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1. Introduction

This is a sequel to a recent paper'[ll on frequency domain nonlinear
system analysis via the Volterra series. In particular the results developed

in section 4 of [1] will be used extensively in this paper. In section 2 we

derive the nth order transfer function of a nonlinear circuit by solving a

linear circuit repeatedly — each time with different sources. This problem

has previously been investigated in [3] using node analysis. However, not all
nonlinear elements can be expressed in voltage-controlled "admittance" form
and hence a more general method of analysis is desirable. Moreover, the use
of exponential inputs assume aprinri that all transfer functicns generated by
the solution process are symmetric. In this section, we derive rigorously
recursive formulas for obtaining the nonlinear transfer functions. In section 3,
we appiy these recursive formﬁlas to derive explicit formulas and recursive
formulas for obtaining the transfer functions of cascade systems and inverse .
systems, respectively. Synthesis of nonlinear circuits and inverse systems
via feedback configurations are also presented. Finally, the general structures
of transfer functions for a large class of nonlinear systems are derived.

All systems considered in this paper'are assumed to have a single input.
We adopt the same notations and definitioms introduced in [1], except that
the zeroth order term for each Volterra series is assumed to be identically
zero. Thus, for an analytic system F, the output w(t) is an analytic functional
[2] FIx(t)] of its input x(t) and can be expressed as a Volterra functional

series; namely,

w(t) = Flx()] = 2 F_[x()] = 2 w (v) - a
m=1 m=1
where
[ ) -3 m
w (t) A F[x(£)] =I I £ (1 Tpeenty) T x(emtdr,  (1b)
00 -0 i=1
The mth order term can be found from the input-output relation as follows [2]:
w (8 = F [x(0)] = = (4= Flex(o)] ' (2)
m m m! m : ,
‘ dt . =0 ‘

For the purpose of this paper, it suffices to use the relationship

w(t) = Fm[x(t)] = coefficientvof‘em in Flex(t)] (3)



All results from [1], especially those contained in the section on symmetrization,

will be applied in this paper without detailed explanation.

2. TFormulation of Transfer Functions for Nonlinear Networks

In this section, we will generalize the method in {3,11] for finding the
overall nonlinear transfer functions of single-input nonlinear networks. The
method is a recursive one which involves only solving a modified linear circuit
repeatedly. Let each nonlinear element of the network be expressed as a

Volterra series of the form:

RO w (t) (4a)
m=1
where
o0 00 m
v (t) = L” L,, Tyt ety T x(t-1,)dt, ()

For' a two-terminal element, (x(t),w(t)) can either be (v(t),i(t)) of (i(t),v(t)),
where v(t) and i(t) are the voltage across and the current through the nonlinear
element, respectively. If (x(t),w(t)) is (v(t),i(t)), then we represent the

mth order transfer function by Ym(sl’SZ""’sm) and call it the mth order
admittance of the voltage-controlled "admittance" element. If (x(t),w(t)) is
(i(t),v(t)), then we represent the mth order transfer function by Zm(sl,sz,...,sm)

and call it the mth order impedance of the current-controlled "impedance"

element. Equation (4) can.also be used to represent the four types of two-port

nonlinear controlled sources. In these cases x(t) can be either v(t) or i(t),

and w(t) can also be either v(t) or i(t). Since (4) is a general representation
of the preceding six types of nonlinear elements, we will henceforth call x(t)

the controlling variable, and w(t) the controlled variable of the nonlinear

element. We will also make the following four assumptions which define the
class of nonlinear networks being investigated in this section:
1. The nonlinear elements in the circuit consist of the six types described
above. '

Before stating assumption 2, let us decompose each nonlinear element into

a linear component and a strictly nonlinear component as shown in Fig. 1.

Modify the circuit by embedding the linear component of each nonlinéar element
into the linear circuit to which the nonlinear element was originally attached.

Thus each modified nonlinar element assumes the form:



wg(t) = w(t) - w () = 22 w (£, | (5)
m= : . .

‘
.

where WN(C) is the new controlled variable with the controlling variable g(t)
remaining unchanged.

2. The output q(t) of the circuit, the controlled variable wN(t), and the
controlling variable x(t), of each nonlinear element of the modified circuit, are

analytic functionals of the input and hence can be represented by Volterra

series.

3.: Thé'modifiedAnetwork has a unique solution for all branch voltages and
branch currents oorresponding to each input of the input ensemble.

4. The modified network still has a unique solution for all its branch
voltages and branch currents after replacing the branch of oach nonlinear element
corresponding to wN(t) with an independent voltage (resp., current) source

if WN(‘) is a voltage (resp., current) waveforml.
Remark:

Assumptions 3 and 4 can be interpreted as a generalization of the well-known
"substitution theorem".

For each input waveform u(-), let [YN(-) j.N(°)]T and [x () §i(')]T
denote the waveforms of the controlled variables and the corresponding
controlling variables, respectively, of the modified nonlinear elements as
shown in Fig. 1 2. Let q(+) be the corresponding output waveform. It follows
from Assumption 2 that each component of [v () 1N( )] and [q(-) X, ( ) Xy ( )]

can be expressed as a Volterra series with input u(*). In vector form, we

can write:

3T 3 Nk |
[y (1) 1)1 -El [V () Ly ()] (6)
and
[a¢-) %, gi(-)1T=[§1 [q () x, () x (D1 )

where [YNn(') :}Nn(-)]T and [qn(-) gvn(o) gin(-)]T are the nth order terms with

respect to u(+). With the same input waveform u(+), replace the branches of

lThus, all branches corresponding to N in Fig. 1 a,b and c are replaced with
independent voltage sources, while those corresponding to iN in Fig. 1 d,e and

f are replaced with independent current sources.

