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Abstract

Analysis and stability of modern power systems using high fidelity modeling

by

Gabriel E. Colón Reyes

Doctor of Philosophy in Electrical Engineering and Computer Sciences

University of California, Berkeley

Professor Duncan S. Callaway, Co-chair

Professor Claire J. Tomlin, Co-chair

Modern power systems are undergoing large changes in their physical behavior. Fossil fuel-
based generation is rapidly being replaced by renewable and storage energy sources, which
are connected to the grid via power electronic devices called converters. These devices
behave drastically different than synchronous generators powered by fossil fuels. Further,
with trends in electrification, many new devices at the electricity consumer level are also in
the form of power electronics. The combination of these two trends has meant that many
new devices that have not been previously studied in detail in a power systems context are
making their way onto the grid.

This thesis addresses questions that enhance our understanding of grid behavior when these
new power electronics devices are being interconnected. In particular, we use different mod-
eling approaches at the different power system levels, i.e., generation, transmission, and load,
to draw conclusions on how the incorporation of these devices affect power system behaviors.

On the generation level, we model converters using a hybrid systems modeling approach
and arrive at the first globally asymptotically stabilizing switching control law for sinusoidal
reference tracking of inverters. At the transmission level, we model transmission lines with
different degrees of fidelity showing that the standard π topology modeled with differential
equations is a suitable model to use when performing both small signal and dynamic simula-
tion analyses of power systems. At the load level, we propose ZIP-E loads, a new modeling
framework which builds on the industry standard ZIP load to capture the dynamic behavior
introduced by power electronic loads. We find that when using load models that capture
power electronic loads’ dynamic behavior small signal stability holds for a larger and heavier
range of network loading conditions. We also find that transient responses are generally more
damped for systems with dynamic power electronic load models. Lastly, we study abc- and
dq-frame modeling for power systems. In particular, due to a lack of clarity in the literature,
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we derive precise relationships between signals in the different reference frames that allow
us to make specific one-to-one conclusions between results in abc and dq frames. This allows
us to precisely use dq models to arrive at abc conclusions.
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Chapter 1

Introduction

The United States of America’s (USA’s) Cybersecurity and Infrastructure Security Agency
identifies the so-called energy sector as “a multifaceted web of electricity, oil, and natural
gas resources and assets to maintain steady energy supplies and ensure the overall health
and wellness of the nation”. They further assert its importance as a critical infrastructure
sector providing an “enabling function” across all other critical infrastructure sectors such
as agriculture, transportation, and healthcare therefore insisting on its pivotal societal role.

The backbone of the energy sector is the electric power grid. The power grid is the re-
sult of the interconnection of components and devices across its three primary subsystems:
electricity generation, electricity transmission, and electricity consumption or loads. Exam-
ple components include generating equipment to convert an energy source in its raw form
into electricity, transmission line infrastructure to transport that electricity to where it is
consumed, and end use devices by electricity consumers. This machine, the power grid, is
therefore composed of many thousands of components spanning thousands of kilometers and
therefore has extremely complex behavior; it is the largest machine ever built by humankind.

Consequently, not only is operating the grid reliably a critically important task due to
its unparalleled societal role, but it is also an extremely complex machine on which to do so
making this a significant engineering challenge.

In addition to an already difficult task, the grid has experienced dramatic changes in the
last 25+ years due to three primary drivers: climate change, decreasing costs of renewable
energy technologies, and development of technology. The first two drivers have meant that
the raw energy source used for electricity generation has changed from fossil fuels such as
oil, natural gas, and coal, to largely sunlight and wind. This means that the generating
portfolio has changed from a inherently slow chemical, thermal, mechanical, and electrical
process due to fossil fuels to a fast and mostly electrical one due to renewable energy sources,
making the way the grid behaves and reacts inherently different. The third and last driver
has meant that the kinds of devices that we are powering at the electricity consumption
level are inherently different. Modern loads include large data centers, vehicles, and many
consumer and household electronics due to major electrification trends to achieve better
energy efficiency.



CHAPTER 1. INTRODUCTION 2

These trends are not expected to slow down any time soon and thus these drivers have
induced changes on the grid at both the generation and consumption level. This implies
that there are many new kinds of devices connecting on the power grid and play a role in
how the grid behaves, yet their impact has not been studied in detail.

In this thesis, I present solutions to some of the new engineering challenges the modern
power grid is facing due to the large and inherent changes occurring with the goal to ensure
that we can reliably operate the most important critical infrastructure to society.

1.1 Drivers of change in the power grid

Climate change

Planet Earth’s climate has been significantly changing since the start of the industrial revolu-
tion in the latter half of the 18th century, and it is the core driver for the large and continuous
amounts of renewable energy technologies incorporated in modern power systems.

Power systems have historically been powered by burning fossil fuels such as natural gas,
oil, and coal. When these chemical energy sources are burned to be converted to electricity
they emit harmful greenhouse gases to the environment inducing a greenhouse effect on
Earth’s atmosphere. This effect traps sunlight inside the atmosphere and leads to rising
temperatures affecting global climate. Figure 1.1 shows average global temperatures rising
since 1880, with 2023 being the hottest year to record with a 1.2 ◦C increase relative to the
20th century average temperature. These rising temperatures have resulted in more frequent
atmospheric events in recent decades including hurricanes, floods, and rising sea levels, which
have consequently affected humans’ quality of life.

Renewable energy sources such as solar photovoltaic panels, and wind turbines are able
to convert energy from their original source into electricity without emitting greenhouse gas
emissions as a byproduct.

Decreasing costs of renewable energy technologies

While climate change is a strong social incentive for a transition to renewable energy tech-
nologies, capitalistic decisions are driven by financial decisions. For many years it was the
case that new power generation plants were of fossil fuel sources largely because they were
cheaper. However, as of 2015, the levelized cost of energy 1 for solar and wind projects have
dropped below that of all fossil fuel based sources. This implies that there is now a strong
financial incentive for new energy generation projects to be of renewable energy nature. Fig-
ure 1.2 shows that as of 2011 onshore wind energy has a lower LCOE than most large fossil
fuels, and utility-scale solar PV followed the same trend in 2015.

1Levelized cost of energy, or LCOE, is an estimate of how much it costs to generate each unit of energy
from a power generation project over its lifetime.
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Figure 1.1: Average global surface temperature relative to 20th century average [16].

Due to these first two drivers, renewable energy projects at the generation level have
therefore been seeing a rapid incorporation into modern power systems even resulting in
large interconnection queues.

Development of new technologies

The 21st century has also seen much innovation in technology. Electric vehicles (EVs), for
example, are no longer a rare sighting and have become ubiquitous in California (where
this thesis is being written), and other major metropolitan areas as well. From the grid’s
perspective, this is a new kind of load that the grid needs to power because EV batteries
are charged with direct rather than alternating current electricity. Furthermore, trends
in electrification due to higher energy efficiency of electronic appliances have meant that
domestic items such as stoves, water heaters, HVAC systems, will shift to being electrically
powered, which are also direct current loads in nature.

This trend suggests a large shift in the kinds of devices that electricity consumers use
that also means that the way they consume electricity is different than what has been the
case for decades.
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Figure 1.2: Average global surface temperature relative to 20th century average [6].

1.2 Changes in modern power systems

From a physics perspective, each device connected on the power grid, whether it is a gen-
erator, a transmission line, or load, has its own physical properties. This is based on the
materials with which it is constructed that determine the way it consumes power, and the
way each of them interacts with all other power grid components. In practice, the new kinds
of device connected on the grid use new materials and in new configurations which changes
the way electricity is generated and consumed. When this happens at a large enough scale,
it can affect the aggregate level behavior of the network, which is what this thesis seeks to
address.

Basic grid operation

Historically, the power grid has generated electricity by burning a chemical energy source
and producing heat to boil water. When water turns to high-pressure steam it is able to spin
a turbine, which in turn spins the rotor of a generator, and finally resulting in electricity
through electromagnetic induction. Facilities where this process takes place are typically
called thermoelectric plants. This process inherently involves many energy conversion steps:
chemical → thermal → mechanical → electrical. Each of these energy conversion stages
introduces physical behavior on the power grid which largely determines how the power grid
behaves and reacts. By and large, this is the most popular way to generate electricity. Other
energy conversion methods, while they may be slightly different, have the same result.

Perhaps the most important component in this energy conversion process is the genera-
tor, which we will call a synchronous generator (SG). Because of the physical construction
of a SG, it inherently produces three voltage signals, or phases, of the same amplitude, same
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frequency, and offset from each other by 2π
3
radians. The voltage signal frequency is propor-

tional to the frequency at which the rotor spins. Typically, this frequency is desired to be
constant during nominal operation of the grid, and said frequency is referred to as the syn-
chronous frequency, hence the name synchronous generator. Because the voltage waveforms
produced by this physical process have a constant frequency, and thus change over time,
this is referred to as alternating current (AC) electricity, contrary to direct current (DC)
electricity which has a frequency of zero and is constant over time. This has meant that the
grid has always been operated using AC electricity.

Further, because this energy conversion process has multiple stages, it takes a non-
negligible amount of time to burn fuel to heat a large amount of water, to spin a turbine,
and then a shaft to finally produce electricity. We will refer to this energy conversion process
as a slow one from here forward.

New devices on the grid

On the generation side, renewable energy sources such as energy in the form of light produce
electricity in a drastically different way relative to fossil fuels, and therefore behave differently.
While thermoelectric plants have many energy conversion stages and are inherently slow,
solar photovoltaic panels are able to instantaneously convert light into electricity by use of
semiconductor materials. In this case there is only one energy conversion stage and it occurs
much faster. Further, it inherently produces DC electricity, rather than AC electricity, so it
needs to be converted to AC form to be compatible with the AC grid.

Wind turbines leverage aeolic energy in the wind to spin a shaft, in turn spinning a gener-
ator thus producing electricity. While this process has some similar stages to a thermoelectric
plant, namely the turbine to generator connection, generators in thermoelectric plants are
able to generate voltages at a constant frequency. Wind turbines, however, produce non-
constant frequency AC electricity because they are at the behest of the wind blowing at
any instant. This then needs to be converted to DC electricity, and then converted into a
grid-compatible constant AC frequency signal.

Energy storage facilities, such as batteries, typically are DC sources which also need to
be converted to grid compatible AC signals. Moreover, on the load side, electric vehicles,
and most new electronic loads are DC loads. In order to connect to the grid, they need to
take the AC grid electricity and convert it to DC to be usable.

The commonality among all these new technologies both on the generation and load
side is that they interface with the existing grid through electronic circuits called power
converters. Power converters are energy conversion devices which take energy in one form
and convert it to another electrical form; they serve as the interface between AC and DC
devices. In particular, inverters are a type of power converter that take DC electricity and
convert it to AC electricity. Rectifiers, on the other hand, are power converters that operate
in the opposite way by taking AC electricity and converting it to DC electricity. Oftentimes
the same power converter can operate as both an inverter and a rectifier depending on which
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direction power is flowing. That is, when power flow is one direction it operates as a rectifier,
and when power flow is in the opposite direction, it operates as an inverter.

1.3 Motivation to study power systems with high

fidelity models

These drivers of change for the power grid have meant that we are seeing more and more
power converters on the grid. While power converters themselves are not new technology,
the fact that so many of them are suddenly being connected on the grid means that they may
have system level impacts, and understanding these is important for the reliable operation
of the power grid.

One of the many differences between synchronous generators and power converters is that
they operate on very different time scales. Converters are electrical devices with reaction
times in the milli- and even microseconds. Generators, while they may have some fast
dynamics as converters, are mainly driven by much slower dynamics due to the multi-stage
energy conversion processes thus operating in multi-second and longer time scales.

Contrary to synchronous generators whose behavior is mostly determined by its physics,
converters are highly controllable devices. They can be programmed to follow a particular set
of instructions, meaning that their mathematical modeling can be difficult. Consequently,
there is a strong need to revisit power system engineering studies in detail considering the
new behavior introduced by power converters.

Mathematical modeling introduction

In order to perform studies of any kind for power systems, a description of the behavior of
the system is needed. This description is typically in the form of a mathematical model.
This can be an algebraic relationship between variables as equality constraints; Ohm’s law

IR(t) = VR(t)/R

is an example which states that the current IR flowing through a resistor with resistance R
is proportional to the voltage VR across it. Another description form could be a differential
equation relating two variables, such as the current flowing through a capacitor which is a
function of the time derivative of the voltage

IC(t) = C
d

dt
VC(t).

Modeling power systems is a very difficult task generally speaking. Power systems are
so large, so complex, and play such an important societal role that plans need to be made
about them anywhere from instantaneous decision making reacting to contingencies to 50-
year-ahead planning. Therefore, the kinds of models used for the different kinds of analyses
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depending on the time scale considered are radically different from each other and many
simplifying assumptions need to be made to make problems tractable.

For example, one kind of study is a power flow study. In this case, the objective of the
problem is to find an equilibrium point at which the system can operate stably: it is a steady
state problem. Therefore all variable relationships are algebraic. The implicit assumption
here is that the underlying generators have the controls in place to drive the system to this
operating condition.

Another kind of study is a transient study. In this scenario, the power system undergoes
a fault (e.g., a transmission line disconnecting), and reacts. One objective here can be to see
how the system responds and to see if it can recover after the fault. In this case, more detailed
differential equation models are needed for the different devices on the grid to describe the
time evolution of the variables.

Beyond the models themselves, there are large amounts of uncertainty on the grid which
make the choice of model very hard. For example, modeling load is an intrinsically difficult,
or even impossible, task because it relies on predicting how humans will consume electric-
ity. While there are good prediction algorithms based on weather patterns and consumer
behavior, any model that tries to capture this behavior is an approximation that makes the
problem tractable. Renewables only exacerbate the modeling task because of the inherent
intermittency in the raw energy sources: sunlight is only available during the daytime and
is easily reduced by clouds, and wind speeds can vary significantly throughout the course of
a day. Therefore, often simplifications are made to be able to make the problem analyzable.

Moreover, modeling converters is also a difficult task because they typically have many
subsystems, and also present hybrid dynamics: continuous-valued state dynamics in physical
variables such as voltage and current, and discrete-valued state dynamics such as a switch
being closed or open. Further, converters have much lower power ratings relative to genera-
tors, so while for a given application you might need one generator, you could need on the
order of tens of converters to meet the same objective. This means that the modeling is even
more complex because the system requires many more devices to meet the same objective.

Power systems are typically modeled as differential algebraic equations (DAEs) of the
following form. [

ẋ
0

]
=

[
f(x, y, u)
g(x, y, u)

]
(1.1)

Here, x ∈ Rn are the system’s dynamic states, y ∈ Rm are the system’s algebraic states,
u ∈ Rp are the system inputs. f : Rn ×Rm ×Rp → Rn and g : Rn ×Rm ×Rp → Rm are the
vector equations associated to the dynamics of the network and the algebraic constraints.

Depending on the type of study to be performed, a particular device, say a transmission
line, can be modeled with an algebraic model, or a differential equation model. The choice
will depend on the study’s objective. This means that the states that describe the behavior of
that device can show up in x or y in 1.1, depending on said choice. Further, the same device
can be modeled with different number of equations depending on what kind of modeling
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fidelity is desired. Therefore, the size of the state vectors x, y can change depending on the
choice of model for devices. This allows for capturing simplified or more nuanced dynamics.

Lastly, it is important to have models that make sense relative to each other. That is,
we must understand how some models will interact with others so that the results from a
particular study make sense to analyze. Here a tradeoff between modeling complexity and
analyzability is needed. That is, the higher the fidelity a model is desired, the more difficult
it will be to solve that problem computationally. However, if not enough fidelity is included
then there is a risk that the results will not hold the meaning that is desired because its
assumptions may be flawed.

