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ABSTRACT

The electrostatic flute-like normal modes were found for a

collisionless loss cone plasma in a uniform magnetic field with density

varying‘sinusoidally in one direction in space. A local method, appro-

priate to kL >> 1, where k is the wave number and L the scale length, and
a nonlocal method, appropriate to kL < 1, were both used; the ion Larmor

radius a, was not assumed to be small. The usual drift cone mode was found
when a; << L; other instabilities were found for a; 2 L. In principle,

the methods could be applied to other configurations of plasma.
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I. Introduction

In analyzing the kinetic instabilities of a non-uniform plasma
the assumption is frequently madel’2 that the Larmor radius is small
compared to the scale length of the plasma, although in many experiments3
the ion Larmor radius a; is comparable to the scale length L. We have
found that it is often possible to find the normal modes, and even to use
a local approximation, without assuming ay << L. The procedure starts
with the integrodifferential Vlasov-Poisson dispersion relation for the
electrostatic modes of a non-uniform collisionless plasma. Two different
approximate methods can be used to solve this integral equation, reducing
it to either a differential equation or a matrix equation. Each method
is valid in a different regime, but neither method requires a; << L.
The two methods have been used to find the properties of the most
unstable flute-like mode of a deuterium loss cone plasma with a density
varying sinusoidally in space in a direction perpendicular
to a uniform magnetic field, for a variety of densities, density gradients,
and mirror ratios. (The sinusoidally varying density was used because
it simplifies the calculations and because it has been used in computer
simulations of the drift cone modea’s.) The numerical results of the two
methods are in good agreement (typically within 10%) in the regime where
both are expected to be valid, thus increasing our confidence in them.

In Sec. II the integrodifferential dispersion relation will be
derived for an arbitrary configuration of plasma and magnetic field, .
as well as for the special case of a uniform magnetic field, and we will

discuss the reasons for the usual assumption that a, << L, and under

i

what circumstances this assumption can be dispensed with. In Sec. III

the two methods of solving the integral equation will be described and



applied to a loss cone plasma with sinusoidally varying density. The
range of validity of each method will be found. In Sec. IV the numerical
results obtained by the two methods will be given, and the numerical
techniques used will be briefly described. In Sec. V the physical
significance of these results (particularly for a, 2 L) will be

discussed, and a summary and conclusions will be presented in Sec. VI.

I1I. Dispersion Relation

The linearized Vlasov equation for a plasma with an electrostatic

perturbation is

df
1s qs afO '
s ’t = - — - S
ac (x,v,t) ] V?(¥,t) 3y (%x,v) 89

where fls is the first-order perturbation in the distribution function,

fOs is the zero-order equilibrium distribution function (satisfying
Bfoslat = 0), qq is the charge and m, is the mass for species s; and
¢ is the perturbed potential. Eq. (1) can be integréted over the

zero-order particle orbits to obtain

f. (x,v,t) = E§_ d dt V¢[x' afos ' (2)
15 (%o Ys p .’. x_(1),1]" [gs(r)vs'(T)]
. ~c0 S ”

s Y

where gé (1) is the unperturbed orbit of a particle of species s,

and YS'(T)E dféldr, with gé(t) = x and y'(t) = v.

'
]

Eq. (2) is combined with the Poisson equation

2
%;4nqs J.fls(§,Y,t)dY + Vp(x,t) =0
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to yield the well-known result:6

Z 47”182 t 1 afOS ' ] 2
> = [ fdr T, T) gt () + T2 0=0 ()
s —® ~

i

Eq. (3) can be fourier transformed in x: (See Appendix A)

) A}
- lmqs 0
' ',
fdlf ¢ (k) (J‘dls exp(ik ’5){2 - Idy f dt
) s -
i :
ik . s.(k—k',y ') expl[ik' (x '-15)-1(»1]}-1( )= 0
Sys ~ =~ ’%g = g
(4)
where f_(k,v) = (2m~3 fd}s £ (B> ¥) exp(ik-x)
N - -3
¢(k) = (2m) dx ¢(x,0)exp(~-ik-x)
and ¢(x,t) is assumed to vary in time as exp(-iwt).
Eq. (4) can be written in compact form as
fdls exp(ik-x)¢ (K)D(x,k,w) = 0
or
D(x,iv,w)¢(x) = 0 ‘ (5)
where D/k2 is the usual dielectric function, defined by
2
D(’fslf,w) = -k” + g DS()f’lS,m)
4mq 2
D_(x,k,0) = — exp(-ik . x) Jdk' exp(ik'. x)
s
0 3f_ ' |
* . ; 1! 1 LI - -
fax [ o ak e g ke el Gy’ ior) .
(6)



If the magnetic field varies over a distance comparable to a
Larmor radius, then it is difficult to calculate the zero-order orbits
xs'(r), and to find an equilibrium distribution function fOs(§’Y)' In
a low-B8 plasma, however, it is possible for the scale length of the
magnetic field (i.e. Bb/|V7B0|) to be much greater than the scale length
of the plasma, so we can assume the magnetjc field go(x) to be uniform in
space, or varying gradually, in calculating the particle orbits and the
constants of motion, without assuming that fos(g,y) varies gradually as a
function of x. For uniform §0, the constants of motion are v,, Vi and

~

= x, +vx Bomcs-ltyhere ﬁO is a unit vector parallel to §0, and v,

X 1
*gct

and V| are components of v perpendicular and parallel to go), so

fOs(g’Y) - gs(v-'-’vll’}'sgc-'-)

and (see Appendix A)

N . ~ -1.~
fs(g,y) = exp[-ike (v x BO) .o ]gS (vl,v",k) (7

where

[}

és(vl,vu,g) (2n)_3 ‘Ihg gs(vl,v“,x) exp(ik * x)

The particle orbits are

VvV X B0
x ") =x + Y ginw T+ — (l-cos w T)
~s ~ w CcSs w
cs cSs
B ' 8
+ V“ BO T ( )

[For non-uniform §0(§)’ the particle drifts would have to be included in Eq.(8)
as well, and the constants of motion replaced by adiabatic constants of motion.]
Putting Eqs. (7) and (8) into Eq. (6), and using the Bessel function

identity7

exp(i a sin 8) = z: Jz(a) exp(146)
2
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we can do the integration over 1 and over the azimuthal direction of v

to obtain (see Appendix A)

4nq ®
D (%,k,w) = —=— exp(-ik - ¥) [dk' exp(ik'* ¥) f dv
S -0
-] " R R " 2 k_.!'vl k.!.'vl
f 2nv, dv, [k, (ki + 4By x kD1 I, () I, Cu )
0 '3 CcS
1 Fik By x kD
- - !
(w=Lu, ~kyvy) [ m 8 (Vysvyk-k')
Cs (9)
3 zwcs 3
o = 1! - —_— =1
I By BV EED - 50T 8 (Ve vy kD

where k" =k . é k

0r ki =k - k"ﬁo, k, = x,/k, .

If the scale length of the plasma is much greater than a Larmor
radius, then only k' = k will contribute significantly to the integral
over k' in Eq.(9), and Ds(g,k,m) can be expressed in terms of gs(vL,v“,g),
and its gradient at the same point x in space8: (see Appendix B)

4

DS(E,E,N) = -

T‘qsz 2
m fdv" fZTrvldvEJz (k.v.vl/mcs)
s L
-1 -
(w-lwcs-k“v") [15 . (BO X Vgs) /mCS + kuags/av"
+ (lwcs/vl) ags/avl] (10)

If a suitable gs(vl,v“,g) is chosen, however, it may be possible
to integrate Eq. (9) over k' analytically; in this case there is no
need to assume that the Larmor radius is small compared to the scale

length.

i<l



III. Methods of Solution

We will consider only modes with k“ = 0, so the integration over

V| can be done by replacing gs(vl,vn,g) by

8g1(Ver¥) = _IEVH 8 (Viv»%)

[with gsl(vl,k) similarly defined] in Eq. (9). We will further assume

that 81 is Maxwellian and that there are no temperature gradients
2,1 2 2
8.1 (Verx) = (2mv ) 7 exp(-v, /2vS )ns(g).

A loss-cone distribution can be constructed by subtracting two

Maxwellians9

8gr (as®) = [2mv (D17 n_(0)

[exp(—v12/2§82)—exp(-RVLZIZVSZ)] (11)

where R is the mirror ratio. The two components can be formally treated
as two different species, with thermal velocities v and vsR-llz.
For the rest of this paper, unless otherwise noted, all species will be
assumed to have Maxwellian distributions, with the understanding that
loss cone species will be formally treated as two different Maxwellian
species.

Finally, we assume a slab geometry, with density ns(g) depending
only on x and B, in the z direction. Then Eq. (9) becomes (see Appendix C)

0

47q 2 o
5 f dk" exp(ik'"x) Z exp(ifa)
00 A

Ds(ij,k,w) = ms

exp["(k2+k'2)asz/2]12 (k k'a'sz) (m—zwcs)'l

(-2l K"u  + 2 wcs/vsz) a_(k") (12)

-7-



where k " = k.;-kx, ky' z ky,aziloge (E—X) ~ilog_ Gl&i?__)g is tae

angle between the vectors k and k',

a = v /w
s/ c

s b

]

and ﬁs(k") z (21r)--1 J~ dx exp(-ik"x)ns(x).

-0

For a sinusoidal density profile,

ns(x) = (1 + As cos kox) n (13)

s0

we have f_(k") = (2m)~1 n_ [8(K") + (a_/2)8 (" + ko) + (A_/2) 8(k" = k)]

AS =~ 1; see Fig. 1.)
Then the integral over k" in Eq. (12) becomes a sum over three terms,

k" = 0, —k0,+ kO. Since we are assuming no equilibrium electric fields,

we must have

qu fgv fos(g,y) = 0 for all x
s

or (see Appendix D)

2 2
é;qs nsOAs exp(-ko a /12) =0 (14a)
and
Z:qsnso =0 (14b)
s
The eigenmodes ¢(x) satisfying Eq. (5) must be of the form
$(x) = ¢(x) exp(iky y)
since D(x,k,w) has no dependence on y, and we have been assuming kﬂ = 0.

We can then write Eq. (5) as

fdkx exp(ik_x) D(x,k_,w) $(kx) =0

-8-
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Figure 1. Typical guiding center profile smﬁxv given by mn.awv s
with typical normal mode potential ¢(x)



or

D(x,- i g—x,w)dp(x) =0 (15)

where ky is understood to be a parameter, and

HI

;(kx) (21;)_1 fm dx ¢(x) exp(—ikxx)

We want to find the normal modes ¢n(x) and the corresponding frequencies

w which satisfy Eq. (15) with appropriate boundary conditions.

A. Local Method

One approach is to expand D(x,kx) in a power series around some x = X,

kx = kL’ and w = wp (all complex, in general) such that

~ 9D - 9D -
Dlxpskpswp) = g Ok hup) = ok _ (ol s0p) = 0 (16)
(Note that a wave packet localized around x; , with well-defined wave

number kL, would have a frequency close to Wy and would have zero group

velocity and acceleration.)

Then
2 2
_ 1 23D, 1 ., ., 223D
D(x,kx,w) =3 (x—xL) sz + 3 (kx kL) o 2
2
3D 3D
+ (x-xL) (kx—kL) axakx + (v - wL) 5;-+ cee (17)

where the derivatives of D are evaluated at xL’kL’wL’ and Eq. (15)

becomes
a2 d 2
A B WL x¥+ap =0 (18)
2 dx
dx
where
2 2 2
. 9
A5—1/2—a——]-)—2-,BE—ig—k93;,CEl/2—12),
3kx b'e 9x

-10-



and

] 3D .
A= (w - mL) R all evaluated at xL,kL, and w; 3
and ¢(x) = exp(—ika)¢(x + xL).

This approach is similar to that used by other authorslo-lz,

who have, however, taken kL = 0 to satisfy Eq. '(16), and hence
B =0 in Eq. (18). Furthermore, the truncation of Eq. (17) has usually
been justified by assuming small Larmor radius compared to scale length,
and we wish to emphasizé that this assumption is not the only one which
will justify Eq. (17).

Taking ¢(x)+0 as x+>t» as the boundary conditions, Eq. (18) has

the solutions (see Appendix E)

/

wn(x) = Hn(n1 2X)exl)(—sz/Z) (19a)

A= (2nn + B)A (19b)
where

/2

n o= (e/28)% - c/a1t?, 8 = n+ B/2a,

and Hn is the order n Hermite polynomial, n=0,1,2... Then

¢n(x) = Hn[n 1/z(x-xL)] EXP(-B(X-)&‘) 2/2 + ikLX) (20a)
-1 .2

oy = wy = (an+ 8/2) GO % (20b)
X

A typical normal mode ¢_(x) for n=0 is shown in Fig. 1.
n

These solutions are valid provided we can neglect the higher derivatives

of D in Eq. (17), and provided the Stokes lines of D have the proper

-11-



topological behavior in the complex x-plane with respect to the real
axis to allow the boundary conditions to be satisfied.13 We conjecture
that Eq.(20) is a valid solution for the first few modes (n=0,1,2...) provided

(see Appendix F) 1/2

L(kL + kyz) >> 1 (21

(where L is the scale length of the plasma) except perhaps for special
14
unusual cases. For instabilities requiring klai > 1 (e.g. drift cone

or drift cyclotronls), a, << L is sufficient for inequality (21) to

i
be satisfied, but it is certainly not necessary.

Since w depends linearly on n, the fastest growing mode must be
the n = 0 mode for some set (xL, kL’ wL) satisfying Eq. (16), or else
it cannot be found by the local method at all. [It has turned out in al-
most every case we have examined for which inequality (21) is satisfied,
that the fastest growing mode can in fact be found by the local method
using Eqs.(16) and (20), and is thus the n = 0 mode, but it is possible to

construct models where this will not be true.] The fastest growing

mode will then be

o (x) = exp[-B(x-xL)2/2 + ik x] (22a)
1.2
_ B (9D 9D
w=w -7 Gy 7 5L (220)
ok

where we require that X s kL’ W satisfy

-1 .2
miedy 225150

ok
X

as well as Eq. (16).

=12~

“l



A large class of solutions (xL,kL,mL) satisfying Eq. (16) have
kL = (0, since this guarantees that BD/Bkx = 0, and it is then only necessary

to find X and w, satisfying D = O and 3D/9x = 0. In this case

L
32D/3kxax = 0, and

1/2
2 2
] 9
§ =8 = (__%% / “.l%i )
ox ok
x

B. Nonlocal Method

When inequality (21) is not satisfied a different approach is

required. We Fourier transform D(x,kx,w)

[ed

D(x,k ,0) = (L 'f dk" exp (ik"x) B(k",kx,w)

=00

where

[}

J. dx exp(-ik''x) D(x,kx,w) (23)

D(k",kx,m)

Putting Eq. (23) into Eq. (15), multiplying by exp(-ik'x) for arbitrary

k', and integrating over x, we obtain
fdk" D(k",k'_k",w) ¢(kl_kll) - 0 (24)

for all k'.

For the sinusoidal density profile given by Eq. (13), using Eqs-(6)
and (12), Eq. (23) becomes

- " - " ll_

D(k ,kx,m) Go(kx,m) s (k") + G+1(kx,w) §(k ko)

L1} (25)
6y (k0) 8" + k)

-13-



2
V)
G = _Ps_ _2 2 I 2 2 _ -1
0,60 = 25 exp(-ka ) %; (K D whu - )7 g
s
A 2
G (k_,w)  Js'ps oy [-(P+k, %)a 2/
+1,s %% =T 2 P 1 3g /2]
2v
s
T exp(ita, ) I, (k k,1a D (w/w - 071 (2t 1k k.a 2
R cs £ dkgkgag)
2 _ 2 2
kil = (kx + ko) + ky ,
kxtko + ik kX + ik
a,, =1ilog ¢ )-1 log_ (2—) is the angle between
] e k+l e k
k and k;;, and
2 _ 2
“ps “"“soqs /ms'

Then the integral in Eq. (24) becomes a discrete sum

N ' N (R '
Go(k',w) op(k') + G+1(k -kO“u) ¢ (k ko) + G_l(k + ko,w)
pk' + k) = 0 (26)

If we require ¢(x) to be periodic with the same periodicity

k. as the density [appropriate for a simulation with periodic boundary

0

conditions; non-periodic ¢(x) will be considered later], then & (kx) will

vanish except at kx pk, for integer p:

0

>

¢ (k) ¢, 8k ~pko)/2m

-0

—14-
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!
|
1
'
i

{where

21r/k0
; ¢p = (k0/21r) j(; dx ¢(x) exp(-ipkox)
and
¢ (x) =§ ¢p exp(ipkox) ‘ (27)

[It should be kept in mind that in general ¢(x) is complex, so there
is no relation between ¢p and ¢_p, as there would be if ¢(x) were always
real.]

Then, setting k' = pko, Eq. (26) becomes

Ap,p-l(w)¢p-1 * Ap p(w)¢p * Ap,p+l(w)¢p+l =0 (28)

’

~ where

B ,p'(w)

P |)(P'k0’m)°

=G
.(p-p

Eq. (28) must be satisfied for all integers p, since Eqs. (24) and (26)

are satisfied for arbitrary k'. So,we require
det A w) =0 29
bopt @ (29)

If, for the modes we are interested in, ¢p is negligibly small for

all p 2 Poax® and all p < p n for some finite Poox and pmin,then we

mi

can truncate the matrix A yat p>p and p < p_. . We can then solve
PP max min

Eq. (29) to find the normal mode frequencies w (in general there will

be p

) + 1 of them for each cyclotron harmonic), use Eq. (28)

max ‘min .
to find the ¢p for each normal mode, and then use Eq. (27) to find ¢(x).
This method is easily generalized to periodic density profiles ns(x)

other than the sinusoidal profile given by Eq. (13). For

ns(x) = j g;.“n ng 3 exp(ijkOX) (30)

b
Eq. (25) becomes

-15-



D(K" )k ,w) = 3 Gy (kpw) 8(K" - jkp) (31)

j=_oo

with Gj defined like G+1 in Eq. (25) but with AS/2 replaced by

* ik.. Eq. (28
ns,j/n50’ and tk, replaced by + jk, q. (28) then becomes

3 A 4, =0

p' P’p P

which again leads to Eq. (29). The advantage in using a sinusoidal
density profile is that the matrix AP:P' is tri-diagonal, and Eq. (29)
is easier to solve numerically than it would be for an arbitrary matrix.
Adding terms with 2k0, for example, would result in a penta-diagonal
matrix. On the other hand, an isolated slab of plasma with ai/L~1
would be more realistically modelled by a periodic density profile in-
cluding higher harmonics of ko.

It is also not difficult to generalize this method to potentials ¢(x)
which are not periodic in x. It can be shown using Floquet's theorem that,

except for a measure zero subset of the parameter space, all normal mode

potentials must be of the form (see Appendix G)

¢(x) = exp(iKx) Z¢p exp (ipkx) (32)
p

for some K, 0 < K < ko. Then we can still use Eqs. (28) and (29),

but we must redefine A , as
PsP

A p,(u)) =G (r' k + K,w) (33)

(p-p")

The nonlocal method will only be practical if we can use Prax Pmin
not too large; otherwise the numerical solution of Eq. (29) will be
too difficult. In order to estimate the conditions under which the

nonlocal method is practical, we will temporarily assume that inequality

-16-



(21) is at least marginally satisfied, so that Eq. (20a) is at least
qualitatively correct for the fastest growing mode. Then, using the

definition of ¢p in Eq. (27), we find

o, = expl-(plgky ) /28 = tpkox]

to be at least a few times |B|1/2kojl.

1/2
We estimate that B is on the order of ko(kL2 + kyz) from the

so we must choose p

max P

min

definitions following Eqs. (18) and (19), since the scale length of D in

x will be about ko-l, while the "scale length" of D in kx will be about
1/2

(kL2 + kyz) , and we can estimate the relative magnitudes of the various

second derivatives of D from these scale lengths. It then follows that

1/2

-1, 2 2
pmax - pmin 2 k0 (kL + ky ) (34)

and we need Prax ~ Pmin > 1 if inequality (21) is satisfied. So the
nonlocal method is not a practical way to find the fastest growing mode

in those cases where the local method is valid, whereas it is practical

when the local method is marginally valid. We cannot say in general whether
the nonlocal method is practical when inequality (21) is not even marginally
satisfied. However, in all such cases which we have investigated numerically,
P - p_._ can be chosen small (of order unity). Thus the local and

max min

nonlocal methods complement each other; each method works best in the

regime where the other method is least efficient or least valid.

IV. Numerical Techniques

To find the normal modes and frequencies using the nonlocal method,
the roots of Eq. (29) were found numerically in the region of interest

of the complex w plane, using a standard root-finding routine16’17

-17-



(modified by the authors) based on Muller's method.18 Usually
a small value of kyai (typically 0.5) was used initially, since the
root-finder was most efficient near the real axis (rarely missing

roots with Im w/mc < 1) and at small kya the roots tended to be mear

i i
the real axis. Then each root found at the initial kyai was followed

out to larger kya in this way it was possible to find roots far

i;
from the real axis at large kyai’ which the root-finder would very likely

miss if kyai were large initially. For each root found, the eigenvector

yeosd max) was calculated from Eq. (28), and ¢(x) [from Eq. (27)]

(¢pmin P

was plotted out if desired. In practice Py, VS always set equal to

-p , since the matrix elements A , for p,p' < 0 could be found using
max P,P

d i = followi from the definitions of A
the identity AP:P' A-p',-p [following from efin D,p

and G after Eqs. (28) and (25)]; thus little time would be saved by

0’ 11
using lpminl # Ipmaxl ifp. <0<p . (Some time wou}d §§»saved by

I to find modes with ¢_ << ¢ )

using |p_, | < |p
min max pmax

max
Since the time required to calculate det Ap,p' is proportional

to Prax’ and the number of roots is proportional to Poax’ the time

required to find all the roots in a given range of ky and w was

roughly proportional to pmax2° A typical run for a loss cone deuterium

plasma with wpe LI and koai = 1, in the range of ky and w typical

of the drift come instability (0.5 < kya, < 20, lo| /w4 < 2.5

at kyai = 0.5), using Prax = 3, took one minute on the CDC 7600 computer.

However, for Ppax > 5 the roots were so close together, especially near

the cyclotron harmonics, that the root finder could not.find many of them.

In order to avoid this problem and to reduce the computation time,

an approximation was sometimes employed in which the asymptotic form for

the Bessel function19

-18-



e-xvll(x) * (Z“X)_llz eXP(—ﬁz/ZX)’ (x >> & >>1)

was used, and the sum over % replaced by an integral, for the ion
terms. Then the definitions after Eq. (25) become, for the ion terms (see Appendix H

2 2
G, s rt) = =Cw * v ") [1+ 5o 2(50)]

- _ 2 2 2 2
th,s(kX’M) = (wps AS/ZVS ) exp(-ko a_ /211 + Ctlz(ctl)]

(35)

where

%y = w/ (V2kv )

z = (wt ik k
y

+1 asvs)/(/i kvs)

0

and Z(%) is the usual plasma dispersioﬁ functionzo

11

Z(t) ﬂ_l/%/;t exP(~t2)/(t—€)

This approximation is valid when Im w 2

2 wci’ kai > 1, and

kO sk, and is equivalent to using straight line orbits for the ions
when integrating the Vlasov equation over the zero-order orbits. When
this approximation is used, the modes associated with the ion cyclotron
harmonics (Bernstein waves) are eliminated; allowing higher-pmax
toobe used without confusing the root-finder (no problems were encountered
up to Prax = 9, as long as the Z(%) routine had high enough precision)
and greatly reducing the computation time for a given Poax (typically
by a factor of 10).

The electron terms were evaluated in the limit of zero Larmor radius,

ka << 1:
e

22, 2 2
GO,e(kx’w)<— —wpe k /(mce -w )
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= 2 2 2
Gil,e(kx’m) = -(wpe Ae/2) [k kil/(wce - w

) +14 koky/lwce|m]
(36)
and Ae was related to Ai (usually set equal to 0.99) by Eq. (1l4a), so

A = Ai g: (ns/ne) exp(-k02a32/2) (37)
s = ions

where the sum is over ion species [recall that a loss cone ion distribution, S
given by Eq. (11), is treated as two Maxwellian ion species].

Numerical solutions were obtained using the local method also. The
first two parts of Eq. (16), D = 0, and 3D/3x = 0, were soived simultaneously
for complex W and X using a Newton—Raphson21 root finder (kL was
assumed to be zero, so that Z)Dlak,x = 0 was always satisfied). This
root-finder (in contrast to the root-finder used for the nonlocal method)
worked well only when the initial values of W and X, were reasonably
close to the correct values. Initial values were taken either from the
results of the nonlocal method, or from previous calculations of
W and X using slightly different parameters. Because the root-finder
was very quick, and the equations to be solved were relatively simple, it
was possible to cover the parameter space faifly densely, using the local
method. In fact the entire parameter space could be covered in less time
using the local method than it took to solve a single case using the
nonlocal method, and the results were more -accurate using the local
method when inequality (21) was well-satisfied. On the other hand, the

nonlocal method was needed to obtain initial values of w,2 and xL in

L

a given regime of parameter space, as well as to find modes with kL # 0,

and modes with inequality (21) not satisfied.

Abridged flow charts and complete listings for the program ROOTS and 1
its subroutines (used for the nonlocal method) and of the program LOCAL

and its subroutines (used for the local method) are given in Appendix I.
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V. Results

Runs were made for both methods using a mirror ratio R = 3, a mass
ratio mi/me = 3700 (appropriate for a deuterium plasma), a density

gradient koai ranging from 0.1 to 6.3.[ai refers to Vi/mci where \A is

the thermal velocity of the first Maxwellian componeﬁé in Eq. (11);

the total ion thermal velocity is thus vi(1+R—1)l/2

2
wpi /wci2 ranging from 3 to 104. In each case, for the mode with the

}, and density

highest growth rate, w and k.y were found and ¢(x,y) was plotted. Sample
results using the nonlocal method for one case, mpizlwciz = 30,
kOai = 1.13, and Prax = 3, are shown in Fig. 2, a plot of w vs. ky’

(note that there are p P +1 = 7 brances for each cyclotron harmonic

max min
in Fig. 2, as discussed in Sec. IIB.)and Fig. 3, a contour plot of
¢ (x,y). When inequality (21) was satisfied and when Phax W2S high
enough so that q)P = 0 for |p| > pmax,,the results using each
of the two methods were found to be in excellent agreement, within 17
for m,ky, and X and within 10% for the half-width of ¢(x).(see Appendix J)
Figure 4 shows the growth rate of the fastest growing mode as a function
of w .2/m 2 and k.a,, using either the local or the nonlocal results,
pi " ci 0i
whichever was most accurate for each set of parameters, Figure 5 shows
the minimum Poax needed in order to use the nonlocal method, as a function
of @y /w-ci2 and koai. Figure 6 shows |¢>(x)|2 and |¢p|2 for various
2

2
values of kOai’ for wpi /wci = 1000.

VI. Intepretation

The parameter space is divided into several regimes in each of which
the fastest growing mode has qualitatively different4characteristics
(shown in Fig. 7) and is driven unstable by a different mechanism.

At k.a, < 1.25 (region A in Fig. 7 ), the most unstable mode is

01

a drift cone mode. Its characteristics are in qualitative agreement with

-21-



1.0

‘O
3
N
3
E

0.5

0.0 |

0 10 20

2 2
Figure 2. w Vs. ky plot, using oy /wci = 30, mi/me = 3700, R = 3,

k a, =1.13, A, = 0.99, p = 3. The real part of w is
oi i max

shown in the top plot (dashed curves indicate the real
parts of complex w) and the imaginary part of w (the
growth rate) in the bottom plot.
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Ko X

Figure 3. Contour plot of the real part of ¢(x,y) for the fastest
growing mode in Fig. 2, at w/wCi = 0.953 + 0.8731, kyai = 3.55.
The plasma density is at a maximum at kox = 0 and 2n, and at
a minimum at kox = 1. Re ¢(x,y) is normalized so that it
ranges from -1 to +1. Contours are shown for 0.8, 0.6, 0.4,
0.2, and 0 (solid curves) and for -0.2, -0.4, -0.6, and
-0.8. The figure would have to be compressed vertically by
-a factor of 2.56 to make the vertical and horizontal scales

the same.
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Figure 4.

The growth rate Y
max 2
as a function of (mpileci) and k a,, for A

mi/me = 3700.

of the fastest growing mode is shown
1= 0.99, R = 3,
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Figure 5. The minimum Prax needed to find the fastest growing mode
using the nonlocal method is shown as a function of (wpi/mci)2

and k a,, for A, = 0.99, R = 3, m,/m_ = 3700.
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Figure 6.
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|4>(x)| and |¢ I are shown for the fastest growing mode

for various values of k ai, using (w /w ) = 1000, A, = 0.99,
R =3, and m, /m = 3700. The plasma guiding center density

is at a maximum at kox = 0 and 27, and at a minimum at kox = 7.
For koai> 1.80, the plasma density (as opposed to guiding
center density) has its maximum at kox = 7, and its minimum

at k X = 0 and 2n. The twelve cases shown are located re-
spectively in regions A, A B, B, B, C, D, E, E, F, F, and

G of Fig. 7.
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Regions of the parameter space are shown in which the
fastest growing mode has different characteristics. The
usual drift cone mode occurs in region A; other types of
instabilities occur in the other regions, discussed in

Sec. VI. R =3, A, = 0.99, mi/me = 3700.
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the mode described by Post and Rosenbluth14 for an infinite medium

with constant densit& g;adient; it is modified by the fact that ¢(x)

is centered near the edge of the plasma (typically kOxL/2n = 0.6)

where the density gradient(ai/n)dn/dx (a small parameter in Ref. 14)

is relatively large. For koai 2 0.4, the ion density gradient begins

to compete éith the loss cone as a source of free energy for the

instability, and the mode has some of the characteristics of the Mikhailovskii

drift cyclotron instabilityls.

2 2 .
At koai > 1.25 and wpi /mci 2 50 (region B in Fig- 7) , a new

mode appears, and quickly becomes more unstable than the drift cone mode.
This mode has ¢ (x) centered at ko x/2m = 0.5 (the point of minimum ion
guiding center density), and has a purely imaginary frequency. It is
an ion two-stream instability, driven by the double-humped ion velocity
distribution EOi(g,g) at kox/2n = 0.5 [since ni(g) is double-humped,
and fOi(g,y) = gi(vl,v")ni(§gc)]. It is thus an artifact of the periodic
guiding center density profile ni(x), and would not appear in a plasma with
a single-humped density profile.

The ion-two-stream instability is most unstable at kga; = 1.35,

and disappears at k > 1.80. The drift cone (or drift cyclotron)

0?1
instability also disappears at about this value of koai’ since A;e=0 at

koai=1.80 for R=3 [in order to satisfy Eq.(l4b)], and the drift cone mode

depends on an electron density gradient. But for mpizlwciz 2 200, another

instability appears at k 1.70, and remains the most unstable mode until

0%4 =
koai ~ 2.5 (region C of Fig. 7). This mode has ¢(x) centered at

kox/2ﬂ = 0, the point of maximum ion guiding center density, and is a purely
growing ion instability, with kL 2 ky; the maximum growth rate occurs

when ky = 0. The instability arises because the projection of the ion

-28-



velocity distribution in the x-direction J{}Oi(g,y)dv dv , has
y z

its loss cone deepened slightly when dzni/dx2 < 0 (true at x = 0), and

this makes the ion distribution unstable by the Penrose criterion22

modes with wave vector in the x-direction.

to

Eq. (16) can be solved

analytically in the limits ky = 0, Re mL= 0, kLvi 2 ImLI 20 . which

are applicable in region C when mpi

>> w L.
Cc1l

In these limits,

D(x,kx,m) can be written in terms of the plasma dispersion function

Z(z), using Egs. (11), (23), (25), and (35), and Z(y) can be approximated

by iwllz, since ¢ = wL/kLvi << 1.20 Then Eq. (16) has the solutions (see Appendix K)
_ -1,-1/2 3/2 (_1/2 -1
w = 0.307 i wzh(l-R ) (ez—el) [R (e2+1)-(e1+1)]
= -1,-1/2 1/2
kL = 0.577(m2h/vi) (1-R ) (ez—el)
x, =0 (38)
where ) 2 s
e, = exp(-k0 ay /2), e, = exp(—k0 a; /2R),
and
- 2 2.-1/2
Won = wpi[l + wpe 1+ Ae)/wce ]
is the lower hybrid frequency at x = 0,
and Ae = (Rel-ez)/(R-l) from Eq. (l4a) assuming Ai = 1. The growth
rate is greatest for a given ®oh when k.a, = [2R &n R/(R-l)]l/z. For

R = 3, this corresponds to k

0?1

L

w, = 0.06 i Woh and kL/kO = 0.27 mlh/mci'

01i

= 1.80, and Eq. (38) gives

Since Eq. (38) is derived

using the local method and depends on inequality (21) for validity, we

might expect that this mode will no longer exist when wpi

since then kL/k0 < 2.

2

2/w < 200,
ci

The nonlocal method confirms this expectation

2

and gives results in good agreement with Eq. (38) when wPiZ/wci > 200

and 1.80 < k

Oai < 2.5.
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Since the mechanism for this instability is the deepening of
the loss cone due to dzn/dx2 < 0, it does not depend on the periodic
nature of the density profile, and we would expect it to occur even in
an isolated slab of plasma. However, it would not occur in a plasma
column with cylindrical symmetry; this may be seen by applying the

Penrose criterion22 at x = 0 to a plasma with distribution function

2 2
fOi(g,y) = gi(vl,v“,ggc) given by Eq. (11), and ni(g) = n, exp(-x"/L - y"/L).

Hence the instability of region C, like that of region B, is an artifact
of the model density profile used. (see Appendix L)

When k > 1.80, Ae < 0 (for R = 3), i.e. the electron density

0%4
gradient is in the opposite direction of the ion guiding center density
gradient, and a drift cone or drift cyclotron instability occurs with
¢ (x) centered at 0 < kox/Zn < 0.5, rather than at 0.5 < koxlzn < 1.0,
as occurs when Ae > 0. This instability has higher growth rate than any

of the purely growing ion instabilities when 2.5 2 koai 2 4.0

(regions D and E). At koai = 2.5 (region D) finite k- ky must be used
in Eq. (16) to describe the fastest growing mode by the local method, but

at koai > 2.5 (region E) kL = 0 may be used. The ion density gradient

is more important than the loss cone in driving this instability, but the
loss cone is crucial in determining the electron density gradient

Ae (which would be positive and much smaller in absolute value if there
wefe no loss cone), on which the real part of the frequency (and
indirectly the growth rate) depends.

