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Abstract

The paper is a contribution to the theory of martingales of processes
whose sample paths are piecewise constant and have finitely many discon-
tinuties in a finite time interval. The assumption is made that the jump
times of the underlying process are totally inaccessible and necessary
and sufficient conditions are given for this to be true. It turns
out that all martingales are then discontinuous, and can be represented
as stochastic integrals of certain basic martingales. This representation
theorem is used in a companion paper to study various practical
problems in communication and control. The results in the two papers

constitute a sweeping generalization of recent work on Poisson processes.
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I. Introduction and Summary

The theory of martingales has proved to be successful as a frame-
work for formulating and analyzing many issues in stochastic control,
and in detection and filtering problems [2,4,5,10,11,12,32,33,34].
Three sets of results in the abstract or general theory of martingales
seem to be the most useful ones in these applications. The first set
consists of the optional sampling theorem and the classical martingale
inequalities [17]. The second set consists of the locus of results
culminating in the decomposition theorem for supermartingales [24].

The third set includes the calculus of stochastic integrals [16,22] and
the differentiation formula and its application to the so-called
"exponentiation formula" [15].

In applications one is concerned with martingales which are
functionals of a basic underlying process such as a Wiener or Poisson
porcess, and in order to use the abstract theory one needs to know how
to represent these martingales usefully and explicitly in terms of
the underlying process. Thus the "martingale representation theorems"
serve as a bridge linking the abstract theory and the concrete applications.
Their role is quite analogous to that of matrix representations of
linear operators which serve as the instrument with which one can apply
the abstract theory of linear algebra.

The most familiar of all the basic processes which can arise in
practice is the Wiener process. It is known that every martingale of a
Wiener process can be represented as a stochastic integral of the Wiener
process [6,22]. This fundamental representation theorem, together with

the exponentiation formula, has been used to derive solutions of
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stochastic differential equations [2,19,20], to obtain recursive equations
for filters [5,21,30,31] and the likelihood ratios for some detection
problems [10,18], to mention just a few applications. These very
results combined with the decomposition theorem for supermartingales
form the foundation of an approach to one family of stochastic optimal
control problems {12]. It turns out that every martingale of a Wiener
process has continuous sample paths. This is fortunate because it
implies that the martingale is locally square integrable, and hence
most of the questions about martingales can be posed wiﬁhin the
Hilbert space structure of the space of square integrable random
variables.

However, for many processes, e.g. Poisson process, one can have
martingales which are not locally square integrable. As Meyer and his
co-workers have pointed out [16,26] the L2 structure is no longer
appropriate and one needs to be more careful in defining stochastic
integrals and in obtaining the differentiation formula. Indeed the
current theory of stochastic integration with respect to such martingales
is still not completely satisfactory.

This paper is a contribution to the abstract theory and to its
applications for the relatively simple case where the sample functions
of the underlying process are step functions which have only a finite
number of jumps in every finite time interval. In some ways this is the
polar opposite of the Wiener process case since all the martingales are
discontinuous, that is, all the coﬁtinuous martingales have constant
sample paths. The most important special céses covered by this paper
include the Poisson process, Markov chains and extensions of these, such

as processes arising in queueing theory. To some extent the results for

-3~



some of these special cases are also covered in (4,5,10,11,29,30,31]

The next section gives a precise definition of the underlying process
and exhibits some of the important properties of the generated o-fields.
Conditions are derived which.guarantee that the jump times of the process
are totally inaccessible stopping times. These preliminary results are
used in Section 3 to show first that there are no non-constant continuous
martingales and then to obtain an integral representation of all
martingales. A particular example, which includes most of the special
cases mentioned above, is presented in Section 4. Applications of the

results are given in the companion paper [3].

II. The Basic Process and Its Stopping Times

Let (Z,%g) be a Blackwell space, that is a measurable space such that
%; is a separable o-field and every measurable function f: Z » R maps
Z onto an analytic subset of R (see [24, p. 61 ]). Let Q be a family
of functions on R, = [0,=) with values in Z, such that each w €EqQis a
step function with only a finite number of jumps in every finite
interval, and such that for all w € Q, t € R, w(t) = w(t+e) for all ¢
less than some sufficiently small eO >0, If Z is also a

topological space, then each function ®w is right-continuous and has

left-hand limits. Let xt

be the evaluation process on R1i.e. xt(m) = p(t),
t € R,. Let ?;; be the o-field on Q generated by sets of the form

{x,€B}, BEF, s < t. Let g:=t€vR ?}t.l

Because the positive rgtionals are dense in R+, it is clear that

g}zcan also be written as V o(xr ) where o(xr ) is the g-field generated
n n n

1If A is a family of subsets then X Aa denotes the smallest o-field
containing all the Au. -



by the function X, and r is rational. Hence the separability of Cg
implies the separazility of q Moreoyer, as will be shown, every
real-valued f-“-f-measurable function on @ will map Q onto an analytic
subset, hence (9,’7}) is a Blackwell space. The assertion follows from
considering approximations for any measurable f: Q - R of the form

£% = g" - n" ¢ i, where i: @,F) + (Z[N, %N) is the natural isomorphism
(N is the set of natural numbers), and hnt(Z[N ,Z N) - (RN ,CQ N)

(CB is the Borel field on R) consists of measurable components-

h;, hlzl, ... and hn(zl,zz,...) = (htll(zl), hg(zz),...), and finally gn is
a measurable mapping from (RN ,CR[N ) into (R,CR). Since the Cartesian
product of analytic sets is analytic (see [1]), the image of Zn\l in RlN
under h" is an analytic set which is in turn mapped into an analytic
subset of R by gn. Since analytic sets form a class closed under
countable unions and intersections, this limiting procedure shows that
every measurable function f: @ - R maps Q onto an analytic set. Since
(9,97) is a Blackwell space it follows from [24 , II-T16] that (Sz,g)

is isomorphic to .(A,CR(A)) where A is an analytic subset of R. Hence the
results of [28] can be applied without assuming a topological structure

on Z itself.

A Z-valued or R U {=}-valued function f on Q is a random variable

(r.v.) if f‘l(B) Ggwhenever B ECZ or whenever B is a Borel subset
of R U {»}. Unless otherwise stated a r.v. is R U {o}-valued. A

non-negative r.v. T is said to be a stopping time (s.t.) if for every

t € R+, {T<t} € C&“t. If T is a s.t. then'g,r consists of those sets
A € T for which AN (T < t} € T for each t € R,, vhereas F. is the

o-field generated by 930 and sets of the form A N {t < T} where A € gt,



and finally 93‘-’,” =N F
: T

n>0

+
n

Define inductively the functions Tn:
T0 =0, Tn+1(w) = inf{tlt > ‘I‘n(w) and xt(w) # xTn(w)(w)},

where the infimum over an empty set is taken to be +»®, The next few
resulﬁs characterize the o-field gt and demonstrate that the Trl are
indeed s.t.s. The key results, Corollary 2.2 and Proposition 2.3,
which are the only ones used subsequently, can in fact be proven

from first principles assuming only the separability of % » but it is
much more intuitive and easier to rely on the results of [7] and [28].