Modeling to replicate versus modeling to gain insight

An important distinction to be made is noting a difference between modeling with the
objective to replicate or predict an event that occurred or could occur in a real power system
versus modeling with the objective to gain insight about a power system’s behavior.

The sheer size of power systems, their many layers, complexity, intermittency, make them
next to impossible to model with absolute precision; in fact, more often than not, substantial
simplifying assumptions need to be made in the modeling process in order to make the
problem solvable. While scientific analyses are followed so that these approximations are
justified, it is always a possibility that important information is unintentionally missed.

So in this thesis, one of the main motivations is to model power systems with the ob-
jective to gain insight on power systems’ behavior at a system level, while relying on some
scientifically rigorous assumptions.

1.4 Thesis contributions and organization

To this end, this thesis has several contributions aimed at understanding power system
behavior in face of all the new challenges. Overall, it presents a holistic power system
analysis from generation, to transmission, to load modeling, with both simulation-based
empirical and theoretical contributions.

• Chapter 2 presents the first provably globally asymptotically stable control law for
sinusoidal reference tracking for inverters considering switching and a grid forming
control law in the form of droop control. This chapter includes contributions from
Kaylene Stocking, Duncan Callaway, and Claire Tomlin.

• Chapter 3 presents a detailed analysis of the effect of transmission line models of vary-
ing fidelity on power systems’ small signal and transient stability. It also presents
a new open source simulation package for high-fidelity transmission line modeling
TLModels.jl in the Julia programming language. This chapter includes contribu-
tions from Ruth Kravis, Sunash Sharma, Claire Tomlin, and Duncan Callaway.
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• Chapter 4 presents the ZIP-E load, new kind of load model which captures the behavior
of power electronic loads, along with detailed analysis of the effects of load models on
system stability. It also presents a new open source simulation package for ZIP-E load
modeling, ZIPE loads.jl, in the Julia programming language. This chapter features
contributions from Reid Dye, Claire Tomlin, and Duncan Callaway.

• Chapter 5 presents a detailed theoretical analysis of the relationship between abc and
dq reference frame signals. It provides a one-to-one relationship between a signal in
abc and how it decomposes into signals in dq and vice-versa.

• Chapter 6 concludes this thesis.



10

Chapter 2

Analysis, stability, and control of the
half-bridge inverter using a hybrid
model

As Chapter 1 has discussed, modern power grids are seeing a large portion of their generation
replaced by renewable energy. Therefore, the energy conversion process is changing and
converter-interfaced generation (CIG) systems, primarily in the form of power electronic
inverters, are becoming the primary interface between energy sources and loads. In this
chapter, we look to address some of these challenges at the generation level.

This chapter is based on the paper “Analysis, stability, and control of the half-bridge
inverter using a hybrid model” presented at the 2023 European Control Conference in
Bucharest, Romania. It was coauthored with Kaylene Stocking, Duncan Callaway, and
Claire Tomlin.

2.1 Introduction

The Need for New Inverter Controls

Inverters are highly controllable devices that convert a DC energy source, like a solar pho-
tovoltaic panel, to a grid-compatible AC energy form. Since the number of inverters in the
power grid is increasing, and because they react to programmable instructions, the design
of control strategies for power grids with large numbers of CIGs is considered a problem of
paramount importance in the low-inertia grid research community [45]. Emphasizing this
point, in 2016 the European Union funded the MIGRATE (Massive Integration of Power
Electronic Devices) project [64] to study fundamental challenges associated with incorporat-
ing renewables in the grid. The team was composed of experts from over 20 participating
institutions from industry and academia. Furthermore, in 2021, the United States of Amer-
ica’s Department of Energy funded the UNIFI (Universal Interoperability for Grid-Forming
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Figure 2.1: Above, the typical current and voltage inner controls for an averaged model
inverter. Below, the proposed hybrid controller.

Inverters) Consortium [18], consisting of experts from over 40 participating institutions, to
answer questions of a similar nature.

Recent work further recognizes the need to consider new control methodologies for invert-
ers [53]. Accentuating this need, the IEEE task force for stability definitions and classification
for low-inertia grids has specifically recognized the importance of hybrid systems analysis for
the study of power and power electronic systems [23]. Hence, due to the importance that
inverter control strategies will play in the future grid, we believe it is imperative to explore
the whole landscape of possible controllers, including those that, as in this work, rely on the
more physically realistic hybrid systems model of the inverter.

One approach to inverter control is the grid-forming (GFM) paradigm, in which the
inverter is configured as a controllable voltage source with provisions that enable power
sharing, among other system-level desired performance requirements. A future grid will
likely need a large portion of its generation controlled via GFM controls [45].

Several GFM control strategies with strong theoretical guarantees have been proposed
and validated through simulation and hardware experimentation [31, 3, 2, 50]. Their im-
plementations thus far usually use a sinusoidal pulsed-width modulation (PWM) strategy
whose analysis relies on the inverter averaged model and leads to the well-studied nested
voltage and current feedback loop structure, shown above in Fig. 2.1, as the inner loop in-
verter controls [50]. In this context, a GFM control strategy instructs the inverter to achieve
certain set points that have been optimized at a system level. The inner voltage and current
control loops, in red, aim to drive the actual inverter variables to these references by trans-
lating them into a modulation signal for a pulse-width modulator. In this work, we propose
replacing the inner loops with our hybrid control strategy, in green. Specifically, Fig. 2.1
presents the standard control architecture for an inverter (above), and our proposed hybrid
control strategy (below) and how we envision it as an alternative.

By providing a fixed template for which new control strategies need to be compatible
with, the averaged model and inner control loops constrain how new inverter controls can be
implemented. Moreover, in simulation, they ignore the fast switching dynamics, which are
on similar time scales as line voltage and current dynamics [23], thus potentially hiding some
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dynamic interactions. Furthermore, some initial results point to the inner control loops as
the primary culprits for instability in system-wide studies [50].

Therefore, in this chapter we propose a hybrid systems approach for the modeling, anal-
ysis, and design of a controller with a new structure meant to replace the inner voltage and
current loops to address these concerns. As we will show in Section 2.3, the controller we
present is not dependent on control gains that need to be tuned. This provides a promising
path to ensure system stability and performance guarantees for system-wide studies, where
studies that use the averaged model and inner PI control loops are dependent on the choice
of controller gains. We believe this could provide a way to obtain trustworthy and generaliz-
able system-level results. Specifically, Fig. 2.1 presents the standard control architecture for
an inverter (above), and our proposed hybrid control strategy (below) and how we envision
it as an alternative.

Hybrid Systems for Power

Even though power and power electronic systems inherently exhibit hybrid dynamics, the
field of hybrid systems has only seen limited use in the context of its stability analysis and
control design.

Most of the known work in this space has attempted to model general power system
problems within a hybrid dynamical systems framework. For example, some applications
include the modeling of continuous-valued state variables (e.g., currents and voltages) in
systems with discrete-valued control or protection actions (e.g., circuit breaker operation)
[28]. Other work has modeled the variation of system-level inertia in the swing equation in
a hybrid dynamical systems framework [26].

In the power electronics literature, hybrid systems theory has been primarily used in the
context of DC-DC converters. One of the first reported uses of a hybrid systems framework
for power electronic converters was in [61], where the authors derive conditions for a safe set
and design a hybrid control law to maintain the system state within this set. Further work
derives a set of control laws, also for DC-DC converters, that achieve global, asymptotic
stability to the desired operating point [8].

More recently, some of these ideas have started to appear in the control of power elec-
tronic inverters, for which the desired reference signal is a time-varying sinusoid instead of
a constant setpoint [1]. The authors of [1] derive a model for the half-bridge inverter in
error coordinates and show that the solution of an optimization problem leads to the desired
behavior. More work in this space has also been pursued through sliding mode control ideas
for inverters connected to an infinite bus [36, 35].

Summary of Contributions

Specifically, beyond prior results in [1], this chapter’s contributions include i.) an explicit,
closed-form expression for a globally-asymptotically stabilizing hybrid control law for the
half-bridge inverter that needs no tuning, ii.) an analytical derivation for a global Lyapunov
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function that proves uniform, global, asymptotic stability of the origin in error coordinates
thus achieving the tracking of the reference signal for a hybrid inverter model, iii.) a method
to update the controller to be robust against resistive load changes, iv.) analysis and valida-
tion of the controller in simulation, and v.) a demonstration in simulation of the controller’s
operation in conjunction with a grid-forming control strategy, suggesting the potential of
hybrid systems-based control in this practical context.

We further aim to aid understanding of the control scheme by interpreting the controller’s
behavior, including finding an underlying switching surface. We note that, while the designed
controller itself is a switching policy, we call it a hybrid control law because it is implemented
in a hybrid dynamical system environment.

Chapter Organization

The rest of the chapter is organized as follows. Section 2.2 presents the notation and problem
formulation, Section 2.3 presents our theoretical results, and Section 2.4 our experimental
results. Finally, Section 2.5 concludes the chapter and discusses limitations and future work.

2.2 Problem Formulation

In this section, we present our modeling approach for the half-bridge inverter and the control
problem we aim to solve. The model we use was first proposed in [1].

Notation

Dot notation indicates the time derivative of a variable, i.e., ẋ = dx
dt
. Bold-faced capital

letters will indicate matrices. σ(A) is the spectrum of A, and λA an eigenvalue of A. ∥·∥
is the Euclidean vector norm. The operator sign(·) returns +1 if its scalar argument is
greater than or equal to zero, and −1 otherwise. The operator Re{·} takes the real part of
its argument.

Switched Model

We study the half-bridge inverter shown in Fig. 2.2. It is composed of a midpoint-grounded
voltage source VDC , a pair of switches, and an LC filter. It delivers power to an arbitrary
load. We consider a resistive load, R, as the natural first case study. Future work may
consider RLC loads, ZIP loads (constant impedance, Z, current, I, and power, P), and grid
interconnections.

We define two discrete states: i.) SW1 on and SW2 off, and ii.) SW1 off and SW2
on. We also define the control input to be u ∈ {+1,−1}, where u = +1 denotes the first
discrete operating state, and u = −1 denotes the second. We define the state vector as x =[
vC iL

]⊤ ∈ R2, where vC and iL are the capacitor voltage and inductor current, respectively.
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Figure 2.2: The half-bridge inverter.

Applying Kirchhoff’s current and voltage laws to model the voltage and current dynamics
for each discrete state, we obtain equation (2.1a). Conveniently, the choice of control input,
u ∈ {+1,−1}, characterizes the inverter’s terminal voltage polarity in Kirchhoff’s voltage
law equations such that the dynamic evolution of both discrete states can be compactly
characterized by a single equation, (2.1a). The model describes a linear, time-invariant
(LTI) dynamical system with a binary-valued, discrete control input.

ẋ = Ax+Bu (2.1a)

A =

[
− 1

RC
1
C

− 1
L

0

]
, B =

[
0

VDC

2L

]
(2.1b)

Designing the Reference

The control objective is for vC to track a sinusoidal reference signal. Following [1], we
first define an oscillator system that produces the appropriate reference signal. Then, we
reformulate the dynamical system in terms of error from the desired reference state.

We denote the reference vector xref =
[
vC,ref iL,ref

]⊤
. We choose a sinusoidal voltage

reference vC,ref (t) = Vmsin(ωt), with amplitude Vm and frequency ω, both being design
parameters. Kirchhoff’s laws allow us to express the appropriate inductor current reference
iL,ref in terms of these parameters as iL,ref (t) = ωCVmcos(ωt) +

1
R
Vmsin(ωt).

To design the reference, we define an oscillator system of the form of (2.2).

ż = Θz =

[
0 ω
−ω 0

]
z (2.2)

Note that Θ is a skew-symmetric matrix with eigenvalues λΘ ∈ {+jω,−jω} defining an
oscillator. Therefore, we know that, for a given initial condition, which can arbitralily be

chosen as z(t = 0s) = Vm
[
0 1

]
, z(t) =

[
Vmsin(ωt) Vmcos(ωt)

]⊤
.

We define our state reference to be a linear transformation of the oscillator state, z, to
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achieve xref by

xref = Πz =

[
1 0
1
R

ωC

]
z. (2.3)

We further compute the reference dynamics to arrive at (2.4c).

ẋref = Πż (2.4a)

= ΠΘz (2.4b)

= (AΠ+BΓ)z, (2.4c)

where

Γ =
2

VDC

[
ω L

R
(1− ω2LC)

]
=

2

VDC

[
Γ1 Γ2

]
. (2.5)

Our subsequent analysis will be simplified by defining the state error from the reference
signal as e = x− xref . Combining equations (2.1a) and (2.4c), we have that

ė = Ax+Bu− (AΠz +BΓz) (2.6a)

= Ae+B(u− Γz). (2.6b)

Together, equations (2.2) and (2.6b) define the system dynamics.
Now that we have fully characterized the system dynamics in error coordinates, the

problem we are trying to solve is to find a control law u(t) that drives the error coordinates
to the origin, implying that the system states will track the desired reference signals in the
original coordinates.

2.3 Global Asymptotically-Stable Reference Tracking

In this section, we present our theoretical stability results including i.) the derivation of
an explicit control law with a proof that this control drives the reference error to the zero
state, ii.) an analytical solution to the Lyapunov equation as a function of the system’s
parameters, and iii.) a proof showing that we can appropriately adjust our control law to be
robust against known changes in load, and still track the desired trajectory.

Global Asymptotic Stability Result

Theorem 1. Consider the dynamical system (2.6b). Let A be Hurwitz, i.e. Re{λA} <
0 ∀λA ∈ σ(A), and let ∥Γ∥ < 1

Vm
. Let P ∈ R2×2 be the symmetric, positive-definite

matrix that satisfies the Lyapunov equation, A⊤P + PA = Q, for a negative definite Q.
The existence of such a P is guaranteed by the assumption that A is Hurwitz [9]. Then, the
switching policy

u = −sign(B⊤Pe) (2.7)

results in the uniform, global, asymptotic stability of the origin for the error dynamics (2.6b).
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Proof. We propose the candidate Lyapunov function V (e) = e⊤Pe, which is globally positive
definite [60]. Taking its time derivative, we have that

V̇ (e) = e⊤(A⊤P+PA)e+ 2(u− Γz)B⊤Pe. (2.8)

Furthermore, using our knowledge of the oscillator state, z(t), which we know is stable by
construction, we have that

Γz = Vm
2

VDC

(Γ1sin(ωt) + Γ2cos(ωt)), (2.9a)

= Vm ∥Γ∥ sin(ωt+ ψ), ψ = arctan(Γ1/Γ2), (2.9b)

⇒ |Γz| ≤ Vm ∥Γ∥ , ∀t. (2.9c)

Therefore, the worst case magnitude for u − Γz, i.e., max.z {u − Γz}, is obtained when
sin(ωt+ψ) = −1. So, we can upper bound V̇ (e) using the Lyapunov equation and (2.9c) to
yield the following.

V̇ (e) ≤ e⊤Qe+ 2(u+ Vm ∥Γ∥2)B
⊤Pe (2.10)

We know the term e⊤Qe ≤ 0, ∀e. Therefore, to ensure stability, we force the second
term, 2(u + Vm ∥Γ∥2)B⊤Pe, to also be less than or equal to zero using the following. Since
by assumption ∥Γ∥2 <

1
Vm

, and u ∈ {+1,−1} by design, then the term u + Vm ∥Γ∥2 will

take the sign of u. By choosing a switching policy defined as u = −sign(B⊤Pe) under
the stated assumptions, the second term will always be less than or equal to zero, and
V̇ (e) ≤ 0 always holds, implying that V (e) is a valid, global Lyapunov function for the given
dynamics. We can thus conclude that the origin in error coordinates is a uniformly-, globally-
, asymptotically-stable equilibrium point. The states will track the desired trajectories in
the original coordinates.

