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A THEORY OF APPROXIMATE REASONING (AR)
L.A. Zadeh

Summar
" The theory of approximate reasoning oht]ined in this paper is concerned
with the deduction of possibly imprecise conclusions from a set of imprecise
premises;
The theory is based on a fuzzy logic, FL, in which the truth-values are

linguistic, i.e., of the form true, not true, very true, more or less true,

false, not very false, etc., and the rules of inference are approximate

rather than exact. Furthermore, the premises are assumed to have the form

of fuzzy propositions, e.g., "(X is much smaller than Y) is quite true,"”

"If X is small is possible then Y is very large is very likely," etc. By
using the concept of a possibility -- rather than probability -- distribn-
tion, such propositions are translated into expressions in PRUF (Possibilistic
Relational Universal Fuzzy), which is a meaning representation language for
natural languages.

An expression in PRUF is a procedure for computing the possibility
distribution which is induced by a proposition in a natural language. By
applying the rules of inference in PRUF to such distributions, other dis-
tributions are obtained which upon retransilation and linguistic approxima-
tion yield the conclusions deduced from the fuzzy premises.

The principal rules of inference in fuzzy logic are the projection
principle, the particularization/conjunction principle, and the entailment
principle. The application of these rules to approximate reasoning is

described and illustrated by examples.
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A THEORY OF APPROXIMATE REASONING (AR)™
L.A. Zadeh

1. Introduction

Informally, by approximate or, equivalently, fuzzy reasoning we mean

the process or processes by which a possibly imprecise conclusion is deduced
from a collection of imprecise premises. Such reasoning is, for the most
part, qualitative rather than quantitative in nature and almost all of it
falls outside of the domain of applicability of classical logic.]
Approximate reasoning underlies the remarkable human ability to under-
stand natural language, deciphersloppy handwriting, play games requiring
mental and/or physical skill and, more generally, make rational decisions
in complex and/or uncertain environments. In fact, it is the capability to
reason in qualitative, imprecise terms that distinguishes human intelligence
from machine intelligence. And yet, approximate reasoning has received
1ittle if any attention within psychology, philosophy, logic, artificial
intelligence and other branches of coanitive sciences, largely because it
is not consonant with the deeply entrenched tradition of precise reasoning
in science and contravenes the widely held belief that precise, quantitative
reasoning has the capability of solving the extremely complex and i11-
defined problems which pervade the analysis of humanistic systems.
In earlier papers (see Zadeh 1973,1975,1976,1977), we have outlined a

conceptual framework for approximate reasoning based on the notions of

*To Pat Suppes.
*%

Computer Science Division, Department of Electrical Engineering and Computer
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Berkeley, CA 94720. Research supported by the National Science Foundation
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]A thorough exposition of the foundations of fuzzy reasoning may be found in
Gaines (1976).



Tinguistic variable and fuzzy lTogic. In the present paper, a novel direc-
tion involving the concept of a possibility distribution will be described.2
As will be seen in the sequel, the concept of a possibility distribution
provides a natural basis for the representation of the meaning of proposi-
tions expressed in a natural language, and thereby serves as a convenient
point of departure for the translation of imprecise premises into expressions
in a language PRUF3 to which the rules of inference associated with this
language can be applied.

The theory of approximate reasoning which is outlined in the following
sections is still in its initial stages of development. Consequently, our
exposition of it in the present paper is informal in nature and our simple
examples are intended merely to aid the reader in the understanding of the
basic concepts and their applications within the theory. However, approxi-
mate reasoning and fuzzy logic appear to have the potential for many siani-
ficant applications in the analysis of both humanistic and mechanistic
systems, as is evidénced by the applications to control theory, pattern
recognition and related fields which have already been reported in the
literature. (See the appended bibliography.)

In what follows, our exposition of approximate reasoning begins with
a brief discussion of the concept of a possibility distribution and its
role in the translation of fuzzy propositions expressed in a natural lan-
guage. In Section '3, the concept of a linguistic variable is introduced as
a device for an approximate characterization of the values of Qariab]es and

their interrelations. In Sections 4 and 5, we shall discuss some of the

2An exposition of a theory of possibility based on the theory of fuzzy sets
may be found in Zadeh (1977).

PRUF is an acronym for Possibilistic Relational Universal Fuzzy. A brief
discussion of some of the relevant aspects of PRUF is contained in
Section 2.
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basic aspects of fuzzy logic -- the logic that serves as a foundation for‘"
approximate reasonina -- and introduce the concepts of semantic equivalence and
semantic entailment. Finally, in Section 6, we formulate the basic rules

of inference in fuzzy logic and illustrate their application to approximate

reasoning by a number of simple examples.



2. The Concept of a Possibility Distribution

A basic assumption which underlies our approach to approximate reason-
ing is that the imprecision which is intrinsic in natural languages is, in
the main, possibi]istié‘rather than probabilistic in nature.

To illustrate the point, consider the proposition p & X is an integer
in the interval [0,8].5 Clearly, such a proposition does not associate a
unique integer with X; rather, it indicates that any integer in the inter-
val [0,8] could possibly be a value of X, and that any integer nat in
the interval could not be a value of X.

This obvious observation suggests the following interpretation of p.
The proposition "X is an integer in the interval [0,8]" induces a possibility

distribution T, which associates with each integer n the possibility

X
that n could be a value of X. Thus, for the proposition in question

Poss{X=n} =1 for 0<n <38
and

0 for n<0 or n>8

Poss{X =n}

where Poss{X=n} 1is an abbreviation for "The possibility that X may assume
the value n." Note that the possibility distribution induced by p is
uniform in the sense that the possibility values are equal to unity for n
in [0,8] and zero elsewhere.

Next, consider the fuzzy proposition q & X is a small integer, in

which small integer is a fuzzy set defined by, say,

small integer = 1/0+1/1+0.8/2+0.6/3+0.4/4+0.2/5 (2.1)

4The term "possibilistic" was coined by B.R. faines and L.J. Kohout in their
paper on possible automata (1975).

5The symbol & stands for "is defined to be," or "denotes."
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in which + denotes the union rather than the arithmetic sum and a single-
ton of the form 0.8/2 signifies that the grade of membership of the integer

2 in the fuzzy set small integer is 0.8.6

As an extension of our interpretation of the nonfuzzy proposition p,
we shall interpret q as follows. The proposition q & X is a small integer
induces a possibility distribution nx which equates the possibility of X
taking a value n to the grade of membership of n 1in the fuzzy set

small integer. Thus

Poss{X=0} =1

Poss{X=2} = 0.8

Poss{X =5} = 0.2
and

Poss{X=6} =0

More generally, we shall say that a fuzzy proposition of the form
pAXisF, where X 1is a variable taking values in a universe of discourse

U and F is a fuzzy subset of U, induces a possibility distribution Hx

which is equal to F, i.e.,

M, = F | (2.2)

Thus, in essence, the possibility distribution of X is a fuzzy set which
serves to define the possibility that X could assume any specified value
in U. Stated more concretely, if u €& U and Mg U~ [0,1] 1is the mem-

bership function of F, then the possibility that X=u given "X is F" is

Poss{X=ul|X is F} = uF(u) », U€EU. (2.3)

6Expositions of the relevant aspects of the theory of fuzzy sets may be
found in the books and papers noted in the bibliography, especially

A. Kaufmann (1975), L. Megoita and D. Ralescu (1975), and L.A. Zadeh,
K.S. Fu, K. Tanaka and M. Shimura (1975).



Since the concept of a possibility distribution coincides with that of
a fuzzy set, possibility distributions may be manipulated by the rules
governing the manipulation of fuzzy sets and, more particularly, fuzzy
restrictions.7 In what follows, we shall focus our attention only on those
aspects of possibility distributions which are of relevance to approximate

reasoning.

Possibility vs. Probability

What is the difference between possibility and probability? Intui-
tively, possibility relates to our perception of the deqree of feasibility
or ease of attainment, whereas probability is associated with the degree of
belief, Tikelihood, frequency or proportion. Thus, what is possible may
not be probable and what is improbable need not be impossib]e.E3 More impor-
tantly, however, the distinction between possibility and probability mani-
fests itself in the different rules which govern their combinations, espe-
cially under the union. More specifically, if A is a nonfuzzy subset
of U, and HX is the possibility distribution induced by the proposition

"X is F," then the possibility measure, T(A), of A is defined a59

M(A) & poss{xeA} & Sup, e He(u) (2.4)

and, more generally, if A is a fuzzy subset of U, then

7A fuzzy restriction is a fuzzy set which serves as an elastic constraint
on the values that may be assigned to a variable. A variable which is
associated with a fuzzy restriction or, equivalently, with a possibility
distribution, is a fuzzy variable.

8A more ‘concrete statement of this relation is embodied in the possibility/
probability consistency principle (see Zadeh,1977).

The possibility measure defined by (2.4) s a special case of the more
general concept of a fuzzy measure defined by Sugeno (1974) and Terano
and Sugeno (1975). .




@ -

m(A) & Poss{X is A} & Supu(uF(u),AuA(u)) (2.5)

where Ha is the membership function of A and A 8 min.
From the definition of possibility measure, it follows at once that,
for arbitrary subsets A and B of U, the possibility measure of the

union of A and B 1is given by
M(AUB) = I'(A) VTI(B) (2.6)

where V & max. Thus, the possibility measure does not have the basic

additivity property of probability measure, namely,
P(AUB) = P(A)+P(B) if A and B are disjoint (2.7)

where P(A) and P(B) denote the probability measures of A and B,
respectively.

Unlike probability, the concept of possibility in no way involves the
notion of repeated experimentation. Thus, the concept of possibility is
nonstatistical in character and, as such, is a natural concept to use when
the imprecision or uncertainty in the phenomena under study are not suscep-

table of statistical analysis or characterization.

Possibility Assignment Equations

The reason why the concept of a possibility distribution plays such an
important role in approximate reasoning relates to our assumption that a
proposition in a natural language may be interpreted as an assignment of a
fuzzy set to a possibility distribution. More specifically, if p is a
proposition in a natural language, we shall say that p translates into a

possibility assignment equation:
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where X],...,X are variables which are explicit or implicit in p;

n

H(x ""xn) is the possibility distribution of the n-ary variable

X 4 (X],...,Xn); and F s a fuzzy relation, i.e., a fuzzy subset of the
cartesian product U]x .- xun, where Ui’ i=1,...,n, 1is the universe
of discourse associated with Xi' In this context, the possibilify assign-
ment equation

Moot ) = F (2.9)

will be referred to as the translation of p and, conversely, p will be

said to be a retranslation of (2.9), in which case its relation to (2.9)
will be represented as

p«-H(x],“.’X )=F . ' (2.10)

In general, a proposition of the form p 2 X is F, where X is the

name of an object or a proposition, translates not into

p-—lly = F (2.11)
but into ‘

where A(X) s an implied attribute of X. For example,
Joe is young — "Age(Joe) = young : (2.13)
Maria is blond — HCo]or(Hair(Maria)) = blond (2.14)

" |
Max is about as tall as Jim —

(2.15)

T(Height(Max),Height(Jim)) = aPProximately equal

L I



where young, blond and approximately equal are specified fuzzy relations

(unary and binary) in their respective universes of discourse. More con-
cretely, if u is a numerical value of the age of Joe, then (2.13)
implies that

Poss{Age(Joe) = u} = (u) (2.16)

Hyoung

Similarly, if u is an identifying label for the color of hair, then (2.18)
implies that
Poss{Color(Hair(Maria)) =u} = ub]ond(u) (2.17)

while (2.15) signifies that

Poss{Height(Max) = u, Height(Jim) =v} = (u,v) (2.18)

Happroximately equal

where u and v are the generic values of the variables Height(Max)

and Height(Jim), respectively.