Let H: @ + [0,2] be any function. Then H defines three equivalence

relations on Q as follows:

w H w' <= H(w)

]

H(w') and xt(w) = xt(m') for t < H(w).

w EH_w' <> H(w) = H(w') and there is € > 0 such that xt(u')) = xt(m') for

t <H(w) + €

) l~l"uu' <= H(w)

H(w') and. xt(w) = xt(w') for t < H(w).

A set A C Q is said to be saturated for H, respectively H,, H, if

w€A, and w i w', respectively w He w's w LR w', implies w' € A. Let

QH’ QH QH denote the family of subsets of Q which are saturated for
+° -

H, H+, H_ respectively.

for H = t.

Proposition 2.1 ’73i = ‘gt %Y, where Qt = QH

Proof Follows from [28, proposition 1]. "



Corollary 2.1 A non-negative r.v. T is a s.t. if and only if {T < t} th

for all t € R+.

Corollary 2.2 Tn is a s.t. for all n.

Proof T is obviously a non-negative r.v. and {Tn <t} € gt by

definition. H

Proposition 2.2 'Let T be a s.t. then

D= S "D Ty - S 07h Fpo= S0 .
Proof This follows from [28 , Propositions 1, 2]. H

For a s.t. T,Q—'T};, (xt AT) denotes the o-field generated by the Z-valued

r.v.s. X ot € R,. (If s, T are r.v.s. then S AT ={min s,T},)

).

Proposition 2.3 Let T be a s.t. then ?TT = ?}w(xtw

Proof Since C.To;(xu\,r) and CJT = QT n CJﬁa.re sub-o-fields of g’they are
separable. Hence the spaces (Q,g;(xtAT)) and (Q ,T;FT) are Blackwell
spaces by [1, Corollary 3]. They also have the same atoms, namely,

g{x

€B } where r is a rational and B_ an atom of Z. The result
rnl\ T n n n

then follows from [1l, Corollary 1] and Proposition 2.2. a

Corollary 2.3 /‘:}T = o(xT s Ti; 0<ic<n).
n i
Proof Follows from Proposition 2.3 since
Falppr ) = 0Cp g » TAT; 02 i)
n i™n

= O(XT.’ Ti; 0<4ic<n) n
i



Corollary 2.4 Q}; = o(x s TAt, 0 < i < @)

i

TAL
1.

Corollary 2.5 Let T be a s.t. then 77& = ?}&
+

Proof Since the sample functions are piecewise constant and w(t) = w(t+)
it follows that S;T = £}T and then the result follows from Proposition

+
202. a

0 <1i<n-l)

Proposition 2.4 ?}& = O(XT ’ Ti+1’
n- i

Proof Similar to the proof of Proposition 2.3, with both o-fields
e . 3 -
having the atoms {xTi €A,LT 41 EBi30<i<n 1} where A ié an

atom of Z and Bi is an atom of R.

Proposition 2.5 Let n > 1, and § > 0. Let T = (Tn—l + ) A Tn’ and

let AE ;TT. Then there exists Ao € C';T such that AN {T < Tn} =
n-1
0
AN (T < Tn}.
Proof By Proposition 2.3 ?}% = ¢§i(xthT) and it is easy to see that the
latter coincides with the o-field generated by the r.v.s. {xT AT
i
TIAT; i=0,1,2,...}. Hence there exists a function g, measurable in
its arguments such that

IA(w) = S(KTOAT(W)a TOAT(N)’ LA ] xT

ar(®)s T ATW@), xp (W),
n-1 n

TﬁAT(w), ees)

g(xT ((.0), To(w)’ ey xT

; @ T O xp g (), TATE), ).

Define the measurable function gO by



o =
B (xgstgoeeeaXy 12V 1) = B(Kgatgaee sy g0ty 1o¥y 1othy F 8 Xy

Now if rn—l-i T < T, then x AT(w) = Xq (w) and
nt+k n-1

Tn+EAT(w) = Tn_l(w) + § for all k > 0. Therefore,

I, Irp g (@)= 80y @), To(@), vovy xp @)y T (@) T o g 3@,
n 0 n-1 n

o

So that the set A° = {wlg(xT (W), «oey Tn_l(m)) = 1} satisfies the
0

assertion B

Lemma 2.1 Let n > 1, and let S be a s.t. then there exists a r.v.f ,

measurable with respect to ?}} such that § I{S <T} = f I{S <T )
n-1 n n

Proof S 1 +S1 }? and
n

{T

] S8 <T

=81
{s <t} {s<t1_,)

SLisgcr p Yg<t1 .} a%e C‘;T -measurable so that by replacing S
n-1 n-1 n-1

by S v Tn—l if necessary, one can assume that S > Tn- Let

1.
r = {S < Tn}' Then T = g I'm where

r =U{s<rT

n-1 + k2 '} {Tn-l + k2 < Tn}

Fix § = 2", By Proposition 2.5 there exist sets Ay € ¢7& such that
n-1
N = N
{s<T , +Kké) {T 1tk <T }=4A {T _; +ké§ <T)} k>1.
Define sets Bk by

Bl=A1andBk={weAklm¢Aifor1<k} for k > 1,

and then define the function fm: 2 + [0,»] by



fm(w) = Tn—l + k8 if v € B, and fm(m) = Tn_l(w) if w & g Bk'

Certainly fm is C}:I.‘ -measurable. Also
n-1

fm(w) -8 < S < fm(w) < Tn(m) for w € I‘m. (2.1)

To see this note first that if w € A v {Tn- + 6 < Tn} then clearly

1
Tn_l(m) = fm(w) -6 < S(w) < fm(w) < Tn(w). Next, as induction

hypothesis, suppose that the inequalities in (2.1) hold for

N
w€ ;Jl Ay N {Tn-l + k¢ < Tn}, and let

N
‘ N
W€ Ag, M{T _, + (NM1) 6 <T}, w¢ l:l A O{T | +KkS<T ). (2.2)

Let k < N + 1 be the smallest integer such that w € Bk‘ Suppose

k < N. Then, since B, C A.» and since from (2.2) T > T _, + kS,

1

it follows that w € A N {T__, + k§ < T } which contradicts the

1

second condition of (2.2). Hence w € B and so Tn__l(m) + N6 < S(w)

N+1
< Tn_l(w) + (N+1)8 = fm(w) < Tn(w). Therefore (2.1) holds by

induction. Finally, define the CJ’T ~measurable function £ by

n-1
£(w) = lim inf £ (w). The obvious inclusion Pm cr o1 implies
" - (k)
€ -
that if o I‘m then £ m+k(m) 2 < S(w) < fm-i-k(w) for all

k > 0. Hence f(w) = S(w) and the assertion is proved. =
To proceed further it is convenient to introduce a probability

measure on (9,3)2. Throughout this paper let P denote a fixed

2It may be of interest to note that Lemmas 2.2, 2.3 and 2.4 below

can be proven without imposing a probability measure P by using the
algebraic definition of a predictable s.t. of [28]. Then a
predictable s.t. in the sense used here is simply a non-negative

r.v. which is a.s. P equal to a predictable s.t. in the sense of [28].

