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ABSTRACT

‘It is proved that under spécific condition (so galled condition _
GZ) on the t:énsitiqn probability operator of-a‘stationary Markov proce;s,
a recursive Kernel estimate of the initial density is convergent
in quadratic mean.

Assumptions on the differential stochastic equations driven by
Brownian'métioﬁ are derived under which the statiomary solution
sati§fy condition G2.

-Ihe above results are applied to salve a class of nonlinéar

identification problems.
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0) Introduction

An important problem in control engineering is the identification
of dynamical systems. In this paper we focus our interest on systems
represented by stochastic differential equations. Thus far, primary
emphasis has been on solving the identification problem for linear
systems, and many techniques have been proposed (see e.g., [Kalman and
Bucy 1961], [Banon 1971], [Aguilar-Martin 1974],

[alengrin 1974], [Salut 1976]). In contrast, our interest is to
develop an approach for the identification of a class of non-linear
systems; More précisely, let {Xt,ﬁ5[0,m)} be a stochastic process
defined on a probability space (Q,afq)) and satisfying the following

stochastic differential equation:
dxt = m(Xt) dt+°(xc)dwt’ (0-1a)
with initial condition

In (0-1a) Wt represents a Brownian motion defined on the same
probability space (Q,afq)).

Hence forth we shall make the following assumptions relative
“to the problem (0-1):
The initial random variable X is defined on éﬂ,a,CI)) and

Alz

is of second order:EX2<m.

A2: m(*) and o(*) are Borel measurable function on R satisfying,

for x, y€R, the uniform Lipschitz condition:



Im(x)—m(y)li_K|x—y|

(0-2)
lo(x)-0(y) |< K|x-y|
and the linear growth cbndition:
Im(x)le y/l+x2
(0-3)

lo(x) |<K V1+x

where K is a positive constant.

Under Al and A2 we know (see [Wong 1971] p. 150, prop. 4.1, P5
and P6) that the Xt process, solution of problem (0-1) is unique with
probability one and is a Markov process.

Under some additional conditions the unique solution of problem (0-1)

must have a stationary transition demnsity, say p (+) satisfying

xtlx0=a

the forward equation of Kolmogorov and Py IX _a(-) must tend to a
!0

limiting density, say p(+) as t goes to infinity.

A class of such Xt process for which m(+) and 02(°) are polynomials
has been constructed and some specific processes of this class are given
in [Wong 1964] (see examples B and E). In this paper, we propose
a procedure to estimate point by point the function m(-) when the
function o(*) is known or when o(*) is unknown but takes a constant
value.

Considering the properties of the transition density oﬁ the Xt

process, its limiting demsity p(+) can be explicitly related to the pair

@m(+),0(+))-



So the techniques of non-parametric estimation used here to estimate
point by point the density function p(+) appears to be a powerful tool
in solving our initial problem of non-linear identification.

For the case of a stationary Markov process having a initial density
p(*), in section 1, we give a local (or point by point) recursive
estimate of p(*) and its derivative p'(-), for which wé show the
quadratic mean convergence under a specific assumption on the process
itself. For the case of stochastic processes defined by problem (0-1)
in section 2, we derive sufficient conditions on the pair (m(-),0(*))
which implﬁ the assumptions made in the previous section.

Independently of the estimation of the density we give in section
3 a quadratic mean convergént recursive estimate of 02 (assuming that
the function o(+) is constant). This is done using the quadratic variation
properties of the stochastic processes defined by (0-1). Finally,
in section 4 applying the previous results, we give the solution to a
class of nop-linear identification problems by suggestiﬁg a local

estimate of the function m(-).

1) Estimation of p(xo) and p'(xo) for Markov processes

In the case of a sequence kl’ XZ,...,Xn of independent and identically
distributed random variables whose distribution is absolutely continuous,
many non-parametric estimates of the density function have been proposed
in the past. We may recall the Rosenblatt-Parzen estimate (see
[Rosenblatt 1956] and [Parzen 1962]), the Yamato estimate (see [Yamato.
1972]) and the Deheuvels estimate (see [Deheuvels 1973]). As far as
we know, in the case of a dependent sequence, relatively few results

have been obtained. Under specific conditions on the nature of the



sequence it has been shown that the Rosenblatt-Parzen estimate is still
convérgénﬁ (see [Roussas 1969] and [Rosenblatt 1970]).

In this paper, instead of a sequence of random variables, we
have to deal with a sfoChastic process {Xt,ﬁE[O,w)}. In this section
we assume that the Xt process 1s a stationary Markov process which
has a initial denéity px(°) or simply p(*), and we introduce an estimate

of p(xo), where x. is any point of R, which has the same structure

0
as the Deheuvels estimate. 'Such structure is "recursive' and seems

to be well adapted to our problem of estimating the function m(*)

(see section 4). In order to prove the convergence to zero of the
yariance of our estimate (see theérem 1-1) we have to impose a specific
condition on the transition density of the stationary Markov process.