Projection and Particularization

Among the operations that may be performed on a possibility distribution,
there are two that are of particular relevance to approximate reasoning:
projection and particularization.

Let H( X ) denote an n-ary possibility distribution which is a
*"n

) SR
]9
fuzzy relation in lH X oo xUn, with the possibility distribution function

of T (i.e., the membership function of I ) denoted
(X],...,Xn) (x

],...,Xn)
by = or, more simply, as m,. :
(x],...,xn) X
Let s & (i».-...1,) be a subsequence of the index sequence (1,...,n)
and let s' denote the complementary subsequence s' 0 (j],...,jm) (e.qg.,
for n=5, s=(1,3,4) and s' = (2,5)). In terms of such sequehces, a
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k-tuple of the form (Ai ""’Ai ) may be expressed in an abbreviated form
1 k 4
as A(S). In particular, the variable X(s) = (xi]""’xik) will be
referred to as a k-ary subvariable of X & (XgsooonX ), with
X, ooy = (X, 5.0 ,X. ing j T .
(s') ( i Jm) being a subvariable complementary to X(s)

The projection of H(X],...,Xn) on U(s) & Ui];<... xuik is a k-ary
~possibility distribution denoted by
n 4 proj 1 (2.19)
X(S) U(S) (X],...,Xn)
and defined by
A kil
"x(s)(”(s)) g Supu(s') rx(u],...,un) (2.20)
where nx( ) is the possibility distribution function of "X( ). For
S S

example, for n = 2,

m, (uy) & Sup n (uy,u,)
X] 1 U2 (X]yxz) 1 2

is the expression for the possibility distribution function of the projec-

tion of 11 on U By analogy with the concept of a marginal
(X] X

9 2) ].

probability distribution, will be referred to as a marginal possi-

i
X(s)
bility distribution.

The importance of the concept of a marginal possibility distribution

derives from the fact that HX may be regarded as the possibility dis-
(s)

tribution of the subvariable X(S). Thus, stated as the projection principle

(in Section 6), the relation between X(S) and HX( ) may be expressed as:
S
From the possibility distribution, n(x X ) of the variable
1°°°°°"n
x & (X1""’Xn)‘ the possibility distribution ”X of the subvariable
(s)

ﬂﬂgte that our use of the symbol ”X in (2.19) to denote the projec-
(s)

S
) anticipates (2.21).

tion of nx on U(S

Qg
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A . . .
X(s) 8 (X. ""’Xi ) may be inferred by projecting H(X],...,Xn) on U(s)’

(2.21)

n = ProjU

m
X(s) (s) (

X],...,Xn)

As a simple illustration, assume that n = 3, U] = U2 = U3 = a+b or,

more conventionally {a,b}, and H(X X, X.) is expressed as a linear form
127273

1 = (0.8aaa + laab + 0.6baa + 0.2bab + 0.5bbb (2.22)
(X;5X55X3)

in which a term of the form 0.6baa signifies that

Poss{X1 =b, X, =a, X3=a} = 0,6 B (2.23)

2

To derive H(X X..) from (2.22) it is sufficient to replace the
1°72

value of X5 in each term in (2.22) by the null string A, This yields
1 = 0.8aa + laa + 0.6ba + 0.2ba + 0.5bb (2.24)
(XyX5)
= laa + 0.6ba + 0.5bb
and similarly
My = la+0.6b+ 0.5b (2.25)
1
= la + 0.6b

Turning to the operation of particularization, let n(x X_) = F
1°°°°°"n

denote the possibility distribution of X = (X];...,Xn), and let Hx( ) = G
3
denote a specified possibility distribution (not necessarily the marginal

seeosXs ).

Tk
XysensXo)
resulting from the stipulation that the

distribution) of the subvariable X(s) = (Xi
.

Informally, by the particularization of n( is meant the

modification of "(X1,-~-'Xn)

possibility distribution of 1l is G. More specifically,

X(s)
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1

T (n
(X],...,Xn) X(s)

=G] &£ FN§ (2.26)

where the left-hand member places in evidence the Xi (i.e., the attributes)
which are particularized in H(X1, ”Xn)’ while the right-hand member
defines the effect of particularization, with G denoting the cylindrical
extension of G, 1i.e., the cylindrical fuzzy set in U]xw-' xUn whose

projection on U(s) is G. Thus,
- A cee
UG(U];-oosun) = uG(ui]"'.’uik) ) (u],...,un) € U-I X xUn (2'27)
As a simple illustration, consider the possibility distribution defined

by (2.22) and assume that

H(X],Xz) = 0.4aa + 0.9ba'+ 0.1bb | (2.28)

In this case,

G = 0.4aaa +0.4%aab+0.%aa+0.9 bab + 0.1bba + 0.1bbb
FNG = 0.4aaa + 0.4aab + 0. 6baa + 0.2bab + 0.1bbb
and hence
H(X1,X2,X3)[H(X],X2) =G] = 0.4aaa +0.4aab +0.6baa +0.2bab + 0.1bbb (2.29)

In general, some of the variables in a particularized possibility
distribution (or a fuzzy re]afion) are assigned fixed values in their
respective universes of discourse, while others are associated with possi-
bility distributions.' For example, in the case of a fuzzy relation which
characterizes the fuzzy set of men who are tall, blond and named Smith,

the particularized relation has the form]]

11 N

Note that the Tlabel of a relation is capitalized when it is desired to
stress that itQ denotes a relation.

&y
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MAN [Name = Smith; T =TALL; T = BLOND] (2.30)

Height Color(Hair)

Similarly, the fuzzy set of men who have the above characteristics and, in

addition, are approximately 30 years old, would be represehted as

MAN[Name = Smith; Tl =TALL; T = BLOND; (2.31)

Height Color(Hair)
HAge = APPROXIMATELY EQUAL [Age = 30]]
In this case, the possibility distribution which is associated with the
variable Age s in itself a particularized possibility distribution.

It should be noted that the representations exemplified by (2.30)
and (2.31) are somewhat similar in appearance to those that are commonly
employed in semantic network and higher order predicate calculi represén-
tations of propositions in a natural 1anguage!2 An essential difference,
however, lies in the use of possibility distributions in (2.30) and (2.31)
for the characterization of values of fuzzy variables,and in the concrete

specification of the manner in which a possibility distribution is modified

by particularization.

Meaning and Information

Particularization as defined by (2.26) plays a particularly important
role in PRUFlg- a language intended for the representation of the meaning
of fuzzy propositions.

.Briefly, an expression, P, in PRUF is, in general, a procedure for

computing a possibility distribution. More specifically, let U be a

]2E§positions of such representations may be found in Newell and Simon (1972),
Miller and Johnson-Laird (1976), Bobrow and Collins (1975), Minsky (1976),
]3and other books and papers listed in the bibliography.

A brief description of PRUF appears in Zadeh (1977). A more detailed
exposition of PRUF will be provided in a forthcoming paper.



14 -

universe of discourse and let R be a set ofire]ations in U. Then, the :
pair

D 4 (U,R) (2.32)

constitutes a database14with P defined on a subset of relations in R.

oy

If p 1is an expression in a natural language and P is its transla-
tion in PRUF, i.e.,

p—P,

then the procedure P may be viewed as defining the meaning, M(p), of p, with

the possibility distribution computed by P constituting the information,

I(p), conveyed by p.]5

As a simple illustration, consider the proposition
p £ John resides near Berkeley (2-33)
which in PRUF translates into
RESIDENCE [Subject = John; 1, ... = Proj,, , cityy NEARICity2 = Berkeley]] (2.34)

where NEAR 1is a fuzzy relation with the framgeiﬂEARﬂ Cityl|City2|u|

and the expression Proj NEAR[City2 = Berkeley] represents the fuzzy

nxCityl
set of cities which are near Berkeley.
The expression in PRUF represented by (2.34) ) is, in effect, a pro-

cedure for computing the possibility distribution of the location of

]4As defined here, the concept of a database is related to that of a pnssible N
world in modal logic (see Hughes and Cresswell, 1968: Miller and Johnson-Laird, 1976).

]SThe procedure defined by an expression in PRUF and the possibility distrib- i
ution which it yields are analog?us to the intension and extension of a
predicate in two-valued logic. See Cresswell, 1975.) When meaning is

used loosely, no differentiation between M(p) and I(p) is made.

]6The>frame of a fuzzy relation exhibits its name together with the names of

its variables (i.e., attributes) and i -- the grade of membership of each
tuple in the relation.
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residence of John. Thus, given a relation NEAR, it will return a possi-

bility distribution of the form (m A possibility-value)

RESIDENCE Subject Location T

John Oakland 1

John Palo Alto | 0.6
John San Jose 0.2
John Orinda 0.8

which may be regarded as the information conveyed by the proposition "John
resides near Berkeley."

PRUF plays an essential role in approximate reasoning because it serves
as a basis for translating the fuzzy premises expressed in a natural language
into possibility assignment equations to which the rules of inference in
approximate reasoning can be applied in a systematic fashion. In Section 4,
we shall discuss in greater detail some of the basic translation rules in
fuzzy logic which constitute a small subset of the translation rules in
PRUF. This brief exposition of PRUF will suffice for our purposes in the
present paper.

We turn next to the concept of a linguistic variable -- a concept that
plays a basic role in approximate reasoning, fuzzy logic and the linguistic

approach to systems analysis.
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3. The Concept of a Linguistic Variable

In describing the behavior of humanistic -- that is, human-centered --
systems, we generally use words rather than numbers to characterize the
values of variables as well as the relations between them. For example,
the age of a person may be described as very young, intelligence as quite

high, the relation with another person as not very friendly, and appearance

as quite attractive.

Clearly, the use of words in place of numbers implies a lower degree
of precision in the characterization of the values of a variable. In some
instances, we elect to be imprecise because there is no need for a higher
degree of precision. In most cases, however, the imprecision is forced
upon us by the fact that there are no units of measurement for the attributes
of an object and no quantitative criteria for representing the values of
such attributes as points on an anchored scale.

Viewed in this perspective, the concept of a Tinguistic variable may
be regarded as a device for systematizing the use of words or senténces in
a natural or synthetic 1anguage‘for the purpose of characterizing the values
of variables and describing their interrelations. In this role, the concept
of a linguistic variable serves a basic function in approximate reasoning
both in the representation of values of variables and in the characteriza-
tion of truth-values, probability-values and possibility-values of fuzzy
propositions.

In this section, we shall focus our attention only on those aspects
of the concept of a linguistic variable which have a direct bearing on
approximate reasoning. More detailed discussions of the concept of a
1ingui$tié variable and its applications may be found in Zadeh (1973,1975),
Wenstop (1975,1976), Mamdani and Assilian (1975,1976), Procyk (1976), and

other papers listed in the bibliography.

%
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As a starting point for our discussion, it is convenient to consider a
variable such as Age, which may be viewed both as a numerical variable
ranging over, say, the interval [0,150], and as a linguistic variable

which can take the values young, not young, very young, not very young,

quite young, old, not very young and not very old, etc. Each of these

values may be interpreted as a label of a fuzzy subset of the universe of
discourse U = [0,150], whose base variable, u, is the generic numerical
value of Age.

Typically, the values of a linguistic variable such as Age are built

up of one or more primary terms (which are the labels of primary fuzzy sets]7),

together with a collection of modifiers and connectives which allow a com-
posite linguistic value to be generated from the primary terms. Usually,
the number of such terms is two, with one being an antonym of the other.

For example, in the case of Age, the primary terms are young and old, with

old being the antonym of young.

