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ABSTRACT

This paper considers some aspects of two dimensional random

- fields with a view toward application in representation of images. In

particular, §ve call attention to two possible properties which have
impoftant implications in terms of representé;tions. ’Th.ey are: {(a)
Second-o:rd.er hon'nogen'eity with respect to some groups of transforrpation;
(b) Markovian property. The most interesting results of this paper are
those concerning Gau;sian random fields which are both homogenec'n;.s

and Markov.
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Two-Dimensional Random Fields

and Representation of Images

1. Introduction

In an increasing number of information processing situations,
one encounters data which are most naturally presented in two-
dimensional form. In such situations time series or stochastic pro-’
cesses with a one-dimensional time parameter are no longer suitable
abstractions for the éignals and noise that a;re encountcred. The suit-
able framework for studying the random phenomena 'Aarising in these
image processing problems is the theory of random function with a
multidimensional parameter spaces, i.e., random fields. The purpose
of this paper is two-fold; first, to call attention to certain known results
which may have important implications in image representations, and
secondly, to present some new results concerning two-dimensional
random fields. The most interesting of these results concern the
characterization of Markovian random fields.

Consider a family of complex_—valued random variables
{f;‘z(w), z eEZ} defined on sqrné fixed but unspecified probability space.

2
Here, the parameter space E is the Euclidean plane. In this paper




we shall deal only with second-order random fields, i.e., finite first
and second moments, and assume the mean to be zero hereafter.
Furthermore, we suppose that the convariance function R(z, zo) is

' 2, .2
continuous on E" X E . Then, there is a version of §z which is

separable, Lebesque measurable, and locally integrable, and we assume
that such a versiOnl is always chosen.

. I‘l.; one‘t;.;lmt‘ension a zero-mean stochastic process x(t) is said
to be wide-sense stationary, if its covariance function is a function of

only the time difference, i.e., Ex(t):-:(é) = R(t - s).T' By Bochner's

theorem R(T) can always be written as .

2 Nt |
R(7) = S. e F(d)) . (1)
-C0 )
where F(°) is bounded and non-decreasing. The sample functions of
x(t) also admit a spectral representation
© ixa
e X

x(t) = (d\) ' (2)

=00

N . sy s .
where X(*) is a random measure {(completely additive random set function)

with

ERM2) = F(aNay. | (3)

The integral in (2) is a stochastic integral to be interpreted in a

1

Complex conjugate is denoted by an overbar.
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standard manner, e.g., as the limit in quadratic mean of a sequence arising
. . it : .
from approximating e by simple functions.
‘Recognizing that the specti‘al representation formulas arise from
the translation-invariance property of a stationary covariance function,
we see immediately that these formulas can be generalized in a number of
different ways for a random field with a higher dimensional parameter

space. For a two-dimensional random field the most straightforward

generalizations of the spectral representation theorems are asso-

ciated with invariance of the cc;variance function under translation.

The resulting formulas are précisely the same as equations (1) through
(3), except that the iﬂtegrals are now over EZ. The mure interésting
reéults, and possibly more useful, are those associéted with a
rotational symmetry, especially when it is éoupled with additional
invariance properties. The remark about being éossibly more useful is
in part justified by the fact that optical systems, where some applicationé
of the present theory should be usefﬁl, frequently exhibit a rotational
symmetry.

For one-dimensional stochastic processes one of the most
fruitful ideas is that §f a Markov process. There is not only a rich
theory associated with Markov processes but the Markovia‘n properties
also play an important role in applications of stochastic processes.

The idea of Markovianess can also be generalized to two dimensions

(and higher dimensions). The generalization is a rather subtle one due



to Lévy. From the point of view of applications a study of two-dimensional
- random ﬁelds is motivated by the same considerations as in one-dimension.
Because of its simplicity, a Markovian model (of some degree) is always
to be preferred, provided that such a model is compatible with basic
requirements of the problem, e.g., continuity. Intuitively, the
Markovian property is related to memory. Hence, a Markovian model

has an additional advantage in the sense that storage requirements can

be controlled. Our results on two-dimensional Markovian random

fields are concerned with relating the Markovian character of a Gaus.s.ia.n
random field to its second-order properties. Some. of these results are
surprising. For example, with some obvious and natural qualifications,.
the following statement is true: "There is no céntinﬁous Gaussian random
field of two dimensions (or higher dimension) which is both homogene'ous

(invariant with respect to all rigid body motions) and Markov (degree 1)."