It is worth noting that the assumptions required for this theorem are not very restrictive.
For a passive RLC circuit as we have here, it can be proven that the eigenvalues of A will
always have strictly negative real parts. Moreover, ∥Γ∥2 <

1
Vm

is easily satisfied for a wide
range of realistic parameter values.

It is also worth noting that the control policy (2.7) is conservative since (2.10) is a worst-
case upper bound for the Lyapunov function: it is only reached when sin(ωt + ψ) = −1.
This implies that it is, potentially, inherently robust to some disturbances. In fact, it can be
shown that this kind of formulation is actually robust with respect to disturbances [34].

Intepretation of The Control Result

Main theorem condition

The main theorem condition is ∥Γ∥2 < 1/Vm. It turns out that Γ2 = 1− ω2LC = 0 because
it is the filter design equation for its resonant frequency. This implies that the theorem
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condition reduces to

Vm <
1

ω

R

L

VDC

2
. (2.11)

This condition can be interpreted as a requirement on the amplitude of the desired sinusoidal
voltage amplitude, Vm, to be strictly less than a scaling of the DC link voltage, VDC .

In particular, a larger ω, smaller, R, and larger L make the bound tighter, implying it
is harder to control because there is less slack on the bound. This is intuitively reasonable
because high frequency implies a faster changing reference to track, a smaller R implies larger
power consumption at the load, and a larger L implies current is more stiff to change, all of
which intuitively make tracking the reference signal more difficult. A larger VDC , meaning a
larger buffer in the DC link voltage, will also lead to more slack on the bound.

Control action

The derived control law is a switching-based control, however, in this context it does not
come with the traditional concerns for dynamic systems. For example, chattering, which
is usually undesirable, is actually an inherent property of inverters: they are designed to
execute extremely fast switching between discrete states to achieve the desired sinusoidal
reference tracking, and the filter is designed to remove the higher order harmonics. Moreover
u solely determines the discrete state of the system, and does not inject any signal directly
by feedback, therefore there is no potential for high-gain injection either.

An underlying switching surface

The control law (2.7) can be interpreted as a switching decision based on whether or not
the dynamics are over or under a specific hyperplane in a two dimensional state space. This
is because of the use of the sign function: the control law is evaluating if the dynamics in
the state space lie over or under the hyperplane defined by B⊤Pe = 0. If it is over this
hyperplane, then the sign(·) function will return a +1, and a −1 otherwise. This means that
the hyperplane can further be interpreted as a switching surface, or a sliding mode.

Explicit Lyapunov Function in Terms of R, L, and C

In general, finding an explicit Lyapunov function that guarantees stability of a hybrid dy-
namical system can be difficult, even if each discrete dynamic state is LTI. To do this,
researchers often resort to semidefinite optimization programs [7]. However, since the error
coordinate dynamics (2.6b) reduce our system model to a single set of LTI dynamics, we can
calculate the appropriate P matrix that satisfies the Lyapunov equation, A⊤P + PA = Q,
by solving a system of linear equations.

In this section, we show that this procedure allows us to express the P matrix explicitly
in terms of arbitrary load and inverter parameters, R, L, and C.
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Noting that P is symmetric, we have that

P =

[
p11 p12
p21 p22

]
, (2.12)

where p12 = p21.
Selecting Q = −I, the matrix equation A⊤P+PA = −I evaluates to[ −2p11

RC
− 2p12

L
p11
C

− p12
RC

− p22
L

p11
C

− p12
RC

− p22
L

2p12
L

]
= −

[
1 0
0 1

]
. (2.13)

We can use this equality to solve for p11, p12, and p22. Doing so gives us an explicit
solution for P in (2.14), as desired.

P =
1

2

[
RC + RC2

L
−C

−C RL+ L
R
+RC

]
(2.14)

Therefore, a function V (e) = e⊤Pe, with P given by (2.14), is guaranteed to be a global
Lyapunov function for the dynamical system (2.6b) for the designed controller.

Remark. While Q is oftentimes parameterized with some coefficient α > 0 for tuning pur-
poses in these kinds of proofs, Q = −αI for example, it can be proven that in this scenario,
because of the use of the sign(·) operator, there is no change in the control decision when α
is introduced. Therefore, this controller requires no tuning.

What can be done, however, is to make a different choice of Q, which will change P.
This in turn will affect the slope of the switching surface defined by B⊤Pe = 0 which can be
chosen to prioritize e1 or e2.

Controlling for Known Changes in Load

One motivation for finding an analytical expression for P is to handle changes in the system
parameters. Note that our control policy, (2.7), relies on knowing P. For example, if the load
resistance, R, or filter parameters, L or C, change, the A matrix that defines the inverter
dynamics in (2.1a) will change accordingly, and the switching strategy derived in section 2.3
may no longer achieve reference tracking if we do not update P to reflect that change.

We have shown that we can use (2.7) to asymptotically drive the states to our desired
sinusoidal reference signals. Moreover, we have shown that for a specific choice of R, L, C
parameters, we can analytically compute a P matrix which makes V (e) = e⊤Pe a global
Lyapunov function for the dynamical system, and thus we can implement our control law
with such a P.

Based on these two arguments, we now make the claim that if the system load changes,
that is, R changes, and we know both loading scenarios, we can update our control law, (2.7),
through (2.14) at the time the load changes. This, however, assumes that the load does not
continuously switch between different R values too quickly, i.e. it’s a step disturbance in the
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Parameter Symbol Value
Load resistance R 14.4 Ω

Inverter inductance L 9.6 mH
Inverter capacitance C 0.7 mF
DC supply voltage VDC 1,200 V

Target (reference) frequency f 60 Hz

Target (reference) angular frequency ω 2πf rad
s

≈ 377 rad
s

Target (reference) magnitude Vm 120
√
2 V ≈ 170 V

Table 2.1: Parameter values used for simulation experiments.

load. This will allow the control to still asymptotically drive the error state to the origin [44].
This is a reasonable assumption from the power and power electronics systems perspectives.

We provide validation through simulation for these three theoretical results in the fol-
lowing section.

2.4 Controller Validation Through Simulation

In this section, we test in simulation the performance of our switching controller.
The simulation parameters are shown in Table 2.1. L is designed to have a 30% inductor

current ripple, a common practice in power electronics [58], while C completes the filter
design to have a resonant frequency of 60 Hz with low gain. R is chosen as the nominal load
equivalent to a power draw of 1 kW at the nominal operating voltage.

The inverter operates at a 10 kHz switching frequency, and we implement a simulation
update frequency of 1 MHz. We also try a 100 kHz switching frequency for some experi-
ments. These are realistic switching frequencies. We assume the switches are ideal: operating
instantaneously and without losses.

Asymptotic Stability Under Constant Load

We first test the performance of our controller at recovering the target reference signal when
starting from an off-reference initial condition. As shown in Fig. 2.3, we show accurate
tracking of the desired reference signal. Subfigure a) shows the controller driving the inverter
voltage, vC , to the reference signal voltage, vC,ref , when there is a 240 V difference in the
initial condition at t = 0 s. The second panel shows the reference tracking error over time.
Subfigure b) shows the trajectory of the system in the state space defined by the error
coordinates. We see how the trajectory evolves over time in the state space and how the
hyperplane defined by B⊤Pe = 0 indeed is a switching surface and a sliding mode: our
controller drives the reference tracking error towards the origin in error coordinates.
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Figure 2.3: Time domain evolution of device dynamics in voltage coordinates, error coordi-
nates, and state-space coordinates.
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Figure 2.4: Controller performance under known and unknown changing load conditions. a)
loading condition is changed to Rdisturbed = 10 Ω and 64.4 Ω at t = 1.0 s. b) The same load
disturbances for a non-updated controller. c) Time-averaged absolute tracking error at t = 4
s for a variety of load conditions when the controller is not updated.

Stability Under Changes in Load

If the loading conditions change, we can ensure continued tracking of the reference by up-
dating the control policy (2.7) through P in (2.14), as described in section 2.3. We validate
this result in simulation by changing our initial load of R = 14.4 Ω to different values
during the simulation. We show our controller’s performance under known and unknown
changing load conditions in Fig. 2.4. In subfigure a), we change our loading condition to
Rdisturbed = 10 Ω and 64.4 Ω at t = 1.0 s. Updating our 10 kHz controller in real time
maintains accurate tracking of the reference signal, as evidenced by small error. That is,
a controller updated through P with the new R continues tracking the reference after a
switch to Rdisturbed = 10 Ω or 64.4 Ω. In subfigure b), the we apply same load disturbances
for a non-updated controller. Rdisturbed = 10 Ω has increased error but smooth averaged
behavior. Rdisturbed = 64.4 Ω causes larger amounts of error. Lastly, in subfigure c), we plot
the time-averaged absolute tracking error at t = 4 s for a variety of load conditions when
the controller is not updated. These results suggest that the updated controller is robust to
parameter changes, and even when updating is not possible the controller may still exhibit
reasonable performance.

Updating the controller in response to load changes allows us to guarantee continued
global, asymptotic stability. Moreover, empirically we find that for small disturbances an
unmodified controller may also perform well. However, stability is lost for large disturbances
such as a load change to 5 Ω, as shown in panels b) and c) of Fig. 2.4.

Stability Under Extreme Reference Values

Since the result of Theorem 1 assumes that ∥Γ∥2 <
1
Vm

, and ∥Γ∥2 depends on ω, our controller
is not guaranteed to track a reference signal for all possible combinations of Vm and ω.

In Fig. 2.5 we increase the amplitude, Vm (top), while keeping frequency fixed at ω =
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120π rad s−1 which we can see can prevent our controller from tracking the reference signal
accurately. Analogously, increasing the angular frequency, ω (bottom) while keeping Vm =
120

√
2 V fixed results in the same behavior. This occurs because the assumptions of Theorem

1 no longer hold, which for our parameter values is good agreement with our theoretical
results. The dotted vertical line shows the cutoff value for each parameter predicted by
(2.11).

Figure 2.5: Increasing the amplitude, Vm (top), while keeping frequency fixed at ω = 120π
rad s−1 and increasing the angular frequency, ω (bottom) while keeping Vm = 120

√
2 to test

theoretical limit of the controller.

Layering a Grid-Forming Control Strategy

Until now, we have only focused on having the inverter track a sinusoid with a constant
amplitude and frequency. In practice, inverters will regulate their sinusoidal voltage ampli-
tude and frequency based on a predetermined GFM control strategy. In general, these try
to optimize for some system-level operation criteria, for example, power sharing, frequency
regulation, or a stability metric. Examples in the literature include droop control, virtual
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oscillator control, synchronous machine emulation, and matching control, among others [31,
3, 2, 50].

These control strategies have been implemented in the past using the inverter averaged
model, and the inner voltage and current loop structure [67]. However, in this work, we use
simulations to explore the performance of our hybrid control strategy while layering on top
a GFM control strategy. We choose droop control as an example.

Remark. Droop control is often used in the context of power sharing and frequency regulation
in a network of generators or inverters. In this experiment, we use droop control as an
established way to change the voltage amplitude and frequency to determine the ability of
our proposed controller to handle continuous changes in reference values, rather than to test
synchronizing or power sharing capabilities.

Droop control regulates the rms voltage, Vrms = Vm/
√
2, and frequency, ω, of the refer-

ence signal according to the following equations.

ω = ω∗ + kp(P
∗ − P ) (2.15a)

Vrms = V ∗
rms + kq(Q

∗ −Q) (2.15b)

Here P ∗ and P represent, respectively, the setpoint and measured values for real power
supplied by the inverter while Q∗ and Q represent, respectively, setpoint and measured
values for reactive power. V ∗

m =
√
2V ∗

rms and ω∗ are the setpoint values for the reference
signal, and kp and kq are the droop coefficients [50].

For our experiment, we begin with V ∗
rms = 120 V and ω∗ = 120π rad

s
, as before. We

change the steady-state real power being drawn by the resistive load as given by

P =
V 2
rms

R
= 1.44 kW

by changing the load to R = 10 Ω. Although Theorem 1 does not guarantee stability under
continuously changing setpoints provided by droop control, we find that, for values of kp =

0.01 rad/s
W

and kq = 0.0025 V
V AR

, our controller is able to track the changing reference very
well, as shown in Fig. 2.6.

Benchmarking Against the Averaged Inverter Model and PI
Control Loops

To study the performance of our controller, we compare it against the state-of-the-art control
architecture: droop control as the GFM control strategy with the well-known inner PI control
loops for the averaged inverter model. We implement the nested PI control architecture and
averaged inverter model as in [50]. Our PI controller gain design is inspired by [15].

We perform the same droop simulation for both cases with the aforementioned droop
parameters. Fig. 2.6 shows our results: the behavior of our hybrid controller and an averaged
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Figure 2.6: We show the behavior of our hybrid controller and an averaged model controller
when the voltage amplitude and frequency set points are provided by GFM droop control.

model controller when the voltage amplitude and frequency set points are provided by grid-
forming droop control. In this example, the real power being drawn by the load is changed
at t = 0.2 s, when the load resistance drops from 14.4 Ω to 10 Ω, and droop control decreases
the frequency of the reference as a result. The bottom panels show zoomed-in sections of the
reference signal at the original frequency as well as the inverter vC for the hybrid controller
and averaged model controller. It can seen how before the disturbance at t = 0.2 s, both
the PI control loops and our hybrid model perfectly track the desired sinusoidal reference
signal. After the change in load, we can see how the both the voltages lag the 60 Hz reference
because droop control instructs the actual voltage signals to slow down. We see how our
hybrid approach matches the averaged model and PI controllers very closely.

Remark. It is worth mentioning that the averaged model and PI controllers have some
benefits in this simulation that would not be seen in practical application. Specifically, this
approach does not account for any kind of switching. In practice, the averaging is used for
a sinusoidal PWM strategy which determines the ON/OFF states of the transistors. This
behavior is not captured in this simulation, thus showing idealized behavior in the simulation
that will not be seen in practice, and making the comparison favor the averaged model and
PI control approach. Future work will address this comparison in more detail.
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2.5 Discussion and Conclusions

As the power grid transitions away from fossil fuel-based generation, it is expected that
increasing numbers of DC energy sources will supply power to the grid.The stability results
we present are a step to tackle some of the challenges that arise in ensuring reliability of the
grid with increased numbers of CIGs.

We demonstrate a controller for the half-bridge inverter that explicitly models the
switches instead of making time-averaged assumptions. The controller achieves globally,
asymptotically stable reference-tracking capabilities, and can handle load changes and chang-
ing inputs from a GFM control strategy. Furthermore, using a Lyapunov function to guar-
antee error convergence also suggests further avenues for switching policy design options.
For example, a future experiment could allow a small amount of tracking error in return for
reducing the switching frequency and reducing wear on the inverter switches [8]. Moreover,
because we consider a single-phase system, the results found directly extrapolate to balanced
three-phase systems.

In comparison with the state of the art, our proposed controller provides two significant
advantages. The first is a safety guarantee. We can mathematically prove that the controller
can drive the system to the desired reference signal from anywhere in the state-space. We
are unaware of similar claims for the averaged model and PI controllers. A second advantage
is there are no control gains that need to be tuned in this design. A significant drawback
of the inner PI control loops is the reliance on its gains and the different methodologies to
design them. Studies have shown how a poor choice of control gains can lead to instability
[50]. Our hybrid controller avoids this tuning process altogether.

