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Summary

This work is a generalization of Tsypkin's stability criterion
for a class of time-varying nonlinear sampled-data feedback systems.
Also sofne sufficient conditions for the response to any bounded input
sequence to be bounded are presented. In this pPaper, no assumptions
are made concerning the internal dynamics of the linear subsystem,
except that its input-output relation is of the form of convolution. The
essence of the proof is to consider the nonlinear system as a perfurbation

of a stable linear system.
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On the Stability of Nonlinear Sampled-Data
Feedback Systems

Chi-Tsong Chen

I, .D.e.sciriptiqn of the System

The system considered in this paper is a sampled-data feedback
system of the type shown in Fig. 1. It is assumed that its linear and
nonlinear parts, G and N, are separated by an ideal sampler [6] The
sampling period, T, is assurr-xed‘to be constant, Since the theory of '
disfributions is well established, there is no difficulty in interpreﬁng
expressions involving Dirac-$ functions, Thus, if the input to the sampler

fore)

is x(t), its output will be x¥(t) = Z x(n)6(t-nT). For brevity, {x(n)}
n=0

will be used to den§te the sequence. {x(0), x(1), ..., x(n), ... } Using
z-transform, the behavior of the sampled-data system is characterized
only at the sampling instants. This is usually enough in practical applica-
tions, because the hidden oscillation can be easily predicted and avoided by
changing the sampling period. Therefore, in this paper, only the p'erfqrmance
;t the sampling instants will be cqnsidered.

N is a memoryless, time-varyihg nonlinear element, continuous
with respect to its two arguments; furthermore there are two constants

[31 and [32 such that (32 >0, {32 > pl and
¢(g, n)
(N.1) f31_<.-—5:——5.@2: for ¢ #0

go(O; n) =0, for all n (the set of natural numbers).
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G is a nonanticipative, linear, time-invariant subsystem; it
usually consists of a zero-order hold [7] and a linear plant. Let g(t)
be its unit impulse response, g¥(t) its sampled impulse response;

oo}
then g*(t) = z g(n)6(t - nT). Thus the input-output relation of G is
n=0

given by

v n
(G.1) y(n)=z(n)+ ) gln - m)x(m)
m=0
where {x(n)} is the input sequence, {y(n)} its output sequence, {z(n)}
its sampled zero-input response.
It is assumed that .{z(n)} satisfies the following condition:

. o0
(G.2) For all initial states, {z(n)} 2% i.e., D |z(n)]? < oo,
n=0

It is noted that z(t)e LZ(O ) does not imply {z(n)}e .22. However,
2

we have {z(n)}e 2% s z(t) eLZ(O oo)n LOO(0 oo). and is piecewise con-
. ? ?

tinuous,.
Defin:_ition
Ny $ gme
G(z) = (n)] = g(n)z
* 5[g n=0
o Bt By
2
H(z) & BS(2)
1+ BG(z)



(o]
hi(t) & 77 [H(z)) = 3 B(n)s(t - nT)
n=Q

¢(c,n) 2 ¢(c, n) - Bo
Q0

Inl, 2 Zolh(n)l

af § P p a
“z"p=(n2=012(n” ) , 1<p <o, "z"oo= s§p|z(n)|

II. Sufficient Conditions for Stability

Recently, Tsypkin [l, 2] applied the famous Popov method to
establish the sufficient conditions for the stability of the system shown
in Fig. 1. Jury and Lee [3] éxtended his result to obtain less conservative
sufficient condiﬁons by adding restrictions on the slope of the nonlinearity.
Though not stated explicitly, Tsypkin considered only the linear suBsystem
with rational transfer function. In this paper we remove this restriction

and present a different proof which is analogous to that of Sandberg [4].

Theorem 1
In the sampled-data system shown in Fig. 1, N is a2 memoryless,
time-varying nonlinear element satisfying (N.1), G is a nonanticipative.

linear time-invariant subsystem satisfying (G.1) and (G.2). I

(o0 .
(1), {gmles’, e,  lg@m|<o

n=0
() ot |1+ 8G(2)| >0, for B <B<B,
B2 - B G(ei"’T)
(i) y*® ———— max T <1

2 -m<wT<n
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~then for any input {u(n)} e 2 2, and for any initial state, the output
sequence {y(n)} is an element of 12, hence is a bounded sequence which

tends to zero as n—>oo.

