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ABSTRACT
This paper presents a new closed form analytical formula for representing
n-dimensional surfaces and scalar functions of n variables which are piecewise-
linear over each cross section obtained by freezing any combination of n-1 of

the n coordinates. This new section-wise piecewise-linear representation can

be eésily programmed with efficient computer storage. It is a global representa-
tion in the sense that a single formula is used to coﬁpute for f(xl,xz,...,xn)
for all values of (xl,xz,...,xn). Since this representation is expressed in
closed analytic form, it allows standard mathematical operations and manipula-
tions to be carried out in theoretical studies. In particular, it led to the
possibility of deriving explicit closed form expressions for system parameters
and design formulas. Examples are given which illustrate the potential applica-
tions of this representation in the modeling and analysis of nonlinear dev@cea,

circuits and systems.
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INTRODUCTION

Piecewise-linear approgimation of one or more cross sections of nonlinear
multi-dimepsional characteristics and surfaces has been widely used in many fields
of science [1-6] and Engineering [7-14]. The main motivation for its wide usage
lies in the possibility for taking advantage of well-established linear tech-

niques of analysis over each region where the characteristic is linear. Another

reason for resorting to pilecewise~linear approximations is that no computationally
efficient techniques are currently available for approximating functions of
several variablgs [15]. Although more efficient n-dimensional gemeralizations of
the promising spline function approach [16] may someday be developed, its use
will tend to complement rather than compete with piecewise~linear approximations.

There are three major disadvantages in current piecewise-linear apﬁroxima—
tion techniques: First, the lack of an explicit analytical representation pre-
cludes the possibility of carrying out any analytical studies involving piecewise-
1iﬁear functions. This has restricted current piecewise-linear applications to
either numerical calculations [17] or graphical analysis [12]. The second draw-
back is the need to store an immense amount of data for high-dimensional func-
tions in order that the linear equations over each region in the n-dimensional
space R may be retrieved for computation purposeé. The third drawback is the
high overhead cost usually involved in programming and bookkeeping operations
and manipulations involving piecewise-linear functions.

Our objective in this paper is to present an explicit amalytical repre-
sgntation for multi-dimensional -functions f(xl,xz,...,xn) which is piecewise-
linear over each cross—section in R" defined by holding any n-1 coordinates
fixed. We call this a section-wise piecewise-linear representation to emphasize
the fact that while our representation agrees with the conventional piecewise-
linear representation for functions of one variable (n=1), it is not a piecewise—
linear representation when n >1. On the contrary, our canonical representation
for n > 2 is at least quadratic in the sense that it contains all product term
combinations such as xj,xjxk,xjxkxg,...,xjxk...xh. In fact, our representa-

tion is somewhat reminiscent of the tensor product approach usually used for

approximating functions of n-variables [15]. However, our representation has
the important advantage that all coefficients can be efficiently computed.
Moreover, since our representation is expressed in analytic form, it is a

global representation requiring simple programming efforts while allowing



efficient.data storage and retrieval. But above all, our closed form repreaénta¥
tion allows standard mathematical 6pérations and manipulations to be performed on
equations involving section-wise piecewise-linear representations. In particular,
explicit coefficients, parameters, and design formulas for many practical problems
can now be derived in closed form.

The following material is divided into two parts. Part I presents the closed
form canonical formulas for representing any section-wise piecewise-linear func-
tions while Part II presents some properties and applications of these representa-
tions. In particular, canonical representations are given for piecewise-linear
functions of a single variable with finite jump discontinuities in Section I-A,
and that for functions of two variables in Section I-B. Further generalizations

are given in Section I-C for multivalued functions, and in Section I-D for

functions of n variables. Since all these canonical representations are based'

on the closed form equation given in Section I-A for piecewise-linear functions

of a single variable, some properties of this fundamental representations which

are particularly relevant to the modeling and analysis of nonlinear devices [18],
circuits [17], and systems [19] are presented in Section II-A. Finally, three
application of our "section-wise piecewise-linear" representations are given in
Section II-B to illustrate their potential applications.

PART I: CANONICAL REPRESENTATIONS

A. A Canonical Piecewise-Linear Representation for.Single-Valued Functions with

Finite Jump Discontinuities

A typical piecewise-linear function with finite jump discontinuities is
shown in Fig. 1. We will alﬁays label the segments consecutively from "0" (left-
most segment) through "n" (rightmostvsegmeqt) and let;“mj" denote the slope of
segment j. Corresponding to the n+l segments, partition the x-axis into n+l inter-
vals I0 4 (-w,xl], I1 L (xl,xz],..., In-l 4 (xn—l’xn]’ and In 4 (xn,w), as shown
in Fig. 1(b). If we let segment k be represented by an "affine'" equation

A .
F@) = o + Bx = £l x < x<xy, 1
then we can define the following associated extension operator:

—— [0 X2 X
ElT = Vo 48
K kx,x>xk

(2)

—> ' .
Graphically, fIIk is simply a two-segment piecewise-linear function where the



left segment coincides with the x-axis over (-w,xk] and ;he right segment is
obtained by extending segment k of the piecewise-linear function f(x) over
(xk;w).' Using this notation, we can develop the following algorithm which gives
the value of f(x) over each interval Ik:
Piecewise-Linear Function Evaluation Algorithm

Let £(x) be a piecewise-linear function with n+l segments.

Step 1: Set fo(x) a % + Box, X € (~o,w) 3)
.0 A O ' '
Set £ |Io—f (x.), xGIO 4)
Set k = 1.

Step 2: Compute :
? : 2 k-1 ?

: A
Af (x) S £|T, - f T, (5)
T1 ‘ k-1
where £ lIk denotes the extension operator applied to the function f (-) as
defined in (2).- ’
Step 3: Set

- —_—>
400 8 £ ) + 8E, ), x € (-uy) . (6

Step 4: If k < n, set k = k + 1.and go to step 2.

Otherwise, stop.

After n iterations, the preceding algorithﬁ generates n+l functions fo(x),
fl(x),...,fn(x) for all x € (-»,»). It is easy to see by geometricél construction

that the value of f(x) over amy interval Ik 1s simply given by
_ .k
f(x) = £ (%), x € Ik (N

Observe that (5) and (7) imply

: 0, x< : ‘
5, GO - { T )
\A +,6k(x-xk)’ X > X
where | '
Y N . |
Y = £Gq) - £(x)) (9)
denotes the amount of jump in f(x) at x = Xy s and
Gk A slope of‘Afk(x) for x > x . (10)

—_— ’
Observe from (8) that Afk(x) can be expressed in analytiqvfprm using only the

-



A

- , 1
absolute-value function [ | and the sign function sgn(+); namely,

Af, (x =—;’- {Ix—xk| + (x-xk)} Yk{l‘*‘sgn(x‘xk)} ay -

It follows from (6) and the observation Afk(xi 0 whenever x < xk that the

following general expression is valid for any x € (~wyw):

£(x) = £ (x)

_ —
Ly + M)

[fn-z(x) + Afn_l(xi] + O _(x)

i

fl oo

) + ZAf (xs) : (12)
n=1

Substituting (3) and (11) into (12) and combining terms, we obtain the following

canonical representation:

- :
f(x) = a, + a;x + }éi bjlx-le + 5 Sgn(x-xji} (13)

where the coefficients ays a;s bj’ and c, are functions of the paraﬁeters s Bo,
Gk’ and Y defined earlier in (3), (9), and (10). We are now ready to present

the main result in this paper which provides an explicit closed form formula for
determining these coefficients directly:

Main Theorem: Canonical Piecewise-Linear Representation

~ Any single-valued piecewise-linear function with at most n finite jump dis-
continuities at the n breakpoints X <Xy, < ... <X can be represented uniquely

by (13), where the coefficients are given explicitly by:2

=1
a = 2(m0+m.n) _ (14)
bj = 2(m j 1), j=1,2,..04n (15)
{ 0, if £(+) is continuous at the breakpoint x = xj
c, = : ’ ;
J -% [f(x;) - f(x})], otherwise (16)
ag = £(0) - ;Si(b |x | - cJ sgn(xj)) (17)
. X, X > 0 1, x>0
e define |x| 8 { and sgn(®) 2 { ’ '
-x, x <0 -1, x <0

2Recall m, denotes the slope of segmeﬁt j.
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Proof: The canonical expression for f(x) has already been shown to be given by
(13). It suffices therefore for us to derive (14)-(17). For all x # xj, j=1,
2,...on, (13) implies that

£'(x) = a) + Zb sgn(x-x,) (18)
j= 1
The slope mj of segment j of f(x) can be evaluated directly from (18); namely,
m, = Zb | | (19)
J=1
ml = a + b Zb (20)
j=2
’ Sh - 3
=a + Yb, - b, (21)
LR~ i BT i
. n ’
mo=a + jz;ibj B (22)

It follows from (19) and (22) that a = 2( mytm ), which is (14). Similarly,
letting k=j and j-1, respectively, in (21), and subtracting the resulting equations,
we obtain (15). Finally, (16) follows from (9) and (11), while (17) follows
from (13). n
xample 1.

Consider the piecewise-linear function f(x) in Fig. 2 with breakpoints at
= =4, x, = -2, Xy = 0, and’ x, = 2. The slopes are given by my = 1, m, = 1,
9 = ;l, m, =-%, and m, = 2. Subst§tuting ;hese'data into (14)-(17), we obtain
a, =% bl = 0, b2 = -1, b3 = b4 = 21 cl =-E, c2 = c3 = 0, c4 = 1, and ao = -1,
Substituting these coefficients into (13), we obtain

£(x) = -1 +3 x + 2 sgn(erh) - |m42| + (|x|+|x-2|)+ sgn (x-2) (23) ™

B. A Canonical Piecewise-Linear Representation for a Family of Single-Valued

Functions with Jump Discontinuities
The dc characteristic curves of 3-terminal devices, such as transistors, FET's,

etc., are generally modeled by a set of input characteristics and a set of output
characteristics, respectively [12, 17]. Each set is usually measured by a curve
tracer [20] and, for large-signal applications, the characteristics can often be

approximated realistically by a family of piecewise-linear curves

y = £(x,p) (24)



where p denotes a parametric variable. For example, the collector characteris-

c = f(VCE,IB), where IC and VCE

denote the collector current and the collector-to-emitter voltage, respectively.

tics of a transistor would assume the form I

In this case, the base current I, is the parametric variable. Our objective in

this section is to show that (24? can also be represented by a canonical form
similar to that of (13).

Let Q}?= {y = f(x,p): p = PysPgsecesPy denote a family of single-valued
piecewise-linear curves having finite jump discontinuities. Without loss of
geﬁerality, we can assume each plecewise-linear curve f(x,pi) has n breakpoints
xl(pi) < xz(Pi)< f"‘:xn(Pi)’ and n+l segments with slopes mo(pi), ml(pi),...,
mn(pi), respectively. Such a curve can obviously be represented b? (13). Now
if we let p assume the N values assigned to the given curves in Q}, we can

represent each curve in g;?exactlz by the following section-wise piecewise-linear

canonical representation:

£ (x,p) - a,(p) + a, (P)x + jzl by (p) Ix‘xvj ()| + ey (p)sgn(x-xj (p))} (25)
where ag(+), a;(+), by (+), and ¢ (+) are given respectively by
0, = 3[a @) + n, @] e
bj () = —;-[mj (®) - mj_l(p)] | 27)
_ 0, if f(x,p) is continuous at the breakpoint x = xj (p)
©® = {%,[f(x;(p),p)- f(x;(p),p)], otherwise - (28)
2o (®) = £0,p) - ;‘:-1:1 by (@)« %, ®)| - ¢, (@) sga(x, (é))} 29)

Observe that (25) is completely specified by at most 3n+2 functions of a single
variable p; namely, ao(p), al(p), bj(p), cj(p), and xj(p); j=1,2,...,n, where
n is the number of breakpoints in each curve in‘Ey. Moreover, if all curves in
Q;,are continuous, then cj(p) = 0 and only 2n+2 functions are needed. These

functions may be represented by any convenient interpolation schemé, such as

Lagrange or Hermite polynomial [21], or by any convenient analytical formula such

as the piecewise-linear representation given in (13). Since the interpolation
formulas are chosen such that al(Pi)’ bj(pi)’ cj(Pi)’ xj(pj) and.ao(pi) are equal exactly
to those computed from the given data via (26)-(29), it is clear that (25) gives

an exact model of all piecewise-linear curves given in the family %}: For those



values of p # Py such that Pjq <Pc< P> (25) would yield a piecewise-linear
curve which lies between the two given curves y = f(x,pi_l) and y = f(x,pi).

In other words, (25) is a global representation which automatically interpolates
among the given family of curves to generate other intermediate. curves. Since
the maximum number "3n+2" of "model functions" needed to specify (25) depends

only on the number "n" of breakpoints per curve, and not on the number of

curves given in Q}: it is clear that not only does (25) provide us with a single
global and exact analytical representation for E;; but it also results in a
rather significant amount of data compression. Indeed, the larger the number "N"
of curves given in g;: the more saving in computer storage space would result
assuming that the 3n+2 model functions have been efficiently represented. Finally,
we remark that the basic idea behind the section-wise piecewise-linear representa-
tion (25) is similar to that given in [22].

Example 2. ' '

Consider the anode-to-cathode dc characteristic curves of a typical silicon-

controlled rectifier (SCR) as shown in Fig.'3(a) and its 5-segment piecewise-
linear appproximation as shown in Fig. 3(b). 1In this case, §37 = VA = f(IA,Ig):
Ig = 0,5,10,15,20}, where the gate current Ig is the parametric variable.

Observe that n=4 since each curve has 4 breakpoints, and N=5 since<;;’has 5
curves corresponding to 5 values of Ig' Since all curves in Fig. 3(b) are

continuous, cj(Ig) = 0 and we can model the given family of curves exactly by
V, = f(IA,Ig) = aO(Ig) +a (L)L, + bl(Ig)-IIA-Il(Ig)l +by(1)-
|IA-12(Ig)] + b3(Ig)- |IA-I3(Ig)| + bl.(Ig)- IIAfla(Ig)l _ (30)

where Il(Ig)’ 12(18), I3(Ig), and Ia(Ig) denote the 4 breakpoint locations for eaéh
value of Ig»ﬁ 0,5,10,15,20, as shown in Figs. 3(c)-(f). Observe that for simplicity,
the 4 breakpoints in Figs. 3(c)-(f) are connected by straight line segments, thereby
allowing each breakpoint function Ij(Ig) to be‘represented by (13). On many
occasions of practical interest, however, the shape of these curves may match

other wall-known functions--such as exponentials or hyperbolic functions-- in

which case, it would be advantageous to choose these functions instead. Additional
data reduction is often achieved by a clever choice of such functions. For

example, an exponential funétion would require only 3 parameters for complete
characterization, whereas a 4-segment continuous piecewise-linear representation

via (13) would require 10 parameters.



Since n=4 and.sincecj(I ) =0, (30) requires only 2n+2 = 10 mpdel functions;
namely, a5 (I ), a, (I ), bj(Ig) and IJ(I ), j =1,2,3,4. The functions a, (),

a; (), and b () are determined from (26), (27), and (29) and are shown in Figs.
3(g) 1). Again, for complete generality, we represent these functions by piece-
wise-linear curves so that they can in turn be represented by (13). A more care-
ful analysis with specific devices would often suggest the use of other well-
known functions requiring fewer numbers of parameters. Observe also that further
simplification ﬁay be achieved by approximating each curve in Fig. 3(a) by 3
segments rather than 4. In this case, n=2 and only 6 model functions would be
needed to completely specify the model.