-10-



probability measure on (9:7})_. Recall the following important classi-

fication of stopping times [25].

Let T be a s.t. T is said to be totally inaccessible if T > 0 a.s.

and if for every increasing sequence of s.t.s. Sl.i 82'5 ceesy
P{S, (w) < T(w) for all k and lim S, (w) = T(w) < =} = 0;
k k
ko
where;s T is said to be predictable if there exists an increasing

sequence of s.t.s S; 28, 2 .eee such that

P{T=0, or S, < T for all k and lim Sy = T} = 1.

The next three lemmas relate this classification to the properties

of the jump times ’1‘n of the process x.

Lemma 2.2 Let T be a totally inaccessible s.t. Then

Tl cw T DT N T H 1 <=y 20

n=1
Proof The equality above holds if and only if P{Tn—l < T« Tn} =0
for each n > 1. Let n be fixed. By Lemma 2.1 there exists a
;}% -measurable function £ such that f(w) = T(w) for w € {Tn-l <T< Tn}.
n-1 ,
- 1 -
Let S, = Tn—l v(f - k). Then S = Tn-l and Sk is %}% measurable

k
n-1
so that it is a s.t. Also Sk is increasing and clearly

{1, <T<T}C{S <Tfor all k and 1&2 S, = T <=}

Since T is totally inaccessible, the set on the right has probability

measure zero. The assertion is proved. n

-11-



Lemma 2.3 Let T be a s.t. such that for alln > 1, P{T =T <=} =0.

Then T is predictable.

Proof Let h be a function measurable in its arguments and taking values

in the set {0,1} such that the process I has the representation

T<t
IT_(_ t = h(t,’(ToAt’ T(ft’ ce vy xTnAt’ TnAt’ ....).

By modifying h if neéessary it can be assumed that
h(t,&) = max h(s,&).
s<t

Because of this property the r.v. Te defined by
T (w) = inf{t|h(t+e, x’I'OAt’ Tohts «eeees) = 11
in a s.t., and it is immediate that for € > 0
Te(w) < T(w) for w € {0 < T < =},

Furthermore T < T, if €' < e. Define then s.t.s S, by § = ?l.A k.
k
It will now be shown that

lim S, (w) = T(w) for w € U {T_ . <T < T}
- k a=1 O 1 n

Let w € {Tn-l < T« Tn}. Then

0 for Tn_l(w) <t < T(w)
h(t’xTOAt(w)’ TOAC(N), v ey xTnAt(w)’ Tnht(w) ...) ={

1 for t > T(w)

so that

1
1 0 for Tn_l(w) <t +-E < T(w) or Tn_l(w)<t<T(m)
h(t +i’ XT At((.\)), TOAt(w), oooo) = .
0 1 for t > T(w)

-12-



L < T(w) - Tn_l(m). It follows that Sk(m)

- 1 1
Hence ?l (w) = T(w) - X for X

k
converges to T(w) and the assertion follows. H

Lemma 2.4 Tn is totally inaccessible if and only if for every

%}E -measurable function f£, P{Tn = f < »} = 0.

n-1
- w = _ L o
Proof Suppose P{Tn = f < ©} > 0. Let Sk Tn-l v(f k). Then S, is
an increasing sequence of s.t.s and
{T = £ <=} C{s < T for all k and lin S, = T < =}

ko
so that Tn cannot be totally inaccessible thereby proving necessity.
To prove sufficiency suppose that Tn is not totally inaccessible so that
there is an increasing sequence of s.t.s Sk such that

P{r'} = P{Sk < Tn for all k and 1lim S

=T < o} >0, (2.3)
koo "

k

By Lemma 2.1 there exist functions fk’ measurable with respect to

B

r _» such that Sk(w) = £, (w) for w € {Sk < Tn}' Let f = 1lim inf £ -
n-1
Then from (2.3) it follows that f(w) = Tn(w) for w € T so that

P{f = T, < w} > 0 and sufficiency is proved. R

From the lemma above the following intuitive sufficient condition

follows immediately.

Theorem 2.1 Let F(tnlxo,to,...,xn_l,tn_l) be the conditional probability

distribution of Tn given Xp ,To, e Xp »T Suppose that F is
n—-

0 1 n-1

continuous in tn for all values of (xo,to,...,xn_l,tn_l). Then Tn is

totally inaccessible.3

3If Z is a Borel subset ofCIDP and %% containsa11 Borel subsets of Z then the
conditional probability F exists by é3,p.361].

-13-



As an application of Theorem 2.1 note that if . is a Poisson

process, then F(tnlxo,to,...,xn_l,tn_l) = (1 - exp - (tn-tn_l))

It >t is continuous. Hence the jump times of a Poisson process
n— n-1

are totally inaccessible.

III. The Martingale Representation Theorem

It will be necessary from now on to complete the o-fields %}; and?}z

with respect to the measure P. An additional condition is also imposed.

Assumptions (i) The o~-fields Q}i,’{; are augmented so as to be complete
with respect to P. (ii) The stopping times Tn are totally inaccessible

for n > 1.

Note that after complgtion of the space (9;2;5 it ceases to be a
Blackwell space. But,of course, the results of Section II continue to
hold if the relevant equalities are interpreted as being true almost
surely P.

The family QB; is said to be free of times of discontinuity if

for every increasing sequence of s.t.s Sk’ g;iim sk = x Q};k.

Proposition 3.1 The family Q;i is free of times of discontinuity.

Proof By Lemma 2.2 and Assumption (ii) a s.t. T is totally inaccessible
if and only if its graph4 [T] is contained in the union H [Tn] of the
graphs of Tn, whereas by Lemma 2.3 T is predictable if [T] f\%f[Tn] = .

The assertion follows from [14,IiI-T51,p. 62]. "

It will be useful to recall some definitions at this time. This will

417] = {(0,Tw))|w € 2} € 2 x [0,=].
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be followed by some remarks and a reproduction of some known results
which will be used in the discussion to follow.
A process Ve is said to be adapted (to the family ?};) if Ve is

g};—measurable for all t. Two processes yt and yé are said to be

', if for almost all w

indistinguishable, and are written Ye = Ve

Y @) = yi(w) for all t €R,.

Let mt be a martingale with respect to (9,?7;,9). It is said to

be uniformly integrable (u.i.), and one writes m_ E;AAl, if {mtlt €R}

is a u.i. set of r.v.s. It is said to be square integrable (s.i.),

2 2
and one writes m, EiAA , if sup{Emtlt € R+} < ®,

Let m be a process. It is said to be a locally integrable martingale

[locally square integrable martingale], and one writes

1 2
m, evAAloc [mt EvAAloc]’ if there is an increasing sequence of s.t.s

1
5o : , €
§, with 8, » = a.s. such that for each k muskl{sk > 0} M [m“Sk

- 192
I{Sk >0} C{/L‘ 1.

