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ABSTRACT

This paper is addressed to the so-called overflowApréblem commonly
encountered in the computer simulation of nonlinear resistive circuits

containing rapidly varying nonlinearities -- such as exponentials

found in the models of diodes and tranmsistors. A novel approach which
makes use of the arc-lengths of the nonlinear characteristic curves as
the variables of iteration is proposed. It is proved, under raﬁher mild
conditions, that the arc-length approach not only overcomes the overflow
problem, but also leads to a more rapid rate of con#ergence. Moreover,
it is proved that for most practical diode-tfansistor circuits, the
region of convergence associated with the arc-length approach enlarges
rapidly as the number of diodes and transistors increases. Hence in so
far as choosing the initial guess is concefned, the advantage for using
the arc-length approach Bver the conventional approach increases with fhe
size of the nétwork. Extensive numerical experiments confirm the superi-
or convergence property of this approach éven for circuits which violate

the sufficient conditions invoked by the rigorous mathematical proofs.
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Contract N00039-71-C-0255 and NSF Grant GK-32236X1



Although the approach is applicable to a much wider class of nonlinear

networks, particular emphasis is focused on diode-transistor networks in

this paper.

I. INTRODUCTION

The overflow problem often encountered in computer-aided transistor
circuit analysis is best illustrated by considering the simple diode

circuit shown in Fig. 1 (a). The diode is characterized by the equation

i= Is(ev/VT -1 i (1)

where typically the saturation current IS = 10-13 A and the thermal

voltage VT 2 kT/q is approximately 0.026 V at room temperature. The

network equation of the circuit is given by

f(v)éi(v)+%v—%=0 (2)

and the Newton-Raphson algorithm for solving (2) is:

k
vk+l - vk _ f(v) (3)

f'(vk)
k=0,1, 2, ...

where f'(vk) 4 df(vk)/dv; vk being the k-th iterate, and in particular,

v0 is the initial guess. Convergence property of (3) depends heavily
on the initial guess vo. A clever choice of vo can affect the rate of

convergence significantly. On the other hand, since V, is very small,

ev/VT increases rapidly with v. For v > 19 V, I(v) is extremely large

T

and overflow problems occur in evaluating (3) on most computers. In
table 11 we summarized the rates of convergence corrgspoﬁding to differ—-
ent values of E and R. For comparison, we always started at v0 =0V.

- As shown in column 4 of the table, convergence became extremely slow for

large values of E and small values of R. For E > 15 V and R < 1 Ohm,



for example, the Newton-Raphson algorithm fails due to overflow. 'Several
approaches have been proposed to overcome this problem:

(1) Source Stepping ([1]). We start from a particular input with a

known solution and then change the input step by step toward the desired
;gggg.' At each step we compute the solution using the solution‘cofres—
ponding to the previous input as the initial guess. Finding a proper
step size at each cycle.is a fairly difficult problem and the whole

process is very time-consuming.

(2) Step-Size Modification ([2], [3]). At each iteration we introduce

an appropriate step-size factor Xk > 0 into (3); namely,

Ml k. k £(v5)
v =v = A X
£f'(v)

The value of Ak is usually chosen by some intricate scheme in order to

keep vk'*.1 wi;hin some reasonable range. This method has severe drawbacks.
First of all, since the méin purpose of this approach is to guarantee

the convergence of the algorithm, the value of Ak needed for overcoming over-
flow may not be desirable for guaranteeing convergence. Secondly, the
schemes for computing an appropriate Ak are rather time-consuming.

(3) Voltage-Current Switching. Since |dv/di| is small whenever |di/dv|

is large, this approach suggests repetitive switching between voltages
and currents as the independent variables. Unfortunately, the conver-
gence of this approach is questionable.

(4) Pre-set Bounds ([4], [5]). Since one often has some idea of the

magnitudes of v and 1 associated with practical circuits, this approach

consists of setting a-priori bounds for them. Whenever the computed vk

1 All numerical examples in this paper are obtained from the CDC 6400
computer.



exceeds this bound, a ,new value is chosen. Not only is the effect of
this approach on convergencelextremely difficult to establish, it also
defeats partly the purpose of computing the derivatives.

As we have seen the preceding approaches are computationally
inefficient and are ad hoc in nature in the sense that they often work
only for some special class of problems. To overcome the precedipg
objections, a novel approach using the arc-lengths of the v - i curves
as the variables to be solved is proposed in this paper. For example,
as will be shown in Section III, the diode characteristic can be des-
cribed by v = ¥(p) and i = $(p) where p is the arc-length of the v - i
curve starting from the point v = i = 0. For comparison, the functions
f(v), 1(p) and ¥(p) for the diode are shown in Fig. 2 along with their

derivatives. In terms of the arc-length p, (2) and (3) become

£(0) = 2(p) +F 9(®) - E =0 (@)
and K

k+1l _ k_ﬁLl)( k=0,1, 2, ... (5)

p =p f'(p)

respectively. Notice that since both |di/dp| < 1 and |dv/dp| < 1 in
Fig. 2, the function f(p) satisfies a global Lipschitz condition and (5)
converges much faster than (3). Moreover, the overflow problem never
occurs here. The superior convergence property of this approach can be

seen by comparing the last two columns of Table 1.



Table 1. Comparison of the rate of convergence of the Newton-Raphson
algorithm with "diode voltage" and "arc-length" as the respective
variables of iteration. Precision: 8 digits after thg decimal

point.

E ' R v Iterations Iterations

W) (ohms) 4')) on voltage | on arc-length
1 1 . 84887700 12 4

1 103 .68811353 | 18 10

2 1 .90047502 49 4

10 .1 1.0149600 over 250 5

For comparison, we plot béth f(ﬁ) and f(p) in Figs. 1 (b) gnd (c)
corresponding to E=2V and R = 1 ohm. For arc-length approach the
iterates {pk} almost hit the solution in one step.

To prove ghat the preceding desirable properties associated with
the arc-length interation are true for a large class of nonlinear
cifcuits, we carry out an analysis of the network eqﬁations in terms of
arc-lengths in Sections II and III. In Section IV we investigate proper-
ties of the Jacobian matrices associated with the Newton-Raphson
algorithm applied to network equations. The formal proof that our
approach overcomes overflow problem is given in Section V under rather
general settings. The superior convergence property.of the arc-length
approach is established in Section VI for the Newton-Raphson algorithm.
Finally, the assertions in the preceding sections are illustrated by
several examples in Section VII. It must be emphasized that the arc-—

length approach, though particularly suited to diode nonlinearities, is

useful for analyzing any network containing resistors characterized by

-5-



Vv - i curves with rapidly-varying nonlinearities.

Finally, some remarks concerning notations: (1) We use lower-
case letters with subscripts for components of vectors. Thus v =
(vl, Vos sees vn)t ean; where t means transposition. All vectors are
defined to be column vectors. We use upper-case letters for matrices
inR® * 1, (2) Functions are denoted by "hats", thus v = (i) means

that the variable v is computed via the function ¥(*) at i. (3) Since

we shall use hybrid analysis to describe circuits, we use E and I to

denote the sets of indices pertaining to voltage ports and current ports,

respectively. Thus ik’ k € E means the current associated with the
"voltage port" k. (4) Finally, we define two kinds of norms. Let

z = (2 ey zn)t eR". The zl—norm of z denoted by “z", is defined

l’
as lzll = ¢ Izil. The %, — norm of z, denoted by Hz“m, is defined as
i=1
“z"oo = max {lzil, i=1,2, ..., n} . LetA 8 [aij] €ER™ * ", The
i

induced ll-norm and lm-norm of A are denoted by Al and “A“m, respec-
n

tively. It is well known that lAl = max I Iaij' and
j i=1

t
latl_.

n
lall | = max .Z Iaijl' Hence, lal
i j=1 .