2. Isotropic Random Fields

Let {§Z(co), ze€ EZ} be a second order random field (with zero
mean as usual). It is said to be isotropic, if its covariance function is
invariant under all rotations about a fixed point. This can be made
more explicit by chposing a ppla._r coordinate system (r,¢) with the

fixed point of the rotations as the origin. Isotropy then means

Et(r, 9 Elr g o)) = Eb(x, 0+8)E(x 0, +0) ‘ @
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for all 6. It is always assumed that angular additions are modulo 2.
By setting 6 = - ?0 in (4) it becomes obvious that the covariance function _

depends only on ¢ - cpo, i.e.,

T
!

Ef(r,9)&(ry, o)) = R(r, v, ¢-9() : (5)
Equation (5) immediately implies that the Fourier coefficients

2w

_ 1 -ing ‘ ' : ’
€,(r) = ZWS; e E(r, ¢)de | (6)
are orthogonal, in fact, .
1 AW _ing
Egn(r) gm(l‘o) = amn S R(r, Ty p)e de (7)

The orthogonality of the Fourier coefficients suggests that

the Fourier series representation for §(r, ¢) is an advantageous one

i.e.,
0 |
q.m. ing
e = ) e | (8)
-00 ‘

with orthogonal coefficients.
Suppose now that the covariance function of §z is invariant
under translation as well as rotation, then clearly the covariance

function can only depend on the Euclidean distance, i.e.,



E§, €z0 = R(|z -z | (9)

or

E §(r, rp)E(ro, ¢y = R (Jr2+ rg -2rrg cos(e "”o)‘) (9)

In this case it is well known [1] that R(*) admits a spectral represent-

ation of the form

o0
R(r) = 5‘ JO()\r) F(d\) o (10)
0 :
where Jo(') is the Bessel function and F(-) is boundec and non-
decreasing. The sample functions of gz also admit a spectral

representation

o0
q. m.

. © -
g = y o™ [ 5 0mE @ ay
0

n==00

where ‘g"n(-) is a completely additive random set function with’

E Em(A) ) =5 y F(d\) (12)
ANN :

By comparing (8) and (1.1) we have

0 . '
g (r) = 50 I ()€ (dN) (13)




with

0

E ¢ (r) ém(ro) =6 S‘o J_(Ar)J_(Ar ) F(aN) (14)

Of course, (14) can also be obtained fron: (1 0) by an expansion of

JO (A z -zol).

Homogeneous Random Fields

z .
A second-order random field {gz, ze¢eE } is said to be homo-
geneous if its covariance function is invariant under all Euclidean

T

motions. We have seen thaf such random fields have the feature that
their second order properties are characterizable in terms of a single
one-dimensional spectral distribution. In this sense, a homogeneous
random field is no more complicated fhan a one-dimensional stationary
process. Of course, random fields which are not homogeneous but
easily transformable into homogeneous fields also have this property.
This question arises as whether there are other classes of random fields
in two dimensions which can be s<; simply described. There is indeed

a natural generalization of the notion "homogeneous'". Under this
generalization forrx'.lulas (9) through (1 ;4) will appear as special cases.

These formulas were given by Yaglom [1], who generalized the concept

much further than we will here.

Our definition of a homogeneous random field is not entirely standard.

In the literature homogeneity often refers to just translation-invariance.

