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ABSTRACT

Self-heating times of a one dimensional electrostatic
simulation thermal plasma are presented using zero order weightings
(NGP), linear weighting (CIC-PIC), and quadratic spline weighting (QS).
Maximum heating times are found to be along v %% :-% for

NGP and z-% for CIC and QS . Considerable increase in self-heating

time is achieved through truncation in k-space.
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I. INTRODUCTION

The self-heating (nonphysical) times for one-dimen-
sional electrostatic thermal plasma are presented using zero
order weighting (NGP), linear weighting (CIC-PIC), and quadratic
spline weighting (QS) in a momentum conserVing* code, EST of A. B.
Langdon [1]. The self-heating time h is defined as the time taken
for the thermal energy of the system to double. A 1d electrostatic
thermal plasma model consisting of a mobile electron speciés“and
immobile heutra]izing jon background was used. For this éystém;'thié/
is the time in which the average kinetic energy of an e1éctr66
increases by 3T . The increase in energy is numerical in origin
and stochastic in nature. It arises from fluctuations in the force
due to the presence of finite grids in space and time. Thus, the
self-heating times ;trongly depend on At and Ax .

A Maxwellian velocity loader with first and second moment
correction was used [2].

R. W. Hockney [3] empirically obtained the self-heating

times for a 2d blasma with ions and electrons using Te = Ti

9

mi/me = 64 , with further refinement by Hockney et al., [4]. We have

added quadratic spline weighting and show self-heating times are longest

for vf—A—t—z-3- for NGP and v at 1

Ax t X" 72 for CIC and QS.

*Energy conserving codes also show self-heating for At #0 . Only in
the 1imit of At-+0 1is energy conserved.



II. CHOICE OF mpAt: DETERMINATION OF SELF-HEATING TIME i

Typical growths in time of the thermal energy are shown for
NGP in Fig. 1 (cases A1-A6).* For mpAt_gO.G the energy increases
linearly with time, implying a random process; the remaining work
presented will be for wat in this range. For larger prt » the
growth in thermal energy is like t" , but with n>1 , which implies
some other kind of growth, as yet unexplained. The same change in
growth pattern for prtg:O.ﬁ was observed for CIC-PIC and QS weight-
ings. From histories like those of Fig. 1, with slope of one, “Th
was determined.

Figure 1 shows raw data and does not have points at early
time. When we plot all the points from t=0 onward on a linear plot,
then we see fluctuations preceding linear growth in time; these are

due to the ordered (but not quiet) start. In obtaining the

T
h 1]
zero in time and initial thermal energy were assigned to the beginning

of growth linear in time.

*See Appendix C for the parameters for each case.
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IIT DEPENDENCE ON Nolp » MpdX » no(Ao+Ax)

The self-heating times are plotted in Fig. 2 in units of
electron plasma frequency, wpTh? Vs ND'-'"oAD and NC+ND=no(Ax+AD)
(cases A7-A11, B1-BS5) where n, is varying. Fig. 3 shows wpTh Vs

NC+ND for two different ratios 6f AD/Ax where n_ 1is no longer

0

varying but A_ and Ax are varied using NGP (cases A27-A28 for

D
AD/Ax--Z and Al12-Al5 for AD/Ax=0.5) Similar behavior is observed

for CIC. These figures lead to the conclusion that for a fixed AD/Ax R

wp‘rh is proportional to NC+ND .
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IV DEPENDENCE ON Ag/ax 3 OPTIMUM CHOICE OF v, ﬁ—f(-

The self-heating times wnTh divided by Nc-i-ND are plotted
in Figs. 4, 5 and 6 vs AD/Ax for different values of prt (cases

A16-A63, B6-B60, C1-C42). The dashed line drawn through the different

. At 3 at 1
graphs is Vi Ix 57 for NGP and Ve AXQ:Z for CIC and QS. The

longest heating times occur near these values of Vi %% .



Fig. 4. Self-heating times divided by NC+ND Vs AD/Ax for several
mpAt for NGP.
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Fig. 5. Self-heating times divided by NC+ND Vs AD/Ax for several u At
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v COMPARISON OF SCHEMES; GAIN OF GOING TO A HIGHER
ORDER ALGORITHM

As a comparison of the different algorithms studied, ratios
of self-heating times of quadratic-spline to nearest-grid-point and .
cloud-in-cell to nearest grid point are plotted in Figs. 7 , 8, and
9 for prt==0.1, 0.2, 0.3 , respectively. These figures indicate that
CIC heating times are as much as 70 times longer than NGP and that QS
is as much as 650 times longer than NGP.
These increases in heating times come at the expense of
longer computation times. Actual measurements of cost of simulation
per particle per time step on the CDC-7600 MFE computef at LLL show
that T=5, 11.6, 24 usec/particle/time step for NGP, CIC, énd Qs,
respectively. Hence, we need a measure of accounting for this cost.