A basic assumption underlying the concept of a linguistic variable
is that the meaning of the primary terms is context-dependent whereas the
meaning of the modifiers and connectives is not. Furthermore, once the
meaning of the primary terms is specified (or "calibrated") in a given con-

text, the meaning of composite terms such as not very young, not very young

and not very old, etc., may be computed by the application of a semantic

rule.
Typically, the term-set, that is, the set of linguistic values of a
linguistic variable, comprises the values generated from eadh of the primary

terms together with the values generated from various combirations of the

1 . . . .
7In the case of humanistic systems, primary fuzzy sets play a role that

js somewhat analogous to that of physical units in the case of mechanistic
systems.
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primary terms. For example, in the case of Age, a partial 1list of the

linguistic values of Age is the following.

young old not young nor old

not young not old not very young and not very old
very young very old young or old

not very young not very old not young or not old

quite young quite old - - -

more or less young more or less old

extremely young extremely old

What is important to observe is that most linguistic variables have the
same basic structure as Age. For example, on replacing young with tall and
old with short, we obtain the Tist of linguistic values of the linguistic
variable Height. The same applies to the linguistic variables Weight

(heavy and 1ight), Appearance (beautiful and ualy), Speed (fast and slow),

Truth (true and false), etc., with the words in parentheses representing
the primary terms.

As is shown in Zadeh (1973,1975), a linguiétic variable may be charac-
terized by an attributed grammar (see Knuth, 1968; Lewis et al, 1974)
which generates the term-set of the variable and provides a simple proéedure
for computing the meaning of a composite linguistic value in terms
of the primary fuzzy sets which appear in its constituents.

As an illustration, consider the attributed grammar shown below in
whiéh S, B, C, D and E are nonterminals; not, and, a and b are terminals;

a and b are the primary terms (and also the primary fuzzy sets); subscripted

o,
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symbols are the fuzzy sets which are labeled by the corresponding nonterminals,
with L O left (i.e., pertaining to the antecedent), R & right (i.e.,

pertaining to consequent); and a production of the form

S—Sand B : SL = SRf\BR (3.1)

signifies that the fuzzy set which is the meaning of the antecedent, S, is
the intersection of SL’ the fuzzy set which is the meaning of the conse-

quent S, and BP, the fuzzy set which is the meaning of the consequent

B.
S — B t S =By (3.2)
S—Sand B : SL = SRf\BR
B — C : B = Cp |
B— not C : B = Ca (4 complement of CR)
C—S : CL = SR
C—1D : CL = DR
C—E : CL = ER
D — very D D, = Dg (& square of DR)
E—veryE : D = Eg (& square of Ep)
D— a DL = a ]
.E — b : EL = b

The grammar in question generates the linguistic values exemplified

by the list:
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a b a and b

not a not b not a and b

very a very b not a and not b

not very a not very b not very a and not very b
not very very a not very very b = - - - - -

In general, to compute the meaning of a linguistic value, £, gener-
ated by the grammar, the meaning of each node of the syntax tree of & is
computed -- by the use of equations (3.2) -- in terms of the meanings of
_ its immediate descendants. In most cases, however, this can be done by
inspection -- which involves a straightforward application of the transla-
tion rules which will be formulated in Section 4. Thus, we.readi1y obtain,
for example:

not very a — (az)' ' (3.3)

not very a and not very b — (az)‘fﬂ(bz)'
where a' is the complement of a and a2 is defined by

u ) = (y?, ueu. (3.4)
a

To characterize the primary fuzzy sets a and b, it is frequently
convenient to employ standardized membership functions with adjustable

parameters. One such function is the S-function, S(u;a,8,y), defined by

S(usa,B,y) = 0 for u<a | (3.5)
= Z(E:g-)2 for a<u <8
Yoo - =
= u- .
= 1-200° for B<ucy
=1 for u >y

@[,

¥
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where the parameter B8 & 9%1 is the crossover point, that is, the value of
u at which S(u;a,8,y) = 0.5 . For example, if a Q young and b 8 o1d,

we may have (see Fig. 1)

Myoung = 1 - 5(20,30,40) (3.6)

and

Mg = S(40,55,70) (3.7)

in which the argument u is suppressed for simplicity. Thus, in terms of
(3.6), the translation of the proposition p & Joe is young (see (2.13)),

may be expressed more concretely as
Joe is young — Tage(Joe) " 1-5(20,30,40) (3.8)

where "Age(Joe) is the possibility distribution function of the linguistic

variable Age(Joe). Similarly,

Joe is not very young — m y=1-01 -5(20,30,40))2  (3.9)

Age(Joe

An important aspect of the concept of a linguistic variable relates to
the fact that, in general, the term-set of such a variable is not closed
under the various operations that may be performed on fuzzy sets, e.q.,
union, intersection, product, etc. For example, if & 1is a linguistic
value of a variable X, then, in general, 22 is not in the term-set
of X. |

The prob]em of finding a linguistic value of X whose meaning approxi-
mates to a given fuzzy subget of U 1is called the problem of 1inguistié
approximation (see Zadeh, 1975; Wenstop, 1975; Procyk, 1976) . We shall

not discuss in the present paper the ways in which this nontrivial problem

can be approached, but will assume that linguistic approximation is implicit
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in the retranslation of a possibility distribution (see (2.10)) into a

proposition expressed in a natural language.

o

S

b
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4. Fuzzy Logic (FL)

In a broad sense, fuzzy logic is the logic of approximate reasoning;
that is, it bears the same relation to approximate reasoning that two-valued
logic does to precise reasoning.

In this section, we shall focus our attention on a particular fuzzy
logic, FL, whose truth-values are linguistic, i.e., are expressible as the
values of a linguistic variable Truth whose base variable takes values
in the unit interval. In this sense, the base logic for FL is Lukasiewicz's

L logic whose truth-value set is the interval [0,1].

A1eph]
The principal constituents of FL are the following: (i) Translation
rules; (ii) Valuation rules and (iii) Inference rules.

By translation rules is meant a set of rules which yield the transla-

tion of a modified or composite proposition from the translations of its
constituents. For example, if p and q are fuzzy propositions which

translate into (see (2.8))

(4.1)

o
!
=
—
>
-
><
~—
"
-n

and

T,y G (4.2)

respectively, then the rule of conjunctive composition -- which will be
stated at a later point in this section -- yields the translation of the
composite proposition "p and q."

By valuation rules is meant the set of rules which yield the truth-

value (or the probability-value or the possibility-value) of a modified or
composite proposition from the specification of the truth-values (or proba-

bility-values or possibility-values) of its constituents. A typical example
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of a valuation rule is the conjunctive valuation rule which expresses the
truth-value of the composite proposition “p and q" as a function of the

truth-values of p and q -- e.q., not very true and quite true,

respectively.
The principal rules of inference in FL are: (a) The projection prin-
ciple; (b) The particularization/conjunction principle; and (c) The entail-

ment principle. In combination, these rules lead to the compositional rule

of inference which may be viewed as a generalijzation of the modus ponens,

In what follows, we shall discuss briefly only those aspects 6f fuzzy
Togic which are of direct relevance to approximate reasoning. A more
detailed discussion of FL may be found in Zadeh (1975) and Bellman and
Zadeh (1977). ‘

Transiation Rules

The translation rules in FL may be divided into several basic cate-

gories. Among these are:

Type I. Rules pertaining to modification
Type II. Rules pertaining to composition
Type III. Rules pertaining to quantification

Type IV. Rules pertaining to qualification

Simple examples of propositions to which the rules in question apply

are the following:

Type I. X is very small.
Therese is highly intelligent.

Type II. X is small and Y is large.
If X is small then Y is large.

1]
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Type III. Most Swedes are tall.
Many men are taller than most men.

Type IV. John is tall is very true.
John is tall is not very likely.
John is tall is quite possible.

In combination, the rules in question may be applied to the translation

of more complex propositions exemplified by:

If (X is small and Y is large) is very likely) then (Z is
very large is not very likely).

((Many men are taller than most men) is very true) is
quite possible.

Rules of Type I

A basic rule of Type I is the modifier rule, which may4be stated as

follows.
Let X be a variable taking values in U = {u}, let F be a fuzzy
subset of U, and let p be a proposition of the form "X is F." If the

translation of p is expressed by

X is F—Ty=F (4.3)

then the translation of the modified proposition "X is mF," where m is

a modifier such as not, very, more or less, etc., is given by

X is mF —» HX=F+ (4.4)

where F+ is a modification of F induced by m. More specifically,

]8More detailed discussions of various types of modifiers may be found in
Zadeh (1972,1975), Lakoff (1973,1975), Wenstop (1975), McVicar-Whalen
(1975), Hersh and Caramazza (1976), and other papers listed in the
bibliography.
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+

If m=not, then F = F' { complement of F (4.5) .
If m = very, then o= F2 (4.6)
wher'e]9
= [ w2ty (4.7) -
u
If m = more or less, then F' = /F | (4.8) ’
where
JF - ju/a;m/u - (4.9)
or, alternatively,
- quF(u)K(u) | (4.10)

where K(u) is the kernel of more or less (see Zadeh, 1972) .
As a simple illustration, consider the proposition "X is small," where

small is defined by

small = 1/0+1/1+0.8/2+0.6/3+0.4/4+0.2/5 (4.11)
Then
X is very small — My = Fr (4.12)
where '
F* = F2 = 1/041/1+0.64/2 +0.36/3 +0.16/4 + 0.04/5 (4.13)

¢

It is important to note that (4.6) and (4.8) should be regarded merely

as standardized default definitions which may be replaced by other definitions

IQThe "integral" representation of a fuzzy set in the form F = J uF(U)/U sig- )
U

nifies that F is a union of the fuzzy singletons uF(u)/u, u € U, where MF
is the membersgip function of F. Thus, %4.7) means that the membership

function of F¢ 1is the square of that of F.

o0 ©
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whenever they do not fit the desired sense of the modifier m. Another
point that should be noted is that X 1in (4.3) need not be a unary variable.
Thus, (4.3) subsumes propositions of the form "X and Y are F," as in "X and

Y are close," where CLOSE 1is a fuzzy binary relation in UxU. Thus, if

X and Y are close — Mgy = CLOSE (4.14)
then v
X and Y are very close — Ty.yy ~ CLOSE? (4.15)

Rules of Type Il

Compositional rules of Type II pertain to the translation of a proposi-
tion p which is a composition of propositions g and r. The most com-
monly exployed modes of composition are: conjunction, disjunction and con-
ditional composition (or implication). The translation rules for these
modes of composition are as fo]lows.20

Let X and Y be variables taking values in U and V, respectively,

and let F and G be fuzzy subsets of U and V. If

X is F — Hx = F (4.16)
Y is G — Ty =G (4.17)
then
(g) Xis Fand Y is G — H(X,Y) = FNG (4.18)
= FxG
(b) XisF‘q‘YisG-»!HXd)= F+0 (4.19)
and (c]) If X is F then Y is G -~ ”(x,v) =F'2 G ‘ (4.20)
or (cy) If X is F then ¥ is G — Iy yy = FxG + F'xV (4.21)

where H(X Y) is the possibility distribution of the binary variable (X,Y),

2OWe are tacitly assuming that the compositions in question are noninteractifive
in the sense defined in Zadeh (1975).
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F and G are the cylindrical extensions of F and G, respectively, i.e.,

F' = FxYVy (4.22)
= UxG (4.23)

fpl]

FxG is the cartesian product of F and G, which may be expressed as

FNG and is defined by
uF><G(u,v) S uF(u) AuG(v) s, UEU, VvEV (4.24)

+ s the union,and © s the bounded sum, i.e.,
ME o glusv) = 1A (T - up(u) +ug(v) (4.25)

where + and - denote the arithmetic sum and difference. Note that
there are two interpretations of the conditional composition, (c]) and (cz).
Of these, (c]) is consistent with the definition of implication in LA]eph

1
logic, while (cz) corresponds to the table

21
As a very simple illustration, assume that U=V = 1+2+3

1>

small 4 1/140.6/2+0.1/3 (4.26)
G 2 large 4 0.1/1+0.6/2+1/3

-n
nue>

Then (4.18), (4.19), (4.20) and (4.21) yield

—%-
2]To be consistent with our notation for fuzzy sets, a finite nonfuzzy set

U= {u1,...,un} may be expressed as U = Uptee tu.