Remarks
& -n 1
(a) G(z) = Z g(n)z with {g(n)}e £", in general, cannot be
- n=0

put in a closed form nor is it a rational function of z. Although G(z)
is analytic for Iz |> 1, nothing can be said about the singularities inside
the unit circle; for example, the singularities need not be isolated,
there.fore the residue theorem is generally not applicable.

(b) It is interesting to note, if (ii) is not satisfied, a non-
anticipative linear part G may result in an anticipative closed loop
system. For example, let the nonlinear part N be linear, let the
slope of its characteristic B be 1, and let G(z) = -1 + z-l; then the
closed loop transfer function is H(z)= -z + 1, i.e., H(z) is anticipative.

(c) If the system is linear, then vy = 0 and the condition (iii)
drops out; conditions (i) and (ii) are then the necessary ahd sufficient

conditions for the linear system to be stable.

Proof of Theorem 1

Before we start to prove the theorem, we cite some well-known
facts. Consider the linearized sampled-data system as shown in

BG(z)

Fig. 2; then the closed loop impulse transfer function is H(z) =——
1+ BG(z)

[e0] QO
Since 1+ BG(z) = (1+ Bg(0)) + D Bg(n)z "2 ) g(n)z™", and since
n=1 n=0

-4-



{g(n)} e 2t implies {g(n)}e !1, it follows that 1+ BG(z) is analytic for
|z]|> 1. and continuous for |z|= 1. Thus, condition (ii) implies that
(1+ TB'G(Z))-1 is analytic for Izl> 1 and continuous for |z|= 1; there-
fore it has a Laurent expansion of the form %Ob(n)z.n valid for

n=
|z|>1. Wiener's result [5] implies that {b(n)} e ll, Because the
convolution of two 21 sequences is an zl sequence, it follows that
{n(m)} e £, '

Let %(n) be the output of the linearized system; then

. n
© 9(n) = z(n) + D h(n - m)[u(m) - z(m)] . D
- m=0 ‘

Since {h(n)}'e 11, if {z(n)}e 2% and {u(n)} e 2% then {F(n)} e 12.

Introduciﬁg f(n) and P, it is easy to see that (G,1l) can be

written as

n
> h(n - m)[u(m) - y(m), m] . (2)

m=0

y(n) = §(n) +—
B

Let o(n) 2 u(n) - y(n), %(n) 2 u(n) - 9(n), then Eq. (2) becomes

. n
o(n) = 6(n) -—= > hin - m)glo(m), m] . (3)
. B m=0

Given the sequence {@(n)}, {o(n)} may be calculated through
the recursive equation (3). The more interesting‘interpretation of
Eq. (3) is to consider it as the equation of a feedback system shown in
Fig. 3: {?]:-h(n)} is the impulse response of the linear subsystem, {6(n)}

is its zero-input response and {o(n)} is the output of the entire system.

-5-



Let us show that if condition (ii) is satisfied, the sequence
{c(k)} is such that o(n) is finite for all n. The only possibility for

o(n) to be infinite for some n is that -_l_h(O)a[a'(n), n]= o(n). Since

h(0) = lim H(z)= lim —BG(z) _ —-E&(-QL—, it is equivalent to

2> z>00 1+ BG(z) 1+ Bgl0)
—g-(;o)—ﬁ[v(n).nh -o(n), or g(0)= 2l . Since
1 + Pg(0) 5 4 8lo(n), o]
o(n '
l‘"”[“(n)'n]|<p2_ PL it implies 2 <g0) <2l for B >0; go)<ol
o(m) =Tz P B~ g B, 1. =5
for ﬁl = 0; and g(0) = B— g(0) < = pz fér 52 < 0. But these cases are

ruled out by condition (ii) when z—>co (lim |1+ BG(z)|= |1+ Bglo)|> 0
Z>Q0 :

for B <P <B,), therefore |o(n)|< 0 for all finite n.
Define {o*N(n)} as .the sequence {o(n)} truncated after its N-th '

