lemma B.1 guarantees that the perturbed chain satisfies Assumption 3.1 with mixing
time 4t,;x. By Lemma 3.4 and the coupling definition of total variation distance, for

each t > 0, there exists a random variable s, such that s; | so ~ &, and IP’(E} # 5 | s) <
o LT

By construction, the state s; is independent of s. Consequently, we have the
equivalence A, f(s) = Y e s E[f(sk) — f(35) | s], and for any a > 0,

Eoe, [(Anf(5)™] < (D e E(E[f(s1) — f(Gi) | s])7) - (D emmraok)™!
Z kg [ | f(si) — f(E)7].

We bound the moment of f(sx) — f(sg) for different values of k in two ways. On the
one hand, Young’s inequality directly leads to the following naive bound

E[If(se) = fGOI7] < 22 HE[f(s0)™] + E[f(50)*]) = 27Esng, [£(5)*].

On the other hand, for any bounded function f, we have

E[|f(s) — FGR)®] < IFI1Z - Pk # 5) < || £]122 - 2" T
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Combining the two estimates yields the bound

E[(Anf(X))] < o' 7{2% - ¥ g, [f(5)7] + [ fIZ Y et 2!,

k=1+1

2
valid for any a > 0 and 7 > 0. Setting 7 = ¢t log E[”f”"g ] and a = yields the

1
i f(X)2r 167p
claim.

B.6 Proofs for the examples

We collect the proofs of the consequences to specific examples in this section.

B.6.1 Proofs for TD(0)

We stated three corollaries applicable to this method, and in this section, we prove each
of them in turn.

B.6.1.1 Proof of Corollary 3.1

The bulk of the proof involves verifying the conditions needed to apply Proposition 3.1
and Theorem 3.1, but some additional care is needed in order to deal with non-
orthonormal basis functions (¢;);ciq. First, we note that the SA procedure (3.27)
can be equivalently written as

01 = (1 = nB)0; +nBL11 ()0 — nBb 1 (), (B.31)

where Li1() = (Lo — B70(s)d(s0)T + 787 0(s)d(s41) "), and bpi () =
B Ri(s¢)P(s¢). This is an SA scheme with stepsize 1.

For any matrix A € R™? define x(A) := %/\maX (A + AT). We verify the eigenvalue
condition (3.4) by noting that

$Amax (L + L) =1 = 5 k(1 Esue stmps) [0(5)0(sT) ] = Ee[o(s)o(s)T])

=1 = Phnax (B2 (I = M) BY?) = 1— £(1 - k) < 1,

and

IZllop < 1+ 5 (1B npisy [0(5)0(sT)  llop + NEe [0()6(s) " lop) < 3.

For the two-step sliding-window Markov chain €; = (s;, s;41), Assumption 3.1 holds
with mixing time (fyix + 1) in the discrete metric, and the metric space has diameter at
most 1. It remains to verify the boundedness and moment assumptions.
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In order to verify Assumption 3.4, we note that the bounds (3.28a) imply that

IZee1(s)llop < 1+ 5 (I6(s)8(st0)llop + é(s0)d(se) "llop) < (1 +¢*)d,  and
e (se)ll2 < 5l Re(so)l - [l@(s0)ll2 < <*v/d/B.

Turning to the moment assumption, given any vector u € S*! and coordinate vector €j,
we have the bounds

Eacspion (€] 0(8)0(57) 1)) < \/Eue [(e] 6(5)) "] - V/Eune[(uT6(5)) '] < 534,

Bpve (6] 0(00(5) )] < \Eune[(] 6(9))] -y Bave [ (uT0(5))"] < 5%,
Eave[(¢] Ri(5)6(5))"] < PBune[(e] 0(5))] < 5"

Finally, the quantity & from equation (3.29) is bounded as

maxE[(e), (Losa (%) = D)0+ (biss () = D)

< max[E[(e;, 9(s0)1] - \/ (E[6(50)T8 — 4(50:1)70 — Ru(s))'] < o

J€ld]

Invoking equation (3.73) with the test matrix ) := B and substituting with the
representation v(s) = (0, ¢(s)) yields the claim.

B.6.1.2 Proof of Corollary 3.2

We prove this corollary by verifying the assumptions used in our main theorem. Assump-
tion 3.2 directly follows from (3.33c) and the boundedness of reward; Assumption 3.1 is
exactly the W; mixing time bound imposed on the Markov chain. In order to verify
that L(s,s%) = I — 87 (d(s)p(s)" —v9(s)p(sT) ") satisfies Assumption 3.4, we first
note that

1L (51, 57) — L(s2,53)llop

< llo(s1)(s1)" — B(52)e(52) "llop + Flld(s1)8(57) " — (52)6(53) " lop-
By adding and subtracting terms, we have the bound
lé(s1)d(s1) " — B(s2)B(52) Mlop < {ll¢(s1)ll2 + o(s2)ll2} d(s1) — D(s2)]l2
(ZS) 26%Bd||s1 — s2]|2,

The step (i) follows from the Lipschitz condition (3.33b) and boundedness of the
metric space S. More precisely, we have ||¢(s1) — ¢(s2)]|e < <v/Bd||s1 — sa]|2 and
o(s1)]l2 = [|@o(s1) — #(0)||l2 < s/Bd. A similar argument yields that

lo(s)e(st)" = d(s2)6(s3) "llop < S*d([[sF = sT 2+ [ls1 — sall2)-
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Putting together the pieces, we have shown that the mapping L : S — R is 3¢2d-

Lipschitz with respect to the metric p((s1, s7), (s2,53)) = [|s1 — sall2 + [|s7 — 53 ||

Similarly, for the vector observation b;(s) = R;(s)¢(s), we note that for any s, 55 € S,

1b1(s1) = bi(s2)ll2 < [Ri(s1) = Ru(s2)] - H¢(81)Hz + [ Ri(s2)] - [|o(s1) — d(s2)]2

< 26/ d/B||p(s1) — (s2)]|2,

which shows that b : S — R%# is 2¢2v/d-Lipschitz. Having verified the assumptions, we
complete the proof by following the same steps as in the proof as Corollary 3.1.

B.6.1.3 Proof of Corollary 3.3

In order to verify that Assumption 3.4 holds with respect to the discrete metric, note

that for any d,, > 1, we have [|b;(s)]|2 < Z L 95(s) < i\/d_n7 and
dn dn dn
2
(51, s2)llop S 145D @3(s1) + 54| D 62(s1) - (| D 2 (s52) < H=dy.
=1 j=1 j=1

Turning to the moment condition, let [E denote expectation over a pair s ~ £ and
* ~ P(s,-). Then for any vector u € S~ and index j € [d,], we have

E[{es, L(s, s )u)?] <3+ ZE|({ej, 6(s) (0(s), w)°] + ZE|((es, 6(5) (6(5), u))’]

<3+ 505115 - E[(0(s), u)?]

<3+ 57
For each t = 1,2,..., we also have E[(e;, b1(s:))?] < éHRtHio Eove[0;(s)?] < %,
which is an order-one quantity. Following the same steps as in the proof as Corollary 3.1
then yields the claim.

B.6.2 Proofs for TD()\)

We first prove Proposition 3.2—the mixing time result—and then use it to establish
Corollary 3.4.

B.6.2.1 Proof of Proposition 3.2

We prove the claim via a coupling argument. Consider two initial states Qg = (so, s1, ho)
and Q) = (s, s7, h}). By Assumption 3.1 (mixing time) for the original chain in total
variation distance, there exists a coupling between a chains (s;);>1 and (s});>1 starting
from s; and s} respectively, such that P(sgi1)tt1 7 St 1)ttt | 1565 syppmetl)y < 1)
Furthermore, whenever s; = s} for some ¢ > 1, the two processes are always identical
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from then on. Let (g:)i>0 and (g;)¢>0 be the eligibility trace process (3.37b) associated
to (s¢)i>0 and (s})¢>0, respectively, and let hy = i\_/—g%gt and hy = i\/)‘lgg

Under this coupling, we note that P(ss, . 11 # sy 1) < . Conditioning on the
event & := {3, 41 =54 1}, for any t > 3ty + 1, we have

1herr = By lla = YAl = Billz = -+ = (W) 7 hgtyn = By il (B.32)

We split the remainder of the proof into two cases.

Case I: s; # s|: The coupling bound implies that P(&) Z . On the event &, for
T 2> 3lmix + 1+ ﬁ, we have the bound [[h1 — hjy |2 < 5l hstert — Mo aalle < &
almost surely. Under this coupling, we may write

E[p((sm Sry15 hr), (87, 3,7-1—17 hT))} = %(INST 7 Slr) + IP)(*ST-H # 3,74—1) + E[HhT - h,r”Z])
%Mﬂ)HWW—mmw}

% = 5 11317531 = %P((So,slaho)a (3675/1ah0))7

IA A

which proves the Wasserstein contraction in this case.

Case II: sy = s| In this case, the coupling construction ensures that s; = s} for any
t > 1. Invoking the bound (B.32) then yields

E[p((5r. 8r1s e, (5 5o he))] = SE[[lhr — B ll2] < ko — hills < 30(02, %),
which establishes contraction in this case. Combining the two cases proves the proposi-
tion.

B.6.2.2 Proof of Corollary 3.4
We note that the SA procedure (3.37a) can be written as

01 = (1 = nB)0; +nBL11 ()0 — nBb 1 (),

where Ly () = (Id — gt¢(st)T + 'y%gtqﬁ(stH)T) and by 1 () = %Rt(st)gt.

Recalling that M, = (1 =AY Yo XY BTY2E [(50) p(5041) T B2, we first study
the eigenvalues of the symmetrized version of M), and relate these back to those of
L= Eg[LtH(Qt)] Note that by the Cauchy-Schwarz inequality, for any vector u € S,
we have

uT BE[p(s0)0(s0) ] B u < \JE[(uT B-Y26(s0))] 'E[(UTB‘”%(SO)Q} =1

We therefore have the bound A (My + M) < (1= A)y 32, (A = 7 As in
the proof of Corollary 3.1, we can deduce that

)\maX(Bl/2(MA-|2-M:\r)Bl/2) > (1=N)y

%)\max(i + ET) =

1
B
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Next, we verify Assumption 3.2 on the noise moments. By the update rule (3.37b),
under a stationary trajectory, we have the expression g; = Y oo (YA)*@(s;—x). For any
u € S invoking Holder’s inequality yields

M8

E[(g, u)*] < ( )" S TENE [, dlser))] < 82(=5)"

e
Il

0

In other words, for all standard basis vectors e;, we have

]E[<6j7 I’t-i—l(Q ’lL 2 52 \/E \/E gta < 1 + 2(1 7)\)
EK@ja bt+1(Q )U>2:| S #EKQL‘? 6]> ] S 5(1,7)\)2

It remains to verify Assumption 3.4. Note that for any pair Q = (s,s;,h) and ' =
(s',s',,h'), the operator norm T := ||L;11(Q2) — L1 (Y)]|op is almost surely upper
bounded as

T < (07 g(s) — (B)T 65 lop + 10 6(52) — (B) (', lep)
< Y~ 1) 0() oy

1-My
+ 11T (6(s) = &()llop + I(h = B) &5 llop + 1A (6(5,) — ¢(8+))|||op}
2§2d (15763 + ]—s+7$s + ||h h/H ) _ 8c2d (Q Q)

| A

Finally, we note that the quantity ¢ defined in equation (3.29) satisfies the bound

sup E[(ej, (Ly1 (%) — L) + (b1 () — b))?]