For each t€[0,«), we define the transition probability operator

Ht of a stationary process Xt by:

H.£)(a) = E(f(Xt).I.XO-'—'a)V &R,

where £(*) 1is any Borel measurable bounded function on R.

. The transition probability operator is said to satisfy the condition
Gz(see [Rosenblatt 1970] p. 202 for the case of a sequence of random
variablés): if there is some s>0 such that

/2@ 6% %
lHI = sup 8
s'2 {f:Ef(X)=0} E1/2f2

<o <1.

(x)
The H£ operator is in fact a contraction (for any t‘E[O,w):IHtl2 <1).
For stationary Markov processes, the transition probability operator
verifies the sgmigroup property, i.e. for s,;ZD:HS+t=HSHt=HtHS (see
[Wong 1971] p. 183). As a consequence of the semigroup and :contraction

pfopérties, the condition G2 implies, for t€[0,x):

-6-
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t
|Ht|2 <-§— with B=al/2 < 1. (1-1)

Theorem 1-1 (quadratic mean convergence of pt(xo))
Let {Xt,ﬁE[O,W)} be a stationary Markov process having a continuous
and bounded initial density p(¢) on R and satisfying condition GZ'
Let K(*) be a probability density function (i.e., non negative;
Borel measurable function such that Jr K(y)dy=1) and be bounded on R,
R

and let h. be a strictly positive function on Rf such that,

t€[0,=):
h, | ©
£, (1-2a)
t —>e
t
b, = J’ h ds <, (1-2b)
0
and bt —> ®
(1-3)
t —> o
_ t xo—x.s
For t>0,let pt(xo) = l/bt j; K < hs ) ds, (1-4)
.m.
then pt(xo) %:;r—bp(xo) . p

Proof

To prové the convergence in quadratic mean it is necessary and

sufficient to show that:

E pt(xo)'—;;;—"'> P(xo) (1-5)

and Var pt(x > 0. (1-6)

0) too



Bécause we may write:

SN 1. (%%
Ept(xo)-p(xo)-%—: j'o hs <E hs K (-—TS—) - p(x0)> ds,

and because bt->oo as to=, a sufficient condition to show the asymptotic

1 (%0 %o
unbiased (1-5) is that E e ch;——) - p(xo) converges to zero as s
s s
goes to infinity. .

Using the same procedure as in [Bochmer 1955] (see Theorem 1.1.1.
p. 2) or [Rosenblatt 1971] (see p. 1816) we have:
X X

. X )
-1 0 1 0
|E n K( h_ O) - p(xo)l”-‘l‘R B K( h_ ) p(x)dx-p(x,) |

<) ko |p(xg=hy)-p (xg) [ dy-

We now split the region of integration in two:

< 2 sup p(x) K(y)dy
- xR
| hs|y|>e

+ sup|p(x4~h ¥)-P(x,)
hsiyljﬁ

. A (1-7)

Because p(*) is bounded, the first terﬁ in (1-7) converges to zero as
s»o (under condition (1-2a)), then by letting ¢»0 the last term in
(1-7) converges to zero since p(*) is continuous. Now we show

the convergence to zero of the variance (statement (1-6)). .

Dendting by:

X =X x .-X
£(x) = K(—g—) - EK( Oh 0) for xER (1-8)
S S



= (S I -
and C(sl,sz) E fsl(Xsl)fsz(st) for Sy Sy [0,) (1-9)

we may write the variance of pt(xo) as:

t t
1
Var p, (x,) = —5 s I C(s,,s,)d d (1-10)
t0 b 2 0 1°72 5, 2 :

Using the stationarity property of the Xt process, (1-9) becomes:

' C(sl’SZ) E f (X )f (X

l) . (l-;l)
1

|s s

In order to use later on condition G2 we introduce in (1-11l) the
transition probability operator:
= f .

By using Schwarz inequality we get:

1/2 2 (X ) E1/2

1

C(s )<E ¢:! f ) (X ). (1-12)

»S
1’72 s,

|sy-s,|"s

Because Xt is a Markov process and E fs (Xo) = 0, and more specifically
" 2
from (1-1), (1-12) becomes

|s,-

C(syssy) < 3

s, |

1/2 2 (X )E1/2

1

(X ) - (1-13)

By construction of fs(-), expression (1-8), we have for any

s€[0,2):
| ,
1 2 1 2 (*o 0)
T E fs(xo) <4 E K ( n
S S S

- | Rowgnya
R

< cep P I K% (y)dy,



which is bounded since K(*) and Jf K(y)dy are bounded.