LI
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0.1/(1,1) + 0.6/(1,2) + 1/(1,3)
+0.1/(2,1) + 0.6/(2,2) + 0.6/(2,3)
+0.1/(3,1) + 0.1/(3,2) + 0.1/(3,3)

X is small and Y is large — H(X Y)

X is small or Y is large — H(X v) = 17(1,1) +17(1,2) +1/(1,3)
+0.6/(2,1) + 0.6/(2,2) + 1/(2,3)
+ 0.1/(3,1) + 0.6/(3;2) + 1/(3,3)

If X s small then Y is large — Ty yy = 0.1/(1,1) +0.6/(1,2) +1/(1,3)
0.5/(2,1) +1/(2,2) +1/(2,3)
1/(3,1) #1/(3,2) +1/(3,3)

+

+

[es)

J1/7(1,1) #0.6/(1,2) +1/(1,3)
0.4/(2,1) +0.6/(2,2) +0.6/(2,3)
0.9/(3,1)+0.9/(3,2) +0,9/(3.3)

If X is small then Y is large — H(X Y) =

+

+

Rules of Type III

Quantificational rules of Type III apply to propositions of the general

form
plQxareF (4.27)

where Q is a fuzzy quantifier (e.g., most, many, few, some, almost all,

etc.), X is a variable taking values in U, and F 1is a fuzzy subset
of U. Simple examples of (4.27) are: "Most X's are small," "Some X's are
small,"” "Many X's are very small." A somewhat less simple example is:
"Most large X's are much smaller than a," where o is a specified number.
In general, a fuzzy quantifier is a fuzzy subset of the real line.
However, when Q relates to a proportion, as is true of most, it may be
represented as a fuzzy subset of the unit interval. Thus, the membership
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function of Q 2 most may be represented as, say,

u_ . =5(0.5, 0.7, 0.9) (4.28)

most

where the S-function is defined by (3.5).

In order to be able to translate propositions of the form (4.27), it
is necessary to define the cardinality of a fuzzy set, i.e., the number (or
the proportion) of elements of U which are in F. When U is a finite
set {u],..,,uN}, a possible extension of the concept of cardinality of a

nonfuzzy set -- to which we shall refer as fuzzy cardinality -- is the follow-

ing. Let

F=1) aFa (4.29)

be the r~eso1ut1’on22 of F into its level-sets, that is,

Fy 4 {uluF(u)ia} (4.30)
where aFa is a fuzzy set defined by

]JaF = (Y.UF (4.3])
o a

and ) denotes the union of the of  over a € [0,1]. Let IFGI denote

o
the cardinality of the nonfuzzy set Fa. Then, the fuzzy cardinality of F

is denoted by |F|f and is defined to be the fuzzy subset of {0,1,2,...}
expressed by
IFle =1 o/IF | (4.32)
(0]

As a simple example, consider the fuzzy subset small defined by (2.1).

In this case,

22A discussion of the resolution of fuzzy sets may be found in Zadeh (1971).
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Fq = 0+1 ) IF 1 =2
Fo.g = 0+1+2 , IF&81=3
Fo.g = 0+1+2+3 » Fp gl =8
Fo.4 = 0+1+2+3+4 , IFQ4|= 5
Fpp = 0+1+2+3+4+5, [Fg ol =6
and
|[Fle = 1/2+0.8/3+0.6/4+0.4/5+0.2/6 (4.33)

Frequently, it is convenient or necessary to express the cardinality
of a fuzzy set as a nonfuzzy real number (or an integer) rather than as a
fuzzy number. In such cases, the concept of the power of a fuzzy set

(DeLuca and Termini, 1972) may be used as a numerical summary of the fuzzy

cardinality of a fuzzy set. Thus, the power of a fuzzy subset, F, of

U-= {u1,...,uN} is defined by

ez

[F] &

1 ‘

1
where ”F(ui) is the grade of membership of wu, in F and } denotes
the arithmetic sum. For example, for the fuzzy set small defined by (2.1),

we have

|F| = 1+1+0.8+0.6+0.4+0.2 = 4

For some applications, it is necessary to eliminate from the count
those elements of F whose grade of membership falls below a specified
threshold. This is equivalent to replacing F in (4.34) with FNTr, where
I' is a fuzzy or nonfuzzy set which induces the desired threshold.

As N increases and U becomes a continuum, the concept of the power

of F gives way to that of a measure of F (Zadeh, 1968; Sugeno, 1974) ,
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which may be regarded as a 1imiting form of the expression for the propor-
tion of the elements of U which are in F. More specifically, if p is a

density function definedon U, the measure in question is defined by

§F) & jup(u)uF(u)du ' (4.35)

where ME is the membership function of F. For example, if p(u)du is
the proportion of men whose height lies in the interval [u,u+du], then

the proportion of men who are tall is given by
Itallll = [:p(u)uta]](u)du (4.36)

Making use of the above definitions, the quantifier rule for proposi~

tions of the form "QX are F" may be stated as follows.

If U= {u],...,uN} and

X is F — HX = F (4.37)
then
QX are F — HlFl = Q (4.38)
and,if U is a continuum,
QX are F — Tiep = Q (4.39)

which implies the more explicit rule

QX are F — w(p) = uQ(jUp(u)uF(u)du] . (4.40)

where p(u)du is the proportion of X's whose value lies in the interval

[u,utdu], =(p) 1is the possibility of p, and Mg and up are the member-

ship functions of Q and F, respectively.

I
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- As a simple illustration, if most and tall are defined by (4.28) and

i1l = $(160,170,180), respectively, then

200
Most men are tall — =(p) = S(J p(u)S(u3160,170,180)du;0.5,0.7,0.9)
0

(4.47)
where p(u)du is the proportion of men whose height (in cm) is in the interval

[usutdu]. Thus, the proposition "Most men are tall" induces a possibility
distribution of the height density function p which is expressed by the

right-hand member of (4.41).

Rules of Type IV

Among the many ways in which a proposition, p, may be qualified

there are three that are of particular relevance to approximate reasoning.
These are: (a) by a linguistic truth-value, as in "p is very true;"
(b) by a Tinguistic probability-value, as in "p is highly probable;" and
(c) by a linguistic possibility-value, as in "p is quite possibie." Of
these, we shall discuss only (a) in the sequel. Discussions of (b) and
(c) may be found in Zadeh (1977).

As a preliminary to the formulation of translation rules pertaining
to truth qualification, it is necessary to understand the role which a
truth-value plays in modifying the meaning of a proposition. Thus, in FL,
the truth-value of a proposition, p, 1is defined as the compatibility

of a reference proposition, r, with p. More specifically, let

pdXisF
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where F 1is a subset of U, and let r be a reference proposition of the

special form
rd Xisu (4.42)

where u is an element of U. Then, the compatibility of r with p is

defined as i
Comp(X is u/X is F) QUF(U) (4.43)
or, equivalently (in view of (2.3)),
Comp(X is u/X is F) £ Poss{X=u|X is F} (4.44)
To extend (4.43) to the case where r is a fuzzy proposition of the
form V
rdxisa, GcuU (4.45)
‘ . .. .23 . .
we apply the extension principle " to the evaluation of the expression uF(G),
yielding '
Comp{X is G/X is F} & ue(G) (4.46)
4 ua(u)/uc(u)
o1 & °F
in which the right-hand member is the union over the unit interval of the
fuzzy singletons'*uG(u)/uF(u). Thus, the compatibility of "X is G" with
"X is F" is a fuzzy subset of [0,1] defined by (4.46).
In FL, the truth-value, 1, of the proposition p £ X is F relative to the
reference proposition r 2 X is G is defined as the compatibility of r . ;
with p. Thus, by definition, -

23The extension principle (Zadeh (1975)) serves to extend the definitjon of
a mapping f: U+ V to the set of fuzzy subsets of U. Thus,

f(F) & | uc(u)/f(u), where f(F) and f(u) are, respectively, the
U F

images of F and u in V.
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T & Tr{X is F/X is G} 2 Comp{X is G/X is F} (4.47)
ug(G)

j[o’]lug(u)/gF(u)

which implies that the truth-value, 71, of the proposition "X is F" rela-

tive to "X is G" is a fuzzy subset of the unit interval defined by (4.47).

In this sense, then, a linguistic truth-value may be regarded as a linguistic

approximation to the fuzzy subset, 1, represented by (4.47). '(See Fig. 2.)
‘A more explicit expression for +t© which follows at once from (4.47)

is the following. Let My denote the membership function of 1 and let

v € [0,1]. Then

“T(V) = Max uG(u) (4.48)
subject to
“F(u) =y (4.49)

In particular, if ME js 1-1, then (4.48) and (4.49) yield
b (V) = uglup (V) v e [0.1] . (4.50)
As a simple illustration, consider the propositions (see Fig. 3)

X is F (4.51)

r 8 X is G where G = [a,b]

o
ne>

In this case, it follows from (4.50) that t is the interval given by
t = lug(b),ug(a)]

The definition of the truth-value of p as the compatiﬁi]ity of a

reference proposition r with p provides us with a basis for the translation



of truth-qualified propositions of the form "p is t" when 1 is a fuzzy

~ subset of [0,1]. Specifically, from the relation
T = up(6) (4.52)

which defines t as the image of G under the mapping Mg U~ [0,1], it
follows that the membership function of G may be expressed in terms of

those of t and up by (see Fig. 4)
ug(u) = u (up(u)) (4.53)

Now, if r & X is 6 is the reference proposition for p & X is F,

we interpret the truth-qualified proposition

X is F is 1 (4.54)

e
>

ne

as the reference proposition r 2 X is G. This leads us, then, to the

following rule for truth qualification:

If
X is F — HX = F (4.55)
then
X is F is 1 — T, = Ft (4.56)
where
uF+(u) = uT(uF(u)) . (4.57)

In particular, if 1 is the unitary truth-value, that is

7 & u-true (4.58)
where
A -
Uu_true(v) =V, v € [0,]] (4.59)
then

X is F is u-true — X is F . (4.60)
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As an illustration of (4.56), consider the proposition

p & Lucia is young is very true

in which
uyoung = 1 - 5(25;35,45)
Vepue = ${(0.6,0.8,1.0)
_ 2
and “very true - 5$“(0.6,0.8,1.0)

On applying (4.56) to p, we obtain

p—

Age(Lucia)(¥) = s2(1 - 5(u;25,35,45)30.6,0.8,1,0)
which may be roughly approximated by the proposition
+ A . .
p = Lucia is very young
Similarly, for the proposition

q & Lucia is not young is very false

where false & ant true, 1i.e.,

HealselV) & Hepgel1=V) > v € [0,1]
1-5(v;0,0.2,0.4)

we obtain

q—

- : : 2
age(Lucia) = {1 - 5(5(4325,35,45)30,0.2,0.4))

(4.61)

(4.62)

(4.63)

(4.64)

(4.65)

(4.66)

(4.67)

which..as can readily be verified, defines the same possibility distributfon

as (4.63).