-7-



Consider a two-dimensional space V‘2 in which a Riemannian
metric is defined. Such a metric is given by a symmetric quadratic

form (first fundamental form)

ds2 = gij (xl’ XZ) dxi dxj (Sum over repeated indices)
(15)

which relaj:es the differential arc length ds to a given coordinate system.
The element of length is indépendent of the coordinate system, hence so
are all properties derivable from it. In particular the metric defines
at every point of Vz a scalar fuﬁction, called the Gaussian curvature,
which is independent of the coordinate system. Two-dimensional spaces
of constant Gaussian curvature include the Euclidean plane EZ as a
special case (zero Gaussian curvature), and constitute a particularly
suitable generalization of the Euclidean plane for the purpose of studying
two-dimensional isotropic random fields.

For spaces with constant Gaussian éurvature, (15) takes on a
simple form in terms of a polar coordinate system (r,9) with respect

to a fixed point (origin)
2 2 2 2
ds =dr +g (r)de , B (16)
The Gaussian curvature K is given by

. 2
K.= - —— —— g(r) ' ' 17)
g 2 |



with the requirement that g(0) = 0 and K be a constant, there are

basically only three solutions to (17), namely,

g(r) = r, sinhr, sinr 7 (18)

representing spaces with Gaussian curvature 0, -1, +1 respectively.
The first case g(r) = r is clearly the Euclidean plane'. ‘The third case
g(r) = sin r is geometrically equivalent to a sphere SZ in 3-space.

The distance between two points (r ., gao) and (r,¢) can be

0
obtained by integrating ds along a geodesic connecting the two points.
Since rotation (r,¢) - (r, (¢ +6)mod27w) preserves the metric, the
distance must be a periodic function of (¢ -qoo). For the three cases

corresponding to (18), we have

r

2 2 )
r + To " erocos(go-‘wpo)

d(r,ro, cp-zpo) = < cosh-1 [coshr coshr - cos(e -:po)sinhr sinhro]

0

-1
cos [cosrcosr
-

0 + cos(e -cpo) sinr smro]

(19)

Consider now a random field {f;‘z, Z€ VZ} with a covariance function
which is invariant under rotation, we call such fields isotropic thus
generalizing our earlier definition. For all isotropic random fields
formulas (4) through (8) require no change. It is well known [2] that

a space V2 with constant Gaussian curvature admits a 3-parameter

~-9-



group G3 of tra.nsformations which presefves all metrical properties
:ax_ld acts transitively on the space, i.e., takes any pbint into any other
point. We call a random field gz wij:h parameter space V2 homogeneous,
if its covariance function is invariant under all transformations of G3'
Rotations being a subgroup of G3, a homogeneous r?.ndom field is
necessarily iSOt]‘..‘OpiC-

Since G3 acts transitively on VZ’ there exists a transformation
which takes (r 0’ qoo) into the origin and simultaneously (r, ¢) into
(d(r, Ty ?- :po), 0). Therefore, the cova.rianc'e function of a homogeneous

random field must be a function of the distance only, i.e.,

E(r,9)E(ry 9) = R(dlr,r, 9~ 9()) (20)

It is clear that (20) is a generalization of (9). Corresponding to (10)

and (11), we now have

)
R(r) = 51 Ll’o(r,V)F(dV) (21)
0
and
q'm. in¢ - .
s =y & [y mnE e (22)
n=-c0 A
n
where F(+) and én(-) satisfy the same conrditicns as in 1J) and (11).

-10-



The functions ‘Pn(l‘: v) are eigenfunctions, and An the spectrum, of

dy (r,v) 2 , N
g(lr) dci- l:g( ) r:h- :l - g;(r) Y (r,v) = -vy (x,v) (23)

For the three cases corresponding to g(r) = r, sinh r, sinr, (21) and

(22) can be written explicitly as

(o
f 3 00 F (4N
0
® . 1 1
R(r) =< Py (coshr)F(dv), Mv) = -5 +Ng -v (24)
0 -
[ ]
Z Fi ’ (cos r)
_£=0
[ o
5; I ()€ (an
w0 -
g(rs P) = Zeln‘pﬁ X Y)\(V) )\( )(cOSh r)gn(d\’) (25)
n=«000 .
w.
Z y?P;} (cos r) gnﬁ

