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INTRODUCTION

Felix F. Wu

I. POWER SYSTEM RELIABILITY EVALUATION

The power system reliability problem is to evaluate the ability of
a system to supply the load demand, taking into account the random
effects of equipment outages and load fluctuations. Probability methods
are used in the analysis [1-5]. The classical loss-of-load probability
(LOLP) model [6] for generation reliability has been well developed.
This model assumes that the transmission system is perfectly reliable
and has unlimited power transfer capability. The reliability problem
that incorporates transmission system becomes a difficult problem in
terms of computational complexity. Work in this area has been relatively
scarce and primitive. In this introduction we will present:

(1) a brief review on the current state-of-the-art of methodologies
for bulk power power system reliability evaluation that incorporates
transmission system.

(1i) a description of our research directions in the development of
a methodology for bulk power system reliability evaluation.

(iii) a summary of our research results so far accomplished for this
project.

To put different methods into proper perspectives we first present
a unified conceptual model for power system reliability evaluation.
Different methods are then classified within the model into four
categories. Most of the current research in power system reliability
evaluation falls into the first three approaches. The last onme is the
one we are following. It is along the same direction as does the

development of modern mathematical theory of reliability.
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IT. METBODOLOGIES FOR POWER SYSTEM RFELIABILITY EVALUATION
2,1. A Unified Conceptual Model

The basic components of a bulk power supply system consists of
generation, transmission and load. The generation and transmission
equipments have random outages. The load demand is fluctuating and

.unpredictable. The power system reliability problem is to evaluate the
ability of a system to supply the load demand, taking into account the :éﬁ
random effects of equipment outages and load fluctuations.

" Generators, transmission lines, and loads will be referred to as
components in the model. The state of a generator is the maximum power
that can be supplied. The state of a transmission line can be either the
maximim power that can be transferred or its admittance. The state of
a load is the power demand. iet us for simplicity assume that the states
are discrete and finite. If each component has k states and there are
n components we have K possible combinations, each of which is called

a system state or a configuration.

For a fixed configuration a test is conducted in order to determine
the ability of that particular generation and transmission system con-
figuration to supply that particular load demand. The following is a
list of models used in the tests for reliability evaluation. The list
is arranged in increasing order of complexity. References of methods
using the model is cited in the brackets. | ¢

1). Service continuity [7]. The test is simply to determine

)

whether there is a transmission path from generatidn to load point. .
2). Network flow [8]. Only the real power flow and its con- -
straints are considered.
3). Load flow [9-13]. DC load flow, ac load flow and its
approximations have been used. The model includes real and reactive

power flows, and voltage magnitudes.
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“We now describe our unified model in mathematical terms. -Let x; de-
note Atl"xé::'s"i:ate‘ -of component i. A configuration of a systemrisrefresented
by- an n-vector 5 = (x ,xz,...,rh). The collection of all possible system
configurations or states x is called the state-space of the system and is
denoted by X. The test to determine whether the configuration is able
to supply load can be represented by a binary-valued function ¢,

1 if load can be supplied

¢(x) = 1)

0 if load can not l;e supplied.
The subset of X for which the corresponding x passes the test is called
the "working" subset and is denoted by W, i.e., W = {§]¢(§)=1}. The
complement of W is called the "failed" subsets and is denoted by F,
i.e., F = {x|¢(x)=0}.

For eéch component there is a probability distribution associated
with the occurrence of different states. In other words, the state of
a component x; is a random variable. For each configuration x we can
associated with it a probability, Prob{x}, induced from the probabilities
of its components Xy

A reliability function is a set function f defined on the subsets

of X such that the function is evaluated on the intersection with either

Wor F. For example, let A C X, we may define

£(A) = Prob{x|x € A N F} (2)

A reliability measure associated with a reliability function f is

defined as £(X). For example if f is defined as above f(X) will be the

loss~of-load probability of the system.

f(x) = ) Prob{x, } (3)
xEF



The model we have described so far is a probabilistic one in which
the time element is not included. 'we may view each component of a power
system as an alternating renewal process with exponential distributions
of "working" time and repair time. A continuous-time Markov chain model
of the system is obtained. For reliability evaluation, the expected
duration of being in the set W, and the expected frequency of entering
W, in addition ot the probability of W, can be calculated. They provide

additional reliability measures.

2. (lassification of Evaluation Methods

Reliability evaluation of bulk power system based on service
continuity is generally considered inadequate. We will therefore
consider only methods based on network flows and load flows. Because
the number of possible states in the system increases exponentially as
the number of components increases, an exhaustive enumeration is out of
the question. Various methods have been suggested in practice. Based
on the essential features we classify the various methods within our

unified model into four categories of alternative approaches.

Approach I. 'This approach selects a few sample points in X. Calculation
of reliability measures are performed using only these points.

The fundamental steps involved in this approach are

1) Select sample points Xy (Contingency selection)

2) Evaluate ¢(§i)

3) Compute reliability ) £(x;)
{x, |¢(x;)=0}

This approach is currently widely used in industry. The second
step of evaluating ¢(§i) may be carried out by DC power flow, or full

AC power flow.

D}
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The approach used by Reppen [9], McCoy [10] and Marks [11] all

have the same basic features of this category.

Approach II. In this approach it is assumed that the reliability

function f is additive, i.e.,

£(AUB) = £(A) + £(B)

This approach is based on the principle that if a family of subsets {Ei}

is a partition of the state-space X, i.e.,

£W) = ] £(0E,)
i .

Two fundamental steps are involved in this approach:
1). Select {Ei}

2). Compute f(WﬁEi)

The second step involves performing a test or a number of tests. The
conditional probability method suggested by Billinton and Bhavaraju
[12-13] belongs to this class. A family of subsets consisting of single
contingencies and possibly some double contingencies are used. They do
not exhaust the state-space X, but only form a set of sample points as
in Approach I. 'The reliability measures used are the loss-of-load

probability and the expected frequency of loss-of-load.

Approach III. It is still required to assume that the reliability

function f is additive. This approach is based on the fact that if we
partition S into nonoverlapping subsets {Wi}, then
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£(W) = § £(W,)

This approach is viable if the family of subsets’{Wi} can be generated
recursively.
Two fundamental steps are involved in this approach

1). Perform a test, the result of which defines S Update £(W).

i.
2). Decompose W - U Wk if necessary. For each subset go to

k<i

Step 1. -

The method developed by Doulliez and Jamoulle [8] belongs to this
class. Here because the network flow model is used it is possible to

generate Wi recursively.

Approach IV. Two fundamental steps are involved in this approach.

1). Characterize the working subset W and its properties.

2). Evaluate f£(W) based on the characterization and properties of W.

This approach is the one we are following. It is along the same direction

as does the development of modern mathematical theory of reliability [14].

III. RESFARCH DIRECTTONS AND RESULTS OF THE PROJECT

3.1.. Research Directions

The ﬁain directions of our research efforts in the development of
a methodology for bulk power system reliability evaluation are the
following:

1). Based on the mathematical model we want to analytically
characterize the set of working states W (or the set of failure states
F) and to derive its properties.

2). Develop methods to evaluate system reliability or its upper

and lower bound based on the characterization and properties of the sets

W and F.
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We believe that for reliability evaluation of large power‘systems
the idea of decomposing the system into subsystems or modules is
important. The main directions of our research in modular decomposition
are the following:

1). Study the fundamental requirements of a module and its
properties.

2). Develop decomposition schemes based on the understanding of
the properties of a module.

The model for bulk power system reliability evaluation using flow
networks belongs to the class of systems considered in the modern
Reliability Theory. In section 2 we state some basic concepts in
Reliability Theory to facilitate our later presentation. In section 3
we summarize the research results we accomplished in the area of power
system reliability evaluation using flow network model. This includes
the development of evaluation methods and modular decomposition. In
section 4, we summarize our research in laying a solid foundation for
reliability evaluation based on Markov model. In section 5 we summarize
the on-going research on the analysis of the reliability evaluation
model based on DC load flow and on a direct method for reliability
evaluation.

It seems to be generally agreed in power industry that for trans-
missiqn system reliability evaluation a DC power flow or an AC power
flow should be used. The justification for our investigation of
reliability model with flow networks consists of the following:

1). This is an area where theoretical study is almost nonexist.

2). The results obtained for this model may serve as a foundation
for further research for the model with power flows.

3). This model itself is considered adequate for multi-area or

-7=-



regional reliability evaluation, and distribution system reliability

evaluation.

3.2. Basic Concepts from Reliability Theory

The fundamental concept in Reliability Theory [14] is that of
coherency. A coherent system is one where improving the performance
of a component will not cause the system to deteriorate, i.e., the
function ¢ is nondecreasing. A coherent system may be characterized by
way of a minimal path representation or a minimal cut representation.

A minimal path set is a minimal set of components whose functioning

insures the functioning of the system. A minimal cut set is a minimal
set of components whose failure causes the system to fail. A coherent
system has a unique family P of minimal path sets and a unique family C
of minimal cut sets such that the system reliability function can be
expressed in terms of either of them. When a coherent system is
represented by a minimal cut structure and a minimal path structure,
bounds for the reliability function can be readily obtained.

The concept of a module is related to decomposition of complex
systems. A module is a set of components which can be replaced con-
ceptually by a single fictitious component. The state of the fictitious
component 1is determined according to a well-defined rule from the
states of the components in the module. The state of the system may be
determined from the state of the fictitious component together with the

states of the rest of the components.

3.3. Reliability Evaluation Based on Flow Networks

It can easily be shown that the reliability model with flow network
is a coherent system. Because of this coherency property, when a network
flow is performed the result can also be used for a subset of system

-8-
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states. The iterative method developed by Doulliez and Jamoulle [8]
utilizes this property. In order to facilitate probability calculatioms,
they decompose the set not yet classified at each iteratiom into
nonoverlapping subsets. Lee in Chapter 2 develops an improved scheme
for decomposition of the unclassified sets in the state space by the use
of lexicographic ordering.

The algorithm by Doulliez and Jamoulle generates a path set or a
cut set one at a time. Eventually the iterative process will reach all
the "minimal” path sets in P and "minimal" cut sets in C one by one.

On the other hand, Willie, in Chapter 3, develops a new- algorithm which
generates a family of path sets and a family of cut sets at each
iteration. The scheme will converge to the family of minimal path sets
P and the family of minimal cut sets C. The method is based on the
property that each cut set must intersect all the path sets. Given a
family of sets R, the dual family d(R) is the family of sets such that
each set in the dual family intersects all the sets in R. Willie's
algorithm at each iteration constructs a dual family and tests certain
sets derived from the dual family to enlarge the families of path sets
and cut sets. The method has the provision to terminate when an
"interesting" subfamily is found, e.g., one which is limited by size or
by probability.

In Chapter 4 Hagstrom investigates the possible definitions of
modules in the reliability model with flow metworks. Her starting point
is a graph-theoretic characterization of the set of working states W
by Gale. Two types of modules, structural module and functional module,
are defined. Their characterization, properties and relation are
studied. The report included here does not contain her latest results
on this topic. A complete report is forthcoming.

-9-



In Chapter 5 Shogan defines a special class of modules and develop
a modular decomposition scheme for a certain class of networks. - Upon
adapting the graph-theoretic concepts of "cut node" and "block," it is
possible to identify a "block-module," defined as an independent, non-
trivial subnetwork that has one and only one node (the "cutnode")
connected to the nodes outside the subnetwork. The reliability of the
network will increase by a known factor after a "block-modular
decomposition" thét“consi5£s'5f a transformation of the ‘eutnode's supply-
demand random variable and the deletion of the remainder of the block-
module. Provided that the original network possesses at least one
block-module, the reliability can be determined from a sequence of block-
modular decompositions that reduce the original network to a single node
whose reliability is easily computed.

Hagstrom develops a decomposition scheme in Chapter 6, which
introduces a more general framework. A graph-theoretic decomposition
is used first to decompose the network into its "triconnected components."
A "tree" to show how to reassemble the graph from its tricomnected
components can be generated. This decomposition can be used to compute
system reliability. The procedure is that the probability distribution
of capacity or demand is computed for each of the triconnected component,
then this process is repeated as these components are iteratively

reassembled back into the graph itself.

3.4. Reliability Theory Based on Markov Model

We provide here a solid theoretical foundation fcr the Markov model
of power system reliability. 1In the Markov model of power system
reliability evaluation, the probability distributions of component working

time and repair time can be assumed exponential. When the components are

-10-
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assembled together to form tﬁe system the probability distribution of

the time to system failure is no longer exponential. -Narasimhamurthi,

in Chapter 7, derives the expression of the time to failure distribution
for systems modeled as continuous-time Markov chaiﬁé?”“@?éifi in géééter 8,
deg%yesmén exp;gééion for the long-term avéiage frequency of entering and
duration of staying in the set of failure states and develops a recursive
formula for computing the frequency and duration for a coherent system.

The recursive formula is a generalization of the one developed by Hall,
Ringlee and Wood and can Bé>applied‘;9_bglk power system reliabiiity

evaluation.

3.5. Reliability Evaluation Based on DC Power Flow

A more accurate model of a power system for reliability evaluation
than the flow networks is the DC power flows. Moslehi investigates
the properties of this model in Chapter 9 and suggest a direct method
for reliability evaluation without solving the power flow. It turns
out that reliability model using DC power flow is mot a coherent system.
The concept of local coherency is introduced and its application to
obtain a characterization of the set of working states W is indicated.
A sufficient condition for local coherency is derived. The class of
network topology which guarantees coherence is identified. A method of
reliability evaluation which is independent of the concept of coherency
is suggested. A sequence of hyperboxes is iteratively comstructed in
this method and a subset of the working states is readily obtained for
each hyperbox. The method is direct and does not require the solution

of a power flow.
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procedure is general in the sense that it does not depend on the
structure function of the system, and the memory requirement is

negligible when executing the algorithm on a computer.
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I. INTRODUCTION

In system reliability analysis, we often assume that the system
1s represented by a prohabilistic graph, and the system is functioning
if there exists a path from the input node to the output node. Thus
we have considered reliability as a matter of connectivity only and
reliability analysis has been primarily concerned with the enumeration
of paths or cuts in the graph [1,2,etc.]. But in many physical systems
such as power transmission systems, and oil or water pipeline systems,
there will be numbers associated with every arc, for instance, the flow
capacity of the arc; consequently, reliability of an arbitrary system
may not necessarily be characterized by only connectivity.

In this paper, we give a definition of system reliability [3] and
present a procedure for computing the exact reliability of a "coherent"
system using the concept of lexicographic ordering.

Throughout the paper we assume that the system consists of n
statistically independent components. Let a random variable X, indicate

i
the state of the ith component:

1 if component i is functioning

0 if component i is failed.

Thus the system can be completely described by a vector-valued random
variable X = (Xl,...,Xn).

Let the binary variable ¢ indicate the performance of the system:

1 if the system is functioning

0 if the system is failed.

It is assumed that the performance of a system depends on the states of

the components of the system; thus, we define a funmction ¢(X) and call

-15-



it the structure function of the system.

ITI. PRELIMINARTES NOTATION AND DEFINITIONS

x; values that Xy can assume.
X = (Xyseeesx ) values that X can assume
Pi ﬂ Pr{X; = 1}.

qi(=l-? ). L -A'_iPr{Xi = 0}.

System reliability: The reliability of a system is defined as (see [3]):
Pr{y(X) = 1}. 1)

Coherent system: A system of components is coherent if its structure

function ¥ is nondecreasing and each component is relevant.

Path vector: A path vector is a vector x such that y(x) = 1;

Minimal path vector: A minimal path vector is a path vector x such that
x' < x ®y(x') = 0, where the notation x' < x implies xi §:xi,
i=1,...,n, with at least one strict inequality.

Cut vector: A cut vector is a vector x such that y(x) = 0.

Minimal cut vector: A minimal cut vector is a cut vector x such that

x' > x=yk') = 1.

We wish to emphasize that the meaning of the above-mentioned paths
or cuts is not equivalent to that in graph theory; however, they are
equivalent if we consider reliability as a matter of connectivity only.
The reliability (1) of any coherent system can be computed by using the
minimal path and miunimal cut representations [3]. Nevertheless, unless
the structure function of the system is simple, it is not an easy task
to determine all minimal paths or minimal cuts.

A brute force approach to evaluating (1) is to sum over all 2"

=16~



a

binary n-vectors so that we have

x; 1-x,
Pri{y(X) =1} = ] ¥(x) T p,q, ~. (2)

x i
Observing that the method (2) is impractical, we can reduce our problem

to one of finding the set of -all path vectors {xlw(x) = 1} without

complete enumeration. Doulliez and Jamoulle [4] have applied decomposition

principle to calculating the system reliability, in which the whole state
space is decomposed into three categories: sets of functioning states,
sets of failed states and sets of undetermined states. Each set of
undetermined states is again decomposed into three categories, and so
forth. This involves keeping track of numerous sets of undetermined
states as well as the relevant upper and lower limiting states of each
set; hence, it requires large memory size when large-scale systems are

considered.

III. APPROACH

Our procedure hinges on the following definitions:

Lexicography: (a) A vector is lexicographically positive (or negative)

if its first nonzero component is positive (or negative). Thus the
vector (0,0,3,-4,1) is lexicographically positive and the vector
(0,-2,1,5,3) is lexicographically negative. A vector xl is lexico-
graphically greater than (or smaller) than x2 if (xl-xz) is lexicograph-
ically positive (or negative).

(b) A vector x' is lexicographically greater than x" with respect to

L
the ordered index set A if x"(A) - x"™(A) > 0 (see the notation below).

NOTATION
L
x>0 a vector x which is lexicographically positive.
L
x<0 a vector x which is lexicographically negative.

-17-



x' E x" x' is lexicographically greater than x".

x'(E) x" x' is lexicographically greater than x" with respect to
the ordered index set A.

[« cardinality of the set * .

A "ordered" index set of some or all elements in a binary
n-vector x

F index set, without ordering, of the remaining elements
in x. Note [A| + |F| = n.

=A) IAI-vector X whose elements are ordered according to the
ordered index set A. For example, given A = {3,1,5},
F = {2,4} and n = 5, A) = (x3,%,%g) -

At ordered index set A with Iﬁil = i, whose elements are the
same as the first i elements in A. In the above example,
A% = (3,11,

¢ null set

Our strategy is essentially as follows. Suppose that we have the
desired set {x|y(x) = 1}; therefore, it is assumed to be possible to
partition this set into exclusive and exhaustive subsets, say Ml, M?,...,M?,
by the following partitioning proeedure. In fact, the algorithm described
in the next section is nothing but a systematic écheme for generating

all these subsets.

Partitioning Procedure:

0. Let X be any path vector, i.e., $(x) = 1; order the index set
{jlij = 1} arbitrarily to get an ordered index set A.

1. Partition the set {x|y(x) = 1} into |A| + 1 exclusive and exhaustive
subsets Ho, Hl,...,HlAl so that for any x' € Hi and x" € Hj,

L
x' (i) x" if i < j. Of course, for some i Hi may possibly be empty.

-18-
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2.

After partitioning, we have:
' |A]
for any x € Ho, HA) = (1,1,...,1,1),

for any x € Hl, xA) = (1,1,...,1,0),

. [a]-1+1
for any x € ‘Hi, x(ﬁlAl-iﬂ') = (1,...,1,0),

for any x € HIAl, «al) = 0).
Note that lb(xo) = 1, where
xo € {x|xj =1 for j € A, xy 2 0 for j § A}, for the system is

coherent by our assumption.

Excluding the set Ho, for each 1 = 1,..., IA], partition the set Hi,

if not empty, into exclusive and exhaustive subsets. In what

follows, without loss of generality, we explain how to partition Hi.

|a]-1+1 %

For every j € A » let xj denote the value of component j of

x in H'. Suppose that we can find an ordered index set Aa by

~lAl- &% %% %
augmenting the set AIA| 41 so that Y(x ) = 1, where x, = xj for
~lAal- *k ~lal- e
j e alal-im x; =1 for J €A andj§ alal-14 g x; =0
~lal-iv1

for j € A,. Note that A constitutes the first |A|-i+l

elements of the set Aa.’ Now partition the set Hi into |A|-|A|+i
0 1 |a_|-]A|+i-1

exclusive and exhaustive subsets G, G ,...,G @ (some of

them may possibly be null sets) so that for any x' € Gk and x" € Gr,

"L
X (A>)“x" if k < r. As before, we have:
o

la_|
[+ 3
|A]-i+1
for any x € G°, x<Aa) = (1y00.51,0,1,...,1,1),
for any x € 6T, 4 )= (1,...,1,0,1,...,1,0,

|agl-lal+1 © o
for any x € ¢ & , KA A=+, Qy:..,1,0,0).
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%k
Note that w(xo) = 1, where xo € {xlxj =x, for j€ Aa, xj 20

for j ¢ Al 3
0 1 |a,|-la]+i-1
3. Except the set G°, we again partition G*,...,G into
exclusive and exhaustive subsets, respectively, in the same way
that we partitioned Hi. Of course, this partitioning procedure
is applied to all subsets obtained from the partitioning of Hk, e,:
k = 1,...,|A|, and the procedure continues until no more partitioning
is possible. This procedure can be visualized in terms of a tree,
as shown in Fig. 1, and the tree may not be uniquely determined.
Now suppose that the above partitioning procedure has yielded
exclusive and exhaustive subsets, say Ml,...,Mk,...,Mz, of the set

{x|yp(x) = 1}.

Properties of Mk: Associated with Mk is an ordered index set Ak

satisfying the following:

' *
] " \J = ] .
i) For any x', x EMk, x(Ak) x'(Ak), for all j € a,, let:‘xj
denote the value of component j of x in Mk.
. .
ii) W(xo) = 1, where xg = % for j € A, and xg = 0 for j $‘Ak;

consequently, it follows from the assumption that the system is coherent

*
¥ = {xlxj = %y for j € As Xy 2 0 for j § Ak}'

Z
Remark 1: Pr{y(X) =1} = ] Pr{x € M}, where Pr{x € M}
' k=1
R T = PriX, = x;’} 1 erix, > 0}.
| je, 3

The conceptual imblementation of the above idea may be simple; . §

howaver, the key to the procedure is the ability to partition sets in

such a way that it does not require large memory size.
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IV. ALGORITHM
We now state the algorithm in detail. The justification of the
'algorithm is given in the appendix. Our algorithh begins with any path

vector, say x'; let J = {i|xi =1} and J = {i xi = 0}.

Algorithm:
0. (Initialization) Order the set J arbitrarily to get an ordered set

- *
Aand let F=J., Seth= 01 p,, k=1and x, =1 for all i € A.
i€a * 1

Let Bj = {x|xi =1 for 1€ A, x, 20 for i € F}. Suppose that r is

i
the last element of A. Go to Step 6b.

- - %
1. Determine a binary n-vector x such that x, =% for all i € A and

V(X)) = 1. 1f such an x does not exist, go to Step 5; otherwise go

to Step 2.

2. leth=h+ I Pr{X, =x,} I Pr{X, 2 x,}.
& e 1

3. If F # ¢, go to Step 4a.
Otherwise, let B, = {x|xi = ii’ i €A} and k = k+l. If the last
element of xA) is zero, go to Step 5; otherwise go to Step 4b.
4a. Delete from F all elements i € F with x = 1 to obtain a reduced
set F; add those elements deleted from F, in arbitrary order, to
the right of A to obtain an augmented ordered set A. Let

B = {x|x; = x, for 1€ 4, x, 20 for 1 €F}, and k = k.

i
%
b. Set X, =Xy for all i € A except the last element of A; set the
*
last element of x (A) equal to 0. Return to Step 1.

*
5. 1f x; = 0 for all i € A, terminate; otherwise go to Step 6a.

* * *
6a. Suppose x_ is the rightmost element of x (A) such that x_ = 1.
Reduce the set A by deleting all elements following (coming after)
element r in the ordered set A; augment the set F by including

those elements deleted from F.
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%
6b. Set x, = 0 and return to Step 1.

Remark 2: Bi's were defined for the sake of explanation; however, they
need by no means be recorded. At termination h = Pr{y(X) = 1} and

UB, = {x|y=) = 1}.
i

It is worth noting that there is room for improvement of the
efficiency of the algorithm. A couple of remarks are in order in this

regard.

Remark 3: The csmputation time can ﬁaturally be reduced by a good choice

of X in Step 1. If the determined X is minimal in the sense that, for

any x < x with x, = ii for all 1 € A, y(x) = 0, then unnecessary steps

will be saved.by modifying Step 3 as follows:

3. Ifx;=1foralli€F, let By = {x|x; =%, 1=1,...,0}, k = ktl
and go to Step 5; otherwise go to Step 4a.

Justification of this change easily follows from the coherent structure

function v¢.

Remark 4: Component i is said to be vital if x, = 0 = Y(x) = 0.

i
Provided that we know which components are vital, the computation time
can be saved by making the following changes in Step 6a: Let x: be the
rightmost element of x*(A) such that x: = 1 and component r is not vital.
Of course, in addition to the above general rules, exploiting the

special property of the structure function of the system, additional

modifications can be made to reduce an computation effort.

V. EXAMPLE
Consider the probabilistic network shown in Fig. 2, where the

numbers beside the arcs denote indices of arcs (compoments). Associated
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with each arc, say are i, are two numbers: Vi the flow capacity of
arc i, and pj = Pr{X; = 1}. Suppose v = 2, ¥y = 2, y3 = 3, v, = 1,
Y5 = 3, Y = 4, and yq = 2. Assuming that the system is said to be
functioning if it is possible to route 3 units of flow from the input
node to the output node, we want to determine the reliability of this
system. Suppose that flow is conserved at every node of the network.

In what follows, let x, and x represent x, = land x, =0

i = i
respectively and let X determined in Step 1 be denoted by a vector
(xi,i € Asx,,1 € F). Suppose we start with an initial path vector

(§6’§5’§3;§i’52’§4’§ﬁ)’ The following in the sequence of path vectors

x determined in Step 1:
(§69§5;§1,§2’§3’i7:§4)9
(§6’§5’§1’§2’§3’§4’§7)'

Note that Remarks 3 and 4 have been taken into account when executing
the algorithm. Actually we need two more iterations to consider the
cases, (§6,§5,§1,§2,§3,§7;...) and (§6,§5,§1,§2;...), to reach the final
path vector (§6‘§5’§1;§2’§3’§4’§7) from the preceding one. The system
has 128 distinct capacity states and the algorithm terminates after

5 iterations. From Step 2 the reliability of the system is given by

P6P5P3 + P6(1-P5)P1P2P3P7 + P6(1-P5)(1-P1)P2P3P4P7.

Finally we make a comment on finding % in Step 1. For this problem an
efficient labeling algorithm [5] can produce x; furthermore, based

on the knowledge of the current X, subsequent X can be obtained by

rerouting the flows in those arcs whose states have changed to failed

states.

=23~



VI. CONCLUSIONS

In implementing the algorithm on a computer, the memory requirement
is negligible and the value of h before termination yields the lower
bound of the system reliability. Recalling that path vectors have been
extensively dealt with to calculate reliability, we can similarly devise
another algorithm, in a sense the dual approach of the one given here,

for computing the "unreliability" of the system by using cut vectors

0

instead of path vectois.

24—



[1]

[2]

[3]

[4]

(5]

REFERENCES

R. S. Wilkov, "Analysis and design of reliable computer networks,"
IEEE Transactions on Communication, vol. COM~20, 1972 Jume,

Pp. 660-678.

S. Rai, K. K. Aggarwal, "Aﬁ efficient method for reliability

evaluation of a general network," IEEE Transactions on Reliability,

vol. R-27, 1978 August, pp. 206-211,

R. E. Barlow, F. Proschan, Statistical Theory of Reliability and

Life Testing, Holt, Rinehart and Winston, New York, 1975.
P. Doulliez, E. Jamoulle, "Transporation networks with random arc

capacities," Revue Francaise d'égtomatigue, Informatique et

Recherche Operationnelle, vol. 3, 1972 November, pp. 45-59.

L. R. Ford, D. R. Fulkerson, Flows in Networks, Princeton

University Press, Princeton, N.J., 1962.

=25~



I I-lale-

H
Hl@
O
{x|p@x)=1} .l
al
qlal

AN
d 1

<
<

Fig. 1 Partitioning of the set of path vectors
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APPENDIX
Justification of the Algorithm
We will prove the validity of the algorithm by examining how Bj's
generated in the algorithm are related to those sets shown in Fig. 1.
NOTATION
Ak set A used in Step 1 in the algorithm just prior to

entering Steps 3 or 4a to genmerate Bk'

a min{r|[a | < |4}
a, min{rllAr[ < lAal}
a, min{r||a | < [Aal‘}
b1 min{r||a | < lAai+1|}
b, min{z|]a_| < [Abll}
al-l a2-1
It is easily seen that BO’ U b, U bj"" correspond to
j::]_ J j=al
Ho, Hl, Hz,..., respectively. Without of generality, suppose that
2at g byl by-l .
U B, corresponds to H . Then B , U. -U_B,, ... correspond to
j=a, 3 - " %4 kea+l j=b,
e I S Sl s |
1 2

G, G, Gy..., respectively. In conclusion, we should be able to
verify that Bj’ j=1,2,..., correspond to those sets at terminating
nodes in the tree, shown in Fig. 1, from which no partitioning is

possible.
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ABSTRACT T
We consider a capacitated flow network with multiple supplies and

demands. Edges are assumed to be subject to failure and the system
"works" if a flow which meets all demands can be constructed using
unfailed edges. In Part I, methods are given for determining the family
(or an "interesting" subfamily) of all minimal sets of edges whose mutual
failure implies system failure, as well as the family or subfamily of all
minimal sets of working edges that will insure the system is working.
Part II is a guide to use of the Flow Network Analysis Program, a computer

code based on the techniques of Part I.
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PART I. METHODOLOGY

A flow network with edge capacities and multiple supplies and
demands is a useful model for a wide variety of actual systems, such as
transportation and communication network, water resource allocation
systems, and electric power grids. This model has been employed most
frequently for optimization problems involving such systems, but problems
of system reliability can also occasionally be approached by considering
flow networks with edges and/or vertices subject to failure.

This report considers the flow network model from a reliability
standpoint. We shall be concerned with deriving system reliability
minimal cut and path set families, or "interesting" subfamailies, when
the system can be modelled as a flow network. However, the methodology
is very general and can often be usefully extended to other system con-
figurations.

Section I.1 reviews briefly the concept of a coherent system and
introduces most of the notation used in subsequent sections. Coherent
systems have been extensively studied [BP], and reliability analysis for
such systems is usually easier than for non-coherent systems. The advan-
tages of the methods‘discussed here are dependent on the coherency pro-
perty, and extension of these methods to non-coherent systems does not
‘seem wofthwhile. Because of the traditional meaning.of the terms "cut" -
and "path" in a network context we will call a reliability cut set a
"failure" set and a reliability path set a "success” set.

Section I.2 introduces the flow network model, and Section I.3
present the basic algorithm for deriving families of minimal failure and

success sets. Section I.4 is concerned with obtaining "interesting"
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subfamilies associated with large flow networks. Some examples to illus-
trate the methodology are given in Section I.5. Two variants of the
basic algorithm that are suitable for computer implementation are dis-
cussed in Section I.6. Section I.7 presents computational results for

a flow network of moderate size. Finally, Section I.8 suggests an algo-
rithm for construction of dual families, to be used in conjunction with

the first method of Section I.6.

I.1 Coherent Systems

let E = {1,...,ﬁ} the set of component indices for a system Z, and
for e € E, let x, be the binary state variable for component e; x, = 1,
say, if component e is failed, and x, = 0 if e is working. The system
state (1 if the system is failed, 0 if the system is working) is then a
binary function of the state vector (xl,...,xn), and it is fair to assume
that the system is working when all components are working and failed
when all components are failed; i.e., xz(g) = 0 when x = (0,...,0) and
%,(x) = 1 when x = (1,...,1).

A failure (cut) set is a set of components F C E such that failure

of all components in F implies system failure. The system is said to be
coherent if any set containing a failure set is itself a failure set.

Coherency is an intuitively reasonable property which means that if the
system is failed, failure of additional components will not restore the
system to the working state. For a coherent system, we may define a

failure set F as minimal if no proper subset of F is also a failure set.
It is well known that a given system Z has a unique family(?z = [Fl,...,Fu]~
of minimal failure sets, and the logical function for system failure can

be represented as a Boolean sum of products:

=32~



x,(x) = I x max (min(x )).
Z : eSF e E{?z e

FEF
There is a parallel manner in which we can characterize the system

Z in terms of working, rather than failed, components. A set S CE is

called a success (path) set if the system is working whenever all compo-

nents in S are working, and S is minimal if no proper subset of S is a
success set. A coherent system has a unique family.égz = [Sl""’sv]
of minimal success sets, and the logical function for the system working

is

Y, (D) = y_ = max (min(ye)),

SEE&'Z egs e Z e€s

where Ve (l-xe) and zz(x) is 1 if and only if the system is working.
A family of sets having the property that no set contains another of the
family is called a clutter. For a family @.which is not necessarily a
clutter, it is convenient to let m(R) (the "minimization of R") denote
the clutter obtained by removing from ( sets which contain another set
of the family. Families GZ and JZ are clutters, so for any 32 GZ and
J B‘JZ’ clearly u@) = G'-z and m(«g) = Jz.

There is a simple way to characterize the relationship between

families 32 and JZ' Given a family of subsets of a finite set, say E,

the blocker or dual family, denoted by d(R), is defined by

Q R#0@ for each R @R
df®) = ( Q _E and no subset of Q
has this property

-33-



The family d(ﬂ) is a clutter, and if ® is also a clutter, d(d@®)) = K.

The pair (,d(R)) is called a blocking pair. In reference [EF] it is

shown that two clutter & and & consisting of subsets of E form a blocking
pair if the following condition is satisfied: For any U CE, either U
contains a member of Ror E - Ucontains.a member of @, but not both. The
families 3% and.Jé clearly meet this condition, since for any vecﬁbé.of
component states the system is either working or failed.

By assuming that each component as well as the system itself is
either working or failed, we have adopted the simplest logical scheme for
analyzing reliability of a complex system. The coherency concept may be
generalized to cases where the system and/or its components are permitted
to have multiple performance states [JD, BW]. There does not appear to
be any great difficulty in generalizing the ideas of this chapter to
allow for multiple performance states, but the two-state assumption

leads to clearer exposition and easier computation.

A great deal of literature has addressed the problem of obtaining
minimal failure and success set families for coherent systems. However,
much of this literature has been directed toward specific system models,
such as fault trees and reliability graphs. These models are very
natural for complex systems that can be repeatedly decomposed into sub-
systems having only a few components in common. In such cases, the basic
idea is to suggest a procedure for relating the system minimal failure
or success set family to families for major subsystems. Recursive appli-
cation of the procedure to various subsystems then eventually permits
construction of the family for the system itself, hopefully without too

much computational effort.
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Unfortunately, for some systems, such as the flow netowrks we are
going to study, there seems to be no appropriate séheme for decomposition
into subsystems so that the results of separate analyses of these sub-
systems will be useful for constructing the minimal failure or success
set family for the entire system. Such systems cannot be modelled as
reliability graphs or fault trees. The approéch here is to propose a
more general technique for deriving minimal failure and success set
families, or, when these families are too large to obtain in their
entirety, subfamilies that are "interesting" to the reliability analyst
in a special sense. Though we are specifically concerned with analyzing
capacitated flow transportation networks with edges subject to failure,
much of the methodology here can be applied to other types of systems.

Our technique depends on selective testing of sets of failed compo-
nents to determine if the system is working or failed. Several other

methods of assessing complex system reliability by selective testing of

component state vectors have also been suggested. The "backtracking"
algorithm of Ball and Van Slyke [BV] may be used in conjunction with a
number of system models, including flow ﬁetworks, to obtain an expres-
sion for system failure as a Boolean sum of logically disjoint products;
each product is represented by a "modified" failure set. Jamoulle and
Doulliez [JD[ employ a testing procedure to partition the space of com-
ponent state vectors, thereby facilitating computation of the exact
failure probability of a flow network.

Minimal failure and success set families can be found in many
situations where system size limits the possibility of finding a family

of logically disjoint sets associated with the system failure function.
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Moreover, for large systems it may not be possible to obtain the exact
system failure probability. However, bounds on this probability may be
calculated in a number of ways utilizing these families [BP, HU], and
for the high component reliability values usually encountered in appli-
cations, these bounds are quite good. In addition, these families are
useful for evaluating the relative contribution of each system component
to reliable system operation [BU]. Other uses for these families have

also been proposed, such as minimal cost diagnosis of the state of the

system.

I.2 The Flow Network Model

Let (V,E) be a network with vertex set V and edge set E. Suppose
Vg C V is the set of supply vertices, with supplies {av, v € Vs} and
V4 C V is the set of demand vertices with demands’{bv, v € V4}. Each
edge is either directed or undirected and is assumed to have integer
upper bound capacity c(e) and lower bound capacity zero. The network
of Figure I.2.1 is an example. The notation e/c(e) designates each
edge and its capacity. Vertex 1 is the single supply and V4 = {3,4,5}.
All edges are directed except 6 and 7.

