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Abstract

Bridging Demonstrations and Decisions:
Theory and Algorithms for Provable Imitation Learning

by
Nived Rajaraman
Doctor of Philosophy in Engineering- Electrical Engineering and Computer Sciences
University of California, Berkeley
Professor Kannan Ramchandran, Co-Chair

Assistant Professor Jiantao Jiao, Co-Chair

Classical supervised learning paradigms typically assume that training data samples are
independently drawn from a target distribution. However, real-world scenarios frequently
violate this assumption, presenting data that are temporally correlated, dynamically evolving,
or a result of strategic interaction. Learning in these settings is often significantly more
challenging both from a theoretical and a practical point of view for these reasons. Recent
advances in reinforcement learning (RL) have shown that it is possible to train agents
which can operate and generalize in settings where the number of possible outcomes is huge.
However, there are a number of challenges with running RL algorithms: these approaches
rely on collecting a large amount of “exploration” data, resulting from interaction with a
dynamic environment. This form of active data collection is often prohibitively expensive in
practice, making mistakes may be costly, such as in settings involving human interaction,
and this form of data collection may be hard to reuse. Mitigating these concerns requires
developing new frameworks for RL.

In this dissertation, we develop algorithms and analyses for an alternate learning paradigm
that aims to utilize static datasets generated by a demonstrator for training policies. This
paradigm broadens the applicability of RL to a variety of decision-making problems where
historical datasets already exist or can be collected via domain-specific strategies, and which
are infinitely reusable. It also brings the scalability and reliability benefits that modern
supervised and unsupervised ML methods enjoy into RL. That said, instantiating this
paradigm is challenging as it requires reconciling the static nature of learning from offline
datasets (against a fixed distribution of problem instances) with the traditionally interactive
nature of RL. A major part of this thesis is geared toward addressing precisely how much of
a price one must pay to forgo the power of environment interaction.



Imitation Learning (IL) techniques have found a home in several areas, from policy initializa-
tion in game-solving agents like AlphaGo [86], and more recently as a fine-tuning backbone
in the form of supervised fine-tuning (SFT) for large language models (LLMs) [16]. The
key challenge in all these domains is obtaining sufficiently large, diverse, and high-quality
demonstration datasets. While more data typically yields better performance, expert data
can be expensive to collect. We see this challenge manifest in several forms: in robotics
and control, acquiring teleoperated or human-guided trajectories often requires specialized
hardware (e.g. motion-capture rigs or force-feedback devices) and careful calibration, limiting
the scale of dataset collection [4, 78]. In autonomous driving, critical “edge-case” scenarios
(e.g. collision avoidance in unusual weather) are inherently rare, yet essential for safety;
collecting them either in simulation or on-road is time-consuming and costly [22, 23]. On the
other hand, for training LLMs: fine-tuning large language models relies on human-annotated
data, which is hard to parallelize and incurs substantial annotation time [89].

Thus, it is pertinent to understand how best to utilize the dataset and leverage favorable
properties of the environment and demonstrator. In this thesis, we will build an understanding
of these questions by studying Imitation Learning from a theoretical point of view. We will
formulate a statistical question and analyze the best achievable error that algorithms can
achieve in various models of feedback. We will scale up these algorithmic insights and leverage
the expressivity and representation power offered by modern function approximators to
develop performant, practical algorithms. Along the way, we will develop various insights into
the landscape of the IL problem, and build a comprehensive understanding and unification of
algorithms that have already been successfully deployed in practice, such as Behavior Cloning
[65, 74] and GAIL [44] and provide principled improvements to these approaches.

Overview

This thesis is organized into seven chapters in addition to several appendices, each addressing
a different aspect of Imitation Learning under the Markov decision process framework:

Chapter 1. We provide a gentle introduction to IL. After reviewing the standard episodic
Markov decision process model (Section 1.1), we define the Imitation Learning problem
(Section 1.2) and introduce a statistical framework that will underpin the analysis in the
remainder of the thesis (Section 1.3).

Chapter 2. This chapter focuses on Imitation Learning in tabular MDPs. We begin with
an introduction to the Behavior Cloning (BC) algorithm (Section 2.1), derive worst-case
statistical lower bounds on the optimal imitation gap showing optimality of BC (Section 2.2),
and extend our analysis of this approach to when the expert is stochastic (Section 2.3).
We then consider the setting where the transition dynamics are known, and propose a new
algorithm known as Mimic-MD (Section 2.4).



Chapter 3. We will build up our understanding of the Mimic-MD algorithm through the
lens of value function estimation. We will introduce and motivate the expert value estimation
problem (Section 3.2) and reinterpret Mimic-MD through this lens, which will enable us to
prove its statistical optimality (Section 3.3).

Chapter 4. In this chapter we will dive deep into understanding what happens when
demonstrations are generated by an agent which carries out the task near optimally. We will
revisit some of the hard instances we considered in Section 2.2 in this context (Section 4.1),
and analyze the case of mimicking the behavior of the expert in reaching a single target
state (Section 4.2), and conclude with some conjectures about the optimal expert setting
(Section 4.3).

Chapter 5. Here we will explore Imitation Learning in the setting with active interaction,
where the learner may query the expert in an adaptive manner to reduce uncertainty and
improve performance. We will establish a provable benefit to interactivity in MDPs where
“mistakes” can be recovered from, defined in a formal sense.

Chapter 6. In this chapter, we will build upon the insights we described in Chapters 2
and 3 to develop a practical algorithm. We first provide insights into the suboptimality of
methods which are deployed most commonly in practice (Section 6.1), introduce the Replay
Estimator (Section 6.2), and then present a full algorithmic recipe (Section 6.3), supported
by empirical results (Section 6.4).

Chapter 7. Here, we will extend our study of IL to settings with function approximation,
extending beyond tabular MDPs. We will analyze settings with linear representations
(Section 7.1), consider known-transition settings (Section 7.2), interpret the main theoretical
guarantee (Section 7.3), and discuss open problems (Section 7.4).

Each chapter builds upon the previous ones to present a coherent theory and methodology
for effective Imitation Learning across a number of settings and abstractions.



To my family, for their unwavering support and sacrifices.
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Chapter 1

A gentle introduction to Imitation
Learning (IL)

Imitation learning or apprenticeship learning is the study of learning from demonstrations in
a sequential decision-making framework in the absence of reward feedback. The Imitation
Learning problem differs from the typical setting of reinforcement learning in that the learner
no longer has access to reward feedback to learn a good policy. In contrast, the learner is
given access to expert demonstrations, with the objective of learning a policy that performs
comparably to the expert’s with respect to the unobserved reward function. This is motivated
by the fact that the desired behavior in typical reinforcement learning problems is easy
to specify in words, but hard to capture accurately through manually-designed rewards.
For instance, in autonomous driving it is easy to state the reward function in English as,
“drive safely”, but it is challenging to write down a specific reward function capturing this
target mathematically [2]. This is especially important in safety-critical applications, where
misspecified rewards can lead to unpredictable behavior.

In practice, the reward function is sometimes manually refined [59, 10| until the learner
demonstrates satisfactory behavior. In contrast, the Imitation Learning (IL) approach posits
to learn directly from expert demonstrations in the absence of reward feedback, and without
learning an explicit reward model. Imitation learning has shown remarkable success in
practice over the last decade - the work of 3] showed that using pilot demonstrations to
learn the dynamics and infer rewards can significantly improve performance in autonomous
helicopter flight. More recently, the approach of learning from demonstrations has shown to
improve the state-of-the-art in numerous areas: autonomous driving [43, 63|, robot control
[5], game AT [46, 38| and motion capture [56] among others. To build up a framework to
understand, compare and build upon these methods, we will first begin by introducing an
abstraction for the decision making problems these approaches are designed to solve.

Notation. Throughout this thesis, we will use big O notation, i.e., O/© /2 and their
upto-polylogarithmic-factor counterparts @/0/€). In particular, f(n) = O(g(n)) when



CHAPTER 1. A GENTLE INTRODUCTION TO IMITATION LEARNING (IL) 2

a = O(f(n) - max(1, polylog(n))) (with © and Q defined analogously). We will also use
the notation f(n) < g(n) when f(n) = O(g(n)), f(n) 2 g(n) when f(n) = Q(g(n)) and
f(n) < g(n) when f(n) = ©(g(n)). The set of integers {1,...,n} is denoted as [n|. For a
(potentially uncountably infinite) set S, the set of all measures over S is given by A(S).

1.1 Markov Decision Processes

In this thesis, we will introduce IL through the framework of Markov Decision Processes
(MDPs). The MDP abstraction has been widely adopted in the RL literature for its simplicity
and generality. At a high level, an MDP is defined by four components: a set of states
that describe every possible configuration of the environment; a set of actions available
to the learner; a transition mechanism that specifies, for each state and action, how the
environment evolves to a next state; and a reward signal that quantifies the immediate merit
of each state—action pair. The cumulative reward collected by an agent is a measure of its
performance. We will introduce the notion of non-stationary episodic MDPs below, and
introduce more specific/general settings later on in the thesis.

Definition 1.1.1 (Episodic Markov Decision Process). An episodic Markov Decision Process
M is a tuple,
M = (S7A7P7,r7p7H)7

where,

e S is the state space,

e A is the action space,

o foreacht=1,... H,
P={P}L,  where, P,: S x A— A(S) and,
r={r 2, where, r,;: S x A—[0,1],

are the transition kernel and reward function at time t,
e p is an wnitial distribution over states,
e H € N is the (finite) horizon.

Starting from an initial state s; € S drawn from p, an episode proceeds fort =1,2,..., H as
follows:
Q¢ EA, Tt :Tt(st,(lt), St+1 N_Pt( | St,at). (].].)

The process terminates after H steps.
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Interaction with the MDP, i.e., the environment, is carried out in episodes. The learner
iteratively chooses actions, receives rewards (which lie in [0, 1]) and transitions to new states.
The objective we will study throughout this thesis is that of maximizing the “expected
cumulative reward”. In order to be able to define this quantity, we will first have to define
the decision rule by means of which a learner acts in the environment. This is known as a
policy: a (possibly stochastic) map which specifies how a learner plays actions at states.

Definition 1.1.2 (Policy). A policy in an episodic MDP is a sequence of decision rules
7= {m}L,, TS = A(A), (1.2)

where mi(a | ) is the probability of choosing action a € A when in state s € S at time t.

A policy m is said to be deterministic if mi(+|s) is a delta function for all (s,t) € S x [H].

It may be apparent from the definition above, but our focus will be on Markovian policies,
where the decision rule does not depend on the entire history of interaction, but only on the
current (observable) state which the learner is at. We will introduce the following notation
to write down expectations with respect to random trajectories drawn from a policy 7 more
succinctly. Define,

E-[]=E s~ [] (1.3)

th[H], AtNWt('|St)
Siyr1~Py(-|St,Ae)

Namely, this is an expectation computed with respect to the distribution over trajectories
{(S1, A1), ,(Su, An)} induced by rolling out the policy m. With this, we are ready to
introduce the learning objective.

Definition 1.1.3 (Reward Maximization Objective). The reward mazimization objective is
to find a policy m = {m;}L, that mazimizes the expected cumulative reward over the horizon

H,
J(m) = E, [Z rt(st,at)] : (1.4)

J(m) is also known as the “value” of the policy m. Where necessary, we will denote the value
of a policy by Jyp(m) or J.(m) to indicate the underlying MDP M or reward function r.
Furthermore, define an arbitrary optimizer of eq. (1.4) as,

7 € argmax J(m). (1.5)

1.2 Imitation Learning

Imitation Learning (IL) can be viewed as a variant of the typical Reinforcement Learning
formulation where the interaction model is assumed to be slightly different. Recall the
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episodic MDP formulation in Definition 1.1.1, where in a single interaction, upon playing an
action at a state, the learner observes a (potentially noisy) reward for picking this action and
transitions to a new state. In many practical domains, however, the true reward function
is either unavailable, difficult to specify by hand, or too expensive to evaluate online. For
example, in autonomous driving it is hard to write down a scalar r,(s;, a;) that simultaneously
captures safety, comfort, and legality; in robotic manipulation the “correct” reward may
depend on subtle human preferences that are hard to encode; and in healthcare applications,
any trial-and-error to recover r; directly can be dangerous or unethical. In such settings we
often instead have access to one or more expert demonstrations, i.e., trajectories collected by
a human or a pre-trained controller, without explicit reward labels. In this thesis, we will
model these demonstrations as being generated by a single unknown policy.

Definition 1.2.1 (Imitation Learning). In this setting, we will assume the existence of an
“expert” policy . Furthermore, when interacting with the MDP, the learner no longer
receiwes any reward feedback from the MDP. Namely, at the state s;, playing the action a,
only transitions the learner to sy 1 ~ Pi(- | s, a;) and the learner does not observe ry(s;, ay).

While the Imitation Learning setting specifies the existence of an expert which generates
demonstrations, we will introduce specific models of interaction with the MDP and with 7P
later on (notably in Definition 1.2.3, Definition 1.2.4 and Definition 1.2.5).

In this setting, the first question that comes to mind is: what is the best possible value
achievable by a learner? Indeed, in the case where the expert policy 7P is fully observed,
say, via having infinitely many demonstrations, it is possible to achieve a value of at least
J(m*P) even with no knowledge of the ground truth reward function r. And with a bit
more thought, it should become clear that the fact that the fact that the reward function
is completely unobserved is a barrier to improving beyond this. It is an exercise left to the
reader to show that it is possible to construe a reward function r such that J,.(7%P) — J,.(m)
is always non-positive.

Theorem 1.2.1. A class of reward functions R C [0, 1]5*A*H] is said to be symmetric if
reR <= 1—reR,wherer' =1—r = ri(s,a) = 1—ri(s,a) forall (s,a,t) € SXAX[H].
For any learner policy m, expert policy mP, and symmetric reward class R and, it is possible
to find a reward function r € R such that J.(7®?) — J,.(7) < 0.

A hint toward proving this statement is the observation that J.(7?) — J,.(7) = J.(7) —
Jo(mP) for ' =1—r € R.

It is worth mentioning that while the gold standard for the best achievable value is ideally
J,(7*), the value of the optimal policy, this is not achievable in the absence of any reward
feedback. Thus, with imitation feedback, the learner is forced to readjust its target to be the
value of the expert policy J,.(7*P). This fact leads us to formulate the reward maximization
objective in terms of the “imitation gap”, which is the gap in the value achieved by the expert
policy and the learner’s policy.
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Definition 1.2.2. The imitation gap of the learner’s policy w is defined as,
Gap(m) = J(mP) — J(7).

While it is apparent that the imitation gap can be made zero when 7P is specified exactly
to the learner, in practice the learner only observes the expert through a finite set of
demonstrations. This hints at the key statistical question which will be studied through many
parts of this thesis - how do we minimize the imitation gap as best as possible when the learner
only has a few demonstrations from the expert policy. To begin to formulate this question, we
first need to specify how the learner interacts with the expert policy (i.e., how demonstrations
are collected) and the MDP conjunctively. There are several interesting models to consider,
inspired by practical considerations, and we spend the next few subsections discussing them.

Models of expert interaction

In this section, we introduce several models we consider in how the learner can interact with
the expert within the Imitation Learning framework. The simplest model is discussed first.

Definition 1.2.3 (No-interaction IL). The learner is provided a dataset of N trajectories
drawn by independently rolling out the expert policy 7P through the MDP. Each trajectory is
of the form { (s, a;)}L,, the states visited and actions played by the expert across time. In
the no-interaction setting, the learner is not allowed to roll out policies on the MDP.

The no-interaction setting models the case where demonstrations of an expert policy in the
environment are available, but it is otherwise too challenging, or cost-ineffective for the learner
to roll out other policies and interact with the environment. This model is also of course the
most restrictive for the same reason. However, it is an interesting model, since a number of
practical algorithms, such as Behavior Cloning (BC) [65], fall within this framework.

While the no-interaction setting posits that the learner cannot explore within the environment,
may also consider another extreme where the learner is able to interact with the environment
infinitely. In the limit, the learner is thereby able to learn the transition structure of the MDP
exactly; however it is worth noting that the reward function is still completely unknown, cf.
Definition 1.2.1. This is referred to as the known-transition setting, and is defined below.

Definition 1.2.4 (Known-transition IL). The learner is provided a dataset of N trajectories
drawn by independently rolling out the expert policy P through the MDP. In the known-
transition setting, the learner is assumed to know the MDP transition {P,}IL, eractly.

The no-interaction and known-transition IL settings are two extremes of a spectrum where
the learner is provided a dataset of N trajectories from the expert policies, and also allowed
to interact with the MDP (using any sequence of policies of its choice) for M episodes. These
settings respectively correspond to the case of M = 0 and M — oo. Understanding the
statistical learning problem for the general case M has been the subject of follow up works to
some portions of this thesis, such as [104]. We will avoid discussing these results or introducing
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this setting here, and instead introduce a third interaction model which corresponds to a
setting where the expert can actively be queried while the learner interacts with the MDP.
This “active-interaction” setting models settings like teleoperation, where the expert can
intervene to correct the behavior of a policy learning in the environment, in the process
minimizing redundant interaction with the expert.

Definition 1.2.5 (Active-interaction IL). In this setting, the learner is not given access to a
dataset of expert demonstrations in advance. However, the learner is allowed to interact with
the MDP for N episodes while actively querying the expert policy; at any time t, the learner
may query the expert policy TP to receive an action recommendation af ~ w, (- | s) at the
visited state s;. The learner may choose to follow this recommendation, or play any other
action.

It is worth pointing out that the active setting gives the learner more flexibility than the
no-interaction setting: following the expert’s recommended action at each time results in
the same interaction model as as the no-interaction setting (Definition 1.2.3). However, the
learner is instead also allowed to actively design a new exploratory policy on the fly based
on expert feedback thus far, which is then used to interact with the MDP. Two popular
approaches, DAGGER [79] and AGGRAVATE |[77] are IL algorithms which operate in the
active-interaction setting.

1.3 A statistical framework for IL

Having established the foundations of IL and modes of interaction with the expert policy, we
are ready to formulate the statistical learning problem corresponding to IL below. We use
the Probably-Approximately Correct (PAC) learning framework [99).

Definition 1.3.1 (Demonstration dataset and learning rules). Let D be the random dataset
obtained as either (i) N rollouts of TP in the no-interaction or known-transition IL settings
(resp. Definitions 1.2.3 and 1.2.4), or (ii) that collected by the learner’s interactions with
the MDP in the active-interaction IL setting (Definition 1.2.5). D is referred to as the
“demonstration dataset”.

A “learning rule” Alg(+) is any algorithm which ingests D (and additionally P = {P,}L, and
p in the known-transition setting) and returns a possibly randomized learner policy 7.

Definition 1.3.2 (PAC guarantees for IL). Given a collection of IL instances Z, we say
that a learning rule Alg(-) solves the Imitation Learning problem (in the no-interaction /
known-transition / active-interaction setting) with confidence 1 — & and imitation gap € over
a class of IL instances Z, if for any instance Z € Z, we have

Pr (Gap(7) > ¢) < 4, (1.6)
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Where, recall that Gap(w) = J(n®®) — J(7) is computed under the reward function and
distribution over trajectories induced by rolling out 7P and 7™ on the underlying MDP in the
instance Z, and the probability Pr(-) is computed over the randomness of the demonstration
dataset D as well as the internal randomness used by Alg(-).

We will also define the IL problem with expected error guarantees.

Definition 1.3.3 (Expected error guarantees for IL). A learning rule Alg(-) is said to solve
the Imitation Learning problem (in the no-interaction / known-transition / active-interaction
setting) with expected imitation gap € over a class of IL instances Z, if for any such instance
Z e Z, we have

E[Gap(T)] < e. (1.7)

Note once again, that Gap(w) = J(7P) — J(7) is computed under the reward function and
distribution over trajectories induced by rolling out 7P and 7 on the dynamics in the instance
Z, and the expectation E[-] is computed over the randomness of the demonstration dataset D
as well as the internal randomness used by Alg(-).

While for a large collection of statistical learning problems, PAC error guarantees and expected
error guarantees can be translated from one to another at the cost of additional polynomial
(and often logarithmic) factors in the inverse of the confidence parameter, §, via integrating
the PAC error over § ( = ) or via an application of Markov’s inequality to the expected error
( <= ). While these generic reductions often result in loose dependency on the confidence
parameter 9, and can be improved by tailored analysis to the respective setting, there is a
more important reason because of which we define and treat IL with PAC error guarantees and
expected error guarantees separately. This observation is special to the IL learning objective,
and one often not shared by other statistical learning settings, such as classification under
0-1 loss or regression settings: the imitation gap Gap() is not always a non-negative loss
when the underlying MDP is fixed. This subtle observation will have interesting implications
later on (cf. Chapter 4).

Across both of the statistical learning settings considered previously, Definition 1.3.2 and
Definition 1.3.3, our goal will be to study how small € can be made as a function of N, the
number of episodes of demonstrations from the expert / episodes of active interaction. Of
course, across the three interaction models, the learner’s has access to different modes of
feedback and thereby, the best achievable imitation gap as a function of N is expected to
behave quite differently. Below we formalize this definition.

Definition 1.3.4 (Worst-case optimal imitation gap). Given a collection of IL instances Z, the
minimax optimal imitation gap (in the no-interaction / known-transition / active-interaction
setting) is defined as,

e*(N;Z) =inf{e > 0: JAlg(-) such that VZ € Z, E[Gap(T)] < e}.
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Similarly, the PAC optimal imitation gap is defined as,
e*(N,d;Z) =inf{e > 0 : JAlg(-) such that VZ € Z, Pr(Gap(w) > ¢) < d0}.

In both definitions, Alg(+) is a learning rule which ingests the demonstration dataset D (and
additionally P = {P,}L| in the known-transition setting) and returns a possibly randomized
learner policy 7.

Remark 1.3.1. Note that for a class of IL instances Z, both ¢*(N;Z) and €*(N,0;Z) are
functions of N, which is the number of episodes of expert demonstrations / active interactions
in the dataset D.

With this, we round out the discussion introducing IL within the MDP formulation, the
learning objective, different modes of receiving feedback from an expert, and finally, a
statistical framework for this problem. In the next section, we discuss the different modes of
interaction with the expert in greater detail and present some results for the corresponding
statistical learning problems.

1.4 Related Work

Imitation learning (IL) has a rich history, encompassing a multitude of different algorith-
mic approaches and observation models. This section broadly discusses prior work in the
area, spanning methods which fall into the bucket of classical “inverse-reinforcement” style
approaches, reduction-based analyses, and active-query methods.

Classical IL via Inverse Reinforcement and Reduction. FEarly work framed IL as
inverse reinforcement learning, where the learner recovers a reward function that explains
expert behavior [60, 2, 72, 95, 110, 102, 41, 35, 73|, which is then utilized for policy learning.
These algorithms assume the principle that a reward function (learned from observations)
may generalize better across across environments. A comprehensive survey of these methods
is discussed in [7]. In the training of large language models (LLMs), several recent works
have also used reward models learned from offline preference data, also known as verifier
models [45]: the LLM is perceived as a policy and optimized by carrying out RL on the
learned rewards. Several works also carry out search at test-time [101, 19] against these learn
reward models. Several works also learn process reward models which give denser feedback
along the generation trajectory, akin to value functions [66, 107, 87, 83].

Reduction-based analyses of IL The reduction paradigm attempts to cast IL as a
sequence of supervised learning problems under different notions of loss, and arguing about
how the generalization ability of solving the underlying supervised learning task translates to
the performance of the resulting policy [30, 9]. In particular, the authors of [78, 77| introduced
algorithms (DAGGER, AGGREVATE) and corresponding analyses to bound compounding



CHAPTER 1. A GENTLE INTRODUCTION TO IMITATION LEARNING (IL) 9

errors by iteratively mixing expert and learner data. The authors of [14] analyzed disagreement-
regularized reductions for tighter guarantees. However, this line of literature does not focus
on whether the obtained guarantees are (statistically) tight, since any particular reduction
may be sufficient, but not necessary to solve the IL problem.

Imitation via active expert queries While classical IL algorithms learn from a purely
offline dataset, in settings like robotics or game solving, it is possible to learn from an
expert via teleoperation or human intervention. In these settings, the learner largely operates
autonomously within the environment, but a supervising demonstrator may choose to intervene
to course-correct the learner. In the process, the expert is only utilized sparsely, and the
learner may be “taught” how to learn to recover when it strays from the desired behavior path.
In this vein, several algorithms were proposed which actively query an expert during training.
DAGGER gathers corrective labels on states encountered by the learner [78], AGGREVATE
generalizes this to cost-to-go queries [77|, and AGGREVATED applies the same idea in a
stochastic policy gradient framework [91]. Complementary dynamic-regret analyses were
developed in [20, 51], while Loki bootstraps IL into on-policy gradient methods [21].

Divergence minimization and Moment Matching based approaches. Beyond pure
behavior cloning, value-based approaches self-correct by estimating cost-to-go functions [52]
and provably reduce compounding error. A parallel thread of work formulates the algorithmic
problem of IL as that of minimizing an f-divergence between the state—action distributions
of the expert and the learner [44, 47, 108, 88, 49, 94|, also known as moment matching,.
These algorithms are often based on solving minmax optimization problems (such as via
Generative-Adversarial Networks [37]), where the minimizer aims to find a good policy which
matches the visitation distributions to that in the training dataset, while the maximizer tries
to learn a discriminator which distinguishes between trajectories generated by the learner
and the expert. There are also off-policy extensions of this class of approaches, such as

ValueDICE and SoftDICE [49, 90].

Function Approximation and Representation Learning. Most tabular-MDP guaran-
tees do not immediately extend to large-scale settings. Apprenticeship IL with linear function
approximation was pioneered in [1, 96]. More recently there have been a number of different
approaches across different settings, enabling provable sample-efficient IL in high-dimensional
spaces such as in |6, 103]. The recent work of [34] is also notable, extending analyses of
algorithms for IL to settings where the expert belongs to general function classes. Since this
body of work will be closest related to the contents of this thesis, more relevant work will be
introduced and discussed in later chapters.

Alternate observation models. Often in IL settings, the actions made by an expert are
not explicitly observable, or do not translate to the actions taken by a learner operating in the
environment. A good example is that of training autonomous driving agents through video:
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here the task is to learn how to carry out the task when given access to video demonstrations
of it being carried out, which may have been collected by rolling out a different agent, or
even by a human. When only expert state trajectories are available, one must infer latent
actions [58, 98, 92, 6], which is often significantly more challenging. Although promising,
there are some fundamental questions about statistical identifiability in these settings.

Applications. There is an extremely rich body of work integrating IL approaches into the
end-to-end RL pipeline. Early works have used it to design initialization policies from offline
data, such as in game solving, with AlphaGo [86] and StarCraft 38|, among other games
[46]. These techniques have also been used widely in settings where the reward is hard to
specify such as in autonomous driving [62, 43] and motion capture [56|. IL has also found
wide application in robotics [3, 50, 109, 33, 32] and in the pre-training and fine-tuning of
LLMs, such as in the form of supervised finetuning (SFT) [16]. LLMs for reasoning tasks are
often finetuned on search traces [36, 61| or responses from larger models, [82] A good survey
of early works in the field is [4], and in the context of robotics [18].
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Chapter 2

Imitation Learning in Tabular MDPs

In this chapter, we initiate the study of IL, focusing on the setting of tabular MDPs, where
the state space S and action space A are assumed to be finite. This is arguably the simplest
setting of IL, where there are no additional structures imposed on the instances under
consideration, or the nature of the expert policy.

From a technical point of view, we aim to characterize the optimal imitation gap €*(V, d;Z)
where Z is the set of IL instances induced by tabular MDPs. To build some intuition, we will
first consider the case where the expert policy 7P is deterministic (Definition 1.1.2). Let’s
introduce some notation first.

Notation. Since we will first study the case where the expert policy is deterministic, define
14 as the set of all deterministic policies, and Zgpuar(S, A, H) is the set of all tabular
(i.e., unconstrained) MDPs over the state space S, action space A and horizon H. We will
abbreviate Ziapular(S, A, H) simply as Ziapuar Where its arguments are clear from context.

Let us take a step back and think about the no-interaction setting. Recall that in the
no-interaction setting, the learner is provided a dataset of N demonstrations obtained by
rolling out the expert policy #**P. In the tabular setting, this dataset is easy to interpret. At
time ¢, at any state s which is visited in D (i.e., in some trajectory, the state at time ¢ is
s), then the demonstration dataset exactly reveals the expert policy at this state, namely
7y P(+|s). On the other hand, at any state which was never visited in D at time ¢, the learner
has no information about which action was played by 7#**P. Thus, a simple learning rule
is one which simply mimics the expert policy at those states visited in the demonstration
dataset at any time, and plays arbitrarily at the remaining states. It turns out that this
simple algorithm is surprisingly powerful, and is a special case of an approach known as
Behavior Cloning (BC) [65].
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2.1 Behavior Cloning

Following the approach pioneered by [11], the authors of [74] show that carrying out supervised
learning to learn a policy provides black box guarantees on the performance of the learner, in
effect “reducing” the IL problem to supervised learning. This approach is known as behavior
cloning.

A more general way of viewing the above approach of mimicking the deterministic expert at
those states visited in the dataset, is that of training a classifier. Formally, a deterministic
policy 7 can be treated as a classifier from § x [H] — A. Define the population 0-1 risk of a
deterministic policy as the risk under 0-1 loss of the corresponding classifier,

Lo (7) = Eyovminm) [Ewexp [EAM(.|&) []1(,4; ] At)m . (2.1)

We may also define the empirical 0-1 loss computed on a dataset of demonstrations D by,
Lo (m; D) = Etovmit(m)) {Estwﬁj [EAgwthSt) [E(AQ # foP(St))}” : (2.2)

Here f} is the empirical distribution over states at time ¢ averaged across trajectories in D
and 7;"?(S;) overloads notation to indicate the action played by the deterministic expert at
the state S; at time t. Note that any policy which minimizes the empirical 0-1 risk to 0 in fact
mimics the expert at all states observed in D. We define II5S, (D) as the set of all candidate
deterministic policies that minimize the empirical 0-1 risk to zero, namely the set of ERMs.

. (D) = {7‘1’ € Hyet, : Loa(m; D) = O} (2.3)

Definition 2.1.1 (Tabular BC with a deterministic expert). In the tabular setting under a
deterministic expert policy, BC returns an arbitrary w°¢ € TI5¢, (D).

Behavior Cloning is an algorithm which has been very well studied in the literature. Indeed,
since it is quite close to classification, it is natural to ask whether the imitation gap of
the policy learned by BC can be bounded in terms of the performance of the corresponding
classifier. The authors of [74] answer this question in the affirmative, and show that if the
expert policy is deterministic, any policy 7 that incurs small population 0-1 loss in the sense
of eq. (2.1) also incurs small imitation gap.

Theorem 2.1.1 (Theorem 2.1 in [74]). Consider any policy w such that Lo 1(m) < e. Then
Gap(m) < min{H, H?¢}.

It is apparent that when Ly (7w) = 0, this must mean that m(-) = 7;"(:) almost everywhere.

By extension, this implies that Gap(m) = 0. On the other hand, the H? factor can intuitively
be understood as the inability of the learner to get back on track once a mistake is made.
This is known as error compounding.
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Error compounding

To get a better understanding of where this quadratic H factor appears, consider a simplified
model where the probability of error of a learner’s policy in guessing the deterministic
expert’s action at each state is e. Indeed, the probability of making the first error at
time ¢ is €(1 — €)', and if the learner gets completely lost thereafter the learner fails to
collect up to H — t + 1 units of reward. The imitation gap can therefore be bounded as
He+ (H-1)e(1—€) + -+ + e(1—€)# =1 < min{H, H?¢}. This dependency is referred to as
error compounding, and for a more rigorous analysis we refer the reader to [74]. We also
provide a slight generalization of this result in Section 2.3. At a higher level, the issue of error
compounding can be interpreted as resulting from a “covariate shift problem” the actual
performance of learner depends on the states it encounters under its own rollout distribution;
whereas these offline training methods match distributions with respect to the expert’s state
distribution.

While it remains unclear whether this reduction is optimal, it provides a simple mechanism
by which to analyze the performance of BC and understand how the classification error decays
as a function of NV, the number of demonstrations the learner has access to. In the tabular
setting, we next establish a generalization bound for the population 0-1 risk.

Lemma 2.1.2 (Population 0-1 risk of BC). Consider the no-interaction setting, and assume
the expert’s policy P is deterministic. Consider any policy T8¢ € TI5¢. (D) (defined in
eq. (2.3)) which is the set of policies that carry out BC. Then, the expected population 0-1 risk
of T8¢ (defined in eq. (2.1)) is bounded by,

E [£o-1(7%)] < min {1, ENl} .

Proof Sketch. The bound on the population 0-1 risk of BC relies on the following observation:
at each time ¢, the learner exactly mimics the expert on the states that were visited in the
demonstration dataset at least once. Therefore the contribution to the population 0-1 risk
only stems from states that were never visited at time ¢ in any trajectory in D. We identify
that for each t, the probability mass contributed by such states has expected value upper
bounded by |S|/N. Plugging this back into the definition of the population 0-1 risk completes
the proof. O

With this result, invoking [74, Theorem 2.1] immediately results in the upper bound on the
expected imitation gap of a learner carrying out BC in Eq. (2.1.3.1). Furthermore, we use a
similar approach to establish a high probability bound on the population 0-1 risk of BC.

Theorem 2.1.3 (Upper bounding imitation gap of BC). Consider any policy 78¢ € 115 (D).
Then,

1. The expected imitation gap of T is upper bounded by,

E [Gap(7"°)] < min {H, |8]|VH2 } . (2.1.3.1)
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2. For any § € (0, min{1, H/10}], with probability at least 1 — ¢, the imitation gap of T is

bounded by,
. S|H? \/|S|H?log(H/§
Gap(ree) < IS VISIH” log(H/0) (2.1.3.2)
N N
Proof Sketch. To establish the high probability bound on the population 0-1 risk of BC,
we utilize the key observation in the proof of Lemma 2.1.2: for each t = 1,--- | H, the

contribution to the population 0-1 risk in eq. (2.1) stems only from states that were never
visited at time ¢ in any trajectory in D. For each ¢, we show that the mass contributed by

such states up to constants does not exceed % + —”ls‘l?\,g(H/é) with probability > 1 —§/H.

Summing over t = 1,--- , H results in an upper bound on the population 0-1 loss that holds
with probability > 1 — § (by the union bound). Invoking |74, Theorem 2.1| implies the high
probability bound on Gap(7=°). O

Remark 2.1.1. It is worth pointing out that in the deterministic expert setting, Eq. (2.1.3.1)
shows that the imitation gap incurred by BC is < |S|H?/N which is interesting in two ways:
() it is independent of |A|, and (ii) the imitation gap scales inversely in the size of the
demonstration dataset N, and not as 1/ Vv/N. Both observations are consequences of the
determinism of the expert: at the states where BC is able to guess the expert’s action better
than a random guess, BC incurs no suboptimality.

Is error compounding inevitable or is it just a consequence of the Behavior Cloning algorithm?
In the next section, we will argue that error compounding is fundamental to the Imitation
Learning problem in the no-interaction or active-interaction settings without any further
assumptions. Even if the expert is deterministic, no algorithm can beat the H? barrier.

2.2 Statistical lower bounds on the optimal imitation gap

In this section we discuss lower bounds on the optimal imitation gap in the active-interaction
setting, which will imply lower bounds for the no-transition setting as well. Our main result
is the following lower bound.

Theorem 2.2.1. For any learning rule Alg(-) which operates in the active-interaction setting,
there exists a tabular MDP M € Ziuar and a deterministic expert policy P such that the
expected imitation gap of the policy T returned by the learning rule Alg(-) is lower bounded by,

E[Gap(7)] 2 min {H, |S|H?/N} .

Where Gap(-) is computed under the dynamics and rewards induced by the MDP M. This
lower bound continues to hold even under the constraint that 7P must be an optimal policy

on M.

We construct the worst case MDP templates for the active-interaction setting in Figure 2.1a
and defer the formal analysis to the appendix. The key intuition behind this result is to
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<'9 o &

) MDP template when in the no-interaction set- (b) MDP template in the known-transition set-
ting, ting,

Upon playing the expert’s action at any state Each state is absorbing, initial distribution is
except b, learner is renewed in the initial dis- given by {(,---,{,1—(|S|—1)(} where ¢ = ﬁ
tribution,

p= {C7 o '7<7 1_(‘8| )C O} where C N]_-A'_

Figure 2.1: MDP templates for lower bounds under different settings: green arrows indicate
state transitions under the expert’s action, red arrows indicate state transitions under other
actions

identify that at states which were never visited during the learner’s interactions with the
MDP, the learner has no prior knowledge about the expert’s policy. Furthermore, at such
states the learner also has no knowledge about what state transitions are induced under
different actions. With no available information, the learner is essentially forced to play an
arbitrary policy on these states. A careful construction of the underlying MDP ultimately
forces the learner to incur compounding errors when such states are visited, resulting in the
lower bound.

To build upon this intuition a bit further, consider the special case of the no-interaction setting.
In Figure 2.1a, at any state of the MDP, except one, every other action, moves the learner to
the absorbing state b. Suppose a learner independently plays an action different from the
expert at a state with probability e. Upon making a mistake, the learner is transferred to b
and collects no reward for the rest of the episode. Thus the imitation gap of the learner is
> He+ (H—1)e(1 —¢)+ -+ (1 —e)¥ > min{H, H?}. By construction of p, we identify
that any learner must make a mistake with probability € 2 |S|/N, resulting in the claim. It
is interesting to observe that this argument closely resembles the intuition mentioned in the
introduction for the < eH? bound on imitation gap that the reduction to supervised learning
guarantees. In the followmg remark, we provide some more reasons as to why to expect that
the same lower bound construction carries over to the active-interaction setting.

Remark 2.2.1. The lower bound construction in Figure 2.1a applies even if the learner can
actively query the expert while interacting with the MDP. If the expert’s queried action is
not followed at any state, the learner is transitioned to b with probability 1. Upon doing so,
the learner no longer can get any meaningful information about the expert’s policy at states
for the rest of the episode. Seeing that the “most informative” dataset the learner can collect
involves following the expert at each time, it is no different had an demonstration dataset of
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N trajectories been provided in advance. This reduces the active case to the no-interaction
case for which the existing construction applies.

Remark 2.2.2. In the active-interaction setting, Theorem 2.2.1 in conjunction with Eq. (2.1.3.1)
shows that when the expert plays a deterministic policy, BC achieves the optimal expected
imitation gap of % for Imitation Learning. Furthermore, this shows the optimality of BC
even in the no-interaction setting as well. The ability to actively query the expert does not
improve the sample complexity of Imitation Learning when the expert is deterministic. An
important implication of this result is that DAGGER [74] and other algorithms that actively
query an expert, cannot improve over BC in the worst case.

Lower bounds in the known-transition setting

Looking at the lower bound construction in the active-interaction setting, we see that the
hardness of learning comes from the following property: at states which were never visited
in the demonstration dataset, and where the learner has no idea about the transition of
the MDP, the best a learner can do is pick an action at random. This is because of the
fact that the learner cannot distinguish between actions at all. But in case the learner is
able to make observations about the MDP transition (i.e., distinguish between actions), this
property breaks down. In this section, we lower bound the worst-case optimal imitation gap
incurred in the known-transition setting. By virtue of the above discussion, we arrive at a
lower bound which is weaker than the bound in the active-interaction setting, and suggests
no error compounding (i.e., no quadratic dependency on H).

Theorem 2.2.2. In the known-transition setting, for any learning rule 7 < Alg(D, P, p),
there exists a tabular MDP M € Zipuar and a deterministic expert policy 7P such that
the expected imitation gap of the learner is lower bounded by, E[Gap(7)] 2 min{H,|S|H/N},
where Gap(-) is computed under the dynamics and rewards induced by M.

The lower bound instance in this construction is provided in Figure 2.1b. In these MDPs,
each state is absorbing so a policy only stays at a single state for the whole episode. If the
initial state of the MDP was not visited in the dataset, the learner does not see the expert’s
actions for the rest of the episode which is the only one at each state to offer non-zero reward.
Conditioned on being initialized at such a state, the expected imitation gap is 2 H. By
construction of p, we determine that probability of the learner starting in such a state is
2 |S|/N in expectation over the demonstration dataset D, resulting in the claim.

Remark 2.2.3. The lower bounds on the optimal imitation gap we arrive at in Theorem 2.2.1
for the no-interaction / active-interaction settings and Theorem 2.2.2 for the known-transition
setting are universal - they apply for any learning rule Alg(-). In contrast, the lower bound
example in [74] (see Figure 1 and related discussion in their paper) applies only for supervised
learning and is not universal. They construct a particular MDP and show that there exists a
particular learner policy which (i) plays an action different than the expert with probability
¢, and (74) imitation gap = H?e. In fact on this example, the imitation gap of BC is exactly 0
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if the learner is provided even a single expert trajectory. Thus their example does not provide
a lower bound on the imitation gap of all learner algorithms as a function of the size of the
dataset, N. In particular, even BC performs well on their example.

2.3 Imitating a stochastic expert

Prompted by the success of BC in the setting where the expert policy is deterministic, it is
natural to ask whether it continues to remain a good approach when the expert is a stochastic
policy. The version of BC we presented earlier, of training a classifier to minimize the empirical
0-1 risk, must be modified slightly to account for the expert’s stochasticity.