-11-



The Legendre functions P;\1 (x) are defined by the generating function

1/2 _cosn® .n (26)

cos 9] = 2I°(N+1) z Px(x)
i I"()\-I-n-l-l)

[x+ (x2 -1)

and the normalizing constants YI; are given by

1/2
n _ n '(A-n+l)
Y\ T [('1) I‘(?\+n+1):| (27)

It is clear ffom (24) that every homogeneous random field is
characterized (up to second order properties) by a one -dimensional
spectral distribution. They form a natural generalié_ation of wide-sense
stationary processes, and may be said to be the simplest random fields
in two dimensions. By suitable mapping V, —> EZ, a large class of

2

isotropic random fields on EZ can be generated.

Gauss -Markov Random Fields

For a two-dimensional space V_, of constant curvature with a

2
metric given by (12), consider a smooth simply connected closed curve

oG sepa.ra.tingl V2 into a bounded région G~ which includes the origin,’
and G+. Using the language of time; series, we shall call 8G the present,
G~ the past and G the future. Following Levy [3], we shall call a real
random field {gz, ze€ VZ} Markovian of degree p+1, if an approximé.tion

~

§z to §z in a neighborhood of 8G can be found so that

-12-



o

- |§z- £ | = o(sH) § = distance (z,9G) _ (28)

and given Ez, the past {gz, ze€G } and the future {gz, zeG+} are
independent. If §z has continuous sample functions, then the definition
of a simple Markoviaﬁ field (degree 1) reduces to the usual definition:
(Future independent of Pa.st[ Present). We note that a sufficient condition

for sample continuity is that for some a > 0 [See e.g. 4, p- 519}

Elg, =& %= 06", 6=dlzz)

0 .

B>0 (29)
Suppose gz is Gaussian with zero mean. Then, whether 'gz is Markovian
or not must be determinable by examining its covariance function.
Furthermore, suppose that §z is isotropic, then it must be possible to relate
the Markovian character of §z to the i)ropertie,s of its Fourier coefficients
{§n(r)}. Since the Fourier coefficients are independent Gaussian processes
in one-dimension, this simplifies its analysis considerably. . The results

obtained here are in this spirit.

-

Theorem 1. Let £(r,p) be a real zero-mean, Gaussian, isotropic sample

continuous, and Markov (degree 1). Then

. ,
cosn ¢ :
{sinn ‘p}é(r,fp) dfp‘ (30)
n_(r) ' n=0,1,2, °"

r_>_0

-13-



constitute a family of independent zero-mean Gaussian Markov processes.

And it follows as a simple corollary that

R(I‘, r0,¢-¢o) Eg(l‘, ‘P)g(roi ‘PO)

o0

z cosn(e - q)o) fn (min(r, ro)) hn (max(r, ro)) (31)
=0

1]

Proof: That {én(r)} {'qn(r)}. are Gaussian zero-mean is obvious.

‘ Independence follows from

E{ ()t _(ry) = En (D)n_(r,)
2% .
=6 __ ‘S; R(r,ro,me‘m“’ de . (32)
= 0. (33)

Eg (v)n (z)

To prove that they are Markovian, consider r>c¢c > r Then clearly

0
§n(r) and §n(r0) are independent given {£(c,p), 0 < ¢ <27}, But given
{E(c,p), 0K @< v21r}. is the same as given {§m(c), 'qm(c), all m}. For
a fixed n the joint distribution of £ (r) and gn('ro) given {£_(c), n_(c),
all m} must be the same as that given .§n(c), because of (32) and (33).
Hence, gn(r) and §n(r0) are independent given §n(c). The same proof
applies to nn(r) .