2Observe that YN(-) and }N(-) pertain to different elements.-



the modified nonlinear elements that would have produced [YN(o) i\}(.)]T with

the corresponding independent sources with the same waveforms

[yN(‘) iN(°)]T. Let us call these independent sources the nonlinear sources

and their nth order components [V iﬂ as shown in (6) the nth order nonlinear
sources. It follows from the substltutlon theorem that all branch voltage
waveforms and branch current waveforms remain the same as if no substitution
had been made. Observe that after these substitutions have been made, we are
left with a linear circuit with sources attached to it. The following facts
will show how the nth order output qn(-) can be found recursively by solving
a series of "recursive' linear circuits of this type.
Facts:
1. Thereare no lst order nonlinear sources, i.e., [v ( ) iNl(-)]T = 0.
2. [ql(-) §v1(°) ~il( )] is due to u(+) alone and can be found by setting all
nonlinear sources to zero.
3. Forn>1, [qn( ) x ( ) Xy ( )] is due to the nth order nonllnear sources
[v ( ) i (- )] alone and can be found by settlng u(*) to zero.
4. For n > 1, each element of [V ( ) iNn(-)] is a functional of the,eorresponding
element of [x ( ) ¥, ( )] for all k < n.
Remark:
The above facts clearly suggest a recursive algorithm for findlng q(- ) Indeed,
it follows from Fact 2 that the lst order term [ql( ) ~V1( ) N ( )] can be
obtained by solving a linear circuit with input u(*). Using fact 4 with

2, we can obtain the 2nd order nonlinear sources [V ( ) lNZ( )]
terms of the lst order components [x ( ) 511( )], since k = 1. 1t then
follows from Fact 3 that [qz( ) X, ( ) Xy ( )] can be obtained by solving
" a linear circuit with sources [v ( ) 1N2( )] A repetition of the. above
algorithm will allow us to find all higher-order solutions, each solution
requiring only the analysis of a linear circuit with independent sources
whose waveforms are prescribed by the solutions of the previous analysis.
Proof of Facts 1 and &4:

Before extracting the linear component, each nonlinear element is described
by (4)3. After embedding the linear component of each nonlinear element
into the linear circuit, each modified nonlinear element assumes the form given

by (5). It follows from assumption 2 that both wN(-) and x(-) can be expressed as a

3Notice that wm(t) is an mth order term with respect to x(t) only and not the
input u(+) of the circuit.

—5-



Volterra series with input u(+); namely,

w(£) = :{31 vy (6) | (8)
x(t) = 3 x (1) (9)
' n=1 .

where wﬁn(t) and xn(t)‘are nth order terms with respect to u(t). Substituting
(9) into (4b), we obtain

o @
ese

m @
'n(t) - ‘L. Le fn(rl,rz,...,fm) 121 (El xk(t"'i))d‘i

- ces £ (T, ,TopeeesT )X, (t=1.)%x (t-1,)...x (<=t )d7....dv_ (10)
%;1 231 %;1 i, I; T2 T N T, T R w1 Ta

Equation (10) represents a sum of components, each having the form:

00 -] m
... f (T,,Thse-erT ) I (t-t, )dT, (11)
.L» L:. m1rt2 e "ki i’

Recall that (11) is due to the input u(t). Now if we replace u(t) with

eu(t), then (11) would assume the following corresponding form:

- Jm . m ki
.o Ff o(T,5ThseeesT ) T €~ %, (t-t,)dT,.
jlm o 1°°2 m {=1 ki i i

Hence, it follows from (3) that each cbmponent in the summation of (10) is of

order k1+k2+..;+km with respect to the input u(t). As ki, Vi = 1,...,2, can
take on integer values from 1 to «, k1+k2+...+km > m. Since WN(t) = P2 wm(t),
i.e. m> 2, WN(t) can contain no lst order component with respect to u(t).
This proves Fact 1. Furthermore, k1+k2+...+km > ki for all i = 1,2,...,m.

Thus (11) is a component of , where n = k1+k2+...+km, and involves only

W

Nn

the terms x (t) with k; <n. This proves Fact 4. n
i



Example 1.

(-} . 4 . ;
Let us. recast wN(t) = 2 wm(t) into the form of (8) : :
m=2 '

Y
{:‘ fz(Tl,Tz)Xl(t-Tl)Xl(t—Tz)dTldT%}

-00 o =00

wN(t)

L@ ‘
+ {:. fz('rl,'rz)[xl(t—rl)xz(t-12)+x2(t—'rl)xl(t—-rz)]d'rld't2 - f '

-0 =

J om0 o

o o o '
+ B jlm fB(TlgTz,T3)X1(t—T1)X1(t—TZ)Xl(t-T3)dTldedT;} | |

+ ... (12)

Proof of Facts 2 and 3:

It follows from assumptions 3 and 4 that we can use the substitution theorem
3T
to find [q(+) x%,(°) gi(°)] . Thus

- ﬂ — -

~ n
q(-) u(*) u(*)
x ()| =L |y - j;z g3 ()

— -

x, (*) - () B3 ()
" =) &

S

wheregeis a linear operator. Now let u(+) be changed to eu(t), so that

r‘q(.)j :;u(.)‘ ”:1()"1 - [0 )
x| =L L ey = Llo | +X I vy )
j=2 , . j=2

L. ] j.
x, () 2 el () 0 1)
L - LJ:Z ’ -~ L >.-4 ‘ L j -

4Recall that v (t) is the mth order output with respect to the controlling
variable x(t), whereas Vg (t) is the nth order term with respect to the input

u(t).



Fact 2 and 3 then follow immediately from (3). =

Now let us solve the problem using the frequency domain approach in order
to get rid of the convolution type of integrals. Observe that (11) represents
a typical term of order k. +k +...+km with respect to u(t). In the "multiple"

1 2
time domain, (11) assumes the following form [1]:

jo . ofw fm('l'l,'fz, oo ,Tm)){kl(tl-'rl,tz-'[l, coe ,tk.