Define the population risk under log-loss of a policy as the risk under log-loss of the corre-

sponding classifier,
ﬂ_exp . S
Elog(Tr) = EtNUnif([HD |:Eﬂ—exp {log <&>:H . (2.4)

(- | St)
We may also define the empirical log-loss computed on a dataset of demonstrations D by,
m (| Sh)
Lioe(7; D) = Eyouni Eq . p |log | ——"-2 . 2.5
e A (25)

Finally, define IT®(D) as the set of all policies that minimize the empirical risk under log-loss
to zero. Namely,

I1%°(D) 2 {7? €11 : Liog(m; D) = o} (2.6)

Definition 2.3.1 (Tabular BC with a stochastic expert / log-loss BC). In the tabular setting
under a stochastic expert policy, BC returns an arbitrary w2¢ € 7w8(D).

Within the confines of this section, we will abbreviate the version of Behavior Cloning
in Definition 2.3.1 simply as “log-loss BC”. Note that minimizing the empirical risk under
log-loss, precisely translates to the learner playing the empirical expert policy distribution at
states observed in the demonstration dataset. This viewpoint will be important later on, in
motivating why the log-loss is the “correct” notion of error to consider in the stochastic setting.
Furthermore, it is interesting to note that when the expert is deterministic, BC indeed still
minimizes the empirical 0-1 risk to 0 and falls back to the version of the algorithm discussed
in Definition 2.1.1.

In the deterministic expert setting, the reduction of [74| shows that it suffices for a policy
to achieve low supervised learning loss (i.e., population risk under 0-1 loss) to achieve low
imitation gap. Motivated by the reduction in [74], a natural question to ask is whether
a similar reduction to supervised learning applies when the expert can be stochastic. We
will show that when the expert plays a general policy, any learner which minimizes the
TV distance to the expert’s policy at states drawn by rolling out the expert achieves small
imitation gap.
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Algorithm 1 BC in the stochastic expert setting (tabular MDPs), i.e., log-loss BC

1: Input: Demonstration dataset D
2: fort=1,2,--- /H do
3: for s € S do

4: if s € S;(D) then » S.(D): states visited by trajectories in D at time ¢
5: m(-|s) = 7P (:]s) » 72 (-|s): empirical estimator of 7;*P(:|s) in D
6: else

7 7i(+|s) = Unif(A).

8: end if

9: end for

10: end for

11: Return 7

Reduction of IL to prediction under TV distance

Recall that [74, Theorem 2.1| show that if the expert’s policy is deterministic, and the
time-averaged probability of the learner 7 correctly guessing the expert’s action at each
state is €, then Gap(7) < min{H,eH?}. In this section we prove a generalization of this
result which applies even if the expert plays a stochastic policy. In particular, we consider a
supervised learning reduction from Imitation Learning to matching the expert’s policy in
total variation (TV) distance. To this end, we first introduce the population TV risk,

L1v(7) = Epovmiran) [Eﬂexp [DTV (Fo(-18,), 7 (-|S1) H . (2.7)

We show that if the learner minimizes the population TV risk to be < e then the expected
imitation gap of the learner is < min{H, H%}. The population TV risk of a learner is a
generalization of the population 0-1 risk to the case where the expert’s policy is stochastic.
We formally state the reduction below.

Lemma 2.3.1. Consider any policy @ such that L1y(T) < €. Then, Gap(t) < min{H, H?¢}.

Remark 2.3.1. When the expert is deterministic, the definition of L1v(-) matches that of
Lo.1(+) (eq. (2.1)) recovering the guarantee in [74, Theorem 2.1|. Thus, Lemma 2.3.1 strictly
generalizes the supervised learning reduction for BC, Theorem 2.1.1.

While the reduction approach seems promising at first, there is a catch - the population TV
risk in fact converges very slowly to 0. Since it corresponds to the rate at which the empirical
action distribution approaches the population distribution in TV distance, the convergence
rate is < /| A|/N even if |S| = 1. In the same setting, the population 0-1 risk which is
the counterpart in the deterministic expert setting converges at a much faster < 1/N rate
(Theorem 2.1.2).

This analysis seems to suggest that (no-interaction) IL may be a harder problem to tackle
in the setting where the expert is a stochastic policy. However, we will prove a surprising



CHAPTER 2. IMITATION LEARNING IN TABULAR MDPS 19

result in the next section. By circumventing the reduction framework, we will show in
Theorem 2.3.2 that the expected imitation gap achieved by log-loss BC achieves the same 1/N
rate of convergence (up to logarithmic factors) even when the expert is stochastic.

Circumventing the reduction approach: log-loss BC

In this section, we consider log-loss BC (Algorithm 1). Via the lower bound we prove in
Theorem 2.2.1 the guarantees on expected imitation gap of this policy is statistically optimal
up to logarithmic factors. Note that the approach of playing the expert’s empirical action
distribution at states observed in the demonstration dataset in fact corresponds to minimizing
the empirical risk under log-loss.

There is a critical difference between the stochastic expert and deterministic expert settings.
In contrast to latter, it is no longer true that BC exactly mimics the expert policy at states
which were visited in the demonstration dataset. However, by virtue of playing an empirical
estimate of the expert’s policy at these states it is plausible the expected imitation gap
of the learner is still 0. However, a proof of this claim is not straightforward since the
empirical distribution played by the learner at different states is not independent across time
as functions of the dataset D.

To circumvent this technical challenge, we constructing a coupling between the dataset drawn
from the expert policy, and policy of the learner. Under the coupling it turns out the expected
reward gap of the learner will in fact be 0 when the visited states are all observed in the
dataset. The remaining task is to bound the probability that at some point in the episode
the learner visits a state unobserved in the demonstration dataset. A careful analysis of this
probability term shows that it is bounded by < |S|H log(N)/N under the coupling.

Theorem 2.3.2. In the no-interaction setting, the learner’s policy T8¢ returned by log-loss
BC with a stochastic expert (Algorithm 1 / Definition 2.3.1) has expected imitation gap upper

b ded b
B SIH2 og (V)
E [Gap(7*%)] < min {H, T} ,

2.4 Known-transition setting

In this section, we discuss the setting where the learner is not only provided expert demon-
strations, but the state transitions of the MDP are known exactly. The learning setting
appears frequently in applications like robotic manipulation [109] or game solving [80], where
the learner has access to accurate models / simulators representing the dynamics of the
system, but where the reward corresponding to the task to be acomplished may be difficult to
construct or write down. In this section, we analyze the optimal imitation gap in this setting
and surprisingly show that it is possible to break the lower bound in Theorem 2.2.1 and
suppress the issue of error compounding. In the known-transition setting, the learning rules
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we will consider (in the sense of Definition 1.3.1), Alg(-), will be measurable functions of the
MDP transition P = { P}, initial state distribution p, and the demonstration dataset D.

It is worth that several prior works such as that of [14] proposed algorithms that claimed to
bypass the covariate shift problem, however at the time, we will present the first result to
provably do so in the general tabular MDP setting without additional assumptions.

In the known-transition setting, mimicking the expert on states where the expert’s policy
is known is still a good approach, since there is no contribution to the learner’s imitation
gap as long as the learner only visits such states in an episode. However compared to the
no-interaction setting, with the additional knowledge of P and p, the learner can potentially
do better on states that are not visited in the demonstrations, and correct its mistakes even
after it takes a wrong action, to avoid the error compounding problem. The algorithm we
propose is known as Mimic-MD and introduced next.

Circumventing the error compounding barrier: Mimic-MD

Mimic-MD can be viewed as a hybrid approach which mimics the expert on some states,
and uses a minimum distance (MD) functional [105, 31] to learn a policy on the remaining
states. The idea of using minimum distance functionals was considered in [92], proposing to
sequentially learn a policy by approximately minimizing a notion of discrepancy between the
learner’s state distribution and the expert’s empirical state distribution. However, we remark
that our approach is fundamentally different from matching the state distributions under
the expert’s and learner’s policy: it crucially relies on mimicking the expert actions on some
states, and only applying the MD functional approach on the remaining states.

The main guarantee we will establish for this algorithm is the following result.

Theorem 2.4.1. Consider the learner’s policy T returned by Mimic-MD (Algorithm 2). When
the expert policy TP is deterministic, in the known-transition setting,

1. The expected imitation gap of the learner is upper bounded by,

5 3/2
E[Gap(%)]Smin{H, ‘/|Sz|\?’ 'S% } (2.4.1.1)

2. For any 6 € (0,min{1, H/5}), with probability > 1 — ¢, the imitation gap of the learner

satisfies,
H3/? H
Gap(m) S %log (%) : (2.4.1.2)

Mimic-MD improves the quadratic dependence on H of the imitation gap incurred by BC
(Theorem 2.1.3) by at least a v/ H factor while preserving the dependence of on |S| and N.
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Algorithm 2 Mimic-MD on tabular MDPs

1: Input: Demonstration dataset D.

2: Let Dy be N/2 trajectories drawn uniformly without replacement from D.
Let Dy = D\ Dy.

3: For each (s,a) € S x A, define,

TP (s,a) & {{(st/,at/)}ﬁzl ss=s,ap=a, IT<t:s;, & ST(Dl)}.

» Set of trajectories that visit (s, a) at time ¢, and at some time 7 <'¢
visit a state unvisited at time 7 in any trajectory in Dj.

4: Define the following optimization problem:

H D
> treD ﬂ<tr€7; 1(3761))
min E g Pr [TDI(S,CL):| < (OPT-MD)
mEMge (D) t=1 (s,a)eSxA " t |D2|

Choose 7 as any optimizer of (OPT-MD).
» 115 (Dy) is defined in (Eq. (2.3))
5. Return 7.

Proof sketch of Theorem 2.4.1 and interpreting Mimic-MD

Eq. (2.4.1.1) shows that Mimic-MD (Algorithm 2) breaks the |S|H?/N imitation gp compound-
ing barrier which is not possible in the no-/active-interaction setting, as in Theorem 2.2.1.
Mimic-MD inherits the spirit of mimicking the expert by exactly copying the expert actions in
dataset D;: as a result, the learner only incurs imitation gap upon visiting a state unobserved
in Dy at some point in an episode. Let f,’gf be the event that the learner visits a state at
some time 7 < t which has not been visited in any trajectory in D; at time 7. In particular,
for any policy T which mimics the expert on Dy, we show,

Gap(7) < ZZZL

s€S acA

Pr [é’éf,st:s,at:a] —Pr [ng,st:s,at:a”. (2.8)

Texp

In the known-transition setting the learner knows the transition functions {P, : 1 <t < H}
and the initial state distribution p, and can exactly compute the probability Pr, [é’éf, 5S¢ =
s,a; = a] for any known policy 7. However, unfortunately the learner cannot compute
Prexp [ng, st = s,a; = a] given only D;. This is because the expert’s policy on states
unobserved in D; is unknown and the event £p, ensures that such states are necessarily
visited. Here we use the remaining trajectories in the dataset, Dy to compute an empirical
estimate of Pry e [E gf, s = s,a; = a]. The form of eq. (2.8) exactly motivates Algorithm 2,
which replaces the population term Prexo [ng, $; = s,a; = a| by its empirical estimate in the
MD functional.
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Remark 2.4.1. In the known-transition setting, the maximum likelihood estimate (MLE) for
7P does not achieve the optimal sample complexity. When the expert is deterministic, all
policies in IIB¢, (D) have equal likelihood given D. This is because the probability of observing
a trajectory does not depend on the expert’s policy on the states it does not visit. From
Eq. (2.1.3.1) and Theorem 2.2.1 the expected imitation gap of the worst policy in IT5¢ (D)
is < |S|H?/N. Since the MLE does not give a rule to break ties, this implies that it is not
optimal.

Remark 2.4.2. The standard analysis of conventional minimum distance functional / distribu-
tion matching approaches rely on convergence of the empirical distribution to the population
in the corresponding distance functional. For most non-trivial choices of the distance func-
tional, this convergence rate is slow and is 2> 1/ VN, given N samples. At a technical level,
the state distributions are matched only at states unvisited in the demonstration dataset. In
particular, 1/N rate of convergence of Mimic-MD relies on the fact that the effective mass of
the distributions being matched shrinks from 1 to |S|H/N.

Remark 2.4.3. Although data splitting may not be necessary, we conjecture that the con-
ventional minimum distance functional approach, which matches the empirical distribution
of either states or state-action pairs does not achieve the rate in Eq. (2.4.1.1) since it does
not necessarily exactly mimic the expert on the observed demonstrations. In particular,
conventional distribution matching approaches do not take into account the fact that the
expert’s action is known at every state visited in the dataset. These policies may choose to
play a different action at a state, even if the expert’s action is observed in the dataset. In
contrast, Mimic-MD returns a policy that is constrained to mimic the expert at states visited
in the demonstration dataset, avoiding this issue.

Remark 2.4.4. The optimization problem OPT-MD solved by Mimic-MD is over multivariate
degree-H polynomials in {m(+|-), -+ ,7mg(:]-)}. As such, it is not possible to solve this
optimization problem in polynomial (in H) time, however in the next section, we will discuss
how to view this algorithm from a different lens which will enable it to be computed efficiently.
We will appeal to the fact that the polynomial is sparse having at most N non-zero coefficients.
Moreover, our analysis does not require that the optimization problem OPT-MD be solved
exactly, which we discuss in Corollary 2.4.1 and remark 2.4.5.

We also provide a guarantee when the learner solves the optimization problem in OPT-MD
to an accuracy of €. The guarantee on imitation gap admit by Mimic-MD in Eq. (2.4.1.1) is
recovered taking ¢ = 0.

Corollary 2.4.1. Consider any policy T that minimizes the optimization problem OPT-MD
to an additive error of €. Then, the expected imitation gap of the learner is upper bounded by,

H3/2
E [Gap(7)] < min {H, H % +e, % + g} . (2.9)

Remark 2.4.5. Corollary 2.4.1 shows that Mimic-MD is amenable in the following settings and
combinations thereof.
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1. As discussed in Remark 2.4.4, optimization problems over multivariate degree H
polynomials (as in OPT-MD) in general are not exactly solvable in polynomial time.
Corollary 2.4.1 shows that it suffices to solve OPT-MD approximately to result in a
policy with small imitation gap.

2. This approach applies in the approximate transition setting, where the transition
functions are not known exactly but are known approximately. In particular, suppose
the learner’s policy 7 solves OPT-MD exactly when the probabilities Pr,[-] are computed
using the approximate transition functions. By the smoothness of Pr,[-] one can bound
the imitation gap of 7 on OPT-MD when the probabilities are instead computed using
exact transition functions. Applying Corollary 2.4.1 for this € controls the imitation
gap of the resulting policy.

Remark 2.4.6. In the known-transition setting, in conjunction with eq. (2.4.1.1), this lower
bound shows that when the expert is deterministic, then Mimic-MD (Algorithm 2) is optimal in
the dependence on |S| and N and is suboptimal by a factor of at most V/H in its dependence
on the episode length.
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Chapter 3

Understanding Mimic-MD

In the previous section, we established that with the power of environment interaction, (i.e.,
in the known-transition setting), it is possible to arrive at an upper bound of O(|S|H?*2/N)
for the imitation gap of the Mimic-MD algorithm. In this chapter, we dig deeper into two
questions,

1. Is this dependency on H optimal? Can we really hope to get imitation gap scaling
linearly-in-H as Theorem 2.2.2 suggests?

2. The Mimic-MD algorithm is an optimization problem over degree-H multivariate poly-
nomials (cf. the training objective (OPT-MD)). Can it be implemented efficiently? Is
there a statistical-computational gap in breaking past the quadratic error compounding
barrier?

3. How can we connect Mimic-MD to practical Imitation Learning algorithms? What
insights do these theoretical analyses provide?

We will address all three problems in this chapter by presenting an alternate view of Mimic-MD
via a two-way reduction to the “value estimation problem” of the unknown expert policy,
which will be defined in due time.

We will also show that under the additional assumption that the expert is optimal for the
true reward function, there exists an efficient algorithm, which we term as Mimic-Mixture,
that provably achieves imitation gap O(1/N) for arbitrary 3-state MDPs with rewards only
at the terminal layer. In contrast, we will show that no algorithm can achieve imitation gap
scaling as O(v/H/N) with high probability if the expert is not constrained to be optimal.
While the optimal expert setting does not help in the no-interaction setting as discussed in
Theorem 2.2.1, these results formally establish its benefit in the known transition setting.
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3.1 Introduction

As introduced previously, the no-interaction setting precludes the learner from interacting with
the environment. While we establish that there is a provable benefit to having information
about the MDP transition in the previous chapter, it’s worth recalling what the bottleneck
in the no-interaction setting is, and why error compounding must be incurred. No algorithm
can beat the Q(|S|H?/N) lower bound on the imitation gap in this setting. In a nutshell,
the idea is that with no information about the MDP transition, the learner cannot recover
after making a “mistake”, playing an action different from the expert’s action at some state.
Concretely, at each time ¢, any learner has an 2(|S|/N) probability of making a mistake due
to not having observed the expert action at this time step!. The probability that the learner
has made a mistake (i.e., deviated from the expert policy) at some point up to time ¢ in
an episode can be forced to be =< |S|t/N since the union bound is approximately tight in
the lower bound instance, and under this event the learner incurs imitation gap of 1. The
expected imitation gap of the learner is therefore, 37 |S|t/N = |S|H?/N.

To break this quadratic H dependency (under additional assumptions, such as having access
to the MDP transition), the above analysis suggests that one needs to beat the union bound
in the probability of making a mistake at time ¢, which implies that one needs to conduct
long-range planning. The error events of making a mistake at each time ¢ should be made
negatively correlated with each other, in the sense that we can quickly recover from the
mistakes made in the past. This is enabled when the learner has knowledge of the MDP
transition function and is the key idea behind the Mimic-MD algorithm (Algorithm 2), which
has imitation gap upper bounded by O(|S|H?/?/N).

There is also the question of whether Mimic-MD is an efficient algorithm. It is a-priori unclear
how to implement the version in Algorithm 2 efficiently, since it is a complicated optimization
problem and even the description of the learning objective involves a combinatorially large
marginalization over all possible trajectories. In the next section, we will introduce a reduction
of the IL problem in the known-transition setting to a different one we refer to as “expert
value estimation”. This reduction will enable us to address both the questions of efficiency as
well as statistical lower bounds in the known-transition setting.

3.2 Expert value estimation

In this section, we begin with a few definitions, and formally introduce an equivalence between
Imitation Learning in the known-transition setting and the expert value estimation problem.
At a high level, the expert value estimation problem entails that the learner is able to estimate
the value of the expert’s policy under the unknown ground truth reward with high probability.

!The term |S|/N comes from the missing mass in sampling [54], which can also be understood as the
V/N regret in binary classification with zero oracle error, where V' = |S| is the VC-dimension when |A| = 2.



CHAPTER 3. UNDERSTANDING MIMIC-MD 26

Definition 3.2.1 (Expert value estimation). Given a collection of tuples of MDP instances
and expert policies, denoted Z = {Z} = {(S, A, P,r, p, H,mP)}, we say that an estimator
:]VT(’/TeXp) is a expert value estimator for J.(m®P) with confidence 1 — & and error € if for any
such instance Z = (S, A, P,r, p, H,7m%P), we have,

Pr(|J, (1) — J,(1P)| > €) < 6. (3.1)

where the estimator J is a Junction of all information available in the known-transition
setting, and the candidate reward r. Namely, J is a measurable function of p, P, r and a
demonstration dataset D (Definition 1.53.1) of expert trajectories, but not the expert m*P
directly. The probability in eq. (3.1) is computed over the randomness of D and the internal

randomness of J.

The related problem of uniform expert value estimation is defined as estimating the value of
the expert policy uniformly on some class of reward functions, rather than just the ground
truth reward, with high probability.

Definition 3.2.2 (Uniform expert value estimation). Given a collection of IL instances
Z={Z2}={(S, A, P,r,p,H )}, we say that an estimator J,(7®) is a “uniform expert
value estimator” for J.(m®P) on Rp with confidence 1 —§ and error € if for any such instance
Z=(S,A, P, p,m%P), we have

Pr < sup |J(7P) — JNT/(WQXP)] > (—:> <0,

r"ERp

where the estimator J is a measurable function of p, P, r, and a demonstration dataset D,
and an input set of reward functions, Rp, which contains the true reward r, but not the
expert P directly. We add the subscript D to emphasize that Rp s allowed to depend on
the demonstration dataset, but we may omit the subscript when clear from context.

The quantity sup,cp , |Jm (7P) — Jo ()| is referred to as the “uniform expert value esti-
mation error”.

Out first contribution is to propose a general formulation which reduces IL (Definition 1.3.2)
to uniform expert value estimation (Definition 3.2.2) with known transitions. Define the
learner policy 7 as the solution to the following minimax optimization problem:

7 < arg min max J, (7)) — J,(7), (OPT)

T re€ERp

where R p is the same as that in Definition 3.2.2. The next result shows reductions between
IL and expert value estimation when transitions are known.

Theorem 3.2.1 (Reductions between IL and expert value estimation with known transitions).
Consider the following two cases of Rp:
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(1) Symmetric class: for any IL instance Z = (S, A, P,r, p, H,7P) we consider, r € Rp,
and in addition, (1 —r) € Rp is also in the set. A notable special case is when we
consider all possible reward functions bounded between zero and one;

(13) Optimal expert: for each IL instance, Z = (S, A, P,r, p, H, mP), mP is an optimal
policy for M = (S, A, P,r,p, H).

Then, under both cases,

(1) If T admits PAC guarantees for the IL problem (Definition 1.3.2) with confidence
1 — 6 and error €, then J.(T) solves the expert value estimation (Definition 3.2.1) with
confidence 1 — 20 and error €;

(ii) if J(7®) solves uniform expert value estimation (Definition 3.2.2) with confidence
1 — 0 and error €, then the minimax algorithm in (OPT) solves IL (Definition 1.3.2)
with confidence 1 — § and error 2e.

Proof. The proof proceeds in two parts,

(1) IL = expert value estimation. Consider the expert value estimator J,.(7). For the
case when the reward function is symmetric, by choosing two MDPs differing in their
reward functions, as r (the ground truth reward) and 1 —r in eq. (1.6) and union
bounding, we have the desired result. For the optimal expert case, we can save one ¢
factor since we know |J,.(7%P) — J.(7)| = J,.(7*P) — J.(7).

(73) Uniform expert value estimation —> IL. To analyze the imitation gap of the learner
in (OPT), observe that,

J (7P — J.(7) < max Jp(7%P) — Jo (7P) + max J,. (79P) — J,.(7)
r"ERp r"eRp

(%) ~ ~

< Jr’ expy) _ Jr’ exp Jr’ expy) _ Jr’ exp

< max [J (a%F) — Jp ()] + max S (1) — Sy (7F)

< 2e.

where (7) uses the fact that 7P is a feasible policy to the optimization problem (OPT).
[l

Next we instantiate this framework to establish minimax upper and lower bounds for Imitation
Learning. We begin with the setting where the expert policy could be arbitrary.
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3.3 Mimic-MD through the lens of expert value estimation

For brevity let R denote the set of all reward functions such that r(s,a) € [0, 1] for all
(s,a) € S x A. Recall the conclusion of Section 3.2: in the known-transition setting, it suffices
to construct a uniform expert value estimator such that sup, g |J,(7%P) — J,(7%P)| is small,
to ensure that the IL problem can be solved.

In the known-transition setting, the learner collects N demonstrations from the expert policy.
Thus, a natural and unbiased estimator of J,.(7%*P) is the average reward r collected by the
trajectories in D, an empirical estimate. This idea can be generalized. Let f[ denote the
marginal state-action distribution induced at time ¢ by the policy 7. Rolling out the policy
TP we may rewrite,

H
eXp Z E (s,a) Nfﬂ.exp rt(s a)]

t=1
This motivates us to estimate J,.(7%P) using a generic estimator of the form,
H

(s,a)

>_E

t=1

)~ FreP [re(s, a)],

where [ is some estimator of f7. In this case, the uniform expert value estimation error
over reduces to the sum of total variation distances Zfil Dy ( e, ﬁ”exp>, where we used
the variational representation, Dry (P, Q) = sup,¢(y 1jsx4 Ep[r] — Eql[r].

As discussed previously, for each ¢, we obtain N i.i.d. samples from distribution f7 via
the demonstration dataset, and therefore it is natural to use the empirical distribution as

the estimator f7". It then follows from standard results [42] that with probability at least
1 — 6, we have ?

H
S i (17 Fr) sy 1L 8D (3.2)
t=1

Although (3.2) seems to suggest that the imitation gap error now grows linear in H, there is
a catch: the dependence on N has degraded to IV ~1/2 and this bound becomes even worse
than the behavior cloning bound of O(|S|H?/N) when N is large.

We will show that the Mimic-MD algorithm (Algorithm 2) can be interpreted as constructing
an improved estimator for f7 ' that achieves smaller TV loss in eq. (3.2) than the empirical
estimator. This is surprising at first glance, but there is a good reason for why this is
possible. Indeed, the empirical distribution f7" does not utilize any information about the
transition kernel, which the learner has access to. Intuitively, given the MDP transition, one

2Note that we have assumed the expert policy is deterministic, so the support of 77 “" is at most |S].



CHAPTER 3. UNDERSTANDING MIMIC-MD 29

can potentially simulate many new trajectories and view them as new datapoints in order
to improve statistical efficiency. The only case where simulation fails is when the learner
encounters a state where we have not visited in the dataset; but the probability of seeing an
unseen state within the first ¢ steps is at most < |S|¢/N by a union bound, and hence the total
variation loss in estimating f7~ can be improved to be < \/|S|/N+/|S|t/N = |S|V/t/N.?
Summing up over ¢ € [H], the overall 31, |S|v/t/N < |S|H??/N. The following theorem
summarizes the performance of Mimic-MD, which is the specific instantiation of (OPT) when
we consider all possible rewards and the improved value estimator mentioned above.

[t turns out that optimization problem (OPT-MD) can be formulated as a convex optimization,
implying that Mimic-MD can be solved efficiently approximately (which suffices to recover
the statistical guarantees). In particular, in the space of joint state-action probabilities,
{f7(5¢, at) eelm,sies,accn, the objective can be represented as a convex program. The learner’s
policy at each time t can be extracted from this representation using,

f{(s,a)
Z&EA f t7r (8 ) &>
The convexity of the objective stems from the convexity of the TV distance eq. (3.2) when

parameterized by the joint state-action probabilities. Below we present the main result
establishing these properties of Mimic-MD, which is essentially a refinement of Theorem 2.4.1.

m(als) =

Theorem 3.3.1. The optimization problem (OPT-MD) in Mimic-MD can be formulated as a
convex program with poly(|S|, |A|, H) variables and linear constraints. Moreover, its solution
T achieves expected imitation gap,

Hlog H/IN |S| =2

E[Gap(T)] < {|3|H3/2/N S| >3

for all IL instances in Zypuar, the set of IL instances over tabular MDPs and with no
constraint on the expert policy.

A formal proof of this result is deferred to Appendix B.1. The proof will follow the same
outline as that of Theorem 2.4.1. This refinement shows that when |S| = 2, the expected
imitation gap achieved by Mimic-MD is in fact nearly linear in H, which nearly matches the
lower bound in Chapter 2 (Theorem 2.2.2) *.

3Precisely, the TV error of estimating a discrete distribution (py,ps,...,px) from N ii.d. samples is
upper bounded by Zie[k] V& < /k/N where the worst case is attained when p; = 1/k. In Mimic-MD, we

are reducing the effective probability mass from 1 to ISIt 5o the problem is reduced to upper bounding

N
/Pi — [k ISt
SupPiZO,Zq,e[k]Pz‘Sfliflt’ Zi N — N N -

4Indeed, whenever we have an unseen state for a distribution with binary values, the total variation
distance between the empirical distribution and the real distribution is of order O(1/N). However, it is not
true for distributions with |S| > 3 in general: for example, if p = (1/2,1/2 — 1/N,1/N), then with constant
probability we will not see the third state in the dataset, but the total variation distance between empirical
distribution and true distribution scales as O(1/v/'N).
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Algorithm 3 Alternate view of Mimic-MD (Algorithm 2)

1: Input: Expert dataset D.

2: Let Dy be N/2 trajectories drawn uniformly without replacement from D.
Let Dy = D\ Dy.

3: Define,

TP (s,a) 2 {{(sp,an)Y_\|s: = s,a, = a, Ir <t:s. &S (D)}
» Set of trajectories that visit (s, a) at time ¢, and at some time 7 < ¢
visit a state unvisited at time 7 in any trajectory in Dj.

4: (Original view) Return 7 as any optimizer of the following program:

H

T« argmin Z Z
melg (D1) 41— (s,a)eSxA

I-:rr [7;[)1(3 a} - Z (tr € 7,"*(s,a))|. (OPT-MD)

tFGDQ

» I15¢. (D) is defined in eq. (2.3)
5. (Alternate view) Equivalently, it suffices to output the policy 7 as the solution to the
following minmax optimization problem,

7 « argminsup J,(7%%) — J, () (OPT-MD-value)

™ reR
where R is the set of all reward functions and the value estimator .J is defined as,
H
m) =2 D rlsa)filsa)
t=1 (s, a)ESX.A

where, for any tuple (s,a,t) € S x A x [H],

fi(s,a) =P [—VT (s, )]-i— Pr [ﬁDl(s,aﬂ. (3.3)

o Unif(Ds)

6: Return 7.

Statistical lower bounds in the known-transition setting

While Theorem 3.3.1 resolves the case of |S| = 2 showing a matching upper and lower bound
on the imitation gap in , it still leaves open the possibility of improving the H dependency
beyond H?*? when |S| > 3. In the following result, we show that this is no coincidence.
H?3/2/N is a statistical barrier on the imitation gap of any learner in the known-transition
setting.

Theorem 3.3.2. Suppose H > 2 and N > 7. If N > 6H, for every learning rule Alg(-) in
the known-transition setting (returning policy 7 ), there exists an MDP M on 3 states such
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Figure 3.1: The 4-state MDP transition: The states 1, 3 and 4 have a single action, with the
transition probabilities indicated above the arrow. On the other hand, state 2 has 2 actions:
with probability 1, the red action transitions the learner to state 3 while the blue action
transitions the learner to state 4.

that,

3/2
Pr (Gap(?r\) > C}]IV ) > ¢,

for some constants ¢, ¢’ > 0, and where Gap(-) is computed under the dynamics induced by
M. Here the probability is computed over the randomness of the demonstration dataset D as
well as the internal randomness employed by the learning rule Alg(-).

To best illustrate the insights behind the lower bound construction, we construct a particular
lower bound instance, which we name 4-state MDP, and describe informally the main ideas.
In Appendix B.2, we formally prove the lower bound for |S| = 3 as well by essentially
combining the state labelled 1 with 3.

The 4-state MDP

Since Theorem 3.2.1 shows that the expert value estimation problem is not harder than IL, it
suffices to show that the value estimation error is at least H3/2/N. Concretely, the 4-state
MDP in Figure 3.1 is time-invariant with the states labelled 1, 2, 3 and 4. All states besides
2 are trivial and without loss of generality have only a single action. The state 2 has exactly
2 actions, one leading deterministically to state 3 and the other to state 4. Furthermore, the
reward function of the MDP is all 1 on the state 3 (recall there is only a single action at this
state). We assume the initial distribution is (1 — 1/N,1/N,0,0).

Define variables

1 ifn®(red |2) =1
o lo it 7, P(blue | 2) =1
Note that the marginal distribution at state 1 at time t is independent of expert policy

and equal to (1 — 1/N)*, and the marginal distribution of state 2 at time ¢ is always
w; = (1 —1/N)71/N. Consider the case that N > H, in this case the marginal probability
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of state 2 for every time step is wy < 1/N. We say that the contribution of time ¢ to final
expert value is vy = Zf;} w;U;, and the final expert value V* is given by

H
VE=Y o, (3.4)
t=1

and we aim to show the estimation error of V* is at least < H®/2/N.

The major step towards the final lower bound is to show that the estimation error of vy,
which is the contribution to the final value from the last layer, is at least vH /N. This
dependence on the time horizon would then accumulate to achieve the H?/? result. Note
that vy = Zf:_ll w,;Uy, can be viewed as the weighted combination of parameters U;, but
since the marginal probability of state 2 is about 1/N, in total N trajectories there will be a
constant fraction of state 2’s across time steps that are not observed in the dataset. If we
impose a uniform prior on U; ~ Bern(1/2), then the posterior variance of vy is at least a
constant fraction of the prior variance of vy, which is

H

w H
Var(vy) = Z Zt = N5
=1

which implies that the posterior standard deviation of vy is at least of order v H /N. Then,
we can combine this lower bound with (3.4) to show that the overall estimation error of V*
is at least S°1°, v/t/N =< H*2/N. This result implies that Mimic-MD indeed achieves the
optimal dependence on the MDP horizon H, growing as H3/2.
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Chapter 4

Learning an optimal expert

The previous chapter assumes that the learner operates in the known-transition setting, but
imposes no assumptions on the nature of the expert. Indeed, the expert policies considered
in the 4-state instances invoked in the proof of the lower bound Theorem 3.3.2 are really far
from being optimal on the underlying MDP. In practice, however experts often are often not
pathological /worst-case policies and may even achieve near optimal performance. Indeed it
only makes sense to carry out Imitation Learning when the expert carries out the underlying
task well. In this chapter, we study Imitation Learning under the known-transition setting,
under the assumption that the expert is an optimal policy on the underlying (unknown)
reward function r. This will turn out to be a really hard setting, which we make partial
progress toward understanding. A natural first question is whether the lower bound in
Theorem 3.3.2 still holds when we impose the additional assumption that the expert policy
7P is the optimal policy for the true reward function r.

4.1 Revisiting the 4-state MDP instances

In the previous chapter, we constructed a special class of MDPs on 4-states under which a
statistical lower bound on the imitation gap can be established. Attempting to deploy the
same construction, but with the additional assumption that the expert policy is optimal, we
encounter the following difficulties:

(7) If we follow the proof and only put rewards on state 3, then the optimal policy would
be only choosing the red action, hence the posterior uncertainty of vy would not scale
with H since with a single action at state 2 would reveal the whole policy 7®*P;

(17) If we place rewards on the links from 2 to 3 if U; = 1 and from 2 to 4 if U; = 0, then
we can still impose the uniform Bernoulli priors on {U;}Z,, but the posterior standard
deviation of vy would still be 1/N since in this case only state 2 would contribute to
the value but its marginal probability is independent of 7P and always =< 1/N.



CHAPTER 4. LEARNING AN OPTIMAL EXPERT 34

These two difficulties beg the question: can we formally prove that for the 4-state MDP
instance, and assuming that the expert policy 7 is optimal on the underlying reward
function r, can we show that the imitation gap Gap(7) < O(H/N) with high probability?

The crucial observation we make here, is that it suffices to find a policy 7 such that its
expected imitation gap is small to guarantee imitation gap small with constant probability.
Indeed, if we can show E[Gap(7)] is small, it immediately implies a concentration bound on
Gap(7) by an application of Markov’s inequality, using the assumption that 7% is optimal
on the underlying reward function r. This is not possible when the expert is an arbitrary
policy, since Gap(+) is not a non-negative random variable.

To achieve small expected imitation gap, since r is deterministic, it suffices to find some
policy ™ whose expected state-action occupancy measure is close to that of the expert policy.
We remark that the unbiased estimation of the probability Pr es(sy = s*) is in fact trivial
and achieved by the empirical distribution of the state s*; however, our target of realization of
this estimated distribution is much more difficult since this requires showing the existence of
a policy 7 with small bias. For example, one of the key challenges in proving Theorems 4.1.1
and 4.2.1 is that the empirical distribution of the state s* may not be achievable by any
policy owing to the possibly limited approximation power of the MDP. The next theorem
shows we can solve the 4-state MDP instance with nearly linear dependence on H.

Theorem 4.1.1. In the known-transition setting, there exists an efficient learning rule
(returning policy T) such that for the family of 4-state MDP instances,

< Hlog(NH)

Gap() S N

(4.1)

with probability 0.99 for any ground truth reward r such that 7P is optimal.

We defer the proof of Theorem 4.1.1 to Appendix C.1, but present the explicit policy
construction for the single state 3 at layer H here, which conveys the key insights of the
algorithm. Let X; be the number of trajectories in which the expert visits state 2 at time ¢
in the dataset; the X,’s jointly follow a multinomial distribution. Consider the learning rule
which returns the policy 7 with,

ZH:ElXiUi . H—-1
%t(red | 2) = { Zif Xi 21_1

1, otherwise.

(4.2)

Note that this policy can be computed since at any time ¢ at which state 2 was not visited in
the dataset (i.e. U is unknown), X; = 0. Let’s work assuming the size of the demonstration
dataset n ~ Poi(N/2), a trick referred to as Poissonization, which enables certain random
variables in the analysis to effectively be decoupled. This is permissible since n < N with
very high probability (> 1 — e™3V/16 using Poisson tail bounds). Under this assumption,
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X,’s are distributed independently as Poi (N Proexs (84 = 2)) Using the property that for
X ~ Poi(u) and independent Y ~ Poi(A), E[X/(X +Y) | X +Y > 0] = /(1 + A), we have

H-1
P eXP —2 U
th>o] ZtHllr (50 = 2)Us

=1 =1 Prﬂ—exp(St = 2)

Y

E[ XU
H—-1
t=1 Xt

Finally, observe that Prexs( ,{Zl X, =0) = f:ll Pryes(X; = 0) = o= X SIS Proexp (si=2)
Therefore,

1
ﬁg(sH:?))—E[f;r(sH:?)] <7r1:e)XIl‘> (ZXt—()) ﬂEXI;)( 2)§N,

t=1
since sup, xe~* = 1/(et) for any t > 0.
We remark that (4.2) is carefully constructed such that 7, (red | 2) € [0, 1] almost surely to
guarantee it is a valid policy, and many natural approaches such as replacing the denominator
with the expectation of Zfi 11 X; does not achieve this goal.

4.2 Matching a single state with no error compounding

The proof of Theorem 4.1.1 crucially relies on obtaining a policy whose expected state
visitation probability at state 3 of the terminal layer is nearly the same as that of the expert.
Can we generalize it to arbitrary MDPs and an arbitrary target state? The following theorem
answers this question affirmatively.

Theorem 4.2.1. In the known-transition setting, fix any state s* at time t of any MDP
M. Consider a deterministic expert policy 7P, a demonstration dataset D of N trajectories
drawn from the expert policy, and any subset Sy C UL |S; of states at which the expert actions
are known. Let T18%(Sy) D TI%¢(D) be the set of policies that mimic the expert action on all
states of Sy, there exists a learning rule Alg(-) (Algorithm 4) returning policies T € T1%¢(Sy)
such that

E[Px(s, = 5*)] — Pr(s = )|

The main message of Theorem 4.2.1 is that, in the known transition setting, there is no error
compounding for achieving a near-unbiased realization of the probability of any single state.
Specifically, the upper bound O(1/N) in Theorem 4.2.1 crucially does not depend on H, which
is in sharp contrast to the unknown transition setting where the error is ©(H/N), as well as
the known transition setting but with an absolute error ©(v/H/N). The construction of the
policy 7 relies on a mixture of two deterministic policies inside IT8¢(S;), where the choice
of the mixing coefficient is much more complicated than that in the proof of Theorem 4.1.1
requires a careful inductive procedure detailed later. We also note that the choice of the
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subset Sy is arbitrary, and Theorem 4.2.1 holds even if Sy = ); the reason why we introduce
So is to show that the near-unbiased realization does not require a costly coordination among
all states, and it could always be achieved by properly specifying the actions for a possibly
small number of unvisited states.

Algorithm 4 Mimic-Mixture

1: Input: Demonstration dataset D, states Sg with known expert action, target state s* at
time ¢
2: Compute the following two policies 7% and 7 based on the known transitions:

' = argmax Pr(s; = s*), 7° = argmin Pr(s, = s*). (4.3)

WEHBC(S()) Q TFEHBC(S()) ™

3: Draw n ~ Poi(N/2), and return an arbitrary policy 7 if n > N.

4: For every possible trajectory tr = (s1,--- ,spy) € SH . count its number of appearances
X (tr) from the first n trajectories in the demonstration dataset.

5: For each tr € S¥ | compute B(tr), 85(tr) and 8*(tr) according to Lemma 4.2.2.

6: Subsample each X (tr) independently with probability SY(tr) — 85(tr) to obtain Y (tr).

7: Subsample each Y (tr) independently with probability (8*(tr) — 85(tr)) /(8% (tr) — 85(tr))
to obtain Z(tr).

8: Compute the mixing coefficient

2wesn Z(tr)
ZtrESH Y(tl’) .

If the denominator is zero, return any a € [0, 1].

9: Return a randomized policy 7 = ar + (1 — a)7>.

a= (4.4)

The construction of the learner’s policy 7 is summarized by Mimic-Mixture in Algorithm 4.
The idea is to find two extremal policies, i.e. policies 7" and 7 which maximize and minimize
the induced probability of the target state s* among all policies in T1¥¢(S,), respectively (cf.
eq. (4.3)), and choose the learner’s policy 7 as a proper mixture of these extremal policies,
ie. 7 =ar" + (1 —a)r>. Since 7l 75 € II¥(Sy), it is clear that the mixture 7 also belongs
to TI*¢(Sp). As the learner’s target is to match the expert probability Pryexs(s; = s*), the
ideal choice of & would be
_ Prrew(sy = %) — Prys(s; = s%)

* = 4.5
“ Prou(s; = s*) — Prys(s; = s*) (45)

which by definition of 7%, 7% always lies in [0, 1]. Note that the only unknown quantity in
eq. (4.5) is the probability Pryex(s; = s*) induced by the unknown expert policy, we need
to replace this probability by a proper estimator. The most natural approach is to use the
empirical version of Pryexp(s; = s*), which is an unbiased estimator. However, plugging this
empirical version into eq. (4.5) may make the final ratio o* outside [0, 1], giving an invalid
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mixture policy 7; a naive truncation of o* to [0, 1] will also incur a too large bias (of the
order Q(VH/N)), for the truncation operation is similar in spirit to the minimum distance
projection used in Mimic-MD.