. R
ADenoting C = ;;g'(x) J.Kz(y)dy, (1-13) becomes:
R
S
C(Sl’SZ) < Sljhs hs 8 L2
’ 172
and (1-10) becomes:
_ t |s,-s, |
C 1 72
Varp(x)<—-—j'J'hh 8 d d ,
£707 w2 Jo JoN s1 s 1 %2

t .
which may be written:

_2¢ ¢ (81789 ¢ a_,
=—3 I hs hS B 8y Sy
.abt 0 s, 172

because ht is a decreésing function:

t t | (s,-s8,)
S 2§ I hs j B 172 d d »
abt 0 2 s 172

2

by changing of variable

c
-z j h_ j 26%5ad_,
2 Jo %2 Jo 2

which can be bounded'by:

: t
C
< 2 j Bs ds
0

- Otbt

«—2c

1
a n B bt

Since B<l (see (1-1)), we must have ln-% > 0 and therefore the variance
of pt(xo) must tend to zero .as bt goes to infinity, which completes
A the proof of the theorem. . #

We now study the properties of pt'(xo) as an estimate of p'(xo):

-10-



Theorem 1-2 (quadratic mean convergence of p;(xo))

Let {Xt,ﬂE[O,w)} be a stationary Markov process having a continuous

and bounded initial density p(*) on R and satisfying condition G2. Let

K(*) be a continuous probability density function of bounded variation on R

and such that K'(-) is bounded on R. Let h. be a positive function on R+

such that condition (1-2) is verified and so is:

htz: bt e > 7 (1-14)
For t>0,let
t x.—X
' =1 1 (0 s -
P.(xg) =3 J' — K ( o ) ds. (1-15)
t J0 s s

If p'(*) is continuous and bounded on R then:

1 «M. [
PL(xy) o> B (xp)- #
Proof
As in the proof of Theorem 1l-1 we first show the asymptotic
unbiasedness of pé(xo), a sufficient condition is that:
x_ -X
l_ 1 0 0 - ]
E=5K ( h ) P’ (%)

hS s

converges to zero as s goes to infinity. To show that point we use
similar argument as in [Bhattacharya, 1967] or [Shuster 1969]. Because

K(*) is of bounded variation, K(y) exist (see [Natanson 1955]

|y |

p. 239) and these limits must be zero since J. K(y)dy=1, therefore

R
integrating by parts we get:
1 XO-X X =X '
E2 K (——h %) - f K( . )p'<x>dx (1-16)
hS (] s R s :

-11-



From (1-16), tﬁe above needed convergence to zero follows by the same
argument as in the proof of theorem 1-1 (see inequality 1-7).

The convergence to zero of Var pé(xo) as t»o follows in the
same way as we have proved the convergence of Var pt(xo) but now

under the stronger condition (1-14)

2
ht bt —> =

t —» o
) ) , . 12
The only point which remains to be shown is that K'"(y)dy is
R

bounded.

This property follows from the fact that K'(+) is bounded

and K(*) is of bounded variation which imply (see [Natanson 1955] p. 259):

K" (y) |dy < =,
IR #

Remark 1-1
Both estimates pt(xb) and pé(xo) defined in theorem 1-1 and 1-2

respectively are recursive, i.e. solutions to (t>0):

S p,(xg) + 1K (XO_Xt)
dt bt t0 bt ht
and
L] . . -
d Pt(xo) =A _ —1'3:. p‘ (x ) N 1 K' (XO Xt) .
dt bt t 0 btht ht

The initial conditions of these two differential equations can be
arbitrary (when no apriori'information is available), they do not

affect thé final value of both estimates.

-12-
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2) Estimation of p(xo)and p'(xo) for Diffusion Processes

In the previous section we have shown the quadratic mean
convergence of pt(xo) and pé(xo) under the assumptions that the Xt
Markov process is stationary and satisfies condition G2.

Indeed, the stationarity assumption is not essential here, since
we are dealing with asymptotic properties. A sufficienf condition
should be the existencé of the limit of px (¢) as t goes to infinity.

We now assume thét the Xt process to ;e estimated is defined by
problem (0-1) under Al-A2 and has a transition density pxtlxoza(°)
which converges, for all a€R, to a limiting density p(*)
as t goes to infinity.

As we have seen in the introduction, such process is a Markov
process. More, the limit of pxt(') must be equal to p(+) since we
have for all xER:

lim b (x) lim

P =
the T Y t+ JR Xt|xo—a

(%) Py (a)da
‘t

0

[ lim ,
P -, (¥) py (a)da
Jp = X |X=a X

0

= [ o by (@da = pe).
JR -0

- Hence, to have the stationarity of the Xt process defined by (0-1)
under Al-A2 and the condition that the limiting density p(+) exists,
it is necessary and sufficient to choose the initial density pX0(°)
equal to p(*).

For the sake of simplicity, from now on we assume that the above

Xt process is stationary.