For koai > 4.0, the electron density gradient is unimportant

because Ae (which decreases exponentially with kOai) is negligibly

small. Ion instabilities of the two-stream (or many-stream) type

again become important (for w 2 2 50), driven by the ion density

2
pi /wci

profile [which for k >> 1 results in fOi(vy) consisting of several

0°1
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streams], and by the loss cone. These instabilities are purely growing
at higher densities and lower kOai (region F). At lower densities and higher
koai, when ion cyclotron effects (i,e.Im¢»Smci) become important, the real
frequencies are not zero (region G). Because fos(g,y) is not very
dependent on x when kOai >> 1, these modes tend to have ¢(x) very spread
out in x, with ky = kx = ko. Hence they cannot be described by the
local method, only by the nonlocal method.

Fastest-growing modes whiéh cannot be described by the local method
\ also exist at lower kOai’ at sufficiently low densities (regions H,I,J,K).
For regions H,I, and J, Re w # 0; in region K, Re w = 0. In regions
I and K, like regions G and F, the instability is due entirely to the
ions, and the electron density gradient (which is very small in these
regions) plays no role. In regions H and J, the electron density
gradient is important, gnd both the ions aﬁd electrons contribute to
the mode. This may be seen by comparing the perturbed ion and electron
densities for the fastest-growing mode in the different regions. 1In
regions F, G, I, and K, the perturbed ion density is much greater, while

in'regions H and J, the perturbed ion and electron densities are comparable.

VII. Summary and Conclusions

Two methods were derived for finding the linear normal modes of
electrostatic perturbations in a non-uniform Vlasov plasma. The methods
complement each other, since the local method, using Eqs. (16) and (22)
is valid only when the wavelength is much smaller than the scale length,
while the nonlocal method, using Eqs. (27), (28); and (29), is most
efficient when the wavelength is comparable to the scale length. Neither
method depends on the Larmor radius being small compared to the scale

length. Both methods were employed (each in its own regime of validity)

-31-~



to find the nbrm31 modes for the drift cone and related instabilities in
a loss cone plasma with density varying sinusoidally in space in a direction
perpendicular to a uniform magnetic field, over a wide range of densities
‘and density gradients.

An immediate application of these results is to coﬁputer simulations
of the drift cone mode using periodic boundary conditions and a slab
geometry, with sinusoidal density profile. Analytic solutions for

the linear normal modes and frequencies for this model are useful in

order to check the linear behavior of the simulation, before we explore

the nonlinear behavior. Such simulations should have koa1 < 1.25;

otherwise we will introduce new instabilities that depend on the model,

and would not occur in a cylindrical plésma column, for example, as dis-
cussed in Sec. VI,

If other models (including more realistic models of experiments) be-
have in a similar fashion to the model we have considered, then no qualita-
tively new behavior (not predicted by the small Larmor radius approximation)
would occur if (ai/n) dn/dx <1l. The condition is satisfied for the bulk of
the plasma in the 2XIIB experiment.3

More generally, we have shown that it is possible to use a local method
to find the normal modes and their growth rates, even when the Larmor radius
is comparable to the scale iength, provided the wavelength is much less
than the scale length [and assuming we can find .the equilibrium distribution

fos(g,g)]. When the wavelength is comparable to the scale length, it

is possible to use a matrix equation (not tri-diagonal in general)
truncated at fairly low index p. Although the model we have soived
does not resemsle any experiment, it should be possible to use these
methods to find the normal modes of experimental plasmas with Larmor

radius comparable to scale length.
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Historical Note

This report is the culmination of ﬁany years of work.

In 1969, Birdsall and Fuss (at Lawrence Livermore Lab.) began
computer simulation of the drift-cyclotron loss-éone mode, using
particles on a two-dimensional periodic mesh, stafting with a sinu-
soidal density profile [Eq.(13) with Ay 3 1, koai/2w = 0.1, 0.2].
The checks between simulation and small-amplitude dispersion resuits
(w, k), calculated by N. Lindgren (Univ. of Calif., Berkeley) from
existing local approximation theorylé, were fair, considering the
difference in the model and theory.

Langdon (Univ. of Calif., Berkeley) then provided the exact or
nonlocal theory, essentially Eq.(29), from which Birdsall and Fuss
obtained a few sample solutions for w, k (showing the multiple roots,
as in Fig. 2) and ¢ (x,y) (showing the localization, as in Fig. 3),

and these only for a ring distribution of velocities,

g5 (Vss 1§)=(21rvo)_ §(vy-v ) n (%),

rather than the loss cone distribution given by Eq.(1l). While these
results were presented in talksa’5 and progress reports, they were
incomplete.

Since 1973, Gerver derived the local method [eqs.(16) and (20)1,
and used these and the nonlocal dispersion relationm, Eq.(29), with loss
cone distributions of the form given by Eg.(1l), to explore the broad
range of parameters displayed in Fig. 4 througﬁ 7. This required con-
siderable refinement of the numerical techniques used earlier, including
ghe use of straight-line orbits [Eq.(35)], and extensive modifications
of the root-finding routine. The physical identification of the various

modes and the interpretations are also Gerver's.
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APPENDIX A
Derivation of Eq. (4):

Starting with Eq. (3) and the identities
¢(>58',t)= fdlg ¢ (k) exp (ik - :ss' - iwt)

' = " og " ' 1" . '
fos%s ’Ys') fdlf £ (k" v Dexp(-1k ")

we obtain
1] 4“q82 0 E)ES
dk . 1" t
f~ fdk[z m de f drt ilf 3v ' (I_S ’YS)
s s e -8

¢(K)exp(ik - gs' - ik" - §S' - jwt) - k2 &(E)] =0

2

4nqs

fdlg 5(1_5) (fdlg' exp(-ik" + x + ik » x) (] o
s

s

(=)

of
fdy f dr ik « _S (€",v_ "Vexp[i(k" - k) - (x - x_ ") -iot]}

v
_kz) = 0

~8

Let k' = k - k", and we obtain Eq. (4).
Derivation of Eq. (7):

Starting with the identity

B G = [ox £ Gopemt + 0

f dx g (Ve,vysxpJexplik © )

]

fdijgc B (Vusvyax, Jexp(ik - x..)

. - -1
explik - (v x Bo)wcs ]
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_ . - -1..
= EXP[-iE (v x Bo)wcs ]gs (V;svnsk)

using Boe =X +VxB,w

Derivation of Eq. (9):

We put Eq. (7) into Eq. (6) to obtain

4mq 2

Ds(f:gs“) R exP(—iE * %) dk. exp(ik' - x)

S

-

0
. 9 ik - k') - '
.[dY J:w dt ik » 5o {exp[-i(k - k') - (v ' x Bjluw

~8

és(vl,vn,g - k') Jexp(ik' -(gs'— x) -iwt]

3
We evaluate v { }
~S
2 }=expl-itk - k") + (v x B)w 1]
ays' P ~ = ~ 0" cs
g ig R
3
o~ o 3o [ -k« (v ' x Byl)
~8 cSs ~S

-1

cs ]

(A1)

(A2)

where the arguments of és and its derivatives are always taken to be

(Visvﬂyk - E')‘

og ag ~ 9f
s _~ _°s “Ss
av ' Vig v, * B0 v (43)
~s L f
_2__ . ' 2 = _é__ t . n - 1]
v, [k - k") « (v.' x BY]= oy, {y,' -[By x(k - k")]}
=B, x(k - k") (a4)
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A T ' 1 LI '~ (v"'+-B)B
where v, Yag /lYLs |, and Yag Tis (~s 0) 0

Putting Eqs. (A2), (A3) and (A4) into Eq. (Al), we find

4wq 2

Ds(g,l_g,m) = exp(-ik - x) fdls' exp(ik' - x)

s

0 ~ -
dv f dt exp[-i(k - k") . (ys' x Bo)m 1]

cs
(ik - v s (6 k- kD]E o '
<7 Vi By, T % [By x (k- kD ]gg wyg
5%
+ 1k —EE} exp[ik' (x ' - x) -iwt] (AS)
f v, PLiX ~s =

We can use the fact that k +(By x k) = 0 to replace k - [By * (k-k")] by

k '(ﬁo x k') in Eq. (A5). We then put in the expression for the particle

orbits, Eq. (8), and obtain

4mq 2

Dg (x,ks0) = exp(-ik + ¥) [dk' exp(ik' - x)

m
S

0
v o . - -1
fdy exp[i(1~< l~<) (v x Bo)mcs ] j:-m dt

-1 . . - -1
exp[ik * v, w,, sino T + ik (v x BO) ®.g
(1 - cos mcsr) + ik"v“ - iwt]
~ N ~ ~ aés
{[1 k * v, cos w Tt 1 k -(v, x BO) sin wcsr] 3;:
98
. ~ ' -1 . 8
-k '(BO x k') w.o By + ik aV“ }
4nqsz :
= exe(-ik - x0) fdls' exp(ik’ « x) fdv
s
exp[ik' « (v x B ) ~1] {[k (k' x E ) w -1 g
~ = 0’ Yes S 0" “es s
ags ags
+ 1k E—"-]I1 + i v, L} (A6)
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0

= Y -1
where Il = f-m dt exp[ik * v, w,,  sin W.gT

-1
ik (}{ x Bo) w.g COS w T+ ikyvyt -iwt]

=z -1 . - -1

12 = f@ dt exp[ik * v, Weg sin 0. T ik (v x Bo)mcs

cos w T + ikuvur - iwt] [k + v, cos w. T +k (v, x Bo)sin wcsT]
We define an azimuthal angle ¢ by

kv = 4V, CcOs ¢

~

-k (v x Bo) = k,v, sin ¢

Then
0 -1
Il =./;p dt exp[ik,v, w.g sin(¢ + mcs'r) + ik"v"r ~iwt]
0 -1
I2 = J:w dr exp[ik,v, w.g sin(¢ + wcs'r) + ikﬂv“‘r -iwT]

k, cos(¢ + wcs'r)

These integrals can be evaluated by using the Bessel function

identity
ZJz(x) exp(i20) = exp(i x sin6) (A7)
2
0
1, = %Jz(kLv_l/wcs) Lm dr exp(il¢ + 1w ~iut + Lkyvyr]

=1 %Jz(klvllmcs) exp(i20) (v - fu__ - kv ™ (A8)
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0
I, = (k,/2) zz:Jl(k_,_vl/wcs) fm dr Z:up[i(l £ 1)¢

+ 12 * l)wCST - iwt + ik“V“T]

0
(k,/2) Zl: zi:Jlﬂ(k_Lv_,_/wcs) f dt exp[if%é

00

+ 1w 1 - iwt + ikyvyT]
cs M

[}

i(k,/2) %; zg"Ikil(klvl/mcs) exp(124)

-1
(w - chs - k“v“)
=it /vy 0T, (kyv,/u ) exp(itd) (v - Lw ~ kgt
i A e cs ~ VI
(a9)
where we have used the Bessel function identity

(20/x)3, (x) = x) +73, ,&)

Jos1 g-1

The dv in Eq. (A6) can be replaced by v,dv,d$, and the integration
over ¢ performed. We define a as the angle between k,' and k,

~ 1

exp(ia) = k, -+(k, +1 B0 x k,') (A10)

Then
k' (v x BO) = k_,_'vl sin(¢ - a)
and we can use the identity (A7) to evaluate
-1

~ -1
LI = - ' -
exp[ik' - (v x Bo) W.g ] exp[-ik, 'v, Weog gin(p - a)]

= E:Jm(kl'vl/wcs)exp[-im(¢ - o)l (Al1l)
m
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The ¢ dependence of I1 and 12, given by Eqs. (A8) and (A9),
appears only in the factor exp(i%¢). The only other ¢ dependence
of the integrand in Eq. (A6) is in the term evaluated in Eq.(All).

So the integration over ¢ that must be done in Eq. (A6) is

.[d¢ exp[-im(¢a) ] exp(if¢) = 2w sz exp(ifa) (A12)

Putting Eqs. (A8) through (A12) into Eq. (A6), we obtain Eq. (9).
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APPENDIX B
Derivation of Eq. (10):

In Eq. (9), és(vl,v“,g - k') 1is negligible for lk - k'| > L_l,
where L is the scale length, and for v, >> Vs where v, is the
thermal velocity. 1If a_ << 1L, where és = vs/wcs is the Larmor radius,
then gs(vl,v“;g - k') is negligible unless (k - k') - (v x 60)mcs_] <1,

so we can make the approximation
exp[-i(k - k') - (v x ﬁ Yo -1] = 1 (B1)
~ ~ ~ 0’ cs

in Eq. (A5) without changing the integral very much. We use the definition

of gs after Eq. (7) to obtain the identities

f@'uMﬂy-g»glngg-yww“

= g5 () /3v

fdls' expli(k' - k) - x]3g_(k - k')/3v,
= ags(}f)/avl
fdls' [ﬁo x i(k' - K] exp[i(k' - k) * :5]%8(15 -k') = 1;0 x Vg_(x)

which can be used together with Eq. (Bl) to perform the integration over
k' in Eq. (A5), yielding
2 0
D_(x,k,w) = (4nq " /m ) exp(-ik * x) deI dt

exp[ik *(x ' - ¥) -iwt] [ik vls'(ags/avl)

+ ]'_IS o(BO X Vgs) wCS—l + ik“ (Bgs/av“)] (Bz)
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Eq. (8) can be put into Eq. (B2), and the integration over
T and ¢ performed just as in Appendix A, yielding Eq. (10). The
factor exp[ik' +(y x éo) wcs-ll which appears in Eq. (A6) must be
replaced by exp[ik (v x ﬁo) mcs—ll’ which is justified by Eq. (Bl);

otherwise the derivation is completely analogous.
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APPENDIX C
Derivation of Eq. (12):
For a Maxwellian gsl
81 (Vy>%) = (ZWQZ)'1 exp(-v12/2v82)ns(§)
and a sléb ns(§) independent of y and z, we have

g 2,-1 2, 2\,
~fAVB gs(vl,g - k") = (Z‘rrvS ) exp(-v, /zvs )ns(kx' _ kx)

S(ky - ky')G(kz')
where kz = 0 by assumption, gs is defined after Eq. (7) and ﬁS
is defined after Eq. (12). Then Eq. (9) becomes (after integrating
over ky', kz' and vn)
Ds(§,§,m) = (4nq82/ms) -mékx' exp[i(kx' - kx)x]

J;)va_,_dvl %:exp(im) Jg(kLVL/“CS)Jg(RL'VL/“’CS)

-1 2,-1 2 2
(w ~ chs) (vas ) T exp(-v, /2VS )
2
i - ' o] ! -
[1ky(kx kx ) + zwcs/vS ] ns(kx kx)

We define k" = kx' - kx’ change the variable of integration from
k ' to k', and use
X

o

-2 2,. 2 .
A j; v, exp(-v, /2vS ) Jz(kv-llwcs)Jz(k \rl/mcs) dv,
il 2y L2, 2 co2, 2
expl-(k"™ + k') v, /chs ],Iz(k k A /wcs )

. -
|trom identity 6.633.2 in Gradshteyn and Kyzhikjjto obtain Eq. (12).
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APPENDIX D

Derivation of Eq. (14):

po(g) Zs:qsfdg fOs(}f’Y) = 0 for all x

for no net equilibrium charge density.

Using Eq. (D2), the left hand side of Eq. (D1) becomes

gs(vl,v“.§gc)

- -1
v B0 Yes

+ vy/mcs

- w
VX/ CcSs

Pe(®) = %qs fdvx dvy gsl(vl,;ggc)

B 2,-1 2, 2
= zs:qs(vaS ) fdvx dvy exp (-v, /2vs ) ns(xfgc)

(p1)

(D2)

for Maxwellian g, g+ For a plasma slab, ns(g) independent of y and z,

2.~-1 2 2
pq(x) = zs:qs(z-nvs ) fdvx dvy exp(-v, /Zvs )ns(x + vy/mcs)

For a sinusoidal density profile,

Eq.

ns(x) = nOs

(D3) becomes

1+ AS cos ko x)
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_ 2,-1 2 2
Do(x) = zs qs(2'rrvS ) fdvx dvy exp ( Vo /2vs )
exp (-v 2/2v 2) n. [1+A cos(kx+ k.v/w )]
y s Os s 0 Oy cs
Integrating over Ve
i
- 2,-1/2 f 2y, 2
po(x) zs:nos qs(21TvS ) d\ry exp( vy 72vs )

1+ Ay cos(kox + kovy/wcs)]

2,-1/2

= 2 2
§n0s qs(21rvS ) fdvy exp( vy /2vs )

1+ Ag exp(ikox)exp(ikovylmcs)/z
+ AS exp(—ikox)exp(-ikovy/mcs)/2]

Since po(x) vanishes for all x,

2n/k
0 -1

oo(x) dx = Z'trk0

A gnosqs = 0 or Eq. (14b) and

2ﬂ/k0
](; po(x) exp(ﬂ:“ikox)dx =

-1 2.-1/2 2 2 -
nko ‘ Zs:no-s qg As(21rvs ) fdvy exp(-vy /2vs ) exp(-l-ikovy/mcs)

| 22 2, _ ..
=7 kg, anos ag Ag exp(-ko vy /2(;:»'::3s ) =0

or Eq. (}4a) .
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APPENDIX E

Solution of Eq. (18):

2
AMZ'FBX ilJi'l'C){2§|)'i')\l])=0 ‘ (E1)
ox
ox |
- 2
Assume y = (Z amxm)exP(-B x °/2) (E2)
m=0

5¢ =l m 2
Then Pyl (Egb (m+1)am+1x Yexp(-B x “/2)

n

-6 Y ax™exp(-8 x 2/2)
m=0
n-1 o n+1 n 2
= [57;:0 (m+1)am+1x - Bmz=:1 a _1¥ lexp(-8 x “/2)
nt+l o 2/2
= {m};l [(@l)a ., -8a ,1x +a lexp(-8 x°/2) (E3)
2 2 n42
2%y 0x” = (Z (@D [(@2)a_, - 6 a]
m=2
m
-fma -Ba ,)}x

2
+ [2(383 -8B al) - B a1] x + 2a, - B ao) exp(-B x “/2)

1l

w2, ;
{m{:z [@" +3m+2)a_, - 8(2m + Da_

+ 82 am_Z]xm + 3(2a3 - Bal) x + (Za2 - Bao)} exp(-B x 2/2) (E4)

b

n4-2
(3y/3x) = [iéé (mam - Bam_z)xm + alx] exp(-B x 2/2) - (ES)
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2 2 n 2
XY = (2 a )X ) exp(-B x 7/2) ' (E6)
m=2

Putting Eqs. (E4), (E5) and (E6) into Eq. (El) and dividing

through by exp(-B x 2/2) yields

n+2 o 2
2: x {A[m” + 3m + 2)am+2 - (2m + l)am
m=2
+ 82 a ,] + B[ma_ - Ba ]
m-2 m m-2
+Ca + Aa }
m-2 m
+ [3A(2a3 - Bal) + B a, + Xal] x
+ [A(2a, - Baj) + rag]l = 0 ‘ (E7)

This can be satisfied for all x only if each term in the polynomial

vanishes. So

A(Za2 - Bao) + Aao =0 (E8)
3A(2a3 - Bal) + Ba1 + Aal
= 6Aa3 + (B+ )\ - 3A8)a1 =0 (E9)

A(m2 + 3m + 2)am+2 + [Bn - BA(2m + 1) + A]am

+(C-8B+8%) a _,=0 forn+2>m>2 (E10)

-2
Setting m = n + 2 in Eq. (E10) yields (since-am = 0 for m > n)

C-B8B+ 82A =0 (E11)
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Then Eq. (E10) becomes

A(m+2) (m+1)a o + (Bn - BAC2wHD) + Ala_ = 0 _ (E12)

where B = (B/2A) + [(B/ZA)2 - C/A]1/2 (E13)
[the + sign is taken in Eq. (E13) so that Re B > 0 and y(x) = O
as x + t ®], 4
Taking m=n in Eq. (E12) yields
Bn - BRA(2n + 1) + A =0
or
A =BA(2n + 1) - Bn (E14)

n-3

Taking m = n - 1 yields a_1° 0, which further implies

-1

= a = ... =0, so y must be either even or odd in x.

For 0 <m < n - 2, Eqs.(E12) and (E14) give the recursion relation

for the coefficients am

m A(m+2) (mtl)
a ., T -Bm + BA(2m+l) + A
A(m+2) (mtl)
B(n-m) - 2B8A(n-m)
(mt2) (mtl)
(n-m) (B/A - 28)
n (m2) (m+l) (E15)
ano N 2(m-n)n
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o>

8 - B/2A

]

where»n

1/2

[(8/28)% - c/A] (E16)

Eq. (E15) is the recursion relation for thé Hermite polynomial
Sax' =H ) ' ' (E17)
m n
m v
So the solutions are
2
p (x) = Hn(nl/?'X)exP(—Bx /2)
A, = BA(m + 1) - Bn = (2nn + B)A . _ (E18)

with B and n defined by Eqs. (E13) and (E16).
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Appendix F
Sketch of Proof that Local Method is Valid When Inequality (21) is Satisfied:

We wish to show that inequality (21)

1/2 >> 1

2 2

L(kL + ky )
is the criterion for being able to neglect the terms in Eq.(17) involving
higher derivatives of D, so that Eq.(20) is a good approximation to at least
some of the solutions of Eq.(15). We will consider a general dispersion
function D(x, kx,us), not just the D appropriate to the model considered in
Sec.III. However, we will not attempt to make our results as general as
possible, bﬁt will make various physically reasonable assumptions about
D(x, kx,u)) when convenient. Sometimes we will make mathematical assump-
tions about D(x,kx, w) and the physical content of these assumptions will
not be obvious; in such cases we cannot prove that the assumptions will be
valid for all models of physical interest (or even for the model considered
in Sec.III), but we conjecture that the assﬁmptions'will be valid for most
models of physical interest.

To simplify notation, we will use §(x) Eexp(-ika) d(x + xL) and

Q(x,kx, w) =D(x + X s k.x + kL’ w). In this notation, Eq.(15) is
Qx, -1 35, w) $(x) =0 (F1)
and Eq.(16) is
= 2Q =29 =
Q(090:(0L) = 9% (090, wL) akx(oso’wL) 0

Anticipating our result that Eq.(17) is nearly valid without the higher
derivatives of D, we expand Q and ¢y in perturbation series, and write

ot ks 0 = 0P, 1, wp) +a + eV, kw0

[The subscript n indicates we are looking at a normal mode whose frequency

w 1is given to lowest order by Eq.(20b)]
n
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2 2 2
0 - 97Q 2 ) 3 2
Q9 x,k 0 ) = -1/2 2 (000 k' -t ﬁax(o,o,uﬂ xk_ + 1/2 33 (0,0,0)x
(0)
() ) _ 3Q
An = An + An + ... = (mn - mL) ™ (o,o,wL)

(m) _ (m),.(0) -
W F T 0,0, u))

w = w + Aw (0) + Aw (1) + ...
n L n n

b (o) = wn(o) (x) + spn(l)(x) +...

(1)

Note that Q contains all of the terms neglected in Eq.(17). As a

D + Aw (2) + ...

result of these terms, wn and wn have small corrections Awn n

(1 (2)

and wn + .... Eq.(Fl1) may be written

+ wn

(0) (1) 0

(0) (1)
Q + Q + An + An

NI (1)+.f.)

+ ¢n 0 (F2)

The zero-order terms of Eq.(F2) give Eq.(18), or in our notation

@ &, 152, o+ A P14 @ -0 (¥3)
where wn(o) and An(o) are given by Eq.(19). The first-order terms of Eq.(F2)
give
(0) (0 (L (1) (1) 0 _
Q + An‘ ) Wn + (Q + An ) ¢n =0 (F4)

Following the usual procedure of quantum mechanical perturbation theory, we

expand wn(l)(x) in the eigenfunctions ¢m(0)(x) of Q(O) [given by Eq.(19a)]:

0

M gy - 0)
b @) = nZ:; c b @ | (F5)

2
vwhere ¢ = fll’m(o)'*(x) !l'n(l) (x) dg/[“l’m(o) x) | ax

o , (0 _ 0 , (0)
‘pm = = Am "pm ’

Then, using Q

Eq. (F4) becomes
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. (0) (0) (0) (1) (1) o) _
m;)(xn - e v P @ e Py oy 9 e (F6)

(1)

Eq.(F6) can be used to find An and Con for mfn. If we left-multiply Eq.(F6)

ey (OF
y wn and integrate over x, we obtain
0)* (1 2
ﬁ, @%@, © 4y Anu)fw,n(o)l ax =0
or An(l) = -ﬁln(o)* Q(l) 'l'n(o) dx/[lwn(O)lz dx (F7)

(0)

* for m#n and integrating over x yields
*
e, (1 @y @ ﬁmcm Wy © dx/ ﬁwm“”lz ix  (F8)

Using Eq.(F7) we will show that (with certain assumptions) inequality (21)
0)

Left-multiplying Eq. (F6) by ¢m

implies kn(l) << Xn( for small n. Similar arguments (which we will not

go through), using Eq.(F8), would show that inequality (21) also implies
¢ << 1 for m#n, for small n. Thus we will show that if inequality (21)
is satisfied, Eqs.(20a) and (20b) are good approximations to the exact nor-

mal mode potentials and frequencies, for small n.

0%, Oy,

We wish to estimate an upper bound for the expression ./; n

Q
appearing in Eq.(F7). We will consider n = 0; the same arguments apply for
any n~ 1.

From Eq.(19a)

4o @ = exp (-8x/2)

/2

We note that wo(o)(x) is negligibly small for x >> (ReB)_l , and that its

fourier transform is negligibly small for kx >>8 1/2. This suggests that

./;0(0)*Q(1) wo(o)dx will depend on Q(l)(x, k _,w) only for x| s (Re B)-llz

and |kx| 3 81/2, and not for much larger values of x and kx' Also, if

2, <en © D <<y ©

» then Aub w , and we need only consider values of
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w satisfying |w ~ w L' < Amo(o), Then we expect

(0)* (1) , (0 (1) (0)* (0)
wao Q7 ¥y dx S Q. J/.wo Yo | dx (F9)

where Qmax(l) is the maximum absolute value attained by Q(l)(x, kx’ w) for

/2 1/2 (0)

any |x| < (Re B)-l and |w —Nll f_Alﬂo . It is possible

oo le <8

: | ) v
to imagine operators Q( ) for which Eq.(F9) would not be aat tal led, oop. 13(”

could be exponentially large at | x | >> (Re B)-llz for |kx| >>81/2. How-

ever, we conjecture that Eq.(F9) is true for any physically reasonable

choice of Q(l).

Then Eqs.(F7) and (F9) imply Ao(l) < Q (1). Using the definition

following Eq.(F2),

NeCRNEDD 2P 90,0,81) *Pie )"
x ax® ok ¢ au” p! q! r!
P9er_>_0 X
p+tq+2r >3

Thus

LD, @ PTIT 000,0,u)] [Re8| P28 V2o 09| T
0 ~ "max — , P q 4T .
pP»gd,c > 0| 9x" 9k _* 9w p! q! r!
" ptqt2r > 3 X

(F10)

We need an upper bound on

P 00,0, w1)
axP ok € au”
X

. We can estimate this by noting that Q is the sum of

several terms

Q=Zj Q,
where each term Qj is due to a different physical effect, e.g. the vacuum
term, the electron convection term, the ion Landau dampihg term, etc. Each

Qj is assumed to be nearly independent of x for le < Lj; thus Lj is an

effective scale length for the plasma properties associated with Qj(e.g.
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density or density gradient of one species). Q(O,O,tnL) = 0 because all of

the Qj cancel out at x = 0, k.x = 0, w=uw,. In the vicinity of this point,

at least two of the Qj must be much greater than Q. Similarly, for the dom-

inant terms Qj’ 9Q,/3x and 3Q /akx will be much greater than 3Q/3x and anakx.

2 - 32Q/3kx2 and

| |
We will assume, however, that anlaw ~3Q/%w , 82Qj/ Z)k.x

3 . "
azQJ./ax2 ~3"Q/ax2 for at least some of the dominant terms Q..

3

As may be seen from Eq.(12), kx appears in D only as part of the ex-

1/2

2 2 , 2
pression (kx + ky ) » hence kx appears in Q only as part of [(kx+kL) +

ky2]1/2. So we expect each term Qj to be nearly independent of kx for

- 2 2,1/2
kx << k = (kL + 1(.y )

. ‘Finally, we assume that all dominant terms Qj

are nearly independent of w for |w -(nLI < Q, and that 3Q/dw -~ Qj/Q .

[If, on the contrary, 29Q/dw << Qj/ 2, we can still use the local method if
we re-define An(o) as Am(o) BQ(O)law + (1/2) (Aw n(O))Z BZQ(O)/ awz,

and An(l) as Awn(l) aQ(O)/aw + Awn(l) Awn(o) BZQ(O)/ sz. Then Eqs.(19a),

0)

(19b) and (20a) will still be valid if An(l) << An( » but Eq.(20b) must be

replaced by

w_ = u_ -(3D/30) (3%D/2u) ™} t[(BD/aw)2(82D/8w2)_2—(2nn+8)(BZD/kaz)(BZDlawz)-llll 2

(F11)
In other words, for each integer n there will be two normal modes, with nearly
identical potentials given by Eq.(20a), and with frequencies given by the + and
- choices of Eq.(Fll). This situation occurs near the values of ky and w
where two modes interact, e.g. a drift wave and a Bernstein wave.]

If Qj(x, kx,tu) is analytic in the range |x|<<L . kx<< k, Iw - wL|<< Q,

3

we can write

Qj(x’ kx’ U)) - Qj (0309 wL) =

aPrarT Q§(0,0, vg) *xPk I(w-wp)"

g;_g;i—:—g axPak T wo® p! q! r!

(F12)
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Since

|Qj(xs kx,w) - Q. (o, o, wL)I < Q. (0, oawL)

3 3

for all |x| SLys e ] s Kk, o -le < @, it follows from Eq.(F12) that

ptrqtr
) Qj(O,O,wL)

— < p! q! r! Lj“Pk’qsz'r IQj(o,o,mL)'l

axP ok 9 dw
X
If there are only a few dominant terms Qj’

phatr || ot
9 Q(oso’wL) ) Qj(oso’ mL)

A

axP ok 9 2w’ axt ok 9 3uT
X X
it follows that

apﬂ‘-q-'“r:Q(o’O awL)

L73

ptqt rt L Pk Q7T |q

(0,0,w_) | (F13)
9x? akxq " 3 L

where L is the smallest Lj for any of the dominant terms Qj’ and Qj is a

typical dominant term. Putting Eq.(F13) into Eq.(F10) yields

L I Z @ | reg| Y2 P o [g|"L2) " “’““”om)|-1)'er<°’°"*’1)

0 P>q,r>0
p+tq+2r>3
We want to compare Ao(l) to AO(O) where
xo(o) = Awo(o) 3Q/%w ~ Awo(o) Qj o1

So Ao(l) f< Ao(o) if

L << |ﬁe6| -1/2 (F14)
and

k << |3|1/2 (F15)
and

Awo(o) << Q (Fle6)
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We will assume ReB~8 (this may not be true for plasmas in which mag-
netic shear is important) so Eq.(F1l4) becomes

I'l/Z

L << |B (F17)

If B2 - 4AC ~ -4AC in Eq.(18) (This is certainly true for all of the

modes found in Sec. V) then, from the definition of B after Eq.(19),
2 2 \1/2
B~<m m)

axz ok 2

X
1/2
(234 Z—Qi> - (F18)
L2 k2
From Eq.(20b),
20y @ = ~8/2) (2 0/ 3w) 0%/ 3k )
- (/20 (@, /sz)‘l(ij /%)

@ (kL)L (F19)
Using Eq.(F18) and F(18), Eq.(F15), (F16), and (F17) all reduce to
Lk>>1

2,1/2

i.e. L(kLz ik, > 1 (F20)

which is inequality (21).
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Appendix G
Sketch of Proof that Normal Modes are in the Form of Eq. (32):
Floquet's theoremzl' tells us that a differential equation of order m
) .
D(x, - ig;, w) ¢ (x) =0 (G1)

whare

m-1

D(x, kx’ w) = Pm(x,w) kxm + Pm_l(x,m) kx +.. ..+Po(x,m) (G2)

with coefficients Pi(x,m) periodic in x with period 2w ko-l

-1
Pi(x,w) = Pi(x + ano ,w) for 1 = 1,2,...m
has m independent solutions ¢j(x) which may be chosen so that

o.(x + 2nko—l) =.exp [271iK (w)ko-l] ¢ (%)

A 3 3

for j = 1,2,...m (G3)

where each Kj (w) depends on the functions Po(x,m), Pi(x,w),...Pm(x,w).

Then the most general solution to Eq. (Gl) is

= = k
¢ (x) Jz___; AJ. ¢j(X) Zl Aj exp(inx) ;_«,%’5 exp(ip OX)

2
h 2: . =1
where |¢p,3|
p

If we take as boundary conditions the requirement that ¢(x) remain finite

as x -+ *to, then

A,=0 or ImK,(w) =0
J J
for every j, 1 <j<m. If Iij (w) = 0 for only one value of j, then the only

¢(x) which satisfies the boundary conditiomns is

¢ (x) = exv(inX) E% j exp(ipk X) (G4)

p=—w
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If Iij(m) = 0 for more than one value of j, then there is a cegeneracy
at this value of w, but we are still free to choose the normal modes to be
of the form given by Eq.(G4).

In fact D(x, kx,m) is not a polynomial function of kx’ as in Eq.(G2),
but is a more complicated analytic function of kx’ given by Eq.(12), so
Eq.(Gl) is an integral equation rather than a differential equation. Is
it possible that there is a normal mode solution ¢(x) of Eq.(Gl) [with D(x,
kx,tu) an arbitrary analytic function of kx’ still periodic in x] which
could not be written in the form of Eq.(G4)? Suppose that such a mode ¢ (x)
does exist. If ¢(x) is differentiable, then there is some wave number k
such that ;(kx) is negligibly small for Ikxl 2 k. There is also some inte-
ger m such that D(x,kx,tu) can be approximated very well by Eq.(G2) for
lkxl $ k. Then ¢(x) would be very close to a normal mode of Eq.(Gl) with
D(x,kx,tu) given by Eq.(G2), which would contradict our supposition that

$(x) cannot be written in the form of Eq. (G4).
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APPENDIX H
Derivation of Eq. (35):

We start with the definitions of GO s

, and Gi

1,s after Eq. (25),

and use

2

2 (ka ) exp(-2%/2k%a %)

exp(-kzasz) Ig(kzasz) = (2m)
(H1)

(valid when’kzas2 >> 2 >> 1)19 and replace the sum over £ by
an integral [valid when Im w/wci 2 1 so that (m/mcs—ﬂ,)-1 varies slowly

with 2, and k. € k so that exp(iza+1) varies slowly with 2; these

0

conditions also ensure that 2 >> 1 for most terms that contribute
significantly, since typically || = Iml/mcs].