The corollary is easily proved by nu:iing that

-14-



' [+ ]
R(r,rg9-9,) = z cosnlp-g)R_(r, ) (34)
=0

and

R (r,ry) = EE () £,(xg) = En (z)n (7)) (except n=0)

fn(min(r,ro) hn(max(r,ro)). (35)

must have the product form because §n(r) and 'qn(r) ‘are Gauss-Markov

[5].
Equation (31) provides a simple necessary condition for an
isotropic Gaussian random field to be Markovian. It is not known

whether it is also sufficient. It probably is not. However, a simple

sufficient condition can be stated as follows:

Theorem 2. Let fn(r) and hn(r) satisfy

1 4 dfn(r) nZ
Aafal) = g ar (80 Ta | T Gl T KL

A _h (r) K(r)h_(r) (36) |

where K(r) is bounded and nonnegative.

.

K(r) > 0 can probably be relaxed. It is imposed here to insure that

the exterior Dirichlet problem associated with (38) is always well posed.

-15-



Suppose that R (r,r) = fn(max(r,ro)' b (min(r,r)) are

non-negative definite and the sum

0

z fn (r) hn (1)

n=0

converges uniformly on every compact set in [0,®). Then

0

R(r,55 9-90) = ) cosn(p-po)f, (max(x, z )by (min(x, 7)) (37)

.

n=0
is the covariance function of an isotropic Gauss-Markov random field.

Proof: For an arbitrary smooth 8G, we need to prove that §z, Z € G+
and §_, zoeG- are independent given £ , z€98G, or what is the same
0
. _ . - o0. A
thing, that E&zo{gz E(£,|€,,» 2'€3G)} = 0. Now, let (r ,p.) bea
fixed point in G . Then, R(r, Ty ® -rpo) as a function of (r,¢) satisfies

<2
g (I‘) 390 + Co
(r,9)eG .

Treating (38) as an exterior Dirichlet problem with boundary conditions

given on 9G, we see that R can be written as

16-



H(r, ¢|x(s), 2(s)) R (x(s), T, ols) -9 ) ds .

R(r,r . ,¢-¢ ) =
: 0 0 9G

(1‘,¢)€G+ (39)

Hence

EgZO[gz - yaGH(zlz(s)) gz(s) ds] = 0.

which completes the proof, if we identify

{ m@laeng,,, @ = B¢, 2'<20) (40)
0

G

It may be well at this point to consider an example of Gauss-

Markov processes to be sure that the class is not vacuous. Consider
© . n
Ccos n¢ mm(ro,r)
R(r,zp00) = ) (41)
0 2 | max(r_.,r)
n=0 (n+1) 0
*
Since r © are solutions of
df 2 '
1 d n n
rdr(r dr) -:an = 0, : (42)
min (rb’ r)-] n T -
and W) ! is easily shown to be ronnzzative - d-Ilnite, conditions

-17-



of Theorem 2 are satisfied. The random field §&(r,¢) satisfying (41)

can be represented as

®© a Tr :
E(r, o) = &0 + ;—2— cosn ¢ {S(; (=" -1/2 X (dr")
=1

n

’ T
*sinn ¢ 5(r"n -_1/zy (dr')}
0 n

N2n ) : ..
where ¢ = —3 and {xn( )}{yn( )} are independent standard Brownian

motions, and § 0 is a Gaussian random variable with zero-mean and
unit variance and independent of xn(-) and yn(- ) It is easy to see that

£ (r,¢) cannot be homogeneous for this case because.

. n
min(r, ro)

max(r, ro) (44)

do not satisfy (11).

Homogeneous Gauss -Markov Fields

For a homogeneous random field the Fourier coefficients are
interelated through iZZ). For the processes {gn(r)} {'qn(r)} defined by

(30) we have

EE ()€, (rg) = En (=), (rg) = fAtpn(r,v) b (xg W F(dv) (45)

n

-18-



where F(*) is bounded nondecreasing and independent of n . It follows
that once E €.0 (r) go (ro) is given, the covariance functions for the re-
maining components are already specified. This suggests that we can
sharpen the conditions for being Markovian considerably. Indeed, the
conditions of Theorem 2, suitably modified become both necessary and

sufficient. Specifically, we have the following:

Remark: Let £(r,¢) be a rea.llhomogenebus Gaussian random field with
continuous sample functions. In order for §(r,¢) to be Markov, it is both
necessary and sufficient that its covariance function satisfies

where K is a finite constant.