II. EQUATION FORMULATION VIA HYBRID ANALYSIS

Throughout this paper we use hybrid analysis to formulate the
network equations by extracting all nonlinear resistors énd replacing
them by voltage and/or current ports, as shown in Fig. 3 (a). The
remaining n-port, which contains only linear resistofs, linear controlled
sources and independent sources, is then described by a hybrid represen-

tation. Not only is hybrid analysis particularly suited to the arc-
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length approach but it also offers many advantages over the more widely
used nodal analysis; namely, (1) hybrid analysis can be applied to
circuits containing both voltage-controlied and current-controlled
elements, (2) hybrid analysis can handle all four types of linear con-
trolled sources while nodal analysis, strictly speaking, allows only
volﬁage—controlled current-sources, (3) for circuits containing rela-
tively few nonlinear resistors, the system of nonlinear network equa-
tions obtained by hybrid analysis is of a much lower dimension than that
6btained by nodal analysis, (4) in many cases, hybrid analysis pro-
vides the most convenient formulation for investigating theoretical
properties, such as the existence and the uniqueness of solutions, of
~ network equations. |

In the following, we describe the hybrid formulation briefly and
state some important properties. For detailed discussions, see [6],
{71, and [9].

Theorem 1. ([9])

A linear n-port 9 containing only positive linear resistors has a
hybrid representation

Bl _ |"ee Her| | e

Vi Hig Hygp il

(6)

where E and I pertain to voltage ports and current ports, respectively,

if and only if the voltage ports do not form any loops and the current

ports do not form any cut sets.

The negative sign associated with the hybrid matrix in Eq. (6) is
due to the reference sign convention shown in Fig. 3 (a). We state a

few important properties of the submatrices in Fq. (6):
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t

Pl. HEI = -HIE .

P2. HEE and HII are real symmetric, positive semidefinite or positive
definite. Nullity of HEE (resp. HII) is equal to the number of indepen-
dent cut sets (resp. loops) consisting of voltage and/or current

ports only.

P3. Elements of HEI and HIE are bounded by 1 in magnitude.
H_.- H 24 0

P4. Let H A| EE EI , Since H + Ht = EE , H is at least
Hrg Hpp 0 2Hpy

positive semidefinite. It is positive definite if and only if both

H__. and HI are positive definite. In particular, H is positive defi-

EE I

nite and hence is nonsingular if the voltage ports and the current ports
do not form any loops or cut sets. Otherwise H is singular.

In the general case where the n-port contains also linear control-
led sources and independent sources, under some mild conditions, the
following hybrid representation can be generated efficiently by topo-

logical methods [6]:

El yu | E| = & (7

where H is of the form defined in (6) and the source vector s accounts
for the independent sources. If there are no controlled sources inside
the n-port, H satisfies all properties Pl - P4, otherwise it is arbitrary.
The port voltages and currents are related by the v - i characteristics
of the nonlinear resistors:

ip = iE(VE) and vy = GI(iI) (8)

Notice that both iE(°) and GI(-) are diagonal functions, i.e.,

i

K= ik(vk) is a function of v, only. From (7) and (8) we obtain

-8-



i, (v) v ,
f(v',iI)Q[E E]+H[E]—s=0. 9
Yy (iI) iI

Equation (9) can be solved by many iterative methods, including the
Newton-Raphson method to be investigated in detail in subsequent sections.

Before we consider the solution of (9), however, let us investigate two

important special cases associated with diode-transistor networks.

Speciai Case 1.

Consider a circuit containing diodes, tramsistors, positive linear
resistors and independent sources. Replace each transistor by its
Ebers-Moll model as éhown in Fig. 4 (b). Extracting all diodes as
voltage and/or current ports, and imbedding the linear controlled sources
within the n-port 7], we obtain a hybrid representation given by (9).
Notice again that iE(-) and 01(0) are diagonal, i.e., ik = i(vk), k €EE
and v = G(im), m € I, where () is defined by (1) and Q) = i_l(~)

whenever the inverse exists.

Special Case 2. *

Consider the same circuit in Special Case 1 bﬁt with no diodesz.
Extract each "diode-controlled source combination" as a voltage port as
shown in Fig. 4 (c). Suppose the hybrid representation3 exists so that
we have

' - =
iE(vE) +G' vy -8 0

2 We exclude the diodes just for simplicity. In fact, each diode will
add only a "1" along the diagonal of the matrix T defined below.

3 In this case, it is the usual admittance representation of the associated
n-port. Hence, in case 2, we will use the symbols G and G' to denote the
short—circuit admittance matrix associated with the two n-ports 7] in

Fig. 3 (a) and 7' in Fig. 3 (b), respectively.
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where the components of fE(‘) are defined by (see Fig. 4 (c))

i = 1(vk) - aF 1(VK+1) and ik+1 = i(vk+l) - aR i(vk) etc.,
k=1, 3, 5, ..., n/2. Notice that in this case fE(') is no longer
diagonal. However, since there are no controlled sources inside the n-

port,71', matrix G' possesses all properties P1 — P4. Let G be the corres-
ponding admittance matrix obtained by the method described in Special
Case 1, it is obvious that

c=1tg

where 1 o | | | =

Although we will not use this model for computation, the relation
G = T-l G' is useful for investigating properties of G. For example, G
is nonsingular whenever G' is, and the singularity of G' can readily be
checked by inspection of the associated network topology (see property

P2). A circuit with its transistors replaced by this model is shown in

Fig. 3 (b). Notice that N' does not contain any controlled sources.

ITI. PARAMETRIC REPRESENTATION —-— THE ARC-LENGTH APPROACH

A curve in the v - i plane can be represented parametrically by
v = ¥(p) and i = 1(p)

where p is called a parameter. In case the v - i curve is rectifiable [11];

-10-



a condition satisfied by all v - i curves of practical interest, p can

be chosen as the arc-length of the curve measured from an arbitrary point
on the curve to the poiﬁt (v, i). Observe that the parametric represen-
tation remains applicable even if the v - i curve of a resistor is neither
voltage- nor current-controlled. In the following, we derive a few use-

ful properties of this representation:

(1) (%%)2 + (%%92 = 1, whenever the derivatives exist. (10)

Moreover, |di/dp| < 1 and |dv/dp| < 1 for all p €R.

Proof. Since (dp)2 = (di-)2 + (dv)z, (10) follows.
(2) A curve is completely specified by only one parametric equation and
one point (vo,'io) on the curve.

Proof. From (10), we have

o, o |
i = A-@p2ap +1) ma v =) A- E)lap + v,
. 0 ' 0

(3) The arc-length p can be compqted'by either

i v
o = A+ &p2ar or pw = [ A+ ED? e QD)
io Yo

Proof. Obvious from (10).

(4) Let di/dv 4 x, then

b oy AT s a»
P l+x P 1+x ..'

and if the v-i curve is monotonically increasing, we have

s 2 a%s a% % a%s
2~ 22C 2 » T2 7 - 72 2 13
dp 1+ x%) dv”® dp 1+ x9) dv

Proof. By direct computation.

~11-



(5) If we define x 2 d¥/di, property (4) is still true with v and i
interchanged.

.To illustrate the arc-length approach, consider a diode charac-
terized by (1). Since the v - i curve passes through the origin, it is

convenient to choose (vo, io) = (0, 0). By (11)

v 2 v T
p(v) = f V1 + (gl,)2 dv' = f V{ + 62 e2v /VT dv'
0

0 dv

where 0 A IS/VT. Since x 4 di/dv = 6 eV/VT

p = VT{log(——L———> + V1 + xz} + c
1+ vl + x2
where ¢ 4 -VT{log (___6_) + V1 + 62} is a constant.