Jj€ld]
< SU[E] \/ E 637 gt \/ P(s¢) T@ 7¢(5t+1)T§_ Rt(st))ﬂ < (1::2)\)2.
j€

Invoking equation (3.73), with the test matrix () := B and substituting the expression
v(s) = (0, ¢(s)) yields the claim.

B.6.3 Proofs for vector autoregressive estimation

In this section, we present proofs of results on vector autoregressive models, as introduced
in Example 3.3.

B.6.3.1 Proof of Proposition 3.3

We prove the claim by a direct construction of the coupling. Given two initial points
Qo= [X{, X, ,Xij]T and Q) = [X{T, X{T, - ,X’_T,HJT, we consider a pair of
stochastic processes (X¢)¢>1 and (X7);>1 starting from Qg and €', respectively, driven by
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the same noise process (€;);>0. Introduce the shorthand Y, = [Xt—i—l . Xt_k+2f
note that Y, is a sliding window with length one unit shorter than €2;). We have:
+ g g
Y =Y allp = R (Y =Y)|5 = IY: = Y/I7 — IV = V|2,
< (-5 = Y13

Consequently, the augmented processes Q; = (Xyp1, Xp, o+, Xypy1) and Q) =
(X{ 1, X[, -+, X{_}1) satisfy the bound

192 = Qillo < (Ve = Yl + 1Y = Y/[l2 < m(HYHl —Yialle + 1Y = Ylr.)

Amax (Px« t
< 2y /53maB (1 — L7120 — Q2

Note that since P, = Q., we have Apin(Ps) > Apin(Q«) = p. Taking t,;, = ¢2 (1 +log & )
yields the contraction bound ||€,
both sides completes the proof.

o — Ul < 319 — Q|2 Taking expectatlons on

B.6.3.2 Proof of Corollary 3.5

We begin by showing norm bounds and moment bounds on the process (X;);>o. By defini-

tion (3.17) of the process and stability, the block vector Y; := [Xt X, - Xt,kﬂ} T
satisfies the recursion Y; = Z;’io Ric,_;e;, where e; is the standard block basis vector
equal to identify on the first block. We therefore have the bound

1% < L%,

Z ||€t i1l p, < ﬁicf

Moreover, for each u € Sm_l, we have

E[(X;, u)'] < (Ze_é_g) Z 2 E[(Rlei_ie1, uer)?]

Next, we proceed with verifying the assumptions used in Theorem 3.1. Letting v :=
1/|IH*|lop, the stochastic approximation procedure can be rewritten as

01 = (1 —1)0;
+ (0 — v ([Xey Xl

i,j€[m]

® [m)ety . VeC( |:Xt+1XtT tee Xt+1X;k+l] ))
Observe that the matrix L := Iy,,2 — vH* ® I,, satisfies the eigenvalue bound

max(L+LT) 1= Epn(H* + (H)T) <1 —vh*.
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On the other hand, the empirical observations satisfy the almost-sure bounds
Lt (€2) —

Ibes1(€2) — b

Lllop < v N[Xemi X1 i) 2
bllop < v+ I [Xin X

“ilijepm) llop < v- s *mk and

Xt+1XtT—k+J lr <v- m§ m\/_

For two collections of matrices U = (U (j))jzl and V = (V )) C R™*™ guch that
k .

S NU9DE =

> IV ||z = 1, the corresponding moment can be bounded as

k—1 k—1
E[(vecU), (Ly1 () — D)vee(V)?] < 2E[(S (0O, Y vOX, ;x[) )],
=0 7=0
which is in turn at most
k—1 k—
ZZ \/ (X2 [(UO)TT®, (U®)TUO] . \/]E (X&) [(VO)TVG), (V) TV G,
(=0 j=0

In order to bound this last quantity, we let (U©)TU®)

= 221 )\?U@U: be its singular
value decomposition, and note that

E[X&) [(UO) U0, (09)TUO] = E[x&) Z N Z N
=1
- ZE[XF—AH [uia uivui’7ui] )\12)\12/ < C B g Z )\2 ’ |||U(€) |||2

Putting together the pieces, we have

E[<V€C(Z/{), (Lt+1(Qt) — E)V9C<V)>2]

k—
<V2k2/,8§4

,_.

k—

SIUORIVO 3 < o(v - 2522,

A
=0

H

=0

<.

Similarly, we can prove analogous moment bounds on b;,1(£%). In particular, for indices

¢ € [k] and i, j € [m], we consider the coordinate direction of the (7, ) entry in the ¢-th
matrix to deduce that

E[{erj, (b () — 6)>2} < V2E[<ei€]T7 Xip1Xi—r41)’]

< A \BIe], Xen)] B, Xeen)] < (v 2

4
v F> .
Applying Theorem 3.1 completes the proof of this corollary.
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Appendix C

Proofs and discussion deferred from
Chapter 4

C.1 Proofs of auxiliary results in the upper bounds

In this section, we state and prove some auxiliary results used in the proofs of our
non-asymptotic upper bounds.

C.1.1 Some properties of the estimator 7/

In this appendix, we collect some properties of the estimator 7/ defined in equation (4.5).

Proposition C.1. Given any deterministic function f € L*(§ x 7) for any a € A, we
have E[7)] = 1,(Z). Furthermore, if (f(x,-), m(x,-))x =0 for any x € X, we have

o%(X,a)g*(X, a)
(X, a)

n-B[ 7] = (@) ] = vare (9. ), w0 (X ) + [ (@)

Bl

+ [ B[r(,0) | X, 0) — LB 1 (60X ), (X @) (€1)

This decomposition immediately implies the claims given in the text. The only
portion of the MSE decomposition (C.1) that depends on f is the third term, and by
inspection, this third term is equal to zero if and only if

f(z,a) = % —(g(z,-), p*(x,))a for all (z,a) € X x A.

Proof. Since the action A; follows the probability distribution m(X;, ) conditionally on
X;, we have E[f(X;, 4;) | X;] = (7(Xi,-), f(Xi,-))», and the estimator 7/ is always
unbiased. Since the function f is square-integrable with respect to the measure & x 7,
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the second moment can be decomposed as follows:
2

B[ |4 - £ 4 + [ a0 (i) |
g(Xi’a’) ?
_ /AE[W(XZ» )| Y = (Xea) Jxa)
[ o [9(X,0)g* (X, a) 9(X, a)p*(X, a) ’
_/AE[ - }dx<a)+/AE[7r(X,a).‘ et - pxa) JdA(a)
Conditionally on the value of X, we have the bias-variance decomposition
o oK oo
[rtxa) [2ERAELD x| aro
= <g(X7 ’)’ :U’*(X7 ))i
g(XWZ)/L*(X’a) * ?
# [0 ) - LT g, (x| )

Finally, we note that
E[(g(X, ), (X, 3] = (@)

- (E[(g(X, )y 1, )>)\} )2 = varg ((g(X, I, (X, )>A>

Putting together the pieces completes the proof. [

C.1.2 Existence of critical radii

In this section, we establish the existence of critical radii s,,(x) and 7, () defined in
equations (4.14a) and (4.14b), respectively.

Proposition C.2. Suppose that the compatibility condition (CC') holds, and that the
Rademacher complezities Sm((}" — )N Bw(ro)) and Rm((]—" — )N Bw(ro)) are finite
for some rg > 0. Then:

(a) There exists a unique scalar sy, = Sy () > 0 such that inequality (4.14a) holds for
any § > Spy, with equality when s = s,,, and is false when s € [0, s,,,).

(b) There exists a scalar ry,, = rp(u) > 0 such that inequality (4.14b) holds for any
> T

Proof. Denote the shifted function class F* := F — u. Since the class F is convex by
assumption, for positive scalars r; < ry and any function f € F* N B, (r2), we have
:_;f S .F* N Bw(rl).

lRm(}“* NB,(ry)) < lnm<9 . (]—“* ﬂ]B%w(rl))> = %Rm(f* NB,(r1)).

T2 T2 1
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So the function r — 'R, (F* N B,(r)) is non-increasing in r. A similar argument
ensures that the function s — s 'S(F* N B,(s)) is also non-increasing in s.

Since the function class F is compact in 2, we have D := diam,,(F U {u*}) < +oo,
and hence

Ron(F*) = R (F* N B, (D)) < ?Rm (F* N By(ro)) < +o0,

which implies that R,, (]: N Bw(r)) < 400 for any r > 0. Similarly, the Rademacher
complexity S(F* N B,(s)) is also finite.

For the inequality (4.14a), the left hand side is a non-increasing function of s,
while the right hand side is strictly increasing and diverging to infinity as s — +oo.
Furthermore, the right-hand-side is equal to zero at s = 0, while the left-hand side is
always finite and non-negative for s > 0. Consequently, a unique fixed point s,, > 0
exists, and we have

< s, fors>s,,, and
> s, for s e (0,s,).

sT'S(F NB(s)) {

As for inequality (4.14b), the left-hand-side is non-increasing, and we have

lim 7 'R(F*NB,(r)) < lim r "R(F*) =0.

r—-+00 r—-+00

So there exists r,, > 0 such that inequality (4.14b) holds for any r > r,,.

C.1.3 Proof of Lemma 4.3

We define the auxiliary function

0 t<1,
oty =<t—1 1<t<2,
1 t > 2.

First, observe that for any scalar u > 0, we have

LS P A) oy gy s % iUQ_H[\g<Xi,Ai>h(Xi,Ai>\ > ]

m “—~ 72(X;, A;) m(Xi, Ai)
=1 =1
1 |9(Xi, A h(Xi, Ai)|
> 2 — 7@ ().
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Second, for any function h € H, we have

o] = YoMy

X,a)h(X,a
> S Ee[r(x,) 1AL o
= U2 . IP)XN&AN#(X7.)(‘9(X;TI(4))(};;)§7 A)‘ Z 2U> .

Recall that the constant a; is the constant factor in the small-ball probability condi-
tion (SB). Choosing the threshold u := ¢ and using the equality ||h[|, = 1, we see that
the small-ball condition implies that

X, Ah(X, A
PXN&,ANW(X,~)<|9( W())( 54) ) > 2U> > Q.

Now we turn to study the deviation bound for Z (d))(h). Using known concentration
inequalities for empirical processes [2]—see Proposition C.4 in Appendix C.4 for more
detail—we are guaranteed to have

sup (249 (n) ~ B[ ()] )
heH

log(1 log(1
< 2E sup (Z<¢>(h) E[Zﬁ,‘f”(h)}) +ea?- { og(l/e) , log(l/e) }
heH m m
with probability at least 1 —e.
For the expected supremum term, standard symmetrization arguments lead to the
bound

E sup (Zf,‘f)(h) - E[Z},f)(h)D < — E[supie@(

heH m heH

2|0 ( X5, Ai)g( X, Ai)|)i| '
a1 (X5, Ay)

Note that since ¢ is a 1-Lipschitz function, we may apply the Ledoux-Talagrand
contraction (e.g., equation (5.6.1) in the book [213]) so as to obtain

[Supzaz (AN ANY) [WEZ by a)]

Combining the pieces yields the lower bound

1 2
(Xi,44) 1.2
m 4 iQ(Xi»Ai)h (X3, 4y)

()

asa? 4oy = 5i9(Xi, 4;) Jog(1 Jog(1
> a2d 2 fup 30 ST (X, 4] - cal - {100 4 ks L0
4 m he?I-)liZl (X, Ai) ( ) ! mn m (C:2)

uniformly holding true over h € H, with probability 1 — &, which completes the proof of
the lemma.

m
=1
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C.2 Proofs of the corollaries

This section is devoted to the proofs of Corollaries 4.1—4.4, as stated in Section 4.2.4.