To circumvent this difficulty, our idea is to replace all probabilities Pr exs(s; = s%), Prou(s; =
s*), Prys(s; = s*) in eq. (4.5) by appropriate estimates such that the ratio lies in [0, 1] almost
surely, even if the latter two probabilities are in fact perfectly known and thus do not require
any estimation in principle. To construct these estimators, we consider a Poissonized sampling
model as follows: draw an independent Poisson random variable n ~ Poi(N/2), which does
not exceed N with probability at least 1 — e=*®) by the Chernoff bound. For each possible
state trajectory tr = (sy,- -+ ,sy) € SH, define X (tr) to be the total count of this trajectory
in the first n trajectories of D:

n

X(tr) = Z L(tr; = tr).

=1

Note that the sample size in the above count is a Poisson random variable n ~ Poi(N/2),
instead of the fixed number N. The advantage of the Poisson sampling is that, the above
count X (tr) exactly follows a Poisson distribution Poi(N/2 - Pryexo(tr)), and these counts
{X(tr)} for different trajectories are mutually independent. We apply the following linear
estimators for the probabilities in eq. (4.5):

Do (51 — 5%) 2 % S () X (), Prou(si= %) é% 3 () - X (t),

treSH treSH
. 2 < (4.6)
Pros(s; =s") = N Z B> (tr) - X (tr),

treSH

where 3*(tr), B%(tr), 35(tr) € [0,1] are appropriate coefficients to be specified later. We
require the following three properties for these coefficients:

1. Unbiasedness. the coefficients should be chosen so that the estimators in eq. (4.6) are
unbiased in estimating the corresponding true probabilities. Mathematically, we require

that >, con B(tr) - Prres(tr) = Proi(s; = s*), 1€ {L,S}

2. Order. for every trajectory tr € S¥, it holds that 8°(tr) < B*(tr) < BU(tr). This
requirement ensures that plugging eq. (4.6) into eq. (4.5) always gives a ratio in [0, 1].

3. Feasibility. this requirement is a bit subtle. We require that all coefficients §*(tr),
BE(tr), and $5(tr) only depend on public information (known transition probabilities,
initial distribution, expert actions at states in Sy, policies 7%, 75, and s*) and the
private information associated with tr (expert actions at states visited in trajectory
tr). Importantly, these coefficients cannot depend on expert actions not in Sy U tr, as
those actions may not be observable to the learner, leaving the coefficients not always
well-defined. In contrast, dependence on the expert actions at states in tr is feasible, for
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these actions are observed if X (tr) > 0, and the coefficients could be arbitrarily chosen
with S7(tr) - X (tr) = 0 if X (tr) =0, for T € {*,L,S}.

The following lemma shows that we can indeed construct coeffs. {8*(tr)}, {8%(tr)}, {B85(tr)}
satisfying the above three requirements, and they can be used to construct a policy such that
Theorem 4.2.1 holds.

Lemma 4.2.2. There exist coefficients 5*(tr), B%(tr), 85(tr) € [0,1] such that all of the
unbiasedness, order, and feasibility properties hold. Furthermore, given any such coefficients,
one can efficiently construct a policy © such that Theorem /.2.1 holds.

The proof of Lemma 4.2.2 is via a careful inductive argument and is deferred to Appendix C.3.
Armed with the result of Theorem 4.2.1, we can prove an improved imitation gap bound in
3-state MDPs when rewards are only present in the last layer.

Corollary 4.2.1. Suppose |S| =3 and ry =0 for allt =1,2,...,H —1, ryg € [0,1], 7P is
optimal for r, and the transitions are known. Then, there exists an efficient algorithm based

on Mimic-MD and Mimic-Mizture such that the imitation gap is upper bounded by O(1/N)
with probability 0.99.

4.3 Conjectures for the optimal expert setting

Corollary 4.2.1 shows that in case the reward is only on the terminal state for MDPs on 3
states, the optimal imitation gap scales as ©(1/N) when the expert is an optimal policy. In
case the expert is not optimal, the rate degrades to 5(\/ﬁ /N) using the same analysis as in
Theorem 3.3.1. In this section, we conjecture an optimal algorithm for Imitation Learning
with an optimal expert policy, which is based on using Inverse Reinforcement Learning (IRL)
to instantiate the reward family Rp in (OPT). In particular, we instantiate Rp as,

Ropt(D) = {r: Im € II55,(D)such that 7 is optimal on r}, (4.7)

as the set of rewards which induce an optimal policy consistent with what is observed of the
expert policy. The natural value estimator, J,.(7%P) is to choose the value of the optimal
policy on a given reward r.

In this section we will conjecture an approach (Algorithm 5) for the optimal expert setting
which achieves imitation gap bounded by 5(H /N). While proving this result in its full
generality turns out to be quite challenging, we will establish it on a significant generalization
of the hard 4-state MDP instances considered in the previous chapter. Our proof relies on
proving certain structural properties of the optimal expert policy on these MDP instances.
Showing these properties hold for arbitrary MDPs would resolve a major open problem.

The remainder of this section is dedicated to providing evidence that this algorithm in
fact might achieve the conjectured statistical guarantee of O(H/N). In particular, we
consider a family of 4-state MDPs which generalize the one considered in the lower bound in
Theorem 3.3.2 and show that Algorithm 5 in fact achieves this guarantee.
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Algorithm 5 Conjectured Optimal Algorithm

1: Input: Expert dataset D,

2: Define I8, (D) as in Eq. (2.6)  » Policies which mimics expert on states visited in D

3: Define Ropt(D) as in eq. (4.7)  » Set of rewards such that there exists an optimal
policy on this reward belonging to IT5¢ (D). This
corresponds to Inverse Reinforcement Learning.

4: Define the learner’s policy as the solution to the minimax optimization problem,

T= min  max (mﬂa}x Jr(ﬂ'/)> — Jp(m) (4.8)

weﬂﬁit (D) "'ERopt (D)

» This corresponds to using the value estimation frame-
work in (OPT) with J,.(7%P) = max, J,(7').

A generalized family of 4-state MDPs

Consider a family of MDPs on 4 states structured as in fig. 4.1. This is an extension of the
4-state MDP in fig. 3.1 with the probability 1/N of transitioning from state 1 to 2 changed
to an arbitrary time-varying p; > 0, as well as with the two actions at state 2, a, and a_
inducing a general next state distribution supported on states 3 and 4. Likewise, the singular
action at states 3 and 4 induces an arbitrary distribution supported on states 3 and 4. The
reward function for this MDP is completely arbitrary.

Theorem 4.3.1. On the family of MDPs depicted in fig. 4.1, Algorithm 5 achieves expected
imitation gap upper bounded by O(H/N).

The key idea behind analyzing the conjectured optimal algorithm is to show how to construct
a reference policy such that its imitation gap on all feasible rewards in Rop (D) as compared
against any policy in I8, (D) is bounded. First we bound the learner’s imitation gap in the
following lemma.

Lemma 4.3.2. The imitation gap of the conjectured optimal algorithm in Algorithm 5 is
bounded by,

Gap(7) < max ( max Jr(w’)) — T, (7o) (4.9)

- T’ERopt(D) W’GHﬁgt(D)

for any reference policy .. € 115 (D).
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Proof. Observe that since the ground truth reward r € Ropi (D),

Gap(7) < Jo(7%P) — J,(7
ap(ﬂ)_reggggm () = Jp (7))

< max ( max Jr(w’)) — J.(7)

r€Ropt (D) \ #' €I, (D)

< max < max Jr(w’)) — o (Treef)

r€Ropt (D) \ w' €I, (D)

where the second inequality uses the definition of Rop(D), and the last inequality uses the
fact that 7 is the minimizer of the objective in eq. (4.8). O

In order to use this inequality, we show how to construct a reference policy such that
on any reward r € Ropi (D), the value achieved by this policy, in expectation, is at most
5(H /N) suboptimal compared to the optimal policy on that reward function. The key idea
in constructing this reference policy is to notice that whenever the next-state distribution at
a state can vary significantly across actions, observing the action at that state provides a lot
of information to the learner about value functions across various actions. However, picking
the wrong action at these states might also induce suboptimality. On the other hand, when
the next-state distribution at a state does not vary significantly across actions, the opposite
happens - playing the wrong action at this state does not significantly hurt the learner, but
observing the action at this state is also not very informative. Therefore, the strategy to
construct the reference policy will be to combine information across various actions at the
same level of “informativeness” to balance the risk of picking wrong actions. For the family of
instances we consider, the informativeness of state 2 at any time is evaluated using the metric
|P(3|2,ay) — Pi(3|2,a_)|, which is the TV distance between the next-state distributions

induced by a; and a_ at state 2 at time ¢.
X A ; 7" A Sy

. B . .
.. .n
» .

Figure 4.1: The generalized 4-state MDPs: The states 1, 3 and 4 have a single action. On the
other hand, state 2 has 2 actions, {a_, a} with next state distribution supported on states 3
and 4. Likewise, states 3 and 4 with next state distribution also supported on states 3 and 4.
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Chapter 5

Imitation Learning with active interaction

In this section, we will revisit the topic of IL with active interaction, which we introduced in
Chapter 1 and prove a statistical lower bound for in Section 2.2. There, we showed that in
the absence of any assumptions there is no statistical benefit to active interaction, compared
to algorithms which learn from a static dataset of demonstrations. It begs the question as to
why approaches such as DAGGER [74] and AGGREVATE [77| which actively query the expert
often perform better than BC in practice. To explain this gap our previous results imply that
additional assumptions must be imposed.

To motivate this assumption, we turn to the statistical lower bound we prove in Section 2.2
in the active-interaction setting. The key idea in the lower bound is to include an absorbing
“bad” state in the MDP which is never visited in the demonstration dataset and offers no
reward. Any policy which visits this state is doomed to incur a large reward gap - in the
absence of full information, the learner is forced to visit this state often. The lower bound
instance is pathological in the sense that even if the expert itself visits the bad state, it is
never able to ‘recover” and return to the remaining states. Indeed in practical situations
such as driving a car, experts often can recover and collect a high reward even if a mistake is
made locally. The authors of [74] introduce an assumption to this effect, which we refer to as
p-recoverability.

Definition 5.0.1 (p-recoverability). An IL instance is said to satisfy p-recoverability if
for each t € [H] and s € S, Eqreoo(ys) [QF  (s,a)] = QF " (s,a) < p for all actions a € A.
Informally, if the expert plays an “incorrect” action at any state s at a single time t and goes
back to choosing the correct actions afterwards, the expected reward collected is less by at most

L.

The p-recoverability assumption captures the ability of an expert to recover and collect a
high reward at a state even upon locally deviating from its action distribution at states.
The reduction in [78, Theorem 2| shows that under p-recoverability, a learner policy 7
which minimizes the 0-1 loss with respect to the expert’s policy under the learner’s own
state distribution. We will define the loss under a generic sequence of state distributions
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f:(fla"' 7fH>7

1 H
»CO—I(;T\; f) = E Zt:l Es~ft [an%t('b) [ﬂ<a 7£ fop(‘s)H . (51)
And the reduction argues that if Lo_1(7; f7) < ¢, then Gap(7) < uHe. However, it is a-priori
unclear how small € can be made as a function of the number of the size of demonstration
dataset / number of MDP interactions, N in the no-interaction / active-interaction settings.
This is a drawback of the reduction approach followed by [74, 78| since it cannot distinguish
between the power of learners in different interaction models. Indeed one challenge for a
learner to minimize the 0-1 under its own state distribution is that the learner’s policy changes
over the course of optimization.

In this chapter, we will propose a learner in the active-interaction setting with expected
0-1 loss under the learner’s own state distribution bounded by |S|/N. This “completes” the
reduction in a sense, and establishes imitation gap bounds for the active setting as an explicit
function of the number of states |S|, interactions N and horizon H.

Theorem 5.0.1. In the active-interaction setting there exists a learning rule such that the
resulting policy 7 satisfies, E[Lo1(7; f7)] < |S|/N. Furthermore, under u-recoverability,
E[Gap(T)] < nlS|H/N.

The proof of this result utilizes the no-regret reduction of [78]. Indeed, observe that it suffices

for the learner to find a sequence of policies 7', -, 77 such that the online-learning regret,
defined as,
LS L@ ) min = Y £ ) < 8 5.2
Nzi:l 0-1(T"; f Fm;“wZi:l 0-1(m; f )Nﬁ- (5.2)

is sufficiently small. Note that in eq. (5.2), the oracle loss min, + SOV Loa(m; f7) is in fact
0, achieved by m = 7P, and so, the mixture policy over the learner’s policies, % sz\il i

satisfies,
s
Lo (7T§f ) S %
Note that while the regret being minimized in eq. (5.2) involves losses not observable without
full knowledge of 7P, it is possible to compute an unbiased estimate of Ly_; (?r\"; fﬁl) by
rolling out just a single trajectory. This is only enabled in the active-interaction model, and

is not possible given just a fixed dataset of demonstrations.

Toward this end, suppose for each i, the learner rolls out a single trajectory according to 7
and denote the resulting empirical state visitation distribution f* = (f{,---, fi;) where f is
the empirical distribution at time ¢. Observe that,

1 N
=Y Loa(®: )
N i=1
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is an unbiased estimate of + ZZ]\LI Lo (7% f7) if 7 is a measurable function the first i — 1
rolled out trajectories (according to 7!,--- ,@"1), and concentrates around this via mar-
tingale concentration arguments. Thus, it will suffice for the learner to find a sequence of
policies 7', - -+, 77 which minimize the empirical online-learning regret: SN Loa (7 f) —
min, + ZZNZI Lo (m; f’) to be < EN‘ As we discuss in more detail later in the full proof of this
result, it is possible to construct a sequence of policies 7!, --- , 7" using entropy-regularized
mirror descent [85] which minimizes the empirical online-learning regret to be < |S|/N.
The resulting policy 7 = + vazl 7' minimizes the expected 0-1 loss under its own state
distribution to be < |S|/N in expectation. The guarantee on the expected imitation gap of
this policy directly follows from [78, Theorem 2| under p-recoverability.

This guarantee on the imitation gap is optimal for any learner in the active-interaction setting
assuming p-recoverability. Optimality essentially follows from the lower bound we proved in
the active interaction setting in Theorem 2.2.1, where if N > |S|H, the expected imitation
gap incurred is 2 % By scaling each reward by a factor of u/H, the same family of 1L
instances now satisfies u-recoverability and results in the lower bound for active learners.

Theorem 5.0.2 (Corollary of Theorem 2.2.1). Suppose N > |S|H. For every learning rule
in the active-interaction setting, there exists an IL instance such that the resulting policy 7
incurs expected imitation gap E[Gap(7)] 2 min{u, u|S|H/N} under some worst-case tabular
IL instance.

Now, under the same p-recoverability assumption, we study learners in the no-interaction
setting. We prove a lower bound that in the worst case, showing that even though there
exist actions that allow a learner to recover at pathological states, error compounding is
unavoidable for such learners.

Theorem 5.0.3. Suppose |S| > 3 and |A| > H. For any learning rule in the no-interaction
setting, there exists an IL instance which satisfies p-recoverability for p > 1, and such
that the resulting policy T incurs expected imitation gap lower bounded by, E[Gap(T)| 2
min {H, |[S|H?/N}.

This is the first result to establish a clear separation in the statistical minimax rate of the
imitation gap incurred by learners in the no-interaction setting such as BC, and learners which
can interact with the MDP, such as DAGGER [78] and AGGRAVATE [77]. The instances we
construct in this lower bound are a modification of those considered in Theorem 2.2.1. There,
the MDPs considered have a “bad” state in the MDP never visited by the expert. We modify
the instance to add a single “recovery” action at the bad state; the instance now satisfies
p-recoverability for any p > 1. If the number of actions are large |A| > H, any no-interaction
learner still fails to identify the recovery action with constant probability. In essence this
reduces the instance to the lower bound considered in Theorem 2.2.1 and any no-interaction
learner is forced to incur expected imitation gap > min{H, |S|H?/N}.
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Chapter 6

Toward a practical algorithm

Many practically performant algorithms in the IL literature fall under the empirical moment
matching framework (e.g. GAIL [44]|, MaxEnt IRL [110]); see Table 3 of [93] for more
examples. Reward moment matching corresponds to finding a policy which best matches the
state-action visitation measure of 7P, in the sense of minimizing an Integral Probability
Metric (IPM) [57]. Formally, the learning rule takes the form,

min sup E,[f] — Erexo [ f], (6.1)
m€ll fer

f is referred to as the “moment” here, and is simply a discriminator which tries to distinguish
between rollouts under 7 and 7.
This formulation is void of any statistical considerations, indeed it invokes the expectation
Eexe [ f] which cannot be computed by the learner. This includes the algorithm we discuss in
Chapter 3, namely (OPT), which reduces the IL problem in the known-transition setting to
the uniform expert value estimation problem (Definition 3.2.2). Recall, which is defined as
returning any minimizer of B
: expy _

min max Jp (7P — J. (7).
This is but a finite sample implementation of eq. (6.1), where f is the cumulative reward of
trajectory, and we replace E exp[f] by an estimator j;(ﬂ‘eXp). The simplest approach toward
writing down a D-measurable optimization problem is to replace E[f] by an empirical estimate
Ep[f], where Ep|-] indicates an expectation computed over a random trajectory drawn from
the demonstration dataset D.

Definition 6.0.1. The empirical moment matching learner =" attempts to best match the
empirical state-visitation measure under a set of discriminators F. Namely,

H H
7™ € arg min sup E, [M] —Ep [M] . (6.2)
mell  feF
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Figure 6.1: Top: Attempting to exactly match a finite-sample approximation of expert
moments can cause a learner to reproduce chance occurrences (e.g. the relatively unlikely
flight through the trees). This can lead to policies that perform poorly at test time (e.g.
because the learner flies through the trees relatively often). Bottom: Replay estimation
reduces the empirical variance in expert demonstrations by repeatedly executing observed
expert actions in a stochastic simulator. By generating new trajectories (e.g. s; — $; — $3 on
the right) that are consistent with expert actions, one can augment the original demonstration
set and compute expert moments more accurately.

When a small set of demonstrations are used within the trained objective, the learner may
choose to take incorrect actions in order to match the noisy moments estimated from the
dataset, leading to policies that perform poorly at test-time.

One solution to this problem is to query the expert to generate more demonstrations in an
online / interactive fashion, as discussed in Chapter 2 [76]. However, when we are unable to
do so, we still have to grapple with the practical question of “how can we smooth out a noisy
empirical estimate of moments f 27

In this chapter, we propose a practical algorithm, Replay Estimation (RE) which builds upon
the ideas in eq. (OPT) and Algorithm 2 to result in a performant algorithm for IL when given
access to a simulator. In its most basic form, RE consists of repeatedly executing observed
expert actions within a stochastic simulator, terminating rollouts whenever one ventures out
of the support of the expert demonstrations. Effectively, this approach stitches together parts
of different trajectories to generate a smoothed estimate of expert moments. By using the
simulator where we know the expert’s actions, we can generate more diverse training data
that is nevertheless consistent with the expert demonstrations.

6.1 Suboptimality of MM and BC

In this section, we will do a deeper dive into the suboptimality of BC and the empirical
moment matching (MM) introduced previously. We begin with a vignette to illustrate some
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key issues in greater detail.

Suboptimality of MM Consider the MDP in Figure 6.2b, where the expert always takes
the green action. Doing so puts them in s; or s, with equal probability. Given that the
expert is deterministic and there are few states, BC could easily recover the expert’s policy by
learning to simply output the observed green action on both states, even when there are very
few demonstrations.

Now, what would happen if we tried to match moments of the expert’s state-action visitation
distribution for this problem? It is rather unlikely that we see ezactly equal probabilities for
both states in the observed data. If by chance we see s, more than we see s, the learner
might realize that the only way to match the observed state distribution (a prerequisite for
matching the observed state-action distribution) is to occasionally take the red action at ss.
In general, this could cause the learner to spend an unnecessary amount of time in sy which
may be undesirable (e.g. if so corresponds to the tree-filled area in Figure 6.1 (top)). The core
issue we hope to illustrate in this example is that by treating the empirical estimate of the
expert’s behavior as perfectly accurate, distribution matching can force the learner to take
incorrect actions to minimize training error, leading to test-time performance degradation.
This can lead to slow statistical rates oc H/v/N.

Theorem 6.1.1. If H > 4, there is a tabular IL instance on an MDP with 2 states and actions
on which with constant probability, the empirical moment matching learner (Definition 6.0.1)

incurs, Gap(t™) 2 H/\/Nexp-

The proof of this result is deferred to appendix E.2. The proof of this lower bound exploits the
fact that the data generation process in the dataset is inherently random. Consider a slight
modification of the MDP instance shown in fig. 6.2b, where the reward function is 0 for ¢ = 1.
For t > 2, the transition function is absorbing at both states; the reward function equals 1 at
the state s; for any action and is 0 everywhere else. Then, the expert state distribution at
time 2 and every time thereon is in uniform across the two states, {1/2,1/2}. However, in
the dataset D, the learner sees a noisy realization of this distribution in the dataset of the
form {1/2 —6,1/2+ 0} for || ~ £1/1/Nexp. Because of this noise, the empirical moment
matching learner may be encouraged to deviate from the expert’s observed behavior and
pick the red action at s, as this results in a better match to the empirical state visitation
measures at every point in the rest of the episode - a prerequisite to matching the empirical
state-action visitation measure. The learner is willing to pick an action different from what the
expert played in order to better match the inherently noisy empirical state-action visitation
distribution.

Remark 6.1.1. Theorems 2.2.1 and 6.1.1 are separate lower bound IL instances against
the performance of BC and empirical moment matching. On the uniform mixture of the
two MDPs (i.e. deciding the underlying MDP based on the outcome of a fair coin), with
constant probability, both Gap(m®) 2 |S|H?/Neyp and Gap(7™) = H/\/Nep. On this
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mixture instance, training both BC and empirical moment matching and choosing the better
of the two is also statistically suboptimal.

Suboptimality of BC. Because it does not account for the covariate shift that results from
policy action choices, behavioral cloning can lead to a quadratic compounding of errors and
poor test time performance [76]. Consider, for example, the MDP in Figure 6.2a.

Unif({sq,...,: Sn})
expert W expert
GD/’ @ ‘\‘ .empzrzcal Unif({s1, s2}) empirical
replay replay
e O ™
5; S, S3..-

52

(a) The expert always takes the green action, which (b) An MDP where the expert always takes
places it in a uniform distribution over s1,...,s,. At the green action that puts them in the uni-
states where we have demonstrations (e.g. s1, s2), form distribution over s; and so. Because of
both BC and MM will take the same, correct action. full expert support, BC will learn to always
However, at states where we have no demonstrations take this action at both states. However, if
(e.g. s3), MM will correctly take the green action to the empirical state distribution is more tilted
get back to states with demonstration support, while towards so, MM will take the incorrect red ac-
BC might not. tion.

Figure 6.2: A deeper dive into the suboptimality of BC and MM

Let us assume that the expert always takes the green action, dropping them in a state in
the top row with uniform probability. In a small demonstration set, we might not see expert
actions at some states in the top row. At all such states, BC will have no idea of what to
do. In contrast, MM will take the green action as doing so might send the learner back to a
state with positive demonstration support. Thus for this problem, MM will recover the optimal
policy while BC will not. As we saw in Chapter 2, this leads to errors oc H?/N in the worst
case.

6.2 The Replay Estimator

The previous two examples show us that there exist simple MDPs for which BC or MM will not
recover the expert’s policy. This begs the question: is it possible to do better than both worlds
and recover the optimal policy on both problems with a single algorithm? We answered this
question in the tabular setting in Theorem 2.4.1 via Mimic-MD (Algorithm 2) which achieves
better performance than BC. We will establish a result showing that it outperforms MM later in
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this section. This improvement is possible because BC does not use any dynamics information
and MM does not leverage the knowledge of where expert actions are known. However, it is
unclear how to extend this approach beyond the tabular setting as the algorithm relies on a
large measure of states being visited in the demonstrations.

It turns out it is indeed possible to do so, via the technique of replay estimation (RE). In
its simplest form, RE builds on top of the insights of Mimic-MD (Algorithm 2) and involves
exploring in the environment by playing a cached expert’s action whenever possible and
re-starting the rollout if one ventures out of the support of the demonstration dataset. Then,
one appends these rollouts to the demonstration set, treating them as additional training
data — while biased, they are consistent with observed expert behavior. Intuitively, repeated
simulation has a smoothing effect on the training data as doing so marginalizes out the
statistical error that comes from the stochasticity of the dynamics. We can see this point
more explicitly by considering the above two MDP examples: in Figure 6.2b, repeatedly
playing the green action and appending these rollouts to the demonstration dataset would
bring us much closer to a uniform distribution over s; and s,. Similarly, in Figure 6.2a, replay
estimation would bring us toward a uniform distribution over the states {s;, - ,s,} in the
expert demonstrations.

We could then plug in this improved distribution estimate into the MM procedure eq. (6.1).
Notice how doing so would cause MM to be highly likely to recover the optimal policy
on both MDPs. For example, in Figure 6.2b, replay estimation would make the learner
much less likely to play the red action in so. This fact is sufficient to establish statistical
optimality in the tabular setting and with linear function approximation, with an error rate
o min(H*?/N, H/v/N). In short, replay estimation is a practical technique for reducing
some of the finite-sample variance in expert demonstrations that enables MM to perform
optimally in the finite sample regime. We now provide some intuition on how to generalize
this approach to beyond the tabular setting.

Leaving the Tabular Setting. Mimic-MD was introduced in the tabular setting; this
characteristic property of the setting makes it easy to answer the question of “on what states
do we know the expert’s action?”, since one can enumerate over all states efficiently. To enable
us to answer this question in more general settings (with infinite state spaces), we introduce
the notion of a membership oracle MEM : S — {0, 1}. Explicitly, MEM(s) = 1 for states where
we know the expert’s action well (e.g. states where we have lots of similar demonstrations)
and MEM(s) = 0 otherwise. We can then compute expert moments by splitting on the output
of the membership oracle:

Erew[f(S,a)] = Egen [f(s,a)L(MEM(s) = 1)] + Erer [f(s,a)1(MEM(s) = O)l (6.3)

(. J/
-~ -~

Note that the indicators in (i) and (ii) are complements of each other, rendering the above
sum a valid estimate of the expert moment. As we know the expert action well wherever
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MEM(s) = 1, simulated rollouts of the BC policy approximates (i) well; on the other hand we
resort to a naive empirical estimate to approximate (ii), as we do not know enough about
the expert’s action at these states to accurately generate additional demonstrations via BC
rollouts. In general, we relax MEM to a soft membership oracle [106], in order to handle
uncertainty in how well we know the expert’s action at a given state. We proceed by first
analyzing the statistical properties of applying MM to this bipartite estimator before discussing
practical constructions of performant membership oracles.

Algorithm 6 Replay Estimation (RE)

1: Input: Expert demonstrations D, policy class II, moment class F = @il F3, simulator
SIM, TRAIN which returns a membership oracle given a dataset

Partition the dataset D into D; and D,

Using TRAIN, learn a membership oracle MEM on D,

Train 78 using behavior cloning on D;

Roll out 75¢ in SIM Nieplay times to construct a new dataset, Dieplay

Define prefix weights P(s; ;1) = MEM(st/ t')

Define,

t’l

D) = Eov [ o o) (Plss.)] + En, [ 1507 o) (1 Pls1.0)

8: Return: 7" a solution to the moment-matching problem:

arg min sup E- {% Zil Ji(st, at):| - E(f) (6.4)

well  feF

To handle this challenge, we introduce the notion of a soft membership oracle [106|, MEM :
S x [H] — [0, 1] which captures the learner’s inherent uncertainty in the expert’s actions at a
state at each point in an episode. The soft membership oracle assigns high weight to a state
if BC is likely to closely agree with the expert policy and gives a lower weight to states where
BC is likely to be inaccurate. By this definition, if the membership oracle is consistently large
at all the states visited in a trajectory, we can be confident that a trajectory generated by BC
1 as though it was a rollout from the expert policy. Formally, for any function g and time
t=1,---,H, we have the decomposition,

Erexo[g(5¢, ar)] = Eqexs [g(s¢, at)P(81~~-t)l+FweXP [9(st,ar) (1 — P(Slmt))l (6.5)

-

(i) (i7)

where P(s..;) is defined as the prefiz weight [,,_, MEM(sy,t'). We need to use prefix weights
instead of the single-sample weights sketched in the previous section to account for the
probability of BC getting to the current state in the same manner the expert would have.
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Because of the high accuracy of BC on segments with high prefix weights, in eq. (6.5), (i)
can be approximated by replacing the expectation over 7 by that over 7®¢, i.e. replay
estimation. On the other hand, since the prefix weight is low on the remaining trajectories
in (1), we know that BC is inaccurate, so we resort to using a simple empirical estimate to
estimate this term.

While we leave the particular choice of the soft membership oracle flexible, intuitively, states
at which BC closely agrees with the expert policy should be given high weight while where
those where BC is inaccurate should be weighted lower. In Section 6.3, we discuss several
practical approaches to designing such a soft membership oracle. We first prove a generic
policy performance guarantee for the outputs of our algorithm as a function of the choice of
MEM.

Theorem 6.2.1. Consider the policy T returned by Algorithm 6. Assume that 7 € II and
the ground truth reward function ry € F;, which is assumed to be symmetric (f; € F; <
—fr € Fi) and bounded (For all f; € Fi, || fillo < 1). Choose | Dy, |D2| = O(N) and suppose
Nieplay =+ 00. With probability > 1 — 36,

log (FrnaxH /0
Gap(W”E) S £1 + £2 + (%(T/) (66)
where Fia = maxe(p | Fi|, and,
H ex
L2 H Epeo [thl oMo, Doy (i (o0 wi* o) | (6.7)

s 1372, 1108 (FoaxH/0) 3240 Eress [L — MEM(sy, )]
Lo =H N Vi .

We discuss a proof of this result in Appendix E.3 and include bounds when Nyepiay is finite.

Remark 6.2.1. Note that Theorem 6.2.1 can be extended to infinite function families using
the standard technique of replacing | F;| by, N'(F, &, || - ||oo) the & log-covering number (metric
entropy) of F; in the L., norm, for £ = N—IH Likewise, we may appropriately replace Fi.x by
Ninax £ maxe(m N (Fp, 557, || - |oo)- For ease of exposition here, we stick to the case where
F; is finite.

The term £; measures how accurate BC is on states from expert trajectories where MEM(s;, t)
is large. Intuitively, if we set MEM(s;,t) = 1 on states where BC is accurate and MEM(s;,t) = 0
elsewhere, we would expect this term to be small. £, can be thought of a measure of BC’s
coverage: it tells us how much of the expert’s visitation distribution we believe BC to be
inaccurate on. If BC has good coverage (i.e. 1 —MEM(s;,t) is small on expert trajectories), we
expect this term to be small.
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Prima facie, one might think that because £, resembles the imitation gap of BC and L,
resembles that of MM, RE can only perform as well as the best of BC (o H?/N) and MM
(< H/+v/N) on a given instance. However, with a careful choice of MEM, one can achieve “better
than both worlds” statistical rates. In particular, since RE is a generalization of Mimic-MD of
[71], in the tabular setting, an appropriately initialized version of RE achieves the optimal

imitation gap of
H3/? H
mm{%ﬂ %}log (%)

and strictly improves over both BC and MM.

6.3 Practical Algorithm

When considering the implementation of RE (Alg. 6) in practice, two main questions arise:

1. How does one construct a membership oracle in practice, especially when action spaces
may be continuous?

2. How does one design good solvers for the moment matching problem in eq. (6.4)7

We now provide potential answers to both of these questions.

Membership Oracle. Recall from the interpretation of Theorem 6.2.1 that the member-
ship oracle MEM intuitively should capture how uncertain BC is about the expert’s action at a
state. For continuous action spaces, ideally one would assign the membership oracle at that
state based on an appropriate notion of distance between the action played by BC and that
played by the expert. For example, for a sigmoid function ¢ and constants p, 3,

p— [[7*(s) — 7P (s)ll,
)

However, in the non-interactive setting where the demonstrator cannot be queried at states,
we can only approximate this quantity. The first approximation we propose is inspired by
Random Network Distillation (RND) [17], used by [100] to estimate the support of the expert
policy. We instead propose to use RND as a measure of the epistemic uncertainty of BC
about expert actions. That is,

MEMggp(s, 1) = o ( : (6.8)

75(s) — 7?13\0(5)”2

/8 Y

-
MEMRND(S, t) =0

(6.9)

where 72 is a network trained to imitate the output of the classifier 78¢ on the states
observed in the demonstration dataset. To train 78¢, we evaluate 78 on states observed in
the demonstration dataset, and plug this new dataset into the standard BC pipeline.
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Figure 6.3: Left: All variants of RE are able to nearly match expert performance while MM
struggles to make any progress. Center: We add i.i.d. noise to the environment to make the
control problem more challenging. RE is still able to match expert performance, unlike MM.
Right: We compute correlations between the idealized prefix weights of MEMgyp and the other
oracles and see MEMy,x correlate most.

We can also utilize other uncertainty measures like the disagreement of an ensemble to
measure epistemic uncertainty, which has previously shown success on various simulated
sequential decision making tasks [64|. Past work by [15] proposes to regularize the standard
BC (classification) error, by the variance of an ensemble of independently trained BC learners
at the states visited by the learner’s policy. This encourages the learner to mimic BC on the
states where the action predicted by all the policies in the ensemble are similar, and avoid
states where they are different (i.e. the variance at these states is high). In contrast, we

define,
—V BC(1) o BC(k)
MEMVAR(S,t) — 0 (/“L ar(ﬂ' (;)7 , T (3))) 7 (610)
where {78 ... 7Bk} are BC policies trained with different initializations, which produces

sufficient diversity when using deep networks as function approximators. Lastly, we can also
use the maximum difference across the ensemble as a measure of uncertainty:

H— MaX; je[k] ”ﬁc(s) - W?C<3)||2>

; (6.11)

MEMMAx<S,t) =0 <

as suggested by the work of [48]. We compare these four choices below. For computing prefix
weights, we use the average of distances up till the current timestep. This modification serves
to improve the numerical stability of our method.

Empirical Moment Matching. We implement approximate Nash equilibrium computa-
tion of eq. (6.4) by running a no-regret learner against a best-response counterpart [93]. Our
approach is related to the GAIL algorithm of [44] which we improve in 4 ways: (i) we use
a general Integral Probability Metric [57] instead of the Jensen-Shannon Divergence used
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Figure 6.4: We see RE with MEMy,y improve the performance of MM on the Noisy
Walker2DBulletEnv and HopperBulletEnv tasks. We see RE (and MM) out-perform BC on the
initial-state-perturbed Walker2DBulletEnv and HopperBulletEnv tasks .

in the original paper which improves the representation power of the the discriminator, (i)
we add in gradient penalties to the discriminator, which improves convergence rates [39],
(iii) we solve the entropy-regularized forward problem via Soft-Actor Critic [40] as the policy
optimizer, for improved sample efficiency, and (iv) we use optimistic mirror descent instead of
gradient descent as our optimization algorithm for both players, giving us faster convergence
to Nash equilibria, both in theory [97] and in practice [29]. Together, these changes lead to
an implementation which significantly out-performs the original, giving us a strong baseline
to compare against. We include an ablation to confirm this fact in Section 6.4. We emphasize
that the RE technique can be used to improve any online moment matching algorithm.

6.4 Experimental Results

We now quantify the empirical benefits of RE on several continuous control tasks from the
the PyBullet suite [24]. All the task we consider have long horizons (H ~ 1000) and we
use relatively few demonstrations. (N < 20). We set Nyeplay @s 100 BC rollouts (Line 4 of
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Algorithm 6). We test all four membership oracles from the previous section (MEMgxp as an
idealized target, MEMgyp, MEMy,g, and MEMy,x as practical solutions). In Figure 6.3 (left), we
see that with only twelve trajectories, RE is able to reliably match expert performance for
all oracles considered, while MM is not. The environment considered in this experiment is
nearly deterministic, indicating that RE can help even when the environment is not stochastic.
We hypothesize that the randomness in the initial state is sufficient for replay estimation
to generate a significant improved estimate of the state-action visitation measure. This
improvement is especially interesting considering both of the hard examples we studied for
MM and BC in Section 6.1 were heavily stochastic.

Performance under perturbations. In Figure 6.3 (center), we add in i.i.d. noise to
the environment dynamics at each timestep, making it stochastic. This makes the problem
significantly more challenging than the standard version of the Walker task. RE is still able
to match expert performance, with MEMy,x working notably well. The correlation plot in
Figure 6.3 (right) shows us MEMyy appears to be best correlated with the idealized prefix
weights, MEMgxp under the state distribution induced by BC. Because of its superior performance,
we use MEMy,x for the rest of our experiments. In the left half of Figure 6.4, we see RE improve
the performance of MM. In the right half, we see RE out-perform BC in responding to an
extremely tiny amount of noise added to the initial velocity of the agent (similar to the
experiments of |73]).

Prefix weight distributions. In fig. 6.5, we plot the distributions of the prefix weights
generated by each membership oracle on simulated BC rollouts on WalkerBulletEnv. Note
that MEMy,y is significantly overconfident in prefix weights compared to MEMgxp, as indicated by
the heavier right-tail. On the other hand, MEMpyp, and MEMy,x are less overconfident and better
overlap with the idealized prefix weights induced by MEMggp. This aligns with the correlation
plot between the various membership oracles in Figure 6.3. Moreover, in terms of policy
performance, this further justifies the superior behavior of MEMy,x compared to MEMyyg.

Ablations

In Figure 6.6, we consider how each of the changes we described earlier in this chapter, lead
to improved performance of our RE baseline. The first, using a Wasserstein distance, leads to
lower expected return but is required for solving the full moment-matching problem — see
[93] for more details. Switching from PPO to the more sample-efficient SAC [40] leads to fast
learning. Adding in gradient penalties for discriminator stability [93, 39] also improves final
performance and learning speed. The last change we employ, using Optimistic Mirror Descent
[29] in both the discriminator and RL algorithm also (slightly) improves performance. To our
knowledge, we are the first to utilize this technique in the Imitation Learning literature and
reccomend it as best practice for future moment-matching algorithms. We refer interested
readers to the work of [97] for theoretical details of why OMD enables superior performance.
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Figure 6.5: Histogram of prefix weights generated by rolling out trajectories from BC. The
green superimposed histogram represents prefix weights generated by MEMgyp
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Figure 6.6: We ablate the four key changes we made to off-the-shelf GAIL to improve
performance / theoretical guarantees. We see that each improved performance, with MM
significantly out-performing options with fewer changes. Our improvements upon MM with
the Replay Estimation technique are therefore improving upon an already strong baseline.

Experimental Setup

We begin with the hyperparameters for our Standard Bullet and Noisy Bullet experiments.

Expert

We use the Stable Baselines 3 [68] implementation of PPO [81] or SAC [40] to train experts
for each environment. For the most part, we use already tuned hyperparameters from [67] in
the implementation. The modifications we used are are shown in table 6.1.
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Parameter Value
buffer size 300000
batch size 256
v 0.98
T 0.02
Training Freq. 64
Gradient Steps 64
Learning Rate Lin. Sched. 7.3e-4
policy architecture 256 x 2
state-dependent exploration true
training timesteps le6

Table 6.1: Expert hyperparameters for Walker Bullet Task and Hopper Bullet Task

Noisy Experts

In addition to the default Bullet Tasks, we test performance of algorithms on noisy environ-
ments. Namely, we generate noisy expert data by re-training expert policies with Gaussian
noise added to the actions of the expert during the exploration phase while training. We then
re-generate expert data by sampling from the expert policies trained on noisy data to analyze
the performance of our method under stochasticity. Table 6.2 lists the standard deviation of
the (i.i.d.) noise we applied to the actions in the different environments.

env. Noise Distribution.

hopper N(0,0.1)
walker N(0,0.5)

Table 6.2: Noise we applied to all policies in each environment.

Baselines

We average over 5 runs and use a common architecture of 256 x 2 with ReLLU activations
for both our method and the MM baseline we compare against. For each datapoint, the
cumulative reward is averaged over 10 trajectories. For all tasks, we train on {6,12,18}
expert trajectories with a maximum of 400k iterations of the optimization procedure. Table
6.3 shows the hyperparameters we used for MM. Empirically, smaller learning rates, large batch
sizes, and gradient penalties were critical for the stable convergence of our method.
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Parameter Value

Batch Size 2048*
Learning Rate Linear Schedule of 8e-3*
f Update Freq. 5000

f gradient target 0.4

f gradient penalty weight 10

Table 6.3: Learner hyperparameters for MM. * indicates the parameter was different for
the Hopper Initial State shift experiments (4096 for batch size and Linear Schedule of 8e-4,
respectively. ).