The translation rules described above provide us with the necessary

basis for the formulation af the rules of inference in FL and the related
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notions of semantic equivalence and semantic entailment. We turn to these

issues in the following section.

®

L/

LTI
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5. Semantic Equivalence and Semantic Entailment

In this section, we shall consider two related concepts in fuzzy logic
that play an important role in approximate reasoning. These are the con-

cepts of semantic equivalence and semantic entailment.

Informally, two propositions p and gq are semantically equivalent

if and only if the possibility distributions ijnduced by p and q are

equal. More specifically, if

p—1 = F
(X]” ,xn)
and
q -
q—1I =G
(X],...,xn)

where TP and n% are the possibility distributions induced by p and q,

respectively, and X],...,X are the variables that are implicit or explicit

n
in p and q, then

p>q iff b = 1 (5.1)

(X1""’Xn) X],...,X )

n

where <« denotes semantic equivalence.
When (5.1) holds for all fuzzy sets in p and gq that have a context-
dependent meaning, the semantic equivalence will be said to be strong.

For example, the semantic equivalence

Adrienne is intelligent is true <> Adrienne is not intelligent is false
(5.2)
holds for all definitions of intelligent and true (false & antonym of true)

and hence is a strong equivalence. On the other hand, the semantic equivalence

24The concept of strong semantic equivalence as defined here reduces to that
of semantic equivalence in predicate logic (see Lyndon, 1966) when p and
q are nonfuzzy propositions.




Lucia is young is very true < Lucia is very young (5.3) :

is not a strong equivalence because it holds only for some particular defi-

nitions of young and true. (See (4.64) and (4.65) et seq.) Usually, a semantic =

equ1valence which is not strong is approximate in nature, as 1s true of (5.3).

e s

Genera]]y, 1t is clear from the context whether a semantic equivalence
is or is not strong. Where it is necessary to place in evidence that a
semantic equivalence is strong, it will be denoted by s«, while approxi-
matelsemantic equivalence will be denoted by a<s.

The concept of semantic entailment is weaker than that of semantic

equivalence in that p semantically entails q (or q is semantically

~entailed by p) if and only if H?x x ) © H?X X_)" Thus, in
—_— ],... ’

’"n 1°°°°"n
symbols, .
; s p c 9
P ) ) - (5.4)
where — denotes semantic entailment and H(X ) and ﬂ(x X))

are the poss1b111ty distributions induced by p and q, respectlve1y
- As in the case of semantic equivalence, semantic entailment is strong
if (5.4) holds for all fuzzy sets in P and q that have a context-depen-

dent ﬁeaning. As an i11ustration; the semantic entailment expressed by
X is very small +— X is small (5.5)

-is strong since it holds for all definitions of small. On the other hand,

the validity of the semantic entailment expressed by -

X is large — X is not small (5.6)

B,
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depends on the way in which large and small are defined, and hence (5.6)

is not an instance of strong semantic entailment.
In the case of propositions of the form p 4 X is F and qdxisa,

it is evident that
Xis Fr— X is G iff FCG (5.7)

From this and the definition of conditional composition (4.20), it follows

at once that

X is Fr— X is G iff If X is F then Xvis G -»~Hx = U (5.8)
or equivalently

X-is F+— X is G iff If X is F then X is G « X is U (5.9)

where HX is the possibility distribution of X and U is the universe
of discourse associated with X. Similarly, from the definition of conjunc-

tive composition, it follows that

X is F X is 6 iff xisrandXisG—»nXﬁA (5.10)

or equivalently
Xis Fr— X is G iff X is Fand X is G« X is F (5.11)

An intuitively appealing interpretation of (5.11) is that p semantically
entails q if the information conveyed by "p and q" 1is the same as the
information conveyed by p alone.

As a preliminary to applying the concepts of semantic equivalence and

semantic entailment to approximate reasoning -- which we shall do in Section 6

-- it will be helpful to formulate several rules pertaining to the transformation

~
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of a given proposition, p, into other propositions that have the same
meéning as p, i.e., are strongly semantically equivalent to p.

A general rule governing such transformations may be stated informally
as follows.

If m is a modifier and p 1is a proposition, than mp is semantically

I

equivalent to the proposition which results from applying m to the possi-
bility distribution which is induced by p.

Thus, on applying this rule to the case where m & not and making use
of the translation rules (4.5), (4.56) and (4.40), we arrive at the follow-

ing specific rules governing the negation of a proposition

a) not(X is F) <> X is not F (5.12)
e.g.,

not(X is small) < X is not small ; (5.13)

b) not(X is F is 1) < X is F is not T (5.18)
e.g.,

not(X is small is very true) «— X is small is not very true ; (5.15)

c) not(QX are F) «— (not Q)X are F - (5.16)

4

e.g.,

e

not(many men are tall) <> (not many)men are tall (5.17)
Similarly, for m 2 very, we obtain

a) very(X is F) < X is very F (5.18)
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b) very(X is F is 1) <> X is F is very T (5.19)
c) very(QX are F) <« (very Q)X are F (5.20)

" In addition, from the translation formulas (4.5), (4.40) and (4.56),
it follows at once that
X is F is 7 « X is not F is ant 1 (5.21)
and

QX are F < (ant Q)X are not F (5.22)

where ant t and ant Q denote the antonyms of t and Q, respectively.

(See (4.66).) Similarly, for m = very, we have
X is F is 1 < X is very F is ’1 (5.23)

where the "left-square" operation on Tt is defined by

1
2e = [, ve o, (5.24)
Jg T
or equivalently
uy (V) = u () (5.25)
T

where Mo is the membership function of Tt. However, as will be seen later,
when F is modified to very F in "QX are F," we can assert only the

semantic entailment -- rather than the semantic equivalence -- expressed by

QX are F +— (%Q)F are very F (5.26)
where
1
ZQ = [ uQ(v)/vz (5.27)
0 .
or equivalently
iy (4) = ug(/A) (5.30)

Q
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It should be noted in closing that the negation rule expressed by
(5.16) appears to differ in form from the familiar negation rule in predi-
cate calculus (see Lyndon, 1966)., which, when F “is interpreted as a

nonfuzzy predicate,'may be expressed as
not(all X are F) <> some X are not F (5.31)

However, by the use of (5.22), it is easy to show that the right-hand member
of (5.31) is semantically equivalent to that of (5.16). Specifically,
from (5.22) it follows that

(not a11)X are F « (ant(not all)X)are not F
and if some is defined as

| some 4 ant(not all) : (5.32)
~ then '

(not al1)X are F <> some X are not F (5.33)
" in agreement with (5.31).

Remark. It should be observed that most of the definitions made in
this &nd the preceding sections -- especially in regard to the semantic
equivalence and semantic entailment of fuzzy propositions -- are nonfuzzy

‘and,‘for the most part, quite preéise. What should be understood, however,
is that all such definitions may be fuzzified, if hecessary, by the use of
-the fdl]oWing.general convention.

Let U be a universe of discourse, with u denoting a generic
e]emenf of U. A concept, C, in U 1is a subset, A, of U (or U",
n>1) which'is defined by a predicaie P such that P(u) is true if

ueEaA, i.e.; u 1is an instance of C, and false otherwise. Assume that
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P(u) is of the form P(f(u)), where P(f(u)) is true if f(u) =0 and
false if f(u) > 0. Then A -- and hence the concept C which is asso-
ciated with it -- may be fuzzified by defining the grade of membership of u
in A as a monotone function of f(u) which assumes the value unity when
f(u) = 0. (The definition of such a function is, in general, application-
dependent rather than universal in nature.) In this sense, any definition
which has the format stated above may be viewed as providing a mechanism
for a fuzzification of the concept which it'serves to define.

As an illustration of this convention, consider the concept of semantic
equivalence as defined by (5.1). In this case, the concept of semantic
equivalence may be fuzzified by defining the degree to which p and q
are semantically equivalent as a monotone function of the "distance"
between TP and Hq, with the distance function defined in a way that
reflects the specific nature of the domain of application. It should be
understood, of course, that the concept in question may also be fuzzified

in other ways which do not stem directly from its nonfuzzy definition.
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6. Rules of Inference and Approx1mate Reasoning

As in any other 1og1c, the rules of inference in FL govern the deduc-
tion of a prqpos1t1on, q, from a set of premises {p],...,pn}. However,
in FL both the premises and the conclusion.are allowed to be fuzzy proposi-
tions. Furthermore, because of the use of Tinguistic approximation in the
Process of retranslation, the final conclusion drawn from the premises
p],...,pn is, in general, an approximate rather than exact consequence of
p1,...,p . '

n A
The principal rules of inference in FL are the following.

1. Projection Principle

Let p be a fuzzy proposition whose transiation is expressed as

p—1 =F
(Xy0eresX )
Let X(5) denote a subvariable of the variable X & (%;,....X ), i.e.,
Xs) = (xi],...,xik) _ (6.1)

where the index sequence s A (1], ..,ik) is a subsequencg of the.sequence
(1,...,n).

let I denote the marginal possibility distributionAof 'X(S);

- that is,

I = Proj F : (6.2)
X)) -

where Ui’ i=1,...,n, is the universe of discourse associated with Xi;

Ugy = Ug o xU, ) (6.3)

and the projection'of F on U(s) is defined by the possibility distribution

function'

[

-,
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“X( (us ».v.su; ) = Sup UF(U]""’U ) (6.4)

where s' & (j],...,j ) is the index subsequence which is complementary

m
to s, and HE is the membership function of F.
Let g be a retranslation of the possibility assignment equation

It = Proj F (6.5)
X(s) u s

Then, the projection principle asserts that q may be inferred from p.

In a schematic form, this assertion may be expressed more transparently as

p— lr!(x1,...,xn) =F (6.6)

= ProjU F

X(s) (s)

The statement of the projection principle assumes a particularly simple

form for n = 2. In this case, writing X, Y, U, V for X], X2, U], U2’

respectively, we have
q < Ty = Proj, F (6.8)

and likewise for the projection on V.
A special case of (6.6) obtains when H(X Y) is the cartesian product

of normal fuzzy sets. Thus, if

p - Iy yy = GxH - (6.9)

then from p we can infer q and r, where



q+T, =G (6.10) :
and

r<+—Ty =H (6.11)

&

As a simple illustration, if
p 8 John is tall and fat

then from p we can infer

0
ne>

John is tall
and ‘
John is fat

-
nes

2. Particu]arization/Conjdnction Principle

Let p be a fuzzy proposition whose translation is expressed as

P s ) T F 0 FC Uy (6.12)

Then from p we can infer r, where r is a retranslation of a particu-

larization of H(X1,...,Xn)’ i.e.,

x y[hy  =6] = FN§ ' (6.13)

where X(s) is a subvariable of X, & is a cylindrical extension of. G,
GCuU, and H(x X )[HX =G] denotes an n-ary possibility distribu- <
1?22 %0 s ' '

tion which results from particularizing X(S) to G. Equivalént1y, the

‘e

principle in question may be expressed in the schematic form
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p— T = F (6.14)
(X1 X0)
9= My . ..x )6
S Ty
Y‘*'—ﬂ(\( .,X ) = FqG

2, the particularization principle may

For the special case of n =
be stated more simply as:
From
p & (X,Y) is F (6.15)
and
qbXisG
we can infer _
r & (X,Y) is FNG (6.16)
Thus, for example, from
p & Xand Y are approximately equal (6.17)
and
q 8 X is small
we can infer (without the application of linguistic approximation)
r & X and Y are (approximately equal N (small xV)) (6.18)