-13-



In this section we derive sufficient conditions on the pair
(m(*),0(*)) to havé the transition density convergence and condition
G2 satisfied.

Let us denote P(x,tla,s) = c-D(Xt<x]XS=a) the transition function
of the unique Xt pProcess solution of problem (0-1) where a,x€R and t>s.

Under Al,A2 (see section 0) and the additional condition:
A3:xER_ c(x)3p0>0,

we know (see [Wong 1971] p. 173 prop. 7.1,(a) and (e)) that P(x,tl*,')

is the unique solution of the backward equation of Kolmogorov:

2
1 oz(a) 3 P(x,t|a,s) + m(a) BP(x,t[azs! = _ 8P(x,t|azsg
aaz 2a os

2

(2-1a)

. . oo, lim - J1l x>a _
with the terminal condlt;on. oit P(x,t|a,s) = {0 x<a (2-1b)

and is absolutely continuous, that is P(x,t]a,s) can be written as:
X

P(x,t|a,s) = j p(y,t|a,s)dy a,xER t>s.

00

Because the functions m(*) and o(+) do not depend on time, we see from

(2-1a) that p(x,tla,s) depends only on t-s and not on t and s separately.

Denote by pa(-,°) a€R, the transition density on RXR% of the X, process
satisfying (0-1) (we will use the shorter notation pa(x,t) instead

of Py IX =a(x); we can drop the s because of the stationarity of the
- Tt+s'' s

transition density).

If in addition to Al, A2 and A3, we assume that:

14~
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4
then (see [Wong 1971] p. 173, prop. 7.1, (d)) pa(°,-) is the unique

A :m'(+), 6'(*) and 0"(+) satisfy the conditions of type (0-2) and (0-3),

fundamental solution of the forward equation of Kolmogorov

(Fokker-Planck equation):

192 2 3 ,
2.2 (6”(®)p, (x,£)) - 5= (@(x)p, (x,t)) = 37 p, (x,t)  (2-2a)
with the initial condition {10 p_(x,t) = §(x-a). (2-2b)

We now want to show that under sufficient conditions on the functions
m(*) and o(*), pa(°,°), the unique solution of problem (2-2), converges
to a limiting density as t goes to infinity. In other words we want
to find stability conditions of problem (2-2). To find out these

conditions we need the following lemma:

Lemma 2-1 - (expansion formula)
Let pa(°,°) be the unique solution of problem (2-2), then pa(‘,‘)

can be written in the form for a,x€R, tE€[0,«)

2
p,(x,t) = m(x) j’R U 0,60 4y (a,0) d ey )

Jsk=1
(2-3)
Where () is any positive solution of the equation:
1d 2
7 %0 1) = m)n(x) R, (2-4)

¢1(',A) and ¢2(',A) are solutions of the Sturm-Liouville equation:

-%-%; (cz(x)n(x)'%ﬁ(x)) + AT(x)u(x)=0 AER, x€R, (2-5a)

-15-



and satisfying the conditions:

$7(0,1)=1 $1(0,1)=0 ,

3,(0,00=0  43(0,)=1 ,

(pjk(l)) is the limiting matrix of the spectral matrix (pY jk(k)) associated

with equation (2-5a) together with the boundary conditions (corresponding

to the reflecting barriers in the regular case of problem (2-2)):
u'(=y) = u'(y)=0 &R (2~5b)

once ¢l(-,A) and ¢2(-,A) are chosen as basis for the solutions of

(2-5a), as y goes to =, 4

Proof
We shall give a proof by constructing a solution (see also
solution of problem 9, Chapter 4, p. 178 in [Wong 1971]). We can

verify that any function fa(-,t) of the form

w(e) J; eqlt E: @j(‘,l)wk(a,k) d pjk(k) is a solution of

equation (2-5a) where v(ﬁg, ¢j(~,k);j= 1,2 and (pjk(l)) are defined in
the same way as in lemma 2-1, and wj(°,l) j= 1,2 are any function of the
same class as the ¢'s.

By setting t=0 in the above expression and using the expansion
thearem (see [Coddington and Levinson 1955] p. 251 Theorem 5.2) the
P's may be regarded as the transform of fa(x,O) by the means of the

g d.e.

==



?j(asl) = -J; fa(x,O) ¢j(x,l)dx j=1,2 a€R

If we now assume that fa(x,O) must be taken as §(x-a) (i.e. fa(-,-)
sgtisf& the initial condition of.broblem (2-2)) then we get
wj(-,l) = ¢j(-,k), j=1,2 which completes the proof of the lemma.

it

Remark 2-1

We know (see'[Coddington and Levinson 1955] p. 251 theorem 5.1)
that the limiting matrix (pjk(k)) defined in lemma 2-1 always exists
but could be non-unique (in the so called limit-circle case), actually
we are not going to introduce more conditions to have the uniqueness,

because we only need here the existence property.

it

Let A be the set of non-constancy points of (pjk(k)).