We note that MM requires careful tuning of f UPDATE FREQ. for strong performance. We
searched over step sizes of {1250, 2500,5000} and selected the one which achieved the most
stable updates. In practice, we recommend evaluating a trained policy on a validation set to
set this parameter. We also used similar parameters for training SAC, also from the Stable
Baselines 3 [68| implementation, as we did for training the expert policy. Table 6.4 shows
the choice of hyperparmeters we used for training SAC. We directly added in the optimistic
mirror descent optimizers [29] for both the critic and actor objectives of SAC. Table 6.5 shows
the learning hyperparameters for any BC policies used for generating simulated data for the
membership oracles. Table 6.6 shows the number of training steps per task we used for both
the baseline and our method.

Parameter Value

vy 0.98

T 0.02

Training Freq. 64

Gradient Steps 64

Learning Rate Linear Schedule of 7.3e-4
policy architecture 256 x 2

Table 6.4: Leaning hyperparameters for the SAC component of MM

Algorithm hyperparameters

In this section, we use bold text to highlight sensitive hyperparameters. We use the same
network architecture choices as the MM baseline. For all environments, we generated 100
trajectories of simulated behavior cloning data to use with our method.
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Parameter Value
entropy weight 0
12 weight 0

training timesteps 1ed

Table 6.5: Learner hyperparameters for Behavioral Cloning

env. training steps
walker (no noise) 400000
walker (with noise) 400000
hopper (no noise) 400000

hopper (with noise) 400000

Table 6.6: Number of training steps for the different tasks

For all tasks, we rolled out 100 trajectories from a BC trained network to use with our
membership oracle. Table 6.7 shows how we partitioned our dataset between the BC training
set and the expert membership oracle dataset. We also use the full dataset for moment
matching, not just Dy, as we found this lead to slightly better performance.

Expert Size D; Do

6 trajs 4 2
12 trajs 10 2
18 trajs 16 2

Table 6.7: Partition of D into D; and D5 based on the number of expert trajectories provided.
For the Noisy Walker experiments, we used 5, 10, 14 trajectories for D; instead of the above.

Membership Oracle hyperparameters

For both MEMy,z and MEMy,x, we use 5 BC networks in the ensemble. We followed the exact
same parameters in Table 6.5 to train each BC imitator. Table 6.8 shows the choice of i and
[ values we used for each membership oracle.
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env parameter MEMEXP MEMRND MEMVAR MEMMAX

walker g 0.1 0.1 0.01 0.1
walker 1 0.33 0.22 0.015 0.35
hopper I5; 0.8 0.25 0.08 0.1
hopper 7 0.68 0.4 0.05 0.25

Table 6.8: Membership oracle hyperparameters across different environments

env parameter MEMyx
walker 15} 0.01
walker 1 0.0001
hopper B 0.01
hopper W 0.0001

Table 6.9: Membership oracle hyperparameters across different initial state shift environments.

Initial State Shift Experiments

We use demonstrations generated by an expert trained on the standard Bullet tasks but
subject the learner (both at train and test time) to a initial velocity perturbation of a
zero-mean Gaussian with variance (0 = le — 7). We refer interested readers to our code
for our precise method of injecting noise as we believe it might be of interest for future
experiments. In all demonstrations, the expert starts from rest. Despite this relatively small
shift, we see BC performance drop significantly, as is characteristic of real-world problems
where it significantly under-performs on-policy IL methods. All results are averaged over five
seeds and for all environments, we train BC for 1eb steps (as well as for the query policies for
RE). For RE, we train 5 policies and use the MEMy,x approximate membership oracle. We use
the above parameters for MM for our base moment-matcher.
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Chapter 7

IL with parametric function
approximation

In practical settings, RL algorithms are deployed in state and action spaces which are
often continuous or unbounded. Carrying out IL efficiently requires imposing additional
assumptions. In this chapter, we go beyond the tabular setting and study IL in the presence
of function approximation. We will begin with the linear-expert setting (Definition 7.1.1)
where § and A may be unbounded, but the learner is provided a set of feature representations
of state-actions, and the expert policy is constrained to be realizable by a unknown linear
(in the feature representations) classifier. We will then extend these ideas to the setting of
general function approximation, extending beyond the linear setting.

7.1 Linear function approximation

In this section we study IL with linear function approximation. We first formally introduce
the linear-expert setting and show that it generalizes several settings which are interesting
and practically relevant.

Definition 7.1.1 (Linear-expert setting). In this setting, for each (s,a,t) tuple, the learner
is provided a feature representation ¢;(s,a) € R%. For each t € [H] there exists an unknown
vector 0f € RY such that Vs € S, 7P (s) = argmax, 4(0*, ¢:(s,a)).

Remark 7.1.1. The linear-expert setting (Definition 7.1.1) generalizes the linear-Q* setting
with an optimal expert. Under this assumption, the optimal expert policy plays actions
according to 7 (s) = arg max, 4 Q;(s,a) = argmax,. (0, ¢:(s,a)) for an unknown 6; € R?.
Thus the expert policy is realizable by a linear multi-class classifier. Since the tabular setting
is a special case of the linear-Q* setting with d = |S||.A|, with features for each ¢ chosen as
the standard basis vectors in R?, the linear-expert setting with d = |S||.A| generalizes the
tabular setting with an optimal expert.
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In the tabular setting, we showed in Theorem 2.1.3 that the expected imitation gap of BC is
O (|S|H?/N) which is also optimal in the no-interaction setting. We first introduce a version
of BC for the linear-expert setting.

Definition 7.1.2 (BC in the linear-expert setting). For t = 1,---  H, denote (D), as a
collection of N state-action pairs visited at time t across trajectories in D. In the linear-expert
setting BC trains a policy 7 as follows: for eacht = 1,--- H, the learner trains a linear
multi-class classifier hy : S — A on the dataset (D), using the algorithm of [25] and plays the

policy mi(s) = ﬁt(s).
We next establish an upper bound on the imitation gap incurred by BC in the linear-expert

setting.

Theorem 7.1.1. In the linear-expert setting, with probability 1 — O, the imitation gap of the
policy T output by BC in the linear-expert setting (Definition 7.1.2) is upper bounded with

. ~\ < H2(d+log(1/6)) log(N)
probability 1 — 0 by Gap(w) < S —

Linear function approximation with parameter sharing

Definition 7.1.3 (Linear-expert setting with parameter sharing). This is a special case of
the linear-expert setting where 07 is the same across t € [H]|.

Remark 7.1.2. Linear-expert setting with dimension d is a special case of the linear-expert
setting with parameter sharing, with dimension dH. Define 0* = (05,--- ,03) € R and
By(s,a) = (04, -+ g(s,a),- - ,0%) € R¥ where ¢;(s,a) is embedded in the coordinates td+1
to (t + 1)d. Then, 7;"(s) = argmax,c 4(0;, ¢:(s,a)) = argmax,. 4(0*, #,(s,a)), satisfying
Definition 7.1.1.

Our main contribution is to show that in the linear-expert setting with parameter sharing,
where the expert plays actions according to the same linear classifier at each time in an
episode, the imitation gap incurred by BC is O(%), breaking the quadratic dependence on H
suffered more generally (cf. Theorem 2.2.1). With such a parameter sharing assumption on
the expert, intuitively, each trajectory now provides H training examples to learn a single
classifier capturing the learner’s policy. This setting is motivated by the fact that often in
practice, BC is are implemented to learn a single classifier across the episode [23].

The proof of this result is derived by a supervised learning reduction of IL to sequence multi-
class linear classification where we learn linear classifiers from S — Af. The supervised
learning reduction of [74] posits to learn separate classifiers from S — A or § x [H]| — A:
this fails to account for the shared parameter 6* across time. While in both cases the resulting
policy is an ERM classifier, the imitation gap grows quadratically in H using the supervised
learning reduction. In contrast, using the multi-class classification algorithm of [25], we also
provide an algorithm 7 with imitation gap growing linearly in H. To begin with, define © as
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the set of linear multi-class classifiers for sequences, of the form,

S" 5 (sy,--,5g) — argmax <9,Zi1 (bt(st,at)> e A" (7.1)

ai,,ag€A

for § € R%. Note that under the linear-expert assumption with parameter sharing, the expert’s
policy can be identified as a classifier in the family described above. At each state s, the
expert plays the action according to argmax,. 4(0*, ¢:(s,a)) at time t. Summing over any
sequence of states s, -+ , sy, the expert’s policy therefore satisfies (77" (s1), -+ , 75" (sy)) =
argmax, . .. (0% Zfil ¢1(s¢,a;)). This can be interpreted as a multi-class linear classifier
from S” — AM in contrast to the usual implementation of BC which learns a sequence of clas-

sifiers from S — A. In particular, for each input sequence of states (si, s2, -+, sy) the expert
“classifier” outputs the label, which is a sequence of actions (77" (s1), 75 P (s2), -+, mg (Sm))-

Note that classifiers of the form eq. (7.1) indeed correspond to meaningful (Markovian)
policies which drawn actions a; from a policy which is a function of only the current state
s¢. Indeed the map in eq. (7.1) is separable as Zt]il argmax,, c 4(0, ¢¢(s¢, ar)) where we carry
out the optimization for each variable aq,--- ,ay separately. By contradiction, the action
played by the classifier at any state s, at time ¢ must be argmax, c 4(0, ¢+(s¢, a;)) which is
Markovian. More importantly, such classifiers can be learned from the demonstration dataset
which essentially contains NV i.i.d. examples of input-label pairs drawn from a “ground-truth”
classifier (i.e., 7).

Based on these insights, we prove a bound on the imitation gap of the policy induced by BC
via the reduction of Theorem 2.1.1 [76]. The intuition is that in any trajectory where the
learner’s actions exactly match the expert’s actions, no suboptimality is incurred. In contrast,
in any trajectory where the learner plays an action different from the expert at some time,
the reward gap incurred is H.

Lemma 7.1.2. Consider any linear multi-class classifier 0 : SH — AH (in eq. (7.1))
with expected 0-1 loss, EﬂeXP[ﬂ(é\(Sl,“' ,sg) # (a1, ,ag))] < . Then, the policy T
corresponding to the linear classifier 5, satisfies Gap(m) < H~.

[25] provide a compression based algorithm for linear multi-class classification in the realizable

setting. Indeed, invoking |25, Theorem 5|, it is possible to learn a linear classifier heco
d-+log(1/6)) log(N)
N

such that the expected 0-1 loss of the classifier is upper bounded by ( given N
expert trajectories. In conjunction with Lemma 7.1.2 this results in an upper bound on the
imitation gap of the resulting policy.

Theorem 7.1.3. Consider a learner which uses BC (Definition 7.1.2) instantiated with the
compression based linear classification subroutine of [25]. Under the linear-expert assumption
with parameter sharing (Definition 7.1.3), with probability > 1 — §, the imitation gap of the
learned policy T satisfies,

H(d +log(1/6))log(N)
N :

Gap(7) <
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Remark 7.1.3. The linear dependence on the horizon can be interpreted in a different way:
with parameter sharing, the learner can aggregate information across time steps in an episode
to learn a single linear classifier with improved guarantees. The amount of training data the
learner has access to is effectively larger by a factor of H since each trajectory provides H
samples of data for learning a single classifier common across time. The reduction analysis of
[74] shows an imitation gap gap of H?e for learners with expected 0-1 loss under the expert
state distribution upper bounded by €. If data can be aggregated across time to learn a single
parameter, the expected 0-1 loss can be brought down by a factor of H, showing that it is
possible to achieve imitation gap scaling linearly on the length of the horizon.

The results in this section can also be extended to more general forms of function approxima-
tion, such as bounded Natarajan dimension classes, as considered in [28]. We will skip past
this discussion and move on to studying the known-transition setting.

7.2 Function approximation with known transitions

In this section, we will study IL in the known-transition setting with general forms of function
approximation. Our discussion in Chapter 2 proposes the Mimic-MD approach which in effect
can be thought of as “simulating artificial trajectories” to improve the estimation power of
the learner. This connection is reminded to the reader below through the lens of uniform
expert value estimation introduced in Chapter 3: the problem of estimating what the value of
the unknown expert policy 7% is simultaneously under all reward functions belonging to
some class. Given a uniform expert value estimator J,.(7**®), which with probability 1 — ¢
(over the demonstration dataset and external randomness) for all reward functions r, satisfies
|J, (7%P) — J,(7P)| < ¢, then the policy 7 output by the following optimization problem (a
restatement of eq. (OPT)),

T < argmin max Jo(7) = Jo(7) (OPT)
K
incurs imitation gap Gap(7) < 2e¢ with the same probability 1 — 4. [69] also show that this
objective is a convex program and can be approximately solved in an efficient manner in the
tabular setting. In this context, to execute the approach of simulating artificial trajectories,
observe that a learner can construct a good estimate of the expert’s value under some reward
function r by decomposing it as the sum of two parts:

JHE) = B [

where £ is the event that the all the states (sq,--- , sy) visited in the trajectory are observed
in the demonstration dataset. The first term, J!, can be estimated to an arbitrary level
of accuracy for any reward function r by rolling out many artificial trajectories using 7P,
known at all states observed in the dataset. The remaining term, J? can be tackled using
a simple empirical estimate, as explained below. The event £¢ guarantees that states in a

H H

(81, a:)1(E) |, and J*(7™P) = Eexp [Z rt(st,at)]l(é’c)] . (7.2)
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trajectory are visited are observed in the dataset D (where the expert’s policy is known).
Therefore, by holding out some trajectories in the dataset, the learner may carry out an
empirical estimate of J(7®P) using these trajectories. The error in uniform value estimation
precisely stems from the error incurred by the empirical estimate, which is shown to be
O(|S|H3/?/N) in [70], translating to the imitation gap of the policy 7 in (OPT).

It is a natural question to ask whether this approach of simulating artificial trajectories
can be applied when state and action spaces may be unbounded, such as with function
approximation. To effectively use such an approach, the learner should be able to infer the
expert’s action at a large fraction of states in spite of observing the expert’s actions only on a
measure-0 subset of states. This will be the critical discussion of this section, but prior to
jumping in, we will set up the formulation we consider.

Definition 7.2.1 (IL with function-approximation). In this setting, for each t € [H], there
is a parameter class ©, C BY, the unit Ly ball in d dimensions, and an associated function
class {fp, : 0; € ©}. For each t € [H] there exists an unknown 0F € ©; such that Vs € S,

T " (s) = argmax fyr (s, a). (7.3)

acA

Lipschitz parameterization

We impose a condition on the nature of the parameterization of the function classes. The
“Lipschitz parameterization” condition can be interpreted as saying that a small change to
the underlying classifier does not all of a sudden change the label of a large mass of points.
In particular, points which are classified with a large enough “margin” continue to stay in the
same class even if the underlying classifier/parameter is perturbed.

Definition 7.2.2 (Lipschitz parameterization). A function class G = {gg : 0 € O} where
go(+) : X = R is said to satisfy L-Lipschitz parameterization if, ||ge(+) — gor(*)||oo < L]0 —€&'||2.
In other words, for each x € X, go(x) is an L-Lipschitz function in 6, in the Ly norm.

Assumption 7.2.1. For each t, the class { fp, : 0; € O} is L-Lipschitz in its parameterization,
0, € ;.

Recall that BC essentially trains an offline classification algorithm on the demonstration
dataset to predict actions. Moreover, the reduction of [76] (i.e., Theorem 2.1.1) bounds
the imitation gap of the resulting policy in terms of the 0-1 generalization error of the
learned classifier. In order to extend RE (which uses the transition of the MDP) to deal with
parametric function approximation, and show error guarantees which surpass that achieved
by BC, we assume that the learner has access to a slightly stronger offline classification oracle,
which, given access to a dataset of classification examples, returns an approximate version of
the underlying ground truth parameter. More formally,
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Assumption 7.2.2 (Offline classification oracle). We assume that the learner has access
to a multi-class classification oracle, which given n examples of the form, (s',a') where

st "5 D and af = argmax,¢ 4 fo- (s, a), returns a €O such that, with probability > 1 — 4,
10— 6*]l2 < Eon -

Remark 7.2.1. We will assume that a classification oracle satisfying Assumption 7.2.2 (trained
on a slice of the demonstration dataset at each time ¢) is used by RE to train the BC policy in
Line 3 of Algorithm 6. We denote the resulting offline classifiers as 8¢ = (§BC, ... §BC),

A careful reader might note that Assumption 7.2.2 asks for a slightly stronger requirement than
just finding a classifier with small generalization error (which need not be close to the ground
truth 6*). The generalization error, i.e. Pryp [arg max,c 4 fo+ (s, a) # argmax,c 4 f3(s,a)] in
the notation of Assumption 7.2.2, was previously studied in |27] for multi-class classification.
The authors show that up to log-factors in the number of classes (i.e. the number of actions),
the Natarajan dimension characterizes the generalization error of the best learner, which
scales as ©(1/n) given n classification examples. Under certain assumptions on the input
distribution and the function family (e.g. for linear families, which we study in Section 7.3),
we later show that the generalization error guarantee can be extended to approximately
learning the parameter as well (up to problem dependent constants).

We are now ready to define the membership oracle under which we study RE below,
1 / /
MEM(s, 1) — {+1 if da € A such that, Va' € A, fgﬁc(s,a)—f@gc(s, a') > 2LEe, N/

0 otherwise.
(7.4)

The intuitive interpretation of MEM is that, state which are classified by BC as some action
with a significant margin are assigned as +1, and the remaining states are assigned as 0 by
the membership oracle.

Finally, we impose an assumption on the IL instances we study. We assume that the
classification problems solved by BC at each ¢ € [H] satisfy a margin condition.

Assumption 7.2.3 (Weak margin condition). For t € [H] and 0 € O, define o’ =
arg max,. 4 fo(s,a) as the classifier output on the state s. The weak margin condition with
parameter > 0 assumes that for each t, there is no classifier 8 € ©, such that for a large
mass of states, fo(si,al) — MAX£q0. fo(st,a), i.e. the “margin” from the nearest classification
boundary, is small. Formally, the weak-margin condition with parameter u states that for any

n<1/u,

V9 e©, Pr (fa(st,ait) — max fo(st,a) > 77) > e M, (7.5)
Tex a#‘lst
The weak margin condition only assumes that there is at least an exponentially small (in 7)
mass of states with margin at least . A smaller i indicates a larger mass away from any
decision boundary.
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Remark 7.2.2. Note that the weak margin condition is the multi-class extension of the
Tsybakov margin condition of [53, 8] defined for the binary case. In particular, in eq. (7.5),
we may replace the RHS by 1 — un, or 1 — (un)® for a > 0 to get different analogs of the
margin condition and the main guarantee, Theorem 7.2.1, as we discuss in Appendix F.2.

Remark 7.2.3. Tt suffices to assume that for each ¢, eq. (7.5) is only true for the singular
choice § = é\fc € Oy, for our main guarantee (Theorem 7.2.1) to hold.

Under the previously discussed assumptions, we provide a strong guarantee for RE which
uses the classification oracle in Assumption 7.2.2 to define BC, and the membership oracle as
defined in eq. (7.4).

Theorem 7.2.1. For IL with parametric function approximation, under Assumptions 7.2.1
to 7.2.3, appropriately instatiating RE ensures that with probability > 1 — 49,

H
&
Gap(m*) < H3/2\/,UL log (FuaxH/0) 22121 EouNo/H i log (FmaxH/é). (7.6)

N H N

where Frax = maxyerm) | Fi| is as defined in Theorem 6.2.1.

Note that we impose the same assumptions on the policy and discriminator classes employed
by RE as in Theorem 6.2.1. Namely, (i) 7P € II, and for each t € [H|, (ii) the ground truth
reward function ry € Fy, (ii1) Fy is symmetric, i.e. f; € Fy <= —fi € F;, and (iv) F; is
1-bounded, i.e. for all fr € Fy, || filloo < 1.

As discussed later in Remark 6.2.1, this result can be extended to infinite discriminator
families by replacing |F;| by the appropriate log-covering number of F; in L., norm.

The intuition behind the result is as follows. By Assumption 7.2.2, the learner is able
to approximately learn @BC ~ 0; at each time ¢. Since the discriminator functions are
Lipschitz (Assumption 7.2.1) and there are not too many states classified with small margin
(Assumption 7.2.3), this means that the states classified with large margin by @BC are correctly
classified by 6, while the states which are close to a decision boundary (induced by BC) may
be misclassified by BC. Therefore, we may set the membership oracle as +1 on states classified
by BC with a large margin, and 0 on states classified with small margin. In particular, the
membership oracle considered in eq. (7.4) ensures that on states at which MEM(s,¢) > 0,
7 P(-|s) = mEC(+|s). Likewise, the states at which MEM(s,t) = 0 correspond to the states
which are classified by BC with a small margin (i.e. are close to a decision boundary), the
probability mass of which is bounded by the weak margin condition, Assumption 7.2.3. All in
all, in the language of Theorem 6.2.1, these results ensure that £; = 0 and L, is significantly
smaller than H3/%\/log(FnaxH/8)/N which essentially results in the proof of Theorem 7.2.1.

7.3 Interpretations of Theorem 7.2.1

In order to interpret Theorem 7.2.1, we draw the connection back with BC and MM. As
discussed earlier, |[76] prove the best known general statistical guarantee for BC in terms of
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the generalization error of the underlying classifiers. In particular, with probability > 1 — 9,

o ZH (c:class
Gap(n'™) < Gap(n®®) & H> == oo (7.7)

Here, £§%% denotes the best achievable 0-1 generalization error for multi-class classification:
in the notation of Assumption 7.2.2, there exists a learner 6, such that on any classification
instance E,p[maxaca f5(s, a) # maxqea fo(s,a)] < 88?;755 with probability > 1 — §. On the
other hand, the best general statistical guarantee for MM is,

Gap(r™) < Gap(n™) 2 H\/ 108 s 1/0) (78)

(we can extend to infinite classes using the covering number argument in Remark 6.2.1).

Now, whenever the statistical error for parameter estimation matches with the best statistical
error for generalization in offline classification, namely, &g ,, 5 < 58?;?5 up to problem dependent

constants, the guarantee in Theorem 7.2.1 can be reinterpreted as,

Gap(7E°)

Gap(n™*) < Gap(n")\| =

(7.9)
The interpretation of this result is that, whenever BC admits a non-trivial gap on the imitation
gap, namely Gap(7®°) < H, the performance gap in eq. (7.9) is < Gap(7#™). Furthermore,
from [27], for multi-class classification,

gclass < (1’1@ + log(l/(S)) 1Og(n) 1Og |A|
On,b ~ n

where ng denotes the Natarajan dimension of the function class {fp : 0 € ©} and A denotes
the set of labels (which here, are the set of actions). Therefore, from eq. (7.9), we get the
guarantee,

[ 32 H 12

Gap(7™®) < O HN (log(FmaX) x 2le“®> , (7.10)
whenever the underlying classification problem allows 88?;?5 = &g n,5 Up to problem dependent
constants. Note that the polylogarthmic factors in eq. (7.10) are in |A|, N and 1/§. Under
these conditions, we essentially recover a performance guarantee for RE which scales as
H?3/2/N. This improves on the quadratic H dependence incurred by BC, and is optimal in the
worst case, even in the tabular setting with just 3 states, as shown in [69]. This guarantee
also suggests a natural measure of complexity for IL - the average Natarajan dimension,

H
% multiplied by the maximum log-covering number of the discriminator (or reward)
class, log(Finax)-
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From this discussion, an important problem stands out: For what kind of classification
problems is Eg s < Sél";f’f;? While we do not answer this question in its full generality,
focusing on the special case of linear classification and provide a set of sufficient conditions
under which &g ,, 5 < 88?5755 up to problem dependent constants. In conjunction with eq. (7.10),
this results in a novel guarantee for IL with linear function approximation, under significantly

weaker conditions compared to prior work.

Revisiting the linear-expert setting: known transitions

In this section, we provide an upper bound on the imitation gap of RE in the presence of linear
function approximation, which we defined previously in Definition 7.1.1 as the linear-expert
setting. This setting will turn out to be a special case of the case of IL under parametric
function approximation with Lipschitzness. In this section, we will make the additional
assumption that the the reward function admits a linear parameterization.

Definition 7.3.1 (Policy induced by a linear classifier). Consider a set of vectors 6 =
{0,,--- ,0n} where each 6, € RY. A policy n° is said to be induced by the set of linear
classifiers defined by 0 if for all s € S and t € [H],

7! (s) = arg max(;, ¢, (s, a)). (7.11)

acA
By this definition, 7 = 7"
Definition 7.3.2 (Linear reward setting). Define Ryt as the family of linear reward functions
(defined at the single time-step t) which takes the form of an unknown linear function of a
set of the features,

Rins = {{ri(s,a) = (w, ¢(s,a)) : s € S,a € A} 1w € R, |Jw|l> < 1} . (7.12)

For the rewards to be 1-bounded, we assume the features satisfy ||¢(s,a)lla < 1. Define
Risn = ®£1Rlin7t. The linear reward setting assumes the true reward function of the MDP,
r € Rin-

Remark 7.3.1. Note that our guarantees in Theorem 7.3.1 hold even if the set of features in
the definition of Ry, in Definition 7.3.2 differ from those used to define the expert classifier
Assumption 7.2.2. Regardless, we assume that both sets of features are known to the learner.

In the case of parametric function approximation with Lipschitzness, note that we assume
both the weak margin condition (Assumption 7.2.3), as well as the existence of a linear
classification oracle (Assumption 7.2.2). Below, in the linear expert case, we show a sufficient
condition which implies both of these conditions. In particular, define the positive hemisphere
with pole at 0, i.e. {x:B%: (f,z) > 0} as H. We abbreviate Hgf as HZ.
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Assumption 7.3.1 (Bounded density assumption). For each time t € [H], state s € S, action
a € A and 0 € ©,, define ¢,(s,a) = ¢;(s,a?) — ¢:(s,a) where a? = argmax,, 4(0, ¢;(s,a’)).
Consider the measure Pryex (Ja # a? : ¢,(s¢,a) € -). Let c_ltE represent the Radon-Nikodym
derivative of this measure against the uniform measure on HY™ . The bounded density

assumption states that for each t € [H] there are constants cypin > 0 and cpax < 00 such that
for all x € HY,

—~E
Cmin < d; () < Cnax- (7.13)
We now state the main result we prove for IL in the linear setting.

Theorem 7.3.1. Assuming the linear-expert and linear reward setting (Definitions 7.1.1
and 7.3.2) and under the bounded density assumption (Assumption 7.3.1), appropriately
instantiating RE ensures that with probability > 1 — 0,

[ H3/2d%* log? (NdH /§)
RE\ < Cmax g
Gap(m) < p— I .

7.4 Discussion and open problems

In this chapter we proved a general meta theorem (Theorem 6.2.1) bounding the imitation
gap of the policies produced by the algorithm in terms of the parameter estimation error
in offline classification. This results in a guarantee for IL. with the optimal dependence on
the horizon, H, and number of expert rollouts available, N, under the assumption that the
parameter estimation guarantee matches the generalization guarantee for the underlying
offline classification problem. Under these conditions, the analysis also suggests a natural
measure of complexity for IL depending on the average Natarajan dimension and log-covering
number (metric entropy) of the discriminator class. It is a significant open question to
extend the analysis of RE to depend on less stringent classification oracles, and only require
constructing learners with bounded generalization error, as required by BC. There are reasons
this may not generically be possible for classes with bounded VC dimension, but it is plausible
that such guarantees can be extended under stronger assumptions. We motivate this briefly
below.

Drawbacks of the offline classification oracle (Assumption 7.2.2). Note that the
offline classification oracle we consider in Assumption 7.2.2 requires a learner with bounded
parameter estimation error, compared to one with bounded generalization error which is
typically studied in practice [27]. While under certain conditions, both measures of error
have the same asymptotic scaling in n and the Natarajan dimension ng, in general they
can be different. For instance, consider the case of linear (binary) classification under very
poor coverage: denoting the true classifier as §* € R?, and with the input distribution as
s ~ Unif({e;, —e1}) where e; = (1,0,---,0) € R Then, given n = Q(log(1/§)) samples,
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there exists a learner which with probability 1 — ¢ learns a classifier with 0 generalization
error. However, regardless of the number of samples n, no learner can guarantee to learn
0*, since the remaining d — 1 coordinates of * aside from 67 do not affect the labels of the
inputs, which are what are observed by a learner. Thus, under poor coverage, the parameter
0* cannot be learned consistently even though there exists a trivial classifier with bounded
generalization error.

Designing practical algorithms which do not require parameter tuning. The
membership oracle resulting from the analysis in theory (eq. (7.4)) as well as those implemented
in practice (egs. (6.8) to (6.11)) require tuning either the margin threshold 2L&g, n/m, OF
the scale parameters p and 8. An interesting next direction would be to develop an algorithm
which uses data dependent scales (e.g. [40]) to reduce the effort required to fine-tuning these
parameters.
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Appendix A

Proof of main results in Chapter 2

We provide proofs for the theorems introduced in Chapter 2 within this appendix. We push
the proofs of some of the results invoked in the first few sections later on to Appendices A.3

to A.7.

A.1 No-interaction setting with a determinstic expert

In this section, we discuss the no-interaction setting where the learner is provided access to a
dataset D of N trajectories generated by rolling out the expert’s policy 7P, and is otherwise
not allowed to interact with the MDP. Our goal is to provide guarantees on the expected
imitation gap of a policy that carries out BC when the expert’s policy is deterministic. As
stated previously, we realize this guarantee by first bounding the population 0-1 risk of BC
(Theorem 2.1.2) and then invoking the black box reduction guarantee from [74].

Analysis of expected imitation gap of BC

We first discuss the proof of Lemma 2.1.2 and Eq. (2.1.3.1), which bounds the expected
imitation gap of a policy carrying out BC, assuming the expert’s policy is deterministic.
Recall that the population 0-1 loss is defined as,

H

Lor (@)= 37 0 Eusten [Ewmtution [1a #7751 | (A1)

where [l is the state distribution induced at time ¢ rolling out the expert’s policy 7. We
consider a learner 7 that carries out BC given the demonstration dataset D in advance. In
particular, the learner’s policy 7 is a member of TIE, (D) since it exactly mimics the expert
on the states that were visited at each time in some trajectory in the demonstration dataset.
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Thus the contribution to the population 0-1 risk comes from the remaining states s € S;(D),

Loa(7) < %Z? e, [10s ¢ S4D))]. (A2)
== Zt 12563 Prls; = s]1(s ¢ S(D)). (A.3)

Taking expectation on both sides glves

E[Loq(7 Zt 12 Pr[s, = s| Pr(s & S,(D)). (A4)

SES wexp

In Lemma A.1.1 we show that this expression is bounded by < |S|/N, which completes the
proof of the population 0-1 risk bound of BC in Theorem 2.1.2.

Lemma A.1.1. E |37 S Prre[s; = 5] Prs ¢ St<D)]] < g%

As stated previously, we subsequently invoke the supervised learning reduction in |74, Theorem
2.1] to upper bound the expected imitation gap of a learner carrying out BC in Theorem 2.1.3.1.
The previous discussion is also amenable for establishing a high probability bound on the
expected imitation gap of BC. Indeed, consider the upper bound on the population 0-1 risk
of BC in eq. (A.3), which is a function of the demonstration dataset D. It captures the
probability mass under the expert’s state distribution contributed by states unobserved in
the demonstration dataset.

High probability bounds on BC

[t turns out that the contribution to the upper bound on population 0-1 risk of BC in eq. (A.3)
is captured by the notion of “missing mass” of the time-averaged state distribution under
the expert’s policy. The high probability result for BC (Theorem 2.1.3.2) follows shortly by
invoking existing concentration bounds for missing mass.

Definition A.1.1 (Missing mass). Consider some distribution v on X, and let X~ iy
be a dataset of N samples drawn i.i.d. from v. Let n,(XV) = SN 1(X; = z) be the
number of times the symbol x was observed in X~ . Then, the missing mass my(v, XV) =

> wex V(@) L(ng(XN) = 0) is the probability mass contributed by symbols never observed in
XN,

It turns out that the missing mass of an arbitrary discrete distribution admits sub-Gaussian
concentration. Invoking [54, Lemma 11] establishes the following concentration guarantee for
missing mass. A proof of the result is provided in Appendix A.3.

Theorem A.1.2. Consider an arbitrary distribution v on X, and let X" "%y be a dataset
of N samples drawn i.i.d. from v. Consider any § € (0,1/10]. Then,

Pr <m0(y, XN) = E[mo(v, XV)] 3\/|710g (1/9) ) (A.5)
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Consider the upper bound to the population 0-1 loss in eq. (A.4). Observe that for each fixed
T € [H], Y e Prrew[s: = s]1(s € S-(D)) is the missing mass of f]e, given N samples from
the distribution. Recall that fl., is the distribution over states at time 7 rolling out 7.
Thus we can invoke the concentration bound from Theorem A.1.2 to prove that the upper
bound on 0-1 loss in eq. (A.4) concentrates. We formally state this result in Lemma A.1.3.

Lemma A.1.3. For any 0 such that § € (0, min{1, H/10}], with probability > 1 — § over the
randomness of the demonstration dataset D,

%Zil ZSES Prls, = s]l(s ¢ S-(D)) < ﬂf) + 3m1](\)fg(H /%), (A.6)

Plugging this result into eq. (A.4) provides an upper bound on the population 0-1 risk of BC.
Subsequently invoking [74, Theorem 2.1|, we arrive at the high probability bound on Gap(7)
for BC in Eq. (2.1.3.2).

A.2 No-interaction setting with a stochastic expert

In this section we continue to discuss the no-interaction setting, but drop the assumption
that the expert plays a deterministic policy. We assume the expert plays a general stochastic
policy.

Analyzing expected imitation gap of Mimic-MD

In this section we discuss the proof of Theorem 2.3.2 which bounds the expected imitation
gap of Mimic-MD. Recall that the objective is to upper bound E[Gap(7)] when the learner
carries out Mimic-MD. The outline of the proof is to construct two policies 7t and sore—first
that are functions of the dataset D.

The policy 7" is easy to describe: order the demonstration dataset arbitrarily, and at a state,
play the action in the first trajectory in D that visits it, if it exists. If no such trajectories
exist, the policy plays Unif(A). In particular, we show that the value of 7' and Mimic-MD
are the same, taking expectation over the demonstration dataset D (Lemma A.2.1).

On the other hand, we consider an oracle policy 7~ which is very similar. Indeed,
morefirst first orders the demonstration dataset in the same manner as 7™, At any state,
it too plays the action in the first trajectory in D that visits it, if it exists. However, if
such a trajectory does not exist, 7=t simply samples an action from the expert’s action
distribution and plays it at this state. This explains the namesake of the policy, since it
requires oracle access to the expert’s policy. By virtue of choosing actions this way, we show
that the value of 7o~ st in expectation equals J(7*P) (Lemma A.2.3).

At an intuitive level the elements of the proof seem to be surfacing: 7't matches 7% in
value, but is not available to the learner. However, it shares a lot of similarity to 7', which
in expectation matches 7 in value, the policy we wish to analyze. Informally,

ﬁrstzﬂ_orc—ﬁrst s XD (A?)

T = T
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Thus to establish the bound, we carry out an analysis of J(ror~first) — J(7fst)  Indeed we
show that since the two policies are largely the same, the learner is suboptimal only on the
trajectories where at some point a state is visited where the policies do not match. The final
element of the proof is to show that this event in fact occurs with low probability given an
demonstration dataset of sufficiently large size.

Before delving into the formal definitions of #™" and =
proof, we introduce a modicum of relevant notation.

first orc—first

and other elements of the

Notation. Let the trajectories in the demonstration dataset D be ordered arbitrarily as
{tr1,- -+ ,try}. In addition, we denote each trajectory tr, explicitly as {(s7,a?), -, (s%,a%)}.
For each state s € S we define,

Nis={n€[N]:s} =s}, (A.8)

as the (totally) ordered set of indices of trajectories in D which visit the state s at time ¢.
The policy 7 returned by Mimic-MD samples an action from the empirical estimate of the
expert’s policy at each state wherever available. On the remaining states, the learner plays
the distribution Unif(A).

Given the ordered dataset D, we define the policy 7''(D) as,

Ogn if |[Ny| > 1, where n = min(NV; ),
A fs) = { t i o) (A9)

Unif(.A) otherwise.

That is, 7''(D) plays the action in the first trajectory that visits the state s at time ¢.

In order to analyze the expected imitation gap of 7(D), we first show that (D) and 7it(D)
have the same value in expectation, and instead study the policy 7¢(D).

Lemma A.2.1. E[J(7(D))] = E[J(x¢(D))].
With this result, we can write the expected imitation gap of the learner 7 as,

E[Gap(R)] = J(x°?) — E[J(x"™(D))]. (A.10)

orc—first first

We next move on to the discussion of 7 which is an oracle version of 7"™". Informally,
at any state 7°¢~fi"st plays the action from the first trajectory that visits it in D, if available.
However on the remaining states instead of playing Unif(A), 7ot samples an action from
the expert’s action distribution and plays it at this state. Thus, 7°~fst is coupled with the
demonstration dataset D.

Prior to discussing 7°~f™t in greater depth, we first introduce some preliminaries. In

particular, we adopt an alternate view of the process generating the demonstration dataset D
which will play a central role in formally defining 7°~f"*. We mention that this approach is
inspired by the alternate view of Markov processes in [12].

To this end, we first define an “expert table” which is a fixed infinite collection of actions at
each state and time which the expert draws upon while generating the trajectories in D.
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Definition A.2.1 (Expert table). The expert table, T* is a collection of random variables
T}, (i) indeved by t € [H], s € S and i =1,2,---. Fizings € S and t € [H], fori=1,2,---,
each T} (i) is drawn independently ~ 7, (-[s).

In a sense, the expert table fixes the randomness in the expert’s non-determinstic policy. As
promised, we next present the alternate view of generating the demonstration dataset D,
where the expert sequentially samples actions from the expert table at visited states.

Lemma A.2.2 (Alternate view of generating D). Generate a dataset D of N trajectories as
follows: For the n'" trajectory tr,, the state s% is drawn independently from p. The action
al is assigned as the first action from T{,s?() that was not chosen in a previous trajectory.
Then the MDP independently samples the state sy ~ Pi(-|s7,a}). In general, at time t the
action ay is drawn as the first action in T;S?(-) that was not chosen at time t in any previous
trajectory n' < n. The subsequent state s}, is drawn independently ~ Pii1(-|s}, a}).

The probability of generating a dataset D = {try, - , try} by this procedure is = HnN:1 Proexo [thy,].
This is the same as if the trajectories were generated by independently rolling out 7% for N
episodes.

Proof. Starting from the initial state s} ~ p, the probability of tr, = {(s1,a1), -+, (s, an)}
is,

Pr (trn ={(s1,a1)," - 7(SH,CLH)}> = p(s1) (HH—1

s P(sialsi a) ) 75 (anlsn).

This relies on the fact that each action in T} (-) is sampled independently from 7;""(-[s).
Carrying out the same calculation for the n trajectories jointly (which we avoid to keep
notation simple) results in the claim. The important element remains the same: each action
in T} »(-) is sampled independently from " (-[s}). O
Note that the process in Lemma A.2.2 generates a dataset having the same distribution as if
the trajectories were generated by independently rolling out 7*® for N episodes. Without
loss of generality we may therefore assume that the expert generates D this way. We adopt
this alternate view to enable the coupling between the expert’s and learner’s policies.

Remark A.2.1. We emphasize that the infinite table T* is not known to the learner and is
only used by the expert to generate the dataset D. However, by virtue of observing the
trajectories in D the learner is revealed some part of T*. In particular at the state s and
time ¢, the first |V ;| actions in T} are revealed to the learner.

Recall that 7it(.|s) defined in eq. (A.9) deterministically plays the action in the first
trajectory in D that visits a state s at time ¢, if available, and otherwise plays the uniform
distribution Unif(.A).

Using the alternate view of generating D in Lemma A.2.2; this policy can be equivalently
defined as one which plays the action at the first position in the table T* if observed, and
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otherwise plays the uniform distribution.

Wert(-|8) _ 5T;s(1) if ‘Nt78| >0, (A.ll)
Unif(A),  otherwise.

We now define the oracle policy 7=t which plays the first action at each time t € [H] at
each state s € S. That is,

orc—first

T (1s) = or; 1)- (A.12)
With this definition, we first identify that the expected value of 7°~fst equals J(7®P).
Lemma A.2.3. J(7°P) = E [J(gore~first)]
Plugging this into eq. (A.10), we see that,
E[Gap(7)] = E [J(x e 4) — J(x™h)] . (A.13)

Observe that 7wore~ist and 7t are in fact identical on all the states that were visited at least
once in the demonstration dataset (i.e. having |N; | > 0). Therefore, as long as the state s
visited at each time ¢ in an episode has |N; 4| > 0, both policies collect the same cumulative
reward.

Lemma A.2.4. Fix the expert table T* and the demonstration dataset D. Define £ as the
“good” event that the trajectory under consideration only visits a state s, at each time t € [H|
such that |Nys,| > 0, i.e. states that have been observed in the demonstration dataset D at
time t. Then,

H H

E ooe [(thl rt(st,at)> 1 (gc)] — E et [(thl rt(st,at)> 1 (gcﬂ _ (A.14)
Proof. Both policies are identical on the states such that |N; ;| > 0. The event £¢ guarantees
that only such states are visited in a trajectory. Therefore both expectations are equal. [

With these preliminaries, we have most of the ingredients to prove the bound on the expected
imitation gap of Mimic-MD. To this end, from eq. (A.13) we see that,

Gap(7) = Ejore—sirss [ZHI (St at)] — Efirst [ZHl (St at)} . (A.15)

Subsequently invoking Lemma A.2.4, we see that

Gap(7) = Eporeen [(ZHIW(% @)) 1(€)] — Eqaes [(ZHI (s m)) 1()]

t= t=
H

< Eore- s [(thl ri(se, at)> 1 (5)] , (A.16)
<H Pr [, (A.17)

orc—first
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where in the last inequality we use the fact that pointwise 0 < r, < 1 for all ¢ € [H]. Taking
expectation gives the inequality,
E[Gap(7)] < HE] Pr €] (A.18)

In Lemma A.2.5 we show that E[Pr orc—sws [€]] is upper bounded by |S|H In(N)/N, which
completes the proof.