Though we believe a hybrid systems approach holds promise for further exploration,
we briefly note some limitations of the inverter control design we developed here. First,
our stability result relies on the ability to measure e and respond to changes in the sign
of B⊤Pe, which requires fast sensing and actuation. Furthermore, our stability result is
so far only guaranteed for constant resistance loads, whereas most loads include constant
inductance or capacitance, or even appear as elements with impedances that vary in response
to source voltages. As a step toward resolving this limitation, we have shown the ability
of our controller to update in real time to handle changes in resistive load, and empirically
show robustness. In both of these cases, it may still be possible to provide rigorous stability
guarantees after taking realistic sampling frequencies and control delays into account with
further development of the theory. Moreover, ideally we would only have to rely on a
sinusoidal voltage reference, as opposed to requiring a current reference as well, which is not
always possible in practice. And, while we have shown simulation results for continuously
changing set points, these have not yet been studied theoretically. Finally, this analysis is
limited to a two-state system which we seek to extend to larger scale network-level studies.
Singular perturbation theory and graph theory could prove useful tools for these analyses.
We leave considering these research directions to future work.
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Chapter 3

Analysis of modern power systems
with high fidelity transmission line
dynamics

Continuing with the objective of this theses, we now transition to addressing the the problem
at hand from a transmission system perspective.

This chapter is based on the paper “Analysis of modern power systems with high fidelity
transmission line dynamics” coauthored with Ruth Kravis, Sunash Sharma, Claire Tomlin,
and Duncan Callaway. It has been submitted for publication and is under review at the
IEEE Transactions on Power Systems Journal.

3.1 Introduction

This chapter addresses the question of whether or not electromagnetic (EM) dynamics should
be included in power system wide area dynamic interaction studies as supply from converter-
interfaced generation (CIG) grows in power systems. These dynamics have historically been
largely ignored for studies outside of the vicinity of a disturbance due to the natural time-
scale separation between synchronous machine (SM) and EM dynamics. However, because
CIG operates on similar time scales as these EM dynamics [23], it is no longer clear whether
fast transmission line dynamics can be neglected [19]. This question has become increasingly
prominent as many researchers are calling for greater production from grid-forming (GFM)
inverters that regulate voltage frequency and magnitude [45]. Furthermore, CIG can only
tolerate smaller current magnitudes relative to SMs, and EM interactions could result in
CIG current saturation limits being reached [23]. Moreover, the answer to this question has
important computational implications: while phasor-domain modeling tools that ignore fast
time-scale dynamics can simulate power system dynamics in a matter of seconds, electro-
magnetic transient (EMT) software tools can require many hours to simulate even relatively
small systems [33].
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The central component in this question which determines the difference between phasor
domain simulations and EMT simulations is the transmission line (TL). Phasor-domain
simulations typically have detailed load, machine, and inverter models that are coupled via
algebraic line models that ignore the EM dynamics on TLs. On the other hand, EMT
methods model the detailed physics of TLs – including wave propagation and frequency
dependence – in tandem with other power system elements. This enables EM timescale
phenomena from a variety of system components to accurately propagate from one network
location to another.

Several recent studies have found that simple models of TL dynamics can impact small
signal stability classifications [50, 25, 21, 59], in some situations, showing that line dynamics
can destabilize grids with high shares of CIG, while stabilizing them in others. In these
papers, TLs are modeled with a single RL branch [50, 21] or dynamic lumped-parameter
π models [25]. While these models provide higher fidelity dynamics than algebraic models,
they do not capture transmission line frequency dependence or wave propagation dynamics
associated with distributed parameter or multi-segment line models. Research on HVDC
(high-voltage direct-current) line models that interface with power electronic converters [12,
14, 13] has shown that frequency dependence and multiple segments can produce quali-
tatively different dynamics relative to single-segment frequency-independent models. This
motivates studying power system dynamics with high-fidelity line models.

This paper aims to provide recommendations for the TL modeling choice in system-level
dynamics and stability studies by examining the impact of TL model fidelity on simulation
outcomes. In addition to comparing algebraic network models to dynamic π models, we
examine multi-segment TL models with and without frequency-dependent dynamics.

In performing this research, we produce the following contributions:

• First, we develop TLModels.jl, an open-source Julia-based modeling package build-
ing on the open-source simulation package PowerSimulationsDynamics.jl [42]. This
facilitates comparisons between a large variety of TL modeling choices in a single, fast-
to-simulate, open-source simulation package, rather than relying on aligning simulation
assumptions between commercial phasor-domain and EMT simulation software.

• Second, we examine the effect of TL model choice on the small signal stability of
power systems with a mix of GFM CIG, grid following (GFL) CIG, and SMs. For
the GFM-SM cases we study, increasing TL fidelity with more segments and frequency
dependence alters both the real and imaginary parts of the system’s eigenvalues. How-
ever, we find that the loading and line length at which systems become unstable is
independent of the TL model. We further find that the additional states introduced by
the higher fidelity TL models have very limited impact on the least stable eigenvalues.

• Third, we examine the effect of TL model choice on dynamic simulation outcomes for
TL trips across several case studies, loading scenarios, and line lengths, for systems
with a mix of GFM CIG, GFL CIG, and SMs. We observe that different line models

https://github.com/gecolonr/TLModels.jl


CHAPTER 3. ANALYSIS OF MODERN POWER SYSTEMS WITH HIGH FIDELITY
TRANSMISSION LINE DYNAMICS 28

introduce different voltage and current dynamics, even at locations that are not adja-
cent to the disturbance. However, in the scenarios we study, these differences are small
after 20 ms of the perturbation.

• Lastly, we recommend the dynamic π line model as a suitable model for small signal
and dynamic simulation analysis for studies with time horizons longer than 20 ms after
a perturbation. If a detailed analysis is required within 20 ms after a fault, the highest
fidelity model is required.

Notation: Dot notation indicates the time derivative of a variable, i.e., ẋ = dx
dt
. Bold

lower-case symbols are used to represent complex variables in the dq or RI reference frames,
e.g. x = xR+jxI . λA ∈ σ(A) is an eigenvalue of A, where σ(A) is the spectrum of A ∈ Rn×n.
∥·∥ is the Euclidean vector norm.

3.2 Modeling

EMT and positive sequence simulations

EMT tools such as PSCAD [49] simulate systems via a sequence of coupled nodal equations
in which TL dynamics and bus-level device dynamics are represented in a discrete time
formulation. This allows line wave propagation dynamics and delays to be captured with
high fidelity. In contrast, phasor domain tools such as PSS/e [62] and PSLF [20] solve the
dynamics of devices at each bus and, in order to accelerate simulation times, represent the
network model as an algebraic system solved in a separate power flow step. Phasor domain
tools are further accelerated relative to EMT tools by using ordinary differential equation
(ODE) solvers that numerically integrate dynamics far faster than discrete time EMT solvers
[43].

These differences complicate simulation-based comparisons of dynamic phenomena with
and without TL dynamics. EMT software tools are slow to solve, and significant modeling
effort is required to ensure that simulation outputs without line dynamics match industry
standard phasor domain modeling tools. Moreover, Bergeron-style discrete-time formulations
[17] of high-frequency dynamics for TLs produce delay-difference equations that cannot be
easily deployed in small signal stability analyses.

In this paper we leverage the Julia-based modeling and simulation package
PowerSimulationsDynamics.jl (PSID). PSID can simulate power system dynamics in the
phasor domain as well as in a balanced dq form, and it is capable of precisely reproducing
the output of PSS/e in the phasor domain, even on very large network models, as well as
PSCAD EMT with fast inverter and machine dynamics [42]. In contrast to PSCAD, because
PSID preserves a dq ODE formulation of the system model, it can leverage a suite of nu-
merical integration solvers that enable significantly faster simulation speeds of power system
dynamics.
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However, PSID only models static or dynamic π representations of TLs. In this paper we
extend PSID to approximate distributed parameter TL dynamics with and without frequency
dependence. We do so by adapting a multi-segment multi-branch modeling approach [4, 13]
originally developed for modeling HVDC cables, to work in PSID’s multi-machine AC power
system simulation setting.

Power System Components

Generator

In PSID, a generator is composed of five main components: a stator, a shaft, a turbine
governor, a power system stabilizer (PSS), and an automatic voltage regulator (AVR). Our
choice of models for each of the components is based on the time scales over which the
dynamics of the component evolves relative to the fast time scales of inverter controls and
TL dynamics we are interested in.

The models that we choose for each of the components of the generator, along with the
corresponding choices for parameters, can be found in Chapters 15 and 16 of [52]. We adopt
the six-state Anderson-Fouad machine stator model. This model incorporates transient and
subtransient EM stator dynamics. We choose a shaft model given by the swing equations
with damping. Further, we opt for a fixed input turbine governor because its output will
be relatively constant in the time scales of interest. Because of its use for slow timescales,
and thus its irrelevance to our analysis, we choose not to include a PSS. Lastly, we choose a
Type 1 AVR to capture voltage control dynamics.

Inverter

In PSID, an inverter is composed of six main components: a DC voltage source, a model for
the switches, an output inverter filter, an outer GFM or GFL control loop, an inner control
loop, and a frequency estimator.

The models we select for these components and their parameters come from [4]. We
choose a fixed DC voltage source model, an LCL passive filter, a virtual synchronous machine
(VSM) GFM model for the outer loops, nested proportional-integral (PI) loops for the inner
control loops, and a phase locked loop for damping of the virtual frequency. We choose an
averaged model for the switches [67]. For some experiments, we choose to have the inverter
be a GFL source modeled by active and reactive power PI controllers [32].

Transmission lines

We consider TL models that accurately capture physical dynamics, and can be expressed
as linear time-invariant state-space models. These are compatible with differential-algebraic
equation (DAE) representations of other system components in PSID and make analysis
straightforward.
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(a) (b)

Figure 3.1: Line model topologies: (a) π model (statpi and dynpi), and (b) Multi-segment
model (MSSB and MSMB).

To model TLs of arbitrary length (denoted ℓ), we use per unit length (per kilometer, or
km) parameters for impedance, zkm = rkm+ jxkm, and admittance, ykm = gkm+ jbkm. Here,
rkm is the resistance, xkm = ωlkm is the reactance, gkm is the conductance, and bkm = ωckm is
the susceptance. At a particular operating frequency ω, we compute the lumped parameter
equivalent π model according to the following equations, which include hyperbolic correction
factors from the steady state solution to Telegrapher’s equations.

zπ = zkmℓ

(
sinh(γℓ)

γℓ

)
(3.1)

yπ = ykmℓ

(
tanh(γℓ/2)

γℓ/2

)
(3.2)

γ =
√
zkmykm (3.3)

Here ℓ is line length, as distinct from l which refers to inductance. We assume gkm = 0
implying that the line losses are concentrated in the RL branch and not the shunt con-
ductance. This, however, does not imply that gπ = Re(yπ) = 0. We choose to set
gπ = 0 for the same reason. From this model, we can compute equivalent r, l, c as
rπ = Re(zπ), lπ = xπ/ω = Im(zπ)/ω, cπ = bπ/ω = Im(yπ)/ω, where ω = 2πf , with f
the linear frequency.

Algebraic π model (statpi)

The algebraic π model has the form shown in Fig. 3.1a. It assumes that any line dynamics
are stable and settle quickly compared to other system dynamics. Therefore, the differential
terms associated with the line capacitance and inductance are set to zero, giving an algebraic
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model as follows:

iin =

(
1

zπ
+ yπ

)
v1 −

1

zπ
v2 (3.4)

iout =
1

zπ
v1 −

(
1

zπ
+ yπ

)
v2 (3.5)

Since this model is purely algebraic, any dynamics on iin, iout, v1, and v2 that arise due
to the interconnection of the line with dynamic devices will instantaneously appear at the
other end of the line.

Dynamic π model (dynpi)

The dynamic π model has the same topology as shown in Fig. 3.1a, but it includes dynamics
on line current and voltage states:

lπ
ωb

di

dt
= (v1 − v2)− zπi (3.6)

cπ
2

1

ωb

dv1

dt
= (iin − i)− yπv1 (3.7)

cπ
2

1

ωb

dv2

dt
= (i− iout)− yπv2 (3.8)

Here ωb is the base frequency. Similar to statpi, dynpi only captures the effect of the
distributed line parameters in steady state.

Multi-segment single-branch π model (MSSB)

To capture the distributed nature of the line parameters in both transient and steady state
responses we introduce the multi-segment models seen in Fig. 3.1b.

In what follows, a line with N multiple “segments” is one that is divided into a discrete
set of identical-length π models connected in series. In addition, a line with M multiple
“branches” is one in which each segment is divided into a set of parallel RL branches, each
with different impedance, to capture frequency dependent line characteristics [14].

The multi-segment single branch π model (MSSB) consists of N π-shaped segments.
The parameters for each segment are given by:

rseg = rkmℓseg (3.9)

lseg = lkmℓseg (3.10)

cseg = ckmℓseg (3.11)

where ℓseg = ℓ
N

is the segment length. Further, zseg = rseg + jωlseg and yseg = jωcseg.
This model is seen in Fig. 3.1b when choosing M = 1, namely a single RL branch for
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each segment. The ith segment of an N -segment MSSB model is defined by the following
equations:

lseg
ωb

dii
dt

= (vi − vi+1)− zsegii (3.12)

cseg
2

1

ωb

dvi

dt
= (ii−1 − ii)− ysegvi (3.13)

cseg
2

1

ωb

dvi+1

dt
= (ii − ii+1)− ysegvi+1 (3.14)

Note that i0 = iin, and iN+1 = iout. As N is increased, the MSSB model more closely
approximates the equivalent π model in steady state frequency response.

Frequency dependent multi-segment multi-branch π model (MSMB)

The MSMB model has M branch currents per segment, as seen in Fig. 3.1b. Let the
subscript m = 1, ...,M denote the mth parallel branch. Therefore, the equations for the ith

segment are:

lseg,m
ωb

dii,m
dt

= (vi − vi+1)− zseg,mii,m ∀m (3.15)

cseg
2

1

ωb

dvi

dt
= (ii−1 − ii)− ysegvi (3.16)

cseg
2

1

ωb

dvi+1

dt
= (ii − ii+1)− ysegvi+1 (3.17)

where zseg,m = rseg,m + jωlseg,m. Note that ii =
∑M

m=1 ii,m in the voltage equations.
The MSMB is considered the highest fidelity line model of those presented since it

captures dynamics along the line’s length as well as the additional damping that arises due
to the frequency dependence of the line parameters [13].

Line parameters

For the MSMB model, we obtain rkm,m, lkm,m, and ckm for each branch from known line
data via vector fitting [22, 4], a form of parameter estimation based on real transmission line
data. In this paper, we use the frequency dependent line impedance parameters from [17]
as a starting point1. While the data set is realistic, the number of samples is limited. We
acknowledge this and keep this in mind when performing the analysis.

We derive parameters for all other line models from the MSMB model by finding the
equivalent parallelized branch impedance at nominal frequency for the MSMB model. This
yields the MSSB zkm, which we use in Equations 3.1, 3.2 and 3.3 to obtain the lumped

1We use the data in Table 3 of [17].
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model parameters for statpi and dynpi. Following this procedure ensures that at the steady-
state operating frequency, all line models have the same impedance and so result in the same
network power flow solution.

Aggregate system model

All the models described above can be written into a DAE form for the entire network under
study. Linking the devices and network, we arrive at a mathematical form as follows:[

ẋ
0

]
=

[
f(x, y, u)
g(x, y, u)

]
(3.18)

Here, x ∈ Rn are the system’s dynamic states, y ∈ Rm are the system’s algebraic states,
u ∈ Rp are the system inputs. f : Rn ×Rm ×Rp → Rn and g : Rn ×Rm ×Rp → Rm are the
vector equations associated to the dynamics of the network and the algebraic constraints.

In general, f is a nonlinear vector field. Therefore, to study the small signal stability of
the system we find an equilibrium point (x⋆, y⋆, 0) by setting ẋ = 0 and solving the nonlinear
system of equations. We linearize them around that point, and arrive at a set of linear
dynamics that characterize the behavior of the system in the vicinity of that equilibrium
point. The resulting equations will then be of the following form:

∆̇x = J(x⋆, y⋆)∆x (3.19)

Here, J(x⋆, y⋆) ∈ Rn×n is the reduced system Jacobian matrix. By studying the eigenval-
ues of this matrix, we can determine if (x⋆, y⋆, 0) is a stable or unstable operating condition
for the network. See [25] or [42] for further details on the linearization process in PSID.