As stated above, the particularization principle may be viewed as a

special case of a somewhat more

to as the conjunction principle.

p

p— H(Y
9
qQ H(Y

17

17

general principle which will be referred

Specifically, assume that

= (6.19)
.,Yk,Xk+],...,Xn)

YT (6.20)

k, k""]’...’z )

m
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" where Y],...,Yk are variables which appear in both 1P and Hq, and Ui’

Vj and wl are the .universes of discourse associated with Xi, Yj and

Zg; let S -be the sma]lest cartesian product of the Ui’ Vj and w2

which contains the cqrtesvan products V]x--- ka><Uk+]x'-- xUn and

_V,x"' ka><w . xwm; and let F and § be, respectively, the cylin-

k+] x LN ]
drical extensions of F and G in S. Then, from p and q we can infer

r, where (in schematic form)

P "—"HF()Y,X) = (6.2])

1
-n

I
[ B

q -
9= Ny, z)

!
!l
2
[ep]

P Tx,y,z) G

nd v A A A

and y 4 (Yl""fyk)’ X =<(Xk+1"”’xn) and Z 4 (Zk+1""’zm)'
A particular but important case of (6.21) which we shall use at a

later point results when n = 3, and k = 1. For this case, (6.21) may

be expressed as

. . _ o

p— H(X,Y) = F - (6.22)
q = '

Q= T(y,zy =6

(FxW) N (ux6)

FTx,y,2)

| Although the particuTarizatiQn principle is subsumed by the coﬁjunction
Pprinciple, if is simpler than the latter, is employed more fréquently, and
has a somewﬁat greater intuitive appeal. For this reason, we use the
designation "particularization/éonjunction principle" to refer to the prin-
.ciple which, in most app]icationé, is the pérticu]arization principle and,

in some, the conjunction princ1p]e.25

251t should be noted that, in predicate logic (Lyndon, 1966), this princi-
ple implies the generalization rule.
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3. Entailment Principle

Stated informally, the entailment principle asserts that from any
fuzzy proposition p we can infer a fuzzy proposition q if the possi-
bility distribution induced by p is contained in the possibility distrib-
ution induced by q. Thus, schematically, we have

) = F (6.23)

p— 1
(Xysen0nX

|

],...,Xn)

GDOF

Q*_'H(X
For example, from p A X is very large we can infer q A X is large.

The Compositional Rule of Inference

In general, the inference principles stated above are used in sequence
or in combination. A combination that is particularly effective involves
an application of the particularization/conjunction principle followed by
that of the projection principle. This combination will be referred to as

the compositional rule of inference (Zadeh, 1973). As will be seen later,

the compositional rule of inference includes as a special case a generaliza-

tion of the modus ponens.

For our purposes, it will be convenient to state the compositional rule

of inference in the following schematic form
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where X, Y and Z take values in U, V and W, respectively; F is a
fuzzy subset of UxV, G 1is a fuzzy subset of VxW and Fof is the

composition of F and G defined by
poglusw) = Sup, (kg (u,v) Aug(v,w)) (6.25)

where uelU, vev, weW and Hp and ug are the membership functions
of. F and G, réspectiveTy; and the dotted line signifies that, because
of the use of linguistic approximation in retranslation, r is, in general,
an approximate rather than exact consequence of p and ‘q.26

It is easy to demonstrate that the compositional rule of inference may
be regardéd as a result of applying the partfcularization/conjunction
prjncip]e followed by the application of the projection princible. Speci-

fically, oh app]ying.(6.21) to (6.24), we obtain

P—=Miyyy =F , (6.26)

S +— H(X,Y,Z) = (FXW)n(UXG)

where

.N(wa)n(uxG)(usV,W) = UF(UQV) AUG(VaW) . . (6.27)

| Next, on applying the projection principle to s and projecting H(X Y,Z)

on UxW, we have

Proj , ((FxW) N (UxG)) = IwaSUPV(uF(u,V)/\uG(v,w))/(u,w) (6.28)

which upon comparison with (6.25) showsthat the resulting proposition may

be expressed -- in agreement with (6.24) -- as
26

It should be noted that the compositional rule of inference is analogous
- to the rule which yields the probability distribution of Y from the

probability distribution of X and the conditional probability distribu-
tion of Y given X. ’ '
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r <+« r[(x’z) = Fo (6.29)

An important special case of the compositional rule of inference

obtains when p and q are of the form p & X is F, q A 1f X is G then

Y is H. For this case, (4.20) and (6.24) yield the compositional modus

ponens :
p — HX =F (6.30)
9= Tiy,y) = & 7H
r <«~— FO(G'@F{)

which may be regarded as a generalization of the classical modus ponens,

with the latter corresponding to the special case of (6.30) in which F, G

and H are nonfuzzy and F = G. For this case, (6.30) reduces to

p —_— HX = F (6.3])

and since

it follows that

r+«Yis H

1>

which means that from p X is F and q=If Xis F then Y is H we can

infer r 2 Y is H, in agreement with the statement of the modus ponens.

The rules of inference presented in the foregoing discussion provide
us with a basis for employing approximate reasoning for the purpose of

question-answering and inference from fuzzy propositions. We shall
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illustrate the use of the methods based on these rules by applying them to

several typical problems.

Semantic Equivalence

As a simple example, assume that from the premise
p 4 Ellen is not very tall

we wish to deduce the answer to the question "Is Ellen tall ?7," where the
symbol 7t 'signifies that the answer to the question is expected to be of
the form

q 4 E]]en is tall is 1

~where 1 1is a 1inguistic truth-value.

To obtain the answer to the question, we shall require that p and q
be semant1ca11y equwva]ent, implying that the possibility distribution
induced by p s equal to that induced by q.

"Thus, by using the trans]atipn,ru]es (4.5), (4f6) and (4.56), we

obtain
. | .2 | |

Ellen is not very tall — "Height(E]]en)(U) = ] '“ta]l(u) (6.32)
Ellen is tall is T — "Hewqht(El]en)(u u(ueaqp (W) (6.33)

where B4a71> the membership function of tall, is assumed to be given,
From (6.32) and (6.33), then, it follows that the desired membership func-

tion u. satisfies the identity

! '“%all(u) = “T(”tall(")) s u € [0,200] - (6.34)

-
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from which we can conclude at once that b, is given by (see Fig. 5)
- 2
uT(v) =1-vy (6.35)

to which a rough linguistic approximation may be expressed as

T = not very true (6.36)

It is instructive to obtain the same result by a successive use of the
rules governing the application of negation, truth qualification and modi-

fication (by very). Thus, we can assert that

John is not very tall
< John is not very tall is u-true (by (4.60))

John is not very tall is u-true
< John is very tall is ant(u-true) (by (5.21))

John is very tall is ant(u-true)

< John is tall is '/2(ant(u-true)) (by (5.23))

which implies that
T = ]/z(ant(u-true)) (6.37)

i.e., T 1is the "left-square root" of (ant(u-true)), and since

(6.38)
we have

w =4 - v (6.39)

in agreement with (6.35).



56

Semantic Entailment

Assume that we wish to deduce from the premise
p O Most Swedes are tall

the answer to the question "How many Swedes are very tall?"

Translating p by the use of (4.40), we have

. ‘ 200
Most Swedes are tall — np(p) = ”most(Jof p(u)“tall(u)du] - (6.40)

where p(u)du is the proportion of Swedes whose height is in the interval
[u,u+du] and L is the possibility distribution function of o. (Note
that height is expressed in centimeters.)

‘Now, by (4.30) the proportion of Swedes who are very fa1] is given by
200, |
Y = Jo' P(uuy,qq (u)du | (6.41)

Thus, our problem is to find the possibility distribution of ¥y from the
knowledge of the possibility distribution of p -- which is given by the
right-hand member of (6.40). In a variational formulation (which follows

from (4.48)), this problem may be expressed as

200
n(y) = Maxp umost(fo. p(u)“tall(")d“) o | (6.42)
subject to -
Y = Jo o(U)uta]](u)du | - (6.43)

The maximizing p for this problem is of the form (see -Bellman and

Zadeh, 1977)

[
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p(u) = &8(u-a) (6.44)

where & 1is a o6-function and o is a point in the interval [0,200].

Thus, from (6.43) we have

~and hence
"(Y) = umost(uta”(a)) _ (6-46)
= “most(j?)
or equivalently (see (5.30))
m(y) =, () (6.47)
most

and hence the desired answer to the question "How many Swedes are very tall?"

is (see Fig. 6)
q & %most Swedes are very tall (6.48)

To verify that p semantically entails g, we note that

q— 7_(p)

200 2
o vy ([ oty e (6.49)

’

) “mostPJ[Zoop(u)“ial1(u)du]

But, by Schwarz's inequality

200

200 >
J o(U)uta]](U)du E_JIO p(ulug,qq(u)du (6.50)

0

27The s-function density implies that all elements of the population have
the same value of the attribute in question.
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and since u is a monotone function, it follows that

most

np(o) g_nq(p) for all p and “ta])

which implies that p semantically entails q, strongly.

P'n

Pakticu]arizatibn and Projection.Principles

- An illustration of the application of the particularization and pro- -
jection principlés is provided by the solution to the following simple
problem.

-Suppose that the premises are

Hne>

p = John is very big

q 2 John is tall

where big is a given fuzzy subset of UxV (i,e., values of'Height (in cms)
x values of Weight (in kg)) and tall is a given fuzzy subset‘of U. The
question is: "What is John's weight?"

Let usvassume that the answer to the question is to be of the form

r 8 John is w, where w is a linguistic value of the weight of John (e.g.,

heavy, very heavy, not very heavy, etc.). Then, by employing the transla-
tion rule (4.6), the particularization principle and the projection prih—

ciple, we arrive at the retranslation relation

r «— Proj, BIGZ [n = TALL] (6.51)

x Weight Height

which expresses the answer to the posed question.
In more concréte terms, assume that the (incompletely tabulated)

‘tables defining thg fuzzy sets BIG, TALL and HEAVY are of the form
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BIG || Height | Yeight u TALL || Height U HEAVY || Weight u
165 60 0.5 165 0.7 60 0.7
170 60 0.6 170 0.8 65 0.8
175 60 0.7 175 0.9 70 0.9
170 65 0.75 180 1 75 0.95
175 65 0.8 185 1 80 1
180 65 0.85 85 1
170 70 0.8
175 70 0.85
180 70 0.9
170 75 0.85
175 75 0.9
180 75 0.95
180 - 80 1
On substituting these tables in (6.51), we obtain for the attribute
Weight a possibility distribution of the (approximate) form
= 0.5/60+0.7/65+0.8/70+0.9/75+1/80 (6.52)

Tyeight

which upon retranslation (and linguistic approximation) yields the answer

r & John is very heavy

As an additional illustration, consider the following premises

from which we wish to deduce an answer to the question "Where does Arnold

Tive?"

n>

A Arnold lives near Romy

Romy lives near a small city
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Assume‘that the relations entering in p and q have the frames

shown below.

NEARp f Cityl | City2 | u | NEARg [ Cityl | City2 |u|
SMALL CITY § City | u |

in which NEARp and 'NEARq refer to the relations NEAR in p and q,
respectively. In terms of these relations, the translations of p and q

may be expresséd as

p= I[Location(Residence(Romy)) (6.53) .

= Pr‘o\]'J x Cityl NEARP[HCit_yZ = SMALL CITY].

= n(Location(Residence(Romy)),Location(Residence(Arnold)) (6.54)
= NEARq | -

On substituting (6.53) in (6.54) and projecting on the attribute

‘Location(Residence(Arnold)), we obtain
r *—-PrOJHXCityz NEARQ[HCityl:=Pr°juxCityl NEARp[HCity2==SMALL CITY]]

(6.55)

as an expression for the answer to the posed question.