Lemma A.2.5. E [Pr oc—ns[E]] < W

orc—first

Although the oracle policy 7 and the dataset D are coupled, the key intuition behind
showing that the event £ occurs with low probability is that: it is not possible that, in
expectation 7o~ visits some state s with high probability, but the same state s visited in
the dataset D with low probability. This is by virtue of the fact that in expectation 7ore—first
matches 7P which is the policy that generates D.

Known-transition setting under deterministic expert policy

In this section, we describe the proof of Eq. (2.4.1.1) which upper bounds the expected
imitation gap of Mimic-MD (Algorithm 2).

Recall that Mimic-MD, true to its name, mimics the expert on the states observed in half the
dataset D;. By virtue of the learner mimicking the expert on states visited in D, we show
that the learner is suboptimal only upon visiting a state unobserved in D; at some point in
an episode.

Lemma A.2.6. Define ng ={Ir <t: s, &€S(D1)} as the event that the policy under

consideration visits some state at time t that no trajectory in Dy has visited at time t. Fizing
the expert datset D, for any policy 8¢ € 1155, (D),

Gap(7*) = 3" {Eroo [1ES (51 00)] — Bamy [WEG (5w, )] |- (A.19)

Simplifying this result further using the fact that the reward function is bounded in [0, 1]
results in eq. (2.8), recall which we used as a basis for motivating the design of Mimic-MD in
Section 2.4. In particular, any policy 78¢ that exactly mimics the expert on states observed
in D; has imitation gap bounded by,

Gap(7*) <357

s€S acA

[D,st:s,at:a] Pr[é’D,st s,at:a”.

7I-exp

The minimum distance functional considered in Mimic-MD simply replaces the population
term Preso [8§f, s = S,a; = a] by its empirical estimate computed using the dataset D,.
We follow the standard analysis of minimum distance function estimators using the triangle
inequality, which in effect reduces the analysis to a question of convergence of the empirical
estimate of Prexs[E gf, s; = +,a; = +| to the population in ¢; distance.
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Before stating the formal lemma, recall that
TP (s,a) & {{(sl,al), e (sgyag) st =s,ap=a, IT<t:s, & ST(Dl)}. (A.20)

is defined as the set of trajectories that (i) visits the state s at time ¢, (ii) plays the action a
at this time, and (iii) at some time 7 < ¢ visits a state unobserved in D;.

Lemma A.2.7. Consider any policy 7 which solves the optimization problem in (OPT-MD)
to an additive error of €. Fizing the demonstration dataset D,

Gap(F) <2) > ZH:  Ltep, Ltr € 7 (s, a))

s€S acA t=1 ‘DQ‘

<t
Pr [Sﬁl,stzs,at:a + e.

TEXP

ep. LtreT,P1(s,0)) | .. )
Lueby Dol L is the empirical estimate of Prz [ng, S = 8, a; = a]

computed using the trajectories in the dataset Ds.

We emphasize here that

Remark A.2.2. Taking ¢ = 0 in Lemma A.2.7 captures the case where 7° is the policy returned
by Mimic-MD.
The last remaining ingredient in proving the guarantee on the expected imitation gap of

Mimic-MD in Eq. (2.4.1.1) is to bound the convergence rate of the expectation of the RHS of
Lemma A.2.7. We carry out this analysis roughly in two parts:

(1) fixing the dataset D, for each ¢t € [H]| we bound the convergence rate of the empirical
distribution estimate (computed using Ds) of Prz [Sl%f, s; = 8,a; = a| to the population
in ¢; distance, and

(77) we show that the resulting bound (which is a function of D;) has small expectation
and converges to 0 quickly.

This establishes the following bound on the expected imitation gap incurred by Mimic-MD.

Lemma A.2.8.
H D 3
1(tre T,7* (s, H? H
> || [ ] - EeeE T ] Smm{\/gﬂ B }
s€S acA t=1 2

(A.21)

In conjunction with Lemma A.2.7 this completes the proof of Eq. (2.4.1.1) (by plugging in
¢ = 0 and noting Remark A.2.2) and also Corollary 2.4.1.

To show the high probability guarantee on Mimic-MD in Eq. (2.4.1.2), the key approach is
similar. However, we instead

(7) fix Dy and use sub-Gaussian concentration [13] to establish high probability deviation
bounds on the empirical estimate of Prz[€ gf, s = 8,a; = al, and
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(74) use missing mass concentration (Theorem A.1.2) to show that the resulting deviations
(which are a function of D) concentrate.

Lemma A.2.9. Fiz 6 € (0,min{1, H/5}). Then, with probability > 1 — 6,

Ztr6D2 I(tre 7;D1(s, a))
ZZZ

Pr |77 (s,a)| -

s€S acA t=1 WEXP |D2|
3/2
< |S|§ (1 310g(2|§|f1/5>> loa (2[S|H3). (A.22)

The high probability guarantee for Mimic-MD follows suit by invoking Lemma A.2.7 with
¢ =0 and Lemma A.2.9.

Proof of lower bounds

In this section we discuss lower bounds on the expected imitation gap of any algorithm in
the no-interaction, active and known-transition settings.

Active and no-interaction settings

In this section we discuss the proof of the lower bound in Theorem 2.2.1 which applies in
the no-interaction and active settings. We emphasize that the active setting is strictly a
generalization of the no-interaction setting: they are no different if the learner queries and
plays the expert’s action at each time while interacting with the MDP.

Formally, in the active setting, we assume the learner sequentially rolls out policies 7, - -7y
to generate trajectories try, -, try. The learner is aware of the expert’s action at each state
visited in each trajectory tr,, however may or may not choose to play this action while rolling
out m,. We assume that the policy m, is learned causally, and can depend on all the previous
information collected by the learner: the trajectories try,--- ,tr,_1, as well as the expert’s
policy at each state visited in these trajectories.

Notation. We use D =try,--- ,tr, to denote the trajectories collected by the learner by
rolling out 7y, -+ ,7n. In addition the learner exactly knows the expert’s policy m; " (+]s)
at all states s € S;(D). We also define A = {7;""(:|s) : t € [H],s € §;(D)} as the expert’s
policy at states visited in D, which is also known to the learner by virtue of actively querying
the expert.

The expert policy is deterministic in the lower bound instances we construct. Therefore,
we define II5%, (D, A) (similar to IT5S, (D) in eq. (2.3)) as the family of deterministic policies
which mimics the expert on the states visited in D. Namely,

[E(D, 4) 2 {7 € Taew : Wt € [H], 5 € S,(D), m(s) = 7'(5) . (A.23)



APPENDIX A. PROOF OF MAIN RESULTS IN CHAPTER 2 88

where 57rg4(s) is the policy observed by the learner upon actively querying the expert in a
trajectory that visits s at time ¢. Informally, IT5¢, (D, A) is the family of expert policies which
are “compatible” with the dataset (D, A) collected by the learner.

Define Mg 4 i as the family of MDPs over state space S, action space A and epsiode length
H. In order to prove the lower bound on the worst-case expected imitation gap of any learner
(D, A), it suffices to lower bound the Bayes expected imitation gap. Namely, it suffices to
find a joint distribution P over MDPs and expert policies supported on Ms 4 7 X Iget—exp
such that,

~ : S|H?
E(Mﬂrexp)Np [JM (WeXp) —E [JM(W)]:| Z min {H, | ]|V } . (A.24)

Construction of P. First we choose the expert’s policy uniformly from 4. That is, for
each t € [H] and s € S, m; P(s) ~ Unif(A). Conditioned on 7P the distribution over MDPs
induced by P is deterministic and given by the MDP M 7P| in fig. A.1. M[7**P] is defined
with respect to a fixed initial distribution over states p = {¢,---,(,1—(|S]—2)¢, 0} where
(= NLH In addition, there is a special state b € S which we refer to as the “bad state”. At
each state s € S\ {b}, choosing the expert’s action renews the state in the initial distribution
p and dispenses a reward of 1, while any other choice of action deterministically transitions
to the bad state and offers no reward. In addition, the bad state is absorbing and dispenses

no reward irrespective of the choice of action. That is,

, seS\{b}, a=n"P(s
Pllsay =17 \ {b} i (s) (A.25)
Op, otherwise,
and the reward function of the MDP is given by,
1, seS\{b}, a=n7"P(s
ri(s,a) = Wby o) (A.26)
0, otherwise.

We first state a simple consequence of the construction of the MDP instances and P.

Lemma A.2.10. Consider any policy 7P &€ Ilget. Then, the value of 7P on the MDP
M[r®*P] is H.

Proof. Playing the expert’s action at any state in S\ {b} is the only way to accrue non-zero
reward, and in fact accrues a reward of 1. In addition, note that the expert never visits the
bad state b by virtue of the distribution p placing no mass on b. Therefore, the value of 7%
on the MDP M[7**P] is H. O

The intuition behind the lower bound construction is as follows. Although the learner can
actively query the expert, at the states unvisited in the dataset D, the learner has no idea
about the expert’s policy or the transitions induced under different actions. Intuitively it is
clear that the learner cannot guess the expert’s action with probability > 1/2 at such states,
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b o=

Figure A.1: MDP template when Ny, = 0: Upon playing the expert’s (green) action at
any state except b, learner is renewed in the initial distribution p = {¢,---,{,1—(|S|—2)¢, 0}

where ( = NLH Any other choice of action (red) deterministically transitions the state to b.

a statement which we prove by leveraging the Bayesian construction. In turn, the learner
is forced to visit the bad state b at the next point in the episode, and then on collects no
reward.

Therefore, to bound the expected reward collected by a learner, it suffices to bound the
probability that a learner visits a state unvisited in the demonstration dataset. The remainder
of the proof is in showing that in this MDP construction, in expectation any learner visits
such states with probability € 2 |S|/N at each point in an episode. Moreover, conditioned on
the dataset D, these events occur independently across time. Thus informally, the expected
imitation gap of a learner is lower bounded by,

He+ (H—1)e(l =€) +---+ (1 —e)" > min{H, H?}. (A.27)
where € = |S|/N.

We return to a more formal exposition of the proof of the lower bound. Recall that our
objective is to lower bound the Bayes expected imitation gap of 7. Invoking Lemma A.2.10,
the objective is to lower bound

E (o) op [H _E [JM (7(D, A))H. (A.28)

To this end, we first try to understand the conditional distribution of the expert’s policy given
the dataset (D, A) collected by the learner. Recall that the dataset D contains trajectories
generated by rolling out a sequence of policies 7, --- ,m,, and A captures the expert’s policy
at states visited in D.

Lemma A.2.11. Conditioned on the dataset (D, A) collected by the learner, the expert’s
deterministic policy 7P is distributed ~ Unif (T15¢. (D, A)). In other words, at each state
visited in the demonstration dataset, the expert’s choice of action is fixed as the one returned
when the expert was actively queried at this state. At the remaining states, the expert’s choice
of action is sampled uniformly from A.

Definition A.2.2. Define P(D, A) as the joint distribution of Z = (M, 7%P) conditioned
on the dataset (D, A) collected by the learner. In particular, 7P ~ Unif(T15¢ (D, A)) and
M = M[r®*P].



APPENDIX A. PROOF OF MAIN RESULTS IN CHAPTER 2 90

From Lemma A.2.11 and the definition of P(D, A) in Definition A.2.2; applying Fubini’s
theorem gives,

Emrewyp | H — E [ I (7?)]} = E [E(mrerynp(p,a) [H — Jm(7(D, A))]] - (A.29)
Next we relate this to the first time the learner visits a state unobserved in D.

Lemma A.2.12. Define the stopping time 7 as the first time t that the learner encounters a
state s; # b that has not been visited in D at time t. That is,

{inf{t cs, €Sy (D)U{b}Y  3t:s, € Si(D)U{b}

H otherwise.

(A.30)

Then, conditioned on the dataset (D, A) collected by the learner,

~ 1
E(M’WGXP)N’P(D’A) [J(ﬂ_exp) — E [J(ﬂ')]i| Z (1 - W) E(M77rexp)N7J(D7A) [E%(D7A) [H - TH (A?)l)

Plugging the result of Lemma A.2.12 into eq. (A.29), we have that,

Eness)op [J(WGXP) _E [J(’ﬁ)]] > <1 - ﬁ) E [Etrenpna) [Ex [H = 7]]], (A32)
¢ (1 - ﬁ) He [Eremro.n [Pr[r < 1H/2]]]]

(A.33)

_ <1 |jt|) HE(M peoyop [E [Pr [T < LH/QJH] , (A34)

where (7) uses Markov’s inequality and the last equation uses Fubini’s theorem.

The last remaining element of he proof is to indeed bound the probability that the learner
visits a state unobserved in the dataset before time | H/2]. In Lemma A.2.13 we prove that
for any learner 7, E g rexe)wp [E [Prz [T < | H/2]]]] is lower bounded by 2 min{1,|S|H/N}.
Therefore,

E ey op [J(wexp) _E [J(%)]] > (1 - ﬁ) gmin {1, %} . (A.35)

Since (1 — ﬁ) is a constant for |A4| > 2 the statement of Theorem 2.2.1 follows.

Lemma A.2.13. For any learner policy T,

E (o) [E [P;r [T < [H/QJH] >1- <1 - %) o > min {1, %} . (A.36)
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&

Figure A.2: MDP template when Ny, — oo, Each state is absorbing, initial distribution is
given by {C7 o '7(7 - <|$’_1)<} where C = ﬁ

Known-transition setting

As in the proof of Theorem 2.2.1, in order to prove the lower bound on the expected
imitation gap of any learner (D, A), it suffices lower bound the Bayes expected imitation gap.
Namely, it suffices to find a joint distribution P over MDPs and expert policies supported on
Ms 4 i X Ilgep—exp such that,

Evtmeryop | J(7%P) — E[J(R(D, P))]} > min {H, %} . (A.37)

Construction of P As in the proof of Theorem 2.2.1, we first sample the expert’s policy
uniformly from IT4e. That is, for each ¢ € [H] and s € S, the action 7, () is drawn uniformly
from A. Conditioned on 7®P, the distribution over MDPs induced by P is deterministic and
given by the construction M[7®P] in fig. A.1. M[7**P] is defined with initial distribution
over states p = {¢,---,(,1—(|S|-1)¢} where { = 5. Each state s € S is absorbing in
M([7®*P]. Formally, for each s € S the transition function of M[7®P] is,

P,(:|s,a) = d,. (A.38)

At any state s, choosing the expert’s action 7, P(s) returns a reward of 1, while any other
choice of action offers 0 reward.

L a=m"(s)

re(s,a) = A.39
o(s.0) {0, otherwise. ( )

Note that all the MDPs M [7®P] for 7P € Tl4e; share a common set of transition functions and
initial state distribution. Therefore, fixing P and p, we define P’ to be the joint distribution
over expert policies and reward functions induced by P. Then the objective is to lower bound
the Bayes expected imitation gap,

E sy | I (1%) — E [ (R(D. P))] . (A.40)

In this construction, it is yet again the case that the expert’s policy 7P collects maximum
reward H on M[r®*P].
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Lemma A.2.14. Consider any policy 7P € Il4et. Then, the value of P on the MDP
M[7P] is H.

Proof. At each state visited 7P plays the only action which accrues a reward of 1. By
accumulating a local reward of 1 at each step, 7P has value equal to H on the MDP

M) O

With this explanation, invoking Lemma A.2.14 shows that out objective is to now lower
bound,

E(ﬂ-cpr,)N'P/ [H - E [Jr<%\(_D, P))]] . (A41)
Similar to Lemma A.2.11, we can compute the conditional distribution of the expert’s policy
(which marginally follows the uniform prior) given the demonstration dataset D.

Lemma A.2.15. Conditioned on D, the distribution of the expert policy m*® is uniform
over the family of deterministic policies II55, (D) (as defined in eq. (2.3)).

For brevity of notation, we define this conditional distribution of the expert policy given the
dataset D by P'(D).

Definition A.2.3. Define P'(D) as the joint distribution of (7P,r) conditioned on the
demonstration dataset D. In particular, 7P ~ Unif(II5¢, (D)) and r = r[x®P].

From Lemma A.2.15 and Definition A.2.3 and applying Fubini’s theorem,
E(reso pypr [E[H — J(7(D, P))]] = E [E(Wexp,T)Np,(D) [H — J,.(7(D, P))H ) (A.42)

Fixing the demonstration dataset D, we subsequently show that the imitation gap of the
learner is Q(H) if initialized in a state unobserved in the demonstration dataset D. The key
intuition is to identify that here the learner’s knowledge of the transition function plays no
role as each state in the MDP is absorbing. Therefore, once again at states unvisited in the
demonstration dataset, the learner cannot guess the expert’s action with high probability at
states, leading to errors that grow linearly in H.

Lemma A.2.16. For any learner’s policy © conditioned on the demonstration dataset D,

E oy oy [H — J(R(D. P))] > H (1 . @) (1-p&(0)).  (A43)
Therefore, from Lemma A.2.16 and eq. (A.42),
E ey [E[H — J(R(D, P))]| > H (1 - |—jl|) e[1-ps0))]. ()

The last ingredient left to show is that the probability mass on states unobserved in the
demonstration dataset, 1 — p(S; (D)), is not too small in expectation. Here we realize that this
boils down to calculating the expected missing mass of the distribution p given N samples
drawn independently. By construction of p, we show that this is 2 |S|/N in expectation.
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Lemma A.2.17. E[1 — p(S81(D))] > 6‘(‘?\;111)

Plugging Lemma A.2.17 back into eq. (A.44) certifies a lower bound on the Bayes expected
imitation gap of any learner 7. This implies the existence of an MDP on which the learner’s
expected imitation gap is 2 |S|H/N.
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A.3 Missing proofs in the analysis of BC

Proof of Lemma A.1.1

Since the expert dataset D is composed of trajectories generated by i.i.d. rollouts of 7P, we
have that Pr[s ¢ S;(D)] = (1 — Pryess[s, = s])!Pl. Therefore,

Z Z 7}:;(2 sy = s] Prls € S§;(D)] < Z Z ﬂexp (1 - 7}1&[ s}) lD‘. (A.45)

t=1 seS T7=1 s€S

W= 1_1><

— NLH ( i) < v from eq. (A.45),

Noting that maxgcoz(1 — 2

D 4|S|H
ZZM (1= Prfs. =) ZZ 9|D| < 9||1|)| (A.46)

7=1 s€8§ =1 seS§

Proof of Theorem A.1.2

To prove this theorem, we invoke a result of [54] on the concentration of missing mass.

Theorem A.3.1 (Concentration of missing mass [54]). Consider an arbitrary distribution

von X, and let XV “E 0y be o dataset of N samples dmwn i.i.d. from v. Let >0 and
o > 0 be constants such that >, (v(z))?e” V=@ < 52 For any 0 < e < Bo?, we have
the following,

2
Pr (mo(y, XMy — Elmy(v, XV)] > 5) < exp <—%> . (A.47)
o
We prove Theorem A.1.2 by an appropriate choice of parameters 3,02 and ¢ (as functions of
the confidence parameter §). In particular, choose f = N — 1 N( 5 > % For this choice of
og
B,
N
D (wl@))e N = 3 (wla))e Ve, (A48)
zeX reX
N,
< |X| sup vPe Vi7" (A.49)
vel0,1]
(i) _plog(1/6)
= x| <4e QT : (A.50)

where (i) involves computing the supremum explicitly by differentiation. Therefore, for 5 =
N a feasible choice of 0 in Theorem A.3.1 that upper bounds Yy (v(z))%e~ (N =¥

 /log(H/5)

3|X|log(1/6) 34/1X|log(1/90)
1S ——F3 —

~ (note that this choice satisfies ¢ < 302 since 3 > N/3

. Choose ¢ =
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and o2 = W). Invoking Theorem A.3.1 with this choice of 3, 02 and e,

S exp | — = .

. o 3y log(1/0) (3V/IFIN " log(1/3))
o (mO(V’X )~ Elmol, X)) 2 N >< 9| X|N—21og(1/3)

(A.51)
This proves Theorem A.1.2.
Proof of Lemma A.1.3
We decompose 327 Y ses Prrew[s = s]1(s € S-(D))as )y Z. where Z, = Y s Prrew[s, =

s|1(s &€ S;(D)). Observe that for each fixed 7, Z; is in fact the missing mass of the distribu-
tion over states at time 7 rolling out 7P, given N samples from the distribution. Applying
the missing mass concentration inequality from Theorem A.1.2, with probability > 1 —0/H,

Z. —E[Z] < ?’mﬁg([{/ 2 (A.52)

Therefore, by union bounding, with probability > 1 — 9,

H H
3/[STlog(H/5)
7. <SS E|Z]+H- . A53
; ; 1] N (A.53)
Using 7 2. = 7 Y ses Prresn[s; = s]l(s € S-(D)) and applying Lemma A.1.1 to
claim that >°%  E[Z,] < 4|S|H/9N completes the proof.

A.4 Reduction of IL — TV matching

In this section we will prove Lemma 2.3.1. For each 7 € [H], define the policy 77 =
{n]® o mP T, T} with 70 = 7. The policy 77 plays the expert’s policy till time
7 and the learner’s policy for the remainder of the episode. Then,

Gap(@) = Y ()~ JGE). (A.54)

For any fixed 7 € [H|, observe that 7™ and 7™~ ! roll out the same policy till time 7 — 1.
Therefore the expected reward collected until time 7 — 1 for both policies is the same. By
linearity of expectation,

JE) = IE ) =3 Eer [ri(sear)] — Exeot [ri(sear)] (A.55)
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Now fix some t > 7 and consider Ezr [r (s, a;)] — Ezr-1 [r4(sy, a;)]. First observe that,

Errt [re(se, a)] = E srmgroy [ Enrt [re(sesa)lsrvar] ], (A.56)

ar~iir(|s7)

=3 Flew(s) Felals) Ezemr [ri(se, ar)ls- = 5,0, = a | (A.57)

s€S acA

— Z Z [l (8) 7o (als) Bz [re(se, ar)|sr = s,a, = a]. (A.58)

s€S acA

where in the last equation we use the fact that 77! rolls out 7 time 7 onwards, and the fact
that we condition on the state visited and action played at time 7. Moreover, we also use
the fact that ry(s;, a;) only depends on (s, a;) which appears at time ¢ > 7. Noting that

7= (ay P TP T, -+, Ty ), a similar decomposition gives,
Ear [re(se,a0)] = Y Y frew(s) 7% (als) Ezr [re(s1,ac)|sr = 5,0, = al, (A.59)
s€S acA
=" frew(s) 7%(als) Bz [ri(se, a))s, = s,a, = a], (A.60)
s€S acA

where in the last equation we similarly use the fact that 7" rolls out 7 time 7 + 1 onwards,
and the fact that we condition on the action played at time 7. Subtracting eq. (A.58) from
eq. (A.60),

Exr [re(se, ar)] — Ezrm1 [re(se, ay)]
<Y Froals) D Ex (s al)lsy = s,0- = a] (79 (als) — 7o(als) ). (A.61)

seS acA

Observe that Ez [ry(s¢, a)|sr = s,a, = a] is a function of (s,a) and is bounded in [0, 1] (since
pointwise 0 < r; < 1). Therefore,

B [ru(se, a0)] = Bxe (s, 0)] £ 3 frow(s) sup D gla) (72 (als) = Folals)),
seS 9:A=[0,1] acA
(A.62)
ON™ frn(s) Doy (75%(als), 7 (als)) (A.63)
seS
= Esnfro [Drv (77%(als), T (als))] - (A.64)

where (7) uses the dual representation of TV distance. Summing over ¢ > 7 and 7 € [H| and
invoking egs. (A.54) and (A.55) we get,

H

Gap(T) < H Y Eovpr, [Drv (75(als), 7 (als))] (A.65)

T7=1

Using the definition of L£o.1(+) (eq. (2.7)) completes the proof.
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A.5 Missing proofs in the analysis of log-loss BC

We will produce the proofs excluded in the analysis of BC in the stochastic expert setting,
namely, Theorem 2.3.2.

Proof of Lemma A.2.1

Recall that we assume that the trajectories in the expert dataset are ordered arbitrarily as
{try,--- ,trx} where tr, = {(s7,a}), -, (sh,a}y)}. Nes={n € [N]: s} = s} as defined in
eq. (A.8) is the set of indices of trajectories in D that visit the state s at time ¢. In order to
prove this result, suppose the learner’s policy 7

With this, we define the randomized stochastic policy X™(D) as,

Xunif("S) _ 5a’;<t’s) if |Nt78| > 1, (A 66)
' Unif(.A) otherwise. .

where each n(t,s) is a random variable independently sampled from Unif(N; ;) whenever
N, s # (0. Note that fixing D and n(t, s) for all ¢, s such that Ny, # ), the random variable
Xwif is a fixed stochastic policy.

The policy X"if(D) in a sense corresponds to just extracting the randomness in the actions
chosen at visited states in the policy 7(D) returned by Mimic-MD.

In particular, it is a short proof to see that the random variables J(X"(D)) and J(7(D))
have the same expectation.

Lemma A.5.1. E[J(7(D))] = E[J(X"™(D))].

Proof. Consider some trajectory tr = {(s1,a1), -, (sy,ay)}. Fixing the expert dataset D,

E[ Pr )[tr]‘D} =E [p(sl) <HH_1 X;mif(at|st)B(st+1|st,at)) X;mif(aH|sH)] . (A7)

Xunif(D t=1
From eq. (A.66) and Algorithm 1, observe that X" 19 = %(.|s) = Unif(A) at states
s: Nys =0 (i.e. which were not visited in the expert dataset). Moreover, on the remaining

states X" (q,|s,) is independently sampled from the empirical distribution over states at
time ¢. In particular, this means that E[X ™ (a,|s;)] = 7(a¢|s¢). Plugging this in gives,

[ Pr ] = Pr [tr]. (A.68)

Multiplying both sides by Zfil (8¢, ay), summing over all trajectories tr and taking expec-
tation with respect to the expert dataset D completes the proof. O

First we provide an auxiliary result that is critical to showing that the policies J(X (D))
and 7*(D) have the same value in expectation.
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To this end, first define D<, . = {((s},a}), -+, (st q,a”_1),s?) : n € [N]} to be the

truncation of the expert dataset D till time 7, excluding the actions played at this time.
D~ <, and other similar notations are defined analogously.

Lemma A.5.2. Condition on D<, o, which represents the truncation of trajectories in the
expert dataset D till the state visited at time 7. At any state s that is visited at least once in
D at time T (namely with |N;s| > 0), the actions {a2} : n € N, s} played at trajectories that

visit the state s at time T are drawn independently and identically ~ wP(+|s).

Proof. Recall that we condition on D, ., which captures trajectories in the expert dataset
truncated till the state visited at time 7. Since each trajectory tr, € [N] is rolled out
independently, the action a” in each trajectory tr, is drawn independently from 7P (-|s™).
More importantly, conditioned on D<, ., the states s visited in different trajectories is
determined. This implies that N, ; for s € S is a measurable function of D<, ..

These two statements together imply that states s € S having N, ; > 0 (which is a measurable

function of D<, ;) are such that all the actions {a : n € N, ,} are independent. O

Proof of Lemma A.2.1. In order to prove this result, we use an inductive argument. The
induction hypothesis is that the expected value of X" (D) and 7(D) are the same,
conditioned on the expert dataset till time ¢ and the actions from the empirical distribution
sampled by X"i(D) at different states till time ¢. We formalize this hypothesis in equations
after first proving the base case. To recognize the fact that we prove the statement starting
from t = H, we define Hy as the base case, and inductively prove H; ; assuming the
hypothesis H;.

First observe that,

E|J(X (D)) Dererr, {n(t.5) | £ < H, s Ny > 0}] = E[7("™(D))| D). (4.69)
This is because conditioned on D<p <5, the only randomness is in the actions that are played
in the different trajectories at time H. By Lemma A.5.2 these are distributed i.i.d. ~ 7;,""(+]s).
Taking expectation with respect to {ngs|s : Nys > 0}, results in proof of the base case for
t=H,

Hir + E[J(X(D))|Daan {nlt, ) | t < H, 52 Ny > 0}] = €| 7™ (D)| D]
In general consider the hypothesis H,,

M, : E[J(Xunif(D))‘DST,<T, {n(t, ) ’ t<r, s:N, > OH - E[J(wﬁrst(p)))DgT“]
Taking expectation with respect to {s” : n € [N]}, where conditionally s” ~ P.(-|s"_,al_,),

T—1

E[J(X“mf(D))‘D@KT, {n(t,s) ’ t<7, 5: N> o}] — E[J(wﬁrSt(D))‘DQKT] (A.70)
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Next we take expectation with respect to the actions {a” : n € [N]} where each a” is drawn
independently from ;" (+|s”). This results in,

E|J(X™ (D) Darerr, {nltss) | t < 7 52 Noy > 0} = E[ I (D)) Dar e
(A.71)
Note that on both sides we condition on D, ., which is the set of partial trajectories
in the expert dataset till time 7 — 1 (excluding the action at this time). In particular, this
conditioning determines the set of states visited at time 7 — 1 in the expert dataset. Consider
any state s € S:

(1) If s was not observed in the dataset D at time 7 — 1, then with probability 1 over the
randomness of X" both the policies X" and 7™t play the policy Unif(A);

(74) On the other hand, if s was observed in the dataset D in some trajectory at time 7 — 1,
then X" samples from an empirical distribution over actions played at the state s
in the dataset at time 7 — 1, which by Lemma A.5.2 are drawn independently from

7P (+|s). On the other hand, the action played by 7™t is also drawn independently

from 7°°F (|s). This shows that the expectation on the LHS does not depend on the

T—1
choice of n(t — 1, s) for any state s € S.

Thus in both cases, the expectation of the random variable on the RHS does not depend on
{n(t —1,s)|s € S}. Therefore, we can drop the conditioning on this random variable to give,

E[J(X™ (D)) [ Derrr, {nlts) | £ < 7 =1, 55 Niw > 0} = E[ S (D)) | Drcr 4]
(A.72)
This proves the induction hypothesis H,._; and consequently the hypothesis H,. Taking
expectation on both sides of H; with respect to s} £ p proves the claim. O]

Proof of Lemma A.2.3
Fixing the table T*, the probability of observing the trajectory tr = {(s1,a1),- -, (sg,an)}

under the deterministic policy more—first jg

7-‘-orc—ﬁmt

Pr (tr) = p(s1) <H 1 ( T;,,(1)) H(St+1|3t,at)> 1(ag =Ty, (1)). (A.73)

Since the actions T7 (1) are independently drawn from 7;*"(-|s;), taking expectation, we see
that

E [ Pr (tr] = (H 7y P (ay|s) Py( st+1|st,at)> w5 (am|sy) = Pr(tr). (A.74)

rorc—first TEXP

Multiplying both sides by thl (8¢, a;) and summing over all trajectories completes the
proof.
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Proof of Lemma A.2.5

Recall that the “failure” £ is defined as the event that at some time t € [H], a state s;

is visited such that |V, | = 0, i.e. that was not visited in the expert dataset. By union
bounding,
H
SRERCIED 9 3L WENCH (A7)
t=1 se

where &, is the event that a failure occurs at the state s at time ¢, i.e. the state s is visited

at time ¢ and |N; 5| = 0. & is the intersection of two events. Therefore we have the upper
bound,

E{ Pr[&A}grmn{E[ Pr[&:uﬂ,E{ Pr HN@|:O@}. (A.76)

rorc—first qrorc—first qrorc—first

Observe that these two terms in the minimum are easy to compute. Firstly, using eq. (A.74),
we have that,

TeXp

EL&%J&:Q}:PQ&ZQ. (A.77)

On the other hand,
orc—first Texp

€| Pr [Vl = 0] = EIL(N] = 0)] = (1= Pyfsi =) (A78)

where the last equation uses Lemma A.2.2. Putting together egs. (A.77) and (A.78) with
eq. (A.76),

N
E [ Pr t[&'s’t]} < min { fe’xrp[st = s, (1 - Iz)gj[st = s]) } : (A.79)
In Lemma A.5.3 we show that the RHS is upper bounded by log(N)/N. Therefore,
log N
Plugging back into eq. (A.75) completes the proof.
Lemma A.5.3. For any z € [0,1] and N > 1, min{x, (1 — 2)V} < 26X
. . . . . . : log N
Proof. x is an increasing function, while (1 — z)" is decreasing. For z = <%=,
log N\
(1-2)N = <1 - Oif ) < e lEN < N1 (A.81)
Therefore for x > %, min{z, (1 — )N} < &. Therefore min{z, (1 —2)"} < 1°%N. O
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A.6 Missing proofs in the analysis of Mimic-MD

In this section we will provide proofs of the results excluded in the proof of Theorem 2.4.1.

Proof of Lemma A.2.6

Observe that the complement (ng)c is the event that the policy under consideration until
(and including) time ¢ — 1, only visits states that were visited in at least one trajectory in the
expert dataset.

First observe that, fixing the expert dataset D,

Gap(T) (A.82)
= E exp [ZtHzl (St at)} — Ex [Zil (St at)] (A.83)

= Zil Eexs [(1 ((‘ng)c) +1 (‘%D) Tt(snat)] —Ez [(1 <<5§f)c> +1 (ng)) Tt(St’at):| .

(A.84)

Indeed, to prove the statement it suffices to prove that,

Zil E o [1 ((ng)c) ri(se, at)] = Zil E- [1 <(g§t)0) -en at)] . (A.85)

Recall that the learner 7 mimics the expert at all the states observed in the dataset Dy, i.e.
having |N; 5| > 0. Observe that when the event (ng)c occurs, all the states visited in a
trajectory have |N;s| > 0. Thus, both expectations are carried out with respect to the same
policy and are hence equal. More precisely, for any t € [H],

Ez []1 ((5§f)c> rt(staat):| = Eswp’ <t a7~?]r;((|-|sT) : []1 ((ggt)0> rt(staat)] (A.86)
=1~ P(|srar

- E31~p, T<t, aTN?((HST) ) [1 <(5§t)c> ri(se, at)} (A.87)
Sty P |sean

= E exp [Il <(5§f)c> (8¢, at)} (A.88)

where (i) uses the fact that when s, € §;(D;) (as implied by (El%f)c for each 7 < t), then,

TP (-|s,;) = 7, (-|s;). Moreover.
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Proof of Lemma A.2.7

First observe that we can write the reward r;(s;, a;) accrued in some trajectory at time ¢
equals Y oD ca7t(s,a)1((ss, a;) = (s,a)). Therefore, from Lemma A.2.6,

Gap(m ZZZ?}SQ(exp[égf,st:s,at:a} Pr[551,st s,at:aD

S€ES acA t=1
<Y X5 |py et = s =] ~Er[ehe ==
s€S acA t=1
ZZXH: Pr [TDl s a)} —Pr [7;171(3,@)” (A.89)
€S acA t=1

where the inequality follows from the assumption that 0 < r,(s,a) < 1 and the last equation
follows from the definition T;”"(s,a) = {{(s;, a;) YL |s; = 5,0, = a, Ir€[H] : 5, & S;(Dy)}
is the set of trajectories that visit (s,a) at time ¢ and at some point ¢’ in the episode visit
a state not visited in any trajectory at time ¢’ in D;. Using the definition of the learner’s
policy 7 in the optimization problem (OPT-MD) and applying the triangle inequality,

Gop(#) < 353 | Py [77 (0] - Suep, 1ltr € 77 (5,0)

e ach =1 | | De|

ZtFEDQ L(tr € 7;D1<57 a))

_.I_
| Dy

(A.90)

— P%r [ﬁDl(s,a)} :

Observe that the expert’s policy 7P is a feasible policy to the optimization problem
(OPT-MD). Since 7 solves (OPT-MD) up to an additive error of ¢, we have the upper
bound,

 Dwen, Utr € T (5,0))

+ €. A9l
| D, ( )

s€S acA t=1

Proof of Lemma A.2.8

Recall that we carry out sample splitting in Algorithm 2 to give datasets D; and Dy;. We
first fix the trajectories in Dy and compute the expectation with respect to the dataset D.
Sample splitting implies that, conditioned on Dy, the trajectories in D, are still generated by
independently rolling out 7°*P. By Jensen’s inequality, we can upper bound by the quadratic
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deviation,
1 D
PIPIPI: [ Py (77 (s.0)] - ZuentTE T w»u
SES acA t=1 T | Ds|
D 2 1/2
It 1
3 (e[ (1 1] - Bt e ) .
s€S acA t=1 T 5

Observe that each trajectory tr € Ds is generated by independently rolling out 7. Therefore,
|D—12| > wep, L(tr € 7.7 (s,a)) is an unbiased estimate of Pryes[7;”*(s,a)]. Therefore the

expectation term in eq. (A.92) is nothing but the variance: letting tr; be an arbitrary
trajectory in D,

 Yuep, Utr € TP (s,0))

SES acA t=1 o | D,
H 1 1/2
< Z (T\/ar [L(try € T,”" (s, a)}) (A.93)
SES ac A t=1 |Ds|
H 1 1/2
< > (m Pr (T2 (s, a)}) (A.94)
SES acA t=1 2

where the last inequality uses the fact that the variance of an indicator function is at most
its mean, and that each tr € D, is independently drawn by rolling out 7**. Now, taking
expectation with respect to the dataset Dy, and by another application of Jensen’s inequality;,

_zwmuneﬁwawq

eyl D]
1 1/2
<SSt (e 7] e
S€ES acA t=1
i 1 1/2
S5 ot e s =)
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where in the last equation, we use the definition of 7;D1(-7 -). By an application of the Cauchy
Schwarz inequality,

Sy el
78] < oxp v
< Z AR <Z E Lrlzg) [551, St = S,a; =, (s)”) (A.97)

> wep, L(tr € T, (s,a))
| Dy

Pr [TDl s a)] -

Texp

s€S acA t=1

t=1 seS
<3 B e s o)) o

Therefore, to prove the result it suffices to bound E |:Pr7rexp [55:”, which we carry out in
Lemma A.6.1. Here we show that it is upper bounded by < 1 A |S|H/|D;|. Subsequently
using |D;| = | D3| = N/2 completes the proof.

Lemma A.6.1. For any t € [H], the probability of failure under the expert’s policy is upper
bounded by,

[ [55]] < 5 o

Proof. Conditioned on Dy, we decompose based on the first failure time (i.e. the first time
the event ng is satisfied),

Pr [5§f’D1] =P [37 <t:s ¢S(D) Dl}, (A.100)
:Zj  Pr [V <7, 50 € Su(Dy), 5, & S:(Dy)| D] (A.101)
<> P [ST ¢ S, (Dy) Dl} (A.102)

=3 S Prlse=s]i(s € S:(D) (A.103)
<SS Prls=si(s ¢ S.(Dy) (A.104)

Taking expectation with respect to the expert dataset,

D1” ZT > Prise =] Prfs ¢ S.(Dy) (A.105)

The proof of the claim immediately follows by invoking Lemma A.1.1. O

E [Pr [5171

TeXP
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Proof of Lemma A.2.9

Starting from the bound in Lemma A.2.7 and using the fact that at each state s the expert
plays a fixed action ;" (s) at time ¢,

Gap(m <ZZZ

seS t=1

(A.106)

Pr [TDl (s,m P(s))| —

TeXP

> e, Ltr € TP (s, 777 (s)))
| Dy

Observe that 1(tr € 7,7 (s, 77 (s))) is a sub-Gaussian random variable with variance bounded
by its expectation. Therefore, by sub-Gaussian concentration [13], for each s € S and t € [H],

conditioned on Dy, with probability > 1 — ISIH §| R
L(tr € P
Ztr€D2 (tr 7; (5,17 (s))) — Pr [T '(s, fop(‘g))}
| D, i
1 o 12 [2log(2|S|H/0)
o) I

By union bounding over s € § and ¢ € [H]|, conditioned on Dy with probability > 1 — g,

L | Seeep, L € T (5, 7(5)))
2.2

— Pr [TDl(s Wpr(S))H

Dy
" 1/2
ox 2log(2|S|H/d
§Z< Py [77 G p<s>>]> \/ s (A.108)
= SES 2
1/2
< H|S" (2 [en)]) \/ﬂog(fl'f"fm (A-109)
TEXP 2

Applying Lemma A.1.3, with probability > 1 — /2,

H log(2H
Prigp] < 4|S|H ~ 3H/|S|log( /5)‘
TP 9D, | | D1

Therefore union bounding the events of egs. (A.109) and (A.110), with probability > 1 — ¢,

H IS re TP (s, nP(s - o
ZZ Ztre QIL(’E € ( (s))) _ Py [7— (s, p@))]‘

—1 SGS |D2| reXp

- <4|S|H . 3H\/?10g(2H/5)>”2 \/210g(2|S|H/6) o

(A.110)

9|D1| |D1| |D2’

1/2
3/2
< |S|H <1 n 310g(2]S|H/5)> log(2|S|H ). (A.112)

-N VIS
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A.7 Lower bound in the active-interaction setting

In this section we will prove auxiliary results used in the proof of Theorem 2.2.1.