A comparison between the canaonical representation for functions of a
single variable given by (13) with that of the canonical representation for
functions of two variables given by (25) reveals a rather significant difference;
namely, whereas (13) represents t;uly a one~-dimensional piecewise-linear functionm,
(25) does not represent a two-dimensional piecewise-linear function. 1In fact,
if the model functions ao(-), al(-), bj(')’ cj (-), and xj(-) are represented
by polynomials, the (25) represents a piecewise-linear curve only for fixed
value of the parameter p. In other words, (25) can be said to be a sectionwise

piecewise-linear representation. The overall function is, however, nonlinear

since (25), when expanded, contains such quadratic terms as xp.

C. A Canonical Piecewise-Linear Representation for Multivalued Relations

The representations given inthe preceding section are valid only for single-
. valued functions. Our objective in this section is to present yet another
canonical representation for an important class of multivalued piecewise-~linear
curves; namely, the class of parametrizable, or unicursal curves. It is shown
in [12] that any unicursal curve g(x,y) = 0 can be represented by two single-
valued functions of a common parametric variable p; namely, x = x(p) and y = y(p)
For example, an ideal diode characterized by the multivalued curve shown in Fig.

4(a) can be represented analytically by
1
1 =1(jo] + o) (3la)
1 ‘ |
v=2(lel - o) | (31b)

Equation (31) represents a simple multivalued relation and could have been
derived by inspection. For more complicated curves, such as the one shown in

Fig. 4(b), an explicit canonical representation would’be:extremely useful., To



derive this represeﬁtation, choose any convenient but arbitrary breakpoint, say

(xq,yq) and label it as the parametric origin Q. Corresponding to any point P
on the curve, assign a value p whose magnitude is equal to the total length of
the curve measured from the origin Q to the point P. Since the curve is uni-
cursal by assumption, we can assign an arbitrary orientation (denoted by arrow-
heads in Fig. 4(b)) to the curve-and define p > 0 at P whenever point P is
traced from Q in the same direction as the assigned orientation. Otherwise,
define p. < 0 at P.

To derive an explicit representation, it is convenient to choose an ar-
bitrary. point (xo,yo) on the leftmost segment, and another point (xn+1,yn+l) on
the rightmost segment. If we let Rk denote the length of the line segment
between the two breakpoints (xk,yk)land (xk+l’yk+1)’ then

2 272

L = - -

K [(xk+l B ¥ OV ]

and the distance Pr? i.e., total length, from the or;gin Q at breakpoint

» k=0,1,2,...,n (32)

(xq,y ) to any other breakpoint’(xk,yk) is given by

k-1
3 8., » ifk>gq
j=q- 3 |
(33)
k ‘q~1 '
-3 % , ifk<gq
&~ |

where k = 1,2,...,n. Equation (33) provides us with the exact coordinates for
the breakpoints of ‘the parametric representations x = x(p) and ¥ = y(p) of
g(x,y) = 0. Hence, if we define the slopes m: and mz'for segment k of x(p) and
- y(p) respectively by

m'l:: é (x'k+1-xk)/2'k, k = «0,lv,2,...,n . (348)
m{ :A= (Yk+1‘yk)/2k, k=0,1,2,...,0 (34b)

then the canonical representations x = x(p) and y = y(p) for any unicursal

piecewise~linear curve are given as follows:3

n
_ X X x|
x‘p) = ay +aj p'+;§ibj|p pj| (35a)

3It is easy to see that x = x(p) and y = y(p) are contihudﬁs functions even though
the given multivalued curve may contain vertical segments. This means that cj=0
in (13).

-10-
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af = Z(untal) | (362)
b’j‘: l(mx mg‘ D i=12...n (37a)
X _ _ x .
3y = %, .§1bj~|°j| | (38b)
and
n _
y(p) = ag + a{ p+ Zb}’lp—pjl (35b)
j=1
where
ai = _(m Y) . , (36b)
b5j’ = —(m j 1) 1 =1,2,...,n ‘ , (37b)
y y
ag = Z;.b |p | : (38b)
Example 3

Consider the unicursal v-i curve shown in Fig. 5(a). This curve has 11
breakpoints. For the two additional points on the leftmost and rightmost seg-
ments needed to compute the slope of these two segments, let us choose the points
located at (-4,3) and (5,3) (labelled as point 0 and 12 on the curve). If we
choose the breakpoint 5 at (-2,-1) as the origin Q, and apply the canonical

representations given by (35-38), we would obtain

v(p) = ao +. al p+2b |o- pj| (39a)
=
where
v v v v v
ag = -11.73, a] = 0.38; b = 0.51, by = 0.71, by = -0.19, bZ = -0.51,
by = 0.71, b, = -0.08, b) = ~0.78, by = 0.73, by = 0.22, blo 0.45, and
2 .
Ayl .
and 1i(p) = aj+ajp+ Zbi|p-p | (39b)
j=1
where
i = — i _ i _ i i . i
ag = -13.59, aj = -0.03, by = 0.83, bj = 0, b; = -0.83, b, = 0.83, b;' -0,
i = i = ‘ i S e i = |
bg = =0.77, by = 0.42, by = -0.45, b9 0.67, blo 0.27, and by, = -0.05.

-11-



The breakpoints for both v(p) and i(p) are of course identical and are located
as follow:

Dl = -10.23, 02 = -7.41, Py = -4.58, Py = -1.41, Py = 0, o, = 4.24, Py = 7.85,

6
98 f 9.85, 09 = 12.08, P10 = 14.3, and P1g = 17.32. -

The curves corresponding to (39a) and (39b) are plotted as'shown in Fig. 5(b) and
(c), respectively. A comparison of these two curves with its associated multi-
valued curve shown in Fig. 5(a) would verify the validity of the canonical
representations (35a) and (35b).

D. A Canonical Sectionwise-Piecewise-Linear Representation for Continuous

Functions of Several Variables

Our objective in this section is to generalize the basic approach presented
in Section IT-Band develop a canonical representation for continuous functions
y = f(xl,xz,...,xn) of n vériébles. We assume a priori that a sufficient number
of data points has been taken such that the function can be realistically
approximated by a piecewise-linear function of a single variable along every cross-

section obtained by freezing any combination of (n~1) of the n coordinates.

Consider first the case n=3 and suppose that the values of f(xl,xz,xs) are
given at a set of N3 data points (xli,XZj’x3k)’ i,j,k=1,2,...,N. By assump-
tion, the function f(xli,xij,gsk) with the second and third coordinates fixed
at X, = x2j and X3 = Xg is a plecewise-linear ¢ontinuous function of a single

variable X, and can therefore be represented by (13); namely,4
. N-2
f (x1’ ij 9 x3k = ao (xzj ? x3k) + al (x2j ’ x3k) + j;lbi (x2j ’ x3k) I xl-xli I (40)

1 and bi are determined via (17), (14) and (15),
respectively. Notice that these coefficients will change for a different choice
of (x

and x

where the coefficients ao, a

,x3k) and hence can be considered as functions of the two variables X,

23

3

whose values at any data point (x2j’x3k) can be computed from (17), (14)
and (15). Since aO(xZ’XB)’ al(xz,xB), and bi(xz,x3) are now functions of two

instead of the original three variables, they can be represented in turn by the
canonical representation (25). It follows from the preceding algorithm that

4The upper index of summation in (40) is N-2, rather than N because the left-
most and the rightmost data points are needed to compute for the slope of the
two end segments, and hence only N-2 data points are available as breakpoints.
We are implicitly assuming as always that the two leftmost (resp., rightmost)
data points lie on a straight line extending to -» (resp., +).