An adapted process a, 1s said to be an increasing process if ag = 0

and if its sample paths are non-decreasing and right continuous. It is

said to be integrable, and one writes a_ GCJ4+ if sup{Eatlt €R} <=

1+
“Yloc

let A=A - A" = {a,-at|a, € A a e'\ft} and Ay o0 ='J‘qoc -'Jqoc'

It will be assumed throughout that all the local martingales have

is defined in a manner analogous to the previous definition. Finally

sample paths which are right-continuous and have left-hand limits. It
is known that since the o-fields ;}; are complete and since by Corollary
2.5 f};+ = ;}; for all t € R+ therefore one can always choose a
modification of a local martingale so that its sample paths have the

above mentioned property [see 24, VI-T4]. Two modifications with

-15-



this property are indistinguishable. ,
2 1 2 1
3 C L
It can be immediately verified that,AA ,AA and SQJAAloc C;Aﬂloc’
and if m, EvAAL has continuous sample paths then.mt G_Aﬂioc. However

if the sample paths of m, GvAAl are not continuous then m_ may not

t
belong to'AAioc' Thus in dealing with discontinuous martingales one
may be unable to use the Hilbert space structure of square integrable

r.V.S.

The next result follows from Proposition 3.1 and [22, Theorem 1.1].

' 2 5
1
Theorem 3.1 Letm and m' be invAAloc' Then there exists a unique”,

1
' e, LI ' €. .
continuous process { m,m )t Jl’( such that m m' (m,m )t ‘-Mloc

Definition 3.1 Let BE %. Let

PEE) =D Ty 4y Yz € B

s<t

be the number of jumps qf x which occur prior to t and which end in

the set B.

Proposition 3.2 There is a unique continuous process f(B,t) EQJQIoc such

that the process Q(B,t) = P(B,t) - i(B,t) is invAAioc‘

Proof Let Pn(B,t) = P(B,tATn). Then Pn(B,t) < n so that it is square
integrable. Furthermore the jumps of Pn(B,t) occur at the s.t.s

Tn, 1 <4i<n, and these s.t.s are totally inaccessible by assumption.

It follows from [24, VIII-T31, p. 210] that there is a unique, continuous,

integrable, increasing process in(B,t)'such that

5Throughout "unique" means unique up to modification.
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Qn(B,t) = Pn(B,t) - f’n(B,t) e\,:\/lz. From this last relation and the
uniqueness of in one can conclude that Pn+l(B,tATn) = Pn(B,t),

Qn+1(B,tATn) = Qn(B,t). Hence the processes P,Q defined by
P(B,tAT ) = P_(B,t), Q(B,tAT ) = Q(B,t)

satisfy the assertion H

1

Two processes m loc

2 s
e My invAAloc are said to be orthogonal if mm/ e M
or equivalently if {m,m’ >t = 0.

1

—~ N
Lemma 3.1 Let B, € %4, 1 =1, 2. Then Q(B;,t) Q(B,,t) - P(B,B,,t) evAAloc

f.e., (Q(B;,+)s Q(By,)), ﬁ(BfWBZ,t). In particular Q(B;,t) and

Q(Bz,t) are orthogonal if B N B, = ¢.

Proof Q(Bl,tATn) = Q(BIFBZ,tATn) + Q(Bl-BZ,tATn) and Q(Bz,tATn) =

Q(B,MB,,tAT ) + Q(B,~B;,tAT ) where B - B' = {z|z € B, z¢EB'}. The
{ - -

s.i. martingales Q(BIWBZ,tATn), Q(B1 Bz,tATn) and Q(B2 Bl,tATn) have

no discontinuities in common so that they are pairwise orthogonal by

[24, VIIFT31, p. 210]. The assertion follows then if one can show that

for any B eg
2 - 1
Q“(B,t T) - B(8,t T)) € M. (3.1)

Let Q(t) = Q(B,tAT ), P(t) = P(B,tAT ) and B(t) = ﬁ(B,cATn). Let € > 0

and s < t be arbitrary. Let So_g 5, 2 52.5 ... be a sequence of s.t.s

such that S0 z g, lim Sk = t a.s. and such that O‘j_P(Sk) - P(Sk_l)_ﬁ €

ke
a.s. Such a sequence exists since P is continuous. Then
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z @(s,) - as,_ 0> Z (®B(s,) - B(5, ;) - B(s,) + B(s,_ >
k=1

) ey - rs 0 - 22 (B(s,) - B(s,_ ) (B(S) - BGS,_)) +
k=1 k=1

D esp - B0

The first term in the last expression is equal to P(t) - P(s) so that

IECY | (Q(sy) - (s, N% - @) - 2s)) | H
k k-1 s

< 2¢ E(B(t) - P(s)|TF) + € E(B(p) - P(o) | T ).

Since € > 0 is arbitrary it follows that

Y @y - s, ) - RO - B[ TFr =0 (3.2)

Now Q, € _Mz so that E{(Q(S,) - Q(sk_l))2|st} = E{QZ(Sk) - QZ(Sk_l) l?}s}.
Also
p, - B, €' so that E(p(t) - 2(e) | T} = BLE(®) - Bo) | )

Substituting these relations in (3.2) one obtains

5)_ @59 - ) - G - BN F) = ® - ¢
k=1

- (B(r) - PN = o.
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which is the same as (3.1). "

For fixed t Q(B,t), P(B,t) and ﬁ(B,t) can be regarded as set
functions on 25. In order to define stochastic integrals and Lebesgue-
Stieltjes integrals with respect to these set functions it is necessary

to show that they are countably additive.

Lemma 3.2 Let B,, k > 1, be a decreasing sequence in %5 such that

k’
N Bk = ¢. Then for almost all w € Q, Q(Bk,t) +> 0, P(Bk,t).+ 0,

k

i(Bk,t) > 0 for all t € R, as k * . Furthermore for all t € R, and

n>0. E Q2(Bk ,tATn) »+ 0 as k > o,

Proof Fix t € R*. The non-negative r.v.s P(Bk,t) and ﬁ(Bk,t) decrease

as k increases.so that they converge to some r.v.s P(t) and P(t)

respectively. Hence Q(Bk,t) = P(Bk,t) - ?(Bk,t) converges to Q(t)

P(t) - ?(t). From the definition of P(Bk,t) it is clear that P(t) 0

a.s. and from Lemma 3.1 it follows that Qt GLAAfoc. Thus Q(t) = -i(t)

0 so that this

EiAAioc' But P(t) is an increasing process and P(0)

is possible only if Q(t) = -ﬁ(t) = 0 a.s. Thus P(t) ﬁ(t) =Q(t) =0

for w not belonging to a null set N € %;; The monotonicity of the
sample functionsof P, i implies that P(s) = ﬁ(s) = 0, hence Q(s) = 0 for
w &N and s < t. To prove the remaining assertion it is enough to note
that by Lemma 3.1 and by what has just been shown
E QZ(Bk,tATn) = E §(Bk,tATn) + 0 as k »> =, H

The following definition relates to the different classes of
integrands for which a satisfactory theory of integration is available.