C.2.1 Proof of Corollary 4.1

Let us introduce the shorthand fy(x,a) := (0, ¢(x, a)) for functions that are linear in the
feature map. Moreover, for a vector § € R? and radius r > 0, we define the recentering
function fi(z,a) := (0, ¢(z,a)).

Our proof strategy is to bound the pair of critical radii (s,,, ), and we do so by
controlling the associated Rademacher complexities. By a direct calculation, we find
that

7> (X, A)

— [ C TS0 < 72 =E|Z— <
(F ,u)ﬂIB%w(r)_{f@|€20_r}, where ¥ = E| 150

O(X, A)o(X, 4)"] .
We can therefore bound the Rademacher complexities as
si((F-mn me)

<B[ s {6 Ez: LAY )fj (Y = (X, AD)O(X A } ]
= itrace (E’lFU),

m

and

Rm((}“—ﬁ) ﬂIB%w(r)) < E[ sup — (0, Z%M&,Ai)ﬂ < r\/%

10]|s<r T

By definition of the fixed point equations, the critical radii can be upper bounded as

1024
s < \/m1 trace (E*ll1 ) and 7, < {+OO’ m = alazd
= a) m = 1024
0, m > 1%al

Combining with Theorem 4.2 completes the proof of this corollary.

C.2.2 Proof of Corollary 4.2

We introduce the shorthand fy(z,a) = (0, ¢(x,a)) for functions that are linear in
the feature map. Given any vector # € R? such that ||f||; = R;, define the set
S = supp(f) C [d] along with the function fi(x,a) = (#, ¢(x,a)). For any radius r > 0
and vector 6 € (F — 1) NB,(r), we note that

10sells = 10 + Osells = 110+ 0l — 105 + Oslly < Ry — (|05 + [16s]l1 < [I6s].-
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Recalling that ¥ = E[QZL’M@(X, A)p(X, A)T], we have the inclusions

(F =@ NBur) 7 {fo | 16l < 161, 6] < 1
Cr-{to 1160 <2V Aein(D)
C 215D (2) - Conv<{ iqu}j:l). (C.3)

where the second step follows from the bound ||8s|l1 < [|€s]l2/1S] < [10]ls4/1S]/ Amin(E),
valid for any 6 € R?.

For each coordinate j = 1,...,d, we can apply the Hoeffding inequality along with
the sub-Gaussian tail assumption (4.22) so as to obtain

P72 e

. . T
XZ,A) ¢(X'L7A'L) 6]

_2mi?
225}326 o2 foranyt >0/

Taking the union bound over j = 1,2,...,d and then integrating the resulting tail
bound, we find that

1 & g (Xi, Ay) logd
L) o a)] <oy B2
[max mllFX“A id;( "N <o -
Combining with equation (C.3), we conclude that
] 5] - log(d)
R ((F — ) NBy, <2 —_—
((F = ) NBu(r) < 2ry [ DL
for any ji(z,a) = (A, ¢(x,a)) with @ supported on S.
Consequently, defining the constant ¢y = 42962, when the sample size satisfies m >
aja

col S| i:;g((g, the critical radius r,, is 0.

Now we turn to bound the critical radius s,,. By the sub-Gaussian condition (4.22),
we have the Orlicz norm bound

9 (X, Ai) I
‘7_‘_2 XZ,A ng](Xz,Al)(Y; ILL (X,“AZ))‘,wl

9(Xi, Ay) 9(Xi, Ay) )

(X5 A LY — M (XL A < 05

= H X“A )¢ ( (2] l) ¥ Hﬂ-(X“Al)( 7 ,U/ ( 79 z))”z[)l N~ 00

Invoking a known concentration inequality (see Proposition C.4 in Appendix C.4), we
conclude that there exists a universal constant ¢; > 0 such that

| )

<9 —cymt?
ex
=2OP\ 252 105 log(m) )’

L o= 97(X A)
m Py WZ(Xi’Ai)gqu]( (3] ’L)( 7 1% ( i Z))
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for any scalar ¢t > 0.
Taking the union bound over j = 1,2,...,d and integrating out the tail yields

< 020202{ log d n logd - logm}27
m m

E | max 1 ZiEL’Ai)aiqﬁj(Xi,Ai)

J€ld]

Given a sample size lower bounded as m > log? d, the derivation above guarantees that
the Rademacher complexity is upper bounded as

S((F =) NBu(r)) < croo %

and consequently, the associated critical radius satisfies an upper bound of the form
|S| log(d

mln(

Sm < coa . Combining with Theorem 4.2 completes the proof of Corollary 4.2.

C.2.3 Proof of Corollary 4.3

Clearly, the function class Fy is symmetric and convex. Consequently, for any g € Fy,
we have

(.Fk - )ﬂB ( ) - (2.Fk) ﬂBw<7’).

For any pair puy, pe € (2F) N B, (r), by the sub-Gaussian assumption in equations (4.23),
we have that

g(XlaAZ) B B )
IE:[(W(X“Ai) eili = 1) (X, Ai)) } = || — pll,, and
Q(Xz',Ai)

By a known concentration inequality (see Proposition C.4 in Appendix C.4), for any
t > 0, we have
t)

< Qexp(

1 &K g(X;, A
E W(Xi,Ai)SZ(M w2) (X, Ay)| >

—cymt? )
11 — piol|2 + tollpn — pig]loc log(m) )

We also note that the Cauchy—Schwarz inequality implies that

g XhA
. X, Ai)| <.
o< M Z (X5, Ay) — H2)(Xi, Ay) | <
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By a known mixed-tail chaining bound (see Proposition C.5 and equation (C.9) in
Appendix C.4), we find that
R (Fi = 1) NBu(r) < —=F((2Fs) NBu(r), || - s [0, 71)

co log m

T

J1((2F) VB (r), || - ll; [0,2]) + 20, (C.4)

for any scalar § € [0,2]. Observing the norm domination relation || f||, < o||f|le for
any function f, we have Jo((2F%) N By, (r), | - [lw; [0,7]) < To(20Fk, || - [l; [0,7]). As a
result, in order to control the right-hand-side of equation (C.4), it suffices to bound the
covering number of the class F, under the || - || o-norm.

In order to estimate the Dudley chaining integral for the localized class, we begin
with the classical bound [103]

k
o8 N (Fi |- :2) < (£)""

where ¢ > 0 is a universal constant. Using this bound, we can control the Dudley entropy
integrals for any a € {1,2}, ¢ > 0, and interval [§, u] with u € {r,2}. In particular, for
any interval [0, u] of the non-negative real line, we have

ok, 1—-E :
okl ok if p < ak,

Ta (0l los 0,1]) < /5 (F)"de < cq¥ - Qlog (ufs)  ifp=ak,  (C5)

pf’;k(g)%‘l if p> ak.

We set 6 = (%)k/ P and use the resulting upper bound on the Dudley integral to control
the Rademacher complexity; doing so yields
=2 [\/m 4 logm - m~FPif p < 2k,
R ((Fe — 7)) NBu(r)) < Copyi - | log(m)//m if p =2k,
m~k/P if p > 2k.
Solving the fixed point equation (4.14b) yields
Tm < C;',p/km_k/p ’ 1Ogma

where the constant ¢,/ and ¢ , ), depend on the parameters (0,p/k), along with the
small ball constants (ay, ).

Turning to the critical radius s,,, we note that each term in the empirical process
associated with the observation noise satisfies

(
(X

<W{

2

T3t e (X A — o) (X, A) |

I (v e, AN )] \/E[{“Xl—’if)( — (x4} ]

’LJ 74> (X’L7 Z)
< G2 Myl — pel|2,
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and
I (0 = X A = ) X A
< ISR 0 = X A ||%(m ) (X A

< Go|lp — p2lso-

Following the same line of derivation in the bound for the Rademacher complexity R,
we use the mixed-tail chaining bound to find that

co/ Ma_yy

S ((Fe — 1) N By (r)) < NG

T ((2Fk) N By (r), || - [|ws [6,7])

coo log m

T ((2Fk) NBu(r), || - lloc; [0,2]) + 26,
valid for all § € [0,2]. The Dudley integral bound (C.5) then implies

=% [\/m + logm - m7*Pif p < 2k,
S ((Fie = 1) N Bu(r)) < Coppi - | log(m)//im if p = 2k,
m~k/P if p > 2k,

where the constant ¢,/ depends on the parameters (o,p/k) and the constant M,_,4.
Solving the fixed point equation yields

m™ if p < 2k,
Sm < Copi0 - & m~Y4/logm if p = 2k,
m” if p > 2k.

Combining with Theorem 4.2 completes the proof of Corollary 4.3.

C.2.4 Proof of Corollary 4.4

For any 1 € F, define the function class
- glz,a) e
H = {(m,a) — 7T<x7a)f(:v,a) | feB,(r)N(F ,u)}
Clearly, the class H is umformly bounded by b, and for any f € F, we have the upper
bound E[ LA f(X, A)’ } = £ < .

Invoking a known bracketing bound on empirical processes (cf. Prop. C.6 in Ap-
pendix C.4), we have

[sup—ZaL (Xi, Ay ] \/__ “(H I+ Ile2; [0, r]){1+bJM(H’T!\'/“%%[O’T])}

heH M

(C.6)
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For functions ¢, f,u : [0,1] — R, such that f is contained in the bracket [¢, u|, we let:

Uw,a) = L2 U6(w, @) Lygaso + u(0(, 0)) Ly <0 — i, ) |,

!
N
—~
~—

{’LL<¢(.CL', a))]-g(:r,a)>0 + g((b(l‘, a))lg(ac,a)<0 - ﬂ(%, CL)}

u(x,a) =

7(x,a)

It is easily observed that the function (z,a) — fr(” (f — i@)(x,a) lies in the bracket

(z,a)

[0,4], and for any probability law Q on X x A, we have ||T — €||L2(Q < b flu— L2y,
where Q is the probability law of ¢(X, A) for (X, A) ~ Q.

It is known (cf. Thm 2.7.5 in the book [208]) that the space of monotonic functions
from [0,1] to [0, 1] has e-bracketing number under any L?>-norm bounded by exp (c/¢)
for any € > 0. Substituting back into the bracketing entropy bound (C.6) yields

Ron (B (r) N (F = fi)) < c{ . ﬁ}

m rm
From the definition of the fixed point equation, we can bound the critical radius r as

cb cb
Tm < — 4+ ——=

m - Jm’
where ¢ > 0 is a universal constant.
Turning to the squared Rademacher process associated with the outcome noise, we
construct the function class

H = {(m,a,y)%y-%f(%a) | fEBw(T)m(}—_ﬂ)}-

For functions ¢, f,u : [0,1] — R, such that f is contained in the bracket [¢,u], we can
similarly construct

T(r.a.9) = - L (0. a) 1m0 + w0l )Ly — )

w2 (x,a)
x,a)

(
g*(
2 (x,a)

(e, a,y) =y {mwx@ﬂpmwwmn»%@—a@@ﬁ.

It is easily observed that the function (z,ay) — y - s a) 9.(f — fi)(x,a) lies in the bracket

[é, ul, and for any probability law Q on X x A xR, we have ||z — EHLz(Q <V |lu— ClL2(qy)
where Q, is the probability law of ¢(X, A) for (X, A,Y) ~ Q. Applying the bracketing
bound yields

]E[ sup i Zm: eih(Xi, Ay, Y — (X, Az))]
1

heH! T =

bTows(H', || - II23 [0, br]) }

T L e 0,br]) {1+ T

<y o)
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Denote Z,, := supj,cqy % Yo eh( X, ALY — (X, A;)). By a standard functional
Bernstein bound (e.g., Thm. 3.8 in the book [213]), we have the tail bound

—mt?