We have chosen to define the gain of using a higher order weighting

scheme as

increase in self-heating time
increase in computer time

gain =

Going through the optimal path, we have gains as presented
in Table I. Note that the gains of using higher order weightings,
NGP +~CIC, and CIC+QS are roughly one order of magnitude, much less

than the gains in Ty -

-1 -



mpAt 0.1 0.2 0.3
gain \\\\\\\\\\\
27'5— .18._- L'.-:
CIC/NGP 53 = 11.9 5.3 = 20.8 53 30.4
350 _ 650 _ 440 _
QS/NGP 78 " 72.9 78 =135.4 78" 91.6
QS/CIC =
(QS/NGP)/ (CIC/NGP) 6.1 6.5 3.0
Gain in going to a higher order algorithm. The
the table are increase in self-heating times (i.e., reduction
Table I

in error in energy) over increase in cost (determined on the

CDC 7600 MFE computer at LLL).
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VI INCREASE IN GAIN DUE.TO SMOOTHING

The self-heating time can be increased considerably‘by
smoothing the chargevdénsity’in k-space. The smoothing factor used
was simple Fourier space truncation, where all the modes beyond k]ast
are dropped, as shown in Fig. 10. Fig. 11 shows the self-heating time

oy T, VS K for the different schemes used (keeping everything

p max/klast
fixed but varying k.., for each scheme) (cases A70-A79, B63-B69,

C43-C47). The gain in self-heating time due to k-space truncation is

almost proportional to k

max/k1as£“ for NGP and is close to but not‘

for CIC and (k for

)2 )3
max last max last

QS. Thus, k-space truncation further increases the gain of CIC/NGP and

quite proportional to (k

QS/NGP and QS/CIC. Table II shows approximate gains with k-space

truncation.

- 16 -



gainypeAt 0.1 0.2 0.3
CIC/NGP ‘
11.9 20.8 30.4

x(kpax/kiast)

Qs/NGP "72.9 °© 135.4 91.6
"(kmzm/klasn:)2 .

QSICIC - - o 6'5 3.0
x(kmax/k]_ast) 6.1

Table II. Gain with k-space truncation.

-17 -
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VII CONCLUSIONS

At 3

The self-heating times are longest for Vi ax7 for NGP
and Vi %§d=%— for CIC and QS. Roughly speaking, quadratic spline

heating times are one order of magnitude longer than for cloud-in-cell,
whilecloud-in cell is one order of magnitude longer than nearest grid
point, consideringboth gain in heating time and increase in cost.

Smoothing by Fourier space truncation considerably increases the self-

heating time and this increase is roughly proportional to

kmax
klast

where n 1is the order of the weighting scheme, i.e., n=0 for

n+l

NGP, n=1 for CIC, and n=2 for QS. Use of higher order algorithms

is high1y recommended, specially when k-space truncation is also used.

- 20 -
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APPENDIX A LOADING A THERMAL PLASMA WITH FIRST AND SECOND MOMENT
CORRECTIONS

A one-dimensional Maxwellian velocity distribution,

-5 -1 -v2
f(v) = (2n) Vi exp (——7
2vt

can be loaded using a set of random numbers Up 5 Uy 5 Ug s oee 5 U

to generate the velocity of one particle [5], i.e.

w) v (5w -3) /(8)

This process can be repeated for all the particles to be loaded; it

b

requires calling n random numbers times the total number of particles.
It produces better results as the number of particles in thé‘system

is increased NP+« . The fluctuations about the desired distribution
reduce as Nﬁ% , which means that with a few hundred or thousand part-
icles, the fluctuation level is of the order of a few percent, which
may not be satisfactory.

h homent of a Maxwellian distribution in 1d is

oo 2 2 © 2 2
-v-/2v -v /2v
(MY = J Ve t dv /// J e t dv

it )

The nt

= n i (n-1)/2 -x i - _-x
(/?'vt) OI X e dx/// OJ X 2e " dx

- vz (25 v ‘ ()

- 22 -



The expected values of the first five moments of a distribution

with vt=1 and

o VP22 -k
J ve dv [w e dv (2)

0 0

(vhy = - (v7) =

are listed in Table I. Also listed are the ensemble averages over 10
separate loadings with é diffekentlset of random numbers used each
time. We have used n=12 and NP, the number of particles, equal to
1024. The higher moments are quite different from what is desired;
the lower moments are within the expected fluctuation level of the

random number generator, i.e., %E . 0.03125 .

N /2024
An improvement in all the odd moments can be achieved by

loading a symmetric distribution, i.e.,

= n n -’ | Nf
WS -3@T seen
i=1
v (j) = .
n ; - NP . _ NP NP
-v. G -3 e b1, 542,00 ,NP

This method requires only half as many random numbers, n><%;-.
Ensemble averages over 20 loadings of this distribution are listed in
Table AI. Some improvement occurs. However, although the second moment
averaged over 20 runs is only off by 2 per cent, the standard deviation

of this moment about v% is 0.05 vi .