For simplicity, only network edges are assumed subject to failure,
though the methods to be considered can be readily extended to include
vertex failures. The system, call it Z, is taken to‘be working if and
only if there exists a flow which satisfies all demands and which uses
only unfailed edges. (Alternative definitions of the system working
could also be used. For instance, given weights Vs V € Vd, the system
might be assumed working if and only if the minimum weighted sum of

deficiencies at demand vertices is less than some fixed value.)
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A set of edges S C E is then a success set for this reliability
model if and only if there is a feasible flow which is zero on edges in
E - S. Since lower bound capacities are zero on all edges, the system
is coherent and thus has unique minimal failure and success set families
Gé anddzz. Given a set U CE, the obvious procedure for checking whether
U is a failure set is to attempt a feasible flow using only edges in
E - U. Perhaps the best known algorithm for constructing a feasible
flow is that of Ford and Fulkerson [FF], but more efficient algorithms
are available [EK[. If edges in E - U admit a feasible flow, U is not
a failure set, but the set S CE - U of edges on which the flow is non-
zero 1s clearly a success set.

I.3 Obtaining Minimal Failure and Success Set Families for the Flow
Network Model

The Failure and Success Set Family (FSF) Algorithm, which is stated
in this section, represents the basic technique we propose for deriving
minimal failure énd success sets associated with the flow network model.
Subsequent sections in Part I discuss some refinements intended to make
the technique practical for large networks and computer implementation.

The motivation for this algorithm is quite simple. Suppose a pro-
cedure is available that endeavors to construct the complete minimal
failure set family'GE by testing various subsets U C E, seeking a
feasible flow on edges in E - U. At a particular point, collections FF
and j of (not necéssarily minimal) failure and success sets have been
obtained from previous tests, and let U be the present candidate. We
can avoid applying the feasible flow algorithm in two situatiomns. First,
U cannot be a failure set if there is at lease one success set S G-J

that is disjoint from U, since each failure set must intersect all
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success sets. Secondly, U cannot be a minimal failure set if there is
a failure set F € & such that F is a proper subset of U. In fact, as
the theorem below indicates, it is only necessary to apply the feasible
flow algorithm when U is contained in ng ) - &, that is, when U is a
member of d(;&) that has not previously been found to be a failure set.

Theorem I.3.1

Letz be a collection of (not necessarily minimal) success sets.
Each U € d(&) is either a minimal failure set or E - U is a success set
not in A.

Proof:

If U is a failure set, it must be minimal. For otherwise, U has
a proper subset V which is a minimal failure set, and VN S # @ for each
[ GJ. Thus, U € d(g), a contradiction. If U is not a minimal failure
set, E~-U &.& since UN S # @ for all § E.X, but U is disjoint from
E-T1. -

Corollary I.3.1

Let A be a collection of minimal success sets. Each U € d(g) is
either a minimal failure set or E - U contains a minimal success set not
in .

Based on these considerations, an iterative scheme to construct the
minimal failure set family can be outlined. At iteratiom k, suppose a
family Gk of known minimal failure sets and a family ,ék of known (not

necessarily minimal) success sets are available from previous iterationms.

The kth

candidates U in the family 2f° = d(§) - &* by attempting a
feasible flow on edges in E - U. This leads to a new group of minimal

failure sets gnew’ consisting of sets in Zl.k for which a flow does not
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exist on edges of E - U, and a new group of success sets ‘énew from

feasible flows constructed. Iteration k + 1 then begins with the col-
lection of known minimal failure sets s’k+1 = 3k U &Y and the collec-
tion of known success sets 4&k+1 = 31( v znew. This procedure initially
requires a family,éo containing at least one success set. Of course, - )

one initial success set can always be obtained if the entire network

(¥

admits a feasible flow.
A formal statement of the method is as follows:
Algorithm FSF
1. Obtain 30, a family containing at least one success set. k + O,
F « ® and go to 4.
2. k+«k+1,8" «¢,3" « g, Perforn steps 2a, 2b, and 2c for
each U E‘”-k:
a. Select next U € 'ILk. If all sets U have been considered go to 3. -
b. If 30V #Pand UNS =@ for any S ej“e", go to 2a.
c. Test U by attempting a feasible flow using eédges in E - U. If

F_ 1f a feasible

no feasible flow is possible, include U in
flow is possible, obtain a success set S CE - U and include S
in.anew. Go to 2a.
3. 31( - Gk-l UJ,new"gk Jk1 udnev  1¢ Anew = ¢, stop.
4. uk+1 « ddk) -.Z-k. If z{k+1 = @, stop. Otherwise go to 2.
(The notation "symbol « formula" means that indicated by the formula -
on the right have been performed, the resulting object, whether it be a L ’
family, set, or quantity, is to be represented by the symbol on the

left.)

Theorem I.3.1 above guarantees that each F added to a family .:r'n e
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is a minimal failure set. Moreover, no set placed in.GPew at iteration
k can be ian-1 because minimal failure sets known from previous itera-
tions are excluded from a?. Also, the procedure is certainly finite,
since each family of success sets‘gk, except possibly the last, contains
at least one success set not inuzk’l. In fact, the argument of Theorem
I.3.1 applied inductively shows that sets of.ék'are distinct and that a
set U tested in Step 2c at some iteration will not be tested again in
any succeeding iteration. Our remaining concern, therefore, is that the
procedure does not end prematurely, that is, before all minimal failure
sets have been generated. Theorem I.3.2 guarantees that Algorithm FSF
provides not only all minimal failure sets, but also all minimal success
sets.

Theorem I.3.2

If Algorithm FSF stops at iteratiom %, the-3z is precisely the
family G'z of all minimal failure sets and ,J’Q' contains the family Jz of
all minimal success sets. k

Proof:

In Step 3 for k = &, if Anew = ¢ then it must be the case that Gnew
=7U¢$. Were the stopping condition in Step 3 ignored, we would obtain

U 1. ¢ in Step 4, since
u.?.+l = dd’“‘l) _ 32-1 _&,new - aﬂ. _ ‘6(.9' =4

Hence, it suffices to consider the situation where the procedure stops

with 2870 = .
Z(Q+1 . R 2
Thus, suppose = ¢ but there is a minimal failure set FE F .

Since F has a non empty intersection with every success set, there is
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some smallest subset F' C F that has a nonempty intersection with every
set in.y', that is, F' € d(gl'). Now, if F' = F then F' ¢3‘Q' by assump-
tion, whereas if F' is a proper subset of F, then F' & 39' because F' is

not-a failure saf.” Tn Sither case,Y*'1

#°¢, a contradiction. Therefore,
3" contains all minimal failure sets.

To show that 482' contains all minimal success sets, we note that
since leﬂ' = ¢, d(ﬁz) ES‘Q’ . Each F GG'Q' has a nonempty intersection with
all s 5432, and 32 is a clutter. These facts are sufficient to insure
that d(.gz) =G-’Q'. Now the clutter mdz) satisfies d(m(ﬁz)) = d@z); and
from the remarks of Section I.1l m(}g') = d(S‘?'), so md") is precisely the
family JZ of all minimal success sets. "

Derivation of dual families and construction of flows are clearly
the major tasks associated with Algorithm FSF. To find the dual family
associated with an arbitrary family of sets can sometimes be quite diffi-
cult, but it is convenient to discuss this problem in later sections. We
will close the present section with some remarks on construction of flows.

The total number of flow constructions that will be attempted by
the procedure will equal the sum of the numbers of sets in the final
families 32', and ,,52'. The sum will be a minimum if each set of ,.62' is a
minimal success set, so A" = ﬂz. However, given a flow and the set
of edges having nonzero flow, a few additional flow constructions will
usually be required in order to verify that S is a minimal success set,
or to find at least one minimal success set that is a proper subset of
S. Of course, if S were found not to be minimal success sets, -ideally
we woudd like to find all prime success sets contained in S and .inelude ™ - -
these sets iﬁ}ne“z.w’l'his suggests. ‘d. possible recursive application of

the algorithm, that is, applying the algorithm again to the subnetwork
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defined by edgés in'S €6 obtain a~final family which includes all
mihiﬁalNSuggé$é“é€ts that are subsets of S. -

On the other hand, insuring that only minimal success sets are
included in.gnew for each iteration is often not worth the trouble.
This is so because available techniques for constructing feasible flows
tend to be conservative in the number of edges having nonzero flow,
especially in sparse networks. Hence, a success set obtained from such
a flow is often minimal or "nearly" minimal in the sense that only a few
edges are nonessential to the flow.
| Finally, testing sets U in Step 2c of Algorithm FSF is often greatly
simplified when the network has a single supply vertex, especially if

there are a large number of demand vertices. Any network feasible flow

may be associated with an augmented network in the sense of Ford and

Fulkerson [FF]. The augmented network has neither supply or demand
vertices,and each edge of the original network appears in the augmented
network with a forward and reverse capacity. Given a set U to test in
Step 2c and the augmented network for the last feasible flow constructed,
we need only remove edges in the set U from this network and designate
initial and terminal vertices of these edges as supply and demand vertices,
with amounts equal to the edge flows. Because the original network has
a single supply vertex, a feasible flow on the augmented network under

these circumstances is possible if and only if there is a feasible flow

on the original network which is zero on edges in the set U. If a feasible

flow is possible, we obtain a new augmented network to replace the previous

one; otherwise, the previous one is retained. In either case, an augmented

network is available to test the next set U. The general scheme of
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Algorithm FSF can be applied to a wide variety of models. It can be
applied, for example, to the related flow network model where the sys-
tem is defined to be working when the minimum weighted sum of demand
deficiencies is less than a fixed constant. In this case, a set U GZlk
is tested by first solving a minimum cost flow problem on the subnetwork
consisting of edges in E - U. For applications outside the flow network
context, the procedure might be useful for coherent systems where no
direct technique is available for constructing either the minimal failure

or success set family, and testing of individual sets is expensive.

I.4 Obtaining "Interesting" Subfamilies of Failure and Success Sets

Large systems are likely to have so many minimal failure and success
sets that no computer methodology would be successful in deriving com-
plete families, even when the system reliability structure allows descrip-
tion by a fault tree or reliability graph. This seems not to have
deterred reliability analysts, many of whom are currently formulating
fault trees for systems where the number of components subject to failure
exceeds 1000. The usual practice in such applications is to seek an
"interesting" subfamily of minimal failure sets, a subfamily consisting
of sets which in the opinion of the analyst are most likely to be asso-
ciated with actual failure of the system. Such a subfamily, for example,
might consist of all minimal failure sets not having more than a fixed
number of components. When component failure probabilities are available,
the subfamily could be chosen to consist of all minimal failure sets for
which the product of component failure probabilities is greater than

some fixed constant.
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This approach is suitable in many cases for two reasons. First,
components in actual systems tend to be quite reliable, so assuming
independent failure probabilities, the chance”bf'dﬁre:théhmawféw'cémpo;"
nents being failed at the same time is often negligibly small. Secondly,
many actual systems do not possess a great deal of built-in redundancy,
usually due to component costs, so at least a feﬁ minimal failure sets
with a small number of components might be expected.

An importance or culling criterion designates each subset of the

component set E as either important or unimportant, with the restriction

that if the criterion declares a set E' CE to be important, it must
also declare each subset of E' to be important. For example, a size
importance criterion chooses important subsets of E to be those not

exceeding some fixed size; a probability product importance criterion

designates a subset of E as important if and only if the product of com-
ponent probabilities exceeds some fixed value. Clearly, many other
suitable criteria can be formulated.

Given an importance criterion, let Gé be the subfamily of all impor-
tant minimal failure sets of the complete family 3%. A simple modifica-
tion to Algorithm FSF permits efficient comstruction of the familyi?é
rather than GZ. The family Z(k+1 of Step 4 is derived as d idk) - Gk,
rather than d(ﬂk) -:?k, where di(gk) represents the subfamily of important
sets of the complete dual family dQ&k). Any technique for finding a dual
family can be adapted to efficiently obtain the subfamily of important
sets. Fortunately, the task of deriving this subfamily is usually many
times easier than deriving the complete family. Theorems I.4.1 and I.4.2

below correspond to Theorems I.3.1 and I.3.2 of the previous section.
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Proofs parallel the earlier proofs through use of the fact that subsets
of an important set are important.

Theorem I.4.1

Let-(x be a collection of (not necessarily minimal) success sets.
Given an importance criterion, each set U € di(g) an important minimal
failure set, or E - U is a success set not in ,3

Theorem I.5.2

Given an importance criterion, consider Algorithm FSF with d i (3“)
replacing d(Xk) in Step 4. Then if the modified algorithm stops at
iteration %, 32’ is precisely the family of important minimal failure
sets.

The family of success sets Jg' produced by the modified algorithm
will, in general, no longer contain all minimal success sets. However,
rather than being an idle byproduct of deriving the important minimal
failure sets, we argue that ‘gg, is, in fact, a family of "interesting"
success sets, even when S"Q' = ¢

Theorem I.5.3

Given an importance criterion, consider Algorithm FSF with d i(ﬁk)
replacing d(,3k) in Step 4. Then if the modified algorithm stops at
iteration 2,,89' contains the complete family of minimal success sets for
a system Zw having the properties: |
1. System Zw is less reliable than system Z.

2. The families of important minimal failure sets for systems ZW and
Z are identical.
Proof:

Since md") is a clutter, it can be viewed as a minimal success set
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family'gz for a system Zw' This system is evidently less reliable
W

than Z, since each S Chgz is either identical with or a superset of
W
a minimal success set for Z.
2+1 <;z
Now from the fact that U = ¢ and each set of has a nonempty

intersection with all sets of.xl, dicjé ) = dicgz) =-3£. Since dicgz)
=-3£ also,(?z represents all important :inimal failure sets of both
systems Zw and Z.

Of course, the family of important minimal failure sets for system
Z may be viewed as a complete family J, of miﬁimal failure sets for a

Zb

system Zb which is more reliable than Z. The families.gé and JZ may
W b

be used in various ways to obtain upper and lower bounds on the relia-

bility of system Z, as well as to approximate the contribution of indi-

vidual components to reliable system operation.

I.5. An Example Using Algorithm FSF

To illustrate the use of algorithm FSF, let us again consider the
network of Figure I.5.1. Any feasible flow will yield an initial suc-
cess set for the familyglo. A suitable flow is represented in Figure
I.5.1, where each edge e with nonzero flow f(e) is labelled e/f(e).
Thus, let d° = [{1,3,5,6,7}] and 3° = ¢, so 2 = a8®) - ¢ = [{1},(3},
{5},{6},{7}].

Iteration 1

F = [{1},{51 8™ = [{1,2,4,5,7},(1,3,4,5,6}]. Sets in J°V
are derived from the flows of Figure I.5.2, obtained by testing sets {3}

and {7}.

Jl - 30 UGnew 31 *_40 Ungnc—:w
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v’ = adh) - & = 102,3},13,4},13,7},{2,6},{4,6},(6,7},{4,7}]

Iteration 2

IV = [{2,3},(3,4},1{3,7},{2,6},(6,7},{4,7}]
F = [11,2,3,5,7}]

The single set in ﬁpew is derived from the flow of Figure I.5.3,

obtained by testing set {4,6}.

F2 +F1 Unew J2 «d1 U3 new
102

20 =add -5 =4

Stop.

The complete minimal failure and success set families are
GE = [{1},{5},{2,3},{3,4},{3,7},{2,6},{6,7},{4,7}]
GZ = [{1’3’5,637},{192943597}9{]-’3’4:5’6}’{1’2’3’5’7}]-

For a second example, suppose only minimal failure sets of size 1
are considered important, and di(zk) represents all size 1 sets of the
dual family. Again let ,30 = [{1,3,5,6,7}] andGo = , so Z(l = dido) - ¢
= [{1},{3},{5},{6},{7}].

Iteration 1

F = {1,451 3" = [{1,2,4,5,7},{1,3,4,5,6}]

Sets in.S“eW again correspond to the flows in Figure I.5.2 above

gt <P ughey g1 30y gnev
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®=a,8H - =
Stop.

The failure and success set families obtained this time are then

g = [{1},{5}]

Gl = [{193:5’6’7}’{]-’2’4’5’7}9{1’3’49596}]

I.6 Modified Versions of Algorithm FSF

The two versions of Algorithm FSF stated in this section are intended
to be suitable for computer implementation, and both differ from the
original method only in the aspect of deriving dual families. The first
version, Algorithm FSF.l, has performed more efficiently than FSF on com-
puter examples analyzed thus far, but this veréion still relies on an
explicit technique for deriving dual families. The second modified
version, FSF.2, is self-contained, and dual families are derived impli—
citly. Computational experience indicates that when the failure and
success set families to be derived are large, say more than 150 sets,
Algorithm FSF.1l is more efficient than FSF.2 in terms of computation time,
whereas, FSF.2 requires less space in main memory.

In order to determine the complete family 9% of minimal failure sets,
Algorithm FSF clearly depends on the computational feasibility of obtain-
ing d(}z) as well as dual families for various other collections of suc-
cess sets, This is often possible when.az contains as many as perhaps
200 sets and-SE as many as 1000 sets, but the ability to comstruct dcgz)
can certainly be a limiting factor in the analysis of large flow networks. .
Construction of a dual family falls into the category of problems desig-

nated by computer scientists as np-hard, which essentially means that
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for any proposed dual algorithm, there is almost assuredly a class of
examples where the effort required increases exponentially as the number
of elements in the set E. However, it is pointed out in reference [RO]
that problems of this type unavailably arise in the reliability analysis
of many complex system models.

Not much literature is available concerning algorithms to construct
d(R) for an arbitrary family ®. Therefore, such an algorithm is dis-
cussed in Section I.8. This algorithm has been found to work well in a
numberrof applications, most of them in conmnection with analysis of fault
trees [WI]. The technique is also suited to efficient construction of
all sets of the dual family which satisfy an importance criterion.

It is frequently much easier to find a subfamily of d(R) than to
construct the complete dual family. (Deriving such a subfamily need not
be np-hard.) Rather than deriving the complete family dcﬁk) in Step 4
of each iteration of Algorithm FSF, therefore, let us derive the sub-
family consisting of all sets of dC&k) not exceeding a particular size.
This size, however, changes with each iteration and is not to be confused
with a size importance criterion. Algorithm FSF.l, stated below, deter-
mines all minimal failure sets of a given size at the same iteration.

In Step 4, the notation dmg&k) represents the subfamily of all dual sets
consisting of no more than m elements.

Algorithm FSF.1

1. Obtainuzo, a family comtaining at least one success set. k < 0,
Gp < ¢ and go to 5.

2. k«k+1, ,8“‘*"’ < ¢, énew <« ¢. Perform Steps 2a, 2b, and 2c for each

v euk.
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a. Select next U ka. If all sets U have been considered go to 3.

b. 1If Anew # ¢ and UN S = ¢ for any S egnew’ go to 2a.

c. Test U by attempting a feasible flow on edges E - U. If no
feasible flow is possible and U has exactly m elements, include

U in&new. If a feasible flow is possible, obtain a success set

S CE - U and include S in §™¢¥

3. 51( - k-1 U 3_new jk - zk-l U3new.
4., m<+m+ 1.
+
,uk 1 - dm(ék) -,Jk,

If11k+1 # ¢ go to 2.

. Go to 2a.

5. If1qu‘= ¢, stop. Otherwise, fix m to the smallest number of
elements of any set in ktl and go to 2.

This algorithm can be justified by an extension of the arguments
for algorithm FSF, but using induction on k. If m(k) is the value of
m at iteration k (k > 1), the induction assumption 1s that dm(k) (XR) -._Gk
in Step 4 consists only of sets having m(k) elements; in other words, all
sets dm(k)czk) having less than m(k) elements are known minimal failure
sets.

Experience with Algorithm FSF.1l indicates that Step 5 is rarely
executed between the initial and final iterations. By deriving a complete
dual family on the final iteration, Step 5 "verifies" that all minimal
failure sets have been found.

Like the original method, Algorithm FSF.1l can also be used to find
the subfamily of all minimal failure sets satisfying an importance
criterion, simply by deriving subfamilies d?(&k) and dicsk) of all

important sets, respectively, of dmdk) and ddk) in Step 4 and 5. Of
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course, it is not necessary to perform Step 5 if m has the same value
as the size limitation for a size importance cfiterion; if this is the
case at the beginning of Step 5, the procedure should be terminated.

Since efficient computer routines to comstruct the dual of an
arbitrary family are not widely available, there is an advantage to
stating a version of Algorithm FSF that does rely on explicit construc-
tion of dual families. Some additional notation is required.

Given families &f and H of subsets of a finite set E, let the family
n(#/#) (the "minimization of & by A") consist of all sets of & that do
not contain a set of 7\' The simplest way to determine m@/?/) is to com-
pare each set of ¥ with sets in %/ having an equal or smaller number of
elements. The numbér of set comparison is then bounded above by the
product of the number of sets inff and the number in7/; so for large ,d
and Z/, construction of m(ﬂ /A) will involve some measﬁre of computational
effort. A more sophisticated technique might reduce the effort somewhat,
but probably by not more than half in most situationms.

Also, given subsets Q and R of E, the sharp product family, denoted

by Q # R, is defined as [Q U {e}|e € R]. (The terminology and notation
are adopted from reference .FRE]»Q) Thus, ‘for example, {1,2,3} # {3,4,5}
= [{1,2,3},(1,2,3,4},{1,2,3,5}]. Sets of Q # R need not be distinct.
We extend this notation by replacing Q with a family @ of subsets of E,
writing @ # R to denote the union of families U Q # R.

For a family R and a set Rnew ER, it is gfsy to see that d(RA VY [Rnew])
consists of distinct sets of d(R)- FR - that do not contain another

set of this latter family. In fact, if d(R) is partitioned into two

families Qd and @n 4 Such that sets in Qd are disjoint from R__ and sets
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in Qn d have a nonempty intersection with R o then

dRVIR 1=, Un@ #R_/0 ).

ew

This relation suggests a computationally useful procedure for obtaining
d(R UV [Rnew]) when the family d(f) is available.

Based on these remarks, modification of Algorithm FSF is now fairly
straightforward and involves changing only Step 4. In Algorithm FSF.2
below, Steps 4a and 4b iteratively comnstruct the family ddk-l U'Xnew)

- 3k from the family d(gk-l) -S—k.l by considering successive sets

S C‘&new

Algorithm FSF.2

1. Obtain 80, a family containing at least one success set k « 0, Go <« ¢,
and go to 4.

2, k«K+1, jnew + 0, Gnew +« ¢. Perform Steps 2a, 2b, and 2c¢ for each
v ez,
a. Select next U eﬂk. If all sets U have been considered; go to 3.
b. I£EL™ # ¢ and UN S = ¢ for any S €42Y, go to 2a.
c. Test U by attempting a feasible flow using edges in E - U. If

new
F

no feasible flow is possible, include U in . If a feasible

flow is possible, obtain a success set S C E - U and include S
- 1n 3", Go to 2a.
3. Qk +3k Ugnew’ Jk +$k~l U"(;l:lew. 1f znew = ¢, stop.
4. ;/ *-Z(k' _ S_new.
Perform Steps (a) and (b) for each S € Jnev,

81’13\7

a. Select next S € . If all s € anev have been considered,

Z(k+1 <A and go to 2.
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b. 7/d+[HEZ/Hns=¢]

ﬁnd+»[neﬂnns # ¢]

1f ;/d = ¢, go to (a). Otherwise 7J<'Z’nd U m% # S/Z{Id UGk)

If #= ¢, stop. Otherwise, go to (a).

I.7 A Computer Example Using Algorithms FSF.l and FSF.2

The network of Figure I.7.1 is taken from Reference [JD]. In that
reference, several edges are permitted to have multiple random capaci-
ties, so we have selected the maximum capacity given there for our simpler
two-state model. The integer dpper bound capacity and the fafiuie-prot_-
bability for each edge is shown in Figure I.7.1. These probabilities' )
are also somewhat different than in [JD], where six edges are assumed
not subject to failure.

A FORTRAN computer program implementing Algorithms FSF.l and FSF.2
was used to analyze this network on a CDC 6400 computer. The first
minimal failure and success set families for the network under a variety
of demand conditions. For a given run, all demands were set to a fixed

percentage of the demand amounts (rated demands) given in Figure I.7.1.

Another computer routine was used to obtain. the exact probabilities-of
system failure based on failure and success set families derived, assuming
independence of edge failures.

Each line of Table I.7.1 summarizes the results of a particular
run. The percentage of rated demands appears at the left, followed first
by the number of sets in.gz and the maximum size of any of these sets,
and then by the number of sets in.Gé and their maximum size. Exact

failure probabilities g& and %} were obtained respectively by utilizing
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families ,Xz and §,. Finally, the CDC6400 CPU time required for deriving
4& and 5% is given. This time does include the time to calculate exact
probabilities, but in all cases probability calculations from a failure
or success set family required less than 1.5 CPU seconds. The network
is not feaéible for 115% of rated demands, and no runs were made for less
than 90% of rated demands (because of a limited computer budget). All

runs for Table I.7.1 used Algorithm FSF.1.

%4 Rated Max Max CPU
Demands # ’JZ Length # "SZ Length Py Py Seconds
110 23 2 12 18 .128 .128 3.2
105 27 3 24 18 .119 .119 6.0
100 30 3 30 17 .0840 .0840 8.1

95 26 4 52 16 .0639 .0639 20.1

90 30 4 84 16 .0119 .0119 71.8

Table I.7.1

Derivation of Complete Families 32 and J%

A second series of runs was made with a probability product impor-
tance criterion, and important sets were required to have a product of
component probabilities exceeding 10-6. The family.8 of Table I.7.1 is
in this case the family of "interesting" success sets associated with
3&. Thus, according to the discussion of Section I.4, values ?8 are
upper bounds for the system failure probability, whereas'g?. are lower
bounds. Results for 95% and 90% of rated demands indicate a considerable
savings in CPU time over derivation of the complete families G% and,gz.

All runs in this series were again done with Algorithm FSF.l.
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% Rated Max Max CPU

Demands # G'é Length #4 Length P Pg Seconds
110 21 2 11 19 .128 .128 2.1
105 21 3 14 18 .119 .119 2.5
100 24 3 17 18 .0840 .0840 2.9

95 20 3 31 18 .0639 .0639 4.7
90 23 3 43 18 .0119 .0120 6.6
80 17 3 42 18 .0116 .0117 6.0
60 11 3 29 16 .0107 .0107 3.9
40 8 2 24 15 .0103 .0103 4.9
20 7 2 23 13 .0103 .0103 4.3

Table I.7.2

Derivation of Probability Product Important
Subfamilies &; (Critical Value 10'6)

For edge probability values precisely 10 times the values shown
in Figure I.7.1, a recalculation of exact system failure probabilities
was done based on complete families GE and,Jé for the percentages of
rated demands listed in Table I.7.1. These probabilities are given in
Table I.7.3. (For percentages 100, 95, and 90, the slight discrepancy
between values pg_and EX is due to round-off error that accumulates
during calculation of these quantities.)

Finally, a series of runs was made with a probability product impor-
tance criterion using edge probability values 10 times the Figure I.7.1
values. The criticél value in this case was 10-3, and all runs were
done with Algorithm FSF.2. Table I.7.4 summarizes results of these

runs.
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Demands Qg 23
110 .823  .823
105 .803 .803
100 740  .739

95 :.699 .698
90 .316 .314

Exact System Failure Probabilities (Using Edge

Table I1.7.3

Probabilities x 10) % Rated

% Rated Max Max CPU
Demands i ffé Length #4 Length Pgr pg Seconds
110 20 2 11 18 .823 .823 1.5
105 20 3 16 18. .803 .804 2.1
100 23 3 17 18 .740  .739 2.1
95 20 3 26 17 .703 .700 3.8
90 25 4 40 17 316  .324 6.5
80 18 4 31 18 216  .229 4.9 |
60 11 4 28 15 131 .145 3.4
40 7 2 20 15 124  .130 2.9
20 7 2 25 13 124,131 2.9

Table I.7.4
Derivation of Probability Product
Important Subfamilies &, .
(Edge Probabilities X 10; Critical Value 10
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I.8 Construction of Dual Families

Given a family R = [Rl’”"Rn] of subsets of a finite set E, let
A{j = [Rl""’Rj] for j < n. The previous section indicates we can con-
struct the families d({f{l),...,d(ﬂn) by the following method:
1. j«1, Ql « [{e}]|e € R1]. If n = 1, stop.
2. Partition sets of Qj into families Og and(?fl g° vhere sets of 0‘3 are

disjoint from Rj +1 and sets of di have a nonempty intersection with

Rj+1’
3. @7 <@ vned # v, 00

j«3j+1l. If jJj =n, stop. Otherwise, go to 2.
The final family Qn produced by this procedure is, of course, the dual
family for A. This procedure is suitable for computer applications when
either K or d(f) consists of a small number of sets. However, when
both & and d(®) consist of more than perhaps 100 sets, significant com-
putational effort is required for set comparisons implicit in deriving
the families m(Q‘zl # Rj _l_l/di).

In this section, we propose a more efficient .technique for deriving
d®) when R and/or d(R) has a large number of sets. This technique |
endeavors to minimize the number of set comparisons necessary to detect
and discard redundant sets as the dual family is being derived. The
general strategy is to consider a partition of the set E and construct

the dual family by combining subsets from various members of the parti-

tion; hence, the method will be referred to as the Partition Subsets (PS)

Algorithm.

From here on, assume the sets of £ have a fixed order, R = [Rl""’Rn]'

The efficiency of the algor'ithm depends to some extent on this order,
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but a rule for determining some kind of "optimal" order is not available.
Later, we will consider a good heuristic rule for arranging these sets.

For any nonempty set A C E, let the cover of A, denoted by C(4),
consist of indices of sets in(X that have a nonempty intersection with
A, that is, C(A) = {i]aA N R, # ¢ R €R}. C(¢) is defined to be ¢.

For example, if R = [{1,2},{1,3,4},{2,3,4},{3,4,5,6}], c({2}) = {1,3}
and C({3,4}) = {2,3,4}. Clearly, for D € dR), it must be the case that
C(D) = N, where N is taken to be the set of comsecutive integers {1,2,
...,n}. Moreover, for D € d(f) and any e € D, C(D-{e}) must be a proper
subset of N, by the requirement that no proper subset of D may intersect
all sets of .

A set B C E will be called a basic set if for each e € B, C(B-{e})
is a proper subset of C(B). Also, given a set A C E, let (@(A) be the
family of all subsets of A that are also basic sets. B(A) cannot be empty,
since it contains at least the single element subsets of A. Though B(A)
could have as many as ZI AI - 1 sets, this is not often the case for
families R that arise in applications, such as minimal failure and suc-
cess set families associated with complex systems. If A has, say, 12 or
less elements, B3(A) can usually be constructed in a small amount of com-
puter time, and a simple procedure to accomplish this is outlined in the
next paragraph. It might be observed that d(R) = [B €EB(E)|C(B) = N],
but this observation does not yield a suitable algorithm for finding a
dual family, since in many applications of interest, the set E is large
enough to make construction of B3(E) impossible.

Let A C E consist of elements el,...,ev. One way to obtain B(A) is

as follows: Let B' consist of just the set {e;} and generate Bz,...,ﬁv
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according to the rule
B« [{e }] U [BU (e }BER"™, cBULeD # c(®)].

v
Clearly, B(A) C U @u, but some sets in this union of families may not

u=1 v
be basic. To remove these non-basic sets, first partition YU (Bu so
u=1

that any two sets B and B' of this union belong to the same member of
the partition if and only if C(B) = C(B'). Then discard any set that
property coﬁtains another set in the same member of the partition. The
sets constitute B(A).

As an illustration, for the example family R = [{1,2},{1,3,4},

{2,3,4},{3,4,5,6}] and A = {1,2,3,4}, we obtain

& {1}, cdih) = {1,2}

, [zt ,cd2h  =1{1,3)
® \{1,2} , cd1i,2b) = 1{1,2,3}

(3}, cdsh  =1{2,3,4
5 (1,31, cd1,sh = (1,2,3,4)

8 (2,3}, cd2,3) = {1,2,3,4}

L£l,2,3]', c({1,2,3}) = {1,2,3,4}

(4}, , cday) = 12,3,4)

4 [(1,4},  cdi,4h) = {1,2,3,4}
B |i2,4}, cd2,4}) = {1,2,3,4}
(1.2,4}, C({1,2,4]) = {1,2,3,4)

4
Partitioning U @" yields the families [{1}], [{2}], [{1,2}], [{3},{4}]1,
u=l
[{1,3},{2,3},{1,2,3},{1,4},{2,4},{1,2,4}]. Sets {1,2,3} and {2,3,4} must
be discarded because they contain another set in the same member of the

partition. Thus, B(A) = [{1},{2},{1,2},(3,4},{1,3},{2,3},{1,4},(2,4}].
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The sets for which we shall require all basic subsets are sets

Aj» 1 21 <ndefined by A, = {e € Ri|e & Ry 1 <3j<i}. Thus, A, con-

i

sists of elements of the set Ri GR that do not appear in any preceding

set of R Some of the sets Ai may be empty, but Algorithm PS explicitly

ignores these sets. For the example family 8= [{1,3},{1,3,4},{2,3,4},
{3,4,5,6}], it is easy to see that Al = {1,2}, A, = {3,4}, Ay =¢, and
A, = {5,6}; in addition, B(a)) = [{1},{2},{1,2}], B (4, = [{3},{4}],

and 6(A4) = [{5,6}]. Note that the collection [A;,...,4 ] forms a par-
tition of E. The fact which motivates the PS Algorithm is that for any
D € d(R), there is a unique partition of D, say [Bl,...,Bm], such that

for each i, 1 < i < m, either B, = ¢ or B, is a set in (Ai)' (Evidently,

i i

Ai = ¢ =B, = ¢, but B, can be empty even when A, is not.) As an example,

i i i

{1,2,5} € 4 for R above, and this set may be written as {1,2} U ¢ U ¢ U {5},

where {1,2} € 8(4)) and {5} € B(a)).
The general idea underlying Algorithm PS is thus to form appropriate

unions of sets from distinct families B(Ai), for Ai # ¢. Let [Al’Ai .
2
""Ai ] be the group of Ai's that are nonempty. The method considers
s
these sets successively in s stages. Assume at stage q, there is on hand

a table of sets Jq-l with each set T € Sq_l composed of elements from
Al,...,Ai and having the properties:
(1) For each T € 397, {1,...,1 1} Co() but C(D) # N,

(2) If D is any member of d(f) such that D contains elements not in

q-1 -1
A,...,A, , thenDN (U 4, ) e,
1 iq-l p=1 :l.p
Condition (1) simply requires any T € Oq-l to have a nonempty intersec-
tion with each of the sets Rl""’Ri but not all sets of &. Condition

- q-1
(2) requires 3¢ 1 to contain, for any D € d(R), the largest proper subset

of D that can be formed from elements in the sets Al""’Ai .
q-1
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At iteration q, we find a family £, which contains each D € d&)

q-1 q
such that D £ U A; butD c v A; . Essentially, construction of D
=l “p p=l “p

is completed by appending a subset of Ai to a proper subset of D con-

- P
tained in the family Jq l. We also generate a family J¢ having proper-
ties (1) and (2) above for q replacing q - 1. Formally, Jq and O are

obtained through operations described by the following symbolism:

g «rr G:Jq'll{l,...,iq} Cc(m)]

C(TUB)#N
U |ltus,rteatlse G(Ai ) [c(TUB) #C(T)
q {1,...,1 }CC(TUB)

gle[rusregiise B4, ) c(z UB) = N]
q

Algorithm PS actually utilizes more stringent conditions than
{1,...,iq} C Cc(T) and {1,...,iq} C C(T VU B) in assigning sets T and
T UB to the family Jq, but it is convenient to delay introducing these
alternate conditions. A final version of . the algorithm will not be
stated until near the »end of this section. However, all remarks below
may easily be extended to apply to the final version.

In practice, Oq and .oq can be constructed at the same time by consid-
ering successively each T € :Jq-l. First, if T has a nonempty intersection

with all of the sets R Ri , then T is included in Clq Next, each set

1’ L N ) ’
q .

B E ®(Ai ) is considered in conjunction with T. If C(TUB) =N, the T

and B together have a nonempty intersection with all sets of R, so the

set T U B is formed and placed in . If C(TUB) #N, it is determined

whether T and B together have a nonempty intersection with more sets of

(R than T alone. If so, T UB is formed and included in J4.



Proposition A.l guarantees that all sets D € d( ) are obtained.

Proposition I.8.1

Let the above iterative procedure start with Jl = [B E@(Al) C(B)
s
= N] and 8" = [B €B(4)|C(b) = N]. Then d) € U g4
. q=1
Proof:
. q
For any D € d®), we can write D = U Bp, where 1 < q < s, B, and
p=1
Bq are nonempty with Bl GB(Al), qu E@(Ai ), and each Bp, l<p<gqis

either empty or a subset in @(Ai ). Using the fact that each subset of

D is a basic subset, a simple inguction argument establishes that
T = q:ui Bp is a member of Jq-l. Since C(T V Bq) =N, D=TU Bq appears
in ,Dg- x
Since d@®) C LSJ ,Oq and each set in this union of families has a
nonempty intersecti;i with all sets of ﬂ, d@®) = m( Z ¢Dq), the clutter
obtained by discarding sets of f}l .Dq which containq:iother set of the
q=

family. Proposition I.e.2 allows us to conclude further that d(®)

s
= U m(.bq), and this fact usually leads to a considerable reduction of
q=l S
effort in removing redundant sets of U Dq. Assume again that the pro-
q=1
cedure begins with 31 and ,bl as in Proposition I.8.1.