,» we have

L (14)

1
1+ /A + 62

Equation (14) defines x as an implicit function of p. Given p, we

solve for x from (14) and then obtain v and i from

v(x) = VT log(x/6) and i(x) = VT X - IS . (15)

Notice that since the v - i curve is strictly monotonically increas-
ing, x € (0,) and the right-hand side of (14) is a concave function
of x. Hence, for each p, there exists a unique solution x(p). The
Newton-Raphson iteration applied to (14) converges rapidly for small
initial guesses xo. In practice, we may simply assume different values
of p and have the functions v = ¥(p) and i = 1(p) tabulatedland stored

in the computer in the same way that a v — i curve may be stored as a

e

table of points. This can be done easily because i(p) p for large p

See Appendix Al for the derivation.
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and v(P) = p for small b. The same table, with a simple modification,
can be used for different values of VT corresponding to different
temperatures. (See Appendix A2 for detaiis.) Let us now consider two
examples. |
Example 1.

Consider the class of circuits belonging to Special Case 1 of
Section II. If we use the arc-lengths p as independent variables, we .

have from (9)

i (pg) ¥e (pg)
£(pg> Pp) 8 + H : -s = 0. (16)
¥ (pp) | i (pp)

where ik = i(pk) and v, = G(pk), k €EE UI. The fund@ions 1£(*) and
¢(+) are defined by (14) and (15). See Fig. 4 (d).
Example 2.
Consider the same representation as in Special Case 2 of Section II.

In this case we have i, = ik(pk, pk+1) 4 i(pk) - Og i(pk+l) and

> =

ik+l = ik+1(pk’ pk+l) i(pk+1) - o i(pk), etc. See Fig. 4 (e).

\IV. PROPERTIES OF THE JACOBIAN MATRIX

AéSOCIAIED WITH THE NEWION-RAPHSON ALGOﬁITﬁM
Let us now investigate and cémpare the solution of the network
equations gifen by (9) and (16) by the Newton-Raphson method. Let £
be a function from R" into ]Rn, find a z* €ER" such that £(z*) = 0.

The successive iterates are computed by

MoK TEHEES, k=0, 1,2, .0 an
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A
where Jz(zk) = af(zk)/az is the Jacobian matrix of f and 20 is the

initial guess.

where

J._ .
v,i

3 ) ktl )k
E - | B L e, 1)
i i v,1 E I
1 1
k=0,1, 2, ...
r -
dil .
dvl\\ o 0
A Bf(vE, iI) _ NTm
S ——— = dv
v, i.) m
BT T o
: m+1
i,
0 o av
\\ n
di
- n

Applying (17) to (9), we have

-

k

(18)

A .
+H= D(VE, 1I) + H

(19)

where D is a diagonal matrix because GE(°) and iI(-) are diagonal

functions.

Here E = {1, 2,

Applying (17) to (16), we obtain

where

—

A
= Dl(pE, oI) + H Dz(

[Jp

dvm+l

40y
40

+ H

do,,_

P> pI).

~14-
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...m}and I ={m+1, m+ 2, ... n} .

(20)

(21)



Whether the sequences defined by (18) and (20) converge depends
on both the initial guess and the behavior of the Jacobian matrix.
For example, the sequence will not converge if the Jacobian matrix
becomes singular at some k. In this section we establish a few impor-
tant properties of the Jacobian matrix.

(1) Bounds for Jp

Theorem 2. Let N be a circuit characterized by the hybrid equation (16).

Then JpAis bounded by

M3l mt? 41 (22)

Proof. Let H = [hij] in (16). Then the j-th column vector Jg of J_ 1is

¢
given by
- d¥, at as a¢
iz i i — Iyt €
J [hlJ dp 9 oo dp + hjj dp. ’ L) hnj dp.] » J E
hj 3 k|
and
.. daf av. dai di.
J = n e —l4n,, 1, ... —ll]t j €1.
P 15 dp dpj i3 dpj ? nj doJ ’

To be specific, let j € E we have

a9, df
(2 gD 50 1+l + by it
kaéj

|—-1| r (3 lhkjm |

Rel
p

A

IA

di av,
|EE;| + HHH . IEB;'

\

Since, (di/dp)2 + (dG/dp)? =1, let |dij/dpjl = cos Bj and

ldﬁj/dpjl = gin Gj where'@j € [0, 7/2]. Hence we have
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1320 < cos 0, + lull sin 6, 6, € [0, m/2].

It then follows from Appendix A3 that
nJgu <Aul? +1, jex.

Similarly, "Jg“ f_VﬁHHZ + 1, j €I. This proves that

llJle < /llHllz +1. O

Corollary. Consider the same circuit as in Theorem 2. Assume that

(i) hjj > 0 for all j €EE VU I, (ii) all nonlinear resistors are mono-

tonically increasing, then

min {I830, 1} 5_"Jpﬂ.

. 3

where HJ denotes the j-th column vector of H.

Proof. Since all nonlinear resistors are monotonically increasing,

df./dp, > 0 and d¢./dp, > O for all § €EE U I. Then I33l = (af./dp,
3795 = 37905 = = gt = (diyldey)

+ Il (49 /dp.), 5 €E and 1330 = (d$,./dp.) + IuIl (d2./dp.), j € 1.

(JDJ,J 0 (JDJ (JOJJ

By Appendix A3, !ngll > min {I8l, 1} jE€EUI. 0

(2) Singularly of the Jacobian Matrix

In applying the Newton-Raphson method, we must ensure that the
Jacobian matrices are nonsingular. Since
B(VE, iI)

JD(DE’ DI) = Jv,i (VE’ 11) a(pE’ pI)

J_ is nonsingular if both J_ .
P v,1

and B(VE, 11)/3(DE, pI) are finite and
nonsingular. This is, however, not the only case. Jp can be nonsingular
even if D(VE, iI)/a(DE, DI) is singular as can be seen from the equation

"dv/dp = (dv/di)(di/dpP). Observe that di/dP = O implies dv/dP = 1. In

many practical cases, for example, transistor circuits, where all non-
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linear resistors are strictly monotonically inéreasing, the associated
matrix d3(v., iI)/B(pE, pI) is always nonsingular. In this case, the
siﬁgular poipts of Jv,i and Jp are in one-to-one correspondence and the
following theorem gives a sufficient condition which ensures that J

is non-singular.

Theorem 3. Consider a circuit described by (9) and the associated

Newton-Raphson iteration given b 18). Assume H is nonsingular. Then

: -1 : :
Jv,i(v > 1;) is nonsingular if B0 « max {Idik/dvkl, ldyg/diml; k €E,

. m €I} <1.

Proof. From (19), J, ,(vp, 1p) = D(vy, i) +H = H(L + B D(vg, 1)),
stace ID(vg, 1Pl = max {|d2,/av,|, |49 /di_|; k € E, m € 1} and 3y 1 (s 1p)
is nonsingular if "H—lﬂ . HD(VE, iI)" < l? the theorem follows. [J

Remark. In view of Theorem 3, Jv,i is nonsingular if ID(v,., iI)ﬂ is
sufficiently sméll. This means that Idik/dvkl should be small for voltage
ports and Idvm/diml should be small for current ports. For example, if

we know the bias polafities of some transistors, which is usually the case
for many practical tramsistor circuits, tﬁen it is desirable to choose
forward biased branches as current ports and reverse biased branches as

voltage ports.