The set A is called the spectrum of the problem (2-5) with Y-.
Despite the fact that the spectrum could not be completely defined (since
p could.be non-unique) we can say something about the nature of the
spectrum.

We know that there exists an increasing sequence of eigenvalues

{2 n} and a complete orthonormal set of corresponding eigenfunctions
3

, {eY n(-)} associated with the Sturm-Liouville problem (2-5) n=0,1,2,... .
2 . .

Usingvthe boundary conditions (2—5b) we have:

2
y 2 d o, ,(x)
A = EJZL). m(2) (.ﬂ._) dz,

Y,N -y dx 2

which shows, since the integrant is non-negative, that

A >0 n=0,1,2... .
Yon =

Letting y—»«, we see that the spectrum A cannot lie on the

-17-



negative part of the real line.

:

Further, we can verify directly that for every YER AY O=0
?

and GY 0(') is a constant, say GY, such that:
b
Y2
f 0° w(z)dz=1.
-~ ! ‘

To say something about Ay,O as vy goes to infinity, we must consider
the integrability of w(+). If w(<) is not integrable on R then zero
cannot remain an eigenvalue as Y- since the square integrability with
réspect to m(+) of the corresponding solutioﬁ of problem (2-5) cannot
be maintained any more.

We can now state the following assumption under which we shall
show the convergence of the transition density to a limiting
density:

Ag: The pair (m(+),0(*)) is such that w(-), the solution of

equation (2-4), is integrable on R.
______For example, m(x) = Ax together with 0(x)=B, where A and B are
two constants such that A<O and B#0, satisfy A5.
Lemma 2-2 (convergehce to a limiting density)

Let {Xt,ﬂE[O,w)} be the process definedvby problem (0-1) under
Al—A4; then under the additional assumption A5, the transition density
pa(-,t) of the Xt process converges for all a€R to a continuous

limiting density p(*) on R solution of equation (2-4) as t goes to

infinity.

#

Proof
From the above results concerning the spectrum and using lemma

2-1, we may conclude that pa(',°), the unique solution of problem (2-2)

~-18-



converges identically to zero if n(f) is not integrable and to a
density p(+) if A5 is satisfied. This can be seen more explicitly
in letting to= in expression (2-3).

If zero is not an eigenvalue then there are no jumps in the ﬁaérix
(pj,k(O)) and the right hand side of (2-3) must vanish as t+». If

zero is an eigenvalue (Am 0=0), then we have for all a, x€R.
bl

r] A 2 |
e Pa 000 = 2() (J- 2t "k“’“"””j”k’)

where r,T (0). By construction the corresponding

i’k jk
eigenfunction 6 0(°) can be written for xER:
?

is the jump of p

em’o(x) = ri¢1(x,0) + r2¢2(x,0).

Because of the conditions on the ¢'s at x=0 and the fact that

. ) _ _ - lim -
Bw’o(x)—l, we have rl-l and r, 0 which proves that toro pa(x,t) p(x)

under AS"
Finally, since the limiting density p(°¢) is solution of equation

(2-4), p(*) must be continuous on R under AZ'
‘ #

Indeed, under specific assumptions on m(*) and o(+) we can say more

about the nature of the spectrum.

Lemma 2-3 (nature of the spectrum)

Let, for xER:

2 12 " .
oo . m'(x) mx)e'(x) o (x)_o(x)o (x)
W) = 2 2 o® 8 4

(2-6)

-19-



‘ : lim
If min (XiiT u(x), g0 H(X)) = W for some wE(-w,éj, then

(o]

A can oﬁly-be discrete in the interval (-«,u). "

Proof
We shall give‘an outline of the proof. By using the

standard transformation (see [Birkhoff and Rota 1969] p. 296 or [Titchmarch

1946] p.v22) the equation (2-5a) can be rewritten in the form of the

Schroedinger equation:

d2v( )
2L+ (A-q(y)) v(¥)=0 (2-7)
dy~
with
* .
y(x) = .(o BT;)-qz ¥R , (2-8)
vy () = (“—(EM‘—))W w0,
: _ V2
and
: . 2
q(y(x)) = L dvolni)

Vo (x)m(x) dy2

The spectrum being unchanged in the transformatibn, we may study the nature
of the spectrum from equationb(2—7). We know (see [Coddington and
Levinson 1955] problem 2 p. 255, [Titchmarch 1946] p. 113 or
[Schiff 1955] Ch. II, sec. 8) that if the potential function q(y)
is bounded from below say by u, as y tends to either end points of
its domain then the spectfum is discrete in the interval bounded
above by u.
More precisely, if min('", a(y()), 1™ q(y(o) -

for some pE€[-w,»), then A can only be discrete in the interval
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(-o,u). Using (2-4), (2~7) and (2-8) we obtain q(y(x)) = u(x)
*ER, where u(x) is given by (2-6) which completes the proof of the

lemma.

i
We now state the last assumption on m(*) and o(*).