We first consider G With the above approximationms,

0,s’

6o, s Uegot) = Y z(mpszlvsz) (a )™ f Can e exp(—22/2k2382)

=00

wlu -2)"" (H2)

We do the integration in Eq. (H2):

A a0 2,2 2 -1
J:wdl 2 exp(-2/2k ag )(wlwcs-z) =

©o

.[mdﬂ,(l-m/wcs) exp(—2.2/2kzasz) (m/wcs- 9,)-1

+ (m/wcs) J:mdl exp(—2,2/2k2asz)(w/wcs - g)—l

= -(211)]'/2 ka_ —(m/mcs)wl/2 Z(w//2k v.) , | (H3)
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Eqs. (H2) and (H3) yield the first part of Eq. (35):

Go,akgo) = =G “1v )1 + £ 2(c )] (H4)

where Ly = w/v2 k vy

To calculate G s We note that
tl,s

exp[-(k2 + ktlz)aSZ/Z] = exp[-(k - kil)zaSZIZ]
, .
exp(-k kilas ) (H5)
(k- i, ? = ek, + e 0 (6)
- 3,3
@, =¥ kykolk k,y +-01k0 /k7) (u7)

where Eqs. (H6) and (H7) are valid when k0 << k, and may be derived

from the definitions of k, . and @y after Eq. (25). Starting with

1
the definition of G,y s after Eq. (25), and using Eqs. (Hl1), (H5),

(H6) and (H7), we obtain

_ 2 2 2,-1/2
th,s(kx’w) = (wps As/2vs ) (27k kilas )

©

- 2 2 2
J:maz exp(FiLk ko /k k,,) exp(-k “ko%a_%/2k k)

2 2 2 -1
exp(-2°/2k k2,08 ¢ ikykoaé ) (w/wcs - 2) (H8)

Rearranging terms, Eq. (H8) becomes

_ 2 2 2.-1/2
G = (mps AS/ZVS ) (2wk kilas )

2 2
+1,s exp(-k0 a_ k/2kt1)

[ ]

J' de exp(-2%/2k K, a 2

- 2.2 2
+ ikkykolk kil + k0 ky a_ /2k ktl)

2 -1 ‘
(L * ikykoas ) (w/wcs - 1) (H9)
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Changing the variable of integration from £ to L' = 2 ikykoasz,
the integral in Eq. (H9) becomes

©

2 2 2,-1
' gt 1 - g _
szdﬁ exp(-2'7/2k ktlas )2 (m/mcs L'+ ikykoés )

This integral is of the same form as the integral in Eq. (H2), but with
.
+
m/wcs in Eq.'(HZ) replaced by w/wcs + ikykoas , and it can be solved in
the same way. To obtain the second part of Eq. (35), we must further

replace k_, everywhere by k, which is justified if k_  <<k. Note that

1 0

we could not have replaced ktl by k before writing down Eq. (H8), or
we would have lost the factor exp(-kxzkozaSZIZk ktl) appearing in
Eq. (HS8).

It might be argued that it was not justified to neglect the higher
order terms in Eqs. (H6) and (H7), since these terms, although small
compared to the leading terms, may not be small compared to unity when
they appear in the exponentials in Eq. (H8); hence they might significantly
change Eq. (H8). However, a careful analysis including these higher

order terms shows that they are only important when G+1 s is exponentially

small, in which case G+1 s would not be 1mp6rtant in the dispersion
]

relation anyway.
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APPENDIX 1

Outlines of the main program ROOTS [which finds the normal modes
¢(x) and frequencies w, using the nonlocal method described in Sec. IIIB]
and of the three large subroutines FOLLOW [which follows a given branch of
m(ky) out from small ky to large ky]’ DISP (which calculates the
>

dispersion function det Ap p' for a given w and ky) and MRAF [which

finds the zeroes of det Ap p,(w) for a given ky] are shown in the flow

charts. These charts are intended only as rough guides to the programs.
Details of the I/0 and details of how various decisions are made

(e.g. how FOLLOW decides when two roots are a complex pair or a fork; how

FOLLOW decides when to increase or decrease the increment in kyai;

how MRAF decides when ¢0 = Q) are not shown. Also not shown are certain

modes of operation which were not found to be very useful, e.g. a mode of
operation where the frequency, rate of spreading and acceleration were
found for wave packets localized at different values of x. For such
details the listing may be consulted.

The subroutine MRAF evolved from a root-finding routine published
by Rodmanl6 and revised by Whitley17, using a method developed by Muller
and TraublS, a second order iterative method amalogous to the secant
method. The published version was further revised by one of us (A.BLL.)
and used as a subroutine in the first version of ROOTS (written
by C.K.B., D.F., and A.B.L.). Several additions and changes. to ROOTS

and its subroutines were made by M.J.G., including:
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1)

2)

&)

5)

6)

7)

Extension of the dispersion function'routine DISP and its
subroutines to include Maxwellian and loss cone distributions
[only ring distributions, gs(vl,v",x) « §(v, - vo), were used
in the first version], and to include many species (e.g.

deuterium ring and tritium Maxwellian).

Use of possible symmetry of dispersion funct fon avvund fmaginaty
axis [i.e..detAp p,(m)= detAp p.(—w*)] in finding roots (sym-
s ’

metry around real axis was used in published version of MRAF16).

Optional boundary to region of complex plane in which MRAF

can search for roots. When the root-search goes beyond this
boundary, the search ends (say at point xi) and the function is
divided by (x—xi). Eventually the boundary is surrounded by
poles, and the root-search tends to stay away from the boundary

and find all the roots inside.

Dividing up of complex plane into several regions, each searched
separately by MRAF. This greatly reduces the number of roots
missed by MRAF, if a large area of the complex plane, with a

large number of roots, is to be searched.

\

Modifications in criteria for convergence (i.e. for having
found a root) in MRAF, necessary when there are many roots

close together.

Use of eigenfunctions (¢p) as a criterion for convergence

in MRAF.
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8) Option for using straight line ion orbits in calculating

the dispersion function.

9) Implementation of subroutine FOLLOW to follow each branch
w(ky) through increasing ky. Use of eigenfunctions (¢p)
to sort out different branches.

10) Option which allowed ROOTS to find w(ky) for an infinite
medium with constant (1/n) dn/dx, using the local approximation

[i.e., D(x=0,w,kx=0) = 0] rather than finding normal modes.



FLOW_CHART OF_ROOTS

Read in input
parameters
Convert input parameters to more

useful paramcters for calculation
[e.g. 1f loss cone, calculate Nog

and a_ (DENSE and RLARM) for
each “Maxwellian "species")

i

CALL RIICALC RHCALC calculates 50 (ky)/a_, called
RH(S), for each species S.

Calculate A, and 4
(EPSE and EPSI)

v

Get ready for inirial root search, Divide up range of
Re u/mci (RMIN to RMX) to be searched into scctions 1f it is 1

too large; first scction of rangc goes from RLOW to RHIGH.
Sct "switches" (the avray SW) for MRAF to desired values.

| CALL QINT l QINT is an intcrface to QCALC, which decides

how many cyclotron harmonics QMAX(S) will have
to be kept for each species S (the main conaideration
is that the Bessel functions be precise enough).

i

Y
——-———0{:§EEE:§FKCAL I QFKCAL calculates QF, KMIN and KMAX, miscellaneous

things neceded by DISP to calculate DEPOLE.

Decide how many roots NRTS to look

for before giving up, and the number of
-bad roots NFL that can be found before
giving up

]

Choose starting points Pl, P2 and P3
for MRAF

l CALL MRAF(DISP,etc.{AJ MRAF finds all roots w/w _, in the desired

range (RLOW to RHIGH) at'the initial
kya1 (SKYAL) and stores them in the array RT.

L

Throw out bad roots (e.g. unconbetged, outside the
desired range of w/mci, or on the wrong side of

the axis Iif dispersion relation is symmetric). Save
the good roots (store k a, in XSTART and co/wci

in YSTART) as starting ;oints for FOLLOW.

Search
next
section
of range
of u/wci

.sz(fg:f;icn < RMX? )

No

| Resct all "swirches" of MRAY to .FALSE. |

l Go to first starting point, NSTART = 1
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(see previous page)

!

i}

Skip this stareing point 1f ft is not intevesting,
e.g. if we are using strafght-1ine fon orbits and
w/kv1 >> 1; or {f ¢ =0 and we only want

‘0 ¥ 0 branches,

CALL TIMECHK

i

| CALL FOLLOW I

4

TIMECHK makes sure we are not almost out
of time, to avoid running ocut of time in
the middle of FOLLOW and losing all our
end plots. AQOT = .TRUE. means almost
out of time.

FOLLOW follows each starting point
u/@ci through increasing kya1 until

1; it gets lost; tell "“K
2) k a, reaches FKYAI, the maximum

value desired
3) the branch forks; save each .
branch of fork as a new starting point

FOLLOW also saves points for plotting later

in u/uci vs. k_a, plots, and, if desired,

saves eigenvectors (¢ ) (stored in PHI)

to be used later in pfots of ¢(x). -

be plotted.

Set marker (NRCUT, NZCUT, or NCCUT) to show end of this branch
in array of points (Y, YZ, or YR and YC; and X, XZ, or XC) to

¥

lFind fastest growing root (MXGCRO) in this branch I .

Yes
Almost out of time?\
Q J

No
4
Qo more room to store pointnﬁ Yes Q
-7 e
No

Go to

next
starting
point
NSTART

= NSTART + 1

No ( No more starting points left to follow?:)

Yes

I Do printer plots if desired (used only at LBL) I

[

lList information on fastest-growing root of each branch I

¥

Set OMECA and KYAL equal to u/ucl and kyai for the
fastest growing root of all branches.

)

ICALL DISP (OMEGA) J DISP rccalculates the matrix elements

A, [stored in A(P,P')] and the
contribution from each species S,

cp-p' s [stored in ARH(P,P',S)] for this root
» -
il
| CALL DETAIL I DETAIL calculates the perturbed ion and
electron charge densities in kx space (stored
in RHOI and RHOE) and calls PLOT which makes -
contour plots of $(x,y), oi(x.y) and oe(x.y) s?

A
I CALL EIGPLT l

EIGPLT plots lo(x)lz and $(x,y) (not contour plot)
for whatcver modes MRAF was told by FOLLOW to save,
as well au for the fastest growing mode of each
branch

bo plots of
w/w_, vs. k a
el y

i

I CALL n 5y l -66-



FLOW CHART OF FOLLOW (X0, YO, PHIZP)

X0 is the kyai of the starting point-

YO is the w/mci of the starting point

PHIZP = .TRUE. 1iff ¢0 = 0 for this branch (useful, since
this is a property which does not change for a given branch

as kya changes)

i

CALL TIMECHK Makes sure we are not almost out of time

v

Set maximum and minimum errors ERRMAX and ERRMIN that will
be tolerated between predicted value of root and value found

)
Set maximum and minimum relative increment in k a.,
DKMAX and DKMIN, that will be allowed (incremen
will vary betwcen these values depending on the
success of predictions).

Y

[ Set various variables to their proper initial values ]

Look at a point X1 close to XO (initial kyai)
\ 4

CALL QINT Purpose of QINT and QFKCAL explained in
flow chart of ROOTS

L
CALL QFKCAL |

CALL MRAF (DISP, etc.) MRAF finds the root w/wci for the

new value of k a,, using YO as one

of the starting points, and puts the
new root in Y1

‘ .
Calculate Bmlaky for this branch, (Y1-Y0)/(X1-X0)

!

Increase k a; a little, to X2, and predict where new w/w i

should be.y Use this prediction as starting point P3
for MRAF the next time it is called. :

: Y

_| Tell MRAF to save (¢_) (for later use by EIGPLT) cvery so
often, if desired.

A
CALL TIMECHK

v

CALIL QFKCAL

v

(see on next page)
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A

(see previous page)

¢

CALL MRAF (DISP, etc.)

MRAF looks for two roots (Y2 and Y3)
near where predicted, just to be safe,
and to allow FOLLOW to recognize a fork.

7T\
A plausible root is one within the permissible range
of error ERMAX of the starting point P3, and with
! ¢0 = 0 iff PHIZP = .TRUE.’
Go back y
;o old 4 None ( Hov many plausible) , ~ /Is one of the No Does this
y21 an 4 roots are there? -roots far away look like a
reduce or in the wrong new complex
increment DK feg o quadrant of the or negative
yone compl lane? ?
plex—-w plane Yes conjugate pair?
Adjust the -
increment DK | Yes ) No
if advisable [* 4 '
4 Throw out Does it.
Is DK < DKMIND bad root look like a } No |
N : fork?
o
Y y
s es Has eigenfunction CALL Yes
Give : (¢p) charged too CHECK - !
diagnostic Yes much, or have we Save each
crossed the axis root as a
when we shouldn't Have we new starting
RETURN have? previously point
been at this
No point (DEJAVU ,
) = .TRUE.)? | '
Make parabolic fit for :
w(k_) based on this value RETURN !

of a, and two previous ) !
values of kya

¥

If this root would not be too close to previous root in an '
m/mci vs. k a, plot, save k a, for this root in X, XZ, or XC, ‘

y
and w/w_ . in Y, YZ, or YR and YI, for later plotting of
w/wci vs. kyai :

v

Increase kya1 and predict where next root will be (P3) !

1

y
Is new ka, > FKYAI? Yes o[ RETURN |e
¥ No
Is predicted root (P3) Yes Go back to previous value of
too far from last root (Y2)? kyai’ reduct increment DK.
i ¥
No ( 1s vk < DRMIN? Yes
, .
CALL QINT § No
Look for Increase k ai, make
next root .

new prediction of
next root (P3)
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FLOW_CUART OF DISP_ (OMFEGA)

If OMEGA is very close to pole
move away a little

]

Calculate DEPOLE = g (u—pn)
where p, are the poles |

|

Normalize DEPOLE to order
unity by multiplying by QF

Poles are at
harmonics of

The number o

cyclotron
each species

f poles needed for

DEPOLE was calculated earlier

by QFKCAL

QF was calculated earlier by

QFKCAL

No

Calculate Xgs store in
TERM (S)

Look at
next gpecies

1s § > NSPEC? ’

Yes

NSPEC is
number of
species

PMAX = 0 means we are using the local
approximation with counstant

a
1 dn
n dx < 1.

PMAX > O means we are finding norwal modes
for a sinusoidal density profile.

Is PMAX > 07 ) tes P = -PMAX Look at first row
._.___aj of matrix
No P' = P | Diagonal elemente
S = 1 | Look at N .
species 1 | CALL ABCALC | ABCALC
’ 1 calculates
G ' for
Does species S have (p-p")s
a Maxwellian or Calculate Gg, each species S.
ring distribution? store in ARH(P,P,S),| It uses
sum over species to subroutines MAXW,
get A  _, multiply RING and COLD
Maxwellian Ring by DE 638. store in
b 1 A(P,P)
| CALL HAXW;] [CALL RING

Off-diagonal elewments

in ARH
sum ov

A
p.ptl
DEPOLE

Calculate th

, store
,P',8} and arn (¢',P,s),
er species to get

and AP+1-P' nultiply by

!

DISP = vacuum term + ZTBRM(S)
)

1
| pisp = p1sp * prPolE |

RETURN
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No

Yes

L_f;f P+1 I

Look at next
row of matrix

D

Use G

P,P' >

(p-p")s

G N
(r-p')s
£4nd ARH(P,P') for

k) =
(-kx) to

0

¥

det A
4

Calculate DISY =

o'

RETURN



FLOW CHART OF MRAF (F,etc.)

F 1s the function which MRAF is finding the zeroes of

l_Set various variables to initial values

v

Choose starting points P1l, P2, P3 (if SWS = .TRUE., these are based

on previous root found). .

’

Is one of the starting points very close to a Yes
previously found root? _

No
Y

Calculate F(Pl), F(P2), F(P3); divide them
by DNR = I (x - RT(J)) where RT(J) are

J
previous roots found.

'

Set X1 = P1, X2 = P2, X3 = P3

v ;

] 9

Use Muller-Traub method (i.e. make parabolic
fit on X1, X2, and X3) to predict new x (called
X3 + H) at which F(x) = 0. If SWR = .TRUE.,
new X must be real; if it looks like there is

a complex root ncarby, set SWR = .FALSE. for
rest of search for this root only

T .

Set X1 = X2, X2 = X3, X3 =X3 +H

'

If X3 is too far from X2, make it closer

!

Change bad
starting point i

Qs |x3 - P3| > ERRMAX'} Yes

v No

Is |X3 - X2| very small, absolutely
Yes .
| or relatively?

y No

| calculate F(X3), divide by DNR |

¢

If F(X3)/F(X2). is too large, move
X3 closer to X2

Record
new root
RI(I) =

)

Yes !'Is F(X3) very small?:>

No ‘

Are we outside the range of‘\ - Yes
interest (|X3] > RMX)? AJ/

No é

No f’;ve we gone too many iteratioms, ﬂ\\ Yes

)

considering how large F(X3) still is?
\&¢ 4

(see next page) -70-
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(see previous page) - (see previous page)

{ 1as this.a normal Yes
| CALL SAVPHT SAVPHI calculates
mode problem?
(¢p) backward and

4

No . forward
y
Is (@p) nearly the same calculat;;\\\—ﬂ .
backward and forward? I.e. is it a No \ 2
good eigenvector of Ap,p.? 4_‘,// Record
bad root,
Yes . RI(I) = X3

1f desired, save (¢ ) as well as w/wci
(i.e. X3) and k a, in PHI for later
plotting by EIGPLT

¥ ,
Note whether or not ¢, = 0, for use Note that this

by FOLLOW in sorting out roots. root was bad,

L ‘ ° set C(I) =
PHIZ .TRUE. iff ¢0 = 0. .FALSE.

If this is the first good root found,
save (¢ ) in PHINEW for use by
FOLLOW in making sure (¢ ) doesn't

change too quickly from one value
of kyai to the next

Y

Consider the complex conjugate, and/or
1 negative conjugate and/or negative of
this root to be roots also, and store in
RT, dcpending on symmetry of F

Look for (given by SW3 and SW7). Note if these
next root, roots are bad.
I=1+1
K )
‘ No Have we found as many roots and
as many bad roots as we want?
Yes
i
Yes -
Have we tried unsuccessfully to RETURN
re-do a bad root?
No
Re~do the first bad root that
we have not yct re-done. I.e. take
the bad root out of the list of

roots RT used to calculate
DNR = Il (x=RT())).
- J
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Listing of ROOTS and Subroutines

The version of ROOTS listed here runs on the A-machine (a CDC 7600) of
the National Magnetic Fusion Energy Computer Center at Lawrence Livermore
Laboratory, using the NEWl compiler (which differs from the better known
CHATR compiler in that it does complex division correctly), and the libraries
ORDERLIB, CF76LIB, and TVSBOLIB. Features differing from standard Fortran
include I/0 (especially graphics routines), tests to see if the time limit
has nearly been reached (OOTIM) and treatment of logical variables.

Although the code originated at Livermore, it spent a number of its
formative years at Lawrence Berkeley Laboratory (growing from 600 to nearly
3000 cards) and it still contains a number of archaic features from its
Berkeley days (e. g. the routines SGNL and WARN).

It is hoped that this code, which should be useful for a wide range of
problems, will be made available to the users of the A-machine in the not

too distant future, after it has been cleaned up and documented.
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000091

BGX BOS 13

00000000000000000000N0NN0NOOO0NN0

,28.56 06/17A 1976
PROGRAM RﬂGTS(lNPUT.HSP,UUTPUT,TAPE10=0UTPUT)

THE FOLLOWING CHANGES SHOULD BE MADE IN xROGTS* AND THE SUBROUTINES
EVENEB?#EYA BUT | HAVE NO6T HAD TIME TG MAKE THEM YET, AND PRGBABLY WILL NOT

[«]
X

1

WHILE -MJG.
THE SUBROUTINE USED FOR RING DISTRIBUTIONS WITH THE

) *RING2x
NOT WORKING CORRECTLY, AND SHOULD BE CORRECTED

LECAL APPROXIMATION

|
2) DIFFUSION HAS NOT YEY BEEN IMP#EMENTED WITH THE NON-LOCAL (PMAX.GT,O0)

DISPERSION RELATIONS, ONLY WITH THE LOCAL (PMAX=0) DISPERSION RELAT1ONS

3) THE UNMAGNETIZED PARTICLES OPTION (UNMAG=,TRUE,) HAS NOT YET B

EEN
IMPLEMENTED FOR RING DISTRIBUTIGNS, ONLY FOR MAXWELLIAN AND LOSS CONE
DISTRIBUTION

S.
4) SO FAR *MRAF* HAS WORKED QUITE WELL lg FINDING THE STARTéNG P?hNTS

BUT IT MIGHT NOT BE SO EFFICIENT (1. IT MIGHT M%Sa ROGTS)

F E HIS IGHT
NECESSARY TG USE A NYQUIST TECHNIQUE, SUCH AS CALLEN USED IN HIS
THESIS, TG DETERMINE HOGW MANY RGGTSNfHERE ARE QND THEIR APPROXIMATE

MR
THE REAL AXIS, HENCE SKYAl MUST BE SET LOW,

LIKE
5) *MRAFx SGMETIMES BLOWS UP WHEN NRTS 1S SET TGO HIGH, THIS HAS

PREVENTED BY ARBITRARILY NOT LETTING NRTS BE MGRE THAN 100,
THE UNDERLYING PROBLEMS SHOULD BE FOUND AND CORRECTED

6) MAKE xZEEx MORE _EFFICIENT AND_MORE ACCURATE. RIGHT NOW 1T_IS NEITHER

7) AESTHETIC IMPROVEMENTS

.

.

. CGMMON/

FOR ABS(X) BETWEEN 5.0 Agoes.; Kenn Eccrs OCCASéENALLY GET LOST
RGOT-FINDER AND ROOT-FSOLLOWER, NOT LIMITED TGO THIS PARTICULAR
PROGRAM AND PROBLEM. SO6RT 6UT THE COMMON BLOCKS SO EACH SUBRGUTINE
ONLY HAS ACCESS TG WHAT IT NEEDS. DON T PU COMMON
WHEN THEY REALLY SHOULD BE ARGUMENTS OF SUBROUTINES, AND VICE VERSA.

EXTERNAL DISP
LOGICAL C(200) |
LOGICAL PHIZ2(200), ZEH(100)

LOGICAL WARN, AO
LEGICAL SW(6), Sw7, SW71,SW31,0PT(10)
LOGICAL UNMAG.SINGLX, GO&D, PROAMP, SNGLX

COMPLEX OMEGA,DISP ZERO, ZERG, A(20,20) ,PHI (18, 22)
COMPLEX RT(200) Y$TART, Y2

P1,P2,P ]
COMPLEX H,Reef, FUNC, FREOT
COMPLEX g¢gw.DZFDK2,DFDX,DzwDKZ.DWDX
INTEGER P, PMAX,GMAX, EIGY, RMAX, RMAX1
REAL MASS.KOA1.KOSQ,KYAI,KYSQ,MASQ, 1Q,KOAE, KXSQ
ENSTON’ X (2000) .Y (20003 , XC(1000) ; YR(1000},Y1(1000), XZ(4000),
4000) , XPLBT (501), YPLOT(501) '
ENSIGN NRCUT(100%, NCCUT(100), NZCUT(100),MXGRO(100),SIDE(100)
ENSION RH(4), XLR({100), XLC(100)
ENSION ABSPHI (20), ANGPHI (20)
CeMMEN/C1a/1CR, 1HSP, | GRAPH
GMMON7 GMRAF/SW, RTC, 1 TC, EP3, FRMAX, XRMAX, H, RBOT, FUNC, FROOT, E16V,
W7, START, RHIGH, NFL, CYA}

CGMMON/CMRAF2/ ERRMAX, NRTSU, SW31,8SW71
COMMON/CRBESJ/ GMAX (4}, NMAXt4)

MX/NPP
CGMMON/CNSP/ NSP, NSP1
COMMON/D1S/QF , KY$Q, KOSQ, EPSF (4)

MASS,KYAI,KOAI ,MASQ, PMAX, OMPSQ
AE AX(4) ' AMASH(4), EPS(4) ,KMIN(4)

. Al,K
66%%0&/0PARAM/ RMAX,AIL,EPSI,EPSE,NSPECP,DFUI,DFUE,EP,SINGLX,XL(10

) , NXL
COMMGN/ CRGAM/R, GAM, RE, GAME, R1, RE1, AEA] 1
COMMON/CFAST/ DK, FKYAL,  APTE YR, XC, KYD, YMX,
Yz X2, ¥.X.NPT,NPYz, ZEH, 16V, AGOT, NFOL, FKYAT 2, RMIN
CoMEN/ EFEL/YSTART( 1009, XsTART (100) , NSTART, YEND(100) , XEND(100),

NSTRT1
COMMON/CCHECK/XCRIT(100), YCRIT(100),NCRI T, DEJAVU, Y2, NN, PZCRI T(100)
CEMMEN/CQAN/MINQ
CBMMON/CSPEC/ RLARM(4),AMASS(4),CHARG(4), JAY (4) ,DENSE(4), NSPEC
COMMON/CDFU/ DFU(4), DREL (4)
COMMEN/PHIC/ A, NRTSV, PHI

FOLE1G/ GEED(18), IBRANCH(18)
COMMBN/CTVY/ TVY
COMMON TVPGOL/XMIN, XMAX, YMIN, YMAX, TVXMIN, TVXMAX, TVYMIN, TVYMAX
GOMMON, TVTUNE/LPENSN, LPENGFF . 1 TALICS, IWINK, INTENSE, IRIOHT, 1UP
COMMEN/TVGUIDE/ TVMEDE, TEXTURE, 1TV
COMMEN/CPHZ/PH1Z :

SNGLX
DATA ICR, IHSP, IGRAPH/2, 10,100/
DATA RLAKM/1..3%0.7/, AMASS/4x1./, CHARG/2x1.,2x(-1.)/, JAY/4x0/,

DENSE/1.,0.,1,,0.
TA AMASQ/4x1./
DATA NR,NC,NZ/3x1/
DATA KMIN/ax1/7 —
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(g}

Q0O00O0

o0

DATA DFU/4*0 /

DATA TEXTURE/O./
DATA PRDANP/ TRUE /
ECLL DROPF LE

APSED
CALL T!MECHK(AGOT ELAPSED)
CALL KEEP80(10HRobTPLeTAA)

KXsaQ
CALL FRAME(1)

NRCUT(1)
NZCUT(1) = 9
NCCUT(1) = O
1FP§E=wféﬁ4}ggﬁss THE LOCAL APPROX. AT A SINGLE VALUE OF X/L, THEN
WE SET PMAX = O AND SINGLX = .TRUE. THEN THE DENS!TY GRADIENY IS
SIVEN BY EPS(1) OR EP, WHILE AIL, EPSI ND UNMAG ARE IGNGRED.
1F SINGLX = ,FALSE. AND PMAX = 0, THE Xose"A LECAL DISP PERSION RELATION
AT NXL(UP T 10) DiFFERENT VALUES oF x/ STVEN BY WHILE EPS(I)
EP ARE IGNORED. IF UNMAG = ,FALSE ué LocAL AP#RGx DISP. REL. 1S
Gact i Fes Sl AT (EDIG TR, VERSTR BISFTES, YAk lBencr
(1.E. ALL WARM PARTICLES ARROUNMAGNETI ZED, NOT YET IMPLEMENTED FOR
RING DISTRIBUTIGNS,)
IF PMAX.GT.0, WE USE THE NON-LGCAL DISP. REL (DEVELGPED BY LANGDON)
?GﬁégggﬂlDAL DENSITY PROFILE, AND SINGLX, NXL, XL, AND EP ARE
@PT(1),8PT(2),ETC. ARE VARIGUS BPTIGNS NHICH MAY BE TRUE(I) OR FALSE(O).
8PT(1) 'MEANS THAT REOGTS WITH PHI(0) = Q, WILL NOT BE FOLLOWED,
GPT(2) MEANS THAT, IF UNMAGNETIZED 16NS ARE USED, ONLY ROGTS WITH
PHASE VELGCITY LESS T [N THERMAL VELGCITY wiLL BE FOLLGWED,
READ(ICR 121)S!NGLX UNMAG 'NXL, (BPT(1),1=1,10)
121 FGRMAT(2A1,12,1011)
1F (SINGLX Eo 1HT) SINGLX =, TRUE.
IF(UNMAG.EQ. 1HT) UNMAG = .TRUE.
IF(UNMAG. EQ. 1HF) UNMAG = .FALSE
IF(SINGLX.EQ. 1HF) SINGLX = ,FAL
1F(.NOT. SINGLX) READ( ICR, 122) (XL(!) 1=1,NXL)
122 FORMAT(10F5,5)
SNGLX = INGLX
TR CS INOLY) 1
RMAX 1S AUNBER GF " CYCLOTREN HARMONICS WANTED, PMAXXKO IS ESSENTIALLY
A CUTGFF IN KX, SEE MRAF FOR DEF. OF EIGV (BUT EVEN [F E1GV PHI (X)
LsCUPLOTTED FOR’ FASTEST-GROWING RGGT OF EACH BRANCH), SKYAI AND 2t bal (ARE
LIMITS OF KYAl, DK IS INCREMENT OF KYAl, AIL_IS-R ATio OF LARMOR RADIUS TO

LENGTH OF PLASMA, AEAI IS RATIO 6F ELECTREN TO 10N_LARMOR_RADIU

GMPSQ IS (PLASMA FREQ./GYROFREQ.)xx2, MASS 1S ION TQ ELECTRON MAéS RATIO
DFUI AND DFUE ARE IGN _ AND ELECTRON DIFFUSION COEFFICIENTS.EP 1S THE
DENSITY GRADIENT 1F WE ARE USING THE LOCAL APPROXIMATION WITH THE SAME

N EACH ROGT 1S PRINTED GUT, FOR KYAI = SKYAI
S MADE (IN ADDITIGN TO CRT PLOT)

1

A DE,

oF IONS RING MAXWELLIAN, OR LOSS CONE

SPE 1S MOR 6NE SPECIES, OR A MoRE

CEMPLI1CATED DISTRIBUTIGN, THEN NEPEE THA ENRUMBER 6P MAXWELLIAN

COGMPONENTS OR RING COGMPONENTS, INCLUDING THOSE OF ELECTRONS.(E.G. LOSS

CONE 16NS AND MAXW., ELECTRONS NOULD REQUIRE NSPEC = 2 + 1 = 83)

IF NSPEC.GT.0, THEN M GAME, AEAI,EP, DFUE AND DFUI ARE

IGNORED, BUT DUMMY VALUEé MUST BE REA N.

ELECTRONS MUST BE READ IN LAST MUST HAVE LESS THAN ONE TENTH THE MASS

OF SPECIES 1, AND MUST HAVE CHARG

IRMIN IS THE LOWEST FREQUENCY LOOKED AT (IN TERMS OF THE CYCLOTRON FREQ )
RE?D(!CR 2) RMAX, PMAX, EIGV, SKYAI, DK, FKYAT, NSW1, NPRNT, NOCRT, NSPEC, 1

RMIN
2 'FORMAT (315, 3F5.3,515)
NPP = 2xPMAX + 1
IF WE ARE EXECUTING SEVERAL RUNS ON GNE JGB, WE MAY BE OUT OF TIME
AT THE BEGINNING OF THIS RUN, S8 CHECK TO SEE [F THIS 1S THE CASE.
CALL TIMECHK(AOGT 0.,ELAPSED)
IF(AGOT) CALL EXIT
NSPECP = NSPE c
READ(ICR, 5) AlL AEA1,GMPSQ, EPSI, MASS, EP, DFUI , DFUE, BETA
5 FOGRMAT(9F5.0
RE AND GAME REFER Te ELECTRONS. SEE RHCALC.
READ(ICR, 12) R,GAM, RE, GAME
12 FORMAT(4F5
IF WE ARE USING MANY SPECIES ©F PARTICLES (NSPEC,.GT.0), READ IN THE
LARMoR RADIUS, MASS, CHARGE, PARTICLE DENSITY AND PARAﬁETER J FOR EACH
SPECIES, WHERE F(VPERP) = CONST.*(VPERPxxJ)x*MAXWELL
ALSG, THE DENSITY GRADIENT EPS, AND DIFFUSION COEFFICIENT DFU,
FGR NOGNLGCAL (PMAX.GT.0) CASE, EPS 1S THE DENSITY VARLATION FOR EACH ION
SPECIES. [F EPS 1S LEFT BLANK, IT IS SET EQUAL TO EPSI
IF (NSPEC.LE.O) GO TO 82
1 F (NSPEC . GT 4) NSPEC = 4

DO 83 = NSPEC
READ(ICR, 845 RLARM(1),AMASS(1),CHARG(1),DENSE(1),JAY(1),EPS(1),DFU

W
8a’ FGRMAT(4F1O 5,15,2F10,5)
AMASQ (1) ASS(I)##Z
IF(EPS(I).EG 0. X.GT.0) EPS(I) = EPSI
NSP 1S THE NUMBE oF ION SPECIES USED IN CALCULATING EPSE. IF SPECIES
1 IS ELECTRONS, THEN NSP = I - 1
IF(AMASS (1), LT T TXAMASS (1) .AND.CHARG(1).EQ.~1.) NSP = | - 1
83 CONTINUE
66 TO 89
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000187
000188
000189
0001380
000191
000192
000193
000194
000195
000196
000197

000284

82 NSPEC = 4

NSP =
DFU(1) = DFUI
DFU(2) = DFUI
DFU(3) = DFUE
DFU(4) = DFUE
DO 108 I = 1,4
IF(PMAX.GT.O.AND, I, LE NSP) EPS(1) = EPSI
108 IF(PMAX.EQ.O) EPS( ) EP
AMASS(3) MASS
AMASQ(3) = AMASS(S)#*Z
IF(R.LE.0.) GO _TCO 98
DENSE(1) = R/(R - GAM)
DENSE(2) = -GAM/(R - OAM)
RLARM(2) = 1./SQRT(R)
GO0 TC 90
98 JAY(1) = -1
90 IF(AEAI.EQ.0.) GO TO 89
RLARM(3) = AEAI
IF(RE.LE.O0.) GO TO 9
DENSE(3) = RE/(RE -
DENSE(4) = -GAME/(RE - GAME)
RLARM(4) = AEAIl/SQRT(
AMASS(4) = AMASS(3)
AMASQ(4) = AMASQ(3)
G0 TO 89
98 JAY(3) = -
- 89 FKYAl2 = FKYAI
IF (PMAX.EQ.O0) EIGV = O
IF(EIGV.LT.2) EIGV = O
Iev = EIGV
AEAl1 = AEAI
IF(R.BT.0.) R1 = 1,/SART(R)
IF(RE.GT.0,) RE1 = 1./SQRT(RE)
KOAlI = 2,0xPIxAlIL
KOSQ=KOAI xKOAI
NSP1 = NSP + 1
Cc CALCULATE THE ELECTRON GUIDING CENTER DENSITY GRADIENT EPSE NEEDED TO
o NEUTRALIZE 1GNS WITH GUIDING CENTER DENSITY GRADIENT EPSI,
c FIRST FIND RATIO OF OSCILLATING PART OF PARTICLE DENSITY T6 OSCILLATING
c PART OF GUIDING CENTER DENSITY FOR EACH SPECIES
101 DG 93 I = 1,. NS
KgAE : KOAI*RLARM(I)
IF(JAY(I).LT.O) RM 0.
93 CALL RHCALC(RM,O KOA ,RH(L
c THENETINDOTHIS RATI® (TIMES TOTAL 1GN CHARGE DENSITY) FOR IONS AS A WHOLE
94 1 =1,

DO 94 NSP
84 RHEI = RHEl + DENSE(l)*CHARG([)*RH(I)*EPS(I)
c THEN FlNDoFUR ELECTRONS AS WHOLE.