-12~



any continuous function f(xl,xz,x3) of three variables having a piecewise-linear

cross section can be represented by the following canonical form

N-2 _
f(xl,xz,x3) = ao(xz,x3) + al(xz,x3)x1 + ééibj(XZ’XS)lxl-xlil (41)
where .

ao ao N-2 a

ay(x,,%,) = a5" (x5) + 2y (x)x, + Zb (xg) |x,7x,, | (42)
N-2 a

al(xz,x3) = (x ) + a, (x )x + Zbl(x3)|x2-x21| | (43)
b N-2 bj

b, (x),%,) a j(x ) + a j(x )x, + Eb (%) |%=%p4 |- (44)

where the double superscripts attached to the coefficients ao(x3), al(x3), and
bj(x3) are used to identify the associated model functibn. Observe that the
model functions in (42)-(44) are now all functions of a single variable Xq and
hence can in turn be represented by (13). .
The'generalization of the preceding algorithm to continuous functions of any
number "n" of variables is now obvious. We first freeze all (n-1) coordinates

x2,x3,...,xn and write

f(xl,xz,x3,...,xn) = ao(xz,xS,...,xn)'+ al(xz,x ,...,xn)xl

3

N-2 '
+ Zb (xz,x3,...,x )|xl 1jl (45)

where ao(xz,x3,...,xn), al(xz,x3,...,xn), and b (xz,x3,...,xn) are functions of

3
n-1 variables, which is one less than the original number of variables. The same"
algorithm can be applied repeatedly to these model functions, where the number

of variables is reduced by one after each iteration. The algorithm must clearly

terminate when all model functions have been reduced to functions of a single
variable, which in turn are represented by (13). The following example
illustrates the steps involved in this algorithm.

Example 4.
5
Suppose the function to be represented is given by

5
We specify the function f(x »X X ) here by an equation in order to check the
validity of our canonical represenéation for this example. In practice, this

function is usually available only as a table of values of f(+) measured at a
set of data points.
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f(xl,xz,x3) = (L+xi+|xl-1|)(l+x2+|x2—lI)(l+x3+|x3-1|)' (46)

For simplicity, let us choose the set S of data points to be uniformly distributed

on the cubical lattice as shown in Fig. 6(a); namely,
S = {(xli?x2j’x3k): i,j,k = 1,2,3} s xliXZj’x3kle {0,1,2} (47)

Here N=3 and we have a total of N; = 27 data points where the value of £ is
assumed to be specified; For this example, the value of f at each of these 27
data points is simply obtained by direct substitution of (xli,xzj,x3k
In practice, these yalues must either be measured from the surface representing
f(xl;xz,x3), or must be eomputed in accordance with some algorithm germane to
the problem on hand. Since N=3 and N-2=1 in this case, the canonical repre-

sentation (41) assumes the form
f(xl,xz,x3) = ao(xz,x3) + al(xz,x3)xl + bl(xz,xS)le-ll' (48)

Observe that for each cross section X, = 2j and x = Xgps 2j’x3k) is a

continuous piecewise-~linear function representing a 2-segment curve sharing a

f(xl,x

common breakpoint. Our next task is to determine the coefficients a (x2j’x3k)’
2j’x3k) and b (x2j ) for each combination of the indices j,k = 1,2,3.

Since the procedures for’determiningthese coefficients are identical in each

a; (x

case, we will show the detailed calculation for only one case; namely, the
cross section corresponding to j=1, k=l: '

21= 0, x
It follows from (48) that

=% =0

Cross section 1l: x2 = X 3

£(x,,0,0) = £(x 8,(0,0) + a (0,0)x, + b, (0,0) |x-1]

1¥217%31) =
To determine the coefficients a, (0,0), a, (0,0), and b (0 0), we need the values
12,0 0), and (x13,0 0), namely,
f(xll,0,0) = £(0,0,0) = 8, f(xlz,0,0) = £(1,0,0) = 8, and f(xl3,0.0) = £(2,0,0)
= 16 (these values are computed directly from (46) in this example). Since

of f(xl,xz,x3) at the three points (xll,O 0, (x

f(xl,0,0) is piecewise-linear, by assumption, these three values of £(+,0,0)
determined uniquely a piecewise-linear curve as shown in Fig. 6(b). Observe
that the first two data points (0,8) and (1,8) are used to obtain the slope
m.=0 for segment 0, whereas the last two data points (1,8) and (2,16) are used

0

to obtain the slope ml=8 for segment 1. With m0=0, m1=l, and the breakpoint

-14-
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location xl—l now known, a, (0,0), b (0 0), and a, (0,0) can be computed from (14),
(15), and (17); namely, al(O 0) = —(0+8) = 4, b (0 0) = 2(8-0) 4, and a (0,0) =
£(0,0,0) - (&) =

Repeating the above procedure to each of the remaining cross sections, the

corresponding coefficients can be computed and the result is summarized in Table 1:

Table 1. Calculated Coefficients for Different Cross Sections

Cross Section

= _ ao(xz,x3) al(xz,xa) bl(xz,x3)
,xz x2j’ x3 = xé&f
1lx,=0, x3=0 8,(0,0) = 4 a,(0,0) = 4 b (0,0) = 4
2 x, =0, x,=1 | a,(0,1) =4 a,(0,1) = 4 b (0,1) = 4

3{x, =0, x, =2 30(0,2) = § al(0,8) = 8 b1(0,2) = §

4lx,=1, x, =0 ao(l,O) = 4 al(l,O) =4 bl(l,O) = 4

5|x,=1, x, =1 ao(l,l) =4 al(l,l) =4 bl(l,l) =4

6(x,=1, x, = 2 30(1,2) =8 al(l,Z) =8 bl(},Z) = 8

7 xy=2,x,=0 ao(g,O) = 8 a,(2,0) = 8 b,(2,0) = 8;

8|x,=2, x,=1 | ay(2,1) =8 a,(2,1) =8 | b,(2,1) =38

9(x, =2, x, =2 a0(2,2) = 16 al(2,2) 16 bl(2,2) = 16

Our final task is to model ao(xz,x3), al(xz,x3), and bl(xz,x3) via (25)
which now assume the form:

a a a

ao(x?_,x3)- = éoo(x3) + alo(xs)xz b, 0 (x )|X -1| (49) -
a, a, a,

al(xz,x3) = a, (x3) + a, (x3)x2 + b (x )|x l] : (50)
bl bl b .

bl(xz,x3) = a, (x3) + a; (x3)x2 + b1 (x3),x2-1| (51)

An inspection of Table 1 shows that for this example, the values assumed by these
three functions are identical at the specified data points and hence we only have

to determine one of them, say ao(xz,x3). The values assumed by this function are
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plotted in Fig. 6(c). By assumption, ao(-,x3k) is a pilecewise-linear function

on each cross section x3 = x3k’ k =1,2,3. This assumption allows us to pass

straight-line segments through the data points as shown in Fig. 6(c), for the

three cross sections x =1, and x, = x., = 2. Hence, the

3 33
20
1 (x3k) for each value of

3= X33 705 X3 = x5,

a a
0 1
data needed to determine a, (gsk), a, (x3k), and b
Xq) are either available or can be calculated from the data given in Table 1.
Applying the canonical representation (13) once more to each of these cross
sections, we obtain

a

0 v :
a, (x3) 1+ x, + |x3-1l (52)
a, ,
al,(x3) = ; + x, +_|x3—1| (53)
a, ‘ . ‘ A
bl (x3) =1+ X, + |x3-l| (54)

Substituting (52-(54) into (50), we obtain
ap(xypxg) = 1+ xy 4 |%x,-1] + (l+x3+|x3-;|‘)x2 + (l-l~x3+.|x3-l|) |%,-1]  (55)
Simplifying (55) and making use of our earlier observation that ao(-), al(-),
and bl(-) are identical for this éxample, we obtain
89 (kyoXg) = 8y (y0%y) = by (yx,) = (Limgt|my-L]) (Lxg#] 2,1 (56)
Substituting (56) into (48), we obtain
f(xl,xz,x3).= ao(xz,x3)(l+x1+|xl-1|) = (1+x3+|x3-1|)(l+xi+|x2-1])(l+x1+|xl—1|)
(57)

Observe that (57) is identical to the original function given in (46), thereby
verifying the validity of our algorithm. If we. expand (57), we see that

f(xl,xz,x3) contains in addition to linear and product terms involving the

absolute-value functions |x1-1[, lxz-ll, and |x3-1|, also such quadratic terms
as x1x2 N x1x3,'x2x3, and.xlx2x3. Hence f(xl,xz,x3) is definitely not a piece-
wise-linear function of 3 variables, but rather a nonlinear function involving
all possible products of the terms 1, X,,X,, X, |x-x1|, |x-x2|, and']x-xsl.
This observation is very significant because it shows that our canonical
representation (45) for functions of n variables is much more general than

conventional piecewise-linear functions and in fact resembles the widely used
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multivariate approximation techniques involving tensor product terms [15]. How-

ever, our representation appears to be computationally much more efficient.