Theorem 4. Consider a circuit characterized by (9). Assume that (i)

there are no controlled sources in the circuit; (ii) the nonlinear

resistors do not form any loops or cut sets; (iii) all nonlinear resistors

are monotonically increasing, then the Jacobian matrix Jv i(vE, iI) defined
. 3

by (19) is nomsingular for all (v, il) ER".

3 The matrixk(I + A) is nonsingular if lal < 1, see [10].
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. _ t . .
Proof. By (i), HIE = HEI’ by (ii), both HEE and HII are real symmetric
and positive definite. By (iii), D(v_, iI) is positive semidefinite.

" O

Since Jv i + Jz i = 2 [
3 > 0 H

;J + D(VE, iI) , Jv,i is positive
I

definite and is nonsingular. O
The following two cases are of particular interest.

Theorem 5. Consider a circuit characterized by (9). Assumé that

(i) H is positive‘definite6;

(ii) all nonlinear resistors are monotonically increasing, then the

Jacobian matrix Jv i(VE, iI) defined by (19) is nonmsingular for all

.y er?
(VE, 11) R.

Proof. Since J ., + Jt .= (H + Ht) + 2D(v_, i.) is positive definite
—_— v,i v,1i I
by (i) and (ii), Jv i is positive definite and nonsingular. 0

b

Since singular points of J and Jp are in one~to-one correspondence

v,1i

if all nonlinear resistors are strictly monotonically increasing, we have

Corollary. In Theorems 4 and 5if all nonlinear resistors are strictly mono-

tonically increasing, then Jp(pE’ pI) is nonsingular for all (pE, pI) eRr".

Remark. Observe that Theorems 4 and 5 still hold if H is
positive semidefinite but all nonlinear resistors are strictly monotoni-
cally increasing.

Theorem 6. Consider a circuit characterized by (16). Assume that

(i) H is column-sum diagonally dominant, i.e., h_ij >0,

h,. > £ |h,.| for all j €EEUV 1;
33 7 4oy 13

i#i

6 In fact, H € P, is sufficient, see [12] and [13].

0
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(ii) all nonlinear resistors are monotonically incfeasing, theﬁ the
Jacobian matrix Jp(pE, pI) defined by (21) is nonsingular for all

(pgs Pp) ER".

Proof. From (21), Jp(pE, pI) = Dl(pE, pI) + H DZ(pE’ pI). By assumption,
@, p)) €Uy
(pg> Pp) ER.

and hence det Jp(p

B’ DI) = det (D1 + H D2) > 0 for all

V. THE OVERFLOW PROBLEM

In most practical cases the arc-length approach is immune to the
overflow problem. It is particularly suited to diode-transistor circuits.
In order to appreciate the role played by the new variable arc-length,

let us consider first the conventional approach and rewrite (18) into

the form
vy k+1 vy k
(k). _ (k) ‘ N
Jv,i = Jv,i f(VE, 11) .
i; iI
. . k1l . .
It is standard practice to solve for (VE, 1I) by Gaussian elimination

and back substitution. Since |di/dv| and |dv/di| can be arbitrarily

(k)

large, elements in Jv,i

can become extremely largeland overflow problem

occurs. For example, the range of non-zero real constants in the CDC

294 10+322

6400 computer is approximately 10~ to , this requires the

k
components of Vg be less than 19 V if v_ is a voltage vector across

E

the transistor terminals. This problem can never occur if we use arc-

lengths as variables. From (20),

7 See [13] for a detailed discussion of properties of matrices
belonging to class WO.
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k+1 k

o) o)
E E
(k) (k) k
J = J -
P P
Since "Jp" is bounded by a constant for all (pE, pI) eRr® (Theorem 2),
k) . .
Jp( ) is well-defined for all k. There is, however, another possible

source of the overflow;problem. In (20), elements of [Jp(k)]—1 can be
extremely large even though "Jp(k)“ is bounded. This implies that over-
flow problem could still occur -- though much less likely -- in the
process of Gaussian elimination on (23). In this section we show that
under certain conditions "J;l (pE, pI)" is also bounded by a constant
for all (pE, pI) ER". Obviously if this is to be the case, Jp(pE, pI)
must be nonsingular for all (pE, pI) E]Rn. Before we present the
theorems, let us consider a simple example which gives one an intuitive

feeling on why the overflow problem can be overcome by choosing arc-

lengths as variables.
Example.
Consider the simple transistor circuit shown in Fig. 5 (a). The

network equation is given by

L (pl) v, (pl)
= - 24
£(p,> P,) +6 s (24)
= 00
where
A A
G = .1010E-2 -.9901E-3 and s = .1198E~1
-.1980E-6 .1980E-4 -.1369E-3
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Referring to Figs. 2 (c) and (e), we observe that for p < .75, é(p) =p
and £(p) = 0. On the other hand, for p > 1.25, 1(p) = p + const. and
¥(p) increases very sléwly with p. Therefore we can divide ]RZ into
regions aé.shown in Fig. 5 (¢). On each hatched region f(pl, pz) is

approximately an affine function, i.e., a linear function plus a

constant, determined by matrix G and the particular affine approximations

.lk(pk) = P + const and/or vk(pk) = P + const. Hence, overflow
problem can never occur within this region. We apply the Newton-
' 0

Raphson algorithm (20) to (24). Starting at p = (O, O)t, the iterates
come close t§ the solution p* rapidly and the sequence {pk} converges to
the solution with 9 digits of accuracy in 8 iterations. Notice that the
initial guess pO is not close to the solution p* = (.63715683, -7.0436303)
(see Fig. 5 (c)). Nevertheless, {pk} converges r;pidly.

Though difficult to justify rigorously, no overflow has ever been
observed even with an initial guess po located in the unhatched region.

In any event, observe that the area éccupied by the unhatched region

is much smaller compared to that occupied by the hatched region. Hence,
the probability of some iterate pk falling within the unhatched region
is indeed quite small.

We now &erive rigorously some suffigient conditions which guarantee
that ng is bounded, thereby eliminating the only other source of the
overfléw probiem.

Theorem 7. Consider a circuit satisfying the hypotheses of Theorem 5, i.e.,

(i) H is positive definites,

8 In fact, H € P is sufficient. See footnote 6.
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(ii) all nonlinear resistors are monotonically increasing.

-1
Then “Jp (DE, DI)“ exists and is bounded by a constant for all

c n
(pE’ pI) ]R hd

Proof. It can be shown that9

n K.o.o.o.k,

_ 1 j . .
det Jp(pE, pI) = [det H(k ....k.)] I sin eki I cos eki I cos O I sin O

j=0 J k, €E k €I kEE kEI
t k#k, k#k,
i i
kl.....kj A
< < < = 1 =
where 1 __kl __k2 < ... f_kj < n and det H(k k,) 1 for j =0.

170 i
Under the above conditions, by Appendix A5, there exists a constant

o > 0 such that
det J (P, 0) > o for all (pg, o) eR".
Since "Jp(OE, DI)" f_/"H”z + 1 for all (pE, pI) E]Rn, by Theorem 2,

we have [10] -1
152 | < g HptPge o1
. <

Jp (DE’ pI) —_ B ]det Jp(pE’ pI)I

ig (fhl-luz + l)n—1 for all (pE, pI) eER".

where B and o are constants. O

Theorem 8. Consider a circuit characterized by (16). Assume that

(i) H is strictly column-sum diagonally dominant, i.e., hii >0,

n
h.. > Z |h,.| for all jEEUVI.
33 4o 13

i#j

(ii) all nonlinear resistors are monotonically increasing.