At the very outset we should note that the content of this remark
is somewhat empty in the sense that all the cases that satisfy the conditions
of this remark are rather trivial. However, it is a rather remarkablé
assertion in another sense, because it states that there are no Gauss-
Markov fields in two-dimensions ior any greater dimensions) which are

also homogeneous.- A sketch of the proof will now be given.

Proof. We note from (35) and (45) that

Eg(r) &, (r ) = £, (r)hy(n) = j; Yo (29) 4 (x 0, v) F (@)

0

r>r (47)

0

.



For the three cases under consideration A_ = [0,00 or {0,1,2,°°°},

0
c.f. (24). Consider the continuous spectrum case, AO = [0,), the
discrete case requiring only trivial modifications in the arguments. Now,

letB (0, T), ”@ (T, ) denote subspaces of the Schwartz space ‘E) with

supports contained in (0, T) and (T, ) respectively. Then,

0 0
j;g(ro)fo(ro) ¢ (x)dr, fog(r)ho(r) 0, (r) dr

o0 o0
fo glrg)f, (x ) o (r ) dr, yo glr)hy (1) 9, (¥) dr (48)
[*e] A .
- (S wpmF@, o, « Do, 1)
0
2, «$NT, )
where
N ® |
e(v) = 5\ glr) b, (r,v) ¢(r)dr (49)

0

Now, let A denote the differential operator

S S 3 4
then since A L',:O(r,. ) = - vn{lo(r, v), we ha.e

-20-



0 0
j;g(r) £,(0)A @) (x)dr fo g(r)h, (x) @, (x) dr

00 ' 0 :
yo glx) £ (r) ¢ () dr 50 gr)h (1) A ¢, (x) dr

0

= - S v F(dV)al(v)";z(V) ? € ﬁ(O’T)
0
@, € 9 (T, )
(51)
or
> o3 o0
fg(r)fo(rm ¢y(r)ax f g(r)h(r)A ¢, (r)dr
0 I - (52)

co [>e]
&g(r)fo(r)sol(r)dr fog(r)ho(r_wz(r)dr

Since (52) is to hold for arbitrary gole 9 (0, T), Py € B (T,0 we must

have both sides equal to a constant. Hence

00 ' 0 |
j;g(r)f(,(rm o (r)dr = K fog(r)fo(rwl(r)dr o« P01
S (53)
0 . %0 ‘
fg(r)ho(r)A ¢,(r)dr =K yg(r)ho(r):pz(r)dr P, € ﬁ) (T, )
0 0

Since R(r) = fO(O)ho(r) and T in (53) is arbitrary, we have

21-



o0 o0
yg(r)R(r)A¢(r)dr =K yg(r)R(r)cp(r)dr, Pe @(Oaw)
0 0
or
P 0
- S v F(dv) 2(v) dv = 5‘ F(dv)a(v)
0 0

But it follows by a standard approximation argument that

£ X
-\ vF(dv)¢_ (r,v) = K F(av) ¢ _(r,v),
0 0 0 °

(54)

(55)

whence it follows that AR(r), r > 0, not only exists but is equal to KR(r)

proving that (46) is necessary. To prove sufficiency we can make use

of Theorem 2. But it is easier to exhaust all solutions of (46), and show

that if a solution of (46) is the covariance function of a Gaussian random

field satisfying the stated conditions, then the random field in question

must be Markov. Now, consider first K> 0, then for r

R(r) ~ fn r which violates the continuity condition, or R(r) = R(0)[1+
which cannot be a covariance function. For K=0, the only solution
bounded at the origin is a constant, for which g(£,<p) would be merely

a single random variable. For K < 0,' the only solutions bounded at

the origin are of the form

R(r) = Ay, (r, |K]),

-22-
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K

- T

4

(56)



for which F(v) is simply a step at v = IK[, and &(r, ¢) can be written

as

o0
e = ) & ey [K)) (57)

-0

Equation (57) indicates that if £(r,¢) is homogeneous and Gauss.-Markov,

then its Fourier components take on very special forms

"

CE (rw) = &n(w)¢n(r1|K|) . (58)

which represent a rather degenerate situation. The degeneracy is
clearly revealed by the fact that £ (r, ¢) is perfectly predictable by

its value on any nondegenerate closed contour.

