Copyright © 1971, by the author(s).
All rights reserved.

Permission to make digital or hard copies of all or part of this work for personal or
classroom use is granted without fee provided that copies are not made or distributed
for profit or commercial advantage and that copies bear this notice and the full citation

on the first page. To copy otherwise, to republish, to post on servers or to redistribute to
lists, requires prior specific permission.



ry -

m@ o

ALGORITHM VERIFICATION APPLIED TO THE
TODD-COXETER ALGORITHM

by

Carolyn T. Williamson and W. D. Maurer

Mgmorandum No. ERL-M317

2 December 1971

ELECTRONICS RESEARCH LABORATORY

College of Engineering
University of California, Berkeley
94720



Research sponsored by the National Science Foundation, Grant GJ-821.



1. Introduction

Recent work by Maurer has provided a framework and
tools for analysis of computer programs and rigorous proof
that a program works correctly. The purpose of this report
is to give a detailed and nontrivial example of the application
of these methods. The basic concepts, definitions and theorems
are summarized below. For proofs and. further details see (Maurer
3 and 4). The ideaAis to show ‘that if a'program is started
with variables satisfying a given set of conditions the result
is well defined (the program terminates) and the final values

of the variables satisfy a second given set of conditionms.

Definition: A p-set is any set of the form .J= I Vs where
xeM
M is a set such that there is a set, Vx’ of values for each x

in M. @ ig the cartesian product.

Definition: A condition is a subset .J cd. 1f s« J,
then S satisfies ¥ if S € J. Denote by S(x) the value

of the x component of S (S(x) ¢ Vx)'

Example: Let M =<{I,N,A(20)>, Vi = VN =<{1 <=1, N<= 203,

VA(i) = { floating point numbers that can be represented in a

computer word> for 1 <= i <= 20. Then form the

p-set on M, .J = II Vx. Further let Q =<Fi; 1 <=1i<=n,
: xXeM

Fi an executable instruction > and define X to be the program
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counter. V3 =Q and A 1is the next instruction to be executed.
Formanew p-set on M U A, j= jx Q = 1 Vx' Such p-sets

xe€MUA
play an important role in the theory to be used.

Example: Let Q =<Fi; 1<=1i<= 7> with F; as follows
I=1

F2 N = 20

F3 A(1l) = 0.0

F, A(I+l) = A(I) + 0.999

F5 I =1+1
Fe If (I.LT.N) GO TO F4
F7 STOP

Each F]._ is a function from ,Jto j= S XxQ and Q 1is a program
on J, (J and jare as defined above). Fi can be expressed

in terms of its components Pi : / -—>,/ and Ni : / —> Q.

Ni is called the next statement function. Thus for S € J ’

P,(8) = S' where S'(x) =S(x) if x# I and S'(I) = 1;

Nl(S) = FZ; N6(S) = F4 if I (=S8(I)) <N (=S(N)) and

N6(S) = F7 if I >= N. F7 is interpreted as P7 = the identity
on 4 and N, is nowhere defined. A program reaching F_ where

y
Ny is undefined for S €_4 c J will terminate at F if

y
S eJ.

)

-l ® abh
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Definition: If F is a function from /to /, F has effective
domain A(F) ~<{x € M such that a change in Sl(x) may change
F(Sl) = 82> and F has effective range pP(F) ~<{x € M such
that F may change the value of x, i.e, Sl(x) £ Sz(x)>

For a more precise definition see Maurer (3 ).

If J' c 4 is a condition J' has an effective domain

A(/') defined by considering f' as a function from ,J] to
{T,F) such that J'(S) =T if se Jf', J'(S) = F otherwise.

Example continued: A(Pl) = & (the null set), p(Pl) =1,
A(NG) =<I:N>'

Definition: A program P on J = /x P 1is a finite set

<Fi > F, = (Pi’Ni) functions on 7 . It is assumed that

P contains a function Fx with Px = jidentity and Nx nowhere
defined and that Ni is everywhere defined for i # x. This
can easily be accomplished without changing the effect of P
on be setting Ni(S) = Fx if Ni(S) is undefined. The

computation sequence in P of (S, Fl) is a sequence (Si’F;'.>

= r - = P! r
where S; =8, F{ =Fy, S, =P} ;(S; 1), F} =N} _;(5; 1) -

Now it is possible to say what is meant by correctness. Let
F1 € P, ’JIN and ’J;)UT be conditions on ,d?, then P 1is correct

with respect to (FI’JIN’ ’/OUT) if whenever S € ’JIN

the computation sequence of S, Fl terminates (say at F;l)
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and Shet € JOUT’ P is partially correct with respect to

(Fl’ ’JIN’ ’/OUT) if whenever the computation sequence of

.1»)

(s ’Fl) terminates then Sn+1 € JOUT'

<3

First we describe how to prove that a program is partially correct.

Let P be a program on d ,J) x P. A precondition structure

for P is a collection of conditions / / with one /
associated with each Fi jin P. The precondition structure
induces a directed graph on P having as nodes the F, and a
link from F; to Fj if and only if there is an S e .4,1

such that Ni(S) = Fj' A substructure is any subset U of the

precondition structure such that /fx € U. A control path of

U is a sequence of F € P, 1 <= j <= n, (distinct except

possibly il =i ) such that (J 1 Ji ) € U but no other

ji- are in U, and N, (8) =F, for some S ej .
J j-1 Li-
The j ]!_j are defined :Lnductlvely w1th ,J ,j and
Ji =<p, ()3 se St and N (s) - i.>. A
3 j-1 j-1 -1 j
control path is consistent if ,J:'L c ‘Ji and P, (8) is
n n j
defined for all S GJ;_ such that N, (S) is defined. A ¥
| 3 j
substructure of P 1is consistent if all of its control Y

paths are consistent. |
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Theorem: Let P be a program on ;7 =_4/x P with F1 € P,
AXIN, /ngT conditions on ,ap. Then P is partially correct
with respect to (F;, ”IIN"JgUT) if and only if P has a
consistent substructure U with 4/1 € U, .A/IN c A/; and

‘/; < JZOUT'

Theorem: Let P be a program on 4/ X P. A substructure
U for P will have a finite number of control paths if the
graph on P obtained by removing from the induced graph all

nodes F, and associated links for A/i € U is acyclic.

Thus to prove that a program is partially correct it is

sufficient to find a suitable substructure and check each control

path for comnsistency.

To show that a program terminates we introduce the
notion of expressions. Let P be a program on :T =AJ’X P with
precondition structure _‘f;. A subset Qc P is a set of

sufficiency if the graph on P obtained by removing from the

induced graph all nodes F; and associated links for F, ¢ Q

is acyclic. UQ =<(,J;(Fi €eQ U //x> is a substructure for P
with a finite number of control paths. An expression is a

function e from ,4/ to 2 (the integers). A controled

set of expresgsions is a set <ei,i = 1,n, e; an expression )
such that for a fixed set of sufficiency Q there is at least

one ej that is increasing along any control path
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Fil...Fin # F_ in 1Q with e; bounded at Fin and
<ek, k < j> are nondecreasing along the control path.

Theorem: A program P on J X P terminates if P

has a controlled set of expressions.

When subroutine calls occur in a program for purposes of proof
the call is replaced by a function duplicating the effect of

the subroutine on / . Then each subroutine and main program

is treated independently.

(3 ).

Maurer discusses this method in

"
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The program COSET uses the Todd-Coxeter algorithm to
enumerate the cosets of a subgroup % 1in a free group 3JI. The
result is the index of % 1in & if suitably small, otherwise
the program terminates with an overflow signal. The groups ¥
and ¥ are defined below.

% 1is the free group on NJ generators: * =<{1,2,... NJ).

A word in ¥ 1is a product, Jy Jg eee J of generators and

K
their inverses. Let 4 ={U(K)|l <= K <= NU> and
R ={R(K)|1 <= K <= NR) be subgroups of ¥ generated by the
words U(K) and R(K) respectively, then % 1is the subgroup
of * generated by 4 and the normalizer of # in 3.

The version of COSET for which the correctness proof was

carried out was written by H. F. Trotter. For further details

on the theory and other programs see Trotter [1l] and Leech [2].

2. P-Sets.

In the following sections lower case letters will be
used for numbers, upper case for variables (or their values as
determined by context).

Sets will be enclosed by ¢ >. For x e M, M a set of
variables, the set of allowed values of x 1is assumed to be
that allowed by the type of x (e.g., integer, logical, etc.).
For x an input variable the allowed values are those determined

by the corresponding format statement.



The set M on which Coset is defined is the disjoint

union of the following sets:

M(INPUT) = { INPUT(i,j) = ith field of jth input record
FORMAT(I1, I3, 34I2) ) |

M(COMMON) = {KL(n), Kv(n), KF(n,k), KR(n,k),
1 <= n <= NMAX, 1 <= k <= NJXD

u<LS(n), LF(n), LR(k,n), 1 <= n <= NRX,
1 <= k <= NSX}

u { NMAX, N, NJ, NR, NVAC, ID, KN}
M(MAIN) = { NRX, NSX, NJX, F, SW, I, J, NCD, ICD, MULT, LWD, NCOS)
M(CONSOL) =<M, J, I, KT, K}
M(APPLY) =< IT, LA, L, LEN, LNS, I, IB, IX, M, MX, MY, J, JT, IA}
M(NOTE) =< IX, IY, IT, IA, IB}
Variables with the same name appearing in different subsets
are distinct as they in fact occur in different subprograms. It

is convenient to define subarrays of A' c A of those occurring

in M(COMMON) since in general program statements and pre-

conditions refer only to elements of these subarrays.
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KV' =<KV(n), 1 <= n <= N)
KL' =<{KL(n), 1 <= n <= N
KF' =<{KF(n,k), 1 <= n<= N, 1 <= k <= NJX)
KR' =<{KR(n,k), L <= n<=N, 1 <= k <= NJX>
LS' =<LS(n), 1 <= n <= NR)
LF' =<{LF(n), 1 <= n <= NR)

LR' =<LR(k,n), 1 <= k <= LS(n), 1 <= n <= NRD>

3. Special Conditions.

Conditions will have the form:

COND identifier index =(* ... *>

The index is optional, occurring when more than one
condition has the same identifier. Reference to an indexed

identifier without specific index will be reference to the

intersection over all values of the index of conditions with

that identifier. If A and B are identifiers then the inter-

section of A and B will be written (%A, B*>,



3.1. INPUT
Let iz, ig, ir, be non-negative integers such that the

following inequalities are satisfied:

ay

(i) 0 <= iz < 1g <= ir and iz < ir
(ii) 1ir - ig < NRX

COND INPUT A =<* INPUT(l,icd) = 0, 1 <= icd <= iz;
INPUT(1,icd) # 0, 2, iz < icd <=ig;
INPUT(1,icd) = 2, ig < icd <& ir;
INPUT(1l,icd) = 0, icd = ir + 1 *>

COND INPUT B =(* (|INPUT(J,icd)| <= NJX, 3 <= j <= NSX+2,
INPUT(2,icd) > 0, INPUT(3,icd) # 0),
iz < icd <= ir *>

A(INPUT) = M(INPUT)

3.2. GC(3)

Let U(£), R(£) belong to the sets defined in section 1
and let TIY(j) be the identity element of ¥ expressed as the
product jjjj where j 1is a generator of v and j its
inverse. W(¢) represents the word in 3 given by
W(z)angzgz)LR(ii,z) where 1ii = i mod LS(#) and ?
1 <= ii <= LS(#) and 1 1is the group operation written
multiplicatively



COND  GC(0) =<* 1 <= N <= NMAX, 1 <= NR <= NRX,
1< NJ<= NX, 0<= KN <=N*>

COND  GCL(j) =<* 1 <= LS(i) <= NSX, 1 <= LF(i) <= 1000 NSX,
LS(1) [ILF(1), (1 <=|LR(k,1)| <= NJX, 1 <= k <= LS(i)),
l<eicej*) for all j >0

COND GCW = <* W(1l) = U(icd-ig) *) 1z < icd <= ig;
=<{* W(L) = R(L), 1 <= £ <= icd-ig *>, ig < icd <= ir;
=<* W(2) = R(£), 1 <= # <= ir-ig,
W(ir-ig+l) = M9, T¥(k) *),ded = ir + 1 .

COND  GC(j) =<* GC(o), GCL(j), GCW *> i>0

A(6C(j)) =<N, NR, NJ, KN, ICD, ((LR(k,i), 1 <= k <= LS(i)),
Ls(i), LF(1), 1 <= i <= j)>

3.3. K

COND KO =<{*¥ 0 <= ID<<=N; 0<=KL(i1) <N, L < i< N*>

Let GKL be the directed graph defined by KL' as
follows. GKL has N+1 vertices labelled 0,1,...,N. GKL has
an arc from i to j = KL(1), 1 <= 1 <= N, an arc from O
to ID, and no other arcs. Define MCOS, C(k), P(k), I(k) as
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follows: MCOS + 1 is the number of components of GKL, P(k)

is the number of vertices in the kth component, C(k) =

{ilvertex i belongs to component k), I(k) = min C(k) , and assume
that the components are numbered such that k < k' => I(k) < I(k'),
0 <& k < MCOS

GOND Kl = {(* The components of GKL are cyclic and the

vertices 0, 1 belong to different components *)

Note that Kl implies the following:

1 <= MCOS <= N, I(0) = 0,_1(1) =1, 0 <= I(k) <= N, 1 <= P(k) <= N.

1f KL(’O) is defined to be ID then KL can be viewed as
a function on the set <0,1,...,N> and composition of KL with
itself p times is also a function on <0,1,... N} with

kP(i) = k(P (1)) and KLO(L) = i.
COND K2 =<* RV(i) = I(j) for i € C(j), 1 <= j <= MOCS;
-i < KV(i) < 0 and (-KV(i) € C(0) or -KV(i)= I(j)

for some j, 1 <= j <= MCOS), i €< C(0) - 0> *)

KO-2 imply that the following sequence is well defined

and terminates for each K e¢{C(0) - 0> : Ky = K, K; = -KV(K; ;)
if Kiq € c(o), K, terminates the sequence if K, ¢ C(0).
Thus the sequence will satisfy K = Ky >K *:- > K, = I1(j) for
some j, 1 <= j <= MCOS.

‘>



Now define the function EC on <0,1,...,N}>

EC(0) = 0
EC(k) = KU(K) - k ¢ C(0)
EC(k) = I(n k e{C(0) - 0>

EC partitions the set <O0,...,N} into equivalence classes, one
class for each j, 0 <= j <= MCOS. For k e<C(0) - 0> the
sequence k, above will be called the EC chain with head k,
tailEC(k); for k ¢ C(0) the pair (K,KV(k)) will be called the
EC Chain with head k, tail EC(k).

Links and Chains

For k, ¢, j such that 1<=k, £ <= N, 1 <= |j| <= NJ
we say that {KF' + KR'> contains a link from k to ¢ covering
j, written (k,j,£) e<{KF' + KR'>, 1ff (a) j > 0 and there is
some k', 2' 3 EC(k) = EC(k'), EC(%) = EC(¢') and KF(k',j) = 2'
or (b) j <0, k', 2' as in (a) and KR(k',~-j) = £'.

Similarly, for 1 <= k; <= N, 1 <= Iji! <= NJ we say
that {KF' + KR'}> contain a chain from ky to k covering
W=313,...3,, written '(kO’w’kn) e{KF' + RR' ), iff
(k,

i
set of words in 3¥ covered by a chain from 1 to i, W(4i,3)

-10J4k;) e<XKF' + KR'D, 1 ¢ i <= n. {wW(i,j)> denotes the

an element of this set.



Let the integer 0 represent the identity in &
and define KF(k,0) = KR(k,0) = k, 1 <=k <= N

Then the trivial link (k,0,k) is contained in
KF' + KR' for 1 <= k <= N. The statement (k,j,0) e KF'+KR'
means that (a) j >0 and KF(k',j) = 0 for all k' such
that EC(k') = EC(k) or (b) j <0 and KR(k',-j) =0
for all k such that EC(k') = EC(K).

COND K 3A = {* KF(i,j) = KR(1,j) =0 if N < i <= NMAX
or NJ < j <= NJX; |
0 <= KF(1i,j), KR(i,j) <= N if 1 <= 1i<=N
and 1 <= j <= NJ.*D

K 3B = {* EC(KF(I(s),i)) = I(k) => EC(KR(k',]j)) = I(%)
and EC(KR(I(%£),j)) = I(k) => EC(KF(k',j)) = I(%)
for 1 <= k,%4 <= MCOS and some k' such that
row k' of KF, KR is labeled I(k) *}

K 3C =¢(* (i,ij,k) ¢ (KF' + KR') for j <= i,k <= N
j <= j <= NJ, EC(i) = I(2) =>
EC(KF(i',j)) = EC(k) for some i' such that
row i' is labeled I(%) *>

K 3D =<{*<{W(L,I(k))># @ , 1 <= k <= MCOS *)



A row i' is said to be labeled I(i) if i' = I(i) or
$£ 1' €< C(0) - 0> and EC(i') = I(1).

COND K 4 =(* 0 <= NVAC, NVAC + MCOS + P(0) = N+l *}

3.4. Chain
The word W(2) as defined in section 3.2 can be expressed
as a product as follows.

Define

j-1
T LR(ii,2), 2 <= j <= LF(£)+1
i=1

W(i, %)

W(j,2) =0, j=0or1l
LF(%)
W(-j,2) = 1 LR(ii, 2) 1 <= j <= LF(%)
i=LF(£) -j+1
where as before ii =i mod (LS(4)) and 1i <= ii <= LS(2%).

Note that W(LF(2+1),2)

W(-LF(%), £)

= W(,4) W(-(LF(8) - 3 + 1), 2) =W(L).

1

COND CHAIN (ix, iy, + j, £) =
C*(L(x), W(+i,2), I(y)) e { KF' + KR'> for
I(x) = EC(ix), I(y) = E(iy) *>
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4. Array AK
4.1. Definition and interpretation

Let ¢ be the set of all arrays having non-negative
integer entries. AK is the function from ' ={* K, GC(NR)*}
into 7 defined as follows:

For S ¢ o', AK(S) 1is an array with NJ+1 columns
‘indexed by the integers 0, 1,... , NJ, and rows determined
by KL', KV', KF' KR'. For each k, 1 <= k <= MCOS and each
row k' labeled I(k), AK(S) has a row with I(k) in column O,
and EC(kr(k',j)) in column j, 1 <= j <= NJ. For each pair
(k,j), 1 <= k <= MCOS, 1 <= j <= NJ, such that KR(I(k),j) = 0,
AK(S) has a 'single entry' row with I(k) in column j and
zeros elsewhere. A(AK) =< Kv', KL', KF', KR', N, NJ, ID).

We say that i ¢ AK(S) iff i occurs as an entry in some

row and column of the array. (Zeros are considered to be blanks.)

In particular, i e AK(S) iff i = I(k) for some k, 1 <= k <= MCOS.

AK(S) is complete if for every row x € AK(S) there is ‘a nonzero
entry in column j, 0 <= j <= NJ. 1In the following sections AK
or AK(S) will be used to denofe the array described above.

A link in AK is a triple (i,j,k), i, k ¢ AK, |j| <= NJ
such that either j > 0 and AK contains a row with i in
column 0, k in column j or j < 0 and (k,-j,i) € AK. Chains
in AK are defined in the obvious way. {* K3 *> insures that

(i,3,k) € AK iff (k,j,k) ¢ (KF' + KR'D.

-
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Proposition. If S e o' ={* K, GC(NR) *> then
AK(S) satisfies the following properties:
(i) Every row of AK with more than one (non-zero) entry
has an entry in column O.
(ii) 1 € AK
(iii) 1 € AK => i occurs at least once in each column of AK

(iv) For each i in AK, AK contains a chain from 1 to i

covering some word in .

Proof:
(1) clear from definition of array
(i1) I(1) = 1 since § e <* KL *>
(iii) i occurs in column O by definition, for each j > O,
either KR(i,j) = 0 or EC(KR(i,j)) = k, k ¢ AK. If the former
is true then i occurs in column j of a single entry row, if
the latter then i occurs in column j of the row defined by
< KF(k,j) >

(iv) clear since Se {(* K3 *

Propesition. If S € /' =(* K, ID = 0, GC(NR) *
then AK(S) satisfies the additional properties:
(v) i e AK => i occurs at most once in any column of AK.

(vi) No proper subset of rows of AK satisfy (i-iii).
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Proof.
(v) ID=0=><¢ C(0) - 0> = @ thus i occurs only once

in column O.

Suppose i occurs in rows x and y column j with kx’ ky
in column O of rows x and y. From the definition not both k
‘and ky are 0, suppose kg # 0. If ky = 0, then KR(i,j) = O,
but since S e€{* K3, ID = 0 *

EC(KF(k_,j)) = 1 => KR(,]) = k, # 0

Thus ky +# 0. 1If lg] # k, then EC(KR(1,j)) = ky contradicting
EC(KR(1,3)) = k..

(vi) Let AK' © AK be a subset of rows of AK such that
AK' satisfies (i-iii) then we have

(a) 1 € AK - AK' => i £ AK' since AK satisfies (v)
and AK' satisfies (iii).

(b) 1 £ AK - AK'.

Thus it is sufficient to show AK - AK' # ¢ => 1 ¢ AK - AK'.
For each i ¢ AK there is a chain from 1 to i given by
((ik_l,jk,ik)ll <=k < mi) with iy=1, i, = i. 1If
i ¢ AK - AK' then i ., ; € AK - AK' since 1., , 1is contained
in some row also containing i. Thus by induction on mi it is

clear that i € AK - AK' => 1 ¢ AK - AK'.
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For each row x of AK define 2(x) =< (i,j,k,(k,-j,1i)]|row x
column O contains i and (j,k) such that row x column j contains
k# 0> and »(AK) = U £(x), all x € AK. If AK contains two
rows x, xa such that (x) c £(xa) then deleting row £(x)
leaves #(AK) unchanged. Let H(AK) =<{W(1,1) > be the set
of words in 3% covered by a chain from 1 to 1 in AK. H(AK)
is a subgroup of ¥. Clearly any function P : § —> §'
that leaves £(AK) fixed also leaves H(AK) fixed.