II. PROPERTIES AND APPLICATIONS
A. Properties and Manipulations of Piecewise-Linear Functions

The canonical piecewise-linear representation (13) has been shown in Part I
to be the fundamental building block frbm which all section-wise piecewise-linear’
representations for functions of several variables are based. It is desirable
therefore that we uncover as many properties as possible with respect to the

constraints on the coefficients ao, al, b,, and cj. To simplifyﬁour notations

J

and derivations, unless otherwise stated, we will assume the function is con-

tinuous so that c¢,=0 and (13) reduces to the form:

]
n
f(x) =a, + ax + _-jé:lbjlx-le o (58)..
Propeffz 1. If the breakpoints of f£f(x) are such that 0 < X <Xy eee < X then
1 - '
ag = 31E(0) + £(x ) - m x ] | -. (59)

Proof. Substituting x=0 in (58) and solving for a;, we obtain

n
ag = £(0) - ;g;bjxj

1. _ N Y 1, - -1 '
£(0) - S(m-my)x) - F(m, ‘“1)"‘2 2@ m)%g = wee = S@mm L dx

1 1 - - -1
5 £(0) + 2[f(O) + my%, + ml(x2 xl) + ... + mn_l(xn xn_l)] 7 BX

L) + £(x ) - mx] ™

Property 2. A continuous piecewise-linear function f(x) is monotone-increasing
.(resp., strictly monotone-increasing) if, and only if,

k n
a, + b, - . b
1 j§1 U A

> 0 (resp., > 0) for all k = 0,1,2,...,n (60)

Proof. f(x) is monotdne-inecreasing‘(resp., strictly monotone-increasing) if,
and only if, for all x # X k=20,1,2,...,n,f£'(x) > 0 (resp., > 0). Differen-
- tiating (58), we obtain (60). ™

It can be easily shown that (60) represents a system of (n+l) independent
linear inequalities. These inequalities define a convex polyhedron (polytope)

. ntl
Q C B where the coefficients al’bl’bZ"°"bn must lie. Hence any piecewise-
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linear function with at least one coefficient lying outside of & cannot be
monotone increasing. If f(-) represents a v-i curve, then (60) becomes the

criterion for local passivity.

Property 3. If a continuous piecewise-linear function has monotone-increasing

slopes (resp., monotone-decreasing slopes) in the sense that 0 <m

0 <ml<...

< m (resp., o, > m1'>... > m > 0), then
(1) a1'> 0

(2 bj > 0 (resp., bj < 0) for all j = 1,2,...,n.

(3) if £(0) = 0, then a, 0 > 0)

Proof. (1) and (2) follow immediately from (60), while (3) follows from (58).

One important reason for seeking an explicit analytical representation of

< 0 (resp., a

functions is to allow the possibility of carrying out mathematical operations
and equation manipulations on the functions for analytical studies. The next
two properties provide explicit formulas for performing two common mathematical
1
(

operations; namely, finding the inverse £ () of f(x) and finding composition

fog between two functions f(x) and g(y).
Property 4. Let

’ n
y = £(x) = aj +a; g + ;g%bjlx'le

be a continuous and strictly-increasing piecewise-linear function and let its

inverse be given by
-1 o :
x=f (y) =38, +ay+ Zlﬁjly-yjl ~ (61)
i= :

then the coefficients in (61) can be computed as follow:

n 2 o
=l (B ] o @

|

k-1 n 2 2 ) :
&L - - L k= 1,2, 63
" 'b“/[(al ! jz:'lbj j'-gc;l-lbj) bk] ’_n 2
By = £71(0) - PAEER] (64)
j=1

Proof. See Appendix A.
Remark. Property 4 can be generalized to allow finite jump discontinuities in
f(x). In this case, as is commonly done in electronic circuit literature,'the

two points at each jump discontinuity are connected by a vertical segment and
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f(x) becomes a multivalued function. The inverse f—l(x), however, is a well-
defined single-valued function because the inverse of a vertical segment
becomes a horizontal segment. To be more specific, suppose f(x) is continuous

except at breakpoint X where y; = f(x;) and y: = f(x:). Then
n
y = f(x) = a, + alx-+ z;bjlx-le + C sgn(x—xk) {65)

¥k
and the inverse function is given by

x=£1(y) =3y +ay + Zb ly=y,;| + By ly-y, | + 5 v ly-vil - (66)
=]
#k .
It can be shown that the coefiicients a; and Bj’ j # k in (66) can be computed
from the same formulas given in (62) and (63), and that
. 1 k-1 n ]
b= -3 al+}:b -‘;bj (67)
j=k .
-t | k n
5 - /[ z_: P> bj] (68)
=1 j=k+l
n
~ - .+ .
3, = { Z: Yj| + Bklykl + bklykl} (69)
j#k
Property 5.

Let y = £(x) be any piecewise-linear curve and let x = g(z) be any strictly-
monotone increasing,piecewise-linear curve, then their composition y = fog(z) =
f(g(z)) h(z) is also a piecewise-linear curve and the coefficients character-
izing h(z) can be computed explicitly from those characterizing f(x) and g(z).

In particular, if

y = £(x) = a0 + a 1¥ + Z{ flx—x | + cj sgn(x—xj)} : - (70)
"g
x = g(z) = ag + a%z + ;gi b?lz-zjl + c? sgn(z-zj)} (71)

then the composition function fog(+) is given explicitly by.

= h(z) = a(f) +a 5+ Ebi[gf(j-bﬁ j)] [ 1 1+2_b (nﬁbg)]z

i=1 " Lj=1 i=1
n n
8(,f -
+ %bj (al + :E:b sgn(zj )) |z 2 |
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4+ bi(a% - sz? sgn(zj-z;)) |z-zg|

i=1 j=
n n
g f .
+ cg(ef + bf sgn(z —z*)) sgn(z-z,)
ng n
£l 8 _ 81, —pk| - 8 -
+ 1=l{bi[ao x, +a] z* El(b |z z*I ¢ sgn(zj z;))]
f
i} sgn(z-z*) (72)

where z{ is the unique selution of g(z) - X, = 0, 1= l,2,...,nf.
Proof. See Appendix B.

The preceding properties are particularly useful in deriving.algebraicallz
both the DP (driving-point) and TC (transfer characteristics) ploté of resis-
tive nonlinear networks. Indeed, much of the graphical procedures used for
deriving DP and TC plots in [12] can now be replaced by algebraic manipulations,
as the next example demonstrates. ‘

Example 5. _ .

Consider the nonlinear voltage divider circuit shbwn in Fig. 7(a) where the
nonlinear resistors Rl and~R2 are characterized by the piecewise-linear curves'
shown in Figs. 7(c) and (d), respectively. The problem is to derive the
~Vs.-v, TC plot.