Proposition I.8.2

Let D € for some r, 1 < r < s but suppose D € d@R). Then there
is a D' € O such that D' C D.
Proof:

s
Evidently, there is a D' € U HP such that D' € d@) and D' CD.
p=l
We will show that D' eﬂt « As in the previous proof, we can write
r
= U < e :
D o Bp, where B, tB(Al), B_ (B(Air) and each Bp, l<p<ris
either empty or a subset in G(Ai ). Similarly, we can write D' = Bl;
p p=1
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where q < r since D' CD.
Let us assume q < r and show this gives a contradiction; thus, q = r

and D' €8°. Now BI; C Bp for 1 < p < q, because [Al""’Ai ] is a parti-

s
tion of E and D' € D. Hence,
q q q q
C(VU B'Y)= U ¢(B'YC U ¢c@B)=¢c(VY B)
p=l P p=1 P Tpmp P p=1
q q
Now C(D') = N, so C(U B ) =N. But then U B cannot appear in the
a p=1 P r-1 p=l
family J°, and since q < r -1, U Bp is not a set in any of the families
- p=l r
Qq,...,:)r 1. But this contradicts the assumption that D = U B is con-
=1

tained in .Or .

The iterative procedure will be most successful when the number of
sets in successive families Jq does not increase too rapidly. Ideally,
we would like each T € J to be a basic set, but to insure this requires
a number of set cémparisons at each iteration. Algorithm PS has performed
well in computer applications without eliminating nonbasic sets from the
families Oq; however, it seems prudent to consider elimination of these
sets as a possible variation to the method. Removal of nonbasic sets may
be accomplished by the same technique suggested earlier in connection with
obtaining a family ((A); namely, by first partitioning the family J? so
all sets T with the same C(T) appear in the same member of the partitionm.
Redundant sets are then discarded from each member.

The arrangement of sets of &} clearly influences the rate of increase
in the size of successive families Jq. Heuristically, it seems desirable
that the sets A; be small, so the families G(Ai ) will not contain a
large number of gets. Also, the set {l,iz,...,i s} of indices of nonempty

Ai's should be well distributed among the set {1,...,n} of subscripts of
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R, {2,3,4}, the set having A3 = ¢. In general, for any set R, with
Ai = ¢, there is a maximum ic:! < i such that Ai is nonempty and inter-~
sects Ri' Intuitively, iteration q is the "last chance to cover" Ri’
since any T U B produced at this iteration which does not intersect
Ri cannot be the core or a set that intersects all sets of @. Let Lq
consist of indices i of all sets Ri such that iteration q is the last
chance to cover Ri' Specifically,

Ay ﬂRi # but

L =(i>1i 1

N =
Air Ri forr > q

LCl is nonempty, since iq € Lq. The earlier requirements that l,...,:i.q
C ¢(T) and 1,...,iq CC(TUB) for sets T and T U B to be included
in 39 may now be replaced by the more restrictive conditions that
Lq C C(T) and Lq C C(T UB). For the previous example, we now find
L, = {1}, L, = {2,3}, L, = {4}; thus, the set {1} iseliminated from 32,
The Partition Subsets Method is stated formally below. For simpli-
city,Jo is taken to be the family consisting only of the empty set, so
on the first iteration, ¢ UB = B for each B € G(Al).
Algorithm PS
1. Initialization.
Arrange sets of . Let R, be the smallest set in R. After

Rl"""Ri-l have been chosen, let Ri be a remaining set having the

smallest number of elements not in Ri""’Ri-l'

Determine the family [A ""’Ai ] of nonempty A.'s and the corres-

s

i

ponding family [Ll, oo ’Li 1.
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q+ 0,3 « [{$}], D+ ¢
2. q + q + 1 and generate G(Ai )
3. 39« regtt? L Cc(D]

C(TUR) #N
ultus,Ted?ls €@(a, )|C(D#C(TUB)
1 [LqCc(TuB)

&« [r VBT €I 3 EBM, )|caUB) = N]
q

4. H+HUnEYH
5. (Optional) Eliminate nonbasic sets from Gq.
6. 1£3= ¢ or q = s, stop. Otherwise, go to 2.

Note that Algorithm PS can aiso be used efficiently to find a sub-
family of all important sets of d(f). when an importance criterion is
specified. In this case, sets arising during construction of @(Ai ) and
ﬂq are simply discarded if they are not important. 4

In conclusion; we consider some aspects of a computer implementation
of Algorithm PS. Each set V in the family J? or @(Ai ) is most conven~
iently represented in computer memory as a set pair (v,C(v)). Further-
more, the set C(v) should have a "Boolean" format; that is, C(v) should
occupy a fixed number of computer words with each bit position in a word
identified with a particular set index in(R. Presence or absence of an
index in C(v) is then indicated by a 1 or 0 in the bit position corres-
ponding to that index. With this format, set unions and intersectioms
can be performed using computer AND and OR operations. If each element

in the set V.is an integer, the same storage format may be used for V.

Alternatively, V can be represented in "vector" format, where the first
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word for V contains the number of set elements, and succeeding locations
contain the individual elements, ordered to facilitate set union and
comparison operations.

Only a portion»ofleécﬁ’family«Jg,nééd3cto be retained i maiir memory at
any time; the rest can reside on magnetic disk. Since the family.Jq-l
is dispensible at the conclusion of iteration q, only two sequential
files are required: Blocks of sets fc:u:.f_lq-1 are read into main memory
from one file és blocks of sets fo::":J'q are prepared and written out on
the other. For iteration q + 1, the roles of the two files are inter-
‘changed. In this case, it is usually not practical to eliminate all
nonbasic sets from Gq, though the technique suggested above for eliminat-
ing these sets may be applied locally to eéch block of sets, immediately
before the block is written onto disk.

A subroutine package, mostly in FORTRAN, has been prepared for
Algorithm PS and used in a wide variety of applications. The code con-
sists of about 800 FORTRAN source statement. Several small assembler
language routine perform operations involving sets stored in Boolean

format.
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PART II. FLOW NEIWORK ANALYSIS PROGRAM

FNAP is a general purpose computer program for flow network relia-
bility amalysis employing algorithms FSF.1l and FSF.2 of Part I. The
bulk of the program consists of about 3000 FORTRAN statements, segmented
into a driver routine and about 25 subroutines. Assembler code performs
several simple operations that cannot be done in the context of standard
FORTRAN. The FORTRAN portion of FNAP is compatible with nearly all
FORTRAN compilers, but assembler routine packages are currently avail-
able only for CDC 6600/7600 and IBM 360/370 series machines. However,
versions of these routines can easily be prepared in any assembler
language according to the specifications given in Section II.7.

Considerable effort has been expended to inéure that FNAP will be
easy to use. The input format is direct and unified, and input data is
completely checked for correctness and consistency. Error messages are
detailed, allowing the user to promptly identify problems involving
program input or execution. Also, an ample number of comment cards are
interspersed with the FORTRAN source code to relate program operation
to statements of algorithms FSF.1l and FSF.2 in Part I. Finally, FNAP
has been extensively tested for reliable operation.

Sections II.l through II.4 describe program input and output;
Section II.5 discusses the general procedure for implementing FNAP at

a computer installation.

I1I.1 General Input Structure

The smallest logical units of input data are called program instruc-

tions, each of which is confined to a single 80-column punched card.
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Program instructions are classified according to three major groups:

edge definition, option, and execution. Edge definition instructions

specify a flow network for analysis. These are always read first by the
program, and if they are free of errors, a representation of the flow
network is stored in main memory. Errors in network specification are
messaged and cause processing to terminate.

One or more option instructions may follow network specification,
and information provided by these instructions is checked and stored.
Options allow the user to (1) specify supply and demand vertices and
amounts, (2) choose the methodology for analysis, (3) modify the input
flow network, (4) enable constructién of .afi important-subfamily of:ﬁiﬁiﬁél
failure sets, and (5) control program printed and punched output.

The next card to be read after the option group is an execution
instruction, which instructs the program to begin obtaining failure and
success set families. Option instructions affect the processing initiated
by an immediately following execution instruction, and this processing
will be referred to as a run. When a run is completed, the program
reinitializes all memory locations except those associated with the
input network and with supply and demand information, so a group of
options and an execution instruction for a new run may immediately
follow the execution instruction for the previous run.

The input data package for FNAP therefore has this general form:

network specification instructions

run 1 option imstructions

run 1 execution instruction

run 2 option instructions
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run 2 execution instructions

.
.

run n option instructions

run n execution instruction

For convenience, the same basic 80-column card format is used for
all instructions and consists of eight fields across the width of the
card; A particular instruction, however, will typically utilize only
information punched in certain of these fields. Field 1 is composed of
card columns 1-8. Fields 2 through 8 consist, respectively, of columns
11-18, 21-28, 31-38, 41-48, 51~58, 61-68, and 71-78. Data entered in
colums outside these fields is ignored, with the exception of column 10
on edge definition instructionms.

The entry in field 1 is either an edge name or an instruction name,
left-justified in the field. Internally, FNAP identifies network edges
with positive integers, but the analyst is allowed the luxury of choosing
names to replace these edge numbers on program input and printed output.
Edge names may consist of any combination of eight or less characters.
Instruction names are fixed strings of eight or less characters and are
discussed in Sections II.3 and II.4.

Depending on the imstruction, an entry in field 2 is either a posi-
tive integer or a decimal number in FORTRAN E or F format. The entry
may appear anywhere in field 2, except for an E-format decimal number,
which must be right-justified. |

Entries in fields 3 through 8 are either edge names or vertex names,
left-justified in these fields. Like edge names, vertex names may

consist of any combination of eight or less characters.
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II.2 Flow Network Specification

The input flow network is specified through a series of edge defi-
nition instructions arranged in any order and followed by a card with
the string "ENDGRAPH" left-justified in field 1. An edge definition
instruction is provided for each network edge. Field 1 of this instruc-
tion contains the edge name. The integer edge capacity appears any-
where in field 2. Fields 3 and 4 contain the names, respectively, of
the initial and terminal vertices for the edge. If columm 10 of the
instruction is blank, the edge is assumed to be directed from the initial
to the terminal vertex, so the edge can only carry flow in this direc-
tion. If the character "u" occupies column 10, the program permits the
edge to carry flow in either direction.

An an example of network specification, we consider again the net-
work of Figure I.2.1, redrawn in Figure II.2.1 with an unimaginative
choice of edge and vertex names.

All edges are assumed to be directed with the exception of E6 and

E7. The network is specified as follows (where each line is to be

interpreted as a single card):

Col. 1 11 21 31
+ ¥ + ¥
El 20 Vi V2
E2 5 Vi V4
E3 10 V2 V3
E4 5 V2 V3
E5 10 V2 V4
E6 u7 V3 V5
E7 U12 V4 V5
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II.3 Supply and Demand Options and the Execution Instruction (SUPPLY,
DEMAND, *XEQ)

For the initial program run, the card with "ENDGRAPH" in field 1
is followed by a group of option instructions and an execution instruc-
tion. The execution instruction consists only of the string "*XEQ"
left-justified in field 1 of the card; all other fields are blank.

The simplest group of options that are necessary for the initial
run are those that designate supply and demand vertices and the flow
amounts available or required at these vertices. Each SUPPLY instruc-
tion gives the supply amount available at a particular network vertex.
Field 1 contains the instruction name ("SUPPLY"), field 2 gives the
positive integer amount, and field 3 contains the vertex name. Fields
4 through 8 are blank. Two SUPPLY instructions may not refer to the
same vertex. DEMAND instructions have the same format and designate
demand vertices and amounts required. DEMAND instructions must also con-
tain distinct vertex names; however, the same vertex name may appear on
both a SUPPLY and DEMAND instruction.

As an example, the supply and demand amounts indicated in Figure
I1.3.1 can be utilized for an initial run through the following instruc-

tion sequence:

-SUPPLY 25 Vi
DEMAND 5 V3
DEMAND 8 V4
DEMAND 7 V5
*XEQ

For this run, the program determines the complete minimal success and

failure set families associated with the network of Figure II.2.1:
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Minimal Failure Set Family

1 E5

2 El

3 E6 E7
4 E4 E7
5 E3 E7
6 E3 E4
7 E2 E6
8 E2 E3

Success Set Family

1 El E3 E4 ES E6

2 El E2 E3 ES5 E7

3 El E2 E4 E5 E7

4 El E3 E5 E6 E7
CPU Time For Run .289 Sec

SUPPLY and DEMAND are the only option instructions that may affect
runs other than those for which they are specified. When SUPPLY options
are absent for a given run, supply information remains unchanged from
the preceding run. However, if any SUPPLY instruction appears, no supply
information is retained from the preceding run; thus, all supply ver-
tices and amounts must be respecified, even if the supply amount at only
a single vertex is to be altered from the preceding run. The situation
is precisely the same for DEMAND options. As .an illustration, suppose
an additional run is to follow the run of the previous example, with
the demand amount at vertex V3 changed from 5 to 7. Appropriate instruc-

tions for these two runs are:
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SUPPLY 25 Vi
DEMAND 5 V3
DEMAND 8 V4
DEMAND 7 V5
*XEQ

DEMAND 7 V3
DEMAND 8 v4
DEMAND 7 V5
*XEQ

FNAP checks supply andAdemand totals as soon as the *XEQ imnstruc-
tion is encountered. If either total is zero, or if demand exceeds
supply, the program will terminate the run and immediately begin pro-
cessing options for the next run. Errors in individual SUPPLY or DEMAND

instructions will also cause the run to be terminated.

II.4 Additional Option Instructions

The flexibility of FNAP for flow network amalysis is due to the
option instructions we ndw discuss. None of these instructions is
strictly required for a rum, but the analyst will nearly always wish to
include one or more. Unlike SUPPLY and DEMAND, the options only affect
runs for which they are provided.

The inpiut sequence for run options is entirely arbitrary, with the
exception that instructions assigning edge probability values for a pro-
duct importance criterion must appear together as a group. Moreover,
there is no restriction on the number of times a particular option is
included for a run. However, data from a given instruction will replace
conflicting data from a prior instruction of the same type in the input
sequence. Syntax errors in these options cause termination of the runm.

The options are discussed according to four functional categories.
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IT.4.1 Network and Supply-Demand Modification (FAILED, WORKING,
SPERCENT, DPERCENT)

FAILED and WORKING instructions consist of the instruction name in
field 1 and edge names in any or all of the fields 3 through 8. Field
2 is blank. When a FAILED instruction is included for a run, edges
whose names are listed on the instruction are assumed to be absent from
the network for the duration of the run. On the other hand, edges speci-
fied on a WORKING instruction are treated as present in the network but
not subject to failure, so these edges will not appear in any minimal
failure or success set determined for the run. As an example, for the

input network of Figure II.3.1, consider a run specified by the following

instructions:

SUPPLY 25 vVl

DEMAND 5 V3

DEMAND 8 V4

DEMAND 7 V5

FAILED E2 E4

WORKING El E3 E5 E7
*XEQ

The network for analysis by this run is that of Figure II.4.1 with all
edges perfect but E6. For this case, E6 is both the only minimal failure
set and the only minimal success set.

When there is a feasible flow that uses only edges listed on WORKING
instructions, no minimal failure set can be determined. If such a flow
is encountered during processing, FNAP prints a message and terminates

the run.

Use of instructions SPERCENT and DPERCENT greatly simplifies the
task of analyzing the flow network under a variety of supply and demand

conditions. These instructions contain the instruction name in field 1
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and a positive integer, say p, in field 2. The SPERCENT instruction
indicates that all supply amounts which would otherwise be in effect
for the run are to be multiplied by the factor p/100. If p is 120, for
example, the amount available at each supply vertex will be increased
to the largest integer amount not exceeding 120 percent of the value
specified in field 2 of the last SUPPLY instruction for that vertex
(which may or may not be an instruction for the current run). The
DPERCENT instruction alters amounts required at demand vertices in pre-
cisely the same manner.

To illustrate the use of these instructions, suppose we wish to
analyze the network of Figure II.2.1 for supply and demand amounts that
are 200 percent, approximately 150 percent, and finally 100 percent of
the amounts indicated there. A suitable sequence of instructions for

these three rums is the following:

SUPPLY 25 A28
DEMAND 5 V3
DEMAND 8 V4
DEMAND 7 V5

SPERCENT 200
DPERCENT 200
*XEQ
SPERCENT 150
DPERCENT 150
*XEQ
*XEQ

Note that no options are present for the final run; supplies and demands
for that run will then be the same as specified by SUPPLY and DEMAND

instructions for the initial run.
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II1.4.2 Methodology Specification (FSFl, FSF2, WRKFILES)

Instructions FSF1 and FSF2 allow the analyst to explicitly specify
which of the algorithms of Section 1.6, FSF.l or FSF.2, is to be utilized
in determining failure and success set families. Each instruction con-
sists only of the instruction name in field 1 of a card; other fields
are ﬁlank. If neither instruction is included for the rumn, FNAP auto-
matically chooses Algorithm FSF.2, unless a MAXSIZE option is specified,
in which case FSF.1l is chosen.

When the success and failure set families to be derived are small,
say less than 50 sets, the computation time and main memory requirements
of the two methods should be roughly equivalent. However, if these
families are large, Algorithm FSF.l will usually be more efficient in
terms of computation time, whereas FSF.2 will have the advantage in
terms of main memory utilization. Algorithm FSF.1l employs the technique
of Section I.8 for construction of dﬁal families, but use of this tech-
nique at a particular iteration depends on convenient access to success
sets found at all previous iterations, so these sets must be retained
in main memory. Algorithm FSF.2, on the other hand, only requires access
to success sets determined at the current iteration, so success sets
found at previous iterations may either be retained in a compact format
in memory or written on magnetic disk.

The WRKFILES option informs the program that sequentially organized
file space on magnetic disk is available for use as working storage.

The 6ption consists only of the instruction name in field 1. If this
option is included for a run which utilizes Algorithm FSF.1l, FORTRAN

file numbers 10,11, and 12 must be assigned to magnetic disk. These
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files will then be available for use as working storage by subroutines
that implement the dual algorithm. In connection with Algorithm FSF.2,
the WRKFILES options causes the family of new success sets found at
each iteration to be written on FORTRAN file 10 at the conclusion of
the iteration, thereby freeing memory space that would otherwise be
required to retain these sets. Only FORTRAN file number 10 need be
assigned in this case.

If WRKFILES has not been included for a run which must be terminated
because Qf insufficient working space in main memory, a message may be
printed suggesting that memory could have been supplemented by magnetic
disk storage. In this situation, it is reasonable for the analyst to

try a rerun with a WRKFILES instruction.

I1I.4.3 Importance Criteria (MAXSIZE, IMPORT)

The MAXSIZE option indicates that only minimal failure sets not
exceeding a fixed size are to be determined for a run. The instruction
name is placed in filed 1 and the integer size in field 2; other fields
are blank.

A subfamily of important minimal failure sets can also be deter-
mined, based on a product importance criterion. In this case, the sub-
family will consist of all minimal failure sets such that the product
of the probability values for set edges exceeds some fixed critical
value, say c. This option requires a group of card; to specify proba-
bility values for network edges and the critical value c. The first card
of the group contains only the option name "IMPORT" in field 1; other
fields are blank.

Cards which assign edge probability values follow this initial card.
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These cards have filed 1 blank, a positive decimal value between 0 and 1
in field 2, and edge names in fields 3 through 8. The value in field 2
may be in FORTRAN E or F format and must contain a decimal point. A
F-format item, such as .5 or .00l may appear anywhere within the field,
but E-format items, such as 1.25E-2 or .1lE-1 must be right-justified.

An edge whose name appears on one of these cards is assigned the proba-
bility value in field 2 of that card. FNAP assigns a default value of 1
to edges not represented on any of the cards.

The card that must terminate the group has the string "LIMIT" left-
justified in field 1 and the decimal critial value c¢ in field 2. Fields
3 through 8 are blank.

As a simple illustration of the above options, suppose for the
example network of Figure II.3.1, only minimal failure sets not exceeding
size 2 are desired, and failure sets containing either edge E3 or E4 are

arenot of interest. Suitable instructions for such a run are

SUPPLY 25 V1
DEMAND 5 V3
DEMAND 8 V4
DEMAND 7 V5
MAXSIZE 2
IMPORT
.4 E3 E4
LIMIT .5
*XEQ

II.4.4 Control of Printed and Punched Output (STATUS, FSTATUS, DSTATUS,
PUNCH, NOPRINT)

All of the instructions in this category comsist-only of the instruc- o

tion name in field 1; fields 2 through 8 a¥é blank.
The STATUS option yields information on the progress of determining

failure and success set families. Statistics are provided for each
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iteration of Algorithm FSF.1l or FSF.2, giving number of new failure and
success sets determined for the iteration, the total number of failure

and success sets determined up to that point, and the number of sets in
the dual family derived at the end of the iteration. Below is a sample

of this output for network of Figure 5.

Iteration

~J

Calls to subroutine /sset/ Time in /sset/ .036
Number of new failure sets 6 Maximum length 2

Number of new success sets 1 Maximum length 5
Number of failure sets 8 Maximum length 2
Number of success sets 5 Maximum length 6
Dual

Max number of work table sets 5 Time .074
Number of dual sets 8 Maximum length 2

Output for the STATUS option also records the amount of CPU time expended
in checking for failure sets and determining the dual family. Subroutine
SSET is responsible for classifying a set as a failure set or obtaining a
disjoint success set, so most of the computational effort for this rou-
tine involves flow construction.

The FSTATUS option causes subroutine SSET to print out each feasible
flow obtained for a run. For a particular flow, amounts and edge names
are listed for all edges which carry nonzero flow, as in this example:
Feasible flow (edge flow/edge name)

20/E1 10/E3 10/E5 5/E6 2/E7
For an undirected edge, the flow amount might be negative, which indicates

that flow passes from the terminal to the initial vertex established for

the edge on the edge definition instruction.
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When Algorithm FSF.1l is employed for a run, DSTATUS causes the
subroutine package for deriving dual families to provide data on the
sizes of various tables associated the algorithm discussed in Section
I.8. For Algorithm FSF.2, DSTATUS provides data on the procedure of
Step 4 of FSF.2 for extending the dual family. Information provided by
the DSTATUS option might be of some use in estimating computer time and
memory requirements for large networks, but for most applications, the
analyst will probably choose not to include this option.

The PUNCH option allows failure and success sets to be punched on
80-column cards for input to other programs. FORTRAN file number 7
should be assigned to the card punch (or magnetic disk) if this instrucf
tion is used. Edges associated with the input network are represented
on punched output by positive integers, consequtive numbers 1 to the
total number of edges. The first group of punched cards for a run gives
the correspondence between edge names and edge numbers. The initial
card of the group has a FORTRAN format (5HNAMES,16) where the single
integer field contains the total number of edges in the input network.
On the remaining cards edge numbers are paired with edge names, with up
to five pairs appearing on a card in the format (5(15,3H - ,2A4)).

Output for the success set family occupies the next group of cards,
whose initial card has a (5HSSF ,216) format, containing in the integer
fields, respectively, the run number and number of success sets. Follow-
ing this leader card, each success set starts on a separate card with a
(1615) format and may continue onto additional cards with the same
format. On the first card for a set, field 1 always contains the

number of edges in the set. These edges are represented in fields 2
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through 16 on the first card and 1 through 16 on subsequent cards.

The final group of cards represents the failure set family. This
output has the same structure as for the success set family, except the
string "SSF" of the header card is replaced by "FSF."

Finally, the analyst may sometimes wish to obtain punched output
but suppress printed output for large failure and success set families.
In such cases, the NOPRINT option should accompany the PUNCH option.

II.5 Program Implementation

FNAP is designed for use on most general purpose computers. The
code has been carefully prepared to ensure program logic is tight and
efficient, and subroutines for minor tasks such as sorting and searching
use good standard algorithms, such as given in [KN]. The FORTRAN portion
of the program conforms to ANSI specificatioms, except for array sub-
scripts, which are apt to consist of expressions using two or more simple
FORTRAN integer variables with addition, subtraction, and multiplication
operations. Most FORTRAN compilers allow such expressions.

Main memory work space for FNAP is confined to one single subscripted
integer array, denoted by the FORTRAN name IA. Storage in this array is
dynamically allocated for maximum efficiency in use of main memory. Be-
cause flow networks of approximately the same size may differ considerably
in their structure, it is difficult to state even roughly how large IA
should be to accommodate analysis of a network with some given number of
edges. The analyst should make IA as large as feasible for the environ-
ment in which the program is implemented; for instance, if the program
is required to execute in a fixed partition of computer main memory, then

the object code length plus storage for IA should fill the partition.
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If the enviromment is such that program use becomes more inconvenient

as storage requirements increase, an initial length of IA should be

chosen perhaps 500 times the maximum number of edges in any network to

be analyzed; this length may then be increased as necessary.

Implementation of FNAP is accomplished according to the following

steps:

1.

The desired dimension of the array IA should be set in the declara-
tive statement for this array near the beginning of the main program.
Since the code must be capable of determining when storage requirements
exceed availability, the length of the array must be provided for
internal program use. This is done by initializing the variable
IASIZE through a FORTRAN DATA statement, which also appears near the
beginning of the main program.

The first executable statement in the main program assigns a positive
integer value to the variable LWORD. This value should be set to

the length of a computer word less one.

A small number of program statements associated with input and output
operations, such as testing for end of input file, may not be accep-
table to all FORTRAN compilers. These are clearly flagged in the
program listing and should be modified if necessary.

When accessed by other roﬁtines, the REAL function TIME returns the
amount of'elapsed time since the beginning of the computer job. The
proper form of the subroutine CALL statement in function TIME may
depend oﬁ the particular computer installation, and this statement
should be modified accordingly.

The group of assembler language routines should be chosen to correspond
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to both‘the computer and the FORTRAN compiler used. Three groups
of assembler routines are supplied with FNAP: for use with (1)

CDC 6600/7600 machines and RUN compiler linkage convention, (2)

CDC 6600/7600 machines and FTN compiler linkage convention, or

(3) IBM 370 machines (G or H compiler linkage convention). To
implement FNAP on other machines, six small assembler routines must
be prepared according to specifications given in the following

section.

II.6 Specification for Assembler Language Routinmes

The routines discussed in this section are all very simple, and the
largest should not require more than 25 statements in any assembler
language.

1. CCM (IWl, IW2, ITEST):

CCM logically compares the contents of computer words IWl and IW2
and returns the result of the comparison in word ITEST. If contents
of IWl and IW2 are identical, then ITEST will contain a 0; otherwise
the value in ITEST depends on the highest bit in which the words differ.
When this bit is 1 in IWl and O in IW2, ITEST is returned as 1; in the
reverse situation ITEST is returned as -1.

2. ORM (IWl, IW2, IOR):

The coatents. of word‘iOR returfiéd by this routine is simply a.
logical OR of words IWl and IW2.

3. ANDM (IWl, IW2, IAND):

ANDM returns in word IAND the result of a logical AND of IWl and

2.
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4. PUTM (LV, IV, IW):

When PUTM is accessed, IV is an array of successive words containing
positive integer values in increasing order. No value exceeds the
number of bits in a computer word. The location LV contains a positive
integer representing the length of IV, -The function of PUTM is to
place a 1 in each bit position of word IW numbered by an integer
in array IV; other bit positions are set to 0. As an example,
suppose the computer word length is 16, and PUIM is accessed with 4
in LV, and IV(1) through IV(4) contain, respectively, 2, 5, 7, and 16.

On return, IW then contains the bit pattern "1000000001010010."
The bit numbering for this example is increasing from right-to-left.

5. GETM (IW, LV, IV):

GETM performs the reverse operation of PUTM. On return, IV is
a vector of comnsecutive words containing bit numbers for all bits
that are 1 in word IW. These integers are in increasing order in
IV, and the number of integers in this vector is returned in LV.
GETM may be accessed with IW having 0O's in all bit positions, in
which case LV is returned with an integer value of O.

6. BCM (IW, NBITON):

BCM returns in NBITON the count of bit positions containing 1
in word IW. The value in NBITON is thus an integer between 0 and

the number of bits in a computer word.
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Structural Concepts for the Analysis of Stochastic

Flow Networks

Jane Nichols Hagstrom

University ot Calitornia, Berkeley

ABSTRACT

The model considered is that of a transship-
ment network with random capacities on the arcs,
random supplies at source nodes, and random
demands at sink nodes. The concepts of relevance,
minimal cutsets, and modules; deve;oped for the
Boolean network representation of two-state com-
ponent reliability problems, are extended to apply
to the problem of determining the probability of

meeting all demands.

l. Summary

:

3

This paper is motivated by the problem of determining
the reliability of an electrical power system transmission

network. The problem is simplified by treating the system as

September 27, 1978
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a pipeline system for power; Then the system can be modelled
as a transshipment network with random capacities on the
arcs (transmission lines), random supply at the source nodes
(generators), and random demand at the sink nodes (load dis-
tribution points). Concepts similar to those used in the
analysis of Boolean network representations of on-off relia-

bility problems arise.

We define a vulnerable region in such a way that its

boundary arcs correspond to a minimal cutset. In terms of
this, we can define relevance. We can define a measure on
the space of vectors describing the state of each arc,
source, and sink, which may be used to describe the state of
a vulnerable region. This measure is increasing in each

coordinate.

This leads to two possible definitions of a module.
The definition of a structural module leads to a unique
decomposition of the system into modular factors. The ques-
tion of when the two definitions are equivalent is investi-

gated.
g. Notation

Let (N,A(N)) be a connected undirected graph (power .
system network) where N 1is the set of nodes (busses) and

A(N) is the set of arcs (transmission lines).

Let X be a subset of N. X=N-X.

September 27, 1978
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Let A(X) C A(N) be the set of arcs whose endpoints are

both in X. (X,A(X)) is & subgraph of (N,A(N))

Let T(X) C A(N) be the set of arcs, one of whose end-

points is in X, the other in X. Note T(X)A(X)=%.

Let G(X) be the set of sources (generators) at nodes in
X. Let L(X) be the set of sinks (load distribution points)
at nodes in X. G(X)L(X)=g, although a generator and a load

can occur at the same node.
Let C(X) = G(X)UL(X)UT(X).

For i€G(N)UA(N), let <y

i€L(N), let ci be its demand; ci £ 9.

be its cepacity; c; 2 6. For

Let V be the set ot state vectors c.

Definition: Let Fc(x) = 3 S be the Gale measure of
i€C(X)

X evaluated at the state vector c.

Let Vo = {c<VIl_(X)<B}.
For any set S, let |S| be the number of elements in S.

3. Structural Theory

The following theory is based on the structure of

(N,A(N),G(N),L(N)). No information about the space V of

state vectors is used.

Gale's Supply Theorem. Given c<V, the system's demands

can be met if énd only if Fc(x) 2 0 for all X C N.

September 27, 1978
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Proof: This is Theorem 5.3 in Gale's The Theory of Linear

Economic Models [G,1950].

Lemma 1. Let {(x7,A(x7))1j=1,2,...,n} be the set of

components (maximal connected subgraphs) of (X,A(X)). Then

n
3
J='.

3
Fe(X) Fe(X7) .

1

Proof: Certainly {G(xj)} and {L(xj)} are partitions of G(X)
and L(X). Since the subgraphs {(xj,A(xj))} are maximal,

{T(Xj)|j=1.2,...,n} is a partition of T(X).

Definition: Let (X,A(X)) be a connected subgraph such

that L(X) # #¢ and for all components (P,A(P)) of (X,A(X)),

G(P) # ¢. Then X is-a vulnerable region.

Definition: A member i of C(N)UA(N) is relevant if

i€C(X) for some vulnerable region X.

Theorem 1. Let X C N; c<V,. Then there exists a vulner-

X
able region Y such that C€Vy.
Proof:

i) Let {(x3,a(x3))13=1,2,...,n} be the set of com-

n .
ponents ot (X,A(X)). By Lemma 1, 3 Fc(xJ) = T,(X) < 0. Then
3=1 -

there exists j such that Fc(xj) < 0.

ii) et {(PX,a(P¥))Ik=1,2,...,m} be the set ot com-

ponents of (ij,A(?J)). Let S = {le(Pk)=¢i. Let
vy =xJ u upK.
k€S

September 27, 1978
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(Y,A(Y))

is connected and the

components of

are ((25,aP%)) 1 G (@%) # #}.

Note G(Y)

L(Y)

T (x)

6 (x93

L(x3) u u L
k<S

T(Y) U U T(PY)
k<S

where the right hand sides are partitions.

j. _ - -
Fo(x) = 2 c;+ 3 ¢+ 2 ¢y <0
i<G (x7) i<L (x9) 1<T (x7)
or by c; + 2 c; + 2 . ¢ < 0.
1<G (Y) <L (x9) 14T (x9)
Adding 3 2 c; to both sides,
k€S . k
ieL (P)

S e+ 5 e+ 5 ¢; < 3 5 ;<.
i<4G(Y) i<L (Y) i<t (xJ) K<Sier (%)
Subtracting 3 3 c; from both ends,

k€S . k
i€T (P)

2 c;+ 3 oc;p+ 3 ocp <=3 32 c¢; <0,

i€G(Y) i€eL (Y) i€T (Y) késiéT(Pk)
or FC(Y) < 0.
Hence,

iii) Suppose L(Y)=g8.

Fet¥) = s

i<G(Y)

contradicting ii).

c(VY.

Then

cy + by c

20,
i€T (Y)

Thus we have exhibited a vulnerable region Y such

September 27, 1978
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Lemma 2. Let X, Y C N; X a vulnerable region; Y # #.

Then T(Y) C T(X) and G(Y) C G(X) implies X = Y.

Proof: T(Y) C T(X) implies (Y-X,A(Y-X)) is one or more com-

ponents of (X,A(X)). G(Y) C G(X) implies G(Y-X)

g. Since

X is a vulnerable region, ¥Y=-X = #.

T(Y) C T(X) implies either X C Y or XY = g. Then

Y-X = g6 implies X = Y.

Lemma 3. Fix q<N. If all elements of C(N)UA(N) are
relevant, then every component of (N-{d},A(N-{d})) contains

a generator or a load.

Proof: Let (Y,A(Y))) be such a component. Suppose

L(Y)UG(Y) = g#. Let X be a vulnerable region.

Suppose d<X. Then Y C X, for otherwise Y-X is a com-
ponent of X without any generators. Suppose d<X. Then Y C X,

for otherwise ¥YX is a component of X without any loads.

Note that the arcs in C(Y) all have one endpoint at (.
Then for any X, C(Y) C A(X) or C(¥) C A(X). Then the arcs in

C(Y) are irrelevant, contrary to hypothesis.

Lemma 4. Arc i<A(N) is relevant if and only if there
exists a simple path from a 1load to a generator which

includes i.

September 27, 1978
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Proof: Suppose there exists a simple path from a load to a
generator which includes i. Let P be the set of nodes in the
path from the load to and including the nearest endpoint of
i. Let i(Qk,A(Qk))Ik=1,2,...,n} be the components of

(P,A(F)).

Since the path is simple, the rest of its nodes are all
contained -in one component, say the kth, of (P,A(P)). Then
PU U Q; is a vulnerable region, since it is connected, it

j#k
contains a 1load, and its complement is connected and con-
tains a generator. Furthermore, i<¢T(P U U Qj), so i |is
. j#k
relevant.

Suppose i is relevant. Then there exists a vulnerable
region X such that i<C(X). Let P C X be a simple path in
(X,A(X)) from a load to the endpoint of i in X. Let Q C X be
a simple path in (X,A(X)) from a generator to the endpoint
of i in X. P and Q are arc-disjoint as well as node-
disjoint. Then PUQ is a simple path from a load to a genera-

tor which includes i.

-

Remark: If there is a load in the network, all 1loads

and generators are relevant, since they all occur in C(N).

Lemma 5. Suppose all elements of C(N)UA(N) are
relevant. Let P C N be a simple path. Then there exists a
vulnerable region X such that exactly one arc of P occurs in

C(XxX).

September 27, 1978
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Proof: By induction on k, the number of nodes in P.

True for k = 2, since all arcs are relevant. Suppose

it is true for all paths with fewer than k nodes.

Let d be one endpoint of P, P the other. Then by the
induction hypothesis, there exists a vulnerable region Y
such that exactly one arc of the path defined by P-{d}

occurs in C(Y). If qe<y, p<?, or vice-versa, we are done.

Assume d, B € Y. The argument when d, p €« ¥ is simi-

lar.

Let (2,A(2)) be the component of (¥,A(Y)) that contains
B. Let Q = (P-{d})Y. Then Q is a simple path which is con-

tained in 2.

If  is not in 2, let X = YUZ, and X 1is the desired
vulnerapbie region. Otherwise, we now have d, B € Z. we are

left with the following five cases.

i) (z-{d},A(2-{d]})) is connected and G(2-{d}) # g. Then
let X = YU{dq}.

ii) (2-id},A(zZ-{d})) is not connected. Let (W,A(W)) be

the component of (Z-{d},A(Z-{d})) that contains Q.
ii.a) G(W) # 6. Then let X = YU[Z-W].
ii.b) G(W) = g. Then let X = Yuwf
iii) (Z-ld};A(Z-{d})) is connected aﬁd G(2) = G(iq}).