Then J;l(p ) exists and is bounded by a constant for all (pE, pI) eR".

g’ 1

See Appendix A5S.
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Proof. By definition of the induced norm of a matrix,

L (R .
By~ = . [S
Jp “ sup —-"-5“'— z R
z#0 '
ﬂ(J—l)tz"
= o 1 . 1
= SYP LT - Y T T .t
z#0 o I3 zﬂm inf lg-zl
inf zll = p
[+ -]
From (21),
' ® . . e T
cos 61+h1191n 61 h2131n 61 _____ hnlsln 61
h,.sin 6 cos O,+h,..sin 6, - - - h .sin 0
t _ 12 2 2 722 2 n2 2
: l !
h, 'cos 6 h Eos 0 sin 6 +h cos 6
In n 2n n- - n nn n

where cos 6, = df./dp. and sin 6, = d¥,/dp., .jJ €EE VI.
3 379°; h| 3795

Without loss of generality, assume the infimum of "J;z"°° occurs at

z with |§k| = 1. Now the absolute value of the k-th component of JtE is

k

n
t - - -
|(Jp(pE, pI)z)kl = |sin 6, (h, * 1Z hy Z;) + cos ekl ,kEE

=1
i#k

0

i=1
itk

where the + signs arise because Ek

By Appendix A3, the minimum of the right hand side of (25) is

n
€
| cos ek(hkk + ) hikzi) + sin 6k| » k €I,

(25)

= 1 or -1. By (ii), ek € [0, m/2].

n
min {hkk - Ihikl, 1} a y which is positive by assumption (i). "So

i=1 ,

itk
we have

t
inf “Jp(pE’ pp) zl_>y>0
Izl =1
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u-l
Hence Jp (DE, pI

)l 5% for all (pg,p,) ER". O

Remark. It must be emphasized that the hypotheses required by Theorems

7 and 8 are only sufficient conditions which guarantee that no overflow

can occur. While it is difficult to derive weaker sufficient conditions
analytically, no overflow problem has ever been encountered (ekcept
when Jp is singular) in all examples that we have so far analyzed using

the arc-length approach.

VI. CONVERGENCE PROPERTIES

We have already seen from the examples of Section I and Section V
that the arc-length approach has superior convergence property over the
other approaches. This is particularly significant for practical tran-
sistor and diode circuits. In all examples we have considered so far,
the iterates generated by the Newton-Raphson algorithm came close to the
solution rapidly evén though the initial guess was chosen far away
from the solution. This is highly desirable from a computational point
of view because in general the success of Newton-Raphson algorithm is
only guaranteed for initial guesses sufficiently close to ithe solution.
In this section we make a comparison in the convergence propefty between
the arc-length approach and the voltage approachlo fbr transistor and
diode circuits, Our analysis is based on the following theorem.
Theorem 9. ([10]) Let f: Iglﬁﬁmp be twice continuously differentiable.
Let z0 E]Rn, f(zo) # 0. Assume Jz(zo) = af(zo)/az exists and is non-

- k k
singular. Put hk é —le(zk) f(zk) and zk+1 =z +h,, k=0,1, 2, ...
z

10 We exclude current ports just for simplicity.
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as defined by the Newton-Raphson algorithm. If there exists a neigh-
borhood N0 of z0 such that

iy 1 " - I < Iz - 2l ' €
(i) Jz(z ) Jz(z) Lz z zll for all 2z', z No
i.e., J? satisfies a Lipschitz condition with a Lipschitz constant LZ
on N”;
o /e, e 1% 2 > 2
(iii) The ball 30 A {z ] 12201 < r,}is contained in Ny, where
rzé {exp[-cosh-l(cz - 11} “hgu, then the sequence zk lies in B0 and
converges to the solution z* such that f(z*) = 0.
Remarks. (1) It can be shown [10] that the rate of convergence depends
on g, : the larger the L, the faster the rate of convergence. Now, let
v0 and po be the initial guesses in terms of voltages and arc-lengths,
respectively, i.e., vo = G(po) and f(vo) = f(po). Then if L "J-l(po)n2

p

< LVHJ;I(VO)HZ, Z, >z, and the sequence {pk} converges faster than {vk}.

(2) The set consisting of all z0 satisfying the conditions in Theorem 9
0

is called a region of convergence. Suppose T, > L, Then if "hp

. * *
< thu, then by (iii) x <r . That is, p1 is closer to p than vl tov .
* * *
Conversely, for a fixed distance from p and v , Iv® = v*I must be smaller
%
than “po - p | in order to have v* and pl within the same distance of their

respective solutions. In other words, the region of convergence associated

with the voltages is smaller than that associated with the arc-lengths.

(3) It is generally difficult to estimate “hgﬂ/“hgﬂ. Instead, we compare
their upper bounds. Since hg = -J;l(zo)f(zo), an'uéper bound “hg lof “hgu
1 1000 = 1570110 < gls GOIP -1e%1/[dee 3,60, 1t can

be shown (see Theorem 10) that "EE“/"EE“ = (/{;;E)n—l ; (1//11;35, where
Ixml = nzx{]xkl} and x, 4 dik/dvk. As long as one diogglis reverse-biased,

. . 0 0
i.e., Xk = 0 for some k, “hp“ < “hgﬂ.
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It is generally difficult to obtain the Lipschitz constant Lz for
Jz. However, we shall use the following lemma to find an upper bound:
Lemma. ([10]) Let £ be defined as in Theorem 9. The Jacobian matrix

Jz satisfies the Lipschitz condition

n 2% (&)
“J (z) - J (z')" < (max max Z Is——sz——l) lz - z'" = L lz - 2l
BN, k i,j=1 k"%
. 11
for all z, z' € Ny . : (26)

Applying (26) to (19) and (21), respectively, we obtain

24
_ d 1k
L = max {| [} (27)
Vook av?
k
: i 12 S
and L =max {|[——| + hk ——|}
p
k dpk do, (28)
n .
" where h, = z lh _]. These are fairly tight upper bounds for L. and L as
k j=1 kj _ v p
described in [10]. To obtain the relationship between iv and fp , we
substitute (13) into (28) and obtain,
_ 1+ by % dzik
L) = max { = | =k | (29)
k (1 + xk) dvk

where X 2 dik/dvk, k = 1,2, ... n. We now compare the upper bounds of
Lp "J;l(po)"2 and Lv "J;l(vo)"2 for the class of transistor and diode
circuits. In this case, x = dik/dv € (0, ©) and d /dv xk/V

. . 12
Moreover, for all circuits we have analyzed, a conservative range of

values assumed by hk is given by hk ~ 10-4 to 10-2. From (27) and
11 .