Let%}é denote the set of all processes h(t) = h(w,t) of the form

h(t) = h, I 4+ h, I +...+h I
0 Heguty] T ey, LRGN
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where hi is a bounded r.v. measurable with respect to ’Jt and 0 < ty <
i
cee 2ty <@ Let CPO denote the set of all functions

f(z,t) = f(z,w,t) of the form
k
£(z,0,8) = D 4502 by(u,e)
i=0

where ¢i is a bounded function measurable with respect to % and h i ECJJ.

Definition 3.2 A function f(z,t) = f(z,w,t) is said to be

predictable if there exists a sequence fk in CPO such that

lim fk(z,m,t) = f(z,w,t) for all (z,w,t) € % x Q x R+.
koo

Let CP denote the set of all predictable functions and let ’TTP be the
~~ .
sub-o-field of /) ® ’?}@ CR generated by Cp
If £f(z,t) = £(z,w,t) is measurable with respect to %@C«'}@CQ and

if for all fixed (zw) f(z,w,t) is left-continuous in t then £ = Cp

Definition 3.3 1L2(®) = {£ €P| (sl )’=E Ss £2(z,t) P(dz,dt) < =}.

z &'
tt@) = s GCP]"fU; = E s slf(z,t)ll;(dz,dt) < »}. Similarly
z R
Lty = (£ €PJlIl, = E i s |£(z,t)|P(dz,dt) < =} 12 (P) is the set
1 . ? ? * Tloc
R

of all f € Cp for which there exists a sequence of s.t.s Sk t=a.s.

L 1
= Sk loc (P) and Lloc(P) are defined

in an analogous manner. The integrals in this definition are to be

such that f It € Lz(f’) for all k. L

1
interpreted as Lebesgue-Stieltjes integrals. Finally let Ll(Q) = L (P)

1 1 1

P 1
€
loc loc loc (B If £(z,£) EL7(Q) then the integral

nt@, ! @=11_ @nL
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j f(z,t) P(dz,dt) - g g f(z,t) E(dz,dt) is denoted 5:‘ f(z,t)
Z K* Z Rf R+

Q(dz,dt).

Lemma 3.3 To each f € L (ﬁ) there corresponds a unique process

(foQ)t GVAAZ, called the stochastic integral of f with respect to Q
with the following properties:
2,z =
(1) if f(z,w,t) = IB(z) IA(w) 1 (t) EL (P) where B € 55 and

A€ ;f:, then
0

(tgot; ]

IA(w) [Q(B,tAtl) - Q(B,tato)] for t > t

(foQ), =
0 for t < tye

(11) if f, g are in L2(P) and a, 8 are in R, then
(af + Bg) o Q = a(foQ) + B(goQ).

Furthermore the stochastic integral satisfies the following relations

(foq, goQ)t = J.j; f(z,s) g(z,s) I(O,t](s) E(dz,ds), 3.3)
Z R :

and in particular

E(foq)i = (llfll;),2 (3.4)

Proof The proof follows quite closely that of [22, Proposition 5.1].

k . :
Let fj = 2: ad 1 (2) 1 .(w) I( " (t), j =1, 2, be simple functions
i=0 B} A R
i i
2 .3 etz AI - = -
in L°(P) withBiGCj,AiEGftiando-t0<t1<... <ty <o

Then from (i), (ii) and Lemma 3.1 it can be verified directly that
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a%mgﬁm%-ss
+

Z R

£z,8) £2(2,8) Tog () P(dz,ds) €M

so that (3.3) and (3.4) hold for all simple functions in LZ(P). Since
such simple functions are dense in Lz(ﬁ) (3.4) implies that there is
a unique extension of the map f + (foQ) to all of L (5). Evidently

(3.3) and (3.4) will hold for the extension. n
Lemma 3.4 Let m, EJAAZ have continuous sample paths. Then m. = my-

Proof By replacing the martingale mt by mt - mO it can be assumed that

my = 0. It will be shown that mt 2 0. Suppose mT = 0 for some
n-1
n > 1 so that in fact W ap = E{mT;_ligytATn_l} = 0 for all t, and

consider the continuous martingale ut = m By Corollary 2.2 there

tAT *
n

exists a function h, measurable in its arguments, such that

TnAt). The process p' = h(t,x

T Aty oo, X i
At? 2 ’ ’
t To t 0 TnAt . ToAt
cesXp T _JAEsXp . ,t) is then measurable with respect to
n-1 n-1
—~
Q}Tn_l. Since x,rn/\t = xTn-lAt and t = Tnft for t < Tn it follows that

= | : = 1
He e for t < Tn and so by continuity of Hos W e for

t <T,. For a €R, define 8, by
S, (w) = sup{s < a| ul(w) > 0}.

- =
Then since u_ = u_ =0 for s X T, it follows that S > T , and since

S is measurable with respect to %}% therefore Sa is a s.t. for every
n-1
a. Now let

T, (w) = sup{s < aATn(w)l u;(w) > 0}.
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It will be shown that T is a s.t. Fix t: If a < t then

{Ta.g t} =Q€ ?;i since T < a. Suppose then that a > t. Now
= ‘1 U n . .
{T <t} = (T, <€} ML < th) VU T, <t} {T, >1th (3.5)

Since T < T therefore {Tn.f.t} C {r, < t} so that the first set on
the right in (3.5) is equal to {Tn.i t} which is in Q;i since T is a

s.t. It will be shown now that
{T, <t} N{T >t} ={S, <t} N{T > t} (3.6)

Since Sa'g Ta the set on the right is at least as large as the one on
the left. Suppose w € {Sa-i t} N {T, > t}. Then p;(m) < 0 for s €[t,a]
and t < Tn(m) so that Ta(m) < t which proves (3.6).

Thus {Tala € R+} is a family of s.t.s. and furthermore the sample
paths Ta(m) are non-decreasing functions of o, By the Optional
Sampling Theorem [17, Theorem 11.8, p. 376] the process
na(w) = pTa(m)(w), a € R,, is a martingale. But n, = 0 and n, 2 0
so that one must have N, = 0. In turn this can happen only if u_ < 0

which together with uj = 0 implies u_ = 0. The lemma is proved. "

Theorem 3.2 Let m, G“AAioc have continuous sample paths. Then

m, =

Proof The s.t.s. 5, (w) = inf{tllmt(m)l > k} converge to « and

mthskl{sk > 0} ELAAZ so that by Lemma 3.4 mtASk = m,.

Thus there are no non-trivial continuous martingales. On the other
hand if m, is a martingale then its discontinuities occur at the jump

times Tn of the process x  as shown below.
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Lemma 3.5 Let S be a predictable s.t. and let m evAAZ. Then

Proof By [24,VIII-T29, p. 209] the process Am is a martingale.