. term, and EN(z) its corresponding z-transform, i.e.,

1]

n) = o(n) if n<N

N(
=0 if n>N
and

. A & -n N \ =n
ZN(z) = nZOO'N(n)z = Z o(n)z

n=0

Similarly for ’o}N(n) and %N(z). Multiplying z™? and taking the summa-

tion from 0 to some fixed N, ('3) becomes



M8

ol

B

N N _
goo‘(n)z n go@(n)z n_ _é-[ h(n - m)§(s(m), m)) o

0
. Q0 n
-2 ( 2 hin- m) (o ((m), m)) z"n]
n=N+]1'm=0
or
() = 8 (=) - éH(z)th(z) + V(z)
where
. - (o) -
2p(2) = 2 dloy(n), n)z™"
n=0
V(z) =1 § ( i h(n - m)3(c ‘.(m) m))'z."'n
B oeN+1\ A0 N '

V(z) is the z-transform of the zero-state response [starting from -
(N+1)-th sampling instant] as a result of {c‘b’(O'N(m), m)} being applied

to a system whose impulse response is {éh(n)} . Since. {O'N(n)} is of

P
finite length, EN(z), /2\(z), and ?DN(z) are polynomials, hence are all
convergent for |z|2>1. V(z) is also convergent for |z|>1, since itis
the z-transform of the convolution of two El sequences., It is convenient
flere to change the variable z to ein and apply Minkowski's inequality
to Eq. (3); then

' w/T . . 1/2 w/T . 1/2
( [ l ZN( elmT)-V( ele) [ Zdw) < < I lgN( ele) l Zdw)
-w/T : ' -w/T

1 /T T, iwT 2, \M?2
+-_E (f-v/TIH(e | )<I>N(e )l dw .



IS

Using Parseval's equality, the fact that EN(z) and V(z) have
no power of z-l in common, condition (iii), and the fact that

B, -
—%-—-——l-fo", we obtain

(e, )| <
1/2

N 1/2 o0 1/2 © o

§ 2 2 2 2

' (n) ) =<Z ) s.( + § )
(n:()lo. " I n=0 l".N'(n)[ nZO lo'N(n)l n:OlV(n)l

o 1/2 B,-B | . ~ Ca1/2
4D oy (n)-w )"') < 2L max]| H( “"T)< ( 2)
(nZO N v(n l - max[ .e I IIZO[O'N n)[

W

o 1/2 N 1/2 /N 1/2
+(Z |8 () lz) sv(Z Ia(nﬂ"‘) +(Z lmn)Iz) .
n=0 n=0 _ n=0

Since ?(n)_: u(n) - §(n), therefore {u(n)}eﬂz and {y(n)}eﬁz imply {G(n)}eiz;

thus

n=

N 1/2 N Al/2 [o's} 1/2
(Zol cr(n>l?‘) <t Zol'&(n) lz) s.ﬁ—( > [ow lz> <o (4)
n= n=

i.e., {o(n)}e 12. But y(n) = u(n) - o(n), it follows that {y(n)}e )22; hence
{y(n)} is a bounded sequence which tends to zero as n—>c. Q.E.D.
In case G(z) is a rational function of 2z, the condition (i) in the

theorem can be relaxed.

Corollary 1

In the theorem, we replace (i) by (i');

(i') G(z) is a rational function of 2

then the same conclusion holds.



Proof

(i') and (ii) imply that the rational function H(z) =BG{z)
: 1+ BG(z)
is analytic for |z|>a where a is a number <1; then {h(n)} ¢ 2%,
as can eésily be seen from the residue theorem. The rest of the proof

is the same as in the theorem. Q.E.D.

Remarks
(a) It is easy to see that if G(z) is a rational function of z,
_condition (ii) is equivalent to the Nyquist criterion. More pPrecisely,
if G(z) has q poles outside the unit circle, then 1 + BG(z) # 0, ]315_55_;32 for
[z[_>_ 1, if and only if the Nyquist plot of G{z) [8] does not go through the

critical interval [(—-é- 0), (—-é 0)1; and-encircles it q times in the clockwise direction.
1: 20 .