September 27, 1978
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iii.a) (z-0,A(2-Q)) is connected. Then let X = YUQ.

iii.b) (2-Q,A(2-Q)) is not connected. Let (W,A(W)) Dbe

the component of (2-2,A(Z-Q)) which contains . Then let

X = YU[Z-W].

Definition: Two elements i, j of C(N)UA(N) are in

parallel if they satiéfy one of the following:
1)i, j<c({d})uL({q}) for some node d.

2)i, j<A(id, Bl}) for some node pair {d, Bl.

vefinition: Two arcs i, j appear in series if there

exists a node d such that C({q}) = {i, j}. A set of arcs
which form a simple path are in series if every pair of

adjacent arcs appear in series.

Lemma 5. Supposc all elements of C(N)UA(N) are relevant
ané i, j are elements such that for any vulnerable region X,

i<C(X) if and only if j<C(X). Then i and j are in parallel.

Proof:

i) suppose i<C({d}), j<C({g}), and A ¥ B. Then there
exists a simple path from d to B and by Lemma 5, there
exists a vulnerable region X such that only one of d and B

is in X. Then only one of I and j is in C(X), contrary to

hypotnesis. Hence d = B.

ii) Suppose i<A(N). Then since i is not in C(N), j is
not in C(N) and must be in A(N).

September 27, 1978
-99—



If i and j have exactly one endpoint in common, they
form a simple path, and by Lemma 5, there exists a vulner-

able region X such that C(X) intersects exactly one of them,

contrary to hypothesis.

Assume then that i and j have no endpoints in common.
Let X be a vulnerable region such that i, j<T(X). Let d, g
be the endpoints of i and J which are in X. Let P be a path
which includes i, j and a simple path in X from ¢ to B. By

our assumptions, P is simple.

Then the same construction as in the proof of Lemma 5
can be performed and we will have @ vulnerable region Y such
that only one of i and J is in C(Y). Since this is contrary
to hypothesis, we are 1left with i and j having both end-

points in common.

g. Modules

Tne following section makes two possible definitions
for a module and begins to investigate the relation between

them.

Definition: Let M C C(N)UA(N). M is a structural module

if the following holds:

Let X, ¥ be any vulnerable regions such that
C(X)M # g, C(Y)M # g. Then there exists a vulnerable region

Z such that

C(Z) = [C(X)M] U [C(Y)-M].

September 27, 1978
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Definition: Let M C C(N)UA(N). M is a functional module

if there exists a real valued function ¢ of cM (c restricted

to M) such that the following holds:

Let X be a vulnerable region such that C(X)M # 3.

~ M
p C; + ¥(c) <0
. i€C(X)-m ‘ |
’ if and only it there exists a vulnerable region Z such that

C(2)-M = C(X)-M and rc(Z) < 0.

Definition: A module M is proper if M is a proper sub-

set of C(N)UA(N).

Theorem 2. Every structural module is a functional

module.
Proof: Let M be a structural module. Let

f(cM) = Minf{ 3 €;1X is a vulnerable region and C(X)M # g}
i€<C(xX)M '

i) Let Y be a vulnerable region such>that C(Y)M # g and

let cévy. By definition, ﬁ(cM) < S Ci. Then
i€C(Y)m

2 oo+ < s g+ 3 ¢ <o.
i€C(yY)-M i€C(Y)-M i€C(y)m

ii) Let Y be a vulnerable region such that C(Y)M # g.

Suppose 3 c; + ¢(cM) < 8 for some c.
B i¢C(Y)-M

Let X be a vulnerable region such that C(X)M # ¢ and

ﬁ(cM) = 3 Cj- Let Z be the vulnerable region such that
i€C(X)M

September 27, 1978
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C(2) = [C(x)mMlUlC(Y)-M].

Fc(Z) = 3 c; + 3 c; = 2 c. + #(c“) < 9.
i€C(y)-M i€C(X)M iec(y)-m !

Hence M is a functional module.

l.emma 7. Suppose all elements are relevant. Let M be a
Proper structural module. Then there is no vulnerable region

X' such that C(X) C M,

Proof: Suppose there exists a vulnerable region X such that
C(X) C M. Let Y be another vulnerable region such that

C(Y)M # #. Then there exists a vulnerable region Z such that

C(2) = [C(Y)M] U [C(X)-M] = C(¥)M
Then C(2) C C(Y) implies C(2) = C(Y) and C(¥) Cc M.

In particular, L(X) C M, so L(N)M # g, and C(N) C M.
But then L(Y) C M for all vulnerable regions Y, and thus
C(Y) C m for all vulnerable regions Y. This is impossible

Since M is proper and the elements outside of M are

relevant,

Lemma 8. Let all elements of C(N)UA(N) be relevant.
Suppose MIUMZ' MZUMB are structural modules such that
Ml' Mo, M3 are nonempty and mutually disjoint. then one of

the following properties holds.

1) Por all vulnerable regions X such that C(X)M; # 8 for

some i, C(XJMj # ¢ for all j.

September 27, 1978

1N



R

Rt

2) For all vulnerable regions X such that C(X)m; # 8 for

some 1, C(X)mj = g for all j # i.

Proof: Since the Mi's are nonempty and all elements are

relevant, there exist wvulnerable regions xl, X

2t x3 (not

necessarily distinct) such that

We will sihow that for any choice of Xl' Xz, x3, C(xi)mj #£ 9

for some i # j ihplies C(xi)Mj # ¢ for all i, j.

Let P = [A(N)UC(N)] ~- [MIUMZUM3]'

i) Suppose C(xl)Mz £ b,

mzum3 a structural module and C(xl)mz # 6 implies there

exists a vulnerable region Y such that

C(yY) = [C(x3)M1] u [C(xl)MZ] u [C(xl)m3] u [C(x3)P].
MJUM2 a structural module and C(Y)M2 # # 1implies there

exists a vulnerable region such that

C(2)

[C(Y)Ml] U [C(Y)MZ] §] [C(XI)M3] 1] [C(XI)P]
[C(XB)MI] U [C(XI)MZ] 1] [C(xl)M3] u [C(XI)P]
Since C(XI)M1 £ D,

C(X )M, # 8,

for otherwise C(z) C C(X,).

ii) Suppose C(x3)M1 # B,

moum; structural module implies there exists a
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vulnerable region Y such that

C(y) = [C(x3)M1] u [C(XZ)MZ] u [C(xz)M3] U [C(xX3)P].
M,UM, a structural module and C(x3)M1 # 6 implies there

exists a vulnerable region Z such that

C(2)

[C(X3)My] U [C(X3)My) U [C(YIM4] U [C(Y)P)

[C(X3)M,]1 U [C(X3)mM,] U [C(X,)M3] U [C(X3)P].

Tnen since C(x3)M3 # B, we may'conclude
C(XZ)M3 # P
iii) Suppose C(XZ)M3 # .

MM, a structural module implies there exists a

vulnerable region Y such that

C(Y) = [C(Xz)Mll u [C(Xz)le U [C(XI)M3] U [C(XI)P]
MZUM3 a structural module and C(xz)Mz # 6 implies there

exists a vulnerable region Z such that

C(2) = [C(X)M1] U [C(YIMy] U [C(¥)Mg] U [C(X,)P)
= [C(X)My]1 U [C(Xy )my] U [C(X))Ma] U [C(X,)P].
Since C(X,)M; # 8,

C(XI)M3 F 8
iv) Suppose C(XI)M3 £ 8.

MIUM2 a structural module implies there .exists a

vulnerable region Y such that

c(y) = [C(XZ)MI] 8] [C(Xz)le U [C(xl)M3] U [C(Xl)P]-
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]

MZUM3 a structural module and C(XI)M3 # # implies there

exists a vulnerable region Z such that

c(2) = [C(xl)mll u [C(Y)MZ] U [C(Y)M3] U [C(xl)p]
[C(Xl)Mll u [C(Xz)MZ] u IC(xl)m3] U [C(xl)p].

Since C(XZ)M2 # 8,

for otherwise C(xl) CcC C(z).
We now have the following chain:

so we can replace implications by equivalences:

{==> C(Xl)M3 £ B <~-=> C(Xz)i"l3 # 9.

Noting that the roles of 1 and 3 are completely sym-

metric, we write

C(X3)M2 F 6 <=-=> C(XI)M3 £ 2
==> C(x3)M1 # P <-=> C(Xz)m1 # 6.
Combining these two, since they have a clause in common, we

get the desired result.

Theorem 3: The Three Modules Theorem. Let every ele-

ment of C(N)UA(N) be relevant. Suppose that M.UM ¢ M UM, are

1772 273
structural modules such that Ml' Mz, M3 are nonempty and

mutually disjoint. Then Ml' Mz, M3, MIUM3, and MIUMZUM3 are
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structural modules.

Proof: Let X, Y be vulnerable regions such that

C(X)[MIUMZUM3] £z 8
C(Y)(MIUMZUMBJ # 8.

Let P be defined as in Lemma 8.

We wish to prove the following. Given the conditions
specified below, there are vulnerable regions Z whose C(2Z)'s

are detined as given below.

c(z) = [C(X)Mll u [C(X)M2] u [C(X)M3] U [C(Y)P] (a)
C(X)[MIUM3] #F 2 and
C(Y)[MIUM3] # 8 implies
c(z) = [C(X)Mll u [C(Y)M2] u [C(X)M3] U [C(Y)P] (b)
C(X)Ml o .and
C(Y)M1 £ B ) implies
c(z) = [C(X)MI] u [C(Y)M2] u [C(Y)M3] U [C(Y)P] (c)

Similar equations to (c¢) hold for Mz, M3.

i) Suppose condition (1) ot Lemma 8 holds. MlUM a

2
structural module implies there exists a vulnerable region W

such that

C(W) = [C(X)Mll U [C(X)M2] u [C(Y)M3] u [c(y)p]
MZUM3 a structural module implies there exists a vulnerable

region 7 such that
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C(2) = [C(W)MI] U [C(X)Mz} U [C(X)M3] U [C(W)P]
= [C(X)Mll u [C(X)le u [C(X)M3] U [C(Y)P] (a)
MIUM2 a structural module implies there exists a

vulnerable region V such that

C(v) = lC(Y)MI] U [C(Y)MZ] u [C(X)M3] U [C(X)P]
M20M3 a structural module implies there exists a vulnerable

reaion 7 such that

C(z)

[}

[C(W)M;] U [C(VIM,] U [C(VIMg] U [C(W)P]

[C(X)Ml] U [C(Y)MZ] U [C(X)M3] U [C(Y)P] (b)

MZUM3 a structural module implies there exists a

vulnerable region Z such that

C(2)

[C(W)My] U [C(HIM,] U [C(YIM,] U [C(W)P]

[C(X)Mll u [C(Y)M2] u [C(Y)M3] U [C(Y)P] (c)
The cases of Mz and M, are proved similarly.

ii) Cases ii) and iii) are really subcases of condition

(2) of Lemma 8. In case ii) we suppose

C(X)m, # 8, C(X)m, = g, C(X)M, =

I I
B W

C(Y)Hy # 8, C(Y)M, = B, C(YIMg =

MIUM2 a structural module implies there exists a

. vulnerable region Z such that

C(z) = [C(X)M;) U [C(Y)P] (a) 4 (b) , (c)

The proof of (c) is complete.
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iii) Suppose

C(X)Ml # 2, C(X)Mz =g, C(X)M3 = @
C(Y)Ml = g, c(y)m, = g, C(Y)M3 N

Let R be a vulnerable region such that

C(R)Ml =g, C(R)Mz 8, C(R)M3 =g
M2UM3 a -structural module implies there exists a vulnerable

region V such that

C(V) = [C(R)M,] U [C(Y)P]
MIUM2 a structural module implies there exists a vulnerable

region Z such that

C(2)

[C(X)M;] U [C(V)P]

(C(X)M;1 U [C(Y)P] (a) +(b)

The proof of (b) is complete. The proof of (a) involves

repeating iii) for other permutations of subscripts.

Modular Factorization. The discussion of Birnbaum and

Esary in section 5.2 ot their paper on modules [BE,1965])
applies, although for the moment we should replace the con-
cepts of "modules 1in parallel"” by "modules satisfying (1)
below" and "modules in series"™ by "modules satisfying (2)

below.“

(1) For all vulnerable regions X such that C(X)Mi # o6 for

some i, C(X)Mj # 6 for all j.
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(2) For all vulnerable regions X such that C(X)Mi # ¢ for

some 1, C(X)Mj = 4 for all j # i.

Then the statement of modular factorization is that
either the system may be factored into a set of disjoint
maximal proper structural modules or it may be factored into
a set of disjoint structural modules which satisfy (1) or

(2).

Theorem 4. Suppose all elements of C(N)UA(N) are
relevant. Let M be a proper structural module. Then one of

the following two conditions holds.

(1) For all wvulnerable regions X such that C(X)m # 8,

L(X)M = L(N)M.

(2) For all wvulnerable regions X such that C(X)M # &,

C(X)-M = L(N)-M,

Proof: We must show that for a specific vulnerable region
X #N such that C(X)M # g, either L(X)M = L(N)M or
C(X)-M = L(N)-M, and if Y is another vulnerable region such

that C(Y)M # g, the same condition holds for it.

Note that if L(N)M = g, (1) holds trivially, so assume

L(NYM # 4,

Since X, N are vulnerable regions, there exist vulner-

able regions Z, W such that

C(Z) = [C(X)M] U [C(N)-m]
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C(W) = [C(N)M] U [C(X)-m].

Note that C(N) C C(Z)UC(w) .
We will examine T(X).
i) If T(X)m = $, Z = N, and

C(X)M = C(N)H.

ii) If T(X)-4 = 8, W = N, and

C(X)-M = C(N)=-M.

In this case, G(X) g, for otherwise X is a vulnerable.

region and C(X) C M. Then
C(X)-M = L(N)-nm,

iii) Otherwise both T(X)M and T(X)-% are cuts in

(N,A(N)) .

let (P,A(P)) be the subgraph of (X,A(X)) such that
T(P) = T(X)M. Let (Q,A(Q)) be the subgraph of (X,A(X)) such
that T(Q) = T(X)-M. These are each made up of components of

(X,A(X)), and PQ = g.

Since X is a vulnerable region, G(P) # g, G(Q) # #.

Then

Z =XUQ or Z =7p and

W= XUP or W =2Q
If Z =P and W =0Q, L(X)M = g and L(X)-M = g, which is

impossible, since X is a vulnerable region.

September 27, 1978
-110-



If Z = P and W = XUP, then C(N) C C(2)UC(W) contradicts

G(Q) # #. Similarly, if Z = XUQ and W = Q.
Hence Z = XUQ and W = XUP.

Suppose L(P) # #. Then (Z,A(Z)) connected and G(Q) # &

implies P is a2 vulnerable region.

C(P)

[CL(W)-L(X)] U [G(W)=G(X)] U [T(X)M]

[(L(N)M)-L(X)] U [(G(N)M)-G(X)] U [Y(X)M].

then C(P) C M, contrary to Lemma 7.
Hence L(P) = (L(N)M)-L(X) = g, or
L(X)m = L(N)M.

Suppose there exist vulnerable regions X, Y such that

C(X)=M # L(N)-M (a)
L(Y)M # L(N)M (b)

C(X)M # £

C(Y)m # ¢

By the above argument, we know

L(X)m = L(N)M

C(yY)-m

L(N)-M, G(Y)M = g
Let Z, W be vulnerable regions such that

C(Z) = [C(X)M] U [C(Y)-M]

(C(X)M} U [L(N)-M]
C (W)

[C(Y)M] U [C(X)-M]
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Suppose T(X)M = g. Then

T(w) = T(X)UT(Y), T(X)T(Y) = ¢
L(W) # # implies WX or WY # 4.

T(x), T(Y) disjoint and nonempty (since X # N, Y # N)

implies

XY = W
G(X-W) # 8, G(Y-W) # ¢
L(X-W) = [L(X)M)-L(Y) = [L(N)M]-L(Y)

L(X-W) # p by assumption (b). Then X-W is a vulnerable

region such that

C(X=W) = [P(X)M] U [(L(X)M)-L(Y)] U [(G(X)M)=G(Y¥)] C M

This is impossible, so T(X)M # g.

T(X)-M = g implies T(Z) = T(X).

L(Z)L(X) # & implies
72X #£ 8 implies
Z =X implies

C(X)-M = C(N)=-M = L(N)-M

contrary to assumption (a).
Hence T (X)-M # 8.
Then since L(X)L(Z) # 6, and T(X)=-M # 8, T(X)M # ¢,
XC2Z

Let (P,A(P)) be a component of (Z-X,A(Z-X)). (P,A(P))
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P

is also a component of (X,A(X)). G(P) = G(2)-G(X) = #.

But then X is not a vulnerable region. We conclude that
it is impossible that both (a) and (b) hold for the same

module in the same system.

Remark: Figure 1 exhibits a case where (2) holds and

(1) coes not.

5. The Connectivity Problem

Assume we have a network (N,A(N) ,G(N) ,L(N)) in which
all elements of A(N)UG(N)UL(N) are relevant. Let the state
space v consist of all binary vectors, i.e.,
C; = 3 or 1 if i<G(N)UA(N), c; = B or -1 if i<L(N). We will
refer to this problem as the connectivity problew.

We may visualize the problem as follows. If an element
of L(N) 1is in state -1, service is demanded at that node.
If an element of G(N) is in state 1, service is available at
that node. If an element of A(N) is in state 1, it is
available as a communication path. When an element of L(N)
is being served, it ties up both its server and the communi-
cation path between them. Then given a state vector c, will

all .those who d:mand service get it?

This section will show that the structural theory will
tell wus everything we can find out about this system unless

we know something about the actual state.

Theorem 5. Suppose (N,A(N) ,G(N) ,L(N)),V describes the
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connectivity problem. Let X be a vulnerable region. Thnen

there exists c<vx such that ¢ is not in VY for all

Y #X, YCN.

Proof: Choose k€L (X). Let ck = -], Let cj =1 for all

J€[(G(N)UA(N))-C(X)]. Let €5

0
[~
rh
o]
~
o
b
—

other j. Then

FC(Y) = F <0,

Let YCN, Y # X. By Lemma 2, Y #X implies

T(Y)-T(X) # # or G(Y)-G(X) # 6. Then

F‘c(Y) = 2 c; + 2 ¢
i€C(Y)-C(X) i€C(Y)C(X)
= by cy + S c; + 2 <
i€G (Y)-G (X) i€T (Y)-T (X) i€L(Y)L(X)
= |G(Y)-G(X)! + IT(Y)-T(X)| + c, 2 0.

Remark. Theorem 5 does not necessarily hold for other
state spaces V. An example where it does not hold is given

in Figure 2.

Lemma 9. Suppose (N,A(N),G(N),L(N)),V describes the
connectivity problem. Let M be a proper functional module.

Let X be a vulnerable region. Then C(X)-M # #.

Proot: Suppose C(X) C M. Let Y be a vulnerable region such

that C(Y)M # g.

Choose k€L (X) . Set Cy = -1. For all

i€[(A(N)UG(N))M]=-C(X), set ci =1, For all other i, set

ci = p.
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FC(X) = Cp < 0 implies #(cM) < 0, which in turn implies

there exists a vulnerable region Z such that

CiZ)—M = C(Y)-m

PC(Z) < 9.
T(Z)m C I (X)M = T(X),
G(Z)M C G(X)M = G(X)
since otherwise

F.(2) = 3 c.

¢ iec(z)m !

= 2 c; + by c; + S c;
i<L(2)Mm i€[G(2)M]1-G(X) i€[r(2)M]-T (X)

=c + I[G(Z)M)-G(X)| + |[T(Z)M]-T(X)| > O.

Hence we have constructed a vulnerable region 2Z such

that

C(Z)-M = C(Y)-m

G (X) (1)
T(X).

G(Z)M C G(X)M

T(Z)M C T(X)M

Note L(Z)M # ¥ for otherwise FC(Z) = g.

Now construct a new state vector ¢ as follows: Cnoose

k€L (Z)M. Set Cx = -1. For all i<[A(N)UG(N))M]-C(Z), set

C.

i l. For all other i, set c, = @.

i
FC(Z) = ¢, < @ implies ﬁ(cM) < 0, which in turn implies

*that there exists a vulnerable region W such that

C(W)-M = C(X)-M = g

rc(W) < 0.

-
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T(W)¥ C T(Z)M and G(W)M C G(Z)n

by the same argument as before.

Thus we have constructed a vulnerable region

that

C(W)=M = C(X)-M = g
G(WM C G(Z)M

TI(W)M C T(Z)M
Combining the sets of relations (1) and (2), we

C(w)-M = g
G(W)M C G(X)
T(W)M C T(X)

or

G(W) C G(X)
T(W) C T(X)

By Lemma 2, W = X. Then T(W)M = T(X), and

T(WM C T(Z)M C T(X)

implies T(X) = T(2)HM. Similarly, G(X) = G(2)M.
Then T(X) C T(Z) and G(X) C G(2) implies X = 2z,

. C(Y)-M = C(2)-M = C(X)-M = ¢.

Hence C(Y) C M for all vulnerable regions Y.
Since all members of G(N)UA(N) are relevant,

C(N)UA(N) C M.
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Since our hypothesis is that M is proper, we have a contrad-

iction and
C(X)-M # g.

Lemma lﬂ‘ Let (N,A(N),G(N),L(N)),V be the connectivity
problem. Let M be a proper functional module. Tnen one of

the following holds:

(1) For all wvulnerable regions X such that C(X)Mm # g,

L(X)M = L(N)M,

(2) For all wvulnerable regions X such that C(X)M # &,

C(X)-M = L(N)-M,

Proof: 1If L(N)M = g, condition (1) is automatically satis-

fied,.so suppose L(N)M # &,

1) Suppose there exists X a vulnerable region such that

C(X)M # 6 and L(X)M # L(N)M. Then there exists k<L (X)M.

Set Cx = -1. For all i¢A(N)M, set c; = 1., For all

]
other i, set ci = 0.

FC(N) =c <0 implies #(cM) < 8, which in turn implies

there exists a vulnerable region 2 such that

C(Z)-M = C(X)-M
Fc(2)<

k€L (Z), for otherwise FC(Z) = b c; > 0. T(Z) = T(X)-M
' i€r(z)m

for otherwise Fe(Z) = IT(2)M| + -1 > 9.
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T(2) = T(X)-# implies Z-X = U P, where
P<S

S={P C NI (P,A(P)) is a component of (X,A(X)) and T(P) C T(X)M}.
Let P°¢S be such that k<L (p°).

T(P®°) C T (X)M

G(P°) c G(Z)M

L(P®) Cc L(2)m

Hence, C(P°) C M. Also P° is connected and L(P°) ¥ g.

Furthermore, P° is connected; X o BC.

a) Suppose T(X)-M # g. Then T(Z)-M # g and G(Z) ¥ #.

Then ’ p° cz implies
- -0 . .

ZCP ) implies

G(Z) ¢ G(F°) implies

G(F°) # ¢ implies

P° is a vulnerable region, but C(P°) C M contradicts the

condition that M is proper.
b) Suppose T(X) C M. Then P° = X.

If G(X) # 6, then P° is a vulnerable region and

c(p°) cM contradicts the condition that M is proper.
Otherwise G(X) = ¢ and C(X)-M # ¢, so
C(X)=-M = L(N)-M

Thus we have shown that any giben X must satisfy (1) or
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{2). Now it remains to be shown that we cannot have two
vulnerable regions in the same network, one of which satis-

fies (2), the other of which does not.

ii)  suppose X, Y# B, CXIM# B, CIIH# g,

C(X)-M # L(N)-M, and C(Y)-M = L(N)-M. Then L(X)M = L(N)M.

- Choose k€L (N) M. Set c, = -1. For all
i€[(A(N)UG(N))M)-C(X), set c, = 1. For all ‘'other i, set

Ci-ﬂ.

FC(X) = ¢, < 0 implies ﬁ(cM) < 0, which in turn implies

there exists a vulnerable region 2 such that

C(2)-M = C(Y)-M

FC(Z) < @.
G(Z)M C G(X)M and T(Z)M C T(X)M for otherwise
FC(Z) = Cp t IIG(Z)M]=G(X)| + IIT(Z)M]=-T(X)I 2 0.
Then C(Z)-M = C(Y)-M = L(N)-M implies

G(2) C G(X)M
T(Z) C T(X)M

*° Lemma 2 implies Z = X and thus

C(X)=-M = C(2Z)-M = C(Y)-M = L(N)-M.
. We have a contradiction, so 1t (2) holds for any vulnerable

region other than N, it holds for all.

Theorem 6. Let (N,A(N),G(N),L(N)),V represent the con-
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nectivity problem. Then every proper functional module is a

structural module.

Proof: Let M be a proper functional module. Let X, ¥ be
vulnerable regions such that C(X)M #¥ 8, C(Y)M # 6. we must

show there exists a vulnerable region Z such that

C(Z) = [C(X)M] U [C(Y)-Mm].
Assume C(X)M # C(Y)M, C(X)-M # C(Y)-M, for otherwise the

proof is trivial.
i) Suppose L(N)M = g.

If L(X)L(Y) # 6, choose k¢L(X)L(Y) and set c, = -1.

k
Otherwise, choose j<L(X), k€L(Y), and set cj =c, = -1, For
all i€¢[M(A(N)UG(N))I-C(X), set c; = l. For all other i, set
cy =_0.

Fe(X) = C < 0 : implies

ck+¢(cM) <0 implies

3 ci+¢(c") <9 implies
i€C(Y)-M

there exists a vulnerable region Z such that

C(2)-m = C(Y)-M

rc(Z) < 9.

G(Z)M C G(X)M
T(2)M C T (X)M (1)

since otherwise
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Fo(2) = ¢ + LIC(IMI-C(X)| > B.

Replacing Y by X and X by Z in the argument above, we

can construct W such that

C(W) =M = C(X)~M
G(W) M C G(2Z)M ' (2)
T(WM C T(Z)M.

Combining relations (1) and (2), we get

G(W) € G(X)
T (W) C T(X)

and by Lemma 2, W = X.

Then G(W)M C G(2)M C G(X)M implies G(Z)m = G(X)M. Simi-

larly, T(Z)M = T(X)M. Also, L(Z)M = g = L(X)M. Then
C(Z) = [C(X)M] U [C(Y)-M].

ii) Suppose L(N)M # g. By Lemma 10, C(X)-M # C(Y)-M
implies L(X)M = L(Y)M = L(N)M.

Choose k€L (N)M. Set c, = =1, For all

i([M(G(N)UA(N))]-C(X), set ci = 1. For all other i, set

.G = g.
FC(X) =c <0 implies
vich) < o implies

there exists a vulnerable region Z such that

C(2)-m = C(Y)-M
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Fc(Z) < 0.

G(Z)M C G(X)M and T(2Z2)M C T(X)M by the same argument as
in i), L(Z)M = L(N)M by Lemma 1@.

Then applying the same construction, replacing ¥ by X

and X by Z, there exists a vulnerable region W such that

C(w)-M C(X)-m

G(WM C G(Z)M

T(W)m C T(Z)M.

Then G(W) C G(X) and T(W) C T(X), so W = X.
From this,

G(Z)M

G(X)M

T(Z)M T(X)m

and we have already stated

L(Z)M = L(N)M = L(X)M.

Then

C(z) = [C(X)M] U [C(Y)-M]

-122-
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Figure 1.

Example of Condition (2) Holding for a Structural Module
M= {1, 2, 3}
C(ix}) = {2, 4}

C({X'Y}) = {1, 3, 4}
Ciix})m = {2} C(ix})-4 = {4}

Clix,yh)m = {1, 3} C({x,y})-M = {4}

C({x,y})-m

C({x})-M implies this is a valid struc-

tural module.

<N
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Figure 2.

Example of a State Space V for which Theorem 5 is Invalid

Let

€, =5o0ro
c2'= 2 or 8
c3=2
Cy = S or @
Cg = -7

Gale Measure of

|
|
: {x,2} {y,2} {x,y,2} {z}

|

|

|

.—l

T?T'“'E"'"E' '1?"'737'1""17" 0 7] 7] :
:o 2 2 5 =7 : -5 0 -5 8 :
:s 6 2 5 =7 : ) -2 -2 ) :
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MODULAR DECOMPOSITION IN STOCHASTIC TRANSPORTATION NETWORKS

Andrew W. Shogan
University of California, Berkeley

ABSTRACT

Consider a flow network having random arc capacities and having
associated with each node n a "supply-demand r;ndom variable" Yn whose
absolute value equals the supply available at the node when Yn assumes a
non-negative value and the demand required by the node when Yn assumes a
non-positive value. A fundamental problem is the computation of the re-
liability R, that is, the probability that the random variables will as-
sume values that permit a feasible flow. Upon adapting the graph theo-
retic concepts of "cutnode" and "block," it is possible to identify a
"block-module," an independent, non-trivial subnetwork that has one and
only one node (the "cutnode") connected to nodes outside the subnetwork.
The reliability of the network will increase by a known factor after a
"block-modular decomposition” that consists of a transformation of the
cutnode's supply-demand random variable and the deletion of the remain-
der of the block-module. Provided the original network possesses at
leﬁst one block-module, R can’be determined from a sequencé of block-
modular decompositions that reduce the original network to a single node
whose reliability is easily computed. A discussion of the application

of such a decomposition method to the analysis of electrical power net-

works is included(A
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1. INTRODUCTION

For the purposes of this paper,-a stochastic transportation net-

work is a flow network having random arc capacities and having associ-

ated with each node n a supply-demand random variable Yh whose absolute
value equals the supply available at the node when Yn assumes a non-
negative value and the demand required Sy the node when YQ assumes a
non-positive value. An important application of stochastic transporta-
tion networks, and one that mocivateditheir consideration in this paper;
is their use in models of electrical power networks. 

The range of a random variable is a set consisting of values the

random variable assumes with non-zero probabilities. The range of a
random arc capacity_is assumed to be a finite set of non-negative inte-
gers, and the range of a nodefsfsupply-demand random variable is assumed
to be a finite set of inqééé?%. In general, then, the range of a node's
supply-demand random vari;ble may include both positive and negative in-
tegers so that the node may supply units in some realizations of the net-
work and demand units in others. Based on the fénge of it:s: supply-demand

random variable Yn’ a node n is referred to in one of four ways: source,

sink, intermediate node, or random source-sink. In particular, if thel

range of Yn consists solely of a single value v (i.e., Yn is a constant),

the node is a source if v > 0, a sink if v < o, and an intermediate node

1f v = 0; however, if the range of Yn consists of at least two values,

node n is a random.source-sink. Reference is made to two special types

of random source~sinks; a random source (random sink) is a random

source-sink whose range includes only non-negative (non-positive) inte-

gers,
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It is assqmedsthat the joint probability mass function of the
random variables of the network is known. The exact degree to which
independence must Be assumed is discussed briefly later in this intro-
duction and in greater detail in Section 4 ~=-"%"+

Given a realization of the stochastic transportation network, the

realization is feasible (infeasible) and the network functions (fails)
if a (no) flow exists satisfying the foliowing constraints: (i) the
flow in each arc is no greater than the value assumed by its random arc
capacity, and (ii) for each node n with Yn assuming a value v, the flow
out of node n minus the flow into node n is at most v wheniv # 0 and
equals 0 when v = 0. The fundamental problem - is the computation of the
reliability, that is, the probability that the random variables will as-
sume values such that the stochastic tfansportation network functioms.

A special class of stochastic :ransporta;ion networks is that in
which every arc capacity is a ;ihary random variable, one node 1is a

source having a supply of 1, one node ts a sink having a demand of 1,

and all other nodes are intermediate nodes. The literature refers to

such networks by a variety of names; binary reliability networks is used

herein.

As the bibliographies in {12] and [13] illustrate, there exists an

extensive literature treating binary reliability networks. However,
despite the-impdrt;nce of the problem, the litetgture treating the most
general stochastic tramnsportation network is scanty. The state-of-the-
art is best represented by the algorithm of Doulliez and Jamoulle (6]

which computes the reliability of a stochastic transportation network by

efficiently partitioning the set of all pussible network realizations.

The algorithm as presented in [6] assumes that each node of the network
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is either an intermediate node, a sink; or a random source; however, in
light of the procedure of Section 4 of this paper for eliminating random
source-sinks, the a%gorithm can Se applied to the most general stochastic
transportation netw&rks. An earlier algorithm of Doulliez [5] and a
la:er'algorithm of Pang and Wood [1l] are similar to [6] but not as
efficient.

A technique long used in analy?ing:binary reliability networks is
modular decomposition (cf. [2] and [3]). Intuitively, modular decompo-
sition reduces computational effort by first identifying a complex but
specially structured subnetwork whose random variables are independent
of the random variableS'outside the subnetwork and thep replacing this
complex subnetwork with a simpler subnetwork. This paper demonstrates
that the téchnique of modular decomposition is also useful in analyzing
stochastic trénsportation networks. After Section 2 introduces some ad-
ditional notation and definition;; Sections 3 and 4 develop two types of
modular decompositions: series-parallel-ﬁodular decomposition and
block-modular decomposition. Section 5 describes- an-algorithm: used in
block-modular. decomposition; Section 6 containg” a detailed example; anq
Section 7 discusses_the use of block—modularvdecompbsition in analyzing
electrisa$-gpwgg;getworkss Finally, Seption 8 discusses both computa-
tional aspects of block-modular decompositions and an area of future re-

search.
2. ADDITIONAL NOTATION AND DEFINITIONS

The concepts of undirected arc, path, cut, and flow have their

usual meanings (cf. [7], pp. 2-10). All arcs are undirected; nodes are

adjacent if an arc of the network connects them, and an arc is incident
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to the two nodes it.‘connects. An arbitrary indexing of the arcs of the
network permits reference to the arc connecting node i and node j and

having index k in one of two ways: arc (1,j) or arc k.

Given a netwo;k N, the subnetwork defined by a set of nodes §
consists of the nodes of S and every arc of N incident to a pair of
nodes both in S. The subnetwork is proper if it is not N itself and is
nontrivial’if it contains more than one node.

"Random variable" and "probability mass function" are denoted by
"

r.v." and "p.m.f.", respectively; r.v.'s and p.m.f.'s denote their

plurals. A r.v. of a stochastic transportation network is an indepen-

dent r.v. if it is statistically independent of all other r.v.'s of the

- network. A subnetwork of the stochastic transportation network is an

independent subnetwork if all its r.v.'s are statistically independent

of the r.v.'s outside the subnetwork, even though they may have arbi-

trary dependence among themselves.
Given a stochastic transportation network having reliability R,

another network having reliability R* is_c-equivalgnt,*where c is a‘

known constant, if R = cR%, .In-caSes where c=1, c~-equivalent is shﬁrt-
ened to éguivélent..

Givén a subset S of a set T having a finite number of elements, S
denotes its complement in T, [SI denotes its cardinality, and Pr[S] de-
notes its probability under some probability measure defined over T. A
partition {Sk} of S consists of disjoint subsets of S whose union equals
S.

If every node i in a set S of nodes has a value v(i) associated
with it, v(S) equals Ziesv(i). For example, if the v(i) denotes the

supplies (demands) at a set S of sources (sinks), then v(S) equals the
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total supply (demand) within the set. Given two subsets of nodes S and
T, (S,T) denotes the set of all arcs connecting a node of S to a node

of T. If every arc (i,j) of the subset (S,T) has a value v(i,j) asso-
clated with it, v(S,T) equals Z(i,j)e(s’T)V(i,J). For example, if the
v(i,]) denote the capacities of the arcs of a cut (S,S), v(S,S) equals

the capacity of the cut.
3. SERIES-PARALLEL-MODULAR DECOMPOSITION

Given a path between two nodes r and s, the interior nodes are /

all nodes of the path except r and s. A series-module (s-module) is a

paph between two ﬁodes r and s that satisfies four conditions: (1) the
path contains at léast one interior node, (ii) every interior node is
an intermediate node, .(111) every interior node of the path is adjacent
only to other nodes of the path, and (iv) the n>2 arc capacities

X1, xz,...,xn of the path are indepéndent of all other r.v.'s of the
network. An equivalent network results frbm the replacement of the
arcs of the s-module by a single arc from r to s having capacity

min[xl,xz,...,xnl. Hereafter, s-modular decomposition refers ta such a

replacement.

A parallel-module (p-module) is a subnetwork consisting of a pair

of nodes r and s joined by n > 2 arcs whose capacities x,,xz,...,xn are
independent of all other r.v.'s of the network. An equivalent network
results from the replacement of the p-module by a single arc from r to

s having capacity x1+x2+...+xn. Hereafter, p-modular decomposition re-

fers to such a replacement.
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‘A subnetwork is a series-parallel module (s-p-module) if it can

be reduced to a pair of nodes joined by a single arc through a sequence

of s-modular and p-modular decompositions. Hereafter, s-p-modular de-

composition reférs to such a reduction. The concept of s—p-modular de-
compositi&n as used here is a straightforward adaptation of a similar
concept long used in the analysis of binary reliability networks and
first defined by Bodian [4]. Both an s-modﬁle and a p-module are special

cases of an s-p-module; Figure 1 contains a more complex s-p-module

(assuming every node except the left-most and right-most is an inter-

mediate node).