SIt.3 8
By [25, Prop. 7, p. 159] E{AMslg}%_} = 0 a.s. But by Proposition 3.1

and [14, III-TS1, p. 62] ?};_ = Q}% so that AMS =0 a.s. n

The next result gives the first martingale representation theorem.

It should be compared with [22, Thm. 4.2 and Prop. 5.2].

Theorem 3.3 Let m G_AAZ. Then m_ - m, € {foQ|f € Lz(ﬁ)}.

t - "o

Proof It can be assumed without losing generality that my = 0. The

spaceuAAg

ol = E m

2
{mt G‘AA |m0 = 0} is a Hilbert space under the norm

N

by [16, Thm. 1], and by Lemma 3.3 the set
A= {foq|f € 12(3)} is a closed linear subspace of“AAg. Furthermore
vf\|is closed under stopping i.e., if (foQ)t GQJM and T is a s.t. then

c \! =
(foQ)tAT _Al.  This is clear because (foQ) (fToQ)t where

tAT
fT(t) = ft I{t‘i T} Thus by [27, Thm. 2 and the remark following
Definition 4] the theorem is proved if it can be shown that m, =0
when it is orthogonal to foQ for every f € Lz(i). By [16, Thm. 4]

m_ can be decomposed uniquely as

c d
= +
me =M T 0

where mi EJAA% is continuous and mi E,AA% is orthogonal to every
continuous martingale. By Theorem 3.2 mt = 0. By Lemmas 2.2 and
3.5 the discontinuities of mi occur during the stopping times Tn,n > 1.

Therefore, by [16, Thm. 4] again, mt = mi can be further decomposed as
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«©

-]
m, = Z M, It—>~Tn - a (1)) =2 Mo Say

n=1 n=1

where Mn = AmT =mp - My an(t) E,_jl has continuous sample paths,

n n n
and ¢ EJM(Z). Furthermore the martingale u__ 1is orthogonal to every
nt nt

martingale which has no discontinuities at Tn'

To prove that m 0 it suffices to show that Mn = 0 for each n.

t
Fix n and suppose that P{Mn # 0} > 0. Since Mn is measurable with

respect to CJI. therefore by Corollary 2.2 there must exist sets

n
A€ C"}T , BE %, and C € B{0,») such that
n-1

E(M_(w) I,(w) I{xT c B) I{Tn ey #0- (3.6)

Consider the function f(z,w,t) defined by

£(z,0,t) = I5(2) I,(w) Ip(t) I{Tn_l <t}

The function g(z,w,t) = IB(Z) IA(w) 1 has left-continuous

{T <tz T}
paths for fixed (z ,w) and for each fixed z, t the set

{IA(w) I{Tn- <t< Tn} =31} =AN {Tn-l <t} N{t < T} € %}“t since

1
A€ %'IT . Therefore g(z,t) is adapted, so that g € P and hence

n-1
f=g Ic(t) is also predictable. Also [f|< 1 and f(z,t) =0 for t > T,
so that f € Lz(i) N Ll(i;) N L(P). Therefore by Lemma 3.6 below it

follows that

n, = (foQ)t s"; f(z,s) I(O,t](s) P(dz,ds) - 5Lf(z,s) I(O,t](s) lz(dz,ds)
z R ZR

I,(w) I I I - a(t)
A {xTn €8} T €C} He>7T}
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where a(t) is a continuous process. Thus the discontinuitles of

(foQ)t occur at T . Since m is orthogonal to n, therefore

os<mmt=2:q%m%+<%m%
k#n

- - 1
Also <uk,n)t 2 0 for k # n, hence <Un,ﬂ)t = 0 so that ¥ <" € M.
By the Corollary in [16, p. 106] and the Definition in [16, p. 87]

-A .
it follows that A"nTn nTn It:Tn is a martingale so that

E{M =
JWIMWIM%EB}H%Gc} 0

which contradicts (3.6). The theorem has been proved. R

Lemma 3.3 provides an obvious extension of the definition of the
stochastic integral (foQ)t to [ € Lioc(ﬁ) and so Theorem 3.3 extends

in the following manner.

2 2 3
Corollary 3.1 {m_- m |n € Mj .} = ((foQ) |f €Ly (®)]).

. 1
To obtain the representation for martingales in#AAloc two preliminary

results are needed.

Lemma 3.6 1) Let £ € P. Then £ € L}(P) if and only if £ € L1(P). In
fact “fﬂl = "f“;. In particular Ll(P) = Ll(i) = Ll(Q).

ii) Let f € Lz(f’). Then £ € L1(F) and
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(foq)t = j.j. f(z,s) I(O,t](s) Q(dz,ds) ' (3.7)6
z RV

iii) If £ € L°(P) then

m, = js £(2,8) 1o, (s) Q(dz,ds) e Ut n A,
+ 1]
Z R

Proof By an argument which is almost identical to the proof of
[16,Prop. 3] it can be shown that (3.7) holds for

£ €i@) nile) nile.

Since L (ﬁ) Cc Ll(i) the second assertion will then follow from the first
one. Now let ¢ consist of all bounded functions f(z,t) € <‘T)such that
f(z,t) = 0 for t > T, for some n < ». Then certainly

oC 2@t @ N tle@). so (|f|oQ)t € M, for £ € ¢ and in particular

by (3.7)
- v = " -— ~

Then the identity map, restricted to ¢, from Ll(P) to Ll(ﬁ) preserves
norms. Since ¢ is dense in Ll(P) and Ll(ﬁ) the first assertion
follows. To prove the last assertion let fk’ k > 1 be a sequence in
2 lg - £ 0 - € \1?
L™(P) such that If fk ] converges to zero. Then o, = (kaQ)t JLl

and by (3.7) Elmkt - mtlg 2l - fkﬂlconverges to zero uniformly in t

6It may be worth repeating, to clarify the content of (3.7), that the
integral on the right in (3.7) is a Lebesgue-Stieltjes integral whereas
that on the left is the stochastic integral as defined in Lemma 3.3.
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1
so that m, GJM. n

Proposition 3.3 Let M be a CJT -measurable r.v. for some n > 1.
n
Suppose E|M| < ©, Then there is a unique f(z,t) € Ll(P) such that

M It >T = jj f(z,s) I(O,t](s) P(dz,ds). (3.8)
n 7 R+

Furthermore f(z,s) 0 for s < Tn— and s > Tn’ and

1

E|M 1{Tn < m}| = “f“l. (3.9)

Proof Since M It =M1

2T {T <=} Lie > T } it can be assumed that

M=M I{T < w}* By Corollary 2.2 there exist r.v.s Mk of the form
n

Mw =Y o, I I () I
zi: i {xTn e Bi} A, {r € c,}

where o, € R, B, €L, A, € ’T-T and C, €(B[0,»), such that
i i i Tn—l i
E|M - M| > 0. If £° is defined by

k
f (z,0,t) = n, I, (z) I, (w) I, () I
; i Bi Ai Ci {Tn-l <t< Tn}

then it is clear that (3.8) and (3.9) hold for Mk and fk. The assertion

now follows by taking limits. "