We assume No is convex.
12

This is true for most practical circuits where the values of resistors
range from a few hundred ohms to megaohms. Notice that the dimension of

h, is in mhos. The symbol "~" means "of the order of".
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) |1+n x| a1, 1+ Ry x|
(29), L im_ax' ————2——} max { > } = 1+ !'{2)2 Lv'
T x @+ x) k  dv 2
Since J_=J dv it follows from (12) that det J (po) =
P v dp ’ olP
n
det J (VO) n [1/v1 + x2 ]J. Furthermore, let x é max {x }, then it

follows from (19) and (21) that “Jv(vo)“ ~ x_ and “Jp(po)" ~ xm/¢l + xi .
From (27) and (29) we obtain [10]
’ 2
” 0, yn-1
Jv(v ) }.

r, 7 e%H12 <1 {é
vy - v [det Jv(voﬂ

2
‘ P R e
and L 13 )l <ife —_EL_—___—75 }
PP |det 3,0
where B is a constant. Let us now define the quantity

2
L o) bt _ RN 0) ks
VL lder 3 )] Ol |det SRC)

henceforth called the convergence-region-enlargement ratio because it

U

provides a quantitative measure of the enlargement of the region of
convergence associated with the arc-length approach over that associated
with the voltage approach. Observe that the higher the value of u, the
larger is the region of convergence of the arc-length approach as compared
to that of the voltage approach. For ease of comparison, the following
theorem provides a useful es;imate for u:

Theorem 10. The convergence-region-enlargement ratio p can be estimated

by :
1+ x2 n 1+ x2 :
1+h, x :
2 7L = +
7 AR
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SR PPN LS SR b )
J (p7) 1+h, x J (p)
L) et ol
P U ldet 5 0] V@ xd) |det 3 _(0%)]

P 2 P )
|1+ hx, | 3 O + 2yt
sl el iy

Y :

(1 + %) ldet 3 9] T /A +x2)

: v k

k=1
2

D™y 1 4h, x| 0 (14«2
o) e Al
v Idet Jv(v )I 1+ xz) k=1 \1 + X

k#2

. 2, .
where the denominator (1 + xm) is understood to be repeated (n - 1)
times when evaluating the terms associated with the product operation
II. Comparing the last term with the first term we obtain the estimate

for . g

For practical circuits, hz ~ 10-4 to 10-2, minimizing (1 + xi)/

. ' . 2 ~
1+ hy le with respect to Xy, we obtain min [(1+ xz)lll + hl xZI] =
XZ .
1,2 n 2 2
1/(1 + Z’hz) ~ 1. This means that p ~ 1 [(1 + xm) / (1 + xk)].

k=1
k#2

An inspection of Fig. 2 (b) shows that in a neighborhood of v0 or pO
containing the solution, X changes from ].0_2 to 103 corresponding to

v changing from .5v to .85v. Taking x = 10 for example, we find from

above that uy ~ 102N where N is the number of diodes which are reverse

e

biased (x 0 if the k-th diode is reverse biased). The fact that u

k

increases exponentially with N is very significant. The more transis-

tors and diodes the circuit contains, the higher the y and the more

advantageous the arc-length approach over the voltage approach. We will

now supplement the preceding analytical arguments with some geometrical

interpretations with the help of the following examples.
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Example 1. Consider the same circuit in Fig. 1 (a) with E = 1 v and
R = 1 K. We plot the functions f(v) and f(p) in Fig. 6 using two sets

of vertical scales. Notice that for large values of v and p (see Figs-

6 (c) and (d)), f£(v) is exponential while f(p) is almost a straight line.
It follows that the ;'L'teration must converge much more rapidly in the latter

case..

Example 2. Consider the simple transistor circuit shown in Fig. 5 (a).
We try four different initial guesses and plot the corresponding loci of

the Newton-Raphson iterates in the v1 - v, plane in Fig. 7 (a) and in

the pl - 02 plane in Fig. 7 (b). 1In both cases, the dotted lines pertain

to thé conven;ional voltage-variable approach while the solid lines

pertain to the arc-length approach. For comparison purposes the loci in

Fig. 7 (a) corresponding to the arc-length pl and p, are expressed in
terms of voltages vl(pl) and vz(pz). Similarly, in Fig. 7 (b), the loci
corresponding to voltages vl and v, are expressed in terms of arc-lengths
pl(vl) and pz(vz). In the figure, hgavy bold lines mean a group of
points. An inspection of Fig. 7 (a) shows that the respective loci for
the initial guess "I" converge to the solution in 15 iterations using

the arc-lengtﬁ approach, and 102 iterations using the conventiongl
approach. The conventional approach terminates prematurelyvdue to
overflow when the initial guess is chosen at points II, III and IV.

On the other hand, the arc-length approach converges in 15, 8 and 10

iterations respectively. The preceding observations are summarized in

Table 2.
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Table 2. Comparison of the convergence behavior in terms of voltages

and arc-lengths for 4 different initial guesses.

Initial Guess Iteration on Iteration on
Point VO pO = p(vo) Voltage Arc-length
l (3,3) (1.3E£37,1.3E37) 102 15
II (-3,3) (-3,1.3E37) _ overflow after 15

58 iterations

III (-3,-3) (-3,-3) overflow after 8
1 iteration

v (3,-3) (1.3E37,-3) overflow after 10
2 iterations

The superior convergence property of the arc-length iteration
exhibited in Table 2 can be explained intuitively upon noting that the
Lipschitz constant ip of Jp associated with the_initial gueés is
extremely small (since X is either very large or very small) and the
function f(P) defined by (24) behaves like an affine function. Since
the Newton-Raphson algorithm converges in one step for affine functions,
the sequence {pk} approaches the solution p* rapidly. Finally, we
remark that éince the diode voltage in the Ebers-Moll transistor model
in most practical tramnsistor circuits seldom exceeds 0.7 volt, it is
reasonable to always choose the origin (pg = 0) as the initial guess
when H is nonsingular and the point pg = 0.6 for all k when H is
singular. 1In these cases, we are sure that both the initial guess po
and the solution p* will lie in the same connected region where f(p) may

be represented by an affine approximation. (See Fig. 5 (c)).

VII. EXAMPLES
We will illustrate the arc-length approach by a few examples.

Whenever possible, the network equations will be solved by the Newton-
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Raphson method. When the Jacobian matrix becomes singular, we switch
to the steepest descent method with Golden section search for approp-

riate step sizes. For comparison, we always start from the same initial

guess 00 = 0 ER®. All examples show rapid convergence and no over-
flow. We have also tried to solve the same problems using the conven-
tional voltagé and current approaches but all iterations were terminated
prematurely due to overflow. In the following examples, the precision

is 8 digits after the decimal point.

Example 1. Consider the circuit shown in Fig. 8 (a). The network

equation is given by

1(pg) + Hpp¥p(op) - s =0

‘where

(.1313E-3 -.1005E-3 .1005E-3 -.9272E-4]

H = .1512E~4 .2872E-4 ~.2872E-4 . 2650E-4

.1225E-3 -.1367E-3 .1367E-3 —.1049E-3

| .1529E-4 ~.1707E-4 .1707E-4 .2674E~4
and s =  [-.2704E-2 .1410E-3  -.2792E-2 .4958E-4]".
Solution. v, = 61792024 v. v, = -.13904286E1 V.

v, = 61765611 v. v, = -.34968589EL v.

Number of iterations: 8.

Example 2. Consider the voltage inverter shown in Fig. 8 (b). The

circuit is characterized by the same equation as that in Example 1 with
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[~ .3369E-2
H ={-.9425E-3
-.9331E-3
.0
-0
and

s =[-.1642E-1

Solution.

.9082E-3

-.2403E-2

.4807E~4

.9425E-3

.9331E-3

.0

.0

-.4550E-2

Y1
V3
Vs

It

.67036572
.15323978
.67039247

Number of iterations: 9.

Example 3.

-.4713E-2
.9425E-5
.3365E-2
.9037E-3

-.9425E-3

-.9331E-3

-.1171E-1

V.
V.

V.

This circuit is characterized by

—

where H is a 22 x

Solution.

Y1

1k(ol)

119(019)

¥50P20

_?22(9225

-

)

22 matrix.

1l

.62426857
.61721934
‘.62985911
.63475472

.63409094

Y )
vl(pl)

vlg(plg)

L 10(Py0).

.0 .0
.0 .0
~.2403E-2  -.4713E-3
.4807E~4 .9425E-5
.9425E-3 .2903E-2
.9331E-3 = .9129E-3
.1199E-3 -.1176E-1
= .63411683 v.
v, = -.48025058E1 v.
v = -63383432 v.