Applying KVL and KCL, we obtain

Yo

v, =V + A f(il) + A | (73)
il = '12 = g(vo) ‘ (8
Substituting (74) into (73), we obtain
v, = fog(v.) + v. & F(v,) (75)
i 0 0 0
Now applying (13) tq the v-1i curves shown in Figs. 7(c) and (d), we obtain
v, = £() = 21, - 3]14] + 3 sgn(i-1) +3|1,-2| (76a)
1 1 1 2 2
' 3
1, = gvy)) =-2+3v, - 4|v +2|+sgn(v +2) + (|v |-|v2—1|+|v2—3|) (76b)
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Since g(+) is strictly monotone-increasing, the composition fog(vo) is well
defined. Hence substituting the corresponding coefficients defining f(il) and
g(vz) from (76a) and (76b) into (72) and simplifying the resulting expression,

we obtain

>

- 3, _ 3 1 - L
v F(v,) = -4 + 4v0 - 4|vo+2| + 2 sgn(v0+2) + 4|vo| +3 sgn(v0 2)

i 0)

1 3
- Logrtl + vyl (77)

Since the coefficients in (77) satisfy (60) with the strict inequality.sign, it
follows from Property 2 that the function F(-) is strictly monotone—increasing
and therefore has a well-defined inverse Vg = F (v ), which is precisely the
TC plot being sought. Hence, it remains to apply Progertx 4 to compute F ( ).
Observe that since F(*) in (77) contains a discontinuity at 5 %3 we must
make use of (66) rather than (64) in computing for F_l(.). After some routine
calculation and simplification, we obtain:

ol 13,4 1 Liowar Lo oy 3 L1, 5

vo = F v =35+ 15 vy~ glvit?l + 3lvyt3] - glvyl - Glvg -3l +5lvy -3l
1 V )

+-i§1v1-4| olv 8| T(v,) (78)

This TC plot is blotted as shown in Fig. 7(b) and can be easily verified by the
graphical technique described in [12] to be the correct solutionm.

B. Some Applications of Canonical Piecewise-Linear Representations

In addition to the many obvious applications to approximation and computa-
tion in device, circuit, and system modeling, the canonical piecewise-~linear
representation is also useful in carrying out any mathematical analysis of a

circuit or systemlwhere the final results in explicit analytical form are

desired. Due to space limitation, only three such applications will be presented.
Application 1. Deriving Describing Functions in Explicit Form

The describing function technique has been widely used for analyzing non-

linear circuits and systems subject to an input of the form x(t) = A0 + A1 cos wt.
The system normally has a memoryless nonlinearity y = f(x) as well as some
component--such as a low-pass filter--which reduces the harmonic componenfs‘of
y(t) to negligible values. Under this assumption, we can write

y(t) = Dy + D, cos wt ‘ (79)
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where the Fourier coefficients

2T
=L
Do (AO,Al) =5 ]0' £ (A0+Alcos ¢)dé (80)
and
1 [T |
Dl(Ao,A1)= ;KI‘I; f(AO+Alcos¢)cos¢ d¢ | (81)
are called the describing functions because they depend on both A0 and Al' Now

if £(x) is piecewise-linear, i.e.,
: n
f(x) = ag + alx‘+ ;gi(bjlx-le+cj sgn(x—xj)) ' : (82)

then the following explicit formulas for Do(-) and Dl(-) can be derived6f(see
Appendix C):

DO(AO’ﬁ): a + aA +-g i{(b (A -X )+cJ)(cos ( ) “) jJAl (x x) }(83)

n : 2b, X,-A
Dl(AO’Al)= a, +.jz==:1{bj + -;r%l- (bj (A ~X )+cj) 1- ( ) ﬁJ (cos-l(—j——Alo) -7
X, - A ~-x.\2
+ (J 0) 1_( 0 1) (84)
Al Al : )

Application 2. Deriving Fourier Coefficients in Explicit Form

: In the analysis of many communication circuits, an input signal x(t)
A0 + Al cos wt 1s often applied to a memoryless nonlinearity y = £(x) to
obtain a periodic output [14]

y(t) = ay + Za cos kut (85)
k=1

having only cosine components. The problem is to derive the Fourier coefficients
BprGysecesOysens in A form that would provide some insight on ;he effect’of'the '
nonlinearities on the magnitude of these coefficients. A useful technique for
doing this is giveﬁ in [14] for several simple piecewise-linear curves. Since
these curves are aescribed graphically, the Fourier coefficients associated with
each curve have to be derived on an ad hoc basis. Such tedious repetitions could
be obviated by deriving a single formula with the help of our canonical piecewise-

linear representation.

, for all § = 1,2,...,n.

6Without loss of generality, we assume that A1 > |A0-xj|
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For simplicity, assume the plecewise-linear curve is continuous and can

therefore be represented by

n .
= = - ' 86
y=£(x) = a;+ax + glbjlx xj| (86)
I= .
The output time function due to the input x(t) = Ao + Ai cos wt is therefore
given by
n
y(t) = ay + a; (AjtAjcos wt) + j=1bj|A0 + A cos ut - xj| (87
Let us first observe that if Ao - Xj Z_Al (resp., A0 - x.:l 5_-A1) in (87), then
|A0 + A cos ut - le = Agt A) cos ut - Xy (resp., -(Ao+Alcos wt—xj)), which

is a cosine wave with a dc component. On the other hand, if |Ao-xj| < A for

some j, then |A0 + Alcos wt - le is no longer sinusoidal. However, this wave-

form can always be decomposed into two:wave-trains made up of sine-wave tips

as shown in Fig. 8. Observe that the two wave-trains are uniquely identified
by a single parameter ‘
x,.-A .
o, & 2¢, b, cos-l(fj-g) R (88)
| i A .
, 1 .
called the conduction angle, where 0 < ¢, < w. Since Fourier coefficients of

"sine-wave tip" wave-trains such as those shown in Figs. 8(b) and (c) and

parameterized by the conduction angle 2¢j have been derived and are widely
available either in tabular or graphical form [14], it is but logical to
express the Fourier coefficients of y(t) in terms of the Fourier coefficients

of these "sine-wave tip" wave-trains. To derive this relationship, rewrite

y(t) as follow:

y(t) = ag + a, (A +A cos wt) + ), by (Ay+A, cos wt-x, )
Ao—xigAl

o _Z R b, (Ag*tA, cos wt-x, ) + A -EléA b jIAo-l-Alcos wt-le (89
0 kL 0 *41%%
where the subscripts i, j, and k are understood to sum over all those components
in . _ _ _,
(87) corresponding to the three cases Ao xi.z Al, Ao xk-i Al, and
|A0-xj| <A, respectively. Now the last term in (89) can be written as

follows:



|A +A, cos mt-le E{pjzcos Lot + 1y, cos L (wt+r)}

E (P, +9;,)cos fut + Z (p,, -4, )cos RLut
f,even AL 2,0dd S 4

(90)

where p ig and q denote the 2th harmonic cosine Fourier coefficient of that

sine-wave tip wave-train having a conduction angle equal to 2¢

3

, and 2(m-¢

j)’

respectively. Substituting (90) into (89) and collecting terms together, we

obtain the following explicit formula:

y(t) = [ao + alAO + E b (Ao-xi Z b (A xk) + Z
Ay- xi>Al | | A, xk__-A |A -xJ]<Al

+[‘*1("‘1*’ > b X Abk)+|AZ
1

K “ £ j
Ag7x 281 T AR %y <)

+ Z . (p, )] cos fwt
- 2=2,4,6,... [IA Z|<A 3P3aTdy ~

(pjl qjl)]cos wt

+ > bj(P -q, )]cos 2wt

2
2«=3)5,....[|A0 jl A J Jf,

j (PJO"'qJ o)]

Example 6. Consider a memory device whose TC plot is shown in Fig'. 9(a).
Applying (13), we obtain the following piecewise-linear representation. '

74

(91)

Vg = T(vi):= -Z ll'{v + lv +4| lv +2| + 4|v | - 3|v -1| + lv 3| + lv 5|}

(92)

The output waveform vo(t) due to the input vi(t) = 1 + 4cos wt shown in Fig.
9(b) is obtained graphically and shown in Fig. 9(c). The Fourier coefficients

of vo(t) could of course be obtained by any efficient computer techniques.