- 1 1 72

e (G ok 4 T bk T 947904y (13)
m 1 m-1 1 m

Taking the multiple Laplace transform of (13), we obtain

kl k1+k2 kl'l'. . -4’kn . s xk 8, yeees8 )

2By eeer8 pecey XX k"'---‘*‘k_*'l Kt otk
s (§1 *t 1§;1+1 EU '12-k +oootk g+ t‘i) xkl(al %2 .kl)x“z( Kt “1*“2) n( 1 m-1 1(1‘) o
Example 2.
Transforming the two terms enclosed by {+} in (12) into the frequency domain,
we obtain
wNZ(sl’SZ) = FZ(Sl’Sz)xl(sl)Xl(SZ) - (15)

WN3(51’SZ’33) = F2(31’82+S3)x1(sl)xz(82?53)+F2(SI+SZ’S3)X2(sl’82)xl(s3)

+ F3(sl’82’SS)Xl(sl)xl(SZ)Xl(s3)

5 2
Since F2(Sl+82’SB)XZ(Sl’SZ)XI(S3) 2 F2(32+83,sl)Xz(sz,s3)X1(sl), we can
write WN3(sl,32,s3) as follows:
WN3(sl,sz,s3) = [Fz(sl,sz+s3)+F2(sz+s3,sl)]Xl(sl)xz(sz,s3)

+ F3(s

12592890, ()X, (5,)X, (s5)

(16)

—Tl)xkz(tkl_'_l—'tz, cee ,tk K —12) o



Notice that F (sl,s ) in (15) as well as F (sl,s ) and F (81’82’53) in

(16) all satisfy the partlal symmetric requirement on A(+) as defined in

Lemma &4 of section 4 of [1]. This self partial-symmetry property also holds

for the higher order terms W (s 12590+, ). Thus, for convenience we will

use the symmetric forms £ (11,12, ces T ) and F (sl,sz,...,s ). To simplify

the unwieldy notation in (14) we 1ntroduce the abbreviation F Xk Xk Xk

Since Fm is symmetric, it follows that if (al,az,...,am) is a permutatlon of

5

(kl,k ,...,km), then

ka Xk Xk :F X X ...Xa

1 % o

2

17

It follows from (17) that if p of the variables of {Xk Xk ""’Xk } in

. are equal to , then we can group them together into a
Bty KK %,

s1ng1e term (Xk )p With this notation (15) becomes WNZ(Sl’S ) = F (X )

‘ P 1 1, = 3
and (16) becomes N3(31?82,33) = 2F2(X1) (XZ) + F3(Xl) .
Lemma

The. nth order nonlinear source WNn(Sl’SZ""’Sn) of (8) is given by

. ) ) ' ol _ m m, Mmoo
W (81800008)) = Z.o 2 zo — F X)) “(X) “oe(® 0 "7y n22
-1 . 2 2 il mil
i=1
n-1
ST > e
where m, = n - im,, m = m,, and a_ = In — , ¥
1 =2 1 = P P

Proof: See Appendix 1.

Remarks:

(18)

1. The symbol In(+) in (18) denotes an integer-valued function whose value

In(xr) is obtained by deleting the fractional part of r. For example,

n(5.3) = 5 and In(2.9) =

2. Notice that the number of summation signs in (18) is n—2. Thus, for

n = 2, there is no summation sign and W (s »S, ) = F (X ) with m,
and m = 2.
5

This follows from Lemma 1 in section 4 of [1].

2



Example 3. _
Applying (18) to find WNA(SI’SZ’SB’SA)’ we obtain (with n=4)

] 8,

. i PRI T
¥y (0108500309,) = :E-o 2: mlln T W) ) T
‘523 —o 5 o) 200+ B o Rt 2y
,24) mllmzln! a1 2 3 “'3.0 2.0 mllmzlm3! m1l m3_1
7 x) oxy 2exp 3 sl f oy Lx,) 25 3
!m lm,l nl 2 3 L‘g“’"’g“"-“l" llm lm I 'o*"1 3 "3'0'“2-1'“1-2

a 2,0 =0 nlln Ty ,.0!1) (x) 2(x,) l

1]
— = F ( ) (x
nlln lm 1 \n x1 X

=y 2,°1,8,~0,m,=1

2 7, + 3F, ) ) + Fyx)® + 2Ry ap?

We are now ready to present an algorithm for obtaining the nth order output
transform and the nth order transfer function of a nonlinear circuit.
Algorithm:
1. For the modified linear circuit with input source vector [u(+) vy (*) ig (')]T

Determine H(s), the transfer function matrix of the linear c1rcu1t, such that

—

[a(s) ) u(s) |
XV(_S) = f,‘l(s.) YN(.S) -
}i(s)_ | In(s)]
— T (— )
Qn(sl) U(sl)
2. Set n = 1 and obtain gvn(sl) = E(sl) 0 (19)
Z'(:'m(sl)_‘ LQ

3. Extract the nth order output transform Qn(sl,sz,...,sn), thus yielding

Qn(sl,sz,...,sn)
U(sl)U(sz)...U(sn)'

4. If n equals the required value, stop. Otherwise, set n = ntl.

the nth order transfer function

5. Use (18) to obtain each element of the nth order nonlinear source vector

YNn(sl’SZ""’Sn)

an(sl’SZ""’sn)

~10-



6. Obtain

an(sl,sz,---,snﬂ o (o 7
Xvn(sl,sz,...,sn) = H(s5855---58)) YNn(sl’SZ""’Sn) (20)
L?in(sl’SZ""’Snl INn(Sl’SZ""’Sni

7. Go to 3.

Remarks:

1. Equation (19) (resp., (20)) follows from Fact 2 (resp., Fact 3) and

the multiple Laplace transform, (14) of (13) with m = 1, since the equation
in step 1 represents convolution in the time domain.