) for any ¢t > 0.

Combining with the expectation bound, we conclude that S,,, = \/E[Z2] < 20()(\/T +
Tm) By definition of fixed point equation, the critical radius can be upper bounded

Sm < c(%)l , and substituting this bound into Theorem 4.2 completes the proof of this
corollary:.

C.2.5 Strong shattering for sparse linear models

In this section, we state and prove the claim from Example 4.3 about the size of the fat
shattering dimension for the class of sparse linear models.

Proposition C.3. There is a universal constant ¢ > 0 such that the function class Fs
of s-sparse linear models over R satisfies the strong shattering condition (4.42) with fat
shattering dimension D = cslog(ep/s) at scale 6 = 1.

Proof. We assume without loss of generality (adjusting constants as needed) that
p/s = 2F is an integer power of two. Our argument involves constructing a set of
vectors by dividing the p coordinates into s blocks. Let the matrix A € {0, 1}*2" be
such that by sequentially writing down the elements in j-th column, we get the binary
representation of the integer (j — 1), for j = 1,2,...,2%. Let (a;)i<i<x be the row
vectors of the matrix A. For i € [k] and j € s, we construct the p—dlmenS.lonal data
vector as x;; = a; ® e;, where the e; € R® is the indicator vector of j-th coordinate.
The cardinality of this set is given by

RN l,j€s}| =ks= - slog(p/s).

1
log 2
It suffices to construct a hypercube packing for this set. Given a binary vector v € {0, 1}*,
we let J(v) € {1,2,...,2*} such that the J(v)-th column of the matrix A is equal to v.
(Note that our construction ensures that such a column always exists and is unique.)

Given any binary vector ¢ € {0,1}***, we construct the following vector:

S

Be = Z G(J(Q',l, G2y Czk)) X e;

=1

where the function e : [2%] — R2" maps the integer j to the indicator vector of j-th
coordinate.

We note that the vector 3 is supported on s-coordinates, with absolute value of each
coordinate bounded by 1. Moreover, our construction ensures that i € [k] and j € [s],

BC T = Q; 6( (Czl Cz 2a-"7Ci,k)) = gl}j‘
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Therefore, we have planted a hypercube Hie[,ﬂ’jes (xi,j, {0, 1}) in the graph of the
function class F:*°, which completes the proof of the claim. O

C.3 Some elementary inequalities and their proofs

In this section, we collect some elementary results used throughout Chapter 4 and this
appendix, as well as their proofs.

C.3.1 Bounds on conditional total variation distance

The following lemma is required for the truncation arguments used in the proofs of our
minimax lower bounds. In particular, it allows us to make small modifications on a pair
of probability laws by conditioning on good events, without inducing an overly large
change in the total variation distance.

Lemma C.1. Let (u,v) be a pair of probability distributions over the same Polish
space S, and consider a subset & C S such that min {u(&),v(&)} > 1 — ¢ for some
e € [0,1/4]. Then the conditional distributions (u | &) and (v | &) satisfy the bound

dTv(IM,V) —4e (é) dTV [(/L | (ga) (l/ | ég)} <) —dTv(ILL, ) + 2e¢. (C?)

Proof. Recall the variational definition of the TV distance as the supremum over
functions f : & — R such that || f|l« < 1. For any such function f, we have

Eu[f(X)] = E[f(X)]|

< B [f (X)1xes] — B [f(X)1xes]l + Eullf(X)] Lee] + B [| f(X)] 1xeoe]
E.[f(X)1xes] E,[f(X)1lxes] I

< | e s~ | B0 2

<drv((n] E), (v | &) + 4e,

and re-arranging yields the lower bound (i).
On the other hand, in order to prove the upper bound (ii), we note that

By [f(X)] = Eujee[£(X)]]

_ - 155
&) Eu[/(X)1xes] = Eo[f(X)1xes] v(& )‘
X (&)
< g B0 Lee] ~ BCO Leell + BACON - |45 -1
S 1 i ngV(,uvy) + 25’

which completes the proof. O]
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C.3.2 A second moment lower bound for truncated random
variable

The following lemma is frequently used in our lower bound constructions.

Lemma C.2. Let X be a real-valued random variable with finite fourth moment, and
define the (2-4)-moment constant My 4 := /E[X]|*/E[X?]. Then we have the lower
bound

E[XQ 1{|x| < 2M2H4\/IE[X2]}] > %]E[Xz].

Proof. Without loss of generality, we can assume that E[X?] = 1. Applying Cauchy—
Schwarz inequality implies that

E[X1{|X] > 20, 1} | < \/B[X4] - \/P(IX] > 2Mp ) < Myoa - ([ P(X] > 205 0).

By Markov’s inequality, we have

E[X?] 1
IP’<|X| > oM, 4> < - .
7 4]\422—>4 4]\422—>4
Substituting back to above bounds, we conclude that E[X 21{\X | > 2M2_>4}] < %, and
consequently,

Y

E[X21{]X] < 2M2H4}] — E[X? - E[XH{]X\ > 2M2ﬁ4}] >

N | —

which completes the proof. n

C.4 Empirical process results from existing
literature

In this appendix, we collect some known bounds on the suprema of empirical processes.

C.4.1 Concentration for unbounded empirical processes

We use a concentration inequality for unbounded empirical processes. It applies to a
countable class F of measurable functions, and a supremum of the form

n

Z = sup
fer

f(X3)

i=

where {X;}, is a sequence of independent random variables such that E[f(X;)] =0
for any f € F.
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Proposition C.4 (Theorem 4 of [2], simplified). There exists a universal constant ¢ > 0
such that for any t >0 and o > 1, we have

2

_t t 1/05
P(Z > 2E(Z +t§exp(—>+3exp(—( )"):
[ (2) +1] 102 cl| max Su£|f(Xi)|||¢1/a
i= €

..... n g

where v* = sup;c x>+ E[f*(X;)] is the mazimal variance.

The countability assumption can be easily relaxed for separable spaces. A useful
special case of Proposition C.4 is by taking the class F to be a singleton and letting
a = 1, in which case the bound becomes

< oy (700 UL CIOBIy ey og/),

n n

> (X0 — ELF(X)

with probability 1 — 4.

C.4.2 Some generic chaining bounds

We also use a known generic chaining tail bound. It involves a separable stochastic
process (Y;)ier and a pair (dy, dy) of metrics over the index set 7. We assume that there
exists some ¢y € 1" such that Y, = 0.

Proposition C.5 (Theorem 3.5 of Dirksen [51]). Suppose that for any pair s,t € T,
the difference Yy — Y, satisfies the mixed tail bound

IP’( Y, = Yi| > Vudy(s,t) + urb(s,t)) <2e™"  for any u > 0. (C.8a)
Then for any £ > 1, we have the moment bound

{E[sup vil'] }W < c(n(Tyd) +n(T.d) +2sup (EY) (C80)

teT teT
where v,(T,d) is the generic chaining functional of order a for the metric space (T, d).

For a set T' with diameter bounded by r under the metric d, the generic chaining
functional can be upper bounded in terms of the Dudley entropy integral as

Yo(T,d) < ¢Jo(T,d; [0,7])  for each a € {1,2}

(e.g., cf. Talagrand [202]). Furthermore, suppose that the norm domination relation
di(s,t) < apdy(s,t) holds true for any pair s,t € T. Let r1,ry be the diameter of the



C.4. EMPIRICAL PROCESS RESULTS FROM EXISTING LITERATURE 316

set T" under the metrics dy, dy, respectively. If we apply Proposition C.5 to a maximal
0-packing for the set T" under metric d;, we immediately have

{E[Sup |Yt|p} }I/f” < C{jz(T, dy; [6,71]) + Ji (T, do; [5/%»7’2])}

teT

1/

+ {E sup |Y — Y2|p} "t 2sup (E ]Y;]”)l/p. (C.9)

s teT teT
di(s,t)<d

C.4.3 Bracketing entropy bounds

Finally, we use the following bracketing integral bound for empirical processes:

Proposition C.6 (Lemma 3.4.2 of [208]). Let F be a class of measurable functions,
such that E[f*(X)] < r? and | f(X)| < M almost surely for any f € F. Given n i.i.d.

samples {X;}1 |, we have

o 3 1000 - BUCO)] < =g (F - s o) {1 4 LT Ry
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Appendix D

Proofs and discussion deferred from
Chapter 5

D.1 Properties of effective dimension

In this section, we develop various bounds on the effective dimension under decay rates
on the eigenvalues, along with some regularity conditions on the eigenfunctions.

D.1.1 Regularity conditions on eigenfuncions

The most straightforward assumption on the eigenfunctions is the uniform boundedness
condition

|#llco = sup |¢;(z,a)| < oo forall j =1,2,.... (D.1)

(z,a)

This condition appears frequently in the literature [219, 139, 54, 163], but as noted, it
is not satisfied by all kernels. See paper [231] and Appendix D.5.1 for some natural
counterexamples.

In this chapter, we consider the following relaxed growth condition: there exists a
scalar v € [0,1/2), such that the sup-norm of eigenfunctions satisfy the bound

Gmax 1= SUP sup N ¢j(x,a)| < oo. (Eig(v))
1= T,a

We note that the requirement v € [0,1/2) is natural, since the kernel boundedness
condition (Kbou(x)) implies that condition (Eig(v)) holds with v = 1/2 and ¢pax = --
An exponent v strictly less than 1/2 guarantees slightly more regularity. The growth
condition (Eig(v)) with v = 0 is equivalent to the uniform boundedness conditiion (D.1).
However, when v > 0, the relaxed condition, on the other hand, is much weaker. For
example, it is shown by Mendelson and Neeman [139] that the counterexample in the
paper [231] satisfies equation (Eig(v)) for any v > 0.
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Under Assumption (Eig(v)), we have the upper bound

DT 2 i D.2
up py ¢maijAj+p (D.2)

This upper bound, when combined with decay conditions on the eigenvalue sequence
{1521, allows us to derive explicit bounds on the effective dimension. Two natural
classes of eigenvalue decay are the polynomial condition

Aj < Aog @ for some a > 1, (D.3a)
and the exponential decay
A < Agexp(—coj) for some ¢y > 0. (D.3b)
Proposition D.1. Under Assumptions (Kbou(k)) and (Eig(v)), we have

(a) For eigenvalues with a-polynomial-decay (D.3a) for some a > ﬁ, we have

D(p) < cp a2 (D.4a)

(b) For eigenvalues with exponential decay (D.3b), we have
D(p) < clog (%) (D.4b)

In these bounds, the constant ¢ can depend on problem parameters (Ao, «, co, V) but is
independent of p. See Appendix D.1.2 for the proof.

In our main theorems, the bounds on the effective dimension is used to establish
the sample size requirement (5.21a) and (5.28a). In order for them to be true, up to
logarithmic factors of (n,0,071, R), we need sample sizes

2a 1+2av
n2 (o/o)e =2 . (R/g)*"*=  under Proposition D.1(a),
nz (a/g)Q, under Proposition D.1(b).

In words, the sample size requirement depends on two important objects: the tail
conditions of the observation noise W =Y — p*(X, A), measured by the ratio between
its largest Orlicz norm and smallest variance; and the richness of the kernel class,
measured by the eigenvalue decay rates and the radius of the RKHS ball.