A6: the pair(m(+),0(*)) is such that u of the lemma 2-3 is
strictly positive.

As an example of functioﬁs m(*) and o(+) satisfying assumption
A6 we can mention the class of functions such that m(x)~Axa and
o(x)~Bx8 as le»@ with a,8=0,l, A<O and B#0. For this cléss of
functions we may simplify the study of u(x) at the infinity by
noting from (2-6) that:

if @=0,1; B=0

then
2
u(x) - 5—2- x2®
2B°
if a=B=1
then
' 22
u(x) ~ ——17 A - —g——)
2B
if a=0, B=l
then
2
ne - o

We notice that the exponent in the first expression is even and
the coefficients in the three cases are always strictly positive
so is yu of lemma 2-3.
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Assumption A6’ as it can be seen from lemma 2-3, implies that the
spectrum A can only be discrete at the beginning of the interval

[0,x). Suéh result will allow us to prove the following lemma:

Lemma 2-4 (the condition GZ)
Let {Xt,tG[O,w)} be the process defined by problem (0-1) under
Al—AS, then under the additional assumption A6’ the Xt process

satisfies condition G2 (see section 1). "

Proof

Using expression (2-3) of lemma 2-1 we may write, for any
function f(*) on R which is Borel measurable, bounded and such
that Ef (X)=0, and any s>0:

Z -As
(Hsf)(a) = > ¢k(a,;\)e f f(x) ¢.(x,1) p(x)dx dpjk(}\),
R j,k=1 R J

where HS is the transition probability operator defined in section 1.

Using the Parseval equality we get:

2 -2)s 2
E(H_D)"(X) = fe PIRE-NCY! 8, (V) dp ., ()
A R j,k=1 7 J

with
g, (\) = J' £(x) ¢, (x,A) p(x)dx j=1,2. (2-9)
J R 7 ]

Since, under AS’ zero is an eigenvalue and the corresponding jumps

of pjk(l)are 1 for j=k=1 and zero otherwise, we have:

2 2 -2)s 2
E(H £)“(X) = (f f(x)p(x)dx) + I e 2 8.
R R-{0} j,k=1

g, (V) do (V).
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Since Ef(X)=0, we have:

' 2
2 -2Xs :
e 0’0 = [ e T 50 50 b0
s R-{0} jRe1 3k ik

Let AO be the lower bound of A-{0}, then

: 2 -ZAOS 2
'@ e O [ D g0 8,0 doy ).
R j,k=1 J
Recalling expression (2-9) and using once more the Parseval equality

we get the following bound:

-2\ .S -2)\.s
EE () <e O f £2(x) p()dx = e 0 EE2(X). (2-10)

R
Inequality (2-10) implies:

=A.S (2-11)
|, <e ° ‘

s'2 —
Under A6’ we have seen that the spectrum A can only be discrete at
the beginning of [0,»), therefore the lower bound AO of A-{0} must be

_strictly positive, so that from (2-11) condition G, is certainly

2
satisfied. : #
Finally, using lemma 2-4; we may rewrite theorem 1-1 and 1-2

" of section 1, for the special case of the Xt Markov process defined

by problem (0-1).

Theorem 2-1 (quadratic mean convergence of pt(xo))

Let {Xt,dE[O,m)} be the process defined by problem (0-1)
under Al-A6.

Let K(*) and h. be the functions defined in theorem 1-1.

Let Pt(xo) be the estimate defined by (1-4). If p(*) is bounded

on R then:
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qem.
Pt(xo) v p(xo). .

Theorem 2-2 (quadratic mean convergence of pé(xo))

Let {xt,te[o,w)} be the process defined by problem (0-1)
under Al-A6.

Let K(*) and h. be the function defined in theorem 1-2.

Let pé(xo)'be the estimate defined by (1-15).

If p(+) and p'(*) are bounded on R then:
' q.m’ '
P (%) toa P xg)- #

In the statement of theorem 2-2, we may forget the condition that

p'(*) is continuous because we are now under assumptions A2 and A5.

Remark 2-2

Assumptions A2-A6 are only sufficient conditions. The case

‘m(x)= -sgn(x), and o(x)=1 for example which does not satisfy the A2
condition still works on (see solution of problem 12, Chapter 4, p. 179

in [Wong 1971]). 4

From the above results (more specifically from lemma 2-4) we may

draw figure 2-1.