Hereafter, it is assumed without loss of generality that the
original network under comsideration contains no s-p-modules. This as-

sumption simplifies both notation and computation.

4. BLOCK-MODULAR DECOMPOSITION

A block-module (b-module) is an independent, prdper, and nontriv-

ial subnetwork containing one and only one node (referred to as the cut-

node) adjacent to nodes outside the subnetwork; a minimal block-module

is a b-module containing no proper subnetworks that are also b-modules.
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Figure 1
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An explanation of the relationship of block-modules and cutnodes to_the
graph theoretic.concepts of "cutnode" and "block" is omitted here but
may be found in [14].

In order to simplify the discussion, it is assumed hereafter that
a b-module possesses two additional characteristics: (1) the cutnode
is an intermediate node, and (ii) the b-module contains no random
source-sinks. As will now be shown, these assumptions are made without
loss of generality.. If (1) is not true, aﬁ equivalent network results
from rerouting all arcs of the b-module.incident to the cutnode n into
a new artificial intermediate node n' and then connecting n' and n by
an artificial arc having infinite capacity; node n' then serves as the
new cutnode for the b-module. Hereafter, such a procgdure is referred

to as ingerting an artificial intermediate node n' into the subnetwork

at the node n. If (ii) is not true, there exists a random source-sink

n Qith a supply-demand r.v. Yn that can take on at least two values k
for -d < k < s whered >0 and s > 0. An equivalent network with one
less random source-sink results from chﬁnging node n into a sink with a
constant demand of d, adding a new node n' having a constant supply of
s + d, and adding a new arc (n',n) having a random capacity Xn = Yn + d.
When xn =k+dfor 0 <k <s, noden effectively becomes a'source of k
unitslsince n' is able to supply the demand of d at n and still serve
as a source of k units for the remainder of the network. Similarly,

when X = k+ d for -d < k < 0, node n effectively becomes a sink for
n =" -
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-k units since only'é + k of its demand of d can be supplied by n'.
Note that the elimination of the random source-sink does not require
that the supply-demand r.v. Yn be independent.

The definition of a b-module motivates an attempt to replace the
b-module with a simpier subnetwork. Given a particular realization of
‘the random capacities of the arcs of a B—module, one of three cases may
occur: (1) the sources within the b-modﬁie not only can meet all de-
mands within the b-module but also can "export" units via the cutnode
to the remainder of the network, (ii) the demands within the b-module
can only be met if it is possible to "import" units via the cutnode
from the remainder of the network, or (iii) the demands within the b-
module cannot be met, regardless of how many units can be 1mp§rted via
the cutnode from the remainder of the netﬁark. Intuitively, then, with
respect. to the remainder of the network, the b-module acts in one of
three ways: (i) a source, (i1) a sink with a demand that is -possible
to meet, or (iii) a sink with a demand that is impossible to meet. As
will now be shown, a c-equivalent network results from changing the
cutnode from an intermediate node into a random source-sink and deleting
the remainder of the b-module from the network.

Consider a b-module N having cutnode n. N' denotes the subnetwork
of the original network defined by the cutnode n and all nodes not be-
longing to the b-module N. (Actually, N' is itself a b-module.) S (T)
denotes the set of nodes in N that are sources (sinks); for ;ny source
i, a(i) denotes its supply; for any sink i, b(i) denotes i&s demand.
Suppose N contains r arcs having indices 1,2,...,r and random capacities

X= (xl,xz,..;,xr); let qf = {x |Pr[X=x] > 0}. X is the state vector of

+
the b-module, and 9 is the state space of the b-module.
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Given a b-module N with cutnode n, Nk for == < k < ™ denotes a
transportation network identical to N except that n is now either a
source for k units°if k > 0 or a sink for -k units if k < 0. For

functions but N fails};

k k+l
when 0 < k < o, Hk is a set of states for which the sources within N

o < k < w0, let Hk = {xeﬂ+|when X=x, N

not only can meet all the demands within N but can also "export” at

most k units to N' via n; when == < £v< b, “k is a set of states for
which the demands within N can only be met if it is possible to "import"
at least -k units from N' via n. Let kmax equal the maximum of zero

and the largest value of k for which H, 1s non-empty; similarly, let

k

kmin equal the minimum of 0 and the smallest value of k for which Hk is

non-empty. Note that 0 < kmax < max [0,a(S8)-b(T)] and -b(T) < km < 0.

in

Finally, let H__ = {xed lxcH, does not hold for k_ < k <k )i that

in
is, H_ﬂ is a set of states for which the demands within N can never be

met, regardless of how many units can be "imported" from N' via n.

It is clear that the subsets Hk for k = == and km < k < kmax

in

are a partition of Q+. In the remainder of this section, it will be
assumed that Hk and Pr[Hk] are known for k = -= and kmax < k< kmin;

Section 5 contains an efficient algorithm for their computation.
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Since the entire network fails if X = x where xeH__, conditioning

upon whether or not xeH__ results in R = R*(I-Pr[H_al) where R* is the

reliability of the entire network given xcH__ does not occur. Consider
the network obtained as follows: (i) change the cutnode from an inter-

mediate node into a random source-sink having a supply-demand r.v. Yn

for which Pt[Hk]

1l - Pr[H_w] for kmin sks kmax

Pr[Yn = k] =

0 otherwise

and (ii) delete the remainder of the b-module from the network. Here-

after, b-modular decomposition refers to such a procedure. It is clear

that b-modular decomposition results in new network having reliability
R*; that is, the new network is (1 - Pr[H_”])-equivalent to the orig-
inal network.

B-modular decomposition will consisﬁ of an addifional step in
those instances where the cutnﬁde for the b-module. is an artificial in-
termediate node n' inéerted into the original b-module at a random
source-sink n. In'particular, an equivalent network results from chang-
ing the supply-demand r.v. of‘n to Yn + Yn' and then deleting the node

n' and the arc (n',n) from the network.

As iilustrated by the example in Section 7, a b-modular decomposition .

may create a new b-module in the revised network. Hence, the number of
b-modular decompositions that can be performed need not be limited to the

number of b-modules in the original network under comsideration.
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Provided theﬁoriginal network under consideration contains at
least one b-module (and therefore two), there exists at least one se-
quence of k > 1 b-modular decompositions that reduces the original net-
work to a revised network N containing no b-modules. Section 8 dis-
cusses the choice of such a sequence; fo; now, suppose it has made.

Let n denote a node of N whose supply-demand r.v. is independent. The
node that served as the cutnode for the immediately preceding b-modular
decomposigion is always one choice for n; for simplicity, it is assumed
hereafter that n is always this node. After inserting am artificial
intermediate node n' into the network at the node n, the node n' serves
as the cutnode for one last b-modular decomposition. The resulting
c-eqdivalent network consists only of the arc (n',n) and the two nodes
n and §' having supply-demand r.v.'s Yn and Yn" respectively; since
this simple network behaves like a single random-~source sink having
supply-demand r.v. Y + Y ,, its reliabilicy K equals Pr[Y_+Y_, > 0]
and is easi}y computed as R* = Pr[Yn. =k]Pt[Yn > -k] where the summa-
tion is taken over all k for which Pr{Yn. = k] > 0. Having been reduced
to a c-equivalent network consisting of a single node with reliability
R*, the original netwqu has reliability R = cR*.

It is interesting to consider the use of a sequence of b-modular
decompositions to determine the feasibility of deterministic
transportation netwd;'ks; that is, the special class of stochastic trans-
portation networks in which every r.v. equals a known constant with
probability one. In such a network, the state space of a b-module
consists of a single state vector x. If xeH__, the entire network must

be infeasible; however, if xeH, for k <k <k , b-modular decompo-
min - - max

k
sition simply adds k to the cutnode's supply-demand constant and de-

letes from the network all other nodes and all arcs of the b-module.
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(5~ PARIITION&NG THE STATE SPACE OF A BLOCK-MODULE

N . . - ' i

Consider a b-module N heving a cutnode n, a set S of sources with

bt

supplies a(i) for 1 €8, a set T of sinks with demands b(i) for 1 G'T,

A i

state vector X= (X ,xé,...,x ), and state space Q . This section developa ,

van algorithm for constructing the partition {Hk} of Q needed to perform

" a bIockPmodular decomposition. The algorithm is based on a decompoaition

o SRR SOPEACER B A3

principle developed by Doulliez and Jamoulle in [6]

5.1 Overview of the Algorithm

Given vectors m. = (ml,mz,...,mr) and M = (Ml’M2’°"’Mr) having

integer-valoed components, the interval having lower endpoint m and upper

endpoint M (denoted by [m,M]) is the set of vectors x = (xl,xz,.;.,xr)

having integer-valued components for which mj_i xj.§ “j for 1 < j <r.
Let Q@ = [L,U] denote the smallest interval containing Q+, where the size
of an interval 1s measured by its caroinality. Such a Q always exists
since Q+ is a finite set of vectors all having integer-valued components.
The algorithm in this section constructs a partition {Gk} of Q, where
G 1s defined by replacing @' by 2 in the definition of H,. Clearly,
= G Na* and Pr{ ] = Pr(G,] for all k.

It is helpful to think of the algorithm as a branching process that
produces a rooted tree. The root of the tree corresponds to Q and every
other node of the tree corresponds to an interval contained in Q. Branch-
ing from a node corresponds to partitioning the interval into several

smaller interoals. At the end of each iteration of the algorithm, the

leaves of the tree correspond to a partition of 2 into intervals.
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Assoclated with each interval is a label k; 1f k > 0, the cutnode n
is considered to have a demand of k units, and, if k < 0, n is considered

to have a supply of -k units. An interval I with label k is either

fathomed or unfathomed. If I has label k and is fathomed, I C Gk and no
further branching from I is necessary; that is, I will cor.respond to a
leaf in the final tree produced by the algorithm. If I has label k and
is unfathomed, although I N GJ = ¢ for j > k, further branching is
necessary to determine if I N Gk 'is non-empty.

Since Gk - $ for k > a(S) - h(T), nis given the label a(S) - b(T)
at the algorithm's initialization; as ir_xdicateci by the flovf chart of
Figure 2, each iteration of the algorithm consists of examining an
interval I and, depending upon whether or not I N Gk = ¢, either reducing
its label or partitioning it into one fathomed interval and several un-
fathomed i:ntervals. Subsections 5.2-'5'.5- pr:ovide.the details of the sub-
routines su.mnnariéegl in the flow chart; Subsection 5.6 discussesmodifica-

tiong to the algorithm and sensitivity anélysis.

ol

T —e e - . g Y - —
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The only interval is the entire state space Q; it 1is
unfathomed and has a label equal to the excess
of supply over demand.

INITIALIZATION

-
v

Select ény unfathomed interval I.

4

FEASIBILITY SUBROUTINE

Given its current label, does I contain any
feasible points?

y

4

PARTITIONING SUBROUTINE

Partition I into one fathomed
interval and possibly several
unfathomed intervals.

LABEL REDUCTION SUBROUTINE

Determine 1f I can be fathomed; 1if
not, reduce its label until feasi-
bility can no longer be ruled out.

‘ Yes

Have all existing intervals been fathomed? /

\ x

1

For any k, Pr{Gk} can now be computed.

TERMINATION SUBROUTINE

Figure 2
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A

5.2 The Feasibility Subroutine

Given the interval chosen is
I= Lml'?mz seee ,mr) 3 (t_dl,Mz see "’Mr) ]

having label k, execute the follbw:l.ng steps:

(a) Augment the b-modq;e by joining each source 1 €S to a common
fictitious source s with an arc (s,1), by joining each sink 1 €T to a
common fictitious sink tl with arc (i,t), and by joining the cutnode n to
both the fictitious source s and sink t with ares (s,n) and (n,t).

(b) Define the ai:c c:apac:.[ties c(:) or c(-,+) of the augmented

network as follows:

c(j) Bl_‘j

forl <j<r,
e(s,4) = a(4) for 1 €5,

e(i,t) = b(i) for 1€T,

c(s,n) = max(-k,0) and c(n,t) = max(k,0).
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(c) Determine.the max-flow from s to t in the augmented network
using the Ford-Fulkerson labeling method [7, pp. 17-19] suitably modified
to handle undirected arcs (cf. {7, p. 23] or {10, pp. 224-228]). For
l <j <r, denote the flow in arc j by fj' Also, denote the min-cut by
(P,F); upon termination of the Ford-Fulkerson algorithm, P equals the
set of labeled nodes, and P equals the set of unlabeled nodes.

(d) It is well-known (cf. (7, pp. 38-39]) that the deterministic
transportation network having arc capacities ﬂj for 1 i.jli r and having
a supply of a(i) at 1 €5, § demand of b(1) at'i{ € T, and either a supply
of -k at n if k < 0 or a demand of k at n if k > 0 is feasible if and
only if the max-flow in the augmented network equalsvc(T,t)'+ c(n,t), or
equivalently, (T Un,t) is a min-cut. Hence, the interval I contains
feasible points if and only if the max-flow in the augmented network

equals c(T,t) + c(n,t).

5.3 The Partitioning Subroutine

Given the max-flow of c(T,t) + c(n,t) from s to t in the augmented
network defined in the Feasibility Subroutine, execute the following

steps:

(a) Let v° = (vi,v;,...,vz) where v° = max(f, ,m

3 3

) for 1 <4 <r.

3

(b) For 1l < j < r, define Fj

as the minimum possible flow on arc j given that the max-flow flow from s

to t in the augmented network must equal c(T,t) + c(n,t). Then define

* * % * * * o
v = (vl,vz,...vr) where v, = max(Fj,m ). Note that v, = v, = m, if

J b ] 3 3

*
fj g_mj and that vy © vg = Mj if arc j is a member of min-cut obtained

in part (c) of the Feasibility Subroutine. Thus, if either £, < m, or

3 b

*
arc j belongs to the min-cut, v, can be determined immediately. However,

3
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if either of these two cases does not occur, Fj must be computed prior

* .
to determining v,. The Ford-Fulkerson labeling method provides a con-

3

venient means for cemputing F Suppose the direction of the flow in

j.
arc j is from node i to node k. Start the labeling process at node 1

and attempt to label node k; the only modification is that node k .

cannot be labeled directly froq node 1 even if fj < 15. If a break-
through of value ¢ occurs, increase by ¢ the flow in each forward arc of
the flow augmenting path, decrease by ¢ the flow in each reverse arc

of the flow augmenting path, and decrease by ¢ the flow in arc j. Thus,
the value of the max-flow is unchanged but the flow in arc j has been
reduced by €. Repeat the labeling proéess until a breakthrough is

is impossible. At termination, F, is the current value of the flow in

b

’ *
arc j. (Actually, since vj = max(Fj,mj), the algorithm can be terminated

if the flow in arc j decreases to my or lower.)

(c) Partition the interval I into the intervals A’Bl’Bz""’Br’

Cl,Cz,...,Cr where
o o
A= [(v‘;,vz,...,vr);(ul,MZ,...,Mr)]
and, for 1 < j < r,

* v > ; M, L ,v.=1,M M)
Bj = [(vl’vz,...~’vj-l,mj’mj+1’...’mt),(Ml’Mz’...' j-l,vj‘ ’ j+1,"" r

o o o * % * o
= M s e e - s e M
Cj [(Vl,vz,...,Vj-l,vj,Vj+l,-o.,vr),(M1,M2, ,Mj"l’vj l,Mj"'l, ’ r)]
S ' * o
Note that Bj = ¢ 1f vj = mj and Cj = ¢ 1if vj = vj. It is easy to show

that these subsets are indeed a partition of I, especially upon noting

that {Bj’ 1l <j<r} is a partition of

-144-



B
Bz {x € lej < vj for at least one j},

{C,, 1 <j <r} is a partition of

* * .
K for 1 <k <rand x, < v0 for at least ome iY,

C.s {x € Ika_i v 3 |

and {A,B,C} is a partition of I. If additional details are needed,

s

consult [6].
(d) Given the definition of v and the fact that X > v° for all

x €A, it is clear that A C G, ; hence, assign the label k to interval A

k;
, .
and consider it fathomed. Given the definition of vj and the fact that
*
xj < vj for all x € Bj’ it 1s clear that Bj f\Gk = ¢; hence, assign the
*
label k-1 to B, and consider it unfathomed. Because x > v and x, < v9

3 3 3

for all x € Cj, assign the label k to interval Cj but consider it

unfathomed.

5.4 The Label Reduction Subroutine

If the Feasibility Subroutine determines that the interval I contains
no feasibie points, execute the appropriate step below:

(a) If n €P, reset the label of I to -» and consider I fathomed.

(b) If n €P, reset the label of I to k-D where D is defined as
the amount the max-flow in the augmented network falls short of
c(T,t) + c(n,t).
The justification for the above steps will now be provided.

| It is well-known (cf. [7, pp. 38-39]) that P - t is a-subset of

nodes in the transportation network for which the difference between the
net demand within the subset and the total capacity of all arcs

entering the subset is the strictly positive amount D, thus violating a
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necessary condition for feasibility in the theorem due to Gale {(8]. Im
. particular, one of the following must hold:

(1) If n €P, then

b(T NP) - a(S NP) - c(P-s,P-t) = D > 0.

In this case, step (a) is appropriate since the excess net demand in P - ¢t

can never be satisfied, regardless of the degree to which the boundary node

n can serve as a supply.

(2) 1f n €P, then

B(TNP) +k - a(S NP) - ¢{P-s,P-t) = D > O.
In this case, step (b) is appropriate since if k were reduced by at least
D, the interval I might then contain some feasible points. If k > 0 (k<0),
reduction of k is equivalent to decreasiné the demand (increasing the

supply) at the cutnode.

5.5 The Termination Subroutine

When all existing intervals have been fathomed, execute the follow-
ing steps:

(a) For each interval I, compute Pr{I}. If the arc capacities are
independent,

M
r < 3
Pr{lI} = 1 Pr{X.=x,1};

J=1 xE;;j i )

if not, use the joint p.m.f. of X to compute

Ml Mz Mr
Pr{I} = ¥ X ... 2 Pr{X = (x,%p,..0x) )
b T L e TS |
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(b) For k = -» and -b(T) < k < a(S) - b(T), G, is simply the union

k
of the non-overlapping intervals having label k. Hence, compute Pr{Gk} by

.

Pr(G,} = 2 Pr{I}.
{I|1 has label k}

5.6 Modifications to the Algorithm and Semsitfivity Analysis

At the expense of additional and perhaps significant computation time,
the algorithm may produce many*intervais I for which Pr{I} = 0. Hence, in some
cases (e.g., when |Q+| is significantly less than [Q|), it will probably
be more beneficial to reduce computational effort by insuring inductively
that Pr{I} > O for each interval I. More specifically, if Pr{xj'ﬂ vg}
= 0 (Pr{xj = v;} = 0) after defining vg (v;) in the Partitioning Subrou-
tine, redefine v; (v;) by increasing it until a value vj is reached for
which Pr{xj = vj} > 0. Then, given v° and Q*, 1f Pr{X, =v0 -1} = o,

3 3

* *
(Pr{xj = vj - 1} = 0), instead of using vg -1 (vj-l) in the Partitioning

Subroutine as the j-th component of the upper limiting state space de-

°.1
]

fining the interval Cj (Bj)’ use the largest value vj less than v
(v;-l) for which Pr{)'(j = vj},> 0. Hereafter, thié modification of the
algorithm will be referred to as Modification A. Although the modified
algorithm will no longer produce a partition of 2, the subséts will still

be non-overlapping and their union will include each x € Q+.

Other modificatioms to the algorithm, as well as a discussion of various

forms of sensitivity analysis, are omitted here but may be found in [14].
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6. AN EXAMPLE

The 10-node, 15-arc transportation network of Figure 3 serves as
an example throughout this section. Nodes 1, 6, and 10 are sources, each
having a constant supply of 20 units; nodes 2, 3, 5, 7, 8, and 9 are sinks,
each having a constant demand of 5; node 4 is the only intermediate node. The ¢

KN

random arc capacities are independent and denoted by X,, X!, and X,.

373 3 .
for 1 < j < 5, where each Xj takes on with equal probability one of the
two values indicated in Figure 3 and where Xj, X;, and x'j' are identi-

cally distributed. Thus, the transportation network will be in one of
215 equally likely states.

The subnetworks d;fined by the three sets of nodes {1,2,3,4},
{4,5,6,7}, and {4,8,9,10} are three identical minimal b-modules all having
node 4 as a cutnode. One possible evaluation of the reliability of the
network by a sequence of b-modular decomposition proceeds as follows:

(1) The subnetwork defined by the set of nodes {1,2,3,4} serves as
the first b-module with node 4 serving as the cutnode. Figure 4 contains
the tree produced by the partitioning algorithm of Section 5 when it is
applied using Modification A to the b-module. Within a node of the ttee, -
the second and third lines contain the interval's upper endpoint M and
lower endpoint m, respecitively; the first line of node contains the
interval's initial label and any subsequent changes (denoted by +). The
remainder of Figure 4 is self-explanatory. Examination of the intervals

corresponding to leaves of the tree confirms the following partition {Hk}:
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Hyo = {(5,15,0,0,10);(5,15,0,5,10);(5,15,5,0,10); (5,15,5,5,10) }
is = {(0,15,5,0,10);(0,15,5,5,10);(0,15,0,5,10);(5,15,5,5,0) }
(0,15,5,5,0);(5,15,0,0,0);(5,15;0,5,0);
H.s = {(0,15,0,5,0);(5,0,0,0,10);(5,0,0,5,10);(5,0,5,0,10);
(5,0,5,5,10);(5.0,5,5,0) }
o= ((0,0,0,5,10);(0,0,5,5,10); (0,0,5,0,10) }

Because each of the 32 possible state vectors is equally likely to oc-

4 4
cur, Pr(Ho] = 35, Prls) = 35, PrlHg] = 3, Prii_g] = S Bl = 2

32’
%%. B-modular decomposition then deletes all nodes and arcs

of the b-module except node 4 and reéults in the c-equivalent network of

and Pr[H_@] =

Figure 5(a) where node 4 is now a random source-sink having a supply-demand

r.v. Y,. From the values given above for the Pr[Hk]. c=(1~Pr[H_]) = %%-and

Pr{y, = 10] = 22, Pr(Y, = 5] = 42. Pr[Y =0] = 22, Pr[y4 = -5] a-gi’ and
Pr(Y, = -10] = 55.
(2) The next b-module consists of the subnetwork of Figure 5(a) defined
by the set of nodes {4,5,6,7} with node 4 again serving as the cutnode. This
time, the b-modular decomposition involves two stages since node 4 is now a
random source-sink. In the first stage, an artificial intermediate node 4'
is inserted into the b-module at node 4 (as illustrated in Figure 5(b)) in
order to serve temporarily as the cutnode for a b-module identical to the
one analyzed in step (1). Deleting all nodes and arcs of the b-module except

22
node 4' results in the (55) —~equivalent network of Figure 5(c) where node

4' is now a random source-sink having an independent supply-demand r.v. Y4,,

identically distributed to Y4. The second stage of the b~-modular decomposi-
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tion combines nodes 4 and 4' into a single random source-sink having a

16
supply-demand r.v. W, = Y4 + YA' for which Pr[wa = 20] = 285°
2 56 o g .88 o] = 3L
PriW, = 15] = 32-, Pr(W, = 10] = 357, Pr[V, = 5] = g7, PrlV, = 0] = 75,
PriW, = -5] = B84 _ 66 = -15] = 38
! 4 » %85’ Pr[w4 = =10] 385’ Pr[w“ 15] %85’
9

pr[w4 = =20] = 8% this results in the network of Figure 5(d).

"(3) Since the network of Figufe 5(d) contains no b-ﬁodules, the final
b-modular decomposition also involves two stages. In the first stage,
an artificial inteémediate node 4' is again insérﬁed into the network
at node 4 (as illustrated in Figure 5(e)) in order to serve temporarily as
the cutnode for a b-module identical to the one analyzed in step (1).
Deleting all nodes and arcs of the b-module except node 4' results in the
(%%)s‘eqUivalent network of Figure 5(f) where node 4' is now a random
source-sink having an independent supply-demand r.v. W‘. identically

distributed to Y4. The second stage of the b-modular decomposition combines

nodes 4 and 4' into a single random source-sink having a supply-demand

T.V. W4 + Wa, and having a reliability R* = Pr[wa +W,; > 0]; R* is easily

4 2

computed as

* _ - k] = 8137 _
R" = Zk = _10’_5’0’5’101?1’[“4, k]Pr[‘qa i k] 10’648’

Hence, the reliability R of the original network of Figure 3 is

* 6157

R=cR =5 7¢s
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7. AN APPLICATION

Although the classic network flow of operations research is not a
completely accurate model of the power flow in an electrical power network,
the electrical power industry nevertheless regards a stochastic transporta-
tion network as a useful model for assessing the probability of meeting
peak demand (cf. [15]). As an example, consider the network of Figure 6
that arises when modeling the major electrical power transmission network
used by Pacific Gas and Electric (PG&E) to supply electrical power to
northern California. The arcs represent PG&E's 500kV transmission system
and each node represents a source and/or load demand of electricity. Whereas
"s/d" within a node indicates it is a random source-sink of the most general

"s" or "d" within a node indicates it is a random source or a random sink,

type,
respectively. Each random source represents either a major generation station or
a 500kV substation where the total supply of power within the service area

of the substation is always greater than or equal to the total demand by a
random amount; a random sink represents a substation where the total load

demand within the area is always greater than or equal to the supply by a

random amount; a random source-sink of the most general type, however,

represents an area that sometimes has excess power and at other times is

short of power. The random sources include the node at the top of the

figure representing potential power transfer of a random amount of PG&E

from the Bonneville Power Administration in Oregon; the random sinks include

the node at the bottom of the figure representing potential power transfer

of a random amount from PG&E to Southern California Edison. The p.m.f.'s

of the network's random arc capacities and random source-sinks are 6mitted

here. The dotted lines in the figure outline independent subnetworks

Nl, N2, N3, and N4. A broad description of one possible sequence of
b-modular decompositions that can be used to compute the network's reliability

follows:
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(1) N; and N, are both b-modules in the original network; two
successive b-modular decompositions retain only the cutnodes N; and Ny share
with Np and N3, respectively.

(2) The revised network consists only of the newly created b-modules
Ny and Nj having a common cutnode; two successive b-modular decompositions
collapse this revised network into a single random source-sink located at the
common cutnode.

The existence of b-modules and cutnodes in PG&E's major (highest voltage)
transmission network is due to the geography of California; that is, the
Pacific Ocean on the west and the Sierra Nevada Mountains on the east dictated
the linear nature of the network. B-modular decomposition will be of limited
use in computing the reliability of a major transmission network located
elsewhere in the United States (with the possible exception of Florida)
since such a network will usually be highly redundant and, therefore, possess
few (if any) b-modules and cutnodes. However, b-modular decomposition is more
applicable to the lower voltage subtransmission and distribution networks
(cf. [16]). More specifically, a subtransmission network connecting several
substations usually has only a few cycles so that the existence of b-modules
and cutnodes is likely, and a distribution network emanating from a substation
is often a tree, in which case any node except a leaf of the tree may serve
as a cutnode so that, for example, the reliability can be computed by a
sequence of b-meodular decompositions that successively ''prune" branches of

the tree.
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8. CONCLUSION

Provided the stochastic transportation network under consideration
contains at least one block-module, block-modular decomposition is an
- alternative to exisfing methods for computing the network's reliability.
Instead of computing the reliability of one large network, it 1s possible
to analyze a sequence of smaller subnetworks. Block—modul;f decomposi-
tion is particularly useful in the analysis of large electrical power
networks.

A computer code implementing block-modular decomposition is under
development. Upon its completion, experiments will provide an empirical
answer to the question: "In performing a sequence of block-module
decompositions that reduce the original network to a single node, are there
heuristic rules for selecting the next block-module if the objective is
to minimize the total computation time?'. One possible answer is to always
select the minimal block-module whose state space has the smallest
cardinality. The experiments should also validate the conjecture that
block-modular decomposition, where applicable, is computationally more
efficient than existing methods; such a conjecture is based on the following:

(1) The concept of modular decomposition and other types of decomposition
have proved quite effective in the analysis of binary reliability networks

(cf. [2], [3], [12], [13], and references cited therein).
(2) Using modular decomposition, the reliability of the network of

Figure 3 can be computed by hand in the manner discussed in Section 6; hand

computation would be impossible using any other existing method.
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(3) Block-modules are not only easily identified visually but also
can be identified efficiently on a computer by a straight forward
adaptation of an algorithm in Aho, Hopcroft, and Ullman [1] which computes
a graph's articulation points and biconnected components (graph theoretic
concepts similar to cutnodes and block-modules) in a number of steps

proportional to the number of arcs in the network.
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Using Decomposition to Improve the Efficiency of
Computing the Reliability of a Capacitated Flow

Network

Jane Nichols Hajgstrom

University of California, Berkeley

ABSTRACT

Reliability computations for an wundirected
transportation network with multiple sources and
sinks are extremely time-consuming at best. It is
here proposed that using the combinatorial tech-
nique of decomposing the underlying graph into its
triconnected components is frequently a useful
first step toward minimizing cémputation time.
This is considered particularly for the case where
capacity and demand constraints are independent,

discrete random variables.
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Introduction

It is often desirable to calculate the probability of
successful operation of the transportation network of some
commmodity such as o0il, water, electric power.  Related
problems for which much work .has been done are binary
coherent system reliability and communication network relia-
bility. The introduction of éapacities to the arcs of a
network greatly increases the difficulty of doing an effi-

cient computation.

The main thrust of this paper will be to 1introduce a
jeneral concept of decomposition of a transportation problem
into émaller problems. Under many conditions, the problem

will be most efficiently solved by solving the smaller prob-
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lems and building up the solution from these smaller prob-
lems. Three papers which deal with the same problem are
those of Doulliez and Jamoulle (1972}, Shogan [1978], and
Willie [1979]. Shogan's paper and this one are intimately
related; in fact the main contribution of this one over that
is the more general framework introduced. Like Shogan's,
this paper will resort to a method based on that of Doulliez
and Jamoulle when it comes to proposing a specific method
for solving the subproblems. Wiilie's method is signifi-
cantly different from the other papers' and is not readily
adaptable to building up the solution from the solutions to
subproblems since he restricts himself to situations in

which all components of the system have only two possible

states.

We will introduce at this point an example which will
be followed throughout the rest of the paper. We are given
the transportation network whose graphical representation is
shown in Figure 1. There are three vertices of the graph
which are special: one represents a point of supply (s), one
a point of demand (d), and one a point of both supply and
demand (s/d). All other vertices are simply points where
there is a choice of route for shipment. The numbered edges
represent transportation paths between vertices. The amount
of supply, demand, or capacity of the shipping routes will
be assumed to be independent, discrete réndom variables. We
will indicate how to calculate the probability that the net-
work is able to supply the demands.
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Figure 1
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The organization of the rest of the paper is as fol-
lows. In the next section, we will clarify details of the
problem and model. The following section will describe the
decomposition concept and procedure for per forming it. The
last section will describe the general method of using the

decomposition and specifically how it might be implemented.

2. Problem and Model

The deterministic version of this problem, sometimes
known as the supply problem ot transshipment problem, is
studied in Gale's book [1960]. Given a transportation net-
work with routes with £ixed capacity, supply points with
fixed capacity, and demand points with fixed requirements,
he characterized the circunstances under which there is a
feasible assignment of commodity flows to» the possible
routes so that all demands are satisfied. Unfortunately,
this characterization does not in general suggest good algo-
rithms, even for solving the deterministic case. We will be
dealing with a stochastic version of this problem, in which
all capacities and demands are independent, discrete random
Qariables, and we will ask what the probability of the
existence of a feasible flow is. As pointed out before,

Figure 1 is an illustration of such a problem.

For this problem, it will be convenient to construct a
slightly different graphical representation. To the ver-
tices already described, we will add a new vertex, a super

source-sink. To the super source-sink, we will draw edges
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from every supply point and every demand point. If we
tequire a flow on this new graph such that the flow from the
super source-sink along an edge to a supply point does not
exceed the capécity of that supply point and that the flow
into the super source-sink along an edge from a demand point
Qxceed the requirements at that point, we can consider all
constraints of the problem to bhe associated with edges
(requiring, of course, flow conservation at every vertex).

This procedure has been performed in Figure 2.

At this point, let us introduce some terminology and
notation. A graph (Often what is defined here is called a
multigraph.) G = (V,E) consists of a set of vertices V and a
set of edges E, such that each edge is incident with exactly
two vertices. The edge is directed if one of those vertices
is 1identified as the head of the edge and the other is the

tail. The graph is directed if every edge is directed. If

every edge 1is undirected, the graph is undirected. Except
where stated otherwise} a reference to a graph will mean an
undirected one. If a graph represents a flow network, we
may identify certain vertices as sources, 1in which case,
flows out of them may exceed flows into them, or sinks,

where the opposite cAase may or must hold.

A subgraph of G is a graph whose vertices are a subset
of V and edges are a subset of F such that its vertices and
edges have the same incidence relation that they did in G.

Let vp be a subset of V. Then G(Va), the subgraph induced
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Figure 2
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by Vﬂ, is the subgraph of G whose vertices are Vﬂ and whose
edges are those which are incident only.to vertices of'va-
Let Eﬂ be a subset of E. Then similarly, the subgraph
induced by En, G(Eﬁ), is the subgraph of G whose edge set is

Eg, and whose vertices consist of those to which some member

of Eﬂ is incident.

A path is an alternating list of wvertices and edges
’ .o ) inci and
(vﬂ’el'vl,EZ' ,ek,vk) such that ei and vl are incident

v. and e

i are incident. A graph is connected if there |is

i+1

a path between evefy pair of vertices.

Consider a graph on which we wish to define a flow.

There may be certain vertices designated as sources and cer-

tain as sinks. TIf the graph is undirected, choose arbitrary
directions for each edge. A flow on the graph is an assign-\
ment of a real number fi to each edge i called the flow on
that edge such that

1) For every vertex which is a source, the sum of the
flows on edges into that vertex is no more than the sum of
the flows out of that vertex.

2) For every vertex which is a sink, the sum of the flows

on edges out of that vertex is no more than the sum of the
flows into that vertex.

2) For every other vertex, flow conservation holds, that

is, the sum of the flows on edges into that vertex egqguals

the sum of the flows on edges out of that vertex.

A flow on a network is of no interest unless there are
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constraints. Constraints mey be of the form of an upper
bound or lower bound on the flow on an edge or they may be
vertex capacity constraints or they may be constraints asso-
ciated with sources and sinks. We will consider only the
first and the last. For a source, a constraint will be on
the amount by which the flow out may exceed the flow in.
For a sink, a constraint will be on the amount by which the

flow in must exceed the flow out.

As was suggest.:d above, we can alter the graph of a
flow network'so that there are only edge constraints and no
source or sink constraints. Furthermore, sources and sinks
lose their identity and flow conservation must hold at every
vertex. Consider the constraints in our example problem.
Since they are random, we do not know their actual value,
but we do know their form. Let o be the super source-sink
we added to the graph. OQur original edges, which were not
incident with o, were undirected. The capacity constraint
arplies whether we have flow in one direction or the other.
Then if we arbitrarily choose a direction for such an edge
i, the flow Ei will be positive or negative depending on
whether it uses the edge in a forward or backwards direc-
tion, and will be constrained to lie between c; and =Cy
where < is the capacity of that edge; Suppose i is an edge
incident with o and a source (supply point). Let us direct
i away from o. Then the flow on i is constrained to lie
between 0 and c¢., where <y is the supply capacity of the

1

source. Actually, to meintain feasibility and maximize
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excess supply, these flows will always be positive, so that
we can consider tha flow on such an edge to have an upper
bound of <y and no lower bound. If i is an edge incident
with o and a sink, it is natural to direct that edge towards
o énd speak of the flow being constrained to be greater than
the demand at the sink. For simplicity of later discus-
sions, it turns out to be more convenient to direct the edge
away from o, and assign the flow a (nagative) upper bound of

ci,where -C; is the demand at the sink.

We now have just two types of edges, ones incident with
o which have an upper bound of <, and no lower bound, and
the rest which have an upper bound of ¢ and a lower boﬁnd
of =Cy. Soon we will introduce some fictional edges, some

of which will have constraints on them. The same two cases

for the constrafnts will hold.

Figure 3 shows all the edges for our example with
directions. We will here explain the purpose of the added
edge 15. We are going to solve a slightly more general
problem than that of finding the probability that there
exists a feasible flow on a network whose constraints (ﬁhe
ci) are random. Two possible versions of this general prob-
lem exist. 1In the first version let us concentrate on a
certain demand point. We might ask "What is the probability
that all other demands in the network are met and the excess

supply available at this demand point exceeds a certain

number?" The other version allows us to look at a vertex
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which is not a demand point and ask "What is the probability
that all demands in the network are met and an excess supply
greater than a certain number could be delivered to this
vertex if it could be used?" This second version is the kind

of question an expansion planner might ask.