2. Instead of finding the transfer function matrix H(s), we can solve

the circuit by using any linear circuit analysis method in the frequency"
domain [13,14]. The only difference here is that we must change s to

Sl+32+"'+s and define the nth order nonlinear source vector by

V (sl,sz,...,sn)

ENn(sl,sz,...,sn)

3. It can be seen from the algorithm that the existence of the nth order

transfer function depends only on the existence of a unique H(s). Observe,

however, that the algorithm itself does not imply that a solution of the

original circuit exists. In fact, the series so obtained may not even converge.
We conclude this section with an example.

.Example 4.

Let us use the above algorithm to find the nonlinear input impedénces of

the series-parallel nonlinear circuit shown in Fig. 236. Assume the time domain

and frequency domain characterization of each nonlinear element is as follows:

‘Capacitor

‘time domain: vc(t) 2: a q (t), where qc denotes the capacitor charge
n=1
%n
, ¥n > 1

8,858,008 -
n

frequency domain: impedances Z_ (S,55,75:+458_) =
Cn 1’72 n 152

6An example of a non-series-parallel nonlinear bridge circuit is given in
Appendix 2.

-11-



Inductor

(-] * .
time domain: :LL(t) = 2 bn¢z(t)’ where ¢L denotes the inductor flux

n=1

frequency domain: admittance ?Ln(sl,s

Resistor

(-]

time domain: i_(t) =
R"7.

n=1

5 o

2°°

..,sn) =

I
<
=]
v
=

frequency domain: admittance Y (s 1289028 ) =g, ¥n>1

n

In order to find the input impedances of the circuit, we chuose current i(t)

as the input and the associated port voltage v(t) as the output. Let

Ne

v, (*), iN (*), and iN (+) denotes the waveforms of the nonlinear sources

associated with the capacitor. inductor, and resistor, respectively. The

modified linear circuit with the input and the nonlinear sources is shown

in Fig. 2b. Following the aboﬁe algorithm, we write
o (a NN n
1 s -s -S
V(s)_1 — + I(s)
s b1+gls b1+gls b1+gls
Ic(s) 1 0 0 VNC‘S)
. 1= s s s . (21n)
V. (s) — - — 1. (s)
L bl+gls b1+gls b1+gls NL
V. (s) — =2 = I.. (s)
LR 1 Lyt b,+g;s bl+gls~ i N
Thus
a s s s T
1 1 1 1
[V,(s)) I,(s9) V ,(s0) Vpy (S)] + I(s,)
171 Cl1 1 b1+gl 1 bl+gls1 b1+gls1 1
(22)
The lst order input impedance is
Vv, (s.) a s
17717 1 1
Z,(s;) A == 4 — (23)
1*°1 I(sl) sy b1+gls1

-12-



It follows from (18) that the 2nd order nonlinear sources are given by:

~— a
VNCZ(S‘l’Sz)—1 Zc(81089) 01 (510 T () 515,
Gs..s)] =1 % .(s.,8)V. (s )V, (s )| = (sbs )(b“i1 s ><b‘i§ )
INLZ 1°52 12$81°522V1(81 V11182 152 P17E381 B17815,
(sy-8,) Y, (s.58,)V . (s,)V . (s,) 2% i; AT i; s
| 21" BN R Vs T Ve 1) B U N o M A S
(24)
It follows from (20) that .
- - - -(s.+
"2(5‘1’92)-T 1 3 +(S%:Sil Yy b +(S%ssil )T - q
178181752 17818178, V. .(s.,s.)
N2 5152
Icz(sl,sz) 0 0 0 INLZ(gl,sz) (25)
v (; .S') 0 -(s+s,)) ~(s;+s,) L-INRz(Sl’Sz)
b ] . -
1271 2‘ blfgl(sl+sz) b1+g1(sl+sz)
(o8 . —(sl+32) _(Sl+82)
R2 »1 ~2.J' _ b1+gl(81+52) b1+gl(81+82)4

1(51)1(s2)

Substituﬁing (24) into (25), we obtain the following 2nd order input impedance:

Vy(s;58,)

ZZ(S =

2 [P
2

,S)— =
1 72 | 1(51)1(52) $,8 8182

s +s

172

- (26)

Higher order transfer functions can be obtained by applying the algorithm

repeatedly.

3. Some Frequency Domain Applications

A. Cascade Systems

The derivatibn‘pf nonlinear transfer functions of composite cascade

systems is usually quite involved. Here, we derive an explicit formula

for the nth order transfer function Hn(sl,sz,...,sn) of the cascade system

g

= *
H = F * K shown in Fig. 3. If we let Kn(sl,sz,...,sn) and Fn(sl’SZ""’Sn)

-13-



be the nth order transfer functions of systems K and F respectively, for

all n > 1, then we have

%a-1 ) : m m m
2 m! \ = 1 2
H (8)58,,...,5) }: > .. - FLR) (K (k) o (27)
m =0 m =0 m.=0
n-1 2 n mil
i=]1

wherem=n—21m,m-—2m,anda=In i=ptl ,
i= i=1 P p
Vp = 2,3,.0.,11-10
. Proof:
Decompose F into a linear component F1 and a strictly nonlinear component
FN’ such that F = F1+F as shown in Fig. 4. It is clear that the system

FN has exactly the same form given by (5). Therefore the nth order output
transform of F with respect to u(t) is given by (18). The nth order output

transform component of F. with respect to u(t) is F (s +s +...+s )X (51’32""’5 ).