3) Estimation of 02

We now assume that the function o(+) in (0-la) takes a constant
value 0. By using a property of the quadratic variation of the Xt
érocess defined by problem (0-1) we suggest and prove the convergence

. . 2
of a recursive estimate of o .
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Theorem 3-1 ‘(quadratic mean convergence of oi)

Let {Xt,ﬁE[O,w)} be the solution to the stochastic differential
equation (0-la) where m{(+) satisfy (0-2) and (0-3), and o(x)=0
¥xER. Let the initial condition satisfy EX'<w.

Let {Ti}:=l be a bounded sequence of positive numbers such that:

\

~Ti > 0 .
' (3-1)
i > e
and {t:i}i=l a sequence such that 0<t; and t,, and t,+1, <t .
i=1,2... .
Let, n=1,2,...
2 1 @1 2
%2 " n Z T—..(xt .+T.-Xt.) (3-2)
i=1 i i i i
then: 02 1-2: 02 .
n nw i

Proofv(here, we follow closely the same arguments as those giﬁen in

[Wong and Zakai 1965]).
Let Qn be equal to ci—oz, we have to prove that Ean tends to
zero as n goes to infinity.

. 2
By construction of o.:

n .
1 1 2 2

o = v Lo, x)t-d

= R R
writing equation (0-l1la) in its integral form, we get:

' n € 4+ t.+T, 2
. ) 2
Q=l'- Z!'-— ilm(x)ds+o Tt aus -0 .
n n»izl'r S

1 t. t,
1 1
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Denoting by

and

n 1 ti+'ri 2
B = Z = g m(X_)ds ,
i=1 i t

we may rewrite Qn as:

1 P s M £ty

Q == (A+B+2 2; g n(X_)ds § dw)

n n T S S
i=1 t. . ti

By using Schwarz inequality in the expression of Qi we get:
n t.+T 2

2 3 (,2,.2,,2 1 i ‘
L3 (An+Bn+4c B, 2. T (‘g‘t dWs) ),
i

introducing An in the last sum:

N

3 2!
? (An +4ncr Bn+4Aan) .

(3-3)

(3-4)

Taking the expectation of both sides in the last expression and

using the Schwart inequality we get:

EQ 2 <-;”--(EA?'+EB2+lm<52El/2 2+
“*n — 2

AL

B1/2 2.1/2 2)
n

n

To prove the convergence to zero of EQE we only have to show

that-l—bEA2 and-l— EB2 converge to zero.
n2 n n2 n

From (3-3) we may rewrite An as:

9 n 1 ti+1:i 2 ti+'|:i
=0 Z S (§ dWs) - g ds .
i=1 T4 t. t.
i i
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Using a property of the stochastic integral (see [Ito 1951], or
[Wong and Zakai 1965] expression 4, p. 104) An becomes:

- 2 2n:l_ t:i+'ci s

=e0 T, dw dw .

i=1 i ti ti u s

Taking the expectation of Ai and using properties of the Brownian

motioh:
n | t.+t, s 2
Al = 40 3 L5 j’l'lE(I dw>ds
n 4 2 u
i=1 1t t. t,
i i i
n t.+T
4 1 i i
= 40 Z ———2 S (S"ti)ds
i=1 T t,
' i
Therefore
4
1op2 -2
n n
n

and the right hand side converges to zero.as n goes to «.
From (3-4) and using Schwarz inequality:
22<n 3 L F1Ty 4
n— Fc) 2 " m(Xs)ds
T1 i
n t. 41,
<n ¥ 1 j'i T atx )ds
- i s
i=1 ti

Taking the expectation of an
2 4 L2
EB, < nEm (X) i}_-:l T,

Since EXO4 is bounded and m(°*) satisfy (0-3), Em4(x0) is bounded,

say by C. Therefore
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1 2
— EB < .
n i

sla

L2
T,

=1l

and the right hand side converges to zero and n goes to « under

the condition (3-1) Ty 7 0 because of a property of the sequence

i > >
of arithmetic means. "
Remark 3-1

. 2 . . . . .
The estimate on defined in theorem 3-1 is recursive, i.e.

solution to:

with n=1,2...
The choice of the sequence {ti} can be determined by practical

consideration (e.g. t —ti equals to computational time of the

i+l

above difference equation).

4) Estimatioun of m(xo)

In section 2 we have seen that the limiting density p(+), when
it exists, must verify equation (2-4). So, since p(+) is strictly
positive on R, we are able to express the function m(+) in term of

p(*). At any point X of R we have:

n(xy) = (07 (x)+o” (x)alxy)), (4-1a)

where

p'(xg)

Q(xo) = p—(;OT' (4-1b)

Using the results of section 2, we may find a procedure to estimate

q (xo) .
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Théorem 4-1 (convergence in probability of qt(xo))

Let {Xt,dE[O,m)} be the process defined by problem (0-1)
under Al_Aé'

Let €>0.