D.1.2 Proof of Proposition D.1

Since the eigenvalue sequence converges to zero, the cut-off integer J := sup{j > 1 |
A; > p} is guaranteed to be finite. By the definition of the effective dimension, we have

Do) =3 3

Jj=1

2v
+ p S Z)\—QV + p—l Z)\}—QV S p—QVJ _|_ p—l Z)\}_QV-
J<J

>J >J
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We prove the results for two cases separately.

)l/oc

For the polynomially-decaying eigenvalues, we have J < ( , and

Ao
p

1
)\1_—21/ <\ -—a(1-2v) < Jl—a(1—21/)'
Z i = OZJ a(l—2w)—1

j>J j>J

Combining these bounds yields

AT T < (g, vy ) pn MO

1/ —20—1/a

For exponentially-decaying eigenvalues, we have J < ¢; ' log (70) and

A
Z)\l 2v <X Zexp — CO 1 — 21/) ) ﬁexp(—CO(l - 2V)J) < Cpo
i>J 3>J

which leads to the effective dimension bound

A
D(p) < ¢(cy, Ao, v) log (;”),

completing the proof of Proposition D.1.

D.2 Relaxing the effective dimension condition

Recall that Theorem 5.2 requires certain growth conditions on the effective dimension.
In this section, we discuss how these conditions can be relaxed, thereby obtaining a
bound that remains instance-optimal up to logarithmic factors.

D.2.1 Near-optimal rates

Our result involves the modified regularization parameter

o y 32k%log(n/d)

= D.
pn Rzn n 9 ( 5)

along with the modified higher-order term H/, := (o + HR) Log( "/ J)

Corollary D.1. Suppose that Assumptions Kbou(k) and subG(c) are in force, and we
that implement the method with reqularization parameter (D.5). Then for for any sample
sizem > 2 and any 0 € (0,1), we have

log(l/é) c¢(c + KR) _ 5, (Ba(R): )log(n/é)

- = NG + cH,, (D.6)

7o — 77 < cve(p”)

with probability at least 1 — .
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See Appendix D.2.2 for the proof.

A few remarks are in order. First, Corollary D.1 holds for any sample size, and is
completely agnostic to conditions on the effective dimension D. Compared to the optimal
instance-dependent bounds in Theorem 5.2, Corollary D.1 exhibits two differences:

e The variance functional V;, (¢, 7, g;B(R)) is multiplied with a problem-
dependent factor 22 as well as logarithmic factors in the ratio n/d.

o

e The high-order term H/, is of order ©(n~*/2), with additional logarithmic factors.
Such a convergence rate is slower than the high-order term bound H,, established
in Theorem 5.2, which decays at a rate o(n~'/%)

Due to these two major differences, the bound in Corollary D.1 may not be always
instance-optimal. However, we remark that the near-optimal rate of convergence (as
a function of sample size n) is still preserved. In the high-noise regime where the
quantities (o, 7, kR) are of the same order, the leading-order terms in Theorem 5.2
and Corollary D.1 differ only by logarithmic factors. The term H’ is dominated by the
leading-order one, up to logarithmic factors. In combination, results in Corollary D.1
under the weak assumptions can be worse than Theorem 5.2 only by logarithmic factors
and problem dependent constants. Note that a variety of convergence rates can be
established beyond the classical \/n-regime (see Section 5.3.3 for concrete examples).
These convergence rates, though depending on the intricate properties of the policy T,
are automatically achieved without the effective dimension condition.

D.2.2 Proof of Corollary D.1

We use the same notation (i, 5,, f) as in the proof of Theorem 5.2. Recall from the
decomposition (5.47) that 7,, — 7* = (u, — @, Bs) + (4, By — Bs) + (U, — @, B, — L)
Since the bound (5.50) does not rely on the effective dimension, it still holds under our
current assumptions—that is, we have

[ = @ B)] < 2Ver (") B0 4 6 R EL2, (D7)

with probability 1 — §.
The rest of this section is devoted to the control of the other two terms in the
decomposition. We use the following lemma, which is analogous to Lemma 5.2.

Lemma D.1. Uner the assumptions of Corollary D.1, for any fived z € ¢, we have

< ell(I+ peA™Y) 2] (0 + HR)\/log(n/é) log(1/0)

n

<Za Bn - 6*)

with probability at least 1 — 9.
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See Appendix D.3.3 for the proof.

Taking this lemma as given, we proceed with the proof of Corollary D.1. Apply-
ing Lemma D.1 with z = &, we have

5. 3= 0] < el + 1) - o+ ) 22000
<7+ };‘_;nA_l)_l/QZHZZ (o + /-@R)\/log(n/(S)nlog(l/fs)

~o+ kR log(n/d)

< 4ct, (Bu(R);n) Jn

(D.8)
with probability at least 1 — 9.

In our next step, we apply equation (5.48b) from Lemma 5.1, as well as condi-
tion (Kbou(k)). Doing so yields

_ D log(1/6
(I + pud™) 2 (@, — ) < C\/ﬁ log(1/6) < ey [ 284/0)
n Pt
with probability 1 — 4.
Combining with Lemma D.1 yields
~ = —1/2 1 o
= B 80| < el (1 A o= D) (0 + ) B
NG
1 )
< c’(a+mR)%. (D.9)

Combining equations (D.7), (D.8) and (D.9) completes the proof of Corollary D.1.

D.3 Proof of technical lemmas

We collect the proofs of auxiliary lemmas in the proof of Theorem 5.2 in this section.

D.3.1 Proof of Lemma 5.3

We start with the decomposition

T(7R 1 TA-1
n — MPx) — — VVz_n A %9
=) = S L Wi gu2 AT,

—_—— bias part
noise part

where W, :=¢; 2" (fn + pnA_l)_1¢(Xi, A;).
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Beginning with the bias term, we note that

‘ZT (fn + pnA_l)il *Pn

A+ g ) e A2,

< pullt i - |ATY2(T + pu A 7 2|2
—1/2

< ol le - | (@ + pu A 222, (D.10)

Here the final step is based on the fact that ||Az|;z < [|Bx||e for any pair (A, B) of
operators such that A < B.

For the stochastic part, we note that the noise variables {e;}!" | are independent
conditioned on (X;, A;)"_,. For each i € [n], the conditional variance takes the form

—~ _ 2
var (Wi | (Xi, Ay ) = 0%(X;, 45) - [0(Xi, ) (B + pa A1) 72|

Summing up these relations yields
(1 iw (X AL )

var ( — i iy Ai)i—

" 1

= 2T(T, + puA ZU )o(Xi, A (X, A)) (T, +pnA71)_lz
< 52Hf‘i/2(rn + pnA” ) ZHQ

Introducing the shorthand M = T',, + p, A=, by the noise tail assumption (subG(o))
and Adamczak’s concentration inequality [2], conditionally on (X;, A;),, we have

ZTM L i {eip(XG, Az)}‘

i=1

< co|T2M 2 o log( log/9) max |2 TM 1 p(X;, Ay | loenlos(t/d)

n Y

with probability 1 — §.
In order to control the max term on the RHS, we invoke the Cauchy—-Schwarz
inequality, thereby finding that
|2 TMTO(XG, A)| < IMTV22 e - sup [IMTV2g(x, a) .

(z,a)eSXA

Combining above two bounds yields

™ML % i {Ei¢(Xi, Az)}
i=1

< c||(M‘1/2,zH { 108:(2/5) —|—0'( S)ug A”M_I/%(%G)HW . M} (D.11)
x,a)ES X
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with probability 1 — 6.
Combining equations (D.10) and (D.11), we conclude that

S CHM71/22H32

(2. B — )

AVl o sup M6 (a, 0| - e
(z,a)ESXA

which completes the proof of Lemma 5.3.

D.3.2 Proof of Lemma 5.4

For use in this proof, we note that the population-level covariance operator I', , satisfies
the sandwich relation

gl <T,,=<ql. (D.12)

Our argument adopts the approach used in the paper [132], but involves more refined
arguments so as to obtain sharper bounds that allow small value of p,. By multiplying
with the operator (T, , + p,A~!)~/2 from both the left and the right of equation (5.57),
we find that it suffices to bound the operator norm of the following pre-conditioned
error operator:

Ay = (Tog+ paA )2 (T = Thg) Ty + pu A7V

Note that ﬁn is sum of i.i.d. random operators. In order to bound its operator norm, we
invoke a known Bernstein inequality in Hilbert spaces. It applies to an i.i.d. sequence
{X;}, of self-adjoint zero-mean operators on a separable Hilbert space V.

Proposition D.2 (Minsker [144]). Consider a sequence such that
IE[X?]llop < 0, trace(E[X?]) <V < oo, and || Xillop < U, almost surely.

Then we have the concentration inequality

- 14V 2/2
]P(||| ZXAHOP > t) < 2 &P (—m) , foranyt> 0.
j=1

A form of this result is stated as as Theorem 3.1 in the paper [144]; see also §3.1 of the
same paper for the extension to the infinite-dimensional case.

Using this auxiliary result, let us now prove Lemma 5.4. In doing so, we make use
the shorthand notation ¢' := ¢(X;, A;) and ¢* := q(X;, A;), along with the sequence of
random linear operators

A= Ty g+ po A1) 712 (60" (¢") T —Tg) Ty + pn A1) T2 for each 7 € [n].
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We need to bound the relevant quantities required to apply Proposition D.2. Beginning
with the variance, we have

E[Aﬂ (D.13)
<E[{(Tey 4 paA™) 2 (6 ()T = T ) (T + puA ™) 2}2}

= E[{d/(6) (Cug 0 )0} { (T A )P40 ()T (g +pah )2,
(D.14)

Define the quantity ®pay = sup, q \q(z,a)p(x,a) " (Tsg + puA™)"1o(x,a)|. We can
use this uniform bound to control the right-hand-side of the relation (D.14), and obtain

E[A?] X @pax - E [(P*,q + AT PGS () (g + pu A 2]
= P (T + pu A1) 2T, (T + pu A1) 2
We can then bound the operator norm and trace of E[A?] as
IE[A lop < Pas - 1(Teg + puA™) V2 Lug (T + pnA™) ™2 lop < Prnax,  (D-152)
and by equation (D.12), we have
trace (E [Aﬂ) < @0y - trace ((F*,q + pnA_l)_lI‘*yq) <GP ax - trace (g] + pnA_l)_l).
(D.15b)

Finally, we note that

[8ilep < trace (T + puA ™) 246 (6) (T + puh ™) 72)
=4q ((bZ)T( *,q =+ pn B )71¢l S (I)max (D15C)

almost surely.
Combining the different parts of equation (D.15) with Proposition D.2 yields the
tail bound

—nt?/2 } |

P (|||£n|”op < t) < 14§trace ((g[ + pnAil)il) - exp {W

valid for any ¢ > 0.
Noting that trace ((¢f + p, A™")7") < p, ! trace(A) < Z—i, for the event & defined as

~ 2(I)max K2 6(Dmax '%2
:{|||An|||op§\/ . log(m)+ - log(ﬁ)},

we have P(&5) > 1 — 0.
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Note that the quantity ®,,., admits the bound

Cuax <7 sup |d(z,a)"(qf + pu A1) d(2,0)| <T/q- D(pn/q)-

zeX,a€A

On the event &%, the conditions (5.56) imply that H|3n”|Op < w. Therefore, we
conclude that the following bound holds true with probability 1 — d:

(1= w)I = (Tag+ puA™ ) V2(Try + puA ) (Tug + p AH V2 < (14 W),

which completes the proof of Lemma 5.4.