However, such a standard approach would not yield any qualitative information

on the effect of the magnitude A, relative to the dc bias A0 ahd the breakpoint

1
locations. To apply (91), we first observe that the condition |A.0

satisfied for this example only at the four breakpoints \ii

The corresponding conduction angles are therefore given by 2¢2 = 4.84,

2¢4 = T, and 2¢5

xil <A ie

1

= -2,0,1, and 3.
2¢3 = 3.64,

=.%‘n radians, respectively. The corréesponding Fourier

coefficients for Pji and qu for the first five harmonics are then read off

from the graph on p. 94 of [14] and tabulated as follows:
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MEIE 2 3 4 5 [ a,[*=0 [T |2 3 4 5
Py, |2-94|3.71[0.238~0.196| 0.126]-0.056] q, [0.15/0.28]0.24| 0.18| 0.12 | 0.06
P,, |1-80[2.45]0.80 [-0.185[-0.09 | 0.09 | a,,|0.81|1.32[0.75| 0.21|-0.096]-0.096
P, |1-32|1.92[0.88 0 [-0.176] ©0 [ q,,[1.32[1.92[0.88 0 [-0.176] 0
Ps, |0-44]0.75/0.55 | 0.29 | 0.056[-0.056] a ,|2.4 |3.0 [0.54[-0.30] 0.048| 0.048

Substituting the parameters from (92) and the preceding table into (91) and
simplifying, we obtain

y(t) = 1.3175 + 0.7225 cos wt + 0.383 cos 2ut - 0.1535 cos 3ut
+ 0.0425 cos 4ut + 0.189 cos Sut n
The last two applications have been computational in nature. To demonstrate

the usefulness of (13) fof theoretical studies, our final example derives a new

theorem on the existence and uniqueness of solutions. -

Application 3. Deriving a new theorem on Existence and Uniqueness of Solution

The equilibrium equations for a large class of resistive nonlinear networks
assumes the form [17]

i a eld | I B o '
{- = (93)
[g(ib) Ypa Hopd LIt gy |

where 1a = g(ga) and Y, = g(gb) denote the constitutive relations of nonlinear

voltage-controlled and current-controlled resistors, respectively, and where

gjk and §j denote respectively the hybrid matrix and source vector of the linear
n-port obtained by extracting all nonlinear resistors of the network. Now if _
we assume that all nonlinear resistors are uncoupled and characterized by a continuous
piecewise-linear.curve, then each component of g(ya) and g(;b) can be represented

by (13)_§nd (93) can bg_rewrithQ_as follows:

et 1 .

L a
~ ~ r r ) -
301‘1 (] a 0.. .OT hll hlz. .hln]'} x:ﬂ jglblj le xij l rs]_
. - |
A - -
P@x) = a5, +< O 315 0|7 |Byy Bype-byy > x| F jglsz.XZ %3 %2
: AT o : : .
: S oo sl e e
Con) WO o f1a) [ e ) (2 j);-:lbmjlxm’xmjl °n
L B - J
(94)
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We are now ready to state the following theorem:
Existence and Uniqueness Theorem
Any resistive nonlinear network characterized by. (94) has a unique solution

if, and only if, the matrix

[ ot 1 [ | )

all+P1§ 0 L ] L] [ ] [ ] ] O hllh12 ] . . . ohlm

uilo wle? - I h, (95)

Y 212TE, . 21%2 ° ¢

S .. j ‘

) T “m
_? e s o s o o o o a1m+§m§ EﬁﬂhmZ o o o o 'hmm
- —

A T

‘where b = [b (b y+--by 1T and g © = [ 1... e -1...-1]" (where ¢ 1is located
at the jkth row) is non-singular for all jl’jz""’jm ranging from 1 to n, and
for all € € [-1,1].
Proof. See Appendix D.

The point we wish to make with this example is that without resorting

to the canonical representation (13), it would have been impossible to derive

such an explicit ﬁecessary»and sufficient condition as (95).
CONCLUDING REMARKS |
The section-wise piecewise-linear representations presented in the pre-

ceding sections seem to be' ideally suited for modeling nonlinear devices,

circuits, and systems. The closed form canonical represehtations for £(x)

are global in the sense that they are valid for all values of x € R". The
coefficients characterizing these representétions can be calculated efficiently
and the amount of computer .storage space is miniﬁai in the sense that only the
characterizing coefficients need be stored. Since the canoﬁical representa-
tions contain tensor-like product terms, they appear to be at least as accurate
as the widely used multivariate approximation method employingitensor products
[15]. However, the coefficients in our representations can be ideﬁtified

much more efficiéntly. Moreover, unlike other approximation methods, the —

"gection-wise piecewise-linear" representations can allow finite jump dis-

continuities—-a unique feature that should be useful for analyzing many

circuit and control systems containing devices characterized by discontinuities

characteristics such as zener diodes, relay, etc.
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APPENDIX
A. Proof of Property 4.

Let o and ﬁ:k be the slopes of f£(+) and f-1(°) corresponding to the
interval I, for k = 0,1,...,n. Then

k
SO 1 , A.
m'k-mk- n i (a.1)
a, + b, - b
L3 sl
a
~ 41 1\ 1 .
a, =3 ng + - ) ~n 5 (A.2)
n a2 _ z:b
1 \&3
5 =£(_1__._l__) R
k 2 oMy q
_ !;/ 1 _ 1
R, o, - 3
a. + b, - b a, + b, - b
SR = A BT~ E N B = N 4
. bk . :
- 1 55 = for k = 0,1,...,n (A.3)
a,+) b.- b. 2
(1 j2=:l 1 5n )2 = by
Finally, from (61), we obtain
a, = £10) - .}I_ljﬁ lEG)| ™
o=
B. Proof of Property 5
-Substitutihg (71) for x in (70), we obtain ‘
n
f
fog(z) = ag + aig(z) + Egi{Filg(z)-xil + ci sgn(g(;)-xi)}
= ag + aig(z) + Z{ g(z) -x; i}sgn(g(z.)—xi)
n,
_ £ f g, _ g -
= aj + al{o §(bj|z zj| + cj sgn(z zj))}
nf’ . j .
+ {bf[ Zg( |z-z, | + c® sgn(z-z ))- x, |+ cf (z)-
& 1 . j ] g j i] ¢y sgn(g z) xi)
(B.1)
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Since the function g(.) is strictly increasing by assumption, we can write

sgn(g(z)-xi) = s‘gn(z-z?) | ' (B.2)
where z’{ is the solution of g(z) -~ X = 0.
From (B.l) and (B.2) we obtain
n
= o f f g 4 g _ g ¢ g
foh(z) ag + alao z jga b |2 zj| + p2 alcj sgn(z zj)

n
f f
f, g f fg
+ E__: bi(ao-xi) + ci}s_gn(z—z;) + 2_ bialz sgn(z-z;)
‘ n

.+ Eb Zbglz zj |sgn(z z*) + Zb {f[c? sgn(z-zj)]sgn-(z-z;)} (B.3)

j=1

The three piecewise-linear functions z sgn(z-z i), |z-z j |sgn(z-zf)_ and

sgn(z-z )sgn(z—z;‘_) in (B.3) can be rewritten as follows:

3

z sgn(z-zi) = |z-z¥] + zg‘_ sgn(z—z;) . k (B.4) -
|z--z:i lsgn(z—zg) = -z +z+ sgn(zj-zg) |z-zj! - :_&ign(zj i)]z-z”’| |

+ lzj-z; lsgn(z—zg) : (B.5)
and ,

sgn(z—z.)sgn(z—-zi) =1 + sgn(z -z*)sgn(z z,) - sgn(zj-zz)sgn(z-zi) (B.6)

3

Hence (72) follows from (B. 3) (B.6). X
C. Derivation of Describing Functions D, (A D'AJ? and D, (A 0,Al)_
Substituting (82) for f£(+) in (80), we obtain

1 }
Do = 37 IZ { o + a8 * ajA; cos ¢+ E (bj (A xj)+c +bjAl cos ¢)
0 .