Proof of Lemma A.2.11

Fix some policy 7 € Il4er. Consider any time ¢ € [H| and state s € S;(D) which is visited in
some trajectory in the dataset at time ¢. If 7,(s) does not match the action 7*(s) revealed
by actively querying the expert in a trajectory in D that visits s at time ¢, the likelihood of
7 given D is exactly 0 (since the expert is deterministic). On the other hand, the conditional
probability of observing (D, A) does not depend on the expert’s action on the states that
were not observed in D, since no trajectory visits these states. Since on these states the
expert’s action marginally follows the uniform distribution over A, the result immediately

follows.

Proof of Lemma A.2.12

In order to prove this result, define the auxiliary random time 73, to be the first time the learner
first encounters the state b while rolling out a trajectory. If no such state is encountered, 7 is
defined as H + 1. Formally,

inf{t:s,=b} Jt:s,=0b
T =
’ H4+1 otherwise.

Conditioning on the learner’s dataset (D, A), first observe that

H

H— E(M77Texp)N7D(D7A) [J(?T\)] =H — E(M77rexp)N7D(D7A) |:E% |:th1 Tt(St, at)” (A113)

2 E(MJrcxp)N’P(D7A) [Eﬁ [H — Ty + 1]] (A.114)

where the last inequality follows from the fact that r is bounded in [0, 1], and the state b is
absorbing and offers 0 reward irrespective of the choice of action. Fixing the dataset (D, A) and

the expert’s policy 7 (which determines the MDP M([7*®]), we study Ez(p a) [H — 7 + 1]
and try to relate it to Ez(p a) [H — 7].

To this end, first observe that for any t < H — 1 and state s € S,
Prin=t+1,7=t,ss=s]=Pr[n,=t+ 1t =t =s|Pr{r=t,s =5 (A.115)

= (1=RE()ls)) Prir = t,5, = o] (A.116)

where in the last equation, we use the fact that the learner must play an action other than

7y P(s4) to visit b at time ¢ + 1. Next we take expectation with respect to the randomness

of 7P which conditioned on (D, A) is drawn from Unif (IT5¢, (D, A)) which also specifies the
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underlying MDP M [7®P]. Observe that the dependence of the second term Prz [7 = ¢, s; = s]
on m*P comes from the probability computed with the underlying MDP chosen as M[7P].
However observe that it only depends on the characteristics of M [7**®] till time ¢t —1 which are
determined by 77", -+ 7, }. On the other hand, the first term (1 — 7, (7, " (s)|s)) depends
only on 7P, As a consequence the two terms depend on a disjoint set of random variables,
which are independent (since conditionally 7P ~ II5% (D, A) defined in eq. (A.23))

Therefore taking expectation with respect to the randomness of 7 ~ Unif(II2%, (D, A)) and
M = M[r®P] (which defines the joint distribution P(D, A) in eq. (A.23)),

E(Mrex)wp(D,4) [%UPQYA) [ =t+1,7=ts5 = 8]]
= BE(Maow)~p(D,4) [1 - %t(ﬂfxp(st)lst)] EMrexe)p(D,4) [Pﬁr [T=t,s = S]] (A.117)

a 1
@ (1 - W) E ey op(DA) [P;r [r=t,s = s]} (A.118)
where in (a), conditioned on (D, A) we use the fact that either (i) s = b, in which case 7 # t and
both sides are 0, or (ii) if s # b, then 7 = ¢ implies that the state s visited at time ¢ must not
be observed in D, so 7;"(s) ~ Unif(A). Using the fact that Prz[r, =t + 1,7 =t,8, = s] <
Prz [1, =t + 1, s; = s| and summing over s € S results in the inequality,

1
E(Mrexp)~P (D, ) [P%l" [ =1+ 1]] > (1 - —) E(M,rexp)~P(D, 4) [P%F [T = t]} (A.119)

Al
Multiplying both sides by H — ¢t and summing over t =1,--- , H,
1
Eurernyp(p,4) |Ex [H = 7+ 1] | > (1 - W) Eurernyp(n,a) |[Ex [H = 7] | (A.120)

here we use the fact that the initial distribution p places no mass on the bad state b. Therefore,
Przpy [ = 1] = p(b) = 0. This equation in conjunction with eq. (A.114) completes the proof.

Proof of Lemma A.2.13

Firstly, in Lemma A.7.2 we show that E [Przp a)[t < [H/2]]] >1— (1 — N where v is
defined as >, 5 p(s)(1 — p(s))". Subsequently, in Lemma A.7.3 we show that v > |S|/N.
Putting these two results together proves the statement of Lemma A.2.13.
Along the way to proving Lemma A.7.2, we introduce an auxiliary result.

Lemma A.7.1. Fiz the dataset (D, A) collected by the learner, and any policy mP &€
156 (D, A) (as defined in eq. (A.23)). Recall that T as defined in Lemma A.2.12 is the first

time t that the learner encounters a state s, # b that has not been visited in D at time t.
For some t € [H], consider Przp [T = t| computed with the underlying MDP as M[r®®P].
Then,

t—

Pr [r=t]=(1-p(S(D)\ {1 []

#(D,A)

o(Se(D)\ (1)) (A121)

t'=1
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Proof. First observe that, the event {7 = ¢} implies that the learner only visits states in
Sy (D) U {b} till time ¥’ < ¢, and visits a state in S, (D) U {b} at time ¢t. That is,

Prfr = {] = Pr {st ¢ S,(D)U{b}, V' <t sy € Sy(D)U {b}} (A.122)

—Pr [st ¢ S/(D) U {bY, V' < t, 5y € Sy(D)\ {b}} (A.123)

where in the last equation, we use the fact that by construction of M[r®P], the learner is
forced to visit the state b at time ¢ if the state b is visited at any time ¢’ < t.

Moreover, since the learner never visits b till time ¢ — 1, this implies that the learner must
play the expert’s action at each visited state until time ¢ — 1 (otherwise the state b is visited
with probability 1 at time t). Therefore,

Prjr =t] = Pr |s; € Si(D)U{b}, V' < t,sp € Sy(D)\ {b}|. (A.124)

TeXp

Since under the policy 7% rolled out on M |[7P], the distribution over states induced is i.i.d.
across time and drawn from p, we have that,

Prfr =] = (1 - p(S(D)U () [, #(Sv(D)\ (b)) (A125)

T

However the distribution p has no mass on the state b. Therefore p(S;(D) U {b})

O

p(S:(D) \ {b}) and the proof concludes.
Corollary A.7.1. Przp a[r < |H/2|] =1 — [T p(S,(D) \ {b}).
Yy w(D,A) > t=1 P t
Lemma A.7.2. Fiz some policy 7P € 115¢.(D, A) and the MDP as M[n®P?]. Then,
E A(grA)[T < |H/2 J]} >1—(1—~)H (A.126)

where 7 = Y05 p(s)(1 = p(S))".

Proof. Recall that the learner rolls out policies 7, - - - , mn to generate trajectories try, - - - , try.
First observe that, conditioned on the learner’s dataset truncated till the states visited at
time ¢,

e[T, o(son 1) -1 o(si(0)\ (1})]
—E[IT, o(suD)\ (0}) (1~ E [p(S-a(D)\ {]) | Drr] ) (A.127)

where in the last equation we use the fact S;(D) for all ¢ < 7 is a measurable function of

D, ;. Conditioned on D, -, consider the distribution over actions a} played by the learner

in different trajectories. If a} = m;*P(s?), the state s”,, is renewed in the distribution p. If
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a? is any other action, s”,, = b with probability 1, and does not provide any contribution to

( S-+1(D) \ {b}). Let the random variable N" denote the number of trajectories that have
already visited b prior to time 7 or play an action other than the expert’s action at time 7.
By linearity of expectation,

1= E [ (8 (D)\ () [Derer] = E [ZSW} p(s) (1 = p(s)"
>3 P9 (1 (s (A120)

Recalling that v is defined as the constant ) _¢p(s) (1 —p(s))Y and p(b) = 0, from
egs. (A.127) and (A.129),

e [T, (o) {b})} > (-2 ([ e(s@0})] (30

We also have that E[p(S1(D) \ {b})] =1 =3 s\ P(8)(1 — p(s))Y =1 — v since the initial
state s in each trajectory in D is sampled independently and identically from p. Using this
fact and recursing eq. (A.130) over 7 =1,--- , | H/2| — 1 gives,

| I127 (S0 )] = =yt (A131)

’ DSKT] (A.128)

t=1

Invoking Corollary A.7.1 completes the proof. m

Lemma A.7.3. v, defined in Lemma A.7.2 as Y . p(s)(1 — p(s))N is > [5]=2_
Proof. By the definition of p, we have that,

0 |S] -2 1 \Y_ |8 -2
= 1— N> 11— — > . A132
7= S o) 2 (o) zaaay s
where in (7) we lower bound by only considering the |S| — 2 states having mass = N_+1 under
p- O

Lower bound in the known-transition setting
Proof of Lemma A.2.15

The proof of this result closely follows that of Lemma A.2.11. Fix some policy 7 € Il4e¢.
Consider any time ¢ € [H] and state s € §;(D) which is visited in some trajectory in the
dataset at time ¢. If m,(s) does not match the unique action a}(s) played at time ¢ in any
trajectory in D that visits s at this time, the likelihood of 7 given D is exactly 0 (recall we
assume that the expert’s policy is deterministic). On the contrary, the conditional probability
of observing the expert dataset D does not depend on the expert’s action on the states that
were not observed in D, since no trajectory visits these states. On these states the expert’s
action marginally follows the uniform distribution over A. Thus the result follows.
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Proof of Lemma A.2.16
Observe that,
E (rexe ypr(p) [H — Jn(T)]
H
= E(7rexp7r)~73/(D) |:E% [thl 1-— Tt(St, G,t)jH (A133)

>3 Eeonro [Ex [10s1 ¢ $iD) (1= nilsua))|] (A.134)

By construction of the M[7®P] and P each state s € S is absorbing. Therefore, s; ¢
S1(D) < {Vt € [H], st € S(D)}. By the structure of the reward function r[7®*®], the
learner accrues a reward of 1 at some state if and only if the learner plays the expert’s action
at this state. Therefore, r(s¢, a;) = 1(a; = m, " (s¢)) and,

s ¢ SiD) |
— E(pesrr)ep(D) [E% [ (a; = 7% (s t))‘sl ¢ Sl(D)” (A.135)

From Lemma A.2.15 observe that conditioned on D, the expert’s policy 7P is sampled
uniformly from TIE, (D). Since we condition on s; & S1(D) <= s, € S;(D) the state s; is
not visited in any trajectory in D at time ¢. This implies that the expert’s action 7, " (s;) is
uniformly sampled from A. Therefore,

E(ﬂ.expﬂﬂ)/\"P/(D) |:E/7% |:Tt(st7a’t)

ox 1

Eﬁ E(chpJ)Np/(D) [Il(at = Ty p( ))‘81 Q 81 ]} ZE |: CLt = CL S1 € 81( >i| == .
| Al 4 A

Plugging this into eq. (A.135) and subtracting 1 from both sides we get that,

1
E(WEXP,T)NP,(D) [E%(DJD’[,) |:1 - Tt(St, CLt) S1 g 81<D)i|] =1- W (A136)
Plugging this back into eq. (A.134) we get that,

E(ﬂ-expjr)wp/(D) [H — Jr(%)] Z H (1 - |A‘> PI’ [Sl ¢ 81( )] (A137)

Since s; is sampled independently from p, the proof of the result concludes.

Proof of Lemma A.2.17

Note that the dataset D follows the posterior distribution generated by rolling out 7% for
N episodes when 7P is drawn from the uniform prior Unif(Il4e;). Irrespective of the choice
of 7P, note that the initial distribution over states is still p. Therefore,

E[1— => pls (A.138)

seS

0 |S| -1 1 \Y_ |8-1
> 1— e A.139
—N+1( N+1) T e(N+1) ( )
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where in (i) we lower bound by considering only the |S| — 1 states having mass - under p.

N+1
Plugging this back into eq. (A.44) completes the proof of the theorem.
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Appendix B

Proofs of Results in Chapter 3

We provide proofs for the theorems introduced in Chapter 3 within this appendix.

B.1 Computational and sample efficiency of (OPT-MD)

In this section we will prove Theorem 3.3.1. We show that solving the objective (OPT-MD)
in Mimic-MD can be posed as a convex program and is thus computationally tractable.
Specifically, any learner’s policy 7 can be represented by a set of joint state-action probabilities
{f7 (8¢, ae) hem) sies,aca € 2, where Q is the feasible set of all possible {¢;(s:,a;)} such that
the following constraints hold:

Z Z Qi (s @) Pi(spe1 | se,a0) = Z Gr+1(S415 Q11), vte[H —1],511 €S; (B.1)

st€S ar€A at+1€A

Z q1(s1,a1) = p(s1), Vs1 € S; (B.2)
a1€A

qi(se,ar) =0, Vit € [H],s; € Si(Dy) and a; # 7P (sy); (B.3)
qt(st,at) 2 O, Vit € [H],St € S,at e A. (B4)

These constraints impose that f (s, a;) is a feasible distribution which is consistent under
the MDP transition {P;}. Given a feasible solution {¢ (s, a;)} satisfying eqgs. (B.1) to (B.4),
the learner’s policy 7 is constructed via Pr(7(s;) = a;) = qi(s1, 1)/ D5, @ (5e,ar). We
prove that 7 € TIE, (D;) and ¢(s,a) = Prz[s; = s,a;, = a] for t € [H],s € S,a € A, thereby
establish a one-to-one correspondance between all feasible policies IT5¢, (D) and the feasible
set €). First, the non-negativity constraint eq. (B.4) implies that 7 is a valid randomized
policy, and eq. (B.3) shows that 7 mimics the expert policy on Dy, i.e. 7 € TIES (D). Second,

for t = 1, the identity eq. (B.2) implies that,

_ale o
D acati(s;a) =rls1) o(s1) q(s,a),

Prls; = s,a1 = a] = p(s1) -
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as claimed. Finally, suppose that ¢(s,a) = Prz[s; = s,a; = a] holds for some ¢t € [H — 1],
then for time ¢ + 1, the compatibility condition eq. (B.1) gives that

qt+1(87 a)

— (ZZPFSt—S (Lt—a] Pt(8|s (L)) . Qt+1(8,a)

SES a/eA > e div1(s, @)

— (Z Z Qt(St,at) . Pt(S | St,at)> . Qt+1(8,a)

st€S ar€A ZaeA Gr+1(8, @)

P;r[stﬂ = 5,041 = a] = P;r[stﬂ =s|-

= Qt+1(57a)-

Therefore by induction, we conclude that any element of the feasible set {2 gives rise to a
feasible policy 7 € II5%, (D), and the reversed direction is obvious. Consequently, given the
feasible set 2, the Mimic-MD objective (OPT-MD) solves the following convex program:

minimize g g

t=1 (s,a)eSxA

subject to {Qt($t7 at)}te[H],sES,aGA € Q.

q(s,a) Z (tr(se, ar) = (s,a)),

trED

(B.5)

It is clear that the convex program eq. (B.5) has O(|S||A|H) variables and O(|S||.A|H) linear
constraints, and therefore Mimic-MD can be solved approximately in poly(|S|, |A|, H) time.

Now we show the upper bound when |S| = 2. The case for |S| > 3 was discussed in Chapter 2.
Let E; be the event that there exists one state at time ¢ that has not been visited in the N
expert trajectories. Note that we know the policy ;" exactly if both states at time ¢ have
been visited: it implies that given an estimator ﬁ”exp for 7, if we have seen both states for
t'=t+1,t+2,...,t +m, we can estimate f7 = via computing the marginal distributions
at these time steps ¢’ since we know the conditional distributions exactly, and we consider
this estimate in eq. (3.3) in Mimic-MD. Using the data processing inequality (Lemma B.1.1)

below, we know that Dy ( I, J/‘";’,rexp> < Dryy ( e, ft’re’q)). Hence, we have

H
> Dey (7 ) <8 s, Dr (57757 (B.6)
It follows from the Binomial distribution formula that the marginal probability for the
unseen states for each E; is at most log(H/d)/N with probability at least 1 — §/H for each
7. By union bounding, with probability at least 1 — 9, for all time steps ¢t such that F;
is true, the unseen state has marginal probability < log(H/§)/N. In other words, with
high probability, the state distribution at each time ¢ with an unobserved is of the form
(p,1 —p) where p < log(H/d)/N. For such a distribution, using [42, Lemma 4], the empirical
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distribution achieves TV error < /% < V/1og(H/§)/N for each t, which results in the final
H x /log(H/5)/N bound on 322, Dy < 1, ﬁ”exp). Finally, observe that the imitation
gap of Mimic-MD is upper bounded by this quantity, since Gap(7) = Y1, Eqexv [11(s1, a)] —
Ez [r(se, a)] = ZtHzl Drv (fF7, fT) < 22{; Dy (ft’fcxp, At”cxp> using the definition of
Mimic-MD. The expected imitation gap bound directly follows from integrating the high
probability bound using E[X] = fooo Pr(X > t)dt for nonnegative random variables.

Lemma B.1.1. Consider any distributions p, q supported on [n|. Let P be any Markov kernel
from [n] — A([n]). Then Dyy (P op, Poq) < Dry (p,q).

Proof. By definition,

n

DT\/(POp;POQ):%Z Zpipij_qupij

j=1 | ien i€En
= %Z Z(Pz — @) Pij
j=1 | ien
< %ZZ P — 4| P
j=1 ien

1 n
= 52 i — a| = Drv (p,q)
i=1

B.2 Statistical lower bounds in the known-transition
setting

In this section we will prove the lower bound in Theorem 3.3.2. The first key observation is
first that in order to establish a lower bound on the one-sided error probability Pr(Ja (7®) —
Ju(7) > H??/N) for any learner T, it suffices to lower bound the two-sided error probability
Pr(|Jp(7%®) — Jp(7)| > H3/2/N). Intuitively this is because the learner gets no reward
feedback - a learner which has small one-sided error probability on some MDP M = (P, r)
can potentially have large one-sided error probability on the MDP M = (P,1 — ). In the
absence of reward feedback, the learner cannot distinguish between these two cases. The only
option for the learner is to guarantee small two-sided error probability on all IL instances
to ensure a uniform bound on the one-sided error probability. In particular, we show the
following result.
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Lemma B.2.1. Suppose there exists an MDP M with |S| = 3 such that,

H3/2
P (1) - uF D) 2 D) 2

for some constant 0 < ¢ < 1. Then there exists an MDP M’ with |S| = 3 such that,
Pr <JM/(7TGXP) — Jw(FD)) > HN/) > /2.

Proof. Suppose for every MDP M, there exists a learner 7 such that,

H3/2 J
Pr (JM(WeXP) — Ju(m(D)) 2 N ) < 5 (B.7)
This implies that for every MDP M,
H3/2 J
Pr (JM(ﬁ(D)) — I (7P) 2 i ) < 5 (B.8)

This follows from the fact that for any MDP M = (P, r) we can consider an MDP M’ = (P, ")
where r; = 1 —r;. As a consequence Jup (1) = H — Jp(m) for any policy m which gives the
equation. By adding together egs. (B.7) and (B.8) we see that for every MDP M, 7 satsifies
the property that

H3/2
Pr (1(FD) — ()] 2 T ) < . (B.9)
Taking the contrapositive, this implies the required statement. O

In order to furnish the lower bound, we will consider a Bayes IL problem, where the expert’s
policy 7P and the underlying MDP are sampled from some distribution D.

In order to prove this result, we assume that the underlying MDP M and the expert policy
7P are jointly sampled from a distribution D and show that there is a constant ¢’ such that

H3/2
Eeonan [E [1 (Maalro) — (@l 5 5 ) | < (B.10)

This implies the existence of an MDP M and expert policy 7*® with the required property.
Next, we use a symmetrization argument to upper bound the LHS of the above formula.

Lemma B.2.2. For any constant C' > 0,

CH?/? CH??

-~ 1 1 ex *
Pr (1adn) = I < =) = g [P (1aadt) = Il < =m0
(B.11)
where 77 and w5 are independent copies of the expert’s policy drawn from the posterior

distribution conditioned on the demonstration dataset D and MDP M.

P p
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Figure B.1: Lower bound instance for |S| = 3. The dotted transitions offer no reward and
solid transitions offer reward 1. State 1 is the only one with 2 actions: red leading to state 2
and blue leading to state 3. The action at state 2 and 3 transitions the learner to state 1
with probability % and leaves it unchanged otherwise. The initial distribution is at state 2
with probability 1

Proof. By definition,

3/2
2Pr (\JM(WEXP) — JIm(m)] < ol )

~

oy [pr <|JM(7T§XP) — Ju(®)] <

+E [Pr (yJM(W;XP) —Tu(@) <

w exp - exp .\ _ CH3?
< THE |Pr{ [Tm(mr™) = Jm(@)| + [Iin(m57) = In(@)] < —

)
)

where in (i), 77" and 75" are as defined in the theorem statement. (i7) uses the fact that
L(z<a)+ 1y <b) <1+ 1L(x+y < a+b) and (:ii) follows by triangle inequality. The
last inequality follows from the fact that the expert policy is independent of any external
randomness employed by 7. O

)

)
< 1+E [Pr (|JM(7TTXP) — Jm(my )| <

CH?

=1+E {Pr (\JM(ﬁxp) — Jm(myP)| <

Lower bound instance for known transition tabular setting

In this section, we describe the prior distribution D jointly over expert policies and MDPs.
The MDP is time invariant. We first describe the transition structure of the MDP. We assume
that N > max{7, H} and |S| > 3.
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MDP transition structure. We prove the lower bound for the case of |S| = 3. The
transition of the MDP is depicted in fig. B.1. The initial distribution of the MDP is at state
2 with probability 1. We assume that |A| = 2 and furthermore that the states 2 and 3 only
have a single action. This is without loss of generality, by assuming that the two actions
induce the same distribution over states and constraining the reward to be the same.

At states 2 and 3, playing either action transitions the learner to state 1 with probability 1/N
and stays put with the remaining probability. On the other hand, at state 1, picking action
a; deterministically transitions the learner to state 2 while picking actions ay transitions the
learner to state 3. State 1 is the only one where the choice of action is relevant so we specify
a policy by only mentioning the action distribution at state 1 in each group at each time in
the episode.

MDP reward structure. In each group g, the reward function of the MDP is chosen to
be 1 for the action at state g and 0 for every other state-action combination.

Expert policy. The expert policy is time variant. Recall that state g; in each group g is
the only state where the choice of action plays a non-trivial role. Define 114 as the set of all
time-variant deterministic policies. Recall the assumption that in each group g, states g, and
g3 have only a single action.

To finally obtain the lower bound, we simply invoke the symmetrization argument in
Lemma B.2.2. First, conditioned on the dataset D, we compute the posterior distribu-
tion of the expert policy. To this end, recall the definition of TI*¢(D) (cf. eq. (2.3)), the set of
deterministic policies which are “consistent” with the dataset D and at each state visited in
D play the same action as observed in D. Namely,

(D) 2 {7 € My, ¥ € [H], s € S(D), mil-]s) = drio |

where S;(D) denotes the set of states visited at time ¢ in some trajectory in D, and ;" (s) is
the unique action played by the expert at time ¢ in any trajectory in D that visits the state
s at time ¢. Invoking [70, Lemma A.14|, it follows that:

Lemma B.2.3. Conditioned on the demonstration dataset D, the expert policy is distributed
as Unif (TI5¢.(D)). In other words, at each time t such that state 1 is unvisited in any trajectory
in the demonstration dataset, ;" (a1|1) ~ Unif({0,1}).

Finally, consider 7;""(a1|1), which is an indicator random variable for the event that the
expert plays action a; at the state 1 at time . With this notation, we can compute the total
reward collected by the expert policy.

Lemma B.2.4. Consider the expert policy . Then,

Toa (755 — Hzl ( EH: (1 - %) IH/) Pr(se = Dri(arlg) + 3 (1 - %)H.

t=1 \t'=t+1 t=1
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Proof. Fixing the expert policy 7P, the probability that the expert visits the state 1 at time
2 satisfies the condition:

2
o= 2 (Bt =2+ 2o -9)
2

oo t — = N(l — Pr(St_l = 1))

With the initial condition Priex»(s; = 1) = 0, the solution to the recurrence relation is,
Prres(s; = 1) = (N/ﬁ (1 — W) Note that this probability is independent of the

actions chosen by the expert at state 2 so henceforth we denote it by Pr(s; = 1). Moreover
fort > 1,

2(N —2) 2
with the upper bound for ¢ = 2 and the lower bound for ¢ = 3. Next observe that,
2
Pr(s;, =2) = (1 — N) Pr(s;-1 =2) 4+ Pr(s;_1 = 1) 7, P (a1|1) (B.13)

TexXp

observe that m; " (a;|1) is a Bern(1/2) random variable indicating whether the expert picks
the action a; at state 1 at time . Finally,

T@) =3 Pr (s =2)

t=1
H-1 H 9 H-t H t—1
) (z(“ﬂ )Pr< wf"pa1!1+2(1__) |
t=1 t'=t+1
where the last equation uses the recursion for Pryes(s; = 2) in eq. (B.13). O

Lemma B.2.5. Conditioned on the demonstration dataset D, sample two instances of the
expert policy Y and w5 ". Then,

H-1
Ta(a?) = Jua(75) = (

t=1

> (1 — %) : > Pr(s, = 1)X,1(1 € S§,(D)).

=t+1

where recall that S;(D) is the set of states visited in some trajectory in the dataset D at time
t, and X; are i.1.d. random variables distributed as:

-1, w.p. i
Xi(i) =10, w.p. 3
+1, w.p. }1
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Proof. Invoking Lemmas B.2.3 and B.2.4 for 77" and 73, the statement follows immediately.
O

Lemma B.2.6. There ezists a constant C' > 0 such that, if N > max{7, H},

{ (IJm( 7)) = Jm(m )] < o D)} <0.9.

Proof. Define the zero-mean random variable, Zp = J(7{™*) — J(75") where 77" and w3
are sampled from the posterior distribution conditioned on the demonstration dataset D.

From Lemma B.2.5, observe that Zp = Zfi}l Kk X; where k; = Zf,[:tﬂ (1 — %)Hﬁt/ Pr(s; =
1)1(1 € S¢(D)). By the Paley Zygmund inequality, for 0 < 0 < 1,
E[Z3|D)
Pr(Z} > 60Var(Zp)|D) > (1 —6)* Zp| D) (B.14)

E[Zp|D]
Then, Var(Zp) = E[Z}|D] = ;Zfl/ﬂf Furthermore, E[Z}] < %thétze[m K2 K2+
%Zt LKy < 4(Zt | k#)?. Therefore, with = L =,
1 99 1/4 33
Pr(Zp = ;B [75|D . B.15
r( RS T }‘ )—1003/4 100 (B.15)

Now it remains to bound E[Z%|D]. In the sequel we will apply the second moment method yes
again to show a lower bound with constant probability. We first lower bound E[Z3] 2 H?/N?,
and also upper bound Var(E[Z3|D]) < cE[Z3] for a small constant ¢ > 0. Together, with
another application of the second moment method, this implies that E[Z%|D] > E[Z3] =

H??2/N with constant probability.
Lemma B.2.7. E[Z3] > 1L

Proof. By definition,

E[Z}|D] =

[\Dlr—\

l\DI»—

2"
32 ( > (1-5) ) (Pr(sc = 1)*1(1 € (D)

Taking an expectation over D on both sides and simplifying,

E[72] = % 3 ( 3 (1 - %) i > (Pr(s; = 1)) Pr(1 € S,(D))

t=1 =t+1

—~
.
=

Z s;=1))’Pr(1 € S,(D))

t=1

Vv

VE

]}é— (B.16)
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)H—t'

Note that (i) follows from the fact that S5 1 (1— % 2 H —t since N > |S|H,

while (i7) follows from Eq. (B.12) which shows that Pr(s, = 1) 2 + and the fact that
Pr(1€8&(D)=1—(1—Pr(s,=1)">1—(1-2)" >4/5for N > 7. 0

Lemma B.2.8. Var (E[Z3|D]) < /99/100 - E[Z3)
Proof. Observe that,

\/Var [Z%|D)) (1<)1HZ1\/Var (k?)
2GS
=
< 3 Z E [x¢]
t=1
@ 15~ Bl < Bl%) (B.17)
=24 /15 T /45

In (i), we use the definition E [Z3|D] = 3 32/ " 2. In (ii), we use the fact that E[x{] is a scaled
E[x7] E[x7]?
Pr(re>0) — 4/5

N av—1)\V
the fact that Pr(r, > 0) = Pr(1 € S,(D)) > 1— (1—Pr(s, = 1))V > 1 (1 - N—> > 4/5
for N > 7.

IN

indicator random variable. Therefore, E[x}] = . Here, the last inequality uses

Finally, we are ready to establish a lower bound on E[Z%|D]. By an application of the second
moment method,

2 L 00E(Z? 09 4
b (E Zp|P) = 358 17 ]) ~ 100Var (EZ3/D]) — 100 5 (B.18)

Putting this together with eq. (B.15), conditioning on the event & = {E[Z}|D] > -E[Z}]},
which is a measurable function of the dataset D and occurs with large constant probability
E[Z3]
99 4 33
> —
E |Pr ZQ<E[Z’2D] <09
=100 '

from eq. (B.18)),
) o E[ZD)] 2
Elpr(23> D)|=PrE |Pr(2h > =TLeD
(l) 4 Z3\D
> %9 E[Pr (Z%EMS,DH
L2201

=100 5 100
Finally, we invoke the lower bound on E[Z3] > H;V/ ® from Lemma B.2.7 and use the fact that
Zp = J(n7™®) — J(m}) to complete the proof. O

100
= 1005 10
where (i) uses the definition of £ and the last equation follows by eq. (B.14). In particular,
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Proof of Theorem 3.3.2 From Lemma B.2.5, there exists a constant C' > 0 such that,

p)| <oo.

Therefore, from Lemma B.2.1 and Lemma B.2.2, we conclude there exists an MDP M such
that for any learner 7,

CH3/2
N

E [Pr (uwi’“’) ()] <

H3/? 1-0.
¢ > > 0.95 = 0.025.

P exp\ __ =) >
¢ (aro) = ) = )
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Appendix C

Proofs of results in Chapter 4

C.1 Proof of Theorem 4.1.1

Consider a Poissonized setting where we receive Poi(N) trajectories'. Let X; represent the
number of trajectories in which the expert visits state 2 at time ¢ in the dataset. Under the
Poisson setting, {X; : 1 <t < H} are mutually independent with each following distribution
Poi(Nwy;), where wy = (1 — 1/N)""'/N = Prpexs(s; = 2) since this probability does not
depend on what 7P is.

Let A = |[clog(NH)|, where ¢ > 0 is some constant to be determined later. Given random
observations {X; : 1 <t < H}, the policy we output is:

S nap XU .
- if (k— 1A <t<EkA
Ty(red | 2) = { Tifn-nat: X ( ) =

kA
1 > —(h—1)a+1 Xi =0

At any time ¢, the expert has marginal probability on state 3, Pryexs(s; = 3) = Zf;i w; U,
while our policy 7 has expected marginal probability E[Prz(s; = 3)] = S_/_ ] w,E[7,(ved | 2)).

We aim to show that

H -1 t—1
~ Hlog(HN
> 13 wEled | 2]~ 3wl 5 HIosl ), 1)
t=1 =1
Using the property that for X ~ Poi(x) and independent Y ~ Poi()\), E X +Y }X +Y > 0}
u+>\’ we know that if (k — 1)A <t < kA,
kA kA
i (k— w;U; 1
E[7,(red | 2)] — Z—,jA’“ DAt <pPr| Y X;=0|%g v (C2)
i=(k—1)A+1 Wi i=(k—1)A+1

We can always simulate Poisson sampling with Poi(N/2) trajectories based on N trajectories sampled
based on the multinomial distribution, and the failure probability is exponentially small.
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if we take c to be large enough constant. Clearly
t—1 A t—1
Zi:l ’LUlUZ lOg(HN)
[ R
=1 1= i=1

for 1 <t < A, where we used the fact that each 0 < w; < 1/N. Indeed, now the total bias is
upper bounded by H log(f\,{ N 4 g H? S H255 bg(HN) once we combine it with (C.2).

Since the marginal distributions of states 1 and 2 do not depend on the policy, we have just
shown that for every time ¢ and every state s,

log(NH
ElPr(s, = )] — Pr(s, = o) £ 250,

which implies the final result.

C.2 Proof of Corollary 4.2.1

We use sample splitting and cut N trajectories into two halves. We construct the states Sy
required by the Mimic-Mixture algorithm to be the states that are visited in the first half
of the dataset, so we know the expert actions there. Then, we search from the last layer
backwards for the first time that there exists one state that was not observed in the first half
of the dataset. Denote that time as ty. If there are two states in time ¢, that are unseen,
then following the arguments in the binary state case in the proof of Theorem 3.3.1, we know
that Mimic-MD already works; if there exists only one state that is unseen at time t,, we
use Mimic-Mixture to construct the nearly unbiased estimator of the state-action marginal
distribution for one of the other two states.

The final result can be proved upon noticing the following two observations. First, by the data
processing inequality (Lemma B.1.1), if we have nearly unbiased estimator at time ¢y, we have
nearly unbiased estimator at time H. Second, the unseen state at time ¢, must have marginal
probability at most O(1/N) due Binomial concentration, which implies that once we construct
the 7% and 75 policies in Mimic-Mixture as the two policies that maximize/minimize the
marginal probability of the target state while guaranteeing this unseen state has expected
visitation probability at most O(1/N), the overall imitation gap at time H is at most O(1/N).

C.3 Proof of Lemma 4.2.2

We first show that if the coefficients 8*(tr), 85(tr), B%(tr) € [0, 1] such that all the unbiasedness,
order, and feasibility properties hold, then we can construct a policy 7 such that whose
expected state visitation probability at the terminal state s* is close to that of the expert up

to O(1/N).
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The choice of the mixing coefficient @ is slightly different from the approach of plugging
eq. (4.6) into eq. (4.5): for each tr, we subsample the Poisson random variable X (tr) using the
subsampling probability % (tr) — 85(tr) € [0, 1] to arrive at another Poisson random variable
Y (tr), and further subsample Y (tr) with probability (8*(tr) — 85(tr)) /(B (tr) — 55(tr)) € [0, 1]
to obtain a third Poisson random variable Z(tr). The subsamplings for different tr are

mutually independent. Then we construct the mixing coefficient by taking ratios as in
eq. (4.4).

By the subsampling property of Poisson random variables and the mutual independence
of {X(tr)}, the Poisson random variables Z(tr) ~ Poi(N/2 - (5*(tr) — 85(tr)) Pryess(tr)) and
Y (tr) — Z(tr) ~ Poi(N/2 - (B%(tr) — 3%(tr)) Pryess(tr)) are independent. Since for independent
X ~ Poi(\),Y ~ Poi(u), it holds that

A

X+Y #£0| = -—2—,
‘ 7&} A+ p

E
[X+Y

it is clear that the mixing coefficient & constructed in eq. (4.4) satisfies

E[& )7&0]: Ztr (tr) ‘ZYU#O]

_ Ztr(ﬂ*(tr) — B5(tr)) Press (tr)
D (BU(tr) — B5(tr)) Press (tr)
(i) Proew(se = 8%) = Pras(sy = s%) |

~ Prou(s; = s*) — Prs(s; = s%) -

where (7) is due to the unbiasedness requirement for the coefficients. Consequently,

[E[@] — o*| < Pr (Z Y (tr) = o) — exp (-% > (B (tr) = B5(tr)) @;(u))

“ = exp <—%(5Lr(st =) = Pr(si = s*))) . (C3)

Using eq. (C.3) and the definition of # = an" + (1 — @)=, the bias in Theorem 4.2.1 satisfies
[E[Pr(s; = s7)] = Pr (s, = 7]

7 TOXP

= [E[a](Pr(s; = 5%) = Pr(s; = 5%)) — (Br(s¢ = 5) — Pr(s¢ = 57))|

Texp xS

= [E[a] — o’ - (Pa(sc = 5°) — P(s = )

IN

exp (_g(ff(st = ") —Pr(s = S*))) - (Pr(s; = s7) = Pr(s; = 57))

L s
2

eN’

IN

(C.4)
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where the last inequality is due to sup, ze™* = 1/(et) for any ¢t > 0. According to eq. (C.4),
the claimed bias upper bound in Theorem 4.2.1 is proved.

We introduce several useful notations for the proof. Although the state space S is shared
among all times ¢ € [H|, we use the notation S; to denote the state space at time t. Given
a policy m, for t; < ty and states s;, € S,, 81, € Sy, We use Pry(s;, — s;,) to denote the
probability of reaching s;, from s;, through only the states in Sy under the policy 7; in other
words,

to—1

P:rr(stl — s1,) = E Z Z H Py(set1 | se,m(se)) | (C.5)

st1+1€3t1+1|'780 st27168t271080 t=t1

where the expectation is taken with respect to the possible randomness in the policy 7. When
we start from the initial state distribution p, we also write Pr,(s — s;) to denote

Pr(s = 5,) = > ps1) - Pr(sy — s0), (C.6)

$1€81NSy

where s denotes “start”. Similarly, we also define the probability from s; to the end by

r(s; — f) Z Pr (st = sm), (C.7)

where f denotes “finish”. Note the following difference between eq. (C.6) and our usual
notation Pr,(s; = s): the latter quantity does not require that the trajectory to s; only
consists of states in Sp. The main motivation behind eq. (C.5), eq. (C.6), and eq. (C.7) is
that Pryeso(p — ;) is known to the learner solely based on the publicly known expert actions
at states Sp, and the probabilities Pryexo(s;, — s1,) and Prexo(s;, — f) are known as long as
the learner knows the first action 7P (s;,).

We also combine and partition all trajectories tr € S into several disjoint groups. For a
given trajectory tr = (s1,- - ,sg), we define the following notations:

1. The characteristic of tr, or c(tr), is the set of all times (except for ¢ = H) and the
corresponding states in the trajectory which are not in ;. Mathematically, c(tr) =

{(t,s;):t € [H—1],8 ¢ Sp}.

2. The starting point of c, or t,(c), is defined to be the smallest t € [H] with (¢, s;) € ¢ for
some s; € ;. If ¢ = ), we define ¢,(c) = L.

3. The ending point of c, or t,(c), is defined to be the largest ¢ € [H] with (¢, s;) € c for
some s; € §;. If ¢ = (), we define ¢,.(c) = L.

4. For each possible characteristic c, let the c-group, or 7¢, be the set of all trajectories tr
with c(tr) =
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5. For each possible pair (t,s;) with ¢t € [H — 1], s; € §\S, let G, be the set of all
characteristics ¢ such that ¢y(c) =t and (¢,s;) € c. The set G, is defined analogously.

The main idea behind the above notations is that we require the dependence of coefficients
BT(tr) on tr only through c(tr), for all T € {*,L,S}, and therefore we only need to specify
the coefficients for every c-group. Consequently, we denote by 37(7¢) the common coefficient
Bi(tr) for all tr € T¢, and also by X (7¢) = >, .7 X(tr) the total Poisson count for 7c. It is
clear that for ¢ = {(¢;,s,) : ¢ € [m]}, we have

T

m—1
Pr(7:) = Pr(s — sy,) H Pr(s; — s1;,,) - Pr(sy,, —f), (C.8)
7=1

and X (7¢) ~ Poi(N/2 - Pryexo(7c)). Note that the first probability term Pr.(s — s;,) of
eq. (C.8) in fact does not depend on 7, in the sequel the following notation will also be useful:

m—1

Pr7T H r(S; — St;,,) -I?Tr(stm — f). (C.9)

J=1

The starting point ¢,(c), as well as the group G, s, is used for further partitioning the c-groups.
Specifically, we sequentially assign the coefficients 57(7¢) to all characteristics in each group
G via an appropriate order, and aim to show that the following three conditions hold for each
G e{Gis, :t€[H] s € S\So} U{G.} (without loss of generality we assume that the target
state s* belongs to the last layer, i.e. s* € Sy):

1. Unbiasedness: for G # G, it holds that

> BT Prre (T2) = Zﬁﬂ(ﬁ) Prai (s, = 5*>, te{*L,S}, (C.10)

ceg ceg Prﬂ (Str(c) — f)

where we recall that ¢,.(c) is the ending point of c. For G = G, and ¢ = (), the condition
eq. (C.10) is replaced by

B(Ty) - Pr(Tp) = Pr(s — 7). (C.11)

TeXp

2. Order: it always holds that 0 < 85(7c) < B*(T¢) < 8%(T.) < 1forallc e G.

o) <
3. Feasibility: for 1 € {, L, S}, the coefficient BT(’E) only depends on the public informa-
tion and {7®* p(stj)}Je[m], where ¢ = {(t;,5,) : j € [m]}.

Note that the order and feasibility conditions are the same as original ones, and below we
show that the above unbiasedness condition implies the original unbiasedness property. For
a given G # G, we must have G = G, for some t € [H],s; € §\Sp. Now multiplying
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Pryexo(s — 8;) = Pr (s — ;) to both sides of eq. (C.10), and also using eq. (C.8), eq. (C.9),
we arrive at

N BH(Te) - Prees(Te) = > Proa(T) Prolsne 2 ) 4 ¢ far sy, (C.12)

ceg ceG Pr (str(C) — )

Using eq. (C.11) and eq. (C.12), we have
ZBT (tr) erp (tr)
=/3T<7a Pr(T)+ )Y > BT 7o)

7I-exp
G#G, c€g

P —
r(s — s* +Zpr Lt (Sto(e) = 57)
20 PI‘WT(St (c) — f)

m—

= Pr(s — s*) + Z Pr (s = s4) H S St) PTr(stm — %)

il mt

c={(t;,s¢;):5€[m]} Jj=1
= PTI“(SH = "),

where the last identity follows from the partition of all trajectories to s* into disjoint
characteristics. This is exactly the original unbiasedness property.