Consider the operational amplifier

-.1941E-2

.0

-3883E-4 |

.1210E-3]"

circuit shown in Fig. 8 (c).

Entries of H and s are listed in Appendix A6.

Ve
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1l

]

-.34935916E1 v.

-.15696097E1 v.

-.86511997

V.

-.36300723E1 v.

.64239200

V.



Vi T -.34219597E1 v. Vip T .64239475 v.
Vi3 = -.86217929 v Vi = .63500900 v.
Vi T .63500900 V. Vig = .60293795 v.
vi7 = -.20786375E-3v. Vig = .62404612 v.
Vig = -.16910235E1 v. Voo T -.29392223E1 v.
Vo = -.94820172E1 v. Vyy = -.10174531E2 v.

Number of iterations: 25.

VIII. CONCLUDING REMARKS

In this paper we have presented a new approach which overcomes the
slow convergence and‘overflow problems commonly encountered in the
computer analysis of circuits containing nonlinear resistors characterized
by rapidly varying nonlinearities. Theoreticélly speaking, since arc-

lengths can be used to describe resistors which are neither voltage nor

current cdntrolled, our approach is also more general than nodal
analysis. Computationally, since the'convergeﬁce properties can be
improved greatly by appropriate assignment of voltage and/or current
ports, our approach is generally superior to other methods. For
practical diode—trﬁnsistor circuits, the improvement in the rate of
convergence of the arc-length approach over the conventional approach
increases remarkably as the size of the circuit increases. Therefore
the arc-length approach ié particularly suited for analyzing practical
large~scale electronic circuits. Finally, in this connection we would
like to point out that even though the hybrid matrix is generally not
as sparse as the nodal admittance matrix, it is usually of a much

lower dimension and in many cases the hybrid matrix can be made sparse
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by introducing "dummy ports". For example, consider the same circuit in
Example 1 of Section VI. Introducing one more voltage port by connec-
ting a linear resistor with a very high resistance across nodes a and b
as shown in Fig. 9, the hybrid matrix H becomes

r—

.1980E-3 -.1750E-3 0. . 0. -.1750E-5ﬁ

-.3960E-5 .5001E-4 0. 0. .5001E-4

H = 0. 0. .3211E-3  -.2750E-3 .3211E-3
0. 0. .4009E-4 .5501E-5 .4009E-4
h__-.2000E-43‘ .2233E-3 .3010E-3 -.2778E-3 .5243E—?J

which contains two blocks of zeros since port 5 cuts the circuit into
two separate ports. Even though the saving in computation is not
particularly remarkable for this simple circuit, it can become very

significant for large circuits.
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APPENDIX

Al. Diode Characteristic as a Function of Arc-length

V/VT

It follows from the diode characteristic f(v) = Is&a -1

ev/VT A

that di/dv = © = x, where 0 2 Is/VT' Choosing (0,0) as the

starting point of the arc-length p, we have

vl dl d'"‘fn/1+x dv

p(v)
tan~1x 1
-VT f { }dll), where tan Y =

tan"1olsin Y cos” Y

B 1 ¥ tan x / 2
= VT{cos m + log tan 2} lj)—tan {log<l >+ 1+ x }-l- cy
+ l + x

where c.= —VT{log<——-—e—-—-—) + V1 + 62}.
1

1
+ /4 + 62

A2. Temperature Modification

Instead of solving for v and i as functions of p, we find relations

between the normalized variables v/V.., i/VT and o/VT. From (14) and (15)

v/VT = log x - log 6 and i/VT =x -6 (30)

and p/vV_. = V1 + x2 + log (____x__) + ¢ (31)
T 3 2
1+ V1 + x

e A+ 6% - 1og<———e-—) . (32)

ne>

where c

2 v
T 1+ /1 + 62

Choosing T, = 298° K so that VTO = 0.026 v, we compute V/VTO and

0
i/VT0 as functions of p/VT0 and have them tabulated. Given p, it is

easy to find v(p) and i(p) from the table. Notice that v/VTO, i/VT0
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and D/VT0 depend only on x and the constants c, and 0 at Ty Call these

functions (of x) G/VTO, i/VTO, and 6/VT0 respectively. In case the

20-08(T-T()
s0

where the subscript 0 designates

temperature T # TO, it follows from IS =1 and VT = kT/q

_ _ 0.08(T-T,)
that 6 = IS/VT = GO(TO/T)e 0

1
quantities associated with TO. Since 6 << 1, it follows from (32) that 3

To, ,0.08(T-Tp)

= S - _ -
c, = -A1 - 1og(2) == (1L + log 2) log[eo(T
= ¢,y + [log(!Lﬁ - 0.08(T - T.)]
20 Ty - 0
0
where ¢, = - 1- logCE—). If we subtract equations (30), (31) and (32)

at temperature T0 from the corresponding expressions at temperature T,

we would obtain

PN, = BIVy + (c, = cpp) = BlVy + [log(%) - 0.08(1-T )]

_l\ e_'._A
v/VT = v/VT - log(eo) = V/VT - 0.08(T - To)
and i/VT = i/VT - (6 - 60).

The foilowing algorithm can now be given for computing the diode
voltage and current at any temperature T:
Step 0. Given T # T,s compute Vs I and 6.

Step 1. Given p, compute the normalized arc-length
A

Oy = o/vT

N = p/VT + 0.08(T - TO) - log (T/T

0 0

Step 2. Look up the table, find (V/VTO) (pN) and (i/VTO) (pN).
Step 3. Compute ‘
v(p) = V [(v/Vy ) (p) - log (8/8)] and

1(0) = Vp[(i/Vgp) () = (8 - 8)1.

13 7

6 < 10" for |T - Tol < 125° K.
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Remarks. (1) The above procedure is based on the assumption that
It - TOI < 125° K.
(2) Constants in the formulas should be precalculated once

T is fixed.

A3. A Lemma

Let f(0) = a cos 6 + b sin 6; a >0, b >0 and 6 € [0, 7/2],
then max f

/az + b2 and min f = min {a, b}.
df

Proof. @°-"2 sin 8 + b cos 6 = 0.

Solving for O, we obtain
6 = GM 4 tan_l(%) and f(GM) = /az + b2.

The value GM gives obviously the unique maximum. The minimum occurs at

0 =0o0r 6 =m/2.

A4. The Determinant of Jp(pE, pI)

The expression for det Jp (pE, pI) can be obtained by successive
expansions along columns of Jp(pE, pI). The proof follows from direct

computation and induction. For example, consider the simple case

cos 61 + h11 sin 61 h12 cos 62
h21 sin 91 sin 62 + h22 cos 92
h1l h12 cos 92

cos 61( sin 62 + h22 cos 92) + sin 61

h21 sin 62 + h22 cos 62
hll h12
= cos 91(51n 02 + h22 cos 62) + (sin 91)[h11 sin 62 + cos 62]
hyy Pay
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= cos 9. sin 92 + hl

+
1 sin 61 sin 62 h

cos 61 cos 62 +

1 22

(det H) sin 61 cos 62.

A5. Minimum of det Jp(pE, pI)

We claim that det Jp(pE’ pI) > o for some o > 0. The proof is
straightforward but lengthy. Here we just use the simple case from A4
to illustrate the point.

det Jp(pl, 02) = [(det H) cos 62 + h11 sin 62] sin 61 +
[h22 cos 92 + sin 92] cos el

Notice that Gj € [0, m/2]. Minimizing the right hand side over 0;, we

obtain the following expression with the help of A3:

gin det Jp(pl, p2) = min{[(det H) cos 92 + h11 sin 62],
1

[h22 cos 62 + sin 62]}.