3

i=1

. sgn(Ao 4 A cos ¢)}d¢

1 27
a, + alA0 + = o :)‘:;1{»[; ( j(A -X )+cj+bjA1 cos ¢) $

21r-cp:j
- 2[ ( X, )+c,+b A, cos ¢ d¢} : (C.1)
¢j ( B A B! ) |
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A x.-A |
where ¢J. 4 cos-l("l&—q) » 05 € (0,w)

1
The angle ¢ 5 is well-defined since |A0—xj| <A, by assumption.

Now observe that

1 27

2 j:) (by (hgmxyyregibghy cos g)ae = byagxy) + g e
and 2m=¢ , 2“_¢j

%r' '¢[ (bj (AO—xj )+cj-i-bjA1 cos ¢)d.¢ = %[(bj (Ao—xj)+cj)¢ + bJ.Al s:l.ncp]dél

h|
= 3oy @ompre) (or 20+ gty (stncar-spp-sin o)
X.=A
= %{[bj (AO"Xj) + Cj]ﬁl' - COS-l(xjAlO)]_ bj /Ai_(Ao_xj)Z} (C,3)

It follows from (C.i)-(C.3) that

2 & -1 Ao'xj) o (T 2
D0 = a, + ale + p JE{E:J (Ao-xj) + cj] [cos ( A]_ - E] + bj Al-(Ao-xj) (83)
Next substituting (82) for f(.) in (81), we obtain

1 (%" L '
D, = {ao+aA + a A cos¢+2[b(A-x)+-c.+bA costb]
0o\~ '

1 A 10 T %1% P N R 37 5t

. sgn(Aofx +A1 cos ¢)} cos ¢ d¢

k|
n 2“"¢j A
.1 o ) .
= “Al alAlﬂ + jz=:1[bjA11r 2 f(b (b.'l (AO x:j )-l-<:j+bjA1 cos ¢) cos ¢ d¢]}
n | 2 j 21T-¢ 2"-¢j

= - = - it 2

a, + jz=;1{bj "Al([(bj (A, Xy )+cj)sin ¢]¢ + DAy -£ cos“¢ d¢)}

3 ki

_ c 2 b,A; ‘
= a, + jz.—.-:]_{bj - ——[(bj (Ao-xj)+cj)(-2 sin ¢j) + —j—z (2n - 2¢j - sin 2¢j)]}

n 4 ' Ao-x.)z
=a, + Z{bj t [bj (Ao-xj) + cj] l-(—lAl

) 2b X.-A -A A -x . \2 '
o+ —i[cos-l(—i—g)- T + fjrg 1_(__10 . ) ]} n (84)
‘ 1 1 A

-29-



D. Proof of Existence and Uniqueness Theorem

The prqof follows from a theorem by Fujisawa and Kuh on homeomorphism
[23], namely, .

"g(§) is a homeomorphism of R" onto itself if, and only if, for any
unit vector a and for any x € ng there exists one and only one nonzero
vector B = S(g,g) such that g(§+v§) = E(E) +va for all sufficiently small
positive v."

It follows from (94) that

(- T
r- - r~ .
830 « « . 0| [hyho e el by
0 a12 . . .
P(xtvB) - P(x) = R o I ) ? 8
_0 c e e et al‘l‘l Lhmlhm2 SRR .y
& - p,

by (Irhverxygl - I3y

(n

2

’ n
+ ngsz (|x2ws?-x2j | = Iy, |)

n

2

lbmj (| xmwem-.xmjl | = -x » l) - (D.1)

— -
Observe that ]xkfvsk-xkj] - ka-xkjl = kaSkj(xk,Bk), where Skj(xk,ﬁk) is a
piecewise~linear function as shown in Fig. A-1. So long as v > 0 is suf-

ficiently small such that both xkj and xkj - ka belong to the same segment

for all j=1,2,...,n, then the term Jgbkj(]xk'*'ka"xkjl'l"‘k""kjl) =
vskzbkj ” (xk,sk) becomes '

-1 n : . )
vB b _.+eb, - 3, b ., € € [-1,1] (D.2)
k Z=:1 kS .
whenever belongs to the interval between and . Hence if we
jﬁ *x ') o T VB th
let € l1l1...e-1...- 1) where ¢ is located at the jk = position,

k .
then (D.2) can be rewritten as ka~k§j , where jk=%. Combining (D.1l) and (D.2),

" we obtain ... h

ll lm lE ?0.0.-;.9
P(x+vg) - p(x) 21 *** Pam | Lpv] O bl 2 SlB (D.4)
: . 3
‘ LU h ’ oo-.'ocn’bTe n
ml mm om-

-30-



Now in order for one, and only one, nonzeroc vector § to exist such that
p(x+v§) - p(x) = va for all sufficiently small v > 0, (95) must be non-
singular for all unit vectors ¢ and for all x € R™. Now if Bk = 0 for some
¥ and g, then we can find another x with the same x and another g such that
# 0. Hence it is necessary that the matrix M in (95) be nonsingular for
all Jl,jz,...,j ranging from 1 to n and for all € € [-1,1]. If this con-
dition is satisfied, then for all unit vectors ¢ and for al x € ]R there

exists a unique B and hence (94) has a unique solution. x
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Fig. 1

Fig. 2

‘Fig. 3

Fig. 4

Fig. 5°

Fig. 6

Fig. 7

Fig. 8

Fig. 9

Fig. A-1

FIGURE CAPTIONS

A typical piecewise-linear curve with finite jump discontinuities
and the intervals'Ij (x ’ j+1] where the function is linear.

A Piecewise-linear curve with two finite jump discontinuities
(Example 1).

The dc characteristics of a typcial SCR in shown in (a) and modeled
by the family of piecewise-linear curves shown in (b). The (2n+2)
model functions are shown in (c¢) through (1).

A simple multivalued "ideal diode" v-i curve is shown in (a) while
a more complex unicursal multivalued curve is shown in (b), along
with an arbitrarily chosen breakpoint Q(x6,y6) as the parametric
origin and an arbitrarily chosen orientation as indicated by arrow
heads on the curve.

The unicursal multivalued piecewise-linear curve in (a) for Example

3 is represented by two single-valued piecewise-linear curves

v=v(p) and i=i(p) shown respectively in (b) and (c).

The points shown in the cubical lattice in (a) are chosen as the
set S of data points for the function defined by (46) of Example
4. The piecewise-linear curve f(xl,0,0) shown in (b) gives the
170
x2=0. The model function ao(xz,x3) shown in (c) has one less
=0,1,

values of the function f(-,xl,xz) over the cross-section x

variable and is piecewise-linear along the cross sections x
and 2.

The two resistors in the nonlinear voltage divider in (a) are

3

characterized by the piecewise-linear curve shown in (c) and (d).
i TC plot given by (78) is shown in (b).
The periodic ‘waveform p(t) = |A +A1 cos wt—le shown in (a) can

The vo—vs.-v

always be decomposed into the two wave-trains pl(t) and pz(t) shown
respectively in (b) and (c). Each wave-train is uniquely specified
=1/¥X5— .
A2¢ A2cosl--1—>
5 Al
The output waveform vo(t) shown in (c) is obtained by a graphical
TC plot shown in (a) with the

by its conduction angle 0

composition between the v -~vs.-v

0 i
input waveform \A (t) = 1+ 4 cos wt shown in (b). The unit-slope

line in (d) is used for graphical construction.

The graphs for Skj(xk,Bk) for Bk-i 0 in (a) and Bk < 0 in (b).
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