. <. -

Multiple Gauss-Markov Fields

Since in a very real sense all homogeneous Gauss-Markov
fields (of degree 1) are degenerate cases, homogeneous Markovian
fields of degree more than one assume even greater interest. We

begin with an example. Consider a real homogeneous Gaussian random

field §z with zero mean, and a covariance function of the form

R(|z -z = = SM-—-—"—Z—E T,z -z lhan. (59)
- 0 (1+1\%)

-23-



It is easy to show that

(v -D°R(|z-zg]) = 8z -2 - (60)

Heuristically, this means that gz should satisfy
2
(V' -DE, =, (61)

where En n =6(z-2.), hence n_ is a two-dimensional white

z 'z, 0 z
noise. However, as it stands, (61) has no meaning since §z is not
even once differentiable. Even though (61) is formal, its parallel with
the Langevin equation in the one-dimensional case is clear. Somehow
one suspects that §z is indeed Markovian of degree 2. To show this is
not too difficult. The main idea here is due to McKean [ 6]. Let 8D

) ] .

be a smooth curve separating R into D and D+. Consider the following

boundary value problem
v° -1)° G,,(2) = 8(z -2"), z,z'eD’ (62)

+
Gz' (z) = ancz, (z) = 0, zedD, z'eD (63)

Because of (63) and the continuity of §z, we can write

g = j;+ £ (V2 -1°G, (z)dz (64)
1 1
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If gz had continuous second partials, (which it does not), we would be

able to write

E = j‘;+FZ (z)(vz-l)gz dz

% 1

+ j;D (£,2,F, (=) - 2,8, F, ()] at, (69

where }.7‘z (z) = (V’2 -1) Gz (z). Although (65) is completely formal, we
1 1
can now write using (61)

-

E = F_ (z)p(dz) + '
z1 §D+ z1 ‘S;D [gz an le(z) - le (7) an gz] d'ez (66)

where p(+) is a Gaussian random measure with

Ep(Ap(A') = area (ANAY) (67)

Equation (66) now admits a precise interpretation. First of all, it is

easy to show that

2 : ‘
F (z)dz < o (68)
‘S];+ Z

hence the first integral is well defined. Secondly, we can interpret

(69)

9
S‘ F (z)0 & dz = — S‘ F (2)§ dz
5D zl n°z ot 5D z z+t
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The Markovian character of gz is immediately deducible from (65) or

(66). Specifically, for any zoeD',
E ¢ F (2)(V -1)E dz =f F (V' -DR(|z-2_|) dz
'z + 2z, z D+ z, 0
= £+Gzl(z)(VZ-I)R(|z-zol)dz =0, i70)

In other words

E gzol:gzl- j;D £, aanl(z) - le(z) aq g1 dlz] - 0

z €D (71)

The preceding example suggests two directions of investigations.
First, analogous to the one dimensional case, it should be possible to
prove that for a homogeneous (Euclidean motion) Gaussian random field
to be Markov of degree p, its covariance function must satisfy the

following:

P
either R(lz—zol) = z avJo(xv|z-z0|) (72)
v=l
0
or R(Iz-zol) = ‘Sﬁmcp(x);ro(xiz- zoi)dx (73)
0
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L

with (N = | (74)

Subject to mild additional constraints these conditions should also be
sufficient. A second airection of interest is suggested by (61). It
should be possible to generalize (61) to include a large ;:lass of
stochastic partial differential equations. The suitable framev&ork
should again be a suitable definition of a s‘tochastic integral. These

problems will be investigated in a separate paper.
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