If S e J'"=C(* K, ID = 0, GC(NR) *> then the sets
{W(1,1) > belong to different cosets of H(AK) in = for
different i. If AK is complete AK affords a transitive permu-
tation representation of ¥ on the cosets of H(AK), and the |
set {(i|i € AK}> is in 1-1 correspondence with cosets of
H(AK) in %. For HO € H(AK) and k such that 0 <= k <= N define
H(K,AK) = <HO+{ W(1,kk) W(£) W(kk,1); 1 <= kk <= k, 1 <= £ <= NR})
For HO = & of introduction and W(#) = R(4), H(N,AK) is contained
in H(AK) implies H(AK) = % (See Trotter [1].)

4.2, Lemmas

Lemma 1: Let P be a function on ' ={* K, GC(NR) *>
(P(S) = S' € »' for S e »#') such that S'(NJ) >= S(NJ) and
§'(x) = 8(x), x € A(S')-NJ>. Then H(AK') = H(AK).
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Proof: S € K3 => KF(1,j) = KR(i,j) =0, 1 <= i <= N, NN
therefore <£(AK') = £(AK) and H(AK') = H(AK). \

Lemma 2: Let " =d{* GC(NR), K, KF(i,j) = 0 for some (i,j)
such that 1 <= 1 <=N, 1 <= j <= NJ *

Let P be a function on ' (P(S8) = S' for S e /') such that
N' = S'(N) = S(N)+Ll <= NMAX, S'(K (N')) = S'(KL(N')) = N',

S'"(KF(1i,j)) = N', S'(KR(i,j)) = 1 and S'(x) = S(x) elsewhere.
Then S' € {(* GC(NR), K *), and H(AK') = H(AK).

Proof: S' € (* GC(NR), K *) clear since P effectively adds
one new single vertex component GKL and one new pair of
links (i,3,N"), (N',-j,i) to KF' + KR'. #(AK') = #(AK) +
(i,j,N') + (N',-j,i). Any chain (1,w,1) is AK' not in AK
must contain one of the two new links. However the only link
that can be adjacent on the N' side is the other new link,
thus they must always occur pairwise and cover the identity

in #, giving no new words in H(AK').

Lemma 2': Lemma 2 with KF, KR interchanged.
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ka KF(i,j) =0

Lemma 3: Let 8" =d({* K, GC(NR), KF(ia,j)

for some i, ia, j, k such that EC(i) EC(ia), 1 <= j <= NJ,
1 <= i, ia, k <= N *>. Then the function P on "

(P(S) = 8', S € ', S' e ' as defined above),

S'(KF(i,3)) = k, 8'(x) = 8(x), x € {A(+') - KF(i,3)>

leaves H(AK) unchanged.

Lemma 3': Lemma 3 with KF replaced by KR. Clear since
L(AK') = L(AK).

Lemma 4. Let ia = I(a) < ib = I(b) for some a, b,
1 <= a <b <= MCOS and let P be a function on ' =
{* GC(NR),K *> such that S'(KF,KR) = S(KF,KR),
S'(KV(1i)) = S(KV(i)), i £ c(b), S'(KV(ib)) = -ia,
S'(RV(i)) = ia, i e{C(b) - ib}, S'(KL) such that
c'(i)=C(i), i # 0,a,b, C'(0) =<C(0) u ib),
C'(a) = C(a) u<cC(b)-ib>; S8"(x) = S(x) elsewhere in

I

A(~'). Then (i) S' e »#'; (ii) AK' is equal to AK
with ib replaced by ia throughout and duplicate single
entry rows deleted; and (iii) H(AK') = H(AK) u < W(1,ia)W(ib,1) .

Proof.(i): S' e GC(NR), K 3A since p(P) n A(GC(NR), K3A) = ¢
S' ¢ KO,K1,K2 since KV is changed to be consistent with
changes in KL. S' ¢ K4 because MCOS is decreased by 1 and
P(0) is increased by 1 while NVAC and N are unchanged.
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From definition of EC and row labels it is clear that the
final det of rows labeled I(a) is the union of the initial
sets of rows labeled I(a) and I(b). Thus S' € K3C.

Let KF#, KR# represent initial values and KF, KR represent
final value;. A chain covering W in KF#' + KR#' is also a chain
covering W in KF' + KR'--possibly with different head

and tail if the original head or tail belonged to the
equivalence class I(b), thus S' € K3D. For K3B it is
sufficient to show the implications are true for k = a

since the others are not affected. EC(KF(I(%),j) = I(a) =>
EC(KF#(I(£),j) = I(a) or I(b) => EC(KR#(k',3)) = I(#) for
some k' in the set of rows labeled initially I(a) or I(b),
respectively => EC(KR(k',j)) = 1(s) for some k' in the set

of rows labeled I(a). Similarly for EC(KR(I(£),3)) = 1(a)

=> EC(KR(k',j)) = I(£). Thus S' ¢ K3B and part (i) is proved.

Proof (ii): Note that each k such that EC(K) = ib in §
EC(k) = ia in S' since S e { *k* > and EC(K) unchanged if
not ib in S. Result then follows from definition of array.

(iii) see Trotter [1].

Corollary 1: If AK contains a chain (ia, o,ib) and P as in
Lemma 4 then H(AK') = H(AK).
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Corollary 2: Let " ={* K, GC(NR), Chain(it,ix,1i, s),
Chain(ig,it,-(LF(2) - i + 1),4),1it,ix,iy ¢ AK *>
and set ib = max(ix,iy), ia = min(ix,iy). Then for P
as above (S e ", S' = P(S)), H(AK') = H(AK)
u<w(l,it), W(e) w(it,1)>.
Recall that W(£) = W(i) W(-(LF(£)-i+1)). '

Corollary 3: Let " ={* K, GC(NR), Chain(it,ix,i,?),
Chain(iy,it,-(LF(£)-1), %), (iy,-j,0) e < KF' + RR'D>
where it, ix, iy ¢ AK, j = LR(ii,s), 1i = i MOD(LS(%)),
1 < ii < Ls(s) *). Consider two cases (i) (ix,j,0)e
(KF' + RR'D or (ii) (ix,j,iz) ¢ { KF' + KR'}, iz e AK.

(i) Let Q be the function from "' to ' such that
Q(s) = s' and S'(KF(ix,j)) = iy, S'(KR(iy,j)) = ix

if j >0 (or S'(KR(ix,-j)) = iy, S(KF(iy,-j)) = ix if

i <0), 8'(x) = s(x), x e A(«') - KF(ix,j), KR(iy,j)>
or (x e{A(s") - KF(iy,-j), KR(Ix,-3))).

Then H(AK') = H(AK) u< w(l,it) W(2) w(it,1) D.

Proof: Q is equivalent to application of P of Lénnna 2

followed by P of Lemma 4 with ib=N+1, ia = iy.
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(ii) Let Q be the function such that S'(KR(iy,j)) = ix
j >0o0rx S'(KF(ix,-j))' = 1y, j < 0, S'(x) = S(x) elsewhere,
followed by P of Lemma 4 with ib = max(iz,1iy), ;
ia = min(iz,iy). The A(AK') = H(AK) u<w(l,it) W(e) w(it,l) ).
3
Proof: Q 1s equivalent to P of Lemma 4 followd by P of

Lemma 3.

Lemma 5 (CONSOL): Let o' =(* K, ID = 0, GC(NR) *} and
suppose H(I(g),AK) ¢ H(AK) for some I(g), 0 <= I(g) <= KN
Let Im be the function from { ik = I(k);

0 ¢« k <= MCOS) onto{k; O <= k <= MCOS} such that
0 <= IM(ik) < IM(iz) <= MCOS for 0 & k < £t <= MCOS.
Im is 1-1, onto, order preserving. In fact IM(I(k)) = k
= |< kk; 1 < kk <= k, KV(KK) = KK}|. Denote by IMI
the inverse of I .

For S e »' let KV#(i) = S(KV(i)) and similarly
for other variables. Let P be the following function
on #'. (S' = P(S), KV(i) = S'(KV(i)) and similarly

for other variables.)

KF(k,j) = IM(KU#(KF#(IMI(K),3))), 1 <= k <= MCOS
= 0, MCOS < k <= N; 1 <= j <= NJ.
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KR(k,j) = IM(RKVAKRAIMI(k),j))), 1 <= k < MCOS
= 0, MCOS < k <= N; 1 <= j <= NJ.

KV(k) = KL(k) = k; 1 < k <= MCOS
N = MCOS
NVAC = 0

KN = IM(KVAKNS )

and S'(x) = S(x), x € (AGC(NR)-N, NVAC, KN>. Then
S'e (* K, ID = 0, GC(NR) *), H(AK) = H(AK#A) ,
H(g,AK) ¢ H(AK).

Proof: S' e G(NR) is clear since o(P) n A(GC(NR)) = (N,NVAC,KN)
and conditions of GC are satisfied by the final values of these
variables. S' e KO, K4 is obvious. GKL is the graph with
MCOS+1 components, each with a single vertex. KV(k) = KL(k) = K
thus S' ¢ K1,K2. From the definitions of P, IM, and S € K,

ID = O the following is true:

KF(k,u) = £ <==> KVA(KF#(IMI(k),j)) = IMI(£L) <==> RVH#(KR#(IMI(Z),3))
= IMI(k) <==> KR(Z,j) = k
K3C is trivial thus S'e K3A,B,C.
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AK contains a chain H§=0 (I(ak), jk, I(ak+1)) covering

W = n{;ojk (1 <= a, <= MCOS, 1 <= [j;| <= NJ; 0 <= k <= p),
iff AK contains a chain nEsO (ak, jk, ak+1) covering

W= “ﬂ;o I Since I(1l) = 1 chains from 1 to 1 are preserved
thus S' ¢ K3D, H(AK) = H(AK ) and H(g,AK) ¢ H(AK).

5. Verification of Coset

Verification of the program COSET and of‘the subroutines
called by COSET is carried out in two steps (For details of
algorithm verification see Maurer [3]) First proof that the
given precondition substructure is pathwise consistent, thus
proving partial correctness. Proof of consistency will
consist of listing each control path with its initial and
final preconditions and brief indication of reasoning necessary
to prove consistency. The effective range of the path is
contained in the set defined by RHO (NAME) Path =¢ .
PC(NAME) PATH= =(* *> gives the conditions satisfied
by the variables at branch points along the path. Reasoning
common to many of the control paths is discussed below.

The proofs are brief since the preconditions are set up

to make consistency obvious in mose cases. Lemmas have
been proved to simplify presentation and are referred to
where appropriate. Full listing of each (sub) program with

- preconditions can be found in Appendix A.

i~

(o
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The most common reason for consistency of a final pre-
condition or subcondition, Jﬁ, with an initial condition, !
is indicated in the proofs as NULL INTERSECTION. That is,
the effective range of the path ,(P) has the property that
o(P) n A(JQ) = @ and dg o> o'. A condition is labeled vacuous
to indicate the set ag is the compliment of @. This occurs
with the domain of the condition is empty. For example: |
{%* KW(I) = M(I), L <= I < K*> where K 1is known to be less
than or equal to 1. A condition said to be consistent by
PATH CONDITION assumes also properties of the initial conditions
and possibly assignments. For example suppose o =<(* 1 <= I <= N *}
a’; =(*¥ 1 <=1I<E=N*> PC=<*T<=N*> and the assignment
I = I+l is only statement along the path affecting the value
of I. Then PATH CONDITION will be written for proof of consistency
of J?.

A precondition is labeled global if it is a valid pre-
condition for all statements with preconditions that can be
reached via a computation sequence beginning at the statement
before which the condition is inserted. Proof of consistency
for such preconditions will be included in the introduction to
the correctness proof for the (sub) program.

The second step is the proof of termination which in
each case is proof that a given set of expressions is a controlled

set of expressions with respect to a given set of sufficiency, Q.
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The proof of termination assumes that the preconditions are
consistent. The variable A occurs in the set of expressions

for each (sub) program. The value of A 1is determined as .
follows. The graph of the (sub) program is divided into dis-
joint subgraphs Di such that the induced graph on (Di} is
acyclic. The value of A at any statement in the (sub) program
is i where the statement is in subgraph Di. The graphs are

shown in Figs. 1-4.

5.1. Proof of correctness for subroutine NOTE

This section contains proof that if S e COND-IN(NOTE)
and P = NOTE then P(S) e COND-OUT(NOTE). Let X = EC(IX),
Y = EC(IY) upon entering.

COND-IN(NOTE) =<* GC(NR), K, 0 <= IX, IY <= N *}
COND-OUT (NOTE) = {* K, GC(NR), one of the set
{CI, CII, CIII, CIV)} *}
CI =<* IX =0 *
CII =<* IX >0, Y=1IX, X =0 *}
CIII =(* X = Y *) .
CIV =<* IX, iY > 0, IA = MIN(X,Y), IB = MAX(X,Y),
EC(IB) = EC(IX) = EC(IY) = IA *) ¥

GC(NR) is global by null intersection.
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NOT®  CONTROL DA™Y NUMRTR 2

COND <%

COND N 1: <%

.

4

GC(NF) *>  GLOBAL

X, O<=TX,',_IY<.=N *>

24,

Gommen®  LET X,V BE TH® TNITIAL VALUES OF BC(IX),=C(IV)

R IF ( I .E0. O ) GO T0 9999 |
IB = 1Y e
% _IF (IR .NE. 0 GOTO20 .
L COND N 20 A: {_* v x> i
COND N 20 B: <* 1IR=TY, O<KIY,IV<=N *>
—— COND N 20 C: <* TFC(TA)=X, TA BWLONGS TO EC CHATN WITH
c HEAD IX AND TAIL X. *> i

RHO NOTE 2 =< IA, IB)

PC  NOTE 2 =<* TA = =0, IB o = 0 *>

20 A: null intersection

20 B: assignment, null intersection L
20 C: JA = IX by assignment
2
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xOT™E  CONTPOY, DATH NTMMREP 4 26.

cOND W 20 A <% K %>

coNn N 20 B: <% TR=TY, OCIX,TIVCER 6

cOND N 20 C: <* ®C(TA)=Y, TA BELONGS m0 EC CHATN ®WITW
S - S —  HERD TY AND TATL X. *> e
20 TP (KV(IA) .6E. 0) GOTO208 .. ‘
TA = - KV (IA) ’
R L 2 £
. COND N 20 A: <* K ¥ T B
w_wmmmmwFQTkmiﬁgfimiimifﬂhgmﬁflélﬁﬂWfi_mw_“__wmwﬁ““w“wm_,

CQNQV_R 29.??, <* FC(IA) =¥, IA BRELONGS TO EC CHAIN WITH

< . HEAD TX AND TAIL X. *3

RHO NOTE 4 =< TAD
PC  NOTE & =<* KV(IA) <0 *
N 20 A;B: null intersection

20 C: definition of EC, path condition says -KV(IA)

is next lower member of EC chain from IX to X.

gy
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CONTRA], DA™H NMMRTR  § 27.

e EOND
FREn

COND

N 20 A:

N 20 3:

<% ¥ x>

¢*x  IR=TY,

EC(IA) =Y,

0<IX,IV<=N #>

N 20 C: <X TA BELONGS TC FC CHAIN WITH

C

WEAD IY AND TAIL X. #>

- _ 20 IP ( RV(IR) .GE. 0) GO TO 20“____ o
o 206  TA = KV(IA) . o
_ ... COND N 205 A: <* K B S
. COND N 205 B: <* IB=X, OCTX,IV<=N *>
B COND N 20% C: <* FC(IR)=v, IB BELONGS TO EC CHMTN RTTH
C o HF‘P‘)_TV AND TATL VY. *>
- RHO NOTE 5:=<IAD L .
..PC__NOTE 5 =<* KV(IA) >=0*p S
N 205 A,C: null intersection L o
N 205 B: definition of EC and path condition say e
oo KV(I1A) = EC(IA) = X, null intersection
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CONTROL PATH VWNUMBER 6

28.

COND

COND

K%

N 205 A: <%

0<IY,IY<EN  *>

,N 20".\ B,: <* __th=¥' [

CO¥D N 205 C: <% FC(IR)=Y, IR RELONGS ™0 FC CERIN WTTH N
. ___HEAD TY AND TAIL Y. *> ’
205 TP ( RU(TB) .GR, 0 ) R0 TO 206 o .
TB = - KV (IR)
_ G0 TO 205 o
L COND N 205 A: <* E *> ) o
COND N 205 B: <% TA=X, OCKTX,IV<=N *> ;
.. COND N 205 C: <* EC(IB)=Y, TIB BELONGS TO EC CRATN WITH
c HEAD IY AND TATL Y. *>
- ———_Path_6 _ Proof analogous to path &4 _ -
|
R . I ] ]
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CONTROT, ®A™H NNMOQFR 7 29.

_ COND N 205 A: < X %> S
COND N 20% R: <* TA=X, OLIX,IVL=N  *> L

COND N 205 C: <* T=®EC(IB)=Y, IB BELANGS T0O EC CHATM WwWI™H

c HEAD IV AND TAIL Y. ¥>
- 205 TP (KV(IR) .GP. 0) GO TO 206
_ 206 IR = RV(TB) -
o COND N 206.1 Az <* ® #
e _COWD W 206.1 RB: <% OLTR=X<=N, OCIR=VC=W *>
Path 7 Proof analogous to path5 =~ = .



NOTE CONTROL PATH NMMBER 8 30, ..

COND N 206.1 DA: <X K ¥ e -
COND N 206.1 B: <% O0<KTA=Y¥<=N, O<KIR=YL=¥ *> ) )
IF (IR.EQ.TIAY GO TO 9999 e -

TP (IB.GT.TA} GO TO 20 L

25 IT = IA

TA = IB

I8

IT

COND N 30 Az <*x K %>

COND N 30 R: <* O<KIACIB, TA=MIN(X,V), TR=MAY (Y,Y) *>

COMM®NT LET A BE SUCH TBAT T(A)=TA, STMILARLY I(RY=TR

RHO NOTE 8 =(IA,IB,IT) e
_ PC_NOTE 8 =C(*TA>IB*) . o
N '30 ‘A:v null intersection i
o N 30 B path co‘ndition assignments result in exchange e
of values of 1A and IB. L
¥




NO™R

TONTROL DPATF  NUMRFR

9

COND

~ONN

COND

31.

¥ 206.1 B <x W %>
N 2081 Ri <% OCTA=XC=N, OCTR=YC=N %>
TF (TB.RWO.IN) GO TN 9999

N 30

<k w A

COND

N 30

<% (0<IACTR,

IA=MINIX,YY, TB=MBAY(Y,Y)

*>

COMMENT LET 2 B® SNUCH THAT I(A)=IA, SIMILARLY T(Ry=Tr
RHO NOTE 9 =<0 e L
P NOTE 9 =<1IA <IB) ) ) B - o
N 30 A: null intersection _ S
N 30 B: path condition —




NOTE  CONTROY, PATH NMMBER 10 32,

_CONP N 206,71 Az <* K> e
, __COFD N 206.1 R: <x OKTA=X<=N, OKIB=Y<=N *> .
___TF (TR.EQ.IA) GO TO 999¢ ~
;  COND N 9999 A <x X %>
. cOND_ W 9999 B: <k GC(NR) *> . ‘
COND N 9999 C: <% ONE OF THE SET cY,CII,CTIT,CTV *> ~
C CI: <*x 1IX=0 *> e _ —
c CITI: <* TX>0, IY=IX, IB=0) *> )
Cc CIII: <% TA=EC(IY)=IB=EC(IY) *>
c CIV: <* TIX,TY>0, IA=MIN(Y,V), TR=MAX(Y,YV), .
Cc EC(IBR)=EC(IX)=EC(IV)=T2R *> -
RHO NOTE 10 =<@>
PC__NOTE 10 =<* IB = IA *) L
N 9999 A: null intersection _
N_9999 B: global
N 9999 C = CIIX: path condition -
— - . - . S
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NOTE  CONTROL PATH NWMRER 12 34.
_ COND N 40 A: <* K FOR INT™TAL VALTES OF FV,RL,KE,XF:
c _ KL,KR,K? TNCHANGED, KV(TT) WNCHANGER
e - __FO®R TIT K C(BY *> .
COND N 80 B: <# KV(TR)=-TA *> -
COND N B0 C: <% O0<IACIR, TIA=MIN(X,Y), IB=MAX(X,V) *>
. - CO¥D. 0 C: < ] A=NIN (X, .
COND § 40 D: <% 0<=M<P(BY, IT=KL(IF)**M *> o )
. _ COND N 80 Bz <* KV(T)=IA FOR I=RI(TR)**Q, 1<=0<=¥ >
e 40 TP ( KL(IT) .E0. IB) GO T0 6O N
IT = KL(IT) _
RV (IT) = TA o
M=M+1 N L
f0 TO 40 .
COND N 80 A: <* K FOR INITIAL VALUES OF KV,KL,%F,R®; )
_ ¢ RL,KR,KF TNCHANGED, XV (TT) ONCHANGED
c FOR TT ~¢ C(R) *>
L COND N 40 B: <% KY(IR)=-Ta *> o o
COND N 4O C: <% OCTACTIR, TIA=MIN(X,Y), TB=MAX(X,Y) *>
COND N 40 D: <% O0<=M<P(R), TIT=KL(IB)*#*M %>
COND N 40 T: <% KV(I)=I) FOR T=KL(TR)*%Q, 1<=0<=M *> B
RHO NOTE 12 = { IT,RV(IT) M> . e
PC NOTE 12 =(% KL(IT) - = IB *> e s

N 40 A,B,C:

null intersection

N 40 D: path condition implies initial value of
M < P(B)-1 since M < P(B) and KL(1iB)
#% (M+l) - = IB. Remainder follows_ from
_assignments e

40

E: initial condition and assignment




NOT® CONTRNL PATH  NTNMRFR 13 35.