1 2
Adding this term to (18) gives the total nth order output transform for the
composite system with respect to u(t). Substituting

X, (sl,sz,...,s ) =K (sl,s sesesB )U(s )U(s ) "U(Si) into the above

sum for all i < n and divide the sum by U(sl)U(sn)...U(sn), we obtain (27).
) , -

B. Inverse Systems

Inverse systems have been investigated in [5-7, 10-12]. The cascade of
a system and its inverse gives the identity system. To derive the nonlinear
transfer functions of an inverse system in terms of the original system's
. transfer functionsis often a complicated process, especially for high orders.
Here, we will derive a recursive formula for calculating the nth order transfer

function of an inverse system. Let the nth order transfer function of a
-1
Y

system Y be Y (s 2"'°’Sn)’ for all n > 1. Let its inverse syétem Z

1%
be characterized by the transfer functions Zn(sl,sz,...,sn); for all n > 1.

The nonlinear transfer functions of the inverse system are then given by:

1.
(o) = 3Gy | (28a)
m. m, m
1 %2 a, ¥ @z) Y, 2.z !
Zn(sl,sz.....an) a Z=0 2 o ces n-l my %s .8 f....,s ) a-1 » n> 2| (28b)
. L mo_2 m2=0 n o ) 1'"1°72 n
i=l

14—



n-1
n - 2: im

n-1 n-1 i=ﬁ+l i
wherem1=n—z:-imi,m=2:mi, and 2 = In - s
i=2 i=1 LN P
Vp = 2,3,.-.,11—2.

Remark:
For n = 2, the number of summation signs in (28b) is zero. Hence
oy (z)?
22(31’82) = -Y—zTélTST .
17172

Proof:

Let a nonlinear element be characterized by nonlinear admittances
Yn(sl’SZ""’sn)’ for all n > 1. By considering this element as a single-
element nonlinear circuit, we can use the formulas from the preceding section
to find the associated nonlinear impedances Zn(sl,sz,...,sn)'fpr all n > 1.
- The resulting expressions are precisely given by (28). n
Remark:

It can be seen from (28), or from Remark 3 of the preceding algorithm, that
the existence of all the transfer functions of the inverse of a system
characterized by the transfer functions Yn(sl’SZ""’Sn)’ for all n > 1,

of the linear component.

Adepén&s only on the existence of the inverse
. Ce Yl(s)
Nevertheless, the Volterra series so obtained may not necessarily converge.
Example 5. _ , ‘
Given the nth order admittances Yn(sl’SZ""’Sn)’ n =1,2,3, the impedances
of the first three orders of the inverse system follow from (28):
1

z.(s,) =5+ ) (29a)

171 Yl(sl)
= - 1212 (29b)

22(31’52)

o Hy(sy58,%59)T)(5),89) T3 (5;08,,89)Y, (s5*s,)
Z3(sl,sz,s3) = (29¢)
Yl(sl+sz+33)Yl(sz+s3)Y1(sl)Yl(82)Y1(?3)

Example 6. ,

Here, let us derive the input impedances of the circuit shown in Fig. 2a.
This has already been done in the last section using a different approach.
First, notice that the total nth order admittance Yn(sl’SZ""’sn) of

two voltage—controlled "admittance" elements connected in parallel is given

-15-



by Y (s 1289228, ) =Y (sl’SZ""’S ) + Y"(Sl’sz"'°’sn)’ where
" .

Y' (81’82"‘7’sn) and Yn(sl,sz,...,sn) are the nth order admittances of
the two admittance elements, respectively. Similarly, the total nth order
impedance Z (81’82""’8 ) of two current-controlled "impedance elements connected
in series is Z (s 12890+ S )y=z' (31’52"“’5 Yy + 2 (51’52""’3 ), where

] ”
Z (sl,sz,..,sn) and Zn(sl,sz,...,sn) are the nth order impedances of the
two impedance elements, respectively.

For the parallel inductor and resistor shown in Fig. 2a, the composite

b b1*85;
1st order admittance is given by Y (s,) = — + g, = ——— , while the
= 11 S1 1 81
. _ b
composite 2nd order admittance is given by Yz(sl,sz) ;;;;;-+ gy- It

follows from (29a) and (29b) that the lst and 2nd order impedances of this

composite parallel element are given as follows:

1 1
1st order impedance: Z (s;) = =
171 1(81) ) b1+gls1
. : -Y (sl.s )
2nd order impedance: Z (s »89 ) =
1 Yl(sl+s )Yl(sl)Y (82)

815, 2 b1+g1s1 b1+gls2 b +gl(s +s )

Thus, the 1lst and 2nd order input impedances of the circuit are given by:
: b |
1st order impedance: ZCl(Sl) + Z (s ) ) AEI;EI—I

2nd order impedance: 02(81’82) + ZZ(Sl’SZ)

. a2 _ b2 +g)( Sl )( s2 )( sl+s2 )
$15, 5,59 2 b1+gls1 b1'+gls2 b1+gl(sl+82)

These results agree with those obtained earlier in the last section, as they
should. .
C. Feedback Systems

Let system H denotes the composite feedback system shown in Fig. 5. It
has been shown in [6,7] that

=.F*(}+K*F)-1 = (F'1+K)’1, ' (30)

-16-



where I denotes the identity operator.  Since (30) involves only addition,
cascade, and inverse operations, the nth order transfer functions of the
composite system H can be easily obtained by using the formulas presented
earlier. A

D. Synthesis Problems

(i) Synthesis of Nonlinear Networks Via Feedback Systems

Here, we give a compact feedback representation of nonlinear circuits
using the results from the last section. First, let us look at a circuit
containing only one nonlinear element. Let the modified strictly nonlinear

element be denoted by FN’ Following step 1 of the preceding algorithm, we

obtain
[acs) H(s) Hj,N(s) U(s)
= X 4
X(s) ) | H, Hw (s)]) [Wy(s)