E .
DG 95 | = NSP1, NSPEC

EE - ﬁENSE(I)*CHARG(l)*RH(I)
EI/RHE

P
¢ Ng;EPS(I)*UMPSQ#CHARG(I)**Z*DENSE(l)/AMASS(I)
97 EPSF(1) . S*xEPSE*OMPSQ*xCHARG (1) x*x2xDENSE(1)/AMASS(])
c PRINT OUT PARAMETERS
103 CALL PARAM
PRINT 7,lRMlN AX
7 FOGRMAT(40H ROGTS FOUND BETWEEN CYCLOTRON HARMONICS, 13,4H AND,13)
MASQ = MASSx*MASS

96
86 EPSF(I1)
Do 9

A
nuumn :I:I

NFOL = O
YMX = FLGAT(RMAX) + .5
DO 11 XL = 1, NXL

- ER RMAX LE+2

RMX FLOAT(RMAX) + .5
RHIGH = RMX

RMIN = IRMIN

IF(NSW1 NE.O) SW(1)

= ,TRUE
0.....CGMPLEX CONJUGATES ARE ALSG REGTS, IF THERE IS NO DIFFUSION
SW(3) . TRUE,

DB 107 I = 1, NSPEC
107 IF(DFUCI).GT,.0,) SW(3) = .FALSE.
IF(UNMABG) SW(3) = .FALSE.
SW(4)=,TRUE,
SW(S) = ,TRUE.
IF(UNMAB) SW(S5) . FALSE.
c PMAX = 0 MEANS WE ARE USING A LOCAL APPROXIMATION. IF NOT USING A
Cc LOCAL APPROX., THEN A ROOT AT OMEGA IMPLIES A RGOT AT -OMEGAx,
IF(PMAX.GT.0) SW7 = ,TRUE.
KYAI = SKYAIl
KYSQ=KYAIxKYAI
CYAI = KYA!
CHI = KYSQ + PMAX*PMAX*KOSQ
MINQ = 2%RMAX

CALL QINT(CHI) .
IF THE RANGE OF FREQ. WE ARE INTERESTED IN (RMX - RMIN) IS TOO LARGE
FOR *MRAFx TG HANDLE, WE BREAK IT INTO REGIONS OF CH CYCLOTRON HARMONICS
ANEHLGUK AT ONE REGISN AT A TIME.

RLOW = RMIN
105 RHIGH = RMX

o0
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000285
000286
000287
000288
000289
000290
000291
000292
000293
000294
000295
000296
000297
000298

000380

(2 20 ¢

o000

o0

o0

o0

F(RHIGH - RLOW.GT.CH+.5) RHIGH = RLOW + CH + .5
CALCULATE QF, KMAX, AND KMIN (useo lN xDISPx)
CALL QFKCAL (QF,KMAX,KMIN, RHIGH, RLOW)
HoW MANY POLES ARE THERE
NPGLES = O
DB 92 | = 1, NSPEC
92 NPOLES : NPéLEs + KMAX(1) - KMINC1) + 1
IF THE NUM 6F ROOTS(COGNVERGED BR NOT) EXCEEDS NRTS, OR THE NUMBER
oF UNCGNVERGED ROGTS (NGT COUNTING NEGATIVES AND CONJUBATES) EXCEEDS NFL,
IT IS ORTHWHILE TO LEOK FOGR MORE REBOTS (DETERMINED EMPIRICALLY)
NRTS = Z*NP x (NPOLES + 3XNSPEC - 3)
NFL = NPPxNPGLES + NPOLES
IF(UNMAG) NRTS = 10xNPP
IF(UNMAG) NFL = 10xNPP
IF(NRTS.GT.200) NRTS = 200
IF(NRTS. GT 100) NRTS = 100
IF(PMAX.GT.0) GO Te 117
IF(SINGLX) GO T&
DREL(1) IS THE RELATIVE DENSI N(X)/NO FER SPECIES 1
EPS(1) IS THE LOCAL DENSI RAbx F SPECIES 1|
€A L%GX%?gT(XL(IXL) , XKO, EPSI EPSE, NSP NSP1, NSPEC, EPS, DREL, RH, KOAI )
116 DO 118 [ = 1, NSPEC
118 DR EL(I) = 1,
117 _CONTINUE
SRR T NOUTALUES FOR ROGT SEARCH. IF THESE ARE TG6 CLOSE TOGETHER,
ITS¥2§ES Te6 LONG TGO CONVERGE T6 A ROGT.
IF(UNMAG) GB TG 112
Pl = -1.952 + RLOW
P2 = -0.951 + RLOW
P3 = 0.051 + RLEW
GO TO 113
112 P1 = .001
P2 = EPSI*RH(1)*KOAIXxKYAI + ,0019
P3 = SQRT(EPSIX*RH(1)*xKOAI)*KYAI + ,0027
113 SW(B) = SW(3) ]
14 CALL MRAF(DISP,RT,C,NRTS,P1,P2,P3,1.E-06,1.E~12,25)
IF(SW(1)) PRINT 10, tc(1);1=1,NRTS)
10 FGRMAT(1X,2015)
IF(SKYAI .BE.FKYAl) GO T& 114
IF(SW(1)) CALL PAGE ,
pe 21 1 = 1, RTC
IF (.NOT. C(1)) GO 21
IF(REAL(RT(1)).LT.-1.E-06.AND.SW7) 88 TO 21
IF(REAL(RT(I)).LT.0..AND,SW7) RT(I) = CMPLX(0,,AIMAG(RT(1)))
IF(AIMAG(RT(1)) LT -1 E-OS.AN .sw(s)) 66 To 21
IF(CABS(RT(1)).LT.RLOW 6 T 21
IF(RHIGH, LT, RMX.AND, CABS(RT(I)) GT.RHIGH - 1.5) B8 TO 21
IF(CABS(RT(1)).6T.RMX) GO TO 21
NSTART = NSTART + 1
USE THE GOOBD REOGTS AS STARTING POINTS FOR *FOLLOWX,
XSTART (NSTART) = KYAI o
YSTART(NSTART) = RT(1)
ZEH(NSTART) = PHIZ(I)
IF(NSTART.GE.100) GO TG 106
21 CGNTINUE
RLOW = RLOW + CH
LE{RHICH. Ll Ry G0 TO 105
WE_HAVE FOUND JALL THE STARTING POINTS. NOW PREPARE TG FOLLOW EACH ROOT.
106 RHIGH = 1.
SW31 = SW( 5°
SW71 = SW7
SW(3) = .FALSE.
SW(4) = ,FALSE.
SW(5) = .FALS
SW(6) = .FALSE
SW7 = .FALSE.
56 NFOL = NFOL + 1
D < A
IF WE HAVE' RUN SSUT oF SPACE TG STORE ROOTS, OR HAVE FOLLOWED ALL THE
ROOGTS, DO END PRECED
iy
e BN WA T8 ol S0 8T e 0TS, STLEK 1N EXTRA caDs R
xiégséktvsrARE(N;eL)) ‘BT .SKYAI . AND. XSTART (NFOL) . EQ, SKYAI . AND. UNMAG
' {F(REAL(YSTART (NFOL)).LT,IRMIN) GO T® &6
%EEREEL3”4%2\&?2'3;8{‘??"&1‘3%&%}zee Te 56
FOLLOW THE PHI 0 ROOTS BEFORE FOLLOWING THE PHI(0)=0 oors. SINCE
THE FASTEST- HRow NG ROOT 1S MORE LIKELY TG HAVE PHI (0).NE,
[F(.NOT. ZEH(NFGL) OR,NSTART.GE.100) GO TO 128
DS 138 i = NFOL, NSTART
1F (. NBT. ZEH(I)) ‘e TG 139
138 CONTINUE
GO TE 128
139 NSTART = NSTART + 1
XSTART (NSTART) = XSTAR;(NFOL)
YSTART(NSTART) = YSTART(NFOL)
ZEH(NSTART) = ZEH(NFOL)
GO T6 56
128 CALL TIMECHK(AGOT,O.,ELAPSED)
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000381 PRINT 57, NFOL,YSTART(NFOL),6 XSTART(NFOL), ELAPSED
000382 57 FORMAT (5H RO6T, 14, 19H STARTS AT ©MEGA = ,2E22.13,8H KYAI = JE22.1
000383 .3.5X,8H TIME 1S,F8.3)
8ggggg ;E{ﬁéng(Yﬁ;gET(NFOL)).GT.1.E-12) GO TO S8
goggas 59 Ega¥gT(ééH OMEGA = O, REOT, 14,25H NOT FOLLOWED EXPLICITLY. )
00387 ‘
gggggg 58 cQ%LTFgéLo“éQSTAET(NFeL). YSTART (NFOL) , ZEH(NFOL))
000390 26 FORMAT(SH REGT, 14,17H ENDS AT GMEGA = ,2E22,13,8H KYAL = E22,13)
000391 ¢ ‘CLASSIFY THE Roo1S ACCORDING TO WHETHER 1T 1S REAL OR COMPLEX, AND AC-
000392 S EGRDING TO WHETHER PHI(0) = O (PHIZ = ,TRUE.) ©R NoT. PHL(Q) = O
000393 €  FOR ABGUT HALF THE ROGTS, AND THIS IS_A CONVENIENT WAY OF CLASSIFYING
000394 € THEM SO AS NOT TO CONFUSE ONE ROOT WITH ANOTHER NEARBY.
000395 [F(ZEH(NFOL)) GO TO 61
000396 IF(NPT.EQ.NRCUT(NR)) GO TG 60
000397 NR = NR + 1
000398 ¢ NRCUT, NZCUT, AND NCCUT TELL THE CRT PLOTTING ROUTINES WHEN IN THE LIST OF
000399 ¢  POINTS ONE BRANCH ENDS AND _ANGTHER BEGINS, S6 CONSECUTIVE POINTS FROM
000400 ¢ DIFFERENT BRANCHES WILL NOT BE_JOINED. .
000401 ¢ NR,NRCUT, NPT FOGR REAL ROOTS, PHIZ = .FALSE.
000402 c *"Nzcut, NPTZ FOR REAL RoOTS, PHIZ = .TRUE,
000403 ¢ © NG' NCGUT! NPTC FOR COMPLEX ROSTS
000404 NRCUT(NR) = NPT
000405 GO TG 60
000406 61 IF(NPTZ.EQ,NZCUT(NZ)) GO TG 60
000407 NZ = NZ + 1
000408 NZCUT(NZ) = NPTZ
000409 IF(PMAX.EQ.0,AND. . NOT.SINGLX) XLR(NZ) = XL(IXL)
000410 60 IF(NPTC.EQ.NCCUT(NC)) G8 TO 63
000411 NC = NC + 1
000412 NCCUT(NC) = NPTC ,
000413 IF (PMAX . EQ.O.AND. .NOT.SINGLX) XLC(NC) = XL (IXL)
000414 C FIND THE FASTEST-GROWING REOT IN THIS BRANCH
000415 INIT = NCCUT(NC-1) + 1
000416 MAXGRG = INIT
000417 DB 130 I = INIT, NPTC
000418 130 IF(Y1(1),6T.YI(MAXGRO)) MAXGREG = 1
000419 SIDE(NC-1) = SIGN(1,,YR(MAXGR®))
000420 MXGRE(NC-1) = MAXGRE
000421 63 IF(NCRIT,BT.100.6R.NPT.GE.2000) GO TGO 550
000422 IF(NPTZ.6E. 4000.6R.NPTC.GE. 1000) GO TG 550
000423 C .AGOT MEANS ALMOST 6UT ©F TIME _
000424 IF(WARN(O) .BR.ASET) GO TO 109
000425 GO TO 56
000426 108 PRINT 110
000427 110 FORMAT (19H ALMGST OUT OF TIME)
000428 GO TO 55
000429 550 PRINT 104
000430 104 FORMAT (28H N& MORE RGOM TG STORE ROOTS)
000431 125 IF(PMAX.GT.0) GO TG 55
000432 NFOL = NFOL - 1
000433 IF(NXL.GT.1) PRINT 129, XL(IXL+1)
000434 129 FORMAT(6H X/L =,F5.2)
000435 114 CONTINUE -
000436 55 RMX = YMX
000437 EIGV = IGV
000438 CALL TIMECHK(AGOT,O.,ELAPSED)
000439 PRINT_78, ELAPSED
000440 78 'FOGRMAT(5X,8H TIME 1S,F8.3)
000441 ¢ ‘FIND THE FASTEST-GROWING REOT
000442 IF(NPTC.EQ.0) GO TO 43
000443 MAXGRO = MXGROG(1)
000444 NC1 = NC - 1
000445 D6 42 1 = 1, NC1
000446 MXGROI = MXGRE(1)
000447 42 IF(YI(MXGRGI) ,GT.Yl(MAXGRG)) MAXGRG = MXGRO(I)
000448 C FIND THE MAXIMUM GAMMA/KYSQ
000449 MGAMK2 = 1
000450 GAMK2 = YI(1)/XC(1)%xx2
000451 D6 157 1| = 2,NPTC
000452 IF(YT(1)/XC(l)xx2,6T,6AMK2) MGAMK2 = I
000453 157 1F(MGAMK2.EQ.1) GAMK2 = YI(1)/XC(1)xx2
000454 IF(SW(1)) CALL PAGE
800458 123 D2 Na2ut (1) AxoRe) 6O T
.GE. o) 66 TO 124

900455 124 ONT 24 VR (MAXGRE) ,Y

, G 1 (MAXGRO) , XC(MAXGRE) , XLG
000459 44 FOGRMAT(28H FASTEST-GROWING ROOT, 0MEGA=,2E5§.3?§H KYAl =,
000460 LE10.4,7H X/L = ,F6.3)
000461 PRINT 158, GAMK2, XC(MGAMK2)
000462 158 FORMAT("MAXIMUM GAMMA/KYSQ =",E12.4,"AT KYAl =",E12.4)
000463 IF(SW71.0R. .NOT.UNMAG) GO TGO 43
000464 1F(,NOT. PRDAMP) 66 TG 160
000465 IF(NPTZ.EQ.0) GO TO 43
000466 DB 156 | = 1, NPTZ
000467 156 IF(Y2(1).GT.RMX) RMX = YZ(I)
000468 GO TG 43
000469 160 IF(SINGLX) G& TO 43
000470 IF(YR(MAXGRG) .LT,0.) XLGMX = -XLGMX
000471 RMX = RMAX + .5
000472 D8 127 1| = 1, NPTC
000473 IF(YR(I).LT.0) YR(1) = -YR(1)
00047d o Bl R SRR P aTE X IF DESIRED
000476 43 IF(NPRNT.EQ.0) G8 6 137
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A 0 TG
OT.SW(1)) CALL PAGE
EQ,0) GO T
RN PLTIX,Y, XMAX XINC,RMX,YINC,0,0,NPT)

Er%rar%'cmoxxwwwmmmzazo

TZ.E GO_TO 80
PgNPLT(XZ YZ,XMAX, XINC,RMX,YINC,0,0,NPT2)
RMAT(11H REAL RAGTS)
PARAM(99)
TC.EQ,0) GO TG 4
. NOT.SW(1)) CALL PAGE
CALL PRNPLT(XC YR, XMAX XINC,RMX,YINC, 0,0, NPTC)
CALL PARAM(
PRINT 40
EgRMAT;ggH REAL PART OF COMPLEX RGOTS,)
YMAX = IF!X(YI(MAXGRC) + 1.)
YMAX

CALL PRNPLT(XC Y1,XMAX,XINC,YMAX,YINC,0,0, NPTC)
CALL PARAM(

PRINT_41
FORMAT(ZQH IMAG, PART_OF COMPLEX RGOTS,

==OTNIYO—~OTVO
Z
'l

=

FIND PHI éz) F?R THE FASTEST-GROWING MGDE'’ GN EACH BRANCH

137 NC1

133

132

136

1F (NPRNT, NE, 0) CALL PAGE

CALL SETCH(i.,42 ,0,0)
IF(IGY.LT.2) ‘b0 76 i 5

g 131 1 c1

MXGRGI = MXGRO(1)

OME?A =ng§LX(YR(MXGRGl) , Y1 (MXGROI))

xKYAl

CHI = KYSQ + PMAX*PMAX*KOSQ
MINQ = *REAL(OMEG
CALL QXNT( CHI)

ERO = DISP(GMEGA)
CALL SAV
PHl(NRTSV NPP+1) GA
PHI (NRTSV, NPP+2) X(KYAL
IF (MXGROI . EQ, MAXGRO) CALL DETA
CALL TIMECHK(A.GT , ELAPSED)
PRINT 78, ELAPS

NRTSV)

.NE?O.) ANG z 57.29xAIMABG(CLEB(PHI (NRTSV,J)))
y* .

uawx<~m
ﬂquC"

v
V o+ 1
SGRT (SUMPHI)

MP

)

S

S

{
ABSPHI(J)*PHNURM
"1, GMEGA
H;
F
4
H
(
H

2
T

KY
1987 01" OMEGA, K
Ag;E?g)éROWlNC WAVE OF BRANCH, 13, SH GMEGA = ,2E21.12

P
E
ABSPHI (J) NPP)

a) (ABéPHl(J) J=1,NPP)

HI(J)

H
E
A

. K

PRINT
E
A
T NPP)
E (ANCPHI(J) J=1,NPP)

ATNMDOMID —=DO~
PP =p- 4 TP~

B
,13
4)
RES)
%)

H, 159)

2QOOWONNW—WEH WL I

P
2,
P
2.
P
)

Do 1
MXGRO1 ! Mxeke<|)

KYAl = XC(MXGROI)

OMEGA = CMPLX(YR(MXGROI) Y1 (MXGREI))
KYSQ = KYAI*KYAI

XX = XLC(I+1)XSIDECI)

IF(XX.LT.0.) XX = XX

PRINT 148, 1, OGMEGA, KYAI, XX
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000570

000665

c

c

WR1TE( I1GRAPH, 148) OGMEGA, KYAI, XX
148 FORMAT(31H FASTEST 6Rowxne‘wAve &F BRANCH, 13, SH OMEGA = ,2E20,12
/8H KYAI = ,E20,12,5H X/L=,F6.3)
1F(.NOT.UNMAG) GO {0 146
ALL XLSET (XX, XKO, EPSI , EPSE, NSP,NSP1.NSPEC,EPS,DREL.RH,KOAI)
ZERG = DISP(BMEGA} -
DFDW = 1,E+04xDISP(GMEGA + ,0001)
KXSQ = .002
D2FDK2 = 1.E+03xDISP(GMEGA)
KXsSQ@ = o.
X = XX +

X 0001
CALL XLSET(XX,XKO, EPSI EPSE, NSP, NSP1, NSPEC, EPS, DREL, RH, KOA1)
DFBX = 1.E+04xD1SP(OMEGA) xAfL
TRZER® = 1,E+12xCABS2(ZE R )
IF(CABSZ(DFDW) LT. TRZERO, OR. CABS2(D2FDK2) .LT. TRZERG . 6R. CABS2 (DFDX)
..LT.TRZERG) GO T8 151
D w K2 Bpoﬁanz/oFow
SPREAD z SQRT(CABS(DZWDKZ)/AIMAG(OMEGA))
CHANGE = CABS(GMEGA/DWDX)
ERRGR = AIMAG (OMEGA)*SPREAD/OHANGE
GAMMA = AIMAG(GMEGA) - ERRO
WRITE ( IGRAPH, 150) SPREAD, CHANGE, GAMMA
PRINT 150, SPREAD, CHANGE, MM
150 FORMAT( RING ONE GROWTH PERIOD, A wAvs PACKET
+SPREADS A DISTANCE OF", Elz s “"TON LARMBR RADI1"/"’THE FREQUENCY
'FOGR A GIVEN KYAl CHANGES OVER A DISTANCE OF",E12.3," ION LARMOR RA
DI1v/" GAMMA PROBABLY CLOSER TG ",E12.3/)

GO TO 153
151 PRINT 152, ZERO,DFDW,D2FDK2,DFDX
152 FORMAT(" SoMETHING WRENG,DISP = “,2E22.13/"DFDW, D2FDK2,DFDX = “,BE

.18
153" CGNT[NUE
146 CONTINUE
147 CALL FRAME(1)

PLOT THE EIGENFUNCTIONS PHI(X) IF DESIRED.

48 CALL EIGPLT

CALL TIMECHK(AUUT 0. ,ELAPSED)

RINT 78, ELAPSE

NOCRT.NE.O) CALL EXIT

0o THE CRT PLOT OF THE REAL PART OF RGOTS.

XMIN = IFIX(SKYAI)

XMAX = IFIX(FKYAI+1,
[EOMAX. EQ EKYAL_+ i)y XMAX = FKYAI
IF(XMAX = XMIN.BGT.100.) XMAX = 10.*IFIX(XMAX/10, + 1.)
IF(XMAX.EQ, FKYAI + 10.) XMAX = FKYAI
YMAX = IFIX(RMX -~ .5) + 1
IFC(YMAX.EQ.RMX + 1.) YMAX = RMX
YMIN = iFIX(RMIND -1.E-08
NX2 = XMAX - XMIN
- LENX2. 6T, 100) NX2 = NX2/10
IF(NX2.LT,10) NX3 = 2
LF(NX2, 5) NX3 = §
NY2 = 2.%(YMAX - YMIN)
CALL pAPs (XMIN, XMAX, YMIN, YMAX,0.11328,1.0,0.30,1.0)
IF(.NOT. sw31) TEXTURE = 3,
1F (PRDAMP) T6
1F (UNMAG) o TO s
155 IF(NR.LE.1) GO TO 64
NR = NR"- 1
DO 65
IMIN = NRcuf(J) + 1
IMAX = NRCUT(J+1)
NUM = MINGCIMAX - IMIN + 1, 500)
PRINT 77,
77 FORMAT(14H Yo 8T NG REOT, 14,120, 7H POINTS)
DB 72 1 = IMIN, IMAX
K = K + 1 .
YPLOT(K) = Y(1)
IF(YPLOT(K).LT.YMIN) YPLOT(K) = YMIN
XPLOT(K) = X(1)
72 1F(K.BT.500)
65 CALL TRACET(TEXTURE XPLOT, YPLOT, NUM)
64 IF(NZ,LE.1) GO 66
NZ = NZ - 1
06 67 J = 1,NZ
IMIN = NZCUT(J) + 1
[MAX = NZCUT(J+1)
NUM = MINOCIMAX - IMIN 800)
LFCoNOT S INGLX AND PHAX. so'8> PRINT 136 J, NUM g+
UM, XLR(J+1)
126 Eennerc14n PLOTTING ROOT, 14, 120,7H POINTS, '6H X/L =,F5.2)
D& 73 1 = IMIN, IMAX
K=K+ 1
YPLOT(K) = YZ(I
IF(YPLUT(K) LT. YMIN) YPLOT(K) = YMIN
XPLOT(K) = XZ(i
73 1F(K.BT.500) GO
67 CALL TRACET(TEXTURE XPLlT YPLOT, NUM)
66 IF(Nc LE. 1) 66 68
USE DOTTED LINE FOR COMPLEX ROOTS. ,
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000666

000724

000725

000739

TEXTURE = 2,

IF(,NOBT.SW31) TEXTURE = O,

DB 69 J = 1, NC

IMIN = Nccuf(J) + 1

IMAX = NCCUT(J+1)

NUM = MINOCIMAX - IMIN + 1, 500)
IF(SINGLX,OR, PMAX.GT.0) PRINT 77 NUM
&F( gcT.s:NeLx .AND.PMAX.EQ. 0) PRiNT 126, J, NUM, XLC(J+1)
D8 74 | = IMIN, IMAX

K=K + 1

YPLOT(K) = YR(I)

IF(YPLOT(K).LT,YMIN) YPLGT(K) = YMIN
XPLOT(K) = x ( )

1F(K.QGT.5 o TO

CALL TRACET(TEXTURE,XPLOT,YPLOT,NUM)
TEXTURE = O,

TVRNGE = TVXMAX - TVXMIN

FACTX= TVRNGE/(XMAX-XMIN)

Vv NG TVYMAX MIN

I
= TVRNGE (YMAX - YMI

F N)
ngzLEHE PARAMETERS UNDER THE CRT PLOT.

46

PARAM(9
CALL SETCH (1 7.,1,0,1,0,0)
WR1TE(IGRAPH )
FORMAT( 19H REAL PART OF ROGTS)
CALL FRAME(

D8 THE CRT PLOT OF THE %MAGINARY PART OF ROOTS.

47

IF(NPTC.EQ.0) GO TO
NY2 = IFIX(YI(MAXGRE) + 1,)

<
3
>
]
n.u
oZ
<

EUM = MINO(IMAX - IMIN + 1, $00)
DG 75 1 = IMIN, IMAX

YPLOT(K) = YI(I)
1F(YPLOT(K),LT.YMIN) YPLOT(K) = YMIN
XPLOT(K) XC(1)

IF(K.GT,.500)68 T8 _71

XPLGT, YPLOT, NUM)
X -"YMIN)

E
A
0,
g keke éKAXGRG) + XC(MAXGRE) , XLBMX

u
CALL TIMECHK(AGGT,O., ELAPSED)
PRINT 78, ELAPSED’

EQLL X1t

SUBRGUTINE XLSET(XL,XKO,EPSI, EPSE, NSP,NSP1, NSPEC, EPS, DREL , RH,KOAL)

DEES EVERYTHING THAT HAS 16 BE'DONE'WHEN A NEW VALUE of X/L’ 1S’ USED.
REAL K

115

100

DlMENSlgN EPS (NSPEC) , DREL (NSPEC) , RH(NSPEC)
DATA P1/3.141592653589/

éé 1?52i*P1?XLNSP
k-4

= 1. + EPSI*RH(1)*COS(XKO)
E§§%§§)= -éPS;:RnééééKOAl!SIN(XKO)/DREL(!)
DG 100 [ = NS

+ EPSEXRH(1)*COS(XKO)

Egg%f;)z -éPSE Rﬁ(l)*KOAI*SIN(XKO)/DREL(!)
S
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SUBROUTINE_DETAIL(

N)
CALCULATES DETAILED INFORMATION OGN ONE ROOT, PH_lr6 RHOE, AND R

BEFORE CALLING THIS ROUTINE, lT 1S NECESSARY

RHOI .
CALL'DISP AND SAVPHI

WHICH CALCULATE ARH A PHI, USED IN THIS SUBROUTINE. OGMEGA AND KYAl MUST
?Elngﬁggﬂb¥l§Hl(N NPP*1) AND PHI(N NPP+2) RESPECTIVELY, BEFORE CALLING

15

[¢]

>
Qrx
IC0O<
cr
—M——

LE&GICAL DTCALC
COMPLEX A(20,20)
COMPLEX ARH(20
CEBMPLEX PHI1(2 6
REAL KYAl
CGMMEN/C18/ ICR IHSP 1 GRAPH
co HGN/CDETAL/ bTe RH
COMMON /PHI RT PHI
cu-nuN/cspsc/ RLARM(4),AMA$S(4).cHARe(4),JAY(4),DENSE(4),NSPec
CEMMON/ PMX/NPP
cenmeN/CNSP/ NSP, NSP1 R
COMMON/CTVY/TVY 4 S
COMMON/ TVTUNE/LPENGN, LPENGFF, 1 TALICS, IWINK, INTENSE, IRIGHT, IUP
b
) r] 3

PHI(18 22),PHNORM, RHNORM

20,4 éeA, RHOE(20), RHOI (20)

2
-
1
-
~
-
>
~
—

1+1)

PPN 1>
PD
2=
'v.
R

QOO TON
0
4
Yy
—
~
>~
4
-

WM« NP Q

-
L4
m
(2]

]

NZ100=CrrPP»NPr.—w

SPECIES", 13/)
),ARH(1,2,J)

1+1,J)

T
a
-4
pe=r
— i P

MAMA~AA~A~A> =

~Z~

ARH(NPP NPP, J)

3
a
4
-
JVO ONL

TuUNNJ[M= - n-
~ADIIZID ZHZ~Z~

ZOVI~~TV~—~ BT
Vo Z =X

>

~n
SO maZTe B -
—-—

RHO
RHO
N

2

SP1, NSPEC
ARAC 1, 1,J)xPHI(N, 1) + ARH( 1, 2,3 xPHI(N, 2)

ARH(NPP,NP1,J)*PHI (N,NP1) ARH(NPP, NPP, J)xPHI (N, NPP)

+
X
X
amam-—
+

-
+

, NSP
ARHC 1, 1,J)%PHI(N, 1)
ARH(NPP,NP1,J)xPHI (N,NP1)

ARHC 1, 2,J)xPHI(N, 2)
ARH(NPP,NPP, J) xPHI (N, NPP)

!

Z0= 20— CZw-w—Mm
+

190>~ TOw—
TV~ ~ NV~ i

ICN,1-1) + ARH(I,1,J)*PHI(N,1) + ARH(I,

~ANUARN
Z

H
)
?I(N,l-1) + ARH(I,1,J)xPHI(N,1) + ARH(I, 1+

-
— @R AN =)
Z2UV= V= =~Z~
OMCI-&IvG

Moo=

C
NOgﬂALIZE PHI AND RHO

13

1

9

12

[«]
a
2
u
(2}
2
n
r
X
V~~F0
rOOO
- ON
* 0~

1

>M—=IT VX

M .
SAME UNITS AS PHI
X, "RHOE(P)", 17X, "RHOI (P) ", 12X, "P")

DM—~~Z

(

(

1

3

FOR (

7 §

) 1(N,1),RHOE(1),RHEI (1), 1P

PP

HI(N, I
HI1,NPP, PHIMAX)

CALL SETCH(1.,1o0. i,o,1,o,0)

WRITE( IGRAPH, 11) .

FORMAT(/"POTENTIA MX=0TOX=1L, FREMY =2 0 TO Y = 2PI/KY")

WRITE ( 1GRAPH, 9) PHI(N NPP+1) KYAI

CALL PARAM(98)

FORMAT(9H OMEGA = ,2E1S. saH KYAI = ,E15.86)

CALL PLOT(RHGE, NPP RHEMAX
RHEMAX "= RHEMAX iMAx

CALL SETCH(1 0,1,0,0)
WRITE ( | GRAPH, 1é) NAME RHEMAX
fcRMAT(/1x AS, "CHARGE 'DENSITY, MAXIMUM = “,E12.4,14H *PHIMAX/Alxx2
WRITE(IGRAPH, 8) PHI (N, NPP+1),KYAI
CALL PARAM(98)
CALL PLOT(RHOI, NPP, RHIMAX)
AME = 9H eN
0. ,0,1,0,0)

» RHIMAX
N, NPP+1),KYAI

DI e F O
2= =~ Z - N+ P

I~
QUv~V3T—~ NI

r -~ Uw-

,42.,1,0,1,0,0)

-81-



Q_= ANI3

Z -0 ~ZIXUW X0

mmmmmmm
/6
? /1

oty ara - KThd ze3IN]

dd OMdI3 "AMdI
' NNAd NOT.LONNS
(A XVOOZDqu O 143N3IO

an3
. e, NYNL3Y
(AN XN "ONNdTd "25 'O " L) SANN0T T1v0

. . ONNId TYNNILX3
CAN XN 2370 * L3) LSANNDT 3N1LNOYENS

aN3

e NYN13Y
CANXN 2370 ‘ L)) LSANNOT 11V
XYW4_= IXViWd

30N T1NGD

AXd = XYW (XYW 19'AXH) ]
(A'X)ONNETd = AXd

INNd1d J14aNT9

‘001 /(X1)1veld = X

. 00L"L = X1 ¢ ng
0S/(AILVDId = A

0s“l'= Al 2 od

1
l-
(1)3uy
/0S°Q0L 9 LL-/ AN'XN'ZH7
IXVHA 70 1ML *ddN” /10TdNDD

(02)701MLS_*(02)d_XITJWED

[¢1\]

468000

648000

848000

248000

128000
048000

rreooo



000898

000894

QAO0OONOOOOOO0

c
c

c
c

SUBROUTINE FOLLOW(X0,YO,PHIZP)
$ A’GIVEN REOT THROUGH INCRESING VALUES OF KYAL,
THE STARTING PGINTS FOGR THE SEARCH FOR THE ROOT AT EACH NEW _VALUE OF
KYAl (DONE BY *MRAFx) ARE DETERMINED_BY MAKING A PARABOLIC SIT FOR THE

KYAL ,
3, THE INCREMENT
DELT2 1S CUT IN HALF AND WE TRY AGAIN, THIS IS ALSO DONE 1F THE ONLY :
REGT FOUND IS IMPLAUSIBLE(BECAUSE THE EIGENFUNCTION CHANGES TOO DRASTICALLY
&R GMEGA CHANGES 166 MUCH).THE INCREMENT IS INCREASED IF THE ROOT IS
FOUND VERY CLOSE T8 THE STARTING POINT (LESS THAN ERRMIN) AND THERE 1S_VERY
LITTLE CHANGE IN THE EIGENFUNCTIGN, BUT THE RELATIVE INCREMENT DK(=DELT2/
KYA1) 1S NEVER MORE THAN DKMAX, IF DK FALLS BELOW DKMIN, WE GIVE UP
FOLLOWING THIS RGGT AND RETURN.