COND

N a0 A <x

X_FOR _INTTTAL VALUES OF XV +¥L, ¥R, KF:

_ FL,KR,XF_UNCHANGFD, EV(TT™) WNCRAWGED

FOP TT™ < C(R) *>

L om w0 s o xvamem e
. COND N 40 C: <% O0CTACTR, TA=MIN(X,Y), TB=MAY(X,V) *>
.~ COND N 80 D: <* O0K=MCP(R), IT=RL(TRy* M x> ]
COND N 40 E: <* RV(I)=TA FOR I=KL(TR)*%*0, 1<¢=0<=M %>
. uo TP C KL(IT™) .E0. IB) GO ™0 60
Joo....%0 IF (IT .%0.IB) GOTO 70 .
KLET) = RL(TA) ) i
. RN = R TR
70 RL(IB) = TID N o
o 7 ID = TR o |
. COND N Q000 p: <x E #> — o
COND N Q999 B: <% GC(NR) *>
. .. ..__._COND N 9999 C: <% ONE OF "R SET CT,CIT,CTTI,CIV %>
e C L CTr e TxX=0 o>
c CIT: <* TX>0, TY=IX, TR=0) *>
. c . cIz <* TA=EC(TY)=IB=EC(IV) *> o
o c CTV: <% IX,7TY>0, IA=MTN(Y,Y), TR=MAY(Y,V\,
. c EC(IBY=FC(IX)=FC(IV)="A *>
RHO NOTE 13: (KL(IT),KL(IA),KL(IB), D)
PC _NOTE 13: <(* IT = KL(IB)**(P(B)-1) o = B*> o
N 9999 A: Lemma 4 Sect 4 N 40 and path give function of Lemma 4 »ﬁ

N 9999 B: global

N 9999 C =

CIV: null intersection for first part Lemma 4 for last.



NOT®

CONTROT, PATH NTMBER

14

e e e s e e

N uo

C - — —_—

Ao

K FOR INI”TAL VhLﬂvq oF rv, KL,KR KF3

XL,KR,KF TTNCHANGED, RV(IT) WNCHANGED

FOR T™ =< C(B)

*>

N UO

B:r <% FV(TB)=-IA *>

o COND N 80 C: <* O<IACTR, TA=MIN(Y, .Y) o TR=MAX(X,V) *> ‘
o COND N 80 D: <% O<=M<P(BY, IT=KL(IB)**M *> o
cOND N 40 E: <% KV(I)=TA FOR I=KL(TR)**0, 1<=0<=F >
‘ 40 IF ( XL(IT) .F0. IB) GO TO 60 o
60 TF ( IT .R0. IB) GO TO 70 N
. T0  RLOE®M = ID [ S
- Ip = 1B _ - ] )
L .SQFR“,F 9999 A: <* K *> e
COND N 9999 B: <% GC(NR)  *> s
COND N 9999 C: <* ONF OF THE SET CT,CTT,CITI,CTY *>
C CI: <* IX=0 *> e
SR A __CII: <> 1IX>0, IY¥® TR, IR0V *> -
c TTI: <% TA=BC(TX)=IB=BC(IV) *> i
c CIV: <* TX,TV>0, TA=MIN(Y,Y), TR=M3V(X,V),
I EC (TR)=EC (IX) =FC(IV)=TR *> .
~_path 14 is alternate case of Lemma 4., o
3
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Proof of termination for NOTE
Q(NOTE) =< F 20, F 205, F 40

Expressions: el = A, e2 = -JA, e3 = -IB, e4 = M.
Proof that <{el,e2,e3,e4} is a controlled set of expressions:
Path 1 : 20 —> 20
PC 1 =% KV(IA) <0 *}
» 1s constant along path, -iA < 0 at F 20 and
increasing along path by definition of EC chain

(see control path H).

Path 2 : 20 —> 205
PC 2 = * RV(IA) < 0 *>

N is increasing along path, constant at F 205.

Path 3 : 205 —> 205
PC 3 =<* KV(IB) < 0 *3
A, -IA constant thus non-decreasing along path.
-IB < 0 at F 205 and increasing along path by

definition of EC chain (see Control path 6)

Path 4a,b : 205 —> 40
PC 4a (* IB > IA *)
PC 4b {(* IB < IA *

A 1is increasing along path and constant at F 40.



38.

Path 5 : 40 —> 40
PC 5 =< * KL(IT) # IB *
», -IA, -IB are constant along path thus non-decreasing.
M 1is increasing along path by assigmment M = M+1.

M < P(B) at F 40 (COND 40 D).
Q.E.D.
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5.2. Proof of consistency for subroutine CONSOL.
This section contains proof that if S e COND-IN(CONSOL)
and P = CONSOL then P(S) e COND-OUT(CONSOL)

1l

COND-IN(CONSOL) =<* K, ID
COND-OUT(CONSOL) =< * K, ID

0, GC(NR) *)
0, GC(NR), NVAC = O,
KN = IM(KV#(KN)) *>

1

>(CONSOL) nAGC(NR) = N, KN

N occurs only in o(PATH 26),

KN occurs only in o(PATH 7), in each case GC(NR) is consistent
by assignment. The remainder of GC(NR) is valid by null .
intersection. The global condition on KN is also true

by null intersection.



CONSOL CONTROL PA™H NUMBER 1 40.

éo&n‘ o i: .<* R-In—0>0;}N%;”;;.
| COVD GLOBRL <* ID=0,GC(NF) *>
C ¥# DENOTES THE TNTTTAL VALUE OF TEF VRRTAPTP X,
~-~wm~~~w~u-gn Y DEVOTES Tg;qé&;;;;T‘VAL"F o
S o TF (NVAC.E0.0) GO TO 9099 .
U . =“6 S L .
- i;;”w_.w,‘ww_Mw_wm,m_wﬁw__wm”wm_”W“_
) ~ cbnn c 21 A: o 1e=T¢= N, M=1<IT; ITCI, kv&(II)=Ir>1 *>
COND c 21 B <x 1<-wV(K)<KV(xK)€-M FOR K, K¥ SOCH THAT
~.c S 1<—K<K§<I;~;;;?§;:g, rv&ka)-xkz
) 4c‘ RV (K) -KV(KV#(K)) FOR X SUCH THAT
o ‘é o - 1<-K<I, KV*(')*—K‘ FOP FACE MM STCH TERT
cﬂmnmme~'mWM’”hmw~~ 1¢<= MH(LE— KV(K}-n;M;b; égﬁ;m%;u i
'wwmm&huu-““MW_en‘ S {<-x<1 xv&(x) ;m;>
- ~'ménwn _ém 71'E- <* KV(K) KVﬂ(K), :< K<“ww;ﬁv“
T emn ¢ o2 < . LeTLE, KP-KFE, KP=KRE ®>
L I}HO_ CONSOL 1A = <M I/ B o o

PC CONSOL 1 =(* NVAC >0 *\

C 21 A: As.sissurﬁes_,__._w,.,.“.___ e
C 21 B: Vacuoug ______ ) } o
021 C;P?.__NUI‘l :Lnt:ﬂ_ers_ect:ion




FANSOL  CONTPOL PATH  NUMRER 2

cOND C 1 <*x K,IN=0,GC (N®) *>

rnwn "LOBAI <% ID= o CC(N”’ >

. c v& HVVO*VQ “H? TW*TTAL VAIU” O% THE VARIK“L“ Y,
) C Y DENO”VS mFF CUPRPNT VPLﬂV
- 1 IF (NVAC FO 0? GO Tﬂ 09909
) H*”é6;£' C Q990 <* ¥,Inp=0, ”VAC d H(AK) H(AF*),H

C KN=!M{KV#(KN#)) *>

o RHO CONSOL 2 =@
PC__CONSOL 2 =(* NVAC =0 *p -
. € 9999: Null intersection and path condition

41.
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<* ¥= (x);Ax I>x->t ' 3_ S
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LY¥HL HONS WW HOVa 404 x-~(x)ch ‘I>x L . o ,_5_ -
wlind HOUs » d0d ((x)#AX)AX-=(X)AX o} — -
tui= nd) #hd ‘A= () sA¥ ‘D>u>as>L D o
LVdd HOUS Ax‘d d0a W=> (34)a¥> (M) An=D>i %> *d ¢ I  UNUD _ i
e berii=(Ti)sax “I>IL *II>l=w ‘N=D>I=>L x> ¥ LC O GkUD i
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CONSOL  COVTRNL PATH  NUMBPP 4 43.
TOND € 21 A: <% 1<=I<=N, M=|<IT; TICI, RVE(ITV=TT>| %>
COND € 21 P: <% 1<=RV(F) <KV (K¥) <=M FOR ¥, KK &NUCH THAT
c 1<=K<KKLCT, KV#(K)=K, ¥V#(KK)=KFK:

o KV (R) ==KV (KV# (X)) FOR K SICH THA™

C 1<=F<T, KV&(K)-=F: FOF FACH MM SOCH TH2™

c 1<=MM<=M KV (K)=MM FOR SOME R,
o 1<=K<T,RVE (R) =K *>
COND C 21 C: <* KV(K)=KUVA(K), I<=FK<=N *>

co¥n C 21 D: <* KL=KL%#, KP=KF#, KP=FRR® *>

21 IF ( RY(T) .NE. I ) GO T0 15
15 J = KV (I)

— e e e team e - e e e -

RV(T) = =XV (J)

COND € 20 A: <% 1<=T<¢=W, M=|<TTs TIC=I, KV&(TT)=IT>| *>

COND C 20 R: <% C 21 R POR M=M=1, (RVE(T)=T, RV(I)=M)

~ OR C 21 R, (XV#(T)~=I, XV (I)=-RV(RVE(T)) )} #*>
COND C 20 C: <* RV(E)=KVH(K), ICKR<=N %>
COND C 20 D: <% C 21D #>

~ RHO CONSOL 4: <J, KVW(I)>
- .. PC_CONSOL &4:{* KV(I) - =T1*>

~C _ 20 A: Path condition, no new element added to set {II)

- wooe . by including I in bounds =
C 20 B(SECOND OPTION): Path condition and assignment
since J = KV (I)

e ... G20 . _ C,D: Null intersection




COVSOL CONTROL, PAT™H NNUMRFR S 44 |

“ C;;;"é"”;g”;:””;; 1<=I<=ﬁ:“;-l<TI'»TI<—Im-;Vﬂ(T')»I*>| >
_ ” CdNﬁ C. 20 %: (;“ c 21 B FOP M=u-1 ,(KVQ(I)-T RV (T)=M)
- '"é N | bﬁ Cc 21 R, (KVQ(T)~=’, KV(T)‘-WV(KV*(T)) Yy
cCoND ”E“ 20“;;m“<* KV(K)=V;;;;::WE;K<;; ;3
‘ma_kOQD Cc "}0 D: '<¥'é A21 b'¥> | -
o ‘W—EO I I+1 o - .
IF (;~£E N) GO TO 21 ‘ B
126;6 RyIM: <* M‘HCOS* KV(T) IH(I) TF KV#(I)
"“‘“"*”““"‘“"E' o KV(*‘--IM(WV!(I)) IF éVi(I)ﬂ-I, 1< T<=N %>

CONDP € 20.2: <* C 21 D, XVIM *>

e ... RHO . CONSOL .5 =¢(1> . _ e
evemoeino PC__CONSOL 5 =(* I >N*>

C 20.2: null intersection for C 21 D, C 20 A,B and
_____ U - . path condition for KVIM .
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{I>=9 TOSNOD OHY
A<* sda=dx ‘#dd=d43 “‘#La=Ixa %> 4 L j UNUD
e N=>E=>I (shd= (AN x> D 1T D unod ]
| <% x=(x)nnx‘l>x=}z .AaA -
‘A UWOS HOd KWW=tAd) AN  RN=DuWW=>| o ou -
GUHL HOUS WW HOV4 d0d  fa=-(M)say ‘Dy=>L 5
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COND

c

CANSOL, CONTRNT. PATH NUMBER 7 46.

COND

KVTM: <% M=MCOS#,RV (I)=IM(I) IF XV#(Iy=T,
RV (T)=-IM (RVE(T)) IF RVE(I)-=I, 1<=T<=N ®>

C 20.2: <*C 21D, KV ¥

o KN ; IAg;( K;}gh) )
1=1
. ‘véOND GLOBAL <x KN'!TH(KV*(KN‘))' -*;
CONﬁwm;N“31 A:“ <k RKVIM, Ki;;;; *D> o o
“ m_mmmwncoén c H;§”é§“ < 1<~1<;'—;> -

CON“

Cc 31 C: <= KF(II,J) IH(KVR(KP&(TI J))),

C

C

KR(II,J) IN(KV#(*P*(II J))\.

1<-J< NJ, 1<= TI<T KVC(IT)'TI x>

COoND C 31 Ds <* KF(TT,J) KF#(IT J\, KP(’T J) KP*(I )

e

FPOR I<=ITI<=N, 1<=IL=NT *>

PC

_RHO CONSOL 7 =<KN,I>
CONSOL._ 7. =% @B %> e

. COND. 31 A,D: Null intersection

COND .. 31 ___ B: Assignment _

. .. . . _ CoND_31 C: Vacuous.
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coNd
COND
cown
C
c
“comn
e
e
com

CONSOL  CONTROL PATH NAUMRPR 9 48.

GLOEAL <x  KEN=| TM(KV2(KN2)) 1 *>

C 21 Rh: <% KVI¥, KI=XL#% ¥>

C 31 B: <% 1<=7T<=N *>

C §A.C: .<* V”{*I,Jj-IH}%V&(?F;(II,J\)),
KR(TT,N=TM(KV2(KR&(TI,T))),

1<=a¢=na, 1¢=IT<T, KV#(TT) =TT *>

C 31 Dz K% W?(TI J) =KF&(TI, J), KP(TT,J) KPG(TI,J)

FOR I<= I*('N, 1<=J<=NJ *>

IF ( KV(I) .LT. 0 ) GO TO ?0

C 30 A: <% C 37 A,B,C *>

C 30 B: <% WV(I})O AND K?(I J) 7H(KV3(WVQ(T,J))),

WR(I J) IF(KV#(KR*(T,J))), 1< L= NJ *>

OR  «* KV(I\<0 %>

C 30 C: <* KP(*T,J) KFQ(TT J), ICTTC=N, 1<=T<=NT *>

RHO CONSOL 9 = ¢

PC CONSOL 9 =<* Kv(I) <O L)

C 30 A C° Null 1ntersection

c 30 B(SECOND CHOICE) Path condition



CONSOT. CONTROL PATH NUMBFR 10 49 .
COND C 26 A: <% C 31 A,8,C, EV(TI>0 *>

COND C 26 R: <k 1<=J<=NT *>
oo 26 C: <* XP(I,JJ)=TM(KVE(KF&(T,JI)),

c RR(I,JN=IM(RVE(KRE(T,JTV)), 1<=JICT *>

- COND C 26 D: <* KP(II,J))=XP#({TT,JJ), RR(IY, TN =YR&(TT,JJ)
L . C | IP I<KTT ORVI=IT, J¢=33 *>

26 TF ( XP(I,J) .BEO0. 0') GO TN 23

KT = KF(I,N
| KP(I,J) = IABS} R?(KT)'{ .
23 IF ( KR(T,J) .EO. 0 ) GO ™0 25 '
K = KBTI,
KR(I,J) = IAB#( k?(WT) \v

CONN C 25 A: <x C 26 1,%,C,D FOP JKJT *>

CoNn C 25 R: < KP(T,J)=IM!KV#(K?B(I,ij\,

C KF(I,J)=IM(KV#(KR#(I,J))) x>
_ RHO CONSOL._ 10:=< KT, KF(I,J), KR(I,J)D> .
PC _ CONSOL 10 =< KF(I.J). >0, RR(I,J) >0

COND _C_ 25A: Null intersection

-

_____COND C 25B: Path conditions, definition of IM and assignments




CONSOL CONTROL PATH NNMRBER 11 50.

coND C 26 At <% C 31 A,B,C, KV(T)>0 *>
COND C 26 B: <* 1<=J<=NJ *>

COND C 126 C: <* KF(I JJ) 7"(KV5(W°#(I JJ)\):

¢ » KR(T, JJ) TH(KV#(KRQ(I NN, 1€=3I<T w>
) - conD C 26 Dr <* x?(xr,wwx-ryc(xr an ., KR (17, 3) = KRE(TT, I
B ¢ ” " Ip 1¢TI OB I=TI, J(-JJ x>

e ip (KP(T,7 .0, 0) 60 T0 23 o
- X7 = KF(I,J) -
— - wv(f 3y = IABS KV(xmy )
- P 1 ( xp(i,ny_rgé. 0 cd'éd'ig

cosp C 25 A: <% C 26 A,B,C,D FOR JKII *>

COND € 25 R: <(* KP(T,d) = IM(Kva(xpa(I,J)v\.

c o —KP(T,J{“IH(KV#(KR#(I,J)\) w>

e ot e - ———— e T ee = Ce e e e



CONSNL  CONTROL PATH NMMRER 12 51.
| (‘m:'D c ?6 A: <* C 31 1,B,C, SV(TY>0 *>
~ N Coﬁﬁ c ZG’F: <*71<=J<=NJ *>
o - cégn C 26 C: <% kaI,JJ)=IH(KV%(KF#(I,JJ))\,
- ) VC - K!;(T,JJ)=IM(KV#(KP*(T,J-N)_H , 1<=73<T %>
_".“' ) ‘é;‘\lrl) cC 26 D' é* K/E.‘(II,JJ\=KF#(II,JJ) , RR(IT,JJ)=KP&(TT,J0)
R “CH B o IVF VI(II 09 I=.I]‘Z,NJ<=.'.I..; *>
2F I;’ (V KF‘(;,J) ;FO. 1) ) | GO TO 23
- ) ?3 I” ”(WY;PV(I;JS ;E(‘).‘ '6') VVGO ™ 25
A o
S R(T,M) = TABS( RVEMY )
‘CONﬂ o 25’A: <¢* C 26 A,B8,C,D FOR J<CJJ *>
‘ | COND C 25 RBR: <* KF(I,J)=TM(RV# (RFR ('I.,J)ﬂ ’
- (‘- o - m‘ﬂ; (I-,d)AA¥I'M ('W.V“# (YRE(T,J)))Y *>
(PATH 12) Proof of consistency analogous to that for Path 10.




-CONSOL cow'.r:'é_c_)i, ;A;M%t’mﬁlnam 13 | 52.
N I
COND C 26 B: <k 1<=J<=NJ *> |
co.\m‘ o 26 C: <% RF(T, J)= IH(KV#(R’PA(I,JJ))),
(' " o KR (I,..‘T?I)M;MM(AKV# lKR-QE; .1.1)“)_)—:"71 <:.IJ<.1 | *)
o CONT‘ C“ ;60: A;;'KF(*T, J) KP#(II JJ), KR(”I,JJ\ =Kp&(IT,JN
(‘ S IP I(I" OR 'TIMI‘;, JL=JJ *>
26 TF ( R¥(T,)) .E0. 0 ) GO TO 23 o
T Y vp (ke.m om0, 00 607025
T Tcomn ¢ 25 ar a7 A, B.C,D FOR 3<31 ¥
rr);m c_ ;GP <% RP(T, NN = IH(KV#(RF#; ,J)‘\“\-‘. o
N _ c | XR (I J=T" (KV#(KP'HI J))\ *>
o (PATH 13) Proof of consistency analogous to that for Path 10.



&owso" CONTROL PAT™H ¥OMBER 14 53.

cown CM" 2-;1\'~<*;‘ 26 A,B,C,D FOR JKIJ *>
o i CON“ cC 25 ®m: <X VF‘P‘(I,J\=IM (RVE(KP&(T,T))),
— — C - i wvw (;!;J\ =Iw(kva(KP#(I,.7))) xS

) Tos Cgemer

‘ - .I“ (F.LE.NJ) GO T0O 26
i ' ““CO!;J!; C H?O Az ‘<* c 31 1,B8,C *>

P‘(-)’\I;C*;(;- B: :(;‘n-K;?I}.;O—A;;') _!;F ;I, J) IH (KV# (KF# (r, ))) v
VWWWN—WN-_.M.(‘.- | | o i —KP (I J)“TH (‘?VQ(KPQ (I,3))), 1<=T<¢=NF  *>
- C .‘ OR <*x EKV(TVILK0 *>

~r‘om>)m C~?0C<* VK‘N:’;,J) KP;(*»IN ;I): ICITC=N, 1<=J<=NT *>

B RHO CONSOL 14 =(J

P CONSOL 14 = <J > NI D>
i C 30 A,C : Null intersection
) C 30 B (FIRST CHOICE): C 25 and path condition



CONSOL CONTROT. PATH NMMRER 15 54,

COND C 25 A: <% C 26 A,B,C,D FOR IKJIT  *>

N N COND C 25 B: <* KF(I,J)=IH(KVS(KV§(I,J))).
B B uﬁvm . S RR(I, J) TM(KV#(KR*(I J))) x>
25 .14—1 o
_“W~-"””IV (J. i;‘N;{' Gn TO ?6V’
Tconn ¢ 26 Ar < C 31 K,B,C, FV(D>O0 #>
COND C 26 B: <% 1K=X= N’ *>
COND é»>éé-é;‘”2;>KF(T JJ) IM(KV#}KF#(I JJ\)),
S —‘C - :“‘“ KP(I,JJ) IH(KV#(YP#(T JJ))), 1<— JLT

cCOND C 26 D (% ?F(TI,JJ)-WP*(IT,JJ), KR (1T, )= WPR(T’ JaN

c IF ICTT OF I=IT, J<=JJ *>

RHO CONSOL 15 <J, L e
PC consoy 15 =<J <= NJ) e e

C 26 A,D: Null intersection

C 26  B: Path condition

C 26 C: C. 25 and assignment

et -t i e 4 e 2 . e |t - S - - - — - JR—— e o — -



CONSOL COXTROL PATH NUOMBER 1A 55.