Let Kl(') and K2(°) be the functions K(*) defined in Theorem 1-1
and 1-2 respectively. Let h. be a positive function on Rf
satisfying conditions (1-2) and (1-14).

For t>0, let

t x ~X
. l_ 1,0 s
| _[O b s
qt(xo) T T x,-X ) (4-2)
Yds+e

0 s
K.
0 1 hs

If p(*) and p'(*) are bounded on R, then

) B alxy)

1, (%9) T #

Proof

Multiplying numerator and denominator of (4-2) by-%— t>0
t

and using the estimates given by (1-4) and (1-15) we get:

P, (x4)

qt(XO) B (x.) +€__
P’ Tp
t
Because the mean square convergence implies the convergence in
probability, we may apply the property of the latter relative to
continuous functions (here to the quotient), see [Lukacs 1975] p. 43.

Therefore using the results of theorems 2-1 and 2-2 we have:
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P, p' ()
oo «p(xo)

q; (XO) ’

which completes the proof by considering (4-1b). p

Finally we can state our last result which is relative to

a local estimate of the function m(+):

Corollary 4-1 (convergence in probability of mt(xo))
Let o(*) be the function defined in section 0 (which we assume

known) .

.Let, for t>0
m (x) = 202 (x )+ (x)a, (x) (4-3)
£t 0 2 0 0"t 0
where qt(xo) is given by (4-2), then under the conditioms of theorem 4-1:

> m(xo). A "

m, (x4) %—»oo—

Proof
The convergence in probability of mt(xo) follows from Theorem

4-1 and considering expressions (4-la) and (4-3). "

In the case when the function o(*) is unknown but takes a

constant value 0, we may use the result of the previous section.

quo}lary 4-2 (convergence in probability of mt’n(xo))

Let o(x) = o ¥x€R, (but o unknown). Let EX4<m, and let
ci be the estimate défined by (3.2).

Let, for t>0 and n=1,2...

me 0 o) = 7% a0 (4-4)

where qt(xo)is given by (4-2), then under the conditions of

thedrem 4-1:
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mt,n(xo)_t,n->co ? m(xo)' i
Proof
The convergence in probability of m, n(xo) follows by using the
?

theorems 3-1 and 4-1 and considering expressions (4-1a) and (4-4).
it

Remark 4-1 p

The pfevious results are true under the specific condition
that p(*) and p'(*) are bounded (see theorem 4-1). Actually we
should introduce a last assumption, say A7, on the pair (m(*),0(*))
such that the above condition is satisfied.

When o(+) takes a constant value on R we can verify that under

the following condition:

Jim

minC® L m@), - L m()>0

{o]
assumptions A5 and A6 are satisfied and p(*) and p'(*) are bounded
on R.

This can be seen in writing explicitly the solutions of equation

(2-4):
X, ,
1r(x)=CeI—m-2£§ldz 4
0 o

Many functions K(-) sétisfying conditions of Theorem 1l-1 and
1-2 have been proposed in the past (see [Parzen 1962) and [Rosenblatt
" 1971]). Perhaps the simplest choices for Kl(°) and K2(°) in (4-1)

would be for yER:
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[, .

and
CKy(y) = (- I;ylk> IO<-:1, 1 (y-ﬁ
i.e. -KE(Y)' = égn(y)I(Pl;l] (y) = 2sgn(y)K, (y)
where
I,(y) =1if yEA
= 0 otherwise
=1 1f y20

‘and. sgn(y)

-1 otherWise.

5) Conclqsion '

-In Table 5-1 we give a summary of the main results obtained in
'this papér. Actually, many questions remain unanswered. Among
them, how the identification procedure proposed here could be
‘extended to multidimensional stochastic processes?

CouldAassumption A5 and A6 be related to one another?

Under which additionai assumptions can we provevthe convergence
ta zero of the.integrated'mean square error or the coﬁvergence with
'probabiiity oné of our estimates? Can we say something‘about the rate

“ of convergence to zero of the mean square error?
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Figure 2-1 (consequence of lemma 2-4)
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Section

Table 5-1 (Summary of the main results)

xn defined by (0-1)

= .
A -A xn is unique and Markov
172
xn is stationary Markov Th.
xn has an initial density WHW b (%:)+p ()
p(*) and satisfies G = £0 0
2 p; (x,)-p' (%)
£t 0 0
X defined by X, has a transition p_ (*,*) is the lem.
t - dt a o1
(0-1) >Hn> density vmﬁ...v - unique solution 92
. >b of (2-2) =
Ag
p_(+,*) is the lem
a 2-1
unique solution of 2-3
(2-2) 2=4
|>. =
Aghg .
X defined by (0-1)
t
Hr.
o(x)=0
4 -1 (5 o
n
Nn defined by (0-1) Th. Cor.
4-1
A1 > q (xpa (x| ‘It
t 0" 0
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