Compositional Rule of Inference

- The compositional rule of inference is particularly convenient to use
when the variables.involved in the premises range over finite sets or can
be approximated by variables ranging over such sets. |

As a simple illustration, consider the premises

[}

9

~ s
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X is small

el
ne>

X and Y are approximately equal

L
ne>

in which X and Y range over the set U=1+2+3+4, and small and

approximately equal are defined by

1/1+0.6/2+0.2/3

1/7((1,1) +(2,2) +(3,3) + (4,4))

+0.5/((1,2) +(2,1) +(2,3) +(3,2)
+ (3,4) + (4,3))

small

approximately equal

In terms of these sets, the translations of p and q may be expressed as

p — Ty small (6.56)

q — H(X Y) = approximately equal
and thus from p and q we may infer r, where
r HXOH(X,Y) = smalloapproximately equal (6.57)

The composition of small and approximately equal can readily be per-

formed by computing the max-min product of the relation matrices corres-

ponding to small and approximately equal. Thus, we obtain

1 0.5 0 O
0.5 1 0.5 0
0.6 0.2 o =[1 0.6 0.5 0.2
X o 0 0.5 1 0.5 [ :

0 0 0.5 1 |
which implies that

Ny = NMyell

y = Tyel(x,y) = 1/1+0.6/2+0.5/3+0.2/4
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and which upon retranslation yields the linguistic approximation
r 8 Y is more or less small «— My = 1/1+0.6/2+0.5/3+0.2/4

Thus, from p 2 X is small and q& XandY are approximately equal, we
can infer, approximately, that r & Y is more or less small..

As a simple illustration of the compositional modus ponens, assume that,

as in Bellman and Zadeh (1977),

U=V=1+2+3+4
F=0.2/2+0.6/3+0.5/4
G = 0;6/24- 1/3+0.5/4
H= 1/2+0.6/3+0.2/4
with | |
pAXisF—»nx=F L (6.58)
q& If X is G then Y is H — Miy,y) = 80

and
r I, = Fo(§' o fi)

In this case,

T 1 1 1]
0.4 1 1 0.6
G'®fR =
0 1 0.6 0.6
0. 1 1 0.7
- and
T 1 1 7
- - . 0.4 1 1 0.6
Fo(G'®H) = [0 0.2 0.6 17e :
Fel )= . ] 1 0.6 0.6
0.5 1 1 0.7

[0.5 1 1 0.7]

N
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Thus, from p and q we can infer that

rdy is 0.5/1+1/2+1/3+0.7/4

The above example is intended merely to illustrate the computations

involved in the application of the compositional modus ponens when X and

Y range over finite sets. Detailed discussions of practical applications
of the compositional rule of inference in the design of so-calied fuzzy
logic controllers may be found in the papers by Mamdani and Assilian (1975),
Mamdani (1976), Kickert and van Nauta Lemke (1976), Rutherford and Bloore

(1975), and others. (See the appended bibliography.)
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7. Concluding Remark

The theory of approximate reasoning outlined in this paper may be
viewed as an attempt at an accommodation with the pervasive imprecision of
the real world.

‘ Based as it is on fuzzy logic, approximate reasoning lacks the depth
of universality of precise reasoning. And yet it may well prove to be
more effective than precise reasoning in.coming to grips with the complexity
and ill-definednes$ of humanistic systems and thus may contribute to the
con;eption and deQe]opment of intelligent systems which could approach the
remarkable capability of the human mind to make rational decisions in the

face of uncertainty and imprecision.

3



Y ¢

[

65
References

Adams, E.W. & Levine, H.P. (1975), On the uncertainties transmitted from
premises to conclusions in deductive inferences, Synthese, 30, 429-460.

Aizerman, M.A. (1976), Fuzzy sets, fuzzy proofs and certain unsolved problems
in the theory of automatic control, Avtomatika i Telemehanika, 171-177.

Bar-Hi]]?l, Y. (1964), Language and Information. Reading, Mass.: Addison-
Wesley.

Beliman, R.E. & Zadeh, L.A. (1976), Local and fuzzy logics, Electronics
Research Laboratory Memorandum M-584, University of California,
Berkeley. To appear in Modern Uses of Multiple-Valued Logics (ed.
D. Epstein). Dordrecht: D. Reidel.

Bezdek, J.C. (1974), Numerical taxonomy with fuzzy sets, Journal of
Mathematical Biology, 1, 57-71.

Bezdek, J.C. & Dunn, J.C. (1975), Optimal fuzzy partitions: a heuristic
for estimating the parameters in a mixture of normal distributions,
IEEE Transactions on Computers, C-24, 835-838.

~ o~~~

Black, M. (1963), Reasoning with loose concepts, Dialogue, 2, 1-12.

Chang, S.K. & Ke, J.S. (1976), Databse skeleton and its application to
fuzzy query translation, Department of Information Engineering,
University of 111inois, Chicago Circle, Chicago, I11,

Chang, S.S.L. (1972), Fuzzy mathematics, man and his environment, IEEE
Transactions on Systems, Man and Cybermetics, SMC-2, 92-93.

~ e e

Cresswell, M.J. (1973), Logics and Languages. London: Methuen.

Damerau, F.J. (1975), On fuzzy adjectives, Memorandum RC 5340, IBM Research
Laboratory, Yorktown Heights, N.Y.

Davidson, D. (1967), Truth and meaning, Synthese, 17, 304-323,

DeLuca, A. & Termini, S. (1972), A definition of a nonprobabilistic entropy
in the setting of fuzzy sets theory, Information and Control, 20,
301-312. -~

Dimitrov, V.D. (1975), Efficient governing humanistic systems by fuzzy
instructions, Third International Congress of General Systems and
Cybernetics, Bucarest.

Dreyfuss, G.R., Kochen, M., Robinson, J. & Badre, A.N. (1975), On the
psycholinguistic reality of fuzzy sets. Functionalism (eds Grossman,
R.E., San, L.J. & Vance, T.J.). Chicago: University of Chicago Press,

Evans, G. & McDowell, J. (1976), Truth and Meaning. Oxford: Clarendon Press.



66

Fellinger, W.L. (1974), Specifications for a fuzzy systems modelling
" language. Ph.D. Dissertation. Oregon State University, Corvallis.

Fine, K. (1975), Vagueness, truth and logic, Synthese, 30, 265-300. °

Fodor, J.A. & Katz, J.J. (eds) (1964), The Structure of Language.
Englewood Cl1iffs, N.J.: Prentice-Hall.

Gaines, B.R. (1975), Stochastic and fuzzy logics, Electronics Letters, 1,
444-445, . ' h

Gaines, B.R. (1976a), General fuzzy logics, Proceedings of the Third
European Meeting on Cybermetics and Systems Research, Vienna.

Gaines, B.R. (1976b), Fuzzy reasoning and the logic of uncertainty,

Proceedings of the €th International Symposiwm on Multiple-Valued
Logie, Utah, IEEE76CH 1111-4C, 179-188.

Gajnes, B.R. (1976c), Foundations of fuzzy reasoning, Intermational Jowrmal
of Man-Machine Studies, 6, 623-668.

Gaines, B.R. & Kohout, L.J. (1975), Possible automata, Proceedings
{nte¥national Symposium on Multiplie-Valued Logic, Bloomington, Indiana,
83-196.

Gaines, B.R. & Kohout, L.J. (1977), The fuzzy decade: a bibliography of
fuzzy systems and closely related topics, Imternational Jourmal of
Man-Machine Studies, 9, 1-68.

Giles, R. (1976), Lukasiewicz logic and fuzzy set theory, Intermational
Journal of Man-Machine Studies, 8, 313-327.

Goguen, J.A. (1969), The logic of inexact concepts, Synthese, 19, 325-373.

Goguen, J.A. (1974), Concept representation in natural and artificial
languages: axioms, extension and applications for fuzzy sets, Imternational
Journal of Man-Machine Studies, 6, 513-561.

Gottinger, H.W. (1973), Toward a fuzzy reasoning in the behavioral science,
Cybernetica, 2, 113-135.

~

Haack, S. (1974), Deviant Logic. Cambridge: Cambridge University Press.

Hamacher, H. (1976), On logical connectives of fuzzy statements and their
affiliated truth functions, Proceedings of the Third European Meeting
on Cybernetics and Systems Research, Vienna.

Harris, J.I. (1974a). Fuzzy implication--comments on a paper by Zadeh,
DOAE Research Working Paper, Ministry of Defense, Byfleet, Surrey,
England. -

Harris, J.1. (1974b), Fuzzy sets: how to be imprecise precisely, DOAE
Aescarch Working . Faper, Ministry of Defense, Byfleet, Surrey, England.

.

A



é'

67

Hendrix, G.G., Thompson, C.W. & Slocum, J. (1973), Language processing via
canonical verbs and semantic models, Proceedings of the Third Joint
International Conference on Artificial Intelligence, Stanford, 262-269.

Hersh, H.M. & Caramazza, A. (1976), A fuzzy set approach to modifiers and
vagueness in natural language, Jowrnal of Experimental Psychology,
105, 254-276. :

Hughes, G.E. and Cresswell, M.J. (1968), An Introduction to Modal Logic.
London: Methuen.

Inagaki, Y. & Fukumura, F. (1975), On the description of fuzzy meaning of
context-free language. Fuzzy Sets and Their Applications to Cognitive
and Decision Processes, pp. 301-328 (eds Zadeh, L.A., Fu, K.S.,
Tanaka, K. & Shimura, M.). New York: Academic Press.

Jouault, J.P. & Luan, P.M. (1975), Application des concepts flous a la
programmation en languages quasi-naturels, Inst, Inf. d'Entreprise,
C.N.A.M., Paris.

Kandel, A. (1974), On the minimization of incompletely specified fuzzy
functions, Information and Control, 26, 141-153.

Kaufmann, A. (1973), Introduction to the Theory of Fuzay Subsets, Vol. 1.
Elements of Basic Theory. Paris: Masson and Co.; (1975), Vol. 2.
qulications to Linguistics, Logic and Semantics. Paris: Masson and Co.;
(1975), Vol. 3. Applications to Classification and Pattern Recognition,
Automata and Systems, and Choice of Criteria. Paris: Masson and Co.

Also English translation of Vol. 1, New York: Academic Press (1975).

Kickert, W.J.M. & van Nauta Lemke, H.R. (1976), Application of a fuzzy
controller in a warm water plant, Automatica, 12, 301-308.

Kling, R. (1974), Fuzzy PLANNER: reasoning with inexact concepts in a
procedural problem-solving language, Journal of Cyberneties, 4, 105-122.

Kouth, D.E. (1968), Semantics of context-free languages, Mathematical
Systems Theory, 2, 127-145.

Kochen, M. & Badre, A.N. (1974), On the precision of adjectives which
denote fuzzy sets, Jourmal of Cybermetics, 4, 49-59.

Lakoff, G. (1973a), Hedges: a study in meaning criteria and the logic of
fuzzy concepts, Journal of Philosophical Logic, 2, 458-508. Also
paper presented at 8th Regional Meeting of Chicado Linguistic Society
(1972) and Contemporary Research in Philosophical Logic and Linguistic
Semantics, pp. 221-271 (eds Hockney, D., Harper, W. & Freed, B.).

The Netherlands: D. Reidel. :

Lakoff, G. (1973b), Fuzzy grammar and the performance/competence terminology
game, Proceedings of Meeting of Chicago Linguistics Society, 271-291,

Lee, E.T. & Chang, C.L. (1971), Some properties of fuzzy logic, Information
and Control, 19, 417-431.