EXTERNAL DISP

LEGICAL SW(6), SW7, CV(2), WARN, DEJAVU, PH1Z(200), PHI ZP, ZEH(100)

LGGICAL REALZ, FLIP, GOOD(18), PAIR, AOBT, SW71, SW31

LOGICAL Sngﬁg. CMCRIT, FLIPC

LOGICAL

COMPLEX P1,P2,P3,RO0T, FREGT,FUNC,H,Y0,Y1,Y2,A,B,C,Y3
COMPLEX YY(2) INI :

COMPLEX PHIOLD(20), PHINEW(20), PHIVLD(20)

COMPLEX YSTART

COMPLEX YREV

INTEGER EIGV, PMAX

REAL KYAI, KYSQ

. KosQ :
$é?§ggé?N X(2000),Y(2000), XC(1000),YR(1000),Y1(1000),XZ(4000),
COMMGN/C16/ ICR, IHSP, IGRAPH
CEMMON/CFAST/DK], FKYAI1, NPTC,YI,YR, XC, KYD, YMAX,
.YZ,X2Z,Y.X,NPT,NPTz, ZEH, 16V, AGST, NFOL , FKYA12, YMIN
COMMON/ EMRAF 78W, RTC, 1 TC, EP3, FRMAX, XRMAX, H, REGGT, FUNC, FROOT, EIBV,
.SW7, START, RMX, NFL, CYAI
COMMON/DIS/QF ,KYSQ,KOSQ,EPSF(4), MASS,KYAI,KOAI,MASQ, PMAX, OMPSQ
. JAEAI,KMAX(4),AMASG(4),EPS(4),KMIN(4)

EeMMON/CPHCK/ ' PHINEW, PHZP
COMMEIN/ PMX /NP

CEMMEN/FOLEIG/ GEBED, [BRANCH(18)
CEMMGN/ CMRAF2/ ERRMAX, NRTSU, SW31, SW71
ﬁg?g??/CFﬁL/YSTART(100),XSTART(160),NSTART,YEND(100),XEND(100),
COMMON/CCHECK/XCRIT(100) , YCRIT(100),NCRI T, DEJAVU, Y2, N, PZCRIT(100)
COGMMEN/CCMP/ CMPPR, CMCRIT(100)

COGMMON/CPH2/ PH1Z

COMMEN/CQN/MI NQ

COMMEN/CMAG/ UNMAG

DATA GOOD/l?g.FALSE./

DATA FKYA12/25./

DATA SUM2/0./ .

CALL TIMECHK (AGOT, FRAMES, ELAPSED)

IF(AGOT) RETURN
FKYAI1 1S THE VALUE ©F FKYAl READ IN. FKYAI2 IS A SMALLER VALUE USED
FOR REAL ROOTS WHICH WE ARE NOT INTERESTED IN FOLLOWING SO FAR.

FKYAI = FKYAI2

IF(X0.GE.FKYA12) FKYAI = FKYAI1

IF(FKYAIZ.GS.FKYAI1) FKYAl = FKYAI1

BASE = .Sx
BASE2 = ,25xFKYAI + XO
PHZP = SGNL.(1.,PHIZP)
FLIP = ,FALSE.
FLIPC = .FALSE,
PAIR = .FALSE.
DK = DK
ERRMAX = ,003
ERRMIN = .0005
SUM2MX = NPx.01
SPREAD = ,
YINIT = YO
DKMAX = DK1
DKMIN = 1.E-10
IF(SW31) GO TO 110
IF(AIMAG(YO).LE.O.) GO TO 15
FKYAI = FKYAI1
NGROW = NGROW + 1
PRINT 55, NGROW
G0 TO 15

110 IF(REALZ(YOQ)) GO TG 15
FKYAI = FKYAI1
NCRIT = NCRIT + 1
PRINT 55, NCRIT

55 FORMAT(13H GROWING ROOT,14,7H BEGINS)
IF THE ROOGT IS ALREADY COGMPLEX AT INITIAL KYAl, GIVE HARMLESS NONSENSE
VALUES TO XCRIT,_YgRIT, AND PZCRIT (USED BY xCHECKx) FOR THIS REOT.

PZCRIT(NCRIT)

YCRIT(NCRIT) = -1,

XCRIT(NCRIT) = -1, ?

CMCRIT(NCRIT) = . . !
15 IF(.NOT.SW71) GO TO 134 ;

YREV = CMPLX(AIMAG(YO0),REAL(YO))

IF(REALZ(YREV)) GO TO 134

NCRIT = NCRIT + 1 -

PRINT 135, NCRIT
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135 FORMAT(13H MOVING ROOT, 14,7H BEGINS)
PZCRIT(NCRIT) = O, g
YCRIT(NCRIT) = -1, ‘
XCRIT(NCRIT) = -1. |
SO I 2ol B8
IVATIVES OF RGOT WITH RESPECT T
155 ND, FIRST AND SEC REOT WITH RESPECT TO KYAI
DELT2 = 1.E-0 x
IF (SW31.0R. NFOL,LE,NSTRT1) 68 TS 116
DELT1 = 1.E-10%xX0
DELT2 = 1,E-09xX0
DK = 1.,E-09 ;
116 P3 = YO
P2 = YO - (0,,.001)
Pl = YO - (.,001,0.)
16 KYAI = X0 + DELT1
IF(WARN(O)) RETURN
KYSQ = KYAI*KYAI
CYAI = KYAI
CHI = KYSQ + PMAX*PMAX*KOSQ
MING = 2, *REAL(P3
CALL QINT(CHI)
CALL QFKCAL (QF,KMAX,KMIN, P3+3. P3)
CALL MRAF(DISP,YY i P31 E-12,295)
IF_ N6 PLAUSIBLE koof lé #ouﬂn, REbuce DELT1 AND’ TRY AGAIN,
1IFC.NGT,CV(1))
Y1 = YY(1)
F(.NGT.CV(2)) GO T 59
F(PHZP.EQ.SONL(1.,PHIZ(1)))G0 TO 89
YT(PH$$(N§ "SGNL(1.,PHIZ(2)))60 T8 291
59 IF(AIMAG(Y1).LT.-1.E-06.AND.SW31) GO TO 292
IF(REAL(Y1).LT.-1,E-06,AND.SW71) 66 TO 284
GO TG 48
290 [WHY =10 $ GO TG 29
291 IWHY =11 $ 68 TO 29
292 IWHY =12 $ GO TG 29 :
294 IWHY = 14 $ GO T8 29
29 IF(DELT1.LT.1,E-10) 68 T6 58
DELT1 = DELT1
IF(SW(1)) PRINT 56, DELT1, IWHY
56 FORMAT(17H DELT1 REDUCED fe Ezz 13,11H FOR REASON, [4)
IF(SW(1).AND .EQ.1) PRINT 57,PHiZP,PHIZ(1)
57 FORMAT(9H PHizZP 1$,L5,11H PH|z<1S 1s,L$)
GO TO 16
48 1F(IGV.EQ,0) GO TO 68
Do 31 1 = 1,NP
PHIVLD(1) ='PHINEW(I)
31 PHIOLD(I) = PHINEW(I)
68 A = (0.,0,)
B = (Y1 - YO)/DELT1
C = YO + BxDELT1
ERRGR = ,001
Y2 = Y1
68 TO 27
8 IF(WARN(O)) RETU
EVEN IF EIGV WAS GRIGXNALLY 3 OR 4, WE ONLY LET IT BE EQUAL To ITS
GRIGINAL VALUE EVERY SO OFTEN, OTHERWISE WE WILL BE PLOTTING A
RIDICULGUS NUMBER OF EIGENFUNETIONS,
IF(IGV.EQ.0) GO T
lF((KYAl/BASE).LT.(1.+DKMAX)) GG TG 40
EIGV = IBV ‘
GO TO 53
40 EIGV = 2
53 [F(KYAI.LT.BASE2) GO TO 41
BASE2 = BASE2 + ,25xFKYAI
CHECK THE TIME EVERY SO OFTEN, TO MAKE SURE WE ARE NOT ALMEST OUT OF TIME
CALL TIMECHK (AOGST, FRAMES, ELAPSE
RINT 54, ELA T KYA
54 FORMAT(5X,8H TIME IS,F8.3,10H AT KYAl =,F8.3)
IF(AGET) RETURN
41 CALL QFKCAL (QF,KMAX, KMIN P3+3.
CALL MRAF(DISP,YY, v,2,P1, Pé P3 1.E-06,1.E~12,286)
Y2 = YY(1)
Y3 = YY(2)
IF(.NOT.CV(1)) 68 TG S0
ws CHANGE LOGICAL VARIABLES TG REAL VARIABLES, SO WE CAN USE THEM
IN IF(A.EQ,.B) STATEMENTS.
PHZ1 = SGNL(1,,PHIZ(1))
PHZ2 = SGNL(1.,PHIZ(2))
1F(.NOT.SW31) 68 T6 121
RL2 = SGNL(1.,REALZ(Y2))
RL3 = SGNL(1.,REALZ(Y3))
RLI = SGNL(1..,REALZ(YINIT))
121 IF(.NOT.SW71)'G8 10 120
YREV = CMPLX(AIMAG(Y2),REAL(Y2))
AlM2 = SGNL(1,,REALZ(YREV))
YREV = CMPLX(AIMAG(Y3),REAL(Y3))
AIM3 = SGNL(1.,REALZ(YREV))
YREV = CMPLX(AIMAG(YINIT),REAL(YINIT))
AIMI = SGNL(1.,REALZ(YREV5)
120 1F(.NOT.CV(2))'G6 T6 14
IF TWo PLAUSIBLE REOTS, GO TO 20
IF(PHZ1.EQ.PHZP, AND, PHZ2.EQ. PHZP) 68 TG 20
NS PLAUSIBLE ROGTS
IF(PHZ1.EQ.PHZ2) 68 TO 91
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ONE PLAUSIBLE ROOT AND ONE IMPLAUSIBLE 6NE, THROGW OGUT THE LATTER.
IF(PHZ1.EQ.PHZP) GO TG 14
Y2 = Y3
PHIZ(1) = PHIZ(2)
PHZ1 = PHZ2
GO TO 14 )

IF ONE OF THE ROGTS IS MUCH CLOSER THAN THE OTHER TG THE PREDICTED R

USE _THAT ONE.

20 IF(CABS2(Y2 - P3).LT..,01xCABS2(Y3 - P3)) GO TG 14
IF(.NOT.SW71) GG T 117
CMPPR = .FALSE,
IF(ATM2.NE.AIM3) GO TG 122
IF(AIM2.GT.0. .AND.REAL (Y3)*REAL(Y2).LT.0.) G8 TO 123
IF(AIMI.GT.O..AND.AIM2,6T.0,) 6O TG 117
IF(AIML.LT.O. . AND.AIM2.LT.0.) GO TG 124
IF(AIM2.6T,0.) GO TG 1
IF(REAL(Y2),LT.0.) Y2 = CMPLX(O.,AIMAG(Y2))
é;(?EA%éYS).LT. .) Y3 = CMPLX(0.,AIMAG(Y3))
123 IF(REAL(Y3).GT.0,. . AND.REAL(Y2).LT.0.,) Y2 = Y3

SEE IF WE HAVE A NEGATIVE CONJUGATE PAIR
ég(?gB?E;CONJG(Y3)+YY(I)).GT..01*0A882(Y3-YY(1))) GO TG 126

IN THE CASE OF AN IRREVERSIBLE DISP. REL., WE ASSUME THERE ARE NO

EELI&EL$R$OEE§1NSO IF THERE ARE TWO EQUALLY PLAUSIBLE ROOTS, WE REDUCE

117 CMPPR = .TRUE.
IF(.NOT.SW31)

60 7O _100

IF THE ROOT CHANGES FROM REAL TOG COMPLEX GR_VICE VERSA, WE DONT
TRUST THE NEW ROGT UNLESS THERE ARE TWO OF THEM.

IF(RL2.NE.RL3)
IF(RL2.GT. 0, . A

I
I

SE? E A
E

A

SE

RETURN HERE,
IF_THE TWO ROOTS
NOT SWITCHED FRO
OR VICE VERSA, T

L CHECK

I
o
= .TRUE.
GV.GE.2) GO TO 36
= ,FALSE.
REACH THE BEGINNING OF A PAIR
ARRIVED HERE PREVIOUSLY BY ANOTH

6o TO 92
ND.AIM
GG _TO 14

¢ TG 13
CONJUGATE

PAIR

AG(Y3).GT.0..AND.AIMABG(Y2).LT.0.) Y2 = Y3‘

I

WE
ABSZ(C&NJG(YS)-YY(I)).GT.:OI*CABSZ(YG-YY(IJ)) G0 TO 93
ETGENFUNCTIOM CHANGES TGS MUCH, BUT SET PAIR = .TRUE. SO WE WILL

, Y2 AND Y3, ARE CLOSE T@ ZERG, AND THEY HAVE

M BEING

PURELY REAL TO BEING PURELY [MAGINARY

HEN WE D& NGT HAVE A NEW PAIR, BUT RATHER
TWO _ROOTS WH1CH CROSS EACH OTHER AT GMEGA_= O W1THOUT INTERRACTI
127 IF(AI”I.NE.RLI.AND.AIMZ.LT.O..AND.R 4

14

[.NE.RLI.AND,AIMI .EQ.AIM2. AND
o TO

IF(.NOGT. DEJAVU) GO TGO 28

1F(CMPPR) PRIN
24 FORMAT(29H WE

1F(.NOT. CMPPR)
128 EGRMAT(ZQH WE

RIT
GT.10
BE

T
HE

2

1T)
MPPR)
1T) =
RI

R1

P3 = YO

P2 = YO + (O.,

P1 = YO - (O.,

X0 = KYAIl

CALL TIMECHK (A

IF(CMPPR) PRIN
21 FOGRMAT(13H GRO

. KYAl = ,E22

8H KYAl =

1F.(.NOT.CMPPR)

128 FGRMAT(13H MO
H KYAI

. = ,E22
1F(ABO0T) RETUR
GO TO 16

13 NSTART = NSTAR

T 24

L2.LT.0.) GO TG 1
.RL1.EQ.RL2.AND,P3.EQ.

CHECK TO SEE IF WE
ER ROUTE.

HAVE ' REACHED GROGWING ROOT, [4)

NG.

PRINT 128, N
HAVE REACHED MEVING REOT, 14)
+ 1
0) RETURN
GINNING OF A NEW GROWING (OR MOVING) ROOT.
REAL (Y2)
YCRIT(NCRIT) = AIMAG(Y2)
KYAI
= PHZP
= CMPP
LoW THE NEW GROWING (OR MOVING) ROOT.
1 = . 1*AIMAG(YO)**2
DELT1 = .1%xREAL(YO)xXx2
.1)*AIMAG(YO)
" 1)xAIMAG(YO)
6T, FRAMES , ELAPSED)
T 21, NCRIT,YCRIT(NCRIT),XCRIT(NCRIT),6 ELAPSED
WING' ROGT, 14, 19H BEGINS AT GMEGA = ,E22.13,
"13,.5X,8H' TIME 1S,F8.3)
PRINT’ 129, NCRIT, YCRIT(NCR1T), XCRI T(NCRIT) , ELAPSED
VING ROOT.i?ﬁéSTSBEgIg? AT GAMMA = ,E22.13,

.13,8X,8H T
N

T + 1

RECOGRD THE END OF A GROWING(OR MOGVING) ROOT, AND ADD THE TWO NEW
(BR PURELY IMAGINARY) ROOTS Tg THE LI

OR, IF THIS IS T
DISPERSION RELAT
YSTART (NSTART)

HE END OF
lON,aADD T

A GROWING R
HE DAMPED R
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ST 6F ROOTS TO BE FOLLOWED
06T AND WE ARE USING AN IRR
66T TG THE LIST.
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LATER.
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XSTART(NSTART) = KYAI
ZEH(NSTART) = PHIZ(1)
1F(.NOT.SW31,AND,AIMAG(Y1),6T.0..AND,CMPPR) GO TO 111
NSTART = NSTART + 1
YSTART(NSTART) = Y3
XSTART(NSTART) = KYAl .
ZEH(NSTART) = PHI1Z(2)
IF(,NOT.SW31.AND.CMPPR) GO TG 115
49 YEND(NCRIT) = REAL(Y2)
IF(,NOT.CMPPR) YEND(NCRIT) = AIMAG(Y2)
XEND(NCRIT) = Al
IF(CMPPR)  PRINT 22, NCRIT,YEND(NCRIT) K XEND(NCRIT)
22 EER2¢;I(13HEg§°¥é§é RGOT, 14,174 ENDS AT GMEGA = ,E22.13,
IF(.NOT,CMPPR) PRINT 130, NCRIT,YEND(NCRIT), XEND(NCRIT)
130 FORMAT (13H_ MOVING REOT,14,17H ENDS AT GAMMA = ,E22.18,
«.8H KYAl = ,E22,13)
111 RY2 = REAL(Y2)
PRINT 22, NGROW, RY2, KYAl
1S K
IF WE HAVE FOUND ONLY ONE ROOT, SEE IF HAS CHANGED TQO MUCH IN SCME WAY
(E.G. FROM REAL TS CGMPLEX GR VICE VERSA, OR IN ITS EIGENFUNCTION),
AND _IF SO, REDUCE DK.
14 IF(AIM2.LT.0, ,AND,RL2,.LT,0.) GO TO 132
IF(.NOT.SW31) GO _TO 131
IF(RL2.NE.RL1) GO_TO 94
131 IF(.NOT.SW71) GO TG 132
IF(AIM2,NE,AIMI) GO TO 133
182 [F(REAL(Y2),LT,-1,E-06.AND,SW71) GO TO 95
IF(AIMAG(Y2) .LT.~1.E-06.AND.SW31) GO TO 96
[F(PHZ1,NE.PHZP) GO TO 97
FOR PHI(0) = O ROOTS, PHINEW 1S NORMALIZED IN SUCH A WAY THAT PHI(-NP)
(=PHINEW(1)) ALWAYS HAS PGSITIVE REAL PART (SEE DEFINITION OF ARNM
IN *MRAFx). IF PHI(-NP) HAS SWITCHED FROM -1 TGO +I, MULTIPLY PHIOLD
%ﬁEal S8 [T IS NORMALIZED IN THE SAME WAY AS PHINEW, AND WE CAN COMPARE
IF(IGV.EQ.0) GO TOG_11
IF(.NOT.PHIZP) GO TO 36
ég(?éMég(PHlNEW(1))#AlMAG(PHIOLD(1)).LT.O.) G0 TO 35
35 ég(?gSéglMAG(PHINEW(1))).GT.ABS(REAL(PHINEW(I)))) GO0 TO 37
37 DO 38 1 = 1, NP
PHIVLD(I) = =PHIVLD(1)
38 PHIOGLD(I) = -PHIOGLD(I)
FLIP = ,TRUE.
36_SuMz2 = 0,

M
SEE HOW MUCH THE EIGENFUNCTIGON HAS CHANGED, AND, [F DESIRED, PRINT
OUT THE COMPONENTS WHCCH HAVE CHANGED DRASTICALLY.

D8 30 [ = 1, N
géii?)i cABS2(PHINEW( 1) -PHIGLD(1) - (PHIOLD( 1) -PHIVLD(1))*(DELT2/
SUM2 = SUM2 + DIFF2
IF(DIFF2,LE,,01) GO TG 30
33 IF(SW(1)) PRINT 34, I, PHINEW(1), PHIGLD(1), PHIVLD(I)
34 FORMAT(8H PHINEW(,12,5H ) = ,2E14.6,10H PHI4LD = ,4E14.6)
30 CONTINUE 4
62 LoSMATL N SOMD = CEt4oa) -
TF THE EIGEMFUNCTIGN HAS CHANGED TGO MUCH(I.E, IF SUM2 1S TOO LARGE)
REDUCE DK AND TRY .
IF(SUM2.GT.SUM2MX) G6 TO 63
IF(PAIR) G& TG 61
FLIP = ,FALSE,
1F(.NOT.FLIPC) GB TO 11
FLIPC = .FALSE,
Y1 a -Y1
YO = -YO
63 ?E(;E,;} Go TO 103
SGMETIMES PHI(0) PASSES THROUGH 2ERO EVEN FOR A_PHI(O0).NE.O ROOT
IN WHICH CASE PHINEW AND PHIGLD WILL BE NORMALIZED DIFFERENTLY. $eE
IF THIS 1S THE CASE.
IF(FLIPC) G6 TO 72
{gfﬁﬂ?giFgéP?gNgé.NﬂT.PHlZP) Ge TO 37
SOMETIMES TWO ROGTS PASS THRGUGH EACH OTHER AT GMEGA = 0 WITHOUT
INTERRACTING, IN WHICH CASE THE PHI(1) OF ©NE REOST IS THE COMPLEX
CONJUGATE OF THE PHI(1) OF THE OTHER ROOT. IF THIS IS THE CASE,
SWITCH TG FOLLOGWING THE OTHER ROGT.
74 ég(Tgwgé.AND.Sw71.AND.CABSZ(YZ).LT.1.E-06)00 T8 70
IF REOT 1S NO& GOOD AND WE HAVE MULTIPLIED PHIOLD BY -1, MULTIPLY IT
BACK AGAIN.
75 D8 38 I = 1,NP
PHIVLD(1) =’ -PHIVLD(I)
38 PHIGLD(1) = -PHIGLD(1)
FLIP = ,FALSE.
GG TO 74
720 D6 71 1 = 1,NP
PHIVLD(1) ='CONJG(PHIVLD(1))
71 PHIOLD(1) = CONJG(PHIGLD(1))
FLIPC = .TRUE.
G6 TG 36 _
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001277 Cc IF ROGT IS NO GOOD AND WE HAVE REPLACED PHIOGLD BY 1TS COMPLEX
001278 Cc CONJUGATE REPLACE IT BACK AGAIN,

001279 ‘72 DO 73 = 1,NP

001280 PHIVLD(I) = CONJG(PHIVLD(1))

001281 73 PHIOLD(I) = CONJG(PHIOLD(I))

001282 FLIPC = .FALSE

001283 GG TO 136

001284 11 _ERROR = CABS(P3 - Y2

001285 c IF THE ERROR IN ESTIMATING THE LAST REOT(VIZ., P3 - Y2) IS VERY SMALL AND
001286 c THE _EIGENFUNCTION HAS NOT CHANGED TGS MUCH, iNCREASE DK.

001287 IF(ERROR.GT.ERRMIN) GO TGO 12

001288 IF(SUM2.GT,.01) GO TO 12

001289 DK3 = DKMAX

001290 DK2 = DKMAX

gg}ggé éFg(ERRGR/ERRMlN).GT.(DK/DKMAX)#*G) DK3 = DKx(ERRMIN/ERROR)xx*(1./ -
001283 IF((SUM2/.01). GT (DK/DKMAX)xx2)DK2 = DK*xSQRT(.01/SUM2)

001294 DK4= AMIN1(DK3,DK2)

001295 c DON’T LET DK lNCREASE TG RAPIDLY, OR WE MAY GET ON THE WRONG ROOT.
001296 IF(DK4.6T.10,xBK) DK4= 10.*DK

001297 DK = DK4

001298 IF(SW(1)) PRINT 28

001299 28 FORMAT(16H DK lNCRéASED T0 .6)

001300 (o] IF THE NEW RGOT Y2 IS OUrSIDE THE PRESENT FREQUENCY RANGE, EXPAND THE
001301 c RANGE 10 lNCLUU& ITCINCREASING YMAX OR DECREASING YMIN) AND CALCULATE
001302 c VALUES OF afF, KMAX, AND KMIN (USED IN xDISPx)

001303 12 1F(UNMAG. AND .NOT.REALZ(Y2) ,AND.AIMAG(Y2).LT.0.) GO TO 105

001304 IF(ABS(REAL(Y2)).LE.YMAX) GO TO 104

001305 YMAX = ABS(REAL(Y2))

001306 Gg TO 105

001307 104 1F(ABS(REAL(Y2)).GE.YMIN) GO TO 106

001308 YMIN = ABS(REAL(Y2))

001309 105 CONTINUE

001310 106 IF(IGV,EQ.0Q0) GO TO 69

001311 64 DO 32 I = 1,NP

001312 PHIVLD(I) = PHIOLD(I)

001313 32 PHIOLD(1) = PHINEW(I)

001314 ] MAKE A NEW PARABOLIC FIT,.

001315 69 A = Y2/(DELT2xSUM) - Y1/(DELT1x*DELT2) + YO/ (DELT1xSUM)

001316 B = (Y1l - YO)/DELT1 + A*DELT1

001317 C = YO - AxDELT1xDELT1 + BxDE

001318 c LET xEIGPLTx KNGW THAT THIS IS A GOOD ROOT, SO IT WILL PLOT THE EIGE
001319 IF(EIGV.LE.2) 67

001320 IF(EIGV.EQ. 4) GﬂGD(NRTSU) = . TRUE

001321 IF(EIGV.EQ.3.AND.AIMAG(Y2),6E.1,E-05) GOOD(NRTSU) = .TRUE.

001322 [F(EIGV.BGE.3.AND,GOUOD(NRTSU)) GO TO 66

001323 GO0 TO_ 67

001324 66 BASE KYA

001325 c KEEP TRACK UF THE NUMBER OF FRAMES TG BE PLGTTED, SINCE THIS IS USED
001326 Cc BY *TIMECHKx

001327 FRAMES = FRAMES + 2,

001328 IBRANCH(NRTSU) = NFOL

001329 67 IF(SW(1)) PRINT 60, EIGV NRTSU, GOOD(NRTSU) BASE

001330 60 FﬂRMAT(?H EIGV =,14,8H NRTSU = 15,10X%, 8 8 BASE =,E22.13)
001331 c NT OUT INFORMATIGN GN ROOT, l? D =SIRED.

001332 1 = XO LT1

001333 [F(SW(1) ) PRINT 7, A, B, C, X1

001334 7 FORMAT(43H OMEGA = A*DELT**Z + BxDELT + WHERE A = ,2F10.5/38X,
gg}ggg lH B = 2F10 5/?8X SH € = ,2F10.5,14H DELT = KYAl -,F15.1

001337 c IF THE DISPERSION RELATION IS IRREVERSIBLE AND THE GROWTH RATE HAS
001338 c CHANGED SIGN, TAKE APPROPRIATE MEASURES, SINCE WE WANT TG DISTINGUISH
001339 C GROWING ROOTS FROM DAMPED ROGTS IN THE PLOT,

001340 IF(AIMAG(Y1 ). LE, AND.AIMAG(Y2).G6T.0.) GO TG 108

001341 CMPPR = . TRUE.

001342 IF(AIMAG(Y1 ).GT,O0. AND AIMAG(YZ) LE.0.) GO TO 13

001343 IF(AIMAG(Y2) GT.0.) GO

001344 G0 TG 109

001345 108 CALL TIMECHK(AOGT FRAMES, ELAPSED)

001346 : NG NG

001347 RYZ = REAL(Y2)

001348 PRINT 21, NGROW, RY2, KYAI, ELAPSED

001349 6o To 17’

001350 107 IF (. NOT REALZ(Y2)) GO TO 17

001351 109 IF(PHIZ(1)) GO TG 18

001352 IF(NPT .EQ.0) GO TO S2

001353 C DOGN’T BOTHER RECGRDING ROOT FOR PLOTTING UNLESS IT 1S A REASONABLE DISTANCE
001354 ¢ FROM PREVIOUS ROOT.

001355 DGRPH= ((KYA[-X(NPT))/FKYA!)*!Z + ((REAL(Y2)-Y(NPT))/YMAX)xx2
001356 IF(DGRPH.LT. S) GO TO 19

001357 c RECORD REAL RGOT PHIZ = .FALSE.

001358 NPT = NPT + 1

001359 VINPT) £ REAL(Y2)

001360 X(NPT) = KY

001361 1F (NPT.GE.2000) RETURN

001362 GO TO 19

001363 18 IF(NPTZ.EQ.0) GO T8 5

001364 DGRPH= ( (KYAI XZ(NPTZ))/FKYAI)*xz+((REAL(Y2) YZ(NPTZ))/YMAX) xx2
001365 IF(DGRPH,LT.4.E-06) GO TG 19

001366 c _RECORD REAL ROOT PHIZ = .TRUE

001367 51 NPTZ = NPTZ + |

001368 YZ(NPTZ) = REAL(YZ)

001369 XZ(NPTZ) = KYAI

001370 IF (NPTZ.GE. 4000) RETURN

001371 - Go TO 19
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17 IE(NPTC.EQ.0) GO TO 350
IF(ABS(AIMAG(Y2) - YI(NPTC)),0T..01) GO TG S0
DGRPH= ( (KYAI -XC(NPTC) ) /FKYAl ) xx2+ ( (REAL(Y2) -YR(NPTC) ) /YMAX) xx2
IF(DGRPH.LT.4.E-06) GO TO 19
c RECORD COMPLEX RGOT
S0 NPTC = NPTC + 1
YR(NPTC) = REAL(Y2)
YI(NPTC) = AIMAG(Y2)
XC(NPTC) = KYAI
IF(NPTC.GE, 1000) RETURN
19 YO = Y1
Y1 = Y2
X0 = XO + DELT1
DELT1 = DELT2
DELT2 = DKxKYAI
C INCREASE KYAI AND PREDICT WHERE ROOT WILL BE (P3).
27 ?;?é = KYAI T2

YAI.GT. FKYAI) RETURN
SUM = DELTi + DELT2
= AxSUMxSUM + B*SUM c
IF(SW71.AND,SW31.AND, CABSZ(PS) LT 1. E-OG) P3 = , 0009
THE PREDICTED NEW ROGT_IS TEo FROGM THE OLD REOT, EITHER_RELATIVELY
BSOLUTELY, THE PREDICTION IS UNRELIAB E, SU REDUCE DK AND TRY AGAIN,
CABS2(Y2-P3).6T.1.) G. TG 45
CABS2(Y2 - P3).LT.1,E-06) GB TO 26
EAL(P3).EQ.O,. AND AIMAG(PG).EQ.O.) GO TO 45
ABS2(Y2/P3 -(i.,0.)).LT.,04)68 T6 26

= KYAI - DELT2
= ,S5xDELT2
?LTZ/KYAI
(

o0
Q=
Aam
<
(2]

A
a
@ TN TGO R = e et o

)) PRINT
15H DK REDUéED TG , E12.6,41H BECAUSE Y2 1S RELATIVELY TGO

LT, DKMIN) GO0 TO 46

26 SPREAD = AMAX1(ERRER, .001)
P2 = P3 - (0.,1.)*SPREAD
P1 = P3 - (1.,0. ) %SPREAD
CYAl = KYAI

KY = KYAI xK
CHI = KYS + PMAX*PMAX*KOSQ
MINQ = 2,xREAL(P3)
SUBROUTINE *QINT* PRINTS OUT THE NEW KYAI IF DESIRED
THE EaEtMg{ﬁ;%caT?x AND NMAX USED IN THE DISPERSION FU

IF(SW(1).AND. .NOT, SW(Z)) PRINT 63, P3
65 ggR?éT(SH P83 =,2E22,18)

8
IF_DK HAS BEEN REDUCED, PRINT THIS FACT(lF DESIRED) AND TELL WHY. THIS

D
(
T
ROM

o0

AND CALCULATES
CTION CALCULATION

o]
o] INFORMATION IS INVALUAéLE FOR DEBUGGIN
90 IWHY = 0 $ GO TB 9
81 IWHY = 1 $ GO TG 9
92 IWHY = 2 $ GO TO 9
93 IWHY = 3 $ 68 TO 9
94 IWHY = 4 $ GO T6 9
95 IWHY = 5 $ G& T6 9
96 IWHY = 6 3 GO TO 9
97 IWHY = 7 $ GO TO 9
98 IWHY = 8 $ GO TO 9
IWHY = 9 $ GO T6 9
100 [WHY = 100$ G& TO 9
122 IWHY = 122 $ GO TG 9
124 IWHY = 124 $ GG TO S
126 IWHY = 126 $ GG TO 9
133 IWHY = 133 $ G& T6 9
136 IWHY = 136 $ G& TGO 9
103 PAIR = ,FALSE,
IWHY = i3 $ 66 TO 9
9 KYAI = KYAl - DELT2
DK = .S5*DK
IF(DK.LT.DKMIN) GO TO 46
DELT2 = DKxKYAIl
IF(SW(1)) PRINT WHY
10 Tg§nﬁg%1ga(?§)nse 6502?0 , E12.6,11H FOR REASON, 14)
;ﬁ§%¥7¥.gazé.gﬁi5?gg.so.7) PRINT 43,PHZP,PHIZP,PHZ1,
43 FEE?AT(éH PHZP = ,E22.18,L5/8H PHZ1 = ,E22,13,L5/8H PHZ2 = ,E22.13
66 To 27
S8 Y2 = Y1
C IF DK ©R DELT1 IS LESS THAN DKMIN, GIVE UP ON THIS ROOT,
46 PRINT 47, IWHY . .
47 FORMAT("'DK 1S LESS THAN DKMIN, FOR REASGN - 14/ EITHER .,
,GMAX AND NMAX (IN SUBRGUTINES QINT AND ucALci RE TGO SMALL, .
“ ©R ZEE 1S NOT ACCURATE ENOUGH, OR HAVE sncounrsnsn oPO-
‘{;%?3h$Ahes%Eg?TégNungCH THE PR&GRAM EANNOT HANDLE -
G WE HAVE REACHED A CRITICAL PGINT IN THE IRREVERSIBLE CASE. CHECK IF
(o] WE’VE BEEN HERE BEFORE, éO JUST PAST IT AND USE THE TWO NEW
[ ROgXELAS ggARTING POINTS.