Next we show that for each G we could fulfill the above conditions. We will first deal
with the group G, in a special way, and then handle other groups G, ,, by induction on
t=H—-1,H-2- 1.

Remark C.3.1. Note that the condition eq. (C.10) cannot be replaced by eq. (C.12) in general,
as it might happen that Pr(7:) = 0 while ﬁﬂ(ﬁ) > 0. For example, in the special case of
So = 0, the condition eq. (C.12) is totally non-informative for G = G; 5, with ¢ > 2.

We also remark that the coefficient 37(7.) must be constructed for every characteristic c,
even if for certain Sy there does not exist a trajectory tr such that ¢ = c(tr) (e.g. consider

So = )). This is because our construction is sequentially inductive, and therefore must be
done step after step.

Edge case: G = G,. In this case, the only element of G, is ¢ = ), and we have

Pr (7y) = Pr (s —f) = Pg(s —f) = PSr(s — f)

TeXp

Pr(s — s) = Pr(s = s%) = Pr(s — 57),

TexXp

and all above quantities are publicly known. By eq. (C.11), all three conditions are fulfilled
by choosing

Prexo (S — S*)
PrﬂexP (S — 'F)

B(To) = B*(To) = 8°(To) = € [0,1].
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Base step of induction: G = Gy, , for some sy_; € Sy_;. In this case, the set
GH-_1,5,_, has a unique element ¢ = {(H —1, sy_1)}, and the condition eq. (C.10) is equivalent
to

5T(7::) = P}Lr(stl — S*)a T € {*7 Lv 8}7 (ClB)

as f’\;ﬂexp (7o) = ﬁ,ﬁ (70) = Prai(sg_1 — f) = 1. By definition of the extremal policies 7" and
75, Lemma C.3.1 at the end of the section shows that the choice in eq. (C.13) also satisfies
the order condition. Finally, the probability in eq. (C.13) for 1 € {L,S} is determined by
the known transition and extremal policies, while for T = %, the coefficient only requires the
additional information 7P (sy_1). As the characteristic ¢ is {(H — 1,sy_1)}, the choice of
eq. (C.13) also satisfies the feasibility condition.

Inductive step: G = G;,, after handling all G, ,, for t' > t. We choose the coefficients
B1(Te) with Tc € G, 4, for each t € {x,L, S}, respectively.
The choice for 1 = * is the simplest, and is given by

Prﬂ-exp (St () — 8*)
(7o) & - 0,1], V o C.14
b (T) Pryes (Str(c) — f) < [ ’ ]’ ce gt’ K ( )

Plugging eq. (C.14) into eq. (C.10), it is clear that the unbiased condition holds for T = .
Moreover, both the numerator and the denominator in eq. (C.14) only require the additional
information 7P (s;, (), and thus §* satisfies the feasibility condition.

Next we construct B%(7:) such that the unbiased and feasibility conditions hold, with
BY(T2) € [B*(T2),1]. An entirely symmetric argument also leads to the claimed construction
of B3(7¢). For every c € G, ,, the coefficient 8Y(7¢) is chosen to be

BY(Te) = (1= a)By(Te) + apr(Te), (C.15)

with some scalar « € [0, 1] independent of ¢, and the candidate coefficients 3%, B are defined
as

p*(Te) if ¢ ={(t,s)},

By (T ‘
o7 BE(To\(t.s0y) otherwise.

1,  Br(T) = {

We first show that both S5, & satisfy the feasibility condition. This result is trivial for the
constant Y; the coefficient B} is also feasible, for both coefficients 5*(7¢) in eq. (C.14) and
B™(To\((t.s0)3) In the inductive hypothesis are feasible. Moreover, whenever ¢ € G , is not a
singleton, by the inductive hypothesis and eq. (C.14) we have

_ Prrew(st, 0 = 5%) _ Prrew(se, @ ts0p = 5%)

pr(Te) =

— = B (Tavswsn) < B¥(Tagws) < 1.
Prexp (Str(c) — f) Prwexp(StT(c\{(t7st)}) — f) b ( e, t)}) - /6 ( M, t)}) o
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Consequently, we always have 8%, 1 € [8*, 1], therefore the order condition 8% € [3*, 1] holds
for any mixture in eq. (C.15).

Now it remains to show that there exists a € [0,1] such that the mixture 5% in eq. (C.15)
satisfies the condition eq. (C.10) for 1 = L, and that this common value « is feasible with
respect to all ¢ € G, ,,. For the first claim, it suffices to prove that

~ ~ Prow(se, ) — s%)
Aé L c P TeXP c > P L c - é 1
OB PrewlT) 2 3 Pl O 20 (a0

—~ —~ Pr,TL (st (c) =7 S*)
B é L c) P rexXp c < P L C . 1
C;gt: /Bl (T) r (T) — C;gt: I'r (T) PI'TI-L(St _> f) C (C 7)

Given eq. (C.16) and eq. (C.17), the parameter o € [0, 1] to fulfill the unbiased condition
eq. (C.10) is
A-C
=—. C.18
a=-—F (C.18)
To establish eq. (C.16), eq. (C.17) and show that the parameter « in eq. (C.18) is feasible,
we will find simplified expressions for A, B, and C'. First we claim that

A=1, (C.19)
C = PE(SH =" | s). (C.20)

To show eq. (C.19), consider all possible trajectories starting from s, at time ¢. Partition the
trajectories into disjoint sets labeled by different characteristics c, i.e. when and on which
states the trajectory hits Sy. It is clear by eq. (C.9) that the probability of the set labeled by
¢, conditioned on starting from s; at time ¢, is precisely ﬁﬁexp (7c) under the expert policy
7P Summing them up gives A = 1. The identity eq. (C.20) could be established in a similar
way.

The quantity B is more complicated to deal with, where a key observation is that G, ;, \{(¢, s;)} =
G1 U (Ursts,es,\so9r.s, ). Using the definition of BE(T.), we have

B = 8 (Tits0}) - Pr (s = )+ Z Z Z BE(Te - Pr (s¢ = sur) - Pr oo (T0/)

t'>t 5,€S5,\So ¢ Egt/

sy

© Pr(s; — s¥) +Z Z Pr(s; — sy) Z 5L(7;,).ﬁ7rexp(7})

Texp TexXp
t'>t s,,€5,/\So C/Egt/’st/
~ Pr.v(si. () — s*
&) Pr(s; — s*) + E E Pr (s; — sy) E Pro(To) - —— (St )
TeXP TEXP PI'ﬂ.L (St (<) — f)
t'>t Sy ESt/\SO c’Egt/’st, r
(zn «
Pr (s¢ = s*) + g g Pr(s; — sy) - PE(SH =" | sp),
exp ﬂ—ex T

t'>t 5,€5,\So
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where (i) follows from the definition of 5* in eq. (C.14), (i7) uses the inductive hypothesis
eq. (C.10) for Gy s, and (iii) follows from eq. (C.20). In other words, we have

B= Pr (sg=s"]s), (C.21)
mexp gl

where the new policy 7P — 7% means that starting from s;, the learner initially adopts the
policy 7P and switches to 7 once he visits a state not in Sy. The expression eq. (C.21) is
obtained by distinguishing the first state not in Sy visited by the learner starting from s;.
By eq. (C.19), eq. (C.20) and eq. (C.21), it is clear from Lemma C.3.1 that A > C' > B.
Regarding the feasibility, it is clear that A and C' are both publicly known, and B only
requires the knowledge of 7% (s;), which is shared among all c € G, ;,. Therefore we have
completed the inductive step and and the proof of Lemma 4.2.2.

Lemma C.3.1. For every t € [H| and s € S;, (proper versions of ) the extremal policies

7, S satisfy

7" € argmax Pr(sy = s* | s, = s),

WGHggt(So) ™
7 € argmin Pr(sy = s* | s, = s).
WEHﬁit(S()) 4
Proof. By symmetry we only prove the first claim, and we inductont=H —1,H —2,--- , 1.

For the base case t = H — 1, the definition of 7 implies that changing the action 7"(s)
to any 7(s) cannot decrease Pr(sy = s*), and therefore the statement holds provided that
Pr.(sg_1 = s) > 0; moreover, in the edge case Pr .(sy_; = s) = 0 we may choose 7-(s)
arbitrarily, so a proper version of 7" would work. For the induction step, the same local
adjustment argument yields to

Pr(sy =8| s =s) > Z Pr(s;i1 =8| s, =35) Pr(sg =5 | si41 =)
mb 7r L

s'€Siy1
> > Pr(sia = | s =5) Pr(sn = 5" | 501 = )
s'€Siy1 " "

=Pr(sy =" | st =)
™

provided that Pr .(s; = s) > 0, where the second inequality makes use of the induction
hypothesis. The edge case is again handled by considering a proper version of 7. O]

C.4 Proof of Theorem 4.3.1

Notation. Since states 1,3 and 4 have a singular action, we can identify the expert’s policy
by the action distribution at state 2 at each time t. For simplicity of presentation we assume
that state 2 only has 2 actions, i.e. A= {a_,a,}, although this can easily be extended to
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larger action spaces. Order the two actions at each time ¢ as a_ being the one which places
the largest mass on state 3 and a, being the one which places the largest mass on state 4.
In the sequel, we will first prove Theorem 4.3.1 for the case where states 3 and 4 of the MDP
are absorbing. The extension to the more case where the action at these states induces an
arbitrary next-state distribution on state 3 and 4 is deferred to later.

Constructing a reference policy For i € [2log(NH)], define

T, = {t € [H] < P(3|12,a_) — Pi(3]2,a,) < 21} (C.22)

" 9it
as a partitioning of the timesteps in [H| depending on the range of the probabilities of
visiting state 3 across actions. It is not necessary to partition beyond i = 2log(/NH) since
for any state where Pi(3|2,a_) — P,(3|2,a,) < 1/H%N?, picking the wrong action at these
states incurs suboptimality which, in total, amounts to at most 1/N?2. Intuitively, timesteps
belonging to 7; for small values of 7 are very informative - knowing the expert’s action at this
state reveals a lot about the expert’s value function, since the alternative action induces a
next-state distributions very different from that of the expert’s action. However, for the same
reasons, picking the wrong action, which might happen if the states were not seen in the
dataset, could incur a large penalty in value. In contrast, timesteps belonging to 7; for large
values of i are not informative about the ground truth reward since all the actions induce
nearly the same next-state distributions. For the same reasons, this also means that picking
the wrong action at these states is not bound to incur a significant penalty. We will formalize
this trade-off between “informativeness” vs. ‘“risk” in the following sections.

The learner’s policy can be defined as follows: for any time t € 7T; for some 7, let A > 0 be
the smallest value such that ¢ + A € T; and state 2 was observed in the dataset D at this
time. The reference policy is defined as,

Tret(+|2) = da, where a = 7\ (2) (C.23)

In other words, the learner looks at the next time belonging to the same bucket 7;, t + A,
at which state 2 was observed in the dataset, and mimics the same action at time ¢. The
intuition is that the learner partitions the states according to their informativeness (defined
by the bucket 7;), and tries to follow the next observed action within the same bucket to
balance its risk.

First we characterize what it means for a state to be informative. Indeed, consider any time
t € T; where the expert’s action was observed at state 2, and suppose this action was a_
(a similar argument applies when the action was a, ). By optimality of the expert’s policy,
consider any policy 7 € IIE, (D) which agrees with 7% on the states observed in the dataset
and any reward function 77 € Rgpt (D) on which this policy is optimal. Since 7 and 7% agree
on the states observed in the dataset, on the reward function 7, the value-to-go of 7 under
the action played by the expert, a_ is at least as much as the value under the alternative
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choice, a,. Namely,

P(3]2,a_)Vis1(3) + (1 — P(3]2,a-)) Vi1 (4) + r141(2,a-) (C.24)
> P(312,a1)Vir1(3) + (1 — P(3[2,a4))Vis1 (4) + 1141(2, ay)
= (Vis1(3) = Vi (4))(P(3[2,a-) — P(3]2,a1)) > —1

= (‘7’5+1(3) - ‘N/t+1(4)) > 1

_oitl
= T PBRa) = PEZ ) = ° (C.25)

where the last inequality uses the definition of ¢ € 7;.

The lower bound in eq. (C.25) serves as a certificate showing that the action expert’s action
(assumed to be a_) is not significantly worse than the alternative action (ay) at time ¢. If 4
is large, the RHS is smaller and the time-step is less “informative” (i.e. a weaker inequality).
If ¢ is small, the RHS is larger and the time-step is more informative. This will play a crucial
role in bounding the imitation gap of the learner.

In order to bound the imitation gap of the reference policy, we will decompose it across the
imitation gap incurred across all the timesteps belonging to the same bucket 7; for some
i€ [2log(NH)|. Let ty,--- ,t; denote the time-steps belonging to 7;. Consider any j € [k]
and let A; > 0 be the smallest value such that the state 2 was observed at time t;,; (if no
such time exists, define t;, A, = H). By eq. (C.25), at time ¢; + A, assuming the action a_
was played by 7,

Vigea, 1103) = Vigs, a(4) 2 =2 (C.26)
Recall that states 3 and 4 are absorbing, so we can write the inequality,
Via(3) = Vi (4) = —27 — (10, 1), (C21)

Recall that the learner matches the expert’s action played at the time ;, A;, and therefore
the action a_ is played at time ¢;. If the expert played the same action at time ¢;, then
the learner incurs no suboptimality. In case 7 plays the action a,, we can lower bound the
imitation gap of the reference policy as follows,

‘7},3‘ (2) - ngfQ) < <Q; (2,a4) — ngf@))

= (P, (312.04) = P, (312.02)) (Vi1 (3) = Viia(4)
% % 2"+ (tjra, — 1)

=924+

—~
=

biva; =%
2

where (i) uses eq. (C.25) and the fact that ¢; € T;.
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Denoting ¢ = p¢ [ [,.,(1 — ps), the overall imitation gap of the reference policy is,

H-1

Je(7) = Jelma) = > @ (Vi) = V7 (2)

t=1

- > Ya(ne-vre)

i€[2log(NH)] t;€T;

< Y thj (2+ t) 1(A; > 0), (C.28)

i€[2log(NH)] j=1

where the last inequality follows from eq. (C.27) and the fact that if A; = 0, the expert’s and
learner’s policies match at time ¢;, so no imitation gap is incurred.

Note that A; is a random variable is defined as the interval to the smallest time such that
state 2 was observed at time ¢, A;. Consider the set of times in {t1,t9,- -+ , 1} € T; and
define ¢4y = H + 1. Then, P(A; = {) is upper bounded by the probability that state 2 was
never observed in the dataset at time ¢;,%;,1,%42, -+ ,%;4,—1 and that state 2 was observed
at time ¢;4,. Indeed, for £ =0,

P(A; = 0) = 1—(1-gq,)" < Ng,

Likewise, note that A; = £ is the event that state 2 is seen in dataset at time ¢;,, in at least
one trajectory, but not at time t;,¢;41, -+ ,¢;4,—1 in any trajectory. By union bounding over
the index of the trajectory in which state 2 was observed at time ¢,

—1 N-1
P(A;=10) < Ng,,,, <1 > qtm,)
0'=0

Therefore,
k k—j+1 N-1
Z qt; (tj+Aj - tj) = ZQtj Z (tj+e —t))Nay, ., < ZQt +e/>
teT; j=1 =0
k k+1 1 N-1
=> a, Y (te—t;)Ng, (1 > qt[,) (C.29)
j=1 l=j U'=j
For each | < k, define 6, = t;,1 — t; (with 6, = H — ;) as the gap between consecutive

time-steps in the bucket 7;. Noting that ¢, — t; Zf 10, eq. (C.29) can be rearranged as,

k41 -1 N-1
Z qt; (tj—l—A]- —t NZQZ ZQt Z at, ( Z%y)

teT; =1 j=1  (=l+1 0=j

k+1 l N-1
—NZGZth Z q, (1—2(]@,, Z Qte/> .

= j=1  f=l+1 0=j =I+1
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Let jmin be the smallest value of j such that Zle’:j ¢, < 2log(NH)/N, and likewise (iax

be the largest value of ¢ such that Zg;llﬂ ¢, < 2log(NH)/N. Note that for each I, we
can effectively truncate the sum over j € {1, -+ I} to j € {jmin, - ,!} and the sum over
Ce{l+1,---k}tol e {l+1, -, lmax} at the cost of an additive 1/NH error. This is
because for all terms involving a value of j or ¢ lying outside this range, (1 — le,: ity —

5,;1 141 Gt Z,)N 1 <1/H?N? and the overall sum over ¢, j for such terms evaluates to at most

1/N?. Therefore, we have,

N-1
Z qt; (tj+Aj — t‘ < NZ@Z Z dt; Z qt, (1 - ZQtW Z Qty) +%

tj€7’i =1 J=Jmin l=1+1 ZIZ_] =l+1

max

<N291 Z @ D G+

=1 J=Jmin l=1+1

(@)

~ N — N
2

 Hlog (NH).

~ N

where (i) uses the definition of /., and ju;, and the last inequality uses the fact that
Ml =H -1, <H.
Combining with eq. (C.28) proves that the reference policy s satisfies the condition that,

Hlog*(NH)

Jo(T) — Ji(Tret) S N

(C.30)
Combining with Lemma 4.3.2 and noting that 7 € II5, (D) and 7 € R, (D) are arbitrary
completes the proof.

Arbitrary next-state distributions at state 3 and 4 Note that in the previous section,
we assume that the states 3 and 4 are absorbing. It remains to prove Theorem 4.3.1 in the
case where the next-state distributions under the action at this state follow an arbitrary
distribution supported on the same two states. This can be proved with a small modification
to the reference policy defined in eq. (C.23). As before, for any time ¢ € 7; for some 7, with
A > 0 being the smallest value such that ¢t + A € 7T;, and such that state 2 was observed in
the dataset D at this time. Recall that a_ is defined as the action at state 2 which places
maximum mass on state 3. Define a as the action at state 2 at time ¢ which induces the
distribution with maximum mass on the state 3 at time ¢ + A.

a = argmax P(siyn = 3|s: =2,a; = a)
ac{atr,a_}
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With this definition, we play the reference policy which picks the action with highest
probability of visiting the state 3 if the expert was observed to pick the action a_ at time
t + A (i.e. the action which also maximizes the probability of visiting the state 3). Namely,

5, if 7% (2) = a_
7Tref('|2)={ s ?) (C.31)

1 — 43, otherwise.

When states 3 and 4 are absorbing, this reference policy matches that defined in eq. (C.23).
Under this new reference policy, the previous proof largely carries through, with the exception
of eq. (C.27), where the instead get the inequality,

‘Zfrl(s) - f}thrl(S/) > -2 — (thrA]‘ - t]') (C?)Q)

where {s,s'} = {3,4} and s is the state having higher probability of reaching state 3 at
time t; + A; under the MDP transition. This inequality follows by noting that the action
at s and s’ induce a mixture distribution on states 3 and 4 at time ¢ (with s having the
larger component on state 3, by definition). By another application of the data-processing
inequality in Lemma B.1.1, the largest value gap at time ¢; is achieved when the dynamics at
states 3 and 4 are deterministic, at which point it is lower bounded by the value gap at time
t; + Aj 4+ 1 up to an additive error of 2°*1.
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Appendix D

Proof of main results in Chapter 5

Supplementary notation. Within this appendix, we will use << and >> to indicate
the partial ordering on vectors where a < b if a is not larger than b co-ordinate wise (>>
is defined analogously). We also use 0 to denote the all 0’s vector and 1 denote the all
I’s vector (where the dimension is inferred from context). For a vector 0 << w € R?, the
norm ||z||2, £ 2% w;a? is the weighted-L, norm. For a function g : X — R, the norm

lglloe = sup,c lg(2)]-

D.1 Proofs of results invoked in Theorem 5.0.1

Recall from eq. (5.1), the population expected 0-1 loss of a policy 7 is defined as

Loa(mi %) = % ZEM ) [Eansutron [La # 757 (5)] ]

Lemma D.1.1. Suppose there exists an online learning algorithm which outputs policies
{7, - 7N} sequentially, according to any procedure where the learner samples the policy
™ from some distribution conditioned on try,---  tr_q, subsequently samples a trajectory tr;
by rolling out T;, repeating this process for N iterations. Denote f' = {fi --- fu} where f}
denotes the empirical distribution over states at time t induced by the single trajectory tr;
drawn from 7. Denote T = % Zfil 7t as the mizture policy. Then,

E [Lo4(7; ZE[E(H” ).

Proof. Since the trajectory tr; is rolled out using 7, conditioned on 7", f! is conditionally
unbiased and in expectation equal to f* (conditioned on 7). Therefore, for each i, since
Lo.1(7; f) is a linear function in f,

E [ﬁo-l(%i;]@)’%ﬂ = 50-1(?;][#)-
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Summing across i = 1,--- , N and using the fact that Lo (7; f7) = & SN Lo (75 f7) and

taking expectation completes the proof. O

The conclusion of this lemma is that is it suffices to minimize the empirical 0-1 loss under
the learner’s own one-trajectory empirical state distribution Efil L1 (7% f1). Note that
for any policy 7, the loss

Lor(m F) = £ 305 (), 460 (D.1)

where z{(s) = {j/’;’(s)(l - WeXP(a|s))} M € Al is a linear function in the policy 7. The
ae
constraint on the policy variable 7 is that for each ¢ € [H] and s € S, m(+|s) € Al.

Define the loss £; (7) = > cs <7rt(-\s), z§($)> Then the variable m;(-|s) lies in the simplex
Al and the vector z{(s) is co-ordinate wise > 0 and < 1.

To learn the sequence of policies returned by the learner, we use the normalized-EG algorithm
of [84] which is also known as Follow-the-regularized-leader / Online Mirror Descent with
entropy regularization for online learning. Formally, the online learning problem and the
algorithm are as defined in Section 2 of [84].

Theorem D.1.2 (Adapted from Theorem 2.22 in [84|). Assume that the normalized EG
algorithm is run on a sequence of linear loss functions {(z;,-) :i=1,--- T}, withn=1/2
to return a sequence of distributions wy,--- ,wr € AYy. Assume that for all t € [H], 0 K&
2 < 1. For any u such that 3.1 (z;,u) =0,

Z(wi —u, z) < 4log(|.Al).

t=1

This result is adapted from Theorem 2.22 in [84] by invoking the condition that 0 <« z; < 1,
so the local norm ||z, can be upper bounded by (z;,w;). Choosing n = 3, using the
assumption that ZiT:1 (z;,uy = 0 and simplifying results in the statement of Theorem D.1.2.
Suppose the learner returns the sequence of policies 7, - - - , 7 by running the normalized
EG algorithm on the sequence of losses ¢y 44, ,{ns+ for each s € S and t € [H| to return
a sequence of distributions 7/ (:|s), - , 7 (-|s) € Aly. Finally, for i = 1,--- , N, the learner
returns the policy 7 as {{7i(-|s) : s € S} : t € [H]|}.

Invoking the guarantee in Theorem D.1.2 for the sequence of policies 71 (+|s),- -+ , 7Y (+|s)

returned by a single instance of the normalized-EG algorithm,

T

> (=), Tl |s)) < dlog(JA])

=1
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Averaging across ¢t € [H|, summing across s € S and recalling the definition of Lo (7; f) in
eq. (D.1) results in the bound,

1

Finally invoking Lemma D.1.1 shows that the resulting sequence of policies 7!, --- , 7 and
their mixtures = > 7 satisfies,

~ eay) o AlS[log(|Al)
E[Loa(m; fT)] < —

Invoking |78, Theorem 2|, under u-recoverability shows that the resulting policy 7 satisfies,

1 _ 48] log(|.A]
EfGap(7)] < el

This completes the proof of Theorem 5.0.1.

D.2 Proof of Theorem 5.0.2

For each active learner 7 and the worst-case IL instance (7P, M) considered in the lower
bound in the active-interaction setting (Theorem 2.2.1), consider the IL instance (79, M,,)
where the only difference between M and M, is that each reward is scaled by a factor of
pu/H < 1. Note that M, satisfies p-recoverability. Indeed, consider any state s. Since the
rewards in M, are in the interval [0, u/H], the total reward of any trajectory in M, lies in
the interval [0, u]. Therefore, trivially, for each (s,a,t) € S x A x [H] tuple, QT (s, Wpr(s)) -
Q7" (s,a) < u—0 = p and the IL instance satisfies p-recoverability. More importantly
the imitation gap of 7 on the IL instance (7P, M,,) is £ times the imitation gap under
(7P M). In other words,

E [Jp, (7°P) — Jag, (7)] = B [T (7™P) — T (7))

H
S|H?
Z%mim{H,| ]|V }

— uin {u M\S!H}
) N )

where the last inequality uses [70, Theorem 6.1|. This concludes the proof of Theorem 5.0.2.

D.3 Proof of Theorem 5.0.3

Define S;(D) as the set of states observed in at least one trajectory at time ¢ in the
demonstration dataset D. In particular, the learner exactly knows the expert’s policy
7 P(-]s) at all states s € Sy(D) for each t =1,--- , H.
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The expert policy is deterministic in the lower bound instances we construct. As originally
defined in Eq. (2.3), define TIES, (D) as the family of policies which mimics the expert on the
states visited in D. Namely,

(D) 2 {7 : vt € [H],s € Si(D), m(|s) =7 ([s) }.

I15%, (D) is the family of policies which are consistent with the demonstration dataset D.

In order to prove the lower bound on the worst-case expected imitation gap of any learner
7(D), it suffices to lower bound the Bayes expected imitation gap and find a joint distribution
P over MDPs and expert policies satisfying p-recoverability, such that,

|S|H*
e

E conyep [Taa(50) = E L1sR(D))] | 2 i { 1,

Construction of P. First the expert’s policy is sampled uniformly from Il4e: for each
t € [H] and s € S, m;P(s) ~ Unif(A). Conditioned on 7P, the distribution over MDPs
induced by P is deterministic and given by the MDP M [x®P?] in fig. D.1. M[7®P] has a
fixed initial distribution over states p = {¢,- - ,(,1—(|S]|—2)(,0} where ¢ = ﬁ There is a
special state b € § in the MDP which has behavior different from the remaining states. At
each state s € S, choosing the expert’s action renews the state in the initial distribution p
providing a reward of 1 (except at state b it provides a reward of 0), while every other action

deterministically transitions the learner to the bad state and provides no reward. That is,

Pllsay= 1P $€S =TT
’ Op, otherwise,

and the reward function of the MDP is given by,

{1, se S\ {b}, a=m""(s)

ri(s,a) = )
0, otherwise.

We first state a simple consequence of the construction of the MDP instances and P. Note
that the expert never visits the bad state b by virtue of the distribution p placing no mass on
b. Therefore, the value of 7® on the MDP M[7®*P] is H.

Lemma D.3.1. The value of 7% on the MDP M[r®®] is H. Namely Jqjzesr)(7P) = H.

Proof. Playing the expert’s action at any state in S is the only way to accrue non-zero reward,
and in fact accrues a reward of 1. Thus the expert collects a reward of 1 at each time in any
trajectory. O
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bbb

Figure D.1: Upon playing the expert’s (green) action at any state, the learner is renewed
in the initial distribution p = {, - -, ¢, 1=(|S|—2)¢, 0} where ¢ = 5%5. Any other choice of
action (red) deterministically transitions the learner to b.

At the states unvisited in the dataset D, the learner cannot infer the expert’s policy or
even the transitions induced under different actions. Intuitively, the learner cannot guess
the expert’s action with probability > 1/|.A| at such states, a statement which we prove by
leveraging the Bayesian construction. In turn, the learner is forced to visit the bad state b
at the next point in the episode. Since the bad state is never observed in the dataset, the
learner is forced to guess the expert’s action to be able to recover in the distribution p over
the remaining states (lest it collects a reward of 0 for the rest of the episode). However by
making |A| large (2 H), any learner, with constant probability fails to guess the expert’s
action at b at at least a constant fraction of the episode.

Using Lemma A.2.11 the conditional distribution of the expert’s policy given the demonstration
dataset D can be characterized, and is distributed ~ Unif(II5, (D)).

Definition D.3.1. Define P(D) as the joint distribution of (7P, M) conditioned on the
demonstration dataset D. Conditionally, 7% ~ Unif (I3 (D)) and M = M[r®P].

From Lemma A.2.11 and the definition of P(D) in Definition D.3.1, applying Fubini’s theorem
gives,

E o wyop [t (1°®) — E LI (R)] | = E [Eqeor syopoy [H — InFD))]] . (D2)
Next we relate this to the first time the learner visits a state unobserved in D.

Lemma D.3.2. Define the stopping time T as the first time t that the learner encounters a
state s; # b that has not been visited in D at time t. That is,

inf{t: s, € Sy(D)U{b}} At s, € Sy(D)U{b}
H+1 otherwise.

Then, conditioned on the demonstration dataset D,

o R 1 H+1
Erew A)~P(D) [J (7%*) —E[J (W)]] 2 (1 - —> Erexo (D) [Eap) [H — 7] -

We defer the proof of this result to the end of this section.
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Finishing proof of Theorem 5.0.3. Plugging the result of Lemma D.3.2 into eq. (D.2),
and recalling the assumption that |A| > H + 1,

| =

E o wp | J (1) = ELI(R)] | 2 B [Eqeww vompip) [Ex [H = 7]

VE
oo | I

E [E(Wexp,M)NP(D) [Pr% [7' < LH/QJ}H )

e g [e o< 2]

where (7) uses Markov’s inequality, and the last equation uses Fubini’s theorem.

The last remaining element of he proof is to indeed bound the probability that the learner
visits a state unobserved in the dataset before time | H/2| which immediately follows from
Lemma A.2.13 shows that for any learner 7, E(rex» pq)p [E [Prz [7 < | H/2]]]] is lower bounded
by 2 min{1, |S|H/N}. Therefore,

S|H
E (oo ptyp | J(1°P) — E [J(?T\)}] 2 H min {1, IS1H ]\|] } :

as long as |A| > H + 1. This completes the proof.

Finally, we prove Lemma D.3.2.

Proof of Lemma D.3.2. Define the random time 7, to be the first time the learner encounters
the state b while rolling out a trajectory. Formally,

inf{t:s,=b} Jt:s,=0b
T =
’ H+1 otherwise.

Furthermore, define I'y as the random variable which counts the number of time steps the
trajectory stays in the state b after visiting it for the first time. Namely,

r {mf{A 2 0: Srp+A+1 7£ b} Th S H
b =

otherwise.

Since the state b always dispenses 0 reward and since r is bounded in [0, 1], conditioned on
the demonstration dataset D,

~ H
H — E(’]Texp7M)N/P(D) [J(’YT)] = H — E(Wexp’M)N’P(D) |:E% |:th1 Tt(St, at)H
2> E(rexe my~p(0) [Ex (1]

Fixing the demonstration dataset D and the expert’s policy 7®*® (which determines the MDP
M[7P]), we under the distribution of T'.
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To this end, first observe that for any t < H — 1 and state s € S,

Prﬁ[FbZA—i—l,FbZA,Tb:t]
=Prz [y > A+ 1[I > A7 = 1] Prz [y > A, 7y = ]

= (1= Fua@ MO )Pra [y = A my = 1]

where in the last equation, we use the fact that the learner must play an action other than
T, A (b) to stay in state b at time ¢t + A. Next, we take expectation with respect to the
randomness of 7P, Conditioned on D, 7P is sampled uniformly from the set of policies
1%, (D) (Lemma A.2.11). In particular, conditioned on D, the expert policy is sampled
independently at states. Conditioned on 7®*®, the underlying MDP is M[n®*P]. Observe
that the dependence of the second term Prz [T = ¢, s; = s] on 7P comes from the probability
computed with the underlying MDP chosen as M[7®*P]. Observe that it only depends on
the characteristics of M[7®] till time ¢ — 1 which are determined by 77", .- 77\ ;. On
the other hand, the first term (1 — 7, (7,3’ (b)[b)) depends only on the random variable 7,3 .
As a consequence, the two terms depend on a disjoint set of random variables which are
independent.

Taking expectation with respect to the randomness of 7% ~ Unif (15, (D)) and M = M[r*P]
(together which define the joint distribution P(D)), for 0 < A< H —t and t € [H|,

E(rexe M)~ P(D) [Pfﬁ o> A+1Ty > A7 = t]}

— 1(t+ A < H) - Egpow ptyop() [1 _ %tﬂ(wff;(b)w)} E(reww A~P(D) [Prﬁ Ty > A, = 1]
1

= I[(t + A S H) . (1 — W) E(ﬂ—exp“/\/()NP(D) [Prﬁ [Fb 2 A,Tb = t]:|,

where in the last equation we use the fact that the state b is never observed in the demonstration

dataset. So conditioned on D, w3\ (b) is sampled uniformly from A. By upper bounding

Prz [y > A+ 1,y > A7, =t] < Prz [, > A+ 1,7, = t] results in the inequality,

E(chp7M)N73(D) [Prﬁ [Fb >A+1,71 = t] ]

1

>1(t+ A< H -(1——
( ) A

) E (rexp M)~P(D) [Pfﬁ Ty > A1y =1
Unrolling the equation, for each A =0,1,--- , H —t 4+ 1 we have,
E (rexp M)~P(D) [Pr% Iy > A1 = t]]

1 A
> 1——) E(zexe M)p(D [Pra [szt]]
( |.A‘ ( )~P(D)
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Summing up over A =0,1,--- ,H —t+1,

E(ﬂ.exp7M)~7>(D) [Eﬁ [Fbﬂ(Tb = t)] }

H—t+1 1 A
2 Z (1 — W) E(ﬂ-exp’M)NP(D) |:Pl"§r\ [Tb = t]:|

A=0

1 H
Z (H - t + 1) (1 - W) E(ﬂexp7M)N7)(D) |:PI';T\ [Tb = t] :| .

Finally summing across t =1,--- , H + 1,

1 H
E oo, 1) p(0) | Ex [T | > (1 = W) E (reso (o) [Es [H — 75 + 1]

Finally, we invoke the same inequality used in the proof of Lemma A.2.12 (specifically,
eq. (A.120)) to arrive at the desired bound,

1 H+1
E (xexo AM)~P (D) [E% [Fb]] > (1 — W) E(xewo p)~p(D) [Ez [H — 7]]

Note that although the MDP family considered in Lemma A.2.12 is different, until the state b
is visited the two MDPs are identical and therefore 7 and 7, are distributed identically under
either MDP family for the same policy. O]
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Appendix E

Proofs of results in Chapter 6

E.1 Imitation gap of Empirical Moment Matching

Below we state an upper bound on the imitation gap of MM and provide a proof of this result.

Definition E.1.1 (Instantiation of F in MM). In the tabular setting, we instantiate the
discriminator class as Fy = {fi : || ftlloo < 1} for each t, as the set of all 1-bounded functions,
and the policy class 11 as the set of all tabular policies. eq. (6.2) corresponds to finding a
policy which best matches the empirical state-action visitation measure observed in the dataset
D in total variation (TV) distance.

Theorem E.1.1. The policy ™" returned by empirical moment matching (Definition 6.0.1)
satisfies the following upper bound on its imitation gap in the tabular setting,

E[Gap(=™)] < H @

N
The key observation is that since the learner 7™ best matches the empirical distribution
in the dataset, which is in turn close to the population visitation measure induced by 7P,
we can expect the visitation measure induced by 7 and 7™ to be close. This in turns
implies that both policies will collect a similar value under any reward function. Precisely

characterizing the rates at which these distributions converge to one another results in the
final bound.

Proof. Recall that the learner 7™ is the solution to the following optimization problem,

arg min sup {Eﬂ [W] g, [M] }

r  feF H

Exchanging the summation and maximization operators and recalling from Definition E.1.1
that in the tabular setting, the discriminator class F is instantiated as the set of all 1-bounded
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functions @ {f; : | fille < 1}, 7™ is a solution to

H H
1 ! -
arg min —— Z (f ||?”1||lp E [fi(st,at)] —Ep [fi(st, ar)] ) = arg min — Z Drv (df,d}) (E.1)
7 t=1  Jilflle=l i t=1

where the equation follows by the variational definition of the total variation distance, and
where d7 is the state-action visitation measure induced by 7P and dP is the empirical
state-action visitation measure in the dataset D. The imitation gap of this policy can be
upper bounded by,

Gap(m™) = Eqex [Z (e, at)] — E,m [Z (e, at)]

t=1 t=1

—~
~

M=

) sup (E,rexp [re(s, ag)] — Eqpm [re(se, (lt)]>

t=1 Te:l|re]]oo <1

—

NE

i)

Dry (7 (,). d" (1))

t=1

where (7) maximizes over the reward function which is assumed to lie in the interval [0, 1]
pointwise. (ii) again follows from the variational definition of total variation distance. This
goes to show that in the tabular setting, MM is equivalent to finding the policy which best
matches (in TV-distance) the empirical state-action distribution observed in the dataset.
By an application of triangle inequality,

Gap(m™) < ZDTV (d7™"(-,),dP(-,-)) + Doy (dtD(.’ ), dr (- ))

H
< 2ZDTV (d;rexp("')vdtD('v')) (EQ)
t=1
where (7) follows from eq. (E.1) which shows that 7™ is the policy which best approxi-
mates the empirical state-action visitation measure in total variation distance, and therefore
Doy (d7"(-,+),dP(+,+)) < Drv (dF"(-,+),dP(-,+)). The final element is to identify the rate of
convergence of the empirical visitation measure d”, to the population dF ' in total variation
distance. This result is known from Theorem 1 of [42], which shows that,
TP D < |S|
E [DTV (dt ('7 ')7dt ('7 ))] ~ W7
noting that d7" " is a distribution with support size |S| since 7P is deterministic. Putting it
together with eq. (E.2) after taking expectations on both sides gives,

H
/15| S|

Gap(7™) < Z — = Hy\|—.
— N N

This completes the proof of the result. n
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E.2 Lower bounding the imitation gap of MM

In this section, we show that in the tabular setting, empirical moment matching is suboptimal
compared for Imitation Learning in the worst-case. The main result we prove in this section
is Theorem 6.1.1.

First note that the learner 7™ carries out empirical moment matching (eq. (6.2)), with the
discriminator class F as initialized in Definition E.1.1. As shown in eq. (E.1), the empirical
moment matching learner can be redefined as the solution to a distribution matching problem,

L X

arg min 7 ; Dy (df (-, ), dP(+,-)) (E.3)
Consider an MDP instance with 2 states and 2 actions with a non-stationary transition and
reward structure as described in Figure fig. E.1. State 1 effectively has a single action (i.e.
two actions, a; and ay with both inducing the same next-state distribution and reward). One
of the actions at state 2 induces the uniform distribution over next states. The other action
deterministically keeps the learner at state 2. The reward function is 0 at ¢ = 1, and the
action ag at state 2 is the only one which offers a reward of 1. The initial state distribution
is highly skewed toward the state s = 1 and places approximately 1/ v/N mass on s = 2 and

the remaining on s = 1.
@—) Unif(S) 4—@

Figure E.1: MDP instance which shows that L; distribution matching is suboptimal. Here
the transition structure is illustrated for ¢ = 1. Both states have one action which reinitializes
in the uniform distribution. State 2 has an additional action which keeps the state the same.
The reward function is 0 for ¢ = 1. For ¢ > 2 the transition function is absorbing at both
states; the reward function equals 1 at the state s = 1 for any action and is 0 everywhere else.

MDP transition. The state 2 is the only one with two actions. Action a; induces the
uniform distribution over states, while action ay transitions the learner to state 2 with
probability 1. Namely,

Pi(-|s = 1,a) = Unif(S) for all a € A

Pi(-|s = 2,ay) = Unif(S)

Pl('|8 = 2,&2) = 52

From time ¢ = 2 onward, the actions are all absorbing. Namely, for all t > 2, s € S and

a€ A,
P,(:|s,a) = ds.
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o, . . . . o . . . . _ L L
Initial state distribution. The initial state distribution p = (1 v W)
MDP reward function. The reward function of the MDP encourages the learner to stay
at the state s = 1 from time ¢t = 2 onward. Namely,

1, ift>2and s=1
ri(s,a) = _ (E.4)
0, otherwise.

Expert policy. At both states in the MDP, the expert picks the action a; to play, which
induces the uniform distribution over actions at the next state. Namely, for each ¢t € [H] and
seS,

The intuition behind the lower bound is as follows. The only action which affects the value
of a policy is the choice made at s = 2 at time ¢t = 1. At all other states, we may assume
that there is effectively only a single action.

By the absorbing nature of states for ¢ > 2, it turns out that if the observed empirical
distribution in the dataset at time 2 is skewed toward state 2 (which is possible because of
the inherent randomness in the data generation process), the learner’s behavior at time 1
may be to ignore the expert’s action observed at state s = 2, and instead pick the action as
which moves the learner to the state s = 2 deterministically. The learner is willing to choose
a different action because the loss function eq. (E.3) encourages the state-action distribution
at time ¢t = 2 also to be well matched with what is observed in the dataset. Even if it comes
at the cost of picking an action different from what the expert plays. By exploiting this fact,
we are able to show that the error incurred by a learner which solves eq. (E.3) in this simple
2 state example must be Q(H/v/N).