Minimizing over 92 again we obtain

. ' - A
min det Jp(pl, pz) = min {det H, hll’ hoys 1} = a>0
8,,0
1’72
since H is positive definite. The case of higher dimensions follows

by induction.
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Fig. 1. A simple diode circuit. (a) The circuit diagram; (b) The function
f(v) defined by Eq. (2) corresponding to E = 2v and R = 1 ohm.
Starting at v°® = 0, the sequence {vK} generated by Newton-Raphson
iteration converges very slowly; after 49 iterations. (c) The
function f(p) defined by (4) corresponding to E = 2v and R = 1 ohm.

Starting at p° = 0, the sequence {pk} generated by Newton-Raphson
iteration converges extremely rapidly, after 4 iterationms.
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Linear resistive n-parts terminated by nonlinear resistors, diodes
(a) The ports are terminated by nonlinear resistors.
(b) The transistors are replaced by diode—controlled source

combinations so that ‘7( ' does not contain any controlled sources.



Fig. 4. The Ebers-Moll model of an npn bipolar junction transistor in
various equivalent forms.
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A simple transistor circuit. (a) The circuit diagram; (b) The
2-port obtained by extracting the nonlinear resistors (the diodes)
as voltage ports. Notice that the port voltage and current are
related by associated reference directions; (c) Regions of affine
approximations of £(p). In each hatched region f£(p) behaves like
an affine function of p.
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Fig. 6. Functions f(v) and f(p) for the simple diode circuit shown in

Fig. 1 (a) corresponding to E=1v and R =1 K ohm. (a) and
(b) For small values of v and p, £(v) and £(p) resemble each
other. (c) and (d) For large values of v and p, f(v) is
exponential while f(p) is almost a straight line.
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A6. For Example 3 of Section VII

The hybrid matrix H is

1848802 17301 L 1707E-01 O, -.1941E-0) .1941€-81 ©. .1941€-03 0. 0. -, 13476-82 0. .1547E-02 O. o, [} [ ° -—‘
~.30948-04 .3SIVE-01 .3CCLC-01 O, -,3C05C-01 ,3€03C-01 O. . .3303€-01 ©. e. ,3694£-04 0. ~.3004E-04 0. o. 0. e . o. e. 0. 6.
— 1862E-02 L2117E-01 .2204E-01 -.3124E-03 -.2121E-01 .2121E-01 O, .2121€-01 ,1421€-63 0. .B4SCE-03 D, -.6327€-33 0. -11232€-04 0. o. O rseeos o e. e. e.
0. 0. -!5091€-03 .910SE-03 -.5011€-03 .5D11C-03 8. TSO1IE-03 .1429E-05 ©. -.1435E-32 0. ~14106-02 0. 12475E-04 0. o, (TIISETO3 -lasse-04 25256400 8. -
.0, ~1141E-01 ~12073E-01 [7601E-03 .225<-01 -.2950F-0 . 1414-03 -.25548-01 -, L4003 .3300E-62 TV4I5E 08 I3I00E-02 - SI1GE-03 .247SE-D4 | ISEE-O4 .7BPZE-D3 | .9901E-04 - 149608 .290it-08 - o0s0Eenh .
o. 33303 I918G-03 -.1SI0E-04 - SUIE-03 .G7SE-03 [2029€-03 .3920€-U3 .26DIE-0S -.6ERIE-04 -.2670¢-24 - 66DIE-04 . 1733E-03 -.SSOE-06 - SESIE08 . 1415604 - 19805-05  30aoe-gn < 23eiE70q -.3030E400 -.5CO0EN0 -
°. 3SEI6-01 .2077€-01 -.7GOIE-03 -.2709E-01 .0747E-D) .262E-D3 .2603-01 .1400E-03 -,3IOCE-02 -, 4TF-C2 - 3I0OE-02 LCAUTL-02 242GE-02 -.i3CC-04 -.70°2€-03 - 9%01E-04 . )a3st oot sty Lo
o. Hliaaeo0l A1MSE-DL —,1S20E-02 ~.5333E-01 .SCGlE-01 .2041€-83 .6113E-OL .26DIE-83 -.E601E-02 -,287UE-C2 -.6601E-02 -153516-04 - 354E-04 - 114E-02 - 1980E-03 | 20306-03 —.39796-04 | 10006°01 9900Es08
o. 0. o. (1429E-03 ,247NE-A2 =, 27457-02 O, -.247°%7-92 ,1429€-83 O, e. 0. 0 2475E-02 O, o -2870E-02 ~.5972E-04 .10C3E+D1 .533CE+D2 i
~1SITE-D2 .1S47E-02 .154TE-02 0. LE03¢E-02 -.603CE-02 0, - -.B03¢E-22 0, L6501E-02 .2532E-C2 ©. 0. e or - * e a. ~.S003Z+30 8. SBE0Z-T
~l30eiE-03 10e-02 3094602 O [SA0GE-03 <ISNL-02 D, T -o05C02 0. © l€S1%E-02 .%3%¢2-22 D, 1 0. o . o Iia%0e-08 |saet-od b e c.
1397E-02 -, 1547€-02 -, -02 0. | =.2291E-02 .2291E-02 0. . .2251€-02 0. -.3230E-02 ~.25326-C2 .33C0E-02 -.2475E-04 =.247SE-04 =.7072E-03 =, -.20708-02 ,59735-6< 0. . .
13094£-02 -.3094€-02 =.3034E-02 0. - 112€-01 .1125C-01 0. .112uE-0t o, -.€€DIE-02 ~.5564E-82 -,66IIE-04 e e 03 nonErDe ade-02 -.2o0CC-04 0. -5Q00E+00 .SCITERD
°. o. 0. 0. +2500€-02 -,2500€-02 ©. -.25002-02 @, o. e. o. 25006-02 © o : -28702-02 ~.59728-04 0. +1C03EeR1 L 1322431
0. 0. 0. 0. +2500E-02 =,2500E-02 ©. ~.2500E-02 O, 8. . e. 0. o ' 25002-02 0. o. e. 8. . -.5200E+30 8. -
0. o. 0. o. J1S13€-02 -.1513E-02 8, =.15136-02 O, 0. e. o. o . TRORERR 0 isE-02 Cl9sezeete o a. 0. -0, = 53LERT
o. o. 0. 0. L 1S9%E-02 -.1593£-02 0. -11352€-02 8. 0. 8. o seaEas ol b +l414e-02 99026433 8., 0. i 0. o.
o. 0. 8. o, -12040E-02 .2840E-02 ©. .2845E-02 0. e. -.28228-02 0, T23E-03 0. o. o 02 .tococsere. - O 0. °. 0.
o. ‘. 0. 0. -.27626-02 .27€2E-02 O. .2733¢-02 e. 0. -.2122¢-02 0. 3E3E-02 0. o & 0. .2820£-02 .3449€-03 0. o. 0.
0. 9. -.1000E+81 .1000E401 .1000E+01 -.100cE+81 B, -.|000E+01 O. e. ° 8. e o 3re3E-02 2. o . 0. .2782E-02 .7S00E-03 O. 0. 0.
o. o. o. o. .1G00E+01 -.10UUZ+0) =,10BBE+B1 O. o. o.. ‘0. c. =7 102083t 0. o, 3. 0. e. o. °. 0. 6.
o. e. . 1B0OE+1 -, 1080E+01 0. e. e, e, ~.1008E+01 ©. 8. o. - 13%0T+01 O, o g' 2 i g- g. o, c. 8.
. . . . . 0. . . 0. 0. 0.

The source vector s is
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