- coyn C 30 A7y <¢* C 31 3,B,C *>
i COXN © 20 R <k KV (TY>0 AND KF(T,J)=TM (KVE (KP& (T, 1)\,

c RRIT, ) =IM (RV#(KRE(T,0))), 1<=0<=NT %>
T e T o< xvmco W
h: o HtOND C 30 C: «x% FF(I“,.)—KF#(II J), ILTT<C=N, 1<=TC=NT >
“"‘“"‘"’“"W“""?O I= T+1

-“iF" (I I- &) GO TO 11
e ,20 R
- 1;1 S

CONQUAC ’;;“;:M”;; 1<=1<= N:M“J |<VI: TI1<T, YVR(II) =TI>)
o ."“66;5- é ‘ﬁ;‘B: <;7VL(JJ) KV(JJ)—JJ
- mh - o - XF (JJ,K)= TH(VV#(WF9(7HT(7J).K))\.

o C - ﬁ”wwméR}JJ,¥)=IH(KV#(KR*(TMI(JJ);K$)).
- ) | Ch o | | 1<=JJ<=J, 1<=R<=NT %>
» ‘ coNn VC ui C: <* ¥?(II,R)= TH(KVQ(FPQ(I K\));

T —;“ o P“‘-W.‘W>“K;;;£,K)=Iﬂ;g;ﬂ(KRQ(II,f;;;Z ;;=F<=NJ,

Ac S VKV(IT) =TM(IT), -T<TI?-N AND RY#(TT)=TT:
- h éw ” - B YV(TI)--TM(WV#lIT)f, KVﬂ(TT)ﬂ—TI, TLITIC=N %>
B RHO CONSOL 16 =<I,J>
B PC  CONSOL 16 =<* I >N *)
B C 41 A: Assignment

C 41 B: Vacuous

... G 41 C:C 30 with path condition



CONSOQOL CONTROL PATH NOMBEFR 17 56.

CONb ‘C MéO A <% C 31 A,B,C *>

COND C 20 B: <* RV(IY>0 AND KF(I,J)=IM(RKV#(KF&(T,T))),
c KR(T,J)=IM(KVE(KR%(T,J))), 1<=J<=NT *>

._é e .OP Aé*. Kv(rigdm”;; e .

30 I=I+1
IF (I LF L) 60 TO 31

COND  GLOBAL <* WN‘IIH(RV#(KN*\)' *>

CoND C 31 A: <* RKVIM, KL=KL# *>

COND C 31 B: <% 1<=I<’N x>

COND C 31 Ce <* FP(II J) IH(KV#(WF#(IT,J))),

C KR(TI, N = IM(KV*(KR*(II,J))),
C 1<-J<- J, 1<= II<I RV*(II)-TI *>

coNnD C 31 D: <% KP(TI,J) ?FQ(TT,J}, KR(TI,J?—WRQ(TT,J\

c PR IL= TI(—N, 1<—J< NI %>

~_ RHO CONSOL 17 =<1
... PC CONSOL 17 =<* I <= N *). . .

. — e - a o o < = . = et emma i ——— s = w w o emass e e m——n heemmemime | Ssmaems | meoa e s onos

. eo''m. . €C 31 A,D: Null intersection
Cc 31 B: Path condition
o€ 31 . C: C 30 and assignment. . .
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H NTMRER 18 57

C0§Dm“;' Aivh: <; ;<=I<=N, J=1<TITs TICI, RUS(TTY=TIT>] *>
COND  C 81 R: <% RTL(JI) =RV (JJ) =33,
) C v KP (1T, Ky =TM(KVE(RXF# (TMT (TT) ,K))Y,
o c' | Aw,-n (11, ) =I‘M>(KV>Q (KR& (IMI(J.7),%))),
: C 1<-=.1J<=J, 1<-K<‘-NJ x>
| - 7C6ND Cc .31 Cs <*% WF(-*,W\-TM(KV#(KF5(TI K))),
C - KR (;'*—,‘r;;*-‘xﬁ}xv’t(xﬁs (IT,%))), 1<=Ke=Ng,
. VC“ KV{ITT)=In(TTY, T<II< N AVD kV#(T7 V=TT
- Héh o A‘KV(II)--TM(WV#(IT){, KV#(II)«-I TLTIC=N %>
41 TP ®V().1m.0) 0 To 40 -
T s - ‘
- . w; 1 o .
COND C 35;;: <:-1<-T<; "1<=K(=w.1,w.w;-(;)—>6;V_J:;;*l") x> o
- “Mcovn c Wés.R: : <*¥* C 41 R WITH 0 RTPLACED BY .1-1,
- (" - RKF (J KK) =TM (KV&(KF& (IMT(T) KKV )Y,
c ) . x; (VJ KKy = 'rr;l“(;v-#‘(—;p—;(;nz(n) ;kmr(-)')*)' Y
T P o o 1<'KV<V *>
 conn c amc: <ec w1cws
- RHO _CONSOL 18 =<J,K> =~
— e PG CONSOL 18 = {* KV(I) > 0 *}
C 38 _A: Assigoment, IMI(I) = I < II; 1 <= II <= I,
. Kv (II) = ITI > 1. If KV (1) =
— . C 38 B: First part by increase in J and null intersection,

s_%s:gr.xd_;.ﬂeg:;;_y.awc uous since K= 1.
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"¢> 61 TIOSNOD OHE

<% J W DO %> 2 0% O ANOD

<y da D %> «d O O dNOO
< MCLI=CID)ead’I=>Ii $Ii>li=r ‘N=>i=D>i %> ¥ 0n O GNOO

0t UL VY (0 mT’(l)Ax) al LD

< u=>11>;.‘1;-~(11)snx ‘((;Iitnx)ﬂl- (1i)ay ST
tII=(1i)#A% QMY N=DII>I (1) uI=(I11)ax - 5 T
‘eN=>¥=D1 ‘(((x‘II)#dX)#Ax)NI=(3‘II)&M - o) R
_“A*."717}x Il)t&x)tbx)ul 3 11{35_”;; ﬂ:D"L; 5 k0D
<x PNS =L ‘P=>rr=>l | 5 ) o
‘(((x‘(brflulié&x)s&ﬁju1=(§‘vc)&x 5 T
‘ L ( Ul‘ (‘E}";‘;I}“#;;’”&:ﬁ-{;} (x gr) _.1), S S _; T
spp=Ae0) k= (0U)TA %> G4 Ln D UNOD “ ’
<x l<¢1—\¢l)vnx > I>i-D ‘N=>I=>L %> ¥ it O QNGD
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e <M ed=0¢ 0800 oa T T
CEYD (M X QDM ‘DM - 0z 08800 oHE
T G o im o> tdom D GROD
T & ein 2> wom o a0d
<o 1<II=(ID)$A%*I=>II iI>l=p ‘8=>I=>L %> :V On O GK0D
- o C=(0)ad
R =
T T T g6 0w 09 tpscEicw) 41
o - L+d=Xx
T Wrmas = WfpEs L
T "“’(;‘“{)‘*d"x‘“;“(x‘L‘) d4 Bt

<% J Lh O %> <2 8t I3 dANOD

<% A>AA=>lL o] .

S (A (L) INI) 3aB) 2AN) WI=(UR‘L) 4 o)

‘L= A9 GFOVIdEY 1 BLIA 8 LB D x> 8 8t O (UNOD

<x A\I)IWI=L ‘0<(I)Ax ‘“LN=>i=>l ‘*N=>I=>i %> ¥ & O UNOD

'6S 02 HHEWHN BoVd TOHWLNOD

AOSNUD




CONSOL c6§¢90L Péwﬁ ﬁnnééﬁ —é1 60
conn € 38 Rs <r 1<uTN, 1<oRC=NI, KV(T)>0, T=TAT(T) %>
COND C 138 B: <*x C 41 R WITH j REPLACED BY J-1
rwr. | KF(J KK) TM(KV*(KFG(IHI(J) K¥Y)),
C | .”-—mh“mummwum;;};;xk)=f;};;;;§;a;£ﬁ;fay,KK\)).
_,W_C”W R 'A”1§=wk{x *>n S
o ’Wy'ébwn C 39>C:‘ <x C u1A&V#>-- )
3£“MW‘KF(J,K{W= KF (I, K) _ )
m;;v m KB(J w) = KR(THQ; B ) ‘ F
- o K= K+1 - - M
TP (LLE.ED G0 0 38 S
o coxp ¢ 3P a: <= 1<-T<'"n a<-.;<;w¢,, KY(T)>0, I=TAT(T) *>
— Coso c 2R #: ¢%x ¢ U1 R WITH J RFPLACED RY J-1,
e e;‘{.;""xg{—{&{{{meu;y'm'«m{, |
c | . KR(J,KK)=IH(KV#(KP8(IMI(J},KK\)\,
] o erren ,*;. e e
T T e e e <h e wiew
) 'RHO CONSOL 21 - (KF(K J) KR(K J) K>
) PC CONSOL 21 =<* K <= NJ *}
~ C 38 A: Path condition on K, null intersection for remainder
L 'C 38 B: 38 B and assignment
C 38 C: Null intersection = . .




CONSOT  CONTRNT PATH NUMRER 22 61.

COND C U0 A: <*x 1<¢=T<=W, J=|<IT; TIC=I,XV&(TT)=TI>| =*>
COND C L0 Ry <% C 01 R %>

COND C 40 C: <% C 41 C *>

40 I=T+1

. TP (I.LE.N) €GO TO 41

COND C U40.2: <* F¥F(J,X)=TM(RVE(KFR(IMI(T),¥))),

C KR (J,K)=THM (RV # (KR# (IMT (J),K))),

e ... _RHO CONSOL 22 =<TI>
. PC CONSOL 22 =<(* I > N *

e et e e dem s b temmae e e e e e s - T VSO Sy

C 40.2: C 40 and path condition

-




CONSOL COXTROL PATH NUMBER 23

40 A: <* 1<=I<=N,

uo Re <% C

UO C‘

u0 T= I+1

62.

TIC KV#(II\ =II>

*>

x>

1¢=¥<=NJ,

xS

0 ¥ (I LF. N) bo +0 u'1
ﬁﬂ_ﬂ#wvﬁ_}:ﬁﬁé 'C M A <* 1< 't( N, J=1<IT: TI(I,‘(V!(TT) II)!
cown“—én';;wg;ﬂ_é; KI(JJ) KV;JJ)-JJ, o
u”“"wm~n__mmmugw - “;f(JJ K) IH(KV#(KF*(IM*(JJ) K)\\,
""—‘""“"—*““‘“'é"“"" S o KR fJJ K) IH(FV#(KR# (IBI (JJ) KH\ v
P "1<-.1.{<'_'{,' Tieeewa >
T ~w»(";\bm CM B1C° <* KF (TI f() ”M(KV*(KF* (II,‘(H\ v |
T 'E N - “—KF(*I vy = Iﬂ(Kv#(KR*(*I w\)),
T T '}J}}J{”I"Q}'T;{L' Im«'}{m FY® (TN =TT
- ) c "V(TI)‘-IN(K"*(I"H, .V*(II\ =TI, ICITL=N
RHO CONSOL 23: < 1>
) PC CONSOL» 23_,:_,<#,. .I,. _<'—:_wN.,*__> o o
] C 41 A: Path condition and increase in I
I c 41 B,C: Nulll}ntgrsection




CaNSOL CONTROL PATH NTIMRER 24

63.

COND C 80.2: <* KF(J,K)=IM(KVE(RFE(IMI(),R))),
e ER (J,KY=TM (KV&(KR& (TMNTI(J)}),R))),

RV (J) =KL (J)=J, 1<=K<=NJ, 1<=J<¢=M *>

COND C 51 A: <% C 40,2 *>
COND C 51 B: <% M+1<=I<=N #>
COND C 51 C: <% XKF(TI,J)=RR(II,J)=0, 1<=J<=NJ, RT<=TIKT *>

. RHO CONSOL 24

<KT,I;

PC CONSOL 24 =@

. ; C 51 A: Null intersection )
_ - C 51 B: Assignment
C 2L C:vacwous .




CONSOL CONTROL PATH NUMBRR 25 64 .

COND C S1 A: <% C 40,2 *>

COND C 51 B: < Me1<4=I<=N *>

COND C 51 C: <{x KF(II,J)=KR(II,J)=O, 1<=J<=NT, RT<C=TIKT *>
51 J=1

COND C 52: <k C 513 1<=J<=NJ;

C KFP(I,JJ)=KR(I,JT)=0, 1<=JIKLT *>
RHO CONSOL 25 =<J> e
PC__CONSOL 25 =@ " . )
C_52: Null intersection, vacuous, assigmment, . _

respectively. e e




COND

CONSOT

c

52

c

RF (I,

CONTROL

%

W
N
e

DATH  NITMRFR 26

C S51; 1<=1<=NJ}

¥F(I,J3)=KR(I,1T)=0,

65.

1{=37<¢3 *>

FR(T,J) = O _
L 50  J=J4+1
" 1P (@.LP.NM GO TO 52
I=T+1
: ”i% ;I.LE.N) GO ™0 S1
S . L A .
NVAC = 0

RN=THM (KVHE(KN2)) *>

CNOND C 9999: <% ¥K,ID=0,NVAC=0,H(AR)=H(AR®,

C 9999: C 52 and path conditions show conditions are

-
——— SOV —

_ RHO CONSOL 26 = { KF(I,J), KR(I,J), I, J, N, NVAC>

~ those necessary for Lemma 5 to apply.



CONSOL CONTROL PATH NIMRER 27

66

c S13 1<=3<=NT3

KF'T'JJ‘ =K R (I'JJ, =0, 1('—'\"1(:1 %>

ZR(I,J) = 0
50 J=T+1
IF (J.LE.NJ) GO TO 52

KF(I,J) =

T=I+1

IF (I.LE.N}y GO TO 51

cCoNn C S1 A: <*x C 40.2 %
cOND € 51 B: <k Me1<=IL=N ¥
coNn € 51 C: <* KF(II,J)=KB (1,7 =0, 1<=J<=NI, RPE=TTLT *>

_ ) PC CONSOL ‘27 ff(I ﬁ?_N,'J > NJH*> B
. C 51 A: Null intersection
¢ 51 B: By Pa.t.h...éo.n.d.ition.,,
€ 51 GC; Path condition and assigmment . . ._ ...

RHO CONSOL

27 =<KR(I’J) ’ ‘KF,(.I’.J) 5. Ly J.>
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67.

o ¢ o2 < 815 remmcenar
| ¢ KF(‘!,JJ);KR!I,JJ) =0, 1<=JI<T  *>
“ 52 KF(I,) =0 “
ke =0
i 50 J=J+1
- IF (J.LE.NJ) GO TO K2
o ¢ 521 <s o s1; vemseenns
o C | F’F(I.JJ)=¥R(~I,JJ)=0, 1<=.m<.f *>
_.RHO CONSOL 28 = (KF(I,J), KR(I,J), J>
. PC  CONSOL 28 =(* J <= NJ *)
_C _52: Assignment and path condition for last part.
o Null intersection for first part.



68.
Proof of termination for CONSOL

Q(CONSOL) - < F 20, F 25, F 30, F 38.2, F 40, F 50>

Expressions: el = A, e2 =1, e3 =J, e4 = K.

Proof that (ei; i = 1,4 is a set of controlled expressions:

PATH 1 (i,iii) 20 —> 21 ==> 20
A 1is constant, I is increasing and I <= N at 20

by COND C 20.

PATH 2 20 —> 31 —> 30

A 1increases, A is constant at 30.

PATH 3 (i,iv) 20 —> 31 —> 26 ==> 23 ==> 25

N increases, A is constant at 25

PATH &4 25 —> 26 ==> 23 ==> 25
N is constant, 1 is constant, J increases and

J <= NJ at 25 by COND C 25.

PATH 5 25 —> 30
N, I are constant, J increases and J < NJ+1

at 30 by COND C 25 and J = J+1



PATH 6

PATH 7

PATH 8

PATH 9

PATH 10

PATH 11

PATH 12

30 —> 31 —> 30
A is constant, I increases and I < N at 30

by COND C 30.

(i,iv) 30 —> 31 —> 26 ==> 23 ==> 25
A is constant, I increases and I < N at 25

by COND C 25.

30 —> 41 —> 40

A increases and A is constant at 40

30 —> 41 —> 38.2

A increases and A is constant at 38.2

38.2 —> 38 —> 38.2
A, I, and J are constant, K increases and

K <= NJ at 38.2 by COND C 38.

38.2 — 40

69.

N\, I, J are constant, K increases and K <= NJ+1

at 40 by COND C 38 and K = K+l

40 — 41 —> 40
A is constant, I increases and I <= N at 40

by COND C 40.



70.

PATH 13 40 — 41 — 38 — 38.2
A is constant, I increases and I <= N at 38.2

by COND C 38.

PATH 14 40 —> 51 —> 50

A increases and A is constant at 50.

PATH 15 50 —> 52 —> 50
A and I are constant, J increases and J <= NJ

at 50 by COND C 52.

PATH 16 50 —> 51 —> 52 —> 50
A is constant, I increases and I <= N at 50

by COND C 51.

Q.E.D.



71.

5.3. Proof of correctness for subroutine APPLY(IT, IA)

This solution contains the proof that if
S e COND-IN(APPLY) and P = APPLY the P(S) ¢ COND-OUT(APPLY).
Let HH = H(AK) at entry.

COND-IN(APPLY = {* GC(NR); K, ID = 0, 1 <= LA < NR
1 <= IT <= N, KV(IT) = IT *)

COND-OUT(APPLY) = {* GC(NR)3; K, ID = O;
H(AK) = ( HH + W(1,IT) W(L) W(IT,1)) *>

or {* N = NMAX+1 %D

GC(NR) is consistent for all paths not thru 36.1 by
null intersection or by proofs of NOTE, CONSOL. For paths
thru 36.1, GC(NR) or N = NMAX+1l is valid by assignment
and path condition since A(GC(NR)) n p(APPLY) = N.

In the preconditions for APPLY the notation

Mz X MOD(Y) means that Y divides M-X.
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CONTPOL PATH NUMBER 1 72.

COHM?N; LET~PR ;;’;A;”%;;;;;i ;;igé”OP-H(RF) o
‘ HCOND <* GC(NR) *> PRFCONWITION FOR ALL, STATRMENTS

w - "67 | EYCFPT 36.1 RND 9900

COND <; éé(ﬁ;;w;;HQZQ;AX;;J“;>.mgé?CQNDIa;bN VALID FOR

Ca - | 36.1 AND Q999
T 'CéﬁD AP 1 A:> < K ID‘OV *>

ComD AP 1 B: <x 1<eLACTNR %>

cowp mP 1 Ci <k 1<=TTCEN, CxvameTr ® .
e T fvemsTT P

e

- # 'Lﬁs =”'S(L)
- r = 1o
- o M=iNS
e e TR e

COND GLOBAL <* 1<=L<=NR, 1K= LFW< 1000NSY 1< {é;;“;;;;“
B T Nemeen o>
T Gow w21 <a mme0 e

'”ON“ AD 21 R: <* 1<=MX<=LFN, 1<=M<=1NS5,

o o
_"W"W'M"'"w"m'éogn Aé 21 Cs ;*m>1A=-,T?< w, ‘KV(Ii I, véV(IR\=TH=IT x>
e wn a1 me e cmmvL e e
COND AP 21 F: ?* ﬁ(AK)=HH x>



RHO APPLY 1 =< L, LEN, LNS, I, IB, M, MX>

PC

AP
AP
AP
AP

APPLY 1 =0

21 ALE:
21 B:.
21 C:

21 D:

null intersection
assignment and GC(NR)

assignment and AP 1 C

trivial since I = IT and MX = 1.

73.
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74.

COND GLORRL (* 1<'L<-NR.

C 1<=1T<=V¥

COXND

AP 21 A: <* K,ID=0

1¢=1.EN<=1000NSY,

1( LWS( NSY¥,

COND AP 21 B: <* 1<—HX< LFN,

1¢=ne=

c (me 1) #0Y HOD(LNS)

*)

I.NS,

*>

COND AP 21 C: <* 1<=I,IB<=N, KV(I) I, KV(IB) =TR= I"‘
COND AP 21 D: <* CHAIN (I,IT,M¥, L) *> T
COND AP 21 E:w(* H (AK) -Héw **;_” I
2_1_,_ ; = . ‘_w,“_m,‘k-w e e -
IP ( H .GT. LWS) M =~'1 |
s e m 0 . -
re .et.y o TO W
13 J = =J o
e G,o :!.0 15 e = e -

COND AP 15 A C D F' (* AP

21

A,C,D,E

*>

COND AP 1= B: < 1< MX<= LEN, 1< H( Ins, MEMY MOD (LNS) %>
COND AP 1% Fs <% I¥=0, (T,LR(M,L),0) < VV'+RR' ®>
o op (=% IY>0, (I LR{H L),KV(TY\) < KF'+KP' %>
RHO APPLY 2 —(M J, IX/ - o
PC APPLY 2=(*J<0*p
AP 15 A,C,D,E: null intersection L
AP 15 B: AP 21 B and ‘assignments
) _AWAE.,IS F: IX é‘KR(I, -LR(M,L)) by assignment

The condition follows from link definition and

K3.



APPLY EowréﬁL.vnmn ‘vﬁnsﬁgw 3 75.
- | COND GLOBAL <% 1<=L<eNP, 1<=LENC=1000NSX, 1<=LHSC=NSY,
- e 1¢=Tme=n ®>
- CONM AP 21 Ar  <# K, TD=0 *> .
9 coND ‘ﬂéié;mé; < 1<=myes LRy, mm;; MC=LNS,
““: N c R (M41) #4X MOD(LNS)  *>
o i COND AP 21 C: <% 1¢= =T, IRC=N, RV(T)=I, FKV(IM=TR=IT &>
rnéb-';; 21WSE- <x CHA;Q}ETE;;H;,Li *>
o COND AAP 21 Br <r AH(AK);Hﬁ >
T
I gm.emns) m= 1
- J = LR("’L\ |
- - Tr (3.67.0) 60 TO 18
O w rr=reLy
COND AP 15 A,C,D,R: <% AP 21 A, C,D, P %>
_ CCOND AP 15 R: <% A<=myes LFN, 1<=M<= LNS, MEMY MOD(IFS) %>
Ccomd ap 15 R <k Ive0, (LIR(GLL0) < KSteRme %>
o OR <* IX>0, (I,LR(H,L),VV(IX\) < KFRU4RpY  *>
~ RHO APPLY 3 ={M, J, IX}
o+ . _PC_APPLY 3=C%J, 6T, 0%
AP 15 A,C,D,E: null intersection
AP_ 15  __ B: AP 21 B and agsignments
L o AP 15 F: IX = KF(I, LR(M,L)) by assignment.
~ Path condition, link definition and K3 imply condition




APPLY

CONTROL PATH

NUMRER 4 76.