3.3 Test Cases

To investigate dynamic interactions under the different line models presented, we choose a
simplified Two Bus test case and the IEEE WSCC 9 Bus test case as representative models
of how we could expect a power system to behave.

Remark. We choose not to use an infinite bus in any of our studies because it would instan-
taneously produce or consume whatever real and reactive power are necessary to maintain
its voltage, which has an unrealistic effect on the dynamic results. Instead, we choose a
SM (synchronous machine) or GFM inverter as the voltage angle reference bus to solve the
initializing power flow problem and subsequently simulate dynamics of the system.

Two Bus test case

The Two Bus test case, shown in Fig. 3.2, has two generation sources connected by two
identical transmission lines in parallel. By default, ℓ = 100 km. The test case has a constant
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Figure 3.2: Two Bus test case single line diagram.

Case Bus 1 Bus 2

1 SM SM
2 SM GFM
3 GFM SM
4 GFM GFM

Table 3.1: Generator configurations for the Two Bus test case.

impedance load, and we can choose its location. We choose pload and qload according to the
line’s surge impedance loading (SIL) = V 2

Zc
, where V is the nominal system voltage (230

kV) and Zc =
√
zkm/ykm is the line’s characteristic impedance. Normally, SIL is computed

for lossless lines; however, here we consider losses to obtain nominal SIL values for real and
reactive power. For our parameters of V , zkm, and ykm, we arrive at pload = 2.05 p.u. and
qload = 0.08 p.u.

We choose either a VSM GFM or SM for each of the two buses, resulting in the cases
outlined in Table 3.1. We choose not to have a GFL under the hypothesis that we need
strong voltage support for a two bus network.

IEEE WSCC 9 Bus test case

We also study the IEEE WSCC 9 Bus test case, shown in Fig. 3.3. The test case includes
three generation sources at buses 1, 2, and 3, and three constant impedance loads at buses
5, 6 and 8. We set nominal loading and line lengths according to [5].

Generator configurations are shown in Table 3.2. These scenarios were selected based on
what we understand to be representative of the present-day grid, and a few cases of what
we anticipate the grid could look like in the future.
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Figure 3.3: IEEE WSCC 9 Bus test case single line diagram [63].

Case Bus 1 Bus 2 Bus 3

1 SM SM GFL
2 SM GFL GFL
3 SM GFM GFL
4 SM SM GFM
5 SM GFM GFM
6 GFM SM GFM

Table 3.2: Generator configurations for the IEEE WSCC 9 Bus test case.
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Experiment types

We use PowerSystemsExperiments.jl (PSE), a software package capable of implementing
multidimensional parameter sweeps, parallelizing hundreds of PSID simulations to accelerate
simulation time and capabilities, and produce interactive plots.

All of our results can be reproduced by running code in our publicly available GitHub
repository: https://github.com/Energy-MAC/EffectsOfTLDynamics.

We construct different experiments by varying the network loading, line lengths, and
generator configuration. We vary loading because it is a key variable of interest for a sys-
tem operator identifying safe operating limits of a system. We vary line lengths under the
hypothesis that differences between line models may be revealed only for longer lines. We
choose different generation configurations to study if the line model effect depends on the
generation configuration.

We vary all loads’ real and reactive power consumption by multiplying nominal values
by a load scale factor, and we scale all generators’ real and reactive power setpoints corre-
spondingly. We vary line length by scaling all nominal line lengths by a line scale factor.

Because the MSMB model attempts to capture the physics as realistically as possi-
ble, and it was fit using real TL data, we consider results obtained from MSMB as the
benchmark. For the MSMB model we choose three parallel branches (i.e., M = 3), which
is consistent with the modeling recommendations in [13], and N to result in 10 km line
segments for both MSSB and MSMB.

Lastly, while we choose realistic parameter and gain values for the whole network, and
hypothesize that the conclusions here could be extrapolated to other power system test cases,
we acknowledge that our conclusions are valid for the parameter choices we select. Further
results across other parameter dimensions can be found in [39].

3.4 Small signal analysis

We compare small signal stability under our four different line models and provide results
for the different test cases.

Two Bus test case

Stability boundary

Fig. 3.4 shows the line length on the y axis, using line scale as a direct measure, at which
an eigenvalue of the linearized system crosses the imaginary axis under a range of loading
conditions on the x axis. That is, line lengths below these traces are stable operating
conditions, and on or above them are unstable. Four traces are plotted, one for each line
model. The stability ‘boundary’ was calculated using increments of 0.1 line scale, which
correspond to 10 km increments given that the nominal length is 100 km.

https://github.com/reid23/PowerSystemsExperiments.jl
https://github.com/Energy-MAC/EffectsOfTLDynamics
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(a) (b)

Figure 3.4: Line length where the system loses stability on the y axis (measured in terms
of line scale) versus system loading on the x axis (measured in terms of load scale) for the
Two Bus test case. Subfigure (a): case 3 in Table 3.1 (GFM SM) with the load at the Bus
1. Subfigure (b) is case 4 in Table 3.1 (GFM GFM) with load at Bus 2.

Fig. 3.4 demonstrates that all line models produce nearly identical predictions of the
line length at which instability arises across this broad range of line lengths and loading
conditions. The only perceptible differences in the stability boundary are at very long lengths
(line scale of 10); we consider this to be a relatively weak result because these lengths are
rare in practice and the stability boundaries are very similar.

Considering the similarity betweenMSSB andMSMB results in the range of parameters
we studied, we conclude that the extra fidelity of theMSMB model does not affect the least
stable eigenvalues for this system. We would like to emphasize this is true even for Case 4
in Table 3.1, in which all the generation comes from GFM CIG. This implies that, in the
cases we study, the interactions of high fidelity line model dynamics with the fast controls
of inverters do not produce new unstable modes.

These results are different from other GFM-SM simulations [50] which found that the
stability boundaries differ for algebraic versus dynamic π models. These differences, however,
can be attributed to sweeping parameters in different dimensions: while here we sweep line
lengths and loading conditions, other results sweep percentage of CIG. Their result is also
in alignment with the results in [39], which also concludes that percentage of CIG impacts
small signal stability conclusions for different line models.
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Figure 3.5: System eigenvalues under different line models in the Two Bus test case, for case
3 in Table 3.1 (GFM SM), with the load at Bus 1, and load scale = 1.0, line scale = 1.0.

Eigenvalue analysis

Fig. 3.5 compares the system eigenvalues under different choices of line models for a system
with nominal loading and line scaling. The blue cluster of least stable eigenvalues near the
jω-axis are common to all line models (i.e., in the image, orange, green and purple markers
all lie beneath the blue symbol), and the orange eigenvalues are common to all models except
statpi. The green markers correspond to only MSSB, and purple symbols correspond to
only MSMB.

MSSB (green) and MSMB (purple) models exhibit higher frequency eigenvalues com-
pared to dynpi, and the MSMB (purple) high frequency eigenvalues are more damped
compared to the MSSB (green) eigenvalues. However, the least stable eigenvalues, in blue,
have very low (< 1e−4) participation from line states. This supports our finding that added
line fidelity does not influence small signal stability for the cases we studied. The high
frequency eigenvalues are almost exclusively associated with internal line states.

In Fig. 3.6 we plot how system eigenvalues move in the complex plane under changing
line lengths (Fig. 3.6a) and loading (Fig. 3.6b) for theMSMB model. Since we chose 10 km
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(a) (b)

Figure 3.6: MSMB eigenvalues for the Two Bus test case for case 3 in Table 3.1 (GFM
SM) under a variation of (a) line lengths (with load scale = 1.0) and (b) loading (with
line scale = 1.0).

line segments, increasing the line lengths results in more segments, and thus more line states
and eigenvalues. Therefore, a one-to-one comparison of eigenvalues for different line lengths
is not possible. However, while more eigenvalues are present for longer lines, we observe
that the high frequency eigenvalues which have more participation from line states are fairly
similarly located for both cases. Eigenvalues closer to the imaginary axis may move right as
line and loading increase, and in some cases even result in a small signal unstable operating
condition, also seen in the figure.

In Fig. 3.6b, we see that that the high frequency line eigenvalues are very weakly in-
fluenced by loading, and instability again arises due to the cluster of common eigenvalues
approaching the RHP (right-half plane).

3.5 Dynamic simulations

In this section, we run time domain simulations of the test cases to see how they respond to
disturbances. We first justify the variables that we pay close attention to, then we discuss
and justify the perturbation we apply to the systems, and finally we present the results of
our dynamic studies.

Variables, disturbance, and parameters of interest

In this section, we will assess the influence of line models on the dynamic behavior of inverter
currents. This is often studied with static line models on the grounds that electromagnetic
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(a) (b)

Figure 3.7: Inverter current magnitude at Bus 2 for case 2 in Table 3.1 for the Two Bus test
case with a branch trip. The line and load scale are 1.0, 1.0 in subfigure (a). The line and
load scale are 2.0, 2.0 in subfigure (b).

transients will dissipate faster than the dynamics that govern overall stability phenomena.
However, as CIG infeed increases, there is less certainty on the validity of this assumption.

Inverters are known to tolerate up to ∼ 1.3 p.u. (on the device base) rated current
without risking damage to device switches. Therefore, we will focus our attention on the
current at inverter filters to identify whether low fidelity line models could fail to identify
high inverter current magnitudes. Since we consider different cases according to Tables
3.1 and 3.2, we study the current of the generating device at each bus. In the case of an
inverter, we measure the inductor filter current, and in the case of a machine, we measure
the stator current. We show current measurements in per unit relative to the system base.
Note that PSID does not currently model a current saturation block to protect switches
from overcurrent. Therefore, our simulation results can be used to identify events in which
overcurrent protection could be activated, but are not indicative of the dynamics that would
ensue following an overcurrent event.

We perturb the system with a TL trip because it affects the system abruptly and di-
rectly excites the line dynamics. As in the small signal analysis above, we test the sys-
tem under a range of loading, generator configuration, and line length scenarios. The
generator configuration is unique to each test case in Tables 3.1 and 3.2. We choose
line scale ∈ {1.0, 1.5, 2.0, 2.5, 3.0} to study normal and long TL lengths and load scale ∈
{0.5, 1.0, 1.5, 2.0} to study systems with low, medium, and high loading for both test cases.
We perform simulations with all combinations of these parameter values for all line models,
resulting in several hundred simulations. Due to lack of space, we only choose representative
examples of larger trends in the results to showcase here.
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Two Bus test case

We present results for the Two Bus test case for Case 2 in Table 3.1, with a SM at Bus 1
and GFM at Bus 2. The load is kept at Bus 2 for all simulations. We trip one of the lines
since they are identical and will have the same loading.

Fig. 3.7 shows the current magnitude at Bus 2 for this simulation. We show results for the
20 ms time window after the disturbance is applied because the dynamics of all line models
converge to practically the same trajectory after approximately this time. We find that
the line models produce qualitatively different dynamics following a TL trip as expected:
oscillations are present for all line models, with increasing frequency oscillations present
for increasing modeling fidelity. However, MSSB and MSMB produce nearly identical
dynamics, suggesting that modeling line frequency dependence with MSMB may not be
necessary for studies on this time scale. Statpi does not reflect the oscillations present in
MSMB.

The dynpi line model consistently shows two behaviors: first, its maximum (minimum)
value for current magnitude is generally larger (smaller) than all other line models; second,
it shows some low-frequency oscillations of larger amplitude relative to other line models.
We refer to this as dynpi enveloping the other line model dynamics. We therefore conclude
that dynpi is a conservative estimate relative to our benchmark dynamics given by MSMB.

IEEE WSCC 9 Bus test case

For the IEEE WSCC 9 Bus test case, we studied current injections into the network at all
three generator buses. We trip the heaviest loaded line in the network which connects buses
5 and 7 because it is the heaviest disturbance that we could apply and we hypothesize that
differences from line models could be revealed in such a case. For some experiments, we
alternatively trip the line connecting buses 4 and 5, which is the second heaviest loaded line.

We pay particularly close attention to (and only show results for) the generator at Bus
2 because it is the one closest to the disturbance. We show the first 20 ms after the fault as
for the Two Bus case for the same reason.

Effect of generator portfolio

Fig. 3.8 shows the current magnitude at Bus 2 for line scale and load scale values of 1.0,
and cases 2, 3, and 5 in Table 3.2. Again, all line models converge to the same behavior
closely after the 20 ms presented in the plots, whether or not the eventual dynamics are
stable or unstable.

We find similar results to the Two Bus test case: MSSB behavior is nearly identical
to MSMB, and dynpi envelopes other line model behavior. Statpi, moreover, significantly
underestimates oscillations and maximum and minimum peak values.

Though line models did not introduce differences in long term dynamics for different
generator configurations, we did find that generator configuration plays a role in system
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(a) (b) (c)

Figure 3.8: Sub (a), (b), and (c) show inverter current magnitude at Bus 2 for the following
generation configurations: SM GFL GFL, SM GFM GFL, SM GFM GFM (cases 2, 3, and
5 in Table 3.2) respectively for the IEEE WSCC 9 Bus test case. line scale and load scale
are both 1.0.

stability (results not shown), consistent with prior work [50]. Specifically, we found that
networks with mostly SMs or GFM inverters – implying more voltage and frequency control
– settle to a new stable equilibrium point after a disturbance when line scale and load scale
are low. Cases with GFL inverters destabilized significantly more easily.

Effect of line length

Fig. 3.9 shows the current magnitude at Bus 2 for load scale = 1.0 for case 3 in Table 3.2,
and varying line scale, which is representative of the results found. As with our experiments
for generator configuration, for a given line length all line models generated similar dynamic
behavior beyond the 20 ms time window shown in Fig. 3.9. The higher fidelity models showed
a delayed effect on current response, which is more evident for longer lines. Dynpi showed
a smaller delay, and statpi showed no delay. This can be attributed to the energy storage
introduced by modeled line capacitance and inductance. As one would expect, current at
buses further from the disturbance show a greater delay (result not shown). While these
delays are followed by short term differences in current dynamics across different line models,
we did not observe long term differences between dynamics introduced by different line
models.

As with the generator portfolio results above, MSSB dynamics are nearly identical to
MSMB, dynpi envelopes other line model behaviors, and statpi over-simplifies much of the
behavior.

For very long lines (e.g. line scale = 3.0, equivalent to line lengths well above 300 km in
this network), we found that the multi-segment models produce a slightly higher peak than
dynpi, as seen in Fig. 3.9c.
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(a) (b) (c)

Figure 3.9: Inverter current magnitude at Bus 2 for the SM, GFM, GFL configuration (case
3 in Table 3.2) for the IEEE WSCC 9 Bus test case, and load scale = 1.0. Line scale varies:
1.0, 2.0, 3.0 in sub (a), (b), and (c) respectively.

(a) (b) (c)

Figure 3.10: Inverter current magnitude at Bus 2 for SM, GFM, GFL configuration (case 3
in Table 3.2) for the IEEE WSCC 9 Bus test case, and line scale = 1.0. Load scale varies:
0.5, 1.0, 2.0 in sub (a), (b), and (c) respectively.

Effect of loading

Fig. 3.10 shows the current magnitude at Bus 2 for case 3 in Table 3.2 with varying load scale
and line scale = 1.0. Again, outside of the simulation window shown here, the dynamics
converge to the same behavior for all line models.