1 -~
Lemma 3.7 Let m, GJM ﬁ'_;‘l. Then there exists f € Ll(P) such that
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m - m = jj £(2,8) 14 1(s)Qdz,ds) ' (3.10)
Z R+

00

and Es ldm, | = 20l | (3.11)
0

Proof m has the representation

w0

mt - mo = Z (Mn It:>‘I.‘ - an(t)) = Z unt
—n
n=1

u=1

where M = Aan, a_(t) € ',;l is continuous, and p_ EJM. Since m, € _)4

0 Y

© > E s ldm, | >2 ElM |,

0 n=1

so that by Proposition 3.3 there exist functions fn(z,t) € Ll(i"’)

which vanish outside of {T_ . < t < T_} such that E|M | = lf . and
n-1 - " - "n n nl

1

Mn Loy = ss £ (z,9) I(O,t](s) P(dz,ds)
A

By Lemma 3.6

nn(t) =a_ (t) - jL £ (z,s) I(O,t](S) f’(dz,dS) GJW
Z R

But nn(t) is continuous so that nn(t) = 0 by Theorem 3.2. Therefore
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@

(3.10) holds for f(z,t) = E fn(z,c) and (3.11) follows from Lemma
n=1 '

3.6 and the fact that fk(z,t) fn(z,t) 20 fork# n
Theorem 3.4 m F—j\jl]l'oc if and only if there exists f GLl(I;) such that
m - m = S §+ f(z,s) I(O,t](s) Q@z ,ds) (3.12)
Z R

Proof The sufficiency follows readily from Lemma 3.6 (iii). To prove
the necessity one starts by noting that by [16, Lemma 3 and Proposition

4] there exists an increasing sequence of s.t.s Sk converging to « such

that for each k p - m_ has a decomposition
t Sk o
m -m = K + k
t:I\Sk o Ve L

where ut E_A/lg and nl: G_,M}) n_}‘l. By Lemmas 3.6 (ii) and 3.7 there

k

exists £ € Ll(f’) such that

_ k
o ,g ~ M = “‘Lf (z,8) I(O’m](s) Q(dz,ds).

k Z R
k _ k¥l
It is clear that f (z,t) = f (z,t) for t < Sk‘ Thus (3.12) holds for
f € Ll (i’)' defined by £(z,t) = fk(z,t) for t < Sk. H
loc

The i‘esults above give a characterization of the classes MZ, A’{ioc’

J\Al N J‘tand Mioc' It seems much more difficult to obtain a useful

characterization of the class Ml.
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The (local) martingales with respect to (Q,QBi,P) have been
represented as sums or integrals of the 'basic' martingdles Q(B,t).

The latter are associated in a one-to-one manner with the counting
processes P(B,t) which count those jumps of the underlying process

x, which end in the set B. Thus jumps are distinguished by their final
values. Now it is also possible to distinguish jumps by their values.
The corresponding counting processes will be of the form p(A,t) which
counts those jumps of the x£ process which have values in the set A.
The martingales q(A,t) associated with the p(A,t) also form a 'basis’
for the set of all martingales on (Q,QJE,P) as will be shown below.

The alternative representation obtained with this basis can sometimes
be more useful since the description of the X, process is, in practice,
often given in terms of a statistical characterization of the jumps of
X, .

For simplicity of notation it will be assumed in the remainder of
this section that the xt process starts at time 0 in a fixed state i.e.,
xo(m) = xo(w') for all w, w' in Q 7. Next it is assumed that there is
given a set I of transformations ¢: Z + Z with the following properties:

i) £ contains the jumps of the x_ process i.e.,if xs_(w) # x  (w)
for some s € R, w € @ then there is a unique ¢ € I such that
a(x__(w)) =x_(w),

ii) I contains a distinguished element % corresponding to the
identity transformation i.e., oo(z) = z for all z € Z.

To each sample function w € Q of the X, process is associated a

function y(w): R* + ¥ defined as follows:

7It should be noted however that the results below continue to hold in
the absence of this simplification.
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yt(w) = %o if t = 0 or if xt(w) = xt_(m)

o if x (w) # %, _(w)

where 0 € £ is the unique element for which o(xt_(w)) = xt(m).

Remark i) Given a sample path xs(w), 0<s<t, there corresponds in a
one-to-one manner a sample path v (w), 0 < s < t.
ii) The functions y(w) are not right continuous.
However if Yt(w) = 0, then yt_(w) = 0y This observation will be used
later in an example.
The following 'regularity' assumption appears to be necessary. In

practice it is readily verifiable.

Assumption. There is a o-field £ on I such that ?}; coincides with
the o-field generated by subsets of the form {wlys(m) € A} where s < t
and A € =,

With the assumptions above it is clear that the processes X, and
Y. are equivalent alternative descriptions of the same process. In
particular they generate the same o-fields, so that the two processes
have the same martingales. The representation theorems derived earlier
for the X, Pprocess can be applied to the Y, Process but there is a minor
point to be cleared up. Recall that it was assumed that the X,
process was right-continuous whegeas Ye is not. However the assumption
of right-continuity was used only to establish the right-continuity

of the family ?;;. This continues to hold of course since Y, and x,

generate the same o-fields ?}7

e Hence one can apply the representation

theorems.
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Definition 3.4 Let A € 5. Let

p(At)—Z (vo. # 7g) {Y € A} Z {xs_#x} s €A

s<t s<t

be the number of jumps of the X, process with 'values' in A and which
occur prior to t.
N ~ +
By Proposition 3.2 there is a unique continuous process p(A,t) 6-7410c
~ 2
such that the process q(A,t) = p(A,t) - p(A,t) is in/Aﬂloc' In analogy
with Definitions 3.2 and 3.3 one can define the subsets of
2~
P, : LM,

stochastic integrals (foq) for f € L (iS). An application of Theorem

1m:(p), L (p), L (p) etc.8 Lemma 3.3 describes the

3.3, Corollary 3.1, Lemma 3.7 and Theorem 3.4 yields the following

representation theorem.

2 442
Theorem 3.5 i) m_€ M (’Mloc) if and only if m - m, = (foq), for
1oc (P))- :
! 1 . =
i) eJu n, A (/Mloc) if and only if m_ - m, -s S+ f(o,8) I(O,t](S)
~ ~ R
4(ds,ds) for some £ € L'@®) @I _(B)). :

some f € L (p) (L

IV An example

This section consists of a simple example showing how Theorem 3.5
can be applied. The example will be further elaborated in [3].
Let Z be countable and let 'gconsist of all subsets of Z. Let x, be a
process with values in Z and satisfying the assumptions listed at the

beginning of SectionIII. Suppose that from each state z the process x

8 sz is the set of predictable functions of (o,w,t) €EL x Q x R defined
in analogy with Definition 3.2.
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can jump to one of n states. In terms of a state-transition diagram
(see Figure 1) there are n transitions or links emanating from each
state or node. Label these transitions by the symbols Oy | ooy on.