CON“

AD

COND AP

COND

15 A C D F.

15 Bz

AP 15 F:

<k 21 h C D F

1< HX( L”N, 1( H( LWS,

+LR (M, L) 0

AD >

<% Hﬁﬂ? HOD([VS\

<x TY=0, (

* D

< ww-+xg' *)

c

15

20

I

IP

OR

(

<% TIX>0, (T LP(H L) WV(IY)) < RRVEWEY &>

TY LFO.

0) GO T0 30

RV (IY)

HY—H7+1
T? (HX.LF LPN) 0 ™0 21
GO ”0 90

COND AP 50 A: % TD’O *)

COND

COND

AP 50 B'

AP 50 C:

OR

WV(I) I' KV(T“)=IB >

o <=1, TR<—N,

x>

<* CHAIN(IB I LFN+1 t)

< CHATW(IT I,MX L),

c cnaIw(IB I, -(LEN-HY41),I\ >
COND AP 50 Dz <* H(AR) =HY *>

e —... RHO APPLY 4 =<(I, MX) R

- PC. APPLY 4 =(* IX >0, MX > LEN *

e AP 50 A,D¢ null intersection

o AP 50  B: assignment and K2 imply KV(I) = I

. AP 50

C:

_null intersection for remainder . .

path condition and AP 15 D give first possibility for C




ADPDLY CON’!‘RdL PATH N!'WBER 5 77.
COND '_AP 15 R,C,D,F'_<* AP ?1 A,C,D,E ;;‘"“”"‘“"“""‘
(;ON!\ AD F15 B2 '<*"" 1<'HY< LFN 1(-—!4( LNS, M&MY MOD(LNS) *>
("').?*!.D‘AP 15 Fe j.M<~’4°‘”-;,if.)(-=(), (1, LR(".;)' 0) € RFPI+RRY %>
E OVF <* TY:O, (1, LR(H,L) K;-(IX)) < FF"H;R' .*>
. —1"‘ IF'“( TY .EO. 0 )GO ™0 30
'“’“""“"‘”"_“"""';o’"“ AI = R’V{];Y) | -
MY=MY+1 - B
~~~»~~w-IP (n;’LE 1;;5 wéb 0 21 -
_‘c:‘;s;m ) GLOBAL ;* 1<.4;,(— !‘;R,m K= L{S-IVW;W;!OOON"»X “ 1<= L\'q( NS Y,
c 1<=TT<=N %> S
o COND A-u;’é11;;~—<; K, T'D 0 .*> o N ‘
CONI; ;PZ‘Y*!:?‘-ﬁ(* ”-1<Mﬁ;; LF&—,“ 1K= H_<— VLNQ
c o (M+1) 5"\( "OD {LN;)-w ;> S
- >C01‘WD AP 21 Ce <* ”1< =T, TRL=N, ?V(I) “I,A KV‘(*;B) =I‘R=T"' *>
o S CO\’D AP 21 D'H <’°l CHA"N(",TT M¥,L) *> -
coNn AP 21 B <x mamy=Em =
) RHO APPLY 5 =< I, MX > .
) PC APPLY 5 =(* IX >0, MX <= LEN*\M.
AP 21 A,E: null intersection -
!_______ﬁ_www. AP 21  B: assignment and path condition
_AP 21 = C: assignment and K2, ID = 0 imply KV(I) = I
B ) null intersection for remai‘nd‘er _
AP 21 > D: AP 15 D, path condition IX > O and assignments.



&DPLV CONTPOL PATH NNMRPR 6 78.

COND AP 15 A,C,D,E: <* RP 21 ! C D E *>

COND AP 15 R: <K% 1( HY( LEW, 1( H( LNS, MEMY MOD (LNS) *>

COND AP 15 F: <* IY=0, (I,LR(!,L),O\ < RFPY4KR* *>

C OR <* TX>0, (I,LR(M,L),KV(IV)) < RF'#KR' *>

e e et o ——— 2 t—— et =

15 IF ( IX .EO. 0 ) GO TO 30

30 M=1 o
MY=MX
"COMMENT LET™ MZ = MX+LEN-MV
COND AP 41 B,B: <% -;Qm'g;“n,z *>

COND AP 41 B: <% 1< HY( MV< LEN, 1<=H<=LHS,

c (M 1)’“2 HOD(LN?) *)

COND AP U417 C: <% 1<=I,I“<-N, RV () I, KV(IB)=TB,

c RV (IT)=IT %>

COND AP 897 D: <* CH!IN(IT 1, FX L),

c CHAIN(IR,IT, -(MY-HX).L)& x>

__ RHO APPLY 6 =<M,MY .>} ,
—— PC_APPLY 6 = (* IX = 0 %)
AP 41 A,C,E: null intersection _ )
AP 41 ~ B: assignment, AP 15 B, and GC(NR) .
AP 41 D: null intersection for first chain,
o second chain_ trivial since IB = IT and MY = MX.
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ADDLY CONTRAT, DATY  KDNMRER Q 81.

- cexYn  AD 25 3, C,D,Ts: <# AP h1 A,C,b,n xS
COND AP 8 R: <% 1<=MX<=MVL=LFN, 1<=ML=LNS,
C M&M7  MOD(LNS), J=LR(M,T) *=>
: 4conn AP 35 F: <¢x TX=0, (0,J,IR) ? RPY4KRY x>
c NR <* TI¥Y>0, (KV(IX),J,TR) < XP'4KxR? x>
3% TP ( I¥Y .NE. 0 ) 60 ™0 40

I® ( my .17, LE& y GO TO ;é“
TP (I .GT. 0)Y GO TO 355
K?(iB,JT{ ; I o
C CALL NOTR( TR,KR(T,a™ )

GO T0O 60
CNRN AP GO.A: <# K x>

COND AP 60 R: <X HAR)=CHH+W (1, IT)W(L)W(TT, 1) > %>

~___ RHO APPLY 9 =< KF(IB,JT), p(NOTE) >

PC__APPLY 9 =(* IX =10, J<0*>

AP 60 A: NOTE preserves the condition K.

_.Since AP 35 satisfies initial conditions of NOTE

following NOTE EC(KR(I,JT)) = IB thus KF(IB,JT) = I
_¥ _ . satisfies K3.

AP__60 B:Corollary 3 to Lemma 4




AnBLY CONTRONL OATH NNMMB®R 10 82.

COND AP 2% A,C,D,P:1 <% AD h? 4,C,D,E *>

CONM AP 1?5 R: <* 1<=MX<=MY<=LEN, 1<=MI=LNS,

r MEMZ  MOM (TNS), J=LR(M,I) *>

COND AP 3S.F: <x I*¥0, (0,7,IR) < KRU4EPL  *>

c NR  <* TX>0, (RV(IY),J,TR) < KF'4KR' *>
- 35 I% ( IX .¥B. 0 ) GO Tn 40 “

© e (v .1T. 1EN) 0 70 36

IP (J .GT. 0 ) GO To 355

‘ - 355 KR(TB,J) =AT “

CALL NOTE( IR,KP(I,T) )
co ™0 60

COMD A™ R0 A <k K %>

COND  AD A0 R: <% H(AR)=<HH+W(1,IT)W(L)F(T™, N> *>

_ _PATH 10: The same as PATH 9 with KR, KF interchanged.




AppLvV

COND
coMn

c

CONTROL PATF  NMMRER 11 83

Rp 2% BA,C,D,F: <* AP 41 A,C,D,E %>

AP 2F R:  <*x  1<=MX<=MYL=LRN, 1¢=M<=T1,N8,

M&M7  MOD(LNS), J=LR(M,1) *>

) cdwb AP 35.?£ <*  T¥=0, (0,7,TR) < RFY4+KR' *>
. C OR  <x  TYX>0, (YV(IY),J,TR) < KTY&RR? %>
35 TP ( TY «NF. 0) GO TN 40
CIm (Y .17, 1Ry an o 35
3R N =N + 1
TP { X .GT, NMAX \4 =0 f& 5599
- o .m _ .N R
- KV({(N) = N
ITX = %
" o TR (a.em 0y G 3
K® (TR, J™) = TY
KR(TY,T™ = TR
) FGO ™ ﬁb'“ ‘ '
COND AP U0 ¢ <% AP 135 IY)OV x>
_ RHO APPLY 11 =N, KL(N), KV(N), IX, KR(IB,JT), KF(IX,JT)>
. BC_ APPLY 11 =<* IX = 0, MY < LEN, N <= NMAX, J < 0 *}
_,_-j_w_-,.,,.,..,,,____.WAPM 40: Path condition and Lemma 2



APPLY CONTROL PATH NUMBER 12

CcoND AP 2?5 A,C,D,B: <*

AP 41 3,C,D,E *>

CONn AP 35 B: <% 1<=MXC=MY<=LEN, 1<=MC=LNS,

r M&M7  MOD (LNS), J=LR(M,T) *>

coNn AP 35 F: <+ I¥=0, (0,J,IB) < KFT4RR' 4>
c OR <% I¥>0, (RV(IX),T,IB) < KPT+RRY *>
38 TF ( IX .NE. 0 ) GO TO 40

e —————t |+t o . o o A 5 s s | e 8 vm— . © e mm—— e e

TP ( MY .LT. LEN) GO TO 36

Sé | N =N+ 1

T Ir (N .GT. WAT) 6O TO 9999
KL(N) = N ce T
Xy (M) = N
ITY = N
TR (O .GT. 0 y o ™o ——

37 XR(TIR,J) = TX
KP(TY,J)y = IR

COND AP LlOW: <% ‘M;?'s ., Ix)()r %>
_  PATH 12: analogous to Path 11.

84.



A

COND

COND

CNND

AP ?5 A

AP ?5 B'

AD ‘!R P

- “ 16 N =N+
- - ’”(N
cowp A 9995
- coED AP 9980
 com 2090 ¢
e e
‘ CONN AP Qqoaqg

" PC

et ... AP 9999 D: by path condition =

_ RHO APPLY 13 =N >

APPLY 13

\PPRLY CONTROL PATH NPMRER 13

c D,H. <* AP 41 2,C,D,E >
< 1<=MR<= MYC=LFN, 1<=m<=Lws,
M M2 (MOD(LNS),  J=LR(M,1) %>

<x IX=0. (0,3,TB) < KFt4RPY %>

< IX)O (KV(IX),J,IR) < KF'+XR?

I .NE. 0 ) CO TO “0

«LT. LEN ) GO TO 36

1
.CT NHAX Y GO TO 9999

A' <k R, IN=0 %>

B: <% GC(NP) *>

c- <% H(AK) <HH+W(1 I”)W(L)W(IT:1‘>

Nt <k N=NMAV4T %>

=¢* N > NMAX, IX > 0, MY < LEN *>

85.
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APPLY CONTROL PATH NTMMBFR 14

86.

35 j,C,D,E: <* AP 4% A,C,D,F *>

AP

35 R: <%  1<=MX<=MY<=LEN, 1<=M<L=1NT,

AvT

M8M7 MOD(LNS), J=LR(M,L) *>

L ~ RHO

PC

AP 35

<*  IX=0, (0,J,TB) < KP'eKR' *>

<*  IY>0, (RV(TX),J,TR) < RPrakpt  ¥5

TP

GO TC 40

APPLY 14 = ¢
APPLY 14 =(* IX >0 *>

AP 40: path conditon and null intersection




APPLY

AP up

B vy

' MY=My+1
) e my
- . - COMD AP 50 A:
- COND AP 50 P:
coND AP S0 C:
e o -
e S
conn Ap 50 b
B RHO APPLY 15
—e_... .PCAPPLY 15
A AP‘ 50 A}B,D:

AP S50

(G

CONTPROL PATH

NTTMRER 15

<% AP 35 | TYS0 *>

{(rx)

+LE.LENY G0 70 41

<% K,TD=0  *>

<*  1<=I,TRC=N,

KV (I}=T, FV(IR})=Tn

<* CHAIN(TR,I,LEN+1,L) *>

<* CHAIN(I™, I, MY,L),
CHAIN(TB,IT,- (LFN-MYX+1),L) *>

<% H(AR)=HH *>

=<1I8, MY >
SCEMY > LEN*S L

null intersection | o o
AP 35 D, F, assignment, and MY = LEN+1

by path condition

*>

87.



APDPLY CONTEOL PATH NOMB®R 16

cdunm Aﬁ‘ﬁo { “<* ié 55 , TXI>0 *
40 TB = RY(IX)
o VIMY=vY+1 |
TP (MY.LE.LENM) 60 TO ur
COMMTNT  LET M7 = vx+Lvn-nv
i ) - Covﬁ .Apvﬁ;'n,ﬁ: <* AP 21 1 F-v?>
COND AP U1 é:-v<;r‘1<;Mx<=g;;;LRN;“A1< n<-}wc,
o - - Vlfﬁ;i)ana MOD(tNS\ x>
- c;n;r) ]—w‘ M Ce <* ;( I,TB(-N, KV (Ty=I, PV(IR)=TR,
: e "m—;;7;f,=1m *;Mu.. SRR
‘ééﬁg A# ai D: <* CHAIN(IT,Y,MY,L),
mé"' o VV”..—CHA’N(TR T -(MY-M*).L)) >
RHO_ APPLY 16 = IB, MY > _
PC APPLY 16 =<{* MY <= LEN *
_.__._AP 41 A,C,G: null intersection = _
) AP 41 B: assignment, path condition
_ AP 41  D: AP 35.D, F and assignment

88.
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AOPLY CONTRQNI, PATH  NIMRFR 17

cn¥n pp R0 Az
COND AP R0 B:

COND AD 50 C:

<% ¥,TD=0 ¥>
<*x  A<¢=T, TRC=N, KV(T)=T, KV(IB)=TR *>
<% CHATN(TR,T,LEN+1,L) *>
<% csmrwcrm,f;"Y;L\,- |
CHAIN (TR, T™,~- (LEN=MY+1) 1) *>
<% H(AK)=HH %> |

¢k ' %>

COND  AD 60 R: <% F(AK)=CHH4W (1, TT)W(L)W(TT, 1) > *>

{.p(NOTE) >
¢

AP 60 A: AP50 satisfies initial conditions for note,

thus K is preserved.

AP 60 B: Corollary 2 to Lemma 4.

o cC OR

. Cc
o ‘ (,'f“\"“ AT’ S0 .T):
T w0 own womer,TR)
- CdN“ A® 66 Aé
e, RHO APPLY 17
o PC  APPLY 17

89.



ADPPLY CONTPOL DA™H NUMREPR 1§ 90.

o ~ (‘M‘n AP 60 'A: .<* K %>
COND AP RO B: <% H(AK)=<HQ*W(1,TT)W(L)W(T”,T)5 ®>
RO TP ( TH .*0. 0 ) GO 70 9999
NYAC =VNVAC + 1 -
T= 1D
' ID = FL(T)
IA = 1
- KL (D=1
e 5%5.4
T eown A 64 B: <» KO,K1,¥2,3, INCLUDING T IN THT STT OF
- '”f Rnﬁé LABRELFD ®C(T), MCOS*N#AC*P(O\=N+? %D
- k VéOND A# Gﬁ R <% AP RO B *;V
Toun A® 64 Ci <% TA RFLONGS TO FC CHAIN WITH READ T,
N - »(“ | | '?AIY}.VF.P(I\ *>
'—""””W“”"“"C6N“ AP 64 Do * 1<%J<=NJ *>

RHO APPLY 18 =<1, 1, IA, KL(I), J2 .. ... ..
e _PC  APPLY 18 =(* ID > 0 *3> )

AP 64 A: I is separated from C(0Q) and made a single vertex
e cycle by assignments (¥ K-K1*> is still satisfied by ,,
e considering I as part of C(0). NVAC is increased giving -

_last_equation from K4.
AP 64 B: redefinition of K does not change any 1inks.
AP 64 C: assignment




APPLY  CONTPQL DATF  NUMBER 10

COND AP RO A }<* K A*>-

COND AP 60 B: <%  H(RR)=CHHAW(1,IT)W(LYW(TT™,1)> =>
450 TF ( TD .E0. 0 ) GO Tn 9999

COKD AP 0900Q p: (% w,rﬁ=o .

COND AP 9000 P: <% AC(NR)  *>

CONDN  AD €909 C: <% H(AK)=<HH+W (1, TT)W(L)W(TT,1)> *>

COND AP 0009 Pz  <*¥ N=NWMRY+1 *>

RHO APPLY 19 =<0p
PC APPLY 19 =(* ID =0 *)

AP 9999 A: null intersection and path condition
AP 9999 B: global on apply-paths thru 3.6.1

AP 9999 (C: null intersection




ADDLY CANTROL PATH  NUMRFP 20 92.

TNCLUDING T IN THF SET OF

AP 64 A: <* KO,K1,¥2,K3,
c ROWS LABELED EC(I), MCOS+EVAC4+P(0)=N+2 *>
COND AP 68 R: <* AP RO B *>

COND AD g4 C: <* TA BELONGS TO EC CHATN WITH APAD T,

o TATL RC(TY *>

COND AP 64 D: <* 1<=J<=NT *>

S U IF ( RY(IA) .GE. 0 ) GO TO 65

o < IA = =KV (IA)

. GO TO 64

S Eb§§ 'ap'éﬁ A;H <* Kb;k1;k?,F3, INCLUDING T IN THF¥ SET OF
c ROWS LABTLED PC(T), MCOS+NVACHP (0) =E+2  #>
COND AP 64 B: <* AP 60 B *>

o huéoﬁn Ap‘éﬁ c:v ' fAAééiONGS TO FC CHAIN WTTH HPAD T,

) c TATL PC(I)  *>

‘énuﬂ AD 64 D <¥.1<=n<=nn *>

_RHO APPLY 20 =X TA > .

PC APPLY 20 =(* KV(IA) < 0 %}

AP 64 A,C: null intersection e

AP 64 B: definition of EC chain path condition and

assignment
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9.

AP 71 B: from 71 A A(K3) unchanged means #(AK) unchanged.
AP 71 C: null intersection

AP 71 D: vacuous



APDLY CONTROY, PATH NAMRER 22 95

COND AP 71 Az <K* ¥ TNCLWDING T IN TR® S”" OF POV?

c LABELED TA, EC(T)=IA *>
COND AP 71 B: <* AP €0 8

COND AP 71 C: <% I<K=IK=NJ *>

. COND AP 71 Dz <X (RF(T,L)=0 OR EC(k?(IA,L))¥EC(w?(I,L\\)
c AND (KR(T,1)=0 O BC(KR(TA,1))=RC (KR (T,L}))
c FOR 1¢=L<T ‘*>~'m‘ - |
71 CALL WOTE ( KF(I,3) , FF(IA,J) )
CALL WOTE ( RB(L,J) ; FR(IA,J) )
a—— S A
- IF  (J.1E &53 6o TO 11
G0 TO 60 - “. -

TOND AP 60 A: <*x K *>

COND AP 60 Ry <% H(ARKY=CRHAW(1,IT)W(LYW(TIT,1)> =*>

___RHO APPLY 22 =(J, o(NOTE(KF(I,J), KF(IA,J))), _
p(NOTE(KR(I,J), KR(IA, J)), N
PC APPLY 22 =(* J > NJ *)

AP 60 A,B: NOTE preserves K

Path condition says AP 71 D holds for 1 <= L <= NJ

and therefore all links defined by row I of
e B KR' + KF' are in the set of links defined by
L row JA thus deleting row I leaves H(AK) fixed




A?piv cdnmpgl PATHr"NﬁNBER 23 96.
cogg AP 71 R }* ¥ TNCLﬂnig; T_in Tvgisvm OF ROWS
——é"v - LABFLFD A, EC(I\ =IA ¥
conp Ap 71 R: <& AR 6O B #>
COND AP 71 C: <* 1< J< T x>
ﬁconn m;;“;;ﬂgiﬁ'<* (KF(I L) =0 OR PC(KF(IA L))—FC(KF(T 1))
‘E D AND (KR(I 1) 0 oP EC(KP(IA L)) EC(RP(T L)))
o POR 1<= L<J x>
71 cauL "w;}{ (RE(T,D) . n{n n vy
o vCALL NOTE ( wé;; J)‘; wR(Iapn )
70 J=J+1 B
T e "'(*5"":;?.,«'.;3 om0t
cownv'Ap 71 ;- -<¥7 K INCL"DINGNEAI“ ;QEWSFT oF Rouq
o T LABELED IA, EC(}) =IA *>
T cowp ap 71 m: <k AP 6O B O
T Ed&n Av.71 é? léé 1< J<=NT ¥>”»M” )
o as 1 e <% (KF(T,1%0 0% EC(KF(TA, 1)) =FC(RFIT, 1)
) c | AND (XR(I,L}=0 OF Be (KRR (IA, 1)) =RC (K2 (T, 1))
b FOR 1<=L<&T  *>

i ECL
AP 71
AP 71
_ AP 71
o AP 71

RHO APPLY 23 =<J, o (NOTE(KF(I,J), KF(IA,J)).,.

o (NOTE(KR(I,J), KR(IA,J))>

CAPPLY 23 =(* J &< NJ %

A: K preserved by NOTE

B: effect of NOTE is described by eithér the function
~ of Lemma 3, or Corollary 1 to Lemma &4, thus H(AK)
is unchanged.

path condit ion

property of NOTE
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Proof of termination for APPLY.

Q(APPLY) =< F 20.2, F 40.2, F 64, F 70.1>

EXPRESSIONS: el = A, e2 = MX, e3 = MY, e4 = NVAC, e5 = - IA, eb = J.