CHECK
;§§N¥GT DEJAVU) GG TO 112
113 FURMAT(31H WE HAVE REACHED CRITICAL POINT, 14)
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001545 Loo1CA

L REALZ
001544 FUNCTIGN REALZ(2)
001548 COMPLEX 2
001546 REALZ = , TRUE,
001848 R ABS (AiAG:

( =

001848 LECABS AG(2)).B8T,.PREC) REALZ = ,FALSE.
001550 END _ B
001551
gg}ggg SUBROUTINE QINT(CHI)
001554 C  INTERFACE BETWEEN *QCALCx AND *RGOTS* OR *FOLLOWX)
001556 R QMAX
001556 LOGTCAL SW(8)
RN REMPLEX H, REGT, FUNC, FREET
001559 carMON/chAF/sw RTC, 1 fC, EP3 FRMAX, XRMAX, H, RGOT, FUNC, FROOT,E16V,
gg}gg? 'ggMMg;/CRéESJ/ QMA§¥Q; NMAX
001562 cenmonxcspsc/ RLARM(4) , MASS(4) CHARG(4) , JAY (4) , DENSE(4) , NSPEC
001563 D& 1 1 NSPEC
001564 lF(RLARM(li EQ. G TO
001565 CHI2 = Hl#RLARM(I)*RLARM(I)
001566 TR(3ay(Th EQ: G

TGO 2
gAL% QCALC( HIZ.QMAX(I) NMAX(1),1)
CALL QCALC(CHIZ QMAX([) NMAX(1),0)

0000
0000
el b cnad
aaaag
NG
owe~N

2

001571 s THeai1) gg?ﬁ%‘% KyALT éMAx(l) NMAX(I)

001572 7 FORMAT(?H KYAD =,£22.13,8 éH NMAX = ,14,12H FOR SPECIE
001573 .

001574 1 CéNTlNUE

001575 RETURN

001576 END

001577 :

001578 SUBROUTINE PARAM(N1)

001579 C THIS ROUTINE WRITES A LIST 6F THE PARAMETERS ON PRINTER(N1=99) GR CRT(N1=98)
001580 INTEGER PMAX, RMAX, TYPE

001581 REAL LINE

001582 LOGICAL SINGLX, UNMAG

001583 CEMMON/C10/ 1ck 1HSP, 1GRAPH

001584 CEMMEN/CBETA/ BETA

gg}ggg CGMQEN/CPARAM/ RMAX, AlL, EPS1,EPSE, NSPEC ,DFUI,DFUE,EP, SINGLX, XL (10
001587 cénnaN/cneAM/R GAM, RE, GAME, R1, RE1, AEA

001588 CGNMSN/CSPEC/ RLA ﬁ 3 AMAéS(4) cﬁARe(4) JAY (4),DENSE(4), XXXX
001589 COMMEN/ CDFU/ DFU( L(4)

001590 . CEMMEN/ TV TUNE /LPEN&& LPENOFF ITALICS, IWINK, INTENSE, IRIGHT, IUP
001591 COMMON/DIS/QF KYSQ, KOSa, EPSF(4) MASS,KYAT,KOAI , MASQ, PMAX, BMPSQ
001592 1,Kl AMASO(4), éPS(4) KMINC4)

001593 6eMMcN/ane NM

001594 IF(N1.EQ.98) N = IGRAPH

001595 IF(NI.EO 99) N = IHSP

001596 TYPE = 6H LOCAL

001597 IF(PMAX.GT.0) TYPE =

001598 IF(UNMAG) TYPE = 6H UNMAG

001599 [F(NSPEC. QT  0) GO TO 36

001600 1F(N.EQ, IGRAPH). CALL SETCH(1, 0,1,0,0)

001601 C PMAX = O MEANS WE ARE USING THE LebAL APPREXIMATION

001602 IF(PMAX.EQ.0) GO TG 4

001603 WRITE(N, 3) " TYPE PMAX, ALL, OMPSQ, EPS] EPSE, MASS, AEAI DFUl DFUE
001604 3 FGRMAT(A H PM All=, F6.3, 7 psq=,£8.1, '6H EPSI=,
001605 .F6.3, 6H EPSE=, F6 5, 6h MASS- #9 2, ?H AE/Al“ #7 GH DFUI =,
001606 .F6.4,6H DFUE=, 'F6,4)

001607 Go 75 &

001608 4 1F(,NOT.SINGLX) 68 T& 7

001609 WRITE(N,6) ©MPSQ, EP,MASS,AEAI,DFUI, DFUE, BETA

001610 6 FORMAT(14H LOGCAL’ APPROX.,9H BMPSQ = ,F9.3,8H _EPS 3,

001611 8H MASS = ,F9,3/9H AE/AI = ,F8.4, b DFui =,F6.4 7H bFUE z,F6.4,
gg1612 sH BETA=,FS. %) ,
001614 7 GRITE(N, 8) TYEE AIL,OMPSQ, MASS, AEAI DFUI DFUE ey 121, NXL)
001615 8 FORMAT(5H SINE, A6, 5H , ﬁ HM LF%.1,7H AE/
001616 .Al=,F5 6H DFO!- F6.4/6H' DFUEZ, F6. 5H k/L- i0F4.

o
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S CONTINUE
1F( G0 TO 19

ING DISTRIBUTION OF [GNS)

) 68 TO 31

AXWELLIAN [ONS)

30 gﬂRMAT
19 1F(GAM
32 F
31

R, GAM :
24 IRRER RATIOG = ,F7.2,8H GAMMA= sF6.3,9H FOR I1ONS)

.) 68 TO 25
15H COLD ELECTRONS)
.GT.0,) 6B TO 28

26
as
(N 9) .
29 gTégiH RING DISTRIBUTIGN OF ELECTRONS)
28 IF(GAME.BT.0.) GO TO 33
WRITE(N
34 FORMAT(21H MAXWELLIAN ELECTRONS)

G0 TO 27
33 WRITE(N , 3S5)
35 FURMAT(IéH MIRRéR RATIO = ,F7.2,9H GAMMA = ,F6.3,14H FOR ELECTRONS

27'coNTlNUE
RETURN

36 IF(N.EQ. [GRAPH) CALL SETCH(30.,7.,1,0.1,0 o)
IF(PMAX.EQ.O.AND.SINGLX) WRITE' (N,3%) BETA
37 FORMAT(22H LOGCAL APPREX., BETA =.#5.2)
IF(N.EQ. IGRAPH) CALL SETEH(1,,6..,1,0,1,0,0)
{iﬁ?T§x EQ. 0 AND.". NOT. SINGLX] wriTE(N, 413 TYPE,AIL,EPSI,EPSE,
41'F?gpth SH éxNE A6,8H AlL=,F7.4,6H EPSI=,F6.3,6H EPSE=,F6.3/5H X/L=
'iF(PMAx GT.0) WRITE (N, 40) PMAX AxL EPSI, EPSE
40 FSRMET(SﬁzsnAX-.Is SH AlL=,F7.4.6H EPSl=,F6. 3 6H EPSE=,F6.3)
42 FGRMAgéggEECIES GYEGRADIUS MASS DIFFUSIGN J DENSITY DENS.GRA

. GYROFR
NSPEC1_= MINO(NSPEC, 4)
IF(N1.EQ.99) NSPEC!1 = NSPEC
38 1, NSPEC1
wWP2 = UMPSQ*DENSE(I)*CHARG(I)**Z/AMASS(I)
WC = CHARG(I)/AMA
anggéN 39) 1, RLARM(I) AMASS(1),DFU(l), JAY(1),DENSE(1),EPS(I),

39 FORMAT(IS 3E10.2,15,4E10.2)
38 CONTINUE

CAEnggggéNgHgHCALC(REGAMQKOAéTUAL PARTICLE -
DENSI
CENTER DENSITY, AND STGRES IT IN RHE, R IS HEangﬁega T¥5090k0ﬁ¥?o
IBLE"RE", RS 1SATE R RINe BISTRIOVTION,. B8, AL THE BicRc
3
REAL KOA,KOSQ,KOSGR, J2c1oo$ ARMIR RADIUS.
KOSQ@ = K OAXKOA
IF(R.BT.0.) GE TO 1
RING DISTRIBUTIG
CALL QCALC(KOSQ,N,N, 1)
gﬁEL BESSJ(KOA, N, 2%

RETURN

MAXWELLXAN OR LOSS-CONE DIST

HE = EXP(-,5xK0SQ) RIBUTIGN
IF(8QM GT.0.) GO TO 2

RE
LOSS-CONE DISTRIBUTIOGN
2 RREOC TRVRRE’® camxexe
= x o x (-.95xKO0S -
EEEURN QR))/ (R GAM)
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COMPLEX DISP
FUNCTION DISP (OMEGA)
c THIS ROUTINE CALCUL ATES THE DISPER
COMPLEX S6MEGA, BMSQ, DETC, DO, D1
1 DEPOLE, SUM1, SUM2, D1V, DENSM; DN, PHi
COMPLEX MAXW2,RING2, TERM(4)
INTEGER P, PMAX, QMAX
REAL MASS.KOAI.KOSQ,KYAI,KYSQ, MASQ,KPSQ,KXSQ
LeGICAL DfCALC )
LOGICAL UNMAG
8MPLEX ARH(20,20, 4)
COMMEN/CBETA/ BETA
1ON/D1S/QF , KYSQ, KOSQ, EPSF (4)

ALoD 53?°ZA°EP APP, BPP
(18, 22), MEGA1 W, &MEGD

MASS,KYAI ,KOAI ,MASQ, PMAX, OMPSQ

. JAEAI, KMAX(4) ) AMASA(4), EP(4) ,KMIN(4)
teMMON /PHIC/ A, NRTSV, PHI
CEMMEBN/ PMX/NPP

COMMON/APBP/N, M, P
CGMMON/CCHIP/EHIP(4) , AP(4) ,BP(4), GMEGA1, APP(4) ,BPP(4)
COMMON/CDETAL/ DTCALC, ARH
COMMEN/CSPEC/ RLARM(4), AMASS(4),CHARG(4), JAY (4),DENSE(4), NSPEC
CEMMON/ CRBESJ/GMAX (4) , NMAX (4)
CBMMEN/CDFU/ DFU(4),DREL (4)
COMMON/ CMAG/ UNMAG
v

COMM C
DATA DTCALC/.TRUE./
DISP = (0,,0.,)
= OMEGA
GMSQ = OMEGAxOMEGA
o] IF YOU ARE RIGHTNgN A SINGULARITY, MOVE OFF IT=

4 D6 103 1 = 1 EC
OMEGD = GMEGA + (0,,1.)xKYSQxDFU(I)
1F (CABS2(GMEGD) .LT.1.E-26.AND.KOAl .NE.0.) GO TO_100
IF(CABS2(OMEGD) .LT.1.E-26,AND.DFU(1).NE.O,) GO TO 100
W = OMEGDxAMASS(1)/CHARG(I)
AW = ABS(REAL(W))
DW = 1,E-13x%A
IF(ABS(AIMAG(W)).GT.DW) GG TG 103
IW = IFIX(AW)
IF(AW - IW.GT.DW.AND,IW + 1. - AW.GT,.DW) G5 TO 103
100 GMEGA = OMEGA + 3,E-13%AMAX1(1.,REAL(GMEGA))
OMEGA1 = GMEGA
oMSQ = OMEGA*OMEGA
60 TO 102

103 CONTINUE .
DEPGLE IS USED TO GET RID OF ZERGS IN THE DENOMINATORS
102 DEPOLE = (1

DO 2 1 PEC
OMEGD = GMEGA + (0,,1.)xKYSQxDFU(I)
[F(KOAI .EQ,O, . AND, PMAX,BT.0) 68 TG 23
IF(EP(1).EQ,Q0..AND,PMAX ,EQ.0) GG TG 23
IF(1.EQ.1) GO TO 22
IF(PMAX.EQ.O,AND,EP(1-1).EQ.0.) GO TG 22
IF(DFU(I),EQ,DFU(I-1)) GO TO 23
22 DEPOLE = OMEGDx*DEPGLE
23 IF(KMAX(1).EQ.0Q0) GO TO 2
KMX = KMAX(1)
JI = KMIN(I)
1F(PMAX.GT.0) GO TO 11
BO 1 J = JI,KMX
1 DEPGLE = DEPGLExX(OMEGD - J/AMASS(1))
G0 TO 2
11 B8 12 J = JI, KMX
12 DEPOLE = DEPSLEX(OMSQ - JxJ/AMASQ(1))
2 CONTINUE ‘

c THE FACTOR QF 1S PUT IN TG MAKE DEPOLE ON THE ORDER OF 1
DEPOLE = DEPOLEXQF .
IF(PMAX.GT.0) DEPOLE = DEPOLEx*QF

IF(PMAX.EQ.0) G8& TO 10
c CALCU%QXE ?ISP USING SINUSOGIDAL DENSITY PROFILE IF PMAX,0T.0

M=1 :
NP = MAX+1 .
c THE LOGP GVER ROWS IN THE DETERMINANT STARTS HERE
c N IS THE INDEX OF THE ROWS, RUNNING FROM 1 TO 2PMAX +1
c M IS THE COLUMN INDEX, WITH VALUES N-1,N,N+1
gepg1N=1,NP g
c THIS SKIPS THE 1,0 ELEMENT WHICH 1S NOT NEEDED
IF(N .EQ. 1) GO :
c THIS, (S THE' CALCULATI®N, oF THE M=N-1 GR LEFT ELEMENTS
DB 8 I = 1, NSPEC : : :
ARH(N,M, 1)° = EPSF(I1)*x(APP(1) + BPP(1))
3 ACN,MY = ACN,M) + ARH(N,M, I .
' ﬁt“;7> = ACN)M)*DEPOLE
c THIS IS THE CALCULATIGN OF THE DIAGONAL ELEMENTS
40 CONTINUE '
CALL ABCALC I
ACN,M) = KYSQ + PxPxKOSQ
D6 8 1 = 1, NSPEC
ARH(N,M, 1)’ = OMPSQXAP(1)*CHARG(I)*x2xDENSE(1)/AMASS(1)
8 ACN,M} = ACN,M) + ARH(N,M, 1)
ﬁ‘ﬁ&?’ = A(N;M)*DEPOLE | :
= i
c THIS 1S THE CALCULATION OF THE M=N+1 OR RIGHT ELEMENTS
IF(N .EQ. NP) GO TO 60 '
CALL ABCALC :
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7D ACN, N)*DN-ACN, N=1)*A(N-1, N) DO
70 o =DET&/OMEGA

m~mZOQWZNﬂIﬂWWWOARA

4mqnu
co

CALCULATE DISP USING THE LECAL APPROXIMATIGON IF PMAX,EQ.O
10 KPSGQ KYS xsa
Do 15 1 EC
OMEGD = OME é NS (o
IF(DENSE(I) EQ.O. éo
PS = EP(I)
IF(RLARM(I) GT.0.) GG TO 186
SPECIES | IS COLD

)*KYSQ*DFU(I)

£§R¥é1%3= -KPSQ - (1.+,S5*BETA)XEPSXKYAI*CHARG(1)/(AMASS(I)*xOMEGD)
16 IF(JAY(1).GE.0) B8 TG 17

TERMCI) = RING2(GMEGA,KYAI,EPS, RLARM(1), AMASS(1),CHARG (1), NMAX(I)

.égn¢é(%é.cneeo)

17 EPSI = 2. EPSF(I)*AMASS(I)/(GMPSQ*OHARG(X)*RZ#DENSE(l)*DREL(I))
EPSI 1S THE EPSI GR EPSE (DEPENDING ON WHETHER SPECIES I IS 1ONS OR
ELECTRONS) USED IN xROSTSx, DIVIDED BY DREL (=N(X)/NO). IT IS NEEDED
IN *xMAXW2x WHEN WE ARE USING THE HIGH GREWTH RATE SINUSGIDAL DISP, REL.

TERM(1) = MAXWZ( OMEGA, KYAI , EPS, RLARM(1),AMASS(1),CHARG(1), JAY (1),
.NMAX (1), QMAX OMEGD, KOAI , EPSI KPSQ, DREL (1))
18 TERM(1)'= TER (i)/RLAkM(l
18 TERM(1) = TERM(I)*AMASS(I)*DENSE(I)*DREL(I)
110 TERM(1) = O,
15 CENTINUE
DISP = KPSQ/GMPSQ + ,SxBETA
DO 19 I = 1, NSP
19 DISP = DISP’ - TERM(!)
DISP = DISP*DEPOLE
RETUR

goMPLfé Rﬁ?G 2(W,KY,E, RLARM, AMASS, CHARG, NMAX, GMAX, WD)
Sgﬂﬁfgﬁséﬁgéﬁ’waééﬁ? gunz WD, GMEGD T
éNTEGKYA?MQ¢ KO,KOAI ,KOSQ

MEGA = WxAMASS/CHARG

OMEGD = WDxAMASS/CHARG
KYAl = KY*RLARM

EPS = ExRLARM
Cﬁh% BE%SJ(KYAI s NMAX,BJ)
IF(EPS.EQ.0,) GO TO 3
SUM1 = BJ(1)*BJ(1)/GMEGD
3 suM2 =
2? 1 } = "1, QMAX
SUM] = SUM1 + BJ(I+1)xBJ(I+1)x(1./(OMEGD-Al) + 1,
1 SUM2 = SUM2 + BJ(I1+1)x(BJ(1) - BJ(!+2))*AI*(1./}OééggEg?;Al))

M = -1,
OMEGD+Al))
UM2
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11 CONT I NUE

-0
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COMPLEX MAXW2
CTION MAxwzcw KY, E, RLARM, AMASS, CHARG, JAY , NMAX, GMAX, WD,
Ko EPSI,KP, DRE
COMPLEX enéeA W, SUM1, SUM2, TP, TN, Al , WD, GMEGD
cenPLEx IXKO VP VPPVD, VPMVD, ZEE
CBMPLEX CMIX,CPiX,zVP,ZVPP, 2VPM

QMAX
REAL KYAI,KY,KYSQ,KO,KOAl,KOSQ,KP,KPSQ,KPAIl
LEGICAL UN é NGLX
ceMMeN/cx
CEMMEN/B TORE/ B1 (2000)
CEBMMEN/ CMAG/ UNMAG
CEMMON/CSNGLX/ SNGLX
O6MEGA = WXAMASS/CHARG
6MEGD = WDxAMASS/CHARG
KYAl = KY*RLARM
KYSQ = KYAI*KYAI
EPS = EXRLARM

1F(UNMAG) GO TO

gﬁLL BEgSl(KYSG NMAX BI)
IF(EPS. EQ 0.) GG TO 3
SUM1 1)/eMEen

-
°
nan
nuynPuoO—=n

A
(2}
>
nnuuz
X
o
*
)
g
>
b.]
b 4

l T(KPSQ)
= QRT( 5)*ggEGD/KPAI

lF( NOT. SNGLX TO S
MAXW2 MEGA*EPS/KYAI - SQRT(.B5)x(-EPS+ OMEGDx(1.+OMEGAXEPS
.éEYAl)/KYAI)*ZEE(VP

PAI
(GMEGD/KPAI + CMPLX(O,,VDDOTK))
(GMEGD/KPAI - CMPLX(O.,VDDOTK))
)

. SQ)
EXPLx*( . SXCMIXxVPPVD*2VPP + ,BxCPl1XxVPMVDx2ZVPM )
-1, - MAXW2xEPSl1 - VPxZVP/DREL

SUBRGUTINE QFKCAL (QF , KMAX, KMIN, RMX, RMIN)

LOGICAL UNMAG

DIMENSION KMAX(4), KMIN(4)

COMMON/CSPEC/ RLARM(4),AMASS(4),CHARG(4), JAY(4),DENSE(4),NSPEC
COMMON/CMAG/UNMAG

R NSPEC
4E0.0.) 05 TO 87

21733
I"IO

eé
(0

>~ F\’\/\
XX—!XZX)@ U
nTAQI~~XA -
NZZ .

l
I%MEQAAMASS(J - 1),AND.DENSE(J-1).NE.O.) GO TO 87

MIN - 2,)%A MASS(I)
T 1) KMINCID) 1

0

33ﬂaﬂﬂﬂ0
~uunn

G
B e _..-._>

HAD e

EQ 0) 60 TO 11
(1) - KMINC(1))/2 1

KMX
yxQ/AMASS (1)
xQ)

A
=
X—u

).
AX
DO 86 1
6 Q = FLOAT(K
Q

~ =fu

QF = 1./
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SUBROUTINE QCALC(CHI ,GMAX, NMAX, N)
INTEGER QMAX

COMMON/CQN/MINQ

IF(N.GT.0) GO TO 1

- THIS IS USED FOR A MAXWELLIAN DISTRIBUTION OF 1ON

S,
GMAX IS MADE LARGE ENOUGH SO THAT MODlFlED BESSEL FUNCTIONS OF INDEX
GREATER THAN QMAX ARE LESS THAN 1.E-03
THE_PARAMETER NMAX USED lN THE SUBROUTINE BESSI 1S CHUSEN SO THAT
[IF(CHI .LE.64.) AMAX =
IFA&HI AT 64, ) AMAX = 3 5xSQRT(CHI)

NM MAX
QMAX AND NMAX MUST BE SIGNIFICANTLY MORE THAN THE HIGHEST CYOLOTRGN .
HARMONIC SOUGHT. e

1F (NMAX. LT MINQ) NMAX =

MING
IF NMAX 1S REAT asssx WILL OVERFLOW.
IF(NMAX. GT 1988 NﬁAX =
aEAﬁ = NMAX

R N
THIS IS USED FOR RING DISTRIBUTIONS OF IONS.
QMAX_ IS MADE LARGE ENOUGH SO THAT BESSEL FUNCTIONS OF INDEX
GREATER THAN QMAX ARE LESS THAN 1.E-0S5,

[F(CHI . .) GMAX = SQRT(CHI) + 6.8xCHIxx, 1666
THE PARAMETER NMAX USED IN THE SUBRUUTINE BESSJ IS CHOSEN SO THAT
THE BESSE% FUNCTIONS ARE GOOD TO 10 DECIMAL PLACES.

NMAX

IF(CHI.GT.9.) NMAX = SQRT(CHI) + 11, *CHl*# 166667

1F (NMAX.GT. 398) NMAX = 98 '
IF(QMAX.GT.NMAX - 2) QMAX = NMAX - 2

RETURN

SUBROUTINE BESSI(X N,BI)
DIMENSION BI(2000)
N1 = N+1
IF (X.LT.1,E-14) GO TO 4
BI(N+2) = O,
BI(N+1) = 1.
pe 11 =1, N
R,
1 BI(M) = (2,xAM1/X)xBl(M+1) + BI(M+2)
SuUM = BI(1)/2,
Do 2 M =2, N
2 SUM = SUM + BI(M)
SUM = SUM + SUM
Do 1 =1, N
3 BI(l) = BI(I)/SUM
G0 TO 6
4 BI(1) = 1,
DO 5 1 = 2, N1
S BI(l) = O,
6 RETURN
ND
SUBROUTINE BESSJ (X,N,BJ)
DIMENSIGN BJ(400)
N1 = N+1
IF (X.LT.1.E-14) 60 TO 4
BJ(N+2) = O,
BJ(N+1) = 1.
DB 11 =1, N
oy St Y
1 BJ(M) = (2,%AM1/X)xBJ(M+1) - BJ(M+2)
SUM = BJ(1)/2,
N2 = N/2
Do 2 M =1, N2
2 SUM = SUM + BJ(M+M+1)
SUM = SUM + SUM
e 3 1 =1, M
3 BJ(1) = BJ(I)/SUM
GG TO 6
4 BJ(1) = 1,
Do 51 =2, N
S BJ(l) = O,
6 RETURN
END
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002048

002049 FUNCTIGN CABS2(2)
905081 CABGS % 3
2 S2 = ZxCONJG(2)
002052 RETURN
002053 END
905058 c
OMPLEX ZEE
002056 FUNCTION ZEE(X)
cozost G
16N RZED, | ZED,
885823 RQ;Q P'éA 14}3?2 +RZED, ED, RTERMD, | TERMD, RTNEW, RX2, 1X2
002061 C IF ABS(X) 1S GREATER THAN 5.
833823 ;E‘ABxZOGT 3?'§02?(l°, 7, USE THE ASYMPTOTIC FORM.
x 1)xC %
002064 IF (ABX2. ot 1)) RMAX = 2 S Rexa ) 19,
gggggg lgéﬁsxz LEX1 ) NMAX = 11. xAsz + 10.
002067 C IF ABS(X) IS GREATER TH
005068 § 16 8¢ AGbuRATE 76 ER T 12§ 2.6, WE MUST USE DOUBLE PRECISIGN IF ZEE 1S
002069 (ABX2.GT.7.) 68 T0 2
002070 Do 1 N = 1,NM
002072 1 ZERM =25 TERMAS XXX/ C
s - %2, XXkX/ (2%XN +
002073 RETURN L
002074 2 RX2 = REAL(XxX)
002075 1X2 = AIMAG(XXX)
002076 RZED = R L(ZEE)
002077 1ZED = AIMAG(ZEE)
002078 RTERMD = REAL(TERM)
002079 ITERMD = AIMAG(TERM)
002080 DG 3 N = MAX
002081 RZED = stb - RTERMD
cososs 1250, T, LI
= -2,% *RTERMD - IX2%1TERMD)/(2%N +1)
002084 ITERMD = -2,x(RX2XxITERMD + 1X2x xN +
992082 o LIERMD = -2 x( I X2xRTERMD) 7/ (2xN + 1)
002086 RZEE = RZED
902058 EET="CMALR (R
= ZEE, AZE
002089 RETURN +AZEE)D
s MR
casoes B
D8 5 N = 1, NMAX
i s
TERM = FLOAT(2xN-1)*TERM xX%
002093 1 RM/ (2, xX%xX)
002087 END
002098
002099 SUBROUTINE ABCALC
002100 ¢ THIS 1S AN INTERFACE BETWEEN DISP AND THE ROGUTINES MAXW, RING, AND
002101 ¢ CcOLD WHICH SNTEOLATE THE ALPHAS AND BETAS
002102 DIMENSIOGN CHIP1(4)
002103 CGMPLEX AP MEGA, W, APP, BPP
002104 REAL J1(400,4), J2(400,4)
002105 caMMoN/ccnxﬁ/cH|P<4),A#<4> BP(4 GMEGA, APP( 4)
002106 COMMON/CSPEC/ RLARM(4), AMASS(4), 6HAR0(4) JAY(4), ué .NSPEC
002107 D8 5 | SPEC
002108 IF(DENSE(I5 £Q.0.) GO TO
002109 W = GMEGAXAMASS(1)/CH ARG(I)
002110 1F(RLARM(1).EQ.0.) GO T
002111 TECAY ). GE. 0) CALL MAXW(W,RLARM(I),AP(1),BP(1),APP(1),BPP(1),
002112 ,CHIP(1),CHIPI1(1), 1)
002113 TF(JaY(1).LT.0) CALL RING(W, RLARM(I) AP(1),BP(1),APP(1),BPP(1),
002114 LCHIP(1),CHIPI(1),J1(1,1),J2( )
002115 FACTOR = (AMASS(I)/(éHAke(I)*RLARM(!)))**Z
002116 AP(1) = AP(1)xFACTOR
002117 BP(1) = BP(I)xFACTOR
002118 APP(1) = APP(1)*FACTOR
002119 BPP(1) = BPP(I)*FACTER
002120 GO TG 5
002121 6 AP(1) = O.
002122 BP(1) = O,
002123 APP(1) = O, |
002124 BPP(I) = O, r
002125 GO TG 5
002126 7 CALL COLD(W,AP(1), BP(!) APP(1),BPP(1),CHIP(1),CHIP1(L))
002127 FACTOR = é(l)/cHARa ) ) k%2
002128 AP(I) = AP(I)*FACTGR
002129 BP(1) = BP(1)*FACTOR
002130 APP(1) = APP(I1)*FACTOR
002131 BPP(1) = BPP(1)*FACTOR
002132 S CONTINUE
002133 RETURN
002134 END
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002135 )
002136 SUBRGUTINE MAXW(GMEGA, RLARM AP,BP, APP,BPP, LAMDP, LAMDP1,K)
002137 ¢ THIS RGUTXNE CALCULATES ALPHAS AND BETAS FER A MAXWELLIAN DISTRIBUTI
002138 DIMENSIGN 1PP(2000)
002139 SMBLEX GMEGA, GRoA eMSq, AP BP, DIV, DENOM, SUM1, SUM2, VP, ZEE
002140 COMPLEX APP,BPP,EIAP, EIQAP, $UM3, SUM4 P, ZVPP, 2VPh
002141 REAL MASS,KO0Al,K0SQ,KYAI,KYSQ, MAso LAMDP LAMbP1 LAM 1PP
002142 INTEGER PMAX, P,QMAX
002143 LOGICAL UNMAG
002144 CeMMON/DIS/QF, CYSQ, COSQ, EPSF(4), MASS, CYAI, COAl,MASQ, PMAX, OMPSQ
002145 ., AEAL,KMAX(4), AMASQ(4),EPS(4) ,KMIN(4)
002146 EeMMON/APBP/N, M, P
002147 CGMMON/CRBESJ/QMAX (4), NMAX1(4)
002148 CBMMON/CMAG/ UNMAG
002149 = QMAX(K) + 1
002150 NMAX = NMAX1(K ;
002151 KYAT = CYAI*RLARM
002152 KYSQ = KYAI*KYAI
002153 KOAI = COAI*RLARM
002154 KOSQ = KOAI*KOAI
002155 6MSQ = OMEGAXGMEGA ,
002156 IF(M.NE.N) G6 T8 2
002157 IF(N.EG. 1) LAMDP1= SQRT(KYSQ + PMAXxPMAX*KOSQ)
002158 LAMDE 2 LAMBE
002159 LAMDP1 = SGRT(KYSQ + (P+1)x(P+1)xKOSQ)
002160 AM = LAl LAMD
002161 [F (UNMAG) O8s
002162 CALL BESS! (LAM, NMAX, IPP)
002163 SUMT = O,
002164 D8 5 Ki1=2,NQ
002165 Q=K1 -
002166 DENGM = (1.,0.)/(6MSQ - QxQ)
002167 5 SUMi= SUM1+ IPP(K1)*xDENGMXxQxQ
002168 AP = -2,0xSUM1
002169 BP= O,
002170 APP = 0.
002171 BPP = O.
002172 RETURN
. 002173 7 VP = OMEGA/SGRT(2. xLAM)
002174 AP = 1., + VPxZEE(VP)
002175 = 0,
002176 APP = 0.
002177 BPP = O
002178 RETURN
002179 . 2 IF(M.NE.N+1) 66 TO 3
002180 LAM = LAMDP1 * LAMDP
002181 EXPL = EXP(-.5%(LAMDP1 - LAMDP)xx2)
002182 IF (UNMAG) GO’ To_8
002183 EIAP = (KYSQ + Px(P+1)xKOSQ -(D.,1.)*KOAIXKYAI)/LAM
002184 CALL BESSI(LAM NMAX, 1PP)
002185 SUM1 = ,
002186 SUM2 = IPP(1)/0MEGA
002187 SUM3 = O,
002188 SUM4 = SUM2
002189 EIQAP = 1.
002190 DB 6 K1=2,NQ
002191 Q@=K1-1
002192 EIQAP = EIQAPXEIAP
002193 SUM1 = SUM1 + QxIPP(K1)x(EIQAP/(GMEGA-Q) - 1./(EIQAP*(GMEGA+Q)))
002194 SUM2 = SUM2 + IPP(K1)*(EIQAP/(GMEGA-Q) + 1./(EIQAPx(GMEGA+Q)))
002195 SUM3 = SUM3 + QxIPP(K1)x(1./(EIQAPX(EMEGA-Q)) - EIQAP/(GMEGA+Q))
002196 6 SUM4 = SUM4 _+ — IPP(K1)x(1.7(EIGAP*(GMEGA-Q)) + EIGAP/(GMEGA+Q))
002197 AP = -EXPLx*SU
002198 BP = 0.,1.)*KOAI*KYAI*EXPL*SUMZ
002199 APP = -EXPLXS
002200 BPP = (0., 1.)*KOAIxKYAI xEXPL*xSUM4
002201 RETURN
002202 8 SQ2LM = SQRT(2, *xLAM)
002203 VP = GMEGA/SQ2LM '
002204 VPM = (GMEGA - (0., 1.2 xkyAl xKOAl ) /SQ2LM
002205 PP = (OMEGA + (0., 1.)xKYAI*KOAI)/SQ2LM
002206 ZVPp = ZEE(VPF)
002207 ZVPM = ZEE(VP
002208 EXPL = EXP(-.S*KOSQ)
002209 P = EXPLx(1, + VPxZVPP)
002210 BP = -(O, ,1.)*K0A1*KYA!*EXPL12VPP /sQ2LM
002211 APP= EXPLX(1, + VPXZVPM)
002212 BPP= -(0.,1. ) XKOAT XY AT XEXPLXZVPM /SQ2LM
002213 RETURN .
002214 3 AP = 0,
002215 BP = O,
002216 APP = 0
002217 , BPP = O
002218 RETURN
002219 EN
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SUBROUTINE RING (OMEGA,RLARM, AP,BP,APP,BPP,CHIP,CHIP1,J1,J2,K)
CALCULATES THE ALPHAS AND BETAS FOR A RING DISTRIBUTION, .
DIMENSIOGN J1(1), J2(1)

CEGMPLEX GMEGA, UMEGA, GMSQ, AP,BP, DIV, DENGM, SUM1, SUM2

CBMPLEX SUM3,SUM4,ELAP,EiQAP, APP,BPP

REAL MASS,KOAI,K0$Q,KYAT,KYsh,MASQ, J1,J2, JP1,JP2

INTEGER PMAX, P,QMA

CEMMOBN/DI S/QF, CYSQ, COSQ, EPSF (4) MASS, CYAl, COAI, MASQ, PMAX, OMPSQ
. JAEAIL,KMAX(4), AMASQ(Q), EPS(4) ,KMIN(4)

60MMON/APBP/N,M P
CEMMON/CRBESJ/GMAX (4) , NMAX1 (4)

NMA MAX1 (K)

a .
HIP1 = SQRT(KYSQ + PMAX*PMAXxKOSQ)
BESSJ(CHIP1,NMAX, J2)

- b

SQ + (P+1)x(P+1)xK0SQ)
1,NMAX,J2)

=Xul® ~XummZuonnun
(o]

CTMIQCPI-QITNTNI
n3X

N+1) GO _TO 3
KYSQ + Px(P+1)%KOSQ - (0.,1.)*KOAI*KYAL)/(CHIPxCHIP1)
i

(1)%xJ2(1)/0MEGA

P=0PAON—~TVIC

CUT—~nQ—~CCCC—~TMUTTIVU
11—

IN=OR OXTIZIPp~—4TO

1) + CHIP1xJP2xJ1(K1))*(EIQAP/

AP/ (GMEGA-Q) + 1./(EIQAPx*(GMEGA+Q)
1) + CHIP1xJP2xJ1(K1))*(1./(E1QAPx»
(EIQAPx (BMEGA-Q) )+ EIQAP/(GMEGA+Q)
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002290