D.3.3 Proof of Lemma D.1

Recall the error decomposition in the proof of Lemma 5.2:

n

B o= (Bt ™) 2 S 00X, 4) — puh 5.},

i=1

where we define the noise function ¢; :=Y; — pu*(X;, 4;).
Since Lemma 5.3 does not depend on the condition (5.21a) on the effective dimension,
conditionally on the state-action pairs (X;, A;)",, with probability 1 — J, we have

) = _1\—1/2
T3~ )] < el (Bt o)™
Va4 o o sup (Bt puh ) ol o) - L)
z€S,a€A

(D.16)

On the other hand, note that under Assumption (Kbou(k)), given the regularization
parameter choice (D.5), we have

2\ D(p, 2 2 1
log (L)M <log () < L
pnd/ M b/ npn — 32

which verifies the condition (5.56) with § = ¢ = 1 and w = 1/2. Invoking the empirical

covariance concentration lemma 5.4 with ¢ =1 yields

1 ~
5(I + oA™Y 2T, + p A7 < 2(1 + p, A7), with probability 1 — 6.

We can therefore control the the relevant terms in equation (D.16), leading to the
following inequalities with probability 1 — 4.

1T + puA ™) " 22lle < 2 (T + puA™) 2], and,

s _ 1 _
sup (T + puA ™) 20z, a) |2 < 932 sup |AY?G(x,0)|e < K/ /P
(z,a)eSXA (z,a)eSxA
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where the last step follows from the uniform upper bound (Kbou(k)).
Substituting these results back into equation (D.16), and taking the regularization
parameter according to equation (D.5), we conclude that

5 log(1/6)1
7B = 8] < 4l (14 ) sl { Vi e OB B )
<N+ pad™) V2]l - (0 + RR)\/IOg(”/@nlog(l/é)?

with probability 1 — ¢, which proves Lemma D.1.

D.3.4 Proof of Lemma 5.6

As with the proof of Lemma 5.3, we decompose the error into a noise and bias term—
namely

<27 ZW m) T FU—{—p(mA 1)*1A—16*’
\—v—/ bias part
noise part
where W; = (F" + pi AT ) 15i3;2¢(X,~, A;)

For the blas part, applying the Cauchy—Schwarz inequality yields

< AT - AT+ AT 2

n

(FU _}_péHA ) 1[\—1/@))k

p
g 111 1-\0' (I A — 1\—1/2
<A R - [[(T5 + P AT) 2

(i) _
< %H(I“’—{—p(mA N2, (D.17)

where in step (i), we use the fact ||A~/2 (f" + piATY)
(ii), we substitute with the regularization parameter choice p“” = %.

For the noise part, we use Adamczak’s concentration inequality to establish high-
probability bounds. We start with the expression for the conditional variance

71/2”‘ ( (III))_1/2’ and in step

UZ(XZ‘, Al)

E[Wf | Xi,Ai,an} = S XA <zT(fg+p;;I‘>A—1)1¢(Xi,Ai))2,

which leads to the bound

l & 2 A J4<X17A) LT (o am A =1\~ 10 (o am A —1\—1
nz_:]E[VVZ | X;, A, 0] <rzréz[1l>]<—a (X, A 2N (I0 4+ pl" AT T (DS + AT 2

< 4zT(Tg + piA~Y) 2, (D.18)
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In the last step, we use the fact 52(X;, A;) > %0‘2(Xi, A;) for any ¢ € [n].
On the other hand, for any p > 0, we have the conditional moment bound

(el 1 x.4.5])"

< Vo [T (TG + AT 520X A)

2P0 =, _1\—1/2 Se _1y—1/2
< \;; (TG + pi A" /zup.(sup)u(rﬁpgﬂm N2, a)lle. (D19)

Combining equations (D.18) and (D.19) with Adamczak’s inequality, we conclude that

n

1 < ~ - log(1/4
ST < el (B + A ”Zuez{z losl1/0)
=1

no? (z,0)

1 log(1/d = -
n ogn Og( / )U SupH(I‘Z"‘ngA_I) 1/2¢<m’a)||€2}, (D.QO)

Finally, putting together equations (D.17) and (D.20) completes the proof of this lemma.

D.4 Conditional variance estimation

In this section, we discuss the problem of estimating the conditional variance function
(r,a) — o?(x,a).
D.4.1 Some conditional variance estimators

In this section, we construct concrete estimators for the conditional variance o2 that
satisfy the robust pointwise risk property. In combination with the four-stage frame-
work (5.25), these results immediately lead to instance-optimal results in Theorem 5.3.

Kernel ridge regression: Consider a positive semi-definite kernel function /C, :
(X'x A) x (X' x A) — R that defines an RKHS H,, with the Mercer decomposition

Ko ((s1,a1), (s2,a2)) = Z Xioi(s1,a1)0i(s2,a2). (D.21)

We assume that the RKHS H, satisfies the regularity assumption (Kbou(k)), and that
the true conditional variance function lies in this RKHS, i.e.,

lo? (|, < R (D.22)

Following the definition (5.19), for any p > 0 we define D,(p) as the effective dimension
associated to the regularization parameter p > 0 for the RKHS H, .
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We consider the penalized least-square estimator

n

~ (1

=1

Proposition D.3. Let po(e) be the smallest value of p such that pD,(p) < (5/R")2,
the estimator (D.23) with parameter choice p, = po(e) satisfies the robust pointwise risk
property with

_ ot log(1/0) BT &
m(e,0) == = D, (po(e)) + 0(E) d b(e,0): RO (D.24)

See Section D.4.2.1 for the proof.

A few remarks are in order. First, Proposition D.3 requires that the effective
dimension of the RKHS H,, to satisfy that pD,(p) — 0 for p — 07. A similar condition
is also imposed on the RKHS H used to estimate the treatment effect function, which
can be verified under certain conditions on the eigenfunctions. (see equation (D.2)
and Proposition D.1 in the appendix for the statement of such results.) In particular,
suppose that the effective dimension satisfies a decay condition D(p) < Dyp“~! for some
scalar w € (0, 1], by seeing the scalars (Dy, R°, ) as constants, we choose py(e) = &
the condition (D.24) becomes

m(e,0) < e ¥*log(1/6) and b(e,d) = e'/?,

Such a requirement on the sample size m and the bias upper bound b may not always
achieve the optimal rate for estimating the function o?. However, since we only need
the estimation error to be smaller than a constant o2 /2, as required in equation (5.28b),
a polynomial dependency on the accuracy level € and poly-logarithmic dependency on
the failure probability o suffices our purposes.

Local average estimator: Let the statespace X be a compact subset of R? and let
the action space A be discrete. Define the class of L-Lipschitz functions as

Fi={f X2 R|f@) = f@)| < Ll — yll» for any 2,y € X}
We assume that the conditional variances are smooth enough.
o*(-,a) € Fp, for each a € A. (D.25)

To make estimation possible with random design, we need an additional regularity
assumption on the density.

inf (&) (B(m,r) X {a}) > por®™,  for any r € (0, 7). (D.26)

rzeX,a€A
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Given a tuning parameter r,, > 0, we consider the local averaging estimator

G2(20,a0) = |Suga0] Z Z;, where Sy, a0 = {z € [n]: X; € B(xg,7,), Ai = ao}.
i€8a0,a0

(D.27)

Proposition D.4. For anye > 0 and § € (0, 1), there exists a universal constant ¢ > 0,
such that the estimator (D.27) satisfies the robust pointwise risk property with

and

m(s, 5) _ L2d0 log(l/d) <C>d0+2 + log(l/d) Ldo lOg(l/é) logd°+2(1/5),

Po € L2pgrge™! Po

b(e,d) =¢/2.
See Section D.4.2.2 for the proof.

A few remarks are in order. Compared to Proposition D.3, the local average estimator
only requires the target function o2(-,a) to be Lipschitz, for any a € A. In dimension
larger than 1, this usually requires less order of smoothness than the RKHS case
in Proposition D.3, while being less flexible with the structure of the function class.
The regularity condition (D.26) ensures that any small ball in X and any action a
get sufficiently large probability of being sampled. For example, when the probability
distribution ¢ has a density function uniformly bounded by &.;, > 0, and when the
probability of choosing any action a is at least 7y, the condition (D.26) is satisfied
with pg = cgéminTmin and dy = d, for a constant ¢; > 0 depending only on d. More
generally, even if the function (z,a) — £*(z)m(x,a) can attain 0 at some points, as long
as appropriate growth conditions are imposed around these points, the condition (D.26)
will still be satisfied. Finally, though we only study the Lipschitz case, in literature
optimal results for general Holder classes have been established for the estimation
problems of conditional variance [188]. In combination with their results, we can also
obtain optimal instance-dependent guarantees in Theorem 5.3.

D.4.2 Proofs of robust pointwise risk properties

In this appendix, we establish the robust pointwise risk properties for various estimators
discussed in Appendix D.4.

D.4.2.1 Proof of Proposition D.3

The proof is similar to that of Lemma 5.2, with specific treatment given to the deter-
ministic bias part. Define the infinite-dimensional vectors

B, :=V(c*) and By = U(52).
We can represent the error using basis functions.

0'2(807 ao) — 6'\721(80, CL()) = <Bn - /B*a QZS(S(), CL0)>'
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Defining the noise and bias parts
E; = ZZ — E[ZZ | Xi7 Az]7 and b(Xl, Az) = E[ZZ | Xi; Az] — O'Q(XZ‘, Az)

We also define the empirical covariance operator
1 n
== B(X;, A)o(Xi, AT
i3
the error vector B\n — [, admits a representation

B = B = (Bt pA) 7' S ai(X ADO(Xs, A1) DX, 4O, A) — pAH5. .
i=1

(D.28)
Define the event

bus 1= { max [b(X;, A)| < B(=0) }.

Clearly, the error consists of three parts: a part induced by stochastic (unbiased)
noise ¢;; a part involving the observation bias b(X;, A;); and the bias introduced by the
regularization p. We claim that the following bounds hold true with probability 1 — ¢
on the event & ;.

‘¢(50,ao)T(f“n+pA Z’fl (X, Aj)| < c(a2+l3(s,5))\/Da(p) lsg(l/é)‘
(D.29a)

i(b(so,ao)T(F Z (X;, Ao (Xi, A)| < eb(e,8)/ Dy (p), (D.29b)
’Qb(so,ao) (Fn+pA_) pA_lﬁ* < cR?\/pD,(p). (D.29c¢)

Taking these three bounds as given, for any ¢ > 0 and § € (0, 1), we take py(e) be

the smallest value of p such that pD,(p) < (%)2 (which is guaranteed to exist for if
n - Dy(1/n) — 0), the robust pointwise risk condition is satisfied with

otlog(1/9)
e atpo(e)

(F?)" and b= S
7 cv/De(po(e))’

m(e,d) =c

completing the proof of Proposition D.3.
The rest of this section is devoted to the proofs of equations (D.29a)— (D.29c¢).
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Proof of equation (D.29a): By definition, note that the noise satisfies the conditional
11-norm bound

llei | X, Aillgy < 4(0” + [b(X;, A7)

Invoking Adamczak’s concentration inequality, conditionally on (X;, A;)",, with proba-
bility 1 — §, we have

(S0, ao)T(fn + PAI)_I% ; (X, Ai)d(Xi, Ai)

L2 - log(1/6
< ¢(o? +%%x|b(XZ,A)|) x {IIF;/2<rn+pA—1) (50,00l g<n/ )
1 NT (P 1\ - loenlog(1/6
+sup |o(a',a) (B + pA ™) ' pls0,a0)| M}

On the event &, 5, we have max;cp, [b(X;, A;)| < b(e,6). By Lemma 5.4, with probability
1 — 9, we have

~ 4\ —1/2 _1\—1/2
sup [|(T + pA ™) " 26(2,a)|l 2 < 2sup (1 + pA™) " *6(x,0) |2 < ev/Da(p)-

T,a

Putting together the pieces completes the proof of equation (D.29a).