Proof that <ei; 1 = 1,6) is a controlled set of expressions:

PATH 1 (i,ii) = 20.2 —> 21 ==> 15 —> 20.2
A 1is constant along the paths. MX 1is increasing along

the paths and MX <= LEN+1 at 20.2 by COND AP 15.

— T
PATH 2 (i,xii) = 20.2 —> 21 ==> 15 —> 41 == 35 ==> 36 —> 40 —> 40.2

N 1increases along each path, A is constant at 40.2.
50
o * / . >
PATH 3 (i,ix) = 20.2 —> 21 ==> 15 —> 41 ==> 35 —> 35.2 ==Y 60 —> 64

A increases along each path, A is constant at 64

PATH 4(i,vi) = 40.2 —> 41 ==> 3? —> 36 =52}ﬁ0 —> 40.2

A and MX are constant along paths, MY increases and
MY <= LEN+1 at 40.2 by COND AP 40.

50
—
PATH 5 (i,v) = 40.2 —> 41 ==> 35 —> 35.2 ==3 60 —> 64

A increases along paths, is constant at 64,

PATH 6 = 64 —> 64
A, MX, MY and NVAC are constant; -IA increases and
-IA < O at 64 by COND AP 64 and definition of EC chain.
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PATH 7 = 64 —> 70.1
A, MX, MY and NUAC are constant, -IA is nondecreasing
-IA < O by COND AP 64, J is increasing, J <= NJ+1 at
70.1 by COND AP 71,

PATH 8 = 70.1 —> 70.1
A, MX, MY, NVAC and -IA are constant, J increases

and J <= NJ+1 at 70.1 by COND AP 71.

PATH 9 = 70.1 —> 60 —> 64
A, MK, MY are constant and NVAC increases. By
COND AP 60, NVAC = N+1 - MCOS - P(0), by K
MCOS >= 1 and P(0) >= 1 therefore NVAC < N. N

is constant in D3 when bound on NVAC is necessary.

Q.E.D.
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5.4. Proof of correctness for main program COSET
This section contains proof that if

S € COND-IN(COSET) and if P = COSET then P(S) ¢ COND-OUT (COSET) .

COND-IN(COSET) = <* INPUT * >
COND-OUT(COSET) =<* N = [¥F : ¥] or N = MAX+l *}

INPUT is a global condition since o(COSET) n A(INPUT) = ¢



COSET

CONTROL PATH

COND GLOBAL <% INPOT ®» ] !
1 ¥MAX = 500 i S
NIX = S S
NRX = 10 ) ) ) ’
NSX = 20 ’
. 10 NVAC = 0 L _"_i

ID = 0 L B B
NI = 1
T=1 .

COND M 16 A: <* 1<=NJ<=NJY, NVAC=0, ID=0 *>

COND 16 R: <% 1<=I<=NNAY *>

COND 16 C: <* (KP(IT,J)=KR(TI,J)=0, 1<=J<=NIX),

KV (IT)=KL(IT) =0,

1<=TI<I

RHO COSET 1 = { NMAX, NJX, NRX, NSX, NVAC, ID, NJ, I>.

PC

COSET 1 = ¢

M _16__A,B: _Assigoment e
M 16____ C: _Vacuous since I =1




COSET

CON™ROL PATH

<*x 1<‘I<‘NMA7 *)

NTTMRER 2

: < (KF(TI,J) KR(II,J) 0

c KV (TT) =KL (TT) =0,

1<=11<T

<x 1<-NJ< NIX, NVRC‘O ID=0 *>

*>

. 16 RKL(T) = 0
RY(T) = 0
J=1
COND M 17 A‘ <k MO16 %>
COND M 17 P: <* 1(—J<-NJY *D>
COED M 17 C: <% KF(T JJ) KP(T JJ) =0, 1<=JJ<J,
C KV(I)—KL(I) 0 %>
RHO COSET 2 if;KL(;)J KV(Il, J/ — e
B ~PC  COSET 2 = 0
k..M 17 A: Null intersection )
e e .M 17 B: Assignment e

. M 17 C: First part vacuous since J =

to assignment

101.

1( J<= NJX),

1 second part due




CQSE®T CONTENY, PATH NUMBER k] 102.

COXD M 17 A: <* H ‘6 *)

COND M 17 B2 (* 1<—J<- JX *>

COND M 17 C: <% KV(I,JJ) K“(I,JJ)-O, 1<—JJ(J

e}

RV (T) =KL(T)=0 *>

17 KP(I,&)V Ov
 rk@m =0 -
J-J+1
IF (J.LE. NJX) GOifO 17 ~
I 141 " | ”
TF (‘.LE.N;AY; éoﬂfn 16u“‘ | | “
 w=n
KL(1) = 1
kY {1y = 1 ) B i
e e S “
) o AF =..TR“”‘ ) ‘
A
RN4= 0
- ICD=6
CO““ M 20 A: < ";}ﬁ?-1\,.KN:;.;;NI.wwy“-mwau -

COND M 20 Bx <% F, TD=0 %>

CO¥D M 20 D: <* ONE OF THE SET DI, DTI DTIT %>

c DI: <* 0<-ICD(—I?, F=.T., SW=.P., WR=1 *>

c DII’ <* IZ(ICD( IG, F= F., €V=.F., NR 1 %>

Cc DITI: <* IG(TCD<-IR, F- F., qW-.T., "P—Tfﬂ IP+1 *)

COND M 20 F: <* <(I), 0<=I<=MIN(ICD—IZ,IG°IZ)> < H(AR) *>




103.

RHO COSET 3 =<KF(I,J), KR(I,J), J, I, N, MR,
KL(1), KV(1), KN, ICD, F, SW}

PC COSET 3 =¢* J > NJX, I > NMAX *)

M 20 A: NR = 1 Condition GC(0) is satisfied by assignments
M 20 B: RO true by 17, path condition and assignments.
Kl true since N = 1, and KL(1) = 1 give two com-
ponent graph each with a single member.
K2 true since Kv(l) = 1. K3 true since
KR, KF = 0. K4 true since MCOS = 1,
NVAC = 0, P(O) = 1, N= 1,
M 20 C: Assigoment
M 20 D = DI: by assignment

M 20 E: vacuous



CNSET CONTROL PATH NHMBPR 4 104.
COND ™ 17 Az <x ¥ 16 *>
COND M 17 B: <* 1<=3&= N‘X >

CONn M 17 C: <* KFP(T,NJ)= KR(I JJ\ =0, 1<—JJ<J,

c “"'"”W""?&}{)-éi'l}"{;o“ o
e m=o
T wmamco o
J J+1 |
re inwn o0 ~m v
e T

IF (I LE NHAY) GO TO 16

COND M 16 As <% 1<'NJ< NJ?, NVAC”O ID—O *>

COND M 1‘ B' <* 1<-T< N"AX x>

COND M 16 c: <x (RP (TT,J)= KR(TI,J) =0, 1<= J<~waxy,

c RV(II)—KL(II)=0, 1(“II<T >

. _ RHO COSET & = <KF(I J), KR(1,D), J, I)
.w,..Vwm.w“_wﬁg_,.CQSETw.Q‘=f(J,§¢NJXg,I.S?JNﬂkxzmw~ww__ww. )
B M 16 'A: Null intersection
e . 16 B,C: Path condition and assignment




R RS P

UOTITPUOd YIBd

UOT309SIL3UT TION

{x XON => [ >=¢

iuamu?‘,t ssy

13500

[T W
I1 W

od

13S0D OHY

e e=mma=ai 5
:m;;;; 0= (o0 D) u= o0 T)da *;' 22 ,;‘;“T"a;;as
- --»;* xr 7->£‘-—>L *) ~~ -& Ll. | H—QNOJ- B
<% 9L W %> ¥ Ll K UNOD
) Am_“w-u"_LL“‘O.u 0&) (lL‘Il'Et'I L‘) J‘:W”
) T T T ke T
T 0 = (L“.’D M
0= w'Das :
@ o=(Dm=max 5T T
'r}‘&iﬁ" ’fo""{L»E‘fiTé;(”ch’ ‘Dda x> 3 L1 K 00D ]
- M<-;w XL‘N >L‘-—>L #)mw-dw:L““mN GNmOD o
‘ S <x 9L “ u *>WD=V LL H G.RZ)-;T
é.'rrla"}i;;[‘ti‘hxm .A.I.Vd”"i(.)gi‘.ml(‘):) | 7-&H‘ASODMM.M“—_QNJ— S



CONTROL PATH

COSE™ NTTMBER 6 - 106.
CONN m 20 A <k GCOR-T), KNSO %>
- ﬁconn M V?d 5: <* R, IP= 0 *>
- -—ébﬁn ﬁrréonbzr <* ONE OF THE SET nI, n*tmbzt? x>
c ~ DI: <* 0<=ICD<=I7, ?-.?j:-sw-: wn:« *>
¢ DII: <* IZCICD¢=TG, F=.F., SW=.F., NR=1 &>
c B ‘MM;;II;W*<*‘;E<ICD<-I;;-;;—;:;“g;ﬁ.T.,‘NR TCD- IG&1 *>
COND M 20 E: <% <M(T), o<-r<—MIN(Icn-Iz IG ;;)> < n(nwy Py
) 20 H'Tcn—tcn¥;“m~m~m” a
- wREAD(S 201{‘§Eﬁ ﬁ;iV“(LR(I ﬁ%;';ﬂ1 quy
conﬁa-d EEMA: <x M zow; x> o - |
 cown m 22B: <xm 20 R %
© CoND M 22 D: <% ONE OF THE SET DT,DTI,DITI %>
o ‘ND;{M <% 1<=ICD<C=T1741, P=.Tey sw;:;::m;;;; *>
-_M"*m""h—“wmgwm | hII;‘ <*_17+1<Tcn< Ie+i> P=. F., SW=,P., NP=1 %>
~*-7;—"w»<A“‘nTTI;"'?;w¥r+1<rrn<—1;:H ”;:nV.,'séi'F.; NR=TCD-IG *> ”
COND M 2;_;; <*";;(T) 0<= 1¢= MIN(ICD- Iz“:~;;.;;;;'£-§};;; ;>-"
- ﬂcown ‘n» 22 f: <* NCD=INPWT(1,ICD), MULT=TNPOT (2,TCD) *>
CORD Vn 22 f: <X LR(T,N®)= rwvnv(r+2 éa), 1¢=T<=NSY *>
RHO COSET 6 = { ICD, NCD, MULT, (LR(I,NR) I = 1, NSX)>
o PC COSET 6 =@ . . . _._ o
e M 22 A,B: Null intersection. N -
— M_22 D,E: Increase of ICD by .1 e -

M 22 F,G:

Assignment




9

COS®T  CONTROL PATH NTMRER 107.
COND M 22 as <%k M 20 A *>
- ‘co§ﬁ M 22 B: <xM20 R A
- connﬂﬂém 22 n{ .;? ONE OF THE SET DI,DII, 97§¥Nf2 - )
. c ——;;: é* 1¢=7CP<=1741, P=.T., S¥W=,F., NB=1 *>
) o w.t;ivx;vw<4:17+1<1cn< rr+1, F=.P., SW=.F., WR=1 &>
. C o 5rzx-ﬂw;; IG+1<ICN<=IR+1, P=.F., sw=.jf, NR=ICP-I6 *>
cown w22 E:’”;* <U(I),0<=I<=HIN(ICD-T2-1,T6-I7)> < H(AR) *>
COND 4 22 F'““;*»;E;:;sPﬂfz{w;é;), HULT=INPUT(2,;CD\ ®>
COND ;mmﬁz c;w ;;_ia(x NR) = f§;;f11+é TCP), 1<=TC=NSY &>
22 TF ( NCD ,FO. 0 ) GO TO 60
’ 1P (F)  WRITE(6,200)
e s mase. -
- I={__ T
B - céwv “ﬁ éé A: Vé;wﬁﬁuzo A x>
- ‘édnn ‘ﬁ‘ 26vn- '<¥ ém 20 R *> L
COND ;- 26 C: <% 1<=TC=NSY  *>
- o .muconn v;‘ ééhn'r <*“onv OF THE SET DIT,NITT *>
- ) “.Muué ‘ Sii:~—<*“:z<icn<=rs+1, F=.F., SW¥=. F., VR=1 >
B © DITI: <% TGHICTCDC=TR, P=.®., SW=.T., WP=ICD-TG %>
- COND W 26 B: <k M 22 o>
CQNﬁ ﬁ 26 F:H <k M 2D F A
o ”—“M‘Agﬁﬁb‘wh w?é r-k“<*Aﬁ —ig.c, <~1LP(T LNP) 1 <=NT, 1<=TTCT #>
S _RHO COSET 7 =<{F,I) )
e PC_ COSET 7 =% NCD # 0 *>
..... M _26_ A,B,E,F,G: Null intersection .
. LM 26 _C: Assignment
M 267 ~ D: NCD # 0 implies IZ < ICD <= IR

22D and F =,F, implies 26D.



COSET CONTROL PATH NMMBER 8 108.

COND ¥ 22 A: <K% M 20 A *>

COND M 22 R: <x M 20 B %>
*wwmwwnnw"_“»Aééﬁou';‘réémﬁgﬁ‘<* 6§z 6} THE éééubg DIY,DIIT *>

mem~--mw DI:‘*;; 1<-Icﬁ; =I7+1, P=.T., q;;lr., NR= 1 %>
S c | m~-~»;i&;4~<* I7+1<tcn< 1G+i;—v- F., SW=.%,, NR=1 *>
N Hé“m””mmwwﬁ;iI;h<?* IG+1<&CD<-ié:1AW*;:%., sw-' ;; NR=ICD-IG *>

COND M 22 E: <* <n(£;—b< =I<=MIN(ICD-IZ- =1,T6-17)> < H(ARK) *>
_“m"”M>M-mwammc0Nn "ﬁ“wgéuFQH <*"ﬁép =INPOT(1, cn):";nnr INPUT(? ICD)  *>
“mun-“n"mkww“;ono “ﬁmﬂéémszu <*m£;}{"nn\ rnoéf}f+2 ICDY, 1¢= I<=NST %>

22 P ( ﬁcn -F0. 0) GO TO 60

comD m 60 Ar <M 20

COFD M 60 B: <* M 20 B %

COND M 60 C: <* M 22 F %>

COND % 60 D: <* ONE OF THE SET DI, DIT *>
T e U b1 <k 1¢eTchesT7, WR=1, Fe.T., SHE.R. %>

c ) n:f;m";;ftco=rp&1, F=.F., NR=IR-IG#+1 o

RHO COSET 8 = <¢>

) ~_ PC COSET 8 =% NCD = 0 L _
M 60 A,B,C: Null intersection )
..M 60 D: NCD = 0 implies 1 < ICD < IZ or
N ACD = IR+l o .



coswr

COND M

CONDY ™

COND ™

COND M

CONTROL PATH NUMBFR 9 109.

26 A: <x M 20 B *>

26 R: <x M 20 R *>
26 C: <k 1K=IL=NSY  *>

26 D: <* ONE OF THE S®T DII,DITTI *>

. " C 5Ii:wu;* I72<ICDC=IG+1, FP=,F.,, SWH=.F., NR=1 %>
e DTTT: <% rc+17<1cu<=1§",'v=.é., _;:.'r., NR=TCD-I5 *>
COND M 26 ;;mwz; M 22 ® *>
COND B 26 ®: <& m 22 P >
 COND M 26 G: <& W 22 G, 1¢=(LR(TT,NR) {<=RT, 1<=TTCT %>
% TP (I:R(T,NR) . FO. o\romn;o -
- = nno(‘w_‘d, TARS ¢ Vm‘a(rv,‘nmv )‘ )
I-F (T.LE.¥SY) GO ™0 26 _
' COND M 30 At <k N 26 A,B,D,E,F.G #>
CONDMM;“m;O P;m“;* 1<T<=§;;;1 ;;”"“”““””“““”’“”“““
RHO COSET 9 =(NJ,I> e
... .PC _COSET 9 =<(* LR(I,NR) # 0, I > NSX *>
: M 3}? A: 26 G and input condition imply . !LR(I,NR)| <=NJX
I R Therefore 26A is preserved. 26 B, D, F true by
_M:” iiiiiieee ... .0ull intersection. 26E true by Lemma 1 since
— A(AK) unchanged, 26 G true by assignment..
_ M 30 B: I = NSX+1 by path condition




CNASET

CONTROI PATH

NUMBER 10

110.

CoND M 26 A < W 20 AR -
COND M 26 B: <k 8 20 B *>
CoNp W 26 C:  <* 1C=T<=NSY  #> ‘
" cowp w26 D <x ONE oF ThE SET m"oi;' »
— — c oprr <k I7<ICDE=1G+1, F=.F., SW=.T., R=1 *>
¢ PITI: <* Ic+1<1cn<-rn, P=.F., sw- ., NR=TCD-IG #>
) coxn M 26 M <am 228 “4> o
S “ HCOND ﬁ 726 F; w<§—;'-?2 F *> ~ o
conn 8.426 ar ";;M;_WQENE:”H<:{£R(Igwﬁii1< N3, 1¢<= II(T *>
26 IF ( LR(T,NR) .EO. 0 ) GO T0 30 o
o a' :'mo ( u;w :"ESE«;-“ f{z{ (1, iii?({ 3y
_ e 1*1 e T e
TF (I.LE.NSX) GO 70 26 S
T comn “'2{ N w20 aw
T o Tw a6 ms <rw 208w
coNp M 26 C3 <¥ 1<=TC=NSY %> -
i S ”édnﬁu ﬁw 26 D w;*vouf OF THE SET n:r nIII *>

C

DTI'

C

COND

COND

PIIT:

M

il

26 Te

26 E'

SH=."T

<% TGHICICNC=TR,

<% M

.y

P=.F. ’

22 %>

<x M 22 F %>

co¥p M 26 G.

1( ILR(II NR)‘( NJ

<k M 22 G,

RHO COSET_10 =<{NJ,1>. . _._. ...
PC COSET 10 = (* LR(I,NR) # 0, I <= NSX *)
- See PATH 9 for M 26, A, B, D, E, F, G .. . _

M 26_ C: path condition

NR 1 %>

NQ-ICD-IG *>

1<-TI<I *>



COSET CONT™ROL PATH NTUMRBRPR 11 111.

COND ™M 26 A <x M 20 B *
COFD M 26 R: <k M 20 R %>

COND M 26 C: <% 1K=T<C=NSY *>

COND ™M 26 D: <% ONE OF THE SET DIT,DITT *>

C DIT: <* JTZ<ICD<C=IG+1, F=.,F,, SW=.F., NP=1 *>

o ¢ DTII: <* IG+I1CICNC=TR, P=.P., SW=.T., NP=TICD-IG *>
COND M 26 F: <k M 22 E %>
COND M 26 F: <% H 22 F *>
COND M 26 G: <% M 22 G, 1<=)LR(TI,NR) |<=NJ, 1<=TICT *>
2A TIF ( LR(T,NR) .FO. 0 ) GO T0 30
COND 30 At <% M 26 A,B,D,E,F,G *>
COND ¥ 30 R: <k 1LTIC=NS]Y+1 >

RHO COSET 11 =<@> .

e . PC COSET 11 =<* LR(I,NR) = Q0 %>
M_30_ A: Null intersection . e
L L M 30 B: LR(I,NR) = O implies I > 1 by input condition and 26




COSET CONTROL PATH NNMMRER 12

COND~~-;—~-;6—-~~A~-:~r—»<-; ;“—2:“11 ; D, E ? G *> T )
- COND w30 B 7<*—1<I<=NSX+1 N
- S ‘30 1S (NR) - T - 14 -

T tram = ommr e E&ém‘_m”"'_""“"""
T WRT"‘P(G 301) NCD HUL"‘, (LR(J 1, NF).J-— ,I\
T '“r'wown ] 30 3 A: <x GC(NR), RN=0 #*> ”

R co.N—UW " 30.3*3: <* ¥, In-o - T
o c.:r')vw.o M ‘40.2(‘ ‘<;VNCD TWDU"‘(‘! Icm i *>
T T T Tonp o 30.3D: <s W 26D S
CONDM n 30;- E: m<* M 22 B * ) )
~ RHO COSET 12 =(LS(NR), LF(NR)> . .
_ PC COSET 12=0 o
M 30.3 A: GC(NR-1) M 26 G and assignments
B M 30.3 B,C,D,G: Null intersection
y
e
‘4 U S -
U § F .
;(‘?

112.



CNSE™ CONTROI, PATH NUMBER 13

<* GC(NRY, RN=0 *>

COND M 30.3 At
COND M 30.3 R: <* R, TD=0 #>
CONP M 30.2 C: <* NCD=TNPYT(1,ICD) *>

COND M 30,3 D: <*x M 2f D %>

. " CONN M 20.3 ®: <x M 22 F %>
- ViV i.NCD ;éﬂ: éﬂi”GO ™ 40
COND M 30.4 A: <*x M 30.3 R *>
CO&D M 20,4 R <;'; 0.7 B *>

COND M 30,4 C: <*x M 22 % *>

cCo¥D M 30.8 M <<k M 26 DIT *>

RHO COSET 13 =< ¢>
PC COSET 13 =(* NCD — = 2 *}
M 30.4 A,B,C: Null intersection

M 30.4 D: Path condition and input condition




COSET CONTPbi Phiﬁu NﬁMﬁEB 1AV
COND- ¥ 30.3 A: (*ﬂGC(NR), RN=0 *>
COND ® 30.7 B: <# x, TD=0 *>
'“‘“““‘““éésn“‘n -3b;§“ 6? yé;vN¢b=INPﬂT(i,I¢6) ;;
COND M 30.3p: <k w26 ®>
C cown m 0.1 E: <k 22 R e

TF ( ¥CD .EO0. 2 ) GO TO 40

COND M 40 A:

<% M 30.3 R *>

COND ™M 40 B: <* M 30.3 B *>

COND M 40 C:

COND M 40 D=2

< M 22 F *>