Thus we are going to do the following. We are going to
select a vertex of the graph which is for some reason of
particular interest to us, and we are going to compute the
(defective) distribution of the excess supply, which may be
negative, available at that vertex when all demands are met.

It is defective because for each value k, we will find

Prob{V < k and all demands are met}
In general, for no value of k will this probability be 1. A

slight variation in approach would give us for each k,

Prob{V < k and all demands are met whenever possiblel.

This distribution would not be defective.

By adding an edge from our chosen vertex to o and find-
ing the probability distribution of the maximum flow V on
this edge when the flow is feasible on the network, we will
have accomplished this task. In Figure 3, vertex d has been

chosen and edge 15 has been added.

To review what we will get by doing this: For any real-
ization of the &i, one of three possible cases will hold.
First, there may be no feasible way of supplying the demands
associated with vertices other than our chosen one. Second,
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there may be a feasible flow which yields a positive maximum
flow of value k through our added edge, in which case it is
possible to supply all demands and have an excess supply of
k available at the chosen vertex. Third, there may be a
feasible flow which vyields a negative maximum flow -k
through our added edge, in which case it is necessary to
supply an added quantity k at our chosen vertex in order for
there to be a feasible flow. If the chosen vertex is a
demand point, we will have more information than just the
feasibility or infeasibility of the network, we will also
know by how much the demand at the chosen vertex is exceeded
or undersupplied. If it is not a demand point, we get
information on the feasibility and the desirability of mak-
ing that vertex either a supply or demand point. 1In the
probabilistic form of the problem, this information is in

the form of a probability distribution.

From now on we will assume we have a graph of the form
in Figure 3, with all sources and sinks joined by edges to a
special vertex o, and an added edge joining some selected
vertex to o. When we wish to consider the directed version
of the graph, we will have our added edge directed into o,
all other edges incident teo o directed out of o, and the
directions on all other edges arbitrafy. In the next sec-

tion, we will forget the directions, and look again at them

in the last.
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3. Decomposition

In this section, we will describe a combinatorial
notion of decomposition of a graph. The same notion may be
applied to matroids and blocking systems, as described by
Cunningham and Edmonds [1979]. We will have to start with

more definitions.

A subset va of the vertices of a graph will be said to

disconnect a graph G 1if the subgraph of G induced by the

complement of V., is not connected, or if it consists of a

¢
single vertex. We say a graph is k-connected if the smal-
lest set of vertices which disconnects the graph has more
than k elements. As drawn in Figure 1, our graph is singly
connected but not biconnected. 1In Figure 2, it is bicon-

nected but not triconnected. The graphs in Figure 4 are

triconnected, Craph (e) is also 4-connected.

If a flow network is well-cdesigned, then its graph with
super source-siﬁk o will be biconnected. Otherwise one ver-
tex can be removed to disconnect it. If o can be removed,
the network is composed of two independent networks which
can be treated separately. Otherwise every other vertex
lies on a path from 2 source to a sink and thus there are

two paths from it to o. Removal of any single wvertex will

leave all other vertices connected to o.

In order to decompose our biconnected graph, we want to

partition the edges and associate them with smaller graphs
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which will preserve information about sets of vertices which
are triconnected. The conceptualization described here is
due to Tutte [196A]. We look for a partition (EI'EZ) of the
edges of the graph G such that E, and E, each have at least
two edges and the 1induced subgraphs G(E,), GIE,) have
exactly two vertices in common. This pair of vertices is
called a hinge, and we see that any path including a vertex
from G(E]) and a vertex from G(Ez) includes a hinge vertex.
We call such a partition a split. 1In Figure 2, hinges are
(o], B,Y)1, [Y,eo), [e,B]l, [d,Y1. Two possible splits of
the graph in Figure 3 at [q,o0] are shown in Figure S,
Splitting edge 15 away from the rést of the graph is concep-

tually possible but not productive and therefore disallowed.

We have lost information in this split. Consider a
pair of wvertices other than this hinge that lie in one of
the generated subgraphs. They are connected by a path which
passes through the hinge and along edges belonging to the
other subgraph. This path contributes ) to the degree of
their connectivity. Then to the subgraph in which they lie,

we will add a virtual edge joining the hinge to represent

the lost path. The other subgraph will also need such a
virtual edge. These two subgraphs with their virtual edges

added are called split graphs of the original graph. In

Figure 6, the split graphs generated by the split (a) in
Figure 5 are shown. We wish to split our split graphs as
long as any hinges remain. Looking at graph (b)Y in Figure
f, we see [o,d] is agein a hinge. Splitting at {e,d] and
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adding virtual edges corresponding to the split, we now have
the three graphs illustrated in Fiqure 7. Note that we
would have the same three graphs® if we had started with

split (b) shown in Figure 5 and then split again at [o.,d].

Now starting with the graphs shown in Figure 7, we can
imagine splitting successively at hinges wuntil no more
splits on any of the graphs generated can be performed. As
discussed in more detail in Cunningham and Edmonds [1979]
and Hopcroft and Tarjan [1973], with two adjustments this
decomposition of the graph is unique. First, at some point
we split at either (d,Y] or [o.B] ané in our final decompo-
sition ended up either with a pair of triangles d,B8,Y and
Yo, or the pair o, q,B and B,Y,o. In either case these
triangles each have a virtual edge which was generated by
the same split. Our rule will be: Merqe' any pair of
polygons which have virtual edges generated by the same
split back into a larger polygon by joining them at the
hinge corresponding to the split and erasing the virtual
edges, thereby undoing the split. Thus in our example, no
matter which way we had don; the split, we merge the trian-
gles back into the polygon o d,B8,Y. A second problem that
can arise is associated with bonds. A bond is a graph with
two vertices and at least three edges. Graph (b) in Figure
7 is a bond. The problem did not arise in our example, but
sometimes several bonds may be generated by successive
splits at the same hinge. Cur second rule is: Merge all
bonds associated with the same hinge by joining them at the
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hinge and erasing the virtual edges that arose when they
were split from each other, thereby undoing that particular

split.

After merger of any such graphs, we will have a unigue

collection of graphs called the set of triconnected com-

ponents of our original graph. Fach of the triconnected
components is either a truly triconnected graph, a bond of
three or more edges, or a polygon of three or more edges.

Figure 8 contains the triconnected components of the exam-

ple.

In performing this decomposition, we can form a map
from which we can recreate the original graph. This map is

in the form of a decomposition tree formed of nodes and

arcs. Each node will correspond to a triconnected component
of the graph. Two nodes will be joined by an arc if their
corresponding components have virtual edges generated by the
same split. This map is described as A tree since there is’

exactly one path of arcs between any pair of nodes.

iAt this point, it will be convenient to introduce more
infofmation into the tree. We have chosen some special ver-
tex to concentrate on, and added a special edge to our ori-
ginal graph joining this vertex to o. That special edge '
occurs in exactly one triconnected component of the graph.
Call the corresponding node of the decomposition tree the
root of the tree. Because the map is a tree, each node of
the tree will have a distance from the root, defined by the
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number of arcs in the (unique) path joining it to the root.
Now we <can define a direction for each arc, by calling the
endpoint of the arc nearer to the root the tail and the end-
point farther from the root the head. The following termi-
nology wiil apply to Ehis directed tree. If (/ and w are
nodes of the tree, such that there is an arc directed from (/
to w, then (/ is the father of w, and wis the child of (.
Each node except the root has exactly one father. A node
which has no children will be called a leaf. Figure 8 shows

the decomposition tree with directed arcs for our example.

In the next section, we will show how this decomposi-
tion can be used to simplify reliability computations. It
should be noted that Hopcroft and Tarjan [1973] have an
algorithm which finds these triconnected components in time
proportional to the total number of vertices and edges in
the graph. Appropriate backgqround for this material can be

found in Tarjan (1972) or Aho, Hopcroft, and Ullman [1974].

4. Using the Decomposition

In this section we will describe how to use the decom-
position tree to generate the probability distribution of
the maximum flow possible to our chosen node when the flow
is feasible. This approach 1is usable with any method of
finding the probability distribution of the maximum flow
possible through some chosen edge in a triconnected graph,
but the problem remains of finding a good method for such a
qgraph. After discussing the method in its generality, we
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will discuss its use in conjunction with the method of Doul-

liez and Jamoulle applied to each triconnected component.

We have introduced directions on the edges of the graph
so  that we willvbe able to keep track of signs on flows and
their constraints. We will need directions on the virtual
edges of the triconnected components as well. 1In the dis-
cussionAthat follows, we will not attempt to distinguish
between a node of the decomposition tree and the tricon-
nected component that corresponds to it. A father and son
pair in the decomposition trees will have virtual edges that
were generated by the same split. Let us give these edges
the same name, say i. In the son, we will often refer to i

as the return edge of that component. We will also refer to

the special edge in the root as the return edge of the root.

To determine how to direct i, we look at it in the father.
If 1 1is incident with o, direct i away from o. Ctherwise,
assign it an arbitrary direction. In the son, we always

give i the opposite direction.

Let us examine what we have now. We have a directed
decomposition tree, in which our special edge appears in the
toot, and every other edge of our original graph appears in
exactly one node. A father-child pair of nodes shares a
virtual edge. Each node of the decomposition tree
corresponds to a triconnected graph, a bond, or a polygon.
Furthermore, every edge of one of these tricoﬁnected com-

ponents has & direction. Whenever o occurs in a tricon-
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‘nected component, it is the head of the return edge.

The following aigorithm may be wused to process the
decomposition tree. In essence, we will be "plucking" off
the leaves, until we have nothing left but the root.

1) Choose a leaf (/ of the tree. Let r be the return edge
in (/. .Find the probability distribution of ¢_, the maximum
flow feasible through r, using the probability distributions
of the constraint coefficients on the rest of the edges in
V.

2) If ¢ is the root, STCP; we are done. Otherwise, change

r to a real edge 1in the father of (/, let ér be its con-

straint, and erase (/ from the tree. Go to step 1).

As was pointed out, the probability distribution com-
puted could eicher be in the form of the probability that
"there is a feasible flow in the rest of the graph and there
is a maximum flow £ k in r", or the probability that "all
demands in the rest of the graph have been met as far as

possible and there is a maximum flow < kin r."

The remaining problem is a serious one. How do we com-
pute the probability distribution in the triconnected com-
ponents? The computation is simple for a bond or a polygon,

as we will show. In general, the computation will be

laborious for a triconnected graph.

TE the triconnected component being processed is a

bond, the real edges are 1in parallel. The maximum flow
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through the return edge will be the sum of the éi's for the
real edges i of the compenent. If only one realization of
the &i's yields a given level of maximum flow through the
return edge, the probability of that level will just be the

ptoduct of the probabilities associated with the ci's.

If the triconnected component being processed is a
polygon, the real edges will be in series. The maximum flow
through the return edge will be the minimum of the éi's over
all real edges i in the triconnected component. The proba-

bility calculation is again straightforward.

The following proposed method for dealing with tricon-
nected graphs will be sketched only briefly as it is for all
intents and purposes equivalent to the methods described by
Shogan [1978] and Doulliez and Jamoulle [1972]. To keep the
exposition simple, we will ignore a subtlety introduced by
Doulliez and Jamoulle which may be faster and allows finding
upper and lower bounds when exact computation 1is prohibi-

tively expensive.

We are given now a triconnected graph in which one edge
is called the return edge r and all other edges i have a
random constraint éi. If o is in the graph, r is directed
into o and every other edge incident with o is directed out
of it. For every one of these lafter edges, 6i is an upper
bound on the flow and there is no lower bound. For all
other edges i, 6i is an upper bound on the flow and -&i is a
lower bound.
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In general, we will fix a value V of flow we want to
pass through r.'. We will compute the probability that a flow
greater than or equal to V is feasible in the graph. By
performing this for all possible V's, we can compute the

probability distribution for ét.

The algorithm works as follows. Let £ be the event
that Vv is feasible. Using as constraints the maximum values
assumed by the éi's, find a feasible flow of value V. Let A

be the event that ¢, 2 £, for this assignment of flows.

Then

Prob(Q) = Prob(A)+Prob(Q and not A).

The next step is to find a subevent B to partition

(Q and not A), say

B = 0 and {&l < f]}
and calculate the probability of B and (Q and not (A or B))

similarly to our attempt to calculate the probability of Q.

Fortunately, a whole new maximum flow calculation does
not have to be performed. To calculate the probability of
B, we may take the solution and iast augmentation graph from
the Ford-Fulkerson determination of A, and search for aug-

menting cycles that include edge 1 (in reverse).

Having calculated the probebility o £ for a specific
value of VvV, when we wish to proceed to V-1, again we do not
have to start from scratch, but can adjust the solution and
augmentation graph from the last calculation made for V.
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Essentially, this algorithm just partitions the state
vectors for the edges of the graph into sets that are known
to be feasible for a given V. There is no reason to assume
that we would not have to enumerate nearly all the states,
so that we cannot expect this to be a particularly fast
algorithm. However, if it is used in the recursive fashion
suggested by the decomposition tree, the number of arith-
metic operations will be reduced considerably whenever two
states of the edges of a triconnected graph yield the same
flow V. 1In the appendix, the number of operations are com-

pared for the simple problem of Figure 9, with and without

decomposition. '

Thus decomp§sition into triconnected components will
reduce the number of Doulliez and Jamoulle type computations
required to find the reliability of a flow network. In
applying any other algorithm to flow networks or communica-
tion networks, the possibility that decomposition will

reduce computation time should be considered.
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Appendix

Doulliez & Jamoulle-type Algorithm Applied to Criginal Graph

of Figure 9
a) ProbfcS > 2}:
121 °221

b) Prob{c5 > 1}:

0121 c2>0
c]=9 0221
c1=] c4=—1

CIZG szﬁ
cl=ﬂ

d) Prob{c5 >'=1}

CJZQ czzﬂ

total operations

c.>2

c32@

October 15,

€429 Py Py P2 Py

3 multiplications

C.;Zl P-P-P-(l"pa)

1 22
9 multiplications

2 additions

c,20 1°1°1°p,
c421 (l-pd)'fp]']'p?
531 + (1-py) "P, P,

8 multiplications

2 additions

>-1 1°1°1°1

3 multiplications

27
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Doulliez and Jamoulle-type Algorithm Applied Recursively

the Triconnected Components of the Graph in Figure 9

1.a)

b)

c)

b)

c)

3.a)

b)

Prob{cx

C]ZI

Prob{cx >

121

cl=ﬂ

C

Prob{cx

CIZﬂ

Probf{c

cx>2

Prob{c

cle

Prob
o {cy >

Cx)ﬁ

Prob[c5

c.>2

Prob[c5

c >l
y—

~C

v

> 2}

221

> @)

C,>H

c322

c.>1

c >0

> 2}

caZﬁ

1}

Cdzﬂ

PP,

1 multiplication

Py 1
2 multiplications

1 addition

1°1

1 multiplication

P, Problc >2}

1 multiplication

P, Prob{c >1}

1 multiplication

1°1
1 multiplication

pd'Prob{c >2}

Y
1 multiplication

‘Prob >
P, Pro [cy_ }
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c) Prob{cS > 4}

-—

c.>a c
y2 20

d) Prob[c5 > -1}

total operations

Qctober

(l-pd)‘Prob[cYEQ}
2 multiplications
1l addition
IR
Pyl

(1-p4)'Prob{csz} B

1

2 multiplications

1 Addition

1°1

1 multiplication

14
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ABSTRACT

In this paper the expression for the 'time to failure distribution'
for systems modelled as continuous-time finite state Markov Chains is
derived using only elementary concepts of probability. This is used to
obtain the expressions for expected time to failure and expected cycle
time of the system. It is shown that under steady state assumptions the
system can be modeled as if it were a two state Markov Chain for the com-

putations of commonly used reliability indices.
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1. Introduction KV\\E_’/

We consider a finite-state continuous—time Markov Chain. The state
space is partitioned into two sets: U, the set of 'up-states' and D,
the set of 'down-states.' Suppose that initially the system is in U
with a given probability distribution. In this paper we derive the
expression for the distribution of the time at which the system leaves U.
Based on this general expression for the time to failure distribution,
we present a simple derivationm of the expected cycle time.

This problem arises in reliability studies [1]. Consider, for
example, a complex repairable system with many independentAcomponents
where each component has an exponentially distribured failure and rapair
time. The system can then be modeled as a in-state continuous-time
Markov Chain, where n is the number of components in the system. Of
these states, some correspond to the system being up (working) while the
others correspond to system failure. In such models it is of great
interest to find 'time to failure' distribution. Such models have been
applied to large-scale power system studies [2] in the so called‘frequency
and duration method.

Brown [3] has derived the time to failure distribution for a parallel
system (system for which the set D consists of only one state, viz,
where all components have failed). Kielson [4] has considered the struc=-
ture of various failure time distributions of a general system and their
inter-relationships. Ross [5] and Barlow and Proschan [6] have consid-
ered the case where initially all the components are up. They have
derived some important properties of the time to failure distributions.

The derivation presented here makes use of only elementary concepts
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of probability. We first note that the time to failure distribution
function satisfies a linear first order differential equation with time
varying coefficient. This coefficient is seen to depend on the vector
of conditional probabilities. This vector satisfies a first order non-
linear différenti;I equation. We obtain the solution of this differen-
tial equation to derive the expression for the mean time to failure

distribution. This expression is used to obtain the expression for

expected cycle time and the expected time to failure of the system.

2. Preliminaries
To make the analysis manageable let us number the states 1 to N
with the states in U numbered 1 to M. Let x(t) denote the state at time

t. The assumptions inherent in the system model are given by:

Basic Assumptions.
1. For each time t, for each i,j such that i # j there exists a

A, . such that
i,j

Prob{x(t+At)=j|x(t)=1i} = A, At + o(At); At > 0 (1)

i3

2. The Markovian assumption that:
Prob{&(tl)=j[§(t)=i;s} = Prob{g(t1)=jL§(t)=i}

where L, > ¢ and S is any condition prior to time t.

3. Xi,j is independent of time t.

4. Prob{x(t+At)=i;x(t+8At)=j for some 6 € (0,1)|x(t)=k} = o(At)
whenever i # j and j # k. |

In view of the above assumptions the system is time-invariant and without

loss of generality let us assume that the initial time of interest is 0
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(the result that we obtain can be egsily translated to any other start-
ing time).
Problem Formulation.

We are given that at time 0 the system is in the set of up~states
and we are also given the initial probability distribution 2, where the
i-th component of 2, is the Prob{x(0)=i}. Let T represent the time at
which the systeg legves the set U. We are interested in obtaining the

distribution of T viz.
F(t) = Prob{T>t|x(0) € Usp, }
= Prob{x([0,t]) C U|x(0) € U;p}

In order to obtain F(t) we shall obtain the differential equation

governing the function F with At > 0
F(t+At) = Prob{x([0,t+at]) C Ujz(0) € Usp,}
% Prob{x([t,t+At]) C U|x([0,t]) C U;go}
Prob{x([0,t]) C U|x(0) € U;p_}
= (1~-Prob{x(t') is not in U for some t' in
[t,t+at] |x([0,t]) CUsp, b F(t)
= [1-(A(t) At + o(At))]F(t)

Prob{x(t+At)ED|x( (0,eHU;p }
At

where A(t) = 1lim
At>0
At>0
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From this it follows that

dF, . _ _
e = = Me)F(e) (2)

Remarks. We can regard A(t) as the rate ofvdepartureAfrom the set
U. This would depend on the state of the system at time t. Thus in
order to obtain A(t) we require the probability distribution of the
state at time t. This as we shall see presently depends on t and

satisfies a nonlinear differential equation. We are however given the

initial probability distribution viz. poand the initial value problem
has a closed form solution. Using this solution we obtain the expres-

sion for F(t).

3. Expression for F(t)

Notation: When we use to,tl,-.., it is assumed that to < tl,...,.

Definitions.

N N AUU AUD

A =- 3 A, ,and A={r  } = |A
177 & Mg e’ T oo fop

jfi
p(t) a row vector of dimension M such that
B'(t) = Problx(t)=1]x([0,¢]) C Usp_},
s(t) a row vector of dimension N such that
.§?(t2;tl) = Prob.g(t2)=i[§([0,t1]) c U;go};

clearly‘gé(t,t) =.gi(t) i=1,2,...,M.

Also we define 1 as a column vector of proper dimension with each
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component equal to 1. This vector is useful for summation of components

of row vectors.

3.1. Ihe Differential Equation for p(t)

M
sh(erae,e) = 3% Probix(ttar)=t]x(t)=])
=1

Prob{x(t)=j]x([0,t]) C U;go}

=Y de,na (Atro(ar) sl (e, t) (14
Joi
=1

i

i’iAt-!-o (at))  (3)

Now

M
Prob{x(t+At) € U|x([0,t]) C U;go} = E gi(t+At,t)
i=l1

= }: {stce,e) + 2 se,on jAt+o(a) }}

=1 =i 3,1

=1+ 2 Z s, B){i; ,atio(ar)}
i=]l j=1

=1+ g(t)Aw;Atﬁ(At)

Hence for i = 1,2,... M

gi(t+At,t)
1-!1(c)AUUi t+o(At)

pl(t+at) =

Using (3) we get

: ;g(t)ig(t)AUUAth(At)

~200~



and

p(t+At)-p(t) =

where

dp

AE(t)AUUAtﬁE(t)AUUlE(t)At+0(At)
Lip(t) Ay latto(at)

Tt - Rhgy T RAgydes R(0) =

3.2. The Expression for F(t)

Also

A(t)

prob{x(t+At) € D|x([0,t]) C Usp,}
At

lim
At->0
At>0

N

prob{x(t+At)=j|x([0,t]) CU; p }
B rotscasistom <o

1lim
At—>0
t>0

At

N M Prob{x(t+At)=j|x(t)=i}
At

1im
At->0 j=M+l i=1
At>0

Prob{x(t)=1|x([0,t]) < U;p_}]

N M

i
lim j"—'znr:i'l iz=:12 (912, yhero(ae)

At=>0 At
£>0

R(EOA, .= 2 (DA,
jemHl =1 L & &8 1,3
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Ayt
F(t) =e °% (10)

Also it easily verified that F(t) is of the. form (10) for any B,
(with Bol = 1) if and only if (9) holds.

Professor R. E. Barlow, after seeing the priliminary version of
this report, has suggested an alternative derivation based on the theory
of Markov Chains. His derivationis based on considering a new Markov

*
Chain with M+2 states with transition rate matrix A given by

%*
Ai,j = ki,j for 1 <4, j<M
M
=- 3 for 1 < i <Mand j = M+l
=1 Lk -7

==X fori=3jand i >M

A for 1 # j and 1,j > M

]
o

for all other cases

With this {M+l, M+2} becomes an absorbing set and F(t) is the same as
the probability of finding the system in one of the first M states at
time t. Using the standard expression for this probability one obtains

Eq. (8).

4. Application to Reliability Evaluation

4.1. Preliminaries

In the previous section we derived an expression for the time spent

in a group of states, given the initial probability vector. In this
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section we shall apply the result to obtain the distribution of ceftain
important random variables used in reliability analysis. Since the
expression (8) requires that the initial probability vector be given we
proceed under the assumption that the system is in steady state. This
idea will be made precise after we define the random variables of

interest.

Definition
We say that the time spent in the down (up) states at time to is

TD (TU) if the following event takes place
x(0') €EU; 5([t°,t°+Td)) Cp; g(to-l-Td) € u.
Also we define the cycle time Tc at 1:o as follows

x(t) €D; x([e .t +t,)) CU; x(t +t

1,t°+tc)) C p; g:_(tp-l-tc) € u.

with 0 < t, <t .
1 c

Also it is useful to define another random variable y = t, - tl. Through-

out this analysis we take to = 0.

Underlying Assumptions

1. ¥t 7(t) = Prob{x(t)=i} exists.
Lemma: w(t) = (nl(t),wz(t).;.rrn(t)) is a constant and satisfies
m(e)A = 0.

Proof: Using (5) we have

A(t-t )

E(to)e °
A(t—to)

a(t de 1

m(t) =
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Alt-t )
= a(t e °

since Al = 0,'1(toll =1
Hence w(-) is bounded

< 1(.) is a constant

= aA =0

2. 1In view of the above lemma let 7 = m(t).

We assume that Vi‘gé >0

4.2. Distributions

Statement of the problem:

Given the above two assumptions we require the following distribu-

tions
1. FU(t) = Prob{TU>t} and similarly Fy
2. F(t) = Prob{Tc>t}

Since Tc = TU + y we have an equivalent formulation of 2 as
2'. F _(t,x) = Prob{T >t|T, =x}
g (Es3) Ty

Remark. If we have Fy(t,x) then clearly
Fc(t) = - sFy(t-x,x)dFU(x)

In order to use (8) we require the initial probability vector B,-
Since the following problem comes up often in our work we solve it
first.

Problem. Given a set of states A, given that at 0 , x(0") € A,

the complement of A, given_Q(O—) the probability vector at time 0 , find
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p(0) the probability vector at time 0, given that x(0) € aA.

Clearly

Prob{x(0)=1|x(-¢)=3} = ,\j 48 + o(8)

hence

Prob{x(0)=1} =Y °p_(-&)A, .6 + o(s)
j % j’i

= Prob{x(0)=1|x(0) € A}

- 2RO 6ho(8)
= ;g:;'ﬂj (-6)Aj,16+o(6)

Z (0 ) 1
g fj Ry 4

Hence BA(O) is a multiple of RI(O-MAK

Let _RU(O) be a row vector such that

23(0) = Prob{x(0)=1]x(0") € D;x(0) € v}
Also let BD(t) be a row vector such that

: 2;' = Prob{x(t)=1i+M|x(t) € D;x[0,t) C U;x(0 ) € p}
In view of -the result just stated we have

2;(0)- 1s a multiple of Ty = - A

and
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where we have made use of the fact that

Remark: The integral is a standard convolution integral of the form

N .
S 'H(x)G(t-x)dx. While a closed form for the integral is not possible
0

we have the following easily verifiable result.

® _+ ® - ]
So So H(x)G(t-x)dxdt = fo H(x)dxso G(t)dt

4.3. Expectations

While the distributiomns we obtained in Section 4.2 are of importance,
in reliability studies one is more interested in the expected values of
these random.variables.. These values are sometimes used for reliabi-
lity indices. In this section we shall compute these reliability indices.
While these computations are straightforward, the results we obtain can
be given extremely simple physical interpretations.

l.v E(TU) = Expected time spent in up-states

-]

= F (t)dt
i, %

4?
A
A. +
éﬁ
g

Similarly
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2. E(TD) = Expected time spent in down states

w[1

Ap

Ty

g

Remark: The vector "UEl represents the vector of rates out of U,

i.e.

i prob{x(At) € D|x(0)=i}
(mpl) = Agg At =240

At->0

.

and EEI represents the vector of conditional steady state probability,
=

given that the system is up. If we define the steady state failure

rate of the system (1) as

Prob{x(At) € D|x(0) € U}
A= ) Prob{x=i|x € U}li’D = lim e
iU At+0

At>0

and similarly steady state repair rate of the system (p) we have the

following:

1 -1
E(TU) = and E(T,.) "

Also noting that ﬁDAD l= EUAUU; we have

D-
m.1 A
Prob{x € U} = —%—— = —H_ and Prob{x € D} = ——
a1 1 A+u A
—U="-D=

3. E(Tc) Expected cycle time

©

So Fc(t)dt
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-1
T 1

Tyl

where we have made use of the fact following the remark on convolution

integrals. Making use of the fact that

Tohwp = “Tplpp A mphy = -m

we obtain

1
E(Tc) 3

|-

5. Conclusion

We collect the results in the previous section as the following
two key obéervations,

1. Even under steady state assumption# the transitions between two
groups of states in a time finite-state Markov chain' will not be a 'two-
state Markov chain' and hence the residence time in any group of states
will in ‘general not be exponentially distributed.

2. However, for the calculations of the expected time spent in the
up-states, the expected time spent in the set of down-states, the
expected cycle time (or the mean time bet#een failures), the probability
of finding the system up or down in a system modelled as 'continuous-time
finite—sgate Markov chain' we can model the system as if it were a 'two
state Markov chain' the two states being the 'up-state' and the'down-

state.'
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I. Introduction

Power System Reliability is the study of system performance
at various levels based on the individual component availability
and the system configuration. In other words,given the life time
and the repair time distribution of various components
(generators,transformers, transmission lines etc.) the purpose is
to find indices which characterize the probabilistiec behavior of
the system. The models currently used in Power System Reliability
studies are:

1. LOLP model which gives the probability that certain
demands cannot be satisfied and the expected amount of the
demand not served. The time parameter is not included in
this model. '

2. FAD model which gives the expected frequency of
outages of certain magnitudes along with the expected dura-

tion of these outages.

The idea of the FAD model seems to have been suggested . by
De Sieno and Stine [5]. Hall,Ringiee and Wood [6] later gave a
recursive formula for computing the expected frequency and dura-
tion of outages thus making its application to real large-scale
power systems more attractive. The FAD model in power systems
assumes that component lifetime and repair time are exponential.
The recursive formulas were derived, without proof, using intui-

tive arguments and generalization from simple two component -
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four state systems.

The objective.of this report is to provide a mathematical
foundation for the FAD model. More general formulas than the ones
currently used are derived. The approach in this report follows

the paper by Ross [1].

After the introduction, the development of the work in this
report 1is presented in three steps. In III the frequency of
encountering any state is derived. In IV a formula for the fre-
quency of system breakdown is obtained. A recursive formula for
computing the frequency of breakdowns of a ccherent system is

derived in V.
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II. Preliminaries

1.Renewal Model of Components

Consider a system of n independent components; at any
instance of time each component can be up (functioning) or down
(failed).

1 if component i is up at time ¢t
Define  x,(t) =

0 if component i is down at time ¢

Let us assume that for every i, {xi(t), t>0} is an alternat-
ing renewal process, i.e. the state of the i-th component alter-
nates between up and down periods with up and down times indepen-

dent and identically distributed. Specifically, if we let

Dt

the j-th up time of component i

the j-th down time of component i
then

i
(1 e,
Xi(t) = <

o Uic e <UDt
1 - 1
and we assume that, for every i, the pairs (lel ,JB jl),jz1 are

Zl‘ ﬁ|l<t<u‘ s LUt

ko ete.

independent identically distributed random vectors. Let
Fi(t) ) Gi(t) be the distribution functions of the life time

(Zéi) and repair time Gi%i) of component i, and let - and —L- be

k& Hy
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their means (0< x% <00, 0< ﬁ; <o0). We assume that Fi*Gi is non-
i

i
lattice [3, p41 1].

The steady state probability that the i=-th component Vis on
is
1

A Hy

;L+;L ) Ai+pi
APy

and the steady state probability that the i-th component is down

p. = lim P(t) =

i (2.1)
t—co

is

AL
1—pi = tiigo[T - P(t)] = ;;:ﬁz (2.2)

For a given state J of the form (x1,...xn), let

uJ={ki Xy = 1 in'state J 1}
dJ={ki X = 0 in state J }
then we can write the probability of state J, using independence

of components as

P{state J }=Prob{(x1,...xn)}= o p, n (1-p,) (2.3)
k4uJ k4dJ

Define the frequency of encountering the up or down state of com-

ponent i as

£ = 1im number of up times of component i in t
k—>00 -
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SN e ’ (2.1)
1T 1 ° Xi+pi - E (cyele time ) )

AL By

It is also useful to introduce the following notation:

(1i,£)=(x1,...,xi_1,1i,xi+1,...,xn)

(0;,%x)=(xy,...,x 0

i’xi+1""’xn)
To simplify notation and check the results with previous works

i-1?

based on exponential distribution, let us call the reciprocal of
the expected life time (repair time) of the i-th component , the

failure rate ( repair rate ), i.e.

1

Expected 1ife time of component i
1

Expected repair time of component i

failure rate = Ai =

repair rate = My =

Remark: In reliability theory [ 2, p53 ], the failure rate r(t)

of a lifetime distribution F(t) is

r(t) = 1im4 EC(E+x)-F(t)

x—>0% F(t)
This failure rate r(t) is a constant (does not depend on time )

if and only if F(t)=1-e"A", 1n this case,

1
Expected lifetime

For non exponential distributions r(t) is not a constant and r(t)

r(t):k:

1
<
cxpected lifetime

Therefore for non-exponential distribu-
tions, what we call as failure rate is not the same terminology

used in reliability theory.
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2. Regeneration Points

Even though {xi(t),tzo } i=1,2,...n are independent alter-
nating renewal processes and the system can alternate between
functioning and failed states, the process may not have any
regeneration points, 1i.e. there may not be a time at which the
process starts all over again. Such regeneration points are only
a consequence of particular distribution functions of the up and
down times of each component. One distribution thch would make
the process regenerative is the exponential distribution; there

are, however, weaker ways to ensure this property.

Suppose that for each i=1,2,..n either the up or down time
is a mixture of an exponential and an arbitrary distribution,i.e.

either

-\: t
F;(t) 1s of the form pi(1-e M )+(1-pi)Hi(t)

or ) (2.5)
p.t

. Hi
Gi(t) is of the form pi(1-e )+(1-pi)Hi(t)
with Hi(t) arbitrary, with the same. mean as the exponential

(ﬁ% or ﬁ; respectively ), Py arbitrarily small, 0<pi<1. This
i i

process will regenerate itself at those instances of time at
which, for every i, the exponential part of the distribution is
in effect; the mean regeneration cycle is finite since a finite

state Markov chain has no null recurrent states {4, p392, th.y4 1].
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3. Limiting Frequency and Average Duration of System Breakdown

Let the limiting frequency of system breakdown be, by defin-

ition, the average number of system breakdowns per unit time,

i.e.
lim N&}) where N(t) is the number of system breakdowns in [0,t].
t—=00

Under the assumption (2.5) (i.e. system has regeneration

points), we can obtain the limiting average system up time E(Zéo)

and down time E(i%o) as

- Prob{ system is up }
E(zéo) " frequency of system breakdown (2.6)
and
- Prob{ system is down }
E(J%o) T Tfrequency of system breakdown (2.7)

Remark: In [8], (2.6) and (2.7) are assumed to be valid for any
type of distribution. These are actually limiting average results
(not exact results) for any distribution wunder the assumption

that the system has regeneration points.
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III. Frequency and Duration for One State

Consider a system of n independent components and a certain
state K = (x1,...,xn). Let NK(t) denote the number of times the
system reaches the state K in [0,t] and define the (limiting)

frequency of encountering the state K as

NK(t)
f, = lim T (3.1)

K t—00
Let Ki be the State (X.],...,Xi_1,1-xi,xi+1,o..,xn), l1.e. the

state which differs from K by the i-th component. Let N i(t) be

K,
the number of times system reaches K due to a transition of the

i-th component in [0,t], i.e. from Ki’ Then,

NK(t) E[NK(t)] :
fK = lim T = lim —_— with probability 1.
t—00 t—co
n
But 'E(NK(t)) = 3 E(NK .(t))+o(t) due to the non-lattice
i=1 1
assumption; hence
n
(2 EMg (0 ) E(N, ;(8) )
fK = lim =< £ = 2 lim ’t
t—=>00 i=1 t—=00
n Ny i(t)
= 2 lim 5 with probability 1. (3.2)
i=z1 t=—00
Ny i(t)
Let fK i = lim ——i?-——
! t—00
= frequency of encountering state X from Ki. (3.3)
To find f

K.i* We can distinguish two similar cases:
?
1). %5 = 1; to reach K from K; component i has to be repaired.

ii). X; = 0; to reach K frem Ki component i has to fail.
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i). Assume that X; = 1. We use the renewal reward argument. Let

1 if system is in K
£ 210 otherwise

and
1 if the j-th repair of i takes system from Ki to X
I ’{o otherwise
Then
N, .(t) N, .(time of j-th repair of i)

lim Kol = lim X4 -
£t —>00 t j=>00 time of j-th repair of 1

' I.+...+I.

= lin 1 ——J. time of J=th repair of I

j=—00 J P
I, +ecesl,
= 1im 14 1 (3.4)
j=—>00 J ——
AL Hi
I1+ooo+I. E(I1+“'+I')
But lim ————J = 1im —J - 1lim E(I.) (3.5)
j=>00 J j=>00 J j=o0 I
and since
E(Ij) = Prob{j-th repair of i takes system from Ki to K}
we have
E(Ij)zPrOb {¢(oi,5)=o,¢(1i,5)=1 } : (3.6a)
and
f = At ! Prob {g(0.,x)=0,8(1,,x)=1 1} (3.6b)
K,i ~ xi""ui ir= ! i’=

But ﬁ(Oi,5)= 0 for any x by assumption and ¢(1i,§) =1 if x is

such that (1,,x)

K . Also

Prob {¢(1i,§)=1} Prob{¢(5)=1:xi=1}. So
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Prob{K}

Finally
g, . o _Probik} M P probik) (3.8)
K,i Prob{xi=1} Ai+pi i Prob{xi=1}
Similarly if xizo in K we have
_ Prob{K}
fk,1 = i Problx,=0] (3.9)
We then get
X} 1 ik
£, =Prob{K} 3 —+ 3 -
K i4uKProb{xi.1} j<dKProb{xj.O}
' P, \:+M. Nabds Ni+H s
=Prob{K} 3 \}‘i+1 }\1 LI J.,.;j] J}\ J
icutitHi My J'4dKXj J N
=Prob{K} [ 32 A+ 2 pj] (3.10)
14uK J4dK
In other words:
Frequency of encountering state K
=( probability of state K ) * (rates out of X) (3.11)
Also, the limiting average time spent in state K is
E(state k) = ProbiK} _ 1 (3.12)

fK rates out of K

Remark: (3.10) is used in [6] based on an intuitive reascning.
Here we give a rigorous proof for this limiting result, in the

case of general distributions approximated by a mixture of
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exponential and another distribution as stated in II-2. [8] con-
tains a proof for (3.12) in the case of exponential distribu-
tions. It is interesting to note that the result holds for any

distribution of the form (2.5) as a limiting average result.
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Iv. %géduéncy and Duration for a Grecup of States.