Proof of equation (D.29b): Applying the Cauchy—Schwarz inequality to the finite
summation yields

2

=1

|¢(So, ag)" (T, + ,OA_l)lé D b(X, A)o(Xi, Ay)

<1 Z\qsso,ao o+ oA 00X, A6 (X, A

= max b*(X;, 4;)

1€[n]
X—Z¢30,a0 T, + pA™Y) 7 0(X5, A)o(Xs, A)T (T, + pA™Y) " d(s0, a0)

< max bQ(XZ, A) - d(s0,a0) T (T + pA™) " d(50, ao)

i€[n]

On the other hand, we can apply Lemma 5.4 to the empirical covariance operator f
in the RKHS H,. Given the regularization parameter p > cx?<8"/2 log("/ %) , with probability
1 —9, we have

1 ~
5(I +pAT) 2T, + pAT Z2(1 4+ pATh).
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Consequently, on the event & 5, we have the upper bound

~ 11 &
¢(s0,a0) " (T + pA™Y) 15 Z:; b(X;, Ao (X;, Ar)
< cb(e,8) - sup | (T + pA~Y) " (x,0)|%
< 2¢b(e,0) - sup (I + pA™") ™ (x, a) |2
= 2ch(e, 5)Dg&p).
with probability 1 — §.

Proof of equation (D.29¢): By Cauchy—Schwarz inequality, we note that

(s0,a0) (T + pA™") " pAT' B,
< Vo 1@+ pA™) 650, a0)llee - (T + pA™Y) (A2l - ATV,
< 2/pR°[|(T, + pA™) "26(s0,a0) | 2.
By Lemma 5.4, with probability 1 — ¢, we have
1T+ pA™) ™ 6(50,a0) 2 < 20I(1 + pA™Y) ™ 6(50, a0) | < 2¢/Di (),

which proves equation (D.29c).

D.4.2.2 Proof of Proposition D.4

We start with a decomposition of the error

-1

-~

SLUO’U/O

Z {&‘ +b(X;, A;) + (UQ(Xi, A;) — 02($0, ao))},

1€S30,a0

82(x0, ag) — 0'2(110, ap) =

(D.30)

where the noise ¢; is defined as ¢; := Z; — E[Z;| X;, A;] for each i € [n].
Recall from the definition of the set S, o, that for each i € S, o,, we have A; = ag
and X; € B(xg,r,). Applying the Lipschitz condition D.25 then leads to the bound

-1

~

Swoao| D |0%(Xi, A) — 0¥ (w0, a0)| < L. (D.31)

1€524,a0

Defining the event

& 5= { max [b(X;, A;)| < b, 5)},

i€[n]
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on this event, we can control the additional bias in the observations

-1

~

SZ'O a0

D (X, A < B(e, 6). (D.32)

i€820.a

For the stochastic noise, we claim the following bound holds true whenever the tuning
d
parameter r,, satisfies r, < rg and ]%gf > log(1/0).
log(1/9)

‘ Z ei| < ¢y ——==, with probability 1 — J, on the event & s (D.33)

=~C do
i€8xg,a0

nporn

We prove this inequality at the end of this section.
Combining equations (D.31), (D.32), and (D.33), we choose the local radius as

o

Whenever the sample size n satisfies

> 10g<1/6) and n 2 Ldo 10g(1/(5>

= 72, pdotl’ do+2 ’
L2porg log n Do

on the event &, 5, we have the upper bound with probability 1 — 4,

bon

2dg {log(1/5) }do+z

‘82(9507 ag) — 0> (o, @(J)‘ < b(e,6) +c- LH+?

Proof of equation (D.33): We start by exhibiting a lower bound on the cardinality
of the set Sy, 4,- When the averaging radius r, satisfies r,, < 7y, by the density

condition (D.26), we have
ps =P <z € §mo,a0) > por®,  for each i € [n).

The indicators 1. 5
1€85z,a0
entropy form, we have

are independent for each ¢ € [n]. By Chernoff bound in the

~ NPy
P (|S:ro,ao’ < 5 ) < eXP{ —nDxkr, (p+/2 || ps) } < exp (—cpsn),

for a universal constant ¢ > 0.
Defining the event

~ NP,
& = {’Sxo,ao| > 9 }7
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the concentration inequality above implies that P(&”) > 1—§ whenever np, > ¢ log(1/4).

Let us condition on the state-action pairs (X;, A;)I, such that the event &; sN&” holds
true, applying Adamczak’s concentration inequality to its summation, with probability
1 — 0 under the conditional law, we have

bE

1€Sx,a0

Y

< ¢(0® + b(e, 8)) { log(1/0) log(llﬁ) logn

=
|Sx07a0 | Sxo,ao |

for a universal constant ¢ > 0.
Taking into account the random design points (X;, A;)";, as long as the sample size
and the radius satisfies

np. > npory > log(1/6) -log®n,
with probability 1 — §, we have

‘Zeigc

1€Sz(,aq

log(1/9)

d )
nporn’

which proves equation (D.33).

D.5 Proofs for the examples

We collect the proofs for the examples in this section.

D.5.1 Proof of Corollary 5.1

We first establish the effective dimension condition (5.23) by verifying the sup-norm
growth bound (Eig(r)). Doing so ensures that the optimal risk is determined (up
to universal constant factors) by the risk functionals V& (u*) + V2, (&%, 7, 9; F) and
V2, (0,7, g; F). We then use Theorems 5.1 and 5.3 to prove the bounds (5.34a)
and (5.34b), respectively.

D.5.1.1 Establishing the effective dimension condition

We start by establishing tight bounds on the sup-norm growth condition (Eig(r)), which
comes with a non-trivial (yet well-controlled) exponent v. This result is of independent
interest, illustrating the growth of eigenfunctions as a natural phenomenon for RKHS
applied to data whose densities have singularities.

Lemma D.2. Under the set-up above, there exists a pair of positive constants ci, co
that depends only on o, such that for each j > 1, the eigenfunctions ¢; (normalized with
|P5llL2e) = 1) associated to eigenvalue \; satisfy

;T < l6 e < 02d,
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See Section D.5.1.5 for the proof of this lemma.

Consequently, the condition (Eig(v)) is satisfied with exponent v = Tary and

constant ¢u., depending only on «v. With eigenvalue decay \; < j=2 of the first-order
Sobolev space (see [218]), Proposition D.1 yields

D(p) < pf%, and  D(p,)/n =< ne,

which ensures the regularity condition (5.21a) for sample size n larger than a threshold
depending only on a.

D.5.1.2 Proof of equation (5.34a)

Note that for any function f € By(1) and = € [0, 1], the Cauchy—Schwarz inequality

yields
/Ox f’(t)dt’ < \/x : /Ox(f’(t))2dt <.

So we have ||p*|| < 1 and consequently Ve (p*) < 1.
By the definition (5.1), the variance function V,,(£*, 7, g; F) is defined (up to
universal constant factors) as the optimum value of the following variational problem:

()] =

1
sup {/ q(x)dx} , such that (D.34a)
0

q(0) =0, /0 (¢'(v))*dx <n, and /0 (1 —2)*¢*(z)dx < 1. (D.34b)

It suffices to establish upper and lower bounds on the variance functional
Von(€*,m, g; F) under different regimes.
Our proof relies on a technical lemma regarding the constraint (D.34b), stated as

Lemma D.3. Under the constraint (D.34b), we have

sup |q(2)| < can®®9, and  sup |q(z)] < caent/?,
z€[0,1] xz€[0,1—¢]

for a constant c, depending on o > 0, and a constant c,. depending on o > 0 and
€ (0,1).

We prove this lemma in Section D.5.1.4.

Taking it as given, we now proceed the proof of equation (5.34a). It suffices to
establish upper and lower bounds on the variance functional V,(£*, 7, ¢; F) under
different regimes.
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Upper bounds on the variance functional: Given a function ¢ satisfying the
constraint (D.34b), for any € € (0, 1), we decompose the integral fol q(z)dz into parts

f01,€ and fll—s’ and bound them in different ways.

By the Cauchy—Schwarz inequality, we note that

a <1,

</OIEQ(x)d:c>2 < /018(1 —2)*¢*(z)d - /01E (15—9;)& < fj&l{a) a=1,

L glma 5> 1.
(D.35)

For the second part, integration-by-parts yields

/1 g@)ds =q(1) = (1= )1 —e) - / oq/(a)de = eq(1 - <) + / (1= 2 (@)da

£

For the integral term, applying the Cauchy—Schwarz inequality yields

1 1
|/ (1 —2)d (x)dz| < ||q|lu - \// (1 —z)%dx < Vedn. (D.36)
1—¢ 1—¢
By Lemma D.3, we have

leq(1 — )| < en?era, (D.37)

Combining equations (D.35), (D.36), (D.37) yields

/01 q(z)dz

We consider three cases:

1 a <1,

1+
< VEn + caen®ia + c, X log(l/e) a=1,
g=@=b2 o>,

e When a < 1, we take ¢ = 0, and obtain that V,,(£*, 7, g; F) Sa 1

~Q

e When a = 1, we take e =n~!, and obtain that V, ,(¢*, 7, g; F) < logn.

— a—1
e When a > 1, we take ¢ = nfTrl?, and obtain that V, , (%, 7, g; F) Sq n2e+2.

Lower bounds on the variance functional: On the lower bound side, for positive
scalars € € (0,1) and h > 0, we construct the function

(z) 0 r<1—g¢,
T) =
e bao-1+e) z>1-=¢
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Clearly, we have ¢. ,(0) = 0, and straightforward calculation yields
! ch 1 B2 1
/ Gep()dr = DR / (¢.p(2))?de = —, and / (1 —2)%,(z)dz < *T1h2.
0 0 ’ g 0 ’

For o > 1, under the choice of parameters
=1 . e
e =n%e, and h = n2te,

we have that fol ¢en(x)dr < n7GTe.
For a < 1, taking ¢ = 1 and h = 1, we have that fol gen(z)dr < 1.
Consequently, for o # 1, we have the lower bounds

N nQ&jrlQ), a>1,
Vo,n(g 77TangJ?”(R)) za {1 o<1 (D38)

For the case of a = 1, we use a different construction. Define the function
0u(z) = %, r€[0,1—n"13,
" n'3(logn)~2 z €[l —n"131].
Straightforward calculation yields

1 n ! 1 1
JRORE T
0 0

- 12logn 3 2logn

which verifies the constraint (D.34b).
Therefore, we can lower bound the quantity V. ,(£*, 7, g; B+ (R)) using the value of
the variational problem at ¢,, leading to the result

1
Voul(&,m, ;B (R)) 2/ qn()dr > %\/logn- (D.39)
0

Combining equations (D.38) and (D.39) completes the proof of the lower bound on
Va,n(g*a 7T7 g’ Bﬂ(R))

D.5.1.3 Proof of equation (5.34b)

By Theorem 5.1 and the claim (5.32), the minimax risk is determined by the variance
functional V, ,,(d4,, 7, g; F), defined as the optimum value of the variational problem

1 1
sup |q(zo)|, such that ¢(0) =0, / (¢'(7))*dr <n, and / (1—2)%¢*(z)dx < 1.

q 0 0
(D.40)

If o = 0, we have the trivial solution V; (.., 7, g; F) = 0. The rest of this section
deals with the case of o = 1 and zy € (0, 1), respectively.
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Case I: 7o = 1. By Lemma D.3, we have |¢(1)| < can®ira) for any function ¢ satisfying
the constraints in the variational problem (D.40). On the other hand, consider the
function

0 r<1-— n2_Tla,
q(x) = _3ta =1 i
n 2@+ (:U—1+n2+a) r>1—n2e,
Straightforward calculation verifies that the function ¢ satisfies the constraint in the
14+a
variational problem (D.40), with ¢(1) = n?®%). Combining with the upper bound
establishes that

1+«

Vo (0zg, T, g3 F) X n2@+)

Case II: 25 € (0,1). For any function ¢ satisfying the constraint in the variational
problem (D.40), Lemma D.3 yields

lq(z0)| < cayxon_l/{ for constant ¢, ., depending on « and .