002291 SUBROUTINE COLD (GMEGA AP BP, APP, BPP cHlecHlP1)
002292  ©  CALCULATES ALPHAS AND BETAS'FoR colD
833333 §§¢Eegasg koAl ,Kosh,KYAT,KYsd, MAéo
002296 eﬂmeN/Dlsxo# KYSQ, KOSQ, EPSF (4) MASS,KYAI,KOAI ,MASG, PMAX, BMPSQ
002297 . AEAT,KMAX(4), AMAs6(4) éPS(4) KAINC4)
002298 teMMON/APBP/N,
cozees R
002301 (N.EG.1) CHIP1 = SGRT(KYSQ + PMAXXxPMAXxKOSQ)
002302 ChiP =% P
002303 CHIP1 = SQRT(KYSQ + (P+1)x(P+1)*K0OSQ)
002304 AP = -CHIPXCHIP/(GMSQ - 1.)
002305 = 0,
002306 APP = 0.
002307 BPP = O.
002308 RETURN
002309 2 COSAP = (KYSQ + Px(P+1)%KOSQ)/(CHIPXCHIP1)
002310 SINAP = -KOAI*KYAI/(CHIP*CHIP1)
002311 AP = -CHIPXCHIP1x(COSAP + (0.,1.)*@MEGA*SINAP)/(GMSG - 1.)
002312 APP= -CHIP*CHIP1x(COSAP - (O.;1.)xGMEGAXSINAP)/(OMSQ - 1.)
002313 IF(KOAI.NE.O.) GO TO 1
002314 BP = O. :
002315 BPP = O.
002316 RETURN
002317 1 BP = KOAI*KYAI/OM
002318 BP_=CMPLX(- AIMAG(BP ), REAL(BP ))
002319 BPP = BP

2320 RETURN
002321
002322
002323 SUBRGUTINE SAVPHI
Sggggé ¢ Flggﬁpﬁgx 5&1(18 22), A(20,20), PHI1(19 HI2(19)

), PHI2(
002326 - CeMMBN /PHIC/ A, ' ~NRTSV, PHI '
002327 CEMMON/PMX /NP
002328 DATA NRTSV/1/
002329 IF(NRTSY.LT.19) 06 To 1
002330 CALL EIGPLT
002331 v =
002332 1 PHIT(1) = 1
002333 (NP-1)/ 6 0) GO TO 5300
002334 PHI1(2) = A(l 1)/AcT,2)
002335 DG 5301 K2 = 3.NP
Gz S
PHI1(K2) = -(A(K1,K1-1)*PHIT1(K1=1)+A(K1,K1)xPHI1(K1))/A(K1,K2)
002338 5301 COGNTINUE ! )
005340 ' P12 (NP21) PHIA(NP NP)*PHI2(NP) /A(NP, NP-1
- - * )
002341 DB 5302 K2 = 3,NP
002342 K1 = NP-K2+1
002343 PHI2(K1) = -(A(KT1+1,K1+1)%PHI2(K1+1)+A(K1+1,K1+2)xPHI2(K1+2))
002344 . JA(K1+1,K1) .
002345 5302 CONTINUE
88332? Dgl?ﬁg$s5ixi)1'N8 Sx (PHI 1(K1 )
. z 0,5% ) + PHI2(K1))

002348 5303 CONT I NUE
002349 5300 CONT I NUE
002350 RETURN
002351 END
002352 SUBRGUTINE PAGE
002353 COMMON/C16/1CR, [HSP, IGRAPH
002354 WRITE(IHSP, 1)
002355 1 FORMATC(1H1}
002356 RETURN
002357 END
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002358

002453

0000000 0DNONONNNNNNNNNOONOANNNONONANOOOONNNONOOONNNNONNOONCONOONONONOOOOAOO

SUBRGUTINE MRAF (F,RT, CONV NRTS PP1,PP2, PP3, EP1, EP2, MXM)
DIMENSION ARPHI (80); ABPHI (80)

LOGGICAL PHI z(zoo:, ARN

o01 SAL CONV (200)

tgg}gﬂt sS?egdé §3§E§w4”gws SWR, SW7, SWR1, NREDH, SW31, SW71
COMPLEX PHI(18,22), A(20,20), PHJ

CeMPLEX F, Rthéouﬁ#P1 Pgé PPé P1, P2, P3, CHANGE

COMPLER ENEGin FX2, FX3, FX21,FX32, FX321, RHO, T, X1, X2, X3,

H
COMPLEX Pglﬂsw(éO) X v
4

RMAX , XRMAX
XR

REAL KYAI

REAL EP1,EP2

INTEGER NRTs MXM

INTEGER RTC, I TC

INTEGER PMAX Elav. FAILC

INTEGER I,NCR, L RE

COMMEN/C16/ xéR |H$P IGRAPH

ceMrcN/cnRAFz/ ERRMAK, NRTSU, SW31, SW71

COMMON /PHIC/ A, NRTSV, ' PHI

COMNGN/PMX/NPP

CGMMEN/CPHZ/ PHIZ

CEGMMEN/ CMRAF /SW1, SW2, SW3, SW4, SWS, SWR, RTC, 1TC. EP3, FRMAX, XRMAX
REGT,EIGY, SW7,START.RMX,NFL.KYAl

MMEN/ EW,

DATA SW1,SW2,SW3,SW4,SW5, SWR/6x(.FALSE. )/
SW77.FALSE. 7

DATA RTC,EP3, FRMAX,XRMAX/0,0.,10.,10./

DATA ERRMAX/'1,E+20/
‘MULLER’S (METHOD FOR) ROOGTS (OF A LOGCALLY) ANALYTIC FUNCTIGN’.

NRTSNs$g¥S OF F(Z) WILL BE FOUND (HOPEFULLY) AND PLACED IN ARRAY

P2, P3 ARE STARTING VALUES FOR THE SEARCH (EXCEPT _SEE SWS BELOW).
REOTS’NEAREST THE STARTING VALUES WILL BE FOUND FIRST, ROUGHLY.
EP1, EP2 ARE CONVERGENCE TGLERANCE PARAM TERS.
A ROOT 1S CONSIDERED TG H E_BEEN F ND IF.,
(1) THE MODULUS OF THE RELATIVE DlFFE NCE ©F TWS ITERANTS .LT. EP1
(aéPgﬂDULII OF THE FUNCTION AND MﬂDlFlED FUNCTIGN VALUES BOTH .LT.

!MODIFIED FUNCTION’ MEANS F(Z)/DNR, WHERE DNR=PRODUCT (2-RT(1)),
THE PRODUCT BEING GVER ALL PREVIGUSLY FOUND ROOGTS,

IF_MXM ITERATIONS OGN ROOT DOES NOT RGDUOE CONVERGENCE, I1TERATION
STOPS. WHAT_ HAPPENS NEXT DEPEND ON _SW4 DEFAULT PROCEDOURE IS TO
SET THE REST OF THE ARRAY CONV=,FALSE. AND RETU RN.

IF Swi INFURMATlON ABGUT EACH ROOGT FOUND IS PRINTED,

IF SW2, THEN URMAT[GN ABBUT EACH ITERANT O©F EACH ROGGT IS PRINTED.

IF sW3', THE N THE CONJUGATE OF EACH NON-REAL RGOGT FOUND IS CONSIDERED
T6 BE A REOT ALSE.

IF SW4, SEME ATTEMPT 1S MADE TO. CONTINUE AFTER FAILURE Te CONVERGE
N A RO THE TEST ITERANT 1S ASSIGNED TG RT(I) AND CONV (I)=
.FALSE, (ELSE cO )=, TRUE. ), AND ws CONTINUE NORMALLY. THE

MEeDIFIED FUNCT!GN Now HAS A POLE AT THIS FALSE REST, BUT

IN C W
WHEN NRTS (GOOD OR BAD) ROOTS HAVE BEEN FOUND, MRAF WILL GO
AND TRY TO RE-DO THE NONCONVERGENT RGGT ESTIMATES. ON RETURN, CONV
WILL INDICATE WHICH RGOTS ARE GOOD.
IF 8§ THE STARTING VALUES IN THE SEARCH FOR REGT | WILL BE PP1 ETC.
PLUS WHATEVER WAS IN RT(1) ON ENTRY.
Iz ggg? THE NEGATIVE CONJUGATE OF EACH ROOT FOUND 1S CONSIDERED TO BE

IF SWR, ONLY REAL ROOTS ARE FOUND, AND ONLY REAL ARGUMENTS ARE GIVEN
TG HOUGH F ITSELF IS STILL'A COMPLEX FUNCTION (UNLESS YOUR
COMPtLER RETURNS REAL FUNCTIGN VALUES IN THE SAME PLACE AS THE
REAL PART OF COMPLEX FUNCTION VALUES
IN GENERAL IT IS EASIER TO SOLVE FOR ALL ROOTS INSTEAD OF ONLY REAL
RUGTS ESPECIALLY IF THERE ARE ROOTS NEAR REAL AXIS IN REGION OF

ST.
(IN REVISED VERSIGN OF PROGRAM, SWR IS TEMPORARILY MADE FALSE IF THERE
1S OBVIOUSLY A COMPLEX RUGT NéARBY IF S S TRUE THEN REAL ROOTS ARE
FOUND MORE QUICKLY, SO@ IT IS BETTER_TO SET SWR TRUE_INITIALLY. - MJG
IF_RTC.LT,0 ON ENTRY, WE CONTINUE WITHOUT REINITIALIZING JUST AS
T H WE WERE ABOUT TO LOOK FOR ROOT ABS(RTC)+1.

TO BE EP3. A STARTING VALUE IN SUCH A REGION WILL BE_MOVED OUT
RSF?RE CONTINUING. AN ITERANT THERE WILL BE ASSUMED TG BE ANOGTHER

THE NORMAL ITERATION IS ALTERED IN SOME CASES WHERE THE METHOD
OTHERWISE TEND T0 GET T,

H_ IS _THE FERENCE BETNEEN 2 ITERANTS. THE RATIO OF TNO SUCCESSIVE
H’S NEVER XCE S XRMAX. IF A NEWLY FGUND H IS TGS LARG ITS
MAGNITUDE IS ECREASED BUT ITS DIRECTION IS PRESERVE

IF THE RATIO OF THE MODIFIED FUNCTION AT TWO SUCCESSIVE I TERANTS
EXCEEDS FRMAX, THE LATEST ITERATION IS DISCARDED AND THE («)
T?é;A%TEEATIGN 1S NOW TAKEN TO BE THE SAME AS IN THE PRECEEDING
IF_YOU DON'T ASSIGN ANYTHING TG A CMRAF VARIABLE YOU GET THE DEFAULT
. SET_BY THE DATA STATEMENTS. A COROLLARY IS THAT YOU SHOULDN’T TRY
SETTING THEM BY DATA STATEMENTS IN YOUR PROGRAM.
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002454

c

002455 C THE PROCEDURE MAY BE THOUGHT OF AS A GENERATION OF A SEQUENCE Z(1)
002456 ¢ E LIMIT IS A ROOT OF F AND WHOSE FIRST 3 ELEMENTS ARE 2( 2)=p{,
002457 C 2(-1)=P2, 2(0)=P3. A QUADRATIC IS FITTED TO THE FUNCTION AT THAREE
002458 C ELEMENTS 2(1-2),2(1-1),2(1), USING NEWTGN’S DIVIDED DIFFERENCES.
002459 C _2(I+1) 1S NORMALLY THAT Re e? OF THE QUADRATIC CLOGSEST 21,
002460 - C SINCE THE FITTED FUNCTIGN QUADRATIC, 1S ANALYTIG We SHooLo NGT
002461 C _BE SURPRISED WHEN THE Msfﬂeo ILS ON’ NON-ANALYTIC FUNCTIONS.
002462 C THE USER CAN GFTEN MELP GREATLC BV MAKING HIS FUNCTION WELL -
002463 C BEHAVED IN THE REG 1ON OF INTE TIPLYING HIS ORIGINAL
002464 C FUNCTION BY AN NHICH CANCELS’SINGULARITIES IN THE ORIGINAL
002465 C WITHOUT ADDING ANYTHI G MORE,
002466 C CLOSE TO A SINGLE Roar™ CONVERGENCE IS LITTLE FASTER THAN FOR THE
002467 C  SECANT METHUD BE USE THE ONLY ADDITIGNAL INFORMATION USED 1S FREM
002468 C X([-2), WHICH'IS A L NG WAY OFF.
002469 C HOWEVER' CONVERGENCE TO MULTIPLE ROOGTS 1S IMPROVED OVER THE SECANT OR
8822;? g NEWTUN RAPHSOK METHODS lN PARTlcULAR CONVERGENCE TO DGUBLE REOTS
002472 ¢ THIS METH&D Is CAPABLE cF FINDING ceMPLEx ZEROES OF FUNCTION wﬂxcn
002473 ¢ FOR REAL ARGUMENT, USING REAL STARTING VALUES. THI s'Is
88%2;3 g T RUE cF, FOR lNSTANCE NEWTGN-RAPHSON ©R THE SECANT METH
002476 ¢ THIS PROGRAM BEGAN AS A FORTRAN TRANSLATIUN UF cAcM ALGORITHM 196
002477 ¢ NCOGRPORAT I NG CHANGES SUGGESTE THE CERTIFICATION
002478 ¢ APPEARING IN THE CACM, JAN. 19 2. THEN sens REMAINING GLI TCHES
002479 C WERE REMOBVED AND NEW FEATURES Aobso BY
ggggg? ¢ A.B.LANGDON, EECS, BERKELEY, FEB. 1968.
002482 C CABS2(Z)=CABS(Z)xx2= REAL(Z)**2+AIMAG(Z)**2
002483 ¢ (AVOIDS TIME WASTED IN soRT IN cABS
002484 ¢ _
002485 ANP = Nee -
002486 1Z = (ANP + 1,)/2,
002487 P1 = cMPLx(REAL<PP1),AIMAG(PP1))
002488 P2 = CMPLX(REAL(PP2).AIMAG(PP2))
002489 = CMPLX(REAL (PP3).AIMAG(PP3))
002490 NCR=
002491 NOPHNU = ,FALSE. '
002492 FAILC =
002493 EP3 = 1.E-183
002494 SWR1 = swa
002495 IF (SW7 D. SW1) PRINT 512
ggggg; 512 FURQ?T (61H NEGATIVE CONJUGATE OF A CONVERGED RGOT 1S CONSIDERED A
002498 IF( _RTC.LT.0 ) 60 TO 100
002499
002500 e’ o9 1=1,NRTS
002501 PHIZ(1) = .TRUE
002502 99 CONV(1)=, TRUE
002503 100 RTC=1ABS(RTC)
002504 c \
002505 C INITIALIZE SEARCH FOR NEXT RGOT.
002506 10 1TC=0
002507 C IF EIGV = 0, PHI(P) IS NOT CALCULATED.
002508 C IF EIGV = 2, PHI(P) IS CALCULATED FOR ALL ROOTS
002509 C IF EIGV = 3, PHI(P) IS CALOULATED FOR ALL REGOTS, AND PHI(X) IS
002510 c PLOTTED #GR UNSTAB REOTS
002511 C IF EIGV = 4 1(X) PL GTTED FGR ALL ROOSTS,
002512 NochJ=.FALSE.
002513 NONEG = ,FALSE.
002514 SWR = SWR1
002515 C IF SW5, START SEARCH NEAR RT(RTC+1)
002516 IF(’ .NOT.SWS )
002517 P1=PP1+START

2518 P2=PP2+START
002519 P3=PP3+START
002520 9 CONTINUE
002521 c SET Fx1=FRecT(P1) ETC.
002522 TC+
002523 IF(SWZ) PRINT
002524 498 FORMAT(SH ROOT, |s 2éH SEARCH STARTING POINTS)
002525 REOGT=P1
002526 NRET=1
002527 G6 TG 200
002528 1 FX1=FREOT
002529 X1=P1
002530 IF( SW2 ) PRINT 499, NRET, ROOT, FROOT
002531 499 FORMAT(3H 2,11, 1H=,2€22,13,19H MbanIED FUNCTI®N=, 2E22, 13)
002532 ROGT=P2 |
002533 NRET=2
002534 GO TO 200
002535 2 FX2=FREET
002536 X2=P2
002537 : IF(_SW2 ) PRINT 499, NRET, ROOT, FREOT
002538 ROGT=P3
002539 NRET=3
002540 G6 TE 200
002541 3 FX3=FROOT
002542 X3=P3
4002543 C THE FUNCTION WILL BE chsxDERED SMALL (FOR_PURPOSES OF CONVERGENCE TEST)

02544 C WHEN IT IS SMALL COMPARED TG FI2, EVEN IF THIS 1S NOT OF ORDER UNITY
002545 F12 = AMIN1(CABS2(FX3) CAasztrkz))
002546 Fi2 = AMINI(F12, caBs2 (EX1
002547 IFC SW2 ) PRINT' 405 & Nk ROoT, FROOT
002548 C PREPARE FIRST MULLER-TRAaUB lTEﬁA
002549 H=X3-X
002550 FX21=(FX2- Fx1)/(x2 -X1)
002551 C IF P3=_A ROST WE GET FX3/FX2=0/0 LATER, S6 CHECK THAT Now.
002552 T &8 te 35°
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002553

002641

QO

o0

(21}

00

0O O

0O 0 00

o0

[e1e]

40’

DO MULLER-TRAUB ITERATION., SEE P212 OF TRAUB’S BOOK.
11 CONTINUE B’
NREDH = .FALS
FX32= (FXG-FX /H
FX321=(FX32 FX21)/(X3 X1)
W=FX32+H*xFX321

F W IS SO BIG THAT T WILL OVERFLOW, GIVE UP ON THls ROOT,
IF(ABS(REAL(N)) GT 1.E+150,0R.ABS{AIMAG(W)).GT.1.E+150) GG TO 33
T=CSQART (WxW-(4, . ) XFX3%FX321)

IF( cassa(T) eT. CABSZ(RHG) ) RHO=T

EVEﬁ ? gaRl?QGORlGINALLY TRUE, IF WE SMELL AN OGBVIOUS COMPLEX
coM
ROOT, WE TEMPORARILY MAKE SWR FALSE AND FIND IT.
lF(.NO;.SwR)
RH = A S(REAL(H)) .
?é?R; CES%AEMSS(R&E/ETH GE,1.,E+02) SWR FALSE
. » 1 . B°UL, . » nc'.' s, 0
lF(.NG;.sz) NREDH = ,TRUE,
115 IF( SWR ) H=REAL(H)
12 ITC=1TCH+1
X1=X2
X2=X3
FX1=FX2
FX2=FX3
FX21=FX

32
IF NEW H 1S TOO MUCH LARGER THAN LAST H REDUOE ITS MAGNITUDE TG THE
MAXIMUM ALLOWED KEEPING ITS DIRECTIGN THE SAME
IF(.NOT.NREDH) GO TO 35

lF(CABSZ(H+X3) LT.RMXxRMX) GO TGO 13
XR = CABSZ(H)/CABSZ(XZ X1)

TO
335 XR 3 CABSZ(H)/CABSZ(XZ X1)
[F(XR,LT.XRMAX*XRMAX) G0 TO 13

36 IF( SW2 ) PRINT
496 FORMAT(SOH (X3-X2)/(X2-X1) TEO LARGE. H=,2E22.13,17H WILL BE REDUC

+ED,)
13 Q=H§(X§MAX/SQRT(XR))
{g(CQB?Z(é?N; P3).LT.ERRMAX*XERRMAX) GO TO 40
41 TORMa¥é19H1X3 TGO FAR FRGM P3)

0 TO 33
CHECK FOR CONVERGENCE,
DUE TO CLOSE RELATIVE SPACING OF ITERATES.
(REAL (X2) ,EQ.O, ,AND.AIMAG(X2).EQ,0.) GO TO 45
a8 (CABS2(X3/X2 - '1,).LT.EP2xEP2) GO 1€ 22

BS2(X3 - X1).LT.EP2xEP2) GO TS 22

c
R
CABSZ(XS/X1 - 1.).LT.EP2xEP2) G0 TO 22
T
T
T

FROO
lTERATE BIVES MUCH LARGER FUNCTION MODULUS,
THE STEP AND TRY_AGAIN,
ABS(REAL(FXG)) GT.1. E+150 OR.ABS(AIMAG(FX3)).6T.1.E+150)60 TO

CABS (FXG)/CABS (FXZ) LT FRMAX ) GO TO 103

) PRINT oT
T(36H FZ3/FZ2 T66 LAkeE 23 ADJUSTED FRGM, 2E22, 13/
FUNCTI1ON=, 2E22. 13, 20H, MOGDIFIED FUNCTION=,2E22.13)

3
COMPLETE.
OUTPUT

( SW2 ) PRINT 500, I,1TC,X3,FUNC, FROOT
500 FORMAT(GH REOT ,13,12H iTERA 16N ,13,16H, ReOT ESTIMATE- 2E22.13/
11 FUNCTION— Eéz 13, 20H, MeolriEn FUNCTIGN=, 2E22. 13)
CHECK FGR CONVERGENC
..DUE T8 FU NCTION BEING VERY SMALL.
20 IF( CABSZ(FX3)+CABSZ(FUNC) LE.EP2XEP2 ) GO. TG 22
NOT CONVERGED YET. SHOULD WE ITERATE AGAIN..
IF(CABS2(X3) .6T. BHSRRIX AND | CABSS(H) LT, . 25. AND. 1TC.GE.5)00 Te 33
IF ROGT-SEARCH SEEMS TO BE GOiNG SFF To INFINITY, STOP
IF(CABS2(X3) .GT.RMX*RMX.AND, 1 TC.G AND.CABS2(X2-X1), GT .25.AND.
,CABS2(H).GT. CABSZ(XZ X1)) 66 TO S5
IFC ITC.LT.MXM ) Te 11
éEFgEEsg?vxﬁe A SETTING CLosE To A ROGT, ALLOW 10 MORE I1TERATIONS
IF(ITC,LT. MXM+10 .AND. CABS2(FUNC).LT. 1 osxrrz) GO Tc 11 ,
IFC(ITC.LT.MXM+20 .AND. cAssa(Func) LT.1.E-12xFI12) GO0 TO 11
IF FUNCTIGN IS PRETTY SWaLL, BUT MERE TH EPZ,, SEE IF EIGENMGDE
IS GBED, AND IF IT IS, BNS1DER ROGT COMVERGED
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002734

NS OF OLD .AND NEW KYAI,

IF(EIGV.EQ,0) GB TO 33
IF (CABS2(FUNC).GT.1.E-14) 68 TG 33
CALL SAVPHI
IF(CABS2(PHI (NRTSV - (1.,0 )).LT..0001) GO TO 22
C NO, WE HAVE TRIED LeNé EN GH,
33 IF( SW1 ) PRINT iTe
502 FORMAT(28H FAILURE 25 ca&veaes ON REOT, 13,110,114 ITERATIONS )
CONV(1)=,FALSE.
FAILC = FAILC + 1
C UNLESS SwW4 FAILURE TG CONVERGE MEANS WE MUST STOP AFTER SETTING
¢ THE REST c# E ARRAY 'CONV = .FALSE.
IF( Sw4 Te 22
RTG=Rac+]
43 RT(RTC)=X3
D8 21 [=RTC,NRTS
21 ggNV(x)- .FALSE,
C RECGRD THE FINDING OF A ROOT. A
22 CONTINUE
tF( NOT.SW7 .OR. ,NOT.SW3 ,OR..NOT. CONV(1)) 60 TO 30
IF (REAL(X3).LT.O.,0R, AIMAG(X3).LT.0.) L = 1
RX3 = ABS(REAL (X3))
aX3 = ABS(AIMAG(X3))
X3 = CMPLX(RX3, AX3)
IF (L. EQ. 1) FONC = F(X3)
30 RTC=RTC+i
RT(RTC) =X3
IF (SW1 ,AND..NOT. NONEG .AND. NOT. NOCONJ) PRINT 801, RTC,X3,1TC
501 FORMAT(6H ROGT ., 13,4H 1S=,2E22.183,1H,,15,11H ITERATIONS) '
IF (,NOT. CONV(RTC)) 6o T& 5304
IF (NEGNEG., ©R, NeceNJ) gg 7o 5305
IF(EIGV.EQ,0) GO 04
24 CALL SAVPHI
NRTSU = NRTSV
C IF PHI(1) DGES NOT EQUAL 1 THEN SOGMETHING IS WRONG WITH OGUR
C CRITERIGN FOR HAVING FOUND A RGO
PHJ = PHI(NRTSU, 1)
1F(ABS(AIMAG(PHJ)) . LE..O1.AND.ABS(REAL(PHJ)-1.).LE,.01) 6O TG 38
IF(SW1) PRINT 513, PHJ
513 FORMAT (37H REOT NOT GOED, UNNGRMALIZED PHI(1) = , 2E12.4)
CeNV(I) = ,FALSE,
FAILC = FAILC + i
68 TO 5304
38 [F(EIGV,GT.3) GO TO 39
IF(AIMAG(RT(RTC)).LT.1,E-05.6R.EIGV,LT.3) 68 Td 34
C _PHI(X) FOR THIS ROOT WiLL BE PLOTTED AT END ©F RUN.
39 PHI (NRTSV, NPP+1)= RT(RTC)
PHI (NRTSV, NPP+2) = CMPLX(KYAI,O.)
NRTSV = NRTSV + 1
PHJ = PHI (NRTSU, [2)
c CAgﬁgLATg AND PRINT ©UT ABS.VAL. AND ARG, OF PHI(P) S.
D8 26 | = 1, NPP
SUM = SUM + CABS2(PHI (NRTSU, 1))
ABPHI (1) .= CABS(PHI (NRTSU, 1))
IF (ABPHI(1).LE,1,E-20) G& 7O 32
ARPHL (1) = $7,296xATMAG(CLEG(PHI (NRTSU, 1)))
GG 1O 26
32 ARPHI(I) = O,
26 CONTINUE
C PHIZ = .TRUE. IFF PHI(0) = 0, THE PURPOGSE OF PHIZ 1S EXPLAINED IN *ROOTS*
C FOLLOWING STATEMENT 7g
[F (CABS2(PHJ)/SUM,BT.1,E-11) PHIZ(RTC) = .FALSE.
PHPLUS = CABSZ(PH!(NRTSV 12+1))
PHMIN = CABS2(PHI (NRTSV, 12=1))
1F(CABS2(PHJ).GT. 1.E~-O4*PHPLUS) PHIZ(RTC) = ,FALSE,
IF(CABS2(PHJ).GT. 1.E-04*PHMIN) PHIZ(RTC) = LSE.
AB ani SQRT(SUM)
ARNM = ARPHI (1)
IF (ABPHI(1) .LE, .1E-03) ARNM = ,SxARPHI (NPP)
DG 31 | = 1, NPP
ABPHI(I) = ABPHI(I)/ABNM
ARPHI (1) = ARPHI(I) - ARNM
IF (ARPHI(I1) .LE,-180.) ARPHI(I1) = ARPHI(1) + 360.
IF (ARPHI(I) .GT. 180,) ARPHI(1) = ARPHI(I) - 360,
IF(NRTS.GT.2) GO TO 31
C DON’T CALCULATE PHINEW UNLESS THIS IS THE FIRST GGOGD RGOGT WE HAVE FOUND.
1F(NGPHNU) @6 TS 31
IF(PHZP, NE, SGNL (1 PHIZ(RTC))) 66 TO 81
IF(AIMAG(RT(RTC)).LT. - AND.SW31) GO TO 31
IF( REAL(RT(RTC)). CT.-1:E- os. ND.SW71) 68 TG 31
C PHINEW [S USED BY *FOLLOWx IN CEMPARING 'EIGENFUNCT1O
42 PHINEW(1) = ABPHI(1)*xCEXP(ARPHI(1)%(0.,1.)/57.296)
IF(1.EQ.NPP) NGBPHNU = , TRUE,
31 CONTINUE
IF(,NOT.SW1) 6O TO 5304
PRINT 507,  (ABPHI(1), I = 1, NPP)
507 FORMAT (10E12.4/10E12.4)
PRINT 506, _(ARPHICI),'L = 1, NPP)
506 FORMAT (10F12.2/10F12.2)
5304 IF(, NUT SW5) GO TG 47
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6

002827

c
c

o0

o0

QOO000 O

000000

000

P3
5305 CONT
Qul

START = ABS(REAL(X3))
IF(START.GE,RMX)_START = 1.8

4¥FIg&éTgFGTHE)STERT?NgngINTS WAS A ROOCT (1.
T ITC = 0), THEN CHANGE
THE STARTING PGIN;S, gT?ERWISE WE WILL GET THE SAME Reot AGAIN NEXT

IF SW?
REGARDED

28

CHANGE = . 15x

P1 P1 + CH
P2 P2 + CHANGE
P3 + CHANGE

INUE
T lF ENOUGH RgﬁTsNARE FOUND, GR IF WE ARE ALMOST QUT OF TIME.

WARN(O))
I TC G .NRTS ) GG TO 300
F(FA .GT.NFL) RETU

RN
THE NEGRTI¥E CONJUGATE OF A CONVERGENT ROOT FOUND IS TO BE
lF (.NGT SN? 5?R. NONEG .BR. ABS(REAL(X3)).LT.EP1) G& TO 29

W1l) NT 4
514 FORM?T(SZH NEGATIVE CONJUBATE OF LAST REGT WILL BE CONSIDERED NEXT

ITC = 0
NGNEG = ,TRUE,
X3 = -1, *CONJG(X3) ,
ReoT = X3
IF(.NOT,CONV(RTC)) CONY (RTC+1) = .FALSE.
PHIZ(RIC+1) = PHIZ(R
6o To 30
29 NGNEG ALSE
[F SW3, THE' CONJUGATE gF A CONVERGENT NON-REAL ROOT 1S TO BE
REGARDED AS A T ALSS, IF NOT ALREADY USED,
23 IF( .NOT.SN .0 $(A1MAG(X3)) LT, EP1 OR. NOCONJ ) GO TO 10

$03

SW1 ) PR
FORMAT(53H CGNJUGATE GF LAST ROOT WILL BE CONS1DERED NEXT ROOT.)

17
NGCGNJ= TRUE.
X3=CONJG (X3)
ROUT X3
. NOT ., CONV(R )) CONV(RTC+1) = ,FALSE.
PHlZ(RTC+1) = PHIZ(RTC)

S 680 TO 30

EVALUATES FRGGT

WHERE (REOGT-RT(1))x,,,*(ROBT-RT(RTC))*FROGT=F (ROGT)

RETURNS TO STATEMENT NUMBER NRET.

SPECIAL TREATMENT WHEN RGGT IS CLOSE TG AN EARLIER FOUND ROOT IS
zggsggh?ED AT HEAD OF PROGRAM.

210

211

201"
202

212 N 04 ;
4 FORM?;(71H I TERANT CLOSE TG ROOT FOUND BEFORE. ACCEPT IT AS A ROOT

UE

[F (WARN(0)) RETURN
FUNGF (REOT)

IFC SWR ) FUNC REAL (FUNC)
DNR=(1.

IF(RTC. éo 0) GO TG 202
EESEOEP?*ﬁPG#CABSZ(RGGT)
1F( CABS2(REGBT-RT(1)).GE.TEST ) GO TO 201
T=. 3333333333*(P1+P2+P3)+ P1
IF(_NRET.NE.1 ) 6O T8 210
P1= 2.*P1-

\

co 200

[F( NRET NE,2 ) GO TO 211
P2=2,%P2-T

REOT=P2

G0 TG 200

IF(¢ NRET.NE, 3 ) 60 TO 212
P3=2.%P3rT

RGOT= P3

GO TO

DNR= DNR#(RGOT “RT(1))
CONTINUE

FROOT FUNC/DNR

68 T8 (1 4,5), NRET
[F( SW1

eu'T TEST.)
'EREAT=0
GO TO 22 .

TERMINATION PROCEDURE

INCLUDES CAPABILITY OF REDSING ‘BAD ROOTS’ -ONES WHICH HADN'T
CONVERGED,

Hew MANY GE6D ROGTS ARE THERE. .,
300 NCR=0

DG 301 [=1

301 lFé cgﬁg(xi ) NCR NCR*+1

OF ALl ROGTS ARE GEED, OR IF WE HAVEN'T BEEN ASKED TO REDO BAD ONES
SE IF WE HAVE HAD NO LUCK THE LAST TIME THROUGH THE ROGTFINDING coDE,

UIT,
?F( NCR.EQ.NRTS ,OR. .NOT.SW4 .OR. NCR.LE.LNCR ) RETURN
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002828

002848

002849

002914

(2]

o0 00

FIND FIRST BAD ROUT.
DO 302

302

RTS
égéTl§OT céuvzn) ) 66 TO sos
IS THE _LAST ROOT WE WOULD GNLY BE REPEATING THE sane NON-

IF IT
ggNVERGENT ITERATIONS IF WE TRIED AGAIN

NRTS

3 IF( ) RETURN
MOVE LAST RGOT INTG 1ST BAD ROOTS_PLACE.

eo
505

?Q?Ksa? ngl;T FIND A N?N LAST ROOT. GOGD LUCK,
;gRE?T(g?H)N!LL ATTEM#T TO RE-DO UNCONVERGED ROOT ESTIMATE, 13)
R;(NRTS) =RT(1)

RT(1)=X3

CONV () =CONV(NRTS)
RTC=NRTS-1
LNCR=NCR

gUNV(NRTS)" . TRUE.

END

SUBROUTINE EIGPLT

PLOTS E1GENFUNCTIONS

10
1"

=N
OX<XX<XOX<N=TVONXXDPD

COMPLEX gHEgA, PHI (18,22), A(20,20), F(100), IPXKO

)
), Y(100)

o
>
-
>
A
<
2 —
NN X
-0
N ~0O
ox\dn

DATA NDY
CEMMEN/C16/ SP IGRAPH
COMMON/PHI C/ A,NRTSO PHI
COMMON/PMX /NP
CEMMEN/FOLEIG/ GOOD xBRAncH(te)
COMMEN/ TVPEOL /XM N, XMAX YM

N, TVXMAX, TVYMIN, TVYMAX
ﬁﬂMTOg/ﬁg;UNE{LPENﬁN LPENOFF,ITALlcs NK. Teﬁ SE, I

én T,I1UP

PAGE
PRINT 10, NRTSV
FGRMAT (84 NRTSV a,14)
RINT 11, GOGD
FoRnAT(zb
IF (NRTSV, EQ 1) RETURN
NRTSU = NRTSV 1
PMAX = (NP-1)/2
Pl : s 141592353539

D6 3 NRTSU
lF(.NGT.GGbD(N)) GO TO 3
GMEGA = PHI(N NP+
KYQI REAL (PHI (N, NP+2))

= 0,
6 6 J = 1,NP
SUM = SUM + CABSZ(PHI(N.J))
SUM7= soRT( SUM)

N,J)/SUM

>

e O o=
o«
UV OX—

na
ot T rs PN = “ p—ry
PP - et -

o X 1

)
?CEXP(IPXKO)

~

IXIRCX~A~TJ Q~AXR~—Q
X
=N
~

T
rZZXungiisw =X Nw i
ST UHND=LUN

=4

—-MmaP
WOHAPVOO~P n =TT

*MAX ,YMIN,YM,0,11328,1.0,0.18,1.0)

61é°A1 ,0,0)

1xx2 VS, x FOR OMEGA = ,2E22.13)
KYAI 1BRANCH (N)
,E12.6 1ox 7H BRANCH, 14)

w—[ul\y- -

D
FLK = K
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- 002927
002928

002929
002930
002931
002932

002984

002985 .