<* M 26 D, NCD=2 *>

RHO COSET 14 =<@¢>
—e ' evvoooo....PC. COSET 14 =(* NCD.=.2 %> . __

M_40

M 40 A,B,C: Null intersectioh ,

P2

_Path_condition and. input. condition




*A1ddV pue ‘IId ‘T 97 W 1 0Z W

uoT309s193uT TINN :d 07 W

uor3Tpuod yjed pue L1dde yo L3zsdoag :g4‘Vv 0z W

T T T T T T e XVWNS N x> = 6T I9S00 od
{(X1ddv¥) 9> = 6T I4S0D OHY

<k WAVIH > < 0I=-Sil?4I-UdI)NIW=>I=>0 “‘(I)0> %> 4 0Z W& UNGCD

<% L+9I1-UDI=8N “‘°L°=MS ‘"a°*=d ‘dI=>ADi>9I x> IIId J

<k L=aN “‘*d°=M$8 ‘*d°=d ’‘9I=>001>cI x>
<x  L=UN ‘°4°=MS ‘°i°=4a ‘41=,00I=>0 %>
GNOD

<% I1IC°IIA’Id &3S dHW 40 ANO %> U 0Z MW

<% 0=01 ‘4 %> 38 0Z W UNOD

<k 0=NA ‘(L-8N)D9 %> ¥ 0 W UNOD

0Z Ol 0OV

6666 Ou 0OY (AYHN"LY°N) 4

(L’L) A1ddY TTIV¥D

<% 1id 9¢ W %> +d n°0t W dNOD

<x da (¢ W %> 0 H%d¢ K UNUD

<« 4 t°0c W x> 8 6°0t

<x ¥ et*0r W x> ¥ n°0t

dddkulN

CTT St

duid T04wNOD LESUO



COSET™  CONTROL PATH NUMRER 16 116.

COXD ™M 130.4 A: <* M W, 3 A *>
COND M 20,4 B: <x ™ 20,3 B *>

COND ¥ 30.84 C: <* M 22 B *

T com w300 pr <k w26 pUI B
| - CALL APPLY(?', 1)
TF (N.GT.NFA%\ GO TN 9909.
COND m 9909:  <® We[¥iN| OR NeNMAT] %>

. RHO C.OSET 16 =A<.p(APPLY)>
. PC _COSET..16 =N 2>NMAXD .. .

M 9999 (SECOND CHOICE) : path condition

"



CNSE™  CONTROL PATH NOUMBFR 17 117.
 CoNn w80 e <k 10.3 1 e
COND M 840 R: <X M 30.3 R X
CoNN W wpc: <x w22 : 7
i COND M 40 D: <*x M 26 D, NCD=2 >
‘ ) SH = _TRUR,
T s N;“: ;!R + 1 | e e

GO T0 20

COND M 20 A: <*VéC(NR-1), KN=0 *>
Cconn w20 B: <x K, In=0 %>
~M~rnnn'h§ §6M$;'m;¥jéu%“ovvmwﬂ SET DI,DTI,DIII *>
~ e DI: <* 0<=ICD<=T7, P=.T., SW=.F., NR=1 *>
- c NIT: <% T7KICDL=TG, P=,P., SW=.%,, NR=1 *>
_—mm»~.«~n»w~éw. pTIT: <*;IA<ICD;=TD,.F¥.F., séé.*..ﬂnw;%cn—zn+1 x>
) conn w20 P e CMTY, OK=TC=MIN(ICD-T7,TC-I7)> < F(4%) *>

PC

20
20
20

2 2 R =

RHO COSET 17
COSET 17

{ SW,NR >

A: increase of NR by 1, M 40 A

B: Null intersection

D: M 40 D and assignment implies DIII

"E: Null intersection



COSET

CNNTROL PATH

NUMBER 18

COND M 60 A:s <* M 20 A ;;
V .CONﬁ M 60 B: <x M 20 R ¥*>
. - _EOND M 60 C: <x M 22 F %>
cowp ® 60 bi <% ONE OF TAR SPT DT, DIT %>
B N vV“CA“ o ﬁi: <*“;<’ICD< I?, NR= 1,‘P— Tey SH;.

DTI:

<% ICD= IR+1 F=. F.,

IF (P\

TF{NR\

‘Q(ﬂR\

R*NJ

O ™ 20

U2xNT

=1
COND M

COND M

COND ™

6F At

(33 R:

66 Cs

COND ™ 65 p-
o
— ___ _RHO COSET 18
; PC COSET 18
..M 66 A
M 66 B,C:
. M 66 D:

60

C* 1( TI<=NT %>

<x M NIT *>

.

NR= IP-IG+1 *>

<x Ie(wn)-LF(MR) u*un x>

<% LP(K&Q*I

=11 TF F= 21 oap -2,

. NR) II I¥F K‘O OR -7

1<—*I<I

118.

=5

{LS(NR), LF(NR), ID

(* F=.F. *}

Assignment

Vacuous

path condition and null intersection

x>

"



UOT3ITPUOD Yaed :Id=q OZ— N”““”““"~~~-

worassszarer i aey oz W

{x "L° =d x>=6T IISOD Od
(B> =61 IASOD OHY ’
<x (a¥)H > <(LI-31‘21-Q31)N1H=>1%>0 ‘(i)d}”;> rzﬁ-oéwAu uﬁbs*“-_— S

Kk L+9I-UDI=dN “°*L°*=8S ‘*d°*=d4 ‘8I=>0A0.>9I %> II.ld J

<k b=UN “*a*=MS “‘*d°=d ‘LI=>UD0I>6l %> ‘IId o)

<k L=UN *td=MS ‘*i°=d ‘L1=0U0I=>0 %> Id o)

<» IIIU*IIA’IQ 4dS EHL 40 4NO %> :d 02 W UHOD

<x 0=Ul ‘% %> 4 0 W UNOD

<x 0=NA “(L-¥NJID9 %> N 02 W UNOD
02 Vw 09 (d) &l 09

<% L+9I-8I=UN “°d°=d ‘1L +dI=00I %> *IIQ o)

<% °*d*=MS ‘°*I°=d ‘L=dN “‘ZI=>04DI=>l %> 2Id J .
<% IIU “Id 13S Zhd 40 ENO %> 0 0Y K UNOD

%
o i
=z
C
(8]

¥ d €C W %> 2D QY
<k d 08 W %> +8 0Y W GNUO
< ¥ 0¢ W %> ¥ 09 K UNuo

‘611 ol addwlii HwV¥d TO4LNOD wdSUD



COSTFT CONTROL PATF NUMBER 20 120.

COND M ';gn;;kw;;ﬂguwéo, PIT *> M o
COND M 66 R: <% 1<=T<=NJ *> ”
' COND M 66 C: < LS(NR)-IF(NP) =YENT *>
chno RN "2*"}}('};1*}}'};{' "i}"}??ﬁ{{'&p -3
o c =-1I TF K=-1 OR -2, 1<=TIKI *>
T e LR(&*T- NR\ -1 -
‘ "{;}'Jn 2NR) = T ) o
) LR (831-1, wpy»;.:i o _

LR(“*I NR) =1

T=I41

IF (T TF NJ) GO TO 66
1wn=0
NCOQ 1

Cc LET HO = <N(I), 0<’T<-TP I7)

COND M 70 A <% CC(NR\, KN(N x>

coNn M 70 B: <* K, ID=0 *>

ﬁw.éO&megw-idAijmé;-A;;;N,AK) < H(AW)‘—;;waﬁw—.~u>W”
—*~W*VM“_WWWJwEEQ;AME*G;O D:  <* THERF ?XTQTQ p,—;;:pé:;;:;cégu;éggk;;ﬁv
c o ) (1 W,PY < KP'+RKR' FOR AILw;JOP LVQE”P
- - c LFSS THRN OR-EOWAL ;5 LHD *>

 RHO COSET 20=¢ (LR(4*I-K, NR), 0 <= K <= 3), >
_PC. COSET 20={* I D>NJ*D ...

M 70 A: M 66 andrPath” condition

M 7~0*”_B_." Null i“n_t;_ex_'gt-:_ctlon - N
- M 70 C: Null intersection since KW=0

M 70 D: Vacuous, LWD = 0




- »coégm CONTROL PATH NUMBER 21 121.
COND M 66 At <* M 60, DTI *>
o A COND M 66 R: <* 1<=T<=NJ *> |
- co&é " 66 C: <% LS(NR)=LP(NR)=U4*NJ #>
) mgénn M 66 D: <* LR(K+4*II,NP)=TT TF K=0 OR -3
Mﬁ. ; c - | =-IT IF R==1 OR =2, 1<=TT<T *>
T I T T -
LR (4%I-2,NR) = -T
- LR (4%T-1,NR) = -T
T wiéiu*z,wpy =1 e
Cterer
“ ‘ * ™ (I.LE.N&» 60 TO 66
o ; conn 66 At <k M A0, DIT *> e
CO‘NT.\ M 66 PR: <k 1(=1T<4=NT *>
- comn N 66 C: <# LS (NR) =LF (NR) =4%#NJ *>
o wwm‘.uébﬁn w66 p: héémﬁé(w+u*zr,way=rr IF k=0 OR =3
c 21T TF K=ot OR -2, 1<eTIcI >

...RHO COSET

.PC__COSET 21 =(* I <= NJ *>

M 66 A,C: Null intersection
.M 66 _ B: Path condition
M_66 D: Assignment _ e




COSET™ CONTROL PATH NMMBFR 22 122.

C LET RO = <U(I), 0<=I<=T6-17> T
COND M 70 At o GC(NR) , KNCW o
coNn M 70 B: < xA ID=0 *>
Comy B 70 Ci <x R(KN,AR) < ”&;;}“;’;ﬂ""' -

T comn m 10 D:  <# THERE EXTSTS ?, ;< =pL=K n#ncnq SUCH THAT
c A”“av‘(1 w p) < KP14KR' POR ALL ¥ OF LENGTH
c o (| LESS TRAN OR EOMAL TO IWD  *>

70 KN = KW + 1

"—WQEB; NCOS‘; N S
‘ IF (NCO§ GE. O). 60 60 +g"“'"““““““" -
T e oo T

NCOS=N-¥N

COND M 76 R: <* GC(NR), 1<=KN<=N %>

— COND M 76 B: <k M 70 R %>
CO§£'WENW;;”C£uW<*-1<"T< NP“;; o S
- COND M ﬁﬁrﬁ:> <* H(KN-1 AK);<V(1 éN)W(L)W(KN 7), 1¢=7<I >
) ’"é' o - < H({AK) *> |
CON&mN;NW;gw;;.-<* 'N 70 D- x> T |




RHO
PC

M 76
M 76

COSET
COSET

A-D:
E:

123.

22 = (KN, I, NCOS,LWD >
22 = (* NCOS <0 *)

Same as Path 23

M 70 and path condition implies (1,W,p) e KF' + KR'
for 1 <= p < KN-1 and since

(KN-1, W(NR), KN-1) ¢ KF' + KR',

(p,J,p') ¢ KF' + KR', 1 <= p <= KN-1,

1 < p' <= N, thus word length can be increased

by 1.



COSET CONTROL PATH NNMMBER 23 124,

] C _TET HO = <U(T), 0<=T<=IG-TT>

COND M 70 Az <* GC(NR), KNCN %>

CONP M 70 B: <* F, ID=0 %>

coxp M 70 Cz <* R (RN, AK) < a(nky *>

COND M 70 bs P THERE FYISTS P, 1<=P<=RN+HCOS SUCH THAT
“ -me““ I (1 W,P) < KE'4RR' FOR ALL W OF LENGTH

c LESS THAN OR EOUAL TO LED *>

0 kweEmer
. ,“m;;;m__” e R
NCOS=NCOS-1
| ) .mﬁﬂmmwzy (NCOS Gr.oy 60 TO 76
o COND _ﬁ 76 Br < GC(NR), 1<=KNC=N *>

COND M 76 R: <K% M 70 R %>
COND M 76 C: <* 1<-I<—NP *>
COND M 76 D: <% H(KN—1 nK)+<W(1 KN)W(L)W(KN 1), 1<= L(I >

c < FIAK) *>

COND M 76 Bz <x M 70D *>

o _ RHO COSET 23 =< KN, I, NCOS )

- ___PC__COSET 23 =¢{* NCOS > 0 %> e

M 76 A: Assignment for KN, null intersection for remainder
M 76 B: Null intersection e

e M 76 _C: Assignment

.M 76 D: Vacuous B
M 76 E: Null intersection, KN+NCOS constant. _ . . N




COSET CON'PPOL PATH NUUMRER 24 125.

COND M 76 A' <* GC{NR), 1(=’(N<=N *>
- Coxn-»ﬁ 76 R: W;;VQ 70 R *> -
 com m 76 c: <k tcmrcmwm x>
) CON-")N.;l 76 D: <% H(KN'-T AW) +<U(1 KN)«H‘(ML)“;’ (KN, 1\, 1<=L<TI >
ﬁmj . _“”é e ) H(Ak, -
 comn M 76 E: <= w 700 *>
76 ~"I!“ (RV{EN)) .NF.KN) GO TO 75
- 'l:P_lm “N } ;;:P. —P;;!A;- ﬂI:l;;.NR)v_) CAlL CONSOL
) CALL—_ APPLY ;vm“,;)~ S
I? ( N .GT. NWMAX ) GO TO 9999 ) )
- cogm. M 7q gt <#~;WM§;”;N*> -
mmwﬂh_hmm&mwu-;bwn ¥ uvq B:w.(¥_;— 75 B *> D
;TONDM— M - 75 C:m_ <x M 76 "(:‘“*> | T
N “C(')ND M- | 75 D: “ <;" V‘H>lK‘J-1,A‘()”+~(>W- (;;KN)W(IJ‘W(FN,-T) , 1<=1<=T >
4 HC | ( é(ﬁ.‘() 4*7> o |
) comn m 75 m: <k w 70 v > 7
RHO COSET 24 —< P(CONSOL) P(APPLY), |
PC COSET 24 ={* KV(KN) = KN, N <= NMAX, I <= NR * 2
_ M 76 is a p condition for 76.2 by null intersection or
B j ) by property of CONSOL )
M 75 By property of APPLY and path condition



COSET

CONTROL PATH NTMBER 25

POND

CONU

COND

Ly 7F A'

M 76 E'

M 76 C:

CON

C

COND

m 76 F:

M 76 D2

<% GC(NR) , 1<=RN<=N *>

<# ™ 70 B *)

<% 1<'I(“NP *>

< a(m *>

<k M 70 D *>

76

IF (KV(KN)) NE KH) GO TO 7‘

coNn

P (N

.GT. NHAX - LF(NR) ) CALL CONROL

CALL APDLY (KV I)

TP(N

M 00Q0:

_RHO COSET 25 = Q p(CONSOL)L _p( PPLY) .
 COSET 25 =< * NMAX <N %

. ... FC

e < ms = wm———m—mas e TS

.GT, NMAY ) GO TO 9999

‘<* N=|%:H| OR N"NHAY+1 x>

_M.__9999 (SECOND CHOICE);,}%th_conditiqq_w

126.

<* leﬁ-1 AK\+<W(1 KN)W(L)W(KN T,

1<=1<T



COND
COND
COND
COND

COND

76

COND

COND

COND

COND

COND

RHO
PC

COSET CONTROL PATH NUMBER 26

2R R R
~
o

76 A: {* GC(NR), 1 <= KN <= N *>
76 B:<* M 70 B *>

C:{(* 1 <=1I<= MR *

76 D: { ¥H(KN-1,AK) +< W(1,KN) W(L) W(KN,1), 1 <= L < I

< H(AK) *>

M 76 E:<{*M 70 D *>

if (KV(KN).NE. KN) got to 75

2R R R

75 A:<{*M 76 A *)
75 B:<(* M 76 B *)
75 C:{* M 76 C *>

l1<&L<&I) (HAK *>

M 75 E:{(*M 70 D *)

COSET 26
COSET 26

=

@
{* KV(KN) .NE.KN *>

127.

75 D: <k H(KN-1,AK)+ ¢ W(1,KN) W(L) W(KN,1)

M 75 by null intersection and path condition since
KV(KN) # KN implies (KN,W(L),KN) ¢ KF' + KR',
1l <= L <= NR.

AN
/



COSE™ CONT®OL PATH NUMB®R 2% 128.

COND WH ‘75 R <;A M 76 A *; T o
o “WE.O'ND‘ ‘n ” 75 B- '<#v " 776 R %>
comn W 75 ci <xm T8 CE>
COND M 7"'3“—1.)" <* H(KN-‘! ‘!“\_K) +<W (1, KMW(LTV(K" 1),-1<“L< T > -
ST T ke
COND ‘ n.“‘75 P*<*H 70wb ";; T
7% e )
EETIGRLRTY Teomo 8
o Ipm( :m LT, »;.)»-_ r:n 'm";(;“—ww .
cmmm M ;—R 3 A <% ('C(NR\: EN=N *> o o
hcmm Hn_ 7=. 3 B: ’<* M 70 P,” -
Mconn !'r 7‘5 ?c<* H(w AFY <:I(A;);>
RHO COSET 27 = { 1> . - .
) ) PC COSET 27 =<* I >NR, KN=N
M 75.3 A: Pathconditfon .
B M 75.3 B: Null 1ntersection o
_.___«_._ﬁ_‘_.,__M 75.3 C: Path . condition and assignment



COSET CONTROL PA™H NTUMRER 28

cOMD M 75 Ar <K M 76 A *> ” ]

COND ﬁ_ 7R.é; <x M TR C R | ~ )

CoWD M 75 D: <* H(KN-1,AR)+<W (1, FN) W (L) ¥ (FN, 1), qe=1c=T
] —é.‘”w-ﬂ— < HOF) *>

COND

M 75 R: <*x N 70 D *

5 I=I+1 3 )
TF (I.LFE. NR) GO TO 76 |
n;;w;.KN .LT. ¥)Y GO TO 70
C LET™ HO = <ﬂfI\, 0<-T<-TC~IZ>
coxD "ht";é”;g <k GC(N#*, KN(N %>
CONgv-M 70 B: <*x K, ID=0 *> _ B

COV

(‘ON“

N

M 70 C' <* (WN AF) < H(AK) *>

M 70 D: <* TWEPF EYTSTS P, 1<=P<=KN+NCOS SNCH THAT

(1,%,P) < K”'+KR' FOR ALL W OP ENGTH

(n

) ~ RHO COSET 28 =< I o
PC_ COSET 28 =<* I >NR, KN <N*> '

LESS THAN OR EOWAL TO LWD *>

.M 40 A,C: Path condition o
‘M 40  B: Null intersection . . .




CNSE™  COWTROL PATH NUMBRFR 29 130.

CoNn W 75 AT <x M Te A #>

COND M 78 R <X M TR P XD

COND M T5 C: <* M '76 (‘ *>
o _ -(‘;OND M 71‘ Dtl <* H(‘(N-1 D‘().+<W(1> -;N)W(;,)W(KN 1), 1<=1<=T >

C | < H(PK) x>
- o —C;Aé)ND M ;75 Ry < HA 70 0 *; o

e elper T T/
I I'“' (I.LEV. N!V?.)r GN TO '76
o - COND M 76 A: <* GC(NR), 1<= Klw;(“N-*)

Tcown w76 B <rm TR T
o i COND V VM 76 C: <> 1(«—I<""1R *5
o o QE"(W";M 76 D3 <* ”.!V’V(KN-1 AK) G(A;H KN)W(L)W(W‘W 1\, 1<= L<" >

T T e >
T L L

_ RHO COSET 29 =< I >

PC COSET 29 ={* I <= NR *
—e .M 76 A,B: Null intersection.
o M 76 C,D: Path condition and assignment




cosET CONTROL PATH NIMRER 30

COND M 75,3 R:  <* GC(NR), KN=N *>

COND M 75,3 B: <x M 70 B *>
COND M 75,3 C: <* H(N,AK) < H(AK) *>
CALL CONSOL

. COND M 9999: <% N=|F:H| OR N=NMAY+1 *>

RHO COSET 30 =< p(CONSOL). >.
PC  COSET 30 = §

.M 9999 (FIRST CHOICE): Property of CONSOL

131,



132.

Proof of termination for MAIN PROGRAM COSET
Q(COSET) =< F 17.4, F 20, F 26.2, F 66, F 70, F 76 >

Expressions: el = A\, e2 = ICD, e3 = 1WD, e4 = -NCOS,
e5=1, e6 = J

Proof that ¢ ei, i = 1,6 > is a controlled set of expressions:

PATH 1 17.4 —> 17 —> 17.4
N, ICD, LWD, NCOS and I are constant, J increases

and J <= NJ+1 at 17.4 by COND M 17

PATH 2 17.4 —> 16 —> 17 —> 17.4
A\, ICD, LWD, NCOS are constant, I increases and

I <= NMAX at 17.4 by COND M 17.

PATH 3 17.4 —> 20

A increases and A is constant at 20.

PATH 4 20 —> 22 —> 26 —> 26.2
A\ 1is constant, ICD increases, ICD <= IR at 26.2
by COND M 26.

(Note that 20 —_ 22 —> 26 —> 30 ... is a path that will
note be taken due to INPUT and PATH CONDITIONS.)



133.

PATH 5 20 —> 22 —> 60 —> 20
A is constant, ICD increases and ICD <= IR at 20

by COND M 20.

PATH 6 20 —> 22 —> 60 —> 66

A increases and A is constant at 66.

PATH 7 26.2 —> 26 —> 26.2
A, ICD, LWD, and NCOS are constant, I increases

and I <= NSX at 26.2 by COND M 26.

PATH 8  26.2 —> 26 —>730 ==> 20
A, ICD, LWD, and NCOS are constant, I increases

and I <= NSX+1 at 20 by COND M 30.

PATH 9 66 —> 66
A, ICD, LWD, and NCOS are constant, I increases

and I <= NJ at 66 by COND M 66.