- 23 -
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(v LA TG G GO et ] e

expected
value 0 1.0 0 3.0 0 |0.3989 | 0.3989
nonsymmétric ' .
random loader 0.04 0.96 0.18 2.73 1.02 10.4210 0.3604
symmetric
random Joader

0 0.98 0 2.82 0 0.3879 0.3879

Table Al

Several moments with n = 12, NP = 1024, vt = ],
1lst row is the cxpected valuc from theoty with no cutoff.
2nd row is the ensemble average over 10 separate loadings

3rd row is the ensemble average over 20 separate loadings.

-24 -



A second improvement would be achieved if we could reduce
this deviation to zero. This can be done by using a correction method
suggested by Gitomer [2]. In this correction scheme, the particles
are divided into £ groups of m particles. If a symmetric distri-
bution has already been loaded, it is then best to correct each half
of the distribution separately. Next one computes the mean and square

means of the velocities of particles in each group v , v2 » by

1 m
2 - ' . 2 =
Ve ;E% Vi ’ v

|-

m )

> 2

i:’l Lo .
: ' ’ C — L

then computes a correction factor ALPHA = <}E/(V2;-V)é) i and next the

cdrrected velocities ‘ AR : _

v

i ‘{ALPHA(VT-V\!—) .
corrected .

It is important to be careful iﬁ the divi;ioniof the{partic]es
into groups. For small values of m , we obtain an orderly and noise-
less distribution but a poor Maxwellian. With NP=1024 and m=2 ,
one gets two beams at v, . These disfributioﬁs ére sketched in
Fig. Al; wfth nf=4-, ﬁe éet a distribution simf]ar to a step function
with butoffs at 32;3 Vi - As m increasés,lthe cutoff 1éve1 goes up
to +3 vt for m=32 or higher. The measured values for the moments
are given in Table AII and plotted in Fig. A2, showing rapid approach to
Maxwellian values. .

In the study of self-heating times, this improved version of

the thermal loader was used with £=1 , where the resulting distri-

bution was very nearly Maxwellian.

- 25 -
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[ [ D GH G ] ot = )T
2 o 10| o |2 0 500
4 |lo |10 | o |1.83] o .432
8 |o |16 | o |2.539 | o 411
16 | 0 | 1.0 o' 2.686 | 0 403
32 o |10 | o |2738] o .399
66 | o [ 1.0 | o [2.790] o .400
12| 0 |1.0 | o |2.88 ]| 0 .399
256 | 0 | 1.0 | o |2.920} o .400
si2 |0 | 1.0 | o [2924] o .399
Maxwellian| 0 | 1.0 | 0 | 3 0 .3989

Table AII Moments using symmetric loading and Gitomer's corrector.
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m is the number of particles whose second moment was corrected

in a group.
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APPENDIX B QUADRATIC SPLINE WEIGHTING: APPLICATION TO ESI

Quadratic spline weighting algorithm [6], [7] has been
placed in the plasma simulation code ES1 and as a check we present the
dispersion for a cold plasma.

For momentum conserving codes. using quadratic splines,
the shape factor S(k) and the « (from v¢) and K2 (from v2¢)
operators are [8] )

o3 fkax\ _ [sin(kax/2) 13
S(k) = aif? (2) - [-——-—-Mx/z (1)
kAx
2(kax) _ sin(kAx/2) 2

The dispersion equation for a cold plasma is, using kpsk-pkg , kgEZI

k (k)sz(k) : (4)
2 KZ(k) 2k

Using Eqs. (1,2,3) in (4) we obtain

.“ﬁi = ! k2 dif(k ax) dif®(k_ax/2)  (5)
Yy k2dif(kax/2) p P P
_ 2%sin®(kax/2) sin(kax) 5 - (6)
AxS o kp5
= (—?—-)5 in%(kAx/2) cos (kax/2) Z —l- (7)
= AX sin > 5

p
Using the identity

m = [(A—z)z)s,in(kAx/z)]~2 (8)
P g

and differentiating three times successively, we get at each step



) (k—;-‘:g-)—a = cos (kbx/2) [(f;)'sif\(l‘chIZ)]-B e
= i =3 1) ]
- + cos? (kax/2) [(Z) sin(l;Ax/Z)] - - Qo)
? E—_;;)_s = cos (knx/2) [(f;) sin(kAx/Z)] -5
| [2 sin (kaw/2) + ws2(ax/2)] (D)

? :"; =:C°S("<AA:</2/ [(_A?;) ;in (kAx/z)]-s [2+c052 (:Axlz)]. ;(12)
op ‘

Thus, the dispersion equation reduces to

2 2 : '
= = co«,-Z(kAx/z)<2*°°53"‘A"’2)) : - (13)
p - .

The quadratic spline weighting algorithm has been tested
out in our electrostatic one-dimensional code ES1; the cold plasma
results along with the theory are plotted in Fig;Bl. The para-
meters of the run are as given in Table Blbelow. -

L =6.28 NP = 128 Table BI Parameters used for
measurement of cold
At = 0.2 w_= 1.0 plasma dispersion using quadratic
P . spline weighting.
NG =64 x1 = 0.001 '

The results show very good agreement with theory. This
algorithm was used in our study of self-heating times with second

order weighting.

- 30 -
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