We found consistent results with other parameter sweeps: MSMB and MSSB produce
practically identical dynamics, dynpi enveloped other line dynamics, and statpi simplifies
much of the behavior. We also see that, similar to the effect of long lines, at heavy loading
(e.g., Fig. 3.10c) the MSMB model produces a slightly higher peak than dynpi. However,
none of these cases show any evidence that the line model significantly affects the dynamic
behavior at different loading levels.
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Figure 3.11: Current magnitude at Bus 2 for the IEEE WSCC 9 Bus test case for SM GFL
GFL generation configuration (case 2 in Table 3.2). line scale and load scale are both 1.0
for a TL trip of the line connecting Buses 4 and 5.

Tripping Line 4-5

We also tripped the line connecting Bus 4 and 5, which is loaded at about 70% of the
line between Bus 5 and 7. This places the fault further away from the location of current
measurement at Bus 2.

Fig. 3.11 shows the current magnitude at Bus 2 for line scale and load scale values of
1.0, and case 2 in Table 3.2. As with the results above, the dynpi amplitude is greater than
other line model dynamics. However, the effect is significantly more noticeable under this
scenario: there exists a lower-frequency, high-amplitude signal in the dynpi behavior that
is not present for MSMB. We found this behavior to be consistent across the line scale,
load scale, and generator configuration parameter sweeps we performed for this perturbation.
Moreover, MSSB and MSMB, while similar, do not completely overlap as is the case in all
previous scenarios. All line model behaviors still eventually converged to similar behavior.
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Discussion

In this section we discuss and synthesize results across all categories of dynamic simulations
to produce generalized observations about line model performance.

The fact that MSSB and MSMB almost always show the same transient behavior
for current magnitude, as seen in Figs. 3.7–3.10, suggests that the additional modeling
complexity of MSMB relative to MSSB is generally not necessary for wide area transient
dynamic simulations.

Further relative to all other line models, statpi consistently underestimates the peak
values and amplitudes of oscillations see Figs. 3.7–3.11. This is particularly important for
modeling inverter current saturation blocks.

In contrast to statpi, we find that dynpi tends to overestimate amplitudes relative to
MSMB, as in Figs. 3.7, 3.8, 3.9, 3.10. In some cases, this can be by a large amount, such
as in Fig. 3.11.

Moreover, statpi produces the least amount of high frequency oscillations, dynpi generates
some oscilations, and MSSB/MSMB show the most. This aligns with our expectations
because higher-fidelity models increase the line’s bandwidth, suggesting that signals of higher
frequency propagate more easily. While the currents fromMSSB/MSMB simulations show
higher frequency components than those of dynpi simulations, these typically have small
amplitude, and decay quickly.

It is important to recall, as seen in Figs. 3.9c and 3.10c, that under particularly long
lines, or under particularly heavy loading conditions, the dynpi model may not be able to
precisely capture peak values.

Finally, the statpi error relative to MSMB is greater at buses with GFL than at buses
with GFM, as seen in Fig. 3.8a vs. Fig. 3.8b. Statpi also showed more error in cases with
lighter loading, as seen in Figs. 3.7, 3.10a and 3.10b.

3.6 Conclusions and recommendations

We develop TLModels.jl as an open-source modeling software for TL modeling of varying
fidelity. Using this tool, we perform detailed dynamic simulations and small signal analyses
of power systems.

For the small signal analysis, we find that each line model generates different sets of
eigenvalues. However, for the cases we investigated, the dynamic line states have very low
participation factors in the least stable eigenvalues and do not impact stability conclusions.
Therefore, we conclude that line model fidelity does not alter small signal stability conclusions
under the different network conditions that we studied. Indeed, other papers have found that
simple line dynamics impact the range of converter gain parameters that result in a stable
operating condition [25], and that conclusions may differ with generator portfolio [50],
GFM devices using virtual oscillator control [21], and even percentage of generation in the
form of CIG. This is partially addressed in [39] and merits further investigation.
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Dynamic simulation results show that dynpi envelopes and overapproximates the current
trajectories produced by the MSMB model while statpi consistently underapproximates
them for the range of parameter sweeps considered. We therefore conclude that dynpi
manifests conservative dynamics while statpi manifests oversimplified dynamics. MSMB
almost always behaves identically to MSMB. Therefore we recommend initial dynamic
investigations to be performed with the dynpi model. In case a current saturation limit is
observed with the dynpi model, for example, then a more detailed study with the MSMB
model would be warranted. If particularly long lines or particularly heavy loading conditions
are of interest to study for the first 20 ms following a perturbation, the MSMB model will
be necessary. These recommendations offer a tradeoff between modeling complexity and
computational burden.

Future work includes performing further tests on the IEEE WSCC 9 Bus test case with
different levels of CIG penetration and power injections. Further, we would like to study
larger test cases such as the 54 Bus Southeast Australian network. While we performed a
multi dimensional parameter sweep and hypothesize these types of results will hold, there are
still other parameter dimensions to be explored, and larger test systems have more complex
and realistic dynamic interactions and merit further study.
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Chapter 4

Analysis of modern power systems
with high fidelity load dynamics:
Introducing ZIP-E loads

After discussing contributions at the generation level in Chapter 2, and the transmission
level in Chapter 3, we now focus our attention on load modeling for modern power system
analysis.

This chapter is based on the paper “Analysis of modern power systems with high fidelity
load dynamics: Introducing ZIP-E loads” presented at the 2024 North American Power
Symposium in Austin, Texas. It was coauthored with Reid Dye, Claire Tomlin, and Duncan
Callaway.

4.1 Introduction

This chapter aims to study the impact of load modeling in power grids with high penetrations
of power electronics converters. Among power systems components, loads have not seen
many widely adopted models for transmission system simulation compared to generators,
and transmission lines [51, 47, 40, 56, 10]. This can be attributed to several reasons, one of
which is the inherent challenge of modeling loads: power consumption is a function of many
conditions, including weather, time of day, geographic location, and even human behavior.
Therefore, most of the analysis done for power system stability has been using a select few
model options

Data centers, electric vehicle superchargers, large-scale battery storage, and variable
frequency drives (VFDs) are examples of power electronic loads connecting on the grid,
and available load models do not accurately capture their dynamics for all time scales.
Moreover, any analysis is limited in scope to the results produced from the choices of models.
Therefore, there exists a need for power systems analyses with models that represent loads
being connected on the grid.
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A survey on power system industry members in 1988 [11] found that the most com-
mon load modeling practice was constant current loads for active power loads and constant
impedance loads for reactive power loads. ZIP loads, static linear combinations of constant
impedance, constant current, and constant power loads, were also common, and only a small
number of industry members used dynamic load models.

Another survey in 2013 [54] found that there was no industry standard for load models
and that this choice varied significantly by continent. Variations of static ZIP loads, however,
were the most common model, constituting 70% of industry load models worldwide. Another
common practice in the study was converting a ZIP load into an equivalent exponential
model with a non-integer exponent. The survey also found that it is a common practice in
the United States of America to use a composite load model incorporating both a static load
component in the form of a ZIP load and a dynamic load component (typically an induction
motor) in parallel.

Other load models have been proposed to capture a load’s dependence on frequency.
These usually take the form of a linear combination of two ZIP load models [11]. A similar
attempt is made by the EPRI LOADSYN and ETMSP static load models [11]. These,
however, according to the surveys, were not widely adopted by industry members.

Despite the 25 year gap between the surveys, the most recent does not show significant
changes in the way industry models loads despite the increasing level of power electronics
loads on the grid. This further means that corresponding analyses have not had accurate
representations for power electronic loads.

In 2022, the IEEE Standards Association and IEEE Power and Energy Society published
a guide for load modeling for simulations of power systems [30]. The guide acknowledges
that only a few load models are widely accepted among industry members. For dynamic
loads, motors are the most common model [46], and the exponential recovery load model
captures aggreagate transmission-level load dynamics [27].

Lastly, the state-of-the-art load model for phasor domain simulations is the WECC com-
posite load model [37] but is limited to static models for power electronic loads, except for
VFDs [55]. It, however, does not represent inverter control loops relevant for higher fre-
quency dynamics. A recent paper [24] uses dynamic power electronic load models for EMT
studies with line dynamics but assumes no load heterogeneity.

In sum, loads are typically modeled as static ZIP loads, with motors seldom incorporated
for dynamic simulations. Further, there is no well-motivated way of choosing how a load
is modeled for different kinds of studies. This suggests for the last 40+ years industry has
largely been using the same models for EMT and small signal analysis.

It has been posited that power electronic loads need to be modeled as constant power
loads for analysis [30], however, this static model choice is an approximation of a dynamic
device. Therefore, while this may be an accurate modeling choice for slow time scales, we
believe we should model power electronics load with corresponding dynamics for analysis on
fast time scales. This is further motivated by concerns regarding current saturation limits
for inverters [53] and how this affects stability conclusions and inverter current dynamics.
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So, there is a gap in the literature for analysis of power systems with models that represent
the new devices being connected.

Therefore, in this chapter we introduce ZIP-E loads, a composite load model including a
static ZIP model, and a power electronic load, which we denote as an E load, for the analysis
of power systems with power electronic loads. We model this load as a grid-following (GFL)
inverter that consumes instead of delivers power: it operates as a rectifier, as are the the
power electronic loads described. An E load is meant to capture the dynamics of those power
electronic devices, and the ZIP-E load is meant to capture heterogeneity in the load profile.

For now, we do not incorporate motors as loads for two primary reasons: i.) we seek to
identify the modeling impact of changing P loads to E loads, and ii.) most modern motor
loads are interfaced with VFDs, which inherently have a power electronics interface of the
form we choose to model here.

To our knowledge, this is the first small signal and EMT study of power systems with
heterogeneous load models that includes physics-based models for power electronic loads.

We believe that ZIP-E loads provide a flexible alternative for load modeling during fast
time scales: ZIP-E loads adopt i.) the common industry practice of ZIP loads, ii.) the
notion that power electronic loads will behave as constant power loads in steady state, iii.)
an energy buffer so the constant power constraint of the load is relaxed during transient
events, and iv.) a physical representation of power electronic loads capturing the dynamics
of new loads being incorporated into the grid.

Further, by modeling loads in this way we consider fast dynamics on both generation and
load, meaning that fast line dynamics could be relevant. We investigate their effect as well.

This research is guided by the following questions:

• What, if any, qualitative differences are there between the conclusions of small signal
stability analyses of power systems that use ZIP versus ZIP-E load models?

• Can ZIP-E loads influence inverter current dynamics in ways not otherwise manifested
by ZIP models?

This chapter’s contributions are:

• ZIPE loads.jl – A Julia-based open source modeling package for ZIP-E loads ex-
tending the modeling and simulation capabilities of PowerSimulationsDynamics.jl
[41].

• An analysis of load model effects on small-signal and transient stability of the IEEE
WSCC 9 Bus Test Case.

• A series of recommendations for load models for static and dynamic power system
simulation studies.

• ZIP loads with larger constant power portions induce larger oscillations in transient
simulations relative to ZI-E loads which are significantly more damped and converge
more regularly.
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Chapter Organization

The remainder of the chapter is organized as follows. Section 4.2 presents the load models we
use, and section 4.3 the corresponding load portfolios. Section 4.4 discusses the test case we
experiment with, section 4.5 shows results and discusses analysis, and section 4.6 concludes
the paper.

4.2 Power System Loads

We define a load at the transmission level as an aggregation of all circuits and devices
downstream from the transmission circuit, including but not limited to the distribution grid,
commercial loads, industrial loads, domestic loads, and devices.

Power systems loads are categorized as static or dynamic. Static refers to the power
consumption at that load being defined as an algebraic relationship between power and
voltage. Dynamic refers to having a differential equation model for the variables that dictate
power consumption. Composite loads combine both static and dynamic load models in
parallel.

What is an exponential load model?

An exponential load model, also called a voltage dependent load model, relates the power
consumption of the load to the normalized voltage raised to an exponent. It takes the
following form.

Pexp = P0

(
V

V0

)nP

(4.1)

Qexp = Q0

(
V

V0

)nQ

(4.2)

Here, P0, Q0, V0 are the nominal real power, reactive power, and voltage magnitude for
the load. V is the voltage magnitude at the load. nP and nQ are the exponents of the model.

The exponential model is inherently a static load model because the voltage magnitude
V which dictates the power consumed by the load is determined by the network, and does
not vary as a function of the load behavior.

What is a constant impedance load model?

A constant impedance load model is an exponential load model with nP = nQ = 2. It is a
load that has a fixed resistance and reactance at a steady state operating frequency.
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Here R0 is the constant resistance, which is independent of frequency, and X0 is the
constant reactance which is a function of the equivalent circuit’s inductance and capacitance,
and the frequency of the signal applied across it.

Therefore, this model has an electrical representation of a resistor in parallel with an
inductor.

What is a constant current load model?

A constant current load model is also a subclass of an exponential load model with nP =
nQ = 1. It is a load whose current phasor is constant over time.

PI = P0

(
V

V0

)1

=
P0

V0
V = I0,rV (4.5)

QI = Q0

(
V

V0

)1

=
Q0

V0
V = I0,iV (4.6)

Here, I0,r and I0,i are the real and imaginary currents drawn by the load. So this model
has an electrical representation of two parallel-connected constant current sources, one con-
suming real power at a voltage V and real current I0,r and another consuming reactive power
at the same voltage V and imaginary current I0,i. The overall magnitude of this current can

be computed by I0 = ||I0||2 =
√
I20,r + I20,i, where I0 is the load’s current phasor.

What is a constant power load model?

A constant power load model is an exponential load with nP = nQ = 0. It is a load whose
real power and reactive power consumptions are constant over time.

PP = P0

(
V

V0

)0

= P0 (4.7)

QP = Q0

(
V

V0

)0

= Q0 (4.8)

This model has an electrical representation of two parallel connected constant power
sources, one consuming real power P0 and another consuming reactive power Q0 at the same
voltage V . For a given change in voltage, the load adjusts its current consumption to keep
delivering constant power.
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What is a ZIP load?

A ZIP or polynomial load is the convex combination of three exponential loads: a constant
impedance load model, a constant current load model, and a constant power load model.
Mathematically it is defined as follows.

PZIP = P0

(
ηZ

(
V

V0

)2

+ ηI
V

V0
+ ηP

)
(4.9)

QZIP = Q0

(
γZ

(
V

V0

)2

+ γI
V

V0
+ γP

)
(4.10)

ηZ , ηI , ηP and γZ , γI , γP are weights for each load type. Electrically, it is equivalent to
the three loads in parallel.

Remark. In the this discussion, the power consumed by a load is determined by the voltage
magnitude, V , at the bus which it’s connected.

For a quasi-static phasor (QSP) simulation that does not model TL dynamics, this voltage
comes from the forward propagation of a power flow solution.

For an EMT balanced dq simulation as we will perform in this study, this voltage will
come from the TL’s capacitor’s voltage state. Said capacitor will have vd and vq components

and so V = ||vdq||2 =
√
v2d + v2q .

What is a power electronic load model?

In this study, we model E loads as GFL inverters with standard real and reactive power outer
loop PI controls, PI inner loop current controls, an averaged inverter model, a phase-locked
loop, and an LCL filter, as in [24].

Contrary to the ZIP load, an E load is a dynamic load model because the current drawn
is described by a differential equation. The power consumed by an E load model is:

PE =
1

2
(vdid + vqiq) (4.11)

QE =
1

2
(vqid − vdiq) (4.12)

vd, vq are the load bus’ per unit capacitor voltage dq components. id and iq are the per unit
current dq components drawn by the inverter defined by a system of ordinary differential
equations. A detailed modeled can be found in [25].

What is a ZIP-E load model?