On the other hand, given n > max (xO*Q, (1-— :1:0)*1), we construct the function
/A p3/4

q(z) = maX{T — T\x — a:0|,0}.

Straightforward calculation verifies that the function ¢ satisfies the constraint in the
variational problem (D.40), with ¢(zy) = n'/*/2. Combining with the upper bound
establishes that

Vo 0z, 7,95 F) < n'/4,
Putting together the results under two cases completes the proof of equation (5.34b).

D.5.1.4 Proof of Lemma D.3

For any = € [0,1] and y € [0, z], by applying the Cauchy—-Schwarz inequality, we find
that

la@W)| = lg(@)] = la(y) — q(2)] = lg(z)| - \/(:c - )/ q'(t)?dt > |g(z)] — v/ (z = y)n.
y
Substituting into the second constraint in equation (D.34b) yields

1> / iy = [ 1= [l = V=] dy
2 ()

/ oL ()] - s > [ =) - vi)a:

0

g(z)] 2
4(1 + Oé) n1+a
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Since the choice of = € [0, 1] is arbitrary, it follows that

sup |g(x)| < can2<121%>. (D.41)
z€[0,1]

On the other hand, when x is bounded away from 1, following the same derivation, we
have

1> / (z4+1—2)*(|g(z)| - \/nz)2dz
0

o) (1—x)
2n a ) J—

> [T -0 (ot - ViR e = B g,

0
which implies that
sup  |q(z)] < caen’? (D.42)
z€[0,1—¢]

Putting together the pieces completes the proof of Lemma D.3.

D.5.1.5 Proof of Lemma D.2

Since we focus on the ratio between L%-norm and sup-norm of the eigenfunction ¢;, we
slightly abuse the notation, and use ¢, to denote a constant multiple of an eigenfunction
of K under IL? associated to the eigenvalue \;. The orthogonality condition gives

Aoy () = / K(,4)65(4)7(y)dy. (D.43)

Substituting the kernel function K the integral equation (D.43), we have

T 1
woste) = [ vss@nidy+ o [ 6wy
0 T
Taking the derivative twice yields the ordinary differential equation

A () + (1= 2)°6;(x) = 0 on [0,1].

_1
Define the auxiliary function t;(z) := ¢;(A7** (1 — z)), the differential equation can be
converted into a standard form

-1
V(2) + 2% =0, for z € (0,A])
Using J, : Ry — R to denote the Bessel function of first kind (see [217]), the ODE
above admits the closed-form solution
: 2 _ 2
hi(z) = \/E{vl(J)J—l ——z /2“) +72(5) 2, <—

-1
a/2+1 2+a
a+2(04—|—2 a+ZZ )},forze((),)\] )

(D.44)
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for a pair of constants v1(j) and ~(j) that may depend on j.

Since we focus on the ratio between L%-norm and sup-norm of 1), we can assume
Y3 (5) + v3(j) = 1 without loss of generality. Let ¢; be induced by such function ;.
Under this setup, we claim the following relations for any j > 1

c< ¢ille <, (D.45a)
I <yl < AP, (D.45b)

for a pair (c,¢) of constants depending only on «.
Renormalizing the eigenfunction ¢; to the quantity ¢;/||¢;||1.2(¢), we conclude that
j j F1IL2(E)
C/E‘)\im<” ¢J || <E/C‘)\7m
GO S el < S
which proves Lemma D.2.

The rest of this section is devoted to the proofs of equations (D.45a) and (D.45b).

Proof of equation (D.45a): For o > 0 fixed, by definition, we note have

%Ja_Tl? (a +2

inf ||¢, > inf su
inf o)l > it s

71
2 2
* a/2+1 * a/2+1
71‘]7112<a+22 >+72J712(a+2z )

where the constants (77, ~4) minimizes the expression above (the expression is uniformly
continuous in (71,72, 2), which implies continuity of the supremum in (v;,72), and

guarantees existence of a minimizer on a compact domain). Since Bessel functions J -1
1+

and J L are linearly independent on any open interval [217], there exists a constant

Za/2+l) 4 72Ja%2 (a - 2Za/2+1) ‘

= sup
z€[1,2]

Y

+a
¢ > 0 depending only on «, such that
. s
inf{lg;lloo = ¢
On the other hand, using the asymptotic formulae for Bessel functions, we note that

Jar (Lza/%l) _ {g(l/\/z) z—0,

at2 \ v + 2 (z*%*%) ‘z|—>OO

Combining with the expression (D.44) implies that the class of functions {¢,};>1 admits
a uniform upper bound ¢, which is independent of ;.
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Proof of equation (D.45b): Define the auxiliary functions

o 2 am
- . e af241 —>
‘ 4{%(‘7)(:05(04—}—22 4(a+2)

~ o+ 2
%(Z) = 1z>1

2 am
. a/2+1
+ 72(j) cos (—a+2z +—4(04—|—2)

)} (D.46)

By the asymptotic approximation properties for Bessel functions [217], we have

bi(z) — wj(z)‘ <d(1+42)7'71*  for any z € R.

for a constant ¢ > 0 depending only on a.
~ =1
Let ¢j := ¢ (A7 (1 — x)), we have

1
H@—w@mél

2

Ui (/)7 (1= 2)) — 4 ((1/A)F= (1 — 2)) | 7(x)da

(67

1
< C// . 1 243 dx
0 L+ ((1/A)FEa)
a+1

< (@) "2, (D.47)

where the constant cy(«) depends only on «.

For the function ¢;, we can compute its L?(7)-norm.

ERY -
B2 = 255 [ G20
2 [e] l/ﬁ -~ «
-t [ e estas

2 L 1/ ) 20 — an /4 , 20 + ar/4 ?
;-)\» 1 71(Jj) cos (a—+2>+72(J)COS (T) do.

Note that the integral is with respect to a periodic function, we have the upper bound

1/3/7) 20 — ar /4 20 + ar/4\ )’ _1
] - ] - /= < )2
/1 {%(‘7)608( a+2 )+72(])COS< a+2 >} W< esla) %
and the lower bound

/wz {%(j) . (M> T o) cos (M) }Qde

1 a+2 a+2
SR
m(a+2)y/A;
ma+2) , 20 — an/4 , 20 + amr/4\ ) °
<7 it eos () atiyeos ()

o+ 2 o+ 2
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For any pair (7y1,72) such that 42 +~2 = 1, we have

/027r {fyl cos (9 — 37:_/4;) + Y2 cos (9 + 37:_/1;) }2d9

2m ar/4 arm/4
:7r—2’yl’yg/0 Cos<9—a+/2>cos<9+a—+/2>d9
am )
200 44

> w1 - cos (2514)}’

which is a positive constant depending only on «, and independent of v; and ~s.
Substituting these bounds back to equation (D.48) yields

=T — 27Ty1Y2 COS (

AT < | llnagm < cy(a)AfF

Combining with equation (D.47) completes the proof of equation (D.45b).

D.5.2 Proof of Corollary 5.2

We prove the claims about the averaged functional 7* and the one-point functional
Z,(u*,d,,) separately in the following two subsections.

D.5.2.1 Bounds on the minimax risk for the averaged functional

By Theorems 5.1 and 5.3, we have ., (Bg(1)) < n = {Va (") + V2, (& 7, g; F)(F;n)}.
Taking the measure w(- | ) = d, for any = € X it can be seen that

VE (i) = varxee (1(X, T(X))).

By the generalized Morrey’s embedding theorem (e.g., see §5.6.3 in Evans [58]), for any
smoothness index s > (d, + d,)/2, we have

sup  |p(z, a)| < pfllu <
(z,a)eSXA

for a constant ¢’ depending on the triple (d, d,, s). So we have Vi (u*) < 1 in the worst
case.
Since the conditional variance function is a constant, we have

772
* u7k
Vgn(f g5 ) = Z 1 le’

Jk=>1 nAjk

where we define the projection coefficients

@waé@umuﬂmezwﬁmoﬂmm.
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By the eigenvalue decay condition (5.35), we have /\J_; = j2s/dz 4 E25/da which implies
that

—1y,2 * . . - * . ’¢J7wkoT]L2( )’
n an(g 77T7.g7«/t‘)(f7 n) —~ V&,n(€ 571_7.97]]3%‘7 ;1 n+]25/dz T k28/da (D49)

which proves the instance-dependent bound.
By Parseval’s identity, for each k£ > 1, we have

o0

> (¢ e o D)oy = w0 TlEagy < llvellZ =

=1

Substituting into the instance-dependent bound (D.49), we have the worst-case instanti-
ation

?ZQOO o0 o0
1 . {25, ¥ OT)IL? )2 (&5, e o T2z |
SENCRRETENE 3 3 b3 3l v Ty
k=1 j=1

<{1+ 2s } da_y
n2s .
- 2s —d,

Thus, we obtain the worst-case upper bound sup, ., (IB%H(l)) < n%i-1
On the other hand, for any ay € A, taking the target functional T, (x) = a¢ for any
x € X, we have

- [ (a0) P[5, 1)r2eo ¥k (ao)?
v S N LA
n U,n(g 77T7gv ];1 n +]28/d + k2s/da ; n+1+ k2s/da

For the Fourier basis v, we have |¢y(ag)| for any ag € A, which leads to the lower
bound

1 e

> - > n3s
up- 4 (Bu(1)) 2 kZZI nt 1 k2~

D.5.2.2 Minimax bounds for the one-point functional

For any zp € X, Theorem 5.1(b) and equation (5.32) imply that .#,(zo;F) =
n*1V£n(5x0, 7,g; F). By the variational representation of Vﬁn(éxo,ﬁ,g;f), it can be
seen that

¢;(0)1hr (T (x0)) | 1
V2 (B g F) = 3 12 -y
o,n AR ) 1 1y,
7,k>1 1+n~ )\ & G k>1 L+n )\]776
where the last equation follows from the fact that the complex Fourier bases ¢; and 1y,

take value at unit circle.
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Substituting with the eigenvalue decay condition (5.35), we obtain that

1
n+j2s/dz +k.23/da

NV Gy T g F) <> = S,

jk>1

It remains to study the summation S,,. On the one hand, we note that

d

)
m‘@

n

dg
n?2s
1 1 detda 1
Sn Z Z n—i—jQS/d% _|_k25/da 2 §7’L 2s .
J=1 1

ol

On the other hand, we have the upper bound

o0

S < Y (n+ j2%)

J=1

da _q dg+da
2 -1
° S Cdzydavsn 2 :

de+
2s

Therefore, we conclude that ., (zo; F) < n “~1 for any o € X and deterministic

policy T'.
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