002992

14

S

iég15926535*FLK/YM

+ REAL(F(I)*CEXP((O. 1.)%PHAS

?‘Yi1 ?)0 o . PHASE) ) /FM

L oraP L) i

SékhTFRA”EéééA o ! IB;Y; FOR ONE WAVELENGTH IN Y DIRECTION)

ANCH(N)

FeRMAT(ésH EIGENFUNCTION PLOTTED FOGR OMEGA = ,2E10.2,8H KYAI
7H BRANCH, 14)

ceNflnué

RETURN
END

SUBRGUTINE PRNPLTCX,Y, XMAX, XINCR, YMAX,YINCR, ISX, 1SY,NPTS)
COMMON/CIG/ 1CR, IHSP, { GRAPH

DIMENS 16N (NP é) Y(NPTS) IGRID(105), XAXIS(11)

INTEGER BLANK,D R, lehl S

DATA BLANK,DOT STAR PLUS 1H S 1H., THx, 1H+ /
901 FﬁRMAT(14X 1 105A1)
902 FOGRMAT(1XEiO. 2,2X,1H+ 105A1, 1H+)
903 FﬁRMAT 15X, 103(1H.))
904 FGRMAT(7X,11(F10,0),2H (,14,5H PTS) )
905 FOGRMAT(16X,11(1H+,9%)
9800 FORMAT(46HISCALINS ERROR_IN PRNPLT EXECUTIGN TERMINATED )
F(XINCR.EQ. O, .O6R.YINCR.EQ.0.) 66 fo
YAXMIN=0.01xYiNCR
AXMIN=0.01x%xXINCR
1 ZERO=YMAX/YINCR+1.5
JZERO=103. 5-XMAX/XIN
IF(JZERG.GT. 103.6R. JZERO.LT.4) JZERO=2
PRINT 905
PRINT
D8 10
IF ( l.NE lZERG) GO TO 16
D8 14 J=1
14 IGRID(J) = ﬁLus
GO T6 15
16 D& 11 J=1,105
11 IGRID(J) =BLANK .
15 IGRID(JZERS) =PLUS
IGRID(104)=D6T
IGRID(2)=00T
D6 12 K=1,NPTS
ITEST =(YMAX-Y(K))/YINCR+1.,5
IFC(ITEST .NE,I1) GO TO 12
J=103, 5- (XMAX~-X(K) ) /XINCR
IF(J.6T.103) J=105
IF(J.LT.3) J=1
IGRID(J)=STAR
12 CONT I NUE
[F(MBD(I,10).EQ.1) GO TG 138
PRINT 901, IGRID
GO TG 10
13 YAXIS=YMAX-(1-1)xYINCR
IF(ABS(YAX1S).LT,YAXMIN) YAX1S=0,
PRINT 902, YAXIS, (1GRID(J),J=1, 105)
10 CONT I NUE .
PRINT 903
PRINT 905
D6 20 M=1,11
XAXTS (M) =XMAX-X1NCR* (FLOAT(11-M))%10.0
IF(ABS(XAXIS(M)) LT.XAXMIN)XAXIS(M) =0,
20 CONT I NUE
PRINT 904, XAXIS,NPTS
RETURN
800 PRINT 9800

CALL EXIT
END

SUBROUTINE TRACET(TEXTURE, X,Y,NPT)
?E?EGEEXLU$E X010 ,Y0A1)

TEXTURE.EQ.0.0) CALL TRACE(X,Y,NPT)
%FgTEXTURE NE.O0.0) CALL TRACEP(* , NPT, 3)

»
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003000

003001

003006

LGOICAL WARN
FUNCTION WARN(N)
WARN = ,FALSE.
RETURN

END

-107-

L]



An outline of the program LOCAL and its subroutines is shown in
the flow chart. LOCAL was used to find the normal modes and frequencies
using the local method. 1In contrast to ROOTS, which was used for the
nonlocal method, all branches w(ky) were not calculated, and "smart"
root-finders and branch-followers were not used in LOCAL. Instead,

a Newton-Raphson iteration scheme was used to find the solutions x = X

and w = w, to the simultaneous equations D(x,w,kx = (0) = 0 and

L
0. Only the mode with the highest growth rate was sought. The

aD/ox
Newton-Raphson iteration method worked well only if initial guesses of
X and w; were reasonably close to the correct solutions.‘ The mode
found as the fastest-growing mode was really only the local maximum
of Im w(ky) closest to the initial value of ky chosen. The limitations
in LOCAL were tolerable because ROOTS could be used to make good estimates
of X s mL'and ky for initial guesses in LOCAL.

The routine QDERIV shown in the flow chart was similar to the
éubroutine DISP used with ROOTS, but instead of calculating det A .

’

it calculated
D(x,w) = Go(m) + G_l(m)exp(-ikox) + G+1(w)exp(ik0x)

(with kx = 0 assumed). Since the G's do not depend on x, the derivatives
9D/3x and 82D/8x2, needed for the Newton-Raphson method, cou}d be

easily found analytically, and were also returned by QDERIV. On the
other hand, the derivatives 3D/dw and 82D/8x3w were found by calling

QDERIV twice using slightly different values of w.
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FLOW CHART OF LOCAL

Read in input parameters, including initial guesses of

A

TSNS o

bl W X and ky for fastest-growing mode, WI, XI, and KYI

( Is card blank? Yes CALL EXIT

No:

y
Convert input parameters to more useful parameters .
for calculation. : ’

‘ QCALC decides how many.cyclotron harmonics
CALL QCALC - will have to be_ kept

[ CALL QFKCAL J QFKCAL calculates QF, KMIN, KMAX,
needed by QDERIV

4
| set kv = kvr |

[cars searcs v, xx, wr, xu, wL) | SEARCH PINDS w and x for this
¥ value of kyai = KY (using XI
| Yes ( Did search fail?) and WI as initial guesses), if
possible. Otherwise it gives
up and set FAIL = .TRUE.

No

' L
Increase k. a little;
set KYl = KY + DK1

CALL SEARCH (KY1l, XL, WL, XL1l, WL1)
Set KY2 = KY + DK2. Predict X, and mL
for kyai = KY2, and store in XL2, WL2

)
lcm. SEARCH (KY2, XL2, WL2, XL2, WL2) ]
¥

Using WL, WL1, WL2 and KY, KY1, KY2, make
parabolic fit to predict value of k a, for

which Im w 1s maximized. Don't let new

value be too far away from old value.
Store new value in KYI.

Y

Is KYI very close to KY? No Have we gone more than No ‘
_ 99 iterations?

Yes . Yes

1

Calculate x_ ., 8%, &, k peak’ and

Akx, and print out, together with
Wy s xL, and ky
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FLOW CHART OF SEARCH (KY, XI, WI, XL, WL)

KY is kyai. XI‘and WL are the initial guesses for X AND w

L

(normalized to wciand 2w/k0). XL and WL are final values of

X and w returned by SEARCH

Set X = XI, W = WI

v

CALL QDERIV (X,W,KY,Q0,DQDX,D2QDX2)

QDERIV calculates D(x,w,k_ = 0)

A

CALL QDERIV for
slightly higher w

Calculate 9D/3w and
32p/3wdx from D and

dD/3x returned by

QDERIV for two different w

Use vector Newton-Raphson
method, using D, 3D/3x,
92p/5x2, 3D/3w, and
32D/3udx, to predict

x and w for which D = 0

and 3D/3x =0

Are new x and w close to Tes
old x and w?

No

Yes
No Have we gone more than
' 99 iterations?

aD/9x and 32D/3x and storas
them in QO0,DQDX, and -D2QDX2, for
.a given x and w (stored in X and W).

RETURN

FAIL = .TRUE.
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Listing of LOCAL and Subroutines

Like ROOTS, LOCAL runs on the A-machine of the National Magnetic Fusion
Energy Computer Center. However, it is not believed to contain any non-
standard Fortran, except for the PROGRAM, READ, FORMAT, and FUNCTION state-
ments.

The subroutines QFKCAL, QCALC, BESSI, BESSJ, CABS2, ZEE, ABCALC, MAXW,
RING, and COLD, used by LOCAL, have been alread& listed with ROOTS, so they

are not shown here.
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000091

BOX BOS

PRGGRAM LGCAL (XNPUTtHSP&QUTzeT TAPE10=OUTPUT)

oso,KY KY2

z, wt2, wiDTH xLNew WLNEW
SLsz st SLPW2, D2XDK2, D2WDK2
COMPLEX QMAX X, b2abX2; noow ﬁL WL, 0, DELW, DQDsz

AG

COMMON/D1S/GF, K K0SQ, EPSF (4) , XXX KYAI KOAL, XXXX, PMAX,,
Ax<4: AMASQ(4) , KXXXX (4) ;KMIN(4

COMME /cDFO DFU(4), (4

CGMMON/CSPEC/ RLARM(A) AMASS(4), CHARG(4) , JAY (4) , DENSE(4) , NSPEC
COMMON/CFAIL/ FAIL

CGMMUN/CQDER/ Qg BODX, D20DX2, Doow DQDKXS

camneN/gRBESJ/ x(4$. AX (4

/4%0. AY/
DAIA RLARM/4*1 / AMASS/4¥1 /, CHARG/4*1 /, DENSE/4*1 /,AMASQ

1./
DATA 1CR/2/
PRINT 17
17 FORMAT(1H1)
GO 10 18 :
15 CONTINUE
18 READ (ICR,16) AIL, R, OMPSQ,XI,WI,KYl,UNMAG
16 FGRMAT(BFS. 11)
1IF(AIL, EQ, 5 CALL EXIT
IF(XI.NE.O..GR.NI NE.O..OR.KYI1.NE.O.) GO TO 20
IF(FAIL) 66 TO 18
Wl = WL
X1 = XL
KYl = KY
20 1ONS = 5H MAG.
ézéUNM?G) 1ONS = 6H UNMAG
IF(R.LE.1.) GAM = O,
RLARM(2) = 1./SQRT(R)
RLARM(3) = O.
AMASS(3) = 1,/8700,
CHARG(3) = -1,
DENSE(1) = R/(R - BGAM)
DENSE(2) = -6GAM/(R-GAM)
NSPEC = 3
AMASQ(3) = AMASS(3)xx2
18 KOAl = 2.x3, 1415926535:A1L
KOSQ = KOAIxx2
S
E?SEag)EPSlx(DENSE(1)#EXP(-.S!KOSQ) + DENSE(2)*EXP( - . 5XxKOSQ*RLARM(
N x X
BB 1 1 = :
1 EPSF(1) 2! stPSIaanPso*DznsE
EPSF(3) = 5*EPSE*GMPSQ/AMASS
ITER = O
Y = KYI
RHIGH = 2, *REAL(WI)
MING = RHIGH
CHI = KYxKY
D8 9 1 = 1, NSPEC
1F(RLARM(1).EQ.0.) BB TG 9
CHI2 = CHIXRLARM(I)xx2
[F(JAY(1).EQ.0.) GO TG 10
cALL_GCALE(CHIZ, LGMAX(1),NMAX(1),1)
10 CALL QCALC(CHIZ2,QMAX(1),NMAX(1),0)
NMAX(1) = NMAX(1) + JAYtI)
9 CONTINUE
CALL QFKCAL (QF ,KMAX,KMIN, RHIGH, 0.)
CALL SEARCH(KY.XI,wl, XL, WL)
IF(FAIL) GO 10 13
DK1 = ,001xKY
DK2 = .01xKY
KY1 = KY + DK1
KY2 = KY1+ DK2 :
WIDTH = CSQRT(2.*DGDKXS*AILXAIL/D2QDX2)
DELW = -,5%WIDTH*xD2QDX2/DabW
WIDTH = GSQRT(WIDTH)
CALL SEARCH(KY1,XL,WL,XL1,WL1)
. IF(FAIL) 6d To 13
XL2 = 11.%xXL1 - 10.%XL
WL2 = 11.%WL1 - 10, *WL
CALL SEARCH (KY2,XL2,WL2,XL2,WL2)
IF(FAIL) GB TO 13
SLOPE] =(AIMAG(WL1) - AIMAG(WL))/DKI
SLOPE2 =(AIMAG(WL2) MAG(WL1))/DK2
1F(SLOPE2,GE, SLOPE1) GU TO 3
D26DK2 = 2.x(SLOPE2-SLOPE1)/(DK1+DK2)
KYNEW = KY + .S5xDK1 - SLOPE1/D2GDK2
IF(ABS(KYNEW - KY).OT..1%KY) GO 10 3
IF(ABS(KYNEW-KY).LT..008xKY) GO T6 4
7 ITER = ITER + 1
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IF(1TER.GT.99) GG TG 13
SLPX1 = (XL1-XL)/DK1
SLPX2 = (XL2-XL1)/DK2
D2XDK2 = 2. %x(SLPX2 - SLPX1)/(DK1+DK2)
SLPW1 = (WL1 - WL)/DK1
DennE = U2 o BLLEDRE, ) (oK
£~ . -
XLNEW = .Sk (XL*XL1) + SLPX1%(K KYNEG - . BX(KY#KY1)) + .SxD2XDK2s
. CKYNEW -, B%(KY+KY1))xx2
IF(CABS (XLNEW-XL),0T..1) GO T6 6
WLNEW = .Sx(WL+WL1) + SLPWI1%x(KYNEW - .S%(KY+KY1)) + .SxD2WDK2x
. (KYNEW - .5%(KY+KY1))xx%2
IF(CABS(WLNEN/WL -"1.).eT..2) 6o TO 8
KY!1 KYNEW
Xl = XLNEW
Wl = WLNEW
GO TO &
3 1F(SLOPE2,LE.0,) KYNEW = ,9%xKY
IF(SLOPE2.6T.0.) KYNEW = 1.,1%xKY
GO TGO 7
WL1 = WL + ,SxDELW
WL2 = WL1 + DELW

XCORR = 0283(§10TH)

XPEAK = REAL(XL) + AIMAG(XL)XAIMAG(WIDTH THx%2) /REAL (WIDTH%%2)
EAKK = AIMAG(XL)/REAL( WIDTHxx2)/(2.x3,1415926838)

F = SQRT(ALOG(2.))x2,
HWX = F/SQRT(REAL(1./WIDTHx%2))
HWK = qss RT(RESL(gégggxt?é)/(z x3,14159265385)

14 FURMAT(//“AlL h E14.5," gsz ",514 s,", GMPSQ = ",E14.5,", MASS
.RATI1O® = 3700, ",A6," ioNs")
FRINT 8, XL, KCORR, WIDTH, WL1

8 FORMAT(" ACCEROING TG L&CAL ﬁPRe& FASTEST ~GROWING_MODE HAS oMEo
A = " 2E1 " KYAI = ",514 5/"Luc X/L 2 % 2E14.8 wiT
.CORRELATIGN LENGTH “,E14.5 E1 &0 " 1 “ lS" " omé A ceRRE
. ﬂﬁs INITE wlnTgsggx APPhux ) ts “,2E14, 6/" AND THE NEXT WKB

CME s
XPEAK HNX EAKK

SﬁUARED HAS PEAK AT X/L = ",E14.9% 6 QNE H

5/"A BS VAL.PH I(KX) SQUARED HAS PEAK AT KX/K

2554'3‘"6 ANb HALF WIDTH *,E14
6 EYNEN = ,5x(KYNEW + KY)
13 PRINT 14,AlL,R,OMPSQ, 1ONS
GO TO 15

SUBROUTINE SEﬁEgHLéKY 2 X1, WL XL, WL)
COMPLEX X1 %&é L,WL,X,W,Q0,Q1,Q2, DQDX, DQDW, D2QDX2, D2QDXW, DADX1, DET

COMPLEX XBIFF,WDIFF
REA KXSQ
chMaN/éFAnL/ FA

IL
CGMMON/ CQDER/ ooéogox , D2QDX2, DQDW, DQDKXS

CEGMMON/CNDP/ NDPOL|
CGMMGN/CKX/ KXSQ

Y,Q1,DGDX1,Q2) &

DPOLE = .
KXSQ s 0,
FAIL = ,FALSE
ITER = 0
X = XI
W= Wl

2 CALL QDERIV(X,W,KY,Q0,DQDX, D20DX2)
CALL QDERIV(X;W+. 001 k
DQDW = 1000, x{Q1 - ao>
D2QDXW = 1000, *x (DADX1 - DQDX
DET R DaDXD2ADNN o D2aDRSDADW
XDIFF = (-D2GDXWXQO + DQDW*DGDX)/DET
XL = X + XDIFF
WDIFF = (D2QDX2%Q0 - DQDX*DGDX)/DET
WL = W + WDIFF
IF(CABS(XL - X).OT..005) GO TG 1
IF(CABS(WL - W).GT..008) 86 TG 1
NDPGLE = . TRUE.
CALL GDERIV(X,W,KY,Q0, DQDX, D2QDX2)
CALL QDERIV(X,W+.001,KY,Q1,DQDX1, DQDX1)
KXSQ = , 0001
CALL QDERIV(X,W,KY,Q2,DQDX1,DQDX1)
DQDW = 1000, x(Qi -ad)
DAQDKXS = 10000, *(Q2-Q0)
KXSQ = O.
NDPOLE = .FALSE.
RETURN

1 ITER = ITER + 1
IF(ITER,BT.99) GO TG 4
IF(CABS(XL - X),6T..1) GO TO 3
IF(CABS(WL/W - 1.).6T..2) GO To 3
X = XL
W o= WL
GO TO 2

3 XL = ,5x(XL + X)
WL = .Sx(WL + W)
66 TO'1

4 FAIL = .TRUE,
PRINT 8, KY XL,WL QO D

S FORMAT("SEARCH  FAILED®, 9E12.4)
R
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000266

100

103

c
102

22
23

N=

a

F

SUBRUUT!NE QDERIV(X Q, DQDX DZQDX
o0 6PLUS

ceMPLEx '6MINUS, APP, BPP AP,BP, IX, DEPOLE OMEGD, U
COMPLE Dbox naé X2, Etxok
INTEGER Pﬁ
REAL KY, KYSQ RYAL KOAI ,KOSQ, KXSQ
Loexc NMAG, NDPSLE
MoN/cMA NMA@
GoMMe N/DIS/QF KOSQ, EPSE (42, XXX KYAL, KOAI , XXXX, PMAX,
., 6MPSQ Ax<4) AMASQ(4) AXXXX(4) 'KMINC4
camnaﬂ/cDFO/ BFU(4}, YYY(4)
COMMGN/CSPEC/ RLARM(4) AMASS 4) ,CHARG(4),JAY(4) DENSE(4) NSPEC
CBMMEN/GCHIP/CHIP(4) , AP(4),BP (4}, BMEGA, APP(4) , BPP(
COMMO BE/NM. B
COMMON/CNDP/ NDPOLE
CEMMEN/ CKX/KXSQ
DA . 1415926535/
KYAX = KY
KYSQ = KY*KY
GMEGA = W .
D8 103 1 = 1, NSPEC
OMEGD = GMEGA + (0.,1. )*KYSG*DFU (1)
1F (CABS2(GMEGD) . EQ. b .AND.KGAI .NE.0,) GO TG 100
1 F(CABS2(GMEGD) .EQ. 0. . AND.DFU(i).NE.O,) GO To 100
U = OMEGDXAMASS(1)/CHARG(1)
AW = ABS(RE AL(U))
DW = 1,E-13%AW
IF(ABS(AIMAG(U)).GT.DW) GG TG 103
IW = IFIX(A
OMEGA = OMEGA + 3, E-13%6MEGA
IF(AW - IW.GT.DW.AND.IW + 1. - AW.GT.DW) GO TO 103
GO TE 102
CONT I NUE

DEPOLE 1S USED TO GET RID OF ZEROS IN THE DENGMINATORS

DEP
lF(ND?ﬂLE) eﬂsTa 5
z)lKYSGKDFU(I)

Q
X
~M
AQ
OU
ll
NQ
*-'03
m-
OO
»2Z
-
-+
a m
a~0
o
-
0‘

(1.EQ; 1) 06 2

(DFU(I) EQ.DFU(1-1)) GO TO 23

POLE = GMEGDXDEPOLE

(KMAX(1).EQ.0) 66 TO 2

X = KMAX(1)

= KMlN(I)

B8 1 J = JI, KMX

LE  DEABLEX(OMEGD - J/AMASS(1))
R

gF és PUT IN TG MAKE DEPOLE ON THE ORDER OF 1

VR~ ===
m —~IMMTmNIC

DEPOLE = DE
0

CALL ABCALC

GO = KYSQ + K%SQ

DG 3 1 =

GO = G0 + AP(I)*GMPSQ*CHARG(I)KIZ*DENSE(I)IAMASS(I)

NSPEC
GPLUS = ePLu + EPSF( (AP
GMINUS = GMI NUS + EPSF(I1)*(
IX = (0, )x3, 1415926535*X
EIKOX = bExp(lx

GO + EIKOX*GPLUS + GMINUS/EIKOX
DQDX z 2,%PIx(EIKOX*GPLUS - GMINUS/EIKOX)*(0,,1.)
D2GDX2 = -4, *PI*PIx(Q - G6O)
Q = Q*DEPOLE :
DQDX = DQDX*D
D2apxz = ozooxzaDEPoLE

~~
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APPENDIX J

The characteristics of the most unstable mode are shown for various

values of density wpizlmciz and density gradient koai, using the local

method (shown in Table I) and the nonlocal method (shown in Table IX).

\

In all caées fﬁe mirrof ratio R = 3 and the mass ratio mi/me = 3700.

In the table headings, x is the value of x at which |¢(x)[ is-

peak
2

greatest; Ax is the half-width of |¢(x)| 3 k.x peak is the value of kx
at which |$(kx)|2 is greatest; and "pmax needed" is the minimum value of
Prax which ié needed in order for the nonlocal method to be valid
[defined by requiring |¢(1-pmax ko)l < |<l>(1»:.x peak)|/4]. The results in the
two tables are seen to be in good agreement when inequality (21) is well-
satisfied. The one case in which the agreement is not very good is

2, 2 _
for Wot /w,y~ = 1000 and koaiIZﬂ 0.40. This set of parameters is
near the border between regions D and E in Figure 6. Using the local
method, the "region E instability" (at higher Re w and ky) has a
slightly higher growth rate than the "region D instability," while the

reverse is true using the nonlocal method; hence the huge discrepancy

between the two tables for Re w and k.yai with this set of parameters.
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TABLE I

2

pi Koy | Imwy | Rewy L a ko peak khx ke peak | Pmax

mc12 27 0.4 w.q y i 2% 2n ko needed

10000{ 0.015) 3.55 6.75 19.4 0.56 0.010 29.1 74
0.03 5.94 10.65 24.5 0.57 0.015 ~3.2 36
0.06 | 9.39 14.88 31.4 0.57 0.023 | -15.9 39
0.12 112.26 14.67 36.3 0.57 0.044 | -13.8 27
0.18 |11.62 7.83 34.0 0.56 0.070 -7.0 14
0.21 }13.65 0. 22.1 0.50 0.085 -0.7 6
0.24 {12.50 0. 24.6 0.50 0.086 4,1 9
0.27 | 6.75 0. 27.7 0.50 0.092 9.1 14
0.30 | 3.10 0. 0. 0. 0.188 | *12.2 14
0.35 | 3.18 0. 0. 0. 0.230 | *10.7 13
0.40 { 6.10 30.70 27.3 0.17 0.117 5.5 9
0.50 |10.23 24.75 29.5 0.17 0.138 3.4 7
0.60 | 9.35 17.79 29.0 0.18 0.169 2.6 5
0.70° | 7.13 12.33 27.1 0.20 0.207 2.2 4

1000 | 0.015| 1.35 2.65 9.8 0.61 0.019 25.8 - 49
0.3 2.27 4.31 11.9 0.62 0.026 7.2 25
0.06 | 3.73 6.45 14.8 0.63 0.036 -2.1 15
0.12 5.47 7.18 17.7 0.62 0.063 -5.2 14
0.18 |} 5.70 4.20 17.4 0.58 0.101 -3.3 8
0.21 | 6.85 0. 11.1 0.50 0.126 -0.3 4
0.24 | 6.47 0. 12.8 0.50 0.124 -2.0 6
0.27 3.57 c. 14.8 0.50 0.131 4.6 8
0.30 ] 1.66 0. 0. 0. 0.258 +6.5 8
0.35 | 1.63 0. 0. 0. 0.327 5.5 7
0.40 | 3.50 16.32 15.2 -} 0.18 0.158 3.0 6
0.50 | 5.56 13.16 16.1 0.18 0.190 1.8 4
0.60 5.06 9.53 15.7 0.19 0.231 1.6 4

100 0.0151] 0.49 0.86 3.4 |.0.63 0.035 10.4 23
0.03 | 0.72 1.49 4.7 0.65 0.045 3.9 14
0.06 1.23 2.18 5.2 0.64 0.063 -0.2 8
0.12 1.83 2.47 6.2 0.63 0.107 -1.6 7
0.18 | 1.95 1.48 6.0 0.58 0.174 -1.1 4
0.21 1.78 0.52 5.8 0.54 0.210 -0.7 3
0.24 | 2.24 0. 4.4 0.50 0.214 0.7 3
0.27 1.25 0. 5.2 0.50 0.224 1.6 4

10 0.03 }0.15 0.65 2.194§ 0.70 0.077 0.7 6
0.06 | 0.42 " 0.79 1.99| 0.67 0.109 -0.2 4
0.12 {0.62 0.84 1.881 0.65 0.149 -0.7 4
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TABLE II

2

mgi kof; Im w Re w k a kox eak k()Ax -kx peak Prax

wciz 2w Wei W.q oy i 2 o 2m ko needed

10000 0.21 | 12.48 0. - 22.0 0.50 0.10 -1 6
0.24 | 11.63 0. 24.7 0.50 0.11 3 7
0.40 3.48 29.19 29.3 0.22 0.15 5 8
0.50 7.75 23.21 30.0 0.21 0.19 3 5
0.60 6.75 16.25 | 29.7 0.22 0.24 2 4
0.70 4.41 10.72 28.4 0.26 0.36 2 3
0.85 2.31 0. 26.9 0. 0.27 4 5
1.00 1.16 0. 10.6 0. 0.42 1 2

1000 | 0.18 5.43 4.46 17.8 0.59 0.08 -3 9
0.21 5.63 0. 10.7 0.50 0.12 -1 5
0.24 5.63 0. 13.1 0.50 0.14 2 4
0.27 3.18 0. 15.2 0.50 0.18 3 . 6
0.30 1.95 0. 0. 0. 0.05 5 8"
0.35 1.81 0. : 0. 0. 0.09 5 8
0.40 1.76 2.13 7.5 . 0.13 0.14 -6 9
0.50 3.19 11.91 17.6 0.24 0.24 2 4
0.60 2.50 7.99 16.9 0.25 0.33 1 3
0.70 1.16 0. 4.2 0. 0.22 0 3
0.85 1.25 0. 6.6 0. 0.31 1l 2
1.00 0.82 0.31 7.9 0.95 0.42 7 1 2

100 0.06 1.19 2.17 5.4 0.65 0.06 0 7
0.12 1.71 2.52 6.6 0.66 0.09 -1 6
0.18 1.71 1.69 6.4 0.63 0.13 -1 5
0.21 1.50 1.04 6.2 0.60 0.16 -1 4
0.24 1.32 0. 4.5 0.50 0.22 0 2
0.27 0.84 0. 5.3 0.50 0.27 1l 2
0.30 0.36 1.53 3.8 0.40 0.34 1 3
0.35 0.39 1.68 3.1 0.33 0.38" 1l 2

10.40 0.42 0.83 4.6 0.07 0.25 &,-3 5

0.50 0.38 0.78 2.3 0.22 0.18 -1 3
0.60 0.44 0.63 3.6 0.16 0.23 -1 3
0.70 0.54 0. 3.6 0. 0.32 0 1
0.85 0.42 0.35 4.6 0.95 0.39 1 1
1.00 0.35 0.45 6.3 0.93 0.38 1 1

10 0.06 0.38 0.75 2.13 0.68 0.15 0 3
0.12 { 0.52 0.80 2.17 0.68 0.16 0 3
0.18 0.47 0.64 2.20 0.68 0.20 . 0 3
0.24 0.15 0.41 2.08 0.66 0.30 0 2
0.30 stable
0.50 stable

3 0.15 stable
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APPENDIX K
Derivation of Eq. (38):

. Gil,s(kx’“) is given by Eq. (35) for ions in the straight-line

orbit approximation and by Eq. (36) for cold electrons. We note that

G+1,s = G_l'3 for the ions if ky = 0, and this 1s also true for the
electrons if k.y =0 and ko << kx. Then, using Eqs. (23) and (25),
we have

D(x,kx,m) = kx + zs GO,s(kx’w) + 2cos ko X Es G+1,s(kx’w)
(K1)

The condition 3D/ax = 0 from Eq. (16) can be satisfied if and

only if k.x = 0 or 7 in Eq. (Kl1). We take k x = 0. Then Eq. (16)

0 0
becomes
2
-k "+ Z;. [Go,s(kx,w) + 2 G_l_l,s(kx,w)] =0 (K2)
-2kx + (a/akx) ‘sz [GO’S + 2G+1,s] =0 (K3)

evaluated at kx = kL, 0 =W .
For a loss cone ion distribution we have, from Eq. (11), two ion

"species", with

n R(R-l)_1 n

0,1 o,i

n —(R.-l)m1 n

0,2 0,1

V1=Vi

_ L o-1/2 |
v, = V:l.R (K4)
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~2k [1 + wpez(l + Ae)/wcez} - (mpizlviz)R(R-l)_l

1/2 /

1(n/2) (mL/kszi)[Rl 2(e2 +1) - (e, + D=0 (K9)

- 2 2 Lo 2 2
where e, = exp(-ko a; /2), e, = exp(-ko ay /2R), and Eqs. (l4a)

and (K4) can be used to find Ae

By = (Rel - ez)(R - 1)"1 (K10)

Simultaneously solving Eqs. (K8) and (K9) for wp and kL yields
Eq. (38).
We now justify the assumption that w << kxvi by using Eq. (38)

to find
wy /v, = 0.532i(e, - el)‘[Rllz(ez +1) - (e + 11t (K11)

For R = 3 and koai = 2 (typical parameters for region C in Figure 6),

Eq. (K11l) yields mL/kLvi = 0.135. The next term in the expansion of the

Z function 1320

1/2

Z(g) = imw -2z + ... (X12)

For ky =0, Lo = Bup = w/v2 kxvi

z(z) due to finite mL/kLvi is

in Eq. (35), so the relative error in

1/2

_a=1/2 -
Relative error = 2w t = (2/w) wL/kLvi Q.108

Since the approximation Z(g) = 1“1/2 is good to within about 10%, Eq. (38)
probably good to within about 10% as well. For mi/me 5_3700, this

error is comparable to or less than the error due to nonlocal effects
(i.e. due to finite kolkx)’ so there is no point in using Eq. (K12) to

approximate the Z function.
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APPENDIX L

We consider two different configurations of plasmg, a slab with

ion guiding center density
n, (x,y) = n, exp (—xZILZ) (L1)
and a column with
n, (x,y) = n, exp(-lel..2 - yzle) (L2)
The ion distribution function is

2 ’Vgc ,ygc)

fOi(x,y,vx,vy,Vz) = g (vyv
= gi(v_'_,vz,x + vy/mci’ y - vx/wci) (L3)

To apply the Penrose criterion with ls:.y = kz =0, at x = 0, we will

need
F(vx) = fdvydvz fOi(O,O,vx,vy,vz)
= f dvy 8y (vysV fo g, v, fu ) (L4)

where gli(vl,x,y) = fdvz gi(v_,_,vz,x,y).

We take 814 to be a loss cone distribution of the form given

by Eq. (11). Then Eq. (L4) becomes

F(v,) = [2nv12(1 - R‘l)]‘l.fdvy ni(vy/wci, -vx/wci)

lexp(-v,*/2v,%) - exp(-Rv,%/2v,%)] (L5)

-121-~



For a slab, ni(x,y) is given by Eq. (L1l), and Eq. (L5) becomes

1,,-1

P = o v a -1t

2,~1/2

[+ 2v12/L2wci )

2,. 2
exp(-v ~/2v,")

-(R + 2*112/1.2(;1‘,::'.2).1/2 exp(-va2/2viz)] (L6)

For a column, ni(x,y) in Eq. (L5). is given by Eq. (L2), and

P ) = @02 v -x Yt
[(1+ 2\:12/1..2(9(::'.2)-1/2 exp(-vx2/2vi2 - ka/szciz)
-R + Zvizll_lazmciz)'-1'/2 exp(-va2/2vi2 - vleszciz)] (L7)

According to the Penrose criterion, an instability occurs when

2 F(0) - F(v,)
L i > v, <0 (L8)

V.
X

(The electrons are ignored since they are unimportant for this instability.)

Both Eqs. (L6) and (L7) are of the form
F(v.) = A exp(-av 2) - B exp(-bv 2) (L9)
X x x

Putting Eq. (L9) into inequality (L8) yields

a%a < 8% | (L10)

for instability. Thus the column is marginally stable, and the slab
is unstable, to electrostatic perturbations with g in the x-direction, at
x = 0, according to the Penrose criterion.

This analysis is cruder than the analysis in Appendix K since it

does not find the normal modes but assumeé there is a normal mode with
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$(x) = exp(~ik-x) at x = 0. However, it makes the physical mechanism
of the instability more clear; it is due to a relative deepening of the

loss cone in F(v ) as a result of dzni/dx2 < 0, and dzni/dx2 < dznildyz.
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