Let G(z) in Fig. 1 be a rational function of z with q poles
outside the unit circle, and let pz > Bl > 0, then the Corollary says: if
‘the Nyquist plot of G(z) [8] lies outside the disk with center at

1,,-1 -1 . 1,,-1 -1 . .
( --2—(51 + [32 ) O) and rachus» -2-((31 - (32 ), and encircles the disk

q times in the clockwise direction, then the system is stable, i.e., the

output sequence is bounded and tends to zero as n—>co,

(b) The boundedness of !ly"z can be given in terms of the norms
of the input sequence and the zero-input sampled response, From Kq. (4),

we obtain

loll, s =< 161 - (5)



0

since [olly 2 [yl - luly 181, < ol + 191, 2nd from
Eq. (), [¥0, < =1, + Il lull, + Il fzl, Eqa. (5) becomes

Ivll, - llullz_l + [z,
or
+ |n] Il || |
”Y”z—- T-vy l“ “2 1 “2“2 (6)
If h(in) 20 for all n, then “hﬂ = max "H(emT)H- 2By < 2B .
! w ‘3 B2 p1
In this case, Eq. (6) becomes
sy B . T
B,-B B,-B
Iyl s — =2t full, + — 2t [z,

28,
ST, - i fall, + =1,

Tileorem 2

In the sampled-data system shown in Fig. 1, N is a memoryless,
time-varying nonlinear element satisfying (N.1), G is a nonanticipative
linear time-invariant subsystem satisfying (G.1). If for all initial

states, {z(n)}eL™, i.e., |z < 0o, and if
~ ©

(i) {g(n}es’

(ii) inf |14 BG(z)| >0, for B <B<B,
|z]>1 |

B, - B
(i) @ = =—2||n[|, <1
2B

-10-



then for any {u(n)} e £, and any initial state, the output sequence
{y(n)} is an element of 2% (the response to any bounded input

sequence is bounded).

Remarks
} (a) This theorem is the discrete analog to the one in [9].
(b) Except for some special cases, it is not easy to obtain the ,
frequency domain interpretation for condition (iii);
(c) This theorem may be stated more generally, i.e., if
{z(n)} ¢ 4P, 1< p < o0, for all initial states, and if (i) (ii) (iii) hold,

then for any {u(n)}e £P, and any initial state, the output {y(n)}e 2P,

Proof of Theorem 2 -

Since condition (ii) implies that {h(n)} is nonanticipative, and

since ¢ 1is memoryless, from Eq. (3), we have.

GN(n) =®N(n) = h(n - m)"ﬁ[O-N<m): m] . (7)

NS

0

Since {h(n)}e ;@1, {u(n)} e 2P and {z(n)}e 2%, it follows that
{#(n)} e 2. We have shown that o(n) < oo for all finite n, therefore

we may take the norm and apply Minkowski's inequality to Eq. (7),

logll < Boygll + 2 sl
Then, from

-11-
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m=0 m=0

: n ) ' n , '
Inxa |l = szpl 2. h{n-m)§{oy(m), m)|< Str’;p[z | a(n-m) || 3o (m), m)ﬂ

ms=

Bz'ﬁl n ' B,-8
<22 sgp[zolh<n-m>||o-N<mu]s-ég-l-uwNumuhul

and condition (iii), we obtain
1 L1 .
|[°'N"°° Sm-"?N"m £ jf.';‘"ﬂ]w <o. ‘ Q.E.D.

Corollary 2

In Theorem 2, we replace (i) by (i')

(i') G(z) is a rational function of 2z

then the same conclusion holds.

III. Conclusions

Stability c‘riteria for a class of time-varying nonlinear sampled-
data~systems afe obtained. In the 12 case, because of Passeval's
equality, we are éble to obtain the stability criterion in the frequency
domain. The impulse transfer function of the linear subsystem is not |
assumed to be a rational function; therefore these criteria aré applicable
to a very broad class of systems. |

In the 12 _case, if G(z) is a ratianal function of 2z, the stability
region in the G(z)-plane is the same as in [2], though the analytic
form is .different. In this paper we use the linearized clésed-loop
sampled impulse response and some well-known facts about linear

systems. Therefore, we can apply Minkowski's inequality directly to

-12-
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the z-transform of the convalution equation which characterizes the

system,
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Fig. ‘1. Time -varying nonlinear sampledrdata

feedback system.
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Fig. 2, Linearized sampled-data feedback
system.

1

. R s,
“ .



(¢) .wm. jo'uonjerexdiojur woyshg ‘¢ B

+ Q=N

o

-16-



	Copyright notice 1965
	ERL-109
	Copyright notice 1964
	ERL-109