A ZIP-E load is a convex combination of a ZIP load and an E load model, and the power it
consumes is as follows.
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PZIP−E = PZIP + PE = P0

(
η⊤LP

)
(4.13)

QZIP−E = QZIP +QE = Q0

(
γ⊤LQ

)
(4.14)

where

η =
[
ηZ ηI ηP ηE

]⊤
(4.15)

γ =
[
γZ γI γP γE

]⊤
(4.16)

and

LP =
[(

V
V0

)2 (
V
V0

)1 (
V
V0

)0
1
2
(vdid + vqiq)

]⊤
(4.17)

LQ =
[(

V
V0

)2 (
V
V0

)1 (
V
V0

)0
1
2
(vqid − vdiq)

]⊤
(4.18)

Note the addition of the ηE and γE terms which capture the power consumed by the E
part of the load. Moreover, it is now the case that the load consumes real and reactive power
not only as a function of the voltage at the load bus, but also as a function of the current
drawn by the load. 1

4.3 Load composition

Based on a study of the literature, there is no standardized way to choose ZIP load coefficients
based on an understanding of the load behavior. Therefore, we outline modeling options
based on what industry has done, and propose alternatives.

One option is as it was done in the 1980s [11]: real power loads as static constant current
loads, and reactive power loads as static constant impedance loads. Another is what was
done in the 2000s: real and reactive power loads as static ZIP loads, as in (4.9) and (4.10).
However, it’s not clear how to select coefficients [54]. Based on [54], the USA is the only
country where a substantial number of industry members run simulations with composite
load models. [51] proposes a few coefficient options for the last two options.

New scenarios and benchmarks

We consider a constant impedance test case as a benchmark, as this is the most common
load type in research. We consider cases with P or E load contributions (through ηP and ηE,
respectively) in 10 percentage point increments from 0 to 100% with the remainder of the

1We develop ZIP-E loads.jl, an open source Julia-based package to extend the modeling capabilities
of PowerSimulationsDynamics.jl (PSID.jl). It leverages already available models in PSID.jl to allow
the user to model ZIP-E load variations.

https://github.com/gecolonr/ZIPE_loads.jl
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Figure 4.1: Modified IEEE 9 bus test system. SM at bus 1 (reference bus), VSM GFM at
bus 2, GFL at bus 3. Note that we do not use a slack bus for our simulations.

load constituting of equal parts Z and I, thus comparing ZIP loads to ZI-E loads by choosing
η,γ as follows.

η = γ =


1−x
2

1−x
2

x
0

 ,


1−x
2

1−x
2

0
x

 ∀x ∈ {0, 0.1, . . . , 1.0}

Note that for each x we have a particular load portfolio. Constant power and full E
loads are defined by x = 1.0. This comparison will allow us to test differences of the effects
modeling power electronic loads as P loads or E loads.

4.4 Test Case

In this work, we use the IEEE WSCC 9 Bus test case shown in Fig. 4.1. It is composed
of a synchronous machine (SM), a grid-forming converter (GFM) operating as a virtual-
synchronous machine (VSM), and a GFL inverter as sources. It has three loads, and six
transmission lines. For lines, we use algebraic and dynamic π line models, statpi and dynpi
respectively. Models and data for these devices are according to [10, 38]. We stay consistent
in our choice of model for purposes of comparing results across papers.

Experiments

The network’s nominal operating condition is found by solving a power flow, and then loads
are scaled by a constant factor we denote load scale. We then scale all generator power set
points in proportion to load scale. For each load model, for each line model, and for each
load scale value, we run a small signal and transient analysis.
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For the small signal studies, given a single load scale value (or, equivalently, a network
loading condition), all line and load models will produce the same power flow solution. We
verify the stability of this operating condition to address our guiding questions.

For the transient analysis, we trip the second heaviest loaded branch as given by the
power flow solution, which is the line connecting buses 4 and 5 in this case. We choose to
measure the current flowing into the network at Bus 3 as a proxy variable for inverters since
it could be saturated if control limits are reached. We evaluate time domain simulations to
see current behavior difference to address our guiding questions.

Figure 4.2: Network eigenvalues with dynpi line model at load scales of 0.2, 0.5, and 0.8
increasing to the right.

4.5 Simulation Results and Analysis

Code and results are publicly available in our GitHub repository for reproduction, which
includes a set of interactive plots for the reader to further explore our results if interested.

Small Signal Analysis

Load model effect

When comparing eigenvalues of ZI-E loads with high E values to ZI-E loads with low E
values, there was no consistent trend. Some shifted to the right, others to the left, this is
likely dependent on the influence of particular states on those eigenvalues. This is also true
for ZIP loads. This can be appreciated in Fig. 4.2.

Results further showed that at low network loading levels, load model variations had
limited effect on eigenvalues and thus on stability conclusions. This can be seen in the
leftmost plot in Fig. 4.2, with all load models concluding in a stable operating condition.

https://github.com/gecolonr/loads
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Figure 4.3: Eigenvalues at load scale = 1.0 for dynpi (top) and statpi (bottom) line models.
ZI-E loads are in blue and ZIP loads are red in 10% increments as given by the heatmap bar
on the right.

Figure 4.4: Bus 3 inverter current magnitude after a branch trip on line 4-5 with dynpi lines.
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Figure 4.5: Transient simulation of Bus 3 inverter current magnitude after a branch trip of
line connecting Bus 4 and Bus 5. load scale = 0.25.

This suggests that when the network has enough buffer between the operating condition and
the instability boundary, the choice of load model has a small impact on system behavior
and stability conclusions.

As we increase the network loading, however, we find that ZIP load cases move the
eigenvalues to the right more quickly than ZI-E loads. Several cases showed a stable operating
conclusion with ZI-E loads, but an unstable conclusion with ZIP loads. The center plot in
Fig. 4.2 shows an example.

As the network loading further increased, we found that the eigenvalues for ZIP load cases
were very far right on the complex plane, whereas eigenvalues for ZI-E cases were unstable
but very close to the jω axis with real parts less than 1. This suggests that, despite being
an unstable operating condition, it is much more stable relative to the common industry
practice of ZIP loads. This can be appreciated on the rightmost plot of Fig. 4.2. Further,
because these ZI-E cases are barely unstable, this operating condition might be stable with
differently tuned controller gains for the generating devices.

Lastly, in addition to eigenvalues moving to the right under higher loading, the effect
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of load model on a particular eigenvalue is more pronounced as evidenced by more spread
eigenvalue maps on Fig. 4.2 as loading increases.

These results support the hypothesis that a low stability margin correlates with higher
sensitivity to load model choice presented in [29]. In situations where the distance to the
instability boundary is small, modeling constant power loads with the typical algebraic
model could lead to significantly overestimated instability. The E component seems to aid
in remedying this.

Load model effect with line dynamics assumption

A consistent theme across all cases was the stabilizing effect of the dynpi line model, partic-
ularly at higher load scales. An example of this can be seen in Fig. 4.3 where eigenvalues for
the stapi model have significantly larger real parts relative to dynpi model. For the statpi
model we found several cases in which there is a singularity where an eigenvalue moves from
minus infinity to positive infinity as loading is increased, suggesting a modeling limitation.
This does not happen for the dynpi model. Further, dynpi lines tended to filter out many
high frequency eigenvalues with the exception of complex conjugate pairs with frequency of
about 12.5 kHz suggesting they could be high frequency states of the dynamic lines, these
are the cluster on the top plot of Fig. 4.3. All other eigenvalues had frequencies less than
1.2 kHz, whereas for the statpi case, many unfiltered modes had frequencies of about 4-5
kHz. Further, we had several line parameters and changing between them didn’t significantly
affect the placement of the least stable eigenvalues nor the dynamic behavior of the variables
we considered.

Transient analysis

For the transient analysis, we measure the magnitude of the GFL inverter’s filter current at
Bus 3.

Load model effect

We typically saw two families of traces post disturbance: one trace family for ZIP loads
and another for ZI-E loads. When they both converged, they had the same steady-state
solution but different ways to reach it. Cases with ZIP loads had larger overshoots relative
to cases with ZI-E loads. Further, ZIP cases with larger P percentages tended to have larger
amplitude than those with lower P percentages. The same was true for ZI-E cases. This can
be appreciated in the leftmost plot of Fig. 4.4.

Further, as load scale increased, cases with higher ZIP were the first to destabilize, which
is consistent with the small signal analysis. This is further appreciated in the center and
rightmost plots in Fig. 4.4 where several of the high-P cases fail to converge, and those that
do converge have significantly larger overshoots relative to all the ZI-E cases. This implies
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that E loads induced more damping relative to P loads for both low and high-frequency
oscillations.

The long-term oscillations of the ZI-E loads were not ultimately problematic. In stable
cases, they disappear quickly, and in unstable cases, they follow a similar trend to ZIP loads.

Load model effect with line dynamics assumption

High-frequency oscillations on statpi lines were seen for both high-E and high-P loads, but
decreased rapidly with decreasing E or P percentage. Only high-E loads show these oscilla-
tions because in high P cases they grew too large and the simulations did not converge.

In most cases, the dynpi line model clearly filters thr 4-5 kHz frequency modes in the
system present in the statpi case. This is consistent with the small signal analysis, and can
be appreciated in Fig. 4.5.

Network loading

Under this SM-GFM-GFL generation configuration, the network loading needed to be low
(load scale = 0.2) to ensure a stable operating condition for all load and line models. We
compared this to the case with SMs in all generation buses and found that for load scale = 1.0
the network equilibrium was stable except for ZIP loads with ηP > 0.4 with both stapi and
dynpi lines. This complements the finding that ZIP loads are the most difficult loads to
stabilize, and speaks to the relevance of generation configuration contributing to the stability
of the equilibrium condition.

Computational burden

Networks with ZI-E loads have about 30 more dynamic states than those with ZIP loads due
to the three E loads. Despite that, we found that statpi cases’ runtime was not significantly
impacted, and dynpi simulations with ZI-E loads ran 7 − 10× faster than corresponding
ZIP load cases, suggesting that ZIP loads can be more computationally intensive than cor-
responding ZI-E loads.

4.6 Conclusions

In this work we perform small signal and transient stability analyses for power systems using
a new composite load model, ZIP-E loads, for more realistic power electronics load modeling
of power systems at the transmission level. We further develop ZIPE loads.jl, an open-
source load modeling package to model these loads in PSID.jl. We perform experiments on
the IEEE WSCC 9 Bus test case to test how changing line and load models affect stability.

In the context of our guiding questions, we found that: i.) The choice of load model
matters less when the network is lightly loaded, which corresponds to when the operating
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condition is far from its stability boundary. As the system is more heavily loaded and
approaches the stability boundary, eigenvalue placement changes more drastically in relation
to the load model, and ZIP loads result in an unstable operating condition significantly earlier
than corresponding ZI-E loads. ii.) ZI-E loads showed a different family of traces relative to
ZIP loads: they showed more damping, significantly smaller overshoots, and convergence to
the slow modes much quicker. While overall trajectories of ZI-E loads are different than ZIP
loads, they have the same steady state behavior in cases where both converge, as expected.

We conclude that in general load models are important for both small signal and tran-
sient analysis for power system, especially under stressed conditions. Approximating power
electronics loads behavior as ZIP loads could result in unrealistic unstable conclusions far
more quickly than could actually happen. The conclusions drawn from cases with ZI-E loads
can be significantly different from those with ZIP loads both for small signal and transient
analysis. Because of the large amounts of power electronic loads getting connected on the
network, we believe ZIP-E loads make a promising attempt and capturing their dynamics so
that we can arrive at reliable and trustworthy results.

This work results in the following recommendations: i.) if a particular system is op-
erating at a condition far from a stability boundary, and that is known prior to running
a simulation, pick the least expensive computational load or easility to interpret model, a
constant impedance model would be suitable, ii.) if the network is close to a stability bound-
ary, constant power loads will overestimate instability, therefore, use ZI-E load models, iii.)
between statpi and dynpi line models, use dynpi for both transient and small signal analyses.

Future work includes changing the location of the generators, the generation portfolio,
and varying the system’s grid strength to explore low-frequency oscillations.
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Chapter 5

Analysis of relationships between abc
and dq reference frame signals

Previous chapters have looked at modeling specific components at the generation, transmis-
sion and load level for power system analysis. In this chapter, we take a general modeling
framework applicable to all levels of power system modeling to understand the relationships
between signals with frequencies across different coordinate or reference frames. Specifically,
we derive precise relationships between signals in abc and dq coordinate frames for modeling
and producing specific conclusions for power systems.

Introduction

Power systems are modeled relative to a specific choice of coordinate frame. This influences
the mathematical model that describes its physical behavior. Depending on the application,
a particular choice of reference frame may be desired over another in order to facilitate the
analysis.

The static abc reference frame is the first introduced in power systems engineering because
it represents its physical behavior. Other reference frames include the αβ0 frame, another
static reference frame, and the rotating dq0 reference frame. Modeling with respect to these
reference frames is done by projecting a space phasor onto the abc, αβ0, and dq0 frames
[67]. A signal modeled in one of these reference frames can be converted to another via
transformations. In the specific case of balanced three phase abc signals, which we will focus
on in this chapter, the 0-component of either the αβ0 or dq0 representation is zero for all
time. We therefore drop this component and refer to αβ and dq coordinate frames.

A three phase balanced abc signal is characterized by an amplitude and phase angle be-
cause the phase shifts are predefined to be 2π

3
between each pair of phases, and the frequencies

of all signals are the same. Thus three signals are a redundant description of the behavior.
All the information in the three abc signals can be captured by two signals in the static
αβ frame. Note that because the abc and αβ reference frames are static, a space phasor
projected onto either frame will produce signals of the same frequencies.
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A dq reference frame rotates at a particular frequency. System representations in this
coordinate frame are useful for power system analysis because signals that oscillate in the
abc frame at the dq reference frequency will converge to constant values in the dq state space.
This makes analysis and control more straightforward in the dq frame.

Transmission system operators (TSOs) are interested in oscillations in the abc frame
since this is what is physically measured, yet it is often convenient to perform power system
analysis in a dq reference frame. Therefore, a precise understanding of how oscillations in
the dq frame project onto the abc frame and vice-versa is necessary. While transformations
between the reference frames are well understood, some information is hard to keep track
of during the transformation process. Given a time domain abc signal, it is straightforward
to apply a transformation and project it onto the dq frame, however, the corresponding
frequencies in the dq frame are not obvious.

While ideas to map frequencies in the dq frame to abc have been discussed in the litera-
ture, a precise mapping between them has yet to emerge. For example, [57] and [48] present
geometric interpretations of the translation of signals across frames. While providing useful
intuition on the geometry of the transformations, they do not provide a mathematical rela-
tionship between the frequencies of signals abc and αβ frames to the dq frame, nor vice-versa.
In [66], the authors state that the relationship between dq and αβ signals is dependent on
the control structure and further claim that “it is not straightforward to predict the actual
oscillations in the αβ-frame based on the modal analysis results in the dq-frame”. In [65],
the authors claim – without rigorous support – that a difference in symmetry (different dy-
namics on the d versus q axis) results in specific oscillations in the αβ frame. The current
chapter takes a signals-based approach to address this gap in knowledge about transforming
dq signals to αβ or abc.