PATH 10 56 —> 70

A increases and A is constant at 70.



134.

PATH 11 76 ==> 75 —> 76
A, ICD, LWD and NCOS are constant, I increases and

I <= NR at 76 by COND M 76.

PATH 12 76 ==> 75 —> 70
A, ICD, LWD, NCOS are constant, I increases and

I <= NR+l at 70 by COND M 75 and assignment I = I+l

PATH 13 70 —> 76 PC ={* N COS >= 0 *>
A, ICD, LWD are constant, -NCOS increases,

-NCOS <= 0 at 76, by path condition.

PATH 14 70 —> 70.1 —> 70.2 —> 70.3 —> 70.4 —> 710.5 —> 76.
N, ICD are constant. LWD increases. To show LWD
bounded consider two cases.
(i) [z:w] is suitably small. Then J = W¥ + Wy LRRRL
Let LWX}= maximum length of W, above then LWD < LWX
otherwise % ¢ H(AK) and KN = N, the array AK is
complete. (See Trotter [1] for proof.)
(ii) More than NMAX+l distinct COSETS will be found
during enumeration then let LWX = maximum of length of

COSET representatives of COSETS 1, NMAX+1l. Then
LWD < LWX or N > NMAX.



(1)

(2)

(3)

(%)

135.
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Appendix A. Listing of COSET, and subroutines with preconditions.

Non executable statements do not appear in the listings.

Associated with each (sub). program is the statement:

COMMON KL(500), KV(500), KF(500,5), KR(500,5), LS(10),
LF(10), LR(20,10), NMAX, N, KR, NJ, ID, NVAC, KN

Associated with COSET is the type declaration:

LOGICAL SW, F



Az,

NOTF PPNGRAM WTTH PQECONh:fIONS

e e e e ——— e e o e e e s i

COND <* GRC(NRY *> ~LOBAL

] COND N 1: <% K, 0<=TX,IVL=N %> i
. COMMENT  LET X,¥ RE THE TNITTAL VALNFS OF EC(TX) ,RC(IV) =
1 TA = IX
B TIF ( IA .E0. 0 ) G0 70 9999 ) B
A IR = IV L
10 TIF ( IR .NE. 0 ) GO 70 20 .
— R Al —— S
GO ™n ©ogq
COND W 20 At <x T %> o
cOND_N 20 B: <% TR=TV, OCTY,IVEEN >
.. CO®BD ¥ 20 C: <= FC(TA)=X, TA RELONGS 70 BC CHATY ¥I7H
c MEAD TV AND TATL Y. *> s
20 TR (KV(TM) .5P. 0 GO TO20B :
STA=E-RYON i
SO O 20 — e e e

204 TA = XV (TN)
FONDY N 205 pr 4x X%

’ COXN W 2058 m:  <x TA=Y,

0¢CTY,TY<=N

*>

~OND N 205 C: <% FRC(IRY=Y, TIB RRLONGS m™N BT CRATN WITH

c - 7 HEAD TV AND TATIL V.

*>

.._205 TF_( KV(T®) .GF. 0) 60 TO 206
- TB = - KV(TR)
- ’ . 6o Tn 205 ;
206 TR = KV(IB) L
T ... .Cown N 206.1 2z <X K¥



<k A %2

Ul

W)y

(V)1

. T oLo&oy (41 *om°

oY

NI
T eI

LI ) ai

Of 0L 09
T L tHew
= (Li)Ax

)Ia =

wl

iV bbbo N UNOO
Wl = di

= (41) 14 oL

= (VI)Ty '

= (WI)1%

0y Uw 09 (61 "uE° (oL

yIa ) 43

un

<k W=2>0=>L ‘Owx (dI)Td=I 40d VI=(I)Aa %> 24 0% 8§ dRoo
T <x WaxlaI)Tu=Ll ‘(@) d>W=>0 %> Q4 Off N UAOD )
T<x (AXIXVW=EL ‘(a’X)NIK=VI ‘4I>VI>0 %> D 08 N GNOD
T T <x WI-=(dl)ax %> d Of N GNOD
ST e @)oo W wod J
- Ja9aVUONG (LI)AM ‘UZBUNVHONL dx°83%°%% J
tan’dx 'A% 4O STLIVA INLiidI 804 3 %> 3V 0% N QNGO
e —
T T 6l = @l
o o Vi~ = (4I) A% 0t
T dI=(d)L ATYVTINIS ‘VWI=(V)I 4vHe HOOS dd ¥ LdT1  LNEANOD
<x o (A'x) xuW=dl ‘(A’X)NIW=VNI “‘4IDVI>0 %> 8 0¢ N dUNOD
S B < 2 x> ¥V 0E N ANOD
. ’ T LI = HI
R B} T
’ T NI = ul a2z o
T 0 0w 09 (WZtinTdan) 41
o T oboo V4 09 (¥I°0d-di) as T
<x  N= >A=WI>0  ‘N=oa=uID0 %> td L°90Z N UNOD o )

SH



COND R 9009 B: <% Gr(NP) *>

COND N 9000 (. <% QOVE OF TEE SET cI,cIT,CTITI, CIV *>

. c o cTs <k IX=0 > )
e C o CITD <x IX0, TYEIX, TRE0) >
C CTIT: <% TA=Pr(IX)=TB=RC(TV) *> L
i c CIV: <* TX,IV>0, TR=MIN(X,¥), TRIMAY(Y.V),
¢ . _ECORM=EC(IX) =RCIV)=TA *>
9999 RETMRN




Cax N=>3>1 ‘(ipad=WAd %> 20 0C D Gnod
e (L) ead) ax-=(E) A ‘i=-(l)#Ax) “u L& O av D
(w= (i) ad ‘1=(.)#AA) “L-K=W 804 & LT O => :d 02 O QNOD

Gk VKII=\II)#Axn “I=>I1 *1i>l=i ‘N >I=>L %> ¥ 0T D UNOD

(U)Ax- = (L) AA

(Dad = ¢ G o -
02 0L 09 ‘
K = (l)ai “ h
L+ W = M
gL Ui 09 t I °an* tI)Ax ) 43 1
<k s&x b sah;;n.—wix-Tx *> ‘G LC o ‘ﬁkdﬁmA“ T
Cx N=>aA=>1 ‘(i)san=W)Ad %> 22 L& D | u.w;')A
<% x-(x)snx‘1>x->t ) ‘
‘4 dwUS d0a uu-(x)az u~>u@ =51 S '-Shu_m__mm"——mw
wiHe HOUS Wi HOVA d40d ta=-(a)sha ‘Loa=>L o
wink HouS A4 404 t(m)mx) Ad¥=={A) AX o | J N -
ixeRXajvni ‘n (x)aAh '¢>ax>x )L"‘-'<> o MGS"”U—-“_~“"~W—
wiHw HOHS AA‘A HUA u->(ax)Ax>cx)Ax->L ;} NZS Lé -5” uNBBm'-“-"”_*—WW__
< 1< i=(Il)saa ‘I>I1 1I>i=M 'N >i=>i ;> ‘=ﬁ‘LzVV5.Aumoo
T O L=£~~'
— ,_",U_,‘,6M=UFM”~MM_
Jéﬁéb Od 65. (0 oa Jvn&;wé;uuA»Id_"-
T 4t ;;a;;;‘,xm s“a"{d;a?ﬁ'} >
45 ATUVIYVA &Hu 40 4DTVA TYLLLNI aH¢ sawuuau #A ME:__-—‘—-“”—“um
< (dn)Jv’ o-u; *> TVQUQJ uNOJ T
- B | é’* (n) D8 0= u{ ){’"";; ) :L’"’S"""&oa
SNOILIGNGDdba HAIM WV&DOEd U qosses




M

e = e ——— -

( (w¥) Ay )sSdvI = (1) uA -
o e L R
GZ Ok 09 (0 *04° (0I)dx ) dI £ -
: U exrax JSEVT = (00D) 4 | -
T, P e
az-biibb (”o 'ba?‘(f‘liax ) 51 '“”93“- o -m“»",v
<= rr > ‘11=I 40 151 31> 5
t‘c‘i;)cax-nxx ;)ax ‘xrr‘ I};;A (rr‘¢;)4x.;;ﬂ'idm93"“5—'u&65“~'wwnﬂwwmmwu~;
<x r>rr =>1 ‘((\DD I)aaa)#Ai)d; (D“I)&A | V - 3 )
‘(\tff‘x)aax)aha)hl (Dr‘I)dx *> 30 93 o} amoa”‘
Tk tN=>reaL > fE w2 D un0D
4<* b<&i}k£' ‘3 g’y La. J %> iv ye 5 FQNOJ.. ‘
| L=v”‘ | -
) 0t U 08 L O “4’5&'-"""'(;{@ ’ N
e R=>P=>L ‘N=>1i=>I 40d oS
'«rizi)¢ai;@étii{éém;(c311)343=kr‘11)ax ;>"M:;AL€7JSMWER65 .
T LI I eaA III=>L ‘ea=>ee>L 5
“ mm;]Y(r xl)saa)gax)ﬁx (ci I{;;_M_m-m_“_ww*__n““, o ]
e 1D sax) s A0 KIS (TSN %> D LE D GNOD .
T <*“;'>;->L «> :d LE D UNOD
T 'um};””fé LE D uNod )
-<;”Vl((aux)ana:ull =N4 *> Tvaai;- auost o
o ) L=I
( lnx;nx )bﬂviw;w&Qmwu“w T
‘”.MH{Q ulax“u LZ o) *>vﬁlc 6¢ "5 anoo .
< ﬂ=>i='>1"'71"-&712;’1? (D) $a%) KI-=(D ax 5 B
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C 25 Az

<* C 26 A,RB,C,D POR JLJIT *>

HY

COND
cCoMn C 25 B: <% K?(I,J)=TM{K;#(K?i(I,J))),
o KF(I J) IM(KV#(KR#(x,J))) =S
25 J=J+1
IF (J.LE.NJ) GO TO 26
COND C 30 Az <* C 31 4,B,C *>
COND C 30 B: <* RV(I)>0 AND KFP(I,J)= IH(KV#(KFQ(I,J))),
c KR I,J)=IH(KVQ(KR#(I,5;;), 1¢=J<=NT *>
C OR <* EV(IV<0 *>
COND C 30 C: <* RKP(II,J)=KF$(IT,J), I<IIC=N, 1<=I<=NJ *>
30 I=I+1 o -
I? (I.LE.N) GO TO 31
J=0 - -
T=1 V -
COND C 41 A: <* 1<=I<=N, J={<II; II<I,KV#(IT)*II>| *>
COND C 41 B: <* KL(JJ)=FV(JJ)=J7, -
c KP(J&_éi IH(KV#(;;!(IHI(JJ)W;;s\
C KR(JJ Ky In(wvc(Kn#(InI(Jn) x))). o
) S - e

CONDN  C 47 C: <% KF(II K) IM(KV#(KF#(II R))),

1€=33¢=g, 1<=R<=NT *>

L1}

I( LA

C RR(II,R)= TH(KV*(WW*(I V))), 1<=Fk<= NJ
“;W- - ;;}E;) ié;ik;: IKTIT<=N AND kv#( I\ =TT
CN - ;;k;;;‘-T"(YV9(IIi;:MKV#(TI)~—TT, I<T

41 TP (KV(T) LT 0y GO TO 40 )

—— 515*1 ;Nm e e

=1 . ‘

cCoNnd C 38 A: <* 1K= T<“N, 1<=K<=NJ, KV(I))O, J—IHI(T) *>
COND C 38 B' <*—Cv“ﬁ1 R Wi;ﬁ Jlﬁ;PLlCED BY J-1

C- o o ;;;3 K¥)= IN(KV#(KV#(IHT(J),KV))\,

KR (3,K%) =¥ (KV 8 (KR# (TN (3) ,¥F))) ,
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N =M

]
(=]

NVAC

14

COND C 9999: <* K,ID=0,NVAC=0,H(AK)=H(RK#),
c ‘ KN=TH(KVE(FN&)) *>
9099 RETURN -
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COMMENT

LET FH B

E

COND

<k GCINR)

PROGRAM WITH PRECONDITIONS

EYCEPT 36.1

OR N=NMAY+1 #*>

THRE INTTTAL VALUE OF R(AF)
¢* GC(NR) *> DPRECOVDITTON FOR ALI STATEMENTS
AND QQQa

PRECONDTTION VALID FOP

COND AP 1 A2

<%

¥,ID=0 *>

36.1 AND 0Q0aQQ

cowNn

cewn

C

COND

COND

21

Ar 21

AP 21 %
AP 21

<%

AP 21 *

M= Mo+
TF (M .GT,

“’

-

LR(M, L)

Q*

(M+1) #MY MOD (LWS)

x>

1K=I,IRC=¥%, KV (I)=T,

CHATN (I,IT,MY,L)

H(RK) =HH *>

INGE ) M

"
Y

1<=MY<=1L%N, 1<{=MI=L¥E§,

RV (IR)=TB=TT

x>

) cOND AP 1 Br <% 1<SLAC=WR ®>
- COND AP 1 C: <% 1<=IT<;N, RY(IT)=TT *>
1 L - . o _
i LEN = LF (L)
- LNS = LS(L)
I =717
- TR =T
e “E=L§;w- e e e e
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~ cOND  GTORML  <*  1<=L<=NT, U1<=LEN<=1606NSY, 1<=LNS<¢=NS¥X,
: .w.wm,.“m”.”:2;;;;;&r.:;mud“m,mWﬂ.h AT .
CONN AP 21 As o ®,TD=0 6
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A1y

¢%x K INCLUDING I TN THE SFT OF ROWS

LABELED TA, FEC(I)=Ta *>

‘._! — ———— -
«
COND
COND
COND

e —m e m———

71

{* AP

A0 B *>

<k 1<=3<=NT *>
<* (RKF(T,1)=0 OR EC(KF(IR,L\\=EC(?“(I,L))\
AND (KR (I,7)=0 OF BC(RR(IA,1))Y=EC (RR(T,L)))
FOR 1<=L<T %>

CALL NOTE ( X®(I,J) , KP(IA,J) )

- CALL NOTE { RR{I,J) , FR(TA,T) )
70 J=J+1
) 1P (J.LE.N) GO 70 71
- GO TO 60
o é;nn AP 0905 P <* K,ID=0 A*>
’ . S éOﬁD VAD 9299 R: (% -GC(NRl *>
| e W 9990 €1 <n ROA)=CHRAR (1,TM H (LR ITT, 1> 4>
N _C, né _ :
o - _-056N£ A; §§QQ D >?; ﬁ;NHAY+1 *>
saon e T T
¢
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ALS

COSET V?ROGBAH WfTH PRECONNDITTONS
COND GLOBAL <* INéUT '*>
1 NMAY = 500
NJX = 5
Qé;"=—{6m e e
NSY = 20
10 NVAC = 0 o -
;;.; BWHW e e .
_— 5"" ..... .
1
CdND -ﬁ 16 A: <; 1<;NJ?;ﬁdx, NVAC=0, ID=0 *>
COND M 16 B: <& 1<=TCeNMAY ®>
COND ﬁ 16 C: <;—jwv(II,J)=k§(Ix,j)=0, 1<=0<=NTX) ,
o | Kﬁkiij=ﬁi(1i)=0, 1?=II<i Q;
” Kt(z) =v0A R
KV(TYy = 0

o ) J=1
CONDf"; 'i7 A;”'(;'g'“ig’;s o
ﬁ cOND 17 B:  <x 1L=TE=NIN D
COND M 17 C: <% WF(I,JJ)=?R(?.JJ)=0, 1<=10<¢7T,
S .u.ne.ﬂ,m,A” : L -g;kIs=Kt}i;=0 ;>,
17 KF(T,J) = 0--
KR(T,T™ =0
J=J41
fP- (J.if.ﬁJX)ﬂweovﬁn 17
—— ; g.”i;£;1,. S .
TF (T.LE.NMAY) rn'romm o o




1Y

N = 1
- “ RL{(1Yy = 1
WV(‘;) = 1 - -
NR ='V 1 ‘
s LmemE. -
; — e e e e e e e e e
SW = .FALS
. KN.= OA
o ICD-O
COND M 20 A: <% ('C(WR'1;H; KN= 0 *> .
Conp ® 20 B: <xK, =0 ®>
_ -(VION7D~ '!;VW“Z-O D:.m <% ONE OF 'T'H"_;é';”l;; DII DITT *)H
c R 1., SW=.F., WR=1 %>
) B .;'f" - VDIIV' (* I7(""CD< IG, F-.FA.—,V Sﬂn‘—"‘..?..,m NR=1 *>
- "*—_(-:“ 4 wahquIIIt <% IG(ICD( IR, "=V":V, ”;:'-. ..U =TP“~IC¥1 *>
('OI\;D n"-i-“?OI‘;: ("‘;_—;T;(;'-‘, 0<T-.I_<.‘MT:;I;!;-—IZ;TGmT")) < HU\W) *5>
7”20 o "'CD""C'“""!
- | | PEA“(“- 201) NCD, MUL"‘,(LP(T NP),.; =1 NQY)
Teomn w22 ar <em s
cown N‘ 27 B: <* M 70 P x>
;CON?‘ M 22 D: <*x ONE OF THE SET DI, D--,]é‘ Ii x>
" © DI: <% 1<eTCDC=I7H1, Fe.T., SWe.F., NPS1 8>
C nIT: x 17 +1<Tcn<=rf+1 F=;§;; 59;.F., wp=1 %>
. 'C. | NTIT: <K* TP+1<TCT‘(‘TP+1, FF=‘.WI"., §W=.""., NR=TCN- I(' x>
- Cf)\'“"[ 22 E: '"<* <m(T), 0<‘I<:!;';I'N(VT—(;“D‘£7-.1 Tf' =T7Z)> < B(AR) *>
COND M ,2? F’ <% NCD"—‘INPUT(",ICD\ ¢ MUL’P=TNP“T (2,TCDY %>
COND M 2? G. <* LR(T NR) TWP["“ (I’-Z TCD), 1<= '[( NSY #>
22 IF ( NCD .R0. 0 ) GO TO 60 .
TP (F) VRITF(6,2Q05 |
¥ = _FALSV.,
iy e s e

A46




- ad

H1+

COND M 26 Az <¢x M 20 A )
cCoND M 26 B: <* M 20 R x> L
COND M ?6 C- <* 1<-?<—nqv *>
COND M 26 D: <* ONE OF WHF SFT DII DIII *> ,
o DIf: <*»IZ<ICD< =I1G+1, ?— Feor %ﬁ—..., N“A1 *> -
C DIIT: <* IG+1<IPD<-IR, P=.F.y SW=.T., Ne= TCD-1I6 *>
COND M 26 Bz <* M 22 F *>
o m 26w cem 22w
COND M 26 G <* H ?? G, 1< |LR(II NR)|< NJ, 1<-TI<I x>
26 I¥7 ( LR(I,¥R) .EQ. 0) GO TO 20
NJ_= HRYO} #J,_ihﬁsi L§(I,NR) )y )
I=T+1
IF-—}i“L Né;i- GO TO 2& |
T = NSY + 1
COND M 30 A: <* M 26 A,B, D F ? G x>
Céﬁn “;” 30 R: >?;M1<I<—N§Y+1 *> . |
o ?f; - I.S(\'P) = I -1 "
LFP(NRYy = W™MOLT * LQ(NR)
¥RTI™E (6,301) NCD,MOL™, (LR(J-1,NF) ,J=2,T)
COWD ‘M 30.3 As <% GC(NR), RN=0 *>
COND M—.30.3 B:"<§ f; Tn=0.*>vAnwm o
éOND M 30.27 C;' <* NCD=TNPU”(1,ICD$ x>
o ﬂomnl m  30.3 ﬁ: é? M 26 ﬁ .#> -
conp % 0.3 B <k 22 e
IV { NCD .EO. 2 ) GO TO 40
COND M 30.“ As <* M 30.?ﬂmh *;.
covs M 0.4 B <am 0.3 e -
COND M 30.4 C: <x M 22 T x>
COND M 30,8 D: (% n 26 nII *>
Aw'.“;ALI APPLV({ R}



TF (N.GT.NMAX) GO TO 9990 ‘

G0 TO 20

A1g

LB(&*I-Z NR\ =

LR(Q*I-1,NR) =

LR (4%T,FR) = T
I=I+1

TP (T.LE. NJ)

O TN 66

COND M 80 A:x <* M 30.3 2 #>
COND M 80 B: <* m 3 30.3 B %>
cop m soc: <x w 28 %
? COND M 40 D: <* M 26 D, NCD=2 *> -
w0  sv o= .tene.
 wR=wR 1 -
GO TO 20 T
COND M 60 A: <% M 20 A % -
COND M 60 B: <* M 20 B *> - _
COND M 60 C: < ﬁ 22 £ # -
COND M 60 D: <% ONE OF THE SET DI:‘S};h*>-wmw
c pI: <# 1<-ICD<-Iz, NR=1, F—.T.:—SW- Low
c pIT: < TCD=IR+1, P=.F., NF=IR-IG41 #> )
%0 1 am eomo20 T
T T sy = wwma T T
Lv}ﬁP) = uxNg o ) .
e e o e
. cown m 66 A < w60, rIT A )
COND M 66 B: <= 1<=I<=NT *> N -
' C conn w 66 C: <# fq(ww)-L;(NR)_Q;NJ *>-
__. - céﬁb‘AﬁA”ésnn}“v<* Lp(w+u*rz,xn§ =TT TF R=0 OP -2
T e T 1e K--f,;;";g 1e=TT<T %>
® 66 LR(u*I-3,wnf =T
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A J

COND M 75 B: <* M 70 D *>

75 T=I41 h S
IP (I.LE.NR) GO TO 76
IF (KN .LT. N) GO TO 70 -
COND M 75.3 A: <* GC(NR), KN=N #> )
: COND M 75.3 B: <x M 70 B %>
- ' SCOND M 75.3 C: <% H(N,AK) < H(AK) #> N
CALL CONSOL -
COND M 9999: <* N={P:H| OR N=NMAX+1 *>
9999 WRITE(6,751) W -
) _ . .



KEY TO FIGURES 1l-4

unlabeled statement

statement labeled n

statement with precondition

statement in sef of sufficiency, Q

statement with precondition and in Q.

entry point

statement in another subgraph.
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