- ‘whére x(t) and’ v (t) are the input and output, respectively, of the modified
nonlinear element F . It follows from Fact 2 of the last section that ql(t)
"and x (t) are the output of the linear systems represented by Hq(s) and

H (s), respectively, with input u(t). It also follows from Facts 1 and 3

(-]

that 2: 9, (t) and 2: 1{(t) are the outputs of the linear systems represented

n=2 .- n=2
by-Hg (s) and H;_(s), respectively, with input.WN(s); From this information,
N . N

we obtain the feedback representation of the nonlinear network as shown in
Fig. 6. Consider next a circuit having one more nonlinear element denoted

by K. Let the strictly nonlinear component of K be denoted by KN' After
modifying the nonlinear circuit, let b(t) and pN(t) be the input end output of
KN. .For the modified linear circuit, let

. Q(sﬂ . Hz.(s) ugN(s) ugN(sﬂ u(s)
x| - o LSCINRENC
, b b b
Lls(s)_J Lllu(s) HWN(S) HPN(S{‘ ‘LPN(SE‘

-17-



Following the same procedure as above, we obtain the feedback representation
shown in Fig. 7. Circuits containing more than 2 nonlinear elements can be

similarly represented.
Remark: )
In addition to synthesis applications, this subsection shows that the stability

and analyticity of nonlinear circuits may be investigated using well-established
feedback system theory by first transforming the circuit into a feedback

system.

(ii) Synthesis of Inverse Systems

Let Fl'and FN be the linear and strictly nonlinear components, respectively,
of a system F; i.e., F = F1+FN. The inverse F_1 of F can be synthesized by
any one of the three feedback systems shown in Figs. 8a,b and c, where F1
is the inverse of Fl' Fig. 8a is obtained by considering F to be a voltage
controlled "admittance" element characterized by nonlinear admittances;
i.e., Fn(sl’sz"'°’sn) = Yn(sl,sz,...,sn). Let F be a single-element network.
Choosing a current source as the input u(t) and the associated port voltage as
the output q(t), we can synthesize this network by using Fig. 6. In the |

i} Xy o1 S S ’
present case q(t) = x(t), Hu(s) = Yl(s) , and HWN(S) Yl(s) . Thus Fig. 8a

is obtained. Fig. 8b7 is obviously equivalent to Fig. 8a. Fig. 8c use F

rather than Fy in the synthesis. Since{F;l is a linear system,

-1 -1 -1 -1 -1 -1
* = * - = * - * =

F1 FN F1 (F Fl) F1 F Fl Fl F1

Fig. 8c follows from 8a. An easier way of deriving Fig. 8b is to apply the

* F - 1I. Hence,

feedback equation (30) of Fig. 5. Equation (30) shows that if we choose
1 1

F to be F. and K to be F,_, then H = (F1+FN)—1 =F

1 , and hence Fig. 8b is

obtained.

(iii) Structure of Transfer Functions

In dealing with synthesis problems or circuit-theoretic properties,
it is often desirable to know the general structure of the associated transfer
functions. The results presented in the preceding section will provide some
insights/into the structure of nonlinear transfer functions.

Ailarge class of nonlinear systems can be decomposed into a linear

subsystem and a nonlinear subsystem such that all memory components are

7Fig. 8b has been obtained in [5,6] via a different approach.
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exclusively contained in the linear part. Thus, we let all transfer»func—
tions of the nonlinear elements in a nonlinear circuit be constants. It then
follows from the preceding algorithm that the lst order transfer function

of the nonlinear circuit must assume the form:
" where Al(s) is a linear transfer function which ié assumed to be a rational

function of s. Likewise, the 2nd order transfer function must assume the

form:

m
Eéi Bil(s1+s il(sl)c 1(8 )

where Bil(s) and Cil(s) are linear transfer functions for all i = 1,2,..;,m.
Another structure which seems to be more general in appearance, but which is
actually‘derivable from the above expression, is given by:

m

121 1(81+8,)C, (), (5)), . (32)

where B (s) C (s) and Dil(s) are linear transfer functions, for all
i=1 2,...,m. For example, if we let Bl,l(s) = -32 1(s) = —33 1(s),

c = C' (s) + D (s) C2 1(s) = Ci,l(s) and C (s) = D!

1 1 (s);‘then

1,1
= ' ' ' .

Eg% B, (s Z)Cil(s )C (32) 2B1,1(Sl+32)c1,1(sl)nl,1(82) which has

the structure defined in (32). Similarly, to derive the general structure

of higher-order transfer functions, we assume all linear transfer functions

involved can be expressed as a sum of other linear transfer functions.

For example, Al(sl) = § Ail(sl) where A (s ) is a linear transfer function

for all ir(Ail(sl) may be identically equal to zero for some i). In deriving
the general structure of order n, we will also assume that all lower-order
transfer functions exhibit the structures already obtained. For example, the

general structure of the 3rd order transfer function is given by:

o a
12=:1 Egy(sytsytsg)Fyy(s,,8,)6y; (s5)

(33)
h

+ gl Hy) (sy¥s,%8)P, (s))R, (SZ)Til(S )
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whereinl(s), Gil(s)’ Hil(s),'Pil(s), Ril(s) and Til(s) are linear transfer
functions, and'FiZ(sl,sz) is a 2nd order transfer function having a structure
given by (32). A substitution of the structure of Fiz(sl,sz) into (33)

gives rise to the following structure:

izi:l Byy (8r+epte )Ry (51¥8))04 (8)Vyy (850645 (53)
b (34)
2 My (eptegre)Byy (s)Ry) (50T, (59)

where Kil(s)’ Uil(s) and Vil(s) are linear transfer functions. It can be
seen from the preceding algorithm that the general structure of an nth order

transfer function consists of terms like

d
2 A, (e +8 .. .45 )B

' (8,+8,5.0458_ )B, (s yeeoy8 )...B,, (s seees8 )y (35
i=1 1171 2 ikl 1°72 kl 1k2 k1+1 k1+k2 1km k1+...+km_1+l k +...+km .