Let ¢ = {oo,...,on}. Thus each 0 € I corresponds to a transformation

in Z, %o is the identity transformation. Let £ be the set of all subsets
of . The X, process defines the process of transitions, Yo Evidently

L, © satisfy the assumptions made above.

Figure 1: State-transition diagram for example.

Let p,(t) = p({og},t), py(t) = py(lo;},t) and qy(t) = q4({o,},1),

0 < i <n. From a remark made in the last section I .
== {x,_ #x.}
I{Ys= o} = 0. Hence py(t) = 0 and so qo(t) 2 0. Theorem 3.5
simplifies to the following. Here the predictable integrands are
functions of (w,t) only.
Theorem 4.1 i) m_ € ‘AZWZ‘- ) if and only if m_ - m, = 2, (f,0q,)
—_—= t loc t 0 o TiTie
2,~ 2 ~
for some f €L () (L (Py))s 1 <1 <n.
1 1
ii) m, G_/u n(_/‘ (/uloc) if and only if m, - m,

n Le 1 -
= 1Z=:1 S(o,t] £,(s) q;(ds) for some f, €L (pi)(Lloc(pi)); 1<4i<n
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Example Let xt.be a process taking values in a countable state space
and of the type described immediately above. From each state the
process can make n tramsitious9;, ..., O as sketched in Figure 1.
Let pi(t), ﬁi(t), qi(t) be as in Theorem 3.6.

Let A(t), pl(t), cee pn(t) be non-negative predictable processes

such that
n
PACES!
=1 (4.1)
t/\Tk
Pi(tATk) - S pi(s)A(s) ds G_Adl, k=1, 2, ..., n (4.2)
0

Then the processes A(t), pi(t) have the following interpretation:

since from (4.1) and (4.2)

n tATk
j}v: 1
( pi(tATk) - S A(s) ds) Gju (4.3)
i=1 , 0 -
n
and since 2: pi(t) is just the total number of jumps of the process
i=1

occuring prior to t, therefore the probability that the process X,
makes a transition in the time interval [t,t + h], conditioned on
the past ;3i of the process, is equal to A(t)h + o(h). Similarly
pi(t) is the probability that the process makes a transition represented
by 045 conditioned on ?3%‘239 conditioned on the fact that a transition

does occur at t.

Now since the process represented by the indefinite integral in
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(4.2) has continuous sample paths it follows quite readily (see e.g.
{25, p. 153]) that the jump times of the process are totally
inaccessible. Hence from Theorem 4.1 it can be concluded that every

1
€
m Mloc has a representation

3

n _t t
m - m = Z [S £,(s) d py(s) -s £,(8) p,;(s) A(s) ds] (4.4)
i=1 0 0 ‘
1

for some predictable processes fi € Lloc (pi)‘) i.e., for which

t
S fi(s) pi(s)k(s) ds < » a.s. for all t €R,.
0

This result indicates how one can immediately write down the
representation results if the process X, is described in terms of the
'rate' processes A and the 'transition' probabilities Py* It should be
kept in mind, however, that it has not been proven that given processes
A(t) and pi(t) there exists a process X, for which (4.2) holds. This
question of existence will be pursued in [3]. The next remark relates
to the representation (4.4), which asserts that the n local martingales in
(4.2) indeed from a "basis" for the space of all local martingales
/Ldioc' The question is whether n is the minimum number of martingales
in every basis of_AAioc. For the case where X, is a Gaussian grocess
the minimum number of martingales has been called the "multiplicity"
of the process by Cramer [8 ,9]. It turns out that this notion of
multiplicity extends in a very natural way to arbitrary processes [13].

From the results of [13] the following sufficient condition can be
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obtained: Suppose that the processes pi(s)k(s) satisfy

p;(s) A(s) > 0= pj(S) A(s) >0 all i,j.

Then n is the minimum number of martingales in a representation of

\/Mioc :

Finally, specialize the example still further and assume that x

is a counting process i.e., X, = 0, X, takes integer values and has

unit positive jumps. Then X, is a direct extension of a Poisson process.

The state-transition diagram then simplifies to that of Figure 2 and

since n = 1 in (4.1), (4.2) and (4.4) therefore pl(t) = 1 and can be

omitted. Also pl(t) S xl(t) and so the representation (4.4) simplifies

1
to (4.5). Every m, G‘jiloc can be written as
t t
m -m = S f(s) dxs - S f(s) A(s) ds
0 0

where f is a predictable function such that

t
S f(s) A(s) ds < = a.s. for all t€ R,-
0

Figure 2. Transition diagram for counting process.
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This representation result has been obtained by very different techniques
from several authors [4, 5, 11, 12]. However even here the cited
references prove (4.5) for the special case where the probability

law of the X, process is mutually absolutely continuous with respect

to the probability law of a standard Poisson process. Hence even for
this special case (4.5) is a strict generalization of the available

results.
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Appendix: The increasing processes P(A,t) and the Lévy system.

This section attempts to give an intuitive interpretation of the
increasing processes §(B,t) and shows the connection with the Lévy
grstem for Hunt processes.

Begin with the observation that for all B € %; the measure P(B,t)
is absolutely continuous with respect to the measure ?(Z,t) i.e.,

there exists a predictable function (w,t) -+ n(B,w,t) such that

t
§(B,t) = s n(B,w,s) P(Z,ds)
0

To see this it is enough to demonstrate that for all predictable

functions ¢(w,8) = ¢?(u;s) (i.e., all indicator functions)

o

Es ¢(ws) P(Z,ds) =
0

i
(=]

implies

«©

E 5 $(w,8) P(B,ds) =
O .

|
o

Suppose (A-2) holds, then
t + £

( s $(s) dQ(z,s), g ¢(s) dQ(z,s)’ Ej 4% (s) P(2,ds) = 0,
0 0 0
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and so

t t
0= (s ¢(s) dQ(B,s), s ¢(s) dQ(z,s))

0 0
t

= S ¢2(8) P(8 N z,ds) by Lemma 3.1
0
t

- S #%(s) P(3,ds)
0

which proves (A-3).

In exactly the same way as Lemma 3.2 was proved it can be shown
that the n(B,w,8) considered as a set function in %; is countably
additive in the sense that if Bl’ BZ’ ... 18 a disjoint sequence of

sets in E; then

t
POUB,, t) E}:S n(B,,s) B(Z,ds)
i

1 0
Hence if one sets i(z,t) = A(t) E“J4I§c’ then the system {n(B,t,w), A(t)}
is analogous to a Lévy system for Hunt processes (see [22]), and has a
similar interpretation : the probability of X, having a jump in
[t,t + dt) is dA(t) + o(dt), while n(A,t,w) is the chance that

X, € A given ;1; and given that a jump occurs at t.
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