5.1 The space phasor and its projections

The space phasor is an abstract quantity that is projected onto the different coordinate
frames to generate signals in different frames. Consider an abc three-phase balanced signal
as follows:

xa(t) = x̂ cos(ωt+ θ0), xb(t) = x̂ cos(ωt+ θ0 − 2π/3), xc(t) = x̂ cos(ωt+ θ0 − 4π/3)

with identical magnitudes x̂, identical frequencies ω = 2πf , and phase angle θ0 with phase
shifts of 2π

3
between all phases. Note that xa(t), xb(t), xc(t) are one-dimensional continuous

functions.
A space phasor is defined by

x⃗(t) ≡ 2

3
(xa(t)e

j0 + xb(t)e
j2π/3 + xc(t)e

j4π/3) (5.1)

where ejz = cos(z) + j sin(z), with j =
√
−1, is a rotation of a signal by z radians. Note

that x⃗(t) = x̂ej(ωt+θ0) =
√
2xejωt, where x = 1√

2
x̂ejθ0 is the traditional definition of the RMS
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static phasor when we have the three phase balanced signals above. Given a space phasor,
we will be projecting onto the abc, the αβ, the dq coordinate frames.

abc frame

Given a space phasor x⃗(t), the abc components are:

xa(t) = Re{x⃗(t)}, xb(t) = Re{e−j 2π
3 x⃗(t)}, xc(t) = Re{e−j 4π

3 x⃗(t)}

αβ frame

The α and β components are defined as

xα(t) = Re{x⃗(t)}, xβ(t) = Im{x⃗(t)}

i.e. x⃗(t) = xα(t) + jxβ(t).

dq frame

dq components are related to the space phasor as follows:

xd(t) = Re{x⃗(t)e−jϵ(t)(t)} xq(t) = Im{x⃗(t)e−jϵ(t)(t)}

Here, ϵ(t) = ϵ0+
∫ t

0
ω(τ)dτ , where ϵ0 is a constant phase angle offset, and ω(t) is the frequency

of the rotating frame. For constant ω(t) = ω0, ϵ(t) = ϵ0 + ω0t. If ω0 = ω (the frequency of
frame rotation is the space phasor’s frequency), then

xd(t) + jxq(t) = x̂ cos(θ0 − ϵ0) + jx̂ sin(θ0 − ϵ0)

Since θ0 and ϵ0 are constant, cos(θ0−ϵ0) and sin(θ0−ϵ0) are as well. Therefore if the reference
frame rotates at the signal’s frequency, then time-varying signals in the abc and αβ frames
project to static quantities on the dq frame.

Note that the notation in this section uses the subscript of the x variables to refer to
the reference frame relative to which this variable is measured. Due to indexing, reference
frames, and different variables all being degrees of freedom that we need to choose, we slightly
abuse notation throughtout this work while making it clear what subscripts mean in each
case.

5.2 abc signals to dq signals

A single phase time domain evolution can be represented as the superposition of N signals
with constant different amplitudes x̂i, frequencies ωi = 2πfi, and phase shifts θi, as follows:
xa(t) =

∑N
i=1 x̂i cos(ωit+ θi), xb(t) =

∑N
i=1 x̂i cos(ωit+ θi − 2π/3), xc(t) =

∑N
i=1 x̂i cos(ωit+
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θi − 4π/3). Each three pair of signals will have its own space phasor, all of which superpose
into a composite space phasor:

x⃗(t) =
N∑
i=1

x̂ie
jθiejωit. (5.2)

We can project this onto the coordinate frames of interest to inspect how signals manifest.
Note that in general x̂i can be a function of time, x̂i(t).

Projection onto the αβ frame

The αβ components are

xα(t) =
N∑
i=1

x̂i cos(ωit+ θi) xβ(t) =
N∑
i=1

x̂i sin(ωit+ θi).

Observations

• The amplitudes x̂i, frequencies ωi = 2πfi, and phase shifts θi of the αβ components
are those of the abc components, and of each other: these quantities are preserved from
abc.

• There is a phase offset between components from cos(·) in α and sin(·) in β. For fi > 0,
the β component lags the α component by π

2
. For fi < 0 β leads α by π

2
.

• α and β components of arbitrarily many superimposed three phase balanced abc signals
are also superimposed.

Projection onto the dq frame

The dq components are

xd(t) =
N∑
i=1

x̂i cos((ωi − ω0)t+ θi − ϵ0) (5.3)

xq(t) =
N∑
i=1

x̂i sin((ωi − ω0)t+ θi − ϵ0). (5.4)

Observations

• The αβ observations in Section 5.2 also apply for dq.

• Three phase balanced abc signals will project with frequency |fi−f0| on dq axes. Thus,
frequencies fi < 2f0 in abc will manifest as less than f0 in dq, implying that two abc
frequencies can result in the same dq frequency.
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5.3 dq signals to abc signals

In this section we consider transforming dq signals into abc signals. We take a slightly
different approach here because it is common to write a dq representation of a system in
linear state-space form. While this is also possible with an abc representation, due to the
nonlinearity of power systems, an equilibrium point is required for the linearization process
and choosing one in abc coordinates does not have a clear meaning because equilibria are
technically limit cycles and not points. On the contrary, a nonlinear power system model in
dq coordinates can be linearized around an equilibrium point because sinusoidal trajectories
in abc converge to points in dq.

Consider linearized dynamics around an equilibrium point for a system modeled in the
dq reference frame

ẋ = Ax

where x ∈ Rn is the differential state vector for the linearized system, and A ∈ Rn ×Rn is
the state matrix. Note that in this section x refers to the n-dimensional state vector in dq
coordinates.

When A is diagonalizable, the time domain evolution of the states can be written as
x(t) =

∑n
i=1 e

λitx(0) where λi = γi + jξi is the ith eigenvalue, and x(0) ∈ Rn is the initial
condition. When A is not diagonzalizable, its Jordan form can be computed and a similar
process can be followed.

Further, if the eigenvectors of A are linearly independent, then they form a basis for
the vector space and the initial condition x(0) can be expressed as their linear combination:
x(0) =

∑n
i=1 civi, where vi ∈ Cn is the ith eigenvector, and ci ∈ C are the corresponding

coefficients to make the initial condition a linear combination of the eigenvectors. Therefore,

x(t) =
n∑

i=1

cie
γitejξitvi (5.5)

A particular state xk(t) of the state vector is then

xk(t) =
n∑

i=1

cie
γitejξitvki =

n∑
i=1

ci|vki|eγitej(ξit+θki) (5.6)

where xk(t) is the k
th entry of x(t), and vki ∈ C is the kth entry of eigenvector vi; expressed

in polar form as |vki|ejθki . Note that in this section our notation corresponds to subscripts
of x of refer to an entry (or row) of x, which is different than previous sections.

Without loss of generality xk(t) can be said to be the d component of any dq variable in
x(t), and xl(t) the corresponding q component. Therefore, a dq variable can be expressed as
xk(t)+jxl(t). Using polar form, we project the d signal on to the αβ frame by yk(t)+jyl(t) =
(xk(t) + jxl(t)) e

j(ω0t+ϵ0), where yk(t), yl(t) are the corresponding αβ representations of the
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variables. When we apply this, we arrive at

yk(t) + jyl(t) =
n∑

i=1

ci|vki|eγitej((ξi+ω0)t+θki) + j

n∑
i=1

ci|vli|eγitej((ξi+ω0)t+θli) (5.7)

Recall that λi = γi + jξi, meaning that the ξis are the frequencies of the dq variables.
We now note that all eigenvalues that are purely real will have ξi = 0, i ∈ {1, . . . , n}, and
those that have ξi ̸= 0 will appear in complex conjugate pairs. Therefore frequencies ξi ̸= 0
will have an associated −ξi term.

By inspecting (5.7) it can be seen that all frequencies ξi + ω0 will appear in the αβ
representation of the variables, and, therefore, in the abc representation as well. However,
we explore the case in which it is possible for only some, not all, of the frequencies to show
up.

Let us consider the case of a pair of complex conjugate eigenvalues

λ1 = γ1 + jξ1

λ2 = γ2 + jξ2 = λ∗1 = γ1 − jξ1.

Note that the corresponding eigenvectors will be complex conjugates of each other, v2 = v∗1,
resulting in its entries |vk2|ejθk2 = |vk1|e−jθk1 , ∀k ∈ {1, . . . , n}. Further, using j = ej

π
2 , we

can rewrite the αβ variables in (5.7) as follows.

yk(t) + jyl(t) = c1|vk1|eγ1tej((ξ1+ω0)t+θk1) + c2|vk1|eγ1tej((−ξ1+ω0)t−θk1)

+ c1|vl1|eγ1tej((ξ1+ω0)t+θl1+
π
2
) + c2|vl1|eγ1tej((−ξ1+ω0)t−θl1+

π
2
)

+
n∑

i=3

ci|vki|eγitej((ξi+ω0)t+θki) +
n∑

i=3

ci|vli|eγitej((ξi+ω0)t+θli+
π
2
)

We now focus our analysis on the first four terms which will contain the information on a
pair of complex conjugate eigenvalues. We note that if, for example, the −ξ1 terms sum
to zero, this frequency will not appear in the αβ frame. This is captured in the following
equality constraint.

c2e
γ1tej((−ξ1+ω0)t)

(
|vk1|e−jθk1 + |vl1|e−j(θl1−π

2
)
)
= 0, ∀t (5.8)

From inspection it is clear that c2e
γ1tej((−ξ1+ω0)t) ̸= 0 because the ci’s are the coefficients

to represent the initial condition as a function of the eigenvectors. So, for this condition to
hold the term within parethesis must be zero, for which it is necessary that |vk1| = |vl1|,
which reduces the condition to

(
e−jθk1 + e−j(θl1−π

2
)
)
= 0, ∀t.
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Using −1 = ejπ, this reduces to e−jθk1 = −e−j(θl1−π
2
) = e−j(θl1−π

2
−π). This implies that

−θk1 = −θl1 + 3π
2
.

Therefore, we have established that (5.8) holds when both |vk1| = |vl1| and θl1 = θk1+
3π
2
.

This implies that the eigenvector v1 has two entries, k, l, that share the same magnitude
and share a specific phase relationship, namely one leads the other by 3π

2
. So, for this to be

true, two conditions need to simultaneously hold: the magnitude condition, and the phase
condition.

A similar condition is obtained when setting the terms with +ξ1 to zero. In this case,
|vk2| = |vl2| and θl2 = θk2 +

3π
2
. This means that the relevant information for this case is

associated to eigenvector v2.
It is worth noting that if |vk1| = |vl1|, then it will also be true that |vk2| = |vl2| because

v2 = v∗1. It can also be proven that only one of the angle conditions can be true at once.
Therefore, which of the angle conditions is satisfied will determine which frequency, ξ1 or
−ξ1, persists in αβ coordinates. If both conditions are not satisfied at once, then both
frequencies will appear.

This analysis can be extrapolated to any n and can be analyzed on an individual state
(other indexes different from k, l) or eigenvalue (different indexes from 1, 2) basis. This will
uniquely be able to inform how dq frequencies ξi will show up in αβ.

To summarize, for a non-zero dq eigenvalue frequency, there are three possibilities as to
how it may appear in the αβ and abc reference frames. Knowing that they will appear in
complex conjugate pairs, and without loss of generality saying that ξ2 = −ξ1, the results are:

• For a pair of dq states with indexes k, l only a frequency of ξ1 + ω0 will appear if both
|vk2| = |vl2| and θl2 = θk2 +

3π
2
hold.

• For a pair of dq states with indexes k, l only a frequency of −ξ1+ω0 will appear if both
|vk1| = |vl1| and θl1 = θk1 +

3π
2
hold.

• For a pair of dq states with indexes k, l both ξ1 + ω0 and −ξ1 + ω0 frequencies will
appear if any of the two conditions (magnitude or angle) do not hold.

Observations

• Constants in dq (ξi = 0) have frequency ω0 = 2πf0 in abc.

• In general, frequencies ξi = 2πfi in dq will show up as two signals in abc: one of
frequency |f0 + fi| and another with frequency |f0 − fi|.

• Note that if f0 − fi < 0, the signal will still have frequency of |f0 − fi|. The negative
will imply that there is a π phase shift on the signal.

• When specific angle and phase conditions are met, only one of the two possible |f0+fi|
and |f0 − fi| frequencies will appear in abc.
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These results are in alignment with those found from projecting three phase abc balanced
signals onto the dq frame.

Amplitude modulation in abc from sub- and supersynchronous
modes

When fi < 2f0, abc signals will generally have oscillations at both sub- and supersynchronous
frequencies (i.e., when one of magnitude and phase conditions is not satisfied), and those
frequencies will be equally far from f0: ||(f0 + fi)| − f0)| = ||(f0 − fi)| − f0|. This implies
that

cos(2π(f0 + fi)t) + cos(2π(f0 − fi)t) = 2 cos(2πfit) cos(2πf0t)

which corresponds to amplitude modulation of a signal at frequency at which the dq frame
rotates, f0, by another of frequency of the dq signals fi.

5.4 Conclusions

In this chapter we present a detailed analysis on how to precisely predict how a dq analysis
can be used to make conclusions about abc quantities. While these conditions are sufficient
for the conclusions presented, further study is required to determine if they are also necessary
conditions.
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Chapter 6

Summary and conclusions

In this thesis I have presented an electrical engineering approach to address the modern
societal challenge of climate change in the 21st century, and the changes occurring in modern
power systems due to the use of new technologies. Using mathematical modeling methods, I
present conclusions and recommendations that enhance our understanding of modern power
systems.

Chapter 1 introduces the societal problem of climate change, its impact on human quality
of life, and recent trends suggesting that renewable energy resource adoption will continue
to increase. Along with this increase, electrical power systems are seeing rise a series of en-
gineering challenges which are also introduced and are present in all levels of power systems:
generation, transmission, and consumption of electricity.

Chapter 2 tackles this challenge at the generation level. It presents the first known
provably safe hybrid control for sinusoidal reference tracking of the half-bridge inverter that
is able to consider a changing reference signal coming from a grid-forming control strategy.

Chapter 3 takes another vantage point and tackles this challenge at the transmission level.
It shows the results of detailed small signal and dynamic simulation studies to determine what
level of transmission line modeling fidelity is required for modern power system analysis to
achieve conclusions that are accurate in modern power systems. It concludes that a dynamic
π transmission line model is a suitable model choice for accurate results in small signal and
dynamic simulation analysis of power systems.

Chapter 4 also looks this challenge from the load perspective. It presents a newly pro-
posed ZIP-E load model able to capture the industry standard ZIP load, alongside a dynamic
power electronic inverter model. We perform small signal and dynamic simulation analysis
to see how changing load profiles to reflect modern loads affects stability conclusions, and
find that power electronic loads actually enhance grid stability.

Lastly, Chapter 5 provides a precise theoretical result allowing us to perform dq power
system analysis and make conclusions about abc signals and behavior.

Altogether, the contributions in this thesis advance our understanding of modern power
systems and provide a pathway for future work. Some examples of alternate directions for fu-
ture exploration include: a grid-forming load concept to further enhance grid stability, using



CHAPTER 6. SUMMARY AND CONCLUSIONS 70

the abc/dq signal relationships to understand how grid parameters influence abc frequencies,
and using dq analysis to study subsynchronous oscillations.



71

Bibliography

[1] Carolina Albea et al. “Hybrid control scheme for a half-bridge inverter”. In: IFAC-
PapersOnLine 50.1 (2017), pp. 9336–9341.

[2] Catalin Arghir, Taouba Jouini, and Florian Dörfler. “Grid-forming control for power
converters based on matching of synchronous machines”. In: Automatica 95 (2018),
pp. 273–282.

[3] Hans-Peter Beck and Ralf Hesse. “Virtual synchronous machine”. In: 2007 9th Inter-
national Conference on Electrical Power Quality and Utilisation. IEEE. 2007, pp. 1–
6.

[4] Jef Beerten, Salvatore D’Arco, and Jon Are Suul. “Frequency-dependent cable mod-
elling for small-signal stability analysis of VSC-HVDC systems”. en. In: IET Genera-
tion, Transmission & Distribution 10.6 (Apr. 2016), pp. 1370–1381. issn: 1751-8695,
1751-8695. doi: 10.1049/iet-gtd.2015.0868.

[5] JP Bérard. IEEE 9 Bus System Example. OPAL-RT, 2017.

[6] G Bilicic and S Scroggins. LAZARDS LCOE+ (April 2023). 2024.

[7] Francesco Borrelli, Alberto Bemporad, and Manfred Morari. Predictive control for
linear and hybrid systems. Cambridge University Press, 2017.

[8] Jean Buisson, Pierre-Yves Richard, and Hervé Cormerais. “On the stabilisation of
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