1

where k1+k2+...+km = n and Bikj(sl""’sk.)’ ¥j =1,2,...,m, are Bjth‘

order transfer functions. Since ki < n, the general structure of an nth
order transfer function can be obtained recursively. In particular,

synthesis of a basic term such as Bil(sl+52)cil(sl)nii(52) in the summation

of (32) is shown in Fig. 9. Similarly, syntheses of
Eil(sl+52+83)Fiz(sl’sz)Gil(s3) and Hi1(81+32+s3)Pil(si)Ril(SZ)Til(s3) frog
each summation of (33) are shown in Figs. 10a and b, respectively.

Remarks:

1. Notice that the syntheses of these general transfer function structures
require only the syntheses of linear transfer functions, as well as sﬁch
operations as addition, multiplication and cascade among them. The only
operation that generates a nonlinearity from 1inearvsystems is multiplication,
which is memoryless.

2. Although the general structures of transfer functions are obtained by
assuming the nonlinear elements in the original circuit to be memoryless,

all nonlinear transfer functions derivéd in the literature for different
systems can be shown to be special cases of the general structures pfesented
in this paper.

3. A survey of [1] and the present paper shows that all common system operations
can be synthesized or expressed explicitly in terms of the 4 basic operations

of addition, multiplication, invertion and cascading between systems. It
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follows from section & of [1] that for any of the above 4 basic operations,
and their compositions, subsystems can be replaced by the corresponding
equivalent subsystems without affecting the symmetric form of the nonlinear
transfer functions of the overall system.

4. Since the structures of transfer fupctions are invariant under the

above 4 basic system operations, our general structures of nonlinear transfer

functions include a rather large class of analytic systems.
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APPENDIX

Appendix 1. Proof of Lemma

Expression (14) represents a term in the multiple frequency domain

expression of order k1+k2+. ..+km. This term has a corresponding time domain

component in LA (t) in (10) of order k1+k2+ +k with respect to u(t).

Now, W (sl,sz, esS ] ) represents the sum of all such terms in multiple

frequency domain w1th kl+k2+. ..+km = n, for all n > m > 2. However,

n = k1+k2+.. +k >m > 2 and ki >1, for all i = 1,2,...,m, imply that

n-1 > ki >1 for ali1 i = 1,2,...,m. Hence, it follows from (17), all nth order
terms assume the structure

m m m

= 1 2 n-1
Fm(Xl) (XZ) ...(Xn_l) (A-1)

If m, # 0, then there are m, of Xi in X.k Xk ka Thus,

n-1
m= ml-l-'mz+...-lvmn_1 = igl mi and n = k1+k2+"'+km = Z imi. It follows

from (10) that each set of distinct permutations of (kl’kz""’km) in (14)
corresponds to a component in wNn(Sl’SZ""’S ). It follows from (A-1)

1
l‘m2+0 L] .-m -1) . _ m!
1 1 - m ! 1
my m2....m 1! m imyte..m !

Equafion (17) shows that we can add these together to give:

(m

that the number of such permutations is

m m m

m! = 1 2 n-1
P P T F (X)) "X e (X gD (A-2)
172 n-1
n-1
where m = Z m, and n = E 1m We will now show that (18) is the sum of
i=1 i=1
all such terms given by (A-2), each term corresponding to a distinct vector
8 ) -
(ml,mz,. .. ’mn-l) such that ml+2m2+.. .+(n—1)mn_l = n., Since m A & m, (as

defined in 18), it is sufficient to show that the summation signs in (18) will

8Each distinct vector (ml,mz,.. L ) corresponds to a distinct combination

of the sgt {kl, 2,...,km}



n-1 .
generate all the distinct vectors satisfying Z m n. Let us prove a
: i=1
more general case; namely, for each n > 2,.and given any nonnegative 'integer
K, the following expression generates all vectors (ml,mz,. sesm ) such that
n-1 :

im, = K:
i=1
In(n—l) ) ) ‘ . )
mz=0 mz i eee mz=0 (ml,mz,.. . ’mﬁ-l) ‘ A - (A-3)
n-1 n-2 2
n-1
n-1 'K _"=p+]_ imi .
wher:eml=K—i§21mi and ap=In > , ¥p=2,...,n-2.
We prove this by induction. For n = 2, m, = K is obviously the only possibility.
For n = 3 m, can’ take on integer values from 0 to In(—) to satisfy m1+21112 = K. For
. . In(—)
each fixed m,, m, = K—Zmz. Thus, Zo (ml,mz) , Where m = K-—2m2, gerierates
)
all distinct vectors (ml,mz)_ such that m1+2m2 = K. Assume (A-3) is true for

n =r. Consider n = r+l. For any fixed m , it follows from the assumption
of the n = r case, that all vectors (ml,mz,...,mr) which satisfy
m1+2m2+. ..+r:1ur =K (i.e., m1+2m2+.. .+(1:—1)mr_:L = K—rmr) are given by:

K—rmr

In( =) ) a _o a, _ -1
mz o 2-:- mz=0 (ml’mz””’mr—l’mr)’ where m, = K - m - gz im,
r-1 m. 2" 2

-1

K-rm_ - im,
T i=p-|-1 1 .
and ap = In P , ¥p = 2,3,...,r-2, Since m can take on integer
values from 0 to In(—), all vectors satisfying Z 1m1 K must be given by
i=1
k—rm
In(—) In( ) a._, a,

Z z Z Z (ml,mz,...,mr)

0 m._ 1 mr_2=0 m2=0

A2



a2t

r-1
r=1 . T K—mr - z___: 1 1m
wherem=K-rm-Eim=K—Zim,anda=In izpt
1 r 4o 1 =y 1 P p