68

LeFaivre, R.A. (1974a), FUZZY: a programming language for fuzzy problem
solving, Technical Report 202, Department of Computer Science,
University of Wisconsin, Madison.

LeFaivre, R.A. (1974b), The representation of fuzzy knowledge, Jowrnai of
Cybernetics, 4, 57-66.

Lewis, P.M., Rosenkrantz, D.J. & Stearns, R.E. (1974), Attributed trans-
lations, Journal of Computer and System Seience, 9, 279-307.

Lyndon, R.C. (1966), Wotes on Logic. New York: D. Van Nostrand.

Machina, K-Fé (1972), vague predicates, American Philosophical Quarterly,
9, 225-233. ’

MacVicar-Whelan, P.J. (1974), Fuzzy sets, the concept of height and the
hedge very, Technical Memo 1, Physics Department, Grand Valley State
College, Allendale, Michigan.

Mamdani, E.H. (1976a), Application of fuzzy logic to approximate reasoning
using Tinguistic synthesis, Proceedings of 6th International Symposium
on Multiple-Valued Logic, Utah, IEEE76 CH1111-4¢c, 196-202.

Mamdani, E.H. (1976b), Advances in the linguistic synthesis of fuzzy
controllers, International Journal of Man-Machine Studies, 8, 669-678.

Mamdani, E.H. & Assilian,S. (1975), An experiment in linguistic synthesis
with a fuzzy logic controller, Tnternational Jourral of Man-Machine
Studies, 7, 1-13. : .

~

Marinos, P.N. (1969), Fuzzy logic and its application to switching systems,
IEEE Transactions on Electronic Computers, (C-18, 343-348.

~ v a

Martin, W.A. (1973), Translation of English into MAPL using Winograd's
- syntax, state transition networks, and a semantic case grammar,
M.I.T. APG Internal Memo 11.

Miller, G.A. & Johnson-Laird, P.N. (1976), Language and Perception. Cambridge,
Mass.: Harvard University Press. :

Moisil, G.C. (1975), Lectures on the logic of fuzzy reasoning, Seientific
Editions, Bucarest.

Montague, R. (1974), Formal Philosophy (Selected Papers) (ed Thomason, R.H.).
. New Haven: Yale University Press.

Moore, J. & Newell, A. (1973), How can MERLIN understand?, Department of
Computer Science, Carnegie-Mellon University, Pittsburgh, Penn.

Nahmias, S. (1976), Fuzzy variables, Technical Report 33, Department of
Industrial Engineering, Systems Management Engineering and Operations
Research, University of Pittsburgh. Presented at ORSA/TIMS Meeting,
Miami.

N

(B.

A



Y

69

Nalimov, V.V. (1974), Probabilistic Model of Language. Moscow: Moscow State
University.

Negoita, C.V. & Ralescu, D.A. (1975), Applications of Fuzzy Sets to Systems
Analysis. Basel, Stuttgart: Birkhauser Verlag.

Newell, A. & Simon, H.A. (1972), Human Problem Solving. Englewood Cliffs,
N.J.: Prentice-Hall.

Nguyen, H.T. (1976), A note on the extension principle for fuzzy sets,
Electronics Research Laboratory Memorandum M-611, University of
California, Berkeley. :

Noguchi, K., Umano, M., Mizumoto, M. & Tanaka, K. (1976), Implementation
of fuzzy artificial intelligence language FLOU, Technical Report on
Automation and Language of IECE.

Norman, D.,A. & Rumelhart, D.E. (eds) (1975), Explorations in Cognition.
San Francisco: W.H. Freeman Co.

Ostegaard, J.J. (1976), Fuzzy logic control of a heat exchanger process,
Publication No. 7601, Technical University of Denmark, Lyngby.

Pal, S.K. & Majumdar, D.D. (1977), Fuzzy sets and decision-making approaches
in vowel and speaker recognition, IEEE Transactions on Systems, Man,
and Cybermetics, SMC-7, 625-629.

Procyk, T.J. (1976), Linguistic representation of fuzzy variables, Fuzzy
Logic Working Group, Queen Mary College, London.

Putnam, H. (1976), Meaning and Truth. Sherman Lectures, University College,
London.

Rescher, N. (1969), Many-Valued Logic. New York: McGraw-Hill.

Rieger, B. (1976), Fuzzy structural semantics, Proceedings of 3rd European
Meeting on Cybermetics and Systems Research, Vienna.

Rieger, C. (1976), An organization of knowledge for problem solving and
language comprehension, Artificial Intelligence, 7, 89-127.

Rutherford, G. & Bloore, G.C. (1975), The implementation of fuzzy algorithms
for control, Control Systems Center, University of Manchester, England.

Sanchez, E. (1974), Fuzzy relations, Faculty of Medicine, University of
Marseille, France.

Sanford, D.H. (1975), Borderline logic, American Philosophical Quarterly, 12,
29-39. . b

schank, R.C. (1973), Identification of conceptualizations underlying natural
language. Computer Models of Thought ard Language, pp. 187-247 (eds
Schank, R. & Colby, M.). Englewood Cliffs, N.J.: Prentice-Hall.



70

Schotch, P.K. (1975), Fuzzy modal logic, Proceedings of Intermational
??zp?ggum on Multiple-Valued Logic, University of Indiana, Bloomington,

Shimura, M. (1975), An approach to pattern recognition and associative
memories using fuzzy logic. Fuzzy Sets and Their Applications to
Cognitive and Decision Processes, pp. 449-476 {eds Zadeh, L.A.,
Fu, K.S., Tanaka, K. & Shimura, M.). New York: Academic Press.

Shortliffe, E.H. & Buchanan, B.G. (1975), A model of inexact reasoning in
medicine, Mathematical Biosciences, 23, 351-379.

Simmons, R.F. (1973), Semantic networks, their computation and use for

' understanding English sentences. Computer Models of Thought and
Language, Pp. 63-113 (eds Schank, R. & Colby, K.). Englewood Cliffs,
N.J.: Prentice-Hall.

Simon, H.A. & Siklossy, L. (1972), Representation and Meaning: Experiments

with Information Processing Systems. Englewood Cliffs, N.J.: Prentice-Hall.

Siy, P. & Chen, C.S. (1974), Fuzzy logic for handwritten numerical
character recognition, IEEE Transactions on Systems, Man and Cybermetics,
SMC-4, 570-575.

Stalnaker, R. (1970), Probability and conditionals, Philosophical Science,
37, 64-80. '

Sugeno, M. (1974), Theory of fuzzy integrals and its applications, Ph.D.
Dissertation, Tokyo Institute of Technology, Tokyo.

Suppes, P. (1974a), The axiomatic method in the empirical sciences,
Proceedings of Tarski Symposiwm, American Mathematical Society,
Providence, R.I.

‘ Suppes, P. (19745), Probabilistic metaphysics, FiZofiska Studier nr. 22,
Uppsala University, Sweden. :

Tarski, A. (1956), Logic, Semantics, Metamathematios. 0xford:~C1arendoh
Press. ' ‘

Terano, T. & Sugeno, M. (1975), Conditional fuzzy measures and their
- applications. Fuzzy Sets and Their Applications to Cognitive and
Decision Processes, pp. 151-170 (eds Zadeh, L.A., Fu, K.S., Tanaka, K.
& Shimura, M.). New York: Academic Press.

Uragami, M., Mizumoto, M. & Tanaka, K. (1976), Fuzzy robot controls,
Journal of Cybermetics, §,.39-64. '

Watanabe, S. (1969), Modified concepts of logic, probability and information
based on generalized continuous characteristic function, Information
and Control 15, 1-21.

Wechsler, H. (1975), Applications of fuzzy logic to medical diagnosis,
Proceedings of International Syrmosiwm on Multiple-Valued Logie,
University of Indiana, Bloomington, 162-174.

TS



7

Wenstop, F.' (1975), Applicatfion of linguistic variables in the analysis of
organizations. Ph.D. Dissertation, School of Business Administration,
University of California, Berkeley. '

Wenstop, F. (1976), Deductive verbal models of organizations, Imtermational
Journal of Man-Machine Studies, 8, 293-311.

Zadeh; L.A. (1968), Probability measures of fuzzy events, Jowrnal of
Mathematical Analysis and Applications, 23, 421-427.

Zadeh, L.A. (1971), Similarity relations and fuzzy orderings, Information
Setences, 3, 177-300.

Zadeh, L.A. (1972a), A fuzzy-set-theoretic interpretation of linghisitc
hedges, Journal of Cybernetics, 2, 4-34. '

Zadeh, L.A. (]972b), Fuzzy languages and their relation to human and -
machine intelligence, Proceedings of Intermational Conference on Man
and Computer, Bordeaux, France, pp. 130-165. Basel: S. Karger.

Zadeh, L.A. (1973), Outline of a new approach to the analysis of complex
systems and decision processes, IEEE Transactions on Systems, Man
and Cybernmetics, SMC-3, 28-44.

e~~~

Zadeh, L.A. (1975a), Fuzzy logic and approximate reasoning (In memory of
Grigore Moisil), Synthese, 30, 407-428.

Zadeh, L.A. (1975b), Calculus of fuzzy restrictions. Fuszy Sete and Their
Applications to Cognitive and Decision Processes, PP. 1-39 (eds.
Zadeh, L.A., Fu, K.S., Tanaka, K. & Shimura, M.). New York: Academic
Press.

Zadeh, L.A. (1975¢), The concept of a linguistic variable and its applica-
tion to approximate reasoning, Part 1, Information Sciences, 8,
199-249; Part 11, Information Sciences, 8, 301-357; Part III,”
Information Sciences, 9, 43-80. ~

Zadeh, L.A. (1976), A fuzzy-algorithmic approach to the definition of
complex or imprecise concepts, Internatioral Journal of Man-Machine
Studies, 8, 249-291.

Zadeh, L.A. (1977a), Fuzzy sets as a basis for a theory of possibility,
Electronics Research Laboratory Mcmorandum M77/12, University of
California, Berkeley. To appear in Fuzzy Sets and Systems.

Zadeh, L.A. (1977b), PRUF--a language for the representation of meaning in
natural languages, Procecdings of Sth Tnternational Joint Conference
on Artificial Intelligence, M.1.T., Cambridge, Mass., 918

Zadeh, L.A., Fu, K.S., Tanaka, K. & Shimura, M. (1975), Fuzzy Sets and
Their Application to Cognitive and Decision Processes. New York:
Academic Press.

Zimmermann, H.J. (1974), Optimization in fuzzy environments, Institute for
Operation Research, Technical University of Aachen, Aachen. ’



Bt SRS

not young
\\-oki

more or less young

young

very young
r

0.5 ————

—
age

30

Fig. 1. Graphical representation of linguistic values of Age.



Fig.

2.

Graphical illustration of the concept of relative truth.



I
—A—J

N

Iy - - e —— —

Hp Mo

- Fig. 3. Interval-valued truth-value for an

interval-valued reference proposition.



3

s Yu-true
| > \ T
N\
ab 2N F
B\
AN N e
)*
FIN]
0

Fig. 4. Effect of truth qualification.on F.
(8 is mapped into B'.)



LT ST

o ‘ not very tall
[ tall
| e

~ —7
/9 ﬁ?'\\

a
N\ |
B' very tall
T ->‘
not very true \ .

\a

|l a B

Fig. 5. Extraction of an answer by the use of semantic equivalence.



b
2
most
|- ant most [_

—most

tall

very tall
0.5 +———

|

170 cm

O-

c

Fig. 6. Representation of most, tall and their modifications.



	Copyright notice 1977
	ERL-77-58