1. Frequency of System Breakdown for a General System

Considér a system of n independent components as before.

There are altogether 2" states which constitute the state space z
of the system. Let U ,called the set of 'up' states, be an arbi-

trary subset of the state space. Let D be its complement with

respect to X, called the set of 'down' states. Let ¢ be the

characteristic funetion of U i.e.

1 if x<U
¢(X) = 0 ) -

As time goes on we can visualize our system as a random process
moving from one state to the other. We want to find the limiting
number of transitions from U to D per unit time refered to as the

limiting frequency of system breakdown i.e.

fy = lim N(tt) (4.1)
t—00

where N(t) denotes the number of transitions from U to D in

Let Ni(t) be the number of transitions from U to D in [0,t] due

to the i-th component. As proven in III,

n Ni(t)
fo = 32 lim
D7 121 t5500 ©
Let

i N.(t)
i .

f = lim _1% 4

D tSoo T (4.2)
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be the limiting number of system breakdowns per unit time due to

the i-th component. We can split Ni(t) into two parts:

N, F¢

i (t) : transitions from U to D in [0,t]

due to failure of the i-th component.
Nir(t) : transitions from U to D in [(o,t]

due to repair of i-th component.
Then Ni(t) 2 Nir(t) + Nif(t) and consequently, dividing by t and

taking 1lim we have
t=>00

TR FLPS TR (4.3)

To find fi’r we use the same arguments as in III. By defining

- 1 if i-th repair of i causes a transition from U to D
Ii =10 otherwise

we obtain

ir _ A i _
£ X;:EI Probiﬁ(oi,i)-T,¢(1i,1)-0} (4.4)

Similarly,

X M. ‘
gof %FEj% Prob{g(1,,x)=1,4(0,,x)=0} (4.5)
1 1

Then

n . .
£y = 3 (et elsf (4.6)
i=1

Now define i:(x1,...,xn)4U to be a boundary state of U if:
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’a‘ xi = 1 ? ¢(1i,i)=1’¢(oi,£):o ioea X. :1 and

(0;,x)4 D. Call this a boundary state of U by i up.

b. x; = 0 . ¢(Oi,§)=1,¢(1i,5):0 i.e. x;=0 and

(1,,x)4 D. Call this a boundary state of U by i down

Then Prob{boundary states of U by i up }

Prob{ x;=1,4(1;,x)=1,8(0,,x)=0}

Prob{ x;=1} Prob{ 8(1, x)=1,4(0,,x)=0}
i,= i=
since {é(1i,§),d(oi,§)} is independent of Xy

Similarly Prob{ boundary states of U by i down }

Prob{xiﬁo,d(oi,3)=1,¢(1i,§)0}

Prob{xi=0} Prob {é(Oi,i):1,d(1i,5)=O}

Substituting into fD we obtain

£ o= g £ (Prob{ boundary states of U by i up }
D~ 121 i _ Prob{xi=1}
,Prob{ boundary states of U by i down}) 4. 7)
’ Prob{xi=0} *

Two variations of (4.7) are

1. Since Prob{boundary states of U by i up } = P
Prob{boundary states of U by i up, excluding component i }
and

Prob {boundary states of U by i down } = ( 1 - Py ) Prob { boun-
dary states by i down, excluding component i }

we have
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n
fD = 3 fi (Prob{boundary states by i up, excluding compon
i=0 ‘

+ Prob {boundary states by i down, excluding component i})

2. Substitute fi =

AiHy M
Prob{ x.=1} = L and Prob{x
At 1 Aj+Ry

ngsf into (4.7) to get

171

n
fo= 3

D (M\; Prob{ boundary states of U by i up } +
i i

1
+4, Probo{ boundary states of U by i down})

Remarks: 1. Assume U has only one state K of the
(x1,x2....xn). Then to find fK , note that
K is boundary state of U by i up for any i<uK
and

K is boundary state of U by i down for any i4d

By (4.9)

K

2 N; Prob{K} + 2 p, Prob{K}
i4uK i4dK

= Prob{K} { 2 N\, + 32 pu.}
i4uKA1 i4dy N

fx

which agrees with equation (3.10).

2. Assume that we have a two component-four state

The state space is X ={(0,0),(0,1),(1,0),(1,1)}.
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Let U be the set {(0,1),(1,0)}. We want the frequency of going

from U to D= X-U; then
(0,1) is boundary state of U by 1 down and 2 up,

(1,0) is boundary state of U by .1 up and 2 down.

By (4.8)
fy = f1{(1-p2)+p2} + fz{(1-p1)+p1} = f1 + f2 (4.10)
But f(0,1) = Prob {(0,1)} (p1+A2) = (1-p1)p2(p1+A2)
_ MHRE F AqHIA
(}1+p1) (}2+p25
Hidod + HidoH)
Similarly f =
A S P DR 0 VETRY B § VT |
From this we get that f(1’0)+f(0’1) = f,+f,. So (4.10) agrees

with the intuitive result that, since states (0,1) and (1,0) are
not linked by a direct path, the frequency of encountering the
roup 0,1 1,0 tb f .
group {(0,1),(1,0)} must be f(0’1)+ (1,0)

2. Frequency of System Repair

Dually let us define x = (x1....xn) <D to be a boundary
state of D if

a) x; =0 18(04,x)=0, ¢(1i’5)=1

b) Xi:1, d(‘]i,l)zo, é(oi,l):‘l
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By the same argument as in IV-1, we can find fU' the 1limiting

number of transitions from D to U per unit time

#*
£, = 1im-"—f;-1‘-)-- (4.11)
t=>00

*
where N (t) denotes the number of transitions from D to U in

(0,t]l. Then

fo= g £ (Prob{boundarx states of D by i up }
u- i20 i Prob{xi=1}

Prob{boundary states of D by i down }) (4.12)

' Prob{xizo} '
or

n .
fU = 2 fi(Prob{boundary states of D by i down,excluding component i}

i=0
+Prob{ boundary states by i up,excluding component i}) (4.13)

However, for any boundary state J of D by i up (down), Ji is a

boundary state of U by i down (up).Hence equations (4.13) and

(4.8) together imply that

£ (4.14)
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3. Average Duration of System Uptime and System Downtime

Given fD’ we can find the average time the system spends in

U(Z(oo)orinD(goo)by

_Prob{ system is in U }

ECU )= - (4.15)
_Prob{ system is in D }

E(S )= = (4.16)

Note: fD is determined solely based on the probabilities of the
boundary states of U (fig 1 ); to find E(Zéo) and E(f%o), we must

include the probabilities of all states in U and D.
o bovnda
Srastes :iu N boundary shates of D

pS

/L/ (%, x) boundary thate o{. D

A oup baidowa.
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ﬂ; Frequency of System Breakdown for Coherent Systems

Suppose D has the following property :

If state K of the form x = (x ~.-xn)<D

1

then, for any i , state (Oi,i)éD; (4.17)
then the characteristic function 4 is non-decreasing. To show
this,note that

a) (4.17) implies

é(1,,x)=0 = 8(0,,x)=0 for any x (4.18)
b) Consider any state J of the form % = (x1...xn)<U. For any
i4dJ, ¢(Oi,§) = 1. Then d(1i,§) = 1 (suppose not: then d(1i,§) =
0 and d(Oi,i) = 1 which contradiects (4.18) ).

So 4(0;,x) = 1 = 4(1,,x) = 1 for any x

For convenience we shall call a system whose characteristic

function ¢ 1is non-decreasing a coherent system. ( Usually, a

coherent system is characterized by 4 non-decreasing and all com-
ponents relevant [2,p6]. We will wuse the term coherency as
defined above, not implying relevancy of components {which is not
important for our purpose} ) For such a2 system, the set of up
states U has only boundary states by i up (for some components );

then equations (4.7) to (4.9) become

n .
- Prob{boundary states of U by i up } a
fp = z1fi Problx;=T} (4.19)
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i d

n
fD = 3 fiProb {boundary states of U by i up,
excluding component ‘i } (4.20)

N Prob{ boundary states of U by i up } (4.21)

Remark. Reference [7] gives a heuristic development, based on

renewal processes, for the frequency of breakdown for a two com-
ponent - four state system. There they assume that for every
component, the uptimes (downtimes) are independent identically
distributed, non-lattice random variables. It is clear that the
system does not renew itself for such general distributions. The
formulas they provide, based on the assumption that the results
for this simple case can be extended to large-scale systems, are

true only as limiting frequencies or limiting average durations.

Examples

1. Consider a two component-four state system. The state space

is X = {(0,0),(0,1),(1,0),(1,1)}.
Let U = {(1,1),(0,1)}; D = {(1,0),(0,0)1}.
The boundary states of U are

(1,1) by component 2 up

(0,1) by component 2 up

From equaticn (4.21) we get
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fD = Az(p1p2+(1-p1)p2) = A2p2 = f2

Note : Here the first component is not relevant ( hence fD = f

2
agrees with the intuitive guess); yet formulas (4.19) through

(4.21) can still be applied.

2. Consider a series - parallel system of 3 components as
below: 1 S | z e
—_— |
| —_— o— h y
3

The state space z contains 23=8 states. The set of 'up' states U
={(1,1,1),0(1,0,1),(1,1,0)}. Its boundary states are

(1,1,1) by 1

(1,0,1) by 1 and 3

(1,1,0) by 1 and 2
Then by equation (4.20)

fp = £10pop3+(1=DyyPo+(1-p3yp oy
+f2[p1(1-p3)]+f3[p1(1-p2)]‘.
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o

V Recursive Formula for Frequency Computation

1. Introduction

In IV we have derived a formula for the frequency of system
breakdown. 1In this section we are going to describe a systematicA
and perhaps more efficient procedure of computing the frequency
of breakdowns of a large coherent system for which the identifi-
cation of boundary states are nontrivial. We will first show that
there is a natural ordering of the down states of a coherent Sys-

tem. With this ordering we can construct a sequence {01’02""Dk}

of subsets of the state space z y, where D, contains the first j

J
elements of D and Dk = D when k is equal to the number of ele-
ments in D. Then we are going to derive a recursive formula for

computing the frequency of encountering the set Dj in terms of

the frequency of encountering the set Dj- Let U, be the comple-

1° J

ment of Dj with respect to X .

2. State Ordering for Coherent Systems

D £X is a set of down states of a coherent system (i.e. it
satisfies (4.17) ) 1if and only if we can construct a sequence

{DT’DZ""’DIDI} ( where the cardinality of D is |D} ) of sub-

sets of X such that

D=1 (0,0,..0) }; Dy=D, UL} J=2,3,...1D| (5.1)
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and

state J = (x1,...,xn) has the property:

for any i<uJ, the state (Oi,g)éDj_1 (5.2)
To show the above, suppose we have such a sequence

{D1’D2""’DIDI}‘ Let K = (y1,y2,...yn) be any state in D}DI’

Then, for any i4uK, (Oi,l) belongs to DlDi’ So for any y4DID|

8(1;,¥)=0 =>4(0, y)=0. So D is a set of down states of a
?

coherent system.

Consider now D =D,={ (0,0,...0) } (D1 satisfies (4.17) )

and suppose that after j-1 steps we have Dj-1; we want to find a

state J in Uj-1 satisfying (5.2). We will show by contradiction

that such a J exists.

Suppose there is no J satisfying (5.2) in U Then for any

-1
state KX :(x1,...,xn) in Uj_1, there exists an i in uK such that
(Oi,i) belongs to Uj-T; but since
K.= (0,,x) belongs to U, ., there exists an m belonging to u

i i’= j=-1 : Ki

such that (Om,(Oi,E) ) belongs to Uj_1. By finite induction, the
state (0,0...0) belongs to U

can find a state J in UJ._1

1 which is a contradiction. So we
to satisfy (5.2) and to build D,
v}

recursively.
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Remark: The sequence of subsets {D1""DID1} is not unique for a

given set D.

3. Recursive Formula

To simplify notation, instead of using fD let us wuse £(jJ)
J
to denote the frequency of encountering the set Dj. We are going

to derive a recursive formula for f(j).

Fig 5.1
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To derive the recursive formula we start with

j=1 D1 = { (0,....,0) }. The boundary states of U1 are

(1,0,¢00...0) by 1
(0,1,.0.00.0) by2

(0,0,.000e.1) by n
Then we have by (4.21)

n
£(1) = 2 )\, Prob{ boundary state of U, by i}
i=1 1
n
= 2 NPy T (1-p)
izt TETL oy K
= ; )\ - }\k
LI I TED VI A W
n n hk
= 2 u. R
iz1 1 ka1 ARy

n
PrOb{(O,o,...,O)} 2 pi
i=1

J o= j= We have f(j-1) and want to derive f(j). Look

and U

J=1° n

that (01L5)4Dj for any i<uy, the state J is

-1

dary state of Uj-l

f(j-1) by (4.21) as

-238-
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by all indices iéuJ. We can write



£(j=-1)= 2 N Prob{ boundary states of U,

2 -1 by i 1}

)1 Prob{ boundary states of U, -1 excluding J}
14uJ J-
’ + 3 A Prob{ boundary states of U._1 by i}
v 14dJ J
+ 3 Ay Prob{ state J } ’ (5.4)
i<u
J
Now we want to 1look at boundary states of Uj' Let Ji
denote,as before, the state (x1,..,1-xi,..xn) where

(x1,..,xi,..,xn) is state J i.e. Ji differs from J by the i-th
component only. Then, for any k4dJ, the states Jk are boundary

states of Uj ( in state J , for any k&d

Jr ¥ = 0; so for Jk
Prob{boundary of Uj by i }

= p3 Ak Prob{boundary states of U, excluding~Jk}
‘k&d J

J
Prob{J, 1}
k4d M k
Ak Prob{ boundary states of U by k} (5.5)
¢ k<u J

J

-239-



But

b AiProb{boundary states of U. .excluding J}

. J=1
14uJ
+ 2 );Prob {boundary states of U, by i}
. i J=1
14dJ
= 2 ), Prob{ boundary states of U.,excluding J,}
k J k

kédJ

+ 2 )y Prob{boundary states of U,by k }

kéuJ J
Hence we have
£f(j) = £(j=1) = 142 }‘i Prob{J} + 32 )\k Prob{Jk} (5.6)

u; k4dJ
. __ Prob{J} -
But Prob{Jk} = Prob{xk —; Prob{xk-1} for k<dJ. So
£(j)=f(j=1) = 32 Ai Prob{J} +
i<uJ
B Pty
2 : Prob{J}
k4dJ)\k He*tde Mg
= f£(j-1)- 2 \;Prob{d}l+ 3 M) Prob {J} (5.7)
iéuJ k4dJ

Remarks 1. Assume we associate with each component k a certain

capacity C - Then if state J is i:(x1,...,xn), let its capacity

n
be 3 C Xy The increasing sequence of the state capacities
k=1

gives a valid ordering of D. To see this suppose that the state J
is to be added to Dj-?'

n n
Cp Xy =Cy < 2

Then for every iéuJ, the state(Oi,g) has

capacity Z.ckxk = 'g

¢, X,,. This means that state
ic= 1 k“k

k=1
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(Oi,g) belongs to DJ._1 due to its lower total capacity. This
particular ordering is used in reference [6] to write (5.7)
intuitively. It should be noted that (5.7) is not an exact result

but rather a limiting one.

2. Another valid way of ordering is:

k =0
D1 includes the state with k (=0) components up 1i.e.
state (0,0...0)

kK=k+1
For this given k, append in any arbitrary order, 3all
the states with k number of components up.

It is obvious that this is also a valid ordering since, if state

J 1s x then for any i<uJ, (Oi,i) has one less component up, so

(Oi'i) already belongs to D.

4. A Dual Recursive Formula

Dually we can order the set of up states of a coherent sys-

tem. To be specific we have the following property:

u ¢ Z is a set of up states of a coherent system (

with cardinality of U = {U} ) if and only if we can construct a

sequence {U1,U2,...,U{U'} of subsets of X such that

U1={ (1,1,..1) bV Uj=Uj_1U{J} j=2,3...1Ut (5.8)
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where J = (x1,x2,...,xn) has the property that for any
state (11,5) belongs to Uj-1‘

Similarly we can derive the recursive formula

£, = f + 2 Prob{J} =~ 2 p, Prob{J}
U5 7 Vo k<uJ)\k kéd k
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ABSTRACT

The problem of reliability evaluation of a power system with DC
model is formulated as the characterization and subsequent probability
calculation of working states of that system. It is shown that power
systems are generally not coherent. The concept of subminimal paths and
subminimal cuts is introduced to develop bounds on the reliability
function. A class of network topologies which guarantees coherency is
also characterized. The concept of local coherency is introduced and its
application to the identification of subminimal paths and subminimal cuts
is described. A sufficient condition for local coherency is also
developed. And finally a direct method for power system reliability
evaluation is presented which does not require the solution of the load

flow.
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I. INTRODUCTION

The power system reliability problem is to evaluate the ability
of a system to supply load demand while taking into account the random
and planned outages of its equipment. The purpose of this study is to
develop a methodology for bulk power system reliability evaluation using
DC load flow model for the transmission system. Some methods have been
proposed for bulk power system reliability evaluation, [1]. None of
which have been satisfactory from both theoretical and computational
points of view.

A simple and idealized problem of power system reliability evaluation
is the identification and probability calculation of the set of working
states of the system; a system is said to be in a working state if all
load demands are satisfied and system equipment is operating within
specified limits. We approach this problem by first analytically
characterizing the set of working states.

The concept of coherent systems forms the foundation of the
mathematical theory of reliability. A coherent system is ome for which
the performance of a component will not cause the system to deteriorate.
For such a system, the set of working states can be characterized by
minimal path sets or by minimal cut sets and reliability calculation as
well as bounds can be obtained from the above characterization for
coherent system. In this study we will examine the conditions under
which a power system is a coherent system. The results in section II
show that with the exception of power systems under generation improve-
ment, power systems are generally not coherent; therefore, to characterize
the set of working states of a noncoherent system the concept of
subminimal paths and subminimal cuts is introduced. This concept will be
used to develop upper and lower bounds on the reliability of the system.
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For a fixed load demand, the noncoherency property is attributed
to the effect of the transmission network on power flows. In section III
we present a characterization of local coherency, i.e., coherency with
respect to a subset of transmission lines. We also present a
characterization of a class of network topologies for which coherency
is guaranteed. This class of networks is quite limited. Later, in
section III, we introduce an application of the concept of local coherency
in the identification of subminimal paths and subminimal cuts of a power
network. Finally, a sufficient condition for local coherency on the
set of lines is established.

A method of reliability evaluation which is independent of the
concept of coherency is suggested in section IV. A sequence of hyperboxes
is constructed for this method and a subset of the working states is
readily obtained for each hyperbox. The method is direct and does not
require the solution of the load flow. Finally, a list of future work

is included.
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II. PROPERTIES OF POWER SYSTEM RELIABILITY MODEL

2.1. Problem Formulation

In the following study the power system IP is considered to be a
network with generators and load demands interconnected by transmission
lines. We call both transmission lines and generators components of the
system. Let n denote the number of components in the system and % be
the number of transmission lines. Thus, (2-n) will be the number of
generators. Let (N+1) be the number of nodes of the network. Each node
corresponds to either a generator or a load demand or a combination of
the two. Let PG € ]&E represent the (real) power supply to the network
from the generators, and let PD € Il§ be the load demand of the system.

Let us call the sum (PG+PD) node injection Py € IRN

PN = PG + PD (2.1a)

Let A denote the reduced incidence matrix of the network. We
assume that real power injection at the nodes PN and the voltage phase

angle at the nodes 6 are related by the DC power flow equation

B = avaTe (2.1b)

where Y is the branch admittance matrix, i.e., a diagonal matrix where

(Y)ii =y is the admittance of line i. The line power flows PL can be

expressed as

P, = vaTe (2.1¢)

For steady-state operation, limits exist to the maximum power that
can be supplied by individual generators and likewise on the maximum

power that can be transferred by individual transmission lines.
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Let CG be the upper bounds on generators output

0 < P; < Cq

and let CL be the vector of line capacities,

<C

2P 2C

L

The power generation of the slack bus is equal to (- P

Gsb is the upper bound on it; hence, we have

N N

N
izl (Bp)y < - 121 (Pdy = Gy * i§1 ®py

(2.14d)

(2.1e)

D~ (PG)i) where

i

(2.1f)

Therefore, relations (2.la-f) can be written in the matrix form as

Mz < b
where
— ) — -
avat -1 P,
t
-AYA -PD
0 CG
wh| 0 I Y ] é[:PG]
YAt 0 CL 0
-YA 0 CL
t
-IIt 0 Csb
I 0 ty
e e e -
N
and td = Z (PD)i total load demand

(2]
]

N
G. + ) (B)
sb sb =1 D1

11...1€rY

H
n
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In reliability studies we are concerned mainly with the effect of
component failure on the performance of the system. Let us suppose
that each component may assume either a working state or a failed state.

Let &; be the binary indicator of the state of component i

0 component i failed
g =
i 1 component i working

The state of the system is defined by the states of its components, i.e.,

it is the collection of the component states.

g = {gl,gz’ 4 '°,€n}

Thus, there are 2" possible states for the entire system, and XB will be
used to denote the collection of these states (binary state space).

We would like to incorporate component failure directly into our
initial formulation of the power system constraints (i.e., relation
(2.2) so that one set of relations includes all these 2% states. The
following scheme can accomplish this purpose.

Let each diagonal element of Y’(Y)ii’ be a binary variable:

0 transmission line i is failed

My =

y; transmission line i is working

Let each element of CG be a binary variable

0 generator i is failed

8; gemerator i is working
The state of the system may thus be represented by a vector x = (xG,xL)
€ ]{N+z where the ith component of Xq is (CG)i and the ith component of
= is (Y)ii. The space containing the 2" possible states (state space)

will be denoted by X.
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For each system state, the values assumed by (Y)ii and (CG)i are
uniquely determined. Clearly, relation (2.2) represents the various
constraints imposed on the values assumed by (Y)ii and (CG)i for the
corresponding system state.

For a system state x € X, we say the system is working if all load
demands are satisfied and system equipment is operating within specified
limits, that is, all constraints in (2.2) are satisfied. Let us now

define a set QX for each x € X as

A 2N
S?.x {zER |sz < bx} (2.3)

where Mx and bx are defined as M and b in (2.2) for state x. Then, a
system state is said to be working iff Qx # 0. Let us denote the set of

working states by W, i.e.,
W= {x€x|e_+% ¢}
Then, X can be partitioned as

X=WUTF
where

F={xeX|Qx=¢}

In what follows, Ei and x; will be used to indicate the values of
the state variable i when component i is working or failed, respectively.
If the state of every component except i is known, the relative system
state will be denoted by (*i,x). The vectors (Ei,x) and (§i,x) represent
the system states when component i is working or is failed, respectively.

For ease of reference we may define structure function ¢( ) to be
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¢:X - (0,1)

e
¢(x)={é e ¥x € X

Alternatively, we may use the binary structure function ¢( ) which is
defined as

¢: X > (0,1)

io-(i Baimmmme e,
Similar to the notation for state space X, binary states (Oi,E) and
(11,5) refer to states in Xp when component i is failed or working
respectively.

We assume that all components of theysystem function independently.

Furthermore, we assume that for each component the probability of working

or failed is given, that is

Prob{xi = xi} =Py

Prob{x;, = x,} =q; =1-7p,;

Consequently, for each system state x € X, the probability of its
occurring will simply be the product of the respective component state
probabilities.

In evaluating the reliability of a power system IPwe are interested
in the proability that the system is in a working state. Let us define

the reliability of system R as

r(P) 4 {Probability that P is working}

[ [~

Prob{o(x) = 1}

e

E{¢(x)} i.e. expected value of ®(x)
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As a result of the assumptions that components funétion independently,

r(P) will be the sum of the probabilities of working states
r(P) = ] px)
xEW
Direct computation of reliability using the above formulation for

a large system is prohibitive. Computation may be reduced by taking

advantage of the properties of set W.

2.2, Reliability Coherency of Power Systems

The concept of coherent systems forms the basis of modern
mathematical theory of reliability [2]. A vast amount of knowledge is
available in reliability analysis of coherent systems. For such systems,
the set of working states can easily be characterized and subsequently
reliability bounds obtained. In this section we will examine the question
as to whether the power system model (2.2) is indeed a coherent system.

First, let us state the definition of a coherent system.*

DEFINITION: A system IP is a coherent system (or coherent structure)

if the structural function %( ) of that system is nondecreasing, that is,
¥x,x' € X if x > x' then &(x) > o(x')

Intuitively, the coherency property of a system implies that improving
the state of any subset of components will not cause deterioration of

the systemn.

PROPERTY II-1l: Coherency under Generation Improvement

Consider the power system P; for any fixed X ¢(-,xL) is a

nondecreasing function.

1'We assume all components in a system IP are relevant.
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For proof refer to Appendix (II-1).

Property (II-1) implieslthat for a fixed network, a power system
is "coherent" under generation improvement. However, it should be
pointed out that the results obtained in the Appendix (II-1) shows that
if the lower capacity limits of the generators are not zero, generation

improvement may cause system state to deteriorate (noncoherency

property).

PROPERTY II-2: Noncoherency under Load Shedding

Throughout this work we have been assuming a constant set of load
demands. However, in the following analysis we will examine the effect
of load shedding (in a way this can be called load improvement) on the
performance of the system with varying levels of load demand (i.e.,
different states of load demand).

Consider the power system IP and any fixed state x € X. Let PD and
P6 be two possible load demand vectors. Suppose state x is a working
state for load demand PD. However given inequality PD.Z.Pﬁ, state x
may not necessarily be a working state for load demand Pﬁ. For proof
refer to Appendix (II-1).

Intuitively, for a fixed state x € X, the state of the system
may deteriorate, however, if load demand is decreased at certain nodes.

As mentioned, we have assumed constant load demand and thereby have

avoided the noncoherency property of load shedding.

PROPERTY II-3: Noncoherency under Transmission Network Improvement

Consider the power system P and a state x = (X.,x.). Let x' be
(12§

any state x' = (x',xi) such that

=254~



That is, for both states x and x' the state of genrators are the same
and the state of transmission lines in x' are improved (or at least not
worsened) with respect to x. If the system were coherent under
transmission network improvement then we would have ¢(x') > ¢(x). The

following example shows that this may not always be true, though..

EXAMPLE (II-2-1)

Consider the power system in Fig. (II-1).

15 1
- 115 120 | 2
Let PD = {;é], CL =l 10 and vy = 3
35 1
1
CASE 1. Consider state x = (1,2,0,1). The unique solution to power
flow pi in (2.1) will be
15
1 20
=%l = lPiI 2 =o' =1
35
CASE 2. Consider state x2 = (1,2,3,1). The unique solution to power
flow Pi will then be
12.3
2 22.7 2 2
B =|"27] =Rl ic =eD =0
3.5

Hence, for xz > xl we have @(xz) < ¢(xl).

Therefore, the structure of power system model of (2.2) is generally
not coherent under the system transmission network improvement.
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Fig. II-1.
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2.3. Other Properties of Power System Reliability Model

In the following we present some alternmative characterization of set
W. These various characterizations will in some capacity influence the

approaches to solving the problem of power systems reliability.

FACT II-1. Consider set SZx as defined in (2.3).

e =1{z€ IRZNIsz < b}
A necessary and sufficient condition for QX to be nonempty is:

vA>0 2AeNM®H) At >0 (2.4)
where N(Mt) denotes the null space of the transpose of matrix M.
Proof: Refer to Appendix (II-1).

A
Let A = {Al’xz’AB’Alr’AS"AS’XTAS) such that .4) can be written as

(2.5)
t t
(A1=3,) "B + A5C

t
+ (Aghh) T + A6, = Agt (a)

D 376 77sb 8D
A 1aTat-T] + [0 ) + 0T )11 = 0 o)
A; 20 1=1,2,...,6 (e)
@.5)

relation (2.5b) reveals that Al - }.2 = AB - }‘4; therefore, 2.4) is

equivalent to:

1
At > 0 W >0, N ENA D (2.6)

where
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- - ~ -
rx3 (" avat P+C,
A4 -AYA -PD
A YA CL
5 A A
AT = , M' = t and n =
16 YA CL
7\7 -I[t C§b
18 I -tD J
e - \— - -

Let us define set K as
k& 0 e 2D |ty 2 )
where, by definition, K is a convex conme [3].

FACT II-2. From relation (2.6), Qx # ¢ iff set KO # ¢ where

K0 A

20 ¥A',n defined in (2.6)}

and, by definitioano is the polar of cone K, thus it is a convex cone [3].

FACT I-3. Let set K' be defined as

2 {(c P HC-Pp,C) € REVHL

0
' +Cgs=Pp,Cp5CpsCs=ty) €K}
Then
o p!
Qx #¢ 9K #¢

Using the definition of a convex cone and FACT (II-2), it can be showm
that K' is also a convex cone.

Thus, given a fixed network configuration Y for all (P ,CG CL’Csb)
for which their respective states x are working states, vectors

(Cc b,P +P D’CL) define a convex cone.

REMARK: Consider a power system model (2.2) and suppose node injection

PN is fixed. Then (2.2) is equivalent to:
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P, = AYAbg

N
C. < PY = yat @.7)
L <P =YA <C
Let us define Y 4 {y. € ]RR'I(Y) = (y.).,, =C. <P <}
L ii L’1? L—"L—TL
f:¥Y » 112
_ oY
f(y) = P (2.8)

It can easily be shown that the set of line admittances y for which the
power flow PE is feasible is not a convex set, and that the function £(')
is infact a nonlinear function. Thus, it is expected that the set W does

not possess simple characterizations.

2.4, Reliability Theory of Noncoherent Systems

In this section we will examine the effect of noncoherency on some
of the well-established relationship in reliability theory of coherent
systems. We will, then, present the concept of subminimal paths and
subminimal cuts so as to develop upper and lower bounds on the
structure function of the system. Throughout this section, unless’
mentioned otherwise, a system is not necessarily coherent.

For the systems that we deal with we assume that every component

is relevant, that is, for any component i
¢(§i,x) - ¢(§i,x) # 0 for some (*,x) €X

We also assume that none of the components have a destructive effect on

the system performance, that is, there is no compomnent i such that

@G;i,x) = 0 ¥ (ii,x) EX

¢(§i,x) =1 for some (gi,x) €X
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Furthermore, we assume

8(x) = 1 for x € X where (;':)i = Ei i=1,2,...50

and

¢(x) = 0 for x € X where ®; =z i=1,2,...,n

Ly }

For the binary structure function ¢( ), not necessarily coherent,

we have [2]

n n
I g, <6 < 1 & ¥e € X (2.9)
i=1 i=1

For a coherent system we have [2]

oe'ue) > ¢eH 1 4(g2)

e g2 2.10)
¥ & E° € (
E setedy < ogh - 9D

where

>

x-y = min(x,y)

i

Xy max(x’)’)

This property can be used to develop bounds on the reliability funection.
However, the relation (2.10) is not always valid for noncoherent structures.
Similarly, the following results can also be established for binary
states space XB and binary structure function ¢( ).
Let set S = {1,2,...,n} be the set of components in the system and

let for given x € X
. sx = {i € Sl(x)i = xi}

S, =i €58y = x;}
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A path vector is a state vector x € X such that ¢(x) = 1. The corresponding

Sx is a path set. A minimal path vector is a state vector x € X such that

?(x) =1

?(x') =0 ' <x x' €X

The corresponding §x is a minimal path set. A cut vector is a state vector

x € X such that ¢(x) = 0. The corresponding §x is a cut set. A minimal

cut vector is a state vector x € X such that

®(x) = 0

o(x') =1 ' >x x' €X

The corresponding §x is a minimal cut set.

For a coherent system, set W = {x|®(x) = 1} can be characterized
by minimal paths or minimal cuts. Furthermore, the minimal paths and
minimal cuts can be used to obtain bounds on the reliability of the
respective coherent system. Noncoherent systems, however, do not
possess this property. Thus, for these system we introduce the concept
of subminimal paths and subminimal cuts which characterize set W

partially and can be used to obtain bounds on the reliability function

DEFINITION

A path vector x € X is called subminimal path vector if

_ (x')i= (x)i i=1""’n i#j
¥x' € X for some j € Sx

x'),=x
1y = x
Then x' is a minimal cut vector. Corresponding §x is called a subminimal

path set.

A cut vector x € X is called subminimal cut vector if
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(X')i= (X)i i=1,2’oo',ni# "
X (X')j X.

Then x' is a minimal path vector. Corresponding §x is a subminimal cut
set.

Let the sets SP and SK represent the set of all subminimal path
sets and subminimal cut sets of a system, respectively. For any

subminimal path set S € SP we define the binary function p_( ) such that
' S

p_(x) = L &
S i€S

And for any subminimal cut set S € SK we define the binary function

¥ ( ) such that

S
Y (x) = 1 é:’;
s i€s
0 (®), =x
where g;‘ L &5 , and gX = i A
i 1 -
(x); = x

THEOREM II-4~1. For a system with structure function ¢( ) we have

¥x €X
I oyg(x) 2 0(x) > _1 p_(x) (211)
SSsk = SESP s
"and
I vg(x) 2¢(x) > _1T o_(x) (2.12)
SSSK = SESP S

Proof. Refer to Appendix (II-1)

Bounds on Power System Reliability

Let us recall that for any binary variable b, we have

E(b) = Prob {b=1
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and for a system TP,

r(P) = E(¢(8)) = Prob{$(£) = 1}

= E(®(x)) = Prob{d(x) = 1}

THEOREM II~4-2. If ¢( ) is the binary structure function of a system

P, then
n n
I p,<r(®)=< 1 p
=1 1 g=1 1

Proof. Refer to Appendix (II-1)

Let us use the result of Theorem (II-4-1) to develop bounds on
system reliability. Taking the expected value of the expression (2.11)
glves

E( T ve(x) 2r(®) 2ECu p_(x) ’ (2.13)

SESK = SESP §
For a large system, it is usually a formidable task to compute the exact
values of the above lower and upper bounds. An efficient method for
computing these bound is to apply a decomposition technique similar to

the one used in [8]. To do so we must decompose the subset of working

states which is characterized by the subminimal paths and subminimal cuts
into disjoint subsets. The value for the bounds then, follows by
properly adding the probabilities of all such subsets of states.

We may apply the inclusion-exclusion principle [9] to compute some
bounds on the values of the bounds on system reliability given by (2.13).

However, the bounds given by the following theorem can be easily computed.

THEOREM TI-4-3. Suppose ®( ) is the structure function of a system. Let

SK and SP be the set of all subminimal cuts and subminimal paths,
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. 4

respectively. Then

i Prob{*}s(x) =1} > r(P) > T Prob{p_(x) = 1}
S€sKk = SEsP S

Proof. Refer to Appendix (II-1)

APPENDIX (II-1)

FACT II-1

Proof. Consider i:he problem of determining whether Qx is empty. We may

transform the problem into a standard linear programming problem.

©min (2,2)

2€R 2N
P s.t.

Mz < b

max }\t(Mx-b). Then,

Let m(z)

0 x€Q

m(z)
© x € ]RZN

Hence, problem P may be written as

P/ min max (Q_,z)+(X,(Mz—b))
cg 2N 120

The dual of this problem can, then, be written [5] as problem D:

D{max min (A, (Mz-b)’

A20 o 2N
Let
Q) = min ATMz
zER 2N
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Because of the boundedness of the solution, problem D is equivalent to

(;ax - Atb
A>0
D < s.t.
Atu = 0
\.

But, we have
solution to D = solution to P = 0

Hence, from the duality theorem, there is a bounded solution to problem
P iff
t
min A"b > 0

s.t.

A>0, \'M=o0
' Q.E.D.

PROPERTY II-1

Proof. For some fixed X let x = (x ,xL) be some state in X. Then

consider any state x' =(x'G,xL) such that x! > x

G G’

CASE 1. if ¢(x) = 0 then either ¢(x') = 0 or 1.

CASE 2. if (x) =1 then from Fact (II-1) this is equivalent to

t
<
Q_# ¢ mn A 2 0 @1)
i (vt
Sl

From the definition of x and x' we have:
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— - -\
’ 7,
“Bp “Fp
1
Ce Ce
= = = '
Mx Mx' and bx = 0 s bx' 0 where Ce 2 Ce
CL Cy
Cc Cc
L sb_J L sb_J
Hence, from (A.1):
t
min A%b_, >0
A>0 x
t
AN (U))
or min A%_, >0 (A.2)
A>0 x
t
AENQL)
but, (A.2) is equivalent to 2. %6 =20x') = 1. Q.E.D.