K
¥p=2,3,...,r-2. Since m _ can take on integer values from 0 to In(i-) , all vectors

i

’

T .
satisfying Z im, = K must be given by:

i=1
K K-mr
Inz(?) 1—% r-1 ) arz—z ;7:
(m, M, 500, m )
= = = - 1°72 T
mrfO om_y 0 n_, 0 m, 0
' B r-1
-1 r K-mr - 1mi
whereml=K-'rmr-2 imi=K—2 im,, and a_ = In =ptl ,
i=2 i=2 P P
T
K-rm K- im,
i=p+l
¥p=2,3,...,r-2. By setting a1 = In( r_1r> , we have ap = In 1pp ’

¥p=2,3,...,r-1. Therefore (A-3) is also true for n = r+l. Thus, we have
proved (A-3) by induction. Finally, (18) corresponds simply to K = n, and

hence must also be true. , n



Appendix 2 Formulation of Transfer Functions for a Bridge Network

We will now use the algorithm presented in section 2 to find the
nonlinear transfer functions of the bridge network shown in Fig. lla. .The
input is a current source i(t) and the output is the voltage vR(t) across
the nonlinear resistor. Let the time domain and frequency domain
characterization of the two nonlinear elements be as follows:

Inductor:

time domain: (t)'- 2: a 1 (t), where ¢ denotes the inductor flux.
n=1

frequency domain: 1mpedanc¢ ZLn(Sl’82’°"’Sn) = an(s1+s +...+s ) ¥n > 1

2
Resistor:

time domain: iR(t) =‘:Ei gnvg(t)
n=

frequency domain: admittance §£n(sl’82""’sn) =g Vn > 1

9 _ _1 _1g1 11 .
Let” a, = 14, L2, =3 HA, g =3 2~ and 8) =5 Q@ "V. The modified linear

circuit with the input and nonlinear sources are shown in Fig. 11b. Let us
denote the nth order transfer function to be derived by H (sl,sz,...,s ).

Following the 1lst step of the algorithm we write:

VR(SJW -252+2 —332—6 -3s I(s) )
| I ~ I, (s (a-4)
I (s) A(s) 2st4 3s -2s R
L
V. (s)
N
L_ p— - - — L -
where A(s) = 232+33+4.
Following step 2 of the algorithm we have:
1
[VRl(Sl) ILl(sl)] A (s 1) [-2s +2 25 +4] I(s ) (A-5)
Following step 3, the 1st order output transform is:
-23i+2
Vei(sy) = e ) I(s,) (A-6)
9Notice that the unit of a, is HA" 1, where H stands for henery and A stands

for amp., which the unit: of g, is Q lv 1, where V stands for voltage.

A4



The 1lst order transfer function is:

2
HVR VRl(sl) . —251+2

(s,) = = (A-7)
i1'71 I(sl) A(sl)

To derive the 2nd order transfer function we follow step 5 to find the 2nd

order nonlinear sources:

I. .(s.,8,) Y .(s,,8,)V_.(s)V__(s,) 1, ,.2 52
NRZ 1’72 R2'°1°727 'R1"71" R1"72 I(Sl)I(sz) 5( 281+2)( 252+2)
s T A(s)A(s,) |1
VNLZ(Sl’SZ) ZLZ(SlfSZ)ILl(Sl)ILl(SZ) 1 2 3(81+52)(251+4)(282+43
(A-8)
Following step 6:
V.. (s,,8,) 3(s,+s,)2-6 -3(s +s ﬂ L 26242 (-26242)
R271°72 I(Sl)I(SZ) 172 172 5 1 2
A(sl+sz)A(sl)A(32) 1
ILZ(sl’SZ) 3(SI+82) -2(si+sz) '§(sl+sz)(231+4)(252+h)
(a-9)
Following step 3, the 2nd order output transform is:
L1 3(s.+s,)2-6] (-26242) (<25242) ~ (s +5,) 2 (25 +4) (25 +4)
V. (s.,s.) = 5 172 1 ' 2 172 1 2 I(s.)I(s.)
R2'71°72 A(s,+s,)As, )A(s,) : 1 2
172 1 2
(A-10)
Therefore, the 2nd order transfer function is:
v VRa(81052) Lioa(a 4 ) %61 (-26242) (26342 ~(8 +,) (20, H4) (2, +4)
Hya(epe8)) = (s )1(s,) " ' 8(s;*8,)(s,)8(s,) (1)

We may continue to follow the algorithm to find higher order transfer functionms.
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FIGURE CAPTIONS

Fig. 1 Decomposition of nonlinear elements into linear and nonlinear
components: (a) impedance element, (b) voltage controlled
voltage source, (c) current controlled voltage source;'(d)iad—
mittance element, (e) voltage controlled current source, and
(fi current controlled current source.

Fig. 2° (a) A nonlinear circuit whose nth order input impedances
are to be found, and (b) the modified linear circuit with the

input and the nonlinear sources

Fig. 3 Equivalent system resulting from cascading two systems
Pig. 4 Decomposirion of F into Fl + Fn in the cascade system

Fig. 5 Equivalent system resulting from a feedback system

Fig. 6 . Synthesis of a circuit with one nonlinear element

Fig. 7 Synthesisrof a circuit with two nonlinear elements

Fig. 8 Three equivalent syntheses of the inverse system F

Fig. 9 Synthésis of a typical term fromethe.general expression*of

v a 2nd order transfer function
Fig. 10 Synthesis of two typical terms from the general expression
of a 3rd order transfer function B ' -
Fig. 11' (a) A nonllnear bridge network whose nth order transfer functlons

YR

Hin (sl,sz,...,sn) are to be found, and (b) the modified linear

network with the input and the nonlinear sources.
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