Formally, we define 3 events,

1. &;: All states in the MDP are visited in the dataset at each time t =1,2,--- | H.

2. &: State 2 is visited at most v/N times at time 1 in the dataset D. In other words,
dP(s = 2) = § where §' < \/LN

3. &: At time 2 in the dataset D, the empirical distribution over states is of the form

(%—5,%+6) forsomeéz\/iﬁ.

Lemma E.2.1. Jointly, the events £1,E and E3 occur with at least constant probability.
PI‘((C:l N 52 N (":3) > C,

for some constant C' > 0.
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Proof. By the absorbing nature of states for ¢ > 2, it suffices for both states of the MDP
to be visited in the dataset at time ¢t = 1,2. At time ¢ = 2, the marginal state distribution
under 7P is the uniform distribution. By binomial concentration, both states are observed
in the dataset at time ¢ = 2 with probability > 1 — e~“" for some constant C; > 0. On the

other hand, at time ¢ = 1, the marginal state distribution is p = <1 — \/LN’ \/LN) Yet again,

by binomial concentration, both states are observed with probability > 1 — e VN for some
constant Cy > 0. By union bounding,

Pr(&)>1—e AN - e VN

Next we study & and &3 together. First of all, note that the state observed at t = 1 and

t = 2 in a rollout of the expert policy are independent. This is because at both states at

t = 1, the next state distribution under 7°** is uniform. Because of this fact, & and &3 are

independent. Next we individually bound the probability of the two events.

&y The number of times s = 2 is the initial state in trajectories the dataset D is distributed
1

as a binomial random variable with distribution Bin(N,q) with ¢ = p(s = 2) = o A

median of a binomial random variable is N¢ = v/N (in fact any number in the interval
[[N¢|,[Nq]] is a median). Therefore, the probability that s = 2 is visited < v/N times in
the dataset at time 1 is at least 1/2. In summary,

1
Pl"(gg) Z 5

&3: The marginal distribution over states at time 2 in the dataset is uniform. Therefore, we
expect the states 1 and 2 to be visited roughly N/2 times each in the dataset, but with a
random variation of ~ v/N around this average. In other words, the empirical distribution
fluctuates as (% — 0, % + (5) with 6 > \/LN with constant probability.

By the independence of & and &3 and union bounding to account for &£, the statement of

the lemma follows. O
Lemma E.2.2. For each t > 2,
The RHS is the TV distance between the state-visitation measure at time t = 2 under @ and

that empirically observed in the dataset D. Conditioned on the events £, &5 and E3 occuring,
equality is met in eq. (E.5) if any only if mi(-|s) = m, P (+|s) for all states s € S.

Proof. For any state s € S and ¢t > 2, observe that,

Z ‘df(s, a) - dtD(S> CL){

acA
=d7(s)(1 —m(a*|s)) + ’d?(s)m(a*]s) —dP (s, a*)‘ , where a* = ;" (s),
9 g5(5)(1 = mi(als)) + a5 (s)mala’ls) — d(s,a")|

5 (s) — a2 ().
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where (i) follows by the fact that the states of the MDP are absorbing under 7 for ¢ > 2. (i)
follows by triangle inequality and using the fact that 7 is deterministic, so d” (s, a*) = dP(s).
Equality is met only if 7;(a*|s) = 1 (since dP(s,a*) > 0 conditioned on &;). O

The above lemma asserts the behavior of 7™ in eq. (E.3) for ¢ > 2. Namely, conditioned on
the event & which happens with very high probability, all states are visited in the MDP and
therefore, m(-|s) = m; " (+|s) for each state s € S and time ¢ > 2.

The only thing left to study is the MM learner’s behavior at ¢ = 1. We wish to show that with
constant probability, the learner may choose to deviate from the expert policy in order to
better match empirical state-action visitation measures. Conditioned on &, the learner’s
policy at time ¢ = 1 can be computed by solving the following optimization problem,

Dry <<7d)71r ('7 )7d?(7 )) + (H - 1)DTV (dg()vdé)()) :

This follows directly by simplifying the learner’s objective using Lemma F.2.2.

Now, conditioned on the event &, at time ¢ = 1, the learner policy only needs to be optimized
at the state s = 2. At the state s = 1, we may assume that the learner picks the expert’s
action 77" (s = 1). To this end, suppose the learner picks the action a; with probability p
and the action as with probability 1 — p.

DTV (d71r<> ')7d1D('7 )) = Z |d71rexp(s = 27&) - dlD(S - 2a&)|

acA
= |p(2)p = ' + 1p(2)(1 — p) = O]
O I B
N O+ Nk (E.6)
which follows by plugging in p(2) = LN And,
Drv (@), 7)) = |(5 - 8) = 25 <o+ | (5 +0) - 25 <o (- + )],
(E.7)
Plugging in p(2) = \/LN and p(1) =1— \/LN’ we get,
Drv (@), 420) = | oo = 0= S0l | Do - owal. e

Summing up eqgs. (E.6) and (E.8), p minimizes,

\/N/+(H—1) <’%+5_2\}§‘+'2\}N—5_%Djl (E.9)

() (4t)
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Intuitively, term (¢) captures the error incurred by the learner in the loss eq. (E.3) by
deviating from 7P at the first time step. Term (7i) captures the decrease in the error at
every subsequent time step because of the same deviation, since the learner is able to better
match the state distribution at future time steps. In the next lemma we show that under
events that hold with at least constant probability, the empirical moment matching learner
chooses to play the wrong action at time ¢ = 1 at the state s = 2.

Lemma E.2.3. Conditioned on the events & and &, for H > 4, the unique minimizer of
eq. (E.9) forp e [0,1] isp=0.

Proof. The first term of eq. (E.9) is |p/\/N — 5/| + (1 —p)/v/N, the error from not picking
the expert’s action at state 1 at time 1 decreases at most linearly with a slope of 2/v/N.

Conditioned on the event &, § > 2/+/N. Therefore, |p/2\/ﬁ—|— o — 1/2\/N‘ = p/2VN +6 —
1/ 2v/N. Therefore, the decrease in error at future steps by deviating from 7P at the time
t =1, term (7i) in eq. (E.9) is,

P 1
2H-1)——=+0———= E.10

( ) (2\/ N 2V N ) ( )
which is an increasing function of p with slope % For H > 4 and the argument from the

previous paragraph, this implies that term (i7) increases more rapidly in p than the rate at
which term (7) decreases. Therefore, the minimizer must be p = 0. O

Thus, we conclude from Lemmas E.2.2 and E.2.3 that conditioned on the events &, & and
Es, the learner ™™ perfectly mimics 7P at each time t > 2, but deviates from the action
played by 7P at the state s = 1 at time t = 1. Finally, we bound the difference in value
between 7P and 7™ induced because of this deviation under the reward eq. (E.4).

Lemma E.2.4. Under the events £1,&5 and &3, under the reward eq. (E.4), the empirical
moment matching learner ™" incurs imitation gap,

H
2V N
Proof. Recall that under the events &, & and &3, the learner 7™ is identical to 7P except

at the state s = 2 where they perfectly deviate from each other. The state distribution

induced by 7P at each time t > 2 is the uniform distribution over states (%, %) On

the other hand, for ¢t > 2, the state distribution induced by 7™ at each time ¢ > 2 is
(p(D)3,p(1)3 +p(2)) = (kléﬁ, Hlé‘/ﬁ). Since the reward function is 1 on state 1, the
difference in value between the expert and learner policy is,

This completes the proof. n

Gap(m™) =
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Since &1, & and &; jointly occur with constant probability by Lemma E.2.1, this completes
the proof of Theorem 6.1.1.

E.3 Imitation gap of RE: Proof of Theorem 6.2.1

In this section, we discuss a proof of a more general version of Theorem 6.2.1, where Nyeplay
can be finite. We prove the following result,

Theorem E.3.1. Consider the policy ©* returned by Algorithm 6. Assume that 7 € 11 and
the ground truth reward function ry € F;, which is assumed to be symmetric (f; € F; <
—fi € Fi) and bounded (For all f, € Fi, || ftllo < 1). Choose |Dyl,|Ds| = O(N). With
probability > 1 — 306,

log (FinaxH/9)

Gap(ﬂ”E) 5 /:1 + £2 + £3 + N

A
where Frax = maxeem) |[Ft|, and,

LeHE [Zfil MEM(s1,t) Dy (0 (]s1), 7([s2))
1 = TEXP H 5

o pr32, 108 (Fuax H/0) 1L  Erexo [1 — MEM(sy, t)]
Ly,2H i 7 :

And,

e \/log(FmaxH/(S) . Hlog(FuwH/9)

Nreplay Nreplay
Recall that the learner carrying out replay estimation returns the policy which minimizes
the loss sup;cz Jy(m) — E(f) over policies w, where Jy(m) 2 E, [% Zt]il ft(st,at)} where
f="(f1,---, fu). Note that,

(2)
Gap(7™) < sup Jp(mP) — Jf(T(—RE)

feF
< sup | J;(7°P) — E( f)‘ +sup [E(f) — J(x%)
fer fer
(@) ~
< 2sup | Jp(7P) — E(f)’. (E.11)
feF

where (i) uses the realizability assumption that the ground truth reward lies in F, and (1)
uses the fact that 7°F is a minimizer of eq. (6.4) and the fact that F is symmetric (this

implies that sup ;7 Jp(7P) — E(f) = SUDscr ‘Jf('/TeXp) - E(f)‘)
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Note that E(f) can be decomposed into a sum of two parts,

Likewise, we can decompose J¢(7*P) into two terms,

[ H
J](cl) (WeXP) é Ewexp th(staa’t>7)(81"'tl)] ’ and
| t=1

[ H
TP (1) 2 Erown |3 filseoar) (1 - P(sl...t_m]
| t=1

Then, from eq. (E.11),

J(m®P) — J(7™) < 2sup |[J(7P) — /E\(f))

fer
< 2sup J ( <Py —E [/E\(l)(f)‘Dl} +2sup E [ ’Dl} - Em(f)
JeF feF

J (. J

g

ey (II)

+2sup [P (%) — E@(f)|.
fe]—'

(E.12)

J/

(1)

where the last line follows by triangle inequality. We bound each of these terms in the next 3
lemmas, starting with (I).

Lemma E.3.2 (Bounding term (I)).

sup |77 (7) — E EO()|Di]

< HZ Eexo [MEM(sp, h) Doy (7" (-|sn), 72 (-|sn)) ]
= (E.13)

Proof. The proof of this result closely follows the supervised learning reduction of BC (cf.
[75]). Note that,

H
E[E(l)(f)‘Dl} TO @) = 3" Egse [fols6, a6)P(51.421)] — Enes [fo(86 20) P(81.4-1)]
t=1

(E.14)
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Define 7(") as the policy which plays 7P until (and including) time h and 75 after time .
Then, by cascading,

Eﬂ—BC [ft(st, at)P(sl...t_l)] — Eﬂexp [ft(St, at)'P(Sl.‘.t_l)]

= E. [fi(51,a0)P(51.0-1)] = Eqcurny [fi(st, ar) P(51.0-1)] (E.15)

Define, the uncertainty weighted state visitation measure d"™ and the uncertainty weighted
look-forward reward p"™ as follows,

h
Ay (") £ Epexp [ﬂ(sh_H =) H MEM(sy/,t')

t'=1

pﬁﬁ(s a') £ Eqsc [ft(shat) H MEM(sy, t')|Spy1 = 8, any1 = a’]
t'=h+2

By decomposing expectations along trajectories, using the fact that P(sy..4—1) = Hle MEM(sy, t')
some simplification results in the following equation,

‘Ewb) [ft(Sm at)P(Slmt—l)] — E o) [ft(st; at)P(31~-~t—1)]|

= 1> > di(MENM(S b+ 1) (T (d']s) — mSa (@]s) (s, o)

s’eSa’cA
< Zdﬁq JMEM(s', b + 1) Dy (752, (¢|8), 725, (-|5))
s'eS

= Eﬂexp [MEM(S}Z+1, h + 1)DTV (WZTI('|$h+1)’ Wﬁil('|3h+1))} .

where (i) uses the fact that the membership oracle is a function € [0,1] and f is bounded

and lies in the interval [0, 1] (which implies that p"™ also lies in [0, 1] pointwise). Plugging

into eq. (E.15) and subsequently into eq. (E.14) completes the proof. ]
Next we bound the 3rd term, (III). This follows by an application of Bernstein’s inequality.
Lemma E.3.3 (Bounding term (III)). With probability > 1 — 6,

~ 108 (Funax H/6) S E e [L — MEM(s,, 1)) H log(FaxH/0
- E@)(f)‘g,{\/ P [5) L) B (L WM ) Hlon( o)1)
feF

Proof. First observe that,
2)( _ex (=
TP (@) —BR(f)

H

=3 Evtuaton et 00) (L= Pls1))] = Exos [fils0,00) (1 = Pls1sr))]  (E.16)

t=1
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For each t, note that fi(ss a¢) (1 — P(s1..4-1)) is bounded in the range [0,1]. Therefore,
invoking Bernstein’s inequality, with probability > 1 — ¢,

|EUnif(D2) [fi(sesar) (1 = P(s1.4-1))] — Eqexe [fi(81,a0) (1 — 73(51.~-t—1))]|
Var e (fi (8¢, a0) (1 — P(s1..4-1))) log(1/9)  log(1/0)
S \/ N TN

< \/Eﬂ-exp[(ft(St, at) (1 _]7\3[(51“.t1)))2] log(1/0) N logg\lf/é)

B

(

) [Brew[fi(s1, ar) (L= P(s1..1))]log(1/9) | log(1/9)
\/ N TN
(Z) \/Eﬁexp [1— P(s;.tl)] log(1/9) N logg\lf/é)

where (i) uses the fact that fi(s¢, a;) (1 — P(s1..4-1)) is bounded in the range [0, 1], and (i7)
uses the fact that 0 < fi(s;,a;) < 1. Assuming 0 < z; < 1 for all i € [n], we have the

IN

(E.17)

inequality,
L=z <) 1—a (E.18)
i=1 i=1
Applying this to eq. (E.17) for 1 — P(s1..41) = 1 — [[5_; MEM(sy, '), we have,

|Eunit(0s) [fi (51, ) (1 = P(s1.4-1))] = Exew [fe(s1, @) (1 = P(51..0-1))]]

3 \/ Sou Evee [1— MBM(s0, )] 08(1/0) __ log(1/0)
N N

Therefore, by union bounding, with probability > 1 — ¢/ H, simultaneously for every f; € F,
{EUnif(Dg) [fi(se,ar) (1 = P(s1.4-1))] — Egeo [fi( 51, a¢) (1 — 77(81-..15—1))”

. \/ log (7| H/8) 4 Eves [1 = MEM(s0, )] log(1FH/9)

(E.19)

E.2
< = < (.20)

This implies that the maximum over f; of the LHS is upper bounded by the RHS. Union
bounding over t = 1,--- , H and plugging into eq. (E.16), we have that with probability
Z 1- 67

g 12(5%) ~ €9 )|

feF

S Z ’EUnif(D2) [ft(St, at) (1 - P(sl---t71>>] — Eﬂ-exp [ft(St, &t> (1 — P(Sl...tfl))]’ (E21)
\/ 108( Finax H/8) S0 Eeso [1 — MEM(54,t)]  H log( Finax H/5)
N * N

<H

~Y
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Finally, we are ready to bound term II.

Lemma E.3.4 (Bounding term (II)). With probability > 1 — 6,

C c log(FmaxH/(;) H log(FmaxH/(s)
sup |E [E® ’D _E®™ ‘ <H n .
fE]E |: (f) 1i| (f) ~ Nreplay Nreplay

Proof. The proof follows essentially the same structure as Lemma E.3.3 by decomposing
EW(f) into a sum of H terms of the form f,(s;, a;)P(s1..._1), applying Bernstein’s inequality
to bound the deviation of each term from its mean and finally union bounding over the
rewards f; € F; to get the uniform bound over all discriminators f € F. m

Putting together Lemmas E.3.2 to E.3.4 with eq. (E.12) completes the proof of Theorem 6.2.1.

Recovering bounds in the tabular setting

In this section, we provide an upper bound on the imitation gap of RE in the tabular setting
when the expert is a deterministic policy. This recovers the bound on the imitation gap for
RE we proved in Chapter 2.

Theorem E.3.5. Consider an appropriately initialized version of RE, and let the size of
the replay dataset Nieplay — 00. For any tabular IL instance with H > 10, with probability
>1- 36,

S|H?3/? S| |S|H
wry < o) ]
Gap(m™) < mm{ N JH N log ( 5 ) :

Below we describe the implementation of RE corresponding to Theorem E.3.5 in more detail.
The membership oracle we use in this setting for RE is defined below,

1 if s is visited in Dy at time ¢

MEM(s, t) = { (E.22)

0 otherwise.

The function class F which we use is identical to that for empirical moment matching, which
is described in Definition E.1.1.

Note that in the tabular setting, BC simply mimics the deterministic expert’s actions at
states visited in the dataset D; and plays an arbitrary deterministic action on the remaining
states. As a consequence of this definition, if MEM(s,t) = 1 <= =77%(+|s) = 7, "(+|s) and
MEM(s,t) = 0 otherwise. We instantiate the family of discriminators as in Definition E.1.1, as
F=@" {fi:|Ifill <1} and the set of policies IT optimized over is chosen as the set of all
deterministic policies. While the guarantee of Theorem 6.2.1 depends on Fin.x = maxe(m |F|
which is unbounded (or exp(|S||.A|) by using a discretization of the reward space), note that
we can improve the guarantee to effectively have Fy,.x ~ exp(|S|) noting the structure of the
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set of discriminators. Looking into the proof of Theorem 6.2.1 we bring out this dependence
below. We note that there are many ways of bringing out this dependence, including a careful

net argument directly on top of the guarantee of Theorem 6.2.1. We simply present one such
argument below.

The critical step where the finiteness of the set of discriminators F is used, is in union bounding

the gap between the population and the empirical estimate of f;(s, a;) (1 — P(s1..4-1)) in
eq. (E.19).

{EUnif(DQ) [ft(st, (lt) (1 — P(Sl...t_l))] — Eﬂexp [ft(St, at) (1 — P(Sl...t_1>>]| (E23)

In the next step of the proof of Theorem 6.2.1, we union bound over all f; € F;. However,
note that for F; = {fi : || fillc < 1}, we have that,

sup  |Eunit(a) [fi(5t, ar) (1 = P(s1.4-1))] — Enesw [fe(s1,a0) (1 — P(s1.00-1))]|

fell felloo<1

2 D [Euvnit(on (15t = 5,00 = a) (1 = P(s1..4-1))] = Exesw [I(s1 = 5,0 = @) (1 = P(s1..4-1))]]

s€S acA
E Z |EUnif(D2) [1(st = 5) (1 = P(s14-1))] — Eqex [I(s; = 5) (1 = P(sl...t,l))]\
seS
< > |Evuit(o) [1(st = 8) (1 = P(s1.4-1))] = Egeso [I(s = ) (1 = P(s1..11))]| (E.24)
seS

where (7) follows similar to the equivalence between the variational representation of TV
distance (Dyv ((, P), Q) = & supy,s..<1 Ep[f]—Eq[f]) and the relationship to the Ly distance,
Drv ((,P),Q) = 1Li(P,Q). On the other hand, (ii) follows by noting that the expert is a
deterministic policy (and Dy is generated by rolling out 7). (iii) follows by an application
of Holder’s inequality. By subgaussian concentration, for each s € S, with probability

>1— =1
|Eunit(pa) (1(se = 8) (1 = P(s1..4-1))] — Eqess [I(s¢ = ) (1 = P(s1..4-1))]|
_ | Ve (1650 = 5) (1= P(sv-a)) o () o (=)
>\ D3| D]
(2 Enexo [I(s¢ = ) (1 — P(s1..4-1))] log (%) ) log (%)
=\ D] D]

where (7) uses the fact that 0 < I(s; = s) (1 — P(s1..4-1)) < 1. Combining with eq. (E.24),
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union bounding and applying Cauchy Schwarz inequality, with probability > 1 — %,
sup | Euvuit(pa) [fe(5t, @) (1 = P(s1.4-1))] — Egeso [fi( 50, ar) (1 = P(51.4-1))]]
fell frllo<1
5 Evewr [1(s: = 5) (1 — P(s1.4-1))] log ('S'H> S| log (%)
+
\ seS |D2| |D2|
5 Erexp [ — P(51..4-1)] log <|S|H> |S| log (%)
=V +
\ Dy Dyl
. Sl1og (12) 3 B [1 = MEM(sy, )] log (2) || 10g (122
< min ———= A\ [S] 4+ 7
| D, | Ds| | D]
(E.25)

where (i) follows by the same simplification as in eq. (E.18). Comparing with eq. (E.20), this

roughly corresponds to setting Fi., ~ exp(|S|). All in all, summing eq. (E.25) over t € [H]
and plugging into eq. (E.21), with probability > 1 — 4,

sup |2 (x%) — EA()

fer
A () s 3 Exee [1 = MEM(s,, )] log (152) I8l (i)
~ Do 7 | Dy | Dy
Finally, we plug this into eq. (E.12), which is restated below,
Gap(m™) < 2sup [J(7P) — /E\(f)’
feF
< 2sup |7 (%) — E [EW(£)| D] | +25p € [EV ()| 1] ~EW ()

fer feF

J/

) (1)

+ 2sup J ( eXp)—E(Q)(f)’.
fe]-‘

J/

(1)

For the chosen membership oracle in eq. (E.22), the term (I) is (), since by Lemma E.3.2 it
is upper bounded by H 37| E exo MEM(s, h) Dy (75 (¢ s1), 72%(-|sn))]. This is equal to 0
since MEM(s, t) = 0 wherever ;" (+|s) # 7f¢(+|s). On the other hand, Nieplay — 00 ensures
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that the term (III) goes to 0 by the strong law of large numbers. Therefore, with probability
> 129,

Gap(7™)
< 25up [E [EC()| D] ~ BV
€
S1log (152) " B (1= MEM(sy, )] log (S) | IS1H og (152
SHI\— 7 +
| Dy 51 | Do | Ds

(E.26)

Finally, we bound E exp[1 — MEM(s;, t)] for the membership oracle defined in eq. (E.22). By
definition, this quantity is the same as Pres (s; not visited in D; at time t ). This is the
probability that given N samples from a distribution (the state visited at time ¢ in an expert
rollout), the probability that a new sample from the same distribution is not in the support
of the observed samples. This is known as the missing mass [55]. In Lemma A.3 [71] it is
shown that with probability > 1 — 9,

H-1 VIS H log (B2
s, VISl os (1%")

r (s; not visited in D; at time t
— 7'('exp( t 1 )N |_D1| |_D1|

Finally, combining with eq. (E.26) and using the fact that that |D;|,|Ds| = O(N), with
probability > 1 — 39,

|S|log 151 3/2
() s o (512)

RE\ < : H
Gap(7*) < min N TN 5

This completes the proof of Theorem E.3.5.
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Appendix F

Proofs of results in Chapter 7

Notation

In this section, we use the notation d(-,-) to indicate the state-action visitation measure
induced by the policy 7 at time t. We overload the notation d(-) to denote the state-visitation
measure induced by the policy 7 at time ¢. Likewise, the notations d”(-,-) and dP(-) indicate
the empirical visitation measures in the dataset D.

F.1 IL in the linear-expert setting: Proofs of
Theorems 7.1.1 and 7.1.3

Proof of Lemma 7.1.2. Conditioned on the expert and the learner playing the same actions
in the state, the error of the learner is exactly 0 since in such trajectories both policies collect
the same reward. On the other hand, when the learner plays an action different from the
expert at a visited state (and thus the 0-1 loss for this trajectory is 1), the maximum error
the learner can incur is H. O

Proof of Theorem 7.1.3. Consider the compression based multi-class linear classification
algorithm of [25]. This algorithm admits the following guarantee for multi-class sequence
classification.

Theorem F.1.1 (Theorem 5 in [25]). Consider any linear multi-class classification problem
with features ¢ : X XY — R. The learner is provided samples D = {(x1,v1),"* , (Tn, Yn)}:
each x; is sampled from an unknown distribution p and with label y; = arg max oy (é(z,y), 0%)
for an unknown 6* € R®. Then, ifn > dlog(l/g)jlog(l/é), with probability > 1—0 the compression

algorithm of [25] returns a linear function 6 € R? such that, the expected 0-1 loss is bounded
by €. Namely,

Eonp [IL (arg max <¢>(xyy), 5> # arg max (¢(z, y), 9*>>} <e

yey yey
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Consider the dataset as tuples of sequences of states and sequences of actions S¥ — AY. In
addition, the expert policy can be thought of as a classifier which takes sequences and outputs

sequences. Namely, it is a mapping from S — A in the sense: for S¥ > (1, ,s5) —
(m7P(s1), -, (sy)) € A, For 6 € R%, the corresponding linear sequence classifier is

H
(s1,-+-,8y) — argmax 0 — <9,Z¢t(st,at)>.

ai,-,ag€A —1

Define the set of linear sequence classifiers corresponding to § € R?. Then, the following two
propositions are true:

1. The expert policy 7P is a linear sequence classifier under the linear-expert assumption.
At any time ¢ and state s;, the expert chooses the action a; = argmax,c (67, ¢:(s, a)).
Summing across any sequence of states (sq,- -+, sy) shows that the sequence of actions
played by the expert satisfies: (ai, - ,ay) = argmaxy .. o (0, d:(s:, ar)) which
proves the claim.

2. Every sequence linear classifier corresponds to a meaningful Markovian policy. Indeed,
for some 6 € R?, consider the sequence linear classifier corresponding to . If at a state s,
at time ¢, the classifier does not choose the action a; = arg max,¢ 4(0, ¢:(s¢,a)), then on
any sequence that visits the state s; at time ¢, (a1, -+ ,ay) # arg max, . ,GIHGA(H, Or(Se,a}))
which leads to a contradiction. Therefore, the sequence linear classifier plays the action
a; = argmax, 4(0, ¢(s¢,a)) at each state s, at each time ¢. It is therefore a Markovian
policy.

The implication of these two points is that it suffices to find a sequence linear classification
algorithm from S¥ — A with small expected 0-1 error, given a dataset of trajectories from
the expert policy. Invoking the algorithm of [25]| for linear multi-class classification and
Theorem F.1.1 completes the proof shows that indeed there is a linear sequence classifier
with expected 0-1 loss upper bounded by w which completes the proof, invoking
Lemma 7.1.2.

The proof of Theorem 7.1.1 follows immediately as a corollary of Theorem 7.1.3, by invoking
Remark 7.1.2. O

F.2 Parametric function approximation under
Lipschitzness

In this section, we provide an upper bound on the imitation gap of RE in the presence of
parametric function approximation under a Lipschitzness assumption on the function classes,
and assuming access to a parameter estimation oracle for offline classification. To aid in
our presentation, we will define concretely the notion of a policy “induced” by a multi-class
classifier.
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Definition F.2.1 (Policy induced by a classifier). Consider a set of parameters § =
{01,---,0n} where 6, € ©, for each t. A policy ©° is said to be induced by the set of
classifiers defined by 0 if for all s € S and t € [H],

i (s) = argmax fy, (s, a).
acA

By this definition, 7% = 7" where 0F = {0F ... 0E}.

In order to prove the main result we establish in this setting (Theorem 7.2.1), we first discuss
the implementation of RE.

Implementation of RE (Algorithm 6) We discuss the instantiation of RE in the Lipschitz
parameterization setting below. The underlying function class F is chosen arbitrarily (note
that the guarantee we prove depends on this function class, and the only constraints on F are
those in Theorem 6.2.1 - the ground truth reward must belong in F = ®/Z, F;, the function
class is symmetric, i.e., f; € F; <= —f, € F; for each t and for all f; € Fy, || fi]|o < 1) This
requires specifying the choice of the membership oracle MEM and describing the instantiation
of BC.

Implementation of BC. Recall that in Algorithm 6, the learner trains BC on the dataset D;.
In particular, under the offline classification oracle condition, Assumption 7.2.2, the learner
trains H classifiers, one for each ¢, trained on the state-action pairs (i.e. state is the input,
and the action at this state is the corresponding class) observed in the demonstration dataset
at time t using the offline classifier in Assumption 7.2.2. We assume that each classifier is
trained with the failure probability chosen as §/H. Denoting the resulting set of H classifiers

as,
gBC — {513C7___ ﬁ%c}?

this corresponds to a policy 78 = 7% induced by the classifier §BC (in the sense of

§Bc

Definition F.2.1). In particular, by a union bound, the classifiers satisfy with probability

> 1 — 0 simultaneously for each time ¢ € [H],

16F — 6;» < EouN/H- (F.1)

Membership oracle. Fix a time-step ¢t € [H]. The membership oracle MEM is defined in
eq. (7.4) as,

+1 if Ja € A such that, Va’' € A, fgc(s, a) — fasc(s,a’) = 2LEe, no/n

MEM(s, t) = {

0 otherwise.

We first show that on the states such that the membership oracle is 1, the expert policy
perfectly matches the learner’s policy.
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Lemma F.2.1. At every state s such that MEM(s,t) = +1, 7, P (s) = wf°(s).

Proof. Note that 0F satisfies [|0F — 08|y < o, n.5/u With probability 1 — . Consider the
action a played by the learner, for any a’ € A,

fop(s,a) = fop(s,a') = fopc(s,a) — Eo,n s/l — fipc(s, a’) — €, no/mL
0

Vv

where the first inequality follows by Lipschitzness of f.(s,a) and the last inequality follows
by definition of the set of states where MEM(s,t) = +1: Va' € A, fgtsc(s,a) - f@gc(s,a’) >
25@¢,N,5/HL-

Since for this action a, fyr(s,a) — for(s,a’) > 0 for all other actions a’ € A, a must be the
action played by the expert policy. This completes the proof. O

Note that 78 always matches 7P wherever the membership oracle MEM is non-zero. We run
Algorithm 6. Therefore, from Theorem 6.2.1, with probability > 1 — 44, the imitation gap of
the learner is bounded by,

H
Gap(WRE) g H3/2\/10g (FmaXH/(S) Zt:l Erexr [1 B MEM(8t7 t)] + log (FmaXH/(S) ' (F2)

N H N

To complete the proof, we must bound E exp [I — MEM(s, ¢)], which is the measure of states s
such that Va € A,3a’ € A: f; (s,a) — f5(s,a') < 2LEe, ns/m, i-e. the mass of states which
are very close to a decision boundary. The probability of this set of states is upper bounded
by the weak margin condition. Indeed, for each ¢ € [H], defining a} = arg max, 4 fggc(s, a),

Pr (fgtsc(sn a,) — mex Sopc(se,a) > 2L59t7N76/H) > e HiEenNan
>1—pLée, Ns/H- (F.3)
Therefore,
Erexs [1 — MEM(sy, )] S pl€o,n5/m-

Putting it together with eq. (F.2), and simplifying, with probability > 1 — 44,

H
Gap(ﬂRE) 5 H3/2\/:UL 10g (ZmaXH/é) Zt:l SlihNaé/H + log (Fr;l\ijH/a)

Note that in Eq. (F.3), we only use the fact that the probability mass of states which are
n-close to any decision boundary is not too high. Similar to [8], we may consider relaxations
of the weak margin condition, as below.
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Assumption F.2.1 (a-weak margin condition). Consider any t € [H] and 6 € ©,. For each
s € S, define a = argmax, 4 fo(s,a) as the classifier output under fy. The o weak margin
condition with parameter j assumes that, for any n < 1/pu,

Vo € O, le; <f9(5t, ay;,) — max fy(s¢, a) > 7]) >1— (un)”. (F.4)

aZaj,

When « = 1, this condition is effectively equivalent to the weak margin condition in Assump-
tion 7.2.5.

Following the proof of Theorem 7.2.1, we may obtain the following result under the a weak
margin condition for a # 1.

Theorem F.2.2. For IL with parametric function approximation, under Assumptions 7.2.1,
7.2.2 and F.2.1, appropriately instatiating RE ensures that with probability > 1 — 46,

H
« E o
Gap(m*E) < H3/2\/(HL) log]imeaxH/(s) pry (Z;,N,tS/H) I log (Fnjl\z;xH/(s) (F.5)

Once again, we assume the same conditions on F as required in Theorem 6.2.1.

Extension to unbounded discriminator families

Note that when the family of discriminators F does not have finite cardinality, it in fact
suffices to just bound the imitation gap against a finite covering of F. We spell out the
details explicitly below.

In particular, we can replace Fyn. by maxieig N (F;, 1/N, || - ||s), where N(G, &, || - ||) denotes
the covering number of G in the norm | - || as defined below.

Definition F.2.2 (Covering number). For a function class G, tolerance & and norm || - ||,
the covering number N'(G,&, || - ||) is defined as the cardinality of the smallest set of functions
G¢ such that for each g € G, there exists a g € G,

lg =gl <¢
Corollary F.2.1. When G is chosen as the set of 1-bounded linear functions, G = {{(z,0) :
d
x € B} : 0 € B}, where BE denotes the Ly unit ball in R, N(G, &, - [loe) < (%ﬁ + 1> .
Proof. For any g,¢ € G, where g and ¢’ correspond to parameters 6,6’ € BY,
_ < —f
lg = glloo = max(z, 0 — 6"}

< |lz]l2116 = 6|2
<6 =2,
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d
Since the Ly covering number of B¢ is bounded by (2\/&/ &+ 1) , the result immediately

follows by defining the covering of G as {(f,-) : @ € K} where K is the optimal covering of BJ
in Lo norm. L]

Definition F.2.3 (Discretization of discriminator space). Define Fc as the optimal cover-
ing of Fy under the Lo, norm in the sense of Definition F.2.2. The discretized family of
discriminators we consider is, F& = ®,fi1ﬂ§.

Lemma F.2.3. Suppose for all functions f' € F'™ | simultaneously Jpr (mP) — Jp (mFE) < &
Then, for all discriminators f € F, Jp(n®P) — Jp(m*) < 28, + &s.

Proof. Consider any discriminator f € F. By construction, there exists an f’ € F&/H such
that,

If = [l < &1/H.

Since for any policy , the value J¢(m) under a discriminator f € F is an H-Lipschitz function
of f, we can make a statement about how well Jy (7) approximates J;(7) for an appropriately
chosen f' € F&/H  In particular, the nearest (in L., norm) f' € F&/H to f € F satisfies
that for any policy m,

[p(r) = Jp ()| < H x 5%

As a consequence, for any discriminator f € F,

Jp(rP) = Jp(m™) < |Jp(mP) = Jp (nP)| 4 Tpr (7P) = Jpo(7F) 4 | Jpr (7F) = T (7))
<&+ &+ 6 =26+ &,

[]

In particular, this means that if we minimize Jp (7P) — Jp (7€) < & for all f € FYNH
then we can ensure that for all f € F,

2

exp) __ RE < =
Tp(@?) = Jy(7™) < < + 6o

This implies the following theorem,

Theorem F.2.4. Consider the policy ©* returned by Algorithm 6 where F is instead chosen
as FAN (as defined in Definition F.2.3). Assume that 7% € 11, the ground truth reward
function vy € Fy which is assumed to be bounded (For all fi € Fi, ||fillee < 1). Choose
| D1, |Ds| = ©(N) and suppose Nyieplay — 00. With probability > 1 — 36,

log (NmaxH/6) + 1
N

G3p<7THE> 5 £1 + £2 +
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where Nax = maxye(m N (Fy, 1/HN, || - ||oo) corresponds to the mazimal covering number of
the function classes JF;, and,

LEmE [Zfil MEM (51, ) D (m(|s0), mf( | s0)
1 = TEXP H 5

s 1132, 108 (NuaxH/6) Y240 Evess [1 — MEM(sy, t)]
Lo=H N 7 :

Remark F.2.1. Note that this line of reasoning can be extended to Theorem 7.2.1 and
Theorem F.2.2 to show that the same guarantees as eq. (7.6) and eq. (F.5) respectively hold,
but with Fl,.x replaced by Ny ax.

F.3 Bounds on RE in the linear-expert setting

Next we switch tracks and look at the known-transition setting and prove the upper bound
on the imitation gap of RE established in Theorem 7.3.1. At a high level, the proof will follow
by showing that under Assumption 7.3.1, both the weak margin condition (Assumption 7.2.3)
is satisfied, and the classification oracle (Assumption 7.2.2) can be constructed. We begin by
showing the former.

Lemma F.3.1. Under Assumption 7.3.1, the a-weak margin condition is satisfied with o = 1
and 1 = 2emaVd. In particular, for all § € S,

Pr ((9,gbt(s,azt)> — mag&(@, Oi(s,a)) > 77) >1— <20max\/8> 7.

€.
meXP a#ad,

where a £ arg max,¢ 4 (0, 4 (s, a)).

Proof. Observe that,

Pr (Ela 7& azt : <9>¢t(3tﬂagt)> - <9’ ¢t(3t>a)> < 77)

Texp

= Pr (Ja #dl : ¢u(si,al) — ¢u(se,a) € {w € HY : (z,0) < n})

Texp

© Pr (Ja # d’, : ¢,(st,a) € {z € Hy : (x,0) < n})
< o P({U.6) < 1) (F.6)

where in (i), ¢, is as defined in Assumption 7.3.1 and in (i), U is uniformly distributed
on the unit hemisphere, HI. Note that (ii) follows from the bounded density condition,
Assumption 7.3.1. Note that the RHS essentially corresponds to the volume (probability
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0

)

Figure F.1: If at any time ¢ € [H] and state s, ¢(s, 7, " (s)) — ¢:(s, a) lies in the red shaded
region for some action a, then, the action played by 75 and 7®® at this state are different.

measure) of a disc of height n cut out of a sphere from the center. Up to normalization
factors, this can be upper bounded by the surface area of the base of the disc, multiplied by
the height of the disc. Namely,

igi

S8

(i)

Using Gautschi’s inequality, for any 2 > 0 and £ € (0,1) 2!~ < S&H) < (1 4 2)1~¢. With

d
(=3, I;((%;f)) < v/d. Combining with eq. (F.6) results in,

D=
+

E)er (HCL 7é azt : <07 ¢t(5t7 azt» - <07 ¢t(8t7 a)> < 77) < 2Cmax\/an
Therefore the probability of the complement event is lower bounded by 1 — QCmaX\/an,
completing the proof. O

The final thing to show is that the bounded density assumption can also be used to construct
a classification oracle in the sense of Assumption 7.2.2. In particular, we will that under this
assumption, any algorithm which achieves low test error can be used to construct a classifica-
tion oracle in this sense. The compression based algorithm of [26] provides a guarantee on the
generalization error. From Theorem 5 of [26], in the realizable setting, for linear classification,
the resulting classifier § has expected 0-1 loss upper bounded by (d 4 log(1/0)) log(n)/n,
given n classification examples. Namely, in the notation of Assumption 7.2.2, the resulting
classifier # satisfies with probability > 1 — 9,

< (d +log(1/9) log(n)

Pr (arg max fy-(s', a) # arg max f5(s’, a)) <
s~D acA acA n

(F.7)
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Next we show that under Assumption 7.3.1, this equation can be used to bound the error
in the parameter space, ||0* — 0|[2. Namely, in Assumption 7.2.2, we may choose &gq , 5 as
_ (dHlog(1/6) log(n)

= , up to constants depending on c¢p;y.

Lemma F.3.2. Consider the compression based learner HBC 0, of [26] for multi-class linear
classification. Then, under Assumption 7.5.1, with probability > 1 — 0,

~ . 27 (d+log(1/d)log(N)
192 - g7, < 2L ECL

Proof. Fix t € [H]. The generalization error of @?C =6,

can be written as,

Pr (arg max (0;, ¢i(ss,a)) # arg max(é\fc,gbt(st,a)))

acA acA

= Pr (3a # 7, P(s¢) : u(se, m 7 (8¢)) — de(s4,a) € C), (F.8)

Texp

where C is illustrated in fig. F.1 and is formally defined as,
C2 {xeH!: (z,6 <o}

On the states which “belong” to C (i.e. at those states s where Ja # 7, P(s;) : ¢u(s, 7, (s4)) —
¢1(s,a) € C), there exists an action a such that Gt is better correlated with this action than

a’. In other words, gfc and 6* play different actions at this state. Note that C is essentially
the set difference of two hemispheres with different poles. By the bounded density condition,
Assumption 7.3.1, and eq. (F.8),

Pr <7Tt P(sy) # ar%giaxw gEC qb(s,a))) > cmin Pr(U €C), (F.9)

where U is uniformly distributed over H. Referring to fig. F.1, we have that,
Pr(UeC)=—

ch

where « is the angle between 2¢ and 6. In particular, from eq. (F.9),

e

. . 16* = 85Il
Pr | a} # argmax(6;~, ¢(s,a)) | > cmin— > Cpin————

TP acA ™ m

where in the last inequality, we use the fact that ||6*||» = ||§BC |l2 = 1 without loss of generality.

By the generalization error bound on 6; 0BC = 0, in eq. (F.7), with probability > 1 — 4,

log(1/0) log(NV
o — 2, < (o8I og(N)
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Lemma F.3.2 shows that under the bounded density condition Assumption 7.3.1, the compres-
sion based learner  of [26] essentially induces a classification oracle for linear classification
with Ega 5 = 77— M. Finally, from Corollary F.2.1, we have a bound on the

covering number of hnear families. Putting together all of these results with Theorem 7.2.1
(noting that we can replace Fyax by Muax from Remark F.2.1) results in Theorem 7.3.1.
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