REMARK. if the lower capacity limits of the generators are Cg # 0,

i.e., O#QgiP <cC

G G

then b_ and b_, will be
X X

o f‘ A

PD PD

“Pp Py

1]

Ce Ce

- !

b e CG , b = Cg
b4 CL X CL .

C ¢y

c C
a sh | _sb |
4 1 4
where Ce 2 C; and Cg > Cg' Then ¥A > 0
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Aoy > 022%, >0

which implies that the lower capacity limits of certain generators are
nonzero; placing those generators into operation may in fact deteriorate

the system performance for some states.

PROPERTY II-2

Proof. 1If sbate x is working for load demand PD’ from FACT (II-1) we

have

#(x) =1 min A% >0
A>0 x

t
AGW(MX)
where bx = (PD,-PD,CG,Q,CL,CL,Csb).
(P' ’—P]'), CG’_Q_a CL’CL’ CSG)

P! - : 1] P! P!
However, PD'z PD does not imply that bx z_bx or PD > PD does not

tmply that A"b! > A%h_> 0 ¥\ > 0 although we may have A'b! < 0.

Let b’
X

Hence, state x for load demand PB may be a failed state. Q.E.D.

THEOREM II-4-1.

Proof. taking the expected value of expression (2.9), we obtain
n n
E(T §,) < E{¢(E)} < EC I &)
i=1 i=1
Since variables Ei i=1,...,n are independent, the result follows.

Q.E.D.

THEOREM II-4-2

Proof. (a) constraint (2.11)
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) if 3 some S € SP 3 p_(x) = 1 we have

S
o(x) =1
I op_(x)=1
SESP S

(2) if ¥YSE€SP p (x) = 0 then
S

¢(x) =0orl

I p x)=0
S€sP S

(1)&8(2) = o(x) > _I p_(x) ¥xEX
SE€SP S

(3) if ] some S € 5K 3 Yg(x) = 0 we have

(x) =0
I vg(x) =0
SEsK =

(4) if ¥S € sK Y; x) =1 then

¢(x) =1lor 0
I Ys(x) =1
SEsk =

(3)&(4) = 3(x) < 1 vg(x) ¥x €X
SEsKk =

(b) Constraint (2.12)

We have

(1) EEI;K vg @ < §€118KY§(X)
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(1) _I p_(x) < _1 p_(x)
SESP S SESP S

The result follows by plugging (i) and (ii) in (2.11)

Q.E.D.

THEOREM II-4-3

Proof.

(a) ¥s € sk, Ys( ) is a nondecreasing function of x and X i= 1,2;...,n
are independent r.v. Hence Ys(x), §_€ SK are.associated random variables
and we have [4] -

Prob{ Yg(x) =1} < g
SEsKk = SESK

Prob{YS(x) =1} (i)

The relation below follows from (2.12)

Prob{ 5 vg(x) = 1} > Prob{e(x) = 1} (ii)

SEsK =2

(1) and (ii) imply

I Prob{YS(x) 1} > Prob{e(x) = 1}

SESK
(b) ¥S € sp, p_( ) is a nondecreasing function of independent r.v. xi
S
i=1,2,...,n. Hence p_(x), S € SP are associated random variables and
S

we have [4]

Prob{_N o (x) =1} > 1 Prob{p_(x) = 1} (iii)
SESP S SESP s

From relation (2.12)we can write

Prob{é(x) = 1} > Prob{_T p_(x) = 1} (iv)
SEP S

The result follows from (iii) and (iv). LED
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III. COHERENCE ANALYSIS OF POWER SYSTEM RELIABILITY MODEL

We have shown that power systems are generally not coherent structures.
This noncoherency is attributed to the effect of transmission network
on power flows. In this section we present (i) a characterization of
local coherency, i.e.,'coherency with respect to a subset of limes, (ii)
a characterization of a class of network topologies for which coherency

is guaranteed, and (iii) some sufficient conditions for local coherency.

3.1. Equivalent Model for Change in Network State

For a power system IP, suppose the set of transmission limes is
partitioned into subsets L1 and L2. We are going to derive conditions
which guarantee that if in the absence of lines L1, the system is
working, then, with lines L1, the system is still working.

The state space X can then be written as

X=X x X, *X,

where XG’ XL2 and xLl are subspaces of generators, lines in L1 and lines

in L2, respectively. Then any x € X can be written as

€ X x
x = C:L G) where L6 G XLZ

L1 1 €%

Consequently we can write:

c

11 1,2 T 1
= (1), A= (al %] and Y= (X4 where C_., AL, Y are
=, 2 L A

respectively those portions of CL’ A, and Y related to lines in L1.

Suppose @(XLG’Eil) = 1; we want to derive some conditions under

which we have Q(xLG,xLl) = 1, too.
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For x = (XLG*ELI)’ let PG = Pg
9
L= (Pg)
6 = 60
and for x' = (xLG’;LLl)’ let . PG = Pg +APG
L1
Lt sz + o2,
e 00 + A8

we may write:

() =

e Ny
1
Sh
|A
———
r*rdolo
N
N
]
'_‘3’
C"’__J
L
(a4

¥ 0
L tg2 1 By 26y
i=1

Hence, x' = (xLG’iLl) will be a working state iff

+P0+AP =AE—1‘{-2‘JA (e +A9) < CG
[—‘——] A(8 +A9) < C

Z<P>+Z(AP> Cep
- T =1

.
i
o)
-
Ia
r—‘—ﬂw
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From (3.1) and (3.2) we have Q(xLG,J-:Ll) =1 iff

Hw < d . (3.3)
alylaltya2y2,2t -I -u
- alytalta%y2p%t) I +u
0 I g
0 -1 -8
R yialt 0 J| B o | 20
H = 2 2¢ s d 5| _ s W = AP
YA 0 22 G
_Y].Alt 0 -21
{22t 0 _22
t -
0 -I 8sb
t.
B 0 +IT J _-&sb J
A 1.1.1t.0 = A 0
and u & alytalte i28c, - B
- A
z 2 (CG-Pg) 22 8 ~Cy, - pg
N
A 0 - A 0
&= kg 8sb = Cep® izl ®e)y
7l ¢, - yialtel A 1%:
g. = ) (P,
ud o, - yL,1t40 b = L VWi
Let 28 (ve IRZNIHwi d}

Thus «b(xLG,iLl) =190+ ¢

From Fact (II-1) we have

S(x ok ) = 1WA 2092 ENED , Afa > 0 (3.4)

To characterize all A €N (Ht) where A > 0 we construct a set of basis for
N(Ht) with positive terms. This can be done by utilizing the special
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structure of matrix H. Such a set of basis is obtained and is listed

below as the columns of the matrix A.

rI- N
I f | -
I |- I
1| o8| N
I
A2
I
1
1

(305)

where TP and TN are the positive and negative parts of the matrix T for

T obtained from the following relation:

gLalt
5 g¢ | = TEIATTIATE + a2y2a%%)
t
YA
P P._N_ _2
T=T +T T ER, x R},
™e rY x r?

(3.6)

Let Ai be the ith column of A where Qi-i 0. Thus, because of special

structure of matrix A, we have:
¢ 2 (N+2+1)
VA>0D1E @)®r= ] a A
i=1

where

a; >0 W¥WiI2N<i<2(0HL) +1
Hence,
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A —~
[ N h
- T
P
T A ® | |l ]
3N L - A1
£
dtk - dt + dt I T
I
89 (N+2)
I _ -
- - 1)1 L_az(mu-l)
1 J
" L -
I
I
-
%
+ dt :
an
L J

Because of the special structure of vector d, the last term in the above
expression 1s equivalent to zero. And since A > 0 and considering the

definition for d the second term is always positive. Therefore,

(— ~ ~
P
—TN T ~] 32N+1
I L
t t .
dA=4d + positive term

B 2 (1)

L LJL J

Note that this term represents solely the effect of available power
generation on the line power flows. If we substitute this term by zero
in (3.8) (which actually is equivalent to setting APG =0 in (3.3)
since Aui1e e r o2y 3Te the dual variables corresponding to comstraints
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on APG) we obtain the following sufficient condition for @ # ¢:

o=

-
- 7P
f ¥
at >0
@
I
I .
L J ~
or equivalently
t t 21
TH 0+ @ @+ _| >0
22
p.t Nt ~21
(T°) (-u) + (-T7) (u) + >0
-22
which implies that
—
(. |=
Tu+|_| 2 0
22
< = = (3.9)
e |2
Tu + <0
2
\ u.—%.
Then,

We define Pgl = YlAlteo as the fake initial power flow in lines Ll.

from (3.9) we have
0

.|

-Tu + PO

L2

<c el =1 (3.10)

Physical Interpretation of Condition (3.10)

Suppose line m € L1 lies between nodes im and jm’ i.e.,

1 i« im
A" = [A)|Ay].--]A |-.cA (T and A =) | =
m

L1
Z L where 21 = cardinality of LI.

=1
=275~
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Let ap. &ty
L
21
2 - Z Ttum
=1

Then, based on the definition of matrix T, AP, will be equivalent to the

L
power flow in the network of system P in the state x = (g,xLz,:-;Ll) and

21
PN = mzl ~Hy for external power flow sources Py = -ym(eim-ejm) between

nodes 1 and j for 1 <m < 21 (Fig III-1).

State xl = (x ’xLZ’ELl) will, thus be a working state if power flow
(APL+(P21,P22)) does not exceed the capacity of the lines where APL is
as defined previously. Such an equivalent model for the effect of limes

L1 on the power flow will be referred to as the equivalent line model.

REMARK Sufficient condition (3.10) can be obtained directly
from (2.3) by substitutions. However, the approach presented here, using
the duality of linear programming for characterization of constraint set,

is more general.

3.2. Coherent Power Network Topologies

Power systems are generally not coherent systems. However, for a
given network and node injections, the system may be coherent. If, for
a given system, the improvement of components guarantees that the line
flows will decrease (or at least will not increase), then clearly it is
coherent. In this part we will characterize network topologies that
possess such a property.

Consider the set of states x for which AYAte = PN has a unique

solution; let p(x) denote the corresponding line flows.
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DEFINITION. Given vector P, such that 0 < P

< C, if

G G G

x'2x=[p,@®| > |p x| 1€1L
where Lx is the set of lines which is working for state x, then we say

that the corresponding network is a coherent network topology or simply

a coherent topology.

Clearly, a parallel system which consists of a load demand and a
generator connected by a set of parallel line is a coherent topology.
In fact, any network which consists of a series of connecting parallel
lines is a coherent topology. Let us call such systems parallel

structure systems.

THEOREM (IIT-1). Parallel structure power systems are the dnly

topologically coherent power systems.

Proof. Consider a power system P with any topology. Let (gi,x) and

(§i,x) €EX. If AP= p(ﬁi-x) - p(gi-x), then (AP)j j # 1 can be obtained
from the equivalent line model of part (III-1) (Fig. III-2). Let line i

lie between nodes k and m. If 6, and em are phase angles at nodes k

k
H
and m for state (xi,x), then-—l = (6_-8,). Let
= Yg m k
A0 4 vector of node phase angles
APSt 4 power flow in line (s,t) flowing from node s to node t.

Nj ¢ set of nodes connected to node j by one transmission line.

With no loss of genmerality, let us assume A6 > A8, . We then claim

that
(a) Aij
(b) 8Py, <0 ¥ EN

>0 ¥ EN
o (3.11)
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Suppose now (3.11) is false, then 1 some j € N

D AP, <0
mj

80, < 6,

This is not possible since the only source in the network is in branch
(k,m), and according to the no gain theorem [6], the phase angles at
every node must be smaller than the phase angle at node m. This proves
that (3. 1la) is true. Similarly, (3.11b) must be true.
X €
On the other hand, if ij(gi,x)[ > lpj(xi,x)| JjE€L

Then we must have

oy ;%) + (vB)4] 2 sG] 3 =120, (3.12)
j#i

And this is possible 1iff p j (gi,x) and (AP). are of the opposite sign.

k|
Specifically, because of relations (3.1la-b) we must have:

Ppj < 0 ¥ EN)
(3.13)
we claim that relation (3.13) is true only if
N
em = max 0 (a)
=1 ¢ (3.14)
N
8, = min 6 (b)
k =1 q

To show this, suppose that (3.13a) is not satisfied, then 3 some node s
2

N
8 =max 6 s+#m
s
q=1
which implies,
Pgp 2 0 ¥t € N,
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Hence, from (3.12) we have

4p_ <0 ¥ € N,
or

} dp, <0

S

This contradicts the Kirchhoff Current Law for power flows.
Similarly, (3.14b) must be is true.

Therefore, relation(3.14) implies that only if the improved line
lies between nodes with maximum and minimum phase angle can we expect
power flow to decrease absolutely. This requires that there be only two
nodes in the network. The only network with this property is a parallel
system.

The argument can be repeated for each line if there is more than

one line to be added to IP. Q.E.D.

3.3. Local Coherency

For a fixed demand, the noncoherency property of a power system is
a consequence of the effect of line admittances on the distribution of
power flows. Let us consider the problem of the effect of all subsets
of a specified set of lines, say L1, on the power flow of the system.

Let L2 be the set of remaining transmission lines.

DEFINITION. For a subset of lines L1 and a fixed Xq and X a9 we say that

system P is a locally coherent structure if ¥x = (xG’xLZ’xLl) and

1 €%,

either &(x)

1

or o (x) 0
We will refer to the corresponding set Xﬁi = {x = (xG;LLZ,xLlIxLl € XLl}

as a locally coherent subspace. _281-



Application of Local Coherency

In the following we present an application of the concept of' local
coherency in identifying subminimal paths and subminimal cuts of the

system IP.

A: Identification of subminimal paths

Consider a power system P. For any fixed x, 3 ¢(x ,§L) =1, let
Ll be a maximal subset of lines such that xLGi‘ is a locally coherent
subspace. If x,, < X is a minimal vector in XG such that @(xG.,xLz,ng)
=1, then x = (XG'L’éLl) will be a subminimal path vector. The
corresponding Ex will be a subminimal path set. This, of course, follows
from the definition of locally coherent subspaces and the property
that power systems are coherent under generation improvement.

Therefore, to identify a subminimal path vector we may take the
following steps:

1) pick Xg E @(xG,xL) =1

2) find a maximal L1 2 xﬁ is a locally coherent subspace

3) find a minimal Xo S Xg =) NXG"XLZ’:—{LI) =]

4) (xG'L’}—CLl) is a minimal path vector

B: Identification of subminimal cuts

For a power system P, let x = (xG,xL) be a cut vector such that

¢(x') =0 ¥x'€ XI x' <x (a)

and
N N
igl (xg); + Cy, 20 i__z_l (Pp)y (®)

where condition (b) excludes the trivial subminimal cuts for which total
generation capacity is smaller than total load demand. Note that such
a state x can be obtained by either connectivity analysis of the graph
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of system TP [7], or through network flow analysis [8].

Let L1 be the set of all transmission lines such that

(=), =x, 1€L1

Now, suppose L1 is a maximal subset of L1 such that Xﬁi is a locally

coherent subspace of P, i.e.,

V5 = (3% 0.%) € &Gi 2(x) = 0

If x5 2 x5 1s a maximal vector in X, such that XGL is a locally coherent

subspaces, then x = (xG"iLZ’g-Ll) will be a submizgial cut vector and
the corresponding §x will be a subminimal cut set. This result follows
from the definitidn of locally coherent subspaces and the property that
power systems are coherent under generation improvement.

Therefore, to identify a subminimal cut vector we may take the
following steps

1) pick some x € X3 ¢(x') =0 ¥x' < x

this will give the set of failed line, L1 for state x
2) find L1 a maximal subset of L1 2 XLGIi' is a L.C. subspace
3) find a maximal %, > x; 2 “"G"’-‘Lz”‘L_l_) =0

4) (xG. ,;LLz,ﬁ) is a subminimal cut vector.

Identification of Locally Coherent Subspaces

In order to devise a technique with which to identify locally
coherent subspaces of a power system P, we consider the following
= = €
problem. For a fixed Xor (x ’xLZ)’ let x (xGL,xLl) X be a working
state. Suppose the twofold problem is to determine whether ¢(x) =1
¥x € Xfi and if not, to find a subset of L1, say Ll1', such that
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GL'

@ (x) ¥x = (g% 1) € X0y

]
i

where
x A (x )
GL' ¢’ *L22 ¥

L' = 11 - L1’

To solve this problem we use the line equivalent model of part (III-1).

Thus, the network of Fig. (III-1) will be used to represent the change in
the power flow of the existing lines APL due to the addition of a subset
L1'of liﬁes in L1. In this model, for each line m € L1' we add the
equivalent line model between nodes im and jm’ Using the Superposition

Theorem we may write

AP, = ) PR

L oL L

m M
where APL is the power flow change due to the phase angle source ;; .
Note that AP? m=1,2,...,%21"is obtained by setting all sources equal
to zero, with the exception of source-;i . An obstacle to solving this

problem is that a different network topology is obtained for each subset
of L1.

In the following section we will introduce the concept of supply
loop so as to find a sufficient condition for locally coherency of a
subspace Xgi and thereby overcome our obstacle.

Let G(v,k) denote the graph of a network with (v+l) nodes and k
branches. Thus, the graph of system IP in a state in which all lines

except those in set L1 are working will be denoted by G(N,2-21).

THEOREM ITI-2. Let G(V,k) be a connected unhinged graph. If bS denotes

a branch of this graph (i.e. b, € G(v,k)). Then there is always a set

of (k-v) independent loops such that every loop includes branch bs.
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Proof. Refer to Appendix (III-1).

DEFINITION. Given a connected unhinged graph G(v,k) and a branch
bs € G(v,k), any loop which includes branch b, is called a supply loop
of branch bs, The set of (k~v) independent such loops is called an

independent set of supply loops of branch bs.

COROLLARY (III-1). Let G(v,k-k') be a connected unhinged graph. Suppose

we add the set of branches K' to this graph so as to obtain a connected
unhinged graph G(v,k). If bs € K', then an independent set of supply
loops of bs can be selected such that any supply loop in this set

contains only bs and no other branches in K'.
Proof. Refer to Appendix II-1l.

REMARK. Consider a graph G(v,k-k'), a set of branches K' and the graph
G(v,k). 1If bs € K', then in what follows if G(v,k-k') is a connected
unhinged graph we will then always select an independent set of supply
loops of by as the set of supply loops in Corollary (III-1).

Let us now apply the results obtained above in determining whether
Xgi is a locally coherent subspace. However, note that if the network
of system P for states (-,xLz,iLl) is not a connected graph, we may
treat each subnetwork separately. 1In addition, the graph must not be
unhinged for if it is, we can partition the graph into unhinged subgraphs
and again solve the problem for each subgraph separately.

Suppose Gd(N,l-ll) is the directed graph of system IP for state
(KGL’ELI) where the direction cf each branch agrees with the power flow
in that branch. Let B" be the supply loop matrix of a particular set of
supply loops of branch m € L1, and let p® be the respective supply loop
power flows. The total power flow change due to all lines in L1 C 11,
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therefore, will be

AP t
A L1)_ z APR = 2 (Bm) pm

] L 1
AP,/ oLl wEL1'

APL

Note that pm assumes different values for various subsets of Ll.

For state (xGL*ELl)’ let the power flow be

0 0 0

po = T \={ T Y+{ T

L P0 P0+ PO-

L L2 L2
where PO and PO denote the positive and negative parts of P0
L2 L2 L2

respectively. As before, let Po be

Ll
0 _ 11t 0 _ 0+, O-
le-YlA 6° =P +P

Let us also select the directions of branches in L1 to be the same

as their respective power flows in P0

o(x)

Hence,

| 22, +ap 125l <

Then, #(x) = 1 ¥x € xﬁ if

(

< and

o+ min(APLl)

+ min(APLz)

-/

IA

IA

L1’
GL

=1 for some x € XLl if

I(P 1HAPL 1 (), | < (€ 1)y

(CLZ)

~ "

L

(]

L2

3L

all

L1l

L2
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+ +
where max(APL)i = max (APL(x))i i=1,2,0..,%
<€ GL
%
‘min (AP (x)) i=1,2,...,%

GL
1

abd mm(APL)i =

Condition ( 3.16) is-a sufficient condition for XLGi' to be a locally
cohernet subspace. We may write

B® = 37 + 3™

p =p +0p

t t t t
= [@™) p™ + @) p™] + [E™) p™ + ") p™]

(3.18)

t
{Apm* - <1s“’*)tp"'+ + (B™) p*

R e

Let pmax and pmin be such that ¥i = 1,2,...,%

= max ™),
G'L

X

m- _ m-
(pmin)i- minG' ® (:t))i

=K

G'L = — [}
xLl {x|x = (x(';,gng,xLl), X, € xLl and X is the sources of xLl}

(3.19)

Then, from (3.18) it follows
t t
m m+ m+ m~- m-
< (B + (B )p
= ( ) Pma:n: min (3.20)
t t
m- m= m o+, m-
2 (B7) Ppax + @) Ppin

or from (3.15) it follows
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t t
-+ o, mt m- m-
max(AP ) < nEZL 1((B ) Ppae + (B ) Py 0)

t t (3.21)
mia(a) 2 @) o+ (8™ Pl )

Inequality (3.21) and constraint (3.16) provide the following sufficient

conditions for locally coherency of subspace XLG;'.':

t t

max A O+ mt, ~ mt m-, o~

PSR +me},' (B™) pp * B el 26
L1
(3.22)

. t t

min A _ 0~ m-. mt ok,  m-
B = - [+ 21((3 ) Ppae T (B ) Py )1 2 C

Note that because of the choice of the branch directions in (3.22), we

have Pg- = 0. Therefore, to verify the validity of comstraint (3.22),

we need to evaluate pm+ and pm— ¥m € L1. Before we proceed to solve

max min
the problem of evaluating p& and pﬁn, we will examine the second part
of the original problem. That is, if condition (3.22) does not hold, then
]

a set L1' C L1 must be found such that XLGE' is locally coherent subspace.

Suppose now that (3.22) is not satisfied. Let i and j be lines in

the network of state (-,xLz,;LLl) such that

max

= max—
(PL cL)JL mkéic(PL CL)k-ZO

min . min
(P, =C_ ), = min (P -cL)kgo

L L7j KEL L
Note that if (3.22) is not satisfied, at least one of such i and j will
exist. Intuitively, i and j are the lines which are expected to be
saturated the most. If i or j € L1 then we should remove these lines
from set L1 to obtain L1'. If i or j share a node with some line in L1
we must remove that line in L1 from the network. And finally, if there

are not such i and j in L1, then we may remove line q € L1 with maximum
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related source i.e.,

Now if for the new subse't of lines L1', the conditions of

Corollary (III-1) hold, then there is no need for additional computation
except to substitute L1' for L1 in (3.22). However, if these conditions
are not satisfied, removal of lines i and j, if they belong to L1, may
destroy some of the supply loops of the other branches in Ll. In this
case, the respective maximum and minimum power flows of these loops
must be set equal to zero. We may repeat the selection of subsets of
L1 as explained above until (3.22) is satified for some L1' C L1. Hence,

Xf.l' will be a locally coherent subspace.

Determinization of p& and pz-in

We present some preliminary results on the computation of p::x
and p:-in m=1,2,...,21. For a system P with any topology, a crude
upper bound on p:x and (-pgn) m=1,2,...,21 can easily be obtained
as done below.

For a supply loop i in the set of independent supply loops of
line m € L1, suppose 'L? denotes the set of lines in this loop. Thus,

we Will have: fOl' i = l’z,ouo,L-N

1 ¥
y
m
(pmax)i - z 1
€Ly 7
\ (3.23)
Yn
y
(-po ), < L
min’i Z _-1-_
my
\ jELi j
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More study is being done to develop a method for determining exact values

of pm+

m-
max and Poin although some results have been reached on computing

bounds on these quantities other than those given by (3.9). However,

for a power system IP whose network topology in state (-,xLz,ELl) is of
ot i1 pd

ladder shaped, we can easily evaluate Poax and Ppin® For such systems,

if we select the supply loop directions the same as the flow in the line

m— mt
= Q. €
m, then p i 0. For any i € L1, (p ), can be obtained by removing

i
all lines in L1 except for those in L:.

APPENDIX (III-1)

THEOREM III-2

Proof. Let T be a tree of G(v,k) such that b, €T. Let L, denote the
set of links associated with T. For G(v,k) the following holds.

(i) It follows from the definition of comnected unhinged graph
that there are at least two independent paths between any
pair of nodes.

(ii) Let b, €T be a branch that lies between nodes i and j.

i3
Let C , be the corresponding fundamental cut set. If ]
k links in Cij’ then we can find k independent loopé associated
with these links such that all of these loops include sz.
This is so because ¥ links b € Cij’ 3 two independent tree

paths between (m,i), and (n,j), respectively.

We use the above facts to prove the existence of the (k-v) independent

loops by constructing them. Let L be the set of such loop which is

initially empty. Suppose 3 m links in Cb where from (i), m > 1. Hence,
s

from (ii) we can define m independent loops all of which include bs'

If m = k~v, we are done. Otherwise there are m < k-v independent loops
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in L and there are (k-v-m) links for which no loop is defined. Let the
graph G' be a subgraph of G(v,k) which is defined by all the m independent
loops in L. Clearly, G' is connected and unhinged. By definition, 7

a tree path between any pair of nodes inside of G' and this path includes bs.
Let (G-G') be the subgraph of G which results from the removal of branches 3
in G'. Hence, (G-G') must consist of a family of connected subgraphs

cé { Gl’GZ”"’Gp}’ for some finite p where each sﬁbgraph in G has at

44

least two nodes in common with G'. Consider Gn € G, and let (e,f) be a
pair of nodes shared by G' and Gn' There is a tree path pzf between nodes
e and £ in G', and since e,f € Gn, J a path p:f between e and f in Gn'

Hence, there must be a link in path p:f in Gn‘ Let bgj

be a branch of p:f and let Cij be that subset of links in Cij which
does not belong to G'. As a result no independent loop has been defined

2
km

tree path pt between (i,k) and a tree path pt between (j,m). In
ik jm

which includes any of the links in Cij yet. Let b, € Cij. There is a
addition there is a path Pyj in G' which includes b,. Hence, a loop

t t t !
which includes bij’ Py pjm and pij can be defined. Then there will be
(m+l) loops in L and (k-v-m-1) links will be left which are not in any of
the loops in L. Of course, pij may include some links in Lt‘ However,

we have already defined an independent loop for each of them since they

belong to G'. Add the new loop to G' and remove it from Gn to define

new graphs G' and Gn. Then G' and graphs in G = {G ,...,Gn,...,Gp} have .t

the same property as before. Repeat the above procedure until each ?

subgraph in G vanishes. By construction each loop corresponds to ome link B
@

in Lt’ i.e., each loop in L is defined for a specific link in Lt’

Hence, when all subgraphs in G vanish there will be (k-v) loops in L

such that each of them, inlcudes the branch bs' These loops are
independent because, by construction, no two of them share the same subset
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of links in Lt' ’ Q.E.D.

COROLLARY (III-1)

Proof. Consider graph (v,k-k'+l) which is the umion of G(v,k-k') and

bs € K'. By Theorem (III-2) we can define the set of (k-k'-v)

independent supply loops of bs' The union of these loops gives
G(v,k-k'+l) and none of these loops include any branch in K' except bs'
Now, for any branch b € K' we must construct a supply loop of bs such

that except branch b all other branches of this loop belong to G(v,k-k'+l).
Such a loop can be constructed by the following precedure; for any

b € K', consider the graph obtained from the union of G(v,k~k'+l) and b.

By Theorem (III-2) we can define a supply loop of b_ which includes b.

" Such a loop includes only b and bs of the set K'. Hence, by repeating

the procedure for all branches in K', we obtain the set of independent

loops we are looking for. Q.E.D.
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IV. A NEW METHOD FOR POWER SYSTEM RELIABILITY EVALUATION

Because of the noncoherency and nonlinearity of our model as
explained in sections II and III, the set of working states W does not
yield a simple analytic characterization. In this section we present
the basic idea of a new scheme for identifying the set W by successively

obtaining subsets of W.

4.1. Successive Method for Power System Reliability Evaluation

Consider a power system P modelled by relations (2.la/f). These
relations represent the KCL on real power, KVL on voltage phase angles
and the Ohm's Law between real power and phase angles together with
component capacity constraints. Let each of these constraints be

expressed separately. The component capacity constraint and KCL can be

written as:

- < P, < C
CL 2P 26 (4.1)
, -
C<A'P <C
where
A Cc'+P P
A' = t y C = ¢ D ’_c.= 0
- A Gsb

After eliminating the redundant constraints. The reduced form of

¢ .1) may be expressed as follows

(-c)s < By < (e 1ER .2

A

. ' .
©; =P < ©@; 1€k

where R.L is the set of lines and RN is the set of nodes for which

respectively, their capacity and power flow constraints together form

a nonredundant set of comstraints.
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In order to present the basic idea of the successive method, let

us make the following assumption.

ASSUMPTION (IV-1). The generators in system P are such that there is
a working generator at every node in set Ry. As a result of this

assumption, the following holds
c €
©;¢#©; 3€J
Let us define set C as follows
A L

C=S{p €R IPL satisfies (4.2)}
Hence, set C is a nonempty convex polyhedral (there is at least one
working state in X).

Let us define the vector of phase angles across transmission lines
§ as

s & a% (4.3)

Then, for system P, KVL can be expressed by the following linear

manifold:

B6 =0 ' (4.4)

N

where B € IRR'- X ]RR' is a fundamental loop matrix. Finally, Ohm's Law

can be written as

P, = Y$ (4.5)

Let us now assume that there is at least one line which is always
working. Let L2 denote the set of lines that are always working. Hence,

L2 is not empty by assumption. We claim that it is possible to select
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the fundamental loops corresponding to B such that every loop includes
at least one line of set L2. This is so because we can choose the
independent supply loops of one line in L2. Let L1 be the remaining set

of lines in the system; B and § can be partitioned accordingly:

B = [BL B%)
§ = st
]
8

Hence, (4.4) can be written as

lel = -p2s? _ (4.6)

Note that as a result of the assumption we just made, every row of B2

has a nonzero element.

Relations (42,5,6) represent system IP for all possible states.
The problem of identifying the set W, then, can be stated as: given
a set C C R” and the set of lines L2, find all network state for which
there is a PL € C that satisfies (4.5) for some § in the linear manifold
of (4.6). Let us refer to this formulation as problem (4.7).

In order to solve this problem we present the following method which
involves successive approximation of a set in nlm m=1,2,..., by a
sequence of hyperboxes.

Let us define disjoint hyperboxes Hi inside C as

H = {7, €|y < (), < B 3=t u # 5y

Let HC be the set of such hyperboxes. The set HC is to be constructed
so that in the limit it covers C. Let us consider the special

problem of (4.7) when C is substituted by a hyperbox HZ € HC. Let
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i - e
H, = {p € Clgj_i (B <y 3 1,2,...,8}

3

we may write the power flow as

61
62
or
-1 -1_
@?) u? < 8% < (?) o (4.8)
It follows from (4.6)
d<Blst <3 (4.9)

where d = min(BZGZ) and d = max(stz). In Appendix (IV.1l) it is shown

that & # & k=1,2,...,N. Let set b’ be defined as

1 2 L-21

By definition, for any 6~ € D' there is a 6% € R

such that (61,62)

is in the linear manifold of (4.6) and also Pi = Y262 satisfies the line

capacity constraint. Then, the problem (4.7) will be reduced to finding

all values of Yl for which there is a 61 € Di and a PI" € ]Rzl such that

1 1 -1

g < (), <u

i L'i i (4.10)
and

1.1

PP =6

1
L
Equation (4.10) may be tested for disjoint hyperboxes in Di as follows.
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Let hyperboxes Ha in D" be defined as

1

Hfl = (sl e Dilgi § < h} (4.11)

The set of hyperboxes Hs j=1,2,... is to be constructed so that in the

limit it covers Di. Consider the following problem for some Hg € HD:

Given Hi and Hg as above, what are the values of Yl for which H

sleng
some . such that

€
PL Hc

1 1 1
e, = @H, ¢hH,  VEL

If neither (Yl)i = 0 nor (Yl)i =Y, satisfies the above relation for
some i € L1, then there is not any Yl for which we can find some

PL € Hi and 61 € Hg which together satisfy network constraints. However,
if any of values (Yl)i = 0 and (Yl)i =y40r both satisfy the above

conditions for all i € L1, then the respective values for Yl together
with Yz give a subset of working states. If we repeat this successively
for all Hi € HC and Hi € HD we obtain all network configurations Y for
which the respective state is in W.

To surmarize, the procedures of identifying W are as follows. Given
system 1P,

1) determine set C

2) select set of hyperboxes HC

3) Given Hi € HC determine set pt

4) select set of hyperboxes I-ID:.L

5) Given #) € m?! find all values of Yl for which

d

c 1o igpl oyl
Jr €H amd st €uDp =S
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6) repeat 5 for all Hg € HD

7) repeat 3 to 6 for all Hi € HC

EXAMPLE III-1

Consider the power network in Fig. (IV-1).

Suppose Generator 1 and 2 are always working and

0 10
(3) <7< (33)
Let PD = 20, L2 = {2}, CL = (15,5,5) and y = (1,2,1).

STEP 1. The set C will be defined by the following comstraints.

('
10 < (PL)l + (PL)3 <20

-15 < -(PL)l + (PL)Z <=5

.

=15 < (PL)l <15

-5 < (PL)2 <5

STEP 2

Let the hyperboxes Hi, Hi, H3 =) Hi C C be as follows:

[

12.5 < (PL)l <15
- 3
H = (P ER 0<(0),<5
10 < (?); £12.5
2 _ 3(_
0 < (PL)35 5
7.5 < (P); 210
3 _ 3| _
H = PLE]R 5 5(PL)252'5
2.5 < (PL)3 <5

-298-



(Pg),

=299~

. ’Y-



STEP 3

Consider Hi, we have:

Oi(PL)ziS
Hence,
0<8

5 % 2.5

which gives

8
1 /(.1 _
D -«53)|05 8 + 5352.5} (1)

STEP 4,5,6,

From the definition of Hi we have
12.5 < (P;) <15
Consequently, we must have (Y)l =y # 0 which implies:

12.5 < 8, < 15

This requires

12.5 < &, < 17.5

3
or

12.5 < §, < 17.5

which does not satisfy the constraint on (PL)3 for Hi. Hence, for Hi

there is no solution.

NOTE. Since Hi is such that the upper and lower bounds on (PL)1 have the
same sign for Hi, line 1 must be working. This easily gives constraint
on flow in line 3. Clearly, there is no need for selection of hyperboxex

1
m L
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STEP 7

If we repeat the procedure for ch:, it reveals that for

o~

"1
Y= Y2 5 i.e., when line 3 is failed, the system will be working.
- 0
also, repeating the procedure for Hz reveals that when
4!
Y= 4 » i1.e., when all lines are working, the system is working.
73
N Py
Therefore, since the union of hyperboxes H; i=1,2,3 is a proper
3
subset of C, i.e., U Hi C C, the set of working states obtained is a

i=1 ©

subset of W for P.

REMARK If assumption (IV-1l) is not satisfied then in order to take

into account generator outages we may substitute system P by an augmented
system P23, System P2 is obtained by substituting any generator i

for which ;‘i = (CG)i and x = 0 with a transmission line and a generator
in series. For this equivalent network the capacity of the generator is
(CG) 1 and the generator is always working. However the transmission

line may fail with the same outage rate as the generator i. The
admittance of this line can be selected as any positive value and its
capacity limit must be larger than (CG)i'

Consider system ]Pa, since Assumption (IV-1) is not satisfied, the
set C will be a subset of a linear manifold in ]RR'. Hence, we cannot
successively approximate C by a sequence of hyperboxes contained in C.
However, we may select a set of disjoint hyperboxes whose union covers
the set C to approximate the set. This method is, of course expected
td be less efficient than the method presented for the case when Assumption

(IV-1) is satisfied.
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4.2, Present and Projected Works

In connection with the results obtained in this study, we are
presently engaged in studying the following topics:
(a) Efficient methods for identifying locally coherent subspaces.
(b) Methods for approximating a set in R? = 1,2,... by a sequence
of hyperboxes.
(c) Developing an efficient method for identifying the set W by
combining the concept of local coherency and the direct method

introduced in section IV.

APPENDIX (IV-1)

We prove.gi # Ei in relation (4.9). Let us partition B2 into its

positive and negative parts, i.e.,

+ -
8% = 8%) + (82)

Then, from (4.8) it follows:
+ -1 - -1
i = max(8%6%) = 8%) (¥H) &+ BY) () u?

+ 12

- - -1
d=munin@%?) = %) @) o+ @ @D &2

for the sake of contradiction suppose there is some i € {1,2,...,N}

such that 4, = 51, then we must have:

—j.
+ -1 - -1 + -1 - -1
@, % @+ @D, D =), W+ eh,eh &

which implies:

T O
(%, - @165 @) =0

but, we have at > 2?; hence